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PREFACE 

This volume contains the full-length papers presented at the VII European Congress on Computational 

Methods in Applied Sciences and Engineering (ECCOMAS Congress 2016) that was held on June 5-10, 2016 

on the Crete Island, Greece.  

The main objective of the quadrennial ECCOMAS Congresses is to provide a forum for presentation and 

discussion of state-of-the-art advances in computational methods in applied sciences and engineering, 

including basic methodologies, scientific developments and industrial applications and to serve as a platform 

for establishing links between research groups of academia and industry with common as well as 

complementary activities. About 2,200 papers were presented at the ECCOMAS Congress by authors from 

53 countries around the world. This volume, consists of 667 full length accepted papers which will be 

indexed by SCOPUS database with access to the pdf file of the paper.  

The ECCOMAS Congress 2016 is organized by the Institute of Structural Analysis and Antiseismic Research of 

the National Technical University of Athens under the support of the Greek Association for Computational 

Mechanics (GRACM), the Institute of Research and Development for Computational Methods in Engineering 

Sciences (ICMES) and the Computer Applications and Education in Engineering Sciences (CAEES). 

The editor of this volume would like to thank all authors for their contributions. Special thanks go to the 

colleagues who contributed to the organization of the Minisymposia and to the reviewers who, with their 

work, contributed to the scientific quality of this e-book. 
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Abstract. The paper is devoted to model uncertainties (or model form uncertainties) induced
by modeling errors in computational sciences and engineering (such as in computational struc-
tural dynamics, fluid-structure interaction, and vibroacoustics, etc.) for which a parametric
high-fidelity computational model (HFM) is used for addressing optimization problems (such as
a robust design optimization problem), which are solved by introducing a parametric reduced-
order model (ROM) constructed using an adapted reduced-order basis (ROB) derived from the
parametric HFM. Two main methodologies are available to take into account such modeling
errors. The first one is the usual output-predictive error method that has been introduced for
many years. This approach can induce some difficulties because the parametric HFM and ROM
do not learn from data. The second one is the nonparametric probabilistic approach of model
uncertainties introduced in the framework of structural dynamics fifteen years ago. This ap-
proach is adapted, but is mainly limited to linear operators of the parametric HFM. The present
paper deals with this challenging problem and proposes a novel nonparametric probabilistic
approach of the modeling errors for any parametric nonlinear HFM for which a parametric
nonlinear ROM can be constructed from the HFM. The methodology proposed consists in sub-
stituting the deterministic ROB with a stochastic ROB for which the probability measure in
constructed on a subset of a compact Stiefel manifold. The stochastic model depends on a small
number of hyperparameters for which the identification is performed by solving a statistical
inverse problem. An application is presented in nonlinear computational structural dynamics.
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1 INTRODUCTION

1.1 Short overview on the high-dimensional and projection-based reduced-order models

The potential of Partial Differential Equation (PDE)-based, High-Dimensional computa-
tional Models (HDMs) for enhancing system performance and predicting the unknown is rec-
ognized in almost every field of science and engineering. However, in many computational
mechanics applications, nonlinear, time-dependent numerical simulations based on HDMs re-
main so cost-prohibitive that they cannot be used as often as needed. For this reason, non-
linear, projection-based Model Order Reduction (MOR) has recently emerged as a promis-
ing if not indispensable numerical tool for parametric applications such as, to name only a
few, design, design optimization, statistical analysis, and simulation-based decision making
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. In general, aµ-parametric, high-fidelity, physics-based compu-
tational model is high-dimensional because its underlying spatial discretization is performeda
priori . On the other hand, the projection of such a computational model of dimensionN onto
a subspace of low dimensionn ≪ N represented by an associated(N × n) Reduced-Order
Basis (ROB)[V ] leads to a Reduced-Order Model (ROM) of much lower dimensionn. When
[V ] is carefully constructeda posteriori, the corresponding ROM can capture the dominant be-
havior of the underlyingµ-parametric HDM and therefore retain most of its fidelity. In general,
knowledge about the system response is obtained during atraining procedure that is performed
offline. During this procedure, the model parameters represented here by the parameter vector
µ = (µ1, . . . , µNp

) belonging to the parameter spaceCµ are sampled at afew points using a
greedy but effective sampling strategy (for example, see [11]), and a set of problems related to
the main problem of interest are solved to obtain a set of parametric solution snapshots. Then,
these snapshots are compressed using, for example, the Singular Value Decomposition (SVD) to
construct aglobalROB. In general, the sampling strategy is designed so that the global ROB is
reliable in a large region of the model parameter domain. Unfortunately, despite its low dimen-
sion, the resulting global (orµ-parametric) ROM does not necessarily guarantee computational
feasibility. This is because the construction of this projection-based ROM scales not only with
its sizen, but also with that of the underlying HDM,N ≫ n. In the deterministic setting, this
issue is particularly problematic for nonlinear problems because the ROM needs to be repeat-
edly reconstructed to address, for example, time-dependency or Newton iterations for implicit
solution strategies. This caveat is remedied by equipping a MOR method with a rigorous proce-
dure for approximating the resulting reduced operators whose computational complexity scales
only with the small sizen of the ROM [1, 3, 12, 13]. Such a procedure is also known in the
literature as hyper reduction [14]. It transforms the nonlinear ROM into a hyper reduced ROM
that guarantees feasibility, while maintaining as much as possible a desired level of accuracy.
From these reasons, a nonlinear ROM or hyper reduced ROM inherits the modeling errors and
associated uncertainties of its underlying HDM, including model form uncertainties. It is also
tainted by additional errors introduced by the reduction processes highlighted above. Hence,
if MOR is essential for enabling simulation-based decision making, Uncertainty Quantification
(UQ) for ROMs is critical for certifying the decisions they enable.

1.2 Parametric probabilistic approach of uncertainties using theµ-parametric ROM

Theµ-parametric ROM has been used in the context of the parametric probabilistic approach
of uncertainties, which consists in constructing prior and posterior stochastic models of the
uncertain model-parameters (geometry, boundary conditions, material properties, etc) of the
µ-parametric HFM and of the associatedµ-parametric ROM (see for instance [15, 16, 17, 18,
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19, 20, 21, 22, 23, 24, 25]). Such an approach is very well adapted and very efficient to take
into account the uncertainties in theµ-parametric HFM and/or in theµ-parametric ROM (see
for instance [26, 4, 27]), and for large scale statistical inverse problems, see [28, 29, 30, 31,
32, 33, 34, 35]). However, the parametric probabilistic approach has not the capability to take
into account model uncertainties induced by modeling errors that are introduced during the
construction of theµ-parametric HFM and of the associatedµ-parametric ROM [25, 27, 36].

1.3 Nonparametric probabilistic approach of uncertainties using theµ-parametric ROM

The nonparametric probabilistic approach of model uncertainties induced by modeling er-
rors has been introduced in 1999 [36, 37, 38, 39] for linear structural dynamic systems. It is
organized around two steps. The first one consists in constructing a linear reduced-order model
(ROM) of dimensionn, from a linear HFM withN degrees-of-freedom (dofs), by using an
adapted ROB represented by the(N × n) matrix [V ]. The second step consists in constructing
a SROM by substituting the deterministic matrices of the ROM (such as the mass, the damping,
and the stiffness reduced matrices) with random matrices for which the probability distribu-
tions are constructed using the Maximum Entropy (MaxEnt) principle [40, 41, 42] under the
constraints defined by available information assocaited with algebraic properties (such as lower
bounds, positiveness, integrability of the inverse, etc) and statistical information (such as the
mean value equals to the nominal values, etc), and for which advanced algorithms have been
developed for the high dimensions [39, 43, 44]. This approach has been extended to differ-
ent ensembles of random matrices (see [38, 45]), static boundary value problems [46], and
has been experimentally validated and applied in many areas, including: dynamics of com-
posite structures [47] and viscoelastic structures [48, 49], dynamic substructuring techniques
[50, 51, 52, 53, 54], vibroacoustic systems [48, 55, 56, 57], soil-structure interactions and
earthquake engineering [58, 59, 60], robust design and optimization [61, 62], to name only
a few. More recently, this nonparametric probabilistic approach has been extended in struc-
tural dynamics to nonlinear geometrical effects [63, 64]. Such an extension is very efficient
but is strongly related to the mathematical properties of the nonlinear elasticity operator. Such
an extension cannot,a priori, be carried out for any nonlinear operator and the nonparamet-
ric probabilistic approach of model uncertainties induced by modeling errors has not received
yet a solution for general nonlinear dynamical systems in computational solid mechanics and
computational fluid dynamics. Hence, the objective of this paper is to propose a nonparamet-
ric probabilistic approach for such nonlinear dynamical systems, for which the framework is
detailed below.

1.4 Model uncertainties induced by the use of aµ-independent ROB for constructing the
µ-parametric ROM

As explained at the end of Section 1.1, despite all the mathematical analyses and the ad-
vanced methodologies that have been developed, and despite all the precautions taken to build
a µ-parametric nonlinear ROM from aµ-parametric nonlinear HFM, the efficiency of theµ-
parametric nonlinear ROM depends on the sampling pointsµ1, . . . ,µmµ

chosen forµ in Cµ for
constructing the ROB,[V ], and depends on the accuracy of the constructed approximation. In
other words, it depends of the dimensionn chosen for theµ-parametric ROM. Even if theµ-
parametric nonlinear ROM that is constructed has the capability to give a good approximation of
theµ-parametric nonlinear HFM, the CPU-time consideration leads to limiting the sizemµ of
the sampling points forµ and the dimensionn of the ROB, which induces an error between the
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µ-parametric nonlinear ROM and theµ-parametric nonlinear HFM whenµ runs throughCµ.

1.5 Objective and organization of the paper

To this effect, the objective of this paper is to propose a nonparametric probabilistic approach
for model uncertainties induced by two types of modeling errors:

• The first type of modeling errors is associated with the usage, for the purpose of compu-
tational efficiency, of theµ-parametric nonlinear ROM as a surrogate of theµ-parametric
nonlinear HFM. The dimensionmµ of the parameterµ can be small or large. When the
dimensionn of theµ-parametric nonlinear ROM goes toN and the numbermµ of the
sampling points ofµ in Cµ (used for constructing[V ]) goes to infinity, the modeling error
between theµ-parametric nonlinear ROM and theµ-parametric nonlinear HFM goes to
zero.

• The second type of modeling errors is due to the modeling errors introduced in the con-
struction of theµ-parametric nonlinear HFM itself. This means that the HFM does not
perfectly predict the experimental data for the quantities of interest.

Consequently, the distance between the predictions of theµ-parametric ROM and the experi-
mental data are due to the two types of modeling errors.

In this paper, we give a short presentation of a novel nonparametric probabilistic approach
that is detailed in [65]. Section 2 deals with a presentation of the nonparametric probabilistic
approach for model uncertainties induced by the modeling errors in the nonlinear reduced-order
models. Section 3 is devoted to the probabilistic construction of the stochastic reduced-order
basis (SROB). The theory is presented in a discrete form that can be immediately exploited by
computational models. Section 4 is devoted to a simple application in nonlinear computational
structural dynamics that is easy to reproduce by the interested reader.

2 NONPARAMETRIC PROBABILISTIC APPROACH FOR UNCERTAINTY ANAL-
YSIS OF NONLINEAR MODEL ORDER REDUCTION METHODS

An example of aµ-parametric nonlinear HFM is chosen in order to explain what is the non-
parametric probabilistic approach proposed for taking into account the two types of modeling
errors:
⋄ the errors induced by the use of theµ-parametric nonlinear ROM instead of theµ-parametric
nonlinear HFM,
⋄ the modeling errors introduced during the construction of theµ-parametric nonlinear HFM.

2.1 Description of theµ-parametric nonlinear HFM in the field of nonlinear structural
dynamics

We consider aµ-parametric nonlinear computational dynamical model onRN corresponding
to the finite element discretization of a structure,

[M ] ÿ(t) + g(y(t), ẏ(t);µ) = f(t;µ) , t ∈ ]t0, T ] , (1)

with the initial conditions
y(t0) = y0 , ẏ(t0) = y1 , (2)

4
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and withNCD < N constraint equations that are written in a matrix form as

[B]T y(t) = 0NCD
, t ∈ [t0, T ] , (3)

in which t0 andT are given such that−∞ < t0 < T < +∞, wherey0 andy1 are two given
vectors inRN satisfying the constraint equation. In Eq. (1),µ is the parameter that belongs
to Cµ ⊂ Rmµ introduced before,t denotes the time variable,y(t) = (y1(t), . . . , yN(t)) is the
RN vector of theN dofs, ẏ(t) = dy(t)/dt and ÿ(t) = d2y(t)/dt2 are the velocity and the
acceleration vectors,[M ] is the mass matrix that belongs toM+

N and which is assumed to be
independent oft andµ, whereg(y(t), ẏ(t);µ) is theRN vector representing the internal forces
at timet, which depends ony(t), ẏ(t), andµ, and finally, wheref(t;µ) is theRN vector of
the external forces at timet, which depends on parameterµ. In Eq. (3),[B] is a given matrix
in MN,NCD

, which defines theNCD constraints ony, and which is assumed to be independent
of t andµ and such that[B]T [B] = [INCD

]. TheRN -valued solution{y(t;µ), t ∈ [t0, T ]} of
Eqs. (1) to (3) depends onµ. At time t, the quantity of interest (QoI) is a vectoro(t;µ) =
(o1(t;µ), . . . , omo(t;µ)) with values inRmo, depending onµ, which is written as

o(t;µ) = h(y(t;µ), ẏ(t;µ), f(t;µ), t;µ) , t ∈ [t0, T ] , (4)

in which h is a given mapping.

2.2 Construction of aµ-parametric nonlinear ROM associated with theµ-parametric
nonlinear HFM

Let [V ] ∈ MN,n be a ROB independent ofµ, wheren ≪ N is the dimension of the ROB that
is assumed to be constructed for representing the solution{y(t;µ), t ∈ [t0, T ]} for all µ ∈ Cµ
(as explained before), and satisfies[V ]T [M ] [V ] = [In]. By construction, this ROB satisfies also
the constraint equation[B]T [V ] = [0NCD,n]. It is assumed that theµ-parametric nonlinear ROM
is constructed via the Galerkin method which yields

y(n)(t) = [V ] q(t) , t ∈ [t0, T ] , (5)

q̈(t) + [V ]Tg([V ] q(t), [V ] q̇(t);µ) = [V ]T f(t;µ) , t ∈ ]t0, T ] , (6)

with the initial conditions

q(t0) = [V ]T [M ] y0 , q̇(t0) = [V ]T [M ] y1 . (7)

TheRn-valued solution{q(t;µ) , t ∈ [t0, T ]} of Eqs. (6) and (7) depends onµ, and{y(n)(t;µ),
t ∈ [t0, T ]} is then-order approximation of{y(t;µ) , t ∈ [t0, T ]}. The corresponding approxi-
mationo(n) of o is given by

o(n)(t;µ) = h(y(n)(t;µ), ẏ(n)(t;µ), f(t;µ), t;µ) , t ∈ [t0, T ] , µ ∈ Cµ . (8)

For a given reduced-ordern, the error induced by the use of theµ-parametric nonlinear ROM
instead of theµ-parametric nonlinear HFM could,a priori, be estimated (in theL2 sense) by

ε(n) =

∫

Cµ

∫ T

t0

‖o(t;µ)− o(n)(t;µ)‖2 dt dµ . (9)

5
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It should be noted that the estimation ofε(n) defined by Eq. (9) must require the computation
of the solution of the HFM for a very large number of sampled values of the vector-valued
parameterµ in Cµ in order to correctly estimate the integral inµ overCµ. In practice, such a
computation cannot be done and Eq. (9) must be replaced by

ε(n) =

mµ∑

i=1

∫ T

t0

‖o(t;µi)− o(n)(t;µi)‖
2 dt , (10)

in whichµ1, . . . ,µmµ
are the sampling points used for constructing the ROB[V ].

2.3 Construction of a stochastic ROB (SROB) with the proposed nonparametric proba-
bilistic approach

The proposed nonparametric probabilistic approach of model uncertainties induced by mod-
eling errors consists in substituting the deterministic ROB[V ] with a stochastic ROB[W] that
is independent ofµ, which is a random matrix with values inMN,n for which the support of its
probability distribution is the subset ofMN,n corresponding to the constraints[W]T [M ] [W] =
[In] and [B]T [W] = [0NCD,n] almost surely. The probability distribution of the random matrix
[W] depends on a vector-valued hyperparameterα = (α1, . . . , αmα

) belonging to a subsetCα
of Rmα where the dimensionmα will be chosen small in order for the statistical inverse problem
for identifyingα to be feasible. The construction of the SROB is presented in Section 3.

2.4 Construction of theµ-parametric nonlinear SROM associated with theµ-parametric
nonlinear ROM using the proposed nonparametric probabilistic approach

Theµ-parametric nonlinear SROM associated with theµ-parametric nonlinear ROM is de-
duced from Eqs. (5) to (8) by replacing[V ] with the random matrix[W]. Consequently,y(n), q,
ando(n) become the stochastic processesY(n), Q, andO(n), and the SROM is written as

Y(n)(t) = [W]Q(t) , t ∈ [t0, T ] , (11)

Q̈(t) + [W]Tg([W]Q(t), [W] Q̇(t);µ) = [W]T f(t;µ) , t ∈ ]t0, T ] , (12)

with the initial conditions

Q(t0) = [W]T [M ] y0 , Q̇(t0) = [W]T [M ] y1 . (13)

The Rn-valued stochastic solution{Q(t;µ,α) , t ∈ [t0, T ]} of Eqs. (12) and (13) depends
on µ ∈ Cµ andα ∈ Cα. The stochastic process{Y(n)(t;µ,α) , t ∈ [t0, T ]} is then-order
approximation of stochastic process{Y(t;µ) , t ∈ [t0, T ]}. The corresponding approximation
{O(n)(t;µ,α) , t ∈ [t0, T ]} of the random quantity of interest{O(t;µ) , t ∈ [t0, T ]} is given,
for all t ∈ [t0, T ], µ ∈ Cµ, andα ∈ Cα, by

O(n)(t;µ,α) = h(Y(n)(t;µ,α), Ẏ
(n)

(t;µ,α), f(t;µ), t;µ) . (14)

2.5 Identification of hyperparameterα of the probability distribution of [W]

The identification of the hyperparameterα ∈ Cα ⊂ Rmα can be performed using the max-
imum likelihood method or a nonlinear least-squares method for the QoI. For instance, a non-
linear least-squares method can be formulated as follows for the two types of modeling errors.
Let J(α) be the cost function defined onCα by

J(α) = wJ Jmean(α) + (1− wJ) Jstd (α) , (15)

6
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in which wJ is a weight such that0 ≤ wJ ≤ 1, and whereJmean(α) andJstd (α) allow for
controlling the identification ofα with respect to the mean value and the statistical fluctuations,

Jmean(α) =
1

cmean(µ1, . . . ,µmµ
)

mµ∑

i=1

∫ T

t0

‖oref(t;µi)− E{O(n)(t;µi,α)}‖2 dt , (16)

Jstd (α) =
1

cstd(µ1, . . . ,µmµ
)

mµ∑

i=1

∫ T

t0

‖v(ref,n)(t;µi)− v(n)(t;µi,α)‖2 dt . (17)

The positive constantscmean(µ1, . . . ,µmµ
) andcstd(µ1, . . . ,µmµ

) are written as

cmean(µ1, . . . ,µmµ
) =

mµ∑

i=1

∫ T

t0

‖oref(t;µi)‖
2 dt , (18)

cstd(µ1, . . . ,µmµ
) =

mµ∑

i=1

∫ T

t0

‖v(ref,n)(t;µi)‖
2 dt , (19)

wherev(ref,n)(t;µi) = (v
(ref,n)
1 (t;µi), . . . , v

(ref,n)
mo (t;µi)) is such that,

v
(ref,n)
j (t;µi) = γ |oref

j (t;µi)− o
(n)
j (t;µi)| , j = 1, . . .mo , (20)

and whereγ > 0 allows for controlling the amplitude of the target related to the statistical
fluctuations. In Eq. (17),v(n)(t;µi,α) = (v

(n)
1 (t;µi,α), . . . , v

(n)
mo (t;µi,α)) is such that

v
(n)
j (t;µi,α) = {E{O

(n)
j (t;µi,α)2} − (E{O

(n)
j (t;µi,α)})2} }1/2 , j = 1, . . .mo . (21)

In Eqs. (16), (18) and (20),oref is defined as a function of the type of the modeling errors that
are taken into account:

⋄ If only the errors induced by the use of theµ-parametric nonlinear ROM instead of the
µ-parametric nonlinear HFM are taken into account, thenoref = o.

⋄ If the two types of modeling errors are simultaneously taken into account (the modeling
errors induced by the use of theµ-parametric nonlinear ROM instead of theµ-parametric non-
linear HFM and the modeling errors introduced during the construction of theµ-parametric
nonlinear HFM), thenoref = oexp in which oexp corresponds to experimental data for the QoI.

With such a formulation, in the cost function,
⋄ oref appears as the target for the mean value with a weightwJ ,
⋄ v(ref,n) appears as the target for the standard deviation with a weight1− wJ .

The identification of hyperparameterα consists in calculatingαopt such that

α
opt = min

α∈Cα

J(α) . (22)

2.6 Justification

Why a random basis of the admissible set would be useful? Such a question is fully licit
because it is well known that, with the Galerkin method, the solutiony(n) constructed using the
ROM for an ordern for which y(n) is close toy (convergence ofy(n) towards the solutiony of

7



C. Soize, C. Farhat

the HFM whenn goes toN), is independent of the choice of the vector basis of the admissible
set (such a statement is perfectly true forn = N). For a similar reason, for any SROB of the ad-
missible set, the stochastic solutionY(n) constructed using the SROM converges almost surely
towards the deterministic solutiony of the HFM, which is thus, at convergence, independent of
the choice of the stochastic basis. However, and as we have previously explained, forn ≪ N ,
and taking into account that the ROB[V ] is constructed forµ1, . . . ,µmµ

in Cµ, for all µ fixed
in Cµ, the solutiony(n) of the ROM is only an approximation ofy, and consequently, there is an
error introduced by the use of the ROM with ordern (the existence of such an error is the main
assumption of the method that is proposed). In such a case, for a fixed value ofn for which
the convergence is not reached, the value of the error depends on the choice of the basis of the
admissible set (if then vectors of the basis are extracted from another family that constitutes
another vector basis of the admissible set, then the solutiony(n) of the ROM is modified). Con-
sequently, when the basis is substituted by the SROB[W], a stochastic familyY(n) is generated
using the SROM. The idea is then to adapt the statistical fluctuations ofY(n) for representing
the error between the ROM and the HFM, and also, as it has been explained before, to represent
the modeling errors introduced in the construction of theµ-parametric nonlinear HFM itself.

3 CONSTRUCTION OF A STOCHASTIC REDUCED-ORDER BASIS

The construction of the SROM is detailed in [65]. Only the main ideas of the construction are
given below. The ROB corresponds to a compact Stiefel manifold denoted bySN,n. Since the
nonparametric probabilistic approach consists in defining the SROB by a probability measure
on SN,n, we have to construct a parameterization ofSN,n, which must be efficient for the high
dimensions.

3.1 Construction of a parameterization of the compact Stiefel manifoldSN,n

Let [M ] ∈ M
+
N be a given positive-definite symmetric(N × N) real matrix (possibly,[M ]

can be[IN ]). The setMN,n of all the(N × n) real matrices is considered as an Euclidean space
equipped with the inner product≪ [V1] , [V2] ≫M = tr{[V1]

T [M ] [V2]} and the associated norm
‖V ‖M = {tr{[V ]T [M ] [V ]}}1/2. Let [V ] be a reduced-order basis (ROB) belonging to the
compact Stiefel manifoldSN,n defined (see for instance [66]) by

SN,n = { [V ] ∈ MN,n , [V ]T [M ] [V ] = [In] } ⊂ MN,n , (23)

for which the dimension isν S = Nn − n(n + 1)/2 = n(n − 1)/2 + n(N − n). The tangent
vector space,TV SN,n, to SN,n at point[V ] ∈ SN,n is defined by

TV SN,n = { [Z] ∈ MN,n : [V ]T [M ] [Z] + [Z]T [M ] [V ] = [0n,n] } . (24)

The dimension ofTV SN,n is ν S = n(n− 1)/2 + n(N − n). We are interested in constructing a
non classical parameterization ofSN,n, which does not require the construction of a big matrix
in MN,N−n, and which consists in using the projection[Z] = ProjTV SN,n

([A]) of any matrix
[A] ∈ MN,n ontoTV SN,n,

[Z] = ProjTV SN,n
([A]) := [A]− [V ] [D] , [D] = ([V ]T [M ] [A] + [A]T [M ] [V ])/2 , (25)

in which [D] ∈ MS
n is a(n× n) symmetric matrix.

Let [Z] 7→ Rs,V ([Z]) be the smooth mapping from tangent vector spaceTV SN,n of SN,n at a
given point[V ] into SN,n,

[W ] = Rs,V ([Z]) , (26)

8
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which is constructed in order that

[V ] = Rs,V ([0N,n]) . (27)

Consequently, for any[Z] in TV SN,n, [W ] = Rs,V ([Z]) is such that[W ]T [M ] [W ] = [In]. The
construction ofRs,V is performed by using the polar decomposition (see for instance [67]), that
is adapted to Eq. (23). For any[V ] fixed inSN,n, mappingRs,V is written as

[W ] = Rs,V ([Z]) := ([V ] + s[Z]) [Hs(Z)] , [Z] ∈ TV SN,n , (28)

in whichs ≥ 0 is a real numbers ≥ 0 that is used for controlling the level of fluctuations of[Z]
in TV SN,n around[V ] in SN,n, and where the positive-definite matrix[Hs(Z)] in M+

n is defined
by

[Hs(Z)] = ([In] + s2[Z]T [M ] [Z])−1/2 . (29)

It should be noted that another construction could be performed in using the economy-size QR
decomposition (see for instance [68]), which is also computationally efficient forn ≪ N with
N very large.

A parameterization[W ] = Rs,V ([A]), defined onMN,n, of SN,n at a given point[V ] in SN,n is
constructed in substituting the parameterization of[Z] defined by Eq. (25) into[W ] = Rs,V ([Z])
that is defined by Eqs. (28) and (29). Consequently, the mapping[A] 7→ Rs,V ([A]) from MN,n

into SN,n is defined, for all[A] in MN,n, by

[W ] = Rs,V ([A]) := Rs,V ([A]− [V ] [D]) , [D] = ([V ]T [M ] [A] + [A]T [M ] [V ])/2 , (30)

and consequently, we have

[W ]T [M ] [W ] = [In] , [V ] = Rs,V ([0N,n]) ∈ SN,n . (31)

3.2 Construction of a parameterization of the subsetSN,n of the compact Stiefel manifold
SN,n induced by the additional constraint [B]T [W ] = [0NCD,n]

We have now to construct a parameterization[W ] = Rs,V ([A]) in presence of an additional
constraint equation[B]T [W ] = [0NCD,n] on [W ]. Let us consider the case for which the ROB[V ]
belongs to the subsetSN,n of SN,n defined by

SN,n = { [V ] ∈ MN,n , [V ]T [M ] [V ] = [In] , [B]T [V ] = [0NCD,n] } ⊂ SN,n , (32)

in which 0 < NCD < N is the number of constraint equations and where[B] is a given matrix
such that

[B] ∈ MN,NCD
, [B]T [B] = [INCD

] . (33)

Such a parameterization is given by Eq. (30), in which[A] is any matrix that belongs to the
subsetMB

N,n of MN,n defined by

M
B
N,n = { [A] ∈ MN,n , [A] = ([IN ]− [B] [B]T ) [U ] , [U ] ∈ MN,n ,} . (34)

It can easily be seen that, for all[A] in MB
N,n, we have[B]T [A] = [0NCD,n] and consequently,

[B]T [W ] = [0NCD,n].

• From a numerical point of view, the parameterization of matrix[A] defined by Eq. (34)
can be rewritten as[A] = [U ]−[B] {[B]T [U ]} in which[B]T [U ] ∈ MNCD,n. Consequently,
the assemblage of the big(N ×N) matrix [B] [B]T is never done.

• If the constraint[B]T [W ] = [0NCD,n] does not exist, then Eq. (34) is replaced by[A] = [U ]
with [U ] ∈ MN,n.

9
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3.3 Construction of a stochastic reduced-order basis (SROB) associated with the ROB

The construction of the SROB, associated with ROB[V ], is performed forSN,n with the ad-
ditional constraint equation[B]T [W ] = [0NCD,n], which means that matrix[A] belongs toMB

N,n.
If the constraint equation[B]T [W ] = [0NCD,n] is removed, then the stochastic modeling pre-
sented hereinafter holds (simply write that[A] = [U ]). Consequently, the stochastic modeling
of matrix [U ] will be the same for the two cases (with or without the constraint equation).

For a given ROB that is represented by a matrix[V ] given inSN,n ⊂ SN,n (thus[B]T [V ] =
[0NCD,n]), the associated SROB consists in introducing a random matrix[W], defined on a prob-
ability space(Θ, T ,P), with values inSN,n, such that

[W]T [M ] [W] = [In] a.s. , [B]T [W] = [0NCD,n] a.s. , (35)

and possibly, verifying additional constraints that will be defined after. We then have to con-
struct the probability measureP[W] of the random matrix[W], onMN,n, for which its support is
the manifoldSN,n,

suppP[W] = SN,n ⊂ SN,n ⊂ MN,n .

The construction of such a probability measure on the manifoldSN,n requires the introduction
of an adapted parameterization ofSN,n in order to release the difficulties induced by the support
of the measure. Below, we give a construction of the SROB in three steps, and the available
information is gradually introduced in the construction.

3.3.1 Step 1 of the construction of the SROB (introducing a parameterization)

The SROB is constructed by using the parameterization of[W ] defined by Eqs. (30) and
(34). Random matrix[W] can then be written as

[W] = Rs,V ([A]) = Rs,V ([A]− [V ] [D]) with [D] = ([V ]T [M ] [A]+ [A]T [M ] [V ])/2 , (36)

in which [A] is a random matrix defined on(Θ, T ,P), with values in subsetMB
N,n of MN,n,

[A] = ([IN ]− [B] [B]T ) [U] = [U]− [B] {[B]T [U]} , (37)

where the random matrix[U] = [U1 . . .Un] is defined on(Θ, T ,P), with values inMN,n, in
which the columns of[U] aren random vectorsU1, . . . ,Un with values inRN . The deterministic
mappingRs,V (from tangent vector spaceTV SN,n of SN,n at point[V ] into SN,n) is defined by
Eqs. (28) and (29). Note that[D] is a random matrix with values inMS

n.

3.3.2 Step 2 of the construction of the SROB (defining the available information)

Taking into account Eqs. (36) and (37), the stochastic model of random matrix[W] and
its generator are completely defined by the stochastic model and the generator of random ma-
trix [U].

(i) The construction of the SROB is performed in order that the statistical fluctuations of random
matrix [W] are around deterministic matrix[V ]. Taking into account that[W] = [V ] for [A] =
[0N,n], random matrix[A] must be a centered random variable, which is satisfied if[U] is also a
centered random matrix (due to Eq. (37)). Consequently, we must have,

E{[U]} = [0N,n] . (38)

10
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(ii) In order to minimize the number of hyperparameters in the stochastic model of the cen-
tered random matrix[U], theNn(Nn + 1)/2 components of the fourth-order symmetric co-
variance tensor{cjkj′k′}jkj′k′ of MN,n-valued random matrix[U] are not kept becauseN can be
very large, and consequently, the proposed stochastic model would be unusable. We therefore
choose the following reduced parameterization for tensorc, which exhibits only1+n(n+1)/2
hyperparameters, such that, for allj andj′ in {1, . . . , N}, and for allk andk′ in {1, . . . , n},

cjkj′k′ = E{UjkUj′k′} = [CN(β)]jj′[cn]kk′ , (39)

in which

• [CN(β)] ∈ M
+
N is a type-covariance matrix depending on a hyperparameterβ such that

0 < βd ≤ β ≤ βu < +∞, for which its construction is detailed in [65]. This covariance
matrix allows for introducing a correlation between the componentsUk

1 , . . . , U
k
N of each

random vectorUk such thatUk
j = [U]jk.

• [cn] ∈ M+
n is a type-covariance matrix and consequently, there is an upper triangular

matrix [σ] belonging toMu
n such that (Cholesky’s factorization),

[cn] = [σ]T [σ] . (40)

Matrix [cn] allows for describing the correlation between the random vectorsU1, . . . ,Un.

Using Eqs. (38), (39), and (40), the second-orderMN,n-valued random matrix[U] can be rewrit-
ten as[U] = [G] [σ] in which [G] is a second-order centeredMN,n-valued random matrix defined
on probability space(Θ, T ,P), such that, for allj andj′ in {1, . . . , N}, and for allk andk′ in
{1, . . . , n},

E{Gjk} = 0 , E{GjkGj′k′} = [CN(β)]jj′ δkk′ . (41)

It can be seen that

E{[G] [G]T} = n [CN(β)] , E{[G]T [G]} = (tr[CN (β)]) [In] .

Consequently, for the construction proposed, random matrix[U] is parameterized as

[U] = [G] [σ] , (42)

and is such that

E{[U] [U]T } = (tr[cn]) [CN(β)] , E{[U]T [U]} = (tr[CN(β)]) [cn] . (43)

3.3.3 Step 3 of the construction of the SROB (constructing the stochastic model of[W ] )

(i) About the stochastic model of random matrix[G ]. The stochastic model of the second-order
centered random matrix[G] with values inMN,n and its generator of independent realizations
is detailed in [65] for which[G] is a non-Gaussian random matrix. This construction is based
on the finite element discretization of a non-Gaussian random field whose trajectories are in-
definitely continuously differentiable functions almost surely in order to preserve the regularity
properties of the solution of the HFM. The stochastic model proposed is chosen in order that
it exhibits only a scalar hyperparameterβ and does not require the explicit construction of the
big matrix[CN(β)] for which the number of entries isN(N + 1)/2, that is unusable for a large
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value ofN .

(ii) Stochastic model and hyperparameters of random matrix[W ]. The stochastic representa-
tion of the second-order non-Gaussian and not centered random matrix[W] with values in the
manifoldSN,n ⊂ SN,n ⊂ MN,n is defined by Eqs. (36), (37), and (42), which are rewritten
(using Eqs. (28) and (29)) as

[W] = Rs,V ([Z]) = ([V ] + s [Z]) [Hs(Z)] , (44)

[Hs(Z)] = ([In] + s2 [Z]T [M ] [Z])−1/2 , (45)

[Z] = [A]− [V ] [D] , (46)

[D] = ([V ]T [M ] [A] + [A]T [M ] [V ])/2 , (47)

[A] = [U]− [B] {[B]T [U]} , (48)

[U] = [G(β)] [σ] . (49)

in which

• [G(β)] is the second-order non-Gaussian centered random matrix with values inMN,n

detailed in [65], and for which the covariance tensor is defined by Eq. (41).

• [σ] is a given upper triangular matrix inMu
n (positive diagonal entries).

• [B] is a given matrix inMN,NCD
such that[B]T [B] = [INCD

].

• [V ] is a given matrix inSN,n.

For [V ] fixed inSN,n, the2 + n(n + 1)/2 hyperparametersof the stochastic model of random
matrix [W] with values inSN,n are:

• the deterministic real parameters is such thatε0 ≤ s ≤ 1 in which ε0 is given and such
that0 ≤ ε0 < 1 (if s = 0, then[W] = [V ] is deterministic and there are no statistical
fluctuations),

• the deterministic real parameterβ such that0 < βd ≤ β ≤ βu < +∞ in whichβd andβu

are given,

• the upper triangular matrix[σ] in Mu
n (positive diagonal entries), which is parameterized

by n(n + 1)/2 parameters, and such that the diagonal entries satisfy the constraintsε0 ≤
[σ]11, . . . , [σ]nn ≤ σu < +∞, in whichσu is given.

The hyperparameter is thusα = (s, β, {[σ]kk′, 1 ≤ k ≤ k′ ≤ n}) with lengthmα = 2 + n(n+
1)/2, which belongs to the admissible setCα defined by

Cα = {s ∈ [ε0 , 1] , β ∈ [βd, βu] , ε0 ≤ [σ]11, . . . , [σ]nn ≤ σu , [σ]kk′ ∈ R , k < k′} . (50)

4 APPLICATION IN NONLINEAR COMPUTATIONAL STRUCTURAL DYNAMICS

In this section, a verificaton problem for the theory exposed above is presented. The cho-
sen HFM corresponds to a finite element model of a three-dimensional slender damped elastic
bounded medium with nonlinear barriers that induce nonlinearities in the dynamical system.
Additional applications for a more deeper validation of the proposed theory can be found in
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[65]. The problem is intentionally chosen to be sufficiently simple so that it can be easily repro-
duced by the interested reader. Nevertheless, it is representative of difficult problems as far as
ROM model form uncertainties are concerned. In the frequency domain, the excitation has an
energy located in a narrow frequency band within in a broad frequency band of analysis. The
differences between the HFM and the ROM are very small in the frequency band of excitation
(small uncertainties), but are large outside this frequency band (large uncertainties). These large
uncertainties are due to the transfer of the energy outside the frequency band of excitation due
to the nonlinearities in the dynamical system. Consequently, they correspond to second-order
contributions. This application shows how such second-order contributions, which are located
outside the frequency band of excitation, can be predicted using the nonparametric probabilistic
approach of model uncertainties.

4.1 Description of the mechanical system

The mechanical system is made up of a 3D linear elastic structure with two elastic barriers
that induce impact non-linearities. It is defined in a cartesian coordinate systemOx1x2x3 (see
Fig. 1). The cylinder has lengthL1 = 1.20m and a rectangular section with heightL2 = 0.12m
and widthL3 = 0.24 m. The two end sections are located atx1 = 0 andx1 = L1. The elastic
medium is made of a homogeneous and isotropic elastic material for which the Young modulus
is 1010 N/m2, the Poisson coefficient is0.15 and the mass density is1500Kg/m3. A damping
term is added and is described by a global damping rate ofξd = 0.01 for each elastic mode of
the structure without the elastic barriers, and will be introduced at the ROM level. The nonlinear

Displacement locked

x

x

1

3

x
2

O

L
2

L
3 Elastic barrier force

Applied force

L 1

Displacement locked
on this line

Observation line

NL,2
f

fNL,3

f

ef

on this line

e

Figure 1: Scheme of the mechanical system: slender elastic structure with elastic barriers.

forces are due to elastic barriers that induce two nonlinear point forces on the structure, one in
directionx2 applied to the point(x1 = 0.66, x2 = 0, x3 = L3/2), and another one in direction
x3 applied to the point(x1 = 0.66, x2 = L2/2, x3 = L3) (see Fig. 1) of intensity−fNL,2 and
−fNL,3 that are assumed to be independent of the velocity and such that

fNL,2(η) = kb,2 (η + εb,2) 1R+(−η − εb,2) , η ∈ R , (51)

fNL,3(η) = kb,3 (ζ − εb,3) 1R+(ζ − εb,3) , ζ ∈ R , (52)

wherekb,2 = kb,3 = 2 × 109N/m is the elasticity constant of the barriers andεb,2 = εb,3 =
2 × 10−4 m are the two gaps (positive values). A time-dependent point force is applied at the
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boundary of the slender structure at the point(x1 = 0.46, x2 = 0, x3 = 0.2) (see Fig. 1) in
the directionsx2 andx3. Thex2- andx3-components of this point force are equal to a square
integrable real-valued functionfe defined by

fe(t) =
f0
π t

{sin(t(ωc +∆ωc/2))− sin(t(ωc −∆ωc/2)} , t ∈ [t0, T ] , (53)

wheref0 = 100 N is the amplitude,ωc = 2 π × 470 rad/s is the central frequency band,
and∆ωc = 2 π × 300 rad/s is the bandwidth. The signal energy of this excitation is mainly
concentrated in the frequency band[320 , 620]Hz. An observation line of equation{0 ≤ x1 ≤
L1 ; x2 = 0 ; x3 = L3} for t ∈ [t0, T ] is introduced. In order to limit the number of figures, o
nly thex2- andx3-displacements of2 observation points belonging to the observation line (see
Fig. 1) are considered and are denoted by Obs34 and Obs51 for which thex1-coordinates are0.66
and1.00. At initial time t0 = −0.0403 s, the system is at rest. The final time isT = 0.3790 s.
The frequency band of observationis chosen asBo = [0 , ωo] with ωo = 2 π × 1550 rad/s.
The time sampling is defined by the frequencyωmax = 2 π × 12, 400 rad/s. There are10, 400
time steps and the sampling time step is∆t = π/ωmax = 4.032 × 10−5 s. There are10, 400
frequency steps in the frequency band[−ωmax, ωmax] and the sampling frequency step is∆ω =
2 π × 2.38 rad/s.

4.2 HFM, numerical solver, and results

(i) High fidelity computational model. A 3D computational model is constructed with a finite
element mesh made up of60×6×12 = 4 320 three-dimensional 8-nodes solid elements. There
are5 551 nodes andN = 16, 653 dofs. The number of zero Dirichlet conditions isNCD = 78
(the displacements are zero for2 × 13 nodes). For this HFM, the equations Eqs. (1) to (4) are
rewritten as follows:

[M ] ÿ(t) + g(y(t), ẏ(t)) = f(t) , t ∈ ]t0, T ] , (54)

g(y(t), ẏ(t)) = [D] ẏ(t) + [K] y(t) + fNL(y(t)) , (55)

with the zero initial conditions at timet0,

y(t0) = 0N , ẏ(t0) = 0N , (56)

and theNCD < N constraint equations written in matrix form as

[B]T y(t) = 0NCD
, t ∈ [t0, T ] , (57)

where[B] is a given matrix inMN,NCD
such that[B]T [B] = [INCD

] , which is constructed by using
theNCD zero Dirichlet conditions defined in Section 4.1. A construction of[D] is detailed in [65]
for which the numerical complexity of the product of[D] by a vector inRN is of the order of
the one corresponding to the product of[M ] by a vector inRN , which is much less thanN2

because[M ] is a sparse finite element matrix. In the frequency bandBo = [0 , ωo], the QoI is
the vector̂o(ω) = (ô1(ω), . . . , ômo(ω)) ∈ Cmo defined as follows:

• For plotting and analyzing the responses of the SROM,mo = 2× 2 = 4 dofs in direction
x2 andx3 of the2 observation nodes Obs34 and Obs51.
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• For the identification of the hyperparameterα of the SROB,mo = 2× 61 = 122 dofs in
directionx2 andx3 of all the61 nodes belonging to the observation line.

For allω in Bo, the complex vector vector̂o(ω) is written as

ô(ω) = h(−ω2 ŷ(ω)) , ω ∈ Bo , (58)

in whichh is a linear mapping fromCN intoCmo, which extracts the dofs from vector−ω2 ŷ(ω) ∈
CN , and where

ŷ(ω) =
∫ T

t0

e−iω ty(t) dt , ω ∈ Bo . (59)

(ii) Numerical solver. The implicit Newmark time-integration scheme [69] is used (with pa-
rametersδ = 0.5 andα = 0.25(0.5 + δ)2 = 0.25) and with a fixed point method (without
relaxation) at each sampling time with a relative precision of10−6. In order to guaranty the
convergence of the fixed point method, a local adaptive time step is implemented (time step∆t
is locally decreased). Such a numerical method has been preferred to the other possible ones
due to the presence of contacts induced by the barriers, which require an adaptive time steps.

(iii) Results and quantification of the effects of the nonlinearities. In Fig. 2, the four figures
compare the graphsν 7→ log10(|ôj(2πν)|) computed with the HFM, with the graphs computed
with the linear HFM (that is to say, in removing the nonlinear elastic barriers in the HFM), for
thex2- andx3-accelerations of Obs51 and Obs34. These figures show the effects of the nonlinear
elastic barriers on the responses, in particular, it can be seen an important transfer of the energy
in the frequency band that is outside the main frequency band[320 , 620]Hz of the excitation.

4.3 ROM, numerical solver, and results

(i) Reduced-order computational model. Let {ϕ1, . . . ,ϕn} be the firstn elastic modes asso-
ciated with the firstn eigenfrequencies0 < ω1 < . . . < ωn of the linear undamped structure
associated with the nonlinear damped dynamical system, which are such that

[K]ϕk = λk [M ]ϕk , (60)

with the constraint equation

[B]Tϕk = 0NCD
, k = 1, . . . , n , (61)

and whereλ1 = ω2
1, . . . , λn = ω2

n. The elastic modes satisfy the usual orthogonality properties,

< [M ]ϕk ,ϕk′ >= δkk′ , < [K]ϕk ,ϕk′ >= λk δkk′ . (62)

For the nonlinear dynamical system, the ROB is chosen as[V ] = [ϕ1 . . .ϕn] ∈ MN,n, which is
such that

[V ]T [M ] [V ] = [In] , [B]T [V ] = [0NCD,n] . (63)

Using the ROB[V ] ∈ MN,n and Eq. (63), the ROM associated with the HFM defined by
Eqs. (54) to (57) is written as

y(n)(t) = [V ] q(t) , t ∈ [t0, T ] , (64)

q̈(t) + [V ]T [D][V ] q̇(t) + [V ]T [K][V ]q(t) + [V ]T fNL([V ]q(t)) = [V ]T f(t) , t ∈ ]t0, T ] , (65)
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Figure 2: Graphsν 7→ log10(|ôj(2πν)|) computed with the HFM (thick lines) and with the LINEAR HFM (thin
lines) for x2- andx3-accelerations of Obs51 (up left and up right figures), and forx2- andx3-accelerations of
Obs34 (down left and down right figures).

with the initial conditions
q(t0) = 0n , q̇(t0) = 0n . (66)

The approximation̂o(n)
(ω) of the QoIô(ω) defined by Eqs. (58) and (59) is written as

ô(n)
(ω) = h(−ω2 ŷ(n)(ω)) , ω ∈ Bo , (67)

ŷ(n)(ω) =

∫ T

t0

e−iω ty(n)(t) dt , ω ∈ Bo . (68)

(ii) Numerical solver. The algorithm described in Section 4.2-(ii) is used but is adapted to
Eq. (65) that is rewritten as̈q(t)+2 ξd [λ

(n)]1/2 q̇(t)+ [λ(n)] q(t) = [V ]T f(t)− [V ]T fNL([V ] q(t))
in which [λ(n)] is the positive-definite diagonal matrix whose diagonal entries areλ1, . . . , λn.

(iii) Choice of the reduced-order dimensionn, results, and quantification of the errors induced
by the use of the ROM instead of the HFM. Taking into account that a significative differ-
ence between the responses computed with ROM and with the HFM must be generated (in
order to validate the capability of the nonparametric stochastic method proposed to take into
account this type of modeling errors), a good compromise between the numerical cost and
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the quality of the ROM leads us to choosen = 20 as the dimension of the ROM. We then have
ω1 = 2 π×96.69 rad/s, ω4 = 2 π×472 rad/s, ω5 = 2 π×720 rad/s, ω11 = 2 π×1474 rad/s,
ω12 = 2 π × 1754 rad/s, andω20 = 2 π × 2936 rad/s. Consequently, there are4 elas-
tic modes in the frequency band[0 , 620] Hz containing the main part of the excitation,11
elastic modes in the frequency band of observation[0 , 1550] Hz and9 elastic modes in the
frequency band[1550 , 3100] Hz. In Fig. 3, the four figures show a comparison of the graphs
ν 7→ log10(|ôj(2πν)|) computed with the HFM, with the graphsν 7→ log10(|ô

(n)
j (2πν)|) com-

puted with the ROM, for thex2- andx3-accelerations of Obs51 and Obs34. These figures show
that the differences between the HFM and the ROM are very small in the frequency band
[320 , 620] Hz of the excitation, but are significant outside this frequency band. Such differ-
ences could be reduced in increasing dimensionn of the ROM, but as we have explained above,
the reduced-order dimensionn is chosen in order that significant differences exist between the
ROM and the HFM.
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Figure 3: Graphsν 7→ log10(|ôj(2πν)|) computed with the HFM (thick lines) and graphsν 7→ log10(|ô
(n)
j (2πν)|)

computed with the ROM (thin lines) forx2- andx3-accelerations of Obs51 (up left and up right figures), and for
x2- andx3-accelerations of Obs34 (down left and down right figures).

4.4 SROM, stochastic solver, and results

(i) Stochastic reduced-order computational model. From Eqs. (11) to (14), the SROM asso-
ciated with Eqs. (64) to (68), is obtained in replacing[V ] by the random matrix[W]. Conse-
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quently,y(n)(t), q(t), andô(n)
(ω), become the random vectorsY(n)(t), Q(t), andÔ

n
(ω), and

the SROM is written as
Y(n)(t) = [W]Q(t) , t ∈ [t0, T ] , (69)

Q̈(t)+[W]T [D][W] Q̇(t)+[W]T [K][W]Q(t)+[W]T fNL([W]Q(t))=[W]T f(t) , t ∈ ]t0, T ] , (70)

with the initial conditions

Q(t0) = 0n , Q̇(t0) = 0n , a.s . (71)

Let Ô
(n)

(ω;α) be the random QoI with values inCmo with mo = 122, depending on hyperpa-
rameterα, such that

Ô
(n)

(ω;α) = h(−ω2 Ŷ
(n)

(ω;α)) , ω ∈ Bo , (72)

Ŷ
(n)

(ω;α) =

∫ T

t0

e−iω tY(n)(t;α) dt , ω ∈ Bo . (73)

(ii) Identification of the hyperparameter. The problem is the identification of hyperparameter
α = (s, β, σ) that is defined in Section 3.3.3-(ii), with lengthmα = 2+n(n+1)/2 = 212, and
which belongs to the admissible setCα = R+× [0.01 , 0.1]×Mu

n. For defining the cost function
J(α), we introduce the random functionω 7→ dB(n)(ω;α) = (dB(n)

1 (ω;α), . . . , dB(n)
mo

(ω;α))
defined onBo with valued inRmo such that, for allj = 1, . . . , mo (with mo = 122),

dB(n)
j (ω;α) = log10(|Ô

(n)
j (ω;α)|) , (74)

in which Ô
(n)

(ω;α) = (Ô
(n)
1 (ω;α), . . . , Ô

(n)
mo (ω;α)) is defined by Eq. (72). In order to de-

fine the target functions for constructing the cost function, we introduce the functionsω 7→

dbref(ω) = (dbref
1 (ω), . . . , dbref

mo
(ω)) andω 7→ db(n)(ω) = (db(n)1 (ω), . . . , db(n)mo

(ω)), defined on
Bo with values inRmo such that, for allj = 1, . . . , mo,

dbref
j (ω) = log10(|ôj(ω)|) , db(n)j (ω) = log10(|ô

(n)
j (ω)|) , (75)

in which ô(ω) = (ô1(ω), . . . , ômo
(ω)) is defined by Eq. (58) and wherêo(n)

(ω) = (ô
(n)
1 (ω), . . . ,

ô
(n)
mo(ω)) is defined by Eq. (67). The cost function is defined by Eq. (15) with

J(α) = wJ Jmean(α) + (1− wJ) Jstd (α) , (76)

in which

Jmean(α) =
1

cmean

mo∑

j=1

∫

Bo

|dbref
j (ω)−E{dB(n)

j (ω;α)}|2wj(ω) dω , (77)

Jstd (α) =
1

cstd

mo∑

j=1

∫

Bo

|v
(ref,n)
j (ω)− v

(n)
j (ω;α)|2wj(ω) dω , (78)

in which the positive constantscmeanandcstd are defined by

cmean=
mo∑

j=1

∫

Bo

|dbref
j (ω)}|

2wj(ω) dω , cstd =
mo∑

j=1

∫

Bo

|v
(ref,n)
j (ω)|2wj(ω) dω . (79)
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In these equations,v(ref,n)(ω) = (v
(ref,n)
1 (ω), . . . , v

(ref,n)
mo (ω)) andv(n)(ω;α) = (v

(n)
1 (ω;α), . . . ,

v
(n)
mo (ω;α)) are defined, forj = 1, . . .mo, by

v
(ref,n)
j (ω) = γ |dbref

j (ω)− db(n)j (ω)| , (80)

in whichγ > 0 is an amplitude factor and where

v
(n)
j (ω;α) = {E{dB

(n)
j (ω;α)2} − (E{dB

(n)
j (ω;α)})2} }1/2 . (81)

In Eqs. (77) to (79), forj = 1, . . .mo, the functionsω 7→ wj(ω) are bounded onBo with values
in R+ and are chosen such thatwj(ω) = |dbref

j (ω)−db(n)j (ω)| for all ω in Bo. The weight (in the
cost function) iswJ = 0.9, and the amplitude factor (for the target) isγ = 0.3. The optimization
problem

α
opt = (sopt, βopt, [σopt]) = min

α∈Cα

J(α) , (82)

is solved using the algorithm detailed in [65], which is based on the use of the interior-point
algorithm with constraints. The Monte Carlo solver is used with1 000 independent realiza-
tions (mean-square convergence reached). The optimal value ofs andβ aresopt = 0.0103 and
βopt = 0.0181 and the optimal value[σopt] of [σ] can be found in [65].

(iii) Results. In Fig. 4, the four figures that are displayed summarize the results obtained with
the SROM. These four figures are related to thex2- andx3-accelerations of Obs51 and Obs34.
Each figure displays the graphν 7→ log10(|ôj(2πν)|) computed with the HFM (the target for
the mean), the graphν 7→ log10(|ô

(n)
j (2πν)|) computed with the linear ROM, and the con-

fidence region (with a probabilitypc = 0.98) of the frequency sampled stochastic process
ν 7→ log10(|Ô

(n)
j (2πν)|) constructed with the SROM. The upper envelope of the confidence

region corresponds to the quantile for the probabilitypc and the lower envelope to the quantile
for the probability1 − pc. It can be seen that the results obtained are very good, except for the
x3-accelerations in the small part[270 , 438]Hz of the frequency band[0 , 1550]Hz of analysis.
Such a relatively bad prediction could certainly be improved using a much more sophisticated
optimization algorithm for the identification of the hyperparameters. Nevertheless, it can be
seen that the SROM allows for generating a confidence region, which is not centered around the
responses computed with the ROM, but which is approximatively well centered around the re-
sponses computed with the HFM, which is a relatively difficult problem for taking into account
contributions of second-order. Such a result demonstrates the capability of method proposed.

5 CONCLUSIONS

In this paper, a novel nonparametric probabilistic approach has been presented for taking
into account modeling errors in any nonlinear high-fidelity model (HFM) for which a nonlinear
ROM can be constructed. The nonparametric probabilistic model is implemented in the nonlin-
ear ROM. The proposed stochastic model exhibits a small number of hyperparameters, which
allows their identification by solving a statistical inverse problem. The cost function is formu-
lated with respect to a given target related to given observations, which allows for specifying the
level of uncertainties induced by the use of the ROM instead of the HFM and/or by the model-
ing errors (model form uncertainties) introduced in the HFM with respect to experimental data.
The least-square method that is used in the paper can be replaced by another statistical inverse
method such as the maximum likelihood method. A first validation of the proposed method
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Figure 4: Graphsν 7→ log10(|ôj(2πν)|) computed with the HFM (thick lines), graphsν 7→ log10(|ô
(n)
j (2πν)|)

computed with the ROM (thin lines), and confidence region forpc = 0.98 (yellow region with red upper and red
lower envelopes) computed forν 7→ log10(|Ô

(n)
j (2πν)|) computed with the SROM, forx2- andx3-accelerations

of Obs51 (up left and up right figures), and forx2- andx3-accelerations of Obs34 (down left and down right
figures).

has been obtained by analyzing a nonlinear dynamical problem. The proposed nonparamet-
ric probabilistic approach of modeling errors can simultaneously be used with the parametric
probabilistic approach of the uncertain parameters of the computational model, because, if the
construction of the ROB can depend on these random parameters, the construction of the SROB
does not directly depend on them (but depends indirectly through the ROB). In addition, if the
Monte Carlo method is used as stochastic solver, the realizations of the SROB and those of the
random parameters are constructed simultaneously. Consequently, the speed of convergence
(that does not depends on the dimension) is not altered if the parametric uncertainties are taken
into account in the computational model. The method can be extended to the case of a HFM for
which the level of model uncertainties is not the same in the different parts of the system.
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Abstract. Osteoarthritis is a degenerative joint disease characterized by cartilage degenera-

tion, which affects more people than any other joint disease. To overcome this problem, tissue 

engineering has been improving to restore tissue functionality developing new implantable 

cartilage. Bioreactors can provide an adequate nutrient transport to cells in the scaffold, a 

good mechanical stimuli and a hydrodynamic environment, which imposes a fluid flow to 

promote the cell proliferation. Finite element analysis of cartilage growth can be used to 

guide these tissue engineering experiments in order to produce cell scaffold constructs with 

specific biomechanical properties. In this work, a 3D finite element model was developed to 

simulate the diffusion and transport of nutrients and the cell growth kinetics in a porous scaf-

fold when it is subject to different mechanical stimuli. The mass transport was defined by con-

vection-diffusion equation, where the nutrient uptake was represented through the 

Michaelis-Menten kinetics and the fluid dynamics within the construct was modelled by 

Brinkman’s equation. Cell growth kinetics was modelled by the Contois equation, which in-

cludes the effect of glucose concentration and the cell density saturation. The objective of this 

study was to understand the effect of mechanical loading in nutrition and cell growth during 

culture. Different mechanical stimuli (5%, 10% and 15% of compressive strain with frequen-

cies of 0.5Hz, 1Hz and 2Hz) were performed during a period of 48 hours of cell culture. The 

spatial-temporal evolution of the local glucose, oxygen and lactate concentrations, the pH 

level and the cell density within the scaffold was analysed. The numerical simulations of so-

lutes concentrations and cell growth show a good agreement with experimental results. These 

results show that fluid shear stress promoted by fluid dynamics inside the scaffold is influ-

enced by compression and consequently the solute transport and the chondrocyte activity is 

affected for altered levels of stimulation. 
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1 INTRODUCTION 

In tissue engineering, development of cartilage depends on the exchange of a suitable 

amount of nutrients, including oxygen and glucose, to cells during the culture process [1-3]. 

The chondrocytes during the culture process produces a large amount of lactate and its pro-

duction rate is related to the glucose and oxygen metabolism [4]. The diffusion process and 

metabolism of cells develop concentration gradients of metabolites that affect the cell viabil-

ity [2, 5-7].  

The culture process under dynamic flow conditions has shown significant potential for the 

development of cartilage tissue [8]. In this culture process, cells are seeded into three-

dimensional scaffolds that are placed inside the bioreactor to provide nutrients and mechani-

cal stimuli. When compared with the control constructs kept in a loading-free culture, the dy-

namic stimulation culture not only improves the mass exchange between cells and medium, 

but also exposes cells to physical stimulations [9]. The effects of dynamic compression may 

be due to fluid flow, tissue and cell deformation or hydrostatic pressurization. Compression-

induced fluid flow increases the shear stress, the rate of transport of nutrients and the biomass 

production inside the scaffold [10]. 

 Applying dynamic compression loading at moderate levels as 2-15% strains [8,11,12], 

0.5-2.5 MPa stresses [13] and physiological frequencies between 0.001 to 1.0 Hz can stimu-

late the cell differentiation and the development of a functional tissue [9].  

Despite the loading parameters to maximize the development of tissues in culture, other 

factors should be taken into account in tissue engineering, such as the type of the scaffold, the 

nutrient medium, and cellular factors, such as initial cell seeding density [14]. 

In this study, the effects of dynamic compression on metabolites transport and cellular bio-

synthesis in a chondrocyte-seeded agarose scaffold were investigated. This numerical model 

includes the consumption of glucose and oxygen, the production of lactate by cells, and the 

pH and shear stress effects on the cellular differentiation. 

2 METHODOLY 

2.1 Nutrient transport formulation 

A mathematical formulation to describe the supply of metabolites to cells is presented. The 

time varying evolution of metabolites content in the three-dimensional scaffold is represented 

by diffusion-reaction and cell kinetics equations.  

This numerical modelling assumes the diffusion of nutrients from a culture medium 

boundary condition and a consumption by cells within the scaffold matrix. The constitutive 

equations for each domain are follow detailed. Equations are written in the generic form for 

each metabolite i  (oxygen, glucose and lactate). The concentration in time for each specie is 

governed by the Fick’s law of diffusion: 
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where iC  is the concentration of the solute i  in the fluid phase, iD the diffusion effective ten-

sor, iVmax the maximum uptake rate, i

mK the half-maximum rate concentration and cellρ  the cel-

lular density. 

Glucose and oxygen are consumed by cells, which synthesizes lactate into the scaffold. 

The content of lactate produced by chondrocytes is twice the number of moles of glucose con-

sumption and a third of the number of moles of oxygen consumption [4] given by the follow-

ing equation: 

oxglulact qqq &&&
3

1
2 +−= (3) 

The pH is linearly dependent on the concentration of lactate and its control can reduces the 

factor of two between the absorption of glucose and the lactate production. The pH less than 7 

becomes a more acidic medium, causing an adverse effect on cell viability. 

2.2 Cell balance 

The cell kinetics includes cell migration, growth and death, and it is modelled by the 

Monod growth equation [15]. In this paper, the glucose concentration is used as the only lim-

iting factor for cell growth, where a glucose concentration of 3.0×10-10 mol/mm3 is considered 

critical for chondrocyte viability [7].  

To incorporate the influence of the shear stress acting on the chondrocytes, a modulation 

function ( )τg  was assumed, as described by the following relation [16]:
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where τ  is the normalized fluid shear stress.

In this model, only the beneficial effect of shear stress on cell growth has been included. 

As the cell growth can influences the porosity due to increase of the solid volume fraction, the 

Mackie-Meares equation is used to include the porosity effect on the diffusion coefficients 

[15]. As consequence, the metabolites diffusion will be affected by the porosity of the scaf-

fold. The decrease of the scaffold permeability with an increase of solid volume fraction was 

modelled by the Carman-Kozeny equation [10,17] as: 

( )2

3

0
1 f

f

n

n
kk

−
= (5) 

where fn is the fluid volume fraction and  0k  the initial permeability of the scaffold. 

3 FINITE ELEMENT IMPLEMENTATION 

The governing equations subject to initial boundary conditions were implemented using a 

computation tool (V-Biomech) [18] based on a finite element method (FEM) to solve the dis-

tribution of glucose, oxygen and lactate, and the cell differentiation in the scaffold in relation 
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to time. A quarter of a 3D disc with 10 mm diameter and 3 mm height was meshed with 512 

hexahedral finite elements. (Fig.1). 

3 mm 

5 mm 

Boundary 1

B
o
u
n
d
ary

 2
2h 22h 2h 22h

Figure 1: 3D mesh of the agarose disc submerged into a culture medium. Boundaries 1 and 2 are the surfaces in 

contact with the fluid. The cells are seeded into scaffold. 

The model was based on a scaffold disc of 4% w/w agarose (nf = 0.96 and k0=0.661 mm4 

N-1s-1) with a uniform cell seeding of 40 000 cells/mm3 and an initial oxygen, glucose and lac-

tate concentration of 2.05×10-10 mol/mm3, 5.10×10-9 mol/mm3 and 1.20×10-9 mol/mm3, re-

spectively. The initial pH value of the scaffold was set at 7.4 and the diffusivity coefficients 

for each species are presented in Table 1.  

The cell-seeded scaffold was considered to be submerged in a standard culturing environ-

ment of 5% CO2 and 37ºC, with a boundary oxygen, glucose and lactate concentration of 

2.05×10-10 mol/mm3, 2.50×10-8 mol/mm3 and 2.30×10-9 mol/mm3, respectively. At the inter-

face of the medium and the scaffold (boundaries 1 and 2), the concentrations are assumed to 

be continuous during the simulation and cells are not able to move out of the scaffold. Due to 

double symmetry about the centre line, only one quarter of the domain was computed. 

Parameters Value Units  Reference 
ox

mediumD 2.10×10-3 mm2/s [19] 

glu

mediumD 1.00×10-3 mm2/s [20] 

lact

mediumD 1.40×10-3 mm2/s [20] 

cellD 1.70×10-8 mm2/s [17] 

ox

mK 6.00×10-12 mol/mm3 [4] 

glu

mK 3.50×10-10 mol/mm3 [6] 

oxVmax 1.18×10-18 mol/(cell·s) [4] 

gluVmax 1.70×10-17 mol/(cell·s) [4] 

Table 1: Diffusion parameters values used in the simulations. 
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In this study, two simulations were performed: (i) free-swelling culture simulation and (ii) 

dynamic compressive loading simulation, with compressive strains of 5%, 10% and 15% for 

frequencies of 0.5 Hz, 1 Hz and 2 Hz. Both simulations were tested during a period of 48 

hours of cell culture. In the cyclic dynamic simulation, the displacement was applied on the 

top surface (boundary 1) of the construct during 2 hours and then a free-swelling was pre-

served during the next 22 hours. After this time, the stimulation was repeated during 2 hours 

and again, the free-swelling state was kept until reaches the 48 hours of the culture process. 

The average evolution within the scaffold of the local glucose, oxygen and lactate concentra-

tions and the influence of the shear stress on cell kinetics was studied. 

4 RESULTS AND DISCUSSION 

A free-swelling (static) experiment and a dynamic compression with different combina-

tions of strain (5%, 10% and 15%) and frequency (0.5 Hz, 1 Hz and 2 Hz) were simulated for 

a time culture of 48 hours and the evolution in time of the average glucose, oxygen and lactate 

concentrations and the cell density within the scaffold was analysed. 

4.1 Influence on nutrient transport 

The average oxygen concentration versus time curves at frequencies of 0.5 Hz, 1.0 Hz and 

2 Hz are illustrated in Figure 2a, b and c, respectively. For each case, three different compres-

sive strains, as 5%, 10% and 15% of the scaffold height were applied. 
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Figure 2: Average oxygen concentration for free-swelling conditions and for different dynamic compressive 

stimulations (5%, 10% and 15%) with frequencies of (a) 0.5 Hz, (b) 1 Hz and (c) 2 Hz. 

All the three plots show a decrease on the average oxygen concentration inside the scaffold 

during the culture time, associated with the consumption of the oxygen inside the scaffold by 

chondrocytes. These results follow the expected trend showed in [2,4,6]. As in all simulations 
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the medium is constantly updated, the oxygen diffuses into the scaffold and tends to reach a 

steady state. The minimum value of oxygen concentration was 1.32×10-10 mol/mm3. However, 

in cyclic compression stimulations the equilibrium of the oxygen concentration is reached 

faster (after 2 hours of incubation) than unloaded case, which can be associated with fluid ve-

locities. After 24 hours of culture time, the chondrocytes consume oxygen at a slower rate. 

The 15% compression stimulations show to influence the oxygen concentrations due to the 

oxygen replacement rate induced by compression is larger than consumption rate by cells and 

consequently, the oxygen diffuses faster into the scaffold. At frequencies of 0.5 Hz and 1 Hz 

(Figure 2a and b), the 15% compression stimulation showed to be slightly higher than the re-

sults for 2 Hz cyclic compression simulation. Low frequencies results in low velocities and 

consequently a higher fluid flow infiltration depth.  

Figure 3 shows the evolution of the total glucose content in the scaffold during the cultiva-

tion time of 48 hours. The average glucose concentration under the 0.5 Hz, 1.0 Hz and 2 Hz 

frequency is illustrated in Figure 3a, b and c, respectively.  
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Figure 3: Average glucose concentration for free-swelling conditions and for different dynamic compressive 

stimulations (5%, 10% and 15%) with frequencies of (a) 0.5 Hz, (b) 1 Hz and (c) 2 Hz. 

As the initial concentration inside the scaffold is lower than the medium, during the incu-

bation time the glucose diffuses into the scaffold. As consequence, a softly increase trend of 

the average glucose concentration is observed for the unloaded simulation (free-swelling). 

Contrary to what occurs in oxygen plots, after 2 hours of cultivation the amount of glucose 

into the scaffold is higher in the stimulated case than for load-free simulation. Here, the steady 

state of glucose concentration is reached faster due to the fluid velocities imposed by com-

pression. During the time, the glucose remained well above 1.0×10-8 mol/mm3 reaching a 

maximum value of 2.29×10-8 mol/mm3 at 26 hours. However, this value decreases slightly to 
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2.27×10-8 mol/mm3 at the end of the culture period due to the cell consumption. Even at high 

cell densities when the consumption is higher, glucose remains constant due medium update 

(e.g., at 48 hours). Despite 15% compression stimulation showed to improve the glucose dif-

fusion depth, the trend under different compressive stimulations remains identical. For this 

metabolite transport, frequency was not significant. 

 

Figure 4a, b and c shows the average lactate concentration produced inside the scaffold 

under the 0.5 Hz, 1.0 Hz and 2 Hz frequency, respectively. Lactate is produced by cells and 

then diffuses to the medium. Its content increases gradually during incubation time as com-

puted using Equation 3. The obtained results agree well with experimental data showed in 

some studies [2,4,6]. For the first two hours, the lactate content much higher in cyclic com-

pression simulations than free-swelling case. It is associated with the cell density and the glu-

cose inside the scaffold, which is higher for compressive stimulation. When incubation time 

reaches 24 hours, lactate secretion slows down. As glucose in the culture environment is 

mostly consumed and reaches an equilibrium state (Figure 3), the rate of lactate production 

gradually decrease on time. 
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Figure 4: Average lactate concentration for free-swelling conditions and for different dynamic compressive 

stimulations (5%, 10% and 15%) with frequencies of (a) 0.5 Hz, (b) 1 Hz and (c) 2 Hz. 

In cyclic compression simulations, when the compressive strain increases, the glucose con-

tent decreases. This phenomenon is associated with the increase of fluid velocities necessary 

to expel the lactate from the scaffold to the medium. The lactate removal is largest for 15% 

compression when the fluid velocity is higher.  
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4.2 Influence on cell proliferation 

Figure 5a, b and c shows the average cell density inside the scaffold under the 0.5 Hz, 1.0 

Hz and 2 Hz frequency, respectively. In all stimulation regimes of 5%, 10% and 15% com-

pression loading, there is a higher proliferation of cells [2,4,6] comparing with the cell density 

obtained by free-swelling simulation. Observing Figure 2, the high cell growth complies with 

the low oxygen concentration. 

When the scaffold is under compression, fluid culture medium is forced into the construct 

promoting the transport of nutrients to the cells but also generating a shear stress, which influ-

ence the cell kinetics. Compared to free-swelling culture outcome in Figure 4, more cells are 

resulted from dynamic loading cases, indicating the important roles of shear in promoting cell 

proliferation when nutrient supply is relatively constant. 

The comparison between the simulations under the three different cyclic compressions 

shows that the fluid shear effect on cell growth is more significant at higher strains. For lower 

frequencies (Figure 4a and b) the 15% compressive stimulation significantly enhanced the 

proliferation of cells. However, the maximum value of 47379 cell/mm3 was reached by 1 Hz 

frequency simulation. For a high frequency of 2 Hz (Figure 5c) the average cell density was 

almost the same for all stimulations.  
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Figure 5: Average cell density for free-swelling conditions and for different dynamic compressive stimulations 

(5%, 10% and 15%) with frequencies of (a) 0.5 Hz, (b) 1 Hz and (c) 2 Hz. 

Accompanying lactate accumulation in the scaffold, the culture environment becomes 

more acidic and the average pH decreases from 7.4. However, as the simulation time is too 

short (only 48 hours) a higher cell density was not achieved and the lactate production inside 

the scaffold was not sufficient to see the pH inhibition cell proliferation effects (when the pH 

is lower than 6.8). 
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5 CONCLUSIONS 

In summary, this work numerically analysed the effects of dynamic compression on nutri-

ent transport and cellular proliferation in a chondrocyte-seeded agarose scaffold. The results 

show that fluid shear stress promoted by fluid velocities inside the scaffold is influenced by 

compression and consequently the solute transport and the chondrocyte activity is affected for 

altered levels of stimulation. In this study, the simulation of 15% compressive strain with 1 

Hz compressive loading for 2 days seemed to be beneficial for chondrocytes proliferation. 

The present numerical model is a helpful tool to clarify experimental studies of cell viabil-

ity and transport of nutrients over the development of tissue-engineered constructs during bio-

reactor culture under nutrition and mechanical loading conditions. 
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{j.munoz, payman.mosaffa, nina.asadipour, antonio.rodriguez-ferran}@upc.edu

2MRC Laboratori for Molecular Cell Biology, University College London
{y.mao,r.tetley}@ucl.ac.uk

Keywords: Cell-centred, vertex, tissue mechanics, Voronoi, network, wound healing, embryo-
genesis

Abstract. Macroscopic deformations in embryonic soft tissues are due to the intra-cellular re-
modelling and cell intercalation. We here present a computational approach that can handle the
two types of deformations, and also take into account the active cell response. The model resorts
to cell-centred techniques, where particles represent cell nuclei, and to vertex models, where the
vertices represent cell boundaries. This hybrid approach allows to consider separately intra-
cellular and inter-cellular forces, and at the same time impose cell incompressibility.

In the proposed model, the cell boundaries (defined by vertices) and cell nuclei (or cell-
centres) networks are coupled through an interpolation scheme, which is eventually relaxed in
order to smooth the cell boundaries. We show that this coupling between the two networks
modifies the equilibrium equations and stabilises the vertex network. Incompressibility is im-
plemented through a penalty method. The resulting model can be implemented in two- and
three-dimensions, and is complemented with active rheological models.

We apply the model to simulate the stretching and relaxation of cell monolayers, and to
simulate wound healing process in the wing disc of Drosophila fly embryo. We show that the
numerical results agree with the experimental measurements.
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1 INTRODUCTION

The development of computational models for studying the behaviour of biological tissue
at cellular scale has progressively become a promising trend in modern biology. Due to the
complexity of phenomena at cellular level, novel mechanical modelling is required to handle
the observed tissue behaviour as well as being predictive to similar phenomena.

Due to the discrete nature of the tissue, and the relevance of the adhesive forces at the cell-cell
junctions [2, 10] we resort to a cell-based approach which couples cell-centred [9] and vertex
models [4, 8]. The two sets of points form two networks that we couple by using an appropriate
interpolation. The combination of the two networks allows us modelling cellular rheology
and adhesive forces in a joint manner, and inherit the advantages of cell-centres models (easy
remodelling) and vertex models (explicit representation of boundary forces and area/volume
preservation).

The developed model is employed to simulate embryogenesis of Drosophila wing disc [5]
and a wound healing, which are experimentally analysed at the MRC-Laboratory for Molecular
Cell Biology, at Universisty College London. In this process, it is observed that the mechanical
signalling and the activity of the stress fibres plays a predominant role, which is as determinant
as the genetic and biochemical signalling.

We first describe the kinematic description of the network and the coupling between them.
Two approaches for describing the cell boundaries are described: Voronoi and barycentric tes-
sellation. We resort to the latter approach and justify our approach in Section 2. In Section 3 we
deduce the mechanical equilibrium equations for arbitrary cell rheology. The latter is defined
in Section 4, where we describe a specific viscoelastic model based on an evolution equation of
the resting length. Some illustrative results are presented in Section 5, where we compare the
experimental and computational deformations of the embryonic tissue.

2 CELL NETWORK DEFINITION

2.1 General approach

We concentrate our attention on flat monolayers where the cell deformations along the thick-
ness direction is assumed constant, and thus our description is restricted to the two-dimensional
case. Further extensions of the model to curved monolayers may be found in [6].

The cell-cell connectivity of the tissue is defined by a set of N nodes X = {x1 . . .xN}
that represent the cell nuclei (cell-centres) and a set of Ne bar elements connecting them and
defined by a connectivity matrix C = {c1 . . . cNe}, with ce = {i j}T and i and j the nodes
the element e connects. We will resort here to a Delaunay triangulation [3, 1] in order to define
the cell-cell connectivity. Since Delaunay triangulations form convex hulls of the set of nodes,
we filter those triangles with very high or low aspect ratio. More precisely, we remove those
triangles whose inradius r and circumradius R satisfy

r

R
< tolR

where tolR is a tolerance here set to tolR = 0.2.
Based on Delaunay triangulation, we use a tessellation defined by a set of Nv connected

vertices V = {v1 . . .vNv}, which represent the cell-cell boundaries. We resort to two types of
tessellations:

Voronoi tessellation: vertices form the Voronoi diagram of the Delaunay triangulation [1].
Unbounded Voronoi areas located at the boundary of the tissue are removed.
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Barycentric tessellation: vertices are formed by the barycentres of the triangles. Each cell
boundary is formed by joining the triangles that surround it, and external nodes do not form a
cell.

Figure 1a-b shows the Delaunay triangulation and two tessellations described above. The
vertices vI of the two tessellations can be computed by using standard Finite Element interpo-
lations Ni(ξ) of linear triangle elements as

vI = Ni(ξI)xi (1)

where summation is understood on the three nodes that form triangle I (see Figure 2). The
interpolation parameter ξI takes different values depending on the choice of the tessellation, and
corresponds to the coordinate of vertex vI in the reference element. In Voronoi tessellations,
ξI for each triangle can be computed from the actual position of vI in the Voronoi diagram
by solving a system of linear equations. In barycentric tessellations instead we have that ξI =
{1/3, 1/3} for all vertices.

(a) (b)

(c) (d)

Figure 1: Triangulation and tessellation of a Cartesian 5×5 mesh of nodes. (a) Delaunay triangulation and Voronoi
tessellation. (b) Delaunay triangulation and barycentric tessellation. (c) Same triangulation and tessellation as in
(b), but with an applied displacement on the nodes. Crossovers of original rectangular areas are indicated with
brushed ellipses. (d) Same triangulation and tessellation as in (c), but with an applied displacement on the nodes.

We note that in Delaunay triangulations, Voronoi tessellations guarantee that the cells are
convex, but we do not necessarily have that

vI ∈ T (x1,x2,x3), (2)

with T (x1,x2,x3} the triangle formed by nodes x1, x2 and x3. Instead, vertices in barycentric
tessellations satisfy the property in (2), although for very distorted meshes, cell centres may lay
outside the cell boundary. More importantly though, if the value ξI is kept constant, while the
nodal positions xi are displaced, the Voronoi areas may easily yield non-convex polytopes or
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Figure 2: Schematic of the interpolation of the vertices on the Delaunay network.

with crossovers, giving rise to not valid tessellations, as Figure 2c shows. The displacement
of the nodes with a constant interpolation parameter is considered in the next section. For this
reason, only barycentric tessellations will be considered henceforth.

3 EQUILIBRIUM EQUATIONS

3.1 Elastic potentials

Mechanical equilibrium is here considered by assuming an elastic potential for each bar of
the Delaunay triangulation and also for each segment of the tessellation. More specifically, and
for simplicity, the following quadratic elastic potentials for the Delaunay (D) and vertices in the
tessellation (V) are considered:

ΨD(x) =
1

2
kD
∑
e

ε2
e,

ΨV (x, ξ) =
1

2
kV
∑
E

ε2
E,

(3)

where kD > 0 and kV > 0 are the material stiffness constants. The elastic strains εe and εE are
defined by

εe =
lij − Lij

Lij
,

εE =
lIJ − LIJ

LIJ
.

(4)

where bar e joints nodes i and j, and segment E joints vertices I and J . The lengths lij and lIJ

are the current (deformed) lengths, while Lij and LIJ are the resting or reference lengths, that
will be further explained in Section 4. The current lengths are defined by

lij = ||xi − xj||,
lIJE = ||vI − vJ ||.

We note that although lIJ depends on the positions vI , due to interpolation (1), the elastic po-
tential ΨV depends on the nodal positions xi and the parametric coordinates ξ = {ξ1, . . . , ξNv

},
as indicated in (3). Also, due to the non-linear dependence of the lengths on nodal and vertex
coordinates, the elastic potentials are non-linear, even if the reference length L is constant.
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3.2 Area preservation

In order to impose that the areas of the tessellation are preserved, the following penalty term
is considered:

ΨA(x, ξ) =
1

2
kA
∑
i

(Ai − A0
i )

2 (5)

where kA > 0 is a penalty factor, and Ai and A0
i are the current and initial areas, associated to

each node i not located at the boundary. The areas Ai are in our case computed resorting to the
divergence theorem and from the vertices positions surrounding each node i.

3.3 ξ-relaxation

In some occasions it becomes beneficial to relax the condition ξI = constant. Indeed,
as it will be shown in the next subsection, the interpolation in (1) implicitly prescribes the
vertices’ positions. This may have undesirable effects on the boundaries, and for this reason,
the parametric coordinates of the vertices ξI are allowed to vary. This is numerically achieved
by adding at each time-step tn+1 a penalty term with the form

Ψn+1
ξ (ξ) =

1

2
kξ
∑
I

||ξn+1
I − ξnI ||2. (6)

with kξ > 0 a penalty parameter, and the superscript n indicating quantities at time tn. We note
that after assigning the value kξ = k̂xi

∆t
, this penalty term is equivalent to adding a viscous term

in the motion of the vertices with respect to the nodal positions xi.

3.4 Solution of equations

The equations of motion are solved at each time tn+1 by minimising the total potential

Ψn+1(x, ξ) = Ψn+1
D (x) + Ψn+1

V (x, ξ) + Ψn+1
A (x, ξ) + Ψn+1

ξ (ξ) (7)

with respect to the nodal positions xi and parametric coordinates ξI . This is equivalent to
solving the following system of equations:{

gx
gξ

}
:=

{
∇xΨ

n+1

∇ξΨn+1

}
= 0 (8)

We note that in the particular case that kD > 0 and kV = kA = kξ = 0, the previous set of
equations is equivalent to solving the nodal equilibrium equations:

∂ΨD(x)

∂xi
= 0⇒

∑
e∈i

tei = 0, i = 1, . . . , N (9)

with summation on all elements e connected to node i, and

tei := kDεe
∂εe
∂xi

(10)

the traction force at node xi along the bar element ce = {i j}. Other expressions of tei may be
derived using more sophisticated elastic potentials ΨV (ξ) in (3). In the work presented here, the
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non-linear rheology will be introduced in the next section by using a variable resting length Lij .
In the case kV > 0, and using the interpolation in (1), we have the following non-zero term,

∇xΨV =
∂ΨV

∂vI

∂vI
∂xi

=
∂ΨV

∂vI
PIi (11)

with

PIi :=
∂vI
∂xi

= Ni(ξI)I

When ξI = constant, only the first block of equations in (8) needs to be solved. In this case,
the system of equations in (9) turns into∑

e∈i

tei +
∑
I∈i

PT
IitI = 0, i = 1, . . . , N (12)

with,

tI =
∂ΨV

∂vI
= kV εe

∂εe
∂vI

(13)

the traction at vertex I and with the second summation in (12) on all the vertices surrounding
node i. The equation above reveals two consequences of the coupling: the nodal equilibrium
equations have contribution from the vertices, and the interpolation in (1) modifies the tractions
at the vertices tI through matrices PIi. As a consequence, equilibrium at vertices is not fully
preserved, even if kD = 0. This fact has motivated the potential considered in the ξ-relaxation.

When ξI is allowed to vary, the second block of equations in (8) reads,(
∂ΨV

∂vJ
+
∂ΨA

∂vJ

)
QJI + kξ(ξ

n+1
I − ξnI ) = 0, I = 1, . . . , Nv

with

QJI :=
∂vJ
∂ξI

= xi ⊗∇Ni(ξJ)δIJ

The non-linear equations are solved resorting to a Newton-Raphson scheme, which requires
the computation of the Jacobian, which has the following general structure:

K =

[
Kxx Kxξ

Kξx Kξξ

]
4 CELL RHEOLOGY AND CONTRACTILITY

So far, only elastic forces are considered, and the sole time-dependent term is the ξ-relaxation
term, which i equivalent to a viscous force acting on the relative motion of vertices with respect
to the nodes. We introduce here an additional viscous-like rheology by using the following
evolution of the resting law:

L̇

L
= γεe (14)
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where γ is the remodelling rate, and represents the ability of the tissue to adapt to the elastic
strain. As shown in [7], this evolution law of the resting length induces a similar response to
the Standard Maxwell model. Furthermore, it also allows simulating cell contractility by using
a modified version of the law in (14) as

L̇

L
= γ(εe − εc) (15)

where εc represents a contractile strain that the cell asymptotically aims to achieve. This law can
be either applied to the bars at the Delaunay network and at the segments of the cell boundaries.
This is implemented by, according to the strain definitions in (4), using the following expression
in (10) and (13),

εe
xi

=

(
1

L
− l

L

2∂L

∂l

)
∂l

∂ξi

εe
xi

= PT
Ii

(
1

L
− l

L

2∂L

∂l

)
∂l

∂vI

with

∂l

∂ξi
=

1

l
(ξi − ξj)

∂l

∂vI
=

1

l
(vI − vJ)

and computing ∂L
∂l

from a time-discretisation of the differential equation in (15).

5 RESULTS

The MRC-Laboratory for Molecular Cell Biology at University College London is currently
experimentally analysing the wound healing process of embryonic tissues of Drosophila fly. In
this process, the mechanical signalling and the activity of the stress fibres play a predominant
role that is as important as the genetic and biochemical signalling.

The locations of the cells have been obtained from the phase contrast images, and the ablation
of the tissue has been simulated by setting kD = 0 on those bars connected to ablated cells, and
kV = 0 on those segments located at boundaries between dead cells.

We have resorted to the hybrid model in order to simulate the healing process. The material
properties kD and kV have been fitted in order to match the evolution of the rate of the wound
closure and the expansion after ablation. No areas preservation has been included, since this
has not been found to be necessary.

The equations using ξ-relaxation have become necessary in order to avoid a zig-zag effect
on the wound edge. Figure 3 compares the different wound profiles obtained without and with
variation on parameter ξ. As it can be observed, the interpolation constraint has detrimental
effects on the profile of the wound, which is smoothed after incrementally relaxing the positions
of the vertices.

The wound closure is simulated by imposing a linearly incremental contractility εc at the
wound edge. The sequence of wounded areas experimentally measured are compared to the
numerical simulations in Figure 4. While the evolution and expansion of the wound and the
trend of the closure fit the microscopic images, the model needs to be extended with remodelling
capabilities in order to better simulate the final stages of the reparing process.
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(a) (b)

Figure 3: Effect of ξ-relaxation. (a) Wound edge without ξ-relaxation. (b) Wound edge applying ξ-relaxation.

(a) (b) (c) (d)

Figure 4: Response of tissue to applied damage by laser ablation of cells. Top: experimental images. Bottom:
results of computational model. (a) Tissue before ablation, (b) Tissue recoil right after laser ablation applied. (c)
Concentration of Myosin at the wound’s edges causing wounds edge contractility. (d) Tissue after wound closure.

6 CONCLUSIONS

Wound closure of monolayers on elastic process has been well inspected [2]. However,
the in vivo healing process is far more uncertain. The mechanical signalling and the tissue
polarisation are currently solid hypotheses. These though have not been quantitatively measured
or simulated.

By bridging the experimental measurements with rigorous mathematical and mechanical
modelling we aim to couple the biochemical signalling and the forces exerted within the tissue.
This understanding is necessary to predict tissue behaviour in other developmental processes
and more generally in regenerative medicine.

The hybrid model and the numerical results presented here shows that the in vivo wound
healing process can be successfully simulated. The model though requires to be complemented
with remodelling capabilities. In order to inspect different mechanisms along the tissue thick-
ness, it is also desirable to extend the model for the three-dimensional case. These features are
currently investigated.
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Abstract. In the paper the problem concerning the numerical modeling of thermal processes 
in domain of biological tissue secured by a layer of protective clothing being in the thermal 
contact with the environment is discussed. The cross-section of the forearm (2D problem) is 
treated as the non-homogeneous domain in which the sub-domains of skin tissue, fat, muscle, 
bone and blood vessels are distinguished. Between skin tissue and protective clothing the air 
gap is taken into account. This sub-domain is treated as a solid body which thermal conduc-
tivity is defined in the special way. The process of external heating is determined by the Neu-
mann boundary condition and the sensitivity analysis with respect to the perturbations of the 
boundary heat flux is discussed. Both the basic boundary-initial problem and the sensitivity 
one are solved by means of the control volume method using the Voronoi polygons. 
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1 INTRODUCTION 

The problem of skin tissue heating including the layer of protective clothing is described 
by the system of partial differential equations (energy equations), the boundary condition giv-
en on the external surface of the system, the boundary conditions between skin tissue and pro-
tective clothing, the boundary conditions on the surfaces limiting the successive sub-domains 
of forearm and the initial conditions. In the version presented in this paper the air gap between 
fabric and skin tissue is treated as a solid body (see: next chapter) and on its boundaries the 
continuity of temperature field and heat fluxes are assumed. 

The transient temperature field in the tissue sub-domains is determined by the Fourier-type 
equation called the Pennes equation [1-7]. This equation contains two additional components 
(the source functions), this means the perfusion heat source and the metabolic heat source. 
The Pennes equation belongs to the group of macroscopic tissue models. In the recent years 
the others model based on the Cattaneo-Vernotte equation (e.g. [8]) or the dual phase lag 
equation (e.g. [9]) appeared, but the Pennes approach is, so far, most commonly used. The 
domain considered (a section of forearm – 2D problem) is the non-homogeneous one and 
constitutes a composition of skin tissue, fat, muscle, bone and blood vessels (arteries and 
veins). The successive sub-domains differ in the values of thermal parameters, in this paper 
the data taken from [10] are applied. Temperature fields in the domains of fabric and trapped 
air are described by the well known Fourier equation (diffusion equation). The thermophysi-
cal parameters of textiles can be found in [11]. 

At the stage of numerical computations the Control Volume Method (CVM) is applied, in 
other words, the domain considered is divided into a certain number of small cells and the 
governing equations in the integral form are used individually to each one of them. This pro-
cedure guarantees, a priori, the conservation of physical quantities like mass, momentum and 
energy, is extremely flexible and conceptually simple. In this paper, the 2D control volumes 
correspond to the Voronoi polygons (also called the Thiessen or Dirichlet cells in two dimen-
sions) have been used. Such a version of CVM was in details discussed by Ciesielski and Mo-
chnacki in [12]. 

The sensitivity analysis presented here concerns the changes of transient temperature field 
in domain considered due to the perturbations of the boundary heat flux determined by the 
Neumann boundary condition given on the external surface of the system. The sensitivity 
model is created by the differentiation of energy equations and boundary-initial conditions with 
respect to the parameter considered (a direct approach, e.g. [13-16]).  

2 MATHEMATICAL DESCRIPTION OF THE PROCESS 

The domain considered (cross section of the forearm middle part [17]) is shown in Figure 1.  

 
Figure 1: Simplified 2D geometrical model of the forearm with protective clothing cross-section. 
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Heat transfer processes proceeding in the tissue volume are described by the system of the 
Pennes equations of the form 

 ( ) ( ) ( ) ( ) ( ) ( ),
, , , , 1,...,4e

e e e per e met e

T x t
c T T T x t Q x t Q x t e

t

∂
= ∇ λ ∇ + + =  ∂

 (1) 

where e = 1, 2, 3, 4 refers to the tissue sub-domains (skin, fat, muscle and bone, respectively), 
ce is the volumetric specific heat, λe is the thermal conductivity, Qper and Qmet [W/m3] are the 
capacities of volumetric internal heat sources connected with the blood perfusion and metabo-
lism, T, x = {x1, x2}, t denote the temperature, spatial co-ordinates and time. The perfusion 
heat source is given by the formula 

 ( ) ( ) ( ) ( ), , , / 2per e b be b e b b artery b veinQ x t c G T T T x t T T T= − = +    (2) 

where Gbe is the blood perfusion [m3blood/(s m3
tissue)], cb is the blood volumetric specific heat 

and Tb artery and Tb vein are the arterial and vein blood temperatures. Metabolic heat source 
Qmet (x, t) can be treated as a constant value. 

Equation describing the transient temperature field in the domain of fabric is of the form 

 ( ) ( ) ( ) ( )0
0 0 0

,
,

T x t
c T T T x t

t

∂
= ∇ λ ∇  ∂

 (3) 

The similar equation with the parameters corresponding to the properties of air describes 
the temperature field in the domain of trapped air between fabric and forearm. 

So, the layer of trapped air is treated as a solid body (a convection in this sub-domain can 
be neglected). Through the air gap heat flows by the radiation and conduction, in particular 

 [ ] [ ]λ
( , ) α ( , ) ( , ) , ( , ) ( , ) ( , )

δ

a
r r F T c F Tq x t T x t T x t q x t T x t T x t= − = −  (4) 

where αr  is the radial heat transfer coefficient, λa  is the air thermal conductivity, δ  is the air 
gap thickness, TF, TT are the averaged temporary temperatures of fabric and skin surfaces. As 
is well known 

 
2 2

4 273 273
α 10 ε ( 546)

100 100
F T

r F T c F T

T T
C T T−

−

 + +   = + + +    
     

 (5) 

and 

 
1 1 1

1
ε ε εF T F T−

= + −  (6) 

is the substitute emissivity, while ε , εF T  are the emissivities of fabric and skin tissue surfaces 

and Cc = 5.67 W/m2K2. 
The total heat flux exchanged between the surfaces is equal to 

 [ ] [ ] [ ]λ λ
( , ) α ( , ) ( , ) ( , ) ( , ) (α ) ( , ) ( , )

δ δ

a a
r F T F T r F Tq x t T x t T x t T x t T x t T x t T x t= − + − = + −  (7) 

Let us introduce the substitute air thermal conductivity 

 [ ] [ ]λ λ
( , ) ( , ) ( , ) (α ) ( , ) ( , )

δ δ

sub a
F T r F Tq x t T x t T x t T x t T x t= − = + −  (8) 
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and finally 

 
λ

λ δ (α )
δ

a
sub r= +  (9) 

It should be pointed out, that the volumetric specific heat of trapped air corresponds to the 
temperature-dependent values which can be found in literature (e.g. [18]). 

On the contact surface between the tissue sub-domains, the continuity of temperature and 
heat fluxes are assumed 

 
( ) ( )

( ) ( )

1
1

, 1

1

, ,
: , 1,2,3

, ,

e e
e e

e e

e e

T x t T x t
x en n

T x t T x t

+
+

+

+

 ∂ ∂
−λ = −λ∈Γ =∂ ∂
 =

 (10) 

where ∂ / ∂n is a temperature derivative in normal direction. The same condition is accepted 
on the surfaces limiting the air gap. 

On the outer surface of the fabric, the combined Robin and Neumann boundary conditions 
are taken into account 

  
( ) ( )( )0

0 0

, if (0, ],
: ,

0, if ( , ]
b heating

out out amb
heating final

aq t tT x t
x T T x t

t t tn

− ∈∂
∈Γ − λ = −α − +  ∈∂ 

 (11) 

where qb is the boundary heat flux, a is the absorptivity of the outer surface of the protective 
clothing, αout is the heat transfer coefficient and Tamb is the ambient temperature. On the sur-
faces between the blood vessels and soft tissue sub-domains the Robin condition is taken into 
account, at the same time the heat transfer coefficients and the arterial and vein blood temper-
atures are assumed to be known. 

The initial conditions are also given 

 ( ) ( )0 : , , 0,1,...,4e steadyt T x t T x e= = =  (12) 

where Tsteady is the temperature distribution corresponding to the steady state conditions in the 
tissue-fabric domain for the given initial ambient temperature and the initial external heat 
transfer coefficient. 

3 SENSITIVITY MODEL 

The sensitivity model presented in this paper concerns the changes of transient temperature 
field in domain considered due to the perturbations of the boundary heat flux. The equations 
creating the sensitivity model have been obtained by the differentiation of the basic equations 
and conditions with respect to qb. 

Let us denote the sensitivity function ( ), / bT x t q∂ ∂ by U(x, t). Then the sensitivity equa-

tions for the tissue sub-domains are of the form 

 
( ) ( )2,

, ( , ), 1,...,4e
e e e b be e

U x t
c U x t c G U x t e

t

∂
= λ ∇ − =

∂
 (13) 

while for the fabric 

 
( ) 20

0 0 0

,
( , )

U x t
c U x t

t

∂
= λ ∇

∂
 (14) 
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One can see that the above equations concern the constant values of fabric and tissue thermo-
physical parameters (the authors do not dispose the convincing information connected with 
the temperature-dependent relations). 

For the trapped air the sensitivity equation is the following  

 
( ) [ ] [ ], d ( , ) d

( , ) ( , ) ( , ) ( , )
d d

a a a a
a a a a a a

U x t c T x t
c U x t U x t U x t T x t

t T t T

∂ ∂ λ+ =∇ λ ∇ + ∇ ∇
∂ ∂

 (15) 

On the external surface the boundary condition has a form 

 
( ) ( )0

0 0

, if (0, ],
: ,

0, if ( , ]
heating

out out
heating final

a t tU x t
x U x t

t t tn

− ∈∂
∈Γ − λ = α +  ∈∂ 

 (16) 

‘Rebuilding’ of the others boundary and initial conditions is rather simple and it will not be 
discussed here.  

4 RESULTS OF COMPUTATIONS 

In Figure 2 an example of the control volume mesh covering the sub-domains considered is 
shown. Here, the domain being a composition of the forearm, protective clothing and air gap 
is divided into 3429 control volumes. 

 
Figure 2: Control volume mesh of the considered sub-domains for the cross-section of the forearm  

and protective clothing. 

The initial temperature distribution of the fabric-forearm system (see: Figure 3) corre-
sponds to the steady state conditions. They are found for the air temperature equals Tamb = 
20 oC, and heat transfer coefficient αout = 5 W/m2K. Additionally the following blood temper-
atures are assumed: Tb artery = 36 oC, Tb vein = 35 oC, while αartery = αvein = 5000 W/m2K. 

In the numerical simulation at the moment t = 0 the process of heating starts (qb = 
2100 W/m2, a = 0.3, while Tamb = 30 oC and αout = 5 W/m2K) and this process is continued 
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until theating = 3 min. Next, the cooling process takes place (qb = 0 W/m2, Tamb = 30 oC and 
αout = 5 W/m2K).  

 
Figure 3: The initial temperature distribution. 

The basic solution in the form of heating curves representing the average temperature in 
the layers of skin, the inner and outer layers of protective clothing is shown in Figure 4. The 
next Figure presents the temporary solutions for times 3 min. and 6 min. 

In Figures 6 and 7 the numerical solution of sensitivity problem is shown. In particular, 
Figure 6 illustrates the changes of sensitivity function ( )( , ) , /e e bU x t T x t q= ∂ ∂  (also represent-

ing the average values in the skin layer, inner and outer layers of protective clothing). The 
temporary distributions of sensitivity with respect to perturbation of the boundary heat flux 
are shown in Figure 7. 

 
Figure 4: Heating curves representing the average temperature in the skin layer, inner and outer layers  

of protective clothing. 
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Figure 5: Temporary solutions for 3 and 6 min. 

 
Figure 6: Sensitivity with respect to the boundary heat flux. 

  
Figure 7: Distribution of sensitivity with respect to the boundary heat flux for times 3 and 6 min. 
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5 CONCLUSIONS 

In this paper the numerical model of thermal processes occurring in the tissue-fabric do-
main exposed to an external heating by the strong boundary heat flux have been discussed. 
The computations have been performed on the basis of the author’s variant of CVM using the 
Voronoi polygons. Such a method can be easily adapted to the needs of bio-heat transfer 
problems and it is an effective approach to the numerical modeling of thermal processes pro-
ceeding in the domain of biological tissue. Moreover, a discretization of 2D domain of the 
complex heterogeneous shape using the Voronoi polygons has many advantages, among oth-
ers, the shapes of sub-domains can be exactly reconstructed. The CVM assures the correct 
modeling of the energy balances and the implementation of the different types of boundary 
conditions is simple. 

The analysis of the results presented in this paper, gives a number of the significant infor-
mation. The increase of temperature in the fabric domain proceeds essentially faster in com-
parison with the tissue domain. In the case of accidental contact between hot fabric and 
human body the tissue burns can take place. One can note that at the final moment of the heat-
ing process, the temperature of the protective clothing is significantly higher than the tem-
perature of the skin layer and at the stage of the cooling of outer fabric surface, the heat is still 
transferred to the forearm domain. In order to achieve the thermal comfort of a person during 
the heating process (the maximum temperature of the skin tissue layer should not exceed the 
value more than 38 °C) the adequate period of the heating time in the presented simulation 
has been chosen. Such an analysis of results allows one to the prediction of a situation which 
is not preferable by a person. Further analysis allows one to determine the maximum stay time 
at the given heat flux for a person under secure conditions. 

In this work the sensitivity analysis with respect to the perturbations of the boundary heat 
flux is considered and one can formulate the following conclusions: 

- the maximum value reaches at the final stage of heating and the most essential changes 
are in the outer layer of fabric, 

- after period of the heating process, the sensitivity rapidly decreases, 
- during the considered simulation time in the tissue domain the sensitivity is practically 

close to zero. 
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Abstract. During daily activities such as sitting, carrying loads or wearing orthoses, skeletal 
muscles are compressed. Surrounding muscles and bones can also induce force leading to 
compression of the muscle. The aim of the present study was to examine the influence of 
varying unidirectional transversal muscle loading on contraction dynamics. We performed 
isometric experiments on isolated rat M. gastrocnemius medialis (n = 10) without and with 
five different transversal loads (0.64, 1.13, 1.62, 2.11, 2.60 N). The muscles were loaded by a 
custom-made plunger in transversal direction. The muscle force was measured at the distal 
tendon and the vertical movement of the plunger was captured with a high-speed camera 
during supramaximal muscle stimulation. Increasing transversal muscle force resulted in an 
almost linear decrease in maximum isometric muscle force (Fim) from 5.0 ± 1.5 % Fim to 13.1 
± 2.1 % Fim. Compared with an unloaded isometric contraction, the rate of force development 
(RFD) decreased from 20.7 ± 4.1 % RFD to 35.2 ± 5.8 % RFD. The lifting height of the 
plunger decreased from 1.7 ± 0.2 mm at the lowest transversal load to 0.6 ± 0.2 mm at the 
maximum load applied. Unidirectional transversal compression depresses longitudinal force 
development in skeletal muscles and, thus, should be considered in musculo-skeletal models 
simulating the interaction of muscles with their mechanical environment, e.g. in impact 
biomechanics. The interactions between the muscle and one unidirectional transversal load 
could be explained reasonably well with a simple model including a hill-type muscle model, a 
geometric model transferring transversal forces into a longitudinal direction and a 
viscoelastic model representing the characteristics of passive muscle tissue. Data presented in 
this study may be important to develop and validate muscle models which enable simulation 
of muscle contractions under compression and reveal the mechanisms behind. 
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INTRODUCTION 

 
It is well known that active muscle force depends on different parameters such as muscle 

length [1,2] or contraction velocity [3]. Traditionally these dependencies were determined on 
isolated muscle preparations. However, in vivo skeletal muscles are embedded in an 
environment of other muscles, connective tissue and bones. These surrounding structures are 
supposed to exert external forces to the muscle belly, thereby influencing active muscle force. 
External tensile forces can be transmitted via extramuscular connective tissue to the muscle 
[4]. These forces act mainly in longitudinal direction (in the line between muscle origin and 
insertion: line of action).  In addition, forces may act in transversal direction (perpendicular to 
the line of action) thereby compressing the muscle [5]. Transversal muscle loading may be 
induced during sports exercises, e.g. by lifting belts, bench shirts and compressing swimsuits 
or occurs during daily activities, such as carrying loads, wearing orthoses, or sitting.  

In a recent study [5] the influence of increasing transversal muscle loading on contraction 
dynamics was examined using rat M. gastrocnemius medialis (GM). The muscle was loaded 
unidirectional by a plunger which was able to move in transversal direction (Fig. 1). During 
muscle contraction the muscle deforms, and work was performed to lift the load. Compared 
with the unloaded contraction, transversal muscle loading with 0.64 N resulted in a decrease 
in maximal isometric muscle force (Fim) and rate of force development (RFD) by 5% and 
25%, respectively. Due to given contact area of the plunger (0.5 cm2) the applied pressure was 
1.3 N/cm2, which corresponds to about the mean pressure at the body-seat interface during 
human sitting [6,7]. Comparatively higher muscle compressions are, however, expected for 
e.g. car drivers during accidents or athletes involved in contact sports (e.g. boxing and 
wrestling). Thus, the aim of the present study was to examine the influence of varying 
unidirectional transversal muscle loading on contraction dynamics of isolated rat M. 
gastrocnemius medialis. Parts of this study are published in [8]. 
 
METHODS 

 
Experimental procedure was similar to [5]. Experiments were approved according to 

Section 8 of the German animal protection law (Tierschutzgesetz, BGBl I 1972, 1277). 
Experiments were performed on rat (Rattus norvegicus, Wistar) GM (n = 10, mass GM = 894 
± 88 mg). Muscle preparation, anaesthesia and setup  have been described in detail earlier [9]. 
Briefly, the rats were anaesthetized with sodium pentobarbital (100mg/kg body mass). Body 
temperature was maintained at 33-36°C using a heating pad (Föhr Medical Instruments). The 
muscle was freed from its surrounding tissues and fixed in a horizontal position. The distal 
tendon was attached to a muscle lever system (Aurora scientific 305B-LR). The sciatic nerve 
was stimulated (Aurora Scientific 701C) with 100 µs square wave pulses of 3–8 mA 
(threefold the twitch threshold) at100 Hz (maximal tetanical muscle stimulation). 

The transversal load was applied in the middle of the muscle belly by a custom made 
plunger with 0.5 cm2 contact area (Fig. 1). To withstand the induced transversal forces, the 
muscle was supported from below by a horizontal plate. The plunger was able to move freely 
in vertical direction and its movement was measured with a high-speed camera (Vosskühler, 
462 frames/sec).  To minimize friction between the plunger and the muscle surface, the 
attachment area was coated with paraffin oil. Variable suffixes ‘lo’ and ‘unlo’ distinguish 
loaded and unloaded experiments, respectively. 
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Figure 1: Experimental setup. Transversal load is induced on rat M. gastrocnemius medialis (GM) by a plunger 

which is able to move freely in vertical direction. The small markers on the muscle surface (*) were used for 
analyses in another study. 

An alternating sequence of experiments without a transversal load and with a transversal 
load was conducted. The muscle was stimulated for 300 ms at optimum muscle length. The 
resting phase between the experiments was 3 min to minimize muscle fatigue. Five loaded 
experiments were performed with increasing transversal loads (0.64, 1.13, 1.62, 2.11, and 
2.60 N) corresponding to increasing pressures (1.3, 2.3, 3.3, 4.3, and 5.3 N/cm2). The plunger 
covered about 20 % of the muscle’s surface area visible from the top. After each loaded 
experiment the muscle was able to reproduce Fim in the unloaded reference contraction. 

We determined Fim as well as RFD from each experiment. RFD was calculated as force 
difference between 10–90% Fim divided by the corresponding difference in time. Fim and 
RFD indicate percentage changes of Fim and RFD, respectively, from unloaded to loaded 
experiments. In the loaded experiments, the lifting height h= h-h0 was measured, where h0 is 
the initial height of the load in the passive condition. The maximum value of Δh over 
contraction time is the maximum lifting height hmax.  

For statistical analyses we used a linear model for the dependencies of Fim, RFD, and 
h, respectively, on transversal force. The slopes of the dependencies were calculated for each 
muscle by linear regression, using the Matlab® (The Mathworks, Inc., Nattick, MA, USA) 
function `regress.m'. To obtain confidence intervals at a confidence level of 0.99 for the 
slopes, linear regressions were performed over the combined experimental values of all ten 
muscles. 

 
 

RESULTS 

 
Unidirectional transversal muscle loading with different loads impacts longitudinal muscle 

force, rate of force development and lifting height of the load (Fig. 2).  
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Figure 2: Force-time (A) and lifting height - time traces depending on different transversal loads exemplarily 

shown for GM9. Mean (black line) and standard deviation (grey) are given for the force-time traces of the 
unloaded reference contractions. Stimulation started at t = 0 and ended at t = 300 ms. 

Increasing the transversal load from 0.64 N to 2.60 N resulted in consistent and almost 
linear changes of ΔFim from 5.0 ± 1.5 % Fim to 13.1 ± 2.1 % Fim (R2 > 0.95; Fig. 3A), of 
ΔRFD from 20.7 ± 4.1 % RFD to 35.2 ± 5.8 % RFD (R2 > 0.84; Fig. 4), and of Δh from 1.7 ± 
0.2 mm to 0.6 ± 0.2 mm (R2 > 0.97; Fig. 3B), respectively. Linear regression analyses 
indicated a strong influence of load on ΔFim, ΔRFD, and Δh (Fig. 3, Table 1). The upper as 
well as the lower bounds of the .99 confidence intervals of the slopes were all negative, 
indicating a strong effect of load on the considered variables (Table 1). The calculated 
confidence interval for the slope of ΔFim implicates a decrease of longitudinal muscle force by 
at least 5.9% over the range of examined load values. 

 

 
Figure 3: Influence of transversal loading with different loads (0.64, 1.13, 1.62, 2.11, 2.60 N) on isometric 
muscle force (A) and lifting height (B). Data and individual regression lines are shown for all ten muscles. 
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Figure 4: Influence of transversal loading with different loads (0.64, 1.13, 1.62, 2.11, 2.60 N) on rate of force 

development (ΔRFD). Data and individual regression lines are shown for all ten muscles. 

 

independent 

variable 

dependent 

variable 

range of calculated 

slopes 

 .99 confidence interval of slope 

lower bound upper bound 

load [N] 

 

ΔFim [%] 

ΔRFD [%] 

Δh [mm] 

-4.714 to -2.633 

-8.735 to -5.143 

-0.833 to -0.367 

-5.026 

-10.089 

-0.638 

-3.000 

-4.764 

-0.437 

Table 1: Slopes of linear regressions and the corresponding 99 % confidence intervals for the dependencies of 
change in isometric longitudinal muscle force ΔFim, change of rate of force development ΔRFD, and change of 

lifting height Δh on transversal load. Confidence intervals were calculated over the combined experimental 
values of all muscles. 

 
 

DISKUSSION 

Varying unidirectional transversal force influences longitudinal contraction dynamics (Fig. 
2). Increasing transversal load resulted in an almost linear decrease in maximum isometric 
force and rate of force development. In our experiments, muscles produce work to strain the 
series elastic component, to lift the load, and to deform the muscle itself during an end-held 
isometric contraction. After performing this work, the muscle has to balance the transversal 
load in the static case. These interactions between the muscle and its mechanical environment 
could be explained reasonably well with a simple phenomenological model [5] including a 
hill-type muscle model, a viscoelastic model representing the characteristics of passive 
muscle tissue and a geometric model transferring transversal forces into a longitudinal 
direction. The gearing ratio of the geometric model can be explained by a simple ellipsoid 
muscle model [10]. 

Various factors may contribute to the observed reduction in muscle force induced by 
transversal muscle loading. For example, considering a spatial arrangement of muscle fibers 
transversal muscle loading may induce changes in muscle thickness and fiber pennation angle 
influencing muscle force generation [11]. Moreover, muscle fibers are connected to the 
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extracellular matrix [12]. Local deformations induced by the plunger may induce local length 
changes along muscle fiber and thus decrease muscle force. 

As most muscles are packed in ‘muscle packages’ [13] transversal forces induced by 
surrounding tissues may impact on large parts of the muscle surface. This may be especially 
true for inner muscles like rat soleus and plantaris which are almost completely surrounded by 
other calf muscles. If surrounding muscles contract, they will deform [14,15] and thus may 
transfer transversal forces over the complete surface to these inner muscles. Thus, the given 
plunger contact area used in this study may represent rather a local loading compared with the 
physiological loading situation in muscle packages. Thus, it seems of great importance to 
examine the intermuscular pressure (between neighboring muscles) in muscle packages 
during contractions. Based on these insights, basic questions about evolution of muscle 
architecture can be addressed and it may be speculated whether muscle architectures are 
designed to minimize mutual transversal loading in between neighboring muscles. Maybe 
muscle architectures are adjusted such that muscles exert only small intermuscular pressures 
during contraction generating. This might be one explanation for complex muscle 
architectures, exhibiting e.g. distributions of varying fiber lengths and pennation angles or 
inner tendon sheets [16,17,18,19]. If, however, minimization of intermuscular pressure is no 
design criteria, transversal forces induced by contracting muscles may have a function. For 
example, they could contribute to stabilization of muscle packages in impact situations (e.g. 
foot contact during cyclic locomotion). Moreover, transversally compressed muscles can act 
under dynamically favourable conditions, e.g. transversal loading can result in increased work 
production of the contractile component [5]. Furthermore, work performed transversally on 
adjacent muscles may be saved and released subsequently in addition to energy savings in 
series [20,21] and parallel elastic structures [22] which might enhance efficiency of cyclical 
locomotion. However, these questions have to be addressed in future studies. 

Summing up, experimental observation of the impact of transversal muscle loading on 
contraction dynamics may help to better understand muscle tissue properties and to describe 
more precisely compression of the human body e.g. in rehabilitation studies. Moreover, 
applying transversal loads to muscles opens a window to analyze three-dimensional muscle 
force generation. The data presented in this study can be used to advance and validate muscle 
models which enable simulation of muscle contractions under compression and possibly 
reveal the mechanisms behind. 
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Abstract. The CellDrum provides an experimental setup to investigate the electromechanics of 
a cardiac tissue construct and particularly the effect of drugs. Experimental data can be used 
to parametrize and validate computational electromechanical models. Until now, the experi-
ments have been performed with a thin tissue layer of a mixture including ventricular, atrial 
and sinoatrial cells. Mechanically, it is modeled as a materially and geometrically nonlinear 
shell. For future experiments with a thick tissue layer of mixtures and single cardiac cell types 
the mechanical model is extended to a nonlinear 3D continuum which can be used as a step 
towards whole heart modeling. Comparisons with the 2D shell model are presented with and 
without the consideration of a chosen drug and a simulation with a model for thick cardiac 
tissue construct is carried out to give a first impression on how the experiments might look like. 
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1 INTRODUCTION 

A human heart is divided into four chambers, two atria and two ventricles, connected by four 
valves. The right atrium receives oxygen-poor blood from the body and pumps it to the right 
ventricle from where it is pumped to the lungs. The left atrium receives oxygen-rich blood from 
the lungs and pumps it to the left ventricle from where it is pumped back to the body. Both the 
filling and ejection processes are controlled by electrophysiological processes. At the cellular 
level the main components in the heart are cardiomyocytes, cardiac fibroblasts, endothelial cells 
and vascular smooth muscle cells [1]. Cardiomyocytes are subdivided into two types, namely 
the pacemaker-conduction and the contractile cardiomyocytes. Each cardiac cycle is initiated 
by sinoatrial cells located in the upper wall of the right atrium. Sinoatrial cells are pacemaker 
cardiomyocytes that can generate spontaneous action potentials, i.e. a rapid change in the mem-
brane potential. Over a conduction system the action potential propagates throughout the whole 
heart so that the contractile cardiomyocytes in the atria and ventricles are electrically excited. 
Cardiomyocytes are composed of myofilaments enabling the cells to contract. Even pacemaker-
conduction cardiomyocytes are able to contract but by far not as strong as the contractile cardi-
omyocytes. In a process called excitation-contraction coupling the action potential results in a 
release of Ca2+ from intracellular stores which activate the sarcomeres so that tension can be 
created and the cells can contract. 

Computational cardiac models have been developed with the motivation to investigate the 
physiology and pathologies of the heart and ultimately to optimize therapies. In 1952, Hodgkin 
and Huxley published the first electrophysiological model of an excitable cell [2]. For a squid 
giant axon they linked the kinetics of ion channel conformation change with ion currents 
through the cell membrane and the change of the membrane potential. Ten years later, this 
groundbreaking work was extended by Noble to model the electrophysiology of cardiac myo-
cytes [3]. Since then, the understanding of cellular mechanisms and the experimental potential 
has increased. This has led to the development and improvement of models for different human 
cardiomyocytes [4-7]. Since the models are already at a mature stage, they can serve as a basis 
to investigate the effect of various drugs on the cardiac electrophysiology [7, 8]. When these 
models are applied to tissues the action potential propagation from one cell to its neighboring 
cells needs to be taken into account. For this, the monodomain and bidomain reaction-diffusion 
equations are used. Bidomain equations account for the different electrical conductivities of the 
intracellular and extracellular spaces whereas only one conductivity is used in the monodomain 
equations. Differences between monodomain and bidomain results were reported to be ex-
tremely small [9] so that the monodomain equations with a much lower computational cost is 
widely preferred. Solving them with the Finite Element Method (FEM) gives the membrane 
averaged over a set of myocytes in each element.  

While many questions can be addressed with electrophysiological models, others e.g. re-
garding the dilated cardiomyopathy necessitates a complete representation of the electrome-
chanics. Improved computer performance has made it possible to develop FEM models where 
the electrophysiology is coupled with the mechanics. Electromechanical coupling is based on 
the relationship between the electrical activation of the tissue, the respective active tension gen-
erated by the sarcomeres and the resulting deformation [10]. Here, the electrophysiology is 
modeled on the cellular level [11-15] or is simplified using eikonal equations [16] or the Fitz-
Hugh-Nagumo model [17,18]. There exist a wide range of electromechanical models from the 
cell [10,12] over the tissue [14] to the organ level including left ventricular models [11,15], 
models of both ventricles [12-15,17], and whole heart models [18]. They feature a varying de-
gree of complexity with respect to the anatomical representation, associated mesh fineness, 
boundary conditions, material models, underlying electrophysiological models and coupling 
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models depending on the research objective. Different from the electrophysiological models 
electromechanical models are still in a maturing phase. Magnetic resonance imaging makes it 
now possible to create patient-specific highly resolved anatomical models [13], ventricle mus-
cle fiber directions can be determined and assigned with a rule-based algorithm [19] and the 
orthotropic electric [20] and mechanical properties [21, 22] of the ventricular myocardium are 
well studied. However, there are still many tasks towards a highly sophisticated whole heart 
computer model. Examples include the model parametrization, verification, and validation pro-
cedures [23].  

For thin cardiac tissue constructs these tasks have been addressed with a device called 
CellDrum [24, 25]. The CellDrum is a circular, 4 μm thin silicone membrane with a diameter 
of 16 mm. Human-induced pluripotent stem cell-derived cardiomyocytes (hiPSC-CM) are 
seeded and cultivated on top of the silicon membrane which is coated with fibronectin. The 
tissue monolayer has a thickness of up to 19 μm and consists of the following mixture: 60% 
myocardial ventricular, 35% atrial, and 5% nodal hiPSC-CM (Cor.4U, Axiogenesis AG, Ger-
many). The cardiomyocytes live within a culture medium and beat autonomously as in the real 
heart. Clamped in a fixed ring the composite material can be inflated by a syringe pump and 
the resulting cellular contraction-dependent deflection is measured using a laser sensor. Thus, 
parameters for passive and coupling models can be determined [26]. Drugs have already been 
applied to the culture medium leading to phenomenologically observable changes in the beating 
frequency, deflection, contraction duration, activation time, relaxation time and resting time 
[25]. Frotscher et al. [14, 26, 27] developed an electromechanical model of the CellDrum which 
they parametrized, verified and validated using respective experiments. On the level of the elec-
trophysiological cell models also the drug action was implemented. Until now, the effect of 
four drugs could be successfully simulated. Currently, the thin tissue construct is modeled as a 
materially and geometrically nonlinear shell whereas electrically it is viewed as a nonlinear 
three- dimensional continuum.  

The next step is to perform experiments with thick cardiac tissue. For this, the mechanical 
model is modified towards a 3D continuum as well. Comparisons between the 2D shell formu-
lation and 3D continuum formulation are presented. Furthermore, a new geometry is introduced 
to roughly predict the results of future experiments with thick cardiac tissue. Simulation results 
with and without the consideration of a chosen drug are shown.  

 

2 ELECTROMECHANICAL MODEL 

2.1 Electrophysiological model 

Hodgkin-Huxley based cell models for sinoatrial [5], atrial [6] and ventricular [4] cardiomy-
ocytes were employed, each having the general form  

 

����� = 1
�� �	
	 (1) 

�	
	 = ��	�� − � ������
�

���
   (� = 1, … , �) (2) 

����� = ���(��)�1 − ��� + �� (��)��, (3) 
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where �� is the cell membrane potential, �� is the electrical capacitance of the cell membrane, �	
	 is the total current for each cell model, ��	�� is an electrical stimulus which is zero in the 
sinoatrial model, �� are ionic currents related to the ion ! and " is the number of ionic currents 
in the respective cell model. Gate variables ��, usually one or two, control the opening and 
closure of each ion channels. Here, ��� and ��  are experimentally determined opening and clo-
sure rates which depend on a threshold value of the membrane potential for each ion channel. 
Channel currents take the form 
 

�� = #� $ ��(�� − %�)
�

���
, (4) 

 
where #� is the maximum conductance of channel ! and %� is the reversal potential for the type 
of ion which flows through this channel. 
Furthermore, the employed cell models provide ordinary differential equations for free intra-
cellular sodium, potassium and calcium concentrations as well as for internal calcium stores.  

Cellular interaction on the micro-scale level was took into account with a simple homogeni-
zation approach. Once the total current density of the sinoatrial model falls below a threshold �	
	 < −0.5 *+*, �, the atrial and ventricular model receive a stimulus  

  

��	�� = − 50*+�� -
�� ∙ �/011+�  (5) 

 
for 2 ms depending further on their ratio of cell volume �/011 to cell surface area +�.  
Concerning the respective volume fraction and cell volume to cell surface ratio of every cell 
model (2: sinoatrial, 3: atrial, 4: ventricular) the highly nonlinear source current per unit length 
reads 

 

��5/ = 67�
+���/011� �	
	� + 78

+�8�/0118 �	
	8 + 79
+�9�/0119 �	
	9 : (1 − 7;<=). (6) 

 
Here, also the volume fraction of the extracellular matrix 7;<= including fibroblasts are taken 
into account. With this approach the microscopic cellular action potential are homogenized in 
order to get a macroscopic action potential that propagate throughout the tissue. The 
monodomain describing the action potential propagation reads  
 

� ��
�� = ∇(?(@)∇�) + ��5/, (7) 

 
with the action potential �, capacitance �, isotropic conductance A and the left Cauchy-Green 
tensor @. 
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2.2 Electromechanical coupling 

Electromechanical coupling is described by the following two ordinary differential equations 
for each cell model:  

 

��3B�� = C�(�3�, �3B , DE) (8) 

�F
�� = CG(F, �3B , @). (9) 

 
The calcium concentration �3B that is bound to troponin C in the myofilaments depends on 

the freely available calcium concentration �3� and on the cellular stress DE. The strain-depend-
ent state of activation is expressed by the activation variable F ∈ (0,1). Finally, the cellular 
stress for each cell model is computed according to Niederer and Smith [10] by 

 

DE = D50I�1 + JE(K − 1)�L F
F�8M, (10) 

 
with D50I being the cellular reference stress, JE is a scalar determining the length dependence 
of the tension, K is the one-dimensional cellular stretch in fiber direction, L reflects the binding 
velocity and F�8M is the maximally available activation level. Due to a missing cell type spe-
cific parametrization an equal parametrization was used for all cell types. For the whole tissue 
construct the cellular reference stress was determined to be D50I = 0.5808 kPa [26] which re-
placed the original model parameter [10]. 

2.3 Drug action 

Drug action can be implemented in (4) using the conductance-block formulation where the 
maximal conductance of the channel ! is reduced by the factor  

 

�� = ��,/
�	5
1 N1 + 6 O
��PE�

:
�

Q
 �

. (11) 

 
Here, ��,/
�	5
1 is the drug-free maximal conductance, O is the drug concentration the ��PE 

value represents the half-inhibitory value, i.e. the concentration of a given drug that will cause 
the current flowing through the channel ! to be reduced by 50%. It has been shown that drug 
effects at steady-state concentration can be well represented by this model [28]. In this study, 
Verapamil is used as an example associated with blocking effects on the hERG-, L-type cal-
cium- and sodium-channels of the ventricular cardiomyocytes.  Respective ��PE values and ef-
fective free therapeutic plasma concentrations (EFTPC) used for O can be found in [8].   
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2.4 Mechanical model 

Derivation of the mechanical properties of cardiac muscle tissue can be performed by em-
ploying either the active strain or active stress approach. The active strain approach utilizes a 
multiplicative split of the deformation gradient into passive RS and active deformation R8 

  

R = RTR8, (12) 

 
whereas in the active stress approach the total stress in the tissue is additively decomposed into 
the passive and active stress. Both approaches are considered to lead to comparable solutions 
[29].  

Since the experimental parametrization was based on the level of stresses, the latter approach 
was used. Based on the work of Hunter et al. [30] the total Cauchy stress reads 
 

U = UT + U8 = 2W �@ �X
�@ − YZ + D(�, @)[⨂[, (13) 

 
with the strain energy function X, the determinant of the deformation gradient W, the hydrostatic 
pressure Y, the identity tensor Z, the active stress D being a scalar, the time � and the vector [ 
oriented in the direction of the cardiac muscle fiber. Global isotropy of the muscle fibers is 
given in the thin cardiac tissue construct on the CellDrum [26], thus  
 

[⨂[ = Z. (14) 

 
is assumed. Finally, the 2nd Piola-Kirchhoff stress ] is given as 
 

] = ]T + ]8 = 2 �X
�^ − Y^ � + D(�, ^)^ �, (15) 

 
in terms of the right Cauchy-Green tensor ^. According to the experimentally measured pres-
sure-deflection curves the quasi-incompressible hyperelastic neo-Hookean constitutive law  
 

X = ��E(�� − 3) (16) 

 
was used where �� is the first invariant and ��E = 0.0838284 [26]. 

2.5 Finite Element Models  

Finite element models were created for 19 μm and 100 μm thick cardiac tissue constructs. 
Due to symmetry only one quarter of the CellDrum was modeled. For a 19 μm thick cardiac 
tissue construct two models were developed. The first model is composed of a 2D mechanical 
model and a 3D electrical model. Shell formulation was used for the mechanical model which 
consists of 120 seven-node triangular elements. The electrical model consists of 7664 ten-node 
quadratic tetrahedral elements. The second model is completely formulated in 3D and both the 
mechanical and the electrical part are computed using the same mesh which is described above. 
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For a 100 μm thick cardiac tissue construct another 3D model was created. Here, the mesh 
consists of 7639 ten-node quadratic tetrahedral elements. 

Firstly, the inflation process is simulated by applying a certain pressure to the clamped me-
chanical mesh. X Pa is necessary to displace the central point of the 2D 19 μm model to 1.2 
mm. This has been experimentally validated [14]. Displacements are then projected onto the 
3D electrical mesh. Subsequently, the autonomous cell contractions is simulated using an algo-
rithm to solve the electromechanical problem which is described in [14]. When using the same 
mesh for the mechanical and the electrical part, the displacements do no longer need to be 
projected. The open source code Code_Aster was used to solve the nonlinear mechanical and 
electrical problem, whereas the cellular ordinary differential equations were solved internally 
using a fourth-order singly-diagonally implicit Runge-Kutta method. 

 

3 RESULTS 

3.1 Comparison between 2D and 3D mechanical model  

Figure 1 shows the central node deflection of two 19 μm thick cardiac tissue construct mod-
els as a function of time. Models composed of a 2D and a 3D mechanics model are compared. 
As it was to be expected, the difference between both models is negligibly small. The same is 
true when the drug Verapamil is applied to the respective ventricular cell models [4]. Simula-
tions with a low (25 nM) and a high effective free therapeutic plasma concentration (81 nM) 
were carried out. The resulting membrane potentials of the respective ventricular cell models 
correspond to [8]: the duration of the action potential decreases with increasing drug concen-
tration. As distinguished from pure electrophysiology models CellDrum models are capable of 
predicting the drug effect on the deflection. Effects on the deflection are shown in Figure 2 for 
the second model: the deflection decreases with increasing drug concentration.  

 
Figure 1: Central node deflection of a 19 μm thick cardiac tissue constructs. A 2D- (solid line) and a 3D-me-

chanical model (dashed line) are compared.    
 

Figure 2: Effect of Verapamil on the central node deflection of a 19 μm thick cardiac tissue construct. The sec-
ond 3D model was used. Results of the control (0 nM, solid line), low EFTPC (25 nM, dashed line), and high 

EFTPC (81 nM, dotted line) are shown. 

3.2 Comparison between a 19 μm and a 100 μm thick cardiac tissue construct model 

Figure 4 shows the time function of the central node deflection of two 3D cardiac tissue 
construct models. Models with different tissue construct thicknesses, 19 μm and 100 μm, are 
compared. In order to have the same start position, x Pa more pressure is needed to inflate the 
100 μm model up to the same height as the 19 μm model. The deflection of the 100 μm model 
is lower compared to the 19 μm model. Furthermore, the effect of Verapamil on the deflection 
was investigated in both models. The application of 81 nM Verapamil results in a peak deflec-
tion difference of x1 (x2) mm in the 19 (100) μm models.  

 
Figure 3: Central node deflection of two differently thick tissue constructs. 19 μm thick (solid line) and 100 μm 
thick (dashed line) cardiac tissue construct models are compared. Comparisons were made with no addition of a 

drug.   
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4 OUTLOOK 

In the present model the electric and passive material properties were modeled to be isotropic 
according to global isotropy of the cardiac tissue on the CellDrum. However, myocardial tissue 
of the left ventricle is orthotropic in both electrical [20] and passive mechanical properties [21] 
and thus, it is unsuitable for heart models. Currently, an orthotropic model is developed which 
is described in the following. 

Myocardial tissue is organized in layers with collagen fibers between the sheets and are re-
ferred to a right-handed orthonormal coordinate system with the fiber axis `E, the sheet axis aE, 
and sheet normal axis bE (Figure 4).  

 

 
Figure 4: Right-handed orthonormal coordinate system with fiber axis `E, sheet axis aE and sheet-normal axis bE 

in the layered organization of myocardial tissue. The fiber direction is indicated with dashed arrows. 
 
Orthotropic electrical behavior is considered in the monodomain equation (7). Here, an aniso-
tropic conductance tensor ? is used in order to incorporate differences in the action potential 
propagation in all axes as has been done in [13]. Orthotropic passive material behavior is im-
plemented using the strain energy function published Holzapfel and Ogden [21]  

 

X = 3
2c expgc(�� − 3)h + � 3�2c�

ijkYgc�(�l� − 1)Gh − 1m + 3I�2cI� njkY�cI��oI�G � − 1p
��I,�

, (17) 

 
where 3, c, 3I, 3�, cI, c�, 3I� and cI� are eight positive material constants which can be de-
rived from [22]. The given strain energy function consists of an isotropic term in ��, a trans-
versely isotropic term in �lI and �l� and an orthotropic term in �oI�. The respective invariants 
read 
 

�� = �q^,   �lI = `E ∙ (^`E),   �l� = aE ∙ (^aE),   �oI� =  `E ∙ (^aE). (18) 

 
Using the CellDrum geometry the fiber direction will be set to be orientated radially from 

the center to the edge. Analogue experiments might be possible in the future using mainly my-
ocardial ventricular cells which are cultivated in a way that they grow in the desired direction. 
This allows to parameterize the active stress model (10) by measuring the cell type specific 
reference stress having the mentioned passive stress model as basis. All in all, improved models 
can help to better investigate the effect of drugs in-silico. 
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Abstract. The cornea is a transparent soft tissue at the front of the eye and is mainly respon-
sible for refracting the incoming light and protecting the internal contents of the eye. Alt-
hough the cornea is composed of different components, it is well-known that its 
biomechanical properties are due to the structure and function of its extracellular matrix, 
called stroma. The stroma is composed of regularly arranged collagen fibers embedded in a 
hydrated proteoglycans matrix. From a mechanics viewpoint, the stroma can be considered 
as a composite structure in which the collagen fibrils and the hydrated matrix take tensile and 
compressive forces, respectively. 

In this work, experimental and computational studies conducted to fully characterize the me-
chanical properties of the cornea in compression and tension. The unconfined compression 
experiments were conducted on corneal disks while uniaxial tensile tests were performed on 
corneal rectangular strips. A transversely isotropic constitutive model was used to numerical-
ly analyze the experimental measurements and determine the material constants of the cornea. 
It is shown that the material properties of the cornea in tension and compression are hydra-
tion dependent. Therefore, careful attention must be taken in corneal hydration during mate-
rial characterization experiments. 
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1 INTRODUCTION 

The cornea is a hydrated soft tissue which transmits the incident light while acting as a re-
silient barrier to the mechanical forces. From the anterior to posterior, the cornea is composed 
of epithelial cells, Bowman’s zone, stroma, Descemet’s membrane, and endothelial cells. The 
biomechanical properties of the cornea are mainly derived from the stromal layer. The me-
chanical behavior of corneal stroma can be determined using uniaxial strip extentiometry, in-
flation tests, indentation tests, and compressive experiments. 

The uniaxial tensile tests are done using rectangular corneal strips subjected to tensile load-
ing [1-8]. Because of the well-known limitations of this testing technique [9], it has often 
been used for comparative studies [3, 6, 10]. Compared to the uniaxial testing technique, in-
flation tests are able to better represent natural conditions of the cornea as they do not use ex-
cised samples [11, 12]. However, the use of pressurization fluid during inflation experiments 
results in corneal swelling [8, 11]. This unwanted swelling may affect the precision of exper-
imental measurements. The compressive experiments have also been used to study the me-
chanical behavior of the cornea in terms of its swelling pressure–thickness relation [13-17]. 
The findings of the above experimental studies show a wide range of variation in the reported 
material parameters for the corneal tissue. This variation has been often explained in terms of 
inherent differences in sample properties and experimental conditions.  

The objective of the present manuscript is to show that corneal mechanical properties are 
hydration dependent and the lack of control on tissue hydration explain the existing discrep-
ancies in the literature. For this purpose, we investigated the effects of hydration on tensile 
and compressive properties of the cornea [18-22]. We performed unconfined compression ex-
periments and used a transversely isotropic biphasic model to determine corneal material pa-
rameters as a function of hydration. 

 

2 MATERIALS AND METHODS 

2.1 Sample Preparation  

Porcine and bovine eyes were obtained from a slaughterhouse. At the laboratory, corne-
oscleral rims were excised from normal looking corneas. The epithelium and endothelium 
were removed from the corneal surface. A biopsy punch and double blade device were used to 
prepare corneal disks and corneal strips. The stromal buttons were weighed with 0.1 mg accu-
racy and their thickness was measured using an ultrasound pachymeter. The stromal buttons 
were used in unconfined experiments. The corneal strips were divided into the following 
groups based on their average thicknesses: 0.3, 0.35, 0.4, 0.5, 0.7, 0.9, and 1.1 mm. In order to 
alter the thickness (hydration) of the strips, all specimens were air-dried in a desiccator and 
were then immersed in an ionic solution until the desired thickness of one of the groups was 
obtained. In order to obtain the hydration of the specimens, the linear hydration-thickness re-
lation, i.e. 5.3 0.67wH t  , was used [23]. In hydration-thickness relation, Hw is hydration in 

mg water / mg dry tissue and t denotes the thickness in mm. 

2.2 Uniaxial Tensile Experiments  

The samples were tested using a custom-built micro tensile device composed of a linear 
stepper motor, a submersible load cell, and serrated grips. The strips were mounted between 
serrated grips and glue was used to prevent any possible slippage. Mineral oil was used to fill 
the chamber in order to prevent any changes in the hydration (thickness) of the specimens. In 
order to remove possible variations in experimental measurements caused by stress-strain his-
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tory, a preconditioning step was done at the beginning of all experiments [6, 7]. The precondi-
tioning was composed of five loading/unloading cycles and three successive relaxation tests. 
A tare load of 100 mN was then applied to straighten the samples and determine the initial 
length of specimens. This initial length was used to obtain the engineering strain. The experi-
ments were conducted using an engineering strain of 5% and a displacement rate of 2 mm/min. 
The stress was calculated from dividing the recorded force by the initial cross-sectional area. 

2.3 Unconfined Compression Experiments 

A DHR-2 Rheometer was used to perform unconfined compression experiments. The 
chamber of the rheometer was first filled with NaCl solution and the corneal buttons were 
placed on the center of the impermeable platen surface. Initially A preload equivalent to a 
stress of 1.5 KPa was applied in order to create a uniform starting point in all experiments. 
The equilibrium thickness of corneal disks at this load was taken as the initial thickness for 
calculating engineering strain. A series of ramp-hold compressive experiments was then per-
formed. The reaction stress was calculated by dividing the recorded force by the initial area of 
the samples. A constant displacement rate of 0.15 µm/s was used in all experiments. 

2.4 Data Analysis  

The stress-strain curves obtained from uniaxial experiments were represented using the ex-
ponential expression 0( 1)BA e      and power-law function 0

     [1, 24]. Here, 

 is the engineering strain,   is the stress, 0 is the initial tare stress and A, B, , and  are fit 
parameters.  

 
The unconfined compression experimental measurements at each ramp-and-hold were 

curve-fitted to a transversely isotropic biphasic model. The compressive stress of a stromal 
disk with radius a subjected to ramp-hold compressive strain is given by [25], 
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t0 is the ramp time, 0  is the ramp compressive strain rate, Er is the in-plane Young’s modulus, 

Ez is the out-of-plane Young’s modulus, r is the in-plane Poison’s ratio, zr is out-of-plane 
Poison’s ratio, r is the permeability coefficient and xn’s are the solution of following equa-
tion 
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and J0 and J1 are the zeroth and first order Bessel functions of the first kind, respectively. The 
experimental reaction stress was fit to equation Error! Reference source not found. in order 
to find the material properties.  

In all cases, the coefficients of determinations R2 were calculated to determine the good-
ness of the fits. Also, One way ANOVA was used to quantify the effect of corneal thickness 
on biomechanical properties; statistical significance of p<0.05 was used in all statistical anal-
yses. Data is reported as mean ± standard deviation.  

 

3 RESULTS  

Figure 1a shows the stress-strain behavior of corneal samples with seven different thick-
nesses. The corneal strips with lower hydration showed a stiffer response. Both exponential 
and power-law expression successfully curve-fitted the stress-strain curves of samples with 
thickness t>0.35mm. Dashed lines in Figure 1a show the power-law fits. The average tangent 
modulus for different thickness groups is obtained from the stress-strain curves, Figure 1b. 
This plot show that there is a significant difference between tangent modulus of different 
groups (P<0.05). 
 
 

 
Figure 1: (a) The thickness effects on tensile behavior of corneal strips. The dashed lines show the 
fits obtained using the power-law relation.  (b) The effect of thickness on tangent modulus at 5% 

strain. 
 
Figure 2 shows the reaction stress variation as a function of time in a typical stepwise un-

confined compression experiment. The reaction stress increased non-linearly during the ramp 
loading and decreased to an equilibrium stress during the relaxation stage. The slope of the 
equilibrium stress-strain curve was used to calculate the equilibrium moduli of corneal sam-
ples as a function of average thickness, Figures 2b. ANOVA analysis showed that variation of 
these moduli was not statistically significant when the thickness is between 1.07 mm and 1.27 
mm. The in-plane Young’s modulus and permeability coefficient were determined by fitting 
the transversely isotropic biphasic model to the experimental measurements. An average coef-
ficient of determination r2=0.979 was obtained for the fits. Figures 2c-d show the corneal in-
plane Young’s modulus and permeability coefficient as a function of average thickness.  

 
 

(a) (b)
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Figure 2: (a) Typical experimental measurements from stepwise unconfined compression tests. The 
solid line shows the curve-fit of the experimental measurements with a transversely isotropic biphasic 
model.  (b) The equilibrium out-of-plane Young’s modulus (Ez), (c) the in-plane Young’s modulus, 
and (d) the permeability coefficient of the cornea as a function of average thickness.  

 
 

4 DISCUSSION  

The present study investigated the relation between corneal thickness (hydration) and ma-
terial properties. For this purpose, the effects of corneal hydration were investigated in exten-
sometry and unconfined compression experiments. This extensometry has been widely used 
to determine the stress-strain behavior of the cornea; which resulted in a wide range of varia-
tions for material parameters [8, 9, 24]. The present study showed that lack of control on 
thickness (hydration) has significantly contributed to this variation. In order to further investi-
gate the hydration dependent mechanical behavior of the cornea, corneal buttons were tested 
under unconfined compression. A transversely isotropic model was used to curve-fit the ex-
perimental data and obtain the hydration dependent in-plane Young’s modulus, out-of-plane 
compressive modulus, and permeability coefficient of the cornea. It is seen that mechanical 
properties strongly depend on the corneal thickness (hydration), Figure 2.   

The hydration dependent properties of the cornea can be explained in terms of its micro-
structure. The extracellular matrix of the cornea like many other soft tissues is primarily com-
posed of collagen fibrils and proteoglycans. In particular, regularly distributed collagen fibrils 
are surrounded by a proteoglycan matrix. The presence of proteoglycan creates a strong ten-
dency for the tissue to swell when immersed in a water-based solution. With increasing thick-
ness (caused by hydration changes), the bonds between collagen fibrils and proteoglycan side 
chains possibly break and a softer mechanical response is obtained [26-28]. Similarly, with 
increasing the thickness, the total fixed charge density (and subsequently the osmotic pressure) 

(a) (b)

(c) (d)
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decreases. Therefore, it can be proposed that hydration-dependent properties of the cornea are 
due to the molecular-level interactions between collagen fibrils and proteoglycans.  

 

5 CONCLUSIONS  

The present work investigated the hydration dependent material properties of the cornea. 
Two different experimental techniques, i.e. uniaxial tensile tests and unconfined compression 
experiments, were used to characterize the corneal mechanical behavior. Furthermore, numer-
ical models were used to analyze the experimental measurements. It was concluded that swol-
len corneal samples have softer mechanical properties in comparison with dehydrated ones. 
Therefore, careful attention must be taken in interpreting experimental studies that do not ful-
ly control the thickness.  
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Abstract. 1D model is used to simulate blood flow in major vessels of the upper body and
head. The 1D part is stated in terms of viscous incompressible fluid flow in the network of
elastic tubes. Two different types of junctions are considered: junctions between major vessels
and junctions between arteries and veins. Vessel network reconstruction algorithm consists of
vessel segmentation, thinning-based obtaining of set of centerlines, and graph reconstruction.
Input data is 3D DICOM datasets, obtained with contrast enhanced Computed Tomography
(CT) Angiography. Constructed model is used to study the influence of carotid artery stenosis
on the direction of blood flow in the circle of Willis.
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1 Introduction

Investigation of pulsatile blood flow in cerebral normal and diseased vessels provides im-
portant information for clinical diagnosis. One-dimensional modelling is a well-developed ap-
proach in this area [1, 2]. It allows to simulate large number of arteries and veins and take into
account regulatory mechanisms. Computational costs of such approach allow to run numerous
numerical experiments in a short time on a laptop. 1D models can be used to study the impact
of stenosis on blood flow patterns in cerebral region for different groups of patients. They can
also help to choose the most optimal strategy of treatment.

The structure of circle of Willis can be very individual. Simulations based on pre-made
averaged vessel structures could produce huge errors. This increases the importance of patient-
specific approach in simulations of cerebral blood circulation.

In this work the 1D blood flow model [3] is used to investigate the impact of a stenosis in
internal carotid artery on blood flow in the circle of Willis. Microcirculation regions between
arteries and veins are simulated with the help of Poiseuille’s pressure drop condition. An im-
portant feature of this work is reconstruction of patient-specific vessel structure based on CT
images.

2 Methods

2.1 Blood flow model

1D haemodynamics model used in this work is the model of viscous incompressible fluid in
a network of elastic tubes. Network of arteries is obtained from patient’s CT images. Veins are
considered to have the same structure as arteries, but different parameters. In this section brief
description of the model is presented, for details we refer to [3, 4]. Blood flow in each vessel
is described by hyperbolic set of mass and momentum balances

∂Ak/∂t+ ∂(Akuk) /∂x = 0, (1)
∂uk/∂t+ ∂

(
u2k/2 + pk/ρ

)
/∂x = ffr(Ak, uk) , (2)

where k is the index of the vessel; t is the time; x is the distance along the vessel counted from
the vessel junction point; ρ is the blood density (constant); Ak(t, x) is the vessel cross-section
area; pk is the blood pressure; uk(t, x) is the linear velocity averaged over the cross-section;
ftr is the friction force. Relationship between pressure and cross-section is given by wall-state
equation:

pk(Ak)− p∗k = ρwc
2
kf(Ak) , (3)

where ρw is the vessel wall density (constant); f(A) is function

f(Ak) =

{
exp (Ak/A0k − 1)− 1, Ak/A0k > 1

lnAk/A0k, Ak/A0k 6 1,
(4)

p∗k is the pressure in tissues surrounding the vessel; A0k is the unstressed cross-sectional area;
ck defines elastic properties of the wall and can be considered as velocity of small disturbances
propagation [5].

At the terminal point of the venous system the pressure pH = 8mmHg is set as the boundary
condition. At the entry point of the aorta the blood flow is assigned

u(t, 0)A(t, 0) = QH (t) . (5)
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Here functionQH(t) corresponds to the heart rate value of 1 Hz and stroke volume of 65 ml [6].
Bifurcation points are divided into two groups: 1) common junctions (between arteries and

arteries or veins and veins); 2) microcirculation junctions (between arteries and veins). At
common junctions continuity of pressure is postulated

pi (Ai (t, x̃i))− pj (Aj (t, x̃j)) = 0, (6)

where i, j are indexes of the vessels. At junction point between M arteries and veins the
Poiseuille’s pressure drop condition is used

pk (Ak (t, x̃k))− pnode (t) = εkRkAk (t, x̃k)uk (t, x̃k) , k = k1, k2, . . . , kM , (7)

where Rk represents the hydraulic resistance of k-th vessel in the junction; ε = 1, x̃k = Lk for
incoming vessels, ε = −1, x̃k = 0 for outgoing vessels; pnode is the pressure in the junction.
Parameters Rk are adjusted to simulate pressure drop between arteries and veins. To close the
system, we add the mass conservation condition and compatibility conditions of hyperbolic set
(1),(2) (see [4]).

2.2 Reconstruction of patient specific vessel structure

Vessel network reconstruction algorithm consists of vessel segmentation, thinning-based ex-
traction of centerlines, and graph reconstruction [11]. Input data is 3D DICOM datasets, ob-
tained with contrast enhanced Computed Tomography Angiography. Resolution of each 2D
transverse slice is 512x512 voxels. Only quasi-isotopic voxel grids with deviation from cubic
grids less than 10% were used; other grids can be resampled into isotopic ones.

Anatomy of cerebral vessels in human body is represented by carotid arteries rooting at
aorta, vertebral arteries separating from subclavian arteries (that also rooting at aorta), and
small arteries in brain. Carotid and vertebral arteries merge in the circle of Willis that allows
blood bypass stenoses in neck vessels.

Since all arteries studied originate from aorta, it is natural to segment aorta first (Fig. 2.2 (d)).
Our method utilize Hough Circleness [8] and IDT algorithm [9] to produce the aorta mask [11].
Firstly, on the bottommost slice of dataset Hough Circleness algorithm finds largest bright disk
corresponding to aorta cut. Secondly, using lowest intensity inside the aorta cut as the threshold
we obtain mask M . This mask usually consists of aorta, cerebral vessels, and other bright
tissues. Thirdly, IDT algorithm cuts mask M at bottlenecks and outputs mask MA including
aorta and some parts of cerebral and coronary vessels. Finally, morphological operations are
used to remove these vessel parts from MA.

Second segmentation step is to decrease intensities of bones (Fig. 2.2 (c)). We use multi-
scale MMBE algorithm [10] which requires two datasets: enhanced with contrast agent and not
enhanced. This is the main drawback of our method because every patient has to experience
procedure twice and obtains double dose of radiation. However, this step is essential because
vertebral arteries are very hard to separate from neck bones on CT images.

Once the bones are darkened, Frangi Vesselness filter [7] is used to segment arteries (Fig. 2.2
(e)). Rather than assuming that the segmentation is the biggest connectivity component of
voxels with high vesselness values, we search for all such voxel connectivity components next to
the aorta mask. This approach considers that stenoses may divide carotid and vertebral arteries
in several parts.

Finally, segmentation errors near the aorta border must be removed (Fig. 2.2 (f)). Despite
Frangi Vesselness effectiveness, it can produce segmentation ”leaks” near large bright structures

83



Timur Gamilov, Roman Pryamonosov and Sergey Simakov

like aorta. Let us denote the mask of cerebral vessels by Mv. Leak removal is represented by
iterative procedure working with voxel layers Li. Each layer Li is a set of voxels in mask
Mv separated from the aorta border by i voxels. On every iteration algorithm removes voxels
from layer Li that have no adjacent voxels in layer Li+1. Algorithm iterating for parameter
values i = imax . . . 1. Start parameter value imax must be bigger than thickness of ”leak” and
experiments has shown that imax can be set to 15 voxels.

Entire segmentation algorithm is shown in Fig. 2.2. Bone removal and aorta segmentation
are independent steps and may be performed in any order. If the aorta is segmented first, the
initial mask M will contain neck bones and skull as shown in Fig. 2.2 (d2).

Aorta border
cleaning 

Frangi Filter 

4 

multiscale 
MMBE 

Aorta segmentation 

ceCTA 

CTA 

3 

(c) (a) 

(b) 

(d) 

(e) 
(f) 

Figure 1: Segmentation algorithm takes (a) CT angiography image and (b) contrast enhanced CT image; (c)
bones are removed by multiscale Matched Mask Bone Elimination; (d) essential steps of aorta segmentation: (d1)
Hough Circleness, (d2) IDT algorithm cuts mask M at bottlenecks, removing bones and other bright structures and
producing (d3) mask MA, (d4) aorta arch branches and coronary vessels are removed from MA via morphological
operations; (e) cerebral arteries are segmented by Frangi Vesselness Filter; (f) cleaning of aorta border. Mask of
aorta is shown by green, cerebral arteries are purple.

After the segmentation, vessel centerlines are extracted with a version of Thinning method
with False Twigs Elimination algorithm [11]. These centerlines are used to produce a graph of
arterial network where each node corresponds to a bifurcation or an end of vessel and to each
edge the length and mean radius of corresponding vessel tube are assigned.
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2.3 Computational domain

The extracted network of arteries is presented in Fig. 2. The network of veins is assumed
to have similar structure and be connected to the arteries at terminal points. Parameters ck and
Rk were adjusted so that the model reproduces physiological values of blood flows as well as
blood velocities measured in control points. The velocities were measured with the Doppler
ultrasound method.

The circle of Willis for this particular patient is not closed and consists of vessels 36-35-28-
73-85-10-7. The stenosis with degree 90 % is located in the left internal carotid artery. It was
simulated by separating the stenosed vessel into three parts: the stenosed part, the proximal part
and the distal part. Parameters of the proximal and distal parts correspond to the parameters of
the initial non-stenosed vessel. The cross-section of the stenosed part was decreased.

3 Results

Table 1 shows comparison between simulated blood flow velocities and measured velocities
for the patient with 90 % stenosis. Measurements after stenosis treatment were not available, so
they are substituted by physiological range according to medical literature [6].

Artery Velocity with stenosis, cm/s Velocity
(vessel on Fig. 2) Right Left without stenosis, cm/s

Sim. Meas. Error Sim. Meas. Error Sim. Physiol. range
Common carotid 50 55 9% 51 54 5.5% 60 50-104

(26,3)
Internal carotid 72 67 7% 240 220 10% 48 32-100

(27,86)

Table 1: Simulated blood flow velocities (sim.), measured velocities before stenosis treatment (meas.), physiolog-
ical range of velocities without stenosis (physiol. range)

Two series of calculation were performed. In the first series all parameters ck were decreased
by 50%, simulating very elastic vessels. In the second series all parameters ck were increased
by 50%, simulating very stiff vessels. Blood flow through vessel 85 (see Fig. 2) was studied
for different degrees of stenosis. Results are shown on Fig. 3. Low values of blood flow can
be explained by very weak interaction between left and right parts of the Willis circle of the
particular patient. Curves in Fig. 3 are almost identical and cross zero line near 54% value.

4 Conclusion

The numerical results show that the proposed vessel network reconstruction algorithm pro-
vides a good basis for patient specific simulations. It can be used for the prediction of results of
stenosis treatment and for calculation blood flow patterns in hardly accessible regions. The main
problems of our approach are necessity to perform two CT scans (with and without contrast)
and some difficulties in detection of small vessels in the circle of Willis.

According to Fig. 3, the direction of blood flow in the circle of Willis depends heavily on the
degree of stenosis. Certain stenoses can stop blood flow in certain vessels, increasing risk of
formation of blood clots. As a result, a relatively weak stenosis (54 %) can be more dangerous
than a stronger one.
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Figure 2: The structure of reconstructed arterial part based on anonymous patient-specific data set. The star
designates stenosis. The arrow shows positive blood flow direction in vessel 85. Parameters of the vessels are
presented in Tab. 4

Another interesting result is the very small difference between curves for elastic and rigid
vessels in Fig. 3. This shows that risks caused by changes in blood flow patterns due to the
stenosis are the same for different groups of people: old people, athletes, smokers, etc.

Cerebral blood circulation model presented in this work does not take into account many
important regulation mechanisms, such as baroreflex, regulation of CO2, etc. Regulatory mech-
anisms are essential in sustaining the blood pressure in cerebral arteries at necessary level. This
drawback is partially compensated by pressure continuity condition in bifurcations, but still
limits possible applications of the model.
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Figure 3: Blood flow in vessel 85 for different degrees of stenosis in left internal carotid artery (see Fig. 2) for
elastic vessels (0.5c) and rigid vessels (1.5c).
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k l, cm d, cm c, cm/s R, kba·s
cm3 k l, cm d, cm c, cm/s R, kba·s

cm3

1 3.05 2.99 600 44 2.29 0.34 700
2 1.21 2.42 700 45 0.46 0.92 700
3 14.9 0.74 700 46 2.72 0.29 700 50
4 15.34 0.4 700 47 8.40 0.72 700
5 0.24 0.25 700 48 1.75 0.34 700 50
6 0.77 0.28 700 49 5.27 0.60 700 50
7 1.43 0.23 700 50 0.81 1.00 700
8 0.56 0.17 700 25 51 7.11 0.25 700 50
9 1.64 0.16 700 25 52 0.42 1.10 700
10 1.72 0.18 700 53 2.79 0.49 700
11 2.76 0.76 700 54 3.02 0.96 700
12 0.51 0.39 700 55 26.9 0.28 700
13 1.30 0.37 700 56 2.15 0.83 700
14 2.14 0.38 700 57 0.78 0.49 700
15 4.55 0.35 700 58 0.55 0.31 700 25
16 0.27 0.29 700 59 1.04 0.24 700 25
17 8.82 0.18 700 100 60 0.41 0.7 700
18 0.59 0.16 700 100 61 2.05 0.42 700
19 6.98 0.24 700 100 62 2.25 0.19 700 25
20 5.48 0.27 700 63 4.48 0.23 700 25
21 4.37 0.19 700 100 64 0.17 0.69 700
22 1.59 0.16 700 100 65 2.15 0.34 700 25
23 8.84 0.19 700 100 66 7.57 0.66 700
24 1.36 0.19 700 100 67 1.62 0.29 700 25
25 4.66 1.25 700 68 6.58 0.59 700 25
26 9.56 0.75 910 69 3.36 1.07 700
27 19.8 0.42 910 70 3.05 2.27 600
28 0.22 0.21 700 71 7.94 2.39 600 4
29 0.29 0.15 700 72 3.04 0.18 700 10
30 0.24 0.26 700 73 1.27 0.19 700
31 0.46 0.23 700 74 0.91 0.53 700
32 1.25 0.20 700 75 2.30 0.47 700
33 1.70 0.16 700 10 76 0.40 0.45 700
34 2.11 0.19 700 77 1.38 0.34 700
35 2.50 0.18 700 78 4.79 0.35 700
36 0.63 0.18 700 10 79 3.48 0.22 700 37.5
37 3.12 0.23 700 80 7.54 0.23 700 37.5
38 3.58 0.24 700 81 7.65 0.21 700 37.5
39 2.55 0.19 700 25 82 11.4 0.18 700 37.5
40 4.34 0.18 700 25 83 7.06 0.23 700 37.5
41 2.77 0.27 700 84 1.59 0.25 700 37.5
42 22.9 0.39 700 85 0.8 0.22 700
43 1.3 0.21 700 50 86 1.0 0.40 700

Table 2: Parameters of the artery network shown in Fig. 2: k is the index of the vessel, l is the length, d is the
diameter, c is the stiffness ((3)), R is the resistance (7). Veins are considered to have the same structure with ck
lowered by 20% and dubled d.
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Abstract. This paper addresses the problem of personalized computation of fractional flow
reserve (FFR). FFR is considered to be the golden standard for making decision on surgical
treatment of coronary vessels with multiple stenoses. Computer simulations could simplify the
process by non-invasive estimation of FFR based on one-dimensional blood flow model. In this
work a problem of two consecutive stenoses is studied. It is shown that in some cases only one
of the stenoses has to be to removed, while the other one is insignificant. The structure of vessels
is based on patient CT scans. An emphasis is made on the boundary conditions in bifurcation
points of the vessels.
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1 Introduction

Heart diseases are the leading causes of sudden deaths in developed countries. One of the
main reasons of heart failures are coronary stenoses. They can cause myocard ischemia which
frequently results in disability or death. The main treatment of severe coronary stenosis is
invasive endovascular intervention, i.e. stenting. Some stenoses can be treated with drugs
without surgical intervention. Decision on the type of treatment is based on the estimate of
haemodynamic importance of the lesion.

The modern golden standard for making decision on the type of treatment is the fractional
flow reserve (FFR) [1, 2, 3]. FFR is defined as the ratio of average blood pressure distal to
stenosis to average blood pressure in aorta under conditions of vasodilator administration [1].
Stenosis with FFR below 0.7-0.8 is considered to be severe and should be treated with endovas-
cular surgical intervention. Stenosis with FFR above 0.8 can be treated with drug therapy. The
FFR based assessment of stenosis helps to reduce the number of expensive operations as well
as the number of incidences which caused disability or death [4].

Modern methods of the numerical FFR estimation involve 3D blood flow modelling in the
local region of the studied vessel [1, 2]. It requires substantial computational resources but
gives a detailed picture of blood flow. Another approach is based on 1D blood flow modelling
of coronary region [5, 6]. One-dimensional approach allows to simulate substantial part of
coronary region with several stenoses in different locations.

Cases with several stenoses complicate the FFR estimation [8, 9]. In some cases all lesions
should be treated surgically while in others certain lesions can be ignored. 1D models allow to
run a series of simulations for each surgical strategy and estimate its haemodynamical impact
in a short time. In this work we demonstrate how 1D simulations can be used to study the inter-
action between two consecutive stenoses. The structure of computational domain was obtained
from patient’s CT-scans [10].

2 Methods

2.1 Blood flow model

The blood flow model used to estimate FFR considers unsteady viscous incompressible fluid
flow through a 1D network of elastic tubes [6, 11]. The patient-specific network of coronary
arteries was constructed on the basis of CT images [10]. In this section a brief description of
the model is presented, for details we refer to [6, 11]. The flow in every vessel is described by
mass and momentum balances

∂Ak/∂t+ ∂(Akuk) /∂x = 0, (1)
∂uk/∂t+ ∂

(
u2k/2 + pk/ρ

)
/∂x = ffr(Ak, uk) , (2)

where k is the index of the vessel; t is the time; x is the distance along the vessel counted from
the vessel junction point; ρ is the blood density (constant); Ak(t, x) is the vessel cross-section
area; pk is the blood pressure; uk(t, x) is the linear velocity averaged over the cross-section;
ftr is the friction force. The relationship between pressure and cross-section is defined by the
wall-state equation:

pk(Ak)− p∗k = ρwc
2
kf(Ak) , (3)

where ρw is the vessel wall density (constant); p∗k is the pressure in tissues surrounding the
vessel; ck defines elastic properties of the wall and can be considered as the speed of small
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disturbances propagation [12]; f(Ak) is defined by

f(Ak) =

{
exp (Ak/A0k − 1)− 1, Ak/A0k > 1

lnAk/A0k, Ak/A0k 6 1,
(4)

A0k is the unstressed vessel cross-sectional area.
At the entry point of the aorta the blood flow is assigned

u(t, 0)A(t, 0) = QH (t) . (5)

Here functionQH(t) corresponds to the heart rate value of 1 Hz and stroke volume of 65 ml [13].
At the bifurcation points the Poiseuille’s pressure drop condition is used

pk (Ak (t, x̃k))− plnode (t) = εkR
l
kAk (t, x̃k)uk (t, x̃k) , k = k1, k2, . . . , kM , (6)

where Rk represents the hydraulic resistance of k-th vessel. Networks of veins and arteries are
connected by similar pressure drop conditions.

At the terminal point of the venous system the pressure pH = 8mmHg is set as the boundary
condition. The network of veins is considered to have the same structure as the network of arter-
ies with doubled diameters and 20%-lowered ck. To close the system, we add the mass conser-
vation condition and second-order compatibility conditions of hyperbolic set (1),(2) (see [11]).

Myocardial compression during systolic phase is the essential part of coronary haemody-
namics. The majority of perfusion occurs during the heart diastole [13]. Wall-state equation
(3) is modified by setting p∗ = P cor

ext (t). The shape of the function P cor
ext (t) is presented in [6]

and it is similar to the pressure in the ventricle. The amplitude of P cor
ext is 120 mmHg and 30

mmHg for terminal vessels of left and right coronary artery, respectively. Increased resistance
of micro-circulation region during systole is simulated by multiplying Rk in (6) for all coronary
vessels by the factor of 3 [14].

FFR is calculated as the ratio of average pressure in coronary artery distal to stenosis (P dist)
to average aortic pressure (P aortic, aorta is vessel 1 in Fig. 1) during vasodilator administration:

FFR =
P dist

P aortic

. (7)

Vasodilator administration is simulated by doubling S0 in the studied vessel and decreasing
resistanceR by the factor of 5. This method provided good agreement with experimental results
according to [6].

2.2 Compatibility conditions

Hyperbolic equations (1), (2) can be solved by different numerical methods. In this work
we use the second-order grid-characteristic method [15]. The method requires the second-order
approximation of compatibility conditions. A brief derivation of the second-order compatibility
conditions is presented here. For more information we refer to [11].

Compatibility conditions of the hyperbolic set (1), (2) can be derived from characteristic
form of (1) and (2):

ωki · (∂Vk/∂t+ ∂Fk/∂x) = ωki · (∂Vk/∂t+ λki∂Vk/∂x) = ωki · gk, i = 1, 2 (8)

where λki are the eigenvalues of the Jacobi matrix Ak = ∂Fk/∂Vk; ωki are the eigenvectors of
Ak; Vk = (Ak, uk)

T ; Fk = (Akuk, u
2
k/2 + pk/ρ)

T ; gk = (0, ffr)
T .
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After the finite differences discretization we can find linear dependence between the linear
velocity uk(tn+1, x̃k) and the cross section area Ak(tn+1, x̃k) at the time step tn+1 at the end or
at the beginning of every vessel composing a junction node

uk(tn+1, x̃k) = αkAk(tn+1, x̃k) + βk. (9)

For each vessel we use an uniform 1D mesh composed of J edges:

M = {(xj, tn) : xj = hj, j = 0, J ; tn =
n∑
p=1

τp}

where h is the mesh size; τp is the p-th time step; L is the length of the vessel. For the beginning
of the vessel outgoing from the junction node we use the second-order approximation of spatial
derivative at time step tn+1. Approximation of equation (8) (i = 1) is written at the point
(0, tn+1) as follows: (

∂V

∂x

)
0,tn

≈ −3V
n+1
0 + 4Vn+1

1 −Vn+1
2

2h
,(

∂V

∂t

)
0,tn

≈ Vn+1
0 −Vn

0

τn+1
,

(ωi)0,tn+1
≈ (ωi)

n
0 , (λi)0,tn+1

≈ (λi)
n
0 .

Denoting wn0 =
(√

1
ρA

(
∂p
∂A

))n
0
, Wn

0 = {wn0 , (−1)i}, σn0 =
τn+1

h
(λi)

n
0 we obtain:

Wn
0 ·
(
Vn+1

0 )−Vn
0

τn+1
+ (λi)

n
0

−3Vn+1
0 + 4Vn+1

1 −Vn+1
2

2h

)
= Wn

0 · gn+1
0 .

After substitution σn0 =
τn+1

h
(λi)

n
0 and taking the dot-product

wn0 [S
n+1
0 − Sn0 + σn0 (−

3

2
Sn+1
0 + 2Sn+1

1 − 1

2
Sn+1
2 )]−

−[un+1
0 − un0 + σn0 (−

3

2
un+1
0 + 2un+1

1 − 1

2
un+1
2 )] = τn+1(wn0φ

n+1
0 − ψn+1

0 )

we find α and β from (9) at x0

α = wn0 , β = [wn0 (σ
n
0 (2S

n+1
1 − 1

2
Sn+1
2 )− Sn0 )−

− (σn0 (2u
n+1
1 − 1

2
un+1
2 )− un0 )− τn+1(wn0φ

n+1
0 − ψn+1

0 )]/(1− 3

2
σn0 ).

(10)

In the similar way we derive α and β from (9) at xJ :

α = −wnJ , β = [−wnJ(σnJ (
1

2
Sn+1
J−2 − 2Sn+1

J−1)− S
n
J )−

− (σnJ (
1

2
un+1
J−2 − 2un+1

J−1)− u
n
J) + τn+1(wnJφ

n+1
J + ψn+1

J )]/(1 +
3

2
σnJ ).

(11)
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Figure 1: The structure of reconstructed arterial part of anonymous patient-specific data set. Stars designate
stenoses. Parameters of the vessels are presented in Tab. 1. LCA is the left main coronary artery, LAD is the left
anterior descending artery, RCA is the right main coronary artery

k lk, cm dk,mm ck,
cm
s

Rk,
ba·s
cm3 k lk, cm dk,mm ck,

cm
s

Rk,
ba·s
cm3

1 5.28 21.7 1050 20 10 0.59 3.6 950 720
2 60.0 25.1 840 20 11 6.1 3.0 950 720
3 2.72 3.1 1200 7200 12 2.05 1.17 950 720
4 1.44 1.31 1200 7200 13 1.75 1.21 950 720
5 1.40 2.73 1200 7200 14 1.39 3.8 950 720
6 6.75 1.52 1200 7200 15 12.1 2.05 950 720
7 5.01 2.50 1200 7200 16 5.4 1.91 950 720
8 1.27 1.19 1200 7200 17 0.38 1.01 950 720
9 5.65 0.157 1200 7200 18 2.62 1.19 950 720

Table 1: Parameters of the arterial tree: k is the index of the vessel according to Figure 1, lk is the length, dk is
the diameter, ck is the stiffness (3), Rk is the resistance (6). Veins are considered to have the same structure with
ck lowered by 20 %, dk doubled.

2.3 Patient specific 1D coronary network

The 1D vascular network was generated on the basis of patient-specific data. Geometry of
coronary vessels was extracted from CT scans with the help of image processing and segmen-
tation algorithms described in [7]. The network is presented in Fig. 1.

In this work two consecutive stenoses are evaluated. The stenosis in LCA is one third of
the vessel’s length, the stenosis in LAD is a half of the vessel’s length. Note that the patient
had other stenoses which were removed from the model in order to investigate the interaction
of two consecutive stenoses. Each stenosis was modelled by separating the hosting vessel into
three parts: the stenosed part, the proximal part and the distal part [6]. The parameters of the
proximal and distal parts correspond to the parameters of the hosting non-stenosed vessel. The
parameters of the stenosed part were modified: A0stenosed

= (1− γ)2A0, Rstenosed =
Lsten

L(1−γ)4R,
where γ is the stenosis fraction (degree of stenosis), R is the resistance of the hosting vessel, L
is the length of the hosting vessel, Lsten is the length of the stenosed part of the vessel.
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3 Results

Three series of simulations were performed for three degrees of stenosis in LCA: no stenosis
0%; slight stenosis 25%; severe stenosis 90%. In each series FFR in LAD was calculated,
results are shown in Fig. 2. FFR in LCA was also calculated and turned to be independent of
the degree of stenosis in LAD. In addition, we computed FFR in LCA for the following degrees
of LCA stenosis: 0% gives FFR=0.96, 25% results in FFR=0.88, 90% results in FFR=0.5.

Figure 2: FFR in LAD for various stenosis degrees in LCA.

According to Fig. 2, FFR sensitivity to the degree of the distal stenosis depends on the
degree of proximal stenosis. In the case of severe stenosis in LCA, the estimated FFR in LAD
is independent of LAD degree of stenosis.

4 Conclusions

The results allow us to make a few conclusions. Firstly, longer lesions (LAD on Fig. 1) have
significant impact on haemodynamics even when the degree of the stenosis is low. Secondly,
the proximal stenosis has significant impact on FFR of the distal stenosis. The severe proximal
stenosis nullifies blood flow to coronary arteries. As a result, lumen of distal arteries has little
effect on haemodynamics: it can be very small and still be wide enough for a small amount of
blood to flow through. This can be seen in Fig. 1 when the stenosis in LCA is 90%: FFR in
LAD is constant since the distal stenosis does not affect the blood flow distribution. Therefore,
FFR measurements for distal stenoses in presence of severe proximal lesion can be deceiving
and do not allow to assess their impact on haemodynamics.

It should be noted that our method of virtual FFR estimation does not provide FFR=1.0
in case of 0% stenosis. The reason is boundary conditions (6) at the junction nodes that imply
pressure drops in bifurcations. In order to achieve FFR=1.0 for healthy vessels, these conditions
should be modified.

Cases with multiple stenoses are very hard to analyze without simulations. The presented
method can be used for analysis of complicated cases with 3 or more lesions. The method
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allows to study possible outcomes and choose the most cost efficient strategy of treatment of
multiple stenoses.

Acknowledgement. The research was supported by Russian Science Foundation (RSF)
grant 14-31-00024.
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Abstract. This work presents the development of a computational methodology based on ul-

trasound (US) data and able to simulate the hemodynamics of a carotid bifurcation with ste-

nosis. A semi-automatic lumen segmentation methodology of longitudinal and cross-sectional 

images is presented. The algorithm, implemented in Matlab is based on the hypoecogenic 

characteristic of the lumen and allows the lumen contour extraction in 2D B-mode images. 

Patient-specific Womersley velocity profiles, derived from the pulsatile velocity waveforms 

obtained by pulsed Doppler images, were considered for the definition of the boundary condi-

tions. An image based computational fluid dynamics model of a middle-aged patient was re-

constructed from both segmented transversal and longitudinal US images. The blood flow 

simulation was performed using the Ansys/Fluent software. Pulsatile conditions of the hemo-

dynamic analysis were validated by the carotid US scan. Hemodynamic analysis was per-

formed based on wall shear stress (WSS) descriptors. High values of time-averaged wall 

shear stress (TAWSS) were captured within stenosis. Low values of TAWSS where found at 

the carotid bulb, upstream and downstream stenosis and also at external carotid artery. In 

these regions the oscillatory shear index  (OSI) and the relative residence time (RRT) present 

high values, in agreement with the fact these hemodynamic descriptors are able to capture 

abnormal flow conditions witch present an import role in the local development of athero-

sclerotic plaques. This study shows to be clinically useful in the diagnosis and management of 

the treatment of carotid stenosis as it is able to show a complex hemodynamic behaviour dur-

ing the cardiac cycle allowing the correlation between the carotid wall pathophysiology and 

the local influence in artery hemodynamics.  
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1 INTRODUCTION 

Atherosclerosis is a degenerative disease of the arteries resulting in plaques that can cause 

stenosis, embolization and thrombosis. In the past decades, several studies based on computa-

tional fluid dynamics (CFD) showed that hemodynamic factors are associated with the devel-

opment and progression of the disease, determining the local distribution of plaques [1-4] 

However, as hemodynamic phenomena is not yet fully understood, detailed study of disturbed 

flow during the cardiac cycle may give additional insight to understanding the progression of 

atherosclerosis being useful in clinical diagnosis. 

Due to the anatomy of the head neck region, the use of sonography for diagnostic is inte-

grated in daily clinical routine; it is a fast and inexpensive technique, extremely useful in the 

initial evaluation of symptomatic patients and enables the acquisition of the carotid artery bi-

furcation geometry. Automatic segmentation of US images is a complex work due to poor 

imaging quality as low contrast, speckle, echo shadows and artifacts. Segmentation methods 

based on active contours, and parametric snakes are not the best choice for an automatic and 

accurate segmentation of the carotid artery wall; they are based on intensity gradients and re-

quire manual initialization, with the design of the initial contour [5, 6].  

Previous works on patient-specific hemodynamic combining manual or semi-automatic 

image segmentation with finite element blood flow simulation have been performed [7, 8]. 

Like those studies this research presents a patient-specific study, considering a three-

dimensional (3D) model of the bifurcation wall reconstructed from segmented B-mode US 

and blood flow velocity spectral waveforms obtained from PW Doppler images. Carotid ar-

tery bifurcation reconstruction based on a set of segmented longitudinal and transversal US 

images was considered as input geometry of the 3D model for computational fluid dynamics. 

The assumptions of an incompressible and Newtonian fluid, rigid vascular wall and non-slip 

condition were considered. Pulsatile inlet boundary conditions obtained from Doppler US 

measurements are applied at the entrance of the common carotid artery (CCA). This study 

presents a new segmentation methodology based on pixel intensity distribution and region 

growing and hemodynamic simulation is performed using ANSYS Fluent 14.5 package. 

2 METHODS 

The patient-specific hemodynamic study presented is done using Doppler US imaging data; 

five sequential steps are required [7, 8]: data acquisition, lumen segmentation of longitudinal 

and transversal carotid images, 3D carotid bifurcation surface reconstruction, mesh generation 

and hemodynamic simulation. 

Data was obtained at São João Hospital Centre, a university hospital in Porto, Portugal. 

Carotid artery examinations were performed according to a proposed created protocol; this 

study was approved by the institutional ethical committee and informed consent of each vol-

unteer was obtained.  

2.1 Data aquisition 

Experimental data necessary for the present study were obtained by the same experienced 

sonographer (R.S.) dedicated to neurovascular ultrasound at the Neurosonology Unit of the 

Department of Neurology of São João Hospital Centre [7, 8]. 

For a middle aged patient of 57 years old man with a high grade stenosis, B-mode and 

pulsed-wave (PW) Doppler images were collected along the CCA, its bifurcation and proxi-

mal segments of internal carotid artery (ICA) and external carotid artery (ECA) including the 

bifurcation entrance (APEX). For this purpose a commercial colour US scanner (Vivid e; GE, 

Milwaukee, WI, USA) and a linear array probe (GE 8L-RS) were used. The longitudinal and 
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transversal set of B-mode images was recorded at end-diastole, to control physiologic varia-

tions of diameter within cardiac cycle. Cross-sectional locations were registered at the longi-

tudinal bifurcation image, to allow the correct reconstruction of the CCA bifurcation luminal 

surface. In order to minimize flow modelling inaccuracies, tracking of the US probe was done 

by marking positions along the artery bifurcation relying on the ability to manually guide the 

US probe. During medical examination, ICA stenosis was measured according to European 

Carotid Surgery Trial (ECST), the percentage of luminal diameter narrowing at the most ste-

notic region. 

Using US PW mode with a 2 mm sample volume, axial flow velocity waveforms were ob-

tained at several specific locations along CCA and distal region of ICA and ECA arteries that 

could be measured with angle of insonation ≤60º. Considering waveform data from three car-

diac cycles Fourier analysis allowed the determination of the first seven harmonics coeffi-

cients used to set Womersley profiles.  

2.2 Imaging segmentation and carotid bifurcation geometry definition 

Segmentation of acquired B-mode images is a complex work due to poor imaging quality 

as low contrast, speckle, echo shadows and artifacts. Segmentation of the transversal images 

is more difficult because contour lumen is discontinuous as they present more artifacts caused 

by speckle noise. A semi-automatic algorithm was implemented using MATLAB software. 

After converting the colour image to gray levels the selection of the four corners delimiting 

the rectangular region of interest is performed and the region of interest is selected as shown 

in figure 1a).  

Figure 1: Transversal CCA lumen segmentation: (a) Selection of the region of interest and increased overall im-

age contrast; (b) Identification of lumen central region; (c); (d) Lumen segmentation by region growing. 

The identification of the lumen central region is made applying the histogram equalization 

(CLAHE) and a Gaussian filter smoothing. To identify the central lumen, the seed points for 

the lumen segmentation algorithm, the method proposed by Molinari et al. (2007) [9], was 

followed; like in this method, carotid features in an image are addressed as a distribution 

model of variable intensity along the carotid regions and 2D histograms for mean and stand-
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ard deviation were calculated for the establishment of lumen selection criteria. The identified 

lumen central region is presented in figure 1b). 

Region growing segmentation methods are based on grouping sets of neighbouring pixels 

that meet defined similarity criteria, figures 1c) and 1d). For this study, the considered simi-

larity criterion was taken as the average intensity of a neighbourhood window of 10 × 10 pix-

els after applying the DSFSRAD filter. An iterative process consisting in checking every pixel 

just outside the border of the lumen central region was performed; if the homogeneity criteri-

on is validated (intensity is smaller than 0.027) the new pixels will join the newly enlarged 

lumen central region. The iterative process finishes when enlargement of the region becomes 

impossible. 

After imaging segmentation, 2D smooth lumen contours were stacked in the axial direction 

according to each image location obtained during data acquisition. The reconstructed lumen 

surface was smoothed in order to reduce misalignment errors due to patient’s involuntary 

movements during scan. 

Figure 2: 3D model: segmented longitudinal image, wall surface reconstruction and fluid volume mesh. 

The obtained carotid bifurcation surface was not directly usable for generating a suitable 

computational mesh. Cylindrical flow extensions with a length of four times the local diame-

ters were added at the inlet (before bifurcation) and outlet (after bifurcation) locations, in the 

direction of the centreline, in order to ensure fully developed velocity profiles at the inlet and 

to minimize the influence of outlet boundary conditions. 

2.3 Meshing and blood flow simulation 

Tetrahedral mesh was generated using the software Ansys Workbench (figure 2). The qual-

ity of the mesh was tested under steady-state conditions. Using meshes with increasing resolu-

tion, the adopted mesh was chosen when a relative error of nodal WSS lower than 5% was 

reached.  

Commercial package Ansys Fluent 14.5 was used to simulate pulsatile blood flow. The 

first order implicit backward Euler method was considered for the temporal discretization of 

the Navier-Stokes equations and converged solutions searched using the SIMPLE algorithm 

and the second-order upwind scheme with a maximum of 40 iterations for each time step. 

Blood was modelled as a viscous Newtonian fluid [4], incompressible and isotropic with a 

density of 1060 kg/m3 and a dynamic viscosity of 0.0035 kg/(m.s). At the entrance of the 

CCA, Womersley velocity profiles derived from pulsatile velocity waveforms extracted from 

patient PW Doppler images were imposed [7, 8]; a zero wall motion was assumed as in dis-
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eased vessels wall motion is further reduced. Outflow boundary conditions were imposed 

considering a constant flow ratio ICA/ECA = 70%/30%. Three cardiac cycles were simulated 

considering a constant time step equal to 0.008 seconds. The flow velocities and the WSS 

vectors from the last cycle were recorded for post-processing. 

3 RESULTS AND DISCUSSION 

The distribution of velocities at systolic peak is shown in Figure 3. As expected, high ve-

locities were detected at ICA stenosis. Stagnation zones and high velocity gradients can be 

noticed near the outer bulb wall, opposite to the bifurcation divider wall and downstream ste-

nosis, due to the high variability of the lumen arterial sectional area.  

Figure 3: Velocity field at systolic peak (top). 

In this work the most widely used WSS-based descriptors, the time-averaged WSS 

(TAWSS), the oscillating shear index (OSI) and the relative residence time (RRT) were 

adopted to measure low and oscillating shear stress at the carotid bifurcation [10].  

Figure 4 presents the distribution of the wall shear stress based descriptors, shown on the 

anterior and posterior side of the carotid artery. Low values of TAWSS can be found at ICA 

origin and upstream and downstream stenosis identifying flow disturbances. Low TAWSS 

values appeared also on the distal inner wall of ECA. TAWSS values, lower than 0.4 Pa, are 

associated with intima/media thickening and moderate TAWSS values, larger than 1.5 Pa, in-

duce quiescence and atheroprotective gene expression profile. 

Figure 4: Wall shear stress descriptors: TAWSS (left), OSI (center) and the RRT (right). 

In figure 4, OSI and RRT high values regions coincide with TAWSS low values sites; all 

the hemodynamic indexes captured apparent abnormal flow disturbances at the same sites, 

ICA origin, upstream and downstream stenosis and in distal inner wall of ECA. Previous stud-

ies identify the same regions corresponding to recirculation zones, areas of greater turbulence, 

and consequently a high shear oscillation [2, 3, 11]. In this work WSS-based descriptors show 

to be correlated as sites of extremes for TAWSS coincide with sites of extremes of the two 

other descriptors. Some authors recommended the RRT as a robust single metric of low and 

oscillatory shear stress [2-4]. 
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4 CONCLUSIONS 

This study combined computational 3D geometry reconstruction and simulation of blood 

flow characteristics in a carotid artery bifurcation based on Doppler images. Using patient-

specific carotid artery US data collected in hospital practice, a semi-automatic reconstruction 

of a carotid bifurcation geometry was presented in this work. A new semiautomatic segmenta-

tion algorithm for the lumen contour extraction in US longitudinal 2D B-mode images was 

presented. This semiautomatic algorithm is robust with respect to factors that degrade this 

type of images, including appearance of artifacts, lots of speckle noise and occlusions of the 

lumen caused by plaque region. The algorithm provides a good estimate of the lumen contour 

when compared with a manual contour and showed to be able to segment the carotid lumen of 

a stenosed bifurcation. 

The simulation demonstrated several complex flow features near the stenosis associated 

with the diseased vessel geometry. All WSS-based descriptors, assigned highly disturbed 

flows at the same artery surface regions, as they were able to capture abnormal flow at carina 

and upstream and downstream ICA stenosis.  

Further research will be needed to understand the effect of wall compliance on the blood 

flow patterns of specific severely diseased carotid arteries. In order to elucidate the role of 

carotid hemodynamics on plaque development and plaque vulnerability, further larger studies 

should be done, providing clinically relevant information for risk assessment and surgical 

planning.  
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Abstract. In diffusion nuclear magnetic resonance (NMR) and diffusion magnetic reso-
nance imaging (MRI), the multi-compartment Bloch-Torrey equation plays an important
role in probing the diffusion characteristics from a nanometer scale to a macroscopic
scale. The signal attenuation can be computed by solving the equation. If the volume of
interest is composed by multiple compartments, interface conditions with permeability
are imposed. Depending on applications, different gradient strengths can be used to
capture the signal attenuation. In probing porous media, for instance, high gradient
strengths are used. In diffusion MRI, since water molecules enter and exit the computa-
tional domain in realistic cases, pseudo-periodic boundary conditions are used. These
conditions cause difficulties in solving the equation efficiently and many efforts have
been made to develop an efficient numerical method. However, large-scale problems for
supercomputers with realistic applications have not been considered yet. We propose
a framework for the multi-compartment Bloch-Torrey models based on the FEniCS-
HPC platform, a part of the FEniCS project that allows for automated discretization,
automated error control with mesh adaptivity and high performance computing. The
framework runs on supercomputers with near optimal weak and strong scaling. Our
work includes two parts. First, we simplify the multi-compartment Bloch-Torrey model
used in diffusion MRI by proposing an approximation to the pseudo-periodic bound-
ary conditions to derive a general form for the interface and boundary conditions. The
second part includes implementation and numerical validation of our method on the
FEniCS-HPC platform. This simplified model is straightforward to implement and to
parallelize and shows promise in validation against more realistic models.
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1 Introduction

In diffusion NMR and diffusion MRI, the signal attenuation S represents the diffu-
sion characteristic of molecular motion through the use of magnetic field gradient pulses
and it is computed as the average of the transverse magnetization M(r, t) over a volume
of interest Ω. The signal attenuation is measured at the echo time T by integrating the
complex transverse magnetization, i.e

S =

∫
r∈Ω

M(r, T ) dr (1)

The water diffusion is encoded by using time-varying linear spatial magnetic field
gradient pulses f(t).

The complex transverse magnetization at a spatial posion r = (r1, · · · , rd) (here
d = 2, 3 is the problem dimensions) can be modeled by the Bloch-Torrey equation
[15, 19]

∂

∂t
M(r, t) = −I γf(t)g · rM(r, t) +∇ ·

(
D(r)∇M(r, t)

)
, r ∈ Ω, (2)

where I is the complex unit (I2 = −1), γ = 2.67513× 108 rad s−1T−1 is the gyromag-
netic ratio of the water proton, D(r) is the diffusion tensor, and g = (g1, · · · , gd) is the
diffusion gradient including gradient strength and gradient direction.

Eq. (2) needs an initial condition:

M(r, 0) = ρ, r ∈ Ω (3)

where ρ is the initial transverse magnetization in Ω.
The most commonly used temporal profile is called the pulsed-gradient spin echo

(PGSE) sequence [18], with two rectangular pulses of duration δ, separated by a time
interval ∆− δ, for which the profile f(t) is

f(t) =


1, 0 ≤ t ≤ δ,

−1, ∆ < t ≤ ∆ + δ,

0, otherwise.
(4)

The signal attenuation is usually computed and plotted against the gradient strength
q = ‖g‖ or a quantity called the b-value which is computed as

b = γ2‖g‖2

T∫
0

( u∫
0

f(s) ds

)
du (5)
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For the PGSE, it is

b = γ2‖g‖2δ2

(
∆− δ

3

)
(6)

If Ω is composed by multiple compartments, i.e Ω = ∪lΩl, the following interface
conditions need to be imposed

Dl(r)∇M l(r, t) · nl = −Dn(r)∇Mn(r, t) · nn = κln
(
Mn(r, t)−M l(r, t)

)
, (7)

where r ∈ Γln,∀ l, n and nk is a normal vector pointing outward Ωk.
In diffusion MRI, to allow the water molecules to enter and exit the volume of interest

Ω =
∏d

i=1[ai, bi], the pseudo-periodic boundary conditions are applied

M(r, t)|ri=ai = M(r, t)|ri=bi exp
(
I θi(t)

)
,

∂M(r, t)

∂ri

∣∣∣∣
ri=ai

=
∂M(r, t)

∂ri

∣∣∣∣
ri=bi

exp
(
I θi(t)

)
,

(8)

where

θi(t) := γ gi (bi − ai)
t∫

0

f(s) ds, i = 1, · · · , d

An advantage of using Eq. (8) is significantly reducing the size of computational do-
mains. This is good in terms of saving computer resources but it is challenging to
impose and to generate valid meshes.

Solving the full model, i.e Eqs. (2, 7, 8), is challenging and many efforts have been
made [1, 10, 13, 14, 16, 20]. However, large-scale problems for supercomputers with
realistic applications have not been considered yet.

We propose a framework for solving the multi-compartment Bloch-Torrey equation
based on the FEniCS-HPC which is an open source framework for automated solution of
PDE on massively parallel architectures, providing automated evaluation of variational
forms given a high-level description in mathematical notation, duality-based adaptive
error control, implicit parameter-free turbulence modeling by use of stabilized FEM and
strong linear scaling up to thousands of cores [4–9]. The FEniCS-HPC is a branch of the
FEniCS [2, 11] framework based on components with clearly defined responsibilities:

• FIAT: finite element spaces, basis functions

• FFC+UFL: Automated evaluation of weak forms in mathematical notation.

• DOLFIN-HPC: Automated high performance assembly of weak forms and inter-
face to linear algebra of discrete systems and mesh refinement.
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Our work includes two parts. First, we simplify the multi-compartment Bloch-Torrey
model by proposing an approximation to the pseudo-periodic boundary conditions (8)
to derive a general form for the interface and boundary conditions. In the second part,
we implement the approximated model on the FEniCS-HPC platform.

The main contributions of this paper include:

• Proposing a framework on supercomputers for solving the muti-compartment
Bloch-Torrey equations applied to diffusion NMR and diffusion MRI.

• Solving the difficulties of mesh generation caused by the pseudo-periodic bound-
ary conditions that enables us to approach more realistic geometries.

• Implementing the method on the FEniCS-HPC platform.

• Validating the correctness and demonstrating the efficiency of the model and the
method for some example geometries.

The paper is organized as the follows. First, we introduce the multi-compartment Bloch-
Torrey models used in diffusion NMR and diffusion MRI with equations and quantities
used in this field. In section 2, we propose an approximation of the pseudo-periodic
boundary conditions. Then, we introduce the discretizations and implementations of
the approximated model on the FEniCS-HPC platform in section 3. In section 4, we
first validate the correctness of the model through two examples: a two-layer infinitely-
long cylinder and a two-layer spherical cell. Then, we show speedup ratio and parallel
efficiency. Finally, in section 5 we conclude our work and propose future directions.

2 An approximation of the pseudo-periodic boundary conditions

To impose the pseudo-periodic boundary conditions (8) for the ri-direction, ver-
tices belonging to opposite planes ri = ai and ri = bi should be aligned, i.e rai =
rbi − (bi − ai) ei, here rai , rbi are coordinates of vertices belonging to opposite planes
ri = ai and ri = bi, and ei is a unit vector in ri-direction. However, it is usually
challenging to generate a mesh with such the enforcement in realistic cases since the
interfaces usually cut the exterior boundaries. We propose an approximation of the
pseudo-periodic boundary conditions that allows water molecules to enter and exit the
boundaries but does not require vertices belonging to the opposite planes to be aligned.

The approximation comes from a combination of the interface conditions between
two compartments and the pseudo-periodic conditions for the exterior boundaries. Since
the computational domain Ω is extended periodically, in some cases the cell interfaces
touch the exterior boundary ∂Ω. To simplify the explanation, we consider a computa-
tional domain Ω = [a1, b1]× [a2, b2] in which a cell is placed touching r1 = a1 (Fig. 1).
The boundary needs to be periodic at r1 = a1 and r1 = b1. The cell interior is charac-
terized by a diffusion tensor Dc. The extra-cellular space is the remaining part and is
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characterized by a diffusion tensor De. The cell touches the boundary at the interface
Σ, which is the intersection between the cell boundary and ∂Ω.

Figure 1: When the cell interface touches ∂Ω, the interface conditions and periodic
boundary conditions are combined.

We recall the pseudo-periodic boundary conditions for this specific domain

M e
a1

= M e
b1

exp(I θ),
De
a1
∇M e

a1
· nc = −De

b1
∇M e

b1
· ne exp(I θ).

(9)

where

θ = γ g1 (b1 − a1)

t∫
0

f(s) ds,

and the interface conditions at Σ are

Dc
a1
∇M c

a1
· nc =κe(M e

a1
−M c

a1
)

De
a1
∇M e

a1
· ne =κe(M c

a1
−M e

a1
)

(10)

The combination of (9) and (10) with nc = −ne gives

Dc
a1
∇M c

a1
· nc =κe

(
M e

b1
exp(I θ)−M c

a1

)
,

De
b1
∇M e

b1
· ne =κe

(
M c

a1
exp(−I θ)−M e

b1

)
.

(11)

Theoretically, when κe → +∞, Eq. (11) becomes the pseudo-periodic boundary con-
ditions (9). However, we see that practically when κe = 1.0 m/s, Eq. (11) is a good
approximation of Eq. (9) for free diffusion up to b = 2000 s/mm2 corresponding to
S = 2.479e-3. If the computed signal is stronger, κe = 0.1 m/s is good enough. Eq.
(11) is interesting for the following reasons
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• The interface conditions (7) are only a special case of Eq. (11). Their general
form is Eq. (12).

Dl(rl)∇M l(rl, t) · nl = κln
(
Mn(rn, t) exp(I θln)−M l(rl, t)

)
,

Dn(rn)∇Mn(rn, t) · nn = κnl
(
M l(rl, t) exp(I θnl)−Mn(rn, t)

)
,

(12)

where κln = κnl, rn ∈ Γn, rl ∈ Γl and

θln = −θnl = γ g · (rn − rl)

t∫
0

f(s) ds.

Further on, instead of solving the complete Bloch-Torrey PDE problem involv-
ing the PDE (2), the interface conditions Eqs. (7), the two boundary conditions
Eqs. (8), we will solve an approximated model consisting of the Bloch-Torrey
equation (2) and the general conditions (12).

• If M c
a1

and M e
b1

are known from the previous time step, the exterior boundaries of
the computational domain need not to be treated as periodic. It is also applicable
to non confirming interfaces. The constraints of periodicity and confirming inter-
faces which are usually the most challenging issues in generating meshes can be
avoided.

• Since Eq. (12) becomes standard Robin boundary conditions, it is straightforward
to implement and parallelize.

3 Discretizations and Implementations on the FEniCS-HPC platform

Let V l be a function space and v ∈ V l be a test function, then the weak form of Eq.
(2) on a compartment Ωl is

∂

∂t

∫
Ωl

vM l dr = −Iγf(t)

∫
Ωl

v g · rM ldr−
∫
Ωl

∇v ·D∇M ldr+

∫
∂Ωl∩Γln

vD∇M l ·nl ds

(13)
Combining with Eq. (12), we get

∂

∂t

∫
Ωl

vM l dr =− Iγf(t)

∫
Ωl

v g · rM ldr−
∫
Ωl

∇v ·D∇M ldr

+

∫
∂Ωl∩Γln

v κln
(
Mn(rn, t) exp(I θln)−M l(rl, t)

)
ds

(14)
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Assuming that V l is spanned by basis functions ϕα, i.e V l = span{ϕ1, . . . , ϕN}, and
ξlα(t) ≈ M l(rα, t), M l(r, t) can be presented in a linear combination of basis function,
i.e M l(r, t) =

∑N
k=1 ϕαξ

l
α, where N is the number of degrees of freedom. Eq. (14)

takes v = ϕβ, β = 1, . . . , N to give

N∑
α=1

∫
Ωl

ϕβ ϕα dr
∂

∂t
ξlα(t) = −Iγf(t)

N∑
α=1

∫
Ωl

ϕβ g · rϕαdr ξlα

−
N∑
α=1

∫
Ωl

∇ϕβ ·D∇ϕαdr ξlα + κln
N∑
α=1

∫
∂Ωl∩Γln

ϕβϕα ds ξ
ln
α

(15)

Here ξlnα ≈ ξnα(t) exp(I θln) − ξlα(t) = Mn(rnα, t) exp(I θln) −M l(rlα, t). We note
that Mn(rnα, t) comes from Γnl ⊂ Ωn but its values should be projected onto Γln ⊂ Ωl.
The spatial position rnα should be computed such that it aligns with rlα. We Assume
that rlα = (rli)i=1,...,d and rnα = (rni )i=1,...,d. If rlα belongs to the interfaces between two
compartments, then rnα = rlα. If rlα belongs to the plane ri = ai, i.e rli = ai, then we will
set rni = bi and rnk = rlk for all k 6= i. In reverse, if rl belongs to the plane ri = bi, i.e
rli = bi, then we will set rni = ai and rnk = rlk for all k 6= i. Since rnα is computed with
respect to rlα, the value of ξnα at rnα may not be available and interpolation will be used.

Let ξ and ϕ is a column vectors of degrees of freedom and basis functions, i.e ξ =
(ξk) and ϕ = (ϕk), Eq. (15) can be rewritten in a matrix form

Ml ∂

∂t
ξl = −Iγf(t)Jl ξl − S ξl + κlnFl ξln (16)

Since ξl is complex-valued, we can write ξl = ξlR + I ξlI . Eq. (16) is then decoupled to
two equations

Ml ∂

∂t
ξlR = γf(t)Jl ξlI − S ξlR + κlnFl ξlnR

Ml ∂

∂t
ξlI = −γf(t)Jl ξlR − S ξlI + κlnFl ξlnI

(17)

where

Ml =

∫
Ωl

ϕϕT dr, Sl =

∫
Ωl

∇ϕ · ∇ϕT dr, Jl =

∫
Ωl

g · rϕϕT d r,

Fl =

∫
∂Ωl

χϕϕT ds, χ(r) =

{
1 r ∈ ∂Ω ∩ Γln

0 otherwise
.

Before writing a high-level "solver" in C++ using DOLFIN-HPC, we define the ma-
trices in UFL "form files", closely mapping mathematical notation. The form files are
then compiled to low-level C++ source code with FFC.
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Matrices M and J can be defined in a same form with f = 1 for matrix M and
f = g · r for matrix J. Here f is a dolfin "Function" defined in the "solver".

V = FiniteElement("CG","tetrahedron" , 1)
u = TrialFunction(V)
v = TestFunction(V)
f = Coefficient(V)
a = f*u*v*dx

The stiffness matrix S with a diffusion coefficient D is defined as

V = FiniteElement("CG", "tetrahedron", 1)
u = TrialFunction(V)
v = TestFunction(V)
D = Coefficient(V)
a = D*dot(grad(u),grad(v))*dx

Finally, the matrix F with a boundary marker χ is defined as

V= FiniteElement("CG", "tetrahedron", 1)
v = TestFunction(V)
chi = Coefficient(V)
L = chi*v*ds

For the time discretization, similar to [10, 14] we apply the second-order adaptive
Runge-Kutta Chebyshev (RKC) [17]. This method has second order in time and is
especially suitable for parabolic PDEs. Since this method is explicit, the right-hand side
of Eq. (17) is known and the two equation can be solved separately. With the same
reason, each equation in turn is solved independently on each compartment. To adapt
the FEniCS-HPC platform, the serial code of the RKC available at http://www.
netlib.org/ode/rkc.f was rewritten and parallelized.

4 Results

4.1 Validation of the framework

We validate the framework through two examples: a two-layer infinitely-long cylin-
der and a two-layer sphere. In the first example, we show that the pseudo-periodic
boundary conditions can be well approximated by imposing high permeabilities at the
exterior boundaries that solves difficulties of mesh generation and well facilitates for
parallelization. In the second example, we show that the framework works efficiently in
a wide range of gradient strength.
Signals for a two-layer infinitely-long cylinder
In this sample, we compute signals for a cylinder which is composed of two lay-
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ers with R1 = 3µm and R2 = 5µm and L = 5µm. The diffusion coefficients are
D1 = D2 = 3e-3 mm2/s. We allow water molecules to enter and exit the computational
domain in the z-direction by imposing κe = 0.1 m/s. So, the signals represent the dif-
fusion in an infinitely-long cylinder. Between two layers, a permeability of κ=5e-5 m/s
is imposed and the diffusion time is δ = ∆ = 10ms.
The mesh was generated in such a way that it is totally non conforming and non-
periodic. The interior layer is twice as fine as the exterior one. The top base is twice as
coarse as the bottom (Fig. 2a).
We performed simulations for three gradient directions g

|g| = [1, 0, 0], [1,0,1]√
2

and [0, 0, 1].
The exact signals are computed by a combination between free diffusion and matrix
formalism. In all three gradient directions, we obtain good approximations. For high
b-values, the approximations are less good since the signals are too weak (Fig. 2b).

(a) (b)

Figure 2: Signal on a double-layer cylinder with R1 = 3µm and R2 = 5µm, L = 5µm.
The diffusion coefficients are D1 = D2 = 3e-3 mm2/s. The permeability is κ=5e-
5 m/s for the membrane between two layers. The approximation of the pseudo-periodic
boundary conditions is applied in z-direction with κe = 0.1 m/s.

Signals for a two-layer sphere
In this example, we compute signals on a double-layer spherical cell with R1 = 20µm
and R2 = 40µm (Fig. 3a). A wide range of gradient strengths [3, 13] is used. The
signals are computed and plotted against b-values and q-values. In Fig. 3b, the gradient
strength q is varied between 0 and 1.5 T/m for δ=1e-3s, ∆=1s. Two mesh sizes of
1922 and 8276 vertices are considered. For high gradient strength, finer mesh is needed
to give good approximation. When computed against b-values, the gradient strength is
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large for short-time diffusion and smaller for long-time diffusion. Three time sequences,
δ = ∆ = 0.1, 0.5, 1.0s with b varied between 0 and 1e5 s/mm2 are considered (Fig.
3c). The largest gradient strength is 0.045 T/m for δ = ∆ = 0.1s and b=1e5 s/mm2.
Numerical signals are compared to the reference ones computed by matrix formalism
[3]. The diffusion coefficients are D1 = D2 = 3e-3 mm2/s, the permeability for the
membrane between two layers is κ=5e-5 m/s, and κe = 0 is set for exterior boundaries.

(a)

(b) (c)

Figure 3: Signal on a double-layer spherical cell with R1 = 20µm and R2 = 40µm.
The diffusion coefficients are D0=D1=3e-3 mm2/s, the permeability for the membrane
between two layers is κ=5e-5 m/s, and κe = 0 is set for exterior boundaries. The
gradient strength is varied between 0 and 1.5 T/m for δ=1e-3s, ∆=1s and two mesh
sizes of 1922 and 8276 vertices are considered (a). When computed against b-values, the
gradient strength is large for short-time diffusion and smaller for long-time diffusion (b).
Three time sequences, δ = ∆ = 0.1, 0.5, 1.0s with b varied between 0 and 1e5 s/mm2

are considered.
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Each b-value is computed in between 5 and 10 minutes using 4 MPI processes for
the mesh size of 8276×2 vertices. Timing for each q is less than 2 minutes for the mesh
size of 1922× 2 and 15 minutes for the mesh size of 8276× 2 vertices.

4.2 Speedup ratio and parallel efficiency

We clarify the timing, speedup ratio and parallel efficiency on the Hydra and Beskow
computers for a sphere of radiusR = 80µm with b = 4000 s/mm2 and the diffusion time
δ = ∆ = 100ms. On the Hydra a moderate-scale problem with a tetrahedral mesh of
124886 vertices and on the Beskow a large-scale problem with 4307475 vertices are
considered. The number of MPI processes vary between 1 and 42 on the Hydra and
between 4 and 232 on the Beskow.

On the Hydra, the serial computation is about 1.7 hours and the fastest computation
with 42 MPI processes is about 4 minutes. On the Beskow, the timing is about 14.7
hours for 4 MPI processes and 20 minutes for 232 MPI processes. See Fig. 4.

Figure 4: Timing tested on the Hydra and on the Beskow for a sphere of radius R =
80µm with b = 4000 s/mm2 and the diffusion time δ = ∆ = 100ms. The tetrahedral
mesh has 124886 vertices on the Hydra and 4307475 vertices on the Beskow.

The speedup ratio is the ratio between timing for serial execution Tserial and timing
for parallel execution Tparallel, i.e

S(p) =
Tserial

Tparallel(p)
(18)

where p is the number of MPI processes used in the parallel execution.
The ideal speedup is Sideal(p) = p, i.e when p MPI processes are used, the parallel

execution will be p times faster than the serial execution.
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The parallel efficiency is computed by

E =
S
p

(19)

In Fig. 5, we show the speedup ratio and parallel efficiency corresponding to the tim-
ing in Fig. 4. We obtain a strong scaling on both computers and the parallel efficiency
is always higher than 60%.

(a) (b)

(c) (d)

Figure 5: Speedup ratio and parallel efficiency on the Hydra and on the Beskow for a
sphere of radius R = 80µm with b = 4000 s/mm2 and the diffusion time δ = ∆ =
100ms. The tetrahedral mesh has 124886 vertices on the Hydra and 4307475 vertices
on the Beskow. We obtain a strong scaling on both computers and the parallel efficiency
is always higher than 60%.
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5 Conclusion and future works

We proposed a FEniCS-HPC framework for the multi-compartment Bloch-Torrey
models applied for diffusion NMR and diffusion MRI. This framework works efficiently
for a wide range of gradient strengths and shows promise in validation against more
realistic models. A comparison with other methods will be performed and more realistic
applications will be considered in the future.
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Abstract. The emergence of a giant component from a population of finite-size clusters is a
problem in mathematical physics that is encountered in fields as diverse as polymer gelation,
percolation of networks, and the spread of epidemics. But while such processes have long
invited thermodynamic analogies, a formal connection to thermodynamics that goes beyond the
qualitative has not been established. Here we develop a thermodynamic theory for a generic
mathematical object, a population of individuals that cluster into groups. The theory views
the distribution in the scaling limit as the one that is most probable among all distributions that
satisfy the physical constraints of the problem. In this context, the emergence of the giant cluster
is a phase transition that is governed by equilibrium criteria analogous to those in molecular
systems.
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1 INTRODUCTION

Binary clustering is a process by which two elements (molecules, particles, aggregates or
other) combine to form a new one. It is one of the most basic and ubiquitous growth mech-
anisms in nature, one that describes a wide range physical phenomena over a vast scale that
encompasses molecular systems, social networks, and stars [1, 2]. It is industrially relevant in
granulation, a unit operation designed to increase the size of granules and homogenize their
composition through the aggregation of primary particles of the pure components. Roughly
80% of pharmaceutical formulations [3] and 60% of all industrial products [4] are processed at
some point as solid materials. Despite such widespread application, the design, modelling and
control of particulate processes has yet to achieve the same level of accuracy and predictability
as other common industrial unit operations such as separations, for example. This unmet chal-
lenge in particle technology calls for new approaches to this problem. The main theoretical tool
in the study of population balances is Smoluchowski’s theory of aggregation, which formulates
the governing equation for the size distribution. In the past 100 years since Smoluchowski’s
work, another view is emerging, one that treats populations from a probabilistic standpoint.
This approach, which originated in the polymer literature [5, 2], has been migrating, albeit
slowly, to particulate systems [6, 7]. We recently developed a new approach to the study of
generic populations based on the notion of the cluster ensemble [8]. The theory considers the
ensemble of all distributions that can be formed with a fixed number of primary particles placed
into a fixed number of clusters and implements a selection rule to sample distributions from the
ensemble. The macroscopic observable in the thermodynamic limit –the information accessible
to the observer– is the most probable distribution in this ensemble. By proper construction of
the selection rule, any conceivable distribution can be obtained as the most probable distribution
of the ensemble. We derived the statistics of the ensemble and showed it is described by a math-
ematical calculus analogous that of statistical thermodynamics. Thus we have a general theory
of populations formulated in the language of thermodynamics that is in principle applicable to
generic populations. Here we propose to apply this theory to the study of population balances.

Why is this direction worth pursuing? First, the ensemble theory encompasses the Smolu-
chowski approach, but goes beyond it. For example, it is well known that the Smoluchowski
equation fails with gelling kernels, a problem that has received great attention in the literature
of mathematical physics [1, 2, 9, 10, 11]. Gelation in the cluster ensemble emerges naturally
and coexistence conditions of the sol and the gel are obtained in direct analogy to those in phase
equilibrium of molecular systems [12]. Second, The theory generates a new set of mathemati-
cal relationships between the primary inputs and outputs of the problem (aggregation rate, size
distribution). These relationships are unavailable to the Smoluchowski theory and provide new
ways to study and analyze population balance problems. And third, the theory makes avail-
able the language and toolbox of thermodynamics to the study of population balances. Many
problems in this area could benefit from a thermodynamic insight but one that is particularly
interesting and of practical significance is aggregative mixing. In granulation, we begin with a
segregated state that consists of primary particles of the pure components, and end up with a
population that is hopefully well-mixed at the granule level. How long does it take for compo-
nents to reach an acceptable level of mixing? What if similar or dissimilar components tend to
aggregate preferentially? More importantly, if it is found experimentally that granules remain
poorly mixed, what does this tell us about the magnitude of unfavorable interactions between
the components? The analogy to solution thermodynamics cannot be missed. Thermodynamics
teaches us how quantify such interactions in solution using activity coefficients. Is there some
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analogous metric that would allow us to interpret deviations from random mixing in granules in
a similar manner? These are questions that we may now begin to address, not merely by qual-
itative analogy to thermodynamics, but by rigorous application of the cluster-ensemble theory
[8, 12, 13].

2 THE CLUSTER ENSEMBLE

Suppose we have M identical particles (“primary particles” or monomers) which we dis-
tribute into N clusters, such that each cluster contains at least one particle. The cluster ensem-
ble consists of all distributions that can be formed with fixed M and N . All distributions of the
ensemble satisfy the conditions,

∞∑
i=1

ni = N,

∞∑
i=1

ini = M, (1)

where ni is the number of clusters that contain i particles. We envision a stochastic process
the pick distributions out of that ensemble. Given a distribution n = (n1, n, · · · ), we write its
probability in the canonical form,

P (n) = n!
W (n)

ΩM,N

. (2)

Here, n! is the multinomial coefficient of the list (n1, n2, · · · ), W (n) is the selection bias, and
ΩM,N is the partition function. These quantities are discussed in more detail below.

The multinomial coefficient is
n! =

N !

n1!n2! · · ·
,

and represents the natural multiplicity of the distribution in the ensemble. If we imagine that we
sample a distribution one cluster at a time, n! is the number of different ordered sequences in
which the clusters may appear. Taking the logarithm of the multinomial coefficient and applying
the Stirling formula x! ≈ x log x− x, we obtain

logn! = −
∑
i

ni log
ni
N

= NS(p), (3)

where p = (p1, p2, · · · ) = (n1/N, n2/N, · · · ) is the probability of cluster size i in the distribu-
tion and S[p] is the Shannon entropy of the discrete probability distribution p,

S = −
∑
i

pi log pi. (4)

In other words, the log of the natural multiplicity is the Shannon entropy of the distribution.
The selection bias W (n) = W (n1, n2, · · · ) is a functional of the distribution that biases

its selection. With W (n) = 1 we have the special case of the unbiased ensemble, namely an
ensemble in which the probability of distribution depends only on its natural multiplicity. The
selection bias is the quantity of the ensemble that embodies the physics of the problem that
governs the evolution of the population. The bias will remain for the moment unspecified and
the only requirement we impose is that its logarithm must be homogeneous in ni with degree 1.
Accordingly, logW satisfies the condition [8]

logW (n) =
∑

ni

(
∂ logW (n)

∂ni

)
nj

≡
∑

ni logwi, (5)
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which follows from Euler’s theorem for homogeneous functions. Here, logwi is the partial
derivative of the log bias with respect to ni. It represents the contributions cluster size i to the
log bias and we refer to it as the cluster bias.

The partition function is the normalization factor of probabilities and satisfies the normaliz-
ing condition,

ΩM,N =
∑
n

n!W (n). (6)

The summation goes over all distributions that can be formed by M monomers assembled into
N clusters. Accordingly, the partition function depends on M and N . It also depends on
the selection bias, but to the extent that the bias is determined by the physics that govern the
population, for a given process Ω is a function of M and N only.

2.1 Most probable distribution

The premise of the ensemble theory is that for large M , N , ensemble reduces to its most
probable distribution (mpd). This distribution is obtained by maximizing the probability P (n),
or equivalently its logarithm, under the constraints in Eq. (1). We perform this constrained
maximization by the method of Lagrange multipliers. The objective function to be maximized
is

F = logn! + logW (n)− α
(∑

ni −N
)
− β

(∑
ini −M

)
. (7)

Using Eq. (3) for logn! and setting the derivative of F with respect to ni equal to zero we find

log
ñi
N

= −(α + 1)− βi+

(
∂W (ñ)

∂ñi

)
(8)

where ñi refers to the most probable distribution. Solving for ñi, the most probable distribution
takes the form [8]

ñi
N

= w̃ie
−βi/q, (9)

where q = exp(α + 1) and log w̃i are the partial derivatives of log W̃ = logW (ñ) evaluated at
the most probable distribution.

2.2 The partition function in the thermodynamic limit

According to the maximum term method, as the ensemble converges to the most probable
distribution, the log of the partition function converges to the log of the maximum term:

log ΩM,N =
∑
n

logn!W (n)→ log ñ!W (ñ) = −
∑

ni log
ni
N

+ log W̃ . (10)

We use Eq. (9) to calculate the right-hand side of the above equation:

log ΩM,N = β
∑

ini + log
∑

ni +
∑

ni log w̃i, (11)

and this, by virtue of Eq. (1) and the homogeneity of the log bias in Eq. (5), is written in the
more compact form [8],

log ΩM,N = βM + (log q)N. (12)
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In the thermodynamic limit ñi/N is an intensive property. It follows from Eq. (9) that β, log q
and w̃i are intensive, and then from Eq. (12) that log ΩM,N is extensive, i.e., it is homogeneous
in M and N with degree 1. By Euler’s theorem log Ω is of the form

log ΩM,N = M

(
∂ log Ω

∂M

)
N

+N

(
∂ log Ω

∂N

)
M

. (13)

Direct comparison of this result with Eq. (12) leads to the identifications

β =

(
∂ log Ω

∂M

)
N

, log q =

(
∂ log Ω

∂N

)
M

. (14)

Equations (9), (12) and (14) summarize the results of the cluster ensemble: the most proba-
ble distribution depends on three intensive variables: β and q, which are given by the partial
derivatives of the partition function, and w̃i, which are the partial derivatives of the selection
bias.

The differential of log Ω with respect to M and N is

d log Ω = βdM + (log q)dN. (15)

The result bears a direct analogy to the thermodynamic differential,

d log Ω = βdE + βPdV − βµdn, (16)

where Ω is the microcanonical partition function, E is energy, V is volume and n is the num-
ber of particles. M and N in the cluster ensemble may be taken to be analogous to E and n
(other analogies can be drawn as well [8]). Accordingly, β in the cluster ensemble is analogous
to inverse temperature and log q to chemical potential. There is one difference: in the ther-
modynamic ensemble the log of the partition function is entropy; in the cluster ensemble the
corresponding relationship is

log ΩM,N = S̃ + log W̃ .

In the special case W = 1 (unbiased ensemble), we obtain log ΩM,N = S̃, as in molecular sys-
tems, and the most probable distribution is the familiar exponential distribution of the canonical
ensemble. In fact, W = 1 represents the mathematical statement of the postulate of equal a
priori probabilities, which forms the basis for the derivation of the canonical distribution in sta-
tistical mechanics. The cluster ensemble is a generalization to systems that are not limited to
unbiased selection. Whereas the most probable distribution of of thermodynamic microstates
is exponential, the most probable distribution in the cluster ensemble can be any distribution.
Conversely, any distribution may be viewed as the most probable distribution of the cluster
ensemble under appropriate selection bias.

3 LINEAR ENSEMBLES

The cluster bias wi, defined in Eq. (5), is a functional of the distribution, i.e., it depends on
all ni. An important special case is the selection bias is of the form,

W (n) = an1
1 a

n2
2 · · · (17)

where ai functions of i. Its logarithm is

logW (n) = a1n1 + a2n2 + · · · , (18)
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from which we obtain the cluster bias,

wi =

(
∂ logW

∂ni

)
nj

= ai. (19)

In this special type the cluster bias wi is an intrinsic function of i, i.e., it is independent of the
distribution. We call this type of selection functional linear because its logarithm is a linear
combination with fixed coefficients. The corresponding ensemble, which we call linear, has
several interesting properties. Combining this selection bias with Eq. (6) we obtain

ΩM,N = N !
∑
ni

an1
1

n1!

an2
2

n2!
· · · , (20)

with the summation going over all clusters of the ensemble. The derivative with respect to ak
gives

∂ΩM,N

∂ak
= N

(
(N − 1)

∑
ni

· · · ank−1
k

(nk − 1)!
· · ·

)
. (21)

Notice that the differentiation amounts to removing a cluster of mass k from the summation,
therefore producing the partition function of the ensemble with mass M − k and number of
particles N − 1:

∂ΩM,N

∂ni
= NΩM−i,N−1. (22)

An equivalent form to write Eq. (21) is

∂ΩM,N

∂ak
=

ΩM,N

ak

(
1

ΩM,N

∑
ni

nk · · ·
ank−1
k

nk!
· · ·

)
=

ΩM,N

ak
〈nk〉 , (23)

whose result on the right is obtained by recognizing the quantity in brackets as the ensemble
average of the number of clusters with k particles. The ensemble average 〈nk〉 then is

〈nk〉 = Nak
ΩM−k,N−1

ΩM,N

. (24)

Therefore, the mean cluster distribution of the linear ensemble can be calculated directly from
the partition function and the cluster bias ak.

4 DISCRETE BINARY AGGREGATION

The theory of the cluster ensemble discussed above is very general and applies to any popu-
lation. We will now demonstrate the theory by applying it to a physical process, binary aggre-
gation. In binary aggregation two clusters with mass i and j, respectively, combine to form a
new cluster with mass i+ j. The process represented by the reaction

(i) + (j)
kij−→ (1 + j)

whose rate is characterized by the aggregation kernel, kij . Given a cluster distribution n, the
probability that cluster masses i and j combine into a cluster is proportional to the aggregation
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kernel and the number of (i, j) pairs. In discrete finite systems the number of pairs is ninj if
i 6= i, and ni(ni − 1)/2 if i = j. Thus the general case can be expressed in the form,

P(i)+(j)→(i+j) = Cn
ni(nj − δi,j)

1 + δi,j
ki,j, (25)

with
Cn =

2

N(N − 1)k̄(n)
, (26)

with the constant Cn is such that the sum of the transition probabilities are normalized. The
factor k̄(n) on the right-hand side of (26) is the mean kernel within distribution n and is calcu-
lated by averaging over all possible aggregation events of the N(N − 1)/2 pairs of clusters in
the distribution:

k̄(n) =
2

N(N − 1)

∞∑
i=1

∞∑
j=1

ni(nj − δi,j)
1 + δi,j

ki,j. (27)

The aggregation event between two cluster masses may be viewed as a reaction that converts a
parent distribution into a new distribution that has the same total mass but one less particle. This
parent-offspring relationship establishes a network of connections that link the distributions of
the (M,N) ensemble to those of the (M,N − 1) ensemble. This network is shown in Fig. 1
for M = 7. At the top of the network we have M = 7, N = 7, corresponding to a population
of monomers that represents generation (fully dispersed state). In the next step, two monomers
combine to form a dimer. In the third step a monomer may add to the dimer to produce a trimer,
or two monomers combine to form a new dimer. From there on the possibilities increase, until
at the end we reach the fully gelled system in which all monomers are part of the same cluster
(M = 7, N = 1). The transition between parents and offsprings can be conveniently tracked
by the generation g, which we define as g = M − N + 1. The completely dispersed state
corresponds to generation g = 1 and the completely gelled state to g = N . The distributions in
generation g contain the complete ensemble of distributions that can be formed byM monomers
into N clusters. For example, with M = 7, N = 2, the possible distributions are monomer +
hexamer (n1 = 1, n6 = 1), dimer + pentamer (n2 = 1, n5 = 1) and trimer+tetramer (n3 = 1,
n4 = 1). All are present in generation g = 6. The aggregation network may them be viewed
as a process that acts on the distributions of the (M,N) ensemble to produce the distributions
of the (M,N − 1) ensemble. The problem now becomes to find the equations that govern this
evolution of the ensemble.

4.1 Parent-offspring relationship

There is a systematic way to construct all parents of n. A cluster of mass i ≥ 2 is formed by
the aggregation of masses i− j and j. Accordingly, if we break a cluster i of distribution n into
fragments i−j and j, the resulting distribution is a parent of n, specifically, the (i−j, j)-parent.
Using unprimed variables for the offspring and primed for the parent, the equations that define
the parent of distribution n are

n′i = ni − 1;
n′i−j = ni−j + 1 + δi−j,j;
n′j = nj + 1 + δi−j,j;

(28)

Clearly, only clusters with i ≥ 2 produce a parent (the monomer cannot be produced by aggre-
gation of smaller particles), The complete set of the parents of n is obtained by letting i, j, span
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M = 7

N = 7 g = 1

g = 2N = 6

g = 3N = 5

g = 4N = 4

g = 5N = 3

g = 6N = 2

g = 7N = 1

Figure 1: The network for discrete aggregation of M = 7 identical particles.

the range
i = 2, · · ·∞; j = 1, · · · i/2. (29)

where i/2 is understood as integer division. For example, the distribution that contains one
monomer, one dimer and one tetramer has three parents: one corresponds to breaking the dimer
into monomers (the result is three monomers and a trimer); the second corresponds to breaking
the tetramer into a monomer and a trimer (the result is two monomers, a dimer and a trimer);
and the third corresponds to breaking the tetramer into two dimers (the result is a monomer and
three dimers).

4.2 The Master Equation

The probability of distribution propagates from parent to offspring via the Master Equation,

P (n) =
∑
n′

P (n′)Pn′→n. (30)

Here, P (n) is the probability of the offspring, P (n′) the probability of the parent, and Pn′→n

is the transition probability from parent to offspring. The transition probability from parent
n′ to offspring n is given by Eq. (31) with the understanding that the right-hand side must be
expressed in terms of the parent. This amounts to replacing n by n′ and N by N + 1. We now
take n′ to be the (i − j, j)-parent, namely, the parent that produces a new cluster of size i via
the aggregation of cluster masses (i− j) and (j). The transition probability then becomes

Pn′→n =
2

N(N + 1)

n′i(n
′
j − δi,j)

1 + δi,j

ki,j
k̄(n′)

. (31)

Finally, we express the probabilities P (n), P (n′) in the canonical form of Eq. (2),

P (n) = n!
W (n)

ΩM,N

; P (n′) = n′!
W (n′)

ΩM,N+1

, (32)
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and substitute these expressions in to the Master Equation. The resulting equation produces
two separate recursions, one for the partition function and another for the selection bias. The
recursion for the partition function is

ΩM,N

ΩM,N+1

=
M −N
M

1

〈kM,N+1〉
, (33)

and is easily solved to produce the closed-form result

ΩM,N =

(
M − 1

N − 1

)( M∏
L=N+1

〈kM,L〉

)
. (34)

The recursion for the selection bias does not have a similar closed-form expression and is given
by

W (n) =
∞∑
i=2

ni(i− 1)

M −N

{
1

i− 1

i−1∑
j=1

ki−j,j 〈kM,N+1〉
k̄(n′)

W (n′)

}
. (35)

The ensemble average kernel that appears in these equation is the average of k̄(n) overall dis-
tributions,

〈kM,N〉 =
∑

n∈(M,N)

P (n) k̄(n) (36)

with the summation running over all distributions of the (M,N) ensemble. 〈kM,N〉 and k̄(n)
are generally different: k̄(n) is the mean kernel within distribution n and 〈k〉 is the average of
these mean kernels over all distributions of the ensemble. Equation (35) is a recursion that gives
the bias of distribution n in terms of the bias W (n′) of its parents. The double summation goes
over all parents of n: the inner summation goes over all possible ways to form a cluster of size
i through the aggregation of sizes (i− j) and (j), and the outer summation goes over all i > 1
(the monomer cannot be formed by aggregation).

Having obtained the partition function, we derive expressions for the parameters β and log q
in the most probable distribution from Eq. (14),

β =
ΩM+1,L

ΩM,L

=
M

M −N + 1

M∏
L=N+1

〈kM+1,N+l〉
〈kM,N+l〉

(37)

log q =
ΩM,N+1

ΩM,N

=
M −N
N

1

〈kM,N+1〉
, (38)

which follow by applying the discrete equivalent of the derivatives ∂Ω/∂M and ∂Ω/∂N . Equa-
tions (34)–(38) are a closed set of equations for β, log q and W , which together allow us to
calculate the most probable distribution. To obtain the final distributions closed form we must
first solve the recursion for W . Certain special cases where this can be done analytically are
discussed below.

5 EXACT SOLUTIONS

In general, the mean kernel in distribution, k̄(n), and the ensemble average kernel, 〈kM,N〉,
are not the same. A special class of kernels is when these two averages are the same:

〈kM,N〉 = k̄(n); for all n in the (M,N) ensemble. (39)
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Figure 2: Distributions for the constant kernel (left column) and the sum kernel (right column) for various values of
N , N , at M/N = 2. The solid line is the discrete solution (Eqs. 45 and 55) and the dashed line is the most probable
distribution in the thermodynamic limit (Eqs. 48, 58). The two distributions converge as M and N increase.

If we insert this condition into Eq. (35) we obtain the following simplified recursion,

W (n) =
∞∑
i=2

ni(i− 1)

M −N

{
1

i− 1

i−1∑
j=1

kijW (n′)

}
, (40)

whose solution is a linear bias with coefficients

ai =
1

i− 1

i∑
j=1

ai−jajki−j,j; a1 = 1. (41)

The only kernels that satisfy Eq. (39) and produce linear ensembles are the constant kernel
(kij = 1), the sum kernel (kij = (i + j)/2) and their linear combinations. Below we derive the
results for the constant and sum kernels.

5.1 Constant kernel

The constant kernel, kij = 1, satisfies the condition in Eq. (39) trivially,

〈kij〉M,N = k̄(n) = kij = 1; for all M,N, i, j,n (42)

and with this result Eq. (41) gives

ai = 1; for all i. (43)
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The corresponding cluster bias is W (n) = 1 for all n, which means that the constant kernel
produces an unbiased ensemble, one in which all distributions are equally probable. Various
properties of the ensemble can now be calculated. First, the partition function, which follows
from Eq. (34):

ΩM,N =

(
M − 1

N − 1

)
. (44)

Next, the mean distribution from Eq. (24):

〈nk〉
N

=

(
M − k − 1

N − 2

)/(M − 1

N − 1

)
. (45)

This result is exact for any finite M and N . For the most probable distribution we return to Eq.
(9). Before we proceed we recall that the derivation treats the most probable distribution as a
continuous function, which implicitly assumes large M and N . For this reason we will derive
the results in the limit M,N → ∞ at fixed M/N = x̄ (thermodynamic limit). Using Eq. (14),
the parameters β and q are

β =
ΩM+1,N

ΩM,N

= log
M

M −N
→ log

x̄

x̄− 1
, (46)

log q =
ΩM,N+1

ΩM,N

= log
M −N
N

→ log(x̄− 1). (47)

The most probable distribution is obtained by substituting these results in Eq. (9),

ñk
N

=
(1− 1/x̄)k

x̄− 1
→ e−k/x̄

x̄
. (48)

The limiting form on the right-hand side is obtained for x̄ � 1. In the unbiased ensemble the
most probable distribution is the distribution that maximizes entropy, and as is well known, of
all distribution with the same mean x̄, the distribution that maximizes entropy is exponential.
This is also the well-known solution of the Smoluchowski equation for the constant kernels,
therefore we have also made contact with the classical literature on population balances.

5.2 Sum kernel

The sum kernel is proportional to the sum of the cluster masses,

kij =
i+ j

2
. (49)

In this case the mean aggregation kernel in any distribution of the (M,N) ensemble is

〈k12〉M,N =
M

N
, (50)

from which it follows that 〈k〉M,N = M/N . The product of kernels that appears in Eq. (34) is

M∏
l=N+1

〈k12〉M,l =
M

M
· M

M − 1
· · · M

N + 1
=
N !

M !
MM−N , (51)
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and the partition function becomes

ΩM,N =
MM−N

M !

(
M − 1

N − 1

)
(52)

The cluster bias requires inversion of the recursion

ai =
i

2(i− 1)

i−1∑
j=1

ai−jaj, a1 = 1. (53)

The same recursion was obtained by Spouge [14] in a combinatorial study of aggregation, and
also in [1] in a treatment of the same problem based on Smoluchowski equation; its solution is
[1]

ai =
ii−1

i!
. (54)

By application of Eq. (24), the mean distribution is

〈nk〉M,N

N
=

(M − k)M−N−k

(M −N − k + 1)!
· (N − 1)(M −N)!

MM−N−1
(55)

The parameters β and log q are

β =
ΩM+1,N

ΩM,N

→ x− 1

x
− log

(
x− 1

x

)
(56)

log q =
ΩM,N+1

ΩM,N

→ log

(
x̄− 1

x̄

)
(57)

and the most probable distribution is

ñk
N

=
kk−1

k!

(
x− 1

x

)k−1

e−k(x−1)/x. (58)

In contrast to Eq. (55), which is valid for any M , N , Eq. (58) is appropriate in the thermody-
namic limit. The classical solution for the number concentration ci as a function of time, t, is
[1]

nk
N

=
kk−1

k!

(
1− e−t

)k−1
e−k(1−e−t). (59)

where t is time. With the substitution et = x̄, this reverts to (58).
Figure 2 shows graphs of the mean and the most probable distribution at fixed /N = 2 for

M = 10, 20, 40. The mean distribution is exact for allM andN . The most probable distribution
approaches the mean asM increases. The convergence between the mean and the most probable
distribution demonstrates the basic premise of the cluster ensemble: in the thermodynamic limit
the ensemble converges into a single distribution. In this limit the mean and the most probable
distributions are identical.
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6 THE GIANT COMPONENT

The convergence of the mean distribution and the most probable distribution is a trait of
single-phase systems. This equality is destroyed when multiple phases are present. Since each
phase converges to its own mean and most probable distribution, the two-phase system does not
consist of a single distribution but is a linear combination of the distributions in each phase. Is
it possible for an irreversible system of aggregating clusters to exhibit phase equilibrium? Yes.
The classical example is the product kernel,

kij = ij, (60)

which is known to result in gelation [1, 10]. The physical manifestation of gelation comes to us
from polymer science and is manifested by the formation of a giant network, a single “cluster”
that contains a finite fraction of the total particles in the system. This network coexists with a
phase of dispersed finite-size clusters (the sol). This process has been long viewed as a phase
transition by qualitative analogy to vapor/liquid systems. We now have the tools to address this
problem in rigorous thermodynamic terms.

The product kernel asymptotically gives

k̄(n) ≈
(
M

N

)2

, (61)

a result that we obtain by replacing the diagonal elements kiini(ni − 1)/2 with k11n
2
i . Except

for distributions that contain a sizeable fraction of mass in very large clusters, this replacement
is inconsequential. This approximation implicitly constraints the above relationship to the sol
phase only, but as we will see, this will not prevent us from applying the theory to the two-phase
system. It only means that the above expression can be used only for the properties of the sol,
whereas the properties of the gel must be calculated from the the total mass balance. Since k̄(n)
is (asymptotically) the same in all distributions of the ensemble, the product kernel satisfies Eq.
(39) and the theory of linear ensembles applies to the sol distribution.

6.1 Sol distribution

The product of kernels in Eq. (34) is easily obtained in closed form

M∏
L=N+1

〈kij〉M,L =

(
M

M

)2

· · ·
(

M

N + 1

)2

=

(
N !

M !
MM−N

)2

, (62)

and leads to the following expression for the partition function [12]

ΩM,N =

(
N !

M !
MM−N

)2(
M − 1

N − 1

)
(63)

The recursion for ai in Eq. (53) becomes

ai =
1

i− 1

i−1∑
j=1

(i− j)jai−jaj

and its solution is

ak = 2
(2i)i−2

i!
. (64)
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Figure 3: The parameter q for the product kernel. Stability requires dq/dx̄ > 0. Accordingly, the sol can exist
only in the region 1 < x̄sol < 2.

For the parameters β and q we find [12]

β =
2(M −N)

M
− log

M −N
M

→ 2(x̄− 1)

x̄
− log

(
x̄− 1

x̄

)
log q = log

N(M −N)

M2
→ log

(
x− 1

x2

)
.

With these results, the most probable distribution of the sol phase is

ñk
N

=
2k−1kk−2x̄

k!

(
x̄− 1

x̄

)k−1

e−2k(x−1)/x̄. (65)

6.2 Sol distribution

Let us return to the fundamental equation of the cluster ensemble, Eq. (12). The most prob-
able distribution maximizes the partition function (dΩ = 0) with respect to all distributions n
with fixed M and N . Accordingly, Ω (as well as log Ω) is concave in M and N , which further
implies that the second derivatives of log Ω in M and N are both negative:(

∂2Ω

∂M2

)
=

(
∂β

∂M

)
N

< 0,

(
∂2Ω

∂N2

)
=

(
∂ log q

∂N

)
M

< 0. (66)

Using x̄ = M/N , the derivative with respect to N is(
∂ log q

∂N

)
M

=

(
∂ log q

∂x̄

)
M

(
− x̄

M

)
< 0, (67)

which requires the derivative (∂ log q/∂x̄) to be positive. In aggregation M is constant, there-
fore, stability requires q to be a monotonically increasing function of x̄. As we see in Fig. 3, q
plotted against x̄ has a maximum at x̄ = x∗ = 2 that divides the domain of x̄ into two regions:
a stable region to the left of x∗ and an unstable region to the right. If M/N < 2, the entire
system exists as a stable single-phase sol with x̄sol = M/N . When M/N > 0, the single sol is
unstable and the system splits into two phases, a sol with xsol < 2 and a gel with x̄gel > 2. To
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construct the tie line, we recall Eq. (33), which governs the evolution of the partition function
during aggregation. This result states that the log q of the sol satisfies

log qsol =
M −N
N

1

〈kM,N+1〉

∣∣∣∣
sol

, (68)

which establishes the condition that defines the tie line. Consider for example state A corre-
sponding to an overall mean cluster size x̄ = 6. This state cannot exist as a single sol but splits
into a stable sol (point S), and a gel cluster, whose size cannot be represented on this graph,
which we recall is based on equations that apply only to the sol phase. The size of the gel
cluster can be calculated if we know the M and N values of the overall system. The two phase
system consists of a single gel cluster [8] with mass mgel and N − 1 sol clusters with average
size x̄sol. By mass balance,

x̄sol(N − 1) +mgel = M. (69)

The gel fraction φgel = mgel/M is

φgel = 1− x̄sol
N − 1

M
. (70)

For large M and N this becomes

φgel = 1− x̄sol

x̄
. (71)

Thus we have the gel fraction in terms of he overall mean cluster size x̄ and the equilibrium sol
size x̄sol, determined graphically from the tie line.

7 CONCLUSIONS

Here is what we have accomplished. We have formulated the cluster ensemble, a new the-
ory for generic populations. The theory builds on Gibbs’s notion of ensemble, with an added
feature, a selection functional that establishes the selection rule among distributions of the en-
semble. With the only requirement of homogeneous behavior, the ensemble is seen to obey
regular thermodynamics. By “thermodynamics” we mean that it possesses the following prop-
erties:

1. It is governed by a partition function whose maximization with respect to the primitive
stochastic variable of the ensemble (distribution n) as well as with respect to its extensive
independent variables (M and N ) determines the equilibrium state.

2. It is equilibrated when its distribution relaxes to the most probable distribution.

3. The partition function satisfies the homogeneous condition

log ΩM,N = M

(
∂ log Ω

∂M

)
N

+N

(
∂ log Ω

∂N

)
M

.

and the stability conditions (
∂2Ω

∂M2

)
,

(
∂2Ω

∂N2

)
< 0.
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This formalism describes any population. More generally, it describes the probability density
function of any stochastic variable. Thus we recognize thermodynamics not as a physical theory,
but as a probabilistic calculus whose applicability extends beyond molecular systems. The
crux of the mathematical problem is the determination of the selection functional. In some
cases this may be given as part of the model [8]. In more typical situations, this selection bias
must be determined from the laws that govern the population. The case of binary aggregation
discussed here is an example of how this would work in the general case. Start with the Master
Equation of the problem, obtain the transition probabilities from the governing laws, express
the probabilities of distribution in canonical form, and work out a recursive solution for the
partition function and the selection bias.

All of this can be done much more easily using the Smoluchowski equation. Why venture
into the complexities of the ensemble? The Smoluchowski equation is fine as long as (a) the only
information we seek is the average distribution (in most cases adequate) and (b) the population
consists of a single phase. When the second requirement is not met, the Smoluchowski equation
breaks down. There are several examples, apart from gelation, where this is the case: Network
connectivity, spread of epidemics, financial mergers and the emergence of monopolies, species
extinction and dominance, economic inequality, are all systems in which a single element of the
population, infinitesimal in terms of number fraction, possesses a finite fraction of the whole.
For these types of problems, the cluster ensemble provides a rigorous tool, one whose success
is well established in physics and chemistry, and whose applicability, we now recognize, is far
more general.
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Abstract. Clotting in cerebral aneurysms can either serve to stabilise an aneurysm, or can ac-

celerate the time to rupture. In the former case, it is thought that a fully occlusive clot is likely 

to reduce complex haemodynamic conditions within the aneurysm sac, thereby reducing the 

chances of rupture. In cases where the clot fills the aneurysm sac partially, further vascular 

wall degradation has been observed, thus accelerating the time to rupture. The aim of this 

study is to determine the relative contributions of mechanical processes and biochemistry in 

the process of cerebral aneurysm clot development. An idealised model of an aneurysm was 

developed and used as the geometry of interest. This made it possible to make comparisons 

without a strong dependence on the peculiarities of a specific patient’s case. The CFD-ACE+ 

Multiphysics Package (ESI Group, Paris, France) was used to calculate flow and account for 

the transport and reaction of biochemical species that contribute to the clotting process. In ad-

dition, user-defined functions were used to write a code that coupled the flow, biochemistry 

and level-set methods, which made it possible to track the surface of the growing clot, and 

distinguish between normal and clotted blood. The model was then used to examine the rela-

tive contributions of mechanics and biochemistry to the initiation and progression of clotting. 

It was found that the process of clot initiation is governed mainly by mechanical process-

es.  Biochemistry plays a greater role in the progression of the clot where thrombin, the key 

player in thrombosis contributes to the formation of fibrin and thus, to the stability of the clot. 
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1 INTRODUCTION 

Thrombosis is a condition that is often observed in cerebral aneurysms [1]. In some in-

stances, the presence of a clot can advance vascular wall degradation and thereby accelerate 

the processes that lead to rupture [2]. In other cases, the presence of a clot in the aneurysm 

can lead to a more stable situation [3]. Owing to the highly patient-specific nature of aneu-

rysms and of coagulation, it has proven rather challenging to fully identify the factors that 

make one clot desirable and another not. What has been observed is that a fully occlusive clot 

in the sac tends to prevent complex flow conditions that are often thought to be a high risk 

factor for rupture [4], [5]. An additional layer of complexity is introduced by the observation 

of both spontaneous and device-induced thrombosis in aneurysms [6]–[8]. In order to under-

stand how best to treat cerebral aneurysms, it is necessary that steps be taken in an effort to 

better understanding clotting in cerebral aneurysms. A key aspect to deciphering clotting is 

exploring the contributions of mechanics and biochemistry to the process.  

Given the elusive timing of clot formation and general difficulty of observing the role of 

the various miniscule components that make up the coagulation system in vivo, the use of 

computational models may be of benefit in an exploratory study aiming to examine the mech-

anisms that contribute to clot formation.  Various computational models have been developed 

in effort to elucidate features of aneurysm thrombosis [9]–[13]. Even though they have been 

developed with different goals in mind, they all make a contribution to the effort of elucidat-

ing aneurysm thrombosis. Some of these models have focused on aortic aneurysm thrombosis 

while others have aimed to understand cerebral aneurysm thrombosis. A distinction is made 

between these pathologies as it is thought that different mechanisms contribute to thrombus 

development in the two contexts. In this paper, we use a previously developed computational 

model to explore clotting patterns that emerge for different mechanical and biochemical in-

puts [13]. The study aims to examine how these different inputs lead to different outcomes, 

and which of those outcomes correlate with clot patterns observed in vivo.  

2 METHODS 

Two main tasks are described in the methodology of this work. The first pertains to the 

creation of a suitable, idealised, cerebral aneurysm geometry for examining the features of 

interest. The second describes the computational model used to simulate the clotting process. 

Both of these are detailed in the paragraphs that follow. A section detailing the variation in the 

models is included at the end of the methods section. 

2.1 Idealised cerebral aneurysm geometry and meshing 

An idealised aneurysm geometry was adapted from one described in a paper by Mulder et 

al [14]. The main motivation for using an idealised geometry in this study was to avoid ob-

taining results which would be unique to a specific aneurysm case only. Given that the work 

was carried out in an attempt to derive general principles and observations, an “idealised” an-

eurysm was deemed most suitable, while bearing in mind that there is a fairly broad range of 

aneurysm shapes and sizes. The geometry was created as a surface in CFD-GEOM (ESI 

Group, Paris, France), the geometry creation tool of the CFD-ACE+ Multiphysics Package 

(ESI Group, Paris, France), and can be seen in Figure 1. The geometry consists of the parent 

vessel with an inlet and an outlet, and a spherical cerebral aneurysm that is attached to the 

vessel. The neck of the aneurysm is located at the intersection between the parent vessel and 

the sphere. This surface was than exported as an STL file to CFD-VisCART (ESI Group, Par-
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is, France), where a non-conforming, Cartesian mesh was created. In addition, boundary re-

gions were defined in this step.   

Figure 1: Idealised aneurysm geometry adapted from Mulder et al [14]. 

2.2 Integrated computational model 

An integrated computational model capable of accounting for flow, transport of coagula-

tion proteins, reactions between these proteins, the surface of the growing clot and the differ-

ent properties of the clot region was used. This model consists of four main subsystems, 

namely flow, porosity and permeability, biochemistry, and level set, which were coupled to 

ensure that the results of the different systems had bearing on each other. The systems are de-

scribed in the paragraphs that follow but greater detail can be found in the original paper [13].  

The flow submodule describes the flow of blood through the parent vessel and the aneu-

rysm, and accounts for the transport of the coagulation proteins. The continuity and momen-

tum equations are given by (1) and (2), respectively. 

(1) 

(2) 

Where, 𝜌 is density, t is time, U is the velocity vector, P is pressure and μ is dynamic vis-

cosity. The transport equation which accounts for the transport of the different coagulation 

proteins is given by (3).  

(3) 
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Where, Cj is the concentration of a specific protein, Γj is the diffusivity of that protein, and 

Sj is the source of that protein. The diffusivity was adjusted in the clot region to account for 

the porosity of that region. 

In the model, the clot region assumed different porosity and permeability values to the rest 

of the fluid region. This made it possible for the growing clot to have an impact on the flow 

region, and vice versa. Using values taken from Diamond and Anand, computational cells 

which fell within the clot region assumed porosity and permeability values of ε = 0.75 and κ = 

1.0×10
-12

m
2
, respectively [15].

The biochemistry submodule accounts for the reactions that take place during the coagula-

tion process, and the subsequent changes in the species’ concentrations as a result. The coagu-

lation process was described using equations derived by Wagenvoord et al [16]. These were 

adapted from a six-reaction system to a four-reaction system, as seen in Table 1. Reactions 

were described using Michaelis-Menten kinetics, or first order kinetics. A stiff equation solver 

developed by Hairer and Wanner was coded into the user-defined subroutines using 

FORTRAN [17].  

Step Reaction Pathway 

Forward 

Reaction 

Pathway 

(nM
-1

s
-1

)

kcat (s
-1

) kM (nM) 

1 X + TF → Xa-Va + TF  5.00E-02 1.00E+02 

2 PT + Xa-Va → TH+ Xa-Va 8.00E-02 1.00E+03 

3 V + TH → Xa-Va + TH 2.50E+01 5.50E+04 

4 TH + AT → INACT 5.00E-06 
Table 1: Reaction constants for the adapted Wagenvoord model [16]. 

The level set submodule enables the tracking of the clot surface [18]. This is important as 

the careful distinction of the clot region from the rest of the fluid region enables the assign-

ment of different properties to the different regions. The level set equation is given by (4).  

(4) 

Where ϕt is the partial derivative of the signed distance function with respect to time, Vn is 

the propagation velocity of the clot surface and ϕ is the signed distance function. In this study, 

Vn varies and details of the variation are given in the next section.  

2.3 Variation in models 

In order to explore the contributions of mechanics and biochemistry to clot development, it 

is necessary that input factors be varied. The first set of variations relates to the initiation of 

clot growth, while the second focuses on clot propagation. In the tables that follow, the prop-

agation velocity column details the equation used for Vn for that case. Initial [TF] gives the 

starting tissue factor concentration applied at the initiating surface. For cases where tissue fac-

tor expression is dependent on a threshold strain rate value, the critical strain rate gives the 

value above or below which tissue factor is expressed on the initiating surface. Finally, the 

initiation surface specifies the surface on which tissue factor is expressed for clot initiation. 

The experiments detailed in Tables 2 and 3 are designed to explore clot initiation. Table 2 il-

lustrates the variation in shear rate threshold for tissue factor expression. Below or above a 
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certain threshold, tissue factor is expressed, enabling clot initiation. Table 3 details the varia-

tions in initial tissue factor concentration required to initiate clotting in the aneurysm sac.   

Case 
Propagation velocity 

(m.s
-1

)
Initial [TF] (M) 

Critical Strain 

Rate (s
-1

)
Initiation surface 

SR100 Vn = a[TH]  1.00E-17 100 SR<100s
-1 

on wall

SR500L Vn = a[TH]  1.00E-17 500 SR<500s
-1

 on wall

SR500G Vn = a[TH]  1.00E-17 500 SR>500s
-1

 on wall

SR800 Vn = a[TH]  1.00E-17 800 SR>800s
-1

 on wall
Table 2: Parameters for different critical strain rate models. 

Case 
Propagation velocity 

(m.s
-1

)
Initial [TF] (M) 

Critical Strain 

Rate (s
-1

)
Initiation surface 

TFconc18 Vn = a[TH]  1.00E-18 N/A Entire wall 

TFconc17 Vn = a[TH]  1.00E-17 N/A Entire wall 

TFconc15  Vn = a[TH]  1.00E-15 N/A Entire wall 

TFconc12  Vn = a[TH]  1.00E-12 N/A Entire wall 
Table 3: Parameters for models with different initial tissue factor concentrations. 

For clot propagation, the propagation velocity, Vn, bears relation to the quantity of interest 

as described in Tables 4 and 5. In Table 4, relationships with mechanical variables are de-

tailed while in Table 5, relationships with biochemical factors are shown.  

Case 
Propagation velocity 

(m.s
-1

)
Initial [TF] (M) 

Critical Strain 

Rate (s
-1

)
Initiation surface 

Mech_Const Vn = a N/A N/A Entire wall 

Mech_SRDir Vn = a×StrainRate N/A N/A Entire wall 

Mech_SRInv Vn = a/StrainRate N/A N/A Entire wall 
Table 4: Parameters for models linking propagation velocity to mechanical variables. 

Case 
Propagation velocity 

(m.s
-1

)
Initial [TF] (M) 

Critical Strain 

Rate (s
-1

)
Initiation surface 

Bio_ThromDir Vn = a[TH] 1.00E-12 N/A Entire wall 

Bio_ThromInv Vn = a/[TH] 1.00E-12 N/A Entire wall 

Bio_ExtTenase Vn = a[XaVa_E] 1.00E-12 N/A Entire wall 

Bio_TotTenase Vn = a[XaVa_T] 1.00E-12 N/A Entire wall 
Table 5: Parameters for models linking propagation velocity to biochemical species concentrations 

3 RESULTS 

A comparison of clotting outcomes for different models is presented in this section. Dis-

tinction is made between results for clot initiation and those for progression. 

3.1 Clot initiation 

Clot growth for different strain rate thresholds is illustrated in Figure 2. For this model, a 

strain rate of 500s
-1

 is the defining value above which no clot development is observed. Below

this value, clot development is uniform, regardless of the threshold value. 
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Figure 2: Clot growth for different initiation strain rate thresholds. Below or above a given threshold on the 

aneurysm wall, tissue factor is expressed. 

The clotting process can be initiated for different tissue factor concentrations as seen in 

Figure 3. An increase in tissue factor concentration results in faster clot growth, however the 

difference in clot growth becomes less significant as concentration increases.  

Figure 3: Clot growth for different starting concentrations of tissue factor. 

142



Malebogo N. Ngoepe and Yiannis Ventikos 

3.2 Clot progression 

Clot propagation velocity can be linked to mechanical variables as illustrated in Figure 4. 

Linking direct strain rate results in very rapid occlusion of the aneurysm sac, but also results 

in clot growth in the aneurysm sac. An inverse relationship between propagation velocity and 

strain rate results in an asymmetrical clot in the aneurysm sac.  

Figure 4: Clot growth when propagation velocity is linked to different mechanical variables. 

When clot propagation velocity is linked to the concentrations of different biochemical 

species, the result produced, regardless of the species, is fairly uniform. This is illustrated in 

Figure 5. A time lag can be seen when comparing the results of thrombin and tenase because 

thrombin can only form once tenase is formed. 

Figure 5: Clot growth when propagation velocity is linked to the concentrations of different biochemical 

species. 

4 DISCUSSION 

Clot initiation can be regulated either by controlling the initial tissue factor concentration 

or by regulating the strain rate at which tissue factor is expressed. From the results presented 
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in the previous section, it seems that the strain rate threshold has a much greater impact on 

whether or not a region is able to support clot growth. For strain rates greater than 500s
-1

, no

clotting is observed. Savage et al found that clot deposition governed by fibrin typically oc-

curred at lower shear rates [19]. In this study, the clotting process is governed by the bio-

chemical cascade which eventually results in the formation of fibrin. The results observed 

therefore support the assertion made by Savage et al. The initial tissue factor concentration 

seems to have a greater impact on the rate at which the clot subsequently develops, but does 

not seem to influence whether or not a clot forms. Other studies have also observed that clot 

initiation in aneurysms seems to correlate with regions of low strain rate [11], [12].  

Once clot growth has been initiated, propagation of the clot seems to be governed more by 

biochemical variables. The results presented show a large variation in clotting outcome for 

different mechanical variables. The type of clot growth into the parent vessel as illustrated by 

the direct strain rate model is something that is rarely observed in vivo. On the contrary, the 

biochemical models illustrate typical clotting patterns [1]. The formation and consumption of 

specific biochemical species in specific places has a significant impact on the stability of the 

clot [20]. From their studies, Panteleev et al found that extrinsic tenase played a key role in 

earlier clot propagation, while intrinsic tenase was more instrumental in advanced clot propa-

gation [21]. Thrombin is known to play a key role in thrombus development as it has the abil-

ity to activate platelets and amplify its own production [22], [23].  

5 CONCLUSION 

Mechanical and biochemical factors contribute to clot initiation and propagation in cere-

bral aneurysms. From this exploratory qualitative study, it seems that clot initiation is more 

closely linked to mechanical factors, while propagation is more dependent on biochemical 

influences. More work would need to be conducted to verify these observations and to exam-

ine the combined effect of mechanical and biochemical factors in both clot initiation and 

propagation. 
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Abstract. The CFD simulation of the emergent flow field inside vessel malformations is a
generally employed technique during research processes. The results of an accurate numeric
calculation might be used for risk assessment or for predictive purposes, such as the analysis
of the possible pathogenesis. Even though several generally accepted numerical methods exist
which are applied frequently during research, the current mainstream methods carry specific
properties that significantly limit their application in everyday medical practice. We propose a
well-selected set of methodologies to provide a complete solution that is able overcome several
of these shortcomings by making the preparation of the numerical mesh more automated while
reducing the average computational time to a clinically relevant time-scale on a single desktop
workstation. A study involving 10 patients with intracranial aneurysm was carried out using
the presented fast simulation method. The sole human interaction required for the process,
that is, the selection of the boundary conditions might add a few minutes at most to the total
investigation time required for one patient. The possibility of modelling the effects of a virtually
implemented stent without losing the performance benefits is also discussed.
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1 INTRODUCTION

Intracranial aneurysms are focal dilatations of branches of the Circle of Willis, most fre-
quently appearing around bifurcation points. The pathogenesis, growth, and rupture of this
malformation is still not fully understood. The analysis of the flow parameters (e.g., wall shear
stress, pressure, oscillatory shear index) may play a critical role in understanding these pro-
cesses. The application of computational fluid dynamics (CFD) in vascular research is often
considered to be the best method to non-invasively extract information about the flow field.
Amongst others, the research of cerebral aneurysms relies heavily on such techniques [1, 2, 3].
A further improvement would be to incorporate these methods not only in research activities
but also during clinical practice. However, there are two major difficulties preventing an effec-
tive solution. The first one is the setup of the patient-specific numerical model, including the
proper description of the lumen surface geometry, the creation of the numerical mesh, and fi-
nally the selection and initialisation of the appropriate boundary conditions. Although the steps
to perform such operations accurately are well-established [4, 5], they certainly demand the
interaction of a specialist at several points. The second problem that follows is the significant
amount of required computational time to carry out an appropriately detailed transient simula-
tion. A possible solution to the latter one is the application of super-computers, however, that
can in return further augment the first problem. While these are quite feasible in research pro-
cesses, they usually do not fit the requirements of an everyday clinical protocol. In the current
work a feasible solution is presented based on the combination of a carefully selected set of
existing technologies.

2 METHODS

In this study the triangulated lumen surface geometry is considered as first input. Most of the
recent clinical workstations are capable of exporting vessel sections in this format. Note that
this segmentation step usually requires human interaction and presents the scientifically most
questionable part of the pipeline since the quality of the resulting surface depends strongly on
subjective decisions. The automation of this step is the subject of several current researches.
The vessel geometries for our study were obtained from DSA-Angiography records.

2.1 The CFD method

Since both performance and automation are high priorities, the lattice Boltzmann method
was chosen as a CFD numerical scheme, which is a highly parallel numerical scheme known
to be able to simulate aneurysmal flows accurately [6]. Its regular numerical grid allows for an
automatic setup of the simulation domain without the need for a specialist to verify the quality
of the generated numerical mesh. The LBM method also carries a few properties that makes
it very appealing in today’s computational environments: it is inherently parallel due to being
explicit in time and local in space. It was shown to be capable of simulating large-scale cardio-
vascular systems [7] while exhibiting linear scaling behaviour over several GPUs [8]. To take
full advantage of the parallelism, the applied solver was based on an open source LBM code
[9] implemented for graphics processing units (GPUs) which excel at high performance parallel
code execution. This solver relies heavily on meta-programming through the usage of a templat-
ing language to generate the GPU specific code part at run-time. This approach helps to keep
the implementation of the physical description of the dynamics closer to the mathematical def-
inition and hide some of the complications of the actual hardware specific implementation. An
indirect addressing for lattice cells was used, which increased the computational time mainly
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due to the overhead added by pointer dereferencing, however, it was necessary to reduce the
memory requirements of storing the LBM distribution functions. The MRT relaxation model
[10] was chosen to represent the collision dynamics which is known to be able to produce accu-
rate results in the case of highly curved geometries [6]. The performance and the scaling of the
code was first tested using a single computational node equipped with four Tesla C2070 cards,
using double floating point precision, two Intel Xeon 5650 CPUs and 48GB or RAM. Figure
1 shows the performance results in 106 lattice updates per second (MLUPS). The visible drop
of performance using three cards is the result of the simple domain decomposition algorithm
which caused some imbalance in the computational distribution.

Figure 1: The strong scaling of the GPU implementation over four Tesla cards in a single computing node.

2.2 Model preparation

The surface description is turned into a regular grid by means of voxelisation. In this work
the algorithms of the open source CVMLCPP library 1 have been used for this purpose. During
the process one can prescribe the required resolution of the numerical grid. A higher resolu-
tion naturally leads to higher accuracy although care should be taken not to choose orders of
magnitude smaller spatial steps than the original resolution of the angiographic record. In our
cases the spatial steps were between 3 - 6 × 10−5m. The solid wall and fluid cell array can
be efficiently generated from the voxelised geometry using circular shifts and basic Boolean
algebra.

The Newtonian rheology model was used since it was shown [11] that in most cases it does
not lead to significant differences compared to the non-Newtonian rheology described by the
Casson model. However, the utilisation of non-Newtonian rheology introduces only a small
computational overhead, and as such, the findings of this works remain valid in this case as
well.

2.3 Boundary conditions

A rigid wall model was imposed during the simulations. From one hand, the main motivation
of this decision was the nature of the available medical records as they represent a time-averaged
information on the vessel lumen. On the other hand, a simulation with flexible walls would
significantly increase the computational costs. Currently, this options seems to be out of bounds

1http://tech.unige.ch/cvmlcpp/ - version 2012-04-22
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for a single-workstation computational environment when a clinically relevant time-scale is
necessary (that is, the time-scale of minutes rather than hours). For representing the walls in
the CFD solver, the half-way bounce back algorithm was used but it is possible to change it to
Guo’s off-lattice boundaries [12] for higher accuracy.

The prescribed shape of the velocity profile on the inlet can also have significant influence on
the resulting flow field. In the current work the same artificial volumetric inflow function was
used as in [6]. The Reynolds number was set to the value of 450 at the inlet in all the cases. To
recover the correct inlet shape in vessel geometries it is common to create an elongated artificial
lead-in vessel section in which the accurate velocity profile can develop. This, however, leads
to increased computational costs. To circumvent this, the inlet velocity vector profiles can be
calculated as follows: the direction of the inlet velocity vector is chosen so that it is parallel
with the beginning section of the centreline of the vessel; the length of the vector is calculated
using the sum of the Womersley components. The inlet function is usually given as a periodic
volume flow function representing the flow generated by the cardiac system, therefore it can be
expanded using the Fourier series:

Q(t) =
N∑
n=0

qne
inωt. (1)

Combining these, the Womersley velocity profile of every Fourier mode can be calculated and
their linear sum produces the answer of the fluid system for the inlet excitation [13]:

u(r, t) =
2q0
πR2

[
1− (

r

R
)2
]
+

N∑
n=1

qn
πR2

 1− J0(βn
r
R
)

J0(βn)

1− 2J1(βn)
βnJ0(βn)

 einωt, (2)

where

βn = i
3
2αn = i

3
2R

√
nω

ν
. (3)

In this expression u is the length of the axial velocity vector at a given r radius,R is the radius
of the pipe, J0 and J1 denotes the zeroth and first order Bessel functions, ν is the kinematic
viscosity, ω is the angular frequency, α is the Womersley number, and finally n denotes the
ordinal number of the harmonic component from the Fourier expansion.

On the outlets constant pressure is imposed on a surface perpendicular to the outlet centerline
section. This might be improved by imposing a resistance model [14] based on the idea that the
capillary level can be regarded as a common equipressure point and the vessel network leading
to it can be represented as hydrodynamic resistance.

To model the effect of an implanted stent is generally a computationally intensive task. A
numerically effective solution is to represent it from a macroscopic viewpoint as a porous layer
representing some resistance on the flow [15]. The Darcy equation describes such porous ma-
terials. Since the intra-aneurysmal flow can be regarded as a high velocity flow, the equation
should be extended with the Forcheimer term [16] to account for the nonlinear behaviour:

5p = −µ
κ
~v − ρ

κ1
|~v|~v, (4)

where κ denotes the permeability, κ1 is the inertial permeability and µ is the dynamic vis-
cosity. Naturally, to acquire a proper value for κ and κ1 for a real implanted stent is not an easy
task. The final resistance is dependent on many factors, such as the structure of the stent, the
implantation technique, and the local curvature. The authors have an ongoing research in this
direction.
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3 RESULTS

The workflow being investigated consists of several steps. Firstly, an automatic voxelisa-
tion of the input lumen surface geometry is carried out. The run-time of this step represents
a few seconds time at most, thus it can be regarded as negligible. The following stage is to
select the appropriate inlet and outlet boundary conditions. This can be done in any 3D editor
supporting voxel geometries (such as 3DSlicer2) by labelling the openings. This is the only
step requiring human interaction and based on the number of openings might take up to a few
minutes. Finally, the CFD simulation of the model takes place. Generally, this is the most
time-consuming part, therefore, the run-times of several cases were evaluated. Depending on
the use-case, either a stationary velocity snapshot or the full transient cardiac cycle might be re-
quired. Both cases were tested for the expected run-times. Since the LBM method is inherently
transient, the stationary simulations were actual transient computations executed until the flow
inside the whole domain reached its equilibrium. Every computation starts with a ”warm-up”
phase during which the fluid is slowly accelerated from the initial zero velocity to the station-
ary velocity that corresponds to the beginning of the inlet volume flow function. This ensures a
good initial approximation of the velocity profiles within the domain without having initial tran-
sients. In our case, the run-times for both stationary and transient situations were evaluated on
a high-end portable notebook (Intel i7-4980HQ, 16GB RAM, nVidia Geforce 980M) and on a
desktop workstation (Intel i7-3770K, 32GB RAM, nVidia Geforce Titan Black) for ten intracra-
nial aneurysmal geometries corresponding to different patients. Two different numerical grid
resolutions were generated for every geometry. For the lower resolution one the target number
of numerical mesh elements were 1 million while for the high resolution it was 9 million (this
is the number of useful cells, on average accounting for around 20% of the total number of cells
residing in the encompassing prismatic domain). To access the GPUs the CUDA 7.5 API was
used. Table 1 shows the average execution times required by the CFD computations.

Notebook [mm:ss]
Workstation [mm:ss]

Single Double
low resolution (1M) 1:17 (σ = 0.27) 1:01 (σ = 0.25) 4:58 (σ = 0.31)
high resolution (9M) 10:05 (σ = 0.61) 8:13 (σ = 0.63) 23:05 (σ = 0.75)

Table 1: Run-time averages of the transient computations of one full cardiac cycle for the ten different geometries
with the sample standard deviations in minutes. The hardware of the notebook allowed for single precision only
while the computations on the workstation were run using both single (32 bit) and double (64 bit) floating point
representation precisions.

The stationary computations typically required about 60 % of the transient run-times, since
the ”warm-up” phase is necessary here as well. Finally, the user interface of the solver is im-
plemented in Python language3. For visualisation purposes, it embeds an instance of a scripted
MayaVi [17] application. During the computation of a transient simulation, the already calcu-
lated time steps are moved to the host memory from the GPU. This makes them immediately
available for vector or streamline presentation, thus, it is not necessary to wait for the full com-
putation to begin evaluating the flow field properties. Figure 2 shows a snapshot of the working
application.

2https://www.slicer.org/
3https://www.python.org/
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Figure 2: The software in work on a notebook with the already computed time segments available for evaluation.

4 CONCLUSIONS

The resulting run-time values of around 10 minutes for the high-resolution models using
single precision are well within the clinically relevant time-scale. We should point out here that
even though the presented set of techniques are evaluated in the case of aneurysmal blood flows,
they do not build on any information specific to these cases, henceforth, they are applicable to
a wider range of fluid flows (e.g., carotid and coronary arterial flows and other vascular flows
where the same modelling approximations are valid). Thus, it can be concluded that with the
adequate set of methods the fluid dynamics computation of a real aneurysm can be carried
out as part of a regular clinical examination workflow even on a portable notebook. The only
phase depending on human interaction is confined to the selection of the appropriate boundary
conditions for the given case. This step, however, can be carried out using general clinical 3D
image processing tools and does not build on the knowledge of any specialised software.
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Abstract. The mitral valve can be subject to several pathologies resulting in blood regurgitation
from the ventricle to the atrium. The proximal isovelocity surface area (PISA) method is widely
used to assess the severity of the regurgitation. However, it relies on several assumptions on
both fluid motion and morphology. We designed numerical simulations to assess the influence
of breaking those assumptions on the PISA model. A simplified heart geometry was created and
three different defects were introduced in the mitral valve. Four heart cycles were simulated
using a fluid/structure interaction method. The simulated results were then compared with the
estimation provided by the PISA method. In the simulation presented, the mitral defect shapes
strongly affects the shape of the isovelocity surface and this results in important estimation error
of clinically relevant quantities. Moreover, it was found that the aortic outflow influenced the
regurgitation. These observations would justify the use of patient-specific models for clinical
evaluations.
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1 Introduction and previous work

The mitral complex is located between the left atrium and the left ventricle. It is composed of
the mitral annulus, the mitral leaflets, the chordae tendinae and the papillary muscles [13]. The
physiological functionning of the mitral valve is a result of complex biomechanical interactions.
Its role is to prevent blood from going back in the atrium during the ventricular systole. Due to
various pathologies such as annulus calcification, damaged chordae or ventricle hypertrophy,for
example, the mitral valve can behave unproperly thus allowing blood to leak back into the
atrium at high velocities (up to several meters per seconds [4]). This behavior is called mitral
valve regurgitation (MR). When the blood leak is too important, physicians have to choose
an appropriate course of action for the patient treatment. Alternatives include for example the
replacement of the valve, the placement of a mitral clip, or the repair of the chordae.

To assess the severity of the mitral regurgitation, quantitative measurements have been de-
signed, namely the Effective Regurgitant Orifice Area (EROA , the area that is subject to regur-
gitation on the mitral valve), the Vena Contracta Width/Area (VCW/VCA, ie the width/area of
the narrowest portion of the regurgitant jet of blood in the atrium) or the Regurgitant Fraction
(RF, ie the percentage of blood that went to the ventricle and that was regurgitated). Guidelines
have been given to physicians to assess the severity of the regurgitation depending on those
measurements. For example, a regurgitation with an EROA of more than 0.40 cm2 is associated
with a severe MR [3] and it is recommended to perform a surgical intervention in this case [8].

Depending on the image modality, several techniques can be used to assess MR. One of
the most commonly used technique is based on color-Doppler echocardiographic images and
is called the proximal isovelocity surface area (PISA) method [15]. In particular, it allows the
estimation of the EROA and RF based on several hydrodynamic principles and morphological
simplifications. Assuming that the mitral valve defect is small, circular and lies on an infinite
planar surface, the velocity field of an inviscid fluid forms hemispheric isovelocity concentric
shells of increasing value and decreasing area when converging to the hole. The PISA method
requires the physician to 1) locate the center of the holes in the mitral valve, 2) select a velocity
|ua| and 3) find the distance between the center of the hole and the isovelocity surfaces of
the selected velocity. Using those parameters, the physician can then calculate the isovelocity
surface area (2πr2) and the instantaneous regurgitant flow (2πr2|ua|). The purpose of this work
is to evaluate the validity of the PISA model when the assumptions are violated by assuming
more realistic scenarios such as a non circular hole or the presence of a neighboring aortic flow.

1.1 Previous work : CFD analysis of the MR

In 1992, [12] used a simple 2D CFD model to assess the validity of the PISA model when the
regurgitant hole in the mitral valve is not infinitesimally small, breaking one of the assumptions
of the PISA model. They observed that the expected hemispheric isovelocities were flattened in
the vicinity of the hole and proposed a correction factor to take that deformation into account.

Yap et al. [17] presented a novel method to quantify mitral regurgitation. Using 3D echog-
raphy, they proposed an automatic algorithm claimed to reduce the variability of the measures.
The authors used a similar simple 2D CFD model to validate the flow velocity scheme assumed
by the PISA model. They modeled a regurgitation with a finite sized hole and several valve
leaflets configurations. They concluded that the flow velocity scheme of the PISA model was
generally valid for the tested configurations although there is a strong error in the orientation of
the flow in the vicinity of the hole.

3D CFD of simplified mitral valve geometries was performed by [14] to assess the possibility
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of using CFD to help characterize mitral regurgitation and improve treatments. In vitro exper-
iments were performed and a CFD model with equivalent geometry and boundary conditions
was used to validate the CFD model. It was shown that realistic three dimensional data could
be obtained. They also stressed that the use of CFD allows the investigation of data that are not
obtainable using traditional echography.

A similar study was performed by Quaini et al. [11]. On top of validating a 3D CFD model
with in vitro experiments, the PISA model was compared with the simulated data. It was shown
that the reliability of the PISA measure is highly dependent of the shape of the holes. They
also proposed the use of CFD to evaluate the limitations of the ultrasound (US) acquisition on
the quantitative measures of mitral regurgitation. The same authors went further by introducing
a 3D Fluide-Structure interaction (FSI) model where the mitral valves were considered as an
elastic solid [10]. The model was validated using in vitro experiments. The goal of this last
paper was solely focused on the validation of the model.

To summarize the current state of the art, it has been shown that reliable results can be
obtained to perform flow analysis in the context of the mitral valve regurgitation using all kind
of model complexity. Although PISA method is well known and has been used for decades, it is
known that it leads to rough estimations. CFD simulations have helped quantify the drawbacks
of the PISA method and provided useful data to build better estimation techniques for realistic
holes and mitral valve configuration.

2 Materials and methods

A FSI simulation has been developed to simulate blood flow behavior in patients affected
with MR. The heart model used consisted of three cylinders. The ventricle and the atrium
were represented by two cylinders sharing the same diameter and were connected along their
longitudinal direction. The connection (circular) between them represents the mitral valve. The
third cylinder modeled the aorta and was intersecting the ventricle with an angle of 50◦, which
was similar to clinical measurements [7]. An internal circle in the aorta was placed to mimic the
aortic valve. Figure 1 shows the simplified heart model that was used in this study. Diameters
and length of each cylinder are presented in the table 1.

Figure 1: Heart model. The atrium, ventricle and aorta are represented by the blue, red and green cylinder respec-
tively.

To model the impact of the hole shapes on the PISA estimation error, three different mitral
valve were modeled (see figure 2). Sim #1 contains a round hole in the middle of the valve, Sim
#2 contains an ellipsoid hole. Sim #3 contains a valve defect that was taken from segmented
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ultrasound data of a human mitral valve. It contains two holes, which total area was coherent
with reported values (≈ 0.3 cm2). The holes of Sim #1 and Sim #2 holes have been designed
so their total area was equal to the defect area of Sim #3 to facilitate the comparison among
simulations.

Figure 2: Hole configuration used in the presented work. The rightmost configuration is a mitral defect segmented
from ultrasound images.

The heart geometry was then meshed with 3D tetrahedra using Salome (Version 7.7.1 :
www.salome-platform.org ) with specific refinements in the vicinity of the mitral valve defect.
The fluid simulation was performed using the open-source software Openfoam (Version 2.4 :
http://www.openfoam.com).

The kinematic viscosity ν was set to 3.5 × 10−6m2 s−1 [5]. It has been decided to use a
Newtonian fluid model since blood can be modeled realistically with constant viscosity if the
vessel diameter is greater than 0.5mm [2].

Physiological pressures were imposed as dirichlet boundary conditions for both the atrium
and aortic outlet (11.5 mmHg and 100 mmHg respectively [9, 16]). The contraction and the
relaxation of the ventricle was simulated by deforming the mesh and this solid boundary dis-
placement was coupled with the CFD solver. To keep the deformation simple, the farmost wall
was compressing the ventricle like a piston. The wall velocity was designed so that the ventric-
ular volume evolution was coherent with physiological behaviors. As the amount of contraction
was constrained by the aorta positioning, the fraction of blood ejected during systole was below
physiological values (40% of the initial ventricular volume).

The aortic and mitral valves were opened and closed concurrently using user-defined con-
dition. The aortic valves opens when the contraction of the ventricle starts and it closes when
fluid is coming back into the ventricle. The mitral valve acted in the reverse way.

Simulations were initialized with zero velocity and pressure fields. To alleviate this erro-
neous initialization, four heart cycles were computed and only the results of the last cycle were
considered for further analysis. The isovolumetric contraction and relaxation were not simu-
lated. To ensure the independency of the results with respect to the mesh, four different meshes

Denomination Reported value
Ventricle cylinder radius 3 cm
Aortic cylinder radius 1.2 cm
Atrium cylinder length 8 cm
End-diastolic ventricle length 8 cm
US-segmented defect area 0.3 cm2

Table 1: Table of the geometrical dimensions of the model
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of increased refinement (120k, 200k, 320k and 1300k elements) were investigated and the isove-
locity surface area of each mesh was compared to the one of the most refined mesh. The third
mesh was used to compute the results for all the cases presented in the next section as it showed
convergence of the quantities of interest and was a good compromise as it was computationally
accessible.

2.1 Assumption evaluation

For each simulations, two area measurements were made. First, the PISA estimation of the
isovelocity surface area was obtained. A velocity magnitude |ua| = 0.25 m.s−1 was chosen to
locate the isovelocity surfaces in all the PISA measurements, which was alined with clinical
recommendations [3]. The second measurement was the isovelocity surface area that was pro-
vided by the CFD simulations for the same velocity magnitude. The chosen velocity |ua| allows
the simulated isovelocity surface to be in the region where the mesh was refined, thus allowing
a more accurate estimation of this surface area.

3 Results

3.1 Simulation assessment and observations

The CFD simulations were able to reproduce physiological haemodynamics in the location
of interests. During systole, blood convergence to the valve defects and blood jets in the atrium
were observed. Key caracteristics of the mitral jet, such as the vena contracta, the region where
the jet is the narrowest, were observed. As expected, the vena contracta occured just behind the
mitral hole due to the fact that the fluid cannot abruptly change direction. The blood velocity
at the mitral defect for the three simulations was approximately 3 m.s−1 which is comparable
to reported clinical measurements [4]. In the case of the round mitral hole, the blood velocity
is increasing as it approaches the hole and form hemispheric isovelocity surfaces, resulting in a
good correlation between the CFD results and the hemispherical isovelocity surface assumption
of the PISA methods. Nevertheless, several discrepancies between the PISA technique and the
CFD results were found in the other defect configurations (Sim #2 and Sim #3).

3.2 Comparison of the simulation results with the pisa measurements

Figure 3: Isovelocity surfaces for the three hole configuration as a top view. Red surfaces represent the holes. The
isovelocity area were hemispheric for Sim #1 but not for the two other cases.

Figure 3 depicts proximal isovelocity surfaces for the different hole configurations. Sim #1
exhibits successive hemispheric isovelocity surfaces. The PISA measurements was straight-
forward as the center of the round hole was not difficult to locate and the radius to perform
the PISA measurement was easily picked. A good agreement between the simulations and the
assumptions of the PISA method was found (less than 3% difference). For the sim #2, the
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isovelocities were no longer hemispherical. As the distance between the center of the ellipsoid
and the isovelocity surface are no longer constant, it is not possible to provide a single PISA
estimation of the surface. It has been decided to bound the PISA measurement between its max-
imum and minimum possible values by taking the extremum distances between the center of
the ellipsoid and the isovelocity surface. Finally, sim #3 involves two distinct holes in the mitral
valve. In this case, the isovelocity surfaces separates in two distinct surfaces when approaching
the holes. However, at the chosen isovelocity, a unique isovelocity surface is found for the two
holes. As in the ellipse case, this isolvelocity surface is not hemispherical. Moreover, the choice
of the center of the defect is harder because there are two holes. To perform the PISA estima-
tion, a point centered between the two hole was taken. Table 2 reports the variation between the
estimated PISA and the actual surface area.

Simulation Surface area (cm2) Percentage difference
Simulated Pisa method

#1 2.65 2.58 -3%
#2 2.61 2.18 -16%

3.45 32%
#3 2.99 2.24 -25%

4.47 49%

Table 2: Surface area and variation for a velocity |ua| = 0.25 cm.s−1. The two reported PISA estimations for
the sim #2 and #3 are values obtained by selecting the smallest and largest distance to the iso-surface. Percentage
difference was calculated as 100× (1− SPisa

SSim
)

3.3 Aortic outflow influence

During the systole of an healthy heart, the blood is directed to the aorta. However, for a
patient with mitral regurgitation, part of this blood is regurgitating back in the atrium through
the mitral valve. It has been decided to used the simple round hole case to investigate the in-
fluence of the aortic outflow on the haemodynamics near the mitral valve. In particular, the
PISA methods assumes that the blood is directed to the center of the hole. To verify this as-
sumptions, the angle deviation between this assumption and the simulation has been computed
on the simulated isovelocity surface at |ua|. As seen on figure 4, the distribution of this angle
deviation is not uniform on the surface. At |ua|, a deviation of approximately 10◦ is exhibited
while the distal part is closer to the PISA assumption. In the PISA method, this assumption is
important because it is used to compute the flow through the isovelocity surface. If the velocity
is not perpendicular to the surface, the relationship used to compute the flow through the sur-
face doesn’t hold anymore. In the specific case of a deviation θ = 10◦, the error is less than 2%
(the corrected flow was calculated as 2πr2|ua| cos(θ)). Nevertheless, this effect should not put
aside. If the defect was closer to the aorta, or if the isovelocity chosen was higher, this angle
deviation could rise and thus impacting the PISA estimation even more.

4 Discussions and future work

In the presented cases, a significative difference between the isovelocity surface area of the
holes and their respective PISA estimation were found. More precisely, it has been shown that
the isovelocity surface area could be under or overestimated using the PISA method depending
on the valve defects. Specifically, using an US segmented defect from a real mitral regurgita-

160



A. This, H. G. Morales and O. Bonnefous

Figure 4: Angle deviation between the flow velocity and the PISA assumption (convergence toward the center of
the hole). A deviation of the flow on the side of the aortic output can be observed.

tion, the estimation could have been under/overestimated by 25% to 50% respectively using the
traditional PISA method. The variation of estimations of the isovelocity surface area is a result
of the difficulty to choose the two parameters of the PISA estimation method. The patient-
specific defect, for example, does not have a clear ”center” definition. Moreover, choosing a
distance between the so-called center and the isovelocity surface is not straightforward when
the isovelocity surface is not hemispheric. These results corroborate previous observations [11].

In this work, it has been chosen to include a case where the mitral defect was extracted
from clinical echocardiographic images. Using a more complex patient-specific model could be
beneficial in the future as it could allow a more in-depth exploration of the mitral regurgitation
pathology. This is important as a better understanding of the pathology and of haemodynamics
can allow us to propose tools that provide more reliable quantitative assessment of the MR
severity.

We found that the aortic outflow had an influence on the PISA estimation. Additional in-
vestigation needs to be conducted to understand its real influence. For example, it could be
possible that the influence of aortic outflow varies depending on the aliasing velocity chosen as
it means that the blood is closer or farther to the aortic root. This has not, to our knowledge,
been highlighted in previous studies. As this haemodynamic behavior influence the evaluation
of the mitral regurgitation, it is of interest to continue research further in this direction.

5 Conclusion

A one-way FSI model has been used to simulate three different mitral valve defects. It was
exposed that differences in mitral holes geometries can have a great impact on the estimation
of clinically relevant quantities (e.g. isovelocity surfaces) using traditional estimation methods.
In particular, the hypothesis of hemispheric isovelocity surfaces close to the holes, which is the
basis for the PISA methods, was shown to not hold in every cases. Moreover, thanks to the
inclusion of an aortic output in the simulation, it was found that the aortic flow can also influ-
ence the estimations. The presented work is an example of the use of numerical techniques to
improve the current clinical evaluation tools by improving our understanding of the haemody-
namics and of the pathology.
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Abstract. The finite element method is an attractive method for solving the equations de-
scribing heart electrophysiology and mechanics. The finite element method with unstructured
tetrahedral meshes is particularly suitable for representing complex geometrical shapes. On
the other hand, hexahedral elements are generally thought to behave better for solid mechan-
ics problems, and in particular for nearly incompressible, large-deformation hyperelasticity,
which is normally encountered in the heart models. In this paper we compare the performance
of tetrahedral and hexahedral elements for coupled electro-mechanics simulations, by running
two different test cases chosen to represent different features of the coupled problem. A cuboid
geometry was used to investigate the convergence of different elements for electrophysiology,
while a truncated ellipsoid was used to assess the performance for active and passive mechan-
ics. Both tests were run with linear and quadratic tetrahedral elements and with trilinear and
triquadratic hexahedra. The results indicate that all four elements show very similar perfor-
mance for the electrophysiology part of the problem, but linear tetrahedra stand out as the
best choice. The differences are more substantial for the mechanics problem, where the linear
tetrahedra showed severe mesh locking problems, and the trilinear hexahedra also performed
poorly. The two quadratic elements behaved very similarly, with triquadratic hexahedra only
slightly better. We may conclude based on these studies that quadratic tetrahedra are a suitable
choice of element for coupled electro-mechanics simulations, which is convenient for image
based modeling because of the large availability of automated meshing software.
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1 Introduction

Mathematical models of cardiac electro-mechanics are complex multiscale and multiphysics
models consisting of coupled systems of ordinary and partial differential equations (ODEs and
PDEs). The model components are typically systems of ODEs describing cellular dynamics and
excitation-contraction coupling, a reaction-diffusion PDE describing tissue level electrophysiol-
ogy, and a non-linear hyperelastic model describing the deformation of the tissue. The complete
system is challenging to solve numerically, partly due to the overall complexity of the coupled
system, and partly due to the properties of the model components. Specifically, the cell models
ODEs are characterized by being stiff and strongly nonlinear, and more recent models consist
of 50-100 equations. The reaction-diffusion equations based on bidomain or monodomain ap-
proximations require high resolution in space and time, because of rapid dynamics and steep
gradients in the solution. Finally, the elasticity problem describing the mechanical deformations
is characterized by strong nonlinearities, large deformations, strong anisotropy, and nearly in-
compressible material behavior. See, for instance, [1, 2, 3] for examples of solution approaches
for the coupled system.

A variety of techniques have been used for cardiac electrophysiology, including the finite
element (FE), finite difference (FD) and finite volume (FV) methods. For representing realis-
tic heart geometries, FE and FV methods have an advantage over FD based schemes, as un-
structured meshes based on tetrahedral elements are generally more convenient than structured
meshes of hexahedra. The latter is due to the large availability of efficient automatic meshing
tools for tetrahedral meshes [4], which facilitate constructing models based on medical images.
A systematic comparison of electrophysiology solvers was presented by Niederer et al. [5],
and further discussed and explored in subsequent studies [6, 7]. These studies discuss the dif-
ferent characteristics of FE and FD methods, and the effect of solver choices such as operator
splitting schemes and mass lumping, but do not discuss the numerical properties of different el-
ement types. Although a number of different element types have been used and reported in the
literature, their performance for solving the bidomain or monodomain equations has not been
systematically compared.

For solid mechanics problems, and for coupled cardiac electro-mechanics in particular, FE
methods are the dominating scheme for spatial discretization. Furthermore, there is a general
agreement that for solid mechanics and structural engineering problems, hexahedral elements
present better accuracy and efficiency than tetrahedral elements, in particular for low order ele-
ments [8]. Due to the higher inherent stiffness of tetrahedral elements, they require higher strain
energy states to deform than hexahedral elements [9], and are associated with problems of mesh
locking [10]. This phenomenon causes exaggerated errors in the solutions due to the inability
of the finite element interpolation functions to correctly approximate volume preserving strain
fields [11].

Benzley et al. [9] compared how different elements perform for various elastic and elasto-
plastic problems. For elastic problems, linear tetrahedra (LT) produced unacceptably high er-
rors. Trilinear hexahedra (LH) provided acceptable results but required significant refinement
in certain cases and both quadratic tetrahedra (QT) and triquadratic hexahedra (QH) provided
adequate results in all problems. On the elasto-plastic calculations, again LT produced unac-
ceptable errors and QH produced the best results. However, LH produced results superior to
QT.

Different studies have examined how tetrahedra and hexahedra perform when modeling bi-
ological tissues. Ramos and Simes [12] studied how the different elements perform to model
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the proximal femur in a linear elasticity framework. For a simplified test case they found that
LT better approximated the theoretical solution. On a more complex and realistic test case no
significant difference were observed between the different elements solutions. A similar com-
parison, more closely related to the heart mechanics problem, was made by Tadepalli et al. [13]
in a problem of foot biomechanics. This problem presents material nonlinearities, incompress-
ibility and large deformations. They concluded that hexahedral elements consistently produced
reasonable pressures and stresses, while linear tetrahedral elements only produced reasonable
results when the incompressibility could be relaxed.

The purpose of this work is to study the convergence characteristics and performance of dif-
ferent types of elements for cardiac mechanics and electrophysiology. More specifically, we
want to investigate the suitability of tetrahedral meshes for cardiac mechanics, and study the
performance of linear and quadratic elements for both electrophysiology and mechanics. The
paper is organized as follows. In Section 2 we give a detailed presentation of the mathematical
problem, and of the test cases used to compare element performance. Results of the numerical
experiments are then presented in Section 3, and their implications and limitations are discussed
in Section 4. Finally, in Section 5 we present conclusions and recommendations regarding suit-
able element types for electrophysiology, mechanics, and coupled electro-mechanics problems.

2 Models and methods

2.1 Mathematical Models

Models for cardiac electromechanics can be formulated as coupled systems of ODEs and
PDEs. In this work the monodomain model was adopted for the electrophysiology, while the
tissue mechanics was described with a hyperelastic model. The main equations of the model
read

∂s

∂t
= f(v, s, λ), (1)

χ

(
Cm

∂v

∂t
+ Iion(v, s, λ)

)
= ∇ · (D∇v), (2)

∇ · (FS) = 0, (3)

with the constitutive relations

S = Sp + Sa (4)

Sa = JF−1σa(s, λ, λ̇)F−T (5)

Sp =
∂Ψ

∂E
(6)

Ψ =
1

2
C(eW − 1) + Ccompr(J ln J − J + 1) (7)

W = bffE
2
ff + bxx(E2

ss + E2
nn + E2

sn + E2
ns) (8)

+ bfx(E2
fn + E2

nf + E2
fs + E2

sf ).
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and the boundary conditions

n · (M∇v) = 0, x ∈ ∂H(t), (9)
u = 0, x ∈ ∂H1(0), (10)

T = Jσ̄1F
−T · η, x ∈ ∂H2(0), (11)

T = Jσ̄2(t)F−T · η, x ∈ ∂H3(0). (12)

Here, (1) is a system of ODEs describing cell dynamics, including cell electrophysiology
and excitation-contraction coupling. The cell state is characterized by the vector s, v is the
membrane potential, and λ is fiber stretch. The fiber stretch is calculated from the Green-
Lagrange strain tensor E, as λ =

√
2Eff + 1, with f indicating the local fiber direction. In

this work two different electrophysiology cell models were used, one by ten Tusscher et al [14]
and and one from Winslow et al [15]. These models were coupled to the myofilament model by
Rice et al [16]. More details on the coupling can be found in [3, 17]. Eq. (2) is the monodomain
model, which describes electrical signal conduction through the tissue. Here χ is the ratio of cell
membrane area to tissue volume, Cm is cell membrane capacitance,D is tissue conductivity and
Iion is the transmembrane current. A no-flux boundary condition is employed, see (9), where n
is the unit surface normal of the deformed heart surface.

The mechanics of the heart muscle is described by the equilibrium equation (3), combined
with the constitutive relations (4)-(8). Here, F is the deformation gradient, S is the second Piola-
Kirchhoff stress tensor, and Eij, i, j = f, s, n are components of the Green-Lagrange strain
tensor E = 1/2(FTF−1). Eq. (4) describes an additive decomposition of the stress tensor into
a passive part Sp and an active part Sa. The passive component Sp is derived from the strain-
energy density (7)-(8) [18], where C, bff , bxx and bfx are material parameters. The material is
considered almost incompressible, with Ccompr being a penalty factor used to control volume
changes, and J the determinant of F. The active stress component is calculated by mapping
the active Cauchy stress tensor, σa, to the reference configuration, as in (5). In local fiber
coordinates we have σa = diag(Ta, ηTa, ηTa), where η is a constant and Ta(s) is the dynamic
tension computed from the cell model state vector. The subscripts f , s and n correspond to the
fiber, sheet and sheet-normal directions, respectively. The mechanics boundary conditions are
given by (10)-(12), where u is displacement, σ̄1, σ̄2 are prescribed stresses on the heart surface,
and η is the unit surface normal of the undeformed reference geometry.

2.2 Numerical Methods

A common approach to solve (1)-(8) is to apply an operator splitting technique to divide the
system into smaller sub-problems. Here, we have used the splitting method from [3], where the
mechanics problem is separated from the electrophysiology part by means of a Gauss-Seidel
approach, and a Godunov splitting is applied to (2) to separate the nonlinear reaction term
from the diffusion part. Three separate problems must be solved for each time step; a nonlinear
system of ordinary differential equations describing cell electrophysiology and force generation,
a linear parabolic PDE that represents the electro-diffusion in the cardiac tissue, and a nonlinear
elasticity equation describing the mechanical deformations. Assuming that the variables vn, sn
and un are known at time tn, the solution is advanced by the following procedure:
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1. Solve the nonlinear ODE system

dv

dt
= −Iion(v, s, λn), tn < t < tn+1, v(tn) = vn, (13)

ds

dt
= f(v, s, λn), tn < t < tn+1, s(tn) = sn. (14)

An updated vector sn+1 is obtained, together with an intermediate updated transmem-
brane potential v∗. Note that the fiber stretch is held constant over this integration step,
λ = λn [19]. This system of ODEs was solve using a third-order Singly Diagonally
Implicit Runge-Kutta method with adaptive time stepping, see [20].

2. Solve the parabolic linear PDE using v∗ as the initial condition,

∇ · (D∇v) =
∂v

∂t
(15)

Our strategy to solve this equation is to discretize it in time using a backward Euler
scheme:

∇ · (D∇vn+1) =
vn+1 − v∗

∆t
(16)

For spatial discretization of (16), we apply a standard Galerkin FE formulation. In short,
for a suitable function space Φ(Ω), we multiply both sides of (16) with a test function
φ ∈ Φ(Ω), and integrate over the domain Ω. Integration by parts and application of the
homogeneous Neumann boundary condition leads to the following weak form:
Find vn+1 ∈ Φ(Ω) such that:∫

Ω

vn+1φdΩ + ∆t

∫
Ω

D∇vn+1∇φdΩ =

∫
Ω

v∗φdΩ, (17)

∀φ ∈ Φ(Ω)

This variational problem is discretized by defining a finite-dimensional subspace Φh(Ω) ⊂
Φ(Ω), and approximating the solution as a linear combination of the basis functions of
Φh; v =

∑
i vi, φi. This standard FEM procedure leads to a linear system that is solved

using a multigrid preconditioned conjugate gradient method, see e.g. [19] for details.

3. Solve the nonlinear mechanics problem using the most recently calculated value of the
state vector , sn+1, to calculate the active stress tensor Sa

∇ ·
(
F(Sp + Sa(sn+1, λ, λ̇))

)
= 0 (18)

The mechanical problem is solved by a standard, displacement-based Galerkin FEM.
Applying similar steps as for the diffusion problem above leads to a system of non-linear
algebraic equations to be solved for the unknown displacement field. We solve this system
iteratively by the Newton-Raphson method, which involves a linearization of all relevant
quantities. For each iteration of the Newton-Raphson method, we solve a linear system
with the stiffness matrix

Aij =

∫
Ω

∇φi : A : ∇φjdΩ, (19)
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where A is the first elasticity tensor, which characterizes the tangential stiffness of the
tissue. See for instance [21, 22] for details on the displacement-based FE formulation for
large elastic deformations. Following the additive split in (4), the fourth-order tensor A
has contributions from the active and passive strain components,

Aijkl =
∂{FSp}ij
∂Fkl

+
∂{FSa}ij
∂Fkl

. (20)

Both terms are computed by numerical differentiation of the stress-strain relation. The
passive part the stress-strain relation is obtained by analytical differentiation of the strain
energy function in (6), while the active part is obtained by a pull-back of the active Cauchy
stress, as defined in (5).

2.3 Test Cases

A key challenge in defining the test cases to compare the different element types is to decide
the level of complexity that should be adopted. On one hand, it is interesting to keep the tests
simple so they can be clearly expressed, take a limited amount of time and computational re-
sources to be performed and can be more easily communicated and reproduced. On the other
hand, the test cases must be complex enough to be physiologically relevant and unravel the
performance characteristics of the methods when applied to more realistic and complex simu-
lations. Two different test cases are considered in this study.

The first test case only considers electrophysiology, and is inspired by Niederer et al. [5],
where different electrophysiology simulators were tested, and the results were compared in
terms of the conduction velocity. We adopted the same simplified geometry and stimulation
protocol. A rectangular box of dimensions 3 x 7 x 20 mm3 was used, with fibers aligned in
the longer axis. Regular grids were generated for this geometry using different element types
and node spacing. The fiber conductivity was set to 1.33 mS cm−1, the transversal conductivity
was 0.18 mS cm−1 and the surface to volume ratio was 1400 cm−1. A stimulation current was
applied in one corner, point P1 in Figure 1. These tests were performed using two different
cell models. A zero flux boundary condition was assumed implicitly in the whole boundary.
The quality of the solutions was measured similarly to Niederer et al. [5], by comparing the
activation times of the last node in the mesh, point P2 on Figure 1. This activation time can
be used to get a good estimative of the conduction velocities of the electrical signal, which is
known to be highly sensitive to the mesh resolution. As disturbances in the conduction velocity
are often associated with arrhythmias and other pathologies it is of great importance to have
converged conduction velocities in order to support any physiological or clinical conclusions
based on electrophysiological simulations.

The second test case is focused on active and passive mechanics. The geometry is a truncated
ellipsoid as shown in Figure 2, which is a reasonable approximation of a left ventricle. The fiber
field was set as aligned in the tangential direction of the geometry, with a rotation from -30o to
30o from epicardium to endocardium. Although we ran the full coupled model, (1)-(8), elec-
trical activation was applied homogeneously and simultaneously to the entire domain. Effects
of electrical diffusion are therefore minimized, and the main focus is on the mechanics. The
material parameters C, bff , bxx and bfx were chosen to be 0.25 kPa, 50, 25 and 25 respectively.
The incompressibility penalty factor Ccompr was chosen to be 200 kPa. This choice gave the
realistic nearly incompressible behavior of the myocardium, with volume changes ¡5%, which
is known to lead to mesh locking that will highlight the difference between element types.
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Figure 1: A rectangular box geometry taken from [5] was used for the pure electrophysiology comparison.

For boundary conditions, the base was fixed in the longitudinal direction, and two additional
points on the base were constrained to avoid rigid body movement. The outer (epicardial)
surface was assumed stress-free, while a time-varying pressure was applied to the endocardium,
to capture the four phases of a generic pressure-volume (PV) loop. Each test would start with the
passive filling phase, where the endocardial pressure was increased from 0 to 2 kPa over a time
interval of 200 ms. At t = 180ms, stimulus was applied to trigger contraction, and a simplified
circulation model was used for the remaining phases of the heart cycle. The following equations
were solved to determine the endocardial pressure:

dVcav
dt

= −qao, (21)

qao = max(Cart
dp

dt
+Rper(p− pper), 0). (22)

Here Vcav is the cavity volume computed from the deformed FEM mesh, qao is the aortic flow, p
is the cavity pressure applied to the endocardial boundary,Cart is the compliance of the systemic
arterial tree, Rper is peripheral resistance and pper is the peripheral pressure. By inserting (22)
into (21) and applying a finite difference approximation for the time derivative, we get a non-
linear equation which can solved for the cavity pressure p by an iterative Newton algorithm, see
e.g. [3] for details.

3 Results

3.1 Electrophysiology

Several simulations were performed using meshes with different resolutions and element
types. The coarsest mesh had 4305 degrees of freedom (DOFs), which corresponds to a node
spacing of 0.5 mm. Four levels of refinement were used, with each level reducing the node
spacing by a factor of two, which corresponds to a factor eight increase in the number of DOFs.
Due to limitations in our software the last level of refinement could not be simulated with
QTs. Since the PDE is discretized in both time and space, results from two different time
stepping values, 50µs and 10µs, are presented to investigate how the error introduced by the
time discretization affect the results.

The activation times obtained in the simulations can be seen on Figure 3. The top row
shows the results from the model by ten Tusscher et al., and the bottom row shows results of
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Figure 2: An ellipsoidal geometry was used for the mechanical test cases with hexahedra and tetrahedra

the Winslow et al. model. We observed signal conduction in all levels of refinement with the
ten Tusscher et al model, while the model by Winslow et al did not conduct on the coarsest
meshes. The results displayed in the bottom row therefore starts at one level of refinement. The
conduction block can be explained by the lower upstroke velocity of the Winslow et al model,
which leads to a lower conduction velocity and increased risk of conduction block. We see that
the LT elements consistently give lower activation time (higher conduction velocity) than the
other elements, but there are no substantial differences between the element types. All elements
produce unacceptable errors on the coarsest meshes, while on the fourth level of refinement
all solutions are visually very similar. Note also that the difference between the two time step
values is larger for the model by ten Tusscher et al. The larger time discretization errors seen
for this model can be explained by the higher upstroke velocity.

The relative errors in the activation times are shown in Figure 4. Since no analytical solution
is available, we calculated the reference activation time as the average of the computations on
the finest grid, with a time step of 10µs and a node spacing of 62.5µm. While this choice of
reference will clearly not give accurate errors for the finer meshes, it does provide a useful
measure for comparing the coarsest meshes. The error plots show a similar behavior as the
previous plots, with relatively small differences between the element types. The slightly less
consistent results can be explained by the shape of the curves in Figure 3, which show that
all the elements overestimate the activation time (i.e. underestimate the conduction velocity)
on the coarse meshes, but as the mesh is refined further most elements underestimate the time
and approach the correct value from below. This behavior, which can be shown analytically
for simplified models, means that a fairly coarse mesh may give a very accurate conduction
velocity, and that the error may increase as the grid is refined. The error from time discretization
is also very visible in the upper left corner, which shows all the curves converging to a value
significantly different from the reference.

3.2 Mechanics

For this test case, again, the solutions using meshes with different levels of refinement and
elements were compared. The coarsest mesh had 219 degrees of freedom (DOFs). Three levels
of refinement were used, with each level increasing the number of DOFs by a factor of eight.
As for the electrophysiology problem, no analytical solution is available. Instead, we compute
a reference solution by running one simulation with an additional level of refinement.
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Figure 3: Activation times with the ten Tusscher (top) and Winslow (bottom) models. The number of DOFs is
normalized by the coarsest mesh.

We first compared the elements for the passive inflation phase, by computing the relative
error in displacement and stress. The left panel of Figure 5 shows the L2 error norm of the
displacement fields. We see that for this problem the quadratic elements outperform the linear
ones, and the LT elements are particularly bad, producing unacceptable errors for all refinement
levels. This result is in line with previous results and with the general view of the solid mechan-
ics community, that LT are not suited for nearly incompressible elasticity problems. However,
QH and QT elements show very similar behavior, indicating that the poor performance of tetra-
hedra is limited to linear elements. The right panel of Figure 5 shows the L2 error norm of
the stress fields. These results show an even clearer advantage of quadratic elements, as both
the linear elements produce large errors. However, the difference between QH and QT is only
significant on the coarser meshes.

To further investigate the performance of the different element types, we computed the full
PV loops, shown in Figure 3.2. The PV loops were computed as specified in Section 2, by
first ramping up the pressure to a specified end diastolic pressure, and then solve (21)-(22) for
the isovolumic and ejection phases. The top left panel shows results for the coarsest mesh, the
top right panel is for one level of refinement, while the bottom panel shows the finest mesh.
We can see that for the coarsest mesh, both the linear elements show a much higher stiffness
than the quadratic ones, and inflate to lower end diastolic volumes. The two quadratic elements
show very similar behavior even for this coarse mesh. On the second level of refinement the
curves for the two quadratic elements visually overlap. The linear elements also show much
better results on this level, although the end diastolic volume is still significantly lower than the
reference. On the third level of refinement all curves are visually very similar.
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Figure 4: Relative error of the activation times with the ten Tusscher(top) and Winslow (bottom) models. The
number of DOFs is normalized by the coarsest mesh.

4 Discussion

We have compared different element types for simulations of cardiac electrophysiology and
mechanics, with the aim of testing the common conception that hexahedral elements are supe-
rior to tetrahedra for solid mechanics applications, and to compare the elements’ performance
for coupled simulations.

For the test case involving pure electrophysiology, no firm conclusions could be made regard-
ing the suitability of different element types. All element types produced unacceptable errors
for the coarsest mesh, and also for one level of refinement. On the second level of refinement,
with node spacing of 250 µm, most of the results were within 5 to 10% from the reference
activation time. These errors are normally considered too large for practical applications. For a
node spacing of 62.5 µm, the variation between solutions is less than 1%. However, the com-
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Figure 6: PV loops for the four different element types and three levels of refinement. The top left is the coarsest
mesh, top right is for one level of refinement, and the bottom panel is the finest mesh.

parison made here is entirely based on comparing the error for a given number of degrees of
freedom, not looking at the actual CPU time for each element type. The CPU time per degree
of freedom is higher for quadratic than for linear elements, and one may argue that our results
indicate that linear elements perform better. For some cases, the CPU time for QH and QT was
up to 30% higher than for LH and LT, resulting from increased cost of assembling and solving
the linear systems.

The mechanics cases show a clear advantage of quadratic elements, which is in line with
previous results in the literature, see, e.g. [9], and what seems to be the general opinion in the
field. However, the difference between hexahedra and tetrahedra was somewhat smaller than
expected. For passive inflation, LH clearly outperformed LT, but they both showed large errors,
in particular when comparing the stress fields. The QH elements proved superior to QT, but the
differences are small. The simulations of full PV loops confirmed the results from the passive
inflation case, in that the linear elements substantially overestimated the overall stiffness of the
ventricle. However, when comparing the plots in Figure 3.2 to the displacements in Figure
5, the PV loops seem to be more converged than the displacements for the second grid level,
which has an average node spacing of 0.75cm. A more careful examination reveals that this
apparent discrepancy is due to linear elements better capturing the radial displacement than the
shear strains and torsion of the ellipsoid. This inability of the linear elements, particularly the
tetrahedra, to capture the shear strains observed in the reference solution are a strong indication
of the phenomenon of mesh locking [10].

There are a number of limitations to the present study, some of which are natural candidates
for future research. Our study has focused on a limited selection of element types, and con-
sidering two relatively simple model problems. However, the elements considered herein are
widely used in the cardiac modeling community, and are among the most widely available ele-
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ment types in automatic meshing software. For an even more representative element selection it
would be useful to include elements based on cubic Hermite interpolation, as these are common
for cardiac modeling, see e.g. [18]. However, Hermite elements were not available in the FE
frameworks available for this study, and adding these elements to the frameworks is a consider-
able task which has been left for future investigations. Other limitations include the simplicity
of the two test cases. These were chosen to be representative of more advanced simulation
models, but still be sufficiently simple to enable a rudimentary convergence study. Further-
more, although the final test case is a fully coupled simulation, the effects of electro-diffusion
are negligible because of the simultaneous activation pattern. A fully coupled simulation with a
propagating signal may give additional results, but will also considerably complicate the analy-
sis, since the meshes considered here are too coarse for conduction of the electrical signal.

5 Conclusions

Any conclusions on element choice are naturally affected by the available software and
choice of solution method. The operator splitting technique employed in this study is represen-
tative for a number of solution methods applied in the field, and enables a decoupled solution
of the mechanics and electrophysiology sub-problems. However, even with this uncoupling, it
is convenient to work with nested meshes, where the electrophysiology mesh is a refinement of
the mechanics mesh. This consideration motivates the use of identical or similar elements for
the two problems. It is possible to implement a more general operator splitting scheme, where
the meshes and elements for electrophysiology and mechanics are completely independent, as
well as more tightly coupled schemes that employ identical meshes for the two sub-problems.
These solver choices will obviously affect the choice of elements, but results presented here are
representative for a widely used class of solution scheme.

The main conclusion of this work is that quadratic and triquadratic elements are best suited
for coupled electro-mechanics. These elements show superior performance for mechanics, and
comparable performance as the linear elements for the electrophysiology part. For pure electro-
physiology simulations, our results indicate that LT elements should be chosen, but this should
always be avoided for mechanics computations. No significant difference is seen between QH
and QT elements, which indicates that the added geometric flexibility of tetrahedral meshes
make them highly attractive for image based and patient specific modeling.
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Abstract. Computational models for tumor growth provide an effective in silico tool to inves-
tigate the different stages of cancer growth. Recently, a series of computational models based 
on porous media theory has been proposed to predict tumor evolution and its interactions 
with the host tissue. In addition, a specialization of the original models, adapted for tumor 
spheroids, has been proposed and validated experimentally. However, due to the complexity 
of the modeling framework, a systematic understanding of the role of the parameters govern-
ing the equations is still lacking. In this work, we perform a parametric analysis on a set of 
fundamental parameters appearing in the model equations. We investigate the effects of a 
variation of these coefficients on the spheroid growth curves and, in particular, on the final 
radii reached by the cell aggregates in the growth saturation stage. Finally, we provide a dis-
cussion of the results and give a brief summary of our findings.  
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1 INTRODUCTION 
    Cancer is one of the leading causes of the death in the world [1], involving primarily altered 
cell proliferation and migration of cancer cells to form metastasis in different regions of the 
body [2]. Recently, it has become clear that a collective effort from all the physical sciences is 
required to improve our understanding of this illness and design new strategies for therapeuti-
cal treatments [3–6]. The development of effective computational models to investigate the 
growth of a tumor mass is certainly a valid contribution to this field. Mathematical models 
can analyze the tumor evolution in detail, with a strict control of the parameters governing the 
equations. Moreover, they can help the experimental investigators in dissecting the dynamics 
of the systems under study and guide the design of new experiments [7]. 
    In [8], the authors present a computational model for avascular tumor growth based on po-
rous media theory. They apply their modeling framework to the growth of a tumor spheroid in 
vitro and confined in a healthy tissue, where the relative adhesion of tumor cells and host cells 
to the extracellular matrix is analyzed. Moreover, they study a tumor cord in a three dimen-
sional geometry, where tumor cells grow around microvessels carrying nutrients. They further 
develop the existing model in [9], where different adhesion interactions between host cells, 
tumor cells and interstitial fluid are taken into account. Five different cases are dealt with, 
where interfacial tensions between the cellular constituents and the interstitial fluid are varied, 
together with their dynamic viscosities. In [10], the authors relax the hypothesis of a rigid ex-
tracellular matrix in the tumor tissue, and investigate its deformability making use of rate-
dependent plasticity. They apply this framework to analyze the growth of a tumor spheroid in 
a decellularized extracellular matrix and then in the presence of host cells. Further, they apply 
the model to study the growth of a melanoma and investigate its temporal and spatial evolu-
tion. Another development of the model is given in [11], where the authors introduce remod-
eling of the extracellular matrix during tumor growth and cell lysis. They study the effect of 
matrix remodeling on spheroid growth inside a decellularized matrix by comparing their re-
sults to the previous implementation. They investigate also the impact of lysis in the dynamics 
of the system. In [12], the authors specialize the previous modeling framework for tumor 
spheroids. They carry out a set of experiments on U-87 spheroids to validate the equations 
and test new constitutive relations. Comparison with experiments is performed both with 
spheroids freely suspended in a culture medium and subjected to different mechanical loads.  
    Due to the complexity of these models, an understanding of the role of the different param-
eters is difficult. For example, in [12] it is not clear which model parameters have a signifi-
cant effect on the growth of the spheroids. In this paper, we perform a parametric analysis on 
a set of governing coefficients appearing in the model equations. We test the effect of parame-
ter variation on the spheroid growth curve and in particular on the final radius reached by the 
cell aggregate. Finally, we provide a discussion of the results and summarize our findings in 
the conclusions.          

2 THE MATHEMATICAL MODEL 

The governing equations of the model are derived in the context of porous media theory. 
Starting from microscopic relations between the constituents, the theory makes use of suitable 
spatial and temporal averaging theorems to provide balance laws at the scale of the tissue (al-
so termed, “the macroscale”). In this way, the complexity arising from the high spatial varia-
bility and several interactions characterizing the microscale is overcome. Then, the 
introduction of a suitable set of constitutive relations into the macroscale equations provides 
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the closed form of the problem. Detailed information about the model derivation can be found 
in previous works of the authors [8–12].  

We model the tumor tissue as a biphasic porous medium, composed of the following con-
stituents, or phases: (i) the tumor cells (TCs), which are divided into living (LTCs) and ne-
crotic (NTCs) cells, and (ii) the interstitial fluid (IF), represented in Figure 1. In the language 
of porous media theory, the union of TCs and extracellular matrix (ECM) constitutes the solid 
skeleton of the system, whereas the IF represents the fluid phase permeating the pores. The IF 
carries nutrients, growth factors and waste products; for the sake of simplicity, we consider 
only one nutrient in our model, namely oxygen (ox), which can diffuse and be consumed by 
LTCs. Adequate levels of nutrient are necessary for cell proliferation, otherwise they start ne-
crosis and lysis. Finally, we assume cell duplication to be influenced by the local level of me-
chanical stress, with cells proliferating poorly when subjected to compression. In the 
following, t (tumor) and l (liquid) will denote quantities related to the solid and fluid part of 
the biphasic system, respectively. 

 

 
 

Figure 1: The constituents of the biphasic system. 
 

2.1 The governing equations for tumor spheroids 
We denote the volume fractions of the solid and the fluid by tε and lε , respectively. We as-

sume that the fluid permeates completely the voids left by the solid skeleton, and apply the 
saturation constraint:  

 1t lε ε+ =   (1)   

Then we write the governing equations for the tumor volume fraction, the interstitial fluid 
pressure ( lp ), the oxygen mass fraction ( oxω ) and the necrotic cell mass fraction ( Ntω ). In the 
following, we report the balance laws as appear for the tumor spheroid growth case. We refer 
the interested reader to [12] for a full derivation. We solve the system of equations given by: 
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where r  is the radial coordinate over the spheroid radius; k  is the intrinsic permeability of 
the solid matrix; lµ  is the dynamic viscosity of the IF; oxD  is the diffusion coefficient of ox-
ygen; and ρ is the density of the phases. As described in detail in [12], Σ is a quantity relating 
the mechanical stress in the tumor to the solid volume fraction. In the equations above we 
make use of ′Σ , the derivative of Σ respect to tε , which can be computed analytically from the 
expression reported in [12].  
    The mass exchange terms appearing in equations (2)-(4) have the form: 
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Here t
gγ , t

lλ , t
nγ  and 0

tγ  are coefficients that account for the nutrient and IF mass that becomes 
tumor due to cell growth; the degradation of cellular membranes and the following mass con-
version into IF; the rate of cell death; and the oxygen uptake rate in the tumor, respectively. 
The quantity 1Lt Ntω ω= −  represents the mass fraction of LTCs, and guarantees that growth, 
death and oxygen uptake are active only on the living portion of the spheroid. The Macaulay 
brackets 

+
⋅  appearing in equations (5) and (7) return the positive value of their argument. 

Since the oxygen mass fraction inside the spheroid is equal or smaller than its environmental 
level in the culture medium ox

envω , the brackets in equation (5) will return a value between uni-
ty (for ox ox

envω ω= ) and zero (for ox ox
critω ω≤ ). Note that here ox

critω  is the oxygen threshold level 
below which cell proliferation is inhibited. Equation (6) describes cell lysis occurring in the 
NTCs, whereas a consideration similar to the one for equation (5) holds true for equation (7), 
which describes TC death due to the lack of nutrient. Finally, equation (8) describes the up-
take of oxygen by LTCs and accounts for the dependence of nutrient consumption on its local 
level. Here oxc  is the oxygen mass fraction at which oxygen consumption is reduced by half. 
Note that the function H  in equation  (5) describes the inhibition of cell proliferation due to 
the mechanical stress exerted on the TCs. Even though several alternatives are given in the 
literature, in [12] we provide a mathematical expression for this quantity that is able to de-
scribe accurately our experimental observations on spheroid growth under a controlled exter-
nal compression.  
    We model the growth of the spheroid as a free-boundary problem, where the interface con-
stituted by the TCs moves with velocity tv , given by: 

 
t

t
l

dR kv
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ε

µ
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with R  the external radius of the spheroid. The closed form of the differential problem is ob-
tained by defining a set of boundary and initial conditions. In particular, symmetry requires 
no-flow boundary conditions at the spheroid center, while we assume Dirichlet boundary 
conditions on the tumor external surface: 
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Finally, we assume the following initial conditions over the spheroid radius: 

 0, on 0  a, , t 0t t Nt ox ox
ext env r R tε ε ω ω ω= = = < < =   (12) 

 

3 RESULTS AND DISCUSSION 
In [12], we have performed numerical simulations of the equations in (2)-(4) and we have 

recorded the resulting growth curves, namely the evolution of the spheroid radius over time. 
We have analyzed both the case of spheroids freely growing in their culture medium, and the 
case where an external compression is applied. The values of the governing parameters are 
obtained from the literature, when they are available, and from the fit of the experimental 
curves. In this work, we investigate the dependence of the growth curves on a set of these 
parameters, summarized in Table 1. 
                                                      

Parameter Description Reference value Unit 
0R  Initial radius of the spheroid 145  mµ   
ox
critω   Critical mass fraction of oxygen 62.0 10−×   ( )−  
t
gγ   Coefficient related to growth 35.4 10−×   3kg / (m s)⋅   
t
nγ  Coefficient related to necrosis 11.5 10−×  3kg / (m s)⋅  
t
lλ  Coefficient related to lysis 21.15 10−×  3kg / (m s)⋅  
α  Coefficient in the definition of Σ  510  Pa  

 

Table 1: Parameters considered in this work. The reference value is the one used in [12]. 
  
We start our analysis from 0R , the initial radius of the spheroid. In Figure 2 we report the 
behavior of the growth curve for different initial spheroid radii. Note that in all the following 
figures the curve in red is the one corresponding to the reference value in Table 1. We 
consider spheroids with initial radii of 90, 117.5, 145, 172.5 and 200 µm. For all the different 
conditions, in particular for the small initial radii, it is possible to visualize the three stages 
characterizing the growth of the spheroids [13]: the exponential phase in the first days of 
growth, where the cells proliferate in a nutrient-rich environment; the linear phase, where the 
the tumor mass becomes larger and the nutrient starts to run low; and the growth saturation 
phase, where a significant portion of the spheroid is necrotic and only a small rim of cell 
proliferates at the tumor border. Notably, although the spheroids with the larger initial radii 
are constitued by more tumor cells than the others, they reach a similar final radius, of about 
475 µm. This behavior is consistent with our assumption of growth as limited by nutrient dep-
rivation. For a fixed level of external oxygen ( ox

envω ), only a fixed number of TCs is allowed to 
coexist in the spheroid mass. This condition is met sooner for the spheroids with larger initial 
radii and later for the others, as shown in the curves and observed experimentally in [12]. 
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Figure 2: Spheroid growth curves for different initial radii. 
 
    Next, we study the effect of a variation in the critical level of oxygen  ω crit

ox . The resulting 
growth curves are shown in Figure 3. We consider values for ox

critω  of 1.0×10-6, 2.0×10-6, 
3.0×10-6, 4.0×10-6, 5.0×10-6 and 6.0×10-6 (the black arrow points in the direction of increasing 
values of ox

critω ; this holds true also for the following figures). The choice of this parameter af-
fects significantly the final radius reached by the spheroids. In particular, higher values of the 
critical level of oxygen provide smaller final radii. This follows from the modeling choice in 
equation (5), where cell proliferation is a linear function of the oxygen critical level. If this 
threshold value is high when compared to the external mass fraction of oxygen, only a small 
fraction of the spheroid is able to proliferate and the final radius is reduced. 
    The next parameter that we consider is the growth coefficient t

gγ . In Figure 4, we consider 
values of this coefficient that are ±25, ±50 and ±75% of the reference value. Also for this pa-
rameter, the final radius reached by the spheroid strongly depends on its value. Interestingly, 
t
gγ  seems to regulate the time scale of the phenomenon. Actually, for small values of the 

growth coefficient, at the end of the simulations the spheroid is still in the first stages of 
growth. On the contrary, for higher values of t

gγ  the spheroid reaches faster its final radius. 
We also observe that the steady radius increases for increasing values of the growth coeffi-
cient. In fact, growth saturation is established when the net production of new tumor mass is 
zero. This means that, in a given time interval, the number of new cells produced by growth 
has to be equivalent to the number of cells undergoing lysis. This number is approximately 
given by the number of necrotic cells times the lysis rate. If the lysis rate is fixed, as in the 
present case, and the growth coefficient is increased, there is a net production of TCs and the 
radius grows further. To reach a new steady condition, the necrotic core of the spheroid has to 
increase in size, so that the number of cells undergoing lysis is again equal to the number of 
generated TCs. This idea can be tested through a variation of the parameters that regulate cell 
death, namely t

nγ  and t
lλ , together with a consistent variation of the growth coefficient t

gγ . If 
we double each of these constants at the same time, we expect the steady radius of the sphe-
roid to be unaltered, since we have maintained the original ratio between cell production and 
removal. This condition is shown in Figure 4, by the gray dashed line. Note that the final ra-
dius is the same of the reference value, but the time needed to reach the steady state is signifi-
cantly reduced.    
    Then, we consider the case of a variation in the coefficient t

nγ , regulating the necrosis of 
the LTCs. The influence of this parameter is shown in Figure 5. For this coefficient, we ana-

0R
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lyze values that are ±25, ±50 and +75% of the reference value. As shown in the figure, the 
variation of  t

nγ   has a very little effect on the resulting growth curves. The shape of the curve 
is not significantly altered and the final radius has a variation of less than 5%. This is proba-
bly due to the fact that this term is active on a population of TCs that is still alive, but it is lo-
cated in a region of the spheroid where the nutrient level is below the critical threshold.  

 
 

Figure 3: Spheroid growth curves for different critical levels of oxygen. 
 

 
 

Figure 4: Spheroid growth curves for different values of the growth coefficient. 
 
This condition is poorly encountered in the spheroids at this stage of their growth [14], result-
ing in the small influence of this parameter.     
    The fifth parameter that we study is the lysis coefficient t

lλ . Figure 6 shows the results of 
considering values for this parameter that are ±25, ±50 and ±75% of its reference value. We 
first observe that the effects of varying the parameter only appear after day 8 in the simulation. 
This is consistent with the onset of a necrotic population inside the spheroid, which occurs 
after the first days of the simulation. These results show that the value of the lysis coefficient 
has a significant impact on the spheroid final radius. Notably, there is a saturation effect for 
high values of t

lλ . This may be due to the limited amount of NTCs that exists in the necrotic 
core at fixed t

nγ , and that can therefore undergo lysis. 

ox
critω

t
gγ
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Figure 5: Spheroid growth curves for different values of the necrosis coefficient. 
 

         

Figure 6: Spheroid growth curves for different values of the lysis coefficient. 
 
     Finally, we study the effects of varying α  in the mathematical expression for Σ . The val-
ue of the derivative ′Σ  is directly proportional to this parameter, as shown in [12]. We vary 
the value of α for the ±25, ±50 and ±75% respect to its reference value. Even though we ap-
ply a significant variation, there is no apparent effect in the growth curves, which appear su-
perimposed (results not shown). This result may point to the fact that the dynamics of the 
system, at least for the set of parameters considered, is mainly governed by the constitutive 
relations for the mass exchange between the phases. 
    

 

4 CONCLUSIONS 
In this work, we have performed a parametric study on a recent mathematical model for 

tumor spheroid growth [12]. The influence of a set of parameters on the growth curves of the 
spheroids has been evaluated, and we have provided a discussion of the results. In summary, 
some of the parameters show a little effect on the growth dynamics, such as the mechanical 

t
nγ

t
lλ
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coefficient α  and the coefficient related to necrosis. On the other hand, other parameters have 
a significant impact on the final radius reached by the spheroids, namely the critical oxygen 
level, the coefficient related to growth and the coefficient related to lysis. 

This work is certainly open to a number of improvements. In particular, we considered on-
ly one nutrient species, namely oxygen, limiting the growth of the tumor mass. Even though 
the influence of other chemicals is implicitly incorporated in the mass exchange term in (5), 
the inclusion of different nutrients, growth and necrosis factors could provide additional in-
sights into the evolution of the tumor system [15,16]. Moreover, as it is common in the litera-
ture, most of the laws defining the constitutive relations for the mass exchange terms are 
derived from phenomenological arguments. It is desirable that they could be inferred from 
experimental measurements and linked to their biochemical and biomechanical background. 
Finally, here we consider a simple mechanical picture of the tumor tissue, explicitly depend-
ent on the volume fraction of the TCs. Although this assumption describes conveniently the 
experimental data, it does not take into account several phenomena related to the mechanics 
of cell interactions at the macroscale, such as their rearrangement after the breakage of the 
cellular bonds [17]. 

In the future, we aim to design a new set of experiments that will provide better estimates 
of the model parameters and help the derivation of the constitutive relations. A better charac-
terization of the interactions between the cancer cells and their microenvironment should offer 
important insights into the understanding of the disease, and for designing new treatments. 
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Abstract. In the field of electronics, due to its excellent mechanical and electrical properties,
graphene has become the most promising material for the production of next generation thin
and flexible graphene-based electronic components. In this work, we present an assessment
of the thermal stability and dynamics of asymmetric grain boundaries in graphene for different
misorientation angles at finite temperature and up to extremely high temperatures. In particular,
we have focused on configurations with misorientation angle of 16.1◦, 30◦ and 38.2◦. In contrast
to pristine defect-free graphene, which has no band-gap and therefore is of limited use for
semiconductor-based electronics, it has been shown theoretically that line defects in graphene
might insert transport gaps, opening up the possibility of device applications based on the
structural engineering of graphene boundaries.
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1 INTRODUCTION

Graphene, owing to its extraordinary properties [1, 2], can be used to a wide range of appli-
cations: aerospace, where carbon fibers that are used to reinforce composite materials can be
replaced by graphene and, as a result, the weight of aircraft might be reduced considerably as
well as the electrical conductivity will be enhanced for lightning strikes during flights; military
industry, where graphene can be used as substitution of Kevlar in bulletproof vest [3]; bioengi-
neering, where graphene can be used to fabricate bioelectric sensors [4, 5]; or in the field of
electronics, where graphene has become the most promising material for the production of thin
and flexible electronic components of next generation [6, 7].

However, the use of graphene in semiconductor-based devices is limited due to the fact that
free-defect graphene lacks band gap, which is crucial for the correct operation of these devices.
In order to achieve an electrical function and due to the presence of band gap, semiconductors
exhibit the ability to switch currents on and off as desired. Many attempts have been carried
out in order to introduce this desired band gap, e.g., by doping graphene with boron and ni-
trogen [8] or by engineering defects such as vacancies, Stone-Wales and dislocations [9], and
grain boundaries (GBs) [10]. It has been proved, either experimentally or theoretically, that the
presence of point defects modify locally the electronic properties [11, 12], but do not endow the
layer with a band gap wide enough for such applications. Nevertheless, it has been seen that the
presence of grain boundaries alters the electronic properties, and more specifically, some con-
figurations might introduce a transport gap across them that would block the charge carriers in a
range of energy. As a consequence, due to the current technology advances, the design of suited
GB configurations opens a new potential via to tailor a tunable transport gap in graphene and,
therefore, to use graphene as the base material for the manufacturing of semiconductor-based
devices, e.g., nanotransistors [13].

With the main target of tuning the carrier transport in graphene, we will carry out an ap-
praisal of the stability and dynamics of asymmetric GBs that could appear in graphene lattice.
Additionally, owing to the fact that temperature is always present during the performance of
electronic devices, the thermal stability of these GBs will play an important role when design-
ing electronic nanocomponents. Therefore, in this work we will also conduct an analysis of
the thermal stability of the predicted GB configurations during a long period of time and up
to extremely high temperatures. To this end, we will proceed by applying the same methodol-
ogy followed by the authors for the thermal characterization of dislocations [14] and symmetric
grain boundaries [10] in graphene.

2 ASYMMETRIC GRAIN BOUNDARIES IN GRAPHENE

The simulation model used for studying the stability of GBs is depicted in Fig. 1. This
model consists of two grains (A and B) with different crystallographic orientations (θ1 and θ2)
and periodic boundary conditions applied in both directions (X and Y axis). The boundary
effects are an obstacle that one has to tackle in this kind of simulations and usually emerge
when the cell size is small. Owing to avoid these effects, the simulation cell has to be as large
as possible, therefore, the cell size is of the order of thousands of atoms (∼ 103) in this study.

The misorientation angle, θ, is defined as θ = θ1 + θ2, where θ1 and θ2 are the orientation
angles of grain A and B with respect to the horizontal axis X , respectively. Another interesting
parameter to be considered here is the inclination angle of the boundary line, ϕ, that is defined
as ϕ = |θ1 − θ2|. On the other hand, inasmuch as graphene crystallographic structure possesses
two high symmetry directions, i.e., the zig-zag and armchair directions (see Fig. 2), we fix the
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Figure 1: Grain boundary model.

zig-zag direction when the orientation angle of grain θi (i = 1, 2) is equal to 0◦ and therefore
the armchair direction is reached when the orientation angle θi (i = 1, 2) is equal to 30◦.

(a) (b)

Figure 2: High symmetry directions of graphene: (a) zig-zag direction and (b) armchair direction.

Regarding grain boundary configurations, we can distinguish two types: symmetric and
asymmetric. When θ1 = θ2, GBs are symmetric and the inclination angle is ϕ = 0, whereas
GBs are asymmetric when θ1 ̸= θ2 and, therefore, ϕ = θ1 − θ2 ̸= 0. For the purpose of
evaluating all possible GB configurations, it is only necessary to cover the range of θ1 and θ2
that varies between 0◦ and 30◦. Therefore, symmetric configurations posses one degree of free-
dom θ (θ1 or θ2) and have to be defined by the misorientation angle, and asymmetric GBs have
two degrees of freedom (θ1 and θ2) and can be denoted by (θ1 | θ2). Additionally, as GBs are
traditionally modelled as a periodic arrangement of dislocations [15], they can be described
by (nA,mA) | (nB,mB), where (ni,mi) i = A,B represents the periodic translations vector
of grains A and B along GB and referred to their respective basis set (a1,a2). In particular,
nA = nB and mA = mB for symmetric configurations. Finally, the misorientation angle can be
calculated in a straightforward manner through

θ = arctan((nA −mA)/
√
3/(mA + nA)) + arctan((mB − nB)/

√
3/(mB + nB)) (1)

2.1 Structures and energies

With the main purpose of finding misorientation angles corresponding to stable configura-
tions at 0K, we have simulated an endless number of configurations with different angles by
means of molecular dynamics, covering a wide range of possibilities. Owing to the fact that
θ1 ̸= θ2 for asymmetric GBs, the characterization of these GBs is more challenging than for
symmetric configurations [10]. To accomplish this, we have resorted the widely used molecular
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Misorientation angle(θ) GB configuration Energy
θ (θA|θB) (nA,mA)|(nB,mB) (eV/Å)

16.1◦ (16.1◦|0◦) (3,1)|(2,2) 0.932
16.1◦ (0◦|16.1◦) (2,2)|(1,3) 0.323

30◦ (30◦|0◦) (5,0)|(3,3) 0.361
30◦ (0◦|30◦) (3,3)|(0,5) 1.241

38.2◦ (8.21◦|30◦) (5,3)|(0,7) 0.394

Table 1: Energies for different asymmetric grain boundaries in graphene.

dynamics code LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) and
the AIREBO [16] and ReaxFF potentials [17] that are implemented in LAMMPS code. The
strategy proceeded to find these configurations is as follows: first, employing the ReaxFF po-
tential and NVE ensemble, we grow two grains with different misorientation angles and force
them to interact and form an interface between both grains. It should be noted that sometimes
it is necessary to remove atoms along the interface in order to achieve the desired grain bound-
ary structure; and second, we stabilize the GB structure using the AIREBO potential and the
Nose-Hoover thermostat (NVT ensemble) at very low constant temperature (∼0K).

In our simulations, we have adopted that GBs are constituted by periodic arrays of dis-
locations. This periodicity can be defined by two periodic translation vectors, (nA,mA) and
(nB,mB), belonging to grains A and B, respectively, and parallel to the GB (see Fig. 1). Unlike
symmetric configurations, these translation vectors might differ slightly in magnitude for some
asymmetric configurations, dA ̸= dB (dA = 2.46(nA cos(30 − θ1) + mA cos(30 + θ1)) and
dB = 2.46(nB cos(30 + θ2) +mB cos(30− θ2))). However, in order to form stable asymmetric
GB, the mismatch between both domains at the GB must be quite small and its stored energy
must be reasonably low. In order to evaluate the energies and structures of these asymmetric
configurations, the height of the computational cell could be considered proportional to dA or
to dB. In our model, we take the height of the computational cell H proportional to dA.

In Fig. 3, we present the obtained asymmetric configurations in our calculations, and the
corresponding energies for all possible cases and the misorientation angles of 16.1◦, 30◦ and
38.2◦ are tabulated in Table 2.1. First, we have found that asymmetric configurations do not fol-
low the same pattern as symmetric configurations, and a large number of dislocation types and
distribution along the grain boundary can be found. For instance, the GB structures with misori-
entation angles of θ = 30◦ and θ = 38.2◦ are constructed by (1,0)+(0,1) and (1,0) dislocations,
whereas (1,0) dislocations are arranged along an interface of two grains with a misorientation
angle of 16.1◦ (see Figs. 3 and 4). These results have also been corroborated by previous studies
[18, 19]. Second, we have found that our low energy configurations correspond to those with
dA < dB. Third, for these low energy configurations, our simulations show the existence of
out-of-plane displacement, about 0.5 Å.

Finally, these results have been also corroborated experimentally, [20] observed GBs with
misorientation angles of ∼ 16◦ and ∼ 29◦ which can be related to the angles of 16.1◦ and 30◦

in our calculations, respectively.

3 Thermal stability

Afterwards, we have analysed the mechanical behaviour and thermal stability at finite tem-
perature of these GB structures up to extremely high temperatures. For this purpose, we have
relaxed each configuration during a long period of time, up to 10.000ps, and at fixed constant
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(a) (b) (c)

Figure 3: Observed structures of GB in graphene lattice (a) 30◦|0◦ (θ=30◦) or (5,0)|(3,3) (b) 8.21◦|30◦ (θ=38.21◦)
or (5,3)|(0,7) and (c) 16.1◦|0◦ (θ=16.1◦) or (3,1)|(2,2).

b

a1

a2

(a)

b

a1

a2

(b)

Figure 4: Dislocation type (a) (1,0) and (b) (1,0)+(0,1).

temperature, covering a wide range of temperatures from 0K to temperatures close to the melt-
ing point of graphene [21, 22, 23]. Similarly, to carry out the thermal stability analysis, we have
employed the LAMMPS code, the full AIREBO potential and the NVT ensemble (∆t = 0.1 fs).
As main outcomes of our simulations, we state the following conclusions:

1. Asymmetric configurations remain stable up to very high temperature, around 3000K. As
we can observe from Fig. 5a for a misorientation angle of 38.2◦, dislocations type (1,0)
and (1,0)+(0,1) which form the grain boundary are unaffected by the temperature.

2. At temperature exceeding 3000K, it is observed transformations, motions and slip-up of
dislocations. For instance, as we can see in the rectangles marked in Figs. 5b and c,
a (1,0)+(0,1) dislocation segregate into two dislocations, and the resulting dislocations
move and one of them joins to a (1,0) dislocation to form new dislocation. Additionally,
we show in Fig. 6 as an example the glide motion of a (1,0) dislocation.
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(a)

(b)

(c)

Figure 5: Observed asymmetric grain boundary structures for a misorientation angle of 38.2◦ at different temper-
atures (a) T≤3000K, (b) T=3500K, and (c) T=4000K.
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(a) (b) (c)

Figure 6: Details of the glide motion of (1,0) dislocations showing at temperatures above 2000K.

3. Above 4000K, asymmetric GBs collapse. Similar to symmetric configurations, the pres-
ence of GBs accelerates the melting process and decreases the melting temperature.
Therefore, these defects act as a trigger for melting.

4 CONCLUSIONS

In the present work, we have analysed the dynamics and the thermal stability of asymmetric
GBs for different misorientation angles. First, we have obtained atomic configurations corre-
sponding to stable GBs using the LAMMPS code and the AIREBO and ReaxFF potentials. In
particular, we have obtained that the misorientation angles 16.1◦, 30◦ and 38.2◦ are stable in
graphene. Afterwards, we have relaxed these configurations at finite temperature up to very
high temperature, close to the melting temperature for graphene. As results, we have reported
a high stability against annihilation up to extreme temperatures, about 3000K, high mobility
and transformation of dislocations at higher temperatures and the melting of grain boundaries
at temperarutes above 4000K.
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Abstract. The absorption and desorption of hydrogen in nanomaterials can be characterized 

by an atomic, deformation-diffusion coupled process with a time scale of the order of seconds 

to hours. This time scale is beyond the time windows of conventional atomistic computational 

models such as molecular dynamics (MD) and transition state theory based accelerated MD. 

In this paper, we present a novel, deformation-diffusion coupled computational model basing 

on non-equilibrium statistical mechanics, which allows long-term simulation of hydrogen ab-

sorption and desorption at atomic scale. Specifically, we propose a carefully designed trial 

Hamiltonian in order to construct our meanfield based approximation, then apply it to investi-

gate the palladium-hydrogen (Pd-H) system. Specifically, here we combine the meanfield model 

with a discrete kinetic law for hydrogen diffusion in palladium nanofilms. This combination in 

practice defines the evolution of hydrogen atomic fractions and lattice constants, which facili-

tates the characterization of the deformation-diffusion process of hydrogen over both space and 

time. Using the embedded atom model (EAM) potential, we investigate the deformation-diffu-

sion problem of hydrogen desorption and absorption in palladium nanofilms and compare our 

results with experiments both in equilibrium and non-equilibrium cases.
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1 INTRODUCTION 

In a large number of areas, the behavior of material systems depends sensitively on proper-

ties that pertain to the atomistic scale. Thus, nanotechnology has made an extensive contribution 

to opening up novel frontiers in material science and engineering, particularly in the design and 

manufacture of more efficient and reliable materials for energy storage applications. Due to its 

high-energy, easy availability, and non-toxicity, hydrogen is a promising energy carrier as a 

potential substitute for fossil fuels in future transport applications. In particular, the storage of 

hydrogen in metals is one of the technologies that has been the focus of extensive research. 

However, there exist some failure phenomena in hydrogen-metal systems that constitute the 

main barriers against their use in the large scale. Hydrogen embrittlement is one of the most 

common failure processes, which reduces the mechanical properties of metals due to the inclu-

sion of hydrogen atoms [1, 2]. In order to prevent most of the failures associated to the degra-

dation of metals, a natural starting point is to characterize and understand the hydrogen transport 

process in metals. This gives rise to the development of predictive design of nanostructured 

materials for hydrogen-storage. 

The absorption and desorption of hydrogen in nanomaterials is characterized by an atomic 

deformation-diffusion process on a length scale of Angstroms and a time scale of femtoseconds. 

Nonetheless, the properties and behaviors of interest in real-world engineering applications (e.g. 

fuel cell vehicles) are macroscopic and take place on the scales of centimeters to meters, and 

are characterized by a relatively slow evolution on the scale of seconds to years. This vast dis-

parity of length and time scales poses extraordinary challenges in theoretical and computational 

material science, as well as material design. Most computational efforts up to date have relied 

on traditional first-principles-based Molecular Dynamics (MD) or Monte Carlo (MC) methods 

[3, 4] as their chief representational and computational paradigm. However, these two compu-

tational methods are limited to relatively small material samples and to time windows of mi-

croseconds at best. Considerable efforts have been devoted to accelerating MD and MC 

methods, such as accelerated MD [5, 6] and diffusive MD [7]. However, no computationally-

tractable atomistically-based models appear to be available to study deformation-diffusion cou-

pled problems with the vast disparity of length and time scales described above. 

Our objective in this work is to enable long-term (e.g., up to seconds), predictive simulation 

of hydrogen absorption and desorption in metal-based nanomaterials, while maintaining a 

strictly atomistic description of the material. To achieve this objective, we apply the atomistic-

continuum coupling approach proposed in Ref. [8]. In Ref. [8], a non-equilibrium statistical 

thermodynamics theory is proposed for multi-species particulate solids based on Jayne’s max-

imum entropy principle and the meanfield approximation approach that allow the statistical 

treatment of systems away from equilibrium. Unlike in MD and MC, the individual hops of 

atoms are not explicitly tracked, but instead accounted for in the theory in a statistical sense. 

Most recently, this theoretical model has been applied to simulate hydrogen diffusion in Pd 

nanofilms [9]; however, the Pd sub-system was assumed to be rigid, and the phase-dependent 

deformation of the sample during hydrogen absorption/desorption was not accounted for. 

 This work is an extension of Ref. [9] to long-term, atomistic, deformation-diffusion coupled 

analysis. The metal (e.g. Pd) sub-system is no longer assumed rigid. Instead, using the non-

equilibrium statistical thermodynamics model proposed in Ref. [8], the deformation of metal 

hydride will be characterized by the time-dependent mean atomic positions of both metal and 

hydrogen atoms. The empirical discrete kinetic model will be developed by extending the Fick's 

laws for continuum, and calibrated against experimental data and results obtained by first-prin-

ciple simulations. The organization of the paper is as follows. Section 2 generalizes the non-

equilibrium statistical model with the carefully designed trial Hamiltonians. In Section 3, we 
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will validate the proposed model of H diffusion in Pd nanofilms, accounting for both equilib-

rium and non-equilibrium cases. A summary of this work is finally presented in Section 4. 

2 NON-EQUILIBRIUM STATISTICAL MODEL 

We combine the atomistic-continuum coupling approach proposed in Ref. [8] with a novel 

meanfield trial model. This non-equilibrium statistical thermodynamics theory is proposed for 

multi-species particulate solids based on Jayne’s maximum entropy principle and the meanfield 

approximation approach that can deal with a non-equilibrium problem.  

2.1 Non-equilibrium statistical mechanics  

We consider a discrete system consisting of N particle sites, each of which can be occupied 

by one of M species. At each particle site i = 1, 2, …, N, and for each species k = 1, 2, … , M, 

we introduce an occupancy function defined as 

 
1 if the site is occupied by the species

0 otherwise
ik

i k
n


 


  (1) 

Thus, the microscopic states of the system can be defined by the instantaneous positions {𝒒} =
(𝒒𝑖)𝑖=1

𝑁 , momenta {𝒑} = (𝒑𝑖)𝑖=1
𝑁 , and occupancy arrays {𝒏} = (𝒏𝑖)𝑖=1

𝑁 . It is assume that the 

statistics of the system obeys Jaynes’ principle of maximum entropy [10, 11], namely maxim-

izing the information-theoretical entropy 

   B logS k     (2) 

among all probability measures of 𝜌({𝒒}, {𝒑}, {𝒏}). 𝑘B indicates Boltzmann’s constant and 〈𝐴〉 
denotes the expected value of the observation A. We specifically consider the system consisting 

of distinguishable particles whose Hamiltonians have the additive structure of local Hamilto-

nian ℎ𝑖. Suppose that the expected particle energies and the expected particle atomic fractions 

on each atomic site are known, namely 

 ,i i ik ikh e n x    (3) 

for i = 1, 2, … , N and k = 1, 2, … , M. It is worth noting that different from the classical equi-

librium framework where only global constraints are enforced, here constraints are now local. 

Maximizing Eq. (2) with local constraints among probability measures results, after a straight-

forward calculation, in 

 
       1

e
T T

h


 



γ n
  (4) 

where  

        

 
3

1
e d d

T T

NM

h

N
O h

 




   
γ n

n

q p   (5) 

and ({𝛽}, {𝜸}) are Lagrange multipliers. h is Planck’s constant. By comparison with equilib-

rium statistical mechanics, we may interpret Eq. (4) and Eq. (5) as non-equilibrium generaliza-

tions of the Gibbs grand-canonical probability density function and the grand-canonical 

partition function, respectively. Also, we may regard 𝑇𝑖 = 1 (𝑘B𝛽𝑖)⁄  and 𝝁𝑖 = 𝑘B𝑇𝑖𝜸𝑖 as the 

particle absolute temperature and the chemical potential array of particle i, respectively. It 

should be noted that unlike equilibrium statistical mechanics, the temperature and chemical 
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potential fields need not be uniform anymore and may vary from particle to particle when the 

system is away from equilibrium. 

2.2 Variational meanfield theory 

Despite the formal simplicity of the non-equilibrium statistical model just mentioned above, 

it is generally intractable to calculate the thermodynamic potentials in a closed form, which 

leads to the need for approximation theory. Venturini et al. [8] have extended the classical var-

iational meanfield theory to systems described by the proposed non-equilibrium statistical 

framework. The resulting variational framework provides a convenient basis for the formula-

tion of computationally tractable models. Specifically, the maximum-entropy principle in Eq. 

(2) with local constraints is equivalent to the minimality of the functional of free entropy 

           
T

0 B 0 00
, ,F h k h h Φ   γ   (6) 

over some class 𝐻0 of the local trial Hamiltonians {ℎ0} with  𝛷0 = 𝑘Blog𝛯0.  

We are considering a binary system consisting of metal atoms occupying a perfect lattice 

whose interstitial sites are either empty or occupied by H atoms. For ease of reference, we 

designate the metal atoms in the system by means of an index set 𝐼M and the H atoms by an 

index set 𝐼H. For the system under consideration, the occupancy field {𝒏} can be restricted to 

the interstitial sites, 𝐼H  since the metal sites are always occupied. Hence, M = 1, {𝑛} =
{𝑛𝑖, 𝑖 ∈ 𝐼H}  and 𝑛𝑖 = 0 if the i-th interstitial site is empty and 𝑛𝑖 = 1 if it is occupied by H 

atom. We restrict our attention to quasistatic process, so the Hamiltonian is fully determined by 

the interatomic potential. In order to obtain explicit formulations of thermodynamic potentials 

suitable for computations, we combine the effects of positions and fractions and apply the 

meanfield approximation theory with carefully designed trial Hamiltonians 

     
M H H

2

0 B 0 B 0, i i i i i i i

i I I i I

V n k T k T n 
 

   q q q   (7) 

where {�̅�} are the meanfield values for atomic instantaneous positions. {𝛼0} and {𝛾0} are coef-

ficients which need to be determined. We consider throughout isothermal conditions at fixed 

temperature T, so that 𝛽𝑖 = 1/(𝑘B𝑇𝑖) is uniform at all sites of the system. By calculating the 

meanfield value for H occupancy function {𝑛}, we have  

 
0 log

1

i
i i

i

x

x
  


  (8) 

where we have used the relation 𝑥𝑖 = 〈𝑛𝑖〉0, ∀𝑖 ∈ 𝐼H, as the meanfield H atomic fraction.  

By using Eq. (8), the free entropy function which needs to be minimized can be expressed 

as 

 

      

 

H H

M H M H
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  (9) 

where 𝑉{{𝒒}, {𝑛}} is the interatomic potential. 
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2.3 Local equilibrium relations 

The optimal values of {�̅�}, {𝑥}, and {𝛼0} can be obtained from the minimum grand-canoni-

cal free-entropy principle of Eq. (9). Adopting Euler-Lagrange equations, the optimality condi-

tion for meanfield atomic fraction {𝑥}  can give the relation for nondimensional chemical 

potential 

 01
log

1

i
i

i B i

Vx

x k T x



 

 
  (10) 

This form of chemical potential characterizes the instantaneous state of a system and provides 

driving forces for its evolution. When calculating the chemical potential of one H site, unlike 

the classical entropy-of-mixing relation that is only based on the fraction of its own atomic site, 

this novel model not only considers the effective neighboring H sites, but also includes the 

deformation of the lattice structure.  

2.4 Discrete kinetic laws 

This thermodynamics model just described is then coupled with discrete kinetic laws of On-

sager type which governs mass transport. Actually, this defines the evolution of H fraction, 

whose characteristic computational time step is much greater than femtosecond. In this work, 

we consider linear models of the form 

  
H

B H

,

,i ij ij i j

j I j i

x B x k i I 
 

      (11) 

where 𝑥𝑖𝑗 = (𝑥𝑖 + 𝑥𝑗)/2  and 𝐵𝑖𝑗 is the bondwise diffusivity coefficient between the i and j 

atomic pair. 

To sum up, the computational framework of the deformation-diffusion coupled analysis of 

H diffusion in nanomaterials is shown in Fig. 1, where 𝑡𝑛 denotes the n-th time step. 

     ,n nt x tq      1,n nt x t q      1 1,n nt x t q

     1 2,n nt x t q     2 2,n nt x t q

...

Solve advance 

discrete kinetic 

law for one 

time-step using 

a numerical 

time-integrator

Minimize free-

entropy

 

Figure 1: The computational framework of the deformation-diffusion coupled analysis. 

3 APPLICATION TO PALLADIUM NANOFILMS 

Since the feasibility of the described method depends critically on the formulation of com-

putationally tractable average of the interatomic potential, we proceed to assess the fidelity of 

such models by direct comparison with experimental observation. To this end, we specifically 

investigate the palladium-hydrogen (Pd-H) system. It has been known that the Pd-H system 
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exists in two different phases: the α-phase at a low H concentration (up to PdH0.015), and the β-

phase at a high H concentration (PdH0.607 and above). In the process of the α/β-phase transition, 

there is a lattice expansion leading to about 10.4% increase in volume [12]. It is noted that the 

Pd sub-lattice remains face-centered cubic (FCC) in both α and β phases, while the H atoms 

occupy interstitial octahedral sites, which themselves also define a second FCC sub-lattice. 

3.1 Computational model 

We focus on the EAM potential for Pd-H system proposed in Ref. [13]. In order to simplify 

calculations, we use the quadratic polynomial to approximate the EAM potential. By using 

Jensen’s inequality, the meanfield average of the simplified EAM is of the form  

 
H Pd H H Pd

Pd H H Pd H

0 0 0
, , , , ,

2 2 2

0 0 0 0
, , , , , , ,

i i ij ij ij i j ij i ij

i I i j I i j i j I i j i I j I

ij ij ij i j ij ij i ij ij i j ij

i j I i j i j I i j i I j I i j I i j

V A B x C r D x x E x r

F r G x x r H x r I x x r

      

       

    

   

   

   
  (12) 

Inserting the parameterization and calibration provided in Ref. [13], for T = 300 K, we have 

𝐴 = −12.9356 eV and 𝐵𝑖 = 3.2448 eV. The other coefficients in Eq. (12) are listed in Table 

1, where 𝑁𝑖
(𝑘)

 denotes the k-th shell of neighbors of site i.  

 

 𝐶𝑖𝑗 (eV/Å) 𝐷𝑖𝑗 (eV) 𝐸𝑖𝑗  (eV/Å) 𝐹𝑖𝑗  (eV/Å2) 𝐺𝑖𝑗  (eV/Å) 𝐻𝑖𝑗 (eV/Å2) 𝐼𝑖𝑗 (eV/Å2) 

𝑗 ∈ 𝑁𝑖
(1)

 −1.1529 0.5956  −0.1496 0.2016 −0.3971 0.0574 0.0658 

𝑗 ∈ 𝑁𝑖
(2)

 0.2684 −0.0459 0.1940 −0.0225 0.0203 −0.0296 −0.0022 

𝑗 ∈ 𝑁𝑖
(3)

 0.3642 −0.0500 −0.1307 −0.0315 0.0207 0.0120 −0.0021 

Table 1: Coefficients in the simplified EAM potential. 

H Pd

1kh 

 111

 1 1,k kx    ,k kx   1 1,k kx  

kh 1kh 

 2 2,k kx    2 2,k kx  

 1 1 1

 

Figure 2: 1D diffusion and 3D deformation problem. 

Specifically, we investigate the H diffusion problem in Pd nanofilms. Since the size of the 

surface area is much greater than the thickness, the H diffusion process is essentially one-di-

mensional in the thickness direction, that is, the [111] direction as shown in Fig. 2. But the 

lattice deformation is three-dimensional. As a result, the H atomic fractions {𝑥} and the non-

dimensionalized chemical potential {𝛾}  can be constant on each [111] H plane of the FCC sub-

lattice. Let N be the number of [111] planes in a specific film. We denote through 𝑥𝑘 and 𝛾𝑘, k 

= 1, 2, …, N, the H atomic fraction and nondimensional chemical potential on the k-th [111] 

plane. At the same time, it is assumed that the average instantaneous position of each atomic 

site can be fully determined by the average Pd plane distances {ℎ}. That is, the average distance 

between any atoms is the function of average Pd plane distances along the diffusion direction. 

As the result, the local equilibrium relation about deformation is equal to minimizing meanfield 
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interatomic potential with respect to average Pd plane distances. The nominal lattice constant 

at the k-th plane is defined as  𝑎𝑘 = √3ℎ𝑘 for Pd [1 1 1] nanofilms in this work. 

3.2 Model validation in equilibrium properties  

The equilibrium relation of nondimensional chemical potential in Eq. (10) is plotted in Fig. 

3 for a uniform H fraction, compared with the classical relation 𝛾 = log(𝑥) derived from the 

entropy of mixing. Obviously, the proposed model exhibits an up-down-up equilibrium relation 

characteristic of phase transitions. In detail, the two local extreme points can be regarded as the 

α and β phases of the Pd-H system, respectively. The ability of the proposed model to predict 

the phase transition of Pd-H in the process of H diffusion will be further investigated. 

 

Figure 3: Comparison of equilibrium chemical potential between the proposed model and the classical relation 

𝛾 = log(𝑥). 

 

Figure 4: Comparison of equilibrium lattice constant between the proposed model and the experiments. 

The equilibrium relation of lattice constant in the proposed model is compared with the ex-

perimental one from Ref. [14] in Fig. 4. The experimental points are connected by dashed lines 

in order to guide eye. It can be found that the trend of an increasing equilibrium lattice constant 

with the increasing of H fraction is predicted clearly by our proposed model. The difference 

between simulation and experiment results is a little greater during the low concentration and 

decreases gradually with the increase of H fraction, nevertheless.   

3.3 Specific discrete kinetic equation 

In order to describe the time-dependent H diffusion in Pd nanofilms, the general discrete 

kinetic law should be specified in one-dimensional direction. Restricting mass transport to the 

nearest shell of neighbors and using Taylor expansion, we express 𝑥𝑗 and 𝛾𝑗 about 𝑥𝑖 and 𝛾𝑖. 

Then considering FCC Pd lattice crystal and [1 1 1] H diffusion direction, the discrete kinetic 

equation is of the form 
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      B 1 1 , 1 1 1 , 1

3

2
k k k k k k k k k k k k kx k x x B x x B        

          (13) 

for k = 2, 3, …, N−1. 𝐵𝑘,𝑘−1 denotes the bondwise diffusivity coefficient between k-th and  

(k−1)-th H planes, which can be computed through solving the matrix equation by comparison 

with Fick’s second law 
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  (14) 

where 𝐷H is the isotropic macroscopic diffusivity constant for H in Pd. The equilibrium relation 

of Eq. (14) is plotted in Fig. 5. It can be found that the decreasing trend of bondwise diffusivity 

coefficient with increasing plane distance is predicted. This trend is intense during mall plane 

distances and then becomes moderate gradually.  

 

Figure 5: Equilibrium relation of bondwise diffusivity coefficient. 

3.4 Model validation for hydrogen desorption  

We simulate the nanofilms of thickness 𝐿 = 460 Å and 1350 Å. Eq. (13) is calculated by 

the following initial and boundary conditions based on the experimental set-up 
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  (15) 

where 𝑥0 denotes the initial uniform H atomic fraction in the film interior, and 𝑥∗ denotes the 

fixed H atomic fraction at the film surface in contact with the electrolyte solution. No-flux 

boundary condition is imposed at the other side of the nanofilms, since H diffusion between the 

Pd film and the gold-coated nickel substrate is negligible. 𝑥∗ can be determined according to 

Ref. [9], and 𝑥0 is set to 0.009 in the computation based on the measurement [15] in both cases. 

All the case-dependent coefficients used in the simulations are reported in Table 2.  

 

 𝐿 (Å) 𝑁 (Å) 𝑥∗ 𝐷H(Å2/s) 

Case I  460  204  0.0019 2.1×105 

Case II  1350  595  0.0047 1.56×106 

Table 2: Case-dependent coefficients used in H desorption simulations. 
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Eq. (13) is discretized in time by the mid-point rule which has second-order accuracy. The 

computational time steps are set to ∆𝑡 = 5.0 × 10−6 s and 1.0 × 10−6 s in Case I and II, re-

spectively. The maximum simulation time for both cases is 𝑡max = 1.0 s.  

The spatial variation of H atomic fraction on the surface of nanofilms is converted into elec-

tric current using the relation in Ref. [16]. The results are plotted in Fig. 6 in comparison with 

the experimental data reported in Ref. [17] at T = 300 K. It is obvious that in both cases, the 

predicted electric current agrees well with the experimental measurements with regard to both 

the initial transient and the long-term behavior. 
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(a)                                                                          (b) 

Figure 6: Comparison of experimental and predicted results for current on the surface. (a) 460 Å Pd nanofilms. 

(b) 1350 Å Pd nanofilms.  

3.5 Prediction for phase transition   

As discussed in Fig. 3, the equilibrium condition of Eq. (10) is able to capture the phase 

characteristic of one Pd-H system. Here, we further investigate this ability by taking the Pd-H 

system into its β-phase, and highlight the capability of the proposed computational model as to 

capturing complicated phase transition in a very slow diffusion process which has time scale of 

seconds. We simulate H absorption in the Pd nanofilms with the thickness 𝐿 = 460 Å charac-

terized by a high H fraction on the surface 𝑥∗ = 0.99. Using the deformation-diffusion coupled 

model proposed in this paper, the H atomic fractions and lattice constants at six time points are 

plotted in Fig. 7, respectively. Also, the similar figures through the classical mixing-entropy 

relation 𝛾 = log(𝑥) are shown in Fig. 8 for comparison. Clearly, the H diffusion process in Pd 

lattice structure is characterized by the propagation of an α/β-phase boundary: the α-phase about 

PdH0.165 and 𝑎 = 3.968 Å, and the β-phase about PdH0.898 and 𝑎 = 4.098 Å. This phase propa-

gation cannot be observed by using the classical relation 𝛾 = log(𝑥). Moreover, the lattice ex-

pansion in the α/β-phase transition is about 3.27%, which gives rise to about 9.83% increase in 

volume. This value is close to that observed in previous experiments. Nevertheless, the H 

atomic fractions at α/β-phase are greater than those obtained from experiments, which is prob-

ably due to the EAM potential we adopt.  

Fig. 9 shows the deformation-diffusion coupled process of H absorption at several time steps 

in the part of the deformed Pd lattice structure, where the big spheres denote Pd sites and the 

small ones are H sites. It can be seen that the lattice structure will expand in three dimensions 

as H atoms diffuse in [1 1 1] direction. Obviously there exists a phase boundary between the 

domains with high and low H atomic fractions.  As a result, the capability of the proposed model 

in predicting the phase transition in a long-term process is remarkable. 
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(a)                                                                                        (b) 

Figure 7: H absorption in 460 Å Pd nanofilms by the proposed model. (a) H atomic fraction. (b) Lattice constant.  
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Figure 8: H absorption in 460 Å Pd nanofilms by the classical relation 𝛾 = log(𝑥). (a) H atomic fraction. (b) 

Lattice constant.  
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Figure 9: Deformation-diffusion coupled process of H absorption in Pd nanofilms. 

4 SUMMARY AND CONCLUDING REMARKS 

We have applied the theory of non-equilibrium statistical thermodynamics to the study of 

hydrogen absorption and desorption in metal-based nanomaterials, while maintaining a strictly 

atomistic description of the metal material. We have proposed a new form of trial Hamiltonians 

and combined it with the specific discrete kinetic law for hydrogen diffusion in palladium nano-

films. The coupled thermodynamic and kinetic models are solved numerically in a partitioned 
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procedure using explicit time-integrators. The proposed model has been validated in both equi-

librium and non-equilibrium cases, and the computational results are compared with those by 

classical chemical potential relation derived from entropy-of-mixing. Our model can have a 

good agreement with the experimental measurements in hydrogen desorption process and pre-

dict the phase boundary transition of hydrogen absorption with the well-known volume expan-

sion. The results demonstrate that the presented computational framework is capable of 

capturing phase-change and phase-dependent diffusion of hydrogen in a deformed metal struc-

ture as part of a long-term analysis. 
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Abstract. Local- continuum damage models, such as the JC-dynamic failure criterion are often
combined with the constitutive JC-model to represent the material behavior during machining.
The major drawback is that the failure criterion exhibit a pathological mesh dependence. In
literature it has been argued that a viscous regularization of the continuum material model cou-
pled to damage via visco-plasticity may remove the mesh dependence. We present results, based
on the objective enhanced element removal model derived from previous contribution, form a
mesh dependence study using a extended formulation of the constitutive JC- model covering
visco-plasticity. The results show that, excluding the mesh objective enhancement the patholog-
ical mesh dependence still exist if the visco-plastic formulation is used. If the mesh objective
enhancement is used a relatively good convergence is obtained for a set of mesh sizes for the
damage model.
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1 INTRODUCTION

In order to model ductile fracture combining the constitutive JC-model with the JC- dynamic
failure criteria as in [1] is a possible approach. The JC-model describes the damage evolution
in a gauss-point of an element as a function of the failure strain in relation to the accumulated
plastic strain. When the JC- dynamic failure criterion is fulfilled, the stress response in the
gauss-point is instantaneously relaxed and the element is removed from the simulation. As for
the failure strain, it is composed by three dependencies, the stress triaxiality, plastic strain rate
and temperature similar to the JC- model. This approach refers to the standard JC-dynamic
failure criterion. Despite its simplicity it is not possible to disregard that the JC-model, due to
its softening effects, might result in a loss of solution uniqueness. This results in in so called
pathological mesh dependence which is a problem for local damage models.

In previous contribution [1] a remedy was proposed for the observed inherent mesh depen-
dence in ductile fracture models. To remove the dependence, a set of mesh objective damage
models were developed based on a local-continuum damage formulation combined with con-
cepts from a scalar damage phase-field [3], [4]. Independent of damage model, the JC- dynamic
failure criterion was used to initialize a ”fracture state” which signal for damage initialization
and damage evolution. One of the objective damage models relates to the traditional ”element
removal” which is nothing else than the coupling between the JC- models, described by an
instantaneous damage evolution.

In [5], [6] it is argued that a viscous regularization of the continuum material model coupled
to damage via visco-plasticity may remove the mesh dependence. In this contribution, the rate
dependent response was incorporated in the JC- model extending the mesh objective damage
enhancement. The model was implemented in ABAQUS/Explicit as user subroutine based
on the hypo-elastic inelastic framework which is computationally efficient [7]. In order to
investigate the assertion regarding viscous regularization postulated, a mesh dependency study
was conducted for highly refined mesh sizes of a 2D plane strain plate. The results show that,
excluding the mesh objective enhancement the pathological mesh dependence still exist if the
visco-plastic formulation is used. If the mesh objective enhancement is used a relatively good
convergence is obtained for a set of mesh sizes.

2 CONSTITUTIVE MODELING BASED ON VISCO-PLASTIC CONTINUUM RE-
SPONSE

In this section mesh objective element removal model formulated in [1] with the potential
to describe ductile fracture in materials, for rate independent response, is evaluated in a visco-
plastic/rate-dependent context. As for the considered model, the damage evolution takes place
in one single step when the the damage criterion is fulfilled, representing a instantaneous stress
relaxation. In order to represent the effective stress response the Johnson-Cook (JC) constitutive
material model, extended to include visco-plastic response, is considered.

2.1 Visco-plastic continuum response and ductile damage models derived from the John-
son Cook failure criterionl

In the present context it is of significant interest to enhance the effective material in terms of
a “scalar damage” measure α acting on the effective material so that

ψ = (1− α)ψ̂ with ψ̂ = ψ̂
[
b̄, k

]
(1)
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where ψ̂ is the free energy of the effective (undamaged) material, denoted by a superimposed
hat. It is assumed that ψ̂ depends on the elastic Finger deformation tensor b̄ and an isotropic
hardening variable k. It turns out that the total dissipation rate D in the dissipation inequality
can be formulated in terms of the effective dissipation rate D̂ as

D = (1− α)D̂ + ψ̂α̇ ≥ 0 with D̂ = τ̂ : lp + κk̇ ≥ 0 (2)

which corresponds to the constitutive state equations

τ̂ = 2
∂ψ̂

∂b̄
· b̄ , κ̂ = −∂ψ̂

∂k
(3)

In (3), we introduced the effective Kirchhoff stress τ̂ and the hardening stress κ̂ pertinent to
the effective material. To ensure positive total dissipation D ≥ 0 it suffices to consider D̂ ≥ 0
as in (2) and α̇ ≥ 0 (since ψ̂ > 0 always). This corresponds to the constitutive state equations

τ = (1− α)τ̂ , κ = (1− α)κ̂, A = −∂ψ
∂α

= ψ̂ (4)

where A is the damage driving force. Upon assuming neo-Hookean isotropic elasticity, we
assume for the stored elastic behavior

A = ψ̂ = ψ̂iso + ψ̂vol + ψ̂hard[k] with

ψ̂iso =
1

2
GJ− 2

3

(
1 : b̂− 3

)
, ψ̂vol =

1

2
K(J − 1)2 , ψ̂hard =

B

1 + n
(−k)1+n

(5)

where G is the shear modulus, K is the bulk modulus, B is the isotropic hardening parameter
and n is the hardening exponent.

Moreover, we consider the visco-plastic Johnson Cook model for the inelastic effective con-
tinuum response. We thereby introduce a static yield function φ = φ [τ̂e, κ̂] in terms of the the
effective von Mises stress τ̂e, and the evolution of the internal dissipative variables

{
lp, k̇

}
lp = λ

∂φ

∂τ̂
=

3

2

τ̂dev

τ̂e
, k̇ = λ

∂φ

∂κ̂
(6)

where λ ≥ 0 is the plastic multiplier determined by the Johnson-Cook (JC) overstress

λ = ε̇0 exp

[
φ

C (A+ κ̂)

]
for λ > ε̇0 (7)

where κ̂ = B(−k)n is the isotropic micro-hardening stress and φ the yield function explicitly
formulated as φ = τ̂e − (A+ κ̂). We note that A, C and ε̇0 are material parameters represent-
ing initial yield and rate sensitivity, respectively. The response becomes visco-plastic (or rate
dependent) whenever λ ≥ ε̇0. To handle the rate independent case λ < ε̇0, the plastic multiplier
is controlled by the Kuhn-Tucker (KT) loading conditions

φ ≤ 0, λ ≥ 0, λφ = 0 for λ ≤ ε̇0 (8)

Following the developments in [1], we outline here the mesh objective element removal
model associated with the JC-material and failure models representing ductile fracture. To this
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end, we consider the JC- dynamic failure criterion, where it is postulated that ductile fracture
occurs when the equivalent plastic strain approaches the fracture strain εpf defined as

εpf = (d1 + exp [−d2r])
(
d3 + exp

[
d4
λ

ε̇0

])
with r = − p̂

τ̂e
and p̂ = −1 : τ̂

3
(9)

Hence, a fracture state is obtained when k + εpf = 0 at t = tc, where tc is time when
local failure occurs. Please note that this critical time depends on the rate of loading λ/ε̇0, the
triaxialty r and initial failure strain. These inter-dependences are described by (9) along with
the failure parameters d1–d4.

The total damage force is introduced as

AT = D̂fT [t] + A , D̂fT [t] =

∫ t

tc

D̂ dt (10)

We consider next the damage-element removal model based on the instantaneous damage
evolution rule, as formulated by the Dirac-delta function δS[•] for the damage evolution, i.e.

α̇ = µδS [t− tc] (11)

where α̇ is controlled by

φα = AT −
Lc
Le
Ac ≤ 0 , µ ≥ 0 , φαµ = 0 (12)

In this case, the critical time is defined by when t = tc has been reached in (9) andAT−Ac = 0.
We thus conclude that a ”fracture state”, t = tc, is arrived at when the JC- dynamic failure

criterion (9) is met. For the damage model, the stored free energy Ac in (12) to be released
is evaluated at the Gauss-point level for each element size. For finer meshes with Le < Lc
the continuous dissipation D̂fT is integrated so that AT can be computed from (10). For the
considered damage model, the stress state is ”removed” when the condition (12) is approached.

3 NUMERICAL EXAMPLES

In [5], [6] it is argued that a viscous regularization of the continuum material model coupled
to damage via visco-plasticity may remove the mesh dependence. In order to investigate the
assertion the rate dependent/visco-plastic material model described in previous sections will
be considered together with the proposed mesh objective element removal damage model in a
mesh dependency investigation for highly refined meshes.

3.1 Finite element modeling

As a point of departure for the mesh dependency investigation the same 2-D shear loaded
plane strain plate as in [1] and [7] is considered with the material parameters for the JC material
and failure models in Tables 1. The 50x50 mm square shaped plate is divided into three parts.
On the right side of the top edge of the plate a prescribed vertical displacement is applied
on the nodes. The right boundary of the plate is constrained in horizontal direction allowing
vertical motion. Therefore a displacement of 25 mm is applied on the upper right edge for the
displacement rate 500 mm/s. The left section is fully constrained in both directions as shown in
Figure 1. Since the mid section is subjected to severe shear deformation it suffices to use a fine
FE-representation here in order to model the damage with a reasonable accuracy, while using
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r

R

a 3 a 3 a 3

a

Figure 1: Considered geometry used for the analyses with corresponding boundary conditions

coarser elements for the remaining parts of the geometry. In this way the computational cost is
reduced. The investigation is performed for the element removal model using the hypo-elastic
inelastic framework implemented in the commercial software ABAQUS/Explicit using the user
subroutine VUMAT.

Table 1: Johnson-Cook constitutive material and failure parameters

A [MPa] B [MPa] C n ε̇0 d1 d2 d3 d4

550 500 0.0804 0.4 0.001 0.25994 0.61368 2.5569 -0.027652

To perform the mesh dependency investigation a set of six different FE discretizations of
the plate are created. The 4-node plane strain bilinear elements described in previous section
are used with different element sizes: 1, 0.75, 0.5, 0.25, 0.125 and 0.1 mm. Therefore, a wise
discretization of the plate, regarding the finer mesh sizes, is beneficial from the computational
point of view. Due to the severe shear deformation that occur in the mid-section of the geometry,
we choose to enrich this region with the specific element sizes described. Doing so, highly
resolved damage modes are achieved. Noteworthy, only a structured mesh is used in the mid-
section while a free distribution of elements is used for the remaining geometry.

4 RESULTS

In this section, the performed simulations based on the suggested examples of different FE
discretizations are analyzed with respect to mesh dependency. The simulations are conducted
for the enhanced objective element removal model proposed in [1] with the extension of the
JC - material model to include rate dependent behavior. The results are presented in form of
force-displacement curves, where the magnitude of the force is computed at the edge where the
displacement boundary conditions are applied.

4.1 Element removal model - Excluding mesh objective enhancement

If we consider the response without any mesh objective enhancement, using standard JC
dynamic failure model, it could be argue that the pathological mesh dependency should decrease
with the introduction of vico-plasticity in the material model. However, our simulations show
that there is no tendency of minimization of the mesh dependency for the deformation rate
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chosen as illustrated in Figure 2. But as the mesh size is refined, the response becomes more and
more brittle, eventually a convergence is obtained. It is also clear that as the FE discretization of
the plate is successively refined, the kinematics allow for other possible damage modes which
may be observed in Figure 2.
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Figure 2: Force-displacement curves for different element sizes Le and deformation rate v = 500 mm/s excluding
objective enhancement in the element removal mode, representing standard JC dynamic failure model.

4.2 Element removal model - Including mesh objective enhancement

The results for the element removal model including the objective enhancement are presented
for the chosen displacement rate where the reference element size of Lc = 0.5 mm was chosen.
When the mesh objective enhancement is introduced a relatively good convergence is achieved
for element sizes finer than the reference size. No indication of mesh size convergence is notable
for Le > Lc as observed from Figure 3, which is similar to the rate independent case in [1].
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Figure 3: Force-displacement curves for different element sizes Le and deformation rate v = 500 mm/s including
objective enhancement in the element removal model.

5 CONCLUDING REMARKS

As a point of departure in the current contribution, the derived mesh objective element re-
moval model, based on the local-continuum damage formulation combined with scalar damage
phase-field concepts, in [1] is investigated. The constitutive JC- model was expanded to incor-
porate visco-plastic response, taking the rate dependence into consideration. As it was argued in
literature that a that a viscous regularization of the continuum material model coupled to dam-
age via visco-plasticity may remove the mesh dependence an investigation was conducted. The
mesh objective damage models were implemented in ABAQUS/Explicit as user subroutines. In
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order to conduct the mesh dependency investigation the same 2D plane strain plate as in pre-
vious contribution was used with different structured FE discretizations. Our results show that
the the pathological mesh dependence is till present when the mesh objective enhancement is
excluded although visco-plasticity is incorporated in the constitutive model. Furthermore, when
the mesh objective enhancement is included a convergence in the force-displacement curves is
evident for a set of mesh sizes, independent of damage model. Nevertheless, the models do
predict reliable response regarding the force-displacement curves and the pathological mesh
dependence is removed for a set of mesh sizes.
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Abstract. Tall buildings oftentimes employ internal blast-resistant walls for protecting vital 

building areas and components from the damaging effects of high energy explosions. 

Architectural constraints may require hardened walls aligned with steel braced frames to be 

built in a shape equal to or near to that of an equilateral triangle. The analysis and design of 

the hardened walls and their supporting members for blast-induced dynamic loading is an 

imperative aspect of the design process. Parameters are derived for transforming the analysis 

of a simply-supported equilateral triangular hardened wall element subjected to blast loading 

into an equivalent single degree-of-freedom (SDOF) system. Expressions are then derived for 

obtaining the corresponding distributions of peak blast-induced dynamic reactions along the 

perimeter supports of the triangular wall element. The equivalent SDOF model and the 

expressions for the peak dynamic reaction distributions are subsequently validated with 

dynamic finite element analyses (FEA), therein verifying their applicability for rapidly 

analyzing and designing numerous quantities of equilateral triangular hardened wall 

elements and their supporting members in lieu of more rigorous and time-consuming dynamic 

FEA.
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1 INTRODUCTION 

Tall buildings designed to resist high energy explosions oftentimes employ internal hardened 

walls for protecting means of egress and critical mechanical/electrical/plumbing (MEP) systems 

from blast infill pressures. For steel buildings with braced frame lateral systems, architectural 

constraints may require hardened walls to be subdivided into non-rectangular elements and 

supported in-plane of a building’s braced frames. The magnitude and distribution of blast loads 

upon the braced frame as caused by blast-induced dynamic reactions of hardened walls are 

typically required for checking the performance and connection capacity of the individual braced 

frame members. 

In this study a proposed equivalent SDOF model is developed for an equilateral triangular 

hardened wall element simply-supported in-plane of an inverted V-braced frame and uniformly 

loaded by blast infill pressure described by a linearly decaying pressure-time history q(t) (see 

Figure 1). Typical V-braced frames are constructed in a shape closer to that of a wide isosceles 

triangle. However, to simplify the analysis an equilateral triangle is chosen. The SDOF model is 

used to analyze the distribution of peak blast-induced dynamic reactions along the edges of 

triangular wall elements, and the results are validated with dynamic FEA. This verification 

indicates that the equivalent SDOF model can be practically incorporated into standard SDOF 

blast analysis spreadsheets for highly repetitive analysis and design of braced frame members 

supporting equilateral triangular hardened wall elements in-plane for blast. 

 

Figure 1: Equilateral triangular hardened wall element simply-supported in-plane of inverted V-braced frame and 

uniformly loaded by blast infill pressure. 

2 EQUIVALENT SDOF MODEL FOR EQUILATERAL TRIANGULAR PLATE 

2.1 SDOF Governing Equations of Motion 

The equilateral triangular hardened wall element is assumed to behave as a homogeneous 

isotropic plate possessing elastic-perfectly plastic material properties (i.e. steel plate). The 

dynamic blast analysis of the real system, consisting of the equilateral triangular plate loaded by 

q(t), is transformed into an equivalent undamped SDOF system subjected to an equivalent load-

time history (see Figure 2). In the elastic phase the governing undamped equation of motion for 

the equivalent system is: 

      tFtzktz
dt

d
M eee 

2

2

 (1) 
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where Me and ke are the equivalent mass and stiffness, respectively, in the elastic phase. Also, z(t) 

is the real displacement and Fe(t) is the equivalent load-time history in the elastic phase. In the 

plastic phase the equation of motion becomes: 

    tFRtz
dt

d
M pmp 

2

2

 (2) 

where Rm is the maximum resistance, and Mp and Fp(t) are the equivalent mass and load-time 

history, respectively, in the plastic phase. The system converts to free vibration upon the 

termination of the load-time history. 

 

Figure 2: Equivalent SDOF system loaded by equivalent load-time history. 

The real stiffness and maximum resistance of the equilateral triangular plate are required to 

develop the equivalent SDOF system. Also, the deflection surface, shape function, and 

transformation factors for the elastic and plastic phases are required to develop the equivalent 

SDOF system. Numerical analysis such as with the constant-velocity procedure allows for a 

solution of the response [1]. 

In the case of this study we are interested in the maximum displacement, zmax, of the system in 

the free vibration phase such that the peak dynamic reaction, Qmax, may be obtained from the 

constitutive relations: 

 





mR

kz
Q

max

max min  (3) 

where k is the real stiffness. A third factor limiting the maximum dynamic reaction is the shear 

strength of the plate along its supported edges. In the case of this study the shear strength is 

assumed to exceed the dynamic shear demand. Using (3) the distribution of the peak dynamic 

reaction along the edges of the equilateral triangular plate may therein be determined using the 

plate deflection surface and constitutive equations. This distribution represents the peak blast-

induced dynamic reaction of the equilateral triangular hardened wall element upon the supporting 

braced frame members. 
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2.2 Deflection Surface, Shape Function, and Stiffness in Elastic Phase 

It is assumed that the deformed shape of the triangular plate during elastic response to blast 

loading conforms to the plate deflection surface obtained from a statically applied uniform 

surface load. Any deflection surface, w(x,y), for a homogeneous plate must satisfy the governing 

plate equation: 

  
D

q

y

w

yx

w

x

w
yxw 
















4

4
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4

4

4
4 2,   (4) 

where q is a uniform surface load and D is the plate flexural rigidity defined by Et3/[12(1-ν2)]. 

The following deflection surface satisfies (4) for an equilateral triangular plate (see Figure 3a) 

simply-supported along the edges and uniformly loaded by q [2]: 
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The deflection surface intrinsically includes the plate bending stiffness and applied surface load. 

The more general shape function, ϕ(x,y), describing the deflection surface independently of 

stiffness and load (see Figure 3b) is determined by extricating from (5) the plate bending stiffness 

explicit to the displacement at the center of the plate due to surface load q: 
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where the plate bending stiffness corresponding to the displacement at the center of the plate is 

solved to be: 

 
2

3324

a

D
k   (7) 

 

Figure 3: (a) Simply-supported equilateral triangular plate and (b) shape function in elastic phase. 
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2.3 Approximate Maximum Resistance 

In accordance with yield line theory the maximum resistance of the equilateral triangular plate 

signifying the initiation of the plastic phase is defined by the formation of plastic hinges along the 

lines bisecting the angles of the triangle (see Figure 4). It is approximated that the formation of 

plastic hinges occurs when the von Mises stress, σv, along the bisecting lines achieves the yield 

stress, σY. The elasto-plastic transition range leading to the true formation of plastic hinges is 

complex and has been ignored in this study. However, if the plate thickness is relatively thin 

compared to the area dimensions then the elasto-plastic range becomes exceedingly negligible 

[1]. 

 

Figure 4: Yield lines on equilateral triangular plate. 

An expression for the approximate maximum resistance requires a relation between the applied 

surface load and the von Mises stress along the yield lines. The plate constitutive equations 

relating bending moments to curvatures are written as follows [2]: 
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where ν is Poisson's ratio. The plane stress components in turn are written in terms of the plate 

bending moments as: 
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The principal plane stress components σ1 and σ2 are defined in terms of the plane stress 

components as [3]: 
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  (10) 

Finally, the von Mises stress is defined in terms of the principal plane stress components as: 

   2
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2

1,  yxv  (11) 
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As a result, the von Mises stress at any location on the plate can be expressed in terms of the 

deflection surface given by (5) by sequentially substituting equations (8) through (10) into (11). 

The onset of yielding along each yield line does not occur uniformly as demonstrated in Figure 

5. The stress profile is approximately rectangular with the peak stress occurring at the center of 

the plate and sharply decreasing near the edge of the plate. It is therein approximated that uniform 

yielding along each yield line occurs when the peak von Mises stress at the center of the plate 

achieves the yield stress. The von Mises stress at the center of the plate is solved from (11) to be: 
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  (12) 

Setting σv = σY and solving for the maximum surface load qm corresponding to yielding at the 

center of the plate results in: 
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Furthermore, multiplying (13) by the area of the triangle results in an expression for the 

approximate maximum resistance: 
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Figure 5: Plot of von Mises stress along yield line on x-axis. 

2.4 Shape Function in Plastic Phase 

In the plastic phase the plate resistance is Rm and the plate bending stiffness explicit to the 

displacement at the center of the plate vanishes. The corresponding shape function is assumed to 

take on the shape of a tetrahedron with its edges defined by the yield lines (see Figure 6). The 

presence of the edges disallows the use of a continuous shape function for describing the 

deflection surface over the entire triangular area. As an alternative, a one-dimensional linear 

shape function, Φ(x), describing any line in-plane of a tetrahedron face and oriented 

perpendicular to the perimeter edge can be defined and integrated over each face to obtain 
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corresponding transformation factors. The linear shape function projected parallel to the x-axis 

and originating along the perimeter edge at x = -a/3 is written as: 

   1
3


a

x
x  (15) 

 

Figure 6: Tetrahedron shape function in plastic phase. 

2.5 Transformation Factors 

Transformation factors are derived to convert the mass, stiffness, resistance, and load-time 

history of the real system into equivalent values for use in the equivalent SDOF system, of which 

is governed by the equations of motion defined by (1) and (2). Transformation factors are 

obtained for the elastic and plastic phases by integrating the corresponding shape function over 

the surface of the plate [1]. In general, the mass factor is defined by: 
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where m is the mass per unit area and A is the area of the triangle. Also, the load factor is defined 

by: 
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Transformation factors for the elastic phase are obtained by integrating ϕ(x,y) over the surface 

of the plate. Integration over the triangular surface requires the limits of integration to vary as 

functions of the linear equations defining the perimeter of the triangle. Substituting (6) into (16) 

results in the mass factor for the elastic phase: 

 

 

24.0

3

3

,

2

3

2

3

9

32

3

3

9

32

3

3

2

, 

 






ma

dydxyxm

K

a

a

ax

ax

eM



 (18) 

Also, substituting (6) into (17) results in the load factor for the elastic phase: 
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Transformation factors for the plastic phase are obtained by integrating the one-dimensional 

linear shape function Φ(x) over one-sixth of the total plate area bounded by x = -a/3, y = 0, and 

the yield line along 3xy  . It is apparent that the considered area is representative of the remaining 

five divisions of plate area owing to the symmetry of an equilateral triangle. Integration over this area 

requires the limits of integration to vary as functions of the linear equations defining the yield 

line. By symmetry it is allowable to multiply the double integrals by six to obtain the final 

transformation factors. Substituting (15) into (16) results in the mass factor for the plastic phase: 
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Also, substituting (15) into (17) results in the load factor for the plastic phase: 
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The derived transformation factors, maximum resistance, and stiffness for the elastic and 

plastic phases are summarized in Table 1. The response of the equivalent SDOF system may 

therein be solved using the constant-velocity procedure [1] to obtain the maximum displacement 

zmax in the free vibration phase, from which the distribution of the peak dynamic edge reaction 

can be determined. 

 

Strain range  
Load factor, 

KL 

Mass factor, 

KM 

Real stiffness, 

k 

Maximum 

resistance, Rm 

Elastic 0.39 0.24 
2

3324

a

D
 





1

33 2

Yt
 

Plastic 0.33 0.17 0 

Table 1: Parameters for equivalent SDOF model. 
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3 DISTRIBUTION OF PEAK DYNAMIC EDGE REACTION 

Assuming the blast load duration is much shorter than the period of response for the plate 

element, the distribution of the peak dynamic reaction along the edges of the equilateral triangular 

plate is dependent upon the dynamic response of the system during the free vibration phase; if the 

system remains elastic then the reaction distribution is derived from the elastic deflection surface 

given by (5) and the peak response zmax. Conversely, if the system becomes plastic then the 

reaction distribution is derived from the tetrahedron shape function and Rm. 

3.1 Edge Reaction Distribution in Elastic Phase 

The distribution of the peak dynamic reaction for the elastic phase is first developed. The edge 

reaction distribution requires a relation between zmax in the free vibration phase and the 

corresponding plate shear force, Qi(x,y), at any location on the plate. It is apparent that the shear 

force distribution along the perimeter edges corresponding to zmax is identical to the peak dynamic 

edge reaction. The plate shear force is related to the plate bending moments by [2]: 
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Sequentially substituting (5) and (8) into (22)1 and setting x = -a/3 results in an expression for the 

edge reaction distribution along the perimeter edge parallel to the y-axis due to uniform surface 

load q: 
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The force developed into the perimeter edge supports during the free vibration phase is derived 

from the inertia force. The distribution of the inertia force across the plate surface is non-uniform 

and is proportional to the deflection surface. As a result, the edge reaction distribution given by 

(23) must be scaled by a ratio, α, of the uniform surface load qE corresponding to the peak 

displacement zmax at the center of the plate, and an equivalent surface load rE(x,y) proportional to 

ϕ(x,y). The equivalent surface load rE(x,y) represents the inertia force imposed upon the plate. 

The uniform surface load qE corresponding to zmax is solved from (5) to be: 
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Conversely, the equivalent surface load rE(x,y) is expressed in terms of a unit uniform surface 

load qu and a constant Ce which controls the amplitude of ϕ(x,y) at the center of the plate: 

    yxCqyxr euE ,,   (25) 

The total force imposed by rE(x,y) upon the plate must be equivalent to the total force developed 

into the perimeter edge supports corresponding to zmax. The constant Ce is determined by 

integrating rE(x,y) over the surface of the triangular plate and equating the result with the total 

force derived from the constitutive relation corresponding to zmax: 
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where the limits of integration vary as functions of the linear equations defining the perimeter of 

the triangular plate. Substituting (6) and (7) into (26), resolving the integral, solving for Ce, and 

substituting the result into (25) gives an expression for the equivalent surface load: 
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The ratio α is developed by considering the forces per unit length, QE and RE, developed into a 

perimeter edge as derived from surface loads qE and rE(x,y), respectively, within the 

corresponding tributary width (see Figure 7). The boundaries delineating the tributary width of 

each perimeter edge are coincident with the assumed yield lines. Considering the tributary area 

bounded by x = -a/3, y = 0, and the yield line along 3xy  , the ratio α is defined as follows: 
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where QE(y) and RE(y) are the forces per unit length developed into the perimeter edge along x = 

-a/3. It is apparent that the magnitudes of QE(y) and RE(y) are represented by the areas beneath qE 

and rE(x,y) at any section parallel to the x-axis between y = 0 and 3/3ay  , and within the 

domain bounded by x = -a/3 and 3/3yx   (see Figure 8). The force per unit length as derived 

from qE is solved to be: 
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Also, the force per unit length as derived from rE(x,y) is defined by: 
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where the limits of integration vary as functions of the linear equations defining the yield lines. 
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Figure 7: Forces per unit length QE(y) and RE(y) developed into the perimeter edge along x = -a/3. 

 

 

 

Figure 8: Plots of surface loads qE and rE tributary to the perimeter edge along x = -a/3. 

Substituting (24) into (23) and multiplying the result by α(y) gives an expression for the peak 

dynamic edge reaction distribution during the elastic phase in terms of zmax along the edge at x = -

a/3 and within the domain bounded by y = 0 and 3/3ay  : 
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Full substitution of (28) into (31) results in an extensive formula and is not explicitly shown here. 

It is apparent that this distribution is mirrored in the domain bounded by 3/3ay  and y = 0. 

Also, the distribution is identical along the other two perimeter edges. 
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3.2 Edge Reaction Distribution in Plastic Phase 

In the plastic phase the peak dynamic reaction Qmax is capped by the maximum resistance Rm 

expressed by (14). The corresponding edge reaction distribution is derived by disseminating an 

equivalent surface load pE(x,y) possessing a total magnitude equal to Rm in accordance with the 

tributary width of each perimeter edge. The boundaries delineating the tributary width of each 

perimeter edge are coincident with the assumed yield lines. The distribution of pE(x,y across the 

plate is proportional to the tetrahedron shape function described by Φ(x) and represents the 

capped inertia force imposed upon the plate during the plastic phase.  

Considering the tributary area bounded by x = -a/3, y = 0, and the yield line along 3xy  , 

the equivalent surface load pE(x,y) is expressed in terms of the unit uniform surface load qu and a 

constant Cp which controls the amplitude of Φ(x) at the center of the plate: 

    xCqyxp puE ,  (32) 

It is apparent that the considered tributary area is representative of the remaining five divisions of plate 

tributary area because of the symmetry of an equilateral triangle. Therefore, the force imposed by 

pE(x,y) upon the plate within the considered tributary area must be equivalent to one-sixth of the 

maximum resistance Rm. The constant Cp is determined by integrating pE(x,y) over the surface of 

the considered tributary area and equating the result with one-sixth of Rm: 
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where the limits of integration vary as functions of the linear equations defining the yield lines. 

Substituting (14) and (15) into (33), resolving the integral, solving for Cp, and substituting the 

result into (32) gives an expression for the equivalent surface load: 
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The dissemination of pE(x,y) into the perimeter edge along x = -a/3 is expressed by: 
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where the limits of integration vary as functions of the linear equations defining the yield lines. 

Sequentially substituting (15) and (34) into (35) and resolving the integral results in an expression 

for the dynamic edge reaction distribution during the plastic phase along the edge at x = -a/3 and 

within the domain bounded by y = 0 and 3/3ay  : 
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It is apparent that this distribution is mirrored in the domain bounded by 3/3ay  and y = 0. 

Also, the distribution is identical along the other two perimeter edges. 

4 VALIDATION WITH DYNAMIC FINITE ELEMENT ANALYSES 

4.1 Analytical Setup and Equivalent SDOF Analysis 

The distribution of peak blast-induced dynamic reactions along the edges of three steel plate 

wall elements are determined using the equivalent SDOF model together with (31) and (36). The 

resulting reaction distributions are verified with dynamic FEA using ABAQUS/CAE. The three 

steel plate wall elements are assumed to be positioned within the braced frame lateral system of 

an imaginary 10-story building as shown in Figure 9. Each wall element is simply-supported in-

plane of an inverted V-braced frame as shown in Figure 10a. Furthermore, each wall element is 

assumed to be formed in the shape of an equilateral triangle. It is noted that only equilateral 

triangular wall elements are assessed; other non-rectangular wall elements are deemed beyond the 

scope of this study but are considered no less important. 

The wall elements are designed to protect the building’s MEP systems from an assumed 

external street threat equivalent to the explosion of 1100 kg of TNT. The equivalent uniform peak 

pressure and impulse imposed upon each wall element are obtained using the blast effects 

software ConWep (see Table 2). The blast infill pressure is assumed to be described by a linearly 

decaying pressure-time history q(t) as shown in Figure 10b and does not account for the façade or 

any shielding by the floor slabs. The equivalent SDOF model is used to design the wall elements 

to meet the performance criteria recommended by ASCE 59-11 Blast Protection of Buildings [4] 

for moderate damage. Namely, the parameters summarized in Table 1 are used to develop an 

equivalent SDOF system for each wall element and the response of the system is solved for using 

the constant-velocity procedure [1]. Final wall element thicknesses are converged upon through 

iteration. The resulting geometric and material properties of each wall element are summarized in 

Tables 3 and 4, respectively. The resulting peak out-of-plane displacements at the center of each 

wall element during the free vibration phase are summarized in Table 5. 
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Figure 9: Imaginary 10-story building with steel plate wall elements in-plane of braced frame. 

 

 

Figure 10: (a) Steel plate wall element loaded by (b) linearly decaying pressure-time history. 
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Wall 

element  

Range to 

blast (m) 

Uniform peak 

pressure (kPa) 

Uniform impulse 

(kPa-msec) 

05S 36 145 1158 

07S 47 76 848 

09S 58 48 669 

Table 2: Blast pressure and impulse imposed on each wall element. 

 

Wall 

element  
Material1 

Height 

(m) 

Width 

(m) 

Thickness, 

t (cm) 

05S Steel plate 5.5 6.35 4.5 

07S Steel plate 5.5 6.35 4.0 

09S Steel plate 5.5 6.35 3.5 
1. Refer to Table 4 for material properties. 

Table 3: Wall element geometric properties. 

 

Material  
Yield strength, 

σY (MPa) 

Young’s modulus, 

E (GPa)  

Poisson’s 

ratio, ν 

Density, 

ρ (kg/m3) 

Steel plate 250 200 0.30 7860 

Table 4: Wall element material properties [3]. 

 

Wall 

element  

Peak SDOF 

response, zmax 

(cm) 

Rotation, θ Ductility, µ 

Rotation 

response limit, 

θmax 

Ductility 

response limit, 

µmax 

05S 5.8 1.82˚ 0.90 

2˚ 8 07S 5.2 1.63˚ 0.71 

09S 5.3 1.65˚ 0.63 

Table 5: Peak SDOF responses and ASCE 59-11 response limits for steel plates considering moderate damage [4]. 

4.2 FEA Setup and Analysis 

The three steel plate wall elements are modeled in ABAQUS/CAE in accordance with the 

geometric and material properties specified in Tables 3 and 4, respectively. Triangular shell 

elements are used to mesh the geometry, and simple supports are applied to the perimeter edges 

of each modeled wall element (see Figure 11). A finer mesh is developed in the vicinity of the 

three corner regions. Zero damping is assigned to the section properties. 
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Figure 11: Typical steel plate wall element as modeled in ABAQUS. 

The dynamic analysis for each wall element is carried out in two steps. First, an implicit 

dynamic load step is executed in which a uniform pressure is applied to the wall element. The 

uniform pressure is described by a linearly decaying ramp function (see Figure 10b) formulated 

in accordance with the pressure-time history described by the equivalent uniform peak pressure 

and impulse specified in Table 2. A second implicit dynamic load step is next performed in the 

absence of external loading to model the free vibration phase. History output requests are 

obtained at each time step for the out-of-plane nodal displacements and edge reactions. 

Displacement-time history plots of the out-of-plane displacement at the center of each wall 

element as obtained from FEA and the equivalent SDOF system are displayed in Figure 10. The 

time history is displayed from the initial response to the blast infill pressure to 200 msec. The 

FEA and SDOF time history plots demonstrate very good correspondence. 

 

  

 

Figure 10: Displacement-time history plots of the out-of-plane displacement at the center of each wall element as 

obtained from SDOF and FEA. 
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4.3 Distribution of Peak Dynamic Edge Reaction 

The responses of all three steel plate wall elements remain elastic throughout the free vibration 

phase (i.e. ductility, μ < 1.0). As a result, the peak dynamic edge reaction distribution is 

determined using (31). Substituting into (31) the geometric and material properties listed in 

Tables 3 and 4, and the peak responses summarized in Table 5, allows for the computation of the 

peak dynamic edge reaction distribution for each wall element along the edge located at x = -a/3 

and between y = 0 and 3/3ay   (see Figure 11). The resulting edge reaction distribution is 

representative of the distributions along the remaining five edge segments owing to the symmetry 

of an equilateral triangle and the uniform blast infill pressure. 

The peak dynamic edge reaction distribution for each wall element during the free vibration 

phase is determined in ABAQUS/CAE by way of three steps. First, a nodal path is created along 

an edge of each wall element. Specifically, the edge located at x = -a/3 and between y = 0 and 

3/3ay   is investigated. Next, the time step of peak displacement during the free vibration 

phase is determined from the displacement-time history plots. Finally, the edge reaction 

distribution along the nodal path is obtained from the history output requests at the time step of 

peak displacement (see Figure 11). The peak dynamic edge reaction distribution for each wall 

element as obtained from FEA and (31) demonstrates good correspondence. 

 

 

Figure 11: Time history plots of the out-of-plane displacement at the center of each wall element as obtained from 

SDOF and FEA. 
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5 CONCLUSIONS 

Classical plate theory and mechanics of materials were employed to develop an equivalent 

SDOF model for describing the dynamic response of an equilateral triangular hardened wall 

element simply-supported in-plane of an inverted V-braced frame and uniformly loaded by blast 

infill pressure. Expressions (31) and (36) were then derived using the aforementioned theories for 

describing the distribution of the peak dynamic edge reactions along the perimeter supports of the 

wall element. The equivalent SDOF system and (31) were subsequently validated with dynamic 

FEA using ABAQUS/CAE. 

The process of designing the lateral system of a tall building for wind and seismic loads is 

made more complex by also having to analyze and design individual braced frame members for 

out-of-plane blast loads as caused by blast-induced dynamic reactions of hardened walls. The 

presence of numerous quantities of hardened walls and supporting braced frame members within 

the tall building may make impractical the use of dynamic FEA for analyzing and designing the 

walls and braced frame members. The parameters summarized in Table 1 are highly applicable in 

that they may be easily incorporated into standard SDOF blast analysis spreadsheets for rapidly 

analyzing the dynamic response of hardened wall elements built in a form equal to or near to that 

of an equilateral triangle. The final design of wall elements may be refined by adjusting the wall 

geometric and material properties until an optimal design is converged upon through iteration. 

Importantly, the corresponding distributions of peak blast-induced dynamic reactions along the 

perimeter supports of wall elements, given by (31) and (36), may be used to efficiently analyze 

and design the supporting braced frame members. 

Although this study dealt with homogeneous and isotropic equilateral triangular wall elements 

possessing elastic-perfectly plastic material properties, this work can indubitably be amended and 

expanded to include non-isotropic or non-homogeneous walls, such as reinforced concrete or stud 

walls. This would certainly involve modification of the assumed deformed shapes and out-of-

plane stiffness. Closed-form solutions for wall elements built in the form of other non-rectangular 

shapes, such as wide isosceles triangles or right triangles, are increasingly complex. However, the 

analysis of an equilateral triangle is expected to envelop many cases seen in tall buildings. 
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91762 Palaiseau Cedex, France

3Univ. Grenoble-Alpes, 3SR, 38041 Grenoble Cedex 9, France
e-mail: {julien.baroth,frederic.dufour}@3sr-grenoble.fr

4CNRS, 3SR, 38041 Grenoble Cedex 9, France

Keywords: Concrete cracking, 3D model, stress concentration, static condensation, steel.

Abstract. This contribution presents an original approach to improve the modeling of steel
rebars and prestressing tendons in concrete structures at a reduced cost. Classical 1D meshes
and models typically used for civil engineering applications tend to provoke strain localization
due to the geometrical singularity and are thus unable to reproduce local mechanical effects.
Complete 3D models can be applied in some cases, however their accuracy at the local scale
comes at the cost of engineering work on the meshes, especially for complex structures. The
1D-3D model presented in this contribution generates an equivalent volume for the steel bars,
based on existing 1D models. Its 3D stiffness and stress state are computed, and then condensed
on its interface with the concrete. The condensed degree of freedom are then linked to the
surrounding concrete elements by kinematic relations. The presented approach is validated on
different representative cases, and is able to predict the 3D effects of the bars and tendons at
the local scale. In particular it provides the representativeness and mesh stability of a full 3D
model, without the need for a complex mesh.
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1 INTRODUCTION

In civil engineering structures, concrete is usually reinforced and/or prestressed using passive
and active steel reinforcements. These reinforcements constitute material heterogeneities, and
have to be modeled to predict the behavior of the structure. They are usually considered as
unidimensional inclusions, considering the ratio of their length to their cross section. Therefore,
these reinforcements are typically modeled in FE analyses using 1D elements, with beam or
truss kinematics [4]. In some cases, where the three-dimensional effects of the tendon or rebar
section have to be taken into account, full 3D models using conform meshes can be applied [8].

In the case of 1D models, the cross section of the steel is neglected, compared to the concrete
matrix FE size. The models are superimposed, and the cross section has no influence on stress
and stiffness repartition in the concrete. This approach has no specific mesh requirements, and
is thus very easy to apply on various (and particularly, large-scale) structures. Therefore, a ge-
ometrical singularity is created. Although the global effect of reinforcement and prestressing is
well reproduced, this may lead to pathological mesh dependency effects due to stress concen-
tration at the singularity [1]. Also, transversal and cover effects can hardly be modeled with this
approach.

In the case of full 3D models, using a geometrical and mechanical representation of the
inclusions, the kinematics is much richer. This approach is both representative at the small
scale (transversal effects can be predicted) and stable toward the mesh. The counterpart is the
additional mesh complexity required to match the geometry of the heterogeneity.

In this contribution, a new approach is proposed, called the 1D-3D model (1D inclusions /
3D finite elements). It aims to combine the advantages of both modeling strategies, without
the need for a specific mesh. The proposed model is first described. Then, an application on
the numerical model of a nuclear containment building RSV is presented, where the different
models are compared [7].

2 MODELLING APPROACH

(a) 1D Model (b) Full 3D Model

Figure 1: Modelling of a tendon in a concrete volume.

Fig. 1 presents the meshes used to model a reinforcement in a concrete volume, for the 1D
and 3D models. The 1D-3D approach aims at combining the upsides of these models. Its main
objective is to conserve the ease of use and versatility of the 1D approach, while having the
representative local results and robustness of a full 3D approach. It should provide a single
model for the reinforcements in concrete, with a validity domain overlapping the 1D and 3D
approaches. Moreover, existing FE models can be used with this new model, as it uses 1D
meshes. The proposed ”1D-3D” approach requires four steps:

• Generation of the 3D equivalent mesh of the bar.
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• Computation of the equivalent stresses.

• Condensation of the 3D stiffness and stresses.

• Construction of the steel-concrete interface.

2.1 Generation of the 3D equivalent mesh

To be able to represent the 3D effects of the steel bars on the concrete, a 3D equivalent mesh
must be generated from existing 1D meshes. This allows to keep the adaptability of 1D meshes,
as well as applying this new model to existing FE models of structures. The equivalent 1D-3D
mesh is generated by projecting a circular section along the axis of the bar. The circular section
is meshed with triangles using a concentrical circles method. The 3D equivalent volume is
therefore meshed with prismatic elements. The 3D concrete domain is not modified.

Fig. 2 presents the 1D-3D equivalent mesh for a reinforcement in a concrete domain, and
the nodes at the steel-concrete interface.

(a) Equivalent steel volume (b) Steel-concrete interface

Figure 2: Modelling of a tendon in a concrete volume.

2.2 Equivalent stresses

In the case of active reinforcements such as prestressing tendons, or pre-tensioned rods,
stresses are applied to the steel member, which transmits it to concrete. The proposed 1D-3D
model requires transposing a 1D stress state to the equivalent 1D-3D volume. The 1D stress
state of the steel is first converted to nodal forces:

Fi = S
∫
Li

dσ1D
dl

dl (1)

whereFi is the nodal force vector at node i, σ1D the stress value, S the bar’s cross section and l
the abscissa along the bar, integrated on the length Li (depending of the finite elements form).
These nodal forces are then applied to the 1D-3D model previously generated, creating a stress
state such that:

Fi =
∫
Vi

∇σ1D3DdV (2)

where σ1D3D is the stress tensor,∇σ1D3D its divergence, V the volume of the bar, integrated on
Vi (depending of the FE geometry and interpolation functions). Thus, the stress state computed
using a 1D model can also be applied to the 1D-3D model.
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2.3 Condensation

The 1D-3D model generates a large number of additional FEs and DOFs compared to clas-
sical 1D approaches. This may become an issue in terms of computational cost if large RC
structures with high levels of reinforcements are considered. However, an approach is pro-
posed to reduce the number of DOFs, similar to the condensation method presented in [9]. This
method is based on Guyan’s static condensation [6], and replaces the 1D-3D model by its re-
duced stiffness matrix and loading, applied on the envelope of the 1D-3D bar. This way, the
volume is reduced to a surface.

However, the reduced stiffness matrices are smaller but also fuller than standard stiffnesses,
which may impact computational performance wen solving the linear system. To avoid this
problem, low-rank approximations of the condensed stiffnesses may be used. Depending on the
configurations, the condensation may or may not improve computational performance. Since
this step is not strictly necessary in the 1D-3D approach, it should be applied only in the situa-
tions where it improves performance.

2.4 Steel-concrete interface

The steel-concrete bond in ensured by the interface nodes of the bar, related to the adjacent
concrete elements by kinematic relations. These relations transmit the stiffness and force field
of the 1D-3D model to the adjacent concrete nodes. The displacement ui of the steel node i
located at xi is such that:

ui =
∑
j

ujNj(xi) (3)

where uj are the displacements of the concrete nodes j adjacent to i, and Nj the interpolation
functions of the concrete domain. This model is similar to the perfect bond usually considered
for 1D reinforcement bars (in the case of non-corresponding meshes). This relation could be
improved to include more representative steel-concrete bond models.

As in the classical 1D model, the two materials are geometrically superimposed: the ad-
ditional stiffness is neglected. This method has been developed to be used without additional
adaptations and/or meshing effort on existing 1D meshes. It provides, for a small additional
computational cost, more accurate local stress fields and removes the pathological mesh depen-
dency.

3 MODELLING OF A PRESTRESSED RSV

3.1 Presentation

In this section, a structural application case is considered. It consists in a numerical model of
a representative structural volume (RSV) of a prestressed and reinforced concrete containment
building, on which a pressure test is performed. This particular structure is strongly dependent
on the prestressing tendons, which affect damage localization and failure mode [8]. In partic-
ular, previous studies have demonstrated an inclusion effect around the vertical tendon. This
effect is not predicted with 1D models, but can be analyzed with full 3D models. The aim is
thus to evaluate the capacity of the 1D-3D approach to predict this effect.

Fig. 3 presents the geometry of the structure: it consists in a curved, horizontally prestressed
concrete volume on which an internal pressure is applied. A non prestressed vertical tendon
(the transverse inclusion), and passive reinforcements are also included. The prestress is first
applied through the horizontal tendons, with an associated vertical compressive stress; the in-
ternal pressure is then applied.
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Figure 3: Geometry and loading of the prestressed concrete RSV [8].

The concrete is modelled using Mazars’ isotropic damage model [10] (compressive strength
fc = 37.6 MPa, tensile strength ft = 3.57 MPa). The stress-based nonlocal method is ap-
plied [5], with a nonlocal internal length lC0 = 4 cm. The passive steel reinforcements are
modeled using equivalent shell FEs. All simulations are performed using Cast3M [2], with
post-processing using Salome [3]. On this structure, 1D, 1D-3D and full 3D models are com-
pared regarding global and local results.

3.2 Results

Figure 4: Pressure vs. Radial displacement evolution of the RSV with different tendon models.

To analyze the global nonlinear behavior, Fig. 4 presents the pressure-radial displacement
evolutions for the different models. The prestress provokes an initial inward radial displace-
ment. After the elastic part of the behavior, a nonlinear behavior is then observed: the pressure
decreases while the (outward) radial displacement increases. All models provide very similar
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results in this respect: the choice of the model used for the steel tendons (both horizontal and
vertical) has little impact on the global behavior.

To analyze local effects, and in particular the inclusion effect of the vertical tendon, Fig. 5
compares for the different models the damage profiles in the RSV, for a radial displacement of
4.5 mm. The 1D-3D approach in particular, is applied using both the explicit 3D mesh with
geometrical representation of the tendons, and a regular mesh, with 1D representation of the
tendons. It appears that, excluding the inside of tendons (there is superimposition in the 1D-3D
and not in the full 3D model), the distributions are nearly identical between 1D-3D, with both
explicit and regular meshes, and the explicit 3D model. The effect of the vertical tendon on
damage initiation and propagation is well reproduced. The 1D approach, however, does not
reproduce this effect and features a more distributed damage in the whole volume, as well as
damage localized around the horizontal singularities. Therefore, the proposed approach clearly
improves the description of the mechanical behavior at the local scale. It is able to predict
the effect of the vertical tendon without the additional meshing effort required to represent it
explicitly.

(a) Full 3D Model (b) 1D Model

(c) 1D-3D Approach (conform
mesh)

(d) 1D-3D Approach (regular
mesh)

Figure 5: Damage profiles for a radial displacement of 4.5 mm (only the areas with D ≥ 0.80
are represented).

4 1D-3D APPROACH FOR UNCERTAIN GEOMETRY

4.1 Presentation

As presented earlier, one of the main advantages of the 1D-3D approach in modeling rein-
forcement bars and prestressing tendons in concrete is its flexibility. As it is based on a simple
1D geometrical description of the reinforcements and can be used without a specific concrete
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mesh, it is well suited for applications such as sensitivity analyses or uncertainty quantification
(e.g SFE analyses), including geometrical uncertainty.

In this section, an example of application of the 1D-3D approach is presented, that uses the
same structural case than the preceding section. In particular, the sensitivity of the damage
profile in the prestressed RSV to the position of the vertical tendon will be studied. The 1D-3D
approach, using a regular mesh for concrete, will be applied for this study. Three configurations
are modeled and analyzed. In the first, the cover at which the vertical tendon (Ø 84 mm) is
placed in the RSV is increased by 46 mm. In the second, the tendon is located at its nominal
position (as in the preceding section), with a concrete cover of 208 mm. In the third, the cover is
reduced by 46 mm. The damage profiles obtained with the three configurations are compared,
in order to observe the local effects and how it is influenced by the tendon position.

4.2 Results

(a) Reduced cover (b) Nominal position (c) Increased cover

Figure 6: Damage profiles for a radial displacement of 3.0 mm with different positions of the
vertical tendon (top view).

Fig. 6 presents and compares the damage profiles obtained with the three tendon positions.
Damage profiles of each the increased/reduced configurations are compared locally to the refer-
ence configuration of the modeled RSV. In order to observe more easily the difference in local-
ization of damage around the tendon, damage is observed at an earlier stage (radial displacement
of 3.0 mm). We observe at first that the inclusion effect, leading to localized damaged areas,
is still reproduced with all three positions using the 1D-3D model. In all three cases, damage
seems to initiate on the side of the vertical tendon, following the perturbed position. Also, it
appears that the concrete elements located inside the 1D-3D tendon are protected in all three
simulations. This protected area follows quite correctly the perturbed position of the 1D-3D
tendon. A second damaged area appears on the inside face of the RSV, in front of the vertical
tendon. This area seems to be more damaged when the concrete cover of the tendon is reduced.
The effect of the vertical tendon (and in particular the inclusion effect) is well reproduced in
those configurations, and the influence of its position can be observed and quantified. This vali-
dates the applicability of the 1D-3D approach (in particular, using a regular mesh), for analyses
in a uncertain geometry context.

5 CONCLUSIONS

A new approach, called 1D-3D, for the modeling of prestressing tendons and reinforcement
bars in concrete structures has been presented. This method creates an equivalent volume from
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the 1D mesh, with static condensation of the stresses and stiffness to limit the computational
cost: no additional meshing requirements are necessary compared to classical 1D mesh. The
reduced stiffness and nodal forces of the steel are applied on the envelope of the equivalent
volume, and bonding to the concrete is then performed using kinematical relations. This method
is validated on a representative structural volume of prestressed concrete containment buildings,
on which geometrical uncertainties are considered. The 1D-3D approach avoids the well-known
stress concentration around singularities observed with 1D models. It is also able to reproduce
local structural effects, such as transversal effects. Therefore, the proposed 1D-3D approach
combines in a single model the versatility and efficiency of classical 1D models at the large
scale with the representativeness and the numerical stability of full 3D models.
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Abstract. Performance prediction of fibre-reinforced concrete structures under impact is of
major importance in a wide range of industrial applications. Therefore, the study of the dynamic
behaviour of the material is necessary to quantify the dynamic mechanical properties of the
material in terms of both mechanical response and fracture behaviour : dynamic fracture energy
and tensile strength. This study aims to design a modified Hopkinson bar bending test with a
series of numerical simulations prior to the actual test in order to select a feasible experiment
configuration. Results of a dynamic bending experiment on a steel fibre-reinforced concrete
specimen loaded up to failure are presented.
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1 INTRODUCTION

Performance prediction of fibre-reinforced concrete structures under impact is of major im-
portance in a wide range of industrial applications. Therefore, the study of material dynamic
behaviour is necessary to quantify its dynamic mechanical properties in terms of both the me-
chanical and fracture behaviours. Tested under high strain rates, cement-based materials tend
to be strain-rate sensitive, which causes the mechanical behaviour to be significantly different
from what is observed under quasistatic conditions [1, 2]. To cite a few, tensile strength and
fracture energy are both loading rate-dependent material properties.
Investigations of the behaviour of materials under high loading rates have resulted in new ex-
perimental techniques. The Hopkinson pressure bar was first introduced by Bertram Hopkinson
as a way to measure the elastic wave propagation in a metal bar [3]. This technique was then
refined by Kolsky [4] to measure stress and strain, by using two Hopkinson bars in series, and is
now known as the split Hopkinson pressure bar (SHPB). The first tests investigated the dynamic
compressive behaviour of materials.
Since then, many experiments have been performed for the characterization of the tensile
strength over a wide range of strain rates, whereas only a few data are available for the fracture
energy. The aim of this work is to provide a method for analyzing the Hopkinson bar bending
test prior to the experimental procedure via numerical simulations. Such method allows us to
examine the effects of many parameters (geometry and loading conditions) that experimentally,
would be costly and time-consuming. First, different configurations for the dynamic bending
test, including aspects such as loading methods, sample configurations and impactor speed are
investigated. Second, based on the numerical simulations, the final configuration of the dynamic
bending test is chosen. Using the Hopkison bars apparatus, the experiment is then conducted on
a fibre-reinforced concrete specimen. Two high-speed cameras are used in order to capture the
entire event from the onset of loading, through crack initiation and propagation. Full displace-
ment fields are obtained with digital image correlation done on a number of relevant images.
First results are presented and analyzed.

2 DESCRIPTION OF THE EXPERIMENTAL METHOD

2.1 Definition of the test configuration

The bending test has been employed in Hopkinson bar dynamic fracture testing in several
configurations (Fig. 1). Loading methods are varied: with only one bar for a one-point bending
test (one-bar/1PB) [5], or for a three-point bending test using one bar (one-bar/3PB) [6], two
bars (two-bar/3PB) [7] or three bars (three-bar/3PB) [8, 9]. The three-bar/3PB loading configu-
ration includes the impactor, the incident bar and two transmission bars which are the supports
of the beam tested. The specimen is placed between the incident and transmission bars and the
striker is propelled towards the incident bar. A stress wave travels then through the incident
bar. Upon reaching the sample, due to the mismatch of mechanical impedances between the
bar material and that of the specimen, part of the incident stress wave is reflected back into
the incident bar, and the rest is transmitted through the sample to the transmission bars. The
incident, reflected, and transmitted stress waves are then analyzed to deduce the sample’s me-
chanical response by using one-dimensional wave propagation theory; considering that the bars
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are sufficiently long.

Figure 1: Different configurations of dynamic bending tests: (a) one-bar/1PB (b) one-bar/3PB (c) two-bar/3PB (d)
three-bar/3PB [10].

2.2 Data reduction

Wave speed: The accurate measure of the wave speed in the bars is the first step in a valid
data reduction for the Hopkinson bar experiment. This is done with a bar-to-bar test. By
recording the time-of-arrival of both the incident and reflected waves at the incident bar strain
gauge (t1 and t2 respectively), and knowing the length between the strain gauge and the end of
the bar(LIg), the bar wave speed can be accurately calculated with equation 1:

cb =
2LIg

t2 − t1
(1)

The same is done between the signals measured from the incident gauge and the transmitted one,
knowing the distance separating them. For the aluminium bars used in the lab’s experimental
apparatus, the mean value of the wave celerity is then computed: we find it to be equal to 5200
m/s.

Dispersion correction and time shifting: The waves during the test are measured using
four strain gauges configured in a full Wheatstone bridge circuit. The strain gauges are used
in pairs: the first pair is connected along the axis of the bar; one strain gauge is mounted
axially and the other radially; the second pair of strain gauges is connected in the same manner
but diametrically opposed. The electrical signals measured with the strain gauge bridges are
converted to strain according to equation 2:

ε =
Vout

Vin × fa ×GF × (1 + νalu)
(2)
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where, Vout is the electric potential measured, Vin is the electric potential applied across the
strain gauge, fa the amplification factor, νalu the Poisson’s ratio of the aluminium and GF the
gauge factor.
The time shifting of the waves consists of setting an origin matching the arrival of the incoming
wave at the bar-specimen interface. Theoretically, it is estimated knowing the wave celerity
and the distances between the gauges and the ends of the bars. Transport in space also requires
taking into account the effect of dispersion, since waves with different lengths propagate in a
medium at different speeds. This effect is observable in the Hopkinson bars, due to the three-
dimensionality of the bar. Taking into account the dispersion correction, the measured waves
are transported to the input bar-specimen interface using the software DAVID [11].

Sample boundary velocity: A measure of interest not typically reported, but can be readily
calculated, is the bar end velocity. The velocity of the incident bar end vi can be calculated
using Equation 3:

vi = cb × (εi − εr) (3)

where, εi and εr are respectively the incident and reflected strain measures taken from the
incident bar strain gauge and time shifted as exposed in the preceding paragraph.

Input force: The input force at the interface between the input bar end and the specimen Fi

can be calculated using Equation 4:

Fi = Eb × Sb × (εi − εr) (4)

where, Eb and Sb are the Young’s modulus and the section of the aluminium bar, respectively.

3 MODELING OF THE HOPKINSON BAR EXPERIMENT

3.1 Numerical approach

A three dimensionnel finite element model of the Split-Hopkinson Pressure Bar (SHPB) test
of a pre-notched prismatic beam is developed. The dimensions (diameter and length) of the
striker and the incident bar are fixed (Fig. 2). Different dimensions of the beam are studied:
40×40×160, 60×60×240 and 100×100×400 (in millimeters). The numerical analysis is con-
ducted using the explicit dynamic finite element code LS-DYNA [12].

Element type and mesh: Under-integrated eight-node solid hexahedron elements are se-
lected for modeling the specimen and the bars. The specimen is described using fine mesh with
finite elements having an aspect ratio of one in order to capture well the non-linear phenomena.
The part of the experimental setting staying elastic are described using a coarser mesh with an
aspect ratio larger than one. The summary of FE distribution in different portions of the FE
model is given in table 1 and the finite element mesh in the specimen and the input bar end are
shown in figure 3.

Material model: The selection of the appropriate material model is a critical step in the
analysis since it determines the response of the structure to the type of loading it is subjected to.
Experimental evidence [1, 2, 13, 14, 15] indicates that the material, which will be studied in the
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Figure 2: Model of the dynamic three-point bending test.

Figure 3: Mesh of the specimen and the input bar end.

Entity Nodes Elements
Striker 4329 3680

Input Bar 22126 20700
Specimen 115816 107100

Table 1: Mesh details of the components in the FE model.

future, is quasi-brittle and exhibits sensitivity to strain-rate. Therefore, an elasto-plastic damage
model with rate effects, namely the continuous surface cap model (MAT-159) is chosen [16].
It takes into account strain softening, modulus reduction due to damage as well as rate effects.
The striker and bar materials show a yield strength higher than the stress state expected during
the test. Consequently, they are modeled as linear elastic materials.

Contact definition: The contact algorithm uses the penalty method, which allows pene-
tration to occur but penalizes it by applying surface contact force models. Automatic surface
to surface contact type category is used for the simulations, being adequate for the modified
Hopkinson bar experiment which does not involve penetration of bodies.

Application of constraints: The axial direction of the striker and incident bar being along
the X-direction of global cartesian coordinate system, the specimen displacement is constrained
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in this direction to achieve a three-point bending configuration. As for the one-point bending
configuration, no constraints are applied, and the specimen is in a free-free condition.

3.2 Results and discussion

The response of the beam under different loadings (i.e., different initial striker velocities) are
studied and three specimen sizes are considered. The global energies of the FEM are checked
for negligeable hourglass energies. The numerical simulations of the three-point bending test
show that damage initiates before an equilibrium state occurs (Fig. 4). Smaller spans have
also been tested, but the equilibrium was nevertheless still not reached. The supports in the
three-point bending test configuration do not come into play initially which puts the beam in
a free-free condition. Thus, cracking occurs before supports are engaged. The specimen’s
deformation is caused by striker loading and material inertia only. Since the mechanical state

Figure 4: Input, output forces and cracking initiation with respect to time.

of the specimen is identical to the one of an unsupported beam, it is suitable to use a one-
point bending test configuration. The force-displacement evolutions at the load point of the
beam are plotted in figure 5 for various dimensions of the specimen. One can observe that the
experimental device needed (bearing for specimen) and the response are influenced by the size
of the specimen. As a matter of fact, the specimen is practically held with no supports which
makes it hard to be kept in place with increasing weights. Thus, the specimen has to be kept
relatively small. Depending on the striker velocities, the specimen breaks more or less early.
As shown in figure 6, with higher velocities, the input force is higher for a given displacement
as well as the maximum displacement. Also, damage and therefore cracking of the specimen
is reached earlier for higher initial velocities (Fig. 7). Finally, the configuration chosen for the
test is the one-point bending with one input bar and no output bars. As for the initial velocity
of the striker, the range reachable in the LMT facilities is sufficient to lead to the failure of the
specimen, whatever its size may be.
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Figure 5: Force-displacement curves for different specimen sizes.

Figure 6: Effect on the striker velocity on the force-displacement curves.

Figure 7: Damage in the specimen at t=1.4 ms for striker velocities of (a) 5 m/s (b) 8 m/s and (c) 10 m/s.
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3.3 The experiment

3.3.1 Description of the apparatus and the measurement techniques

The apparatus consists mainly of a gas gun, a striker, an incident bar, and a computer-
controlled data acquisition system. The incident bar is 4.5 m long, while the projectile used
is 0.8 m long. Both the bar and the projectile are made of aluminum alloy and have a com-
mon diameter of 60 mm. The striker, input bar and specimen are positionned as mentionned
in the previous section. The material tested in this work is a steel fibre-reinforced concrete
with nominal specimen dimensions of 4×4×16 cm and a 2-cm deep pre-notch. Figure 8 shows
the final experimental configuration adopted for the dynamic one-point bending test and the
measurement techniques used.

Figure 8: One-point bending test configuration.

Two strain gauge brigdes mounted at two locations on the incident bar provide strain mea-
surements. The first one is used to trigger the camera’s system and start recording, whereas the
second one is used to determine the time histories of the stress and strain at the bar-specimen
interface. Two high-speed cameras are used: the Photron Fastcam SA-5 and the Shimadzu
HPV-X. The Photron Fastcam SA-5 camera is capable of recording images with a maximum
resolution depending on the frame rate. It is used to capture the entire event from the onset
of loading, up to crack initiation and propagation. To do it, the camera is run at a nominal
frame rate of 50,000 frames per second resulting in a recording throughout the total time of the
test with a resolution of 256×472 pixels. For the Shimadzu HPV-X, the maximum frequency
can reach up to 10 million frames per second for a 50,000 pixels resolution with a memory
capacity capable of recording up to 256 images in total. Thus, this camera has recorded images
of the area near the crack tip in order to obtain precise information about the crack initiation
and propagation throughout the duration of the loading. The camera is run at 200,000 frames
per second resulting in a total recording of 1280 µs with a resolution of 250×400 pixels. The
images are used to perform digital image correlation with the Correli Q4 code developed in
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the LMT Cachan [17]. The artificial random pattern, obtained by spraying black spots on the
surface of the beam, and the positionning of high-speed cameras are taken into account in order
to measure a reliable displacement field.

3.3.2 Experimental results

Photos taken from the Fastcam SA5 follow the evolution of the crack at different times as
shown in figure 9. Time reference corresponds to the triggering of the camera (i.e., arrival time
of the wave at the location of the first gauge placed on the input bar).

Figure 9: High speed photographs of specimen subjected to impact loading.

The incident and reflected strain waves obtained experimentally are presented in figure 10
after being corrected for dispersion and time shifting. The velocity at the interface between the
input bar and the specimen is calculated from the measured waves and is shown in figure 11.

Figure 10: Incident (εi) and reflected (εr) strain
waves after being shifted to the specimen’s face.

Figure 11: Velocity (Vi) at the interface input bar-
specimen.
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The input force calculated at the interface between the input bar and the specimen is shown
in figure 12.

Figure 12: Evolution of input force (Fi) in time.

The digital image correlation gives access to the strains and displacement fields as shown in
figure 13. The initiation of the crack is easily detected even when it is not discernible to the
naked eye (Fig.9b and Fig.13b). It can be quantified via the discontinuity of the Y-displacement
(Fig.13b, c, d) by calculating the displacement jump and it is found to be equal to 0.32 mm,
1.91 mm and 3.36 mm at the 3 respective times.

Figure 13: Displacement fields in the Y-direction measured with digital image correlation at different moments of
the test.

4 CONCLUSIONS

This paper details the design of a dynamic bending test, through prior numerical analysis.
The numerical simulations show that in the three-point bending test configuration, cracking oc-
curs before the supports are engaged. Since the mechanical state of the specimen is identical to
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the one of an unsupported beam, the latter can be used for the analysis of quasi-brittle materials
for which failure occurs at the onset of the test. After having chosen the suitable parameters
for the test configuration, the experiment is performed. First results of a test in which a steel
fibre-reinforced concrete specimen loaded up to failure are presented and show the cracking
initiation and propagation. A future iteration of this experimental procedure might attempt to
have a more localized force application. Additional work should also be put into an accurate
computation of a fracture energy for the dynamic case where no equilibrium state is obtained.
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Abstract. Stability loss of a thin-walled elastic closed spherical shell, subjected to external 

pressure and internal corrosion, is studied. It is shown that critical time of stability loss of the 

shell can be established if the upper critical load value for static stability loss of the shell 

without corrosion and the corrosion rate law are known. Numerical results are obtained for 

carbon steel shells with different wall thickness at different temperatures. 
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1 INTRODUCTION 

Thin-walled elastic vessels, having the form of a closed sphere, are widely used in the in-

dustry, for example, in chemical engineering, as high-pressure reservoirs.  In this relation the 

problem of stability loss of a thin closed spherical shell, subjected to a uniform external pres-

sure, is of special importance. It was studied in a number of papers, particularly, in [1-4], 

where stability loss of thin-walled elastic shells, subjected to various loads, including external 

pressure, was investigated.  

However, existing models don’t take into account the fact that in the process of structure 

operation the shell interaction with an active environment is possible. Such interactions can 

change, for instance, the thickness of the shell's wall - it is known [5] that corrosion leads to 

sufficiently fast thinning of different elements of metal constructions. Experimental data indi-

cate that corrosion rate depends also on the magnitude of mechanical stresses in the material. 

This effect must be taken into account when the service life of the structural elements operat-

ing in the presence of general corrosion is estimated [5].  

The onset of breaking is related usually to approaching of certain limiting stress in the shell. 

Nevertheless, in certain cases of practical importance, the stability loss can occur in the shell 

before the breaking stress is reached. In such cases the structure life time will be completely 

determined by the criterion of the stability loss. For instance, the method of the life time est i-

mation for elastic thin-walled closed circular cylindrical shell, subjected to simultaneous ac-

tions of uniform external pressure or longitudinal compressive forces, and homogeneous 

corrosion, was developed in [6, 7]. 

In the present paper this method is extended for the case of stability loss of a thin-walled 

elastic closed spherical shell, subjected to simultaneous action of a uniform external pressure 

and internal homogeneous (general) corrosion. 

2 PROBLEM DESCRIPTION 

The corrosion is considered here as a uniform dissolution of the internal surface of the 

shell (general corrosion). This suggestion leads to a model in which the internal wall of the 

shell is dissolved uniformly over the entire surface, and its thickness h  decreases with time t. 

The rate of this process is equal to the corrosion rate. Experimental data for various metals 

and steels, received for pure elastic stressed state, have shown that corrosion rate, besides the 

temperature T , depends essentially from the stressed state of the material, which in the case 

of a spherical shell is characterized by compressive stress  , caused by the external uniform 

pressure. As a result, the corrosion rate v   follows the relation [ ( ), ]v f t T . It was shown in 

[5] that this dependence can be approximated by the exponent function. Similar to [6, 7], it is 

possible to write this law in an explicit form, taking into account specific conditions of corro-

sion and using experimentally established parameters. 

Below stability loss of a thin-walled elastic closed spherical shell, subjected to simultane-

ous action of uniform external pressure and internal uniform corrosion, is studied. The formu-

las for the critical time (live-time), corresponding to the moment of stability loss, are derived. 

3 SHELL STABILITY LOSS IN THE ABSENCE OF CORROSION 

Consider the problem of stability loss for a thin elastic closed spherical shell with thickness 

( )h t and radius of the middle surface ( ),R t subjected to external pressure of intensity Q . As-

suming that changes of the wall thickness and, consequently, the radius ( ),R t are quasi-static, 

the equations of static stability loss in linear approximation can be applied. Spherical coordi-

nates of the shell middle surface are characterized by the radius ( )R t and the angles  and    
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(Fig.1). It is assumed that the initial stress state of the shell is membrane like [8] and, there-

fore, from equations of the thin elastic shells theory it follows that the loadings, arising from 

the external pressure with intensity Q , in all normal cross-sections of the shell have the form 

[2, 4]:  

                                1 2
2

Q R
S S S                                                      (1) 

Assuming that the loading S and the corresponding stress   are compressing, we obtain 

from Eq. (1):   

;
2 2

Q R Q R
S

h
                                                   (2) 

 

Figure 1: Spherical coordinate system and scheme of the shell’s loading. Q - intensity of external loading,   

 - polar angle,   - spherical angle. 

At solving of the linear problem for stability loss of elastic closed spherical shell we as-

sume that on the middle surface of the shell many dents are formed. According to [2, 4, 8], the 

changes in the middle shell surface within one dent can be considered as minor. Taking into 

account Eq. (2) and using equations of the stability problem for thin elastic shallow spherical 

shells, we obtain the following homogenous differential equation of stability loss for a closed 

spherical shell, subjected to external uniform pressure of intensity Q  [2, 4]: 

0
)1(12

2

2

46

2

2




w
R

E
ww

hE



                                    (3) 

Here E is the Young module,   is the Poisson coefficient, and w is the normal deflection 

of the middle surface of the shell. Differential operators 
2 ,  

4  and 
6  are defined as fol-

lows: 

2 4 2 6 3

2 4 6

1 1 1
( , ) ( ) , ( ) , ( )

2 2 2 2 2 2

2 2 2 2 2 2
F F F F F F

R R R
 

     

     
        

     
  (4)  

where the function ( , )F F    is supposed to have partial derivatives of a corresponding 

order.    

Following [9], we accept that solution of Eq. (3) must satisfy the relation: 
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2 2w w                                                           (5) 

where   is an indefinite parameter. Then we receive from Eq. (3): 

2
4 2

2 2
0

12(1 )

E h E

R
  


  


 

 which yields the relation: 

2
2

2 2 212(1 )

E h E

R
 

 
 


                                          (6) 

The value of  , corresponding to minimum of  ,  is equal to: 

2
2 12(1 )

R h





                                                          (7) 

Substituting Eq. (7) into Eq. (6), we obtain the upper critical stress  
and the correspond-

ing upper critical pressure Q : 

23(1 )

E h

R




 


,    
2

2 2

2

3(1 )

E h
Q

R 




                                   (8) 

Note that the upper critical stress  
 for a spherical shell, defined by Eq. (8), coincides 

with that one for a thin elastic circular cylindrical shell with the radius R  of the middle sur-

face, subjected to longitudinal compressive forces and external general corrosion [7].  

Eq. (8) was derived at the assumption that the shell wall thickness is specified, whereas the 

critical value of the external pressure Q  is the unknown quantity. It follows from Eq. (8) that 

if to assume, on the contrary, that the external pressure Q  value is specified, then the shell 

wall thickness *h , corresponding to stability loss, will be equal to 

   
24 3(1 )

*
2

Q R
h

E

  
                                                    (9) 

4 STABILITY LOSS OF THE SPHERICAL SHELL IN THE PRESENCE OF 

HOMOGENEOUS INTERNAL CORROSION  

It is assumed below that the shell is subjected to simultaneous action of a constant external 

pressure Q  and homogeneous internal corrosion. The rate of the thickness decrease at each 

moment of time t  is equal to the corrosion rate 

( , )
dh

f T
dt

                                                             (10) 

where ( , )f T  is a sufficiently smooth function of the compressive stress  , defined by 

the Eq. (2), and the temperature  T . 

The corrosion rate dependence on the stress value, according to experimental data, can be 

approximated by exponential function suggested in [5], while the temperature effect is de-
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scribed usually by the Arrhenius type law [10]. Combination of both functions yields the fol-

lowing relation: 

0 c0 c g( , ) exp[ (1 / ) / ( )]f T v E E T V R T    , c0 c0 g 0 c c c0 0/ , / , /E E R T E E E T T T    (11)  

Here gR  is the molar gas constant, V is the material molar volume, c c0,E E  - the effective 

activation energy of the corrosion process and its reference value, respectively; 0,T T  - the 

absolute temperature and its reference value. The preexponential factor 0v  in (11) has the 

meaning of corrosion rate for a non-stressed shell ( 0  ) at c c0E E  and 0T T . Similar to 

[6,7], the critical time t , corresponding to the moment of the shell stability loss, can be ob-

tained from the Eqs. (10), (11): 

0

2
0 0 0 c0 c g( / )exp[ (1 / )] exp[ / ( )]dt h v E E T V R T





   



                        (12)                                                                                            

where 

0
0 0 0

2
0

, * ,
23(1 )

t

Eh QR
h h

hR
 


  


                             (13)                        

Here it is accounted for that R const . Note that in Eqs. (12), (13) is supposed also that the 

external pressure Q  for a given initial wall thickness 0h  and shell's parameters satisfies the 

inequality: 

     *

0                                                                 (14) 

If we introduce the dimensionless variables according to 

0 0 0( ) / , / , / , /D t v R N h R                              (15)    

then Eq. (12) takes the form 

*

1
2

c0 c gexp[ (1 / )] exp[( ) / ( )]d

N

D N E E T V R T                            (16) 

Here, similar to [6, 7], the value of D
 can be treated as a relative durability of the shell, 

and value of N
- as a safety coefficient for the stability. 

5 NUMERICAL RESULTS  

Numerical simulations were performed on the basis of Eq. (16) in order to study the rela-

tive durability D
dependency on the safety coefficient for stability N

for a thin–walled 

closed spherical shell, made from carbon steel, at different values of temperature and initial 

wall-thickness. The changes of D
with N

and   are illustrated by the plots on the Fig. 2. 

Data for the Young modulus E  temperature dependency for carbon steel (carbon content < 

0.3%) were taken from the engineering toolbox [11] according to ASME B31.1-1995: 

1)
11 2 02.049 10 N/m ( 20 C) ;E     2)

11 2 01.971 10 N/m (100 C)E    
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Carbon steel for the both temperature values is characterized by 
6 30.295, 7 10 m /mol;V    the molar gas constant is equal to 8.317 N m/ (mol K)gR    . 

The effective activation energy for corrosion was chosen as c c0 50kJ/molE E  ; the refer-

ence temperature 0 293KT  .  

 

Figure 2: Dependency of the relative durability D* from the safety coefficient for stability N

 (plots 1, 2) 

and the non-dimensional wall thickness   (plots 1', 2') at different temperatures. 

The curves  1, 1'  on the Fig. 2 correspond to 020T C  , the curves 2, 2 '  - to 0100T C . 

The plots 1, 2  were calculated with a fixed initial non-dimensional wall-thickness 0.01  ; 

the plots 1', 2 '  - with a fixed external load 4 25 10 N/mQ   . It follows from the Fig. 2 that the 

relative durability decreases with the growth of the safety coefficient for stability, while the 

increase of the initial shell thickness has an opposite effect on the vessel life-time. The tem-

perature increase yields the relative durability reduction because of two reasons – the corro-

sion enhancement and the elasticity modulus decrease. Simulations have shown that the first 

one is the most important factor. 

6 CONCLUSIONS  

 The critical time of stability loss of a thin-walled elastic closed spherical shell, subjected 

to uniform internal corrosion at a permanent uniform external pressure, can be predicted 

from the solution of the corresponding problem of static stability for the same shell, with 

account for the shell’s wall thickness changes due to homogeneous corrosion, accelerated 

by mechanical stresses in the metal.  

 The relative durability of the shell depends on the safety coefficient for stability; its value 

is highly influenced by the temperature and the initial shell thickness.  

 It was shown that the relative durability decreases with the growth of the safety coeffi-

cient for stability. 
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 The temperature increase yields the relative durability reduction because of two reasons – 

the corrosion enhancement and the elasticity modulus decrease. 

 Thicker shells at the same external load and temperature are characterized by larger life-

time. 
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Abstract. The pre- and post-peak performance features of two widely used damage-plasticity
constitutive formulations are assessed for modeling the multiaxial response behavior of pres-
sure sensitive quasi-brittle materials such as concrete. Two benchmark problems have been
solved using commercial software packages; ABAQUS which implements the two invariant Lee-
Fenves damaged plasticity formulation as its main feature for concrete has been used along with
LS-DYNA which is using Duvaut-Lion damage and plasticity model, a three invariant formula-
tion. In order to have consistent results, the parameter identification and calibration for both
models has been performed and response of both models has been compared to each other un-
der uniaxial tension and compression. The two benchmark problem are triaxial compression
CTC and triaxial tension CTE. The aim of this study is to observe the difference between two
well-known material models in capturing the compaction to extension regime in the yielded
material. The difference between the response of each material model and also the efficiency
of input parameters in controlling of this transition has been studied in this paper. Based on
these failure diagnostics, the main shortcomings of each formulation are discussed and possible
enhancements and remedies are proposed for the pre- and post-peak feature.
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1 introduction

The usage of commercial packages is world wide and they have many applications in the he
computational mechanics. Between these packages, for sure, ABAQUS [1] and LS-DYNA [2]
have more interest than others. Since different material models are developed in these packages
for same material like concrete, it is necessary to compare them together and see how the user
can get similar results with implementing some parameters. This can help them to use material
models widely and in different cases and situations.
Many concrete material models have been developed and implemented in these packages. Dam-
age and plasticity are two important features where users are looking for them in order to use
concrete material models. In ABAQUS, concrete damaged plasticity model (CDP) [3, 4], is
widely used among researchers [5–8]. The constitutive formulation of this material model is
reviewed in the following sections. Many concrete material models are available in LS-DYNA
where they consider damage and plasticity [9]. Karagozian and Case model (concrete dam-
age model, MAT-72) [10], the Riedel-Hiermaier-Thoma model (RHT, MAT-272) [11, 12], the
Brannon-Fossum model (BF1) [13], and Continuous surface cap model (CSCM, MAT-159) [14]
are some of those. Among them, MAT-159 has many applications in the literature [15, 16], be-
cause this material uses two parameters including uniaxial compressive strength and maximum
size of aggregate in the simplest version for concrete structures, while other materials need
many inputs. This material model uses the Duvaut-Lions formulation [17] and its constitutive
model will be addressed in the section 3 of this paper. As a result, these two material models in
ABAQUS and LS-DYNA have been selected and their behavior is compared together. It is tried
to find a way to make their behavior closer to each other with implementing a parameter study.
For this, their behavior is compared in uniaxial compression test, uniaxial tension test. Later on,
with adopted parameters, the behavior of these material models is investigated in case of triax-
ial compression test (CTC), triaxial extension test (CTE) and bi-axial compression test. These
tests can be also done experimentally as Kupfer et.al [18]. In order to compare the with the
experimental results, one option to observe a more general localized behavior of concrete under
different levels of confinement, full field measurment techniques like digital image correlation
(DIC) method can be utilized [19–22]. A remarkable feature that can be pointed out about post
processing of digital image correlation system is their feasibility in being implemented in ex-
pert systems. Champiri et al [23,24]developed some expert systems for concrete structures and
structural health monitoring with developing a fuzzy method. The parameter study is conducted
in section 4 and the most efficient parameters are selected for performing different tests. Also
it is noted that each material model has some deficiencies as well as some advantages in some
points. Some concluding remarks are investigated in section 5.

2 Concrete Damaged Plasticity model

In this model, the admissible stress state has the condition of [4]:

F (σ, ft, fc) ≤ 0 (1)

In which, ft = ft(κt), fc = fc(κc) are tensile and comressive uniaxial strengths which are
written as functions of damage parameter respectively. By rearranging uniaxial strength values
as function of scalar degradation, the relation between the effective strength and strength is as
follow:

ft = (1−Dt(κt))f̄t(κt), fc = (1−Dc(κc))f̄c(κc) (2)
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The damage variable in CDP model is defined as scalar quantity which is different in compres-
sion and tension [3]. the uniaxial version of this parameter is defined as follow:

κχ =

∫ εp
0
σχ(εp)dεp∫∞

0
σχ(εp)dεp

(3)

Here, gχ =
∫∞
0
σχ(εp)dεp is called dissipated energy density per unit volume. This quantity has

been obtained by regularization of fracture energy in tensile and compressive state (Gχ) with
respect to characteristic element size (lχ) as gχ = Gχ/lχ. the relation between stress an strain
is written as follow:

σχ = fχ0((1 + aχ)e−bχε
p − aχe−2bχε

p

) (4)

In which, aχ, bχ are constants. The relation between degradation and plastic strain is written as:

1−Dχ = e−dχε
p

(5)

By taking into account degradation, the effective stress is calculated as follow:

σ̄χ = fχ0((1 + aχ)(e−bε
p

)
1− dχ

bχ − aχ(e−bχε
p

)
2− dχ

bχ ) (6)

By combining eq.( 4 ),(6) with eq.( 5), we have:

gχ =
fχ0
bχ

(
1 +

aχ
2

)
(7)

σχ =
fχ0
aχ

(
(1 + aχ)

√
φχ(κχ)− φχ(κχ)

)
(8)

By eq. (8) and (3), the damage evolution law in the uniaxial test is obtained by:

κ̇χ =
1

gχ
fχ(κχ)ε̇p (9)

For the case of compressive stress, a damage value of κ′c has been assumed when compressive
stress is at its peak which gives corresponding degradation value of Dc as an input parameter
for the material model which will be discussed in following. By putting this damage value into
eq. refeqstress2 , we will have following:√

φ(κ′c) =
1 + ac

2
→ Dc = 1−

( 1

ac

(
1 + ac −

1 + ac
2

)) dc
bc (10)

Since Dc is measured from experiment, we can obtain dc/bc by equation:

dc
bc

=
log(1−Dc)

log
(
1+ac
2ac

) (11)

In the case of tensile loading, since the stress diagram is descending from the beginning of
plastification, a tensile degradation value Dt will be considered at the point where stress value
is half of the value of tensile strength (σt = ft0/2)). for this case, we have:√

φ(κt) =
1 + at +

√
1 + a2t

2
(12)

dt
bt

=
log(1−Dt)

log((1 + at)−
√

1 + a2t )− log 2at
(13)
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3 Material 159

The yield function for this material model reads as [14]:

φ159(I1, J2, J3, κ) = J2 −<2F 2
f Fc (14)

in which,Ff (I1), Fc(I1, κ),<(J2, J3) are functions which are taking into shear surface, cap re-
gion and Rubin scaling factor [25], respectively.

Ff (I1) = α− λe−β0I1 + θI1 (15)

Fc(I1, κ) =

{
1− (I1−κ)2

(X−κ)2 : I1 ≥ κ0
1 : otherwise

(16)

<(J2, J3) =
−b1 +

√
b21 − 4b1b0

2b2
(17)

L(κ) =

{
κ : κ > κ0
κ0 : κ ≤ κ0

(18)

X(κ) = L(κ) +R0Ff (L(κ)) (19)

By Definition:

b0 = −3 + b− a2

4
(20a)

b1 = a(cos β − a sin β) (20b)
b2 = (cos β − a sin β)2 + b sin2 β (20c)
b = (2Q1 + a)2 − 3

a =
−a1 +

√
a21 − 4a2a0

2a2
(20d)

a0 = 2Q2
1(Q2 − 1) (20e)

a1 =
√

3Q2 + 2Q1(Q2 − 1) (20f)
a2 = Q2 (20g)

sin 3β̂ =
3
√

3J3

2J
3/2
2

(20h)

Q1 and Q2 are the parameters which determine the yield surface parameters that we want to fit.
As a generalized form:

Q1 = α1 − λ1e−β1I1 + θ1I1 (21a)

Q2 = α2 − λ2e−β2I1 + θ2I1 (21b)

In formulation for material 159, the softening is modeled using damage formulation for tensile
and in the case of compression with moderate confinement. It means that the softening is
not activated unless damage formulation is activated. Unlike CDP model, in which, damage
parameter had indirect effect on softening behavior, in material 159, softening behavior and
stiffness degradation (modulus reduction) are in direct correlation with each other. The scalar
damage parameter is categorized into two different categories: brittle damage, which happens
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when stress state is tensile and ductile damage, in which, the stress state is compressive. The
ductile and brittle damage evolution functions, are as follow:

d(τb) =
0.999

D

( 1 +D

1 +De−C(τb−r0b)
− 1
)

(22)

d(τd) =
dmax
B

( 1 +B

1 +Be−A(τd−r0d)
− 1
)

(23)

In which, d is scalar damage parameter, τb, τd are strain energy corresponding to current strain
state and r0b, r0d are initial damage threshold for brittle and ductile damage,respectively.
A, B, C, D are softening parameters for compression (A,B) and tension (C,D), respectively.
dmax is maximum damage parameter which can be defined. (recommended to take dmax < 1
and is usually taken dmax > 0.99).
The fracture energy is calculated from the following:

Gf =

∫ ∞
u0

(1− d)f ′dx (24)

in which, u0 is displacement corresponding to the peak strength value.
By putting eq. (22) into eq. (24), relationship between fracture energy and softening parameters
for brittle damage is calculated as follow:

Gf = r0bL
(1 +D

CD

)
(25)

based on eq. (25), a parameter reduction can be done by eliminating parameter C from the
brittle damage evolution eq. (22):

C = r0bL
(1 +D

GfD

)
log(1 +D) (26)

parameter reduction for ductile damage is obtained from following equation:

Gf = 2r0dL
(1 +B

AB

)
log(1 +B) + 2L

(1 +B

A2

)∫ ∞
0

ye−ydy

1 +Be−y
(27)

In which, y = −A(
√
u−√u0)

√
f ′

L
. The integral for equation above doesn’t have closed form

solution. It is calculated numerically and the value is shown as dilog. By re-arranging eq. (27),
the parameter A is obtained as following:

A =
−b+

√
b2 − 4c

2
(28)

b =
−2(1 +B) log(1 +B)Lr0d

BGf

(29)

c =
−2L(1 +B)dilog

Gf

(30)

Based on equations above after parameter reduction, the parameter that determines compressive
behavior of concrete in the post peak regime, in addition to compressive fracture energy is B.
Similarly, The parameter which shapes the post peak behavior of concrete under tensile loading
condition, is D along with tensile fracture energy. The discussion about these parameters and
values of each parameter are shown in the next section.
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4 Parameter Evaluation for material models

Since finding analytical equivalence of each parameter is a very complicated task and needs
a big amount of energy and time, here, the CDP parameters are calculated based on their nu-
merical counter parts as used in material 159. The set of inputs for material are as shown in
table 1. The set of parameters which are necessary to define a stress-strain curve and its com-
patible damage evolution law is mentioned in table 2.The material model has been assigned to
a single cube element with displacement boundary conditions at one top side and symmetric
boundary conditions in two perpendicular sides. the roller supports restraining bottom of the
element from moving along load direction has been applied to the model. The analysis has been
implemented in both packages in the case of uniaxial compression and tension and the results
are compared in terms of stress vs strain, stress vs volumetric strain and damage evolution with
respect to plastic strain as shown in figures 1 - 6

Figure 1: Uniaxial compression results of LS-DYNA (Left), Abaqus (Right), and their stress vs strain comparison
(Middle).

Figure 2: Compaction to extension behavior as of LS-DYNA (Left), Abaqus (Right) and their comparison (Mid-
dle).

Figure 3: Compressive Damage evolution trend as of LS-DYNA (Left), Abaqus (Right) and their comparison
(Middle).

The results of figs. 1-3 show that the models can be compatible with each other and give
the same results in the case of uniaxial compression if the aim is to achieve identical stress vs.
strain response in addition to observe same damage values and its corresponding plastic strain.
However, it is clearly shown that lateral strains are not equal to each other in these two models.
Because of using associate flow rule in material 159, it is expected to observe higher value of
lateral expansion in this material which has been confirmed with the analysis results. The fol-
lowing figures are behavior of two material models under uniaxial tension:
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Figure 4: Uniaxial tension results of LS-DYNA (Left), Abaqus (Right), and their stress vs strain comparison
(Middle).

Figure 5: Extension to compaction behavior (there is not any!) as of LS-DYNA (Left), Abaqus (Right) and their
comparison (Middle).

Figure 6: Tensile Damage evolution trend as of LS-DYNA (Left), Abaqus (Right) and their comparison (Middle).

After parameter matching of two material models in uniaxial tension and compression, some
modelings have been done and comparisons are made for different load cases and the difference
between response of material models has been discussed. The main focus of this section is
on triaxial expansion vs triaxial compression behavior which are called CTE, CTC. The load
path of CTE and CTC in I1 − J2 space is similar to each other but the direction is opposite
ton each other. both are moving along the I1 axis direction but CTE is moving towards most
tensile point and CTC moves towards the most compressive point. The results of CTE has been
shown in figures 7,8. Based on triaxial confined loading scenario, a tremendous increasing of

Figure 7: CTE results of LS-DYNA (Left), Abaqus (Right), and their stress vs strain comparison (Middle).

compressive strength has been observed in both models as show in fig. 9. In fact, according to
expectation, no plastification has been observed in CDP model, which is based on an uncapped
version of Drucker-Prager like behavior. Plastification has been observed in material 159 but
like CDP, no damage was observed in the material.
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Figure 8: Tensile Damage evolution trend under CTE in LS-DYNA (Left), Abaqus (Right) and their comparison
(Middle).

Figure 9: CTC results of LS-DYNA (Left), Abaqus (Right), and their stress vs strain comparison (Middle).

The results of compression under equibiaxial constant confining pressure for two material
models have been obtained and compared in figures 10-12. As an example of higher level

Figure 10: Results of low confinement pressure (σconf = 1MPa) with LS-DYNA (Left), Abaqus (Right), and
their stress vs strain comparison (Middle).

of confinement, some modelings have been done when the model undergoes an equibiaxial
confinement of 1

2
f ′c prior to loading in he main axial direction. the results and comparisons are

illustrated in figures 13-15. It can be observed from fig. 13 that the prediction of two models
from biaxial behavior is different from each other while they are calibrated to each other in
case of uniaxial loading condition. Since for both models, the shear is defined as an straight
line, a parameter cannot be defined in order to match behavior of both models in three cases
of loading (uni tension, uni compression and compression under low level of confinement).
By looking at fig. 14, we can understand that even in the case of moderate confinements, a
compaction to dilation behavior happens in material 159, while the behavior of CDP model is
only compaction regime. It indicates the importance of considering non-associaticity in realistic
modeling of material behavior. Being able to choose dilation angle, gives constitutive model
the ability of performing more realistic and more complex modelings. It is also observed that
in the higher levels of confinement, level of damage in models which associate damage with
strength degradation is lower than the decoupled models due to lower amount of softening in
material behavior.
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Figure 11: Compaction to Extension behavior (low confinement pressure (σconf = 1MPa)) as of LS-DYNA
(Left), Abaqus (Right) and their comparison (Middle).

Figure 12: Compressive Damage evolution trend under low confinement pressure in LS-DYNA (Left), Abaqus
(Right) and their comparison (Middle).

Figure 13: Stress vs. axial strain results for high confinement ( 12f
′
c) of LS-DYNA (Left), Abaqus (Right), and their

stress vs strain comparison (Middle).

Figure 14: Compaction to Extension behavior (under high confinement ( 12f
′
c)) as of LS-DYNA (Left), Abaqus

(Right) and their comparison (Middle).

Figure 15: Compressive Damage evolution trend under high confinement ( 12f
′
c) in LS-DYNA (Left), Abaqus

(Right) and their comparison (Middle).
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Table 1: The material 159 parameters which are used to calibrate with CDP model

α β0 λ θ α1 β1 λ1 θ1
14.2 0.01929 10.51 0.2965 0.7473 7.25e-2 0.17 1.204e-3
α2 β2 λ2 θ2 f ′c Aggregate G K

size
0.66 7.25e-2 0.16 1.45e-3 28 16 1.15× 104 1.26× 104

R X0 D1 D2 W Gc GT Gs

5 90 2.5×10−4 3.5×10−7 0.05 10 0.1 0.1
B1 B2 B3 B4 D1 D2 D3 D4

500 100 50 10 0.05 0.1 1 10

Table 2: The CDP parameters

ac bc dc f ′c
0.8 110 75 28
at bt dt ft
0.4 700 600 2.2

5 Conclusions and Remarks

This paper has critically looked at two well known concrete material models (Lee-Fenves,
Duvaut-Lion) which are implemented in two most widely used FEA software packages among
researchers (ABAQUS, LS-DYNA, respectively) from a practical point of view to give general
insights into modeling strategies to help reader choose a proper material model based on abil-
ities and limitations of each model by emphasizing on difference between response of these
material models under more complex loading paths, while their response under simple load-
ing histories are identical to each other by choosing proper parameters. The models have been
compared to each other initially under uniaxial compression and tension and after calibrating
parameter values together, response of models in the cases of CTE, CTC and confined compres-
sion under low and high confining pressure has been obtained and compared to each other.
It has been observed that even in the case of uniaxial compression, there is a difference in dila-
tant behavior of models. The reason for that is CDP model uses a non-associate flow rule which
can control the dilatation of response, while material 159 uses associate flow rule and it has
been observe clearly that the volumetric strain is higher under associate flow condition which
might not be a realistic response.
Under CTE condition, since both models are using a linear function for frictional area in
(I1 − J2) space, it is clear that none of the models are able to incorporate tiraxial extension
strength as an independent material parameter. It can be solved by choosing a hyperbolic regime
for shear regime that is asymptotic to linear curve in by moving towards compressive region in
(I1 − J2) space.
The behavior of two models in CTC conditions shows that proper cap behavior of CDP model
can avoid linear elastic behavior in very high stress values. In addition, since for both material
behaviors, the value of damage remains zero, which requires further analysis to find out how
realistic is this value. It can be concluded from the confined load cases that under this condi-
tion, the peak value that both material models are giving has a small difference in addition to
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dramatically different behavior in transition from compaction to expansion behavior in all cases
of compressive loading.
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Abstract. The impact response of structures becomes of great interest for recent research ac-
tivities due to the concern for public safety regarding the accidents (e.g. a vehicle collision
onto the building structure). In the event of impact, the structure can be expected to undergo
large plastic deformation which is required to absorb kinetic energy generated from the moving
vehicle. In this paper, the nonlinear response of a steel column subjected to transversal vehi-
cle collision is studied. The deformation of the column is assumed to occur at critical locations
where the generalized plastic hinges are formed. A simplified model which consists of rigid bars
connected by elasto-plastic hinges is presented. To include the effect of the surrounding struc-
ture, an elastic spring and a mass are attached to the top end of the column where a constant
compressive load is also applied. The elliptical yield surfaces in a stress resultant space that
account for the interaction between bending moment and axial force are used. Regarding the
impact load, the unilateral contact is adopted while friction is ignored. Because of the reason
that the velocities and the contact force cannot be defined at impact point of time, the differential
measures are written to combine the smooth and non-smooth parts. The set-value force laws
including Newton’s impact law are adopted to describe the contact condition. Concerning with
the time integration, the classical midpoint rule scheme is employed to integrate the equations
of motion and the flow rule of the hinges. The paper also presents numerical applications of the
model to show its ability to describe the nonlinear dynamic behavior of a steel column under
transversal vehicle collision.
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1 INTRODUCTION

Typical frame buildings, when subjected to extreme loading such as explosion or impact,
may have high risks to experience progressive collapse. It is suggested that such progressive
collapse is initiated by local damage of the supporting elements, i.e. columns. There are at least
two directions to follow in order to prevent the progressive collapse. The first direction is to
assume that one of the columns has failed due to the mentioned exceptional loading and thus
removed. The response of the remaining structures are then investigated. This type of analysis
can be found in [1, 2, 3, 4]. The other method is to focus on the response of the suffered column.
Several publications as found in [5, 6, 7, 8] and the references cited therein have worked on
the behaviour of reinforced concrete structures against extreme loading. However, due to the
fact that concrete has low ductility compared to steel, the design concept that bases on stiff
member behaviour brings about massive concrete columns. Yet, the design of steel building
against impact loading is not clearly explained in current practical norms [9, 10, 11, 12]. With
high ductility, steel members are allowed to have large deformation, which is beneficial to the
response of the structure under impact. The structure with large displacement has the ability
to absorb the kinetic energy generating from the moving vehicle. Some authors such as in
[13, 14, 15] used an equivalent single degree of freedom system which is proposed by Biggs
in [16] in order to study the dynamical response of the column subjected to extreme loading.
Despite of the practical convenience, the method is not able to include membrane effect and
the geometric nonlinearity. The influence of axial force on the plastic bending moment is also
not included. This paper describes a simplified nonlinear model of a steel column subjected
to a compression load and a transverse vehicle collision at any point along the column length
for any support conditions. The inelastic behaviour of the column system is taken into account
by employing the generalized plastic hinge method. With this model, the deformation of the
column is assumed to concentrate at the generalized plastic hinges that form at critical locations.
The column elements between the hinges are considered as rigid. The non-smooth problem of
impact contains the discontinuity of the velocity. A set of measure - differential equations are
used to describe the impact and impact - free motion. The numerical integration of the equations
are solved by adopting a classical midpoint rule.

2 DESCRIPTION OF THE SIMPLIFIED MODEL

Described by Fig. 2, the model of the steel column consists of two rigid bars and four
generalized elastic-plastic hinges. The top of the column is attached to a spring and applied by
a compressive load. Illustrated in Fig. 1.a, the generalized plastic hinges which are modelled by
a combined axial-rotational spring as shown in Fig. 1.b situate at both ends of the column and
at the location where the force is applied. The material is assumed to be elastic perfectly plastic
and the strain rate is ignored. Only axial and flexural deformations are considered whereas
shear deformations are neglected. The elongation and shortening of the column are assumed to
occur along the column.
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rigid bar rigid bar
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Figure 1: (a): plastic hinge formation. (b): simplified model.
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Figure 2: Presentation of simplified model

3 KINEMATIC OF THE MODEL

The kinematic of the model is shown in Fig.2. The model has four degrees of freedom, and
the displacement vector is defined by:

U = [ v1, u1, β1, u2 ]T (1)

The deformation vector E is obtained:

E = [ δa, θ1a, δb, θ1b, u2, θ2, θ3 ]T (2)

The components of the deformation vector E are related to the components of the displace-
ment vector through:

θ2 = arctan

(
v1

Lb + u1 − u2

)
(3)

θ3 = arctan

(
v1

La − u1

)
(4)

θ1a = θ3 − β1 (5)

θ1b = θ2 + β1 (6)
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δa =
√
v21 + (La − u1)2 − La (7)

δb =
√
v21 + (Lb + u1 − u2)2 − Lb (8)

The incremental relation between the displacements and deformations is obtained by differen-
tiating the above equations:

δE =
∂E(U)

∂U
δU = B δU (9)

in which

B =



sin θ3 − cos θ3 0 0

cos θ3

L̃a

sin θ3

L̃a
−1 0

sin θ2 cos θ2 0 − cos θ2

cos θ2

L̃b
−sin θ2

L̃b
1

sin θ2

L̃b

0 0 0 1

cos θ2

L̃b
−sin θ2

L̃b
0

sin θ2

L̃b

cos θ3

L̃a

sin θ3

L̃a
0 0



(10)

where L̃a = La + δa and L̃b = Lb + δb. By inserting Eqs. (3-8) into Eq. (10), the transfor-
mation matrix B is completely in function of U .

4 STATIC EQUILIBRIUM OF THE SYSTEM

The equation of the virtual work can be expressed as:

δETS = δUTf ext (11)

where S is the internal force vector (see Fig. 3) conjugate to the deformation vector E. It is
given by:

S = [Na,M1a, Nb, M1b, F2, M2, M3]
T (12)

in which Na and Nb are the normal forces in elements a and b, respectively. F2 is the force
in the spring attached to node 2.

F2 = ksu2 (13)

The external force vector( See Fig.2 ) is given by

f ext = [F , 0 , 0 , P ]T (14)

where F and P denote external transversal load and external static compressive load, respec-
tively. Inserting Eq. (9) into Eq. (11) gives the relation between the internal force vector and
the external force vector, that is the equilibrium equations:

f ext = BTS (15)
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Denoting
f intg = BTS (16)

the global internal force vector, the equilibrium equation becomes:

f ext = f intg (17)

3

1a

2

1b

1M a 1M b

1N b1N a

3M

3N

2M

2N2

2F2F
1 3N N Na a  1 2N N Nb b 

Figure 3: Stress resultant diagram

The elongations associated to the normal forces at each hinge are calculated from:

δ1a = αaδa (18)
δ1b = αbδb (19)
δ2 = (1− αb)δb (20)
δ3 = (1− αa)δa (21)

The parameters αa and αb describe the repartition of the total elongations of bars a and b at
their ends.

5 COMPLEX ELASTO-PLASTIC MODELS FOR GENERALIZED PLASTIC HINGE

The elastic behavior of the generalized hinge is uncoupled whereas axial-moment interaction
is considered in the plastic range. We adopt the total generalized strain rate decomposition into
elastic and plastic parts

ḋ = ḋe + ḋp (22)

where ḋ =
[
θ̇, δ̇
]T

. For an associated flow rule, the direction of the generalized plastic strain
rate vector is given by the gradient to the yield function, with its magnitude given by the plastic
multiplier rate λ̇:

ḋp = λ̇
∂Φ

∂s
(23)

where s = [M,N ]T is the generalized stress vector containing the bending and axial forces
in the hinge. The plastic multiplier λ̇ is determined by the classical complementary conditions:

λ̇ ≥ 0, Φ(M,N) ≤ 0, λ̇Φ(M,N) = 0 (24)

The above relations characterize the loading/unloading conditions. For λ̇ > 0, persistency
of the plastic state during plastic flow requires:

λ̇ Φ̇(M,N) = 0 (25)

277



Piseth Heng, Mohammed Hjiaj and Jean-Marc Battini

In this paper, we consider a family of symmetric and convex yield surface of superelliptic
shape:

Φ(M,N) = ‖s‖βp − 1 = 0 (26)

where ‖ • ‖βp denotes the superelliptic norm:

‖s‖βp =

(∣∣∣∣ MMp

∣∣∣∣β +

∣∣∣∣ NNp

∣∣∣∣β
) 1

β

(27)

with 1 ≤ β < ∞. The curve intersects x-axis at Np and −Np; it intersect the y-axis at Mp

and −Mp. The coefficient β, called roundness factor, controls the shape of the yield criterion.
This shape evolves from a parallelogram (β = 1) to a rectangular(β → ∞). The limit curve
becomes a pinched diamond for β < 1 and is no longer convex. When β goes over 2, the
curve become a rounded rectangle. The above family of yield surfaces is further widened by
considering generalized superelliptic shapes described by

Φ(M,N) =

(∣∣∣∣ MMp

∣∣∣∣α +

∣∣∣∣ NNp

∣∣∣∣β
) 1

γ

− 1 (28)

For α = 1 and γ = 1 we recover the yield function to the one proposed by Duan and Chen in
[17] for a doubly symmetrical steel cross section which is mirrored to give a complete envelop
by:

Φ(M,N) =

∣∣∣∣ MMp

∣∣∣∣+

∣∣∣∣ NNp

∣∣∣∣β − 1 (29)

An associated flow rule is adopted where plastic deformation (axial elongation and rotation)
are constrained to occur in a direction normal to the yield surface

θ̇p = λ̇
∂Φ

∂M
= λ̇

(∣∣∣∣ MMp

∣∣∣∣α +

∣∣∣∣ NNp

∣∣∣∣β
) 1−γ

γ
α

γ (Mp)α
|M |α−1 sgn(M) (30)

ḋp = λ̇
∂Φ

∂N
= λ̇

(∣∣∣∣ MMp

∣∣∣∣α +

∣∣∣∣ NNp

∣∣∣∣β
) 1−γ

γ
β

γ (Np)β
|N |β−1 sgn(N) (31)

where the signum function sgn(•) is defined by

sgn(x) =


1 for x > 0

0 for x = 0

− 1 for x < 0

(32)

6 NONSMOOTH DYNAMICS: IMPACT LOADING

6.1 Contact model

The model, see Fig. 4, considers the collision between a vehicle, modelled by a rigid point
mass mc, and a column represented by the model proposed in Section 2. The mass of the
column is assumed to be concentrated at the impact point. Since the column is modelled by two
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Figure 4: Contact model

rigid bars, the concentrated mass m1 can be taken as a third of the total mass of the column.
Unilateral contact is assumed with a gap function given by:

gN = vc − v1 (33)

where vc is the position of the mass mc and v1 is the position of the mass m1. The relative
velocity is given by:

γN = v̇c − v̇1 (34)

6.2 Constraint law

Before the equations of motion of the impacted bodies can be written, the constraint laws
must be imposed so that one can detect when contact and impact occur. The constraint law for
a unilateral contact is described by a Signorini’s law at a position level below:

gN ≥ 0 ; λN ≥ 0 ; gNλN = 0 (35)

To accommodate energy dissipation during collision and proposed the following impact law:

γ+N = −εγ−N (36)

where γ+N denotes relative velocity after impact and γ−N denotes relative velocity before im-
pact. ε ∈ [0, 1] is the restitution coefficient; ε = 1 for a purely elastic contact and ε = 0 for
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a completely inelastic contact. By inserting the Newton’s impact law, the constraint law at the
velocity level can be written as:

ξN ≥ 0, −ΛN ≤ 0, ξNΛN = 0 (37)

where ξN = γ+N + εγ−N and ΛN denotes the percussion force. The above relations (37) can
be combined together to give the following variational inequality:

(−ΛN) ∈ R−
0 , ξN (Λ∗

N − ΛN) ≥ 0, ∀ (−Λ∗
N) ∈ R−

0 (38)

6.3 Equations of Motion

Depending on the value of the gap gN , see Eq. (35), the equations of motion must be consid-
ered into two cases, open contact ( gN > 0) and closed contact ( gN = 0).

6.3.1 Open contact

The model is illustrated in Fig. 4. In addition to the masses m1 and mc, the mass m2

of the surrounding structure at the top of the column is also considered. The dynamic effect
associated with the rotation β1 (see Fig. 2) of mass m1 is neglected. Hence, the equations of
the open contact motion are:

mc v̈c = 0

m1 v̈1 + f int
g (1) = 0

m1 ü1 + f int
g (2) = 0

m2 ü2 + f int
g (4)− P = 0

f int
g (3) = 0

(39)

where f int
g = BTS is the global internal force vector defined in Eq. (16). In this work,

midpoint scheme is used to solve the dynamic equations. By introducing midpoint scheme in
the equations of motion (Eqs. (39)) at the time n+ 1

2
, it is obtained:

2mc

∆t
(
vc
n+1 − vcn

∆t
− v̇cn) = 0

2m1

∆t
(
v1
n+1 − v1n

∆t
− v̇1n) + f

int,n+ 1
2

g (1) = 0

2m1

∆t
(
u1

n+1 − u1n

∆t
− u̇1n) + f

int,n+ 1
2

g (2) = 0

2m2

∆t
(
u2

n+1 − u2n

∆t
− u̇2n) + f

int,n+ 1
2

g (4)− P = 0

f
int,n+ 1

2
g (3) = 0

(40)

Since f int
g is nonlinear, Newton Raphson iterations are required in order to solve Eq. (40).

6.3.2 Closed contact

During closed contact, the velocity may jump at the time instances when the impacts occur.
At those times, the velocity is not differentiable and the contact force is impulsive. A set of
differential measures are adopted to write a combined equation of motion so that one does not
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have to write separately the equation for smooth part and impact part of the close contact. The
equations of motion of the colliding masses, mc and m1 for a closed contact motion using a set
of measure equation is now written as:

mc dv̇c = dΛN

m1 dv̇1 + f int
g (1)dt = −dΛN

gN = 0 , ξN ≥ 0

(41)

where the sets of measure for the velocity and contact force are given by:

dv̇ = v̇ dt+ (v̇+ − v̇−) (42)

dΛN = λNdt+ ΛNdη (43)

By using∫ n+1

n

f int
g dt = f

int,n+ 1
2

g ∆t ;

∫ n+1

n

dΛN = PN ;

∫ n+1

n

dv̇ = v̇n+1 − v̇n (44)

Eqs. (41) can be integrated between tn and tn+1. By considering also the equations associated
with other degrees of freedom, it is obtained:

mc(v̇c
n+1 − v̇cn) = PN

m1(v̇1
n+1 − v̇1n) + f

int,n+ 1
2

g (1)∆t = −PN

m1 ü1 + f
int,n+ 1

2
g (2) = 0

m2 ü2 + f
int,n+ 1

2
g (4)− P = 0

f
int,n+ 1

2
g (3) = 0

(45)

Before solving Eqs. (45), the constraint law in Eq. (37) is considered in order to determine
if the contact (or impulsive) force PN is present or not. The following methodology is adopted.
First, the contact( or impulsive) force is assumed to be zero and Eqs. (45) are solved by using
the midpoint scheme. Then, ξN , defined in Eq. (37) is calculated as:

ξN = γn+1
N + εγnN (46)

If ξN is positive, then the prediction of no contact force is true. If ξN is negative, then the
contact or impulsive force exists and has a positive value. In such case, the equation ξN = 0,
is added to Eqs. (45) in order to calculate both the kinematic quantities and the contact (or
impulsive) force.

7 NUMERICAL EXAMPLES

7.1 Parameters

The purpose of the examples presented in this section is to show the ability of the proposed
model in capturing the main features of the steel column’s behavior under the vehicle impact.
A numerical example of a build - in column of type HEB 220 impacted by a rigid mass is
given. The parameters of the problem are given in Table 1. The other necessary parameters
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are described as follows. The stiffness of the elastic spring, the compressive load and the mass
attached to top end of the column are respectively provided: ks = 10 MN/m, P = 0.5 MN and
m2 = 0 kg.

Table 1: Parameters of the model

Material properties
Young modulus E 210 000 MPa
Yield strength fy 355 MPa

Column Type: HEB 220
Section area A 91 Cm2

Moment of inertia I 8 091 Cm4

Nominal weight ml 70.1 kg/m

Length
La 1 m
Lb 3 m

Bending resistance Mp 0.307 MNm
Axial resistance Np 3.23 MN

Impactor
Mass mc 1 500 kg
Initial velocity v0c 10 m/s2

initial gap gN 0 m
Restitution coefficient ε 0

The elastic stiffness of the axial and rotational springs for a build - in column are provided
as:

kθ1a = kθ3 =
6EI

La
(47)

kθ1b = kθ2 =
6EI

Lb
(48)

kδ1a = kδ3 =
2EA

La
(49)

kδ1b = kδ2 =
2EA

Lb
(50)

Fig. 5 illustrates the evolution of the horizontal displacement of both masses with time.
Immediately from the beginning, both masses come into contact and remain in such motion
until the energy absorbing capacity overcomes the motion and both masses are pushed back and
then lose contact. Fig. 6 show the nonlinear changes of vertical displacements with time. The
normal forces in each hinges start with an initial compression value as shown in Fig. 7. As long
as the impact loading is applied, the normal forces begin to decrease their values toward zero.
From the evolution of the bending moments in Fig. 8, one can infer that each hinge plasticizes
at a different time.
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Figure 5: Evolution of horizontal displacement v1
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Figure 6: Evolution of vertical displacement u1 and u2
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Figure 7: Evolution of normal forces
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Figure 8: Evolution of bending moments
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8 CONCLUSION

In the paper, the new nonlinear model of a steel column subjected to a transversal vehicle
mass was presented. The nonlinear geometry and material are included in the model. The
generalized plastic hinge method is adopted in order to model a column by using two rigid
elements connected with elasto - plastic hinges. The yield criterion od the hinges are governed
by a variety of super - elliptic shape functions. For the non -smooth problem, the constraint
laws such as Signorini’s force law and Newton impact law are imposed to write the equations
of motion. A set of differential measure equations are adopted to write overall equations of close
- contact motion in order to describe both the impact and impact - free motion. The integration
of the equations of motion are executed using the classical mid - point rule scheme.
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Abstract. Since cast light metal components gain more relevance in automotive application, 

the development of adequate material models including consideration of damage is necessary. 

A key issue in material modelling of metals is the consideration of material damage in addition 

to the elasto-plastic behaviour. The damage behaviour is a specific property of a material which 

characterises the crashworthiness of a structural material, especially for cast alloys.  

These have a significant low ductility compared to wrought alloys. Numerical simulations of 

cast alloy panels under crash loadings show noticeable overestimated results if material 

damage is not considered.  

A damage model for ductile fracture introduced by Wilkins is discussed, as well as the 

appropriate strategy to characterise the material parameters for this model. In these studies an 

elasto-plastic material model is set up for a squeeze cast Aluminium alloy which includes the 

Wilkins approach for consideration of damage. The material model is characterised and 

validated on flat tensile tests. The final material model is then used in models of crushed hat 

profiles and validated by experiments.  

The comparison of the experiment and the numerical simulation demonstrate a good 

accordance of the force displacement data and a difference in energy absorption of 3 %.  
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1 INTRODUCTION 

Cast aluminium alloy achieve an increasing relevance in automotive application, due to 

their light weight design properties. Especially, the relative low density and the well-established 

manufacturing processes of these components constitute this field of application. For design 

purpose, numerical simulations build a state of the art method. In there, appropriate material 

models are mandatory to capture the structural behaviour in a correct manner not only in the 

elasto-plastic regime, but also during damage until fracture. A common way to perform failure 

modelling of a material is the micromechanical consideration which observes the phenomena 

of void nucleation, growth and coalescence. A material model including a micromechanical 

approach is introduced by Gurson [1]. Further models, as the approach of Needleman and 

Tvergaard [2] are resulted of modifications of the Gurson Damage Model. One of the 

limitations of a formulation according to Gurson is the neglected influence of damage caused 

by shear load cases. The modification by the approach of Nahshon and Hutchinson [3] 

overcomes this problem.  

The phenomenological approach of Johnson-Cook [4] takes temperature and strain rate for 

damage evolution into account. Mathematical damage models are available in finite element 

(FE) simulation tools. These use a damage description by the definition of curves, which 

constitutes the coherence of load dependent parameters, e.g. plastic strain and triaxiality, 

concerning their damage influence.  This paper focuses on the material modelling of an 

Aluminium cast alloy under crushing load. Principles of failure modelling and especially the 

Wilkins Damage Model are introduced. It will then go to the investigation and validation of the 

same. A material model including Wilkins Damage approach will be defined for an AlSi cast 

alloy on flat tensile specimen. This material model will be validated on hat profile crushing 

tests.     

2 FAILURE MODELLING 

Material definitions are an essential input for numerical simulations. Besides the definitions 

of elasticity, flow rule and hardening type the additional definition of material damage are 

essential. Especially, where crash loadings induce high deformations it is important to correctly 

capture material failure and to have a convenient method for parameter characterisation. Every 

stress condition induced by mechanical loads or temperature causes material damage. Once 

damage reaches a critical, material dependent level failure is observed. In numerical simulation 

an incremental damage value is determined in each time step and cumulated for the description 

of failure.  

To link the actual stress state to the damage effect, several parameters are introduced. These 

parameters reduce the stress tensor to equivalent values for modelling of failure. The most 

common parameter in this context is the stress triaxiality 𝜂, which is defined according to (1) 

as function of the hydrostatic stress 𝜎𝐻 and the equivalent stress of Mises 𝜎𝑀𝑖𝑠𝑒𝑠.      

𝜂 =  
𝜎𝐻

𝜎𝑀𝑖𝑠𝑒𝑠
(1) 

The stress triaxiality is used in numerous damage and failure models [ [4], [2], [1]], e.g. in the 

approach of Gurson. The purpose is the characterisation of the stress state according to the 

influence of material damage. Stress triaxiality is considered as a crucial factor for ductile 

fracture [5]. An additional way to consider damage in a material model is the formulation of 

the Lode Stress Parameter µ𝜎.  

The Lode Stress Parameter is determined by the deviatoric part of the stress tensor with the  
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deviatoric principal stresses  𝑠1 > 𝑠2 > 𝑠3 in the form 

µ𝜎 =  
2 𝑠2−𝑠1−𝑠3

𝑠1−𝑠3
 . (2) 

The Lode Stress Parameter is defined in the range of [−1, 1], whereas the value of   µ𝜎 < 0 

denotes tensile stress state,  µ𝜎 = 0 denotes pure shear stress state and   µ𝜎 > 0 indicates a 

compression stress condition. A characterisation of the stress state using the Lode stress 

Parameter in addition to the stress triaxiatity is a convenient way for modelling ductile fracture 

behaviour. The Lode Stress Parameter distinguishes the stress state in axisymmetric and shear 

dominated stress conditions [6].  

3 WILKINS DAMAGE MODEL 

The damage model introduced by M. L. Wilkins [7] uses a phenomenological approach for 

the formulation of damage and failure. It takes into account that material damage which is 

introduced by the weighting of two factors in a mechanical loading case. First the hydrostatic 

part and second the deviatoric part of a stress tensor. During loading, both of them imply 

incremental damage until failure occurs. The damage effect of hydrostatic pressure is observed 

as spalling mechanism in the material. The deviatoric stress part leads to linkage of voids in a 

material [7]. Strain rate effects are not included in the approach of Wilkins. The cumulative 

damage formulation by Wilkins is implemented in the numerical simulation code LS-Dyna [8] 

as   

𝐷 =  ∫ 𝜔1 𝜔2 𝑑𝜀𝑝𝑙,𝑒𝑞𝑢 , (3) 

where 

𝜔1 = (
1

1−𝛾 𝜎𝐻
)

𝛼

(4) 

and 

𝜔2 = (2 − 𝐴𝐷)𝛽. (5) 

In equation (3) the cumulative damage D is a function of the two weighting terms 𝜔1, 𝜔2 and, 

furthermore, of the equivalent plastic strain increment 𝑑𝜀𝑝𝑙,𝑒𝑞𝑢. The parameters 𝛼, 𝛽 and 𝛾 in 

equations (4) and (5) are material dependent values according to the particular damage 

behaviour. These values have to be identified for the specific AlSi cast alloy of this 

investigation.    

The approach of Wilkins calculates damage history by hydrostatic stress 𝜎𝐻 and the deviatoric 

part of the stress tensor. The deviatoric part of the stress tensor is determined by the deviatoric 

principal stresses 𝑠1, 𝑠2  and 𝑠3 in parameter 𝐴𝐷 as follows [8]: 

𝐴𝐷 = max (|
𝑠2

𝑠3
| , |

𝑠2

𝑠1
|) (6) 

Equations 3-6 describes material damage D caused by mechanical stresses. An additional 

criterion is needed for the definition of material failure. 
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The following approach is implemented in LS-Dyna [8] by coupling of damage evolution and 

material degradation in the form 

𝐷

𝐷𝑐
> 1 (7) 

with  𝐷𝑐 being a critical damage value for the material in use and the material degradation 

parameter F defined as 

𝐹 =  
𝐷−𝐷𝑐

𝐷𝑠
(8) 

with the material dependent parameter 𝐷𝑠. To link the theory of failure modelling in the present 

work to the approach of Wilkins, a closer view into the damage formulation is necessary. In 

common material models, the influence of hydrostatic stress related to material damage is 

carried out by the stress triaxiality parameter h. Obviously, in the approach of Wilkins the 

unscaled amount of the hydrostatic stress is applied in equation (4). Furthermore, the Lode 

Stress Parameter is implemented to consider the effects of material damage [6]. It can be shown 

that the parameter 𝐴𝐷 shows a similar characteristic as the absolute value of the Lode Stress 

Parameter [9]. Equations 3-8 include the material dependent parameters 𝛽, 𝛾, 𝐷𝑐  and 𝐷𝑠 . The 

determination of these parameters asks for a material characterisation strategy. Therefore, four 

flat tensile specimen with different geometries are used, e.g. Merklein Geometry [10]. A pure 

tensile load is applied on these geometries until failure occurs. The different geometries cause 

failure by various stress triaxiality histories. On basis of the experimental force-displacement 

curves a reverse engineering process is done, which delivers the parameters for the Wilkins 

Damage Model [9].    

To point out the principle of the implemented Wilkins Damage Model including failure 

criterion in LS-Dyna, a brief simulation of a flat tensile test is performed (Figure 1a, black full 

line) and compared to a model without consideration of damage and failure (Figure 1a, dotted 

line). The force-displacement curve of the simulation is extracted.  

(a)       (b) 
Figure 1: (a) Investigation of the implemented Wilkins Damage Model in LS-Dyna by simulation of a tensile test 

geometry, (b) Experimental force-displacement data of the Merklein test geometry in comparison to a simulation 

curve including the Wilkins Damage Model 
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In Figure 1a the damage history variable D and the material degradation parameter F of the 

element with initial failure is plotted in parallel to the force-displacement history. It is apparent 

from Figure 1a that the damage parameter D increases steadily. At the point of critical damage 

𝐷𝑐 the material degradation parameter F is initiated. Once F reaches a value of 0.7 the element 

is deleted from the simulation. The selected element of the tensile geometry is the last element 

that failed, before fracture of the cross section is fully established. Hence, it is a gap between 

initiation of material softening and initiation of material degradation due to damage.      

Figure 1b shows ten experimental force-displacement curves of a Merklein Geometry in dotted 

representation. In comparison a numerical simulation of the Merklein Geometry is considered 

and depicted in Figure 1b, full line.  

The reverse engineering process of the test geometries delivers a set of parameters for the 

investigated AlSi cast alloy. The identified parameters in this study are listed in Table 1.   

Table 1: Identified Parameters of the Wilkins Damage Model for the AlSi cast alloy of this study 

Wilkins Damage 

Model Parameter 

Determined value for 

an AlSi cast alloy 

𝛼 

𝛽 

𝛾 

𝐷𝑠 

900 

0.2 

10−5

0.3 

4 EXPERIMENTAL VALIDATION 

A validation of the material is carried out to ensure that the calibrated material model is 

applicable to FE simulations of structural aluminium alloy. For this purpose, an experimental 

crushing test of a squeeze cast hat profile is performed in parallel simulation by means of FEM 

(Figure 2, cross section geometry). The length of the depicted hat profile is 250 mm. 

Figure 2: Cross section of the hat profile for the validation of material models 

The experimental test setup is apparent from Figure 3 (a) in a 90° view rotated representation. 

The hat profile is crushed at a test speed of 5 
𝑚𝑚

𝑠
 for a length of 100 𝑚𝑚 in an ITC Interlaken

1000 kN press.  
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A total number of six experiments are performed. In parallel a numerical simulation is 

performed (Figure 3a). The hat profile is modelled by solid hexahedrons with an edge length of 

1 mm. The test rig is simplified in the numerical model with two rigid shell planes. Contact 

definitions between shells and profile are applied and an additional contact for self-penetration 

is defined for the profile. Figure 3 shows the test geometry after an applied crushing 

displacement of 25 mm, simulation (a) and experiment (b). Under this test load, the middle 

sections of the hat profile observe material failure. The visual comparison of experiment and 

simulation shows a similar deformation mode of the model. Furthermore, the areas of the 

middle material failure are predicted properly in the simulation. On both edges of the 

experimental test geometry cracks are observed, which are not apparent in the simulation at this 

timestep. This effect may be caused by the ejector stamps and resulting differences in material 

properties in these areas. The appearance of these surface imperfections is a result of the casting 

process and is not considered in the FE simulation.   

In Figure 4, the force-displacement curves of the experiments and two different simulation 

models are plotted. The results of the experimental data is reduced to the upper and lower 

deviation bounds. One simulation model uses a pure elasto-plastic material mode. The second 

simulation model uses the same elasto-plastic material model with enhanced Wilkins Damage 

approach.  

The initial loading phase including force peak and force drop shows a proper agreement 

between simulation and experiments. Only after displacements of 20 mm the numerical model 

results start to deviate significantly from each other.   

The curve of the Wilkins Damage Model runs within the bounds of the experiments up to a 

displacement of 90 mm. In the remaining displacement area the difference to the experiments 

increases. The occurrence of ruptures through the entire cross section is observed in 

experiments. This behaviour is also predicted in the FE simulation and is apparent by the zero 

force level at a displacement of 90 mm in the curve of the Wilkins Model. Compared to the 

results of simulation including the Wilkins Damage Model, the pure elasto-plastic model leads 

to far higher force in the phase after 20 mm of displacement. The resulting energy absorption 

of the models is highly effected by this deviation. 

(a)       (b) 

Figure 3: Comparison of deformation and failure in a crushing test after 25 mm displacement. A hat 

profile of AlSi cast with a not deformed lenth of 250 mm 
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Figure 4: Force-Displacement curves of experimental data and simulations 

Table 1 illustrates the relative deviation of force peaks and the absorbed energy from the 

simulations compared to the mean experimental value. The energy absorption is overestimated 

by +66.94 % if material damage is not considered with the pure elasto-plastic model. In the 

case of the Wilkins Damage Model, an excellent agreement of the energy absorption can be 

achieved with a deviation of -3.63 %.  

Table 2: Relative deviation of the numerically calculated maximum force peak and the absorbed energy 

compared to the experimental mean curve  

Model approach 
Elasto-plastic + 

Wilkins Damage 
Elasto-plastic 

Force peak [%] 

Absorbed energy [%] 

-0,66 

-3,63 

-0,66 

+66,94 

5 CONCLUSIONS 

The mayor aspects of this paper can be summarised as follows: 

1. FE simulations of cast aluminium with pure elasto-plastic material models lead to

distinctively overestimated results under crush loading.

2. FE simulations of cast aluminium with elasto-plastic material models and Wilkins

Damage Model lead to very good results under crush loading.

3. The results of the investigation show that the Wilkins Damage Model is applicable for

AlSi cast alloys.

4. The regions of rupture are well predicted by the Wilkins Damage Model. This grants

applicability in numerical crash simulation.

5. The findings are limited, as the influence of the strain rate on the damage behaviour of

AlSi cast alloys is not included in the approach of Wilkins.

293



Christian Mühlstätter, Matthias Hartmann 

REFERENCES 

[1]  A. L. Gurson, Porous rigid-plastic materials containing rigid inclusions - yield function, 

plastc potential and void nucleation, The Physical Metallurgy of Fracture, 1978. 

[2]  A. Needleman and V. Tvergaard, An analysis of ductile rupture in notched bars, Journal 

of the Mechanics and Physics of Solids, 1984. 

[3]  K. Nahshon and J. Hutchinson, “Modification of the Gurson Model for shear failure,” 

European Journal of Mechanics A/Solids 27 (2008) 1-17, 2007. 

[4]  G. R. Johnson and W. H. Cook, Fracture characteristics of three metals subjected to 

various strains, strain rates, temperatures and pressures, Engineering Fracture 

Mechanics, 1985.  

[5]  Y. Bao and T. Wierzbicki, On fracture locus in the equivalent strain and stress 

triaxiality space, International Journal of Mechanical Sciences, 2004. 

[6]  I. Barsoum, J. Faleskog and S. Pingle, The inuence of the lode parameter on ductile 

failure strain in steel, Procedia Engineering, 2011. 

[7]  M. L. Wilkins, R. D. Streit and J. E. Reaugh, Cumulative-strain-damage model of 

ductile fracture: Simulation and prediction of engineering fracture tests, 1980. 

[8]  Livermore Software Technology Corporation; (LSTC), LS Dyna Keyword User's 

manual Volume 2 Material models R 7.1, 2014. 

[9]  C. Mühlstätter, Versagensmodellierung von Aluminium Gusswerkstoffen, Master Thesis, 

Wels: Upper Austria University of applied sciences, 2015. 

[10]  Q. Yin, B. Zillmann, S. Suttner, G. Gerstein, M. Biasutti, A. Tekkaya, M. Wagner, M. 

Merklein, M. Schaper, T. Halle and A. Brosius, An experimental and numerical 

investigation of different shear test configurations for sheet metal characterization, 

International Journal of Solids and Structures, 2014.  

294



ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

FINITE ELEMENT SIMULATION OF CRACK PROPAGATION AND
DELAMINATION IN LAYERED SHELLS DUE TO BLADE CUTTING

Federica Confalonieri, Aldo Ghisi, and Umberto Perego

Department of Civil and Environmental Engineering, Politecnico di Milano,
piazza Leonardo da Vinci 32, 20133 Milano, Italy

e-mail:{federica.confalonieri, aldo.ghisi, umberto.perego}@polimi.it

Keywords: Blade cutting, crack propagation, delamination, explicit dynamics, finite elements,
directional cohesive elements.

Abstract. This work is focused on some computational issues concerning the simulation of
blade cutting of thin walled structures. In comparison to plain crack propagation problems,
the presence of the blade brings in additional complexity, mainly due to the interaction be-
tween the blade and the material in the crack process zone. The blade sharpness introduces in
the problem an extremely small geometrical scale (orders of magnitude smaller than a typical
element in-plane size) that is here resolved using the so called directional cohesive elements,
recently proposed in [6, 12]. A special feature of this type of problems is that the crack path is
driven by the blade trajectory, which is prescribed and hence known in advance. Crack prop-
agation is therefore modeled by adjusting the mesh in such a way that shell element edges are
disposed along the expected main crack path and then by interposing directional cohesive el-
ements between the sides of separating elements. The transition from a continuous mesh to a
mesh containing a crack with a cohesive interface is well known to be critical for the solution
accuracy. Nodal equilibrium is in general violated during the transition, with subsequent gen-
eration of spurious stress oscillations that, in view of the non-reversible nature of the problem,
can lead to significant deviations in the stress response. This aspect is investigated in this con-
tribution. The effect of the number of introduced directional cohesive elements per opening face
is critically assessed and a simple correction, based on an automatic adaptation of the cohesive
model, is proposed. Numerical tests taken from the literature are used to validate the proposed
approach.
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1 INTRODUCTION

For the cutting simulation of thin shells, standard cohesive elements are not well suited to
correctly address the interaction of the cohesive zone with a sharp blade. When a cutting tool
interacts with a shell structure made of a ductile material, the blade curvature radius (sometimes
of the order of micrometers) turns out to be far smaller than the typical size of a computationally
acceptable in-plane discretization of the process zone, so that the interaction cannot be properly
resolved. The blade can interfere with the correct transmission of the cohesive forces, leading
to severe underestimation of the dissipated energy. A possible remedy to this inconvenience has
been proposed in [6, 12], with the introduction of the so called directional cohesive elements
(DCEs). When a crack propagation criterion is met at a node, the node is duplicated and cohe-
sive string elements are attached to the opening faces. The main feature of these string elements
is that they are able to detect contact with the cutting blade. Upon contact, the string element in-
teracts with the cutting blade and deforms, transmitting cohesive forces to the two crack flanks
in the correct directions. The correct amount of cohesive energy is therefore dissipated through
the string elongation (see Figure 1).

x+
k x-

k

xC
k

blade
reaction
force

f+
k f-

k

l
-
k

l
+

k

Figure 1: distribution of cohesive forces via the “directional” concept.

Despite the improved energy balance in the presence of a cutting blade, the issue of the
accuracy of the cohesive zone discretization remains open. Another important issue arising
during crack propagation is the oscillation in the stress field generated by the sudden release
of a node at the crack tip. The node separation with the simultaneous introduction of the di-
rectional cohesive elements may generate a propagating shock, with severe stress oscillations.
In the exact instant of the (directional or classical) cohesive element insertion, the nodal force
balance is not automatically assured, because of the configuration change due to the appearing
of new surfaces where cohesive forces have to be applied. These problems, which are present
also with standard cohesive elements, are well known and have been discussed extensively in
the literature on finite element cohesive models. Shellekens and De Borst [14] interpreted the
oscillations as due to the combination of high tractions gradients and of the chosen integration
scheme: in their examples, Gaussian integration (GI) for linear plane interface elements resulted
in non-zero energy modes with coupling between degrees of freedom of individual node sets.

296



Federica Confalonieri, Aldo Ghisi, and Umberto Perego

They found that the Newton-Cotes integration (NCI) rule performed better even for quadratic
cohesive elements and ascribed the responsibility to the integration point located at the face cen-
troid. Alfano and Crisfield [1], however, showed that a higher order of the numerical integration
is not sufficient to allow for a coarser mesh discretization neither guarantee the robustness of
the solution algorithm which, conversely, could be negatively affected.

Recently, Gillormini and Diani [8] discussed the effect of the numerical integration rule in
case of finite strain. While finite strain formulations for cohesive elements have been widely
used (see e.g. [11, 7]), these authors point out the influence of the choice of the reference config-
uration (original or current) where the numerical integration is carried out, and the consequence
of neglecting the local basis mobility in the finite element formulation. The latter choice, in
particular, leads to completely neglect a term in the traction-separation law: this is legitimate
only in small deformations or whether tractions and displacements are collinear, such as in the
present work. Their numerical peeling experiment shows no sensible differences between NCI
and GI rules in nonlinear regimes, while a less precise result has been observed for NCI in the
elastic part of the cohesive law.

The possibility to exploit numerical integration to improve the cohesive element computa-
tional efficiency has been investigated by Yanget al. [18], who introduced a cohesive element
featuring a multiple subdomain integration: the numerical integration for each cohesive finite
element is subdivided in zones whose dimensions are smaller than the cohesive zone size and
inside which GI or NCI schemes are carried out. This approach makes it possible to increase the
mesh size from a fraction (typically1

3
÷ 1

5
) of the cohesive zone to a size comparable and even

slightly larger of the cohesive zone. Moreover, the modifications in a standard finite element
implementation are quite limited, see [13]. In addition, it has been shown that it is possible to
move the evolving crack front within a partially failed cohesive element if an improved stress
integration scheme (GI or NCI) is implemented. Roughly speaking, the integration points are
in this case moved ahead of the crack tip position, and the integrals for the cohesive model are
then calculated on the uncracked domain restriction of the finite element traversed by the crack
front. Even in this case, the outcome is the relaxation of the restraint on the minimum mesh size
with respect to the cohesive zone.

To mitigate the oscillations due to unbalanced nodal forces upon the insertion of a new
cohesive segment, Menouillard and Belytschko [10], for extended finite elements (XFEM),
proposed to add artificial correction nodal forces. In their correction method, to reduce the
jump due to the additionally injected enriched dofs, fictitious forces are added to the interested
nodes to re-establish equilibrium. These forces are then scaled down when the crack tip reaches
the next element edge in the propagation path.

It is well known that in finite element cohesive propagation, the cohesive energy is the critical
parameter to be respected in the modeling of the cohesive properties, whereas the cohesive
strength, the limit opening and the exact shape of the cohesive traction-separation law have
a far smaller impact on accuracy. The adaptive definition of these latter parameters has also
been proposed as a technique to improve accuracy in the presence of coarse finite element
discretizations of the process zone [17, 16]. In view of these considerations, a correction similar
to the one proposed in [9, 10] is considered in this work. The required correction force is
calculated at the node in correspondence of the newly separating element crack tip, so as to
compensate the missing force contribution coming from the adjacent element before separation.
The additional contribution is however provided by a modification of the maximum traction and
limit opening in the cohesive law, while preserving the cohesive energy.

The correction has been implemented in an explicit dynamics solid-shell finite element code
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together with the DCE technique. The effect on accuracy of the number of introduced string
elements and of the proposed correction is investigated by application to test cases taken from
the literature. In the next section 2 the basics of the DCEs, the rules for the numerical integration
leading to the cohesive forces for multiple cables, and the adopted correction scheme are briefly
summarized, while in section 3 we exemplify through simple cases the effects of our choices.
Our conclusions are drawn in section 4. In all the paper, bold characters are reserved for vectors
or matrices.

2 FORMULATION

Let us consider a continuum with the thickness smaller than the other dimensions. The body
occupies a volumeΩ0 in a reference configurationB0; its boundary is called∂Ω0. The map
of the deformation consequent to a change of configuration isχ(X, t), t ∈ [0, T ], X being the
original coordinates of a generic point inΩ0, andT the time duration of of the process. After
the change, the body occupies the volumeΩ in the current deformed configurationB. A cohe-
sive crack through the thickness is described via the original interfaceΓ0, which evolves into
Γ because of the configuration change. Across the surfaceΓ, displacement discontinuities are
defined asδ = x

+ − x
−, beingx+ andx− the current coordinates of the material points be-

longing to the flank surface originally linked and then separating intoΓ+ andΓ−. A variational
balance in dynamics, neglecting damping, accounting for the change in kinetic, internal energy
and external work is written as:

δΠe
kin + δΠe

int − δΠe
ext =

[∫

Ω

ρ ü · δu dΩ

]
+

[∫

Ω0\Γ0

S : δE dΩ0 −

∫

Γ

T · δδ dΓ

]
− δΠe

ext = 0 (1)

whereF is the deformation gradient,E is the Green-Lagrange strain tensor,S is the second
Piola-Kirchhoff stress tensor,ρ is the material mass density,u are the displacements,̈u the
accelerations,T = σm is the Cauchy traction vector on the interface (σ is the Cauchy stress
tensor andm is the normal to the flank surface).

A solid-shell finite element discretization is adopted, by using the element proposed in [15]
and successive modifications (in particular we use the selective mass scaling described in [3]
and [4]). In the paper we assume the following numbering for the reference element: since the
thickness is small, it is always possible to identify nodes 1-4 for the lower surface, and nodes
5-8 for the upper surface. By gathering the nodal coordinates in two vectorsX1−4 andX5−8, it
is possible to define as a corner fiber the segment connecting two corresponding nodes (one at
the lower and one at the upper surface), henceforth coinciding with the element smaller edges.
Fiber mid-points are therefore defined as:

X
m =

X1−4 +X5−8

2
(2)

The DCE approach is based on the introduction, when a fracture criterion is satisfied at a solid-
shell finite element node, of a “cable” element either between two separating nodes (one of
which is a duplicate of the original) or in correspondence of integration points along each one
of the two crack flank middle surfaces (see figure ). The DCE, or “cable”, element can interact
with a blade, and transfer the contact forces to the opening faces in the correct direction, as
shown in figure 1.
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2.1 Cohesive force calculation

The contribution to the internal energy of the cohesive forces acting on a separating element
side can be expressed in terms of the nodal displacement jumps as

δΠe
coh,int =

∫ +1

−1

∫ +1

−1

T · δ

[
4∑

a=1

Na(θ, ζ) δa

]e

JΓ dθ dζ (3)

whereT is the traction vector obtained from the cohesive law,JΓ is the Jacobian determinant of
the area transformation between the original and master reference system on the crack surface,θ
andζ are the intrinsic coordinates in the master reference system, along the crack direction and
along the thickness direction, respectively. Therefore,Na(θ, ζ) represents the shape function of
nodea restricted to the element face corresponding to the crack surface.

master element

ζ

θ
+1

+1

-1

-1

Figure 2: master element reference system for the DCEs inserted at the opening flank surfaces.

Cohesive forces are transmitted to the element side through a discrete numberN of of DCEs,
introduced in correspondence of the adopted integration points. Only one integration point at
ζ = 0 is assumed (i.e. in correspondence of the middle surface in the thickness direction)
in view of the assumed small thickness, while alongθ different choices are considered, as
summarized in table 1. The implementation used in [6, 12] connects the DCEs to the fiber
nodes at the crack flanks. This can be interpreted as adopting a NCI with a trapezoidal rule. In
contrast, in this paper several alternatives for GI are explored. The contribution of the cracked
element side to the cohesive internal work can be henceforth written as (without summation on
repeated indices):

δΠe
coh,int =

4∑

a=1

f
e
a · δδ

e
a =

4∑

a=1

N∑

k=1

wkJ
e
Γk
T

e
k Na(θk, ζ = 0) · δδe

a (4)

wheref ea =
∑N

k=1
wkJ

e
Γk
T

e
k Nak are the equivalent cohesive forces at each node of the opening

face,Tk is the cohesive traction transmitted by the cable at thek-th integration point,wk is the
integration weight,Na(θk, ζ = 0) is the shape function of nodea evaluated at the same position
andδδa is the virtual displacement jump at nodea.
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Table 1: Gaussian or Newton-Cotes integration rules considered in the paper.N is the number of integration points;
θk, k = 1, N are the master reference system element coordinates along the crack flank direction (−1 < θ < +1);
wk are the ordered weights used for the numerical integration.

Integration rule N θk wk

NCI 2 ±1 1,1
GI1 1 0 2
GI2 2 ±0.577350269 1,1
GI3 3 ±0.774596669,0 5/9, 8/9, 5/9
GI4 4 ± 0.861136311594053, wa, wb, wb, wa

±0.339981043584856 wa=0.347854845137454,
wb=0.652145154862546

GI5 5 ±0.906179845938664, wc, wd, we, wd, wc

±0.538469310105683, 0wc=0.236926885056189,
wd=0.478628670499366,
we=0.56888888888889

The equivalent cohesive forces are then assembled together with the contributions of all the
elements sharing the same node

fa = A f
e
a = A

N∑

k=1

wkJΓk
T

e
kNa(θk, ζ = 0) (5)

beingA the assembly operator.
To guarantee force balance at the node at the time of node duplication, this force should be

exactly equal to the force transmitted to nodea by the element on the other side of the crack,
before node duplication and separation. At the insertion of the DCE, the nodes of the opening
flanks are duplicated but they are still geometrically coincident. In the original implementation
of the directional cohesive elements [12], the cohesive strength was initialized to match the
component of the Cauchy stress normal to the crack flank at the integration point, consistent
with the assumed mode I dominated opening. However, this procedure in general does not
respect the force balance at the node. The sudden release of the unbalanced internal nodal
forces upon node separation leads to oscillations in the stress field. A correction procedure in a
single explicit dynamic time step has been envisaged as follows.

When the fracture activation criterion is met at a node, the opening face is identified as the
one normal is closest to the direction of maximum principal stress. The node itself and the face
are then duplicated and the topology of the elements belonging to the node support is updated.
A prescribed number of directional cohesive elements is introduced between the two opening
faces, depending on the chosen integration scheme. As already noticed in [9] and in [10], the
duplication of a node causes a spurious stress oscillation due to the element-wise description
of the crack propagation and to the release of internal nodal forces, which is only partially
balanced by the cohesive force transmitted by the cable elements. In the framework of the
XFEM method, to avoid this unphysical effect Menouillard and Belytschko [9, 10] proposed to
introduce a fictitious nodal correction force exactly equal to the unbalanced part and linearly
decaying in time.

The proposal in this work is to recompute the maximum tensile stress of the newly added
directional cohesive elements, such that the equilibrium is restored at the timetnd of node
duplication. Modifying this parameter has been shown [1, 17, 16] to not significantly alter the
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overall mechanical response, since the dissipative process is mainly governed by the fracture
energy. At timetnd, the initial cable lengths are zero and the directional cohesive elements are
assumed to transmit a cohesive traction directed as the normalmk to the opening element side at
thek-th integration point and of magnitudeT0k

, beingT0k
the maximum tensile stress at point

k (figure 3). Since attnd the two duplicated nodes have the same velocity and acceleration,
there are no jumps in the inertia and viscous forces. As a consequence, the equilibrium of node
a writes:

fa = A

N∑

k=1

wkJΓk
T0k

Nak = (Fint
a − F

cohes
a ) ·m (6)

whereFint
a andFcohes

a represent the internal nodal force and the cohesive force due to previously
existent cables, computed after node duplication.

The cohesive forces are normal to the flank surfaces at the beginning; however, when the
flanks start separating, then the cable tilts and shear forces are transmitted together with the
normal ones. Morevover, the way the cohesive forces are transmitted to the crack flanks depends
on whether the blade is interacting or not with the DCE. When the generic cable interacts with
the blade through contact, the “directional” concept for the force calculation is triggered (see
figure 1): if xc

k is the position of the contact point,�+ and�
− indicate quantities at each

(middle plane) flank surface, then the effective crack opening atk is computed as

ℓk =
∥∥xc

k − x
+

k

∥∥+
∥∥xc

k − x
−

k

∥∥ = ℓ+k + ℓ−k . (7)

The directions of the cohesive tractions transmitted by the cable element are aligned with the
lines joining the contact pointsxC to the positions of the integration points on the flank surface,
namely:

T
+

k = Tk m
+

k T
−

k = Tk m
−

k (8)

whereTk is the modulus of the cohesive traction computed through the cohesive law from the
effective jumpℓk and

m
+

k =
x
c
k − x

+

k∥∥xc
k − x

+

k

∥∥ m
−

k =
x
c
k − x

−

k∥∥xc
k − x

−

k

∥∥ . (9)

In these expressions, it is assumed that all the positionsxk are given, since they derive from the
integration of the equations of motion.

In the absence of contact with a blade, the cohesive traction is simply:

Tk = T
+

k = −T
−

k = −
‖Tk‖

‖δk‖
δk. (10)

A linear softening law, as depicted in figure 3, rules the magnitude of the cohesive force
transmitted by the string element at the two opening faces as a function of the cable length. The
area beneath the curve represents the fracture energyGc = 1

2
T0ℓc, being ℓc the critical length

corresponding to the complete decohesion of the two flanks andT0 being determined from (6).

3 NUMERICAL EXAMPLES

3.1 Three point bending specimen

Let us consider a three point bending specimen [5, 2], whose dimensions are shown in figure
4. Several discretizations based on solid-shell elements, with out-of-plane thicknessB =5
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Figure 3: linear softening law adopted for the DCE.

mm, are explored, each one identified by a vertical dimension of the finite element in the set
he = {7.5, 10, 15, 25, 30} mm constant along the beam height (in figure 4 the casehe = 30 mm
is depicted); the finite element width is instead always fixed to 10 mm. The material properties
are taken from [5] and are the following: Young’s modulusE = 36, 500 MPa, Poisson’s ratio
ν = 0.1, cohesive strengthT0 = 3.19 MPa and mode I fracture energyGc = 0.05 N/mm. With
these parameters the characteristic length of the cohesive process zone isℓpz = E Gc/T

2
0 = 179

mm, therefore larger than the beam height. Consequently, every case discussed in this section
largely satisfies the condition on the minimum number of integration points in the cohesive
process zone, e.g. a minimum of 3-5 linear finite elements. The analyses are carried out using
an explicit dynamics approach in displacement control, with the top middle point of the beam
moving downwards with a constant velocity of 2 mm/s. A Rayleigh damping has been added
to limit the oscillations due to inertial effects in the bulk material and to mimic a quasi-static
response.

� � 600	��

H � 150	��

	
��

Figure 4: three point bending specimen, (coarser) mesh sizehe=30 mm.

To evaluate the influence of the mesh size, the results are shown in figure 5 in terms of di-
mensionless load-displacement curves and accelerations vs the dimensionless vertical, imposed
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displacement. In these examples, only one cable is inserted between the opening faces. It can be
seen that in all the cases a sudden decrease of the load corresponds to the snap-back experimen-
tal behaviour. The mesh sizeshe = 25, 30 mm show a pathological behaviour in the post-peak
regime, partially explained by the damping factor adopted. The accelerations reported in the
graph at the bottom in figure 5, are strongly influenced by the discretizations in space and time.
However, the steep peaks registered have different interpretation: before the maximum load
value they indicate the opening of the first crack faces and cable insertion during loading; then
there are acceleration peaks, despite damping, in correspondence of the large load drop because
of the structural snap-back, whose disturbance decreases in a not negligible time interval; in the
final, descending part of the curves, the accelerations of the node at the crack mouth are related,
instead, to the opening of the elements along the ligament, before the crack reaches the last
element at the specimen top (in the model, this element, where the displacement is imposed,
cannot be broken). When a DCE reaches its maximum elongationℓc and disappears, there are
no appreciable disturbances, since the exchanged cohesive forces in that case are already almost
zero.
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Figure 5: three point bending specimen. Comparison in terms ofload displacement response and acceleration at
the crack mouth between different meshes (one cable per element case).

To evaluate the influence of the number of the DCEs inserted for each solid-shell element
opening face, we present in figure 6 the caseshe = 15, 30 mm. Since the test is carried out
with displacement control, the sudden load drop can be well reproduced even with the coarse
discretization if two cables per opening face are inserted. While not reported here, the addition
of more cables does not improve the response, since the element size is sufficiently smaller
than the cohesive length as in this case. Since the opening face can change its configuration
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according to the displacements at its nodes and the cables are inserted at the face middle plane,
the crack opening profile is linear and the transmitted cohesive traction is already accurately
described by two cables.
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Figure 6: Three point bending specimen. Comparison of load displacement curves for different number of cables,
he = 15 mm.

All the previous results have been obtained using the correction approach defined in (6). To
point out its role, in figure 7 we compare the outcomes with and without correction for the
casehe = 15 mm. It can be noticed that the introduction of the correction procedure allows
to obtain a smooth response, avoiding the unphysical jumps that can be observed in the curve
without correction. The entity of the correction is slightly different for each DCE along the
crack propagation direction: the maximum correction value forT0 is an increasing of about
40% for the one cable case; the entity of the correction, however, is smaller when the number
of the cables is increased.

Figure 7: Three point bending specimen. Comparison of load displacement curves for different number of cables,
he = 15 mm.
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3.2 Coarse regular mesh with a rectilinear crack

In this section we adapt the example from [10], where brittle fracture was considered (no
cohesion), to the present DCE approach with solid-shell elements in explicit dynamics, with
the proposed correction of the cohesive strength, according to equation (6). A rectilinear crack
is propagated in a coarse and regular mesh with an imposed advancing crack tip velocity of 1
m/s (figure 8a). The bottom nodes of the model are restrained, while at the top edge a constant
stressσ = 10 kPa is imposed. Dimensions are the following: length of the specimenL = 0.2
m, widthH = 0.1 m, initial crack lengthai = 0.04 m. The material properties for the bulk are
linear elastic, with Young’s modulusE = 1 MPa, Poisson’s ratioν = 0.3, and mass density
ρ = 1 kg/m3. The cohesive strength isT0 = 10 kPa, andGc = 0.05 N/mm. The damping
parameter is set to 2%.

����

�

�

(a) (b)

Figure 8: rectilinear crack propagation. (a) geometry, load and boundary conditions and (b) deformed shape.

Spurious oscillations at the top left corner node, induced by the sudden insertion of the
cohesive elements at the nodes of the element near the crack tip, are monitored. In figure 9a the
displacement vs time response appears smoothed when the correction is activated; it is instead
strongly discontinuous without correction. The effect of the correction becomes more evident as
the time increases, i.e. when the crack is far from the top left vertex node during the propagation.
It should be emphasized the the different response is obtained using in the two analyses cohesive
models with the same fracture energy. The only difference is the initial value of the tractionT0

that in the case without correction is taken equal to the normal component of Cauchy stress at
the timetnd of node duplication, while in the case of the correction is determined according to
(6). In figure 9b the velocity at the same point is depicted: the correction decreases the peaks
also in this case. It is worthwhile to emphasize that, without correction, the induced velocities
appear completely not physical; when we include the correction, the values turn out to be much
smaller and acceptable.

4 CONCLUSIONS

In this paper some progresses on the development of the directional cohesive finite element
approach have been presented, including: i) the possibility to increase the number of inserted
cables for each opening face of solid-shell finite elements, and ii) corrected definition of max-
imum cohesive tractions based on nodal equilibrium to avoid the spurious oscillations in the
local stress field arising from the insertion of cohesive finite elements at the crack tip. These
numerical improvements can be helpful during the simulation of sharp blades cutting through
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Figure 9: rectilinear crack propagation. Comparisons for corrected and not corrected responses in terms of (a)
vertical displacement and (b) velocity at the top left corner vertex.

layered shells, where the cohesive zone length is of the order of the curvature radius of the
cutting blade. We showed, through numerical examples taken from the literature, how different
choices influence the numerical results; in particular, the beneficial role of corrected nodal co-
hesive forces to smooth numerical oscillations at the insertion of cohesive elements in explicit
dynamics problems is emphasized.
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Abstract. Vehicle crashworthiness design belongs to one of the most complex problems consid-
ered in the design optimization. Physical phenomena that are taken into account in crash sim-
ulations range from complex contact modeling to mechanical failure of materials. This results
in high nonlinearity of the optimization problem and involves remarkable amount of numerical
noise and discontinuities of the objective functions that are optimized. Consequently, the sen-
sitivity information, which is necessary for the majority of Topology Optimization approaches,
can be obtained analytically only for considerably simplified problems, which, in most cases,
excludes the use of the gradient-based optimization methods. As a result, in the state-of-the-
art methods for crashworthiness Topology Optimization, strong and thus arguable assumptions
about the properties of the optimization problem are made and heuristic approaches are used.
This problem can be solved with use of Evolutionary Algorithms, where no assumptions about
the optimization problem have to be made and which perform well even for highly nonlinear
and discontinuous problems. We propose a novel approach using evolutionary optimization
techniques together with a geometric Level-Set Method in crashworthiness Topology Optimiza-
tion. Both standard Evolution Strategies and the state-of-the-art Covariance Matrix Adaptation
Evolution Strategy are used. In order to evaluate the proposed method, an energy maximization
problem for a rectangular beam, fixed at both ends and impacted in the middle by a cylindrical
pole, is considered. The results show that the evolutionary optimization methods can be effi-
ciently used for an optimization of crash-loaded structures, while defining the objective function
explicitly.
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1 INTRODUCTION

In the recent years, a lot of effort has been put in the automotive industry to shorten product
cycles as much as possible. This is one of the most crucial demands of the car market that is
also pushing car companies to broaden the offer of their products and increase the efficiency of
development and production. Also the complexity of the vehicles produced today is increasing
rapidly, which, together with rising material costs and strict CO2 emission reduction targets
for new cars, forces car companies to use numerical simulation and optimization in the vehicle
design. The number of factors to be taken into account and fields to analyze is rising constantly,
as well. However, crashworthiness optimization, due to its complexity, poses the main difficulty
and affects the character of the whole vehicle design process [11].

The wide spectrum of physical phenomena incorporated in crash simulations, ranging from
complex contact modeling to mechanical failure of materials, results in high nonlinearity of the
optimization problem, numerical noise and discontinuities of the optimized objective functions.
As a result, in general case, analytical gradients are not available and the gradient-based op-
timization methods cannot be applied. Therefore, development of alternative approaches for
crashworthiness optimization is necessary.

The main focus of this paper is crashworthiness Topology Optimization, which is used to
determine the best structural concept at early stages of the vehicle development process. Due
to the complexity of crash phenomena mentioned above, in the state-of-the-art methods for
crashworthiness Topology Optimization, very strong assumptions about the properties of the
optimization problem are made and heuristic approaches are used to optimize structures. In
the Equivalent Static Loads Methods [6, 7, 12, 29], equivalence of static and dynamic loads
is assumed. In the Ground Structure Approaches [14, 31], simplified crash models, involving
considerable calibration effort, are used. Graph and Heuristic approaches use rules derived
from the expert knowledge [28]. Finally, both in the Hybrid Cellular Automata [30, 25] and the
Hybrid Cellular Automata for Thin-Walled Structures [13, 22] homogeneity of energy density
either all over the structure or in larger macro-structures is required. As a result, in each of
those methods, the assumptions are arguable and convergence to the true optima cannot be
guaranteed.

An alternative approach is to use evolutionary optimization methods, which are gradient-free
and work very well even for highly nonlinear, noisy, discontinuous problems. In evolutionary
methods, the optimization process is carried out solely through evaluating values of the objec-
tive function in different points of the design space, thus no additional assumptions have to be
made. Therefore, the objective function can be precisely defined and solutions are exclusively
judged by their objective values.

In this paper, we propose a novel approach for crashworthiness Topology Optimization,
which uses an implicit parametrization of mechanical structures with geometric level-set func-
tions [15]. In the Level-Set Methods [10], the material interface is precisely defined by the
iso-contours of the level-set function, which is a crucial property from the point of view of
manufacturability and the accuracy of crash simulations [5], where the presence of intermediate
densities in the finite element model might lead to severe deviations from the real crash behav-
ior. Moreover, by introducing the parameterization with the geometric level-set functions [15],
the number of design variables can be reduced significantly, while allowing for a relatively high
flexibility of topological changes. As a result, Evolutionary Algorithms, whose numerical costs
highly depend on the dimensionality of the optimization problem, can be used efficiently for
this type of parametrization.
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Evaluation and validation of the proposed method is realized for a simple, 2D crash case,
where a cylindrical pole impacts a clamped structure defined within a rectangular design do-
main. An energy maximization problem with mass constraint is considered. The optimization
is carried out with use of standard Evolution Strategies (ES) [4] and the state-of-the-art Co-
variance Matrix Adaptation Evolution Strategy (CMA-ES) [17]. Finally, performance of the
structures optimized with use of the above mentioned methods and the Hybrid Cellular Au-
tomata technique is compared.

The paper has the following structure. Section 2 formulates the optimization problem and
presents an overview of the optimization methods used in this research. In Section 3 the im-
plicit parametrization with the geometric level-set functions is described. The experimental
setup, optimization results and a corresponding discussion is presented in Section 4. The final
conclusions are described in Section 5.

2 OPTIMIZATION PROBLEM

2.1 Problem formulation

In this paper, the problem of energy absorptionEabs maximization1 at a given point of a crash
event and under mass constraint is considered. Similar optimization problems were investigated
by Hunkeler [22] and Aulig et al. [3]. In the most general form, the optimization problem can
be formulated as follows:

min
z

(−Eabs(z))

s.t. : r(t) = 0,

m(z) ≤ mreq,

(1)

where the residual r(t) = 0 expresses the dynamic equilibrium at time t, m is mass of the
structure and mreq is the required mass of the final design. The vector of design variables is
denoted by z.

Since this is a constrained optimization problem, an appropriate constraint-handling tech-
nique has to be chosen. In the field of evolutionary optimization, the most commonly used
approaches for constrained optimization are the exterior penalty methods [9, 32]. For simplic-
ity, static penalties [24] were used in this work, for both standard ES and the CMA-ES2. In the
context of evolutionary computation a minimum of so-called fitness function has to be found.
For the given problem, after introducing the penalty term, it takes the following form:

f(z) = −Eabs(z) + c ·max (0,m(z)−mreq) , (2)

where c is a weighting coefficient for the mass constraint.

2.2 Optimization methods

Biologically-inspired evolutionary optimization methods turned out to be very successful in
many engineering applications [8, 27, 37, 21]. In particular, they showed very good capabilities

1Equivalent to minimization of negative energy absorption.
2Very little research on constraint handling for the CMA-ES has been done so far [23, 2] and behavior of

the algorithm for more sophisticated constraint-handling techniques is not known. Therefore, the use of simpler
approaches is favored.
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for solving multimodal, noisy and discontinuous optimization problems. This makes their appli-
cation to the crashworthiness Topology Optimization very promising. Below, a short overview
of the evolutionary methods used in this paper is presented.

2.2.1 Evolution Strategy

Evolution Strategies were developed in Germany by the research group of Ingo Rechenberg
and Hans-Paul Schwefel [33, 34]. Compared to genetic algorithms, the primary emphasis in
Evolution Strategies lies on mutation instead of recombination. Most of evolution strategies are
based on the following core structure:

t:=0;
initialize: P (0) := {a1(0), ..., aµ(0)} ∈ Iµ;
evaluate P (0) : {f (a1(0)) , ..., f (aµ(0))};
while (ι (P (t)) 6= true) do

recombine:P ′(t) := rΘr (P (t));
mutate: P ′′(t) := mΘm (P ′(t));
evaluate P ′′(t) : {f (a′′

1(t)) , ..., f (a′′
λ(t))};

select: P (t+ 1) := sΘs (P ′′(t));
t:=t+1;

end
Algorithm 1: Standard Evolutionary Algorithm [4].

where f : I → R denotes the fitness function to be minimized (I is the genotype space) and
a ∈ I is an individual. The size of the parent and offspring population are denoted by µ ≥ 1
and λ ≥ µ, respectively. A population at generation t comprises all the parent individuals, i.e.
P (t) := {a1(t), ..., aµ(t)}. The recombination operator is a mapping rΘr : Iµ → Iλ, whereas
mutation operator: mΘm : Iλ → Iλ. Both recombination and mutation are controlled by sets of
operator parameters: Θr and Θm. The selection operator defined as sΘs : Iλ → Iµ is used to
choose the individuals, which compose the parent population in the next generation.

The functioning of the algorithm can be characterized as follows. After the initialization and
evaluation of the parent population, the main optimization loop begins. First of all, the new
offspring is generated from the parent population in the recombination step. Recombination is
usually performed both on design variables and strategy parameters. Depending on the type of
recombination, it can be performed according to one of the following rules [4]:

z′i =



zS,i without recombination,
zS,i or zT,i discrete recombination,
zS,i + χ · (zT,i − zS,i) intermediate recombination,
zSi,i or zTi,i global, discrete recombination,
zSi,i + χi · (zTi,i − zSi,i) global, intermediate recombination,

(3)

where zi is the i-th component of the vector of object variables, S and T denote two randomly
selected parent individuals, whereas χ ∈ [0, 1] is a random variable from the uniform distribu-
tion. In case of the global recombination, parents S and T as well as the χ factor are chosen
independently for each component of the z vector.

According to Bäck et al. [4], the best results were observed for discrete recombination
on design variables and intermediate recombination on strategy parameters. Also historically,
recombination in its intermediate and global form were applied for a constant value of χ = 1

2
.
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In the second step of the main optimization loop, the mutation operator is used. In the most
general form, the mutation operator produces mutated individuals by deviating first the strategy
parameters and then the design variables:

σ′
i = σi · exp (τ ′ ·N(0, 1) + τ ·Ni(0, 1))

z′ = z + N (0,σ′) ,
(4)

where τ ′ and τ are global and local learning rates, respectively.
For a single standard deviation for all object variables, (4) can be reduced to:

σ′ = σ · exp (τ ′ ·N(0, 1))

z′ = z + N (0, σ′)
(5)

According to Schwefel [36] a good choice of those parameters is the following:

τ =
1√
2
√
n

τ ′ =
1√
2n

(6)

The mutation mechanism presented above allows the algorithm to evolve its own strategy
parameters during the optimization process. As a result, it is often referred to as the ”self-
adaptation” mechanism and was first formulated by Schwefel [35].

Finally, after the evaluation step, the best individuals are chosen to form a new parent pop-
ulation. There are two main methods to do that. Either µ parents are selected from λ offspring
individuals ((µ, λ)-ES) or the new parent population is selected out of parent and offspring pop-
ulations combined ((µ+ λ)-ES). In this research, we use the (µ, λ)-ES since it can better deal
with noisy quality evaluations [4].

2.2.2 Covariance Matrix Adaptation Evolution Strategy

The Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [19] is a derandomized
Evolution Strategy, where the covariance matrix of the normal mutation distribution is adapted
on the basis of the previous search steps [17]. This is a similar concept to the gradient-based
quasi-Newton methods, where the Hessian matrix is estimated iteratively as the optimization
process progresses. Initially, the method was designed for small populations and has proven
to be a robust and efficient local search strategy [16]. Particularly, the CMA-ES can minimize
efficiently unimodal functions [17]. The superiority of the method on non-separable and ill-
conditioned problems and its applicability to real world problems has been also demonstrated
[19]. An extension of the CMA-ES by the rank-µ-update [26, 20] allowed to use more effec-
tively the information from large populations without influencing the performance when small
populations are considered. As it is one of the state-of-the-art methods, its Python implementa-
tion [18] was used in this research, as well.
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3 PARAMETRIZATION

Let us first define a global level-set function as follows:
Φ(x) > 0,x ∈ Ω,

Φ(x) = 0,x ∈ ∂Ω,

Φ(x) < 0,x ∈ D\Ω.
(7)

Analogically, we introduce a local level-set function of the ith elementary structural component
having the following property: 

φi(x) > 0,x ∈ Ωi

φi(x) = 0,x ∈ ∂Ωi

φi(x) < 0,x ∈ D\Ωi

(8)

where Ωi is a part of the design domain D occupied by an elementary component. As a result,
the material phase is defined as:

Ω =
e⋃
i=1

Ωi, (9)

where e denotes the number of elementary components. We introduce a level-set function
(defining an elementary component) after Guo et al. [15], which for D = R2, x = (x, y)T , has
the following form:

φi(x) = −
((

cos θi (x− x0i) + sin θi (y − y0i)

li/2

)q
+

(
− sin θi (x− x0i) + cos θi (y − y0i)

ti/2

)q
− 1

)
,

(10)

where (x0, y0) is the position of the center of a component (see Figure 1a) with length l and
thickness t. The rotation angle of a component is denoted by θ. Similarly to the approach
presented by Guo et al. [15], we take the exponent q = 6. The plot of the level-set function
defined by (10) is presented in the Figure 1b.

(a) Elementary structural com-
ponent. (b) Level-set function.

Figure 1: Parametrization of the elementary structural component and the corresponding level-
set function (where negative values are set to zero) [15].
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As in the other Topology Optimization approaches [5], we use a standard density-based
geometry mapping [10], where the dependency between the level-set field and the material
density3 ρ (x) at position x ∈ D is given by:

ρ (x) = H (Φ (x)) , (11)

where:
Φ (x) = max (φ1(x), φ2(x), ..., φm(x)) , (12)

and H(x) denotes the Heaviside function:

H(x) =

{
0, if x < 0

1, if x ≥ 0.
(13)

Figure 2 presents a possible layout of structural components for the compliance minimization of
the standard cantilever beam benchmark case [5]. Plots of the corresponding (global) level-set
function and its mapping to the finite element mesh are shown, as well.

(a) Layout of structural
components. (b) Corresponding level-set field.

(c) Mapping to the finite
element mesh.

Figure 2: Possible layout of structural components for the compliance minimization for the
cantilever beam problem [5].

4 NUMERICAL EXPERIMENTS

4.1 Setup

As a test problem, topology optimization of a rectangular aluminum beam is considered. The
beam is fixed at both ends and impacted in the middle by a cylindrical pole. Dimensions of the
beam, as well as initial and boundary conditions are shown in Figure 3.

The LS-Dyna FEM mesh is composed of 1600 eight-node solid elements and the problem is
considered as a 2D crash case (displacements of all nodes in the direction perpendicular to the
cross-section shown in Figure 3 are set to 0). A piecewise linear elastic-plastic material model
is used. Exact setup of the test case and material properties are given in Table 1.

The initial layout of structural components and the mapping of the corresponding level-set
field to the LS-Dyna FEM mesh are shown in Figure 4.

3In the finite element discretization, ρ (x) = 0 results in deletion of the finite element from the mesh.
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Figure 3: Design domain, initial and boundary conditions for the investigated crash case.

Property Symbol Value Unit
Beam material density ρ 2.7 · 103 kg/m3

Young’s modulus E 7.0 · 104 MPa
Poisson’s ratio ν 0.33 -

Yield stress Re 241.0 MPa
Tangent modulus Etan 70.0 MPa

Friction coefficient µ 0.1 -
Pole velocity v 20 m/s

Pole mass mp 11.815 kg
Required structure mass mreq 2.16 kg

LS-Dyna termination time tend 1.5 ms
LS-Dyna mesh resolution - 80 x 20 -

Table 1: Configuration of the test case.

(a) Layout of structural components. (b) Corresponding finite element mesh.

Figure 4: Initial layout of structural components and the corresponding LS-Dyna finite element
mesh.

4.2 Results

For evaluation of the proposed topology optimization approach, 10 optimization runs of
both the standard Evolution Strategy (ES) and the state-of-the-art Covariance Matrix Adapta-
tion Strategy (CMA-ES) were completed. In each case, the optimizations were stopped after
1000 generations. For both algorithms an offspring population of the size of 17 and a parent
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population consisting of 8 individuals4 were used. In both cases, the initial value of σ was set
to 0.1.

The results show that both ES and the CMA-ES can be successfully used for optimization of
energy-absorbing structures. In Figure 5, averaged convergence of the fitness function for both
ES and CMA-ES is presented. Figure 6 shows the statistical evaluation of both algorithms.

Figure 5: Convergence of the fitness function averaged over 10 runs of ES and CMA-ES.

Figure 6: Box plots for 10 optimization runs of ES and CMA-ES after 10, 100 and 1000 gener-
ations, respectively.

4A default population size for a problem with 80 design variables, estimated and used by the Python imple-
mentation of the CMA-ES [18].
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The CMA-ES exhibits considerably better performance at the beginning and the end of the
optimization process. However, in the range especially interesting for practical applications
(ca. 100 generations - equivalent to 1700 evaluations), the performance of both methods is
similar. Nevertheless, in general, ES much more frequently results in inferior designs and is
characterized by a relatively high variance of the fitness function.

The best designs out of 10 optimizations carried out with ES and CMA-ES are shown in
Table 2. As a reference, a design obtained with the Hybrid Cellular Automata Technique is
shown, as well.

Method Effective stress field (von Mises) at the final time step [MPa] Energy [kJ]

ES-1STD 2.23

CMA-ES 2.25

HCA 2.24

Table 2: Best designs obtained within 10 optimization runs of ES and CMA-ES and a design
optimized with the HCA method (with use of the LS-TaSC [1]). Von Mises stress field and
energy absorption.

All of the designs exhibit similar performance with respect to energy absorption, but the
design obtained with CMA-ES performs slightly better than the design obtained with the HCA
method. This justifies the use of the proposed method, as a good alternative for the heuristic
methods. Of course, the computational cost in case of evolutionary methods is considerably
higher, but it may result in much better designs, especially when highly nonlinear cases are
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considered and the assumptions used in the HCA method are no longer correct. Another ad-
vantage of Evolutionary Algorithms is their good scalability on parallel machines, which can
significantly reduce the optimization time and enable their use in industrial applications.

5 CONCLUSIONS

In this paper, a novel approach for crashworthiness Topology Optimization was presented.
This technique uses Evolutionary Algorithms for optimization of crash structures parameterized
implicitly with geometric level-set functions. For evaluation of the proposed method, optimiza-
tion of the topology of a rectangular, clamped beam, impacted in the middle by a cylindrical
pole, was considered. Performance of both standard Evolution Strategy and the Covariance
Matrix Adaptation Evolution Strategy was compared.

The results show that the proposed approach can be successfully used as an optimization tool
in the initial phase of development of crash structures. It can be considered as an attractive al-
ternative for the state-of-the-art, often heuristic methods, such as the Hybrid Cellular Automata
technique, since in evolutionary-based methods no additional assumptions have to be made and
the optima can be precisely identified. Furthermore, unlike in the other approaches, handling of
different objectives and constraints is straightforward, what broadens considerably the scope of
possible applications. However, evolutionary optimization methods require much higher num-
ber of fitness function evaluations, which, especially in case of costly crash simulations, might
pose a difficulty for industrial applications. Nevertheless, the excellent scalability properties of
evolutionary methods make their use on parallel machines very efficient and thus, make them
relevant also for the industry.

All in all, the future research in this field is promising, since the proposed methodology
might be successfully used also in case of alternative objective functions even in case of highly
nonlinear and noisy crash events, where the applicability of the standard crashworthiness op-
timization methods is limited. Further parallelization of simulations can help to overcome the
problems associated with high computational costs and make the proposed approach an efficient
method for crashworthiness optimization in early stages of the product development process.
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[4] T. Bäck and H.-P. Schwefel. An Overview of Evolutionary Algorithms for Parameter
Optimization. Evolutionary Computation, 1(1):1–23, 1993.

[5] M. P. Bendsøe and O. Sigmund. Topology Optimization. Springer Berlin Heidelberg,
Germany, 2004.

319



Mariusz Bujny, Nikola Aulig, Markus Olhofer and Fabian Duddeck

[6] M. Cavazzuti, A. Baldini, E. Bertocchi, D. Costi, E. Torricelli, and P. Moruzzi. High per-
formance automotive chassis design: a topology optimization based approach. Structural
and Multidisciplinary Optimization, 44(1):45–56, 2010.

[7] J. Christensen, C. Bastien, and M. V. Blundell. Effects of roof crush loading scenario upon
body in white using topology optimisation. International Journal of Crashworthiness,
17(1):29–38, 2012.

[8] C. A. Coello Coello. and G. B. Lamont. Applications of Multi-Objective Evolutionary
Algorithms. World Scientific, 2004.

[9] C. A. Coello Coello. Theoretical and numerical constraint-handling techniques used with
evolutionary algorithms: a survey of the state of the art. Computer Methods in Applied
Mechanics and Engineering, 191(1112):1245–1287, 2002.

[10] N. P. v. Dijk, K. Maute, M. Langelaar, and F. v. Keulen. Level-set methods for struc-
tural topology optimization: a review. Structural and Multidisciplinary Optimization,
48(3):437–472, 2013.

[11] F. Duddeck. Multidisciplinary optimization of car bodies. Structural and Multidisciplinary
Optimization, 35(4):375–389, 2007.

[12] F. Duddeck and K. Volz. A new topology optimization approach for crashworthiness of
passenger vehicles based on physically defined equivalent static loads. In Proceedings
ICRASH conference, Milano, Italy, 2012.

[13] F. Duddeck, S. Hunkeler, P. Lozano, E. Wehrle, and D. Zeng. Topology Optimization
for Crashworthiness of Thin-walled Structures under Axial Impact Using Hybrid Cellular
Automata. Struct. Multidisc. Optim., 2015.

[14] H. Fredricson, T. Johansen, A. Klarbring, and J. Petersson. Topology optimization
of frame structures with flexible joints. Structural and Multidisciplinary Optimization,
25(3):199–214, 2003.

[15] X. Guo. Doing topology optimization explicitly and geometrically: a new moving mor-
phable components based framework. In Frontiers in Applied Mechanics, pages 31–32.
Imperial College Press, London, UK, 2014.

[16] N. Hansen and A. Ostermeier. Adapting arbitrary normal mutation distributions in evo-
lution strategies: the covariance matrix adaptation. In Proceedings of IEEE International
Conference on Evolutionary Computation, pages 312–317, 1996.

[17] N. Hansen and A. Ostermeier. Completely Derandomized Self-Adaptation in Evolution
Strategies. Evolutionary Computation, 9(2):159–195, 2001.

[18] N. Hansen. The CMA Evolution Strategy: A Comparing Review. In J. A. Lozano,
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Abstract. The process of high-velocity collision of the elements of thin-walled structures with 
spherical and elongated  projectiles, simulating fragments of cosmic bodies, artificial objects, 
ice particles and damaging elements is considered in three-dimensional Lagrangian formula-
tion. The problem is solved taking into account probabilistic nature of crushing the material 
of the interacting bodies. Collision proceeds as normal and at an angle to a barrier surface. 
The approach proposed to solve fragmentation problems enables to reproduce the processes 
of barriers breaking with high-velocity elements in three-dimensional formulation which is 
the most complete from the physical point of view. The processes of interaction of the streams 
of high-velocity elements with thin-walled enclosures at different angles of approach to the 
latter, as well as the behavior of enclosure fragments and element debris behind the first shell 
of the construction, are of great practical interest to ensure reliable operation of spacecrafts, 
aircraft and missile technology. The streams of high-velocity elements may have different 
physical nature. They may be  man-made and natural meteoric particles in space, ice parti-
cles in the atmosphere and damaging elements in all media. In this paper we consider pro-
cesses of plates breaking by clusters of spherical and elongated  projectiles and 
fragmentation pattern, as well as the formation of debris streams in behind-the barrier space. 
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1 INTRODUCTION 

To solve problem high – velocity interaction a group of elements with  thin-walled struc-
tures it is necessary to have a reliable and sufficiently universal method to enable adequate 
reproduction of the processes occurring in solids under high- velocity collision. The natural 
heterogeneity of the structures of barrier and projectile materials affects the distrib ution of 
physical-mechanical characteristics (PMC) of the material, and is one of the most important 
factors determining the fracture behavior of real materials. One can account for it in the equa-
tions of deformable solid mechanics using a random distribution of the initial deviations of 
the strength properties from a nominal value (simulating the initial heterogeneity of the mate-
rial). The relations of deformable solid mechanics, used in major recent works on d ynamic 
fracture of structures and materials, ignore this factor. It can distort a real pattern of impact 
and explosive fractures of the bodies under consideration. The latter is particularly evident  in  
the  solution  of  axisymmetric  problems,  where the properties at all points on the  circum-
ferential coordinate of a calculated element are initially equal due to the use of standard equa-
tions of continuum  mechanics   in  the  numerical  simulation.  However  in  practice  there  
are  many problems where fragmentation is mainly a probabilistic process, for example the 
explosive fracture of axisymmetric shells, where the fragmentation pattern is unknown be-
forehand. The introduction of a random distribution of the initial deviations of the strength 
properties from a nominal value in the PMC of the body leads to the fact that, in these cases, 
the process of fracture becomes probabilistic in nature, and  more consistent with the experi-
mental data. To calculate elastoplastic flows we used a procedure implemented on tetrahedral 
cells and based on the combined application of Wilkins method intended to calculate the in-
ternal points of the body and Johnson method to calculate contact interactions. The initial het-
erogeneities of the structure were simulated by imposing a distribution of ultimate equivalent 
plastic strain in the cells of the calculated domain by means of a modified random number 
generator issuing a random variable obeying the selected distribution law. The probability 
densities of the random variables used were in the form of  a normal Gaussian distrib ution 
with arithmetical mean being equal to the tabulated value and variable dispersion.  

2     THE EQUATIONS DESCRIBING THE MOTION OF A COMPRESSIBLE 
ELASTIC-PLASTIC BODY TAKING INTO ACCOUNT PROBABILISTIC 
NATURE OF FRACTURE 

The equations describing spatial adiabatic motion of a solid compressible medium are dif-
ferential consequences of the fundamental laws of conservation mass, pulse and energy. In 
general they have the following forms [1-3]: 

continuity equation 
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where ix - the coordinates; t  - time; 0 - the initial density of the medium;   - the current 

density of the medium; iv - components of the velocity vector; iF - components of mass forces 

vector; ijS - components of stress tensor deviator; E - specific internal energy; ij - compo-

nents of deviator of strain rate tensor; P - pressure. 
To equations (1) - (3) we must add the equations taking into account relevant thermod y-

namic effects associated with adiabatic compression and strength of the medium. In general 
case, under the influence of the forces on the solid-deformable body, both volume (density) 
and the shape of the body are changed by different dependencies. Therefore, stress tensor is 
the sum of spherical tensor and the stress tensor deviator.  
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To describe shear strength of the body the following relations are used: 
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as well as the condition of plasticity 
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 where ije  - the components of the strain rate tensor;   - shear modulus;   - dynamic yield 

stress; DtD  - Yauman derivative.  
The equation of a solid state was chosen in the form of Mi-Gruneisen 
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where 0Г - Gruneisen coefficient; ,c K - constant of the material; 0 - the initial density of the 
medium;  

01 /    . 

As a shear failure criterion we used the criterion of limiting equivalent plastic strain 

[4] pp
  . In this case, when 

p reaches the limit value 
p

* the calculated cell is consid-
ered to be destroyed. The system of equations (1) - (9) is written in a general form for the spe-
cial motion of a deformable body. 
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The process of destructing the real materials is largely determined by the internal structure 
of the medium, the presence of heterogeneities, usually caused by a different orientation of 
the grains in the polycrystalline material or heterogeneities in the composition of composite 
materials, the difference in the micro-strength inside the grain and on the intergrain or inter-
face boundaries. Therefore, to improve compliance of numerically simulated process with the 
experimental data it is necessary to generate disturbances in physical-mechanical characteris-
tics of the medium being destroyed, i.e. to set a random distribution of the factors determining 
strength properties of the material. The introduction of information about polycrystalline 
structure of the material into calculation technique requires a large amount of experimental 
data and increased requirements for computer power that limits the ability of the implementa-
tion and apply this approach. In view of this, we used a simplified version of probabilistic 
modeling of fracture mechanism. Physical and mechanical characteristics of the medium re-
sponsible for strength are assumed to be randomly distributed over the material volume. The 
distribution probability density of these parameters is taken as various  distribution laws, 
which are generally dependent on table (average) value of the parameter being distributed, 
dispersion of the parameter distribution being varied, and other characteristics of the medium. 
Such parameters as yield strength, tensile strength, maximum strains and other constants, that 
define the moment of destruction in various theories of strength and fracture criteria, are d i-
rectly dependent on the number and size of defects and should be randomly distributed over 
the volume with dispersion depending on material homogeneity. Natural fragmentation of 
projectiles and barrier is calculated by introducing probabilistic mechanism for distribution of 
the initial defects of the material structure to describe tear and shear cracks. As a criterion of 
failure under intense shear strains we used the achievement of limiting values by equivalent 
plastic deformation. The initial heterogeneities were simulated so that the maximum equiva-
lent plastic strain was distributed into membrane cells using a modified random number ge n-
erator, which gave out a random variable obeying to the distribution law selected. 
The system of basic equations is added with necessary initial and boundary conditions. At the 
initial moment of time all points of the projectile have axial velocity 0V in view of its sign and 
the barrier state is assumed to be unperturbed. The boundary conditions are as follows, name-
ly, the conditions 0n n   are satisfied on borders free from stress. Conditions of ideal 

sliding of one material relative to another along the tangent and impermeability along the 
normal are set on contact sites between the bodies: 1 2 1 2 1 2, , 0,n n n n n n          where 

, ,n n   are the normal and tangent components of the stress vector; n v is the normal compo-
nent of the velocity vector at the point of contact; subscripts 1 and 2 refer to the bodies being 
in contact. 

To calculate the elastic-plastic flows, use is made of a technique implemented on tetrahe-
dral cells and based on joint application of the Wilkins method for calculating interior points 
of the body and the Johnson method for calculating the contact interactions [2, 5-6]. Three-
dimensional domain was successively partitioned into tetrahedrals with subroutines of auto-
matic meshing. The ideology and methodology of applying a probabilistic approach to solids 
fracture are completely described in [7]. 

3      TEST CALCULATIONS AND EXPERIMENTS 

Figure 1 presents the results [8] of numerical simulation of ricocheting a steel ball-
projectile with a diameter of 0.8 cm at interaction with a 0.95 cm-in-thick titanium barrier  
with a diameter of 8 cm for a time moment t=13.23 s . The projectile initial velocity was 
3600 m/s, angle of impact from the normal to the barrier was 75°. 
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In numerical study we obtained the following values of crater parameters, namely, a major 
crater axis was 30.5 mm, a minor axis - 15 mm and crater depth – 8.2 mm. The experimental 
data were characterized by the following values, namely, the major crater axis was - 28 mm, 
the minor axis was 16 mm and the crater depth was 7 mm. 

 

                          
 

                                                         а                                                                        b 

        
                                               c                                                                         d  
Figure1: Numerical simulation of a steel ball ricocheting at interaction with titanium barrier (t = 13.23 s ; V = 
3600 m/s; 75 °): a - top view; c, d - a side and end views; b - experiment (photos of the steel ball in the ini-

tial state and the trace in the titanium plate after their interaction). 

4     COMPUTATIONAL RESULTS  

Previously, the interaction of cylindrical elements with barriers at lower angles o f impact 
and erosion fracture mechanism making it impossible to consider the interaction of the fra g-
ments with each other and with the barrier was considered in [9, 10]. In [11], the authors nu-
merically investigated the interaction of ice projectiles with the barriers made of aluminum 
alloy and asbotextolite. The problem was solved in a two-dimensional formulation for the 
case of axial symmetry. 

 In this paper, the interaction of a group of three steel balls with an aluminum plate is con-
sidered in three-dimensional formulation. A ball radius was 0.28 cm. The thickness of each 
plate - 0.35 cm sized 5x5 cm. The impact velocity is 1500 m/s. The balls were  arranged in a 
circle of radius 0.75 cm. 

                      
                                             а                                                                   b       

Figure 2: Configuration of balls - barrier system at instant of time 15t  s for impact angle of 00 from a normal: 
a - general view; b - plane section. 
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Figure 2 shows the results of  interaction of an aluminum plate with a cluster of steel balls. 
As is seen from Figure 2 after the collision the area of undestroyed material between the holes 
was quite large and the velocity of projectiles after the barrier break ing fell to 1130 m/s (Fig-
ure 2,b). The increase in the impact angle to 450 (Figure 3) caused the decrease in the area of 
undestroyed material between the punched holes and the formation of a significant fragmenta-
tion flow behind the barrier. 

     
           а                                                         b                                                        c 

Figure 3: Configuration of balls - barrier system at instant of time 38,4t  s for impact angle of 450 from the 

normal: a, b - general views; c - plane section. 

Two left Figures 3a and 3b show different views of the punched holes and the fragmenta-
tion field. Plane section of balls - barrier system and velocity distribution in the section is 
shown in Figure 3c. Such presentation of the results obtained is used for the subsequent fig-
ures. In the case under consideration there are two leading balls, followed by the third one. 
The velocity of the balls after breaking fell to 980 m/s. 

Changing the direction of the impact by 1800 (Figure 4), when there is one leading ball, 
one can observe cracks in the bridges between the holes and the velocity of the projectiles a l-
so falls to 980 m/s. 

     
                           
                            а                                                    b                                                              c 

Figure 4: Configuration of balls - barrier system at instant of time 40,4t  s for impact angle of 450 from the 

normal: a, b - general views; c - plane section. 

The next group of calculations was related to the study of projectile ricocheting at the fo l-
lowing angles of impact: 700 (Figure 5), 750 (Figure 6) and 780 (Figure7). With the increase in 
the angle of impact the area of the deformed material and the values of aluminum plate de-
flections decreased. If at the angle of impact 700 (Figure 5b) we see the formation of cracks 
on the barrier face in the contact with the projectile, then for the angle of impact 750 (Figure 
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6d) the number and size of cracks decrease. At an angle of impact 780 (Figure 7d) one ob-
serves no cracks and reduced area of dents caused by balls-projectiles interactions with the 
plate. 

                       
 

                                      а                                                                                   b 
 

Figure: 5. Configuration of balls - barrier system at instant of time 14,3t  s for impact angle of 700 from the 

normal: a - general view; b - plane section. 

 

                          
 

                                       а                                                                                    b 
 

                         
 

c                                                                                           d 
 

Figure: 6. Configuration of balls - barrier system at instant of time 10t  s (a, c) and 20t  s (b, d) for the 
impact angle of 750 from the normal: a, b - general views; c, d - plane sections. 
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                                     а                                                                                                      b 

 

                                  
 

                                    c                                                                                                        d 
 

Figure 7: Configuration of balls - barrier system at instant of time 10t  s (a, c) and 44,5t  s (b, d) for the 

impact angle of 780 from the normal: a, b -general views; c, d – plane sections. 

In this paper we considered the interaction of a group of seven rods of tungsten alloy with 
the system of steel plates. The radius of the rod was 1, 5 cm, length was 15 cm. Thickness of 
the first plate was 7 cm, the second was 3 cm, the distance between them was 6 cm, diameter 
was 35 cm. Collision speed was 1000 m / s. Rods arranged in a circle with a variable radius R. 
One projectile was located in the center, the other six circumferentially uniformly. The dis-
tance between the center of the first projectile and the remaining centers R during calculations 
varied. 

                           
 

                                               a                                                                                b 
 

Figure 8: Initial configuration of system   "obstacles - projectiles": 
a - three-dimensional pattern; b-2D cross-section of a three-dimensional computational domain. 
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                            a                                                                                       b  

Figure 9:  Interaction of a projectiles with the barrier at R = 9 cm 
a - three-dimensional pattern; b -2-D cross-section of a three-dimensional computational domain. 

Figure 10 shows the results of calculating the penetration of a single pro jectile with a mass 
equal to mass of seven projectiles. It can be seen that the size of the mass which is knocked 
out (more light area in Figure10, b) much less of mass, which is knock out seven projectiles 
(Figures 8-9). 

          
                               

                               a                                                                                b 

Figure 10: The interaction of a single projectile with obstacles: a - initial configuration of the system "bar-
riers - projectiles "; b-2-D cross-section of a three-dimensional computational domain. 

In this paper, a number of problems of penetration and destruction of shells with solid or 
liquid filler by projectiles interacting not only normally but also at an angle with the surface 
of the shell in three-dimensional formulation is considered. Problems are solved in a Lagran-
gian formulation for a wide range of velocities (up to 7 km / s) with the crushing of the mate-
rial interacting bodies. 

To reduce the calculation time only the upper shell part constituting half of the whole 
structure was considered. This technique can be used in the case when the double wave travel 
time to the boundary is greater than the time of the impact process. This condition is well sa t-
isfied for shells whose radius is much larger than the penetration depth of the projectile. On 
the right and left ends was used developed by the authors a technique that allows you to avoid 
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the effect of reflected waves and calculate the loading of long objects only on a limited part of 
them. 

Collision shell and filler with a ball of the tungsten alloy is considered. The impact was 
normal and at an angle 45 to the generatrix of the shell. Velocity of projectile was 2 km / s. 
Dimensions of interacting objects are as follows: length of the steel shell was 8 cm; outer ra-
dius was 7.5 cm; inner radius was 7 cm; radius of the ball was 0.635 cm. The shell material - 
steel having the following physical-mechanical characteristics: density = 7.7 g / cm3, the 
shear modulus = 860 kbar, yield limit = 9.4 kbar; projectile - a tungsten alloy: density = 17.1 
g / cm3; filler has the following characteristics: density = 1.75 g / cm3 = 34.7 kbar, yield limit 
= 1 kbar. 

      

                                a                                                                                   b 

Figure 11: The collision of the ball with a shell at an angle of 450: a-1 s , b-15 s . 

  

  a                                                                                  b 

Figure 12: The velocity distribution in the structure upon impact at an angle of 450: a-1 s , b-15 s . 

The process of interaction occurs with intense crushing of the ball and shell and further 
penetration of the fragments in the filler. 

5     CONCLUSION 

The probabilistic approach proposed and numerical technique developed on its basis e na-
ble us to simulate the processes of barrier breaking in a wide range of angles of impact. The 
decrease in the angle of collision causes projectile ricocheting and change in the nature of the 
aluminum plate deformation. It is possible to explore projectile and barrier fragmentations as 
well as the nature of the forming fields of fragmentation behind the barrier. 
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The paper compares the effectiveness of the impact of the group of projectiles and we 
made an assessment of their impact on the degree of damage obstacles. The calculation results 
showed greater risk of exposure to the group of rods for the protecting shell of the spacecraft 
relative to the impact of a single projectile with a mass equal mass of seven percussionists, 
and the same rate. The developed numerical method allows to simulate the interactions of 
shells spacecraft with high-speed long rods in a wide range of speeds and angles of impact, 
and also to investigate the processes of fragmentation barriers and a nature of fields of fra g-
mentation . 
 

This work was financially supported by RF Ministry of Education in the framework of 
state  task № 2014/223 (project code 1567). 
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Abstract. The processes of multilayer composites failure under dynamic loading were inves-

tigated. In the experiments the Al3Ti – Ti samples were tested on a ballistic stand and the fea-

tures of the sample failure were investigated. The processes of high-velocity interaction of a 

projectile with a multilayer composite target were numerically investigated in axisymmetric 

geometry using the finite element method. To simulate numerically the failure of the material 

under dynamic loading, we applied the active-type kinetic model determining the growth of 

microdamages, which continuously changes the properties of the material and induce the re-

laxation of stresses. The strength characteristics of the medium (shear modulus and dynamic 

yield strength) depended on temperature and the current level of damage. The critical specific 

energy of shear deformations was used as a criterion of the erosion failure of the material 

that occurs in the region of intense interaction and deformation of contacting bodies. To 

simulate the brittle-like failure of the intermetallic material under high velocity impact, we 

modified the kinetic model of failure and included the possibility of failure above Hugoniot 

elastic limit (HEL) in the shock wave and sharp drop in strength characteristics if the failure 

begins. In the computations, the target consisting from intermetallic Al3Ti - titanium alloy Ti-

6-4 layers has been used. The results show that the depth of penetration depends on the thick-

nesses of intermetallic and titanium alloy layers. The composite target withstands the impact 

loading in the case of the ratio about 4/1 (Al3Ti / Ti-6-4). 
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1 INTRODUCTION 

The field of material microstructure design targeted for a specific set of structural and 

functional properties is now a recognized field of focus in materials science and engineering 

[1]. A new class of structural materials called metal-intermetallic laminate (MIL) composites 

can have micro-, meso- and macrostructure [2-7]. The superior specific properties of this class 

of composites makes them attractive for high-performance aerospace applications, and the 

fabrication method for creating MIL composites allows new embedded technologies to be in-

corporated into the materials, enhancing their functionality and utility. 

In this work experimental and numerical investigations have been done. In the experiments 

the Al3Ti – Ti samples were tested on a ballistic stand and the features of the sample failure 

were investigated. The processes of high-velocity interaction of a projectile with a multilayer 

composite target were numerically investigated in axisymmetric geometry using the finite 

element method. The set of equations for describing unsteady adiabatic motion of an elasto-

plastic medium, including nucleation and accumulation of microdamages and temperature ef-

fects, consists of the equations of continuity, motion, and energy [8-10]. 

To simulate numerically the failure of the material under high velocity impact, we applied 

the active-type kinetic model determining the growth of microdamages, which continuously 

changes the properties of the material and induce the relaxation of stresses. The strength char-

acteristics of the medium (shear modulus and dynamic yield strength) depended on tempera-

ture and the current level of damage taking into account probabilistic approach to numerical 

simulation of fracture [11-13]. The critical specific energy of shear deformations was used as 

a criterion of the erosion failure of the material that occurs in the region of intense interaction 

and deformation of contacting bodies. To simulate the brittle-like failure of the intermetallic 

material under high velocity impact, we modified the kinetic model of failure and included the 

possibility of failure above Hugoniot elastic limit (HEL) in the shock wave and sharp drop in 

strength characteristics if the failure begins. 

In the computations, the target consisting from 17 composite intermetallic Al3Ti - titanium 

alloy Ti-6-4 layers has been used. Total thickness of the target was 19.89 mm. Thicknesses of 

intermetallic layer and a layer of titanium alloy were varied. The penetrator used was a tung-

sten heavy alloy rod with initial diameter of 6.15 mm and length of 23 mm. Initial impact ve-

locity was of 900 m/s.  

Results of computations demonstrate that destruction of the intermetallic layer is brittle as 

against to plastic failure of the metal layer. It was shown that the optimal composite target has 

higher ballistic resistance in comparison with a uniform target either Al3Ti or Ti-6-4. Opti-

mum construction of the composite target should include metal layer of sufficient thickness, 

which should provide the termination of propagation of brittle damage. The results show that 

the depth of penetration depends on the thicknesses of intermetallic and titanium alloy layers. 

The composite target withstands the impact loading in the case of the ratio about 4/1 (Al3Ti / 

Ti-6-4). 

2 EXPERIMENTAL RESULTS 

In the experiments the Al3Ti – Ti samples were tested on a ballistic stand and the features 

of the samples failure were investigated. Test conditions: SKS carbine, armour-piercing car-

tridge, cal. 7.62, the distance to the target was ~ 0.5 m, υ0 = 760 ± 3 m/s. Target was a mas-

sive aluminium plate. The test sample was applied to the massive aluminium target. The 

measured density of the samples was 3.604 – 3.655 g/cm
3
. Results of the microanalysis (AT 

CON,%) for selected points of intermetallic layer: Al = 73.029 - 73.868, Ti = 25.971 - 26.132, 

which corresponds to Al3Ti (the density of Al3Ti is 3.29 g/cm
3
). 
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In Fig. 1, the Al3Ti – Ti laminate composite after ballistic test is shown. Figs. 1a, 1b: sam-

ple after the test. There is delamination, but not full. Fig. 1c: sample after the cut. The head 

part of the core is stuck in the lower layers of the sample and protrudes at a distance of about 

9.5 mm. Before cutting, this part of the core was separated, since the sectional plane of the 

sample and the core was different.  

   

Figure 1: Failure of Al3Ti – Ti sample in ballistic test. 

3 NUMERICAL SIMULATION 

3.1 Formulation of the problem 

To simulate numerically the processes of high-rate shock loading, we use the model of an 

elastic-plastic damaged medium characterized by the presence of microcavities (pores, 

cracks). In the model the total volume of the medium W comprises the undamaged part of the 

medium of density ρc which occupies volume Wc, and microcavities of zero density which 

occupy volume Wf. The average density of the damaged medium is connected with the above-

introduced parameters by the relationship ρ = ρc(Wc/W). The degree of damage of the me-

dium is characterized by the specific volume of microcavities Vf = Wc/(W*ρ). 

A mathematical model employed in the numerical code for solving high velocity impact 

problems is based upon a set of differential equations of continuum mechanics that govern a 

material flow. The system of equations governing the nonstationary, adiabatic (for both elastic 

and plastic deformation) motion of a compressible medium with allowance for the evolution 

of microdamages comprises the continuity equation, the equation of motion, the energy equa-

tion [9, 10]. 

To simulate numerically the failure of the material at high velocity impact, we applied the 

active-type kinetic model determining the growth of microdamages, which continuously 

change the properties of the material and induce the relaxation of stresses: 
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 = PkV1/(Vf + V1), and V1, V2, Pk, and Kf are material constants determined experi-

mentally. The form of condition (1) was chosen on based on the experimental data. It was as-

sumed that there are fracture nuclei in the material, of identical initial sizes with the effective 
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specific volume V1. Cracks or pores are formed and grow on these nuclei when the stretching 

pressure exceeds a certain critical value P
*
 which decreases as formed microdamages grow. 

The constants in (1) were adjusted by comparing the results of computations and experiments 

concerning the recording of a free surface velocity when a specimen is loaded by planar im-

pulses of compression. One and the same set of constants is used when calculating both build-

up and collapse of cracks and pores (depending on the sign of Pc). 

The material model includes the equation of state of the Mie-Grüneisen type that repre-

sents pressure as a function of specific volume and specific internal energy, the deviatoric 

elastic constitutive relationships, the von Mises yield criterion taking into account temperature 

effects. The strength characteristics of the medium (shear modulus and dynamic yield strength) 

depend on temperature and the current level of damages.  

To simulate the brittle-like failure of the intermetallic material under high velocity impact, 

we included in the model the possibility of failure above HEL in the shock wave and sharp 

drop in strength characteristics if the failure begins [14]: 
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where σsh is the stress in the shock wave (σsh < 0 for compression), k
fP , k

fV , σf, σHEL are the 

constants.  

The critical specific energy of shear deformations is used as a criterion of the erosion fail-

ure of the material that occurs in the region of intense interaction and deformation of contact-

ing bodies. The current value of the specific energy of shear deformations is defined from 

relationship 

ijij
sh S

dt

Ed
                                                               (4) 

The critical value of the specific energy of shear deformations depends on the conditions of 

interactions and is a function of the initial impact velocity 

0shsh
c
sh baE                                                          (5) 

where  sha  and shb  are constants.  

When 
c
shsh EE   in the computational cell near the contact boundaries, the cell is as-

sumed damaged and the parameters in neighbouring cells are corrected with regard for the 

principles of conservation laws.  
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3.2 Results and discussion 

The problem of interaction of a projectile with a finite thickness target is under considera-

tion. The problem is formulated in the Cartesian coordinate system with initial (at t = 0) and 

boundary conditions. The initial conditions are characterized by the absence of internal 

stresses, and motion of the projectile toward the target with a velocity υ0 is a cause of interac-

tion. There are no external loads on free surfaces of the interacting bodies throughout the en-

tire process, while the conditions of sliding are realized on contact surfaces between the 

projectile and the target. The finite-element relations used to solve the formulated problem are 

given in [15]. 
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Figure 2: Computer images of the projectile/target assembly at 60 μs. Contours of a section of the projectile and 

composite target and finite elements in the target (a); specific volume of microdamage, cm
3
/g (b); specific shear 

deformation energy, KJ/kg (c).  

Fig. 2 shows computer images of a section of the projectile and composite target at the 

moment of time of 60 μs. Thickness of intermetallic Al3Ti layer in this case was of 0.94 mm, 

thickness of a layer of Ti-6Al-4V titanium alloy was of 0.23 mm. The computations demon-

strate the fact that in this case the MIL composite target withstands the impact loading.  

The distribution of the damage and deformation patterns are illustrated in Figs. 2b and 2c, 

which show the contours of a section of the projectile and composite target and contours and 

fields of the specific volume of microdamage (Fig. 2b) and of the specific shear deformation 

a 

b 

c 
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energy (Fig. 2c). The low level of microdamage in layers of titanium alloy shows the termina-

tion of propagation of brittle damage taking place in intermetallic layers. 

 Al3Ti 

[mm] 

Ti-6-4 

[mm] 

Areal density 

[g/cm
2
] 

Depth of penetration 

[mm] 

Average velocity 

[m/s] 

40 µs 60 µs 40 µs 60 µs 

1 0.94 0.23 7.02 17.00 18.49 150 30 

2 1.17 - 6.54 21.12 25.41 350 150 

3 - 1.17 8.97 18.73 20.90 200 50 

4 0.47 0.70 7.99 22.95 28.71 430 250 

5 0.23 0.94 8.49 24.15 - 470 - 

6 0.70 0.47 7.52 21.86 26.44 410 220 

7 1.04 0.13 6.81 22.85 - 440 - 

Table 1: Results of simulations for different thicknesses of target layers. 

The Table 1 represents results of simulations for different thicknesses of target layers. The 

results show that the depth of penetration depends on the thicknesses of intermetallic and tita-

nium alloy layers. The MIL composite target withstands the impact loading in the case of 0.94 

mm Al3Ti / 0.23 mm Ti-6-4 (the ratio is about 4/1). In this case the intermetallic layer pro-

vides the failure of the projectile and the metal layer terminates the propagation of damage. In 

the other cases the perforation of the MIL composite target takes place. There is the same re-

sult for the uniform target made of either Al3Ti (line 2 in the Table 1) or Ti-6-4 (3). 

4 CONCLUSIONS  

 Results obtained demonstrate that destruction of the intermetallic layer is brittle as 

against to plastic failure of the metal layer. 

 It was shown in the computations that the optimal composite target has higher ballistic 

resistance in comparison with a uniform target either Al3Ti or Ti-6-4. Optimum construc-

tion of the MIL composite should include metal layer of sufficient thickness, which 

should provide the termination of propagation of brittle damage. 

 The results show that the depth of penetration depends on the thicknesses of intermetallic 

and titanium alloy layers. The composite target withstands the impact loading in the case 

of the ratio about 4/1 (Al3Ti / Ti-6-4). 

5 ACKNOWLEDGEMENTS  

We thank A.M. Patselov for help in conducting the experiments. The reported study was 

partially supported by the Russian Foundation for Basic Research (project no. 16-08-00037). 

REFERENCES  

[1] O.N. Kryukova, A.G. Knyazeva, Simulating the formation of composite surface struc-

ture during electron beam treatment. Advanced Materials Research, 880, 242-247, 2014. 

[2] K.S. Vecchio, Synthetic multifunctional metallic-intermetallic laminate composites. 

JOM, March, 25-31, 2005. 

339



Sergey A. Zelepugin, Aleksey S. Zelepugin and Vladimir F. Tolkachev 

[3] T. Li, F. Jiang, E.A. Olevsky, K.S. Vecchio, M.A. Meyers, Damage evolution in 

Ti6Al4V–Al3Ti metal-intermetallic laminate composites. Materials Science and Engi-

neering A, 443, 1–15, 2007. 

[4] R.D. Price, F. Jiang, R.M. Kulin, K.S. Vecchio, Effects of ductile phase volume fraction 

on the mechanical properties of Ti-Al3Ti metal-intermetallic laminate (MIL). Materials 

Science and Engineering A, 528, 3134-3146, 2011. 

[5] Y. Cao, Sh. Zhu, Ch. Guo, K.S. Vecchio, F. Jiang, Numerical investigation of the ballis-

tic performance of metal-intermetallic composites. Appl. Compos. Mater., 22, 437-456, 

2015. 

[6] A. Patselov, B. Greenberg, S. Gladkovskii, R. Lavrikov, E. Borodin, Layered metal-

intermetallic composites in Ti-Al system: strength under static and dynamic load. 

AASRI Procedia, 3, 107-112, 2012. 

[7] S.A. Zelepugin, V.I. Mali, A.S. Zelepugin, E.V. Ilina, Failure of metallic-intermetallic 

laminate composites under dynamic loading. Shock Compression of Condensed Matter. 

USA: American Institute of Physics, 1426, 1101-1104, 2012. 

[8] S.A. Zelepugin, A.S. Zelepugin, Numerical simulation of multilayer composites failure 

under dynamic loading. Applied Mechanics and Materials, 756, 408-413, 2015. 

[9] S.A. Zelepugin, A.S. Zelepugin, Failure of multilayer composites under dynamic load-

ing. E. Oñate, X. Oliver, A. Huerta eds. Proceedings of the jointly organized 11th World 

Congress on Computational Mechanics, the 5th European Conference on Computa-

tional Mechanics and the 6th European Conference on Computational Fluid Dynamics 

(WCCM XI – ECCM V – ECCM VI 2014), Barcelona, Spain, July 20-25, 2014, 4, 3926-

3933, 2014. 

[10] S.A. Zelepugin, S.S. Shpakov, Failure of metallic-intermetallic multilayered composite 

under high-velocity impact. Mekhanika kompozitsionnykh materialov i konstruktsii, 

15(3), 369-382, 2009. 

[11] A.V. Gerasimov, S.V. Pashkov, Numerical simulation of the perforation of layered bar-

riers. Composites: Mechanics, Computations, and Applications. An International Jour-

nal, 4 (2), 97–111, 2013. 

[12] A.V. Gerasimov, D.B. Dobritsa, S.V. Pashkov, Yu.F. Khristenko, Theoretical and ex-

perimental study of a method for the protection of spacecraft from high-speed particles. 

Cosmic Research, 54(2), 118–126, 2016. 

[13] A.V. Gerasimov, S.V. Pashkov, Numerical simulation of fracture in thin-walled struc-

tures by a group of high-velocity elements. Russian Aeronautics, 58(2), 137-144, 2015. 

[14] V.A. Gorelskii, S.A. Zelepugin, V.F. Tolkachev, Experimental and numerical study of 

ceramics destruction by high-velocity impact. Chemical Physics Reports, 18(10-11), 

2211-2217, 2000. 

[15] V.A. Gorelski, S.A. Zelepugin, A.Yu. Smolin, Effect of discretization in calculating 

three-dimensional problems of high-velocity impact by the finite-element method. 

Computational Mathematics and Mathematical Physics, 37(6), 722-730, 1997. 

340



ECCOMAS Congress 2016 

VII European Congress on Computational Methods in Applied Sciences and Engineering 

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.) 
Crete Island, Greece, 5–10  June 2016 

SIMULATION OF MECHANICAL PROPERTIES OF CERAMIC 

PARTS PRODUCED BY ADDITIVE TECHNOLOGIES IN WIDE 

RANGE OF LOADING RATES 

Vladimir A. Skripnyak
 1,2

, Evgeniya G. Skripnyak
 1

, Vladimir V. Skripnyak
 1
, and

Irina K. Vaganova
1

1 
National Research Tomsk State University 

36 Lenin Avenue, 634050 Tomsk, Russia 

e-mail: skrp@ftf.tsu.ru 

2
 Institute of Strength Physics and Materials Sciences SB RAS 

2/4, pr. Akademicheskii, Tomsk, 634021, Russia 

e-mail: skrp2006@yandex.ru 

Keywords: Instructions, ECCOMAS Congress, Computational Methods, Engineering Sci-

ences, Proceedings. 

Abstract. The multiscale simulation approach was used to study the mechanical behavior of 

ceramic parts created by the selective laser sintering (SLS) technology. The goal of the re-

search was studding the difference in the elastic moduli and dynamic strength of ceramic 

parts, manufactured by the high-temperature sintering and the selective laser sintering. The 

mechanical properties of ceramic parts were determined by statistic averaging of the results 

of multi scale computer simulations of representative volumes of materials under loadings. It 

was shown that the probability of the fracture of such parts under dynamic loading depends 

on the time history evolution of the distribution of local values of specific internal energy and 

the damage parameter on the mesoscale level. It was found that the stress threshold of the dy-

namic fracture beginning of ceramic bodies depends on the distribution of the pore sizes and 

not just on the average porosity.  

1 INTRODUCTION 

Additive manufacturing (AM) of ceramics is intensively expanding in recent years, an AM 

technologies are moving to the class of economically beneficial industrial technologies [1]. 

These AM technologies can all be applied to creation of complex shape ceramic parts from 

nano-sized ceramic powders. In accordance with the ISO/ASTM AM technology is usually 

classified in two groups. The group of "single-step" technology is considered as a group in 

which the geometry and material are created simultaneously.  
Great interest is manifested by the improvement of "single-step" AM technologies of man-

ufacturing of ceramic parts [1-8 ]. In recent years, the selective laser sintering (SLS) manufac-
turing processes have been used for the production of ceramic parts [2-8]. SLS is an additive 
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manufacturing process for creating 3D parts with complex geometries because the use of 
powder bed SPS makes it possible to densify the UHTC composites at a lower temperature 
and in a shorter time compared with conventional techniques of high temperature pressing 
(HIP). The list of UHTC materials with melting temperatures above ~3000 K is limited to 
perhaps 16 phases or compounds (Table I).  

Phase / 

/crystalline lattice 

Mass 

density, 10
3
 

kg/m
3
 

Young’s 

modulus, 

GPa 

Poisson’s 

ratio 

Linear 

expansion 

coefficient 

10
-6

 K
-1

) in a 

range (293 –

1300 K) 

Melting 

temperature, 

Tm, K 

Debye 

temperature, 

ΘD, K 

HfB2 / 

Hexagonal 
11.19 530 0.12 6.3 3653 690 

HfC / 

FCC 
12.76 

352 - 

462 
0.18 6.6 4173 680 

HfN /  

FCC 
13.9 380 0.25 6.5 3658 684 

ZrB2 / 

Hexagonal 
6.10 450-500 0.128 

5.9 

-6.5 
3518 942 

ZrC / 

FCC 
6.56 348 0.18 6.7 3673 744 

ZrN / 

FCC 
7.29 510 0.25 6.7 3223 684 

TiB2 / 

Hexagonal 
4.52 575 0.14 

4.6 

-5.2 
3498 

820-

1140 

TiC / 

Cubic 
4.94 460-497 0.19-0.25 7.95-8.58 3373 916 

TiN / 

FCC 
5.39 440-615 0.12 9.35 3223 809 

TaB2 / 

Hexagonal 
12.54 551 8.2 3313 1309 

TaC/  

Cubic 
14.50 472 0.1719 6.3 4073 776 

WC / 

Hexagonal 
15.77 668-714 0.24 3.85-3.9 3143 779 

TaN / 

Cubic 
14.30 466 0.246 8.31 2973 

SiC / 

Polymorphic 
3.21 454 0.16 4.7 3093 1200 

B4C / 

Rhombohedral 
2.52 432-463 0.15-0.18 4.5 2718 1016 

ZrO2 / 

Polymorphic 
6.05 360 

0.303 - 

0.312 
8.0-10.6 2973 590 

Si3N4 / 

Polymorphic 
3.29 166 -310 

0.23 -

0.276 
2.64-3.3 2661 -2769 1178 

Table 1. Mechanical and thermodynamic properties of UHTC [1-18] 

The use of SLS allows creating new composite materials simultaneously with the manufac-
ture of structural elements. Leu and co-authors (2008), Sun, and Gupta (2008), Pattnaik and 
co-authors (2012) showed the possibility of freeform parts fabrication of ultra-high tempera-
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ture ceramics (UHTC) based on the zirconium diboride by laser sintering [5, 6]. Liu and co-
authors (2015) showed the possibility of laser sintering of ZrO2 parts [7]. Parts that are made 
of UHTC have high oxidation resistance and are used for nozzles, the leading edges of space 
vehicles re-entering the earth’s atmosphere, cutting tools, bearings, igniters, and others.  

The main problem in creating high strength UHTC is connected with difficulties of consol-
idation due to high melting point and low self-diffusion coefficient of borides, carbides, and 
nitrides phases.  

Computer designing of ceramic parts produced by SLS method, we need to resolve two 
key tasks. The first task is ensuring the required dimensions of parts. The second task is to 
provide the required strength of ceramics for normative loading conditions. Various methods 
and models are applied for the solution of these problems at different scale levels. 

On the macro-level, the architecture of sintered parts is designed by CAD/CAM technolo-
gy and the laser scanning patterns. Complex shapes of ceramic parts with hollow structures 
can be fabricated by SLS. To predict the strength of ceramic parts, it is required to know the 
effective values of mechanical properties of material include the strength under tension and 
compression, crack resistance, and other characteristics. 

Mechanical properties of sintered ceramics depend on the parameters of laser scanning and 
the properties of ceramic's powder [7,9]. For theoretical prediction of mechanical properties 
of sintered ceramics it is need models that must take into account certain determining factors, 
which include: residual stresses, grain size distributions, interface boundaries, cracks and 
pores distributions, formed during sintering.  

In present study, this approach was used to develop a two-scale model. The mechanical 
characteristics of the ceramic material (elastic moduli, the Hugoniot elastic limit, the spall 
strength, etc.) are predicted using the results of computer simulation of response of model rep-
resentative volume element (RVE) over a wide range of strain rates. Statistical–numerical 
RVE determination techniques discussed in [10,11]. 

Using a modified smoothed particle hydrodynamics (SPH) method made it possible to sepa-

rately take into account the kinetics of damage accumulation at the micro - and mesoscale 

levels [12]. Damage and fracture of condensed phases at the micro level are described implic-

itly using a damage parameter. At the mesoscale level the formation of mesoscopic cracks 

was simulated. 
This approach will enable to adequately consider the impact of a wide range of structural 

defects on mechanical properties of materials obtained by SLS method [13,14]. 

2 MODEL OF MECHANICAL PROPERTIES OF CERAMICS PRODUCED BY 

ADDITIVE TECHNOLOGIES  

Mechanical properties of sintered ceramics under dynamic loads can be defined using sim-

ulation of mechanical response structured RVE of ceramics. Model representative volumes 

are proposed to create using the evaluations of residual stress, the parameters of the interface 

boundaries, the parameters of the distributions of cracks and pores. The dimensions of the 

representative volume should exceed a multiple of the largest size structures of pores, cracks, 

volumes of melted particles. Model RVE of sintered ceramics with porosity ~ 0.05 shown in 

Figure 1. A continuum approach was used for describing response of structured RVE at the 

mesoscale level. Data on the mechanical properties of ceramic phases, the sintering tempera-

ture are required for prediction of mechanical properties of sintered materials. Properties of 

material particles in this case are defined for volume of matter ~ 1 μm
3
. In ceramics, fabricat-

ed by SLS of submicron powders, the size of pores and cracks can range from tens of na-

nometers to tens of micrometers [5,6,15,and 16]. 
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Figure 1. Model RVE and scheme of boundary conditions. 

Pores and cracks with dimensions exceeding ~1 μm are set explicitly in the RVE. Their 

distribution in the RVE can be set randomly or taking into account the special distribution (for 

gradient or layered porous structures).The closed pores and penny shaped cracks of submicron 

size take into account implicitly by means of correction parameters of mechanical properties 

of material particles. In this case volumetric mass density and elastic moduli are defined by 

relations [17]: 

0(1 )th    , 
0(1 )thM M   ,   (1) 

where   is mass density, 
th  is theoretical mass density of condensed phase, α0 is the spe-

cific volume of micro-pores, M is the effective elastic modulus (the shear modulus, or the 

Young’s modulus, or the bulk modulus) and Mth is the elastic modulus of the condensed phase. 

Dynamics of structured media in RVE is described in Lagrangian coordinate system by 

mass conservation equation, momentum conservation equation energy and conservation equa-

tion [18,19]: 

ij i
i

u   , i
i
u   , int ij ijE   ,    (2) 

where σij is components of the Cauchy stress tensor, ρ is mass density, ui are components 

of particle velocity vector, ij  are components of the strain rate tensor, Eint is the local specific 

internal energy per unit mas, the substantial derivative are market by dot notation. 

Boundary conditions were applied to the cube-shaped RVE shown in Figure1. 

1 1( , ) ( , )k k ku x t F x t x Г  , 

2 2 3( , ) 0, ,k k ku x t x Г x Г   , 3 6 7( , ) 0, ,  k k ku x t x Г x Г ,  (3) 

4 1 4[ ] , ( ) ( ), ,n Г k k kp u C for compression or u x F x for tension x Г   , 

where C is decreasing from longitudinal sound velocity in the elastic precursor to the bulk 

sound velocity BC , ( , )kF x t  is a function for assigning a pulse shape and duration. 

The initial conditions were used in the form: 

(0) (0) (0) (0)( ) ( ) , ( ) ( ) , ( ) ( ) , ( ) ( )k k ij k ij k k k k kx x x x E x E x D x D x       ,  (4) 

where D is the damage parameter. 

Residual stress is included in the model using eigenstrain 
(0) ( )ij kx  [20]. Eigenstrain is an 

incompatible strains set up during sintering of a material. Residual stresses caused by thermal 
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expansion mismatch between the randomly distributed microparticles of ceramic phases were 

introduces in the initial state of material particles. 
The initial value of the damage parameter D

(0 
was determined by the method of homogeni-

zation to damages of a material particle containing a distribution of flaws [21].  

Components of local strain rate tensor are defined by the relation: 

1
( )

2
ij j i

i j
u u    ,    (5) 

where ui are components of velocity of material particles, i=1,2,3 , 
i
 is the Hamilton op-

erator. 

The components of strain rates tensor is expressed by sum of the elastic and the inelastic 

parts: 
e n

ij ij ij    .     (6) 

The constitutive equation of material particles is written in the form: 

( ) ( ) ( ) ( )( ),с с с с

ij ij ij ij ijD p S        ,
   (7) 

where p is the pressure, Sij is the stress deviator tensor, the superscript c indicates the con-

densed phase of the damaged material,    1 - D D  , D is the local damage parameter, and 

δij is the Kronecker delta. 

The local damage parameter D is introduced in the form: 

0

f

n
t eq

n

f

D dt



  , .    (8) 

where 
1/2[(2 / 3) ]n n n

eq ij ij     denote an intensity of inelastic strain rate tensor, 
n

f  is the 

threshold of inelastic deformations of material particles (the volumes of the phases at the mi-

cro level) at fracture. 

The growth of the damage parameter of the material particles implicitly reflects the degra-

dation of the strength properties of phases due to nucleation and growth of microcracks. The 

criterion of local failure corresponds to D=1. 

Threshold of effective shear strain f  is approximated by relation: 

2

1 ( * *)
Dn

f D P T   ,    (9) 

where T*= σsp/PHEL, P*=p/PHEL, PHEL is pressure correspond to the Hugoniot elastic limit, 
2 1/3

1(3 )sp l eq CC K   , Cl is the longitudinal sound velocity, D1, D2 are material constants [19, 

22]. 

Using the SPH-method, the formation of mesocrack described as the creation of spatial 

clusters of particles with broken bonds with neighboring particles [23]. 

In this case, the distance between neighboring particles should exceed the critical opening 

displacements at the crack tip δ*.  

The critical opening smooth particle displacement was computed by Eqs (10) [24]: 

2

10
*, * 2 / , 2 2 / ,kl t lk f f f Сt

r r G G K E   


       (10) 

where rkl is the current (at time t) distance between k-th and l-th smoothed particles and *  is 

the critical distance of the crack formation (corresponds to loss of interaction between parti-

cles), Gf. is the fracture energy, σf is the thresholds stress of local brittle fracture.  
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Macroscale fracture of RVE is characterized by complex temporal and spatial organiza-

tions of mesocracks. The thresholds stress of local brittle fracture for ceramics under com-

pression f in wide range of strain rates can be described by Eqs. (10): 

2/3

0 0/ 1 ( / )f eq     , 1/4 1/2 3/4 1/2

0 1 0 14.25 / [ ] , 4.25 / [ ]C CK K E       ,   (11) 

where α is a specific volume of voids, ρ is the mass density, K1C is the fracture toughness, E is 

the Young’s modulus, and η is a square density of unstable microcracks [25,26].  

The thresholds stress of local brittle fracture for ceramic under tension at high strain rates 

described by Eq. (11): 

2 1/3

1(3 )f sp t l eq CC K     ,    (12) 

where 
t  is the quasi-static tensile strength. 

Pressure calculated by Eqs (13): 

int0

T

xp p E  , 

7/3 5/3 2/3

0 1

3 3
( ) (1 (4 ) ( 1))

2 4
xp B B              for compression 1 1 0   ,     (13) 

1

0 1xp B    , for tension 1 1 0   , 

where B0, B1 are material constants, 0 /    , Г is a Gruneisen coefficient, 
int

TE  is thermal 

part of a local specific internal energy per unit mass [27]. 
Shear micro-cracks nucleation in a condensed ceramic phase was accounted  

( )[ ] 1
2 ( )

3

m

ij e e

ij kk ij

D S

Dt
      , 

( )

( ) ( ) ( )
[ ]

[ ] [ ] [ ]

m

ij m m m

ij ik jk jk ik

D S
S S S

Dt
     , (14) 

where   is the shear modulus. 

e n

ij ij ij     , 
n

ij

ij

g
  


, 

1/2

(3 / 2) (1 )ij ij fg S S D     ,           (15) 

where   is a model parameter. 

 

The following parameters of Eq (11) for ZrB2 were used in the calculations: ZrB2: E =495 

GPa, ρ =6.11 103 kg/m
3
, K1C = 3.5 MPa m

1/2
, σHEL =7.11 GPa, pHEL=3.07 GPa, D1= 0.1, D2 

=1.0, Cl = 9.233 km/s, σfsp=0.5 GPa, σsd=0.5 GPa. 

The values of the eigenstrain 
(0) ( )ij kx were assessed according to the estimated residual 

pressures that occur after cooling of sintering of ceramics. SLS of UHTC uses a sintering 

temperature from 1900 K to 2200 K [1-8].  
The residual pressure was calculated by Eq.(16) [30]: 

 
2( ) ( )

(1 ) 2 (1 2 )

m inc r m inc
res

inc m m inc

T T E E
p

E E

 

 

 


  
, (16) 

where pres is the residual pressure, αm , αinc are the linear thermal expansion coefficients of 

matrix and inclusion, respectively , T, Tr are the sintering temperature, and the room tempera-
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ture, Em, Einc, νm, νinc is Young’s modulus and Poisson’s ratio; subscripts m and inc correspond 

to matrix and inclusions, respectively. 

The tensile stress decreases with the distance from the interface between grains of the ma-

trix and the inclusion [30]: 

3( ) ( )
( )

(1 2 ) 2 (1 2 )

m inc r m inc inc
res

inc m m inc inc

T T E E d
p

E E r d

 

 

 


   
 
,                         (17)

 

where dinc is the size of the inclusion, and r is the radial distance from the inclusion surface, 
respectively. 

The increment of the fracture toughness KIC due to residual pressure can be estimated by 
the Eq. (18) [30]: 

2 2( )

1

inc res inc
IC

inc

C p L d
K

C 

 
 

   

where Cinc is the volume fractions of inclusions, L is the average distance between inclusions, 
dinc is the average size of inclusions, pres is the residual pressure in the matrix. 

The fracture toughness K1C calculated using the residual pressure was used to determine 

the parameters 0 0, ,f   in the Eq. (11). 

The mechanical properties of ceramics were determined by statistic averaging of the results 
of multi scale computer simulations of representative volumes of materials by method [19]. 

3 RESULT AND DISCUSSION 

Figure 2 shows the thresholds stress of local brittle fracture for ceramics under compres-

sion versus normalized strain rates.  

 

Figure 2. The thresholds stress of local brittle fracture for ceramics under compression versus normalized 

strain rates. 

The characteristic stress and strain rate parameters for ceramics fabricated by hot isostatic 

pressing shown in Table 2 [25, 28, 33]. To predict the thresholds stress of quasi-brittle frac-

ture under dynamic loading of ceramic bodies fabricated by additive technologies, including 

SLS, it is necessary to consider the impact the residual pressure, density and the size distribu-

tion of pores and flaws on the characteristic stress 0 and strain rate 
0  parameters. 
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Material  σ0 (GPa) 
1

0 ( )s   

B4C  3.4  10
4
  

SiC  5.4  5 10
3
  

ZrB2  2.1  0.95 10
5
  

Al2O3  3.05  9.0 10
3
  

 

Table 2. Characteristic stress and strain rate parameters for ceramics showed in Figure. 2. 

Characteristic stress and strain rate parameters depend on the fracture toughness K1C. The 

increase in the fracture toughness KIC may be due to residual pressure (see Eq.18).  

Figure 3 shows the calculated by the Eq. (17) residual pressure in nanocomposite ZrB2 ce-

ramics versus difference of the maximum sintering temperature and the room temperature.  

 

Figure 3. Residual pressure versus the cooling temperature. 

Thermo-mechanical properties of matrix and potential inclusions are given in Table I. In 

multiphase system the residual pressures can be positive and negative. Recently Watts et al. 

have determined tensile residual stresses of ~800 MPa in the ZrB2 matrix of (ZrB2 –30 vol. 

SiC) ceramics using Raman spectroscopy and neutron diffraction methods [29]. Calculated 

tensile stresses of ~800 MPa in the ZrB2 matrix near SiC inclusions is in good agree with ex-

perimental data ~810 MPa for ZrB2 –30 vol. SiC [29].  

Residual pressure varies linearly with difference of cooling temperature. Note, that the 

temperature rise caused by the energy density increasing during sintering and repeating laser 

scans. But as a result of increasing energy density in the sintering process not only increases 

the level of residual stresses, but reduces the pore size and porosity. Leu and co-authors 

showed that specimens of ZrB2 have lower porosity and smaller pores after SLS at the energy 

density of 0.115 J/mm
2
 as compared to 0.103 J/mm

2
 [5]. 

Katcoff and Graham-Brady presented the model for compressive dynamic failure of brittle 

materials with circular pore flaws, which incorporates both the number density and the size 

distribution of flaws [26]. 

For predicting the mechanical properties of ceramics fabricated by SLS under dynamic 

loading results of multi-scale computer simulation were used. Figure 4a shows SEM image of 

Al2O3 specimen fabricated by SLS [15]. Figure 4b shows the distribution of damage parame-

ter D behind the front of a shock wave with amplitude of 7.2 GPa.  
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 (a)  

Figure 4. (a) SEM image of Al2O3 specimen fabricated by SLS [15]. (b) The distribution of damage pa-

rameter D behind the front of a shock wave with amplitude of 7.2 GPa. 

The calculated average damage parameter versus time of shock compression of the sam-

ples of Al2O3 ceramics with a porosity of 5 % is shown in Figure 5a. Dashed curve shows the 

time dependence of damage parameter for models with random pore size distribution (see 

Figure 1, 4b), and the solid curve is for a fixed pore size.  
 

(a) (b)  

Figure 5. (a) Damage parameter of Al2O3 specimens behind the front of a shock wave with amplitude of 7.2 

GPa versus time. (b) Specific work of stress on the inelastic deformation under shock compression versus time .  

The distance between centers of neighboring pores in the models was equal to 100 µm. 

Therefore parts fabricated by SLS and having the same initial porosity will demonstrate a 

wide statistical distribution of the dynamic strength under the same loading conditions. Figure 

4b shows the specific work of stress on the inelastic deformation under shock compression 

versus time. The dissipative properties and also the specific internal energy will have wide 

distribution for ceramic parts fabricated by SLS due to distribution of pore sizes. The proba-

bility of the fracture of such parts under a dynamic loading depends on the time history evolu-

tion of a distribution of local values of specific internal energy and the damage parameter on 

the mesoscale level.  

Figure 6 shows SEM image of ZrB2 specimen fabricated by SLS and calculated pressure 

and damage parameter behind the shock wave with an amplitude of 6.9 GPa. Collapse of 

pores is accompanied by pressure relaxation in the area surrounding the pores and the for-

mation of cracks in the inter-porous space. Thus, the stress threshold of the dynamic fracture 

beginning of ceramic bodies depends on the distribution of the pore sizes and not just the av-

erage porosity. Wu and co-authors showed that the final microstructure and quality of the la-

ser-sintered alumina powder beds are depended strongly on the laser parameters, such as laser 

power, laser scanning speed and laser beam size [31]. 
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       (a) (b) 

(c)   (d) 

Figure 6. (a) SEM image of ZrB2specimen fabricated by SLS [6]. (b) The cross section of the model RVE.   

(с) The pressure behind the shock wave with amplitude of 6.9 GPa. (d) The distribution of damage parameter 

behind the front of a shock wave with amplitude of 6.9 GPa. 

Under short time laser-irradiation on the powder bed, the bonding particles can be en-

sured by solid-phase sintering. In this case the intergranular phase has a reduced strength 

compared with the phase of the particles. The multiscale simulation approach was used to 

study the mechanical behavior of ceramic parts created by the low energy SLS. Figure 7a 

shows the cross section of the model RVE of laser sintered ZrB2 ceramics.  
 

 

 

 (c) 

Figure 7. (a) The cross section of the model RVE. (b) The distribution of damage parameter behind the front of 

an elastic precursor. (с) Local pressure versus time in the points 1-11 (see Figure 6a). 
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Figure 7b shows the distribution of damage parameter behind the front of an elastic precur-

sor. Figure 7(c) shows a temporal change of pressure in points behind front of the shock wave 

with amplitude of 7 GPa. Reviewed ceramics under dynamic compression damaged primarily 

at the interface boundaries. The damage is accompanied by energy dissipation and formation 

of fragments having dimensions comparable with the largest grain size of the powder. During 

compression the local pressure and the equivalent shear stress are described by distribution 

functions, whose parameters vary in time. Figure 8a,b show the probability densities of the 

normalized pressure in ZrB2 ceramics (see Figure 7c) at 1.5 ns and 2.2 ns, respectively. 

(a) (b) 

Figure 8. (a) The probability density of normalized pressure in ZrB2 ceramics. (b) The probability density of 

normalized pressure in ZrB2 ceramics. 

The simulation results show the local and the average macroscopic values of stress can 

differ significantly under dynamic loading of laser sintered ceramics. 

Since the damage and fracture always start at the micro-scale level, the prediction of the 

dynamic strength of parts fabricated by laser sintering requires additional data on the distribu-

tion of stresses in the materials on the mesoscale level. These data can be obtained using mul-

tiscale simulation.  

The presented model can be used for examining the distribution of the state parameters and 

prediction of strength in the process of dynamic loading on parts and ceramic materials fabri-

cated by additive technologies. 

4 CONCLUSIONS  

The multiscale simulation approach was used to study the mechanical behavior of ceram-

ic parts created by the selective laser sintering (SLS) technology.  

It was shown that the probability of the fracture of such parts under a dynamic loading 

depends on the time history evolution of a distribution of local values of specific internal en-

ergy and the damage parameter on the mesoscale level.  

It was found that the stress threshold of the dynamic fracture beginning of ceramic bodies 

depends on the distribution of the pore sizes and not just on the average porosity. 

 

The formation of frame structure by means of SLS allows increasing the dynamic limit of 

elasticity of the parts compared with ceramic materials with equivalent porosity. 
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Abstract. The influence of ultra-fine grained surface layers on the fracture of light alloys sheets was studied 

by the method of multiscale simulation. The deformation and damaging of 3D structured elementary volumes of 

thin metal sheets with structured surface layers under tension and compression were calculated. The modified 

smooth particle hydrodynamics method was used for numerical simulation. It was found that inelastic defor-

mation and the damage are localized at the boundary between ultrafine-grained and coarse grained layers. The 

deflection of cracks caused by the residual stresses lead to ductility increasing of metal sheets with layered ul-

trafine-grained and coarse-grained structure. Fracture of thin sheets of aluminium, magnesium and titanium 

alloys with nanostructured and fine grained surface layers under loading has probabilistic character and de-

pends on parameters of layered structure. 

1 INTRODUCTION 

Metallic multilayered structures can be created in thin metal sheets using a technology of 

surface severe plastic deformation (S
2
PD) such as accumulative roll bonding (ARB) [1], ultra-

sonic shot peening (USSP) [2], surface severe plastic deformation under friction (SPDF) [3], 

surface mechanical grinding treatment (SMGT) [4], high-energy shot peening (HESP) [5,6], 

surface mechanical attrition treatment (SMAT) [7]. 

Metallic multilayers structures exhibit a very pronounced size effect where the mechanical 

strength depends on the layer thickness. Using S
2
PD nanocrystalline layers in the surface of

various materials, such as alloys with a face centered cubic (FCC) structure (Al alloy [1-3]), 

alloys with a hexagonal close-packed HCP structure (magnesium and alpha-titanium alloys 

[4-13] ), and alloys with a body centered cubic (BCC) structure (stainless steel [7] )  have 

been successfully produced.  
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In recent years, the microstructures and properties of surface layer were systematically in-

vestigated in various S
2
PD metals and alloys, including BCC, FCC and HCP crystal structures 

[14]. 

It was found that as a result S
2
PD on the surface of the bulky body are formed with sur-

face layers of NC and UFG structures [1-14].  

The fields of residual stresses are formed in the surface layers of bodies [15-17]. The 

magnitude and sign of residual stress change with increasing distance from the surface. 

Generally, compressive stresses reach their maximum at distances ~50-60 μm from the 

surface. Compressive residual stresses decrease with increase in distance from the surface and 

change the sign. 

Authors [2-10] have shown that compressive stresses in plates subjected to S
2
PD operate 

in the near-surface layer with a thickness of 200-500 μm. Distribution of grain sizes in the 

layers and residual stresses in thin metal sheets influences on the strength, the fatigue strength 

and the strain to fracture [18-19].  

Guo and co-workers [7] have shown that nanograined interface layer (NGIL) can enhance 

the ductility of the co-rolled surface mechanical attrition treatment (SMAT) 304 stainless steel 

(SS), but the ductility will not increase if the NGIL thickness goes beyond 60 μm.  

Liu and co-workers [5] have shown that the nanostructured surface layers can be created 

by using a high-energy shot peening on the low carbon steel. The average grain size in the 

surface layer can be as small as tens of nanometers, and gradually increases with the distance 

from the surface.  

The yield strength was found to be significantly enhanced without considerable degrada-

tion in the ductility and the toughness. Yang and coworkers [6] have shown that rolling or 

shot-peening of titanium alloys induces growth of the residual stress at the surface layers. 

Stress concentrations grow at the interface between ultrafine-grained (UFG), nano-grained 

(NG) and coarse-grained (CG ) layers with increasing deformation.  

Results of researches testify that reduction in the size of grain of aluminum, magnesium, 

and titanium alloys causes enhanced strength and ductility under quasi-static loading condi-

tions [18,19]. It was revealed that grains of nanostructured (NS) and ultrafine-grained (UFG) 

alloys have size distributions. The yield strength and strength under compression and tension, 

elongation to fracture of light alloys depends on the grain size distribution.  

Features of deformation and fracture of thin metal sheets after treated by with S
2
PD are 

defined by shear bands formation, nucleation and growth of damages, coalescence damages 

under formation of mesoscale and macroscale cracks.  

Mechanisms of fracture of light metal sheets with distribution of grain sizes in the surface 

layers are poorly investigated. We present computational model and results of numerical sim-

ulation of damaging and fracture of aluminium and magnesium thin sheets with distribution 

of grain sizes in the surface layers under dynamic loading. 

2 CONSTITUTIVE MODEL 

The multilevel computer simulation method was used for numerical research on damage 

and fracture of thin sheet of aluminium, magnesium, titanium alloys with NGIL and UFG lay-

ers [20, 21]. Figure 1.a shows the variation of grain size with depth of surface layer of alumi-

num alloy 7075 after USSP [2].  

Model layered structure thin metal sheet was created using the experimental data on grains 

structures. 
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a      b 

Figure 1. (a) Grain size in the surface layer of aluminum alloy 7075 after USSP. (b) Model residual stress in 

metal sheet after S
2
PD. 

 

Mechanical behavior of thin metal sheet with distribution of grain sizes in the surface layer 

was simulated under axial tension and compression at high strain rates. 3D model of the ele-

mentary volume was used for simulation of deformation and damage. The 3-D volume di-

mension of 1000 x 100 x 100 μm includes nanocrystalline and ultra-fine grained volumes of 

surface layers, coarse grained volume with a residual stress. 

In the model, the second volume of the surface layer, which is formed in alloys of alumi-

num, magnesium and titanium as a result of S
2
PD was considered. This layer is limited to the 

surfaces S3 and S4. The second layer has a thickness of ~ 100−200 μm and composed of 

grains having an unimodal or bimodal distribution of grain size. In this work it was assumed 

that the size distribution of grains is the unimodal with an average size of ~ 800 nm. The sec-

ond layer is limited to the surfaces S4 and S5.  

Figure 1.b shows the characteristic change of the residual stresses near the surface of metal 

alloys after SMAT [15,16]. The surface S6 in the model correspond to the boundary on which 

the residual stresses close to zero. It was assumed that S6 is at a distance of ~350 µm from the 

plate surface. 

Mechanical behavior of structured volume is described using the approach to damaged 

elastic-plastic medium [15]. Smooth particles hydrodynamic (SPH) method was used for the 

numerical simulation [22].  

The scheme of boundary conditions is shown in Fig. 2.  

 

Figure 2. Boundary conditions. 

The boundary conditions were written in the form:  

1 2 3( , ) ( , ) , , , ( , ) 0,k k k k k k ij k ku x t u x t x S x S x t x S     .  (1) 

where uk are components of particle velocity vector, t is time, xk are Cartesian coordinates. 

 

It was assumed that there is no slip between the layers of the grain structure. 

Initial condition describes the distribution of the residual stress and the residual strain: 
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where Ω is the elementary volume, 
3 6S S  is the volume in which there are residual stress-

es. 

Kinematics of medium was described by the local strain rate tensor: 

1
( )

2
ij j i

i j
u u    , (3) 

where 
ij  are components of the strain rate tensor, ui are components of particles velocity 

vector, 
i
 is Hamilton operator. 

Components of strain rate tensor are expressed by sum of elastic and inelastic terms: 
e n

ij ij ij    , (4) 

where e

ij  are components of the elastic strain rate tensor, n

ij  are components of the inelastic 

strain rate tensor. 
Dynamics of volume is described in Lagrange coordinate system by mass conservation, 

momentum conservation and energy conservation equations: 

ij i

j

du

x dt








, i

i

ud

dt x







 , ij ij

dE

dt
   , (5) 

where σij  are components of stress tensor, ρ is the mass density, ui are components of particles 

velocity vector, εij is components of strain rate tensor, E is the specific internal energy per unit 

mass. 

The bulk inelastic strain rate is described by relation: 

1

3 (1 )

n

kk

D

D
 


, (6) 

where D is the damage parameter, the substantial time derivative is denoted via dot notation. 

Damage accumulation during inelastic deformation of UFG metals leads to limited ductili-

ty of metal sheet with hardened surface layers. The local damage parameter D is introduced in 

the form: 

0

f

n
t eq

n

f

D dt



  (7) 

where 
1/22

( )
3

n n n

eq ij ij   , 
n

f  is the threshold of inelastic strain, tf.is the time before local frac-

ture. 

For material particle the local failure criterion is written in the form: 

D = 1. (8) 

When using SPH, numerical method criterion (8) determines the loss in strength of the 

damaged material in the particle [20].  

Local fracture criterion (8) was used for NC and UFG light alloys at the room and elevated 

temperatures owing to relatively low melting temperature of light alloys. The melting temper-

ature of aluminum and magnesium alloys is equal to~ 900 K. 

Phenomenological relations (9) were used for calculation of the threshold inelastic 

strain
n

f : 
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2 1 2 0( ) / ( ) / (1 exp[( ) / ])n CG

f g fd A A A x x x       , 

2

1 ( * *)
DCG

f D P T   ,   (9) 

where 
CG

f  is a strain to fracture for coarse grained material, х corresponds to 
1/2

gd 
, A1, A2,

x0, x   are material constants, T*=σsp/PHEL , P*=p/PHEL, PHEL is the pressure corresponding to 

the Hugoniot Elastic Limit, D1, D2  are material constants. 

The threshold inelastic strain corresponds to the strain at fracture under quasistatic loading. 

Figure 3 shows the dependence of normalized values of the strain at fracture versus the in-

verse square root of the average grain size. 

Figure 3. Normalized values of the strain at fracture vs the inverse square root of the average grain size. 

The ductility of UFG light alloys increases when a relative part of coarse grains in volume 

is decreased. The dependence of the strain to fracture on specific volume of coarse grains in 

UFG Al-Mg alloy with a bimodal grain sizes distribution described by the relation [20,22]: 

1 0 01 0 363cgD . exp( C / . ) , (10) 

where D1 is the strain to fracture under quasi-static tension, Ccg is the specific volume of 

coarse grain size of light alloys. 

The criterion (8) defines a local destruction of material particles. The process of damage 

and fracture at a higher structural level is considered as the formation of a spatial cluster of 

damaged particles in an elementary volume. When using the SPH method for the numerical 

simulation of deformation and fracture of a model volume of plates cracking is described 

using the spatial formation of clusters of particles with broken bonds with neighbouring parti-

cles. The particles belonging to a given cluster is determined by the condition: 
3

2

1

( )i i

i

r x x L 




   , (11) 

where r  is the distance between neighbouring particles α and β, L is the parameter close to 

the particle sizes, limL d d  , d is the size of particle, lim  is  the maximum allowable strain 

at the crack tip. 
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The pressure is calculated by polynomial equation of state [22]. The stress tensor deviator 

is calculated by the equation: 

( ) / 2 ( )m p

ij ij ijd S d t e e  , (12) 

where d /dt is the Jaumann derivative,   is the shear modulus, (1/ 3)ij ij ij kke     is the devia-

tor of the strain rate tensor, and n
ije  is the deviator of the inelastic strain rate tensor. 

The deviator of the inelastic strain rate tensor is written as: 

(3 / 2)[ / ]p p

ij ij eq eqe S e 
.   (13) 

2(3 / 2)( )( )
ijij ij ij sS R S R    . (14) 

where ( )p p

ij r eq ij ij eqR С R e R de  , 
1/2[3 / 2 ] ,eq ij ij ij ij ijS S p S      , 

1/2[(2 / 3) ] , (1/ 3)p n n n n n

eq ij ij ij kk ij ije e e e      , δij is the Kronecker delta, Cr is material parameter. 

Cr varies from 200 to 500 for light alloys. 

For FCC, HCP and BCC alloys the yield stress was calculated by the modified Zerilli-

Armstrong constitutive model [24,25]: 

1n1/2 p

s s0 6 g 5 eq eq a 1 3 4 eq b[C d С ( ) ]exp[ T ln( / )] C exp[ C T C Tln( / )]              for HCP 

alloys, or 
1/2 p 1/2

s s0 6 g 2 eq 3 b

1/2

4 r eq r 7 eq a

C d С ( ) exp[ C (1 ln / ln )T]

C [ (1 exp( / ))] exp[ TC (1 ln( / ln ))]

         

        
, (15) 

1n1/2 p

s s0 6 g 5 eq 1 3 4 eq eq0C d С ( ) C exp[ C T C Tln( / )]           for BCC alloys, 

1/2 p 1/2

s s0 6 g 2 eq 3 4 eq eq0C d С ( ) exp[ C T C Tln( / )]          for FCC alloys. 

where C1, С2, С3, С4, С5, С6, C7, n1, εr , a , 
b  are materials parameters, T is the temperature 

in [K]. 

Parameter Al–6% Mg–0.3% Si. Ma2-1 (AZ31) Ti6Al4V 

Grain size,[μm] 1<dg<100 0.1<dg<1 1 < dg<100 0.1< dg<1 1< dg<100 0.1< dg<1 

σs0 ,[MPa] 300 510 80 330 190 570 

C1,[MPa] 52 149 

C2,[MPa] 99 160 139 

C3, [K
-1

] 0.0042 0.0162 0,0024 

C4, [K
-1

] 0.00158 0.00178 0,00043 

C5,[MPa] 570 656 

C6,[MPa μm
1/2

] 326 11 303 180 1200 350 

C7, [K
-1

] 0 0 0 

n1 0.179 0.17 0.5 

εr 0.1877 

a , [s
-1

] 1,0 1,0 8,25 10
5

b , [s
-1

] 1,0 1,0 1.6 10
4

Table 1. Constitutive parameters for FCC and HCP light alloys. 
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The yield strength of magnesium and titanium alloys under tension versus dg
−1/2

 (dg, average

grain size) shown in Figure 4a. The yield strength of aluminium alloys under tension versus 

dg
−1/2

 shown in Figure 4b.  

a b 

Figure 4. (a) The yield strength of magnesium and titanium alloys versus dg
−1/2

 (d, average grain size). (b) The

yield strength of aluminium alloys versus dg
−1/2

.

Damage accumulation in sheets of aluminum alloy Al 7075 and magnesium Ma2-1 (this is 

analog to AZ31 magnesium alloy) with strengthened layers under tension-compression was 

simulated. Numerical method was discussed in [22]. 

3 RESULTS AND DISCUSSION 

Fig. 5a shows the damage in the section of the model layered aluminium sheet after 50 cy-

cles of uniaxial tension - compression under stress amplitude ~1.02 σs. Strain rate was equal 

to 1 s
-1

.

a  b 

Figure 5. (a) The distribution of calculated values of damage under tension-compression model the volume of 

a sheet of aluminum alloy with hardened surface layers. (b) Damage in the surface layer of the aluminium alloy 

sheet with an initial thickness of 1.5 mm after 50 cycles of axial tension-compression. 

Under tension damages nucleate within the NC and UFG layers and on the boundary be-

tween layers of coarse and ultra-fine grained material. These local damages lead to meso-
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cracks formation. Cracks are oriented not only across, but also along the direction of tension 

of a plate. Meandering cracks formed in the layers where the non-homogeneous compressive 

residual stresses attended. Results of fracture simulation of thin aluminium and magnesium 

sheets with distribution of grain sizes in the surface layers agree with experimental data. Fig-

ure 5b shows the structure of the cross-sectional specimen of Al-0.6% Mg-0.4% Si alloy after 

47 cycles of tension and compression. The thickness of specimen was equal to 1.5 mm. The 

UFG layers have been created by the ultrasonic peening on the both surfaces of specimen. 

The parts of specimen have been cut into sections after testing. The cross section was done at 

the distance of ~ 2 mm from surface of fracture. In the section of the specimen observed mi-

crocracks oriented along the direction of the sample. Surface cracks are parallel to the plane 

of the sheet at different distances. The first system of cracks was formed in the interface re-

gion between UFG and CG material as predicted the results of simulation. The second system 

of cracks is formed in the zone of maximum gradient of residual stress. Micro-voids were cre-

ated in the NC layers. 

Fracture is a result of stochastic damage nucleation and growth. Structure heterogeneity 

may influence the random distribution of total plastic work over the model elementary volume. 

Therefore, fracture of fine-grained layer alloys with a bimodal grain size distribution under 

dynamic tension has probabilistic character.  

The probability of microcracks nucleation within the material particles in layer with a grain 

size distribution can be described by the Eq. [18]: 

min
min

0

( ) 1 exp[( ) ],
p p

p p p

r p

W W
P W W W

W


   , (16) 

where Pr is the Weibull probability function, Wp min is the minimal possible total plastic work 

per unit volume at microscale level, α and Wp0 are constant parameters of the distribution.  

The damaged volume retains the resistance to plastic deformation during dynamic loading. 

Note that for the light alloys with bimodal grain size distributions, the ultrafine-grained vol-

ume can be considered as a quasi-brittle phase, in which the microcracks are generated during 

the plastic deformation while the macroscopic mechanical behavior exhibit good ductility. 

Thus, density of microcracks in the surface layer with grain size distribution can be written by 

Eq. (17) which is similar to Eq. referenced in [19]: 

min
0 0 min

0

( ) {1 exp[( ) ]},
p p

p p p

r p

W W
N N P W N W W

W


    , (17) 

where N is the density of microcracks, N0 is the saturation density of microcracks at for-

mation of mesoscopic crack. 

Mesocracks nucleated within the UFG volume and propagates through the coarse grained 

volume. The strain to fracture of thin metal sheets with UFG layers was calculated as average 

strain at which cracks cross the elementary volume. 

Figure 6 shows the calculated strain to fracture versus thickness of aluminum, magnesium 

and alpha-titanium sheets with surface UFG layers. Values of εf at tension were calculated at 

room temperature and strain rates ~ 1 s
-1

.
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Figure 6. The strain to fracture vs thickness of aluminium, magnesium and titanium sheets. 

The influence of surface nanostructured layers on the strain to fracture decreases with in-

creasing thickness of the sheets. Since the thickness of the structured surface layers does not 

exceed 0.02-0.025 mm, the  influence of layers  on the resistance to plastic flow and the strain 

to fracture of metal sheet becomes insignificant when the thickness of the sheet more ~2.5 

mm. 

4 CONCLUSIONS  

The multiscale computer simulation was used for the simulation of fracture of thin sheet of 

light alloys with distribution of grain sizes in the surface layers.  

Fracture of fine-grained alloys under dynamic loading has probabilistic character and de-

pends on parameters of structure heterogeneity.  Formation of macro-scale failure zone is a 

result of several processes of structure evolution including damage nucleation, damage 

growth, and coalescence of damages. Damage nucleation is associated with strain localization 

at mesoscale level. Results of computer simulation demonstrate that the high strain localiza-

tion in UFG alloys under dynamic loadings depends on the ratio between volume concentra-

tions of fine and coarse grains. Fine precipitates in alloys not only affect the hardening but 

also lead to change the influence of the grains size distribution on volume concentration of 

shear bands. The dynamic ductility of UFG light alloys is increased when specific volume of 

coarse grains is greater than 30 %. Results of computer simulation can be used for estimation 

of grains size distribution influence on the dynamic strength and ductility of UFG alloys pro-

cessed by severe plastic deformation methods. 
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Abstract. Multiscale computer simulation was used for simulation of the damage nucleation 

and fracture of ZrB2 − ZrO2, ZrB2 – B4C, Al2O3 − ZrO2 − Y2O3, Al2O3 − B4C nanocomposites 

under dynamic loading. The aim of research was the study transition from brittle to quasi-

brittle fracture of nanocomposites under dynamic loading. It was shown that isolated micro- 

and mesoscale cracks can be nucleate in ceramic nanocomposites near voids under stress 

pulse amplitude less than the Hugoniot elastic limit. The critical fracture stress on mesoscale 

level depends not only on relative volumes of voids and particles concentration, but also sizes 

of corresponding structure elements. Results of simulation have shown the Hugoniot elastic 

limit and ceramics damage kinetics under dynamic loading depends on a volume concentra-

tion of nano-particles and nano-voids clusters.  

1 INTRODUCTION 

Ceramic nanocomposites constitute an important class of constructional materials for high 

temperature applications in the aerospace industry: hypersonic re-entry vehicles, rocket nozzle 

inserts, and cutting tools, wear resistant parts etc. Thus, for designing materials and predicting 

the destruction of new ceramic composites for engineering applications need an adequate the-

oretical model that can be used in computer simulation. 
In the present paper, we propose a computational model to predict the strength of quasi-

brittle nanocomposites such as ZrB2 − ZrO2, ZrB2 – B4C, Al2O3 − ZrO2 − Y2O3, Al2O3 − B4C 
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in wide range of strain rates. Considered nanocomposites are a class of the ultra-high tempera-

ture ceramics (UHTC).  

The matrix of UHTC composites make up 15 boride, carbide and nitride compounds which 

have the melting temperature above 3250 K [1].These compounds are brittle at low homolo-

gous temperatures and demonstrate not high enough strength and toughness at quasi-static and 

dynamic loading.  

New UHTC nanocomposites possess enhanced strength and fracture toughness at quasi-

static loading [2]. Effective way to increase strength UHTC is the creation on their base nano-

composites containing the ceramic nano-sized particles, graphite flakes, carbon fibres, and 

metal or ceramic whiskers. Mechanical behaviour of UHTC composites under intensive dy-

namic loadings is not well understood.  

2 MODEL OF MECHANICAL BEHAVIOR OF NANOCOMPOSITES 

Mechanical properties of nanocomposites based on refractory compounds depend not only 

on their structure and composition, but also on the manufacturing technology. High-

temperature isostatic pressing UHTC composites occurs at temperatures above 1500 K, while 

the temperature at selective laser sintering or sintering spark plasma is above 2000 K.  

When the ceramic composite is cooled from sintering temperature to room temperature, re-

sidual stresses arise around inclusions of strengthening phases. Residual stress and bulk de-

fects in the structure have a negative impact on strength properties of ceramic products. 

Residual stresses have to be considered while predicting the mechanical behaviour of ce-

ramic materials under external impacts. 

Residual pressure around the particle can be calculated by the formula [3]: 

3 1 2 2 1 2[( )( ) ( ) ]/[ ( ) ( )]
res m inc r m inc inc m m inc

d
p T T E E E E

r d
        


, (1) 

where pres is the residual pressure, αm, αinc are the linear thermal expansion coefficients of ma-

trix and inclusion, respectively, T is the sintering temperature, and Tr is the room temperature, 

d is the particle diameter, r is the distance from the surface of particle Em, Einc, are the 

Young’s moduli of matrix and inclusions, and νm, νinc are the Poisson’s ratios of matrix and 

inclusions, respectively.  

The calculated residual stresses in ZrB2 matrix composites and different ceramic inclusions 

shown in Figure 1. Residual pressures were obtained for the difference between the sintering 

temperature and the room temperature ~1500 K.  

Note, the residual pressures can have a different sign for various inclusions. Residual pres-

sures can causes local tensile or compression of matrix near the particle. If the residual stress-

es are tensile, the strength of ceramic composites under tension is significantly lower than 

under compression. 

Thus, this effect is advisable to apply for strengthening of nanocomposites using inclusions, 

which lead the formation positive pressures around nanoparticles.  

The value of the residual pressure around the inclusions is less than the Hugoniot elastic 

limit, but is comparable to the quasi-static tensile strength of ZrB2 matrix. As shown in Figure 

2 the residual pressure lead to changing of the fracture toughness of ZrB2 matrix composites.  
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Figure 1. Residual pressure vs the difference be-

tween the linear thermal expansion coefficients of 

matrix and inclusions. 

Figure 2. Fracture toughness of ZrB2 based composites vs 

the difference between the linear thermal expansion coef-

ficients of matrix and inclusions. 

a 

 b 
Figure 3. Fracture toughness of ZrB2 based compo-

sites versus flexural strength. 

Figure 4. (a) Representative volumes of composites ZrB2-

B4C with uniform distribution of inclusions. (b) Clusters of 

inclusions. 

The correlation between the fracture toughness and the flexural strength of ZrB2−B4C and 

ZrB2−SiC composites is shown in Figure 3. Symbols are experimental data [1-4]. 

When the concentration of inclusions exceeds the percolation threshold (~30 %) the frame 

structure can be formed in the composites. The scatter of the experimental data shows that the 

strengthening and toughening of composites is caused not only the residual stress, but also 

other factors [5]. 

To study the dynamic strength of UHTC nanocomposites we used the method of multiscale 

simulation [6-8]. The calculated values of residual stresses were used in the simulation of 

loading of the elementary volume of ZrB2 matrix nanocomposite under shock wave loadings. 

The mechanical response of the nanocomposites in the amplitude range from 0.8 to 2 of the 

Hugoniot elastic limit (~15 GPa) was numerically simulated. The Hugoniot elastic limit of 

ZrB2 ceramics with a porosity of ~7 % is equal to 7.11 GPa. 

The elementary volumes (EV) of nanocomposite materials, used in simulation, are shown 

in Figure 4. Figure4a shows the volume with regular distribution of nanoparticles in matrix 

grain. Figure 4b shows the section of volume with clusters of nanoparticles.  

The modified smooth particle hydrodynamics (SPH) method was used for numerical simu-

lation [9]. Smoothed particles with sizes of ~20 nm were used in numerical simulation shock 

loading of ceramic nanocomposites. Grains of matrix and inclusions had a different mechani-

cal impedances ρCl (ρ is the mass density, and Cl is the longitudinal sound velocity).  
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Material parameters for the matrix and inclusions of ceramic nanocomposites are shown in 

Table 1. 

Phase ρ, 10
3

kg/m
3

E, 

GPa 

Poisson 

Ratio 

α, 

10
-6

 K
-1

Cl, 

10
3 

m/с

μ, 

GPa 

σHEL, 

 GPa 

Al2O3 3.97 395.8 0.254 8.8 10.92 156.5 9-14 

t–ZrO2

(3mol.% 

Y2O3) 

6.05 219.0 0.312 12.2 7.07 83.0 8.9-17.0 

m–ZrO2 5,6 236 0.303 8.0-10.6 7.5 86.4 

ZrB2 6.09 450 0.128 5.9-6.5 8.8 212 7.11 

SiC 3.22 454 0.163 4.7 11.89 195 13.2-14.7 

B4C 2.52 432-463 0.151-0.18 4.5 13.42 188 16.0-17.1 

Table 1: Material parameters of ceramic phases.

The impedance ρCl for ZrB2, B4C are: 5.08, 3.55 [10
7
 kg/m

2
 s], respectively. Therefore, on

the mesoscale level, shock waves are reflected from boundaries of matrix and inclusions. In 

the result, particle velocities, stresses, and temperature can be distributed non-uniformly in the 

elementary volume of nanocomposite during hundreds nanoseconds. 

Mechanical behavior of ceramic matrix and inclusions were described using the model of 

damaged medium [4−9]. 

The damage parameter D is determined by the relation [4, 5]: 

0

f

n
t eq

n

f

D dt



  , (2) 

where 
1/2[(2 / 3) ]n n n

eq ij ij     denote an intensity of inelastic strain rate tensor, 
n

f  is the 

threshold of inelastic deformations of material particles (the volumes of the phases at the mi-

cro level) at fracture , 2

1 ( * *)
Dn

f D P T   , T*= σsp/PHEL, P*=p/PHEL, PHEL is pressure corre-

spond to the Hugoniot elastic limit, 
2 1/3

1(3 )sp l eq CC K   , Cl is the longitudinal sound 

velocity [9]. 
The thresholds stress of fracture for ceramic matrix and inclusions under compression in 

wide range of strain rates can be described by Eq. (3), if the volume concentration of inclu-
sions is less than 30 % and porosity is less than 10 % [10,11].  

2 3

0 0
1     // ( / )

f eq
, 1 4 1 2 3 4 1 2

0 1 0 1
4 25 4 25/ / / /. /[ ] , . /[ ]

C C
K K E       , (3) 

where α is a specific volume of voids, ρ is the mass density, K1C is the fracture toughness, E is 

the Young’s modulus, and η is a square density of unstable microcracks [10, 11].  

Note, the fracture toughness of the matrix and inclusions have been corrected for residual 

stresses.  
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Averaged in elementary volume of material the threshold stress of fracture is used in Eq (2) 

for determination of σHEL.  

The following parameters of Eq (3) for ZrB2 matrix and for B4C inclusions were used in 

the calculations:  

ZrB2: E =495 GPa, ρ =6.11 103 kg/m
3
, K1C = 3.5 MPa m

1/2
, σHEL =7.11 GPa, pHEL=3.07

GPa, D1= 0.1, D2 =1., Cl = 9.233 km/s, σsp=0.5 GPa, σsd=0.5 GPa , 

B4C: E =432 GPa, ρ =2.52 10
3
 kg/m

3
, K1C = 5 MPa m

1/2
, σHEL =16 GPa, pHEL= 7.2 GPa,

D1=0.1 , D2 =1.0, Cl =12.8 km/s, σsp=0.32 GPa, σsd=13.2 GPa. 

The Hugoniot elastic limit and the effective sound velocity of composite materials are de-

termined using simulation results of shock wave propagation in the elementary volume of ma-

terial [6-8].  

Using averaged values of sound velocities and the elastic limit of the Hugoniot elastic limit 

the shear strength of ceramic nanocomposites σsd can be determined by the relation: 

2

2
1 5 1 

 
 

 
. ( )b

sd HEL

l

C

C
,   (4) 

where Cb, Cl are the effective bulk sound velocity and the longitudinal sound velocity, respec-

tively, σHEL is the Hugoniot elastic limit of composites. 

3 RESULTS AND DISCUSSION 

Calculated values of the equivalent stress in the ZrB2 matrix versus specific values of 

shock pressure are shown in Figure 5. The relaxation of the equivalent stress at high strain 

rates is mainly caused by a nucleation of micro-cracks around pores and inclusions.  

Figure 6 shows the nucleation of cracks around voids under shock compression with am-

plitude of ~ 10 GPa. Initial distribution of B4C nanoparticles and voids in section of the vol-

ume is shown in Figure 4b. 

Figure 5. The intact strength and strength for the failed 

polycrystalline ZrB2. 

Figure 6. Crack nucleation behind the front of shock wave. 

As showed Figure 6, the damage of ZrB2 – B4C nanocomposites near voids can be formed 
under pressure amplitude less than PHEL of matrix. The relaxation of the equivalent stress is 
associated with cracks nucleation. In consequence of this, the Hugoniot elastic limit of ceram-
ic nanocomposites decreases proportionally to specific volume of voids. Under shock com-
pression stress field around cluster of nano-particles is close to that which occurs near the 
particle of micron size. Used multiscale model allows considering this phenomenon. 
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In the considered nanocomposites clusters of inclusions lead to increased resistance to the 

growth of cracks or even complete stop. As a result the transition from brittle to quasi-brittle 

fracture of nanocomposites under dynamic loading takes place. 

The Hugoniot elastic limits for non-porous nanocomposites were evaluated according to 

the results of modeling the nucleation of damage in the elementary volume of material under 

shock compression. Obtained for the ZrB2 or Al2O3 matrix nanocomposites the Hugoniot elas-

tic limits are given in the Table 2.  

Volume concentration 

of inclusions (%) 0 5 10 15 20 25 30 

Nanocomposite Hugoniot elastic limit , σHEL (GPa) 

ZrB2–B4C 7.11 7.43 7.8 8.5 9.1 9.55 10.1 

ZrB2 – t ZrO2 7.11 7.45 8.9 8.53 9.04 9.4 10.01 

ZrB2 – Al2O3 7.11 7.30  7.43 7.64 7.9 7.8 7.7 

Al2O3–ZrO2, 9.1 9.35 9.67 9.9 10.01 10.3 10.4 

Al2O3–B4C 9.07 9.36 9.77 10.05 10.65 11.5 11.1 

Table 2: Theoretical values of the Hugoniot elastic limit of several ceramic nanocomposites. 

In considered groups of composites the Hugoniot elastic limits increase with increasing 

concentration of nano-inclusions from 0 to 30 %. In considered ZrB2 matrix nanocomposites 

the greatest relative increase of the Hugoniot elastic limit is observed at same concentrations 

of nanoparticles B4C and ZrO2. 

In Al2O3 matrix nanocomposites the greatest relative increase in the Hugoniot elastic limits 

was caused by B4C nanoparticles. 

4 CONCLUSIONS 

Multi-scale model proposed for computer simulation of the mechanical behaviour of 

UHTC nanocomposites.  

The model allows investigating the effect of structures of nanocomposites on their mechan-

ical properties under dynamic loading. 

Model was used for simulation of ZrB2 − ZrO2, ZrB2 – B4C, Al2O3 − ZrO2 − Y2O3, Al2O3 

− B4C nanocomposites under shock compression with amplitudes from 6 to 15 GPa. 

In studied UHTC nanocomposites the dynamic shear strength increases proportionally vol-

ume concentration of inclusions in the range up to 30 %. 

Model predicts that isolated micro- and mesoscale cracks nucleate in UHTC nanocompo-

sites near voids under stress pulse amplitude less than the Hugoniot elastic limit. 

The Hugoniot elastic limits of nanocomposites decrease proportionally to porosity in the 

range from 0 to 10 %. 

ACKNOWLEDGMENT 

This work was supported partially by the Grant from the President of Russian Federation, 

and by a grant from the Foundation of D. I. Mendeleev's National Tomsk State University 

within the Program of increasing the competitiveness of TSU. The authors are grateful for the 

support of this research. 

371



Evgeniya G. Skripnyak, Vladimir V. Skripnyak and Vladimir A. Skripnyak 

REFERENCES  

[1] S.Q. Guo, Densification of ZrB2-based composites and their mechanical and physical 

properties, Journal of the European Ceramic Society, 29, 995–1011, 2009. 

[2] J.J. Melendez-Martınez, A. Domınguez-Rodrıguez, F. Monteverde et al. Characterisa-

tion and high temperature mechanical properties of zirconium boride-based materials, 

Journal of the European Ceramic Society, 22, 2543–2549, 2002. 

[3] I.A. Stepanov, V.A. Skripnyak, S.P. Andrietz, et.al., Nuclear physics and engineering, 2, 

1–10, 2011. 

[4] V.V. Skripnyak, V.A. Skripnyak, I.K. Vaganova, et al. Multiscale simulation of porous 

quasi-brittle ceramics fracture. Applied Mechanics and Materials, 756, 196-204, 2015. 

[5] V.V. Skripnyak, E.G. Skripnyak, V.A. Skripnyak, and I.K. Vaganova “Computer simu-

lation of fracture quasi-brittle ceramic nanocomposites under pulse loading”, Proc. 11th. 

World Congress on Computational Mechanics (WCCM XI), edited by Eugenio Oñate, 

Xavier Oliver and Antonio Huerta, CIMNE Publ., Barselona, Spain, 2014, IV, 3904–

3914, 2014. 

[6] C. C. Holland and R. M. McMeeking, The influence of mechanical and microstructural 

properties on the rate-dependent fracture strength of ceramics in uniaxial compression. 

International Journal of Impact Engineering, 81, 34-49, 2015. 

[7] E. G. Skripnyak, V.A. Skripnyak, and V. V. Skripnyak. Fracture of nanoceramics with 

porous structure at shock wave loadings, Shock Compression of Condensed Matter. AIP 

Conf. Proc, 1426, N.Y. 965 –970, 2012.  

[8] E.G. Skripnyak, V.A. Skripnyak, I.K. Vaganova, A.S. Yanyushkin, et. al., Izvestiya 

Vuzov. Physica, (in Ruassian), 55, (7/2), 119–123, 2012. 

[9] E.G. Skripnyak, V.V. Skripnyak, I.K. Vaganova, and V.A. Skripnyak. Fracture of Ce-

ramic Materials under Dynamic Loadings. 19th European Conf. on Fracture (ECF19), 

Kazan, Russia, Paper 639, Kazan, 2012.  

[10] J. Kimberley, K.T. Ramesh, and N.P. Daphalapurkar, A Scaling law for the dynamic 

strength of brittle solids. Acta Mater., 61, 3509–3521, 2013.  

[11] K.T. Ramesh, J. D. Hogan, J. Kimberley, and A Stickle, A review of mechanisms and 

models for dynamic failure, strength, and fragmentation. Planetary and Space Science, 

107, 10–23, 2015. 

[12] B. Paliwal and K.T. Ramesh, Effect of crack growth dynamics on the rate sensitive be-

havior of hot-pressed boron carbide. Scripta Materialia, 57, 481–484, 2007. 

372

http://www.sciencedirect.com/science/article/pii/S0734743X15000238
http://www.sciencedirect.com/science/article/pii/S0734743X15000238
http://dx.doi.org/10.1016/j.scriptamat.2007.05.028
http://dx.doi.org/10.1016/j.scriptamat.2007.05.028


ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

REMOVING THE STABILIZATION PARAMETER IN FITTED AND
UNFITTED SYMMETRIC NITSCHE FORMULATIONS

Christoph Lehrenfeld1

1 Institute for Computational and Applied Mathematics, University of Münster
Einsteinstr. 62, D - 48149 Münster, Germany

e-mail: christoph.lehrenfeld@gmail.com

Keywords: Nitsche’s method, unfitted finite elements, discrete lifting, stability parameter

Abstract. In many situations with finite element discretizations it is desirable or necessary to
impose boundary or interface conditions not as essential conditions – i.e. through the finite el-
ement space – but through the variational formulation. One popular way to do this is Nitsche’s
method. In Nitsche’s method a stabilization parameter λ has to be chosen “sufficiently large”
to provide a stable formulation. Sometimes discretizations based on a Nitsche formulation are
criticized because of the need to manually choose this parameter. While in the discontinuous
Galerkin community variants of the Nitsche method – known as “interior penalty” method in
the DG context – are known which do not require such a manually chosen stabilization pa-
rameter, this has not been considered for Nitsche formulations in other contexts. We introduce
and analyse such a parameter-free variant for two applications of Nitsche’s method. First, the
classical Nitsche formulation for the imposition of boundary conditions with fitted meshes and
secondly, an unfitted finite element discretizations for the imposition of interface conditions is
considered. The introduced variants of corresponding Nitsche formulations do not change the
sparsity pattern and can easily be implemented into existing finite element codes. The benefit
of the new formulations is the removal of the Nitsche stabilization parameter λ while keep-
ing the stability properties of the original formulations for a “sufficiently large” stabilization
parameter λ.
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1 Introduction

Nitsche’s method was originally introduced in [1] and has been applied in many different
contexts in order to weakly enforce interface or boundary conditions. The idea is to impose
boundary or interface conditions not into the finite element space as essential condition but
to change the variational formulation to achieve the condition at least in a weak sense. For
the boundary value problem −∆u = 0 in Ω with u|∂Ω = 0 the classical Nitsche variational
formulation is: Find u ∈ Vh such that∫

Ω

∇u∇v dx−
∫
∂Ω

∂nu v ds−
∫
∂Ω

∂nv u ds+
λ

h

∫
∂Ω

uv ds = 0 ∀ v ∈ Vh,

where Vh is a finite element space with Vh ⊂ H1(Ω) and ∂nvh ∈ L2(∂Ω) for all vh ∈ Vh. Here
h is the characteristic mesh size and λ is a parameter that has to be chosen sufficiently large.
The criticism on Nitsche’s method is sometimes related to this parameter λ and the “sufficiently
large” condition. Although theoretical error analyses can give a precise lower bound on the
choice of λ in practice the parameter is typically chosen by estimating the order of magnitude
or a trial and error approach. If the parameter is chosen too small, the formulation gets unstable.
If however the stabilization parameter is chosen too large the condition number of the system
matrix increases and error bounds degenerate. A suitable choice for λ is specifically difficult if
problems with a large contrast in the diffusion parameter are considered.

In this paper we focus on unfitted finite element discretizations with a weak enforcement of
interface or boundary conditions with a symmetric Nitsche-type formulation. In unfitted finite
element methods a computational mesh is used which is not aligned to the geometries with
respect to which a solution to a PDE should be approximated. We consider an elliptic interface
problem with an unfitted interface. To transition into this problem we also consider the model
problem which has been considered in the original paper [1], a Poisson problem on domain with
a fitted boundary.

We give a brief overview on the literature of fitted and especially unfitted discretizations
using Nitsche’s method. Nitsche’s method has a close relation to (stabilized) Lagrange multi-
plier methods. This connection allows to derive suitable Nitsche formulations from stabilized
Lagrange multiplier formulations and has been nicely discussed in [2, 3, 4].

While we want to focus on symmetric Nitsche-type formulations we mention the papers
[5, 6, 7] which investigate non-symmetric Nitsche formulations and get rid of the “sufficiently
large” condition on λ, [5], or the whole penalty term, [6, 7]. We aim at achieving the same goal
with a symmetric formulation.

Many discontinuous Galerkin (DG) schemes – especially the (symmetric) interior penalty
method [8] – have a very close relation to Nitsche’s method. The continuity of the solution is
not build into the finite element space but has to be implemented by the variational formulation.
For DG schemes for elliptic problems many variants are known, cf. [9] for an overview of
different methods. Among them there exist versions which get rid of the parameter λ and are
able to provide consistency, continuity, symmetry and stability. The approach discussed in this
paper is in the same virtue as the DG method presented in [10, 11] and analyzed in [12].

For unfitted interface problems a stable Nitsche formulation has been introduced in the orig-
inal paper [13]. One important aspect of this method is the choice of a geometry-dependend
averaging operator which is crucial for stability. We detail on this method below. Many dis-
cretization are based on this formulation, for instance [14, 15, 16, 17, 18].

The major contribution of this paper is the introduction of new finite element formulations
for the weak imposition of boundary and interface conditions for fitted and unfitted meshes.
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fitted boundary value problem unfitted interface problem

Figure 1: Two situations where Nitsche’s method is applied: A fitted Boundary value problems (left) and an
unfitted interface problem (right).

These new formulations inherit the stability from known Nitsche-type formulations but remove
the stabilization parameter λ.

The paper is organised as follows. In Section 2 we introduce notation for Nitsche-type formu-
lations and their analysis. Based on a common framework we present Nitsche-type formulations
from the literature and discuss their theoretical properties in Section 3. Modified formulations
which get rid of the penalty parameter λ are then introduced and discussed in Section 4. The
modified formulations involve a lifting operator. That an implementation of this lifting operator
is practically feasible is shown in Section 5.

2 Preliminaries

2.1 Problem classes

We consider two classes of problems on which Nitsche’s method is applied, cf. Fig. 1. A
Boundary value problem with a boundary-fitted mesh and an elliptic interface problem with an
interface-unfitted mesh. In Section 3 we introduce suitable Nitsche-type finite element formula-
tions which are known to be stable for both problems. To provide stability different versions of
trace inverse inequalities play an important role. The stability of the classical Nitsche method
for the model problem can be shown based on standard trace inverse inequalities for polynomi-
als. For the interface problem with an interface-unfitted mesh a special weighting in the Nitsche
method is required to obtain a similar result.

Remark 1. We do not consider the case of an interface problem with a fitted mesh as the
same techniques as for the Poisson problem with a boundary-fitted mesh can directly be carried
over. Further the case of an unfitted boundary value problem is not consider. Existing stable
Nitsche-type formulations for this problem introduce a second stabilization term with a second
stabilization parameter, cf. [19]. With the techniques discussed in this paper it is not clear how
to remove also this parameter.

2.2 Unified notation for Nitsche formulations

In both cases we assume to have a domain Ω̃ on which a shape regular simplex triangulation
Th is available. Throughout the paper we assume quasi-uniformity with a characteristic mesh
size h. This restriction simplifies the presentation but is not essential and can be generalized by
exchanging h with a localized version, hT , a characteristic length of an element T . All scalar
product’s are L2 scalar products, i.e. (u, v)S =

∫
S
u v ds for a corresponding domain S.

We can write a suitable version of Nitsche’s method for all considered problems in the form:
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Find u ∈ Vh such that

A(u, v) := a(u, v) +N c(u, v) +N c(v, u) +N s(u, v) = f(v) for all v ∈ Vh, (N)

with bilinear and linear forms which are yet to be defined. Here, the bilinear form a(·, ·) is
responsible to provide consistency with respect to the volume terms, i.e. the inner part of the
domain(s). The bilinear form N c(·, ·) is responsible for the consistency w.r.t. boundary terms
stemming from partial integration of the elliptic operator. The second term which involves
N c(·, ·) is added for symmetry (or adjoint consistency) reasons. Finally N s(·, ·) is a term added
to provide stability. In the standard formulation, we have

N s(·, ·) = N s
λ(·, ·) = λ ·N s

1 (·, ·) (1)

where N s
λ(·, ·) is the λ-scaled penalty term.

2.3 Analysis of (symmetric) Nitsche formulations

The analysis of corresponding Nitsche’s methods uses standard arguments. With coercivity,
continuity and consistency of the bilinear form w.r.t. suitable spaces and norms a Céa-like
Lemma can be obtained. We briefly introduce the three criteria – in terms of the equations
(A)-(D) below – together with the notation for the involved norms and spaces. The criteria are
fulfilled for both formulations mentioned below.

We use the notation a . b (a & b) if there exists a constant c independent of discretization
or material parameters such that a ≤ cb (a ≥ cb). If a . b and a & b we write a ' b.

Coercivity The crucial component with respect to the stabilization parameter λ is coercivity.
For sufficiently large λ all considered Nitsche formulations provide that the following holds:

A(uh, uh) & |||uh|||2A for all uh ∈ Vh with |||v|||A :=
√
a(v, v) +N s(v, v). (A)

In the analysis a stronger norm is needed to bound the flux terms in the bilinear form N c(·, ·).
We denote this norm by |||·||| and require that there holds

|||vh||| ' |||vh|||A for all vh ∈ Vh, (B)

so that (A) yields A(uh, uh) & |||uh|||2 for all uh ∈ Vh.

Continuity On the space Vh + Vreg with Vreg so that A(u, v) (especially N c(u, v)) is well-
defined for u, v ∈ Vreg we then have continuity in the sense that

A(u, v) . |||u||| |||v||| u, v ∈ Vh + Vreg. (C)

Consistency With u ∈ Vreg the solution of the original problem and uh ∈ Vh the solution to
the discrete one, we demand Galerkin orthogonality, i.e.

A(u− uh, vh) = 0 for all vh ∈ Vh. (D)

With these consistency, continuity and coercivity results we have a version of the well-known
Céa Lemma:
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Lemma 1. Let u ∈ Vreg be the solution to the original problem and uh ∈ Vh the solution to the
discrete one. If the equations (A)-(D) are fulfilled, then there holds

|||u− uh||| . inf
vh∈Vh

|||u− vh|||. (2)

Below, in Section 4 we propose an alternative to the stabilization form (1) of the form

N s(·, ·) = N s
nn(·, ·) +N s

1 (·, ·)

where N s
nn(·, ·) is responsible to provide non-negativity in the sense that

A(u, u)−N s
1 (u, u) & a(u, u)

which implies (A) with λ = 1. Then, N s
1 (·, ·) is only required to provide that A(·, ·) induces

a norm. The scaling of this term is however independent of any stability requirement. In the
following section we specify the problem classes and the bilinear forms, spaces and norms
corresponding to suitable discretization which are known to be stable (for sufficiently large λ).

3 Stable Nitsche formulations

In the following subsections we will introduce suitable discretizations for the considered
problems and show the conditions (A)-(D).

3.1 Nitsche formulation for a boundary value problem with a body-fitted mesh

In the fitted case we have Ω̃ = Ω and the model problem is

−∆u = f in Ω, u = g on ∂Ω (3)

In this case the Nitsche’s method, as introduced in [1], takes the form of (N) with

a(u, v) = (∇u,∇v)Ω, N
c(u, v) = (−∂nu, v)∂Ω and N s(u, v) = N s

λ(u, v) =
λ

h
(v, v)∂Ω.

We briefly verify (A)-(D) with respect to suitable spaces and norms. As the finite element
space Vh we consider a standard finite element space of continuous piecewise polynomials up
to degree k. The stronger norm on Vh + Vreg with Vreg = H2(Ω) is

|||u|||2 = |||u|||2A + h‖∇u‖2
∂Ω,

and continuity on Vh + Vreg with respect to |||·||| follows directly with Cauchy-Schwarz, so that
we have (C). Consistency follows directly from partial integration, so that also (D) holds. An
essential estimate to prove (A) is the following trace inverse inequality:

h‖∇u‖2
∂Ω∩T ≤ h‖∇u‖2

∂T ≤ ctr‖∇u‖2
T , u ∈ Pk(T ), T ∈ Th

with a constant ctr only depending on the shape regularity of the element T and the polynomial
degree k, cf. [20]. Assuming that ctr denotes the upper bound of the shape regularity constant
on all elements in the mesh, then we can easily show (B) and the estimate

2N c(uh, uh) ≤ 2h
1
2‖∇uh‖∂Ω · h−

1
2‖uh‖∂Ω ≤

8ctr

λ
a(uh, uh) +

1

2
N s
λ(uh, uh) (4)

from which we deduce (A) for λ sufficiently large ( for instance λ > 16ctr).
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3.2 Nitsche formulation for an interface problem with an unfitted mesh

For the case of an unfitted interface we assume Ω̃ = Ω but have an additional internal in-
terface Γ ⊂ Ω which separates Ω into two disjoint sub-domains Ω1 and Ω2 which are unfitted,
i.e. not aligned with the mesh. Inside the domains only diffusion takes place, the diffusion co-
efficient α may however be discontinuous across the interface Γ. On the boundary we consider
homogeneuous Dirichlet conditions to be implemented as essential conditions. This simplifies
the presentation. For a weak imposition of the boundary conditions, we refer to the treatment
of the case in section 3.1. At the interface two conditions are posed: continuity of the solution
and conservation of the flux.

−α∆u = f in Ωi, u = 0 on ∂Ω, [[u]] = 0 on Γ, [[−α∂nu]] = 0 on Γ. (5)

In unfitted FEM a famous formulation of the problem goes back to the original paper [13]. The
finite element space depends on Γ and is defined as Vh = V 1

h + V 2
h where V i

h = Wh|Ωi
is the

fictitious domain finite element space related to domain Ωi with the underlying standard finite
element space Wh which again is the space of continuous piecewise polynomial functions. The
variational formulation proposed in [13] can be casted into the form of (N) with

a(u, v) = (α∇u,∇v)Ω1∪Ω2 , N
c(u, v) = ({{−α∂nu}}, [[v]])Γ and N s(u, v) =

λ

h
([[u]], [[v]])Γ.

where [[·]] is the usual jump operator across the interface Γ. The averaging operator {{v}} =
κ1v|Ω1 + κ2v|Ω2 takes an important role to provide stability. With Vreg := H2(Ω1) ∪ H2(Ω2)

and the norm |||u|||2 = |||u|||2A + h‖{{∇u}}‖2
Γ one easily shows (C) and (D). It remains to show

(A) and (B). In the following we assume that a stable weighting is used, so that the following
inverse estimate holds:

α2
iκ

2
ih‖∇u‖2

Γ∩T ≤ ctrαi‖∇u‖2
Ti
, u ∈ Pk(Ti), Ti := T ∩ Ωi, i = 1, 2, .

for a constant ctr only depending on the shape regularity of T (not Ti!), the polynomial degree
k and the diffusion parameter αi. We note that a carefully chosen stabilization parameter λ in
N s(u, v) = N s

λ(u, v) scales with ctr and hence with the diffusion parameter α.
For piecewise linears (k = 1) and the weighting κi = |Ti|/|T | the inverse inequality has

been proven in [13]. For higher order discretizations we refer to the discussion of weightings
that lead to stable discretizations in [21, Remark 6]. Analogously to the estimates in (4) this
allows to prove (A) and (B). Together with the optimal approximation properties of Vh, see also
[13], we can obtain optimal order error bounds provided that λ is chosen sufficiently large.

4 Modified formulations to remove the parameter λ

In the following we introduce a new stabilization bilinear form based on a lifting operator
and reestablish (A)-(D) with this new parameter-free stabilization term and λ = 1 in the penalty
term. For the formulations in the Sections 3.1-3.2 the bilinear forms a(·, ·), N c(·, ·) and N s(·, ·)
can easily be decomposed into element contributions which are indicated by an index T , e.g.
aT (·, ·), so that a(·, ·) =

∑
T∈Th aT (·, ·). We introduce and analyse the modified formulation for

the fitted Poisson case and afterwards translate it to the unfitted interface problem.

4.1 The modified formulation for the fitted Poisson problem

The discrete local lifting operator L(·)

On elements which are located at the boundary we introduce an element-wise lifting into the
space of polynomials which are orthogonal to constants, Pk0 (T ) := Pk(T ) \ P0(T ). The lifting
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is defined element-wise as

LT : H1(T )→ Pk0 (T ), aT (LT (u), v) = N c
T (v, u) ∀v ∈ Pk0 (T ) (6)

We note thatLT is an element-local operator and that (6) also holds for v ∈ Pk(T ) as aT (·, w) =
N c
T (w, ·) = 0 for w ∈ P0(T ). Further, by construction there holds LT (u) ⊥ P0(T ) and
LT (u) = 0 if u|∂Ω∩T = 0. We redefine a(u, v) :=

∑
T∈Th aT (u, v) with aT (u, v) = (∇u,∇v)T ,

i.e. in a broken sense so that a(·, ·) is also well defined for only element-wise H1(T ) functions.
On elements which are not located at the boundary we set LT (·) = 0 and define the global
lifting

L : H1(Th)→
⊕
T∈Th

Pk0 (T ) with L(u)|T := LT (u).

Note that in general L(u) is discontinuous across element interfaces. With the definition of the
lifting we have a(L(u), v) = N c(v, u) for all v ∈ V disc

h :=
⊕

T∈Th P
k(T ) and hence especially

for v ∈ Vh ⊂ V disc
h .

Analysis of the modified Nitsche formulation for fitted boundary value problems

The lifting allows to characterize the nonsymmetric term N c(·, ·) in terms of the symmetric
bilinear form a(·, ·) and the lifting operator applied on one of the arguments. This characteriza-
tion will help to control N c(·, ·) in terms of a(·, ·) and a new symmetric bilinear form involving
the lifting. We exploit this in the following central result.

Lemma 2. The bilinear form

Ann(u, v) := a(u, v) +N c(u, v) +N c(v, u) + 2a(L(u),L(v))︸ ︷︷ ︸
=:Ns

nn(u,v)

, u, v ∈ Vreg = H2(Ω) (7)

is non-negative in Vh and there holds Ann(uh, uh) ≥ 1
2
a(uh, uh) for all uh ∈ Vh.

Proof. Consider uh ∈ Vh. Then with Young’s inqualitywe have

2N c(uh, uh) = 2a(L(uh), uh) ≤ 2a(L(uh),L(uh)) +
1

2
a(uh, uh) = N s

nn(uh, uh) +
1

2
a(uh, uh)

from which we can deduce the claim.

Note that N s
nn(u, v) is well defined on H1(Ω). The bilinear form Ann(u, v) only offers control

on the semi-norm
√
a(u, u). In order to have control of a reasonable norm, i.e. in order to have

control on the boundary values, we add the bilinear form N s
1 (·, ·). Note however that we can

choose λ = 1 (or any other positive number) as the only purpose of this part is to add control
on the boundary integral. Due to the lifting part in a(L(·),L(·)) the bilinear form N s

λ(·, ·) is no
longer needed to control the non-symmetric terms N c(·, ·). With

A∗(u, v) := A(u, v) as in (N) with N s(·, ·) = 2a(L(·),L(·)) +N s
1 (·, ·)

we can directly conclude the following corollary from which (A) follows.

Corollary 3. The bilinear form A∗(·, ·) is well-defined on Vreg + Vh and coercive on Vh w.r.t.
the norm |||v|||A with coercivity constant 1

2
.
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Consistency in the form of (D) immediately follows from the fact that L(u) = 0 for u|∂Ω = 0.
One might get the impression that the trace inverse inequality constant ctr does not play a role
in the formulation with A∗(·, ·). That this is not true becomes obvious if we investigate the
continuity of the bilinear form a(L(·),L(·)). We have

aT (L(u),L(u)) = N c
T (L(u), u) ≤ ‖∇L(u)‖Γ∩T‖u‖Γ∩T ≤ c

1
2
trh
− 1

2‖∇L(u)‖T‖u‖Γ∩T

≤ 1

2
aT (L(u),L(u)) +

1

2

ctr

h
‖u‖2

Γ∩T =⇒ a(L(u),L(u)) ≤ ctr

h
‖u‖2

Γ ∀ u ∈ H1(Ω)
(8)

and hence we have (B) and (C) with constants depending on ctr. We see that the constant from
the trace inverse estimate is still very important and enters the error analysis. However, we do
not need to estimate the constant ctr explicitly and hence get rid of the penalty parameter λ and
the “sufficiently large” condition.

4.2 The modified formulation for the unfitted interface problem

The idea from the previous section can be carried over to unfitted interface problems. For this
case the idea has already been introduced in [22, Section 2.2.3.2]. We define a lifting operator
similar to (6), but use the space of piecewise polynomials which are orthogonal to constants on
each sub-element, Pk0 (T1,2) := {v ∈ L2(T ), v|T1 ∈ Pk0 (Ti), i = 1, 2}. On cut elements we set

LT : H1(T1 ∪ T2)→ Pk0 (T1,2), s.t. aT (LT (u), v) = N c
T (v, u) ∀v ∈ Pk0 (T1,2), (9)

on uncut elements we set LT (·) = 0. Overall we again have a(L(u), v) = N c(u, v) ∀v ∈ Vh.
With this property Lemma 2, Corollary 3 and (8) can directly be carried over and we have (A),
(B) and (C). For (D) we note that L(u) = 0 if [[u]] = 0.

5 Implementational aspects

In this section we want to explain that the implementation of the bilinear form 2a(L(·),L(·))
is fairly simple. We explain the procedure for the case of the fitted Poisson problem. It however
easily translates to the unfitted interface problems (or similar problems). To implement the
element-local lifting wh = LT (uh) of a local finite element function uh and an element T that
is located at the boundary, we solve for wh with uh, wh ∈ Pk(T ), such that

aT (wh, vh) + kT (wh, vh) = N c
T (vh, uh), ∀vh ∈ Pk(T ) (10)

with the bilinear form
kT (wh, vh) := h−(d+2) (wh, 1)T (vh, 1)T

which is taylored to eliminate the kernel {uh|T = const}. By testing with a constant func-
tion one easily sees that if wh solves (10), we have kT (wh, vh) = 0 for all vh ∈ Pk0 (T ). In-
stead of adding kT (·, ·) any other approach which makes (10) uniquely solvable and ensures
aT (wh, vh) = N c

T (vh, uh) for all vh ∈ Pk(T ) is possible. Note that the local element matri-
ces A and Nc corresponding to the bilinear form aT (·, ·) and N c

T (·, ·) have to be computed
anyway. The only new component, the rank 1 element matrix K corresponding to kT (·, ·) is
easily obtained by scaling of a corresponding element matrix with respect to a reference ele-
ment. We thus get the coefficients w of the local lifting (wi = L(ϕi)) as w = L · u with
L = (A + K)−1NT

c . The overall element contribution to the bilinear form A∗(·, ·) in matrix
notation is

A + Nc + NT
c + 2 · LTAL + Ns,1
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where Ns,1 is the element matrix corresponding to N s
1 (·, ·). The element matrix corresponding

to the original formulation, cf. Section 3.1, takes the form A+Nc +NT
c +λNs,1. We note that

the only additional effort of the new formulation is in the computation of the local matrices K,
L and 2 · LTAL.

6 Numerical example

We consider a simple numerical example to compare the original and the modified method.
The impact of a penalty parameter that has been chosen too large is small for the fitted case as
diagonal preconditioning gives robustness of the linear system with respect to λ. As this is not
true for the unfitted interface problem, cf. [18], we consider the discretization of an unfitted
interface problem and take an example from [21, Section 4.1]. On the domain Ω = [2.01, 2.01]2

we consider the interface Γ = {‖x‖4 = 1} which is approximated with a piecewise planar
reconstruction Γh. We choose the diffusion coefficients (α1, α2) = (1, 2) so that the solution
has a kink across Γ. For the approximation of the solution we consider the finite element
formulation as in Section 3.2 with k = 1, i.e. piecewise linear functions and the modified
formulation as in Section 4.2. The right hand side and the Dirichlet data are chosen such that
the solution is given as

u(x) =

{
1 + π

2
−
√

2 · cos(π
4
‖x‖4

4), x ∈ Ω1,
π
2
‖x‖4 , x ∈ Ω2.

We consider a uniform triangular grid obtained by dividing a rectangular 16 × 16 mesh into
triangles which results in 512 unknowns. Note that this implies a very shape regular mesh.
We computed the spectral condition number κ of the diagonally preconditioned system matrix
for different values of λ. The results are shown in Table 1. We observe that the standard

λ 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

κ - - - - 86.3 81.6 79.2 83.2 88.0 91.3 116.0 221.4 427.4 830.3

Table 1: Dependency of the conditioning of the Nitsche formulation on the penalty parameter λ.

discretization with N s(·, ·) = N s
λ(·, ·) is only stable for values λ > 8. Within a range of one

order of magnitude the condition number seems to be essentially independent of λ. However,
for λ ≥ 256 the condition number increases linearly with λ. For the modified (parameter-free)
formulation with N s(·, ·) = Nnn(·, ·) + N s

1 (·, ·) we obtain a condition number of 86.9, i.e. a
condition number which is close to an optimal choice of λ.

Independent of λ (for λ ≥ 16) we further observed optimal order of convergence for the
L2(Ω) and theH1(Ω1∪Ω2) norm of the error. This holds also true for the modified formulation.
Further, we observed that the error seems to be essentially independent of the choice of λ. This
does not hold for the L2(Γ) norm of the jump which decreases linearly with increasing λ.

7 Conclusion

We presented an approach to eliminate the penalty parameter from symmetric Nitsche for-
mulations. Modified Nitsche formulations have been proposed which are based on well-known
formulations from the literature. The new formulations inherit the good properties while the
stability of the formulations no longer depends on a stabilization parameter that has to be cho-
sen sufficiently large. We explained the procedure for two important applications of Nitsche’s
method and demonstrated its potential on a simple numerical example.
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Abstract. Computational Fluid Dynamics is widely used for the analysis and the design of
turbomachinery blade rows. A well established method is the application of semi-unstructured
meshes, that uses a combination of structured meshes in the radial direction and unstructured
meshes in the axial as well as the tangential direction. This takes advantage of the approxi-
mately two dimensional flow field through the blade rows, whereby a fine radial discretization,
excepting the near wall region, is not necessary. Otherwise, it is possible to discretize partic-
ular regions, e.g. the leading and trailing edge regions, in the axial and tangential direction
without generating unnecessary nodes in the far field. The meshing approach is based on the
projection of a two dimensional unstructured mesh defined at a reference surface. Once, the
two dimensional mesh is generated the projection is achieved by transfinite interpolation from
the reference surface to further radial surfaces using a structured mesh. Due to the modeling
of geometrical features, especially fillets, advanced methods for the generation of structured
meshes and mesh smoothing algorithms are required.

The paper presents two different approaches for the generation of an appropriate structured
mesh. The first is based on the solution of elliptic partial differential equations. The sec-
ond approach is based on the split of the domain into fourteen appropriately arranged blocks.
Furthermore, two smoothing methods for two dimensional unstructured meshes, a constrained
Laplace smoothing and an optimization based approach, are presented. Regarding a more re-
alistic representation of the geometry, methods for the modeling of cavities, variable clearance
sizes and fillets are presented. Finally, a comparison of the smoothing techniques applied to a
rotor passage is presented and the influence of chosen geometrical features on the flow solution
is evaluated.
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1 INTRODUCTION

Computational Fluid Dynamics (CFD) is a widely used method for the analysis and the de-
sign of aircraft engines. Nowadays, the design process of an aircraft engine based nearly to
90% on CFD simulations [1]. An integral part of CFD simulations is the generation of an ap-
propriate finite volume mesh. This paper is concerned with the mesh generation for the analysis
of flows in turbomachinery. Due to the fact, that the computational resources are continuously
growing, it is possible to use meshes with a fine grid spacing in CFD simulations. Otherwise,
large models are required for specific CFD simulations. These are for instance unsteady forced
response analyses, that require the modeling of several blade rows as a full passage, and steady
state analyses of an entire high pressure compressor. Hence, it is necessary to generate meshes,
that can capture the flow features with good accuracy employing a moderate number of nodes.
Another challenge is to generate a mesh, that represents the real geometry as accurately as pos-
sible. Thereby, the modeling of specific geometrical features is required. In addition, for multi
blade row computations an accurate interpolation of the flow field at the interfaces is required.
It is common to generate a finite volume mesh only for a single blade, so that the imposition of
periodicity in circumferential direction is mandatory.

Historically, mainly structured hexahedral meshes are used for the discretization of blade
passages, since the generation of such meshes is comparatively easy. Structured meshes are
obtained either by solving a system of elliptic partial differential equations [2, 3, 4, 5, 6] or by
using algebraic approaches [6, 7, 8]. A major disadvantage of such meshes is the generation
of unnecessary nodes in the far field, because of required local fine discretization, e.g. at the
leading edge and trailing edge of the blade. Another approach is the application of unstructured
triangular meshes, primarily used for two dimensional CFD simulations. Such meshes capture
flow features of interest, like wake and shock effects, via mesh refinement, without generating
unnecessary nodes in the far field. In the three dimensional case the fine resolution at leading
edge and trailing edge leads to a large number of nodes in the radial direction. Considering the
fact that the flow field in the blade passage is approximately two dimensional a fine resolution
in the radial direction is not necessary. Taking into account these facts an alternative and well
established method is the application of semi-unstructured meshes, e.g. proposed by Sbardella
et al. [9] as well as Kim and Cizmas [10]. This method uses a combination of structured meshes
in the radial direction and unstructured meshes in the axial as well as the tangential direction.
Furthermore, it is possible to start with a structured O-grid around the blade surface to resolve
the boundary layer. Such meshes compose of prismatic and tetrahedral cells and are widely
used for viscous CFD simulations, because of a good control of the cell size in the viscous re-
gion [11]. They can capture the flow features with good accuracy applying a moderate number
of nodes. Another advantage is that only two dimensional meshing algorithms are required.
An overview of this strategy is presented in section 2. One part of the generation of semi-
unstructured meshes is the projection of a two dimensional unstructured mesh, defined at a two
dimensional reference surface, to further surfaces using a two dimensional structured mesh,
also denoted as background mesh [10, 12]. In section 3 two approaches for the generation of
an appropriate background mesh are presented. The first approach is based on the solution of a
system of elliptic partial differential equations. The second approach is based on the split of the
domain into fourteen blocks.

In the last years blade geometries became more three dimensional. Thereby, the projected
unstructured mesh can be heavily skewed. The modeling of fillets amplifies this effect because
the domain of the unstructured mesh constricts near the fillet. This leads to the requirement of
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suitable methods to improve the quality of the two dimensional unstructured triangular mesh.
In this paper a combination of edge swapping and smoothing is used. In section 4 two smooth-
ing algorithms, a constrained Laplace smoothing and an optimization-based smoothing, are
presented. Section 5 presents the modeling of some specific geometrical features, those are
cavities, fillets and variable clearance sizes.

2 SEMI-UNSTRUCTURED GRID GENERATION

The geometry of a turbomachinery blade is usually defined as a number of radial sections,
defined in cylindrical coordinates by (r, ϑ, x). The radial distribution of these sections must not
be confused with the radial distribution of the three dimensional finite volume mesh. Addition-
ally, the position of the inlet, outlet and inner as well as outer casing is usually represented by
streamlines, defined in the (x, r) plane. At the beginning, the radial distribution of the mesh
has to be defined. E.g. in case of viscous flow simulations a fine radial discretization near the
boundaries is necessary. In this paper the definition of the axisymmetric surfaces, that define
the radial distribution of the three dimensional mesh, is variable along the machine axis. These
fact allows the modeling of clearances of a varying size. Figure 1 shows the radial distribution
of a variable stator vane with a constant (a) and a variable clearance size (b).

x

r

axisymmetric surface
blade

(a) Constant clearance size

x

r

axisymmetric surface
blade

(b) Variable clearance size

Figure 1: Axisymmetric surfaces, those define the radial distribution of the three dimensional
mesh

To apply the implemented mapping procedure the surfaces are defined by two dimensional
coordinates (u, v). Applying the two dimensional discrete geometry information the blade sur-
face and the outer boundaries can be defined by linear or cubic splines, see figure 2. The outer
boundaries are the inlet, outlet and periodic boundaries. An O-grid is generated around the
blade at each spanwise surface. Afterwards an unstructured triangular mesh, that fills the area
between the outer boundaries and the boundary of the O-grid, is generated at a chosen reference
surface. In this paper the unstructured triangular mesh is generated by applying an advancing
front algorithm, that is a widely used method for the generation of unstructured meshes for
CFD simulations [9, 13, 14, 15, 16, 17]. The O-grid and the unstructured mesh at the reference
surface of a rotor passage are shown in figure 3,

An essential part of the meshing strategy is the projection of the generated unstructured
mesh to all spanwise surfaces. In this paper the Transfinite Interpolation (TFI), explained in
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Figure 2: Blade surface and
outer boundaries defined in
two dimensional coordinates
(u, v)

(a) Entire domain (b) Detail of the leading edge

Figure 3: Initial two dimensional mesh of a rotor at the
reference surface

section 3, in combination with a background mesh is used. The starting point of the mapping
procedure is the generation of appropriate background meshes with identical topology at all
spanwise surfaces. Each quadrilateral of the background mesh (figures 6, 7) is represented as
an uniform rectangular domain with curvilinear coordinates (ξ, η) applying TFI. In the next step
each node i of the unstructured mesh must be located on a quadrilateral j of the corresponding
background mesh. Afterwards the coordinates of the node are represented in local curvilinear
coordinates (ξ, η) of the corresponding quadrilateral. These coordinates are determined by a
Newton-Raphson method, where this process is referred to as inverse mapping. Now the two
dimensional coordinates (u, v) of each point i of the unstructured mesh can be obtained at all
spanwise surfaces using TFI which is called direct mapping, see figure 4. As a last step the
three dimensional grid is obtained by connecting the corresponding points of adjacent spanwise
surfaces.

Quadrilateral j at

v

u

Uniform rectangular domain
η

ξ

Quadrilateral j at

v

u

the reference surface

Inverse
Mapping

Direct
Mapping

i
i

i

another radial surface

Figure 4: Mapping procedure via Transfinite Interpolation

3 GENERATION OF A BACKGROUND MESH

3.1 Transfinite Interpolation

TFI is a widely used algebraic approach to generate structured meshes and was first described
by Gordon [18]. TFI has the advantage to generate grids, these ensure conformity to the bound-
aries. Thompson et al. [6] give a detailed overview of different interpolation methods used by
TFI. In this paper the TFI is not used for mesh generation but entirely for the mapping of quadri-
laterals from the physical domain with cartesian coordinates (x, y) into the logical domain with
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curvilinear coordinates (ξ, η), as shown in figure 5. The expression for a TFI applying linear
interpolation functions, these are used in this paper, is:

x(ξ, η) =
(
1− η

)
xs(ξ) + ηxn(ξ) +

(
1− ξ

)
xw(η) + ξxe(η)

− ξ
[(
1− η

)
xs(1) + ηxn(1)

]
−
(
1− ξ

)[(
1− η

)
xs(0) + ηxn(0)

]
.

(1)

Here xs(ξ), xn(ξ), xw(η) and xe(η) are the boundary curves of the quadrilateral in cartesian
coordinates, defined by linear or cubic splines.

Physical domain

x

y

xs(ξ)

xn(ξ)

xw(η)

xe(η)

i

Logical domain

ξ

η

0
0

1

1

i

Figure 5: Transfinite Interpolation

3.2 System of elliptic partial differential equations

Solving a system of elliptic partial differential equations is a widely used method to generate
structured grids. To obtain an accurate solution, the physical domain is transformed into a
uniform rectangular domain by employing a boundary-conforming coordinate transformation.
A detailed description is given by Thompson, Thames and Mastin [2, 3, 19]. Consider a system
of elliptic partial differential equations in the physical domain (x, y) formulated as a system of
Poisson equations:

ξxx + ξyy = P (ξ, η)

ηxx + ηyy = Q(ξ, η) .
(2)

Thereby the curvilinear coordinates (ξ, η) are the solution of the system in the physical domain.
The non-homogeneous terms P andQ are the control functions. It is desired to solve the system
in the uniform rectangular domain. To formulate the equations (2) into the transformed domain
the dependent and independent variables must be interchanged [3]. The equations (2) become

αxξξ − 2βxξη + γxηη = −J2(αPxξ + γQxη)

αyξξ − 2βyξη + γyηη = −J2(αPyξ + γQyη)
(3)

where

α = x2η + y2η, β = xξxη + yξyη

γ = x2ξ + y2ξ , J = xξyη − xηyξ .
(4)

The control functions P and Q affect the intersecting angles at the boundaries and the grid
spacing. The choice of the control functions has a large influence of the solution on the system.
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Some forms of the control functions are proposed by Thompson et al. [3], Thomas and Middle-
coff [20] as well as Hsu and Lee [21].

The mapping procedure of section 2 required the generation of a structured mesh in a two
dimensional domain, that is located between the outer boundaries of the blade passage and the
boundary of the O-grid. Firstly, the surface is divided into four parts, marked by the red lines in
figure 6(a). Within these four parts a structured mesh is generated by solving the system of ellip-
tic partial differential equations, that contains suitable control functions. To obtain the solution
of the system a Gauss-Seidel method, especially the method of Successive Over Relaxation, is
used. A resulting mesh for a rotor domain is shown in figure 6(b).

I

II

III

IV

(a) Schematic depiction (b) Rotor domain

Figure 6: Background meshes, generated via solution of elliptic partial differential equations

3.3 Fourteen appropriate arranged blocks

Another way to generate a background mesh is an assembly of fourteen blocks inside the
domain. The boundaries of the blocks are defined by linear or cubic splines. Figure 7(a) shows
a schematic depiction of the background mesh and figure 7(b) an example for a rotor domain.
This kind of background mesh has benefits concerning the computational time for its generation
since no system of partial differential equations has to be solved. Furthermore, the inverse
mapping procedure requires less time since fewer blocks have to be checked, during the search
of the block that contains the regarded node of the unstructured mesh.

1
2 3 4 5

6

7
891011

12
13 14

(a) Schematic depiction (b) Rotor domain

Figure 7: Background meshes consisting of fourteen blocks
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4 Mesh quality

The mesh quality affects the efficiency and accuracy of CFD simulations. There are many
investigations regarding this topic in the literature. Exemplary Katz and Sankaran [22] studied
the mesh quality effects on the accuracy of CFD simulations on unstructured meshes by perturb-
ing them randomly. The quality can be improved through several techniques, including point
insertion/deletion, edge swapping and mesh smoothing. Canann et al. [23] give a detailed lit-
erature review about mesh improvement techniques, especially mesh smoothing. Batdorf et al.
[24] use edge swapping as well as mesh smoothing to improve unstructured triangular meshes
and performed CFD simulations, that quantify the effect on the solution time and convergence
rate. Especially, mesh smoothing algorithms have been shown to be effective in improving the
mesh quality. The most common and simplest smoothing technique is the Laplace smoothing.
Another common technique is optimization-based smoothing, while it is more computationally
expensive than Laplace Smoothing. But it gives better results, especially near concave regions
[23]. Freitag [25] as well as Canann et al. [23] studied approaches to combine Laplace and
optimization-based smoothing.

Quality measures, also denoted as distortion metrics, are used to determine the quality of a
mesh. Stimpson et al give a collection of metrics for evaluating triangles, quadrilaterals, tetrahe-
dra and hexahedra [26]. Amenta et al. [27] represent quality measures especially for triangles.
Following Canann et al. [23] the quality measure q for a triangular element can be formulated
as follows

q = ε
4
√
3A

l21 + l22 + l23
with

{
ε = 1, regular element
ε = −1, inverse element

(5)

whereA is the area of the triangle and l1, l2 and l3 are the edge lengths. To improve the quality of
the unstructured two dimensional mesh a combination of edge swapping and several smoothing
techniques is applied. The smoothing techniques are a constrained Laplace smoothing and an
optimization-based smoothing.

4.1 Constrained Laplace smoothing

p
i

q
1

q
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q
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q
4

q
5

q
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q
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q
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q
3

q
4

q
5

q
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p∗
i

ri

Figure 8: Submesh consisting of six triangular elements

The standard Laplace smoothing is an iterative process, where each node is placed at the
average of the adjacent nodes. The left hand side of figure 8 shows a submesh consisting of six
triangular elements, where p

i
is the position vector of the regarded node and q

j
are the position

vectors of the m adjacent nodes. The new position vector p∗
i

of the regarded node results to

p∗
i
=

1

m

m∑
j=1

q
j

. (6)
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It is recommendable to introduce a relaxation factor ω to increase the stability of the smoothing
process. The factor should lie within the range 0.0 < ω < 1.0. The adapted formula to
determine p∗

i
reads

p∗
i
= p

i
+ ω · ri (7)

where

ri =
1

m

m∑
j=1

(q
j
− p

i
) . (8)

This method usually works quite well for meshes in convex regions, but can results in distorted
or inverted elements near concave boundaries [23]. In the flow passage the leading edge and
trailing edge of the blade are such concave boundaries. Hence, the constrained Laplace smooth-
ing, that is a variant of the Laplace smoothing, is used. This algorithm relocates the regarded
node only if the submesh is improved in terms of a chosen quality measure. The mesh quality
of the submesh is defined as the minimum quality qmin of the m triangular elements calculated
by equation (5):

qmin = min
j∈{1,...,m}

(qj) (9)

Now the algorithm relocates the regarded node only if q∗min ≥ qmin, where q∗min is the minimum
quality obtained by equation 9 if the node would be relocated. To increase the flexibility of the
algorithm it is useful to introduce inner iterations ni within that the relaxation factor ω is halved
if q∗min < qmin. The resulting algorithm is presented for an initial ω of 1.0 in algorithm 1. In
some cases, especially near concave boundaries, the constrained Laplace smoothing is unable
to improve heavily skewed elements [23]. Hence, it is necessary to use alternative techniques,
e.g. optimization-based smoothing to repair these elements.

Algorithm 1 Constrained Laplace smoothing
for i = 1, n do
ω = 1.0
qmin = min

j∈{1,...,m}
(qj)

ri =
1
m

∑m
j=1(qj − pi)

for k = 1, ni do
p∗
i
= p

i
+ ω · ri

q∗min = min
j∈{1,...,m}

(q∗j )

if q∗min < qmin then
ω = ω/2

else
exit

end if
end for

end for
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4.2 Optimization-based smoothing

Optimization-based smoothing directly improves the mesh quality, whereby heavily skewed
and inverted elements can be improved. Canann et al. [23] give a detailed literature review about
existing optimization-based smoothing techniques and distortion metrics. There are global and
local optimization techniques, whereby recursive local optimization is the more feasible option
[23]. In this paper a local optimization is presented. The goal of the optimization is to determine
the new position vector p∗

i
of the regarded node inside a submesh that maximizes the composite

function fi(pi)

min(−fi(pi)) , fi(pi) = σf1,i(pi) + (1− σ)f2,i(pi) (10)

where

f1,i(pi) =
1

m

m∑
j=1

qj , f2,i(pi) = min{q1, . . . , qm} . (11)

Here σ is a relaxation factor and should lie within the range 0.0 < σ < 1.0. The function
f1,i conforms to the mean value of the qualities qj and f2,i is the minimum quality qj of all
concerned triangles. For the investigated turbomachinery meshes σ = 0.0 has exposed as the
most feasible choice. To obtain min(−fi(pi)) a line search strategy in gradient direction is
used.

4.3 Application

The outlined smoothing algorithms are applied to improve the mesh of a rotor blade of a high
pressure compressor consisting of rather 473 thousand nodes. Figure 9 shows the percentage of
triangles, that have a quality measure inside a specific interval, in the non-smoothed mesh and
after application of the several smoothing algorithms. In the non-smoothed case it is obvious
that some triangles have a really small quality. The smallest quality measure qmin is even
negative, which signifies the presence of inverse elements. The application of the smoothing
algorithms considerably improves the mesh quality. The standard Laplace smoothing as well as
the constrained Laplace smoothing lead to a significant reduction of triangles with really small
quality. The optimization-based smoothing leads to a minimum quality measure of qmin = 0.59,
while the number of equilateral triangles decreases. Figure 10 shows the distribution of the
inner angle φ of the triangles within the mesh. The standard Laplace smoothing as well as the
constrained Laplace smoothing lead to a reduction of small and large angles. The optimization-
based smoothing leads similar to the results of Freitag [25] to more angles in the regions of
45◦ and 90◦, while the number of angels near 60◦ decreases. Table 1 gives an overview of the
minimum quality measures q and the minimum as well as the maximum angles φ. Additionally,
the computational time required for the smoothing process including edge swapping is shown.

qmin[−] φmin[
◦] φmax[

◦] time [s]

no smoothing -0.02 0.04 179.8 -
Laplace smoothing 0.23 8.6 152.6 4.7
Constr. Laplace smoothing 0.34 12.9 138.3 12.9
Opt.-based smoothing 0.59 23.4 114.5 420.0

Table 1: Results of mesh quality improvement
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Figure 9: Distribution of quality measures q in a non-smoothed rotor passage and after applica-
tion of several smoothing techniques
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Figure 10: Distribution of angle φ in a non-smoothed rotor passage and after application of
several smoothing techniques
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5 GEOMETRICAL FEATURES

5.1 Modeling of cavities

Traditionally, the flow in turbomachinery blade rows has been simulated using a simplified
computational domain consisting of just the blade surface and the main annulus. A more realis-
tic representation of the geometry requires the modeling of cavities and bleed volumes. Burgos
et al. [28] presented a method to generate semi-unstructured meshes, especially tailored for
the meshing of turbomachinery blade passages and their associated cavities. In this work an
analogous method is presented. The geometry of a cavity exhibits a large variation inside the
(x, r) plane, while the variation in circumferential direction is usually negligible. Hence, the
cavities are meshed in the (x, r) plane using an unstructured triangular mesh, that is extruded in
circumferential direction. To connect the three dimensional mesh of the blade passage and the
three dimensional mesh of the cavity it is necessary to ensure conformal grids at the interfaces.
Since the interface mesh of the cavity has a structured topology, an adaption of the mesh of the
blade passage is required. Therefore, a structured mesh at the inlet or outlet is attached. Figure
11(a) shows the structured mesh at the outlet of a stator domain. The figures 11(b,c) show the
merged three dimensional mesh of a stator passage including a modeled bleed volume.

(a) Interface mesh (b) Overall mesh (c) Bleed volume

Figure 11: Modeling of a bleed volume

5.2 Modeling of fillets

The influence of the fillet between the blade and casing on flows in turbomachinery is widely
investigated [29, 30, 31, 32, 33]. Zess and Thole [29] performed experimental measurements
and CFD simulations, that verified the effectiveness of the leading edge fillet on a gas turbine
vane by eliminating the horseshoe vortex. Pieringer and Sanz [30] investigated numerically the
influence of the fillet between the blade and casing of a transonic turbine vane on the aerody-
namic performance. The results show that considering the fillet in the simulation leads to a
significant reduction of mass flow and a change of the specific angular momentum, depending
on the flow situation. Furthermore, the efficiency increases when the fillet leads to an attached
flow at the fillet and vice versa, decreases when the fillet additionally blocks the flow. Kügeler
et al. [31] compared the results of CFD simulations of a 15-stage compressor with measurement
data. The study shows differences in the numerical simulation for a geometry model with and
without fillets. The fillets decrease flow separations and lead to a different flow behaviour, es-
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pecially at the endwalls. This results in a different stage loading, while the overall performance
characteristics are similar.

In this work three methods to model blade fillets are presented. Within the first and the
second one the topology of the semi-unstructured mesh remains. The blade surface is adapted,
while the O-grid is generated as usual. Figure 12(a) shows a plane of the O-grid in normal di-
rection of the blade surface, when no fillet is modeled. Figure 12(b) shows the case, if the fillet
is reproduced completely (method 1). This obviously leads to heavily skewed cells near the
casing. The heavily skewed cells can be prevented, when the fillet isn’t reproduced completely
(figure 12(c), method 2). Another method (method 3) to model blade fillets is the application
of an alternative mesh topology within the O-grid near the casing. Here the two dimensional
structured mesh, that is shown in figure 12(d), is generated by solving a system of elliptic partial
differential equations. Figure 13(a) shows the surface meshes of the blades as well as the inner
casing near the leading edge of a rotor blade without a fillet. Figure 13(b-d) show the surface
meshes, whereas fillets are modeled applying the outlined methods.

(a) No fillet (b) Method 1 (c) Method 2 (d) Method 3

Figure 12: Implemented methods for fillet modeling

(a) No fillet (b) Method 1 (c) Method 2 (d) Method 3

Figure 13: Mesh at the leading edge of a rotor applying different methods for fillet modeling

Steady state CFD simulations were performed for a rotor passage, using the outlined methods
to model a fillet. Figure 14 shows the residuals of the simulations with and without modeled
fillet. The model including a fillet, that is modeled by the first method shows a relatively poor
convergence rate because of heavily skewed cells near the trailing edge. That fact accords with
the investigations of Batdorf et al. [24], that the mesh quality effects the convergence rate.
Additionally the attained residual has a relatively poor level. In the other cases the simulations
converge to an equal level, while the convergence rates are different.
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Figure 14: Residuals of steady state simulations applying different methods for fillet generation

5.3 Modeling of variable clearance sizes

Due to a varying stagger angle of variable stator vanes over the speed range of a high pressure
compressor, the clearances between the blade and the casing vary too. At the design speed
the clearance is approximately constant along the chord length of the blade. If the vanes are
closed at part speed the clearances, especially between blade and inner casing, increase from
penny to trailing edge. The chosen definition of the axisymmetric surfaces (section 2) allows the
modeling of increasing clearances. Figure 15 shows the mesh of a variable stator vane including
a constant clearance size between blade and inner casing (red mesh) as well as another one
including a varying clearance size (blue mesh).

Steady state CFD simulations were performed for both cases. Due to the pressure difference
from the pressure side to the suction side of the blade, the fluid propagates from the pressure
side to the suction side through the clearance. Figure 16 shows, that in the case with the constant
clearance size, the vortex generated at the suction side is significantly larger than in the other
case. This leads to a different flow situation associated with a different pressure field at the blade
surface, caused by the several clearance sizes. Consequently, the solution of unsteady CDF
simulations, e.g. flutter analyses, can differ noticeable, depending on the modeled geometry.

Figure 15: Different modeled clearance sizes of a variable stator vane (blue grid: varying clear-
ance size, red grid: constant clearance size)
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(a) Variable clearance size (b) Constant clearance size

Figure 16: Entropy and streamlines near the trailing edge

6 CONCLUSIONS

In this work a library for turbomachinery meshing was implemented. It enables the genera-
tion of semi-unstructured meshes for turbomachinery blade passages, including cavities, fillets
and varying clearance sizes. The focus lies on the generation of a mesh, that represents the real
geometry as accurately as possible, while the mesh quality is preserved.

Two approaches for the generation of background meshes were presented. The first approach
divides the blade passage into four parts. Inside of these parts a structured grid is generated by
solving a system of elliptic partial differential equations. The second approach is based on the
split of the domain into fourteen blocks. It has benefits concerning computational time towards
the first one, because of a faster generation procedure as well as a faster performance of the
inverse mapping.

Another key aspect in mesh generation is the improvement of the mesh quality applying suit-
able methods. Since especially mesh smoothing algorithms have been shown to be effective in
improving the mesh quality two smoothing algorithms, a constrained Laplace smoothing and an
optimization-based smoothing, were presented. Both algorithms have benefits concerning the
achieved mesh quality compared to the standard Laplace smoothing, while the computational
time is longer. For the investigated turbomachinery meshes the constrained Laplace smoothing
has exposed as the most feasible choice, because of a suitable combination of mesh quality and
computational time.

Several methods for the modeling of fillets between blade and the casing were presented.
The methods provide meshes with different qualities, that results into different convergence
rates and residuals. Furthermore, the axisymmetric surfaces are dependent on the axial po-
sition, that enables the modeling of clearances with a variable size. CFD simulations for a
variable stator vane with a constant clearance size between blade and inner casing as well as
with a variable clearance size were performed. The results show a different flow behaviour
near the clearance. This emphasizes the requirement of an accurate representation of the real
geometry for CFD simulations of turbomachinery flows.

398



Marco Stelldinger, Thomas Giersch, Felix Figaschewsky, Arnold Kühhorn

NOMENCLATURE

Symbols
A Area of triangular element
f Composite function
i, j, k Indices
J Jacobian
l1, l2, l3 Edge lengths of triangular element
m Number of adjacent nodes/elements
n Number of free nodes within the unstructured mesh
ni Number of inner iterations (constrained Laplace smoothing)
P,Q Control functions
q Quality measure
(u, v) Local coordinates
(x, y) Cartesian coordinates (2D)
(r, ϑ, x) Cylindrical coordinates
α, β, γ Coefficients (system of elliptic partial equations)
ε sign (1,−1)
(ξ, η) Curvilinear coordinates
σ Relaxation factor (optimization-based smoothing)
φ Inner angle of triangular element
ω Relaxation factor (constrained Laplace smoothing)
p Position vector of the regarded node
q Position vector of the adjacent node
r Displacement vector of the regarded node
x Vector of cartesian coordinates (x, y)
xe, xn, xs, xw Boundary curves in cartesian coordinates (x, y)

Subscripts/Superscripts
∗ Value after smoothing
max Maximum value
min Minimum value

REFERENCES

[1] F. Montomoli, M. Carnevale, A. D’Ammaro, M. Massini, Uncertainty Quantification in
Computational Fluid Dynamics and Aircraft Engines. Springer, Cham Heidelberg New
York Dordrecht London, 2015.

[2] J.F. Thompson, F.C. Thames, C.W. Mastin, Boundary-Fitted Curvilinear Coordinate Sys-
tems for Solution of Partial Differential Equations on Fields Containing Any Number of
Arbitrary Two-Dimensional Bodies. NASA-CR-2729, 1977

[3] J.F. Thompson, F.C. Thames, C.W. Mastin, TOMCAT—A Code for Numerical Generation
of Boundary-Fitted Curvilinear Coordinate Systems on Fields Containing Any Number of
Arbitrary Two-Dimensional Bodies. Journal of Computational Physics, 24(3), 274-302,
Juli 1977

399



Marco Stelldinger, Thomas Giersch, Felix Figaschewsky, Arnold Kühhorn
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Abstract. This document describes our project of making Cartesian multilevel AMR-method 

for flow around body problems in Eulerian statement. The main idea of Cartesian meshes 

with local refinement is based on the simplicity of Cartesian algorithms and the necessity of 

time and memory economy during the calculations. Tree-like data format for mesh represen-

tation [1] makes all the algorithms of mesh performance (generation, reconfiguration and 

traversal) rather simple and fast. We use Free boundary method [2] for geometry treatment 

on Cartesian meshes, WENO-technology for interlevel solution projecting and B-spline wave-

let for data analysis. 

. 
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1 INTRODUCTION 

We present modern computational method for fluid dynamics based on both adaptive Car-

tesian meshes [1] and Free Boundary Method [2] for geometry treatment on Cartesian meshes. 

Suggested format of data representation based on quadric trees simplify procedures of mesh 

generation, reconfiguration and traversal. Specific way of cell numeration accelerates neigh-

bor searching. Mesh configuration on each time step depends on the current position of the 

solids inside the computational domain and the local solution behavior. Free Boundary Meth-

od allows us to handle static or moving solids of complex geometry on the meshes with the 

simple rectangular cells. We use Finite Volume Method with Godunov or Rusanov fluxes as 

the main calculation scheme. Wavelet decomposition is used for quick parameter-free analy-

sis of numerical solutions. Several different algorithms of multilevel mesh adaption that used 

binary criteria of function smoothness are compared. 

2 MATHEMATICAL MODEL 

In this paper, we propose a variant of mesh adaptation  to solve the problem of an ideal gas 

movement, suitable for massive parallelization. The mathematical formulation of the problem 

is reduced to solving the system of equations 

( ) 0,

( )
( ) ( ) 0 ,

( )
( ) 0,

div
t

div grad p
t

E
div H

t











  




  


 
 



U

U
UU

U

     (1)

in a region 2( ) V R  bounded by a given closed curve ( , )x y  . Here we introduce 

the standard notation: U  - velocity vector, ρ - density, p – pressure, /H E p    - the total 

specific enthalpy, 20.5E e  U - the total specific energy, e - specific internal energy. 

Equation of the system correspond to the laws of conservation of mass, momentum and 

energy. To close these systems serve as the equation of state. The gas is assumed ideal, i.e 

 1p e   . 

For the Euler equations put the standard initial boundary value problem in the area. 

Also the computational domain can include a solid body bounded be known curve S . 

3 NUMERICAL METHOD 

3.1 Basic calculation scheme 

This system (1) written in vector form is solved numerically in the time step on a fixed 

Cartesian grid. This is done using the finite volume method using the approximate solution of 

the Riemann Problem by Rusanov [3] or its exact solution and counting flows by Godunov 

[4]. 

3.2 Free boundary method 

This method was designed for numerical solving the Euler equations of compressible fluid 

dynamics in domains that contain solid, impermeable, and in general case moving entries (ob-

jects) with stationary Cartesian grids. The method proposed is based on the approach of im-

mersed boundary, in which calculations are carried out over all cells of a Cartesian grid that 
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covers the whole computational domain including solid entries. The influence of the solid sur-

face on the gas flow is taken into account by introducing effective fluxes of mass, momentum, 

and energy on the right-hand side of the governing equations. We use Newton iterations for 

integrating implicit equation with non-zero right-hand side. The Jacobean was derived analyt-

ically. The stability of numerical method is guaranteed by satisfying the CFL condition. 

4 CARTESIAN MESH REFINEMENT 

4.1 Data format 

To adapt the originally structured Cartesian grids, where the partition is meant for any pre-

selected the law, it is convenient to use different tree structures. In addition, they are well-

known fast recursive algorithms for crawling and rebuild. 

We use quadric trees for the 2D adaptive grids and OC3 format for 3D-fields [5]. Each cell 

can only be broken into four equal division in half in each direction. Take the original rectan-

gular grid (available in uneven) size M N . 

Each cell is described by its level (for the basic mesh size is equal to zero), the virtual posi-

tion at this level - a couple of parameters: row on level and column on level. In addition, it has 

a divided flag, indicating whether this cell is the final settlement (the corresponding leaf of the 

tree) or it has 4 children cells of the next level. For divided cells we save pointers to all its 

children, for leaf cell – the pointer to corresponding gas dynamic parameters. 

4.2 Wavelet-based analyzer 

Suppose on a rectangular grid of discrete specified function  
ijg , Ni 20  ,0 2j N 

(e.g., density or pressure of the gas-dynamic flow). Also considered to be specified threshold 

(the value of which is caused by a step of the computational grid and the order of approxima-

tion calculation method). Then we can calculate the wavelet decomposition of a two-

dimensional array of data and define a set of flags [6]: 

2 2 2 2 2 2
ij j j ji i i

flag lh hl hh  
          

               

     
          
     

, Ni 20  ,0 2j N   (2) 

Flags define the area where you want to save a fine mesh, and in other areas it is possible 

to use a coarse grid. 

4.3 Multilevel adaptation 

Now consider the analyzer as a black box, issuing 1 if the cell is necessary to be divided 

and 0 if it is not necessary. Black box is applying to some window of cell environment (cross 

from 5 axis-aligned quasicells (real cells or parent cells without data) equal to chosen by size 

with the center of chosen cell or a square with a side of 5 cells and center in a given).We pro-

jected all the data to current pattern, if one pattern element is part of a larger cell, we give par-

ent’s value, if it consists of several subcells – we compute the value as conservative averaged. 

Now we need to construct an algorithm that generates a grid configuration that is adequate 

to real physical field, written on current mesh. 

We propose the following procedure: 

1. First, hold the mesh coarsening procedure: those cells that can be made larger, according

to the wavelet analysis are combined into one without violating the existing tree structure. In 

the cycle at levels ranging from the penultimate to the zero (base) are looking for a virtual cell, 

which may be roughened (have four physical descendants) and the criteria coarsening (black 

box for the parent cell produces zero). 
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2. After that we make refinement procedure. We pass through the levels from zero to the

penultimate, looking at them physical cell, for which the dividing criteria is satisfied (black 

box provides 1) and divide them into 4 parts. 

3. Draw the mesh smoothing process: remove all the collisions, where two neigboring cells

differs more than twice by size. We do it by dividing too large cells into subcells until we rich 

the correct mesh. 

5 NUMERICAL RESULTS 

5.1 Gas dynamic tests 

The advantages of suggested approach were demonstrated by some significant numerical 

calculations. We have computed single point explosion Sedov test [7] and Liska test 6 [8] on 

adaptive meshes with different value of maximal adaptation level. Results and statistics of this 

calculations are presented on figures1 and 2. 

Figure 1: The results of Sedov problem calculations (top row: field density by color from blue to red) in the mul-

ti-level adaptive grid and the corresponding configuration of computational grids by the end of the calcula-

tion(colors from blue to red shows the level of physical cell). The left column – 4 adaptation levels, right – 6 

adaptation levels, the base mesh 50x50. 
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With an increasing number of adaptation levels significantly increases the accuracy of the 

calculations (density at the shock wave is approaching to analytical value), decreases the per-

centage of the smallest. This fact talks about better localization features of algorithm with 

bigger number of levels. All the calculations were performed with the Rusanov flow to avoid 

carbuncle effect [9]. 

Figure 2: The calculated density fields for Liska test 6 by Godunov method with 3 levels of adaptation (top left), 

5 levels of adaptation (top right), 7 levels of adaptation (bottom left) and Rusanov method with 7 levels of adap-

tation with the base grid of 50x50 cells. 

Figure 3: The calculated density fields for Liska test 16 by Godunov method with 3 levels of adaptation (left) 

and 6 levels of adaptation (right) with the base grid of 50x50 cells. 
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Increasing the number of adaptation levels when using Godunov method allows to identify 

the spatial effects of Rayleigh-Taylor instability for the test №6 along the coordinate axes and 

the rarefication zone for the test №16 (see. figure 3). Calculations using Rusanov doesn’t shov 

this features even using  a lot of adaptation levels. 

5.2 Flow around body problems 

To show the opportunities of the our approach with geometrical solids we present the result 

of calculating the flow around aircraft fuselage (see fig. 4). 

Figure 4: Area segmentation and pressure field for flow around aircraft model 

6 CONCLUSIONS 

We have designed the program code that allow us to calculate different CFD problems in 

the computational domains with several solids of complex shape using Cartesian meshes that 

dynamically rebuilds according to solids positions and solution behavior. 

This work was supported by the grant No 14-11-00872 from Russian Scientific Fund. 
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Abstract. The numerical modeling of historical monumental buildings is a challenging task for
contemporary civil engineers. One of the main reasons for this is that the use of traditional sim-
plified structural schemes is inadequate due to the complex geometry of such historical struc-
tures. Therefore, it is necessary to resort to a fully 3D modeling technique that is performed
using Computer Aided Design (CAD). In general, CAD-based modeling is an expensive and
complex process and it is often performed manually by the user, which inevitably leads to the
introduction of geometric simplifications or interpretations. In this study, an innovative mesh
generation approach for the structural analysis of historical monumental buildings is presented.
The method consists in a peculiar breakdown of the geometry starting from laser scanner or
photogrammetric surveys. Moreover, this new approach involves a structural discretization that
guarantees the generation of 3D finite element meshes as well as their mechanical character-
ization. The most relevant feature of the proposed method is the possibility to directly exploit
3D and detailed point clouds surveyed on historical buildings for structural purposes. As a
result, a large reduction in the required time in comparison to CAD-based modeling procedures
is achieved. A geometrical and structural validation of the method is carried out on a masonry
tower application. The findings show good reliability and effectiveness of the mesh generation
approach.
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1 INTRODUCTION

Nowadays, when dealing with structural analyses of historical buildings the Finite Element
Method (FEM) is very often used in order to manage the huge complexity of the problem.
However, the numerical modeling of historical monumental buildings is still facing significant
difficulties linked to the description of nonlinear non-homogeneous material such as masonry,
of complex geometry and boundary conditions [1, 2, 3]. Indeed, the use of traditional simplified
structural schemes is frequently inadequate. Consequently, the recourse to a fully 3D modeling
using the Computer Aided Design (CAD) is commonly unavoidable. Generally, CAD based
modeling is a laborious operation which inevitably leads to the adoption of geometric simplifi-
cations (Defeaturing) or interpretations to speed up the process.

In order to reduce the time required by the creation of the geometrical model of these struc-
tures, a crucial support can be supplied by automatic advanced survey techniques such as Ter-
restrial Laser Scanner (TLS) or photogrammetry, which can rapidly generate 3D detailed point
clouds. In particular, in the field of architectural heritage several TLS and photogrammetric
applications have been performed: from simple documentation to monitoring the condition of
historical buildings, and also in order to support restoration works or structural checks [4, 5].
Moreover, aiming at designing the urgent rehabilitation interventions of damaged structures af-
ter seismic events the automated survey techniques (e.g. TLS or photogrammetry) are the only
tools which can lead to a rapid and detailed 3D geometric acquisition of buildings.

Nevertheless, aiming at the rapid generation of FE meshes the high geometrical accuracy of
the TLS and photogrammetric surveys become a drawback. Indeed, several studies try to trans-
form 3D point clouds in FE models, but in most cases the output is too simple or considerably
simplified. For instance, in [6] a 3D point cloud is used to generate models of the cross sections
of historical walls for structural analysis application, while in [7] an example of FE analysis of a
historic theater is performed using laser scanning data limited to the inner surfaces of the build-
ing. Other interesting contributions are proposed in [8, 9], where an attempt to precisely capture
the geometry of the building through the automatic reconstruction of its boundary is presented.
Moreover, in [10] a method to automatically transform point cloud data into solid models for
computational modeling is developed. The resulting model captures the three-dimensionality
of the survey, but does not capture the whole structure, since it is designed for the façade only.

When dealing with complex historical buildings, one of the most frequent problems is repre-
sented by the impossibility to generate “closed surfaces” from the point cloud of the surveyed
object. Therefore, it is not possible to directly transform the outer surfaces into a solid geometry
and consequently into a FE mesh as done for various objects (see for instance [11, 12]).

Aiming at solving this lack of numerical tools, a new procedure for the rapid transformation
of a 3D point cloud into a FE model has been presented by the authors in [13]. The procedure,
called CLOUD2FEM, starts from an automated survey of historical monumental buildings and
semi-automatically generates a FE model. In this study, in order to deepen the potentialities of
the method some further findings are presented thought an application to the case study of the
main tower of the San Felice sul Panaro (Italy) fortress.

2 AN INNOVATIVE MESH GENERATION APPROACH

The new mesh generation approach aims at offering a simple and effective tool for practi-
tioners to be able to build FE models of complex monumental buildings with a minimal time
investment. Indeed, the method principal innovation is the simple transformation of complex
point clouds (originating from TLS or photogrammetric surveys) into FE models.
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In order to achieve this goal, we propose to break down the geometry of the structure through
the application of a systematic procedure that recursively performs the subdivision of the 3D
domain into bi-dimensional sub-domains. This operation can be carried out by slicing the struc-
ture perpendicularly to an opportune direction (typically the vertical direction). The slicing step
is chosen according to the complexity of the building along the slicing direction. A boundary
polygon that encloses the points of each slice can be computed using a concave hull algorithm.
Consequently, it is possible to obtain a filled region for each slice of the building that describes
the entire structure.

In order to speed up the meshing operation and to guarantee the automatic mesh generation,
each slice is idealized as a digital image composed of picture elements (pixels) with a certain
resolution. Since the digitalization is performed on each slice with a fixed space region, they
are stackable. The slices stacking sequence generates the volume elements (voxels). The full
reconstruction of the original 3D geometry is obtained by stacking all of the slices: this produces
a 3D matrix composed by voxels. The resulting dataset is simple and easy to use with the finite
element technique: each voxel is automatically transformed into an eight-node hexahedral finite
element. For practical usage this operation could be performed selectively: for instance only
on filled parts (certain voxel values). Therefore, the structure is completely discretized as an
unique continuum generated by the assembly of eight-node hexahedral elements. The resulting
FE model is characterized by elements of the same dimensions. This aspect introduces an
automatic defeaturing of the model that the user can set according to the structural complexity.

Once the mesh is built, its material assignment can be generally conducted by selecting single
or groups of elements. In addition to this, the mechanical characterization of the FE model can
be conducted in a further simpler way. Indeed, once the digitalization of each slice has been
concluded, the material characterization of the FE mesh can be simply conducted on each slice
by the user through a material ID assignment before the stacking operation (i.e. through the
pixel code in a bi-dimensional environment).

Upon these features the resulting discretized geometry is already containing all the informa-
tion to use with the FE model including the mechanical properties associated with the material
features. The new mesh generation approach guarantees by means of a simple procedure the
construction of a discretized geometry and then an automatic creation of a fine FE solid model.
This rational organization is certainly the key novelty introduced by the method. Furthermore,
since we are dealing directly with the definition of the FE nodal coordinates and with the con-
nectivity matrix the proposed method is generally customized to work with any commercial FE
software.

3 APPLICATION TO THE MASTIO TOWER

In order to deepen the potentialities of the proposed mesh generation method, the application
to the main tower (Mastio) of the San Felice sul Panaro Fortress is presented and discussed, see
Figure1. Such a monumental building is located near the city of Modena, in the town of San
Felice sul Panaro (Italy). In 2012, it has been hit by the Emilia earthquake with two magnitude
peaks on May 20th (MW = 5.86) and on May 29th (MW = 5.66), and it is object of several
studies that aim to preserve its integrity [14, 15, 16].

3.1 Mesh generation and optimization

A morphological survey for the San Felice sul Panaro Fortress was planned by request of the
Municipality in order to generate a functional representation of the state of the building after
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South front East front E-W section S-N section

Figure 1: The main tower of the San Felice sul Panaro fortress.

the earthquake. In particular, a fine laser scanner point cloud of the whole building (including
inner rooms) has been surveyed. In order to apply our mesh generation method, this point cloud
has been exploited.

An accurate description of the point cloud manipulation phases as well as the FE mesh
generation of the Mastio tower is reported in [13]. The first points cloud slicing has been
performed using a vertical slicing step of 0.200 m with the resolution of the digitalization
of each slice equal to 0.115 m. This assumption produced a fine FE model which counts
661,105 elements and 745,668 nodes (i.e. 2,237,004 dofs). Such a model, which accurately
reproduces the geometrical features of the structure as shown in [13], is evidently usable for
linear static and dynamic analyses. However, it ends to be very time consuming when used
with nonlinear analyses. Here, we present some comparisons using a optimized (coarse) model
characterized by a vertical slicing step equal to 0.250 m with the resolution of each slice also
equal to 0.250 m, which is, more or less, the greater dimension of a brick. Therefore, the
consequent mesh is only composed by cubic eight-node hexahedral finite elements (each one
0.250 × 0.250 × 0.250 m). The resulting stacking sequence is composed of 121 horizontal
slices, where each one is represented by a grid of 52×50 pixels. In Figure 2, the stacking
sequence of three illustrative slices is sketched. The final mesh is then characterized by a

Figure 2: Example of stacking sequence.

considerable reduction of the number of degrees of freedom (443,076). More precisely, it counts
147,692 nodes and 118,554 elements. By comparing the two meshes in Figure 3 (the finer
mesh in Figure 3(a) and the coarse mesh in Figure 3(b)) as well as in Table 1 it appears that
the two models are equivalent from the structural point of view. Figure 4 illustrates the detail
of the vault of the 6th level, which is in particular a groined vault (Figure 4(a)). As can be
noted, when the surface is irregular (curved) (e.g. for vaults) the resulting FE mesh is a jagged
representation of the original geometry (Figure 4(b)). Despite this fact, it is always possible to
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(a) Finer mesh (b) Coarse mesh

Figure 3: Meshes. Each color is correspond to a material index: green portions indicate masonry, red portions
point at reinforced masonry and white regions refer to timber elements.

Model Mass Max dimensions hg

[ton] {L×B ×H}[m] [m]
Finer 3,032.11 9.90 × 9.80 × 30.60 14.07
Optimized 3,081.99 10.00 × 10.00× 30.50 13.89

Table 1: Mass, overall dimensions and center of mass height.

improve the mesh accuracy using a smoothing method to reduce the faceting, see Figure 4(c)
and Figure 4(d). These methods decrease high curvatures variations (jag) and have to be chosen
in order to not produce shrinkage, see for instance [17]. Despite the geometrical improvement,
the mesh enhancements are limited by the performance of the parametric finite elements [18].
Nevertheless, if we aim to assess the global behavior of a historical structure, the geometrical
accuracy of the raw mesh can be considered satisfactory even if vaults are present. Furthermore,
the recovered fields can be improved by standard recovery procedure [19].

(a) Groined vault (b) Raw mesh (c) Smoothed mesh (d) Smoothed mesh (detail)

Figure 4: Detail of the groined vault of the 6th level.
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3.2 Structural Analyses

The semi-automatically generated FE models are tested within structural analyses. In or-
der to assess the accuracy of the coarse model, a linear natural frequency analysis (eigenvalue
analysis) is carried out and a comparison with the finer model is performed. For simplicity,
clamped boundary conditions have been considered for nodes located at the ground level. Table
2 collects the obtained results in terms of computed frequencies and computed errors. It appears
that the computed error is always less than 5.5% for the first six modes. Figure 5 illustrates the

Mode no. Finer Fr. (Hz) Coarse Fr. (Hz) Error (%) Mode descr.
1 1.9131 1.8635 2.592% 1st bending mode (E-W)
2 1.9276 1.8705 2.962% 1st bending mode (N-S)
3 4.5437 4.4004 3.154% torsional mode
4 7.0804 6.6999 5.374% 2nd bending mode (E-W)
5 7.1654 6.7792 5.390% 2nd bending mode (N-S)
6 8.1623 7.8249 4.133% axial mode

Table 2: Natural frequencies analysis: frequencies of the main mode shapes of the Mastio tower of the San Felice
sul Panaro Fortress. Comparison between CLOUD2FEM based finer and coarse model.

Mode shape no.2 and no.5 of the finer model (Figure 5(a) and Figure 5(c), respectively) and
of the coarse model (Figure 5(b) and Figure 5(d), respectively): colors are associated to the
magnitude of the computed amplitude (normalized). Mode shapes are in very good agreement.

(a) Mode no. 2. Finer
mesh freq. =1.9276 Hz

(b) Mode no. 2. Coarse
mesh freq. =1.8705 Hz

(c) Mode no. 5. Finer
mesh freq. =7.1654 Hz

(d) Mode no. 5. Coarse
mesh freq. =6.7792 Hz

Figure 5: Mode no. 2 and mode no.5. Displacements magntiude.

Consequently, the coarse model is structurally equivalent to the finer one. In this way, it can be
utilized to carry out advanced numerical analyses, such as nonlinear analyses, with a reasonable
computational cost.

4 CONCLUSIONS

The mesh generation approach introduces a simplified description of the geometry and leads
to a FE model able to precisely catch the geometry features and the corresponding mass prop-
erties. The mechanical properties are defined by a punctual characterization, which leads to a
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very accurate description of the structure since each voxel can be automatically associated with
a particular property definition. The most relevant feature of the proposed method is the possi-
bility to directly exploit detailed 3D point clouds surveyed on historical buildings for structural
purposes. As a result, a large reduction in required time in comparison to CAD-based modeling
procedures is achieved.
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Abstract.
This paper examines different mesh boundary curving algorithms in the particular case

where no exact geometric description is available. The starting point for the curving is typ-
ically a coarse linear mesh, whereas the target geometry is represented by a refined linear
mesh. Both can be generated using a classical linear mesh generator.

Two different boundary curving algorithms are examined. The first algorithm is based on
Lagrange nodal high-order polynomial interpolation where the interpolation nodes are iter-
atively moved towards the target curve. Relocation steps are included in each iteration to
approximately preserve the original node spacing. The second algorithm is based on hierar-
chic modal shape functions. In a reference frame, projection based interpolation is applied that
minimizes the distance between the interpolating function and the local target function in the
H1-seminorm.

The performance and accuracy of the two methods are evaluated and compared. Thereby,
the area between the target and the approximating curve is used as error measure.

In general, both methods exhibit similar levels of performance. A lower bound on the ac-
curacy is observed that depends on the level of refinement of the target mesh. Differences lie
in the applicability of the two methods. For the method based on modal interpolation, several
initial requirements have to be fulfilled. The method based on nodal interpolation on the other
hand is simpler but less robust. Overall, the modal interpolation approach is preferable, where
applicable.
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1 INTRODUCTION

High-order unstructured methods are gaining popularity for solving large scale engineering
problems. These methods generally lead to increased accuracy and lower computational costs
when compared to the commonly used low-order methods. While low-order methods typically
rely on planar-faced elements, high-order methods call for the introduction of high-order curvi-
linear finite element meshes, in which the faces and edges of the elements are curved to align
with the underlying geometry. The need for an accurate geometric description when employing
high-order approximations was shown in the literature both analytically [1] and numerically [2].

Mesh curving algorithms are usually based on a-posteriori curving. A linear mesh is first
generated, taking advantage of the robustness of the existing mesh generation algorithms. In a
second step these elements are curved to better describe the geometry of the domain, e.g. [3, 4].

If the exact geometry is known, e.g. in the form of a parametrization, this curving step is
relatively straightforward. For a nodal based polynomial representation of the geometry, the
high-order nodes are defined in the reference space and then mapped onto the exact geometry.
The node positions in the reference space influence the resulting curve and can be used to
optimize the approximation or to prevent element tangling already during the curving process
[3].

Surface reconstruction methods are applied where no or only little additional information is
given about the exact geometry. Such problems are for instance encountered in medical imag-
ing, where the definition of the computational domain is given exclusively by scattered data,
obtained from data scanning. Examples for surface reconstruction methods are the Weighted
Averaging of Local Fittings (WALF) and the Continuous Moving Frame (CMF) algorithms [5]
or the piecewise quadratic mesh extrapolation based on local approximations of the curve Hes-
sian [6].

In this paper an intermediate case is considered. An exact representation is not available, but
instead a fine linear boundary mesh is considered, as could be used for a conventional low order
simulation. This fine linear mesh forms the target of the curving process. A similar approach
can be found in [7] where the fine representation is obtained from scattered scanning data. It
is improved by a surface reconstruction based on spherigon patches [8]. The curved mesh is
formed of Bézier curves and patches. Here, it is assumed that the target mesh is fine enough
such that no further surface reconstruction is required. Two curving algorithms are presented.
For both, the curved mesh is represented by piecewise polynomial parametrizations. For the first
algorithm, nodal basis functions are used and for the second, hierarchic, modal basis functions.

Note that this paper focuses only on the curving of the boundary elements. Post-processing
steps such as element untangling may still be required once the full 2D-mesh is considered.

2 METHODS

2.1 Notations

In the following, the fine target mesh is named model mesh or Mmesh. It is denoted
M := (VM, EM) with VM :=

{
vM,1,vM,2, . . . ,vM,Nv

M

}
, vM,i ∈ R2 the N v

M mesh vertices
and EM :=

{
eM,1, . . . , eM,Ne

M

}
the edges that connect them. The number of Mmesh edges is

denoted N e
M.

The coarse mesh that is curved during the algorithm is named computational mesh or Cmesh.
It is denoted C and the notations VC , EC , and N e

C are defined analogously to VM, EM, and N e
M.

The Cmesh geometric order obtained from the mesh curving procedure is denoted q.
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2.2 Nodal approach

qi−1,k
qi,k

pi−1,k pi,k
gk

ni−1,k ni,k

pi−1,k+1 pi,k+1

gk+1

(a) Curving step

gj
mi,j

m̃i,j

pi,j+1

mi−1,j

m̃i−1,j

pi−1,j+1

(b) Correction step

Figure 1: Schematics of the two different iteration steps in the nodal method. In both figures, the target curveM
is shown in blue, the current C element at the beginning of the iteration step in black, and the result of the iteration
step in red. Helplines and intersection points are drawn in green.

For the nodal method, C is represented by an elementwise polynomial mapping from the
reference element [−1, 1] to the physical space. Lagrange polynomials with equidistant nodes
in the reference space form the basis of the mapping. In the physical space, corresponding
nodes have to be found in order to elementwise curve the Cmesh.

As a first step, q − 1 high-order interpolation nodes are placed equidistantly on each edge
of the linear Cmesh, forming a polynomial gk : [−1, 1] → R2 of order q . These nodes are
iteratively moved towards the Mmesh during the curving process. The iteration consists of two
operations which are implemented in a nested iteration:

1. In an outer loop of niter iteration steps, the Cmesh nodes are progressively moved towards
the target geometry, following the local Cmesh normal direction.

For the calculation of the new node positions, each node pi,k is treated individually. The
normal ni,k of gk at pi,k is first evaluated. To find the distance toM, the closest inter-
section point qi,k between M and the line si,k(α) := pi,k + αni,k is determined. The
updated node position is then calculated as

pi,k+1 = pi,k + σk (qi,k − pi,k) , (1)

with σk = k
niter

. An example of a mesh curving iteration step is illustrated in Figure 1(a)).

2. After each mesh curving iteration, several correction steps are applied. The spacing be-
tween points is readjusted, aiming for an approximately equidistant spacing in the physi-
cal space ( see Figure 1(b)).

The tangent of gj in a node pi,j is denoted ti,j . For each point pi,j , a midpoint is computed
between its two neighboring points and denoted mi,j :=

pi−1,j+pi+1,j

2
. The midpoint is

then projected onto the tangent line ti,j . The resulting point m̃i,j represents the target
point towards which the node pi,j is moved. All nodes are updated at the same time. In
order to reduce the likelihood to overshoot, the node is updated by

pi,j+1 = pi,j + τ (pi,j − m̃i,j) , (2)

with τ ∈ (0, 1). In this study, τ = 0.4 is chosen.
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Figure 2: Schematic of the modal method. On the left, the physical space is shown withM in blue, C with edge ei
in black, the quadrangle spanned by ei in grey, and the bounding interval Ii in red. On the right, the reference space
is shown with the reference quadrangle in grey, the local target function wi in blue and the polynomial interpolation
w̃i in red.

After the last iteration step, one additional mesh deformation step is performed with σniter+1 = 1
to move the nodes exactly onto the Mmesh.

The number of iteration steps for the two iteration loops are increased adaptively until a
convergence of the method is observed. For both iteration loops the number of iteration steps are
increased simultaneously, but those of the outer loop is increased in bigger steps. As criterion
for convergence, the distance between nodes obtained with the current number of iteration steps
and those obtained with the previous number of iteration steps is evaluated. Once the maximal
distance is smaller than a predefined nodal tolerance of 10−14, it is decided that the curving
method converged. The algorithm breaks down if a predefined upper limit of iteration numbers
is hit without reaching convergence. In this study, the limit is set to 200 iteration steps for the
outer loop.

2.3 Modal approach

The modal method is based on a polynomial fitting in a reference space, using a hierarchic,
modal polynomial basis. A schematic of the method is provided in Figure 2.

The algorithm begins as follows. In the physical space, the vertices of each Cmesh element
ei ∈ EC are extruded by an extrusion length λi in positive and negative edge normal direction.
Connecting these extruded nodes, a quadrangle element Qei = (qei,1, qei,2, qei,3, qei,4) is con-
structed around ei. Note that the union

⋃
ei∈EC Qei forms a neighborhood of C. Furthermore, it

is required thatM ∈ ⋃ei∈EC Qei and Qei ∩ Qej = ∅ for i 6= j. For each quadrangle Qei the
mapping Fi : R2 → R2,Qref 7→ Qei is defined by

Fi(ξ, η) = 1
4

((ξ − 1)(η − 1)qei,1 − (ξ + 1)(η − 1)qei,2 (3)
+(ξ + 1)(η + 1)qei,3 − (ξ − 1)(η + 1)qei,4) ,

where Qref designates the reference quadrangle element. For all vM,i ∈ VM that lie within the
bounding interval

Ii :=

[
min
j

(qei,j)x ,max
j

(qei,j)x

]
×
[
min
j

(qei,j)y ,max
j

(qei,j)y

]
, (4)
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the corresponding points in the reference space

ΞIi := {ξ = (ξ, η) |Fi(ξ) ∈ VM ∩ Ii} (5)

are determined. Since Fi is generally not linear, no closed-form expression could be found for
the inverse mapping. Instead, the objective function g(ξ, η) := |x− Fi(ξ, η)| is minimized to
find the inverse mapping of the fixed point x. The points in ΞIi are then piecewise linearly
interpolated by wi : R 7→ R, wi(ξIi,j) = ηIi,j for (ξIi,j, ηIi,j) ∈ ΞIi . Note that this linear
interpolation forms an approximation. In general, the image Fi(wi) of wi does not lie on M
because of the non-linearity of Fi.

The function wi is approximated by a polynomial interpolation

w̃i =

q∑
j=0

αi,jlj. (6)

The basis of the interpolation consists of Lobatto shape functions [9]

l0(ξ) = 1−ξ
2
, (7)

l1(ξ) = ξ+1
2
, and

lk(ξ) = 1
‖Lk−1‖2

∫ ξ

−1
Lk−1(x) dx, for 2 ≤ k, ξ ∈ [−1, 1] ,

with Li(ξ) the ith Legendre polynomial. From the orthogonality of the Legendre polynomials
in L2, the Lobatto shape functions inherit the property∫ 1

−1
l′i(ξ)l

′
j(ξ) dξ = δij, with δij =

{
1 if i = j

0 else
. (8)

This property can be used to obtain the coefficients αi,j , j = 2, . . . , q in (6) that minimize the
distance between the w̃i and wi in the H1-seminorm [9]∣∣wi − w̃vi − w̃bi ∣∣H1 → min . (9)

The function w̃i is thereby splitted into the linear part w̃vi =
∑1

j=0 αi,jlj and the high-order part
w̃bi =

∑q
j=2 αi,jlj . Note that αi,1 and αi,2 are uniquely defined by wi(−1) and wi(1). Therefore,

the optimization only considers αi,2, . . . , αi,q.
The minimization (9) is equivalent to∫ 1

−1

(
wi − w̃vi − w̃bi

)′
l′j dξ = 0, for j = 2, . . . , q, (10)

which can be reformulated as

αi,j =

∫ 1

−1
w′i(ξ)l

′
j(ξ) dξ. (11)

This approach is referred to as projection based interpolation [9]. Lobatto shape functions
are also hierarchic, meaning that Bn−1 ⊂ Bn, with Bn the Lobatto basis of order n. This is
beneficial for adaptive schemes, because it implies that a change in the order q does not require
a recalculation of the shape functions lj or coefficients αj .
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3 NUMERICAL TESTS

3.1 Geometry and Meshes

The test case geometry is based on an ellipse with a high aspect ratio. An additional cosine
term is included to introduce bumps along the curve:

(
x(θ)
y(θ)

)
=

(
(rx + hb cos(θnb)) cos(θ)
(ry + hb cos(θnb)) sin(θ)

)
for θ ∈ [0, 2π] , (12)

where nb is the number of bumps and hb controls their height. The parameters were set to
rx = 0.5m, ry = 5m, hb = 0.1m, and nb = 10. A plot of the geometry can be seen in Figure
3(a).

In a first step, nv equidistant nodes θ̃i ∈ [0, π] are defined in the reference space. In a second
step, perturbed nodes are introduced, θi = θ̃i +γi, with γi uniformly distributed pseudo random
values in the interval [− 1

3nv
, 1
3nv

] and γ0 = γnv = 0.
As a last step before the actual curving, the Cmesh vertices are snapped onto the closest

Mmesh vertices. This ensures that the assumption VC ⊂ VM holds.

3.2 Evaluation Method

To assess the accuracy of the two algorithms, the area between the final high-order curve
and the target curveM needs to be evaluated. The area between the two curves is divided in
small quadrangles Qi = (qi,1, qi,2, qi,3, qi,4). For each quadrangle, the area is calculated with
the formula

AQi
=

1

2
|(qi,2 − qi,4)× (qi,1 − qi,3)| (13)

for convex quadrangles. The size of the quadrangles is adapted in each case to ensure an accu-
rate evaluation of the area. Restrictions on the node positions are applied to reduce the number
of non-convex quadrangles. The area based error measure is defined as

AQ :=

∑
iAQi

lM
, (14)

with lM the total length ofM. This corresponds to the measure suggested in [4].

3.3 Fixed number of Mmesh elements

The first study examines the influence of the interpolation order q and the size of C on the
results of the curving process. The target curveM is fixed with N e

M = 998.
The curving procedures are performed for varying N e

C ∈ {6, 10, . . . , 78} and q ∈ {1, . . . 8}
for the nodal approach and N e

C ∈ {10, 14, . . . , 78} and q ∈ {1, . . . 15} for the modal approach.
Figures 3(b)–3(f) provide an example of the initial C and the final curved mesh with both meth-
ods for N e

C = 10 and q = 4,
Note that the different bounds of the parameter show the limitations of the two methods. The

nodal curving algorithm failed to converge within iteration boundaries for some cases of N e
C for

q = 8. Calculations for q = 9 did not converge for any of the tested N e
C . The cases that did not

converge are not included in the upcoming plots.
The modal curving approach on the other hand could be applied up to q = 15, with no

indication that even higher orders would not be calculable. The limitation for the modal method
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Figure 3: The distorted ellipse test case. (a) geometry, (b) Cmesh with Ne
C = 10. The resulting curves for q = 4

after applying (c) the nodal curving approach or (d) the modal curving approach are shown in blue. The grey
dashed boxes mark the zoom-in region that is shown in (e) for the nodal curving approach and in (f) for the modal
curving approach.
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Figure 5: q-convergence for (a) the nodal method and (b) the modal method, with fixed Ne
M = 998.

lies in the construction of the quadrangles Qei . For the case N e
C = 6, no set of extrusion

lengths Λ =
{
λ1, . . . , λNe

C

}
could be found such that the requirements M ∈ ⋃ei∈EC Qei and

Qei ∩Qej = ∅ for i 6= j were fulfilled.
In Figure 4, the Ne

M/Ne
C convergence of the area based error measure is shown for different

interpolation orders q. Each data point corresponds to one parameter set (N e
C , q). The example

case from Figures 3(b)–3(f) is highlighted by a green square.
The results indicate that both methods provide a similar behavior. For a fixed order q, the C

approximation convergence increases with q following roughly O(q) up to q = 3. For higher
orders q, the convergence order lies between 3 and 4. However, all approximations are limited
in accuracy, and stagnate around AQ = 10−5.

The corresponding q-convergence curves for different N e
C are shown in Figure 5. As in the

previous figure, the example case from Figures 3(b)–3(d) is highlighted by a green square.
With increasing q the error decreases until it stagnates. The observed bound is about the

same for both methods. This seems to indicate that the limit in accuracy is caused by the choice
of the M representation, more specifically by the fact that M is only C0 continuous. This
typically limits the accuracy up to whichM can be polynomially interpolated.
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C-convergence for (a) the nodal method and (b) the modal method, with fixed Ne
C = 20.

2 4 6 8 10
10−6

10−5

10−4

10−3

10−2

10−1

interpolation order q

A
Q
[m

]

(a)

2 4 6 8 10
10−6

10−5

10−4

10−3

10−2

10−1

interpolation order q

A
Q
[m

]

(b)

Ne
M = 98

Ne
M = 198

Ne
M = 298

Ne
M = 398

Ne
M = 498

Ne
M = 598

Ne
M = 698

Ne
M = 798

Ne
M = 898

Ne
M = 998

Ne
M = 1998

Ne
M = 2998

Ne
M = 3998

Ne
M = 4998

Ne
M = 5998

Ne
M = 6998

Ne
M = 7998

Ne
M = 8998

Ne
M = 9998

Figure 7: q-convergence for (a) the nodal method and (b) the modal method, with fixed Ne
C = 20.

3.4 Fixed number of Cmesh elements

A second study is performed in order to better understand the influence of N e
M on the error

of the approximation. The size of the Cmesh is now fixed with N e
C = 20, and the target Mmesh

is varied. The parameter sets are q ∈ {1, . . . , 8} for the nodal and q ∈ {1, . . . , 10} for the modal
algorithm, and N e

M ∈ {98, 198, . . . , 998, 1998, . . . , 9998} for both methods. Again, the lower
q limit for the nodal method as well as missing data points are caused by convergence issues.

Figure 6 shows the Ne
M/Ne

C-convergence for different interpolation orders q. Expectedly, as
M is refined, the error first decreases and then stagnates. The stagnation levels decrease as q
increases. It shows that with a fixed order q,M refinement is useful only up to a certain point.

Figure 7 shows the corresponding q-convergence curves for different N e
M. For low inter-

polation orders q, the M-refinement has no impact on the performance of the mesh curving
algorithm. But for larger values of q, the error stagnates for the coarser Mmeshes. The lower
N e
M, the higher the stagnation level. This confirms the assumption from above that the stagna-

tion is introduced by the C0 continuity ofM. A finerM provides a better representation of the
exact geometry and is in a colloquial sense smoother than a coarseM. This highlights the fact
that the order of approximation q should always be consistent with the quality of the Mmesh.
After a certain point, since the information at hand on the target geometry is not satisfactory
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enough, increasing the order and/or refining the Cmesh does not allow to improve geometric
representation.

4 DISCUSSION AND CONCLUSIONS

In this paper, high-order mesh curving algorithms were considered in the case of limited
knowledge of the original geometry, more precisely in the case where the original geometry is
only given in the form of a refined linear mesh. Two approaches were proposed and tested on a
distorted ellipse. The results for both methods indicate that, besides the number of edgesN e

C and
the interpolation order q of the curved mesh, also the level of refinement of the target curveM
provides a limit to the accuracy of the methods. The bound introduced by N e

M is explained by
the C0-continuity ofM that, even though it never becomes C1 continuous, becomes smoother
in a colloquial sense as N e

M is increased.
In general, the two methods provided similar results, but both showed disadvantages as com-

pared to the other. For the nodal curving algorithm, convergence issues were observed for high
q values. Other node spacings such as Legendre or Chebyshev nodes are currently considered
to test if these would provide better convergence behavior. The modal approach, on the other
hand, is not applicable in some cases, due to the difficulty to construct a consistent reference
frame. This might be overcome by small changes in C such as shifting of vertices or refinement
of the affected elements. Concerning possible applications to more complex geometries as well
as the extension to 3D, the modal curving algorithm seems more promising.

In general, the two discussed curving methods consider only boundary curves. Problems
such as element tangling that arise when domain elements are included, were not examined in
this study. Furthermore, geometric feature detection is required before the methods could be
applied to real life geometries.
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1Department of Aeronautics, Imperial College London
Imperial College London, London, SW7 2AZ, UK

e-mail: m.turner14@imperial.ac.uk, d.moxey@imperial.ac.uk, j.peiro@imperial.ac.uk,
s.sherwin@imperial.ac.uk

Keywords: High-order, Mesh, Generation, Curvilinear, Unstructured 3D

Abstract. The generation of suitable, good quality high-order meshes is a significant obstacle
in the academic and industrial uptake of high-order CFD methods. These methods have a num-
ber of favourable characteristics such as low dispersion and dissipation and higher levels of
numerical accuracy than their low-order counterparts, however the methods are highly suscep-
tible to inaccuracies caused by low quality meshes. These meshes require significant curvature
to accuratly describe the geometric surfaces, which presents a number of difficult challenges in
their generation. As yet, research into the field has produced a number of interesting technolo-
gies that go some way towards achieving this goal, but are yet to provide a complete system that
can systematically produce curved high-order meshes for arbitrary geometries for CFD analy-
sis. This paper presents our efforts in that direction and introduces an open-source high-order
mesh generator, NekMesh, which has been created to bring high-order meshing technologies
into one coherent pipeline which aims to produce 3D high-order curvilinear meshes from CAD
geometries in a robust and systematic way.
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1 INTRODUCTION

Unstructured low-order (linear) mesh generation of complex curvilinear domains has reached
a level of sophistication and robustness that has seen the computational analysis of fluid flow
become common place within numerous industrial applications. However, these linear meshes
and their corresponding solvers are often limited to second-order accuracy. Recently, there
has been an increased interest in CFD techniques which utilise high-order approximations as an
alternative option to increase numerical accuracy within the bounds of reasonable computational
cost. Furthermore, these methods can be used on complex domains with unstructured meshes
[1] and exhibit higher rates of convergence on properly constructed meshes [2]. As such, high-
order finite element analysis of fluid flow has been highlighted as a potential route for advancing
CFD towards higher fidelity methods [3].

The development of high-order finite element solvers for unstructured meshes has allowed
the development of high-order fluid flow solvers for a range of applications. These solvers have
matured into a well-developed set of tools, such as, for example, the Nektar++ spectral/hp el-
ement framework [4]. However, a significant bottleneck in the high-order CFD process is the
generation of unstructured high-order meshes [3]. At present, this is one of the key factors
preventing the wider uptake of high-order methods for CFD within academia and especially
industry [1]. While unstructured high-order mesh generation is not a new area of academic
research, the documented examples within academia seldom present the full and robust mesh
generation frameworks which are required for non-expert users. The theoretical guarantees of
mesh validity that exist for some methods of linear meshes (e.g. Delaunay [5]) do not exist for
high-order meshes. This, among other reasons, makes high-order mesh generation a signifi-
cantly tougher challenge than linear mesh generation.

High-order mesh generators are yet to reach a level of maturity where they can be used by
anyone except expert users in a robust and reliable fashion. They have been shown to create
valid suitable meshes on complex geometries [6, 7, 8]. However the issue of robustness is
yet to be fully addressed. No research into high-order mesh generation has presented a full
methodology which demonstrates the ability to systematically generate meshes on arbitrary
geometries of interest to industry. In addition to this, the ability for a non-expert user to use the
tools, input their own geometries and get a valid mesh without issues is rarely mentioned. Also
the applicability of the meshes which can be created, with respect to the solvers and solutions
which will be used, is not usually documented in the literature of high-order mesh generation.
Before any form of industrial uptake can be truly considered, robustness must be addressed
within all high-order mesh generation processes.

Currently, the standard approach adopted by almost all high-order meshing techniques is
the a posteriori modification of a valid unstructured linear mesh [2, 6, 7, 8, 9, 10, 11, 12, 13].
Under this principle, the faces and edges lying on the surface of the geometry are curved by
adding high-order nodes which also lie on the geometry surface. The issues with this approach
are well documented [9, 14], as this simple idea presents a key obstacle to high-order mesh
generation that must be overcome: in the case of high geometric curvature the curving process
can frequently create elements which self-intersect or have near-tangent vertices, making the
mesh unsuitable for computational use. The more recent research into high-order mesh genera-
tion focuses on the correction of these invalid elements and only for the correction stage. Little
consideration is given to the meshing process as a whole. This work can be categorised into
two types: those which use PDE solvers to prescribe some deformation onto the mesh nodes,
which makes the mesh valid through the use of non-linear elasticity [15], linear elasticity [13],
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thermo-linear elasticity [16] or the Winslow equations [7] and those which use numerical op-
timisation of quality based functionals [8, 6]. While these techniques may well be robust and
highly capable, none present a high-order mesh generation framework geared towards end users
that are looking to achieve high-order CFD in viscous simulations. The reality of CFD analysis
is that, despite how critical meshes are to the resulting computation, mesh generation should
ideally be mostly transparent and automatic for the end user. In linear mesh generation, ef-
forts have been made to ensure the process as painless and quick as possible, but in high-order
meshing the experience and technical ability of the user has never addressed. In this current
situation, industrial uptake of high-order methods will unlikely be achieved in the near future
because these users cannot produce the meshes easily and therefore find high-order methods
quite inaccessible.

The purpose of this paper is to present our initial efforts to address the challenge of automatic
mesh generation. We describe the philosophy behind the methods and the work carried out thus
far on a new open-source program for generating 3D unstructured high-order meshes. Our goal
is to use them for the CFD simulation of compressible, incompressible, viscous and inviscid
flows, and to produce a tool with as much automation and robustness as possible, that will
make it accessible to non-expert users. By automatic, we mean that the meshing process should
be able to go from a CAD definition of the domain to the final valid high-order mesh, without
requiring anything but the most basic of interactions with the user. This means that the program,
as well as having the ability to generate high-order meshes needs the ability to handle CAD,
generate coarse linear meshes and perform invalid element correction as part of one process.
By robust, we mean that the system should work for as wide a range of geometries as possible
and be able to produce valid high-order meshes with a good rate of success. This program
is called NekMesh, which exists within the open-source high-order framework Nektar++ and
has entered a stage of beta testing before more development is conducted and more robust and
capable technologies are added in the near future.

This paper begins by describing the program and outlines the core ideas behind the processes
used currently at each stage of the pipeline. It also presents a number meshes and shows ex-
amples of the CFD results obtained on them and finishes by discussing our plans for future
developments.

2 NEKMESH

NekMesh is a high-order mesh generation and modification program which can: convert
meshes from one format to another; edit meshes whilst retaining high-order information; and
generate high-order meshes from a CAD definition. It is set up in pipeline style; a series of
modules are constructed and executed in order to arrive at a high-order mesh. A typical ex-
ecution will involve an input stage, some processing (mesh editing) stages if required and an
output. This arrangement means that the program can easily be used for a wide number of ap-
plications and can, with relative ease, be set up to read or write the high-order mesh in a number
of different formats1. The focus of this paper is the generation of high-order meshes from a
CAD description. We describe each stage of the pipeline in the following sections.

2.1 CAD INTERACTION

To interact with CAD geometries, functions including loading, modifying and querying the
CAD are all required. NekMesh and Nektar++ in general, have been interfaced with OpenCas-

1These currently include the Nektar++.xml, the Gmsh .msh and the PyFR .pyfrm formats.
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cade [17] to provide this facility. OpenCascade is a large open-source library encapsulating
a vast range of CAD operations and manipulations. Due to the large size of OpenCascade,
and also to provide a facility to interact with alternative CAD engines, NekMesh uses a small
wrapper layer between Nektar++ and OpenCascade, thereby reducing the thousands of possi-
ble routines down to a few that are needed for mesh generation. Adopting this approach means
that the Nektar++ CAD engine shields developers from the complexity of OpenCascade. Con-
sequently, the CAD handling within the program becomes more effective, robust and efficient.

2.2 AUTOMATIC MESH SPECIFICATION

One of the more fundamental challenges of high-order mesh generation is the creation of
valid, suitably coarse linear meshes. It can be difficult for a user to define a set of mesh spacing
which remains sufficiently coarse, sufficiently smooth, approximate the surface of the geometry
well and still have the necessary resolution in the correct regions of the domain. This becomes
extremely challenging in highly complex geometries and would usually require the user to go
through many time-consuming iterations of generation to arrive at a suitable linear mesh. In
NekMesh, this problem is alleviated by using a system to automatically obtain a full set of mesh
spacings for the whole domain with very little input from the user.

NekMesh uses an octree structure for the spatial decomposition of the domain. Each sub-
domain, or octant, has a unique mesh specification parameter associated with it, which is
queried during the meshing processes. To construct this representation of the domain the ra-
dius of curvature R is first sampled over the geometric surface of the domain and it is taken
as

R = min

{
1

k1
,
1

k2

}
, (1)

where k1 and k2 are the principal curvatures at the point on a surface parametrised as r(u, v).
A routine to ensure optimum sampling is used, such that any octant in the final octree which
encompasses any region of geometric surface is guaranteed to contain more than one curvature
sampling. The radius R is then related to a mesh sizing parameter δ as

δ = 2R
√
ε(2− ε). (2)

The parameter ε can be viewed as a control of the sensitivity to curvature: decreasing this value
increases the number of elements that will be created for a given curvature. Since R has a range
from infinity, so too does δ, therefore sensible bounds must be placed on the value of δ such
that δmin ≤ δ ≤ δmax. In this setting then, δmin, δmax and ε form the only set of user parameters
required to obtain a set of mesh spacings.

Clearly, this curvature sampling only has information of the boundary surfaces. The octree
is created by first encompassing the whole domain in a octant and then recursively and equally
subdividing the octants until a stopping criteria is met. A octant will be subdivided if:

• The curvature samples within the octant differ in the value of δ by more than 10%; or

• The subdivision will not result in the new octants being smaller in size than δmin; or

• If any of the neighbouring octants to a given octant are due to subdivide according to
the two previous criteria, and their subdivision will cause a difference in size between
neighbouring octants of more than one subdivision.
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The first two points relate only to the curvature samples. Under these two conditions, only
octants which contain a portion of the geometric surface will be split. The last point addresses
this and ensures that the octree is smooth and therefore suitable to contain a smooth set of mesh
spacings. Any octants which contain a number of curvature sampling points are then assigned a
value of δ, which is taken as the minimum in the sample set. This only provides mesh spacings
in octants which encompass some region of the surface. To complete the set of mesh spacings
in the octree, this surface octant information is propagated outward using a mesh gradation
criteria. To do this, each octant i is examined in turn. If the octant has any neighbours which
have a value for δ, j, the relation

δi = δj + 0.1rij (3)

is used, where rij is the distance between the centroids of the two octants. This is repeated
until all the octants in the domain have a value of δ. To ensure a smooth mesh specification, the
values of the δ are then adjusted so that

|δi − δj|
rij

≤ 0.1 (4)

between an octant i and any of its neighbours j.
This system brings a very important feature to the mesh generation pipeline: automation. It

permits a non-expert user to obtain a linear mesh which has suitable resolution in high curvature
regions and that can be used for high-order meshing relatively quickly and without having to
spend a lot of time setting up a large number of parameters. In regions of high curvature, any
mesh generation pipeline is likely to create invalid elements if the linear mesh resolution is too
low, but coarseness is the goal for linear mesh generation in the high-order meshing context.
This fine balancing act is a challenge for the user. However within this system, very little effort
is required and the number of invalid elements will be greatly reduced because the system will
add higher resolution in regions of high curvature.

An additional advantage of this approach is that it is easy and computationally cheap to
estimate the number of elements to be generated. With coarse meshes being the ideal and
the computational cost of high-order methods being relatively high, the ability to predict the
number of elements and alter the mesh before wasting any time generating is a powerful tool
for the user. Figure 1 shows the accuracy of the element count prediction for three geometries up
to 250 thousand elements. Furthermore, it is possible for the user to define refinement regions,
with a smaller mesh sizing than would otherwise be specified, in the domain which will work
in conjunction with the octree system to define a overall smooth mesh.
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Figure 1: Predicted versus actual element count for various meshes using the automatic octree
system

The use of a automatic mesh specification driven by surface topology using an octree struc-
ture is not completely new [18]. However, this reference noted that the computational cost and
controllability of the method was poor, due to the use of the octree background grid, to the ex-
tent that the authors created a new system for automatic mesh definition which did not require
a background grid [19]. In the context of generating coarse linear grids for high-order mesh-
ing, which inevitably contain far fewer elements, these conclusions are somewhat different.
Indeed, we propose an efficient, robust and quality-controlled procedure. This is accomplished
by actively keeping the algorithms in the construction of the octree as simple as possible.

Figure 2 shows an example high-order surface mesh of the DLR F6 geometry overlaid with
a sliced view of the octree in the symmetry plane [20]. This figure shows that in regions of
relatively low and constant curvature the octants are quite large; however in regions such as the
tail and nose sections, the octree has smoothly subdivided numerous times to accommodate the
very high curvature.
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Figure 2: High-order mesh of the DLR F6 geometry with an overlay of the octree.

2.3 LINEAR MESH GENERATION

To automate high-order mesh generation, linear mesh generation must be part of the CAD to
CFD pipeline. Using alternative linear mesh generators, and then importing the result, lowers
robustness and quality because the routines are not typically designed for high-order use, and
CAD information may not be preserved in the process. Some 3D linear mesh generators, such
as those included in commercial packages will use a system for the mesh generation which first
eliminates all the curvature information and reduces the domain to a linear approximation. This
offers high levels of robustness but in linear meshes and the corresponding numerical methods
the levels of inaccuracy in the geometric surface caused by this approach are, in most cases, too
small to impact the final results. However in high-order methods this level of error is highly
significant. Further to this, this approach can result in poor geometric representation in coarse
meshes, especially in regions where surfaces are discontinuous. It also means that the surface
mesh vertices cannot be located in the parameter spaces of the surfaces without using some
form of reconstruction of this information, which can introduce errors and robustness issues in
the generation of the high-order surface mesh.

To address these issues, NekMesh uses a bespoke approach to the generation of the linear
mesh. Using the NekMesh CAD engine as the underlying source of information, the linear
mesh is built in a bottom-up approach, thus ensuring geometric accuracy is maintained. In this
linear mesh generation process, firstly, mesh vertices are fixed to the vertices of the CAD (0D).
Curves are then meshed in their 1D parameter space using the end vertices as boundaries and
the 3D real distances to decide the distribution in compliance with the mesh spacing within
the octree. The 2D parameter spaces of the surfaces are then meshed, using the curve meshes
as boundaries, and finally the interior volume is meshed using 3D constrained meshing. This
bottom-up approach ensures that the CAD information associated with all the vertices, edges
and faces in the surface mesh is kept and can be utilised easily in the high-order stages of the
meshing pipeline.

To perform some of the more complex parts of the linear mesh generation, NekMesh uses
third-party libraries, namely Triangle [21] to perform the 2D meshing in the parameter plane
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of the surfaces and TetGen [22] to perform the interior tetrahedral meshing of the 3D volume.
As might logically be expected, the meshing of the surfaces in the parameter plane using a
Delaunay based method can produce highly irregular and low quality meshes once the surface
mesh is projected into its 3D form, depending on how distorted the parametrisation of the CAD
surface is. To overcome this, the linear surface mesh generator in NekMesh uses a optimisation
step after the 3D surface mesh has been created. In this optimisation, both edge swapping and
point relaxation are used to maximise the quality of the surface mesh. Clearly this approach
does not preserve the Delaunay characteristic of the initial parameter plane mesh, but this is not
our goal so long as the resulting mesh is of good quality. We find that this approach to linear
mesh generation is robust and provides a solid foundation for high-order meshing, but because
of the dependencies of the CAD, its ability to perform well is tightly linked to the distortion
introduced by the CAD parametrisation.

2.4 HIGH-ORDER SURFACE MESHING

The key stage in the generation of a high-order mesh is the creation of the high-order surface.
We know that small inaccuracies in the representation of the geometric boundary have a large
impact on the flow solution. These inaccuracies include: highly distorted surface elements,
i.e. very high curvature in the mesh entities; mesh nodes being a significant distance from the
true CAD surface; and under-representation of the geometric curvature due to using a too low
polynomial order with too large a element. If the vertex locations of the linear surface mesh
are taken to be fixed, producing a high-order surface can be accomplished simply by using an
affine mapping of the triangle in the 2D parameter plane to the reference triangle of a high-
order element. This can then be used to locate the new high-order nodes in the parameter space,
which are then projected into 3D using the CAD engine. However, this means that the high-
order triangles will inherit the distortion of the CAD surface, lowering the quality of the mesh
and in some cases causing invalid elements. To address this issue, NekMesh is equipped with
a method to take the high-order surface mesh made using the affine mapping approach and
optimise the location of the high-order nodes to reduce distortion. This is done by modelling
the mesh entities as spring networks and minimising the spring energy, in a similar approach to
the work of [12]. In mathematical notation, this can be expressed as

min f, (5)

f =
∑
s

||r1 − r2||2

ws

, (6)

which states that f , the spring energy, is the sum over all the springs in the system, where
r1 and r2 are the 3D locations of the nodes at the ends of the springs and ws is the inverse
of the spring stiffness, which is calculated as a function of the nodal point distribution being
targeted. Because the linear mesh vertices are held fixed during this procedure, the problem can
be reduced to an entity-by-entity approach. First we optimise mesh edges that lie on curves;
then edges that lie on surfaces; and finally interior triangle faces that lie on CAD surfaces. In
the first case (edges on CAD curves), the problem is a 1D optimisation of spring system in the
curve’s parameter space t, so that

f =
P∑
i=1

||r(ti+1)− r(ti)||2

wi

, (7)
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where i are the P + 1 nodes along the high-order edge. Here, P is the polynomial order of the
mesh being created and wi = zi+1 − zi, where zi is the i-th entry in the distribution of nodal
triangular points in the reference space of an edge, where −1 ≤ z ≤ 1. The initial values of t
used come from the linear 1D mapping

ti = t1

(
1− zi
2

)
+ tP+1

(
1 + zi
2

)
i = 1, ..., P + 1. (8)

where t1 and tP+1 are the parametric coordinates of the end nodes of the edge, which are the
vertices in the linear mesh and are considered to be fixed.

Performing the optimisation of the edges which lie on the CAD surfaces follows a very
similar procedure but is formulated in the 2D parameter plane, i.e

f =
P∑
i=1

||r(ui+1, vi+1)− r(ui, vi)||2

wi

. (9)

This procedure reduces the distortion found in the high-order edges by minimising the length of
the edge; that is, the optimised high-order edge will lie approximately on the geodesic between
the two end points on the surface.

The procedure for optimising the location of face interior nodes requires a slightly alternative
approach. The system is considered as a set of freely movable nodes, consisting of those nodes
lying on the interior of the triangle, and a set of fixed nodes which lie on the edges. Each of the
free nodes is connected to a system of six surrounding nodes by springs, and this is the system
which is minimised. In a triangle of order P , there are (P − 2)(P − 1)/2 interior nodes. The
function f is then written as

f =

(P−2)(P−1)/2∑
i=1

6∑
s

||r(ui, vi)− r(us, vs)||2

ws

, (10)

where ws is calculated as the distance between the two nodes in a reference equilateral triangle,
shown in the figure below along with the connectivity of the springs. The choice of a six spring
system means that the method is applicable to any point distribution at any order. For example,
Figure 3 shows a P = 4 triangle with a Gauss-Lobatto-Legendre distribution along the edges
and a triangular Fekete distribution for the face interior points. To optimise the energy of the
system a bounded version of the BFGS algorithm is used. This bounding is necessary due to
the limits of the parameter space in the CAD entities [23]. One of the primary advantages of
this approach is the availability and low cost of computing analytical gradients.

Figure 4 shows the effectiveness of this optimisation procedure. The left-hand figure shows
the surface mesh before optimisation, and the right-hand figure after optimisation of the spring
networks. In this case, the highly distorted CAD surface of the rounded leading edge of a
wingtip causes suboptimal surface mesh generation. The figure clearly shows that the high-
order triangles are deformed under the linear mapping. However, when this optimisation proce-
dure is performed, the mesh edges approximate geodesic lines better and the resulting surface
mesh is smoother.
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Figure 3: Reference Fekete distribution of points in a fourth-order triangle and the six spring
system linking the free nodes.

(a) Unoptimised high-order surface. (b) Optimised high-order surface.

Figure 4: The high-order surface created using the affine mapping with (b) and without (a)
optimisation in a region of high distortion in the CAD surface.

2.5 BOUNDARY LAYER GENERATION

The generation of anisotropic boundary layers to achieve low y+ values has gone somewhat
unnoticed in the recent research associated with creating robust high-order mesh generators,
but is vital for the analysis of viscous flows. The sharp gradients in flow that are present in
viscous simulations require highly stretched elements of a high aspect ratio of 100:1 and above
in the wall-normal direction. This therefore poses a significant challenge for high-order mesh
generation, since imposing surface curvature on thin elements will almost certainly yield self-
intersecting elements in regions of high curvature.

To generate high-order boundary layers, NekMesh generates prismatic elements on the ge-
ometric boundary and tetrahedra in the rest of the mesh. The system uses a process whereby
it inserts a linear ‘macro’ prismatic layer into the mesh of the desired thickness. This occurs
after surface generation but before volume generation. The rest of the volume generation con-
tinues from that point using the top surface of the prisms as a pseudo-surface to mesh from.
Once the high-order surface has been generated, which will curve one of the triangular faces
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of the prism, the macro-prism is then split using an isoparametric approach [24]. This allows
for the creation of very thin boundary layer elements without self intersection, since the height
of the macro-layer can readily accommodate the curvature of the surface. The generation of
the linear macro-prism layer represents one of the newest features of the program. Figure 5
shows a boundary layer region of macro-prisms split using the isoparametric approach to pro-
duce highly curved valid boundary-layer elements with very high aspect ratios, despite this they
remain valid.

(a) (b)

Figure 5: Shows the splitting of a macro prism layer into 8 layers resulting in curved elements
with high aspect ratios.

2.6 CORRECTION OF INVALID ELEMENTS

Up to this point, we have imposed the curvature of the CAD surfaces onto the surface tri-
angulation and generated a volume mesh consisting of either tetrahedra (for inviscid meshes)
or prisms and tetrahedra (for viscous boundary-layer meshes). However, this approach will in-
variably lead to the generation of volume elements where the curved faces impinge on another
face, leading to a self-intersecting elements that are not suitable for computation. As such, a
correction method is required in order to propagate the curvature into the interior of the domain,
so as to correct invalid elements and generate a valid mesh.

As discussed in the introduction, there are a range of methods that can be used to fix these
invalid elements. We have found that with the curvature targeting resolution from the automated
mesh specification, high-order aware surface refinement and the use of prismatic boundary lay-
ers which accommodate more curvature than tetrahedra, the number of invalid elements gen-
erated is usually quite small. Complex cases with over 50,000 surface elements, providing the
user parameters are sensible, tend to produce only a few invalid elements and with prismatic
layers in a number of cases we find they can be prevented altogether. This could be alleviated
further, or perhaps even eliminated, with high-order aware tetrahedral generation and this is a
point for future work.

However, where invalid elements arise at the CAD surfaces, NekMesh can incorporate the
use of a linear elastic solver, where the mesh is modelled as a solid body and the displacement
at the CAD surface can be imposed to push curvature into the domain, as described in [16].
Since this operation is expensive, as it involves the solution of an elliptic PDE, we aim to
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reduce the domain on which the deformation is imposed. We identify the invalid elements and
their immediate neighbours by considering adjacent elements up to 10 levels deep, where one
level is defined as connectivity through an element face. The linear elasticity equations are
then solved on the subdomains, and the resulting displacements are imposed on the original
mesh. Additionally, if there are still a large number of elements, the elastic solver can be run
in parallel. Depending on the initial conditions of the linear mesh it may not be able to reach a
valid configuration in all cases; however, we have found this approach to be quite effective in
alleviating invalid elements.

3 EXAMPLES

This section describes two examples of complex three-dimensional geometries for which
high-order meshes have been created using the NekMesh system. In each case we also show a
flow solution to demonstrate the applicability and validity of the mesh. The first example is a
high-angle of attack NACA0012 wing with a rounded wingtip, which is designed to run at high
Reynolds number. Due to the convex nature of the geometry, the addition of a prismatic layer
adjacent to the geometry meant that the high-order mesh was valid without needing to resort
to the elasticity solver to correct any elements. The second is significantly more complex: a
DLR F6 aeroplane geometry [20], an all tetrahedral mesh which did require the use of the linear
elastic solver to correct invalid elements. In each case, the high-order mesh was created from
the CAD definition using four user parameters: δmin, δmax, ε and P , where P is the desired
order of the mesh.

3.1 NACA WING

Figure 6: High-order mesh of the NACA wing.

Figure 6 shows a image of the surface of the NACA wing geometry. This mesh has a
anisotropic boundary layer, as shown in figure 7. Regions of high curvature such as the leading
edge of the wing and the curved wing tip, have increased resolutions compared to other parts
of the mesh, as would be expected with the automated specification system. On the suction
surface the resolution of the mesh has been manually increased to capture a separation region
in the flow solution. Despite this modification, the octree system has ensured that the mesh
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remained smooth, without large changes in element volume.

(a) Trailing edge of the mesh near the curved wing
tip.

(b) High-order curved boundary in the symmetry
plane.

Figure 7: Enlargements of areas of the NACA wing mesh.

Figure 8: Particle trajectories following the tip vortex in the flow simulation at Re = 105

computed on a NACA wing mesh wiht P = 4.

To demonstrate the validity of the mesh, an incompressible flow simulation at Re = 105

was performed using Nektar++. Of particular interest for this case is the nature of the strong
wingtip vortex produced [25]. Figure 8 shows that this vortex lies in the expected position, with
the flow separating along approximately the correct location along the wing chord. We have
found that in previous experiments, meshes which did not have suitable resolution or boundary
layers were not able to properly capture these features.

3.2 DLR F6

The second example we consider is a significantly more complex DLR F6 jet geometry. A
fully tetrahedral Euler mesh was created. Which required the use of the elasticity solver to
correct invalid elements, but this number was small due to the resolution used near the surface
and use of curvature-aware meshing. Figure 9 shows the mesh, with an inset highlighting
the engine intake high curvature region. It can be observed that the automatic system for mesh
specification has achieved its goal and added higher resolution to regions of the geometry which
have high curvature, such as the engine intake and aircraft nose. Figure 10 shows a solution
produced with this mesh for a low Reynolds number incompressible flow. While these results
are not necessarily physically meaningful, they do demonstrate the suitability of the mesh. With
a viscous boundary layer and significantly more computational time, this mesh could be capable
of achieving much more realistic and relevant results, but this is outside the scope of this paper.
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Figure 9: High-order mesh of the DLR F6 geometry. The inset shows an enlargement of the
mesh around the front of the engine.

Figure 10: Low Reynolds number flow solution through the engine section.

4 CONCLUSIONS

We have introduced NekMesh, a system specifically designed to tackle robustness and com-
plexity issues in the generation of high-order curvilinear 3D meshes for complex geometric
cases. The methodology for each stage of the mesh generation pipeline has been outlined and
two examples have demonstrated the capabilities of the system. NekMesh is currently under
development; this article outlines the capabilities of the system as it is today, and marks the beta
testing of the preliminary framework. We expect that in the future the structure and methodol-
ogy of the program will advance and change becoming a much more capable system. The work
in the near future will focus around more complex boundary layer generation techniques and
more advanced robust methods for a posteriori invalid element corrections.
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[6] A Gargallo-Peiró, X Roca, and J Sarrate. Optimization of a regularized distortion measure
to generate curved high-order unstructured tetrahedral meshes. International Journal for
Numerical Methods in Engineering, 103:342–363, 2015.

[7] M Fortunato and P-O Persson. High-order unstructured curved mesh generation using the
Winslow equations. Journal of Computational Physics, 307:1–14, 2016.

[8] T Toulorge, C Geuzaine, JF Remacle, and J Lambrechts. Robust untangling of curvilinear
meshes. Journal of Computational Physics, 254:8–26, 2013.

[9] S Dey, RM O’Bara, and MS Shephard. Towards curvilinear meshing in 3D: the case of
quadratic simplices. Computer-Aided Design, 33(3):199–209, 2001.

[10] XJ Luo, MS Shephard, RM O’Bara, R Nastasia, and MW Beall. Automatic p-version
mesh generation for curved domains. Engineering with Computers, 20(3):273–285, 2004.

[11] MS Shephard, JE Flaherty, KE Jansen, X Li, XJ Luo, N Chevaugeon, JF Remacle,
MW Beall, and RM O’Bara. Adaptive mesh generation for curved domains. Applied
Numerical Mathematics, 52:251–271, 2005.
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Abstract. The first method that enables the fully automatic generation of triangular meshes
suitable for the so-called NURBS-enhanced finite element method (NEFEM) is presented. The
methodology is able to produce meshes of the desired element size irrespectively of the geomet-
ric complexity and always encompassing the exact boundary representation of the domain given
by NURBS curves. The strategy enables to completely circumvent the time consuming process
of de-featuring complex geometric models before a finite element mesh suitable for the analysis
can be produced. Numerical examples demonstrate the applicability of the proposed approach
and the advantages compared to traditional finite element mesh generators.
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1 INTRODUCTION

The last decade has seen an increasing interest in high-order accurate methods due to their
ability to reduce the dissipation and/or dispersion associated to traditional low-order methods.
This is particularly attractive in computational electromagnetics [1, 2, 3] and computational
fluid dynamics [4, 5, 6, 7] due to the need to propagate waves or vortices over long distances.

The need of curved elements to fully exploit the benefits of high-order methods has prompted
a great interest in the research community on the generation of high-order curvilinear meshes [8,
9, 10, 11, 12, 13]. In terms of computational efficiency, very coarse curvilinear meshes and
very high-order approximations are preferred, but the effect of geometric inaccuracies becomes
evident. In [14] it was showed that the error induced by the isoparametric formulation can be up
to one order of magnitude higher than a formulation with an exact boundary representation. In
addition, complex geometries of large scale objects often contain very small geometric features,
making necessary to produce extremely refined meshes in some regions. In many occasions, it
is necessary to invest a non-negligible amount of time removing these small features present in
the computer aided design (CAD) model before attempting to produce a mesh suitable for finite
element analysis.

CAD and numerical simulations are still far from being integrated in a seamless manner.
NURBS-enhanced finite element method (NEFEM) was proposed to bridge this gap between [15]
by defining curved elements in contact with the CAD boundary in terms of the exact bound-
ary description. The advantages of NEFEM have been studied in detail in [16, 14] and the
extension of NEFEM to three dimensional domains was presented in [17], see also the review
in [18]. Despite all these benefits, the lack of an automatic mesh generator has hampered the
widespread application of NEFEM. In fact, this lack of such an automatic mesh generator for
NEFEM has motivated the development of methods that do not require the generation of fitted
NEFEM meshes but still use the NEFEM rationale, see for instance [19, 20, 21].

A novel mesh generation technique that allows to produce triangular meshes where the ele-
ments account for the exact boundary representation of the domain irrespectively of the desired
element size and the geometrical complexity is presented. The produced meshes allow to ex-
tend the NEFEM formalism introduced in [15], where it was assumed that an edge of an element
must be defined by at most one curve. A technique to extend the meshes to higher order by us-
ing a solid mechanics analogy is also proposed. Several examples demonstrate the applicability
and potential of the proposed mesh generation technique.

2 NURBS-enhanced FEM fundamentals

An two dimensional domain Ω is considered, whose boundary is represented by non-uniform
B-spline (NURBS) [22] curves Ck for k = 1, . . . ,M , with M the total number of boundary
curves and a regular partition of the domain Ω =

⋃
e Ωe in triangles is assumed.

An element edge Γ in contact with the NURBS boundary is defined by

Γ :=

NC⋃
j=1

Cj([λ
j
1, λ

j
2]) (1)

where x1 and x2 are the edge vertices, NC the total number of curves defining the edge Γ,
C1(λ1

1) = x1 and CNC
(λNC

2 ) = x2.
Assuming that the boundary of the element ∂Ωe is a closed piecewise curve formed by

trimmed NURBS curves and straight segments, the element Ωe can be defined as

Ωe := {x ∈ Ω | ind∂Ωe(x) is odd}
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where ind∂Ωe is the index number of a point x with respect to the closed curve ∂Ωe.
Two properties characterise NEFEM compared to a classical isoparametric finite element

formulation [14]. Firstly, the polynomial approximation is defined in the physical space, rather
than in the reference element. Secondly, NEFEM uses the exact boundary representation of the
domain to compute the integrals appearing in a weak variational formulation. For instance, a
boundary integral along an edge on the boundary given by (1) is computed as∫

Γ

f(x, y) d` =

NC∑
j=1

∫ λj2

λj1

f
(
Cj(λ)

)
‖C ′j(λ)‖ dλ

for a generic function f , see [23] for further details.

3 Generation of NEFEM meshes

3.1 Boundary discretisation

A set of sampling points is first defined on each NURBS curve on the boundary by utilising
the distribution function described in [24]. The distribution of sampling point is then refined
in regions where the distance from the straight sided segment connecting two sampling points
and the true CAD boundary is more than a specified tolerance. Using the spacing distribution
function, the desired mesh spacing at the sampling points is computed. Finally, when the spac-
ing induces smaller elements that a specified tolerance, the spacing of the sampling points is
checked and corrected.

Once the sampling points are generated, boundary curves are combined into loops. A loop
is a collection of boundary curves L := {Ck}k=1,...,NL

, where NL is the total number of curves
forming the loop, C1(0) = CNL

(1) and Ck(1) = Ck+1(0) for k = 1, . . . , NL − 1.
The curves within a loop are ordered such that the first curve, C1, is of minimum length,

where the length of a curve Ck trimmed to the subspace of the parametric space [λi, λj] is

Lk([λi, λj]) :=

∫
Ck([λi,λj ])

d` =

∫ λj

λi

‖C ′k(λ)‖ dλ

and the total length of the loop is by L =
∑NL

k=1 Lk([0, 1]).
For a given vertex xi−1, a candidate boundary vertex xi at a distance h(xi−1) is first identi-

fied. As the objective is to enable the creation of edges across different curves, it is necessary to
find the curve where the candidate vertex belongs,Cs, and the associated parametric coordinate,
λi.

In the next step, the mesh front formed by xi−1 and the candidate xi = Cs(λi) is checked, to
guarantee that a valid element exists and can be built in the next stage of the proposed meshing
technique. For a given edge Γ, the horizon of a vertex xk of Γ is defined as the most distant
point x?k ∈ Γ that can be connected to xk without intersecting Γ, as shown in Figure 1.

If the distance from the intersection of the lines connecting the boundary vertices and their
corresponding horizons, P , to the boundary vertices is less than the desired spacing, an interior
node to form a triangle with the required spacing can be found. In this case, the second bound-
ary vertex xi is accepted and, otherwise, the second candidate is defined as the most distant
sampling points that generates a valid front.

3.2 Domain discretisation

Given two vertices of a valid front, x?1 and x?2, and the intersection of the lines connecting
the vertices and their horizons, a line of search is defined as the angle bisector of the two lines
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Γ

P

xi−1

x�
i−1

xi

x�
i

Figure 1: Illustration of the procedure to check the validity of a mesh front.

connecting the boundary vertices and their respective horizons, illustrated by a dashed red line
in Figure 2. The third vertex of the element is defined as

x3 := P + tnP (2)

where t takes the maximum value that guarantees that the edges x1x3 and x2x3 do not intersect
the boundary and have length not greater than the desired element size h.

P

x1

x�
1

x2

x�
2

x3

Pn

Figure 2: Illustration of the technique to build a triangular element.

3.3 Numerical integration cells

To perform the numerical integration on a NEFEM element, a recursive approach to sub-
divide an element in integration cells with, at most, one edge defined by a NURBS curve is
devised. The integrations cells with an edge on the boundary are defined as a convex linear
combination of the curved edge and the interior node as

ψx3
(λ, ϑ) := (1− ϑ)C(λ) + ϑx3 (3)

where x3 denotes the internal vertex and C is the curve defining the boundary. This enables
to build a composite two dimensional quadrature for elements in contact with the NURBS
boundary.
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The proposed algorithm uses a point interior to the domain, Q to check the visibility of the
sampling points. The point Q is selected to be the interior node if the element has only one
edge defined by NURBS as illustrated in the example of Figure 3. Otherwise, the point Q is
selected to be the mid point of the only internal edge.

x1
xx x x

x

x
x x x xxxx

x
x

x x
x2

x3

x1
l x19

l
x2

l x3
l

=Q

(a)

x1
xx x x

x

x
x x x xxxx

x
x

x x
x2

x3

x1

=Q

~

x2
~

(b)

x1
xx x x

x

x
x x x xxxx

x
x

x x
x2

x3

Q

(c)

x1 x2

x3

(d)

Figure 3: Illustration of the procedure to build the integration cells of an element. (a) Checking the visibility of
sampling points, (b) formation of the the first two cells, (c) recursive application of the algorithm and (d) final
partition of integration cells.

The visibility of each sampling points is checked until a non-visible point is found, the third
sampling point in the example of Figure 3(a). Using the last visible point, two integration cells
are built (red and blue cells in Figure 3(b)). The definition of the interiorQ is then changed and
the algorithm is applied to the triangle formed by x̃1, x̃2 and Q, producing two new cells as
illustrated in Figure 3(c). The procedure continues until the element is completely partitioned
in integration cells as shown in Figure 3(d).
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3.4 Extension to higher order elements

The strategy to extend the produced mesh to high-order is based on a linear elastic anal-
ogy [10] but the solution of the solid mechanics problem is performed element by element to
ensure that the interior edges are kept as straight segments.

For an element Ωe with at least one edge on the NURBS boundary, the triangle formed by
its vertices is denoted by Te. A high-order nodal distribution of the desired degree p is placed
in Te and a linear elastic problem is solved, assuming that the domain is an elastic medium and
the Dirichlet boundary conditions are the displacements required to place the high-order edge
nodes over the true (CAD) boundary. After solving the elastic problem, a high-order nodal
distribution is obtained in the element Ωe containing the exact description of the geometry.

4 Examples

4.1 Low-order mesh of a plate with a thin rectangular inclusion

The first example involves the generation of a NEFEM mesh of a square plate with a thin
rectangular inclusion. The geometry of the inclusion is described using four NURBS curves
(straight segments in this case) and the outer boundary is treated in the usual hierarchical man-
ner. The total number of elements and nodes is 1,353 and 732 respectively, with only 11 ele-
ments with an edge on the NURBS boundary. It can be observed that the element size of the
produced mesh is almost uniform, despite the discrepancy between the desired element size and
the thickness of the inclusion.

A close view of the mesh around the inclusion is depicted in Figure 4, where it can be clearly
observed that the element size is completely independent on the thickness of the inclusion. Two
elements in contact with the boundary have one edge defined by two different NURBS curves.
The integration cells, obtained by following the strategy presented in Section 3.3, are also shown
in Figure 4.

Figure 4: Detail of the NEFEM mesh near the inclusion

The minimum and maximum element edge length on the boundary is approximately 1.8 and
2.0 respectively, illustrating the ability of the proposed approach to discretise the boundary with
a desired element size, irrespectively of small geometric features.

In this example, the main advantage of the proposed meshing technique is not to reduce
the number of elements compared to a traditional FE mesh but to avoid the small elements
introduced by a standard FE mesh generator to capture the thickness of the inclusion.
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4.2 High-order mesh around an aircraft profile

The second example involves the generation of a NEFEM mesh around the aircraft profile
represented in Figure 5. The detailed view of the front part shows a number of very small
features compared to the size of the aircraft.

Ω

(a) (b)

Figure 5: (a) Domain Ω representing the exterior of an aircraft profile and (b) detailed view of the domain showing
a number of small geometric features.

The aircraft profile is described by 53 NURBS curves, where the length of these curves differ
in more than six orders of magnitude. A NEFEM mesh with uniform desired element size 2000
times larger than the shortest curve is shown in Figure 6. Two detailed view of the mesh near

Figure 6: NEFEM mesh around a complex aircraft profile.

the most critical zones are shown in Figure 7, illustrating the integration cells used in some
elements that contain edges formed by several NURBS curves.

The minimum and maximum length of the edges on the NURBS boundary generated using
the proposed approach are 0.03 and 0.05 respectively, illustrating the ability to maintain the
desired element size independently on the complexity of the NURBS boundary representation
of the domain.

Next, the mesh is extended to high-order using the proposed solid mechanics analogy only
for elements with one or more edges on the boundary. The generated mesh for a degree of
approximation p=5 is shown in Figure 8.
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(a) (b)

Figure 7: Details of the NEFEM mesh of Figure 6 near the regions containing the two shortest NURBS curves.
The black dots denote the element vertices and the red lines are the integration cells.

(a) (b)

Figure 8: Detail of the NEFEM mesh and the high-order nodal distribution adapted to the exact geometry. Red
dots denote the element vertices.

5 Concluding remarks

A technique to produce meshes that account for the CAD boundary representation of the do-
main given by NURBS curves and with an element size independent on the geometric complex-
ity of the computational domain has been presented. A methodology to extend the generated
meshes to an arbitrary order is proposed and several examples demonstrate the applicability and
potential of the proposed mesh generation technique.

REFERENCES

[1] J. S. Hesthaven and T. Warburton, “Nodal high-order methods on unstructured grids
I. time-domain solution of Maxwell’s equations,” Journal of Computational Physics,
vol. 181, no. 1, pp. 186–221, 2002.

451



Ruben Sevilla, Luke Rees and Oubay Hassan

[2] M. Ainsworth, “Dispersive and dissipative behaviour of high order discontinuous Galerkin
finite element methods,” Journal of Computational Physics, vol. 198, no. 1, pp. 106–130,
2004.

[3] R. Sevilla, O. Hassan, and K. Morgan, “The use of hybrid meshes to improve the efficiency
of a discontinuous Galerkin method for the solution of Maxwells equations,” Computers
& Structures, vol. 137, pp. 2–13, 2014.
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for high-order curvilinear meshing with control of mesh validity and quality,” Procedia
Engineering, vol. 82, no. 0, pp. 127 – 135, 2014. 23rd International Meshing Roundtable
(IMR23).

[14] R. Sevilla, S. Fernández-Méndez, and A. Huerta, “Comparison of high-order curved finite
elements,” International Journal for Numerical Methods in Engineering, vol. 87, no. 8,
pp. 719–734, 2011.

452



Ruben Sevilla, Luke Rees and Oubay Hassan

[15] R. Sevilla, S. Fernández-Méndez, and A. Huerta, “NURBS-enhanced finite element
method (NEFEM),” International Journal for Numerical Methods in Engineering, vol. 76,
no. 1, pp. 56–83, 2008.

[16] R. Sevilla, S. Fernández-Méndez, and A. Huerta, “NURBS-enhanced finite element
method for Euler equations,” International Journal for Numerical Methods in Fluids,
vol. 57, no. 9, pp. 1051–1069, 2008.

[17] R. Sevilla, S. Fernández-Méndez, and A. Huerta, “3D-NURBS-enhanced finite element
method (NEFEM),” International Journal for Numerical Methods in Engineering, vol. 88,
no. 2, pp. 103–125, 2011.

[18] R. Sevilla, S. Fernández-Méndez, and A. Huerta, “NURBS-enhanced finite element
method (NEFEM): A seamless bridge between CAD and FEM,” Archives of Computa-
tional Methods in Engineering, vol. 18, no. 4, pp. 441–484, 2011.

[19] G. Legrain, “A NURBS enhanced extended finite element approach for unfitted CAD anal-
ysis,” Computational Mechanics, vol. 52, no. 4, pp. 913–929, 2013.

[20] R. Sevilla and E. Barbieri, “NURBS distance fields for extremely curved cracks,” Compu-
tational Mechanics, vol. 54, no. 6, pp. 1431–1446, 2014.
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Abstract. The work addresses segmentation techniques for generation of individualized com-
putational domains on the basis of medical imaging dataset. The computational domains will
be used in 3D electrophysiology models and 3D-1D coupled hemodynamics models. Several
techniques for user-guided and automated segmentation of soft tissues, segmentation of vas-
cular and tubular structures, generation of centerlines, 1D network reconstruction, correction
and local adaptation are examined. We propose two algorithms for automatic vascular network
segmentation and user-guided cardiac segmentation.
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1 INTRODUCTION

In this paper we present and develop methods and algorithms for construction of patient-
specific discrete geometric models for two important medical applications. Each application
imposes specific restrictions on both the input medical images and the output patient-specific
discrete model, and, therefore, calls for a specific class of 3D reconstruction methods. The first
application considers numerical modelling of hemodynamics. The second application considers
electrophysiology modelling.

Individualized regional network of blood vessels is built from patient-specific CT-scans by
our fully automatic algorithm for arteries identification. It starts from the fast variant of the
isoperimetric distance trees algorithm [1] for aorta identification. The coronary and cerebral
networks are reconstructed by the use of Frangi vesselness filter [2]. The filter is based on
Hessian 3D analysis of the CT-image and is applicable for all tubular structures in the vascular
data set.

Modelling of cardiac electrophysiology may be formalized as the full-scale study of the heart
electrical activity from inner-cellular level to the cardiac tissues level. Various mathematical
models and numerical methods have been developed for modelling of cardiac electrophysiol-
ogy [3]. Generally the full-scale electrophysiology modelling involves simulations of electric
potential propagation on three different scales: the single-cell models represented by ODE are
used on cellular level, the bidomain model represented by PDE system is used on cardiac tis-
sue level, the simplified quasi-static version of Maxwell’s equations is used on the whole-body
level.

The reconstruction of personalized anatomical model of the pathological heart is one of the
crucial steps in electrophysiology modelling. The bidomain model requires an accurate anatom-
ical model of patient heart accounting myocardium anisotropy structure. Our preliminary sim-
ulations indicate that electrophysiological processes have low sensitivity to segmentation errors
outside the thorax region. Thus, patient-specific segmentation should be focused on the cardiac
region, and a reference human model may be used in the remaining part of the body.

The corner stone for medical image processing is segmentation process when each voxel of
the 3D medical image is assigned with the particular tissue or internal organ label. Various med-
ical image segmentation techniques have been developed [4, 5, 6]. The most promising fully
automatic segmentation methods belong to atlas-based segmentation techniques. The patient-
specific segmentation is obtained from the atlas of presegmented images of other individuals.
This atlas should contain enough different cases for accurate mapping of the new patient data.
Thus atlas-based approach requires huge amount of segmentation expert work for preparation
of atlases and the development of algorithms dealing with big data. Semi-automatic segmen-
tation technologies require interaction with the operator. They are used primarily for precise
local segmentations, where only one organ or tissue is processed. In our previous work we
used several techniques for adaptation of the once segmented reference human model to differ-
ent individuals. This technique relies on anthropometric scaling, control points mapping and
supervised segmentation [7, 8].

In the following two sections we discuss and present several methods for 3D reconstruction
of vascular network and cardiac model from medical images.

2 VASCULAR SEGMENTATION

In the current work we consider two regions of interest: cerebral and coronary vessels. Input
data is DICOM datasets obtained with contrast enhanced Computed Tomography Angiography
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(ceCTA). For simplicity of presentation we assume that quasi-isotropic voxel sizes are used in
this work.

Our automatic vessel segmentation methodology for coronary arteries was proposed in [9].
In the current work it is extended to process cerebral vessels. Essential steps of this method
consist of aorta segmentation, computation of vesselness values, searching branches of aorta
arch or ostia points, and removing segmentation errors near aorta boundary. Important addi-
tional step in the cerebral case is bone intensity decreasing by multiscale Match Mask Bone
Elimintaion (multiscale MMBE) algorithm [10]. For every patient the last step requires not
only ceCTA dataset but also corresponding CTA dataset not enhanced by contrast. All steps are
shown in Figure 1.

Figure 1: Segmentation pipeline. Gray rectangle highlights cerebral case only steps. (a) and (b) are algorithm
inputs, (c)-(g) essential algorithm steps.

Large variation of vessel radii results in numerically expensive Hessian-based filtering. Since
aorta is several times larger than arteries studied in this work it is natural to use specific al-
gorithm for its segmentation. In both coronary and cerebral cases we perform the following
steps. First, the Hough Circleness Transformation [11] is used to detect largest bright disk D
corresponding to aorta cross-section. Second, connected mask is obtained by region growing,
starting at the center of D, with lowest intensity inside of D as a threshold parameter. Third,
IDT algorithm [1] cuts mask in bottlenecks and, finally, mathematical morphology operations
are used to remove vessels branching from aorta.

Once aorta is segmented, the multiscale MMBE method is applied to decrease intensities of
bone tissues in cerebral case. This approach allows us to apply standard segmentation method-
ologies to get anatomically correct segmentations.

The next step is computation of Frangi Vesselness [2], which results in bigger values inside
bright tubular structures. In coronary datasets only coronary arteries and aorta represent these
structures. In cerebral case such structures are bones and arteries, and once bones are dark-
ened, Frangi Vesselness is applicable. Segmentation of arteries is produced by thresholding of
vesselness values. Then coronary arteries and cerebral aorta arch branches are found as voxel
connectivity components near the aorta boundary.

Final step is removal of segmentation errors. Thresholding of Frangi Vesselness values may
produce “leaks” near the aorta boundary. Let us assume we have segmented object represented
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by set of voxels A, but segmentation S contains set of extra voxels B, i.e. S = A ∪ B. In
case S is a connected component we call B as leak. In terms of definition leaks cannot be
removed by “remove islands” procedure. Also leaks may have different shapes, so it is hard to
find appropriate mathematical morphology operation to remove leaks automatically.

We propose automatic method for leaks removal from aorta boundary. Let us denote mask
of cerebral vessels by Vmask, mask of aorta by Amask and define voxel layer Li = {v ∈
Vmask | dist(Amask, v) = i}. For i = imax, . . . , 0 the following procedure is taken: remove
all voxels from layer Li having no neighbouring voxels in Li+1. Experiments has shown that
imax can be set to 15 voxels. In theory imax must be set bigger than the thickness of a leak.

Several examples of vessel structure reconstruction are presented in [8, 9].

3 CARDIAC IMAGES SEGMENTATION

Mathematical modelling of electrophysiology requires an anatomical 3D cardiac model. Our
group created a reference 3D cardiac model based of Visible Human Project (VHP) data [12].
This model is used for evaluation of modelling methods and algorithms. The reference model
may be used for patient-specific adaptation in case medical imaging data is insufficient for
complete segmentation.

Several segmentation techniques were examined for automatic segmentation of heart ventri-
cles. The preprocessing steps include optional noise reduction using non-local means filtering
and histogram equalization processing. The first used approach was based on SLIC supervoxel
clustering [13] and recursive region adjacency graph partitioning.

The second approach was based on user-guided active contour segmentation with supervised
random forest classification from ITK-SNAP segmentation platform [14]. The results of user-
guided segmentation highly depend on user expertise.

Based on our experience we propose to combine both approaches: the supervised random
forest classification is used for supervoxel grouping. Several post-processing steps are used to
improve the segmentation.

VHP dataset provides CT, MRI and photo images of human cadaver. Transversal photo
images are digitized with resolution 0.33×0.33 mm, distance between images is 1 mm. Photo
images were aligned, rescaled and combined in a 3D volume dataset. ITK-SNAP segmentation
software was used for visualization and segmentation. Only thorax region was investigated
resulting in cropped image 573× 330× 170 voxels with resolution 1 mm (Figure 2).

Figure 2: ITK-SNAP platform snapshot with VHP photo images of cardiac region.
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Heart cavities and blood vessels were segmented using active contours method and random
forest classifier. These regions are filled with blood and usually have a distinct color and/or
intensity on photo images and CT/MRI images. The segmented region was split into parts
corresponding to right atrium (RA), left atrium (LA), right ventricle (RV), left ventricle (LV),
aorta, pulmonary trunk, superior vena cava and inferior vena cava (Figure 3).

Figure 3: Segmentation of cardiac cavities and blood vessels.

Myocardium segmentation is performed in the vicinity of segmented heart cavities. My-
ocardium tissue differs in texture and intensity compared with neighbouring fat tissue, bones
and lungs (Figure 4). This segmentation step is also performed using active contours method
and random forest classifier.

Figure 4: Myocardium segmentation.

The final step involves segmentation smoothing. The myocardium tissue was divided into
four parts using mathematical morphology operations: right atrium, left atrium, right ventricle,
and left ventricle (Figure 5). This division will be used in modelling algorithms for synthetic
computation of myocardium fiber orientation.

The segmented model is a 3D structure with 128×119×129 voxels with resolution 1 mm and
12 tissue labels corresponding to different heart cavities, blood vessels and four myocardium
regions. The segmented model may be used for estimation of myocardium mass and ventricles
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Figure 5: Final VHP segmented model.

volume. Assuming relative density of myocardium tissue is equal to 1.05 g/ml we obtain the
mass of right ventricle 95 g, and left ventricle – 187 g. The volume of right ventricle is 77 ml, the
volume of the left ventricle – 21 ml. The computed myocardium mass lies in reference limits
for a male aged 38 years [15, 16]. We should note, that the volume of the left ventricle lies
bellow the minimum reference values [16]. This inconsistency in ventricle volumes between
VHP data and in vivo reference studies may be due to the stopped heart in VHP dataset. An
underestimated volume of the left ventricle should be accounted in further investigations. The
left ventricle volume may be extended by thickening the walls of left ventricle.

The adaptive unstructured tetrahedral mesh was constructed using Delaunay triangulation
algorithm from CGAL Mesh library [17]. The maximum mesh size is 3 mm, the minimum
mesh size in the vicinity of heart boundaries and material interfaces is 1 mm. The computational
mesh consists of 367 318 tetrahedra and 77 953 vertices (Figure 6). Upscaling of multi-labeled
segmented image was used to improve the resolution of input data.

(a) (b) (c)

Tissue

Inferior vena cava

Superior vena cava

Pulmonary trunk

Aorta

RA

LA

RV

LV

RA myocardium

LA myocardium

RV myocardium

LV myocardium

Figure 6: Unstructured mesh for VHP heart: (a) translucent 3D model; (b) triangular surface mesh; (c) volume cut
of the tetrahedral mesh.

The cardiac mesh may be used in electrophysiology modelling. The proposed segmentation
and mesh generation pipeline may be applied to patient’s CT/MRI images.

4 CONCLUSIONS

The work addresses several segmentation techniques for generation of individualized com-
putational domains on the basis of medical imaging datasets. Two algorithms were proposed
for automatic vascular network segmentation and user-guided cardiac segmentation. Several
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examples of numerical modeling applications are presented in [8, 9].
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Abstract. In this work, a novel solid mechanics-based mesh deformation technique for high
order curved elements is presented. The technique falls under the a posteriori curved mesh
generation category, where higher order nodes are placed on a linear mesh and the geometry
is then deformed to conform to the exact CAD boundary. In contrast to the existing a pos-
teriori approaches in the literature such as the techniques based on the inclusion of residual
stresses, parametrised and varying material constants, regularisation and smoothing of curved
meshes, in this work, a rather consistent solid mechanics approach is followed. This implies,
that the underlying Euler-Lagrange equations that need to be solved for, emerge from an energy
principle, with well-defined internal energies constructed for an hyperelastic system, which are
subsequently, consistently linearised. Depending on the geometrical parameterisation, the ap-
proach guarantees better mesh quality and lower condition number for the system of equations.
Furthermore, due to the introduction of independent invariants emanating from fibre, surface
and volume mappings, the essential mesh distortion measures are encoded in the formulation.
The paper proves that for for two-dimensional elements such as triangles and quadrilaterals,
not all the distortion measures can be independent. An example of materially instable internal
energy is provided to pinpoint the importance of a consistent formulation in the context of highly
stretched boundary layer meshes.
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1 INTRODUCTION

The use of curved elements is nowadays accepted to be crucial in order to fully exploit the
advantages of high-order discretisation methods, but until relatively recently, the challenge of
automatically generating high-order curvilinear meshes has been an obstacle for the widespread
application of high-order methods [Vincent and Jameson(2011)]. Methods to produce high-
order curvilinear meshes are traditionally classified into direct methods and a posteriori meth-
ods [Dey, O’Bara, and Shephard]. Direct methods build the curvilinear high-order mesh di-
rectly from the CAD boundary representation of the domain whereas a posteriori approaches
rely on mature low-order mesh generation algorithms to produce an initial mesh that is subse-
quently curved using different techniques, such as local modification of geometric entities, solid
mechanics analogies or optimisation.

Within the category of a posteriori approaches, the solid mechanics analogy first proposed
in [Persson and Peraire] has become increasingly popular. The main idea is to consider the ini-
tial, low-order, mesh as the undeformed configuration of an elastic solid. High-order nodal dis-
tributions are then inserted into all of the elements and then the nodes over element edges/faces
in contact with the curved parts of the boundary are projected onto the true CAD boundary.
The displacement required to move the nodes onto the true boundary is interpreted as an es-
sential boundary condition within the solid mechanics analogy. The solution of the elastic
problem provides the desired curvilinear mesh as the deformed configuration. The initial ap-
proach proposed in [Persson and Peraire] used a non-linear neo-Hookean constitutive model.
Several attempts to reduce the computational cost of this approach have been proposed based
on a linear elastic analogy, see [Xie, Sevilla, Hassan, and Morgan]. It is clear that when large
deformations are induced to produce the deformed curvilinear high-order mesh, a linear elastic
model can result in non-valid elements due to the violation of the hypothesis of small defor-
mations. In order to alleviate this problem, it is possible to split the desired (potentially large)
displacement of boundary nodes into smaller load increments. Other approaches to increase
the robustness of the linear elastic analogy have been recently introduced, see for instance
[Moxey, Ekelschot, Keskin, Sherwin, and Peiró], where pseudo thermal effects are introduced.

In this work, a novel a posteriori solid mechanics-based mesh deformation technique for
high order curved elements is presented. In contrast to the existing a posteriori approaches in
the literature such as the techniques based on the inclusion of residual stresses, parametrised
and varying material constants, regularisation and smoothing of curved meshes, in this work,
a rather consistent solid mechanics approach is followed. This implies, that the underlying
Euler-Lagrange equations that need to be solved for, emerge from an energy principle, with
well-defined internal energies constructed for an hyperelastic system, which are subsequently,
consistently linearised. The theoretical and computational framework is presented in the next
two sections, respectively and finally followed by the numerical examples sections.

2 NO-LINEAR CONTINUUM MECHANICS

Let us consider the motion of a continuum from its initial undeformed (or material) config-
uration Ω0 ⊂ Rd, with boundary ∂Ω0 and outward unit normal n0, into its final deformed (or
spatial) configuration Ω ⊂ Rd, with boundary ∂Ω and outward unit normal n, where d repre-
sents the number of spatial dimensions. In the context of curved mesh generation, the initial
(undeformed) configuration Ω0 represents a linear mesh with planar faces (edges in two dimen-
sions) and the final (deformed) configuration Ω represents the final curved high-order mesh, as
illustrated in Figure 1. The motion is described by a mapping φ which links a material particle
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from material configurationX to spatial configuration x according to x = φ(X).

x1, X1

x3, X3

x2, X2

dA

da = HdA

dX

dx = F dX

dΩ0

dΩ = JdΩ0

x = φ(X)

Figure 1: Deformation map of a continuum and illustration of the strain measures F ,H and J .

The following well-known strain measures can be introduced, namely the two-point defor-
mation gradient tensor or fibre-map F , the two-point co-factor or adjoint tensor or area mapH
and the Jacobian J or volume-map

F = ∇0φ =
∂φ

∂X
, H = JF−T , J =

1

3
H : F (1)

where ∇0 denotes the gradient with respect to material coordinates. The fundamental strain
measures {F ,H , J}, also illustrated in Figure 1, encode the essential modes of deformation,
based on which a complete set of indepdendent mesh quality/distortion measure can be defined.
Kinematically any other quality measure would be a combination of these three measures.

3 A CONSISTENT INCREMENTALLY LINEARISED APPROACH

To guarantee and/or maintain essential mathematical requirements such as objectivity and
polyconvexity for the linearised strain energy density, a linearised solid mechanics approach
must emanate from an underlying non-linear variational principle, as the notion of objectivity
and polyconvexity cannot be invoked in small strains. This is typically achieved by consistent
linearisation of the non-linear total potential energy through a Taylor series expansion. To
illustrate this, let us consider the total potential energy in non-linear system, cast in the form of
an iterative (Newton-Raphson) scheme

Π(φ?
n+1) = inf

φn+1∈Vn+1

{∫
Ω0

Ψ(Cn+1) dΩ0

}
(2)

where Vn+1 =
{
φn+1 ∈ [H1(Ω0)]

d
: φn+1(X) = x̄n+1 on ∂Ω0

}
and xn+1 = φn+1(X) is

the position vector of the material points at increment n+ 1, which can be evaluated through an
incremental displacement u superimposed on the deformed configuration at increment n, i.e.
xn+1 = xn+u. At increment n, the current position vector xn, the state of deformation gradient
F n and, subsequently, the Cauchy-Green strainCn are fully known. In a non-linear regime, the
motion of the continuum from n to n + 1 is solved iteratively, as the amount of displacements,
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the state of deformation gradientF n+1 and the Cauchy-Green strainCn+1 cannot be determined
explicitly.

However, in the context of high-order curved mesh generation, it is convenient to approxi-
mate (2) through a Taylor series expansion of the form

Πu(u?) = inf
u∈U

{∫
Ω0

(
DΨ(Cn)[u] +

1

2
D2Ψ(Cn)[u;u]

)
dΩ0

}
. (3)

where U =
{
u ∈ [H1(Ωn)]

d
: u = ū on ∂Ωn

}
. Notice that the first term in Taylor series

expansion i.e. Ψ(C) would be a constant term describing the state of strain energy density at
increment n, which vanishes at the moment of computing the stationary point of (3). Certainly,
embedded in the definition of the new total potential energy (Πlin) in (3) are the first and second
directional derivatives of the non-linear total potential energy. The spatial form of the linearised
total potential energy can now be obtained as

Πu(u?) = inf
u∈U

{∫
Ωn

(
σn : εn(u)+

1

2
εn(u) : cn : εn(u)+

1

2
σn :

(
(∇nu)T (∇nu)

))
dΩn

}
(4)

where the subscript n denotes the state of deformation, stresses, tangent elasticity and the vol-
ume at increment n, namely εn, σn, cn and Ωn. In addition, ∇n represents the spatial gradient
operator at increment n. The stationary condition of (4), obtained after the linearisation with
respect to the virtual displacement v, leads to the principle of virtual work

DΠu(u?)[v] =

∫
Ωn

(
σn : εn(v)︸ ︷︷ ︸

Rn

+ εn(u) : cn : εn(v)︸ ︷︷ ︸
Cn

+σn : ((∇nu)T (∇nv))︸ ︷︷ ︸
Gn

)
dΩn = 0.

(5)
It is worth noting that, in the right hand side of (5), the first termRn corresponds to the residual
stresses, the second term Cn to the linearised constitutive stiffness term and the last term Gn to
the geometric stiffness term. The emergence of the geometric stiffness term is due to consistent
linearisation of the non-linear total potential energy, which would not have appeared, had the
starting point not been chosen to correspond to a non-linear total potential energy. As will be
seen in the numerical examples, in the context of high-order curved mesh generation, the ge-
ometric stiffness term, stiffens the interior elements of the computational mesh against severe
distortion, hence producing meshes with better quality. Note that unlike in the non-linear anal-
ysis, since (5) is linear in u, a further linearisation is not required. It is evident that, if a single
increment is used to reach the final configuration, i.e. when n = 0, the equations of classical
linear elasticity are recovered.

4 QUALITY MEASURES

In a standard high-order finite element formulation, measures involving the Jacobian of the
isoparametric mapping have been extensively used, in particular the so-called scaled Jacobian.
This measure only quantifies volumetric deformations and alternative measures that exploit
different modes of deformation and account for shape, skewness and degeneracy of elements
can also be considered. However, it is worth noting that not all of these quality measures
can be regarded as independent quantities. From a solid mechanics point of view, only three
independent isotropic and two independent transversely isotropic quality measures for a generic
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element e can be introduced

Qe
j =

√
minξ∈R {Ij}
maxξ∈ R {Ij}

for j = 1, . . . , 5, (6)

where R denotes the reference element employed in the isoparametric formulation, with local
coordinates ξ. If necessary, further quality measures can be obtained through a linear combina-
tion of the invariants Ij which will be independent of the geometrical parametrisation.

5 NUMERICAL EXAMPLES

This section presents a few selected numerical examples. For all the examples, material
parameters are chosen as E = 105 for Young’s modulus, EA = 5E

2
for transversely isotropic

bending modulus and GA = E
2

for transversely isotropic shear modulus and the Poisson’s ratio
is varied within the interval [0.001,0.495].

The first example considers an anisotropic boundary layer mesh around the SD7003 aerofoil
with a stretching level of 25 in the boundary layer. The detailed view near the leading edge of the
initial linear triangular and the high order mesh with a degree approximation of p = 5 is shown
in Figure 2 having 27,410 nodes. The curvilinear mesh is obtained using 20 load increments
of a consistently linearised version of Neo-Hookean model. The minimum quality measures
characterising fibre, surface and volume deformation are, Q1 = 0.991 , Q2 = 0.991 and Q3 =
0.982, respectively, numerically confirming that the first two quality measures (related to fibre
and surface deformation) are identical in two-dimension.

(a) Linear mesh. (b) High-order mesh with p=5.

Figure 2: Boundary layer mesh around an aerofoil.

The next example considers an isotropic tetrahedral mesh around a cylinder. The initial linear
and the high order mesh with a degree approximation of p = 4 is shown in Figure 3 having
38,355 nodes. The curvilinear mesh is obtained using 30 load increments of a consistently
linearised version of nearly incompressible Mooney-Rivlin type material model. The minimum
quality measures characterising fibre, surface and volume deformation are, Q1 = 0.965 , Q2 =
0.928 and Q3 = 0.891, respectively. Note that nodes lying on the planar faces of cylinder
require in-plane translation.

Finally 5 pin-points two critical aspects of solid mechanics based curved mesh generation
approaches, namely, the importance of a well-defined (i.e. polyconvex) material model depicted
in 5a (note that all material models apart form ILE TI and CIL TI models are well defined;
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(a) Linear surface mesh. (b) p = 4 surface mesh (c) p = 4 mesh surface showing
nodes

Figure 3: Isotropic mesh around cylinder.

notice the drop in mesh quality associated with these material models), and the equivalence
of fibre quality and surface quality i.e. Q1 = Q2 for two-dimensional problems shown in 5b;
both for anisotropic boundary layer mesh. For the explicit forms of the material models refer to
[Poya, Sevilla, and Gil].

ILE Isotropic
ILE TI
CIL neo − Hookean

CIL Mooney − Rivlin
CIL NI − MR
CIL TI
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(a) Mean value and standard deviation of the minimum
scaled Jacobian of the generated meshes as a function of
the Poisson’s ratio for different materials and degrees of
approximation.
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(b) Different quality measures of the generated
meshes with p=4 as a function of the Poisson’s ratio
for the ILE isotropic approach and using five load
increments.

6 CONCLUSIONS

A consistently linearised solid mechanics based framework for the generation of high-order
curvilinear meshes has been presented. The derivation of the approach, based on energy prin-
ciples, is used to propose mesh quality measures based on independent invariants of the strain
energy density. Of the three isotropic quality measures proposed, Q3 is the most impactful in-
dicator, which corresponds to the so-called scaled Jacobian traditionally used by the high-order
mesh generation community.

In terms of the material parameters, the use of a Poisson’s ratio near the incompressible
limit is generally advised in order to maximise the quality of the resulting mesh. For isotropic
meshes, a low number of increments (e.g. five increments) is typically sufficient to obtain the
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maximum possible quality, whereas for highly stretched meshes and for high-orders of approx-
imation (i.e. p > 4) a higher number (e.g. 40 increments) is needed to obtain good quality
meshes.
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Abstract. The growing market for additive manufacturing processes such as laser beam
melting (LBM) poses new challenges. With more difficult product requirements, the need for a
deeper understanding of the resulting stress states and the underlying physical principles in-
creases. To gain a deeper understanding of the residual stress states of LBM-manufactured
parts, simulations of the build-up process were carried out and validated by means of neu-
tron diffraction (ND), X-ray diffraction (XRD) as well as incremental hole-drilling (IHD). The
gathered data is also intended to serve as a validation case for other simulation models and
tools.
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1 Introduction

Laser beam melting is an additive manufacturing technique to produce dense metal parts
through layer-wise powder melting and re-solidification by means of a focused laser beam.
This leads to significant temperature gradients both spatially and temporally, which in turn
cause residual stresses through thermal strains. Today, the knowledge about the correlation
between part geometry, resulting temperature gradients during the manufacturing process and,
ultimately, residual stress states after the end of the build process is not sufficient and only
partly validated [1, 2]. This issue is a considerable challenge for the component design of di-
mensionally accurate parts [3, 4]. Currently, a lot of process know-how and expert knowledge
is necessary to pre-warp the geometry in such a way that the manufactured result matches the
target geometry. An iterative approach to meet this challenge before the manufacturing stage by
pre-warping the geometry based on simulation results is described in [5]. In recent time, further
simulation models have been increasingly developed to predict residual stresses and distortions
of additively manufactured parts [6, 7, 8, 9, 10].
This paper presents the validation results of the simulation model described in [5, 11]. More-
over, to create a general understanding of the correlation between temperature gradients and
residual stresses in LBM, a simple cuboid geometry was selected. The presented investigations
focus on the nickel-base superalloy Inconel 718, which is highly relevant to e. g. the aerospace
industry [12, 13]. Validation of the simulation model was already carried out for both a tool
steel 1.2709 [14] and the AlSi12 material system [15].

Neutron diffraction measurements of a massive cuboid geometry were used in order to un-
derstand the stress state within the bulk volume. In addition, incremental hole-drilling as well
as X-ray diffraction measurements were carried out to validate residual stresses close to the
surface. An alternative approach to estimate residual stresses in the interior of additively man-
ufactured parts using digital image correlation is presented in [2]. A more in-depth analysis of
the microstructure and mechanical behavior of Inconel 718 fabricated by selective laser melting
is described in [16, 17]. Additional details about the experiments are summarized in Subsection
2.1.

For the simulation presented in this manuscript, the LBM process is simulated by a sequen-
tially coupled finite element simulation of the thermal and thermomechanical processes. Due to
the complexity of the real process, simplifications are necessary for the simulation to calculate
residual stresses and distortions on the scale of industry relevant parts within a reasonable time
frame. While real parts comprise thousands of layers consisting of thousands of hatches, several
of those layers are combined into so-called layer compounds for the simulation [18]. Further-
more, a simultaneous heat input to the whole layer is used, thereby neglecting the distortions
and residual stresses caused by the single weld seams [11]. Subsection 2.2 contains additional
information on the used simulation model.

2 Methodology

The presented results are intended to help to understand the distribution of residual stresses
in a simple additively manufactured cuboid structure in order to improve the understanding
and to serve as a way of validating the results of corresponding simulations. The necessary
experimental methods and analyses are presented in this section as well as the simulation model
that is to be validated.
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2.1 Experimental setup and methods

The geometry used for the validation is shown in Figure 1. Specimen manufacturing was
carried out on an EOS Eosint M280 LBM machine calibrated and maintained for aerospace pro-
duction use located at MTU Aero Engines AG in Munich. The machine uses a 400W Nd:YAG
fiber laser with a spot size of approximately 80 µm. Laser focusing and positioning is achieved
by an F-Theta lens and two Galvanometer scanning mirrors. Argon was used as a shielding gas
and the oxygen concentration within the build chamber is controlled to a maximum of 0.1%.

The powder material for the experiments was Inconel 718 with a particle diameter between
15 µm and 45 µm provided by Oerlikon Metco. The EOS standard parameter set for this material
and 20 µm layer thickness originally developed for the Eosint M270 generation was used. This
includes, among others, a stripe pattern for the exposure strategy.

(a) Specimen on build plate
within the experimental setup

z

y

x

(0,0,0)
1

3

(40,10,40)

2

4
5

6

7

8
9

(b) Schematic depiction of the cuboid geometry with the build plate.
The lines with markers represent the location for the neutron diffrac-
tion measurements, while the numbered dots indicate the location of
X-ray and hole-drilling measurements.

Figure 1: The used specimen, a cuboid geometry (40 × 40 × 10mm3). The directions are
referred to in the following as x: longitudinal, y: transversal and z: normal.

IHD and XRD techniques were applied in side and top surfaces of an LBM manufactured
cuboid sample to characterize the residual stress depth distributions. For the IHD technique,
high-speed drilling equipment was used to perform a cylindrical blind hole. This technique
is recommended since minor drilling-induced plastic deformations occur and a satisfying hole
shape can be achieved. Surface strain relief was measured by three-element strain gage rosettes
(CEA-06-062UM-120, Measurements Group) in depth increments of 0.02 to 0.06mm, up to
about 1.2mm below the surface. Smaller steps were carried out close to the surface to access
stress gradients more precisely. The typical hole diameter was about 1.9mm. Residual stress
evaluation was carried out according to the differential method, using the elastic constants E =
190GPa and ν = 0.34 for the top surface and E = 175GPa and ν = 0.34 for the side surfaces
of the rectangular sample.

XRD residual stress analysis was combined with local electrolytic layer removal to obtain
residual stress profiles. Stress relaxation due to layer removal was neglected since the affected
region was small and no significant relaxation effects could be expected. Lattice deformations
of the Ni planes were measured on a modified ψ-diffractometer (Xstress 3000 G2, Stresstech
Group) for 13 ψ-angles between −45◦ and 45◦ using Mn Kα radiation. Residual stresses were
calculated for the plain stress condition using the X-ray elastic constants E {311} = 199GPa
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and ν {311} = 0.33 for IN718 matrix material [19]. In addition to the macroscopic residual
stresses, the full width at half maximum (FWHM) values of the X-ray diffraction peaks were
also recorded; they indicate near surface microstructural changes in the material due to the LBM
process.

The neutron diffraction measurements were performed at the STRESS-SPEC instrument.
For the neutron diffraction experiment a wavelength of λ = 1.55 Å was selected using the
Si (400) monochromator, which allowed to measure the Nickel {311} reflection at a scattering
angle of about 2θS ≈ 91◦. The gauge volume was defined using a 2×2mm2 slit in the incoming
beam and a radial collimator having a 2mm field of view in the diffracted beam. In total three
lines at half width (y = 5mm) of the block and at different positions (e. g. at z = 5mm,
z = 20mm and z = 38mm) along the build direction z were measured (cf. Figure 1b on the
preceding page). Each line consisted of five measurement positions along the long axis of the
IN718 block with the exact positions in the x-direction at 2mm, 12mm, 20mm, 28mm and
38mm, respectively.

The strain is measured in the direction of the scattering vector, which bisects the incident
and the diffracted beam. Since stress is a tensor, measurements are generally required in six
orientations to completely determine the stress state at any point in the sample. However, in
case of the built IN718 cuboid, we inferred that the principal stress axes roughly coincide with
the principal axes x, y and z of the cuboid. Additionally, the effect of assuming the principal
stresses is not relevant for the comparisons carried out in this study, as the stresses in three
perpendicular directions are correctly gathered, they may just not account for all of the stress
in the sample [20]. As the main goal of this study is the validation of a simulation model and
more exactly, the stresses along the principal axes of the cuboid geometry, no systematical error
is introduced. Thus, the stresses can be calculated from the measured strains using diffraction
elastic constants E {311} and ν {311}.

As in our case no stress free reference sample was available, the stresses were calculated
using the mechanical boundary condition that the near surface stresses in x-direction should
decline to zero. The possible error of this assumption relates to a shift in the y-axis of the plots
in Figure 3 on page 7 but is not depicted in the plots.

2.2 Simulation

The used simulation model was developed at the Institute for Machine Tools and Industrial
Management (iwb) and contains several modeling assumptions necessary to allow the simula-
tion of the highly complex laser beam melting process (cf. [5, 11] for additional details).
The position of the nodes of the computational mesh, for example, is required to be restricted
to discrete levels in build-up direction, similar to the real layer wise manufacturing process.
With real parts comprising thousands of layers, abstractions are made by summarizing multiple
real layers in so-called layer compounds. Modeling every single layer in the simulation would
currently result in an unacceptably long calculation time. It is however not considered neces-
sary due to the fact that the layers close to each other share the same temperature history and
are therefore subject to similar thermal loading and thus expected to exhibit similar mechanical
loading. The presented results were generated with a layer compound height of 0.5mm and
hexahedral elements of similar size.

The simulation uses a simultaneous heat input to the whole layer and considers the effect of
the heat conduction through the part, neglecting stresses introduced by the single weld seams.
While the selective solidification leads to high initial stresses, considering the established subse-
quent manufacturing process, where multiple layers are remelted and hatch patterns are rotated
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between each layer, the effect is assumed to be characterizable by a homogeneous heat input as
a first step.

The heat input is realized by adjusting the temperature of the nodes on the upside of the top
layer to solidus temperature. The load time corresponds to the time a point in the real process
is subject to temperatures above solidus and is based on Rosenthal’s solution for a moving heat
source on a semi-infinite body [21].

The thermal and mechanical simulation are sequentially coupled by solving the transient heat
equation and applying the calculated temperature distribution per time step as distinct load steps
within the mechanical simulation. The feedback, the resulting warpage, is deemed negligible
for the thermal simulation due to its limited effect size in the range of 10−4 m. As distortions
of the building platform are observable in the real manufacturing process, it is necessary to take
the building platform into account. The model thus not only comprises the part but also an exact
representation of the used building platform.

In order to validate the simulation, a comparison of values of residual stresses was carried
out.

3 Results

Post-process light and scanning electron microscopic images reveal the expected dense struc-
ture with columnar grains in the x-y-plane [16, 17] (cf. Fig. 2). In contrast, the x-z-plane of
the part shows no predominant direction in terms of grain orientation (cf. Figure 2b on the
following page).

The results of the different stress evaluations are depicted in Figure 3 on page 7 and Figure 4
on page 8. The first three plots show a comparison between the simulated and the measured
stresses in the three principal directions of the cuboid geometry, along the measurement paths
of the neutron diffraction measurements with the hollow markers indicating experimentally
gathered values. The given error is limited to the propagation of the fitting error inherent to
diffraction measurements, i. e. the error from choosing the correct reference sample for the
stress-free lattice strain is not included. All errors are acceptable, with the transversal stresses
exhibiting the highest uncertainty.

The plot for the normal stresses shows similar tendencies for all measurement paths, the
respective magnitude is however overestimated by the simulation for the inner lower area of
the part. In the border areas, tensile stresses near yield are both simulated and measured while
the middle of the part is exhibiting compressive stresses that decline with the distance from the
build plate. Both the simulation and the measurement suggest an almost neutral stress state
along the upper path with the simulation predicting tensile stresses near the surface.

The longitudinal stresses exhibit the best agreement between simulation and measurements.
With the exception of the central point of the middle path, the simulation results are within or
close to the given experimental accuracy. The stress distribution is characterized by a low level
of tensile stresses near the bottom of the part, a similar level of compressive stresses along the
path at z = 20mm and a maximum at the top and in the middle of the part, exhibiting tensile
stress. The boundary condition, that longitudinal stresses should disappear at the edge of the
geometry in x-direction, was used to set the stress-free reference angle. Thus, the respective
values naturally decline towards x = 0 and x = 40mm.

In the transversal, i. e. the y-direction, the predicted stresses follow a similar trend as the
measurements, the agreement is however not sufficient, especially for the lowest scan path
in the middle of the part. Additionally, the missing symmetry in combination with the high
expected gradients suggests a positioning error of the gauge volume for one of the extreme
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(a) Light microscope image of the x-z-plane,
etched and 100 times magnified

(b) Scanning electron microscopic image of the x-
z-plane, etched and 3600 times magnified

(c) Scanning electron microscopic image of the x-
y-plane, etched and 3600 times magnified

Figure 2: Microstructure of the used specimen

positions (x = 2 or x = 38mm). The stresses are rather negligible in the middle of the part but
exhibit a considerable maximum of 300MPa near the edge and bottom of the part.

The contour plots in Figure 4 on page 8 combine all determined values for an easier com-
parison. The plots are stretched to show a quadratic cross section to increase readability, with
only Figure 4f having the original aspect ratio. The contour lines represent the results of the
simulation described in Subsection 2.2, the values marked with a diamond indicate neutron
diffraction results and the alphanumerically labeled data, marked by circles and rectangles, was
provided by the IHD and XRD experiments. For most measuring points, the results of the last
two methods (obtained at corresponding positions on opposite sides of the cuboid) coincide,
but especially for holes close to edges of the cuboid, IHD measurements are less reliable and
diverge from those of the XRD trials due to plastic deformation. In these cases, the results ob-
tained by X-ray diffraction are used and the corresponding points are marked with a rectangle
instead of a circle. Additionally, if the cross sections do not coincide with actual measurement
points, a linear interpolation between the neighboring points is used. For example, no neutron
diffraction result is available for the cross section at x = 5 and thus it is inferred from the values
at x = 2 and x = 11.
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(b) Normal stresses at z = 20mm
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Figure 4: Comparison of simulated (contour plot), neutron diffraction (diamonds), IHD (circle)
as well as XRD (rectangle) measured results for the residual stresses in the presented cuboid
geometry. The lines in the contour plots are equidistant.
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The stress plots for the z-direction show the mentioned characteristic of high tensile stresses
in the areas close to the surface and a compressive region in the middle of the part that declines
with increasing z-height (cf. Figures 4a to c). The experimental results match the trend and
show acceptable agreement with the simulation. However, the magnitude of tensile stresses
found by experiments is not reproduced by the simulation, e. g. Figure 4c, measurement point
7.

In the longitudinal x-direction, the plots continue to show the agreement between ND and
simulation. However, the high tensile stresses in the regions close to the surface are not pre-
dicted by the simulation. Additionally, the plot exhibits a certain level of asymmetry. This is
attributable to the non-symmetric placement of the cuboid on the build plate.

For the transversal stresses, the agreement is less prominent. While the high stresses at the
top of the part are correctly predicted, the simulation results do not match the experiment in the
side surfaces of the cuboid. The stress state is characterized by tensile stresses at the bottom
and top of the part and a compressive region in the middle of the upper half of the geometry.

4 Discussion and Conclusion

The prediction of residual stresses shows sufficient agreement with the measured values.
However, especially in the border areas, the prediction and experiment differ from one another.
This is assumed to be attributable to the missing modeling of the contour exposure.

The prediction of normal stresses shows an overestimation of the actual result. This is related
to the modeling of the heat input that, in contrast to the real process, only accounts for a heat flow
in z-direction as the consecutive hatches are summarized, eliminating temperature gradients in
the x-y-area of the topmost layer. The further development should aim to incorporate the effects
of the hatching into the simulation model and solve this issue.

However, the level of agreement between simulation and neutron diffraction results is highly
encouraging and suggests that the chosen modeling approach is suitable for the simulation of
the process. The conclusions are in particular:

1. The stresses occurring in an LBM-manufactured cuboid range from high tensile areas
near yield close to the surface of the part to medium compressive stresses in the middle.

2. The presented simulation tool is capable of predicting the trend of residual stresses for
the cuboid geometry.

3. The main point of deviation is the area close to the surface that exhibits very high tensile
stresses not predicted by the simulation.

5 Outlook

Further investigations are necessary that include measurements of the stresses within the
build plate in order to get a complete picture of the stress distribution. The statistical power
of the work carried out is very low as only one sample part manufactured on one LBM system
with one scan strategy was examined. The representativeness of the results is to be examined.
It is however expected, that the results of other manufacturing systems are comparable. Addi-
tionally, the stripe pattern is one example of a heat input that is as homogeneous as possible,
comparable to the also well-established chessboard strategy, and may thus serve as a valid ref-
erence point for this kind of strategy. Last, further studies should combine results of warpage
and residual stresses so that the full mechanical response to the manufacturing process becomes
available.
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Abstract. As we continue to exploit and alter the coastal environment, the quantification of
the potential impacts from planned coastal engineering projects, as well as the minimisation of
any detrimental effects through design optimisation, are receiving increasing attention. Geo-
physical fluid dynamics simulations can provide valuable insight towards the mitigation and
prevention of negative outcomes, and as such are routinely used for planning, operational and
regulatory reasons. The ability to readily create high-quality computational meshes is critical
to such modelling studies as it impacts on the accuracy, efficiency and reproducibility of the
numerical results. To that end, most (coastal) ocean modelling packages offer tailored mesh
generation utilities. Geographical Information Systems (GIS) offer an ideal framework within
which to process data for use in the meshing of coastal regions. GIS have been designed specif-
ically for the processing and analysis of geophysical data and are a popular tool in both the
academic and industrial sectors. On the other hand Computer Aided Design (CAD) is the most
appropriate tool for designing coastal structures and is usually the user interface to generic
three–dimensional mesh generation frameworks. In this paper we combine GIS and CAD with
a view towards mesh generation for an impact study of the proposed Swansea Bay Tidal La-
goon project within the Bristol Channel and Severn Estuary. We demonstrate in this work that
GIS and CAD can be used in a complementary way to deliver unstructured mesh generation
capabilities for coastal engineering applications.
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1 INTRODUCTION

Geophysical domains are geometrically complex, with shorelines the most commonly known
example of fractal geometry in nature [1]. Many transient features in oceanic flow emerge due
to the multi–scale nature of the domain geometry. Therefore, the predictive accuracy of geo-
physical fluid dynamics simulations will depend on an appropriately accurate and efficient rep-
resentation of a wide range of features present in the geometry. In addition to natural features,
in the area of coastal engineering a further critical small–scale geometrical feature is that of
the infrastructure: pipes, piers, tidal dams and wave defence structures being typical examples.
The minimisation of environmental impact as well as the resilience of infrastructure are of such
importance that policy frameworks increasingly regulate these aspects of coastal infrastructure
projects. This has led to the adoption of hydrodynamic coastal modelling as a necessary tool in
the infrastructure design process. Resolving coastal structures in a computational mesh, or at
least accurately parameterising their effect on the flow, is necessary to achieve high predictive
accuracy in simulations. However, the impact of many coastal structures can be seen at much
larger scales, especially when linked to tidal power generation [2, 3, 4]. Therefore, the simu-
lation domain must extend over much greater scales. In fact, the desire for high resolution in
parts of a large multi–scale domain, is common in coastal as well as ocean modelling [5, 6, 7].

Unstructured meshes are well suited to the efficient tessellation of complex, multi–scale
coastal domains, by allowing the element size to vary by orders of magnitude. Unstructured
mesh generation methods have matured and can produce high–quality meshes for domains typ-
ically encountered in coastal ocean modelling. However, most generic mesh generation tools
have been developed within the wider realm of Computational Fluid Dynamics (CFD) and are
not geared towards ocean and coastal modelling, as typically a Computer Aided Design (CAD)
interface is available to the user. CAD is ubiquitous in coastal engineering and an essential
component in industrial fluid dynamics applications. The native ability of CAD to accurately
specify coastal structures or other infrastructure, often with reference to set standards, is neces-
sary in the design as well as construction processes. However, CAD is not the best framework
for the description of geophysical data, where Geographical Information Systems (GIS) are far
better suited. The flexibility, extensibility and robustness of GIS, and in particular the ability to
process and analyse complex and multi–scale geophysical information, has led to their integra-
tion with data visualisation, mesh generation [8, 9] and data management [10] frameworks.

In this paper we focus on the generation of multi–scale unstructured meshes in the context of
coastal engineering applications and present a framework to achieve this, combining GIS and
CAD. In the following sections we outline the developed framework, and discuss how it relates
to mesh generation in coastal engineering. A preliminary application to the Bristol Channel
and Severn Estuary follows, where numerous projects on renewable tidal power generation
have been proposed. Most such projects require significant coastal infrastructure design and
development. We close with a discussion of our key findings and outlook on future work.

2 MESHING FOR COASTAL ENGINEERING APPLICATIONS

The domain in simulations of coastal and ocean flows is usually best described in a topo-
logically two–dimensional space, where the domain is bounded by shorelines and open bound-
aries. Mesh generation in two dimensions is the natural and obvious choice in cases where a
two–dimensional framework, such as the depth–averaged shallow water equations, can be used
to express the phenomena under study. In cases where a three–dimensional framework must
be used (e.g. when non–hydrostatic effects are important) a topologically two–dimensional
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description of the domain will typically suffice. Most three–dimensional models will only re-
quire a two–dimensional mesh, over a reference surface, and construct a vertically structured
three–dimensional mesh by projecting the surface mesh vertices towards the ocean floor. GIS
is therefore ideal for describing domains in realistic geophysical simulations [11], since one
of the primary purposes of GIS is to store, manipulate and analyse geographical, topologi-
cally two–dimensional information. In order to meet the demand for robust mesh generation of
geophysical domains several utilities have been developed, adopting GIS methodologies. For
example, BlueKenue, MIKE Zero and RGF-Grid are mesh generation and post–processing utili-
ties used by the Telemac, MIKE and Delft3D (Flexible Mesh) models respectively. In this paper
we use the utilities described by Avdis et al. [9] which interface the QGIS suite [12] and the
Gmsh mesh generator [13], by linking similar abstractions used in both GIS and mesh gener-
ators: vector data structures are used to describe domain boundaries and raster data structures
are used to express fields such as the spatial distribution of the desired element edge size.

Unlike GIS, CAD is predominantly aimed at designing three–dimensional entities, and an
explicit reference to a geographical coordinate reference system need not be given. Particular
emphasis is put on construction or manufacture processes, where determination of materials and
construction methods are often aided by the more general Computer Aided Engineering (CAE)
framework which includes interfaces to industrial fluid dynamics solvers and mesh generation
suites. However, the use of both CAD and GIS in planning and construction of infrastructure,
as well as the recent trends of increasing accuracy demands from geo–location services has led
both GIS and CAD to adopt features and capabilities from one another. Mesh generation for
coastal engineering is an example of this complementary relationship, where both CAD and GIS
must be used; detailed descriptions of coastal structures and their construction can only be made
in a CAD framework, while only a two–dimensional description of the surrounding environment
is necessary. In this study we used CAD to extract broad features of the coastal infrastructure
and define the relevant shoreline boundaries, identifying an acceptable approximation to the
wetting line. In general, the definition of shoreline boundaries can only be made on a case
by case basis, accounting for tidal or other inundation variations. These boundaries were then
imported into GIS and were used in the domain definition and mesh generation.

3 TIDAL LAGOONS IN THE BRISTOL CHANNEL

The large tidal range in the Bristol Channel and Severn Estuary has inspired many proposals
for renewable energy extraction [17]. Several plans have proposed building dams spanning the
estuary (for example [18])–proposals collectively known as the Severn Barrage. Sections of the
structure house sluice gates and hydro–turbines, in order to control the flow of the water and in
particular to form and harness a potential energy difference across the dam wall. However, con-
struction cost and concerns over potential environmental impacts [19] have been major failing
points. Tidal lagoons are similar in construction and operation, but at a smaller scale. A tidal
lagoon proposal currently being considered by the UK Government is the Swansea Bay Tidal
Lagoon [20, 21]. Figures 1(d,e) and 2 show its location and outline the proposed structure. As
shown, a sea wall with appropriate turbine and sluice gate housings encloses a large area within
the estuary. Since the structure of a tidal lagoon is local and does not cross the estuary, tidal la-
goons are thought to result in smaller environmental impacts [22]. The appraisal of tidal lagoons
must include environmental impact studies and the design must limit these. Although the level
of commercial fishing activity within the Severn Estuary and Inner Bristol Channel is low when
compared to other British inshore fisheries [23], the channel is an important nursing ground for
commercially sensitive fishery species such as sole and bass. These juvenile fish populations
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Figure 1: The domain boundaries and bathymetry for simulations of the Severn Estuary and Bristol Channel, with
and without the Swansea Bay Tidal Lagoon structure: (a) Map of GEBCO 2014 bathymetry [14] over the UK and
Ireland, with the simulation domain boundaries; (b) The simulation domain boundaries, without the tidal lagoon,
identifying the source of the boundaries; (c) Detail of the Swansea Bay area; (d) Detail of the Swansea Bay area
with the tidal lagoon boundaries, derived from [15]; (e) Detail of the tidal lagoon boundaries showing the housing
of the tidal turbines and sluice gates. The Digimap marine bathymetry [16] is shown in panels (b,c,d,e).

must be preserved. The estuary is also notably rich in fish species, being home to more than
100 variations [24]. In addition to the environmental concerns, building tidal lagoons requires
significant capital, leading to investors (including the state) requiring estimates on return with
sufficient accuracy and ample supporting evidence [25]. Accurate optimisation studies of tidal
lagoon structures, in order to minimise environmental impacts and maximise return, are there-
fore important. Numerical simulations of the flow over the wider region resolving the structure
and its effects can be a valuable tool in appraisal and design (as carried out, for example, in
[26]). Here we present the construction of a mesh as well as simulation results over the Severn
Estuary and Bristol Channel, resolving the tidal lagoon structure.

3.1 Mesh Generation

Panels (a,b,c) in figure 1 show the domain boundaries superimposed on bathymetry maps of
the simulation domain without the tidal lagoon structure. Panel (a) shows an overview of the
whole domain in relation to the United Kingdom, while panel (b) identifies the sources of the
domain boundaries with differing fidelities. The domain boundaries have been selected to be
suitable for simulations aimed at identifying the effects of the Swansea Bay tidal lagoon on the
Severn Estuary, so high mesh and shoreline geometry resolution was used in the inner part of the
Bristol Channel and the Severn Estuary. The Western part of the Bristol Channel is included in
the simulation, in order to place the open boundary away from the region of interest. As shown
in figure 1(b), the UK Ordnance Survey shoreline data [27], and in particular the high-tide
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Figure 2: Schematic diagrams of the Swansea Bay tidal lagoon showing lagoon location, and broadly outlining
lagoon construction, based on technical drawings of the proposed lagoon [15]. The plan view shows the location
of the lagoon relative to the Swansea Docks, Swansea Marina, River Tawe and the approximate locations of
the approach channels to the rivers Tawe and Neath. Elevation AA shows the housing of the 16 turbines and 8
sluice gates, viewed from the Bristol Channel. Sectional elevation BB outlines the construction of the sea–wall,
identifying the armour either side and sea–wall deck.

boundary was used in the inner part of the Bristol Channel and Severn Estuary. The zero–
elevation contour extracted from the GEBCO 2014 30-minute arc gridded bathymetry [14],
shown in figure 1(a), was used in the portion close to the open boundary. The open boundary
was formed by linearly blending two loxodromes (lines of constant bearing): The loxodrome
starting from the Welsh coast at 5◦ East, 51.65◦ North, at a bearing 170◦ West, up to a latitude
51.0◦ North and the loxodrome starting from the Cornish Peninsula at 5◦ East, 50.5◦ North, at a
bearing 30◦ West, up to a latitude 51.0◦ North.

The proposed Swansea Bay tidal lagoon would extend dock infrastructure into the Swansea
Bay, as outlined in figure 2. As suggested by the bathymetry in figure 1(c,d) and figure 2 a
9.5km sea wall will follow the direction set out by existing dredged approach channels lead-
ing to rivers Neath and Tawe, and impound an area South of the Swansea Docks. As shown
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in figure 2, the structure is planned to include sixteen turbines and eight sluice gates at a pur-
pose built housing unit, located at the South–West side of the lagoon. The boundaries for the
lagoon structure used here were obtained from technical drawings in [15]. Thus, as discussed
in sections 1 and 3 the specification of the tidal lagoon structures was only available in a form
originating from a CAD/CAE framework. Furthermore, only drawings of the structure were
available, which were digitised as a first step, extracting the boundaries of the sea–wall deck,
identified in the sectional elevation of figure 2. The digitisation was carried out within QGIS
using geo–referencing utilities, so as to accurately locate the lagoon structures in relation to the
Ordnance Survey boundaries [27]. The armour either side of the wall, identified in figure 2,
is ignored in this case and the domain extends over the armour, up to the seawall crest. The
qCAD open–source package was used to accurately edit the digitised boundaries and define the
domain boundaries over the turbines and sluice gates.

A two–dimensional, shallow–water approximation, discussed in section 3.2, was chosen for
simulating the flow in the domain. Turbines and sluice gates cannot be represented by the
shallow–water framework, due to their complex three-dimensional geometry. Instead, only their
effect on the larger scales can be captured. The energy extraction from the turbines is usually
parameterised as a sub–grid–scale process, applied only to mesh elements in the vicinity of the
device [28]. Therefore, the turbines are here represented by adjacent rectangles (see figure 1(e)),
that will be covered by mesh elements, while the mesh is conforming to polygon boundaries
(see figure 4(d)). Appropriate parameterisations can be applied in elements inside the turbine–
representing regions. The definition of adjacent, meshed, polygons creates a number of internal
boundaries. The flow through the turbines is also controlled by turbine gates. The effect of the
turbine gates can be captured by appropriate conditions on the flux through the edges lying on
the internal boundaries between the lagoon and turbine regions. The sluice gates are represented
as internal boundaries between the lake and the Bristol Channel.

A small element edge length is required for an accurate representation of the detail present in
the shorelines obtained from the Ordnance Survey, whereas a lower resolution is desired close
to boundaries described by the 0m contour from the GEBCO 2014 bathymetry. The distribution
of element size is shown in figure 3 and is based on the proximity to the shorelines. The mesh
at the boundaries obtained from the Ordnance Survey has an element edge length of 10m. This
resolution is maintained up to a distance of 150m from the boundary. The edge length then
increases to an edge length of 10km over a distance of 25km. An identical element size distri-
bution was chosen towards the boundaries of the tidal lagoon structure. A 1km element edge
size is prescribed at the boundaries expressed as a 0m contour of the GEBCO 2014 bathymetry
[14]. This resolution is maintained up to a distance of 2km from the boundary and then in-
creases to 10km over a distance of 15km. Panel (a) in figure 4 shows the mesh without the tidal
lagoon structure and panels (b,c,d) show the mesh with the tidal lagoon structure. The mesh in
the lagoon and the turbine polygons are coloured differently highlighting the individual regions
and internal boundaries.

3.2 Simulation Results

In order to show the utility of the meshes shown in figure 4, the Telemac package was used to
simulate the tidal flow using the mesh shown in figure 4(a). The “depth–velocity” formulation
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Figure 3: Map of user–specified mesh size metric (element edge length) in the UTM30 coordinate reference
system, for the simulation domain without the tidal lagoon.

of the shallow water (Saint-Venant) equations [29] was used:
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∂ui
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where repeated indices imply summation, νe is the effective viscosity and h is the total water
depth measured from the free-surface to the ocean floor. Zs is the free surface elevation mea-
sured from the UTM30N vertical datum and Zf denotes bathymetry, such that h = Zs−Zf . Ci
are the Coriolis force terms, defined as:

C1 = fu2 ,
C2 = −fv1 ,

(3)

where f = 1.1 × 10−4s−1, valid for a latitude of approximately 50◦. Sf in equation 2 is the
floor friction term, expressed by the Chézy law:

Sf = − g

cos(a)hC2

√
u21 + u22 , (4)

where C = 62.6m
1
2 s.
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Figure 4: Multi–scale unstructured meshes over the Bristol Channel and Severn Estuary simulation domain, in
UTM30: (a) Mesh of the domain without the tidal lagoon, containing 1, 166, 851 vertices, 2, 246, 905 triangles;
(b) mesh of the domain with the tidal lagoon, containing 1, 205, 631 vertices, 2, 323, 049 triangles; (c) mesh detail
over the Swansea Bay and tidal lagoon; (d) detail over the Swansea Bay Tidal Lagoon, showing the mesh around
the sea–wall and the mesh over the turbines and sluice gates.

Equations 1 and 2 are discretised using a mixed finite element pair, composed of semi–
quadratic (quasi–bubble in [29]) elements for velocity and linear elements for depth. Time
stepping is affected using a fractional step method, where the advective terms are used to cal-
culate intermediate values during a first stage using the method of characteristics detailed in
[29]:

h∗ − hn
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∂xi
= 0 ,
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∆t

+ uj
∂ui
∂xj

= 0 ,

where superscripts denote time–levels. The primitive variables at the end of the time–step are
calculated in a second stage, using a semi–implicit discretisation of the terms with a θ parameter
controlling the implicitness of each term:
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In the simulations presented here θhp = θvp = 0.55 and θvd = 1.
The OTPS tidal dataset over the North–Western European shelf [30] is used to prescribe the

depth at the open boundary. The 1 arc–second Digimap Marine, HydroSpatial One [16] grid-
ded bathymetry data, shown in panels (b,c,d,e) of figure 1, was used to define the bathymetry
in the simulation domain. The Severn Estuary is known to have large tidal flats, which are
submerged during high tides. The cyclical exposure of tidal flats requires special wetting-and–
drying algorithms in the solution procedure, and such algorithms are available in the Telemac
modelling framework. However, given the focus of this study is mesh generation in the context
of coastal engineering, wetting–and–drying algorithms have not been incorporated into the so-
lution procedure. Instead, the bathymetry was modified to be −10m in any areas that exceeded
that value. While this may affect the predictive accuracy of the simulation results presented
here, the mesh generation procedure has not been altered substantially in ongoing studies incor-
porating wetting–and–drying.

Five days are simulated, starting at 00 : 00 2 July 2011, using a time step of 0.2s. Figure
5 shows the instantaneous velocity magnitude contours at the end of the simulation. Details
over the Severn Estuary and the Swansea Bay are shown. The velocity vectors are also shown
in the Swansea Bay area. At the time of the shown instant the flow is in ebb tide and strong
velocities are seen in the Bristol Channel, close to the shorelines. In the Severn Estuary high
velocities are indicated in the shallow areas. However, the bathymetry modification and lack of
wetting–and–drying compromise the predictive accuracy in shallow regions. This also applies
to the Swansea Bay results, where the velocity vectors indicate an along–shore flow, with a
recirculation region in the lee of the piers around the river Tawe. Nonetheless, the preliminary
results presented here show the suitability of the mesh for coastal engineering fluid dynamics
simulations.

4 CONCLUSIONS

The use of geophysical fluid dynamics simulations in the context of environmental impact
assessment [2, 3, 4, 5, 17, 26] and coastal infrastructure optimisation [31] is becoming com-
mon place. Robust mesh generation is therefore required, enabling an adequate representation
of coastal infrastructure, within inherently complex geophysical domains. GIS and CAD have
both been used as interfaces to mesh generation, but in the context of coastal engineering the
complementary capabilities of both frameworks are useful: while CAD can be used to accu-
rately specify the geometry of coastal structures, the impact of coastal structures can be seen
on a much larger scale where GIS is the appropriate framework for geometry description and
data analysis. We have here shown how the combination of GIS and CAD can form an efficient
framework for mesh generation.

The Swansea Bay Tidal Lagoon is a typical example of coastal infrastructure where envi-
ronmental impact, construction cost and financial return must be quantified and balanced. We
have shown how the proposed mesh generation framework can be used to produce meshes with
very accurate shoreline representations, including the proposed lagoon structure. On–going
work is aimed at understanding the effect of the tidal lagoon on the Severn Estuary, Bristol
Channel and Irish Sea, as past studies [3, 2] have shown that a tidal barrage will affect the tidal
range in a much wider area. To that end further simulations are needed, incorporating wetting–
and–drying, a sediment model [32], realistic operation and parameterisation of sluice gates and
turbines, with high mesh resolution over large parts of the Severn Estuary and Bristol Channel.

Future work will be aimed towards mesh generation for simulations requiring detailed de-
scription of structures within very large domains. For example, the parameterisation of geo-
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Figure 5: Simulation results, after five days of simulated time, at 00 : 00, 7 July 2011: Bottom left panel shows
instantaneous velocity magnitude contours in the simulation domain; bottom right panel shows the Severn Estuary;
top panel shows the Swansea Bay, also with velocity vectors.

metrically complex turbines has been common practice in studying the impact of tidal power
generation arrays on sedimentation patterns [5]. However, recent studies have an increasingly
detailed geometric description of the tidal turbines [33], as the focus shifts on tidal device per-
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formance, loading, survivability, interaction between devices, and tidal array optimisation in
realistic domains. In addition, the numerical framework is envisaged to combine a shallow wa-
ter representation over the far region, with an accurate, three–dimensional description of the
flow around the device.
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Abstract. We present a novel set of techniques designed for very accurately tracking a prop-
agating front of arbitrarily complex 3D geometry. The method relies on a segmentation into
smooth patches, allowing for the use of spectral methods while avoiding Gibbs phenomenon.
High-order accuracy is thus obtained using few degrees of freedom. We show how this method
robustly and accurately tackles difficult geometrical problems arising when a surface evolves
under an Eikonal flow, e.g. formation of singularities and large variation in time of the surface
area. In particular, interactions between patches are handled by using a topological represen-
tation of the front and taking appropriate actions in order to preserve a physically valid front.
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1 INTRODUCTION

Simulation of fluid flow in presence of moving interfaces or boundaries is a difficult task,
yet of critical importance in domains such as solid rocket propulsion. A solid rocket motor
is basically composed of a casing in which a solid propellant – the grain – is inserted. Once
ignited, the solid propellant converts to high-temperature, high-pressure gases that are expelled
through a nozzle, producing thrust. As the grain burns radially outward, the volume of the
chamber increases in time. On the other hand, the propellant’s burning velocity is linked to
local properties of the internal flow inside the combustion chamber. Accurately predicting the
time evolution of the burning grain surface is thus of utmost importance, as the propellant’s
geometry is the only means to control rocket thrust.

This paper presents recent advances in the development of a high-order method for tracking
this burning surface.

2 BURNING FRONT PROBLEM

When burning, the propellant regresses following the local normal direction to the grain
surface. The burning velocity is given by empirical laws based upon the propellant composition
and local variables of the internal flow such as static pressure or velocity.

Several approaches exist when dealing with the representation of a dynamic interface, and
can be divided into two main categories. The so-called front-capturing methods rely on an
implicit description of the front (e.g. level-set methods [4]). While they are well suited to
address interfaces of complex topology, very fine grids are generally needed to obtain decent
accuracy. On the other hand, front-tracking methods are based on an explicit representation
and thus need to deform a mesh. These explicit methods offer a potentially more accurate
description of the front yet are in general more complex to implement.

The method presented in this paper falls into the second category. The time-dependent grain
surface is assumed to be represented parametrically as follows

γ : IR2 × IR+ → IR3

(u, v, t) 7→ x = (x, y, z)
(1)

The position vector x is then solution to the following partial differential equation (PDE)

∂x

∂t
= V (x)n(x) , (2)

V being the grain burning velocity and n the unit outward normal vector, obtained using the
cross-product of two tangent vectors.

n =
xu × xv

‖xu × xv‖
, (3)

where subscript u (resp. v) denotes differentiation with respect to the u parameter (resp. v).
The front can be represented implicitly by a level-set function T such that surfaces x = γ(t)

are solution of equation
T (x) = t . (4)

Following [4], equation 4 can be restated as a form of the well-known Eikonal equation, which
in our case reads

‖∇T‖2 =
1

V 2
. (5)
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The Eikonal equation is relevant to many front-propagation problems. This equation is a hy-
perbolic PDE whose solutions often exhibit singularities, also called caustics. Dealing with
Eikonal flows is particularly difficult as the propagating front undergoes dramatic distortions.

In [1], a novel method has been presented for the simulation of the internal flow inside the
chamber of a solid rocket booster, coupled with the computation of the burning grain regression
in a 2D configuration. This approach makes use of differentiation in Fourier space to track
the burning front very accurately, while handling the singularities (caustics) which develop
naturally in time. A dynamic surface mesh of the front is then constructed. A volume mesh of
the chamber is deformed to follow the propagation of the front. The method is also designed
to preserve the connectivity of both the surface and volume meshes, as most CFD codes do
not handle either addition or deletion of mesh elements during the calculation. It is finally
demonstrated that the method yields excellent accuracy even with very few degrees of freedom.

In the following sections, we present an extended version of this novel approach, designed
to address more complex, fully three-dimensional geometries. This paper focuses essentially
on the tracking of the burning front. The improvement of volume mesh deformation techniques
will be addressed in future work.

3 HIGH-ORDER FRONT-TRACKING METHOD

3.1 Motivation

Most grain geometries used in solid rocket boosters are not globally smooth, therefore the
direct extension of the previous method yields poor results, as truncated Fourier series of non-
smooth or non-periodic functions are polluted by the well-known Gibbs phenomenon (fig. 1
left). A solution to this problem has been proposed by Bruno et al. [2]. Their idea is to
decompose a piecewise smooth surface into patches. A smooth, periodic extension of each
patch is then computed, yielding a high-order local parameterization for each one of them.
This strategy allows to circumvent the Gibbs phenomenon and therefore to recover the good
properties intrinsic to spectral methods such as exponential convergence with the number of
degrees of freedom.

An outline of our method is given in the following sections, including the dynamic imple-
mentation of Bruno’s technique in our front-propagation algorithm.

3.2 Segmentation into patches

The first stage consists in extracting smooth, quadrilateral patches from the piecewise smooth
initial grain surface. Such decomposition can easily be derived from a CAD file, as solids are
already defined as unions of smooth faces (Bézier surfaces, NURBS, . . . ) in most standard CAD
file formats. Smooth patches can also be extracted from a surface mesh, given an appropriate
feature-detection algorithm [5].

3.3 Front-propagation algorithm

On each patch, computation of normal vectors and other high-order geometric quantities is
performed via differentiation in Fourier space. Unlike in [1], Fourier coefficients are not ob-
tained with a Fast Fourier Transform (FFT) algorithm but result from the “Fourier continuation”
method presented in [2] and briefly described in the paragraph below.
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Fourier continuation

The principle of this technique is the following: let f be a smooth, non-periodic function
f : [0, 1] → IR, sampled at n data points. We seek a trigonometric polynomial f̂ , truncated to
M ≤ n modes and with period T > 1 that matches f on [0, 1] in the least square sense.

f̂(xj) =
M∑
k=1

ame
i2π
T

mkxj ≈ f(xj) (1 ≤ j ≤ n) , (6)

with mk = k − (bM/2c+ 1), (1 ≤ k ≤ M). This is equivalent to solving a least-square
minimization problem.

min
a
‖Aa− f‖2 , (7)

with a = (a1, . . . , aM)T , f = (f(x1), . . . , f(xn))T and Aj,k = e
i2π
T

mkxj .
Solving problem 7 yields the M first coefficients of a trigonometric polynomial which fits f
on [0, 1] up to machine precision (see figure 1) and is a periodic continuation of f on a larger
domain [0, T ]. This polynomial can be used to interpolate f between data points or even to
approximate its derivatives. The p-th derivative of f̂ reads

f̂ (p)(x) =
M∑
k=1

(
i2π

T
mk

)p

ame
i2π
T

mkx ≈ f (p)(x) . (8)
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Figure 1: Left: the truncated Fourier series (green) of a non-periodic function (e.g. f(x) = x, in black) is polluted
by oscillations. However, the periodic extension (red) computed by the Fourier continuation method matches f on
its definition domain. Right: maximal approximation error on f and its first two derivatives for various degrees of
freedom n.

This technique can easily be extended to higher dimensions, and is used to construct a high-
order parameterization of each patch Φ : (u, v) 7→ x = (x, y, z), where Φ is a trigonometric
polynomial.

Propagation of the burning front

Time integration of equation 2 is performed using simple forward Euler time stepping, the
normal direction being given by the normalized cross products of the two tangent vectors xu

and xv.
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Figure 2: Left: initial surface patch. Center: same patch after an offset along its local normal directions, the surface
mesh is distorted. Right: same patch after a few steps of regularization.

Surface mesh regularization

As the surface is transported along its local normal direction, vertices are drawn apart in
convex regions, whereas they are clustered together in concave areas, leading to large distor-
tions of the surface mesh. These distortions can be the source of aliasing errors and numerical
instability. To prevent this, we add a tangential motion to the vertices. The shape of the surface
is then preserved, provided that the boundaries are properly constrained. This tangential motion
is governed by an ellipitic operator analogous to a manifold-projected Laplacian that prevents
clustering of vertices and leads to a better distribution of vertices along the surface (fig. 2).

In practice, several small steps of tangential regularization are performed for each step of
propagation along the normal direction.

Topological representation

Each patch is treated separately by the front propagation algorithm. However, when re-
constructing a single mesh for the entire surface, one must handle interactions between patches
(stitching, removal of invalid intersections, . . . ). Toward this end, the patches can be connected
into a graph-like structure (layout) which stores only topological information. This layout is
constituted of two types of elements, nodes and segments:

• a node corresponds either to a vertex shared by several patches or to a patch corner, and
is linked to the local parametric coordinates (u, v) of the vertex in each of its indicent
patches ;

• a segment is a pair of connected nodes, and can be seen as a portion of a boundary between
two patches.

These elements are quite similar to those used for topological representation in several CAD
file formats. An example of such a layout is given in fig. 3 for a simple geometry.

3.4 Singularities

The initial geometry might contain slope discontinuities such as sharp ridges or creases.
These geometric singularities are necessarily located at patch boundaries. When patches on
both sides of such a singularity are propagated individually, they either leave a gap or inter-
sect. In both situations, the surface mesh will become invalid if no special action is taken. In
the following two paragraphs, we describe how we handle singularities, thanks to the layout
introduced previously.
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←→

Figure 3: Exemple of a piecewise smooth surface (three faces of a cube, left) and its corresponding layout (right).
Each patch is represented in a different color.

Ridges

Patches incident to a ridge separate when propagating as vertices along the ridge follow
multiple directions (fig. 4). The non-physical gap thus formed must be filled. Such regions
are easily identified thanks to the topological layout. New patches can then be generated from
propagating ridges and inserted between the patches that are no longer adjacent. The geometri-
cal construction of these new patches follows the entropy-satisfying Huygens’ principle, which
is also at the base of the level-set methods [4]. Once constructed, the new patches are treated
like the usual ones using the front-propagation algorithm.

−→

Figure 4: The vertices along a ridge have different velocities in the two incident patches, forming a gap when they
propagate. A new patch (green) is created to fill the gap, respecting Huygens’ principle.

Creases

Two patches incident to the same crease intersect when being propagated, forming caus-
tics. Only the exterior portion of each patch remains valid. Intersection curves are therefore
computed in order to delineate invalid parts in each patch, which are then trimmed off.

Despite the effort in regularizing the surface mesh, additional caustics are bound to develop
in finite time in smooth concave regions due to the very nature of the Eikonal flow. Patches
in which this occurs are no longer smooth and thus become prone to the Gibbs phenomenon.
If no action is taken, oscillations develop at the vicinity of the caustic and quickly propagate
to the whole patch, leading to numerical instability. However, formation of such caustics can
be anticipated, as curvature grows indefinitely where new creases are being formed. Thus, we
can handle this issue by splitting patches on the verge of becoming singular, yielding two new
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smooth patches that are incident to a new crease. This splitting procedure is triggered when
local maximal curvature exceeds a threshold value (some fraction of the normal displacement
in one time step).

3.5 Preservation of the mesh connectivity

The method described in the previous section is thus able to propagate a piecewise smooth
front by treating smooth patches separately and handling interactions between them in order
to preserve the topology of the whole surface. However, a single mesh of the front is not yet
available. On top of that, the connectivity of the union of all the patches is not preserved,
mostly due to addition of new patches. However, this can be solved by constructing a global
parameterization of the front based upon the layout described at the end of section 3.3. This
structure can indeed be used to gather each patch’s local parameterization into a set of charts,
forming a global mapping from parameter space to the surface.

Once a global parameterization is available, a unique connectivity can be mapped to the front
at each time step. The result is a dynamic surface mesh that keeps the same connectivity over
time.

offset distance = 0 offset distance = 0.5 offset distance = 1

Figure 5: Three stages of the expansion of a cube computed by our method. Each patch is represented in a different
color.

4 NUMERICAL RESULTS

Experiments have been run on simple geometries for which analytic results are known. The
test exposed in the present section considers the expansion of a unit cube under uniform speed.
The convergence of our method is studied using different levels of refinement of the surface
mesh: a coarse one and a finer one (with twice as many vertices).

As the cube expands, its surface can be seen as the level-set of a distance function from the
initial cube. Mean error on distance is computed in both configuration for an offset distance
ranging from 0 to 1 (fig. 6 left).

The area of each patch can also be computed by integrating the area element dA given by
the first fundamental form.

dA =
√
EG− F 2dudv , (9)

where E = xu · xu, F = xu · xv, and G = xv · xv are computed by spectral differentiation,
as described in section 3.3. Total area of the expanding cube is then compared to an analytic
solution.

A(d) = 8 + 6πd+ 4πd2 , (10)
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where d denotes the offset distance from the initial unit cube. (Each edge of the cube propagates
as a quarter of a cylinder, and each vertex as an eighth of a sphere, yielding formula 10).
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Figure 6: Left: error on distance from the initial cube. Right: relative error on total area.

5 CONCLUSION

We have presented a novel spectrally accurate tracking method for burning fronts. Numerical
experiments have demonstrated the validity of the method on simple test cases and further
tests of increasing complexity and realism will be performed in future studies. Eventually, this
algorithm will be integrated into deformable volume mesh methodologies and coupled to a
Navier-Stokes solver for the simulation of the internal fluid flow in a solid rocket motor with
burning propellant grain.
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Abstract. In this work we present a strategy for single mesh generation from multiple overset
grids for an unstructured finite volume vertex-centered Navier-Stokes equations solver. The
final aim is to slim down the mesh generation process for complex industrial cases, especially
in case of mesh displacement, and boundary layer overlapping where Chimera interpolation
schemes are often applied. At the same time the tool developed has to take place in between
of the mesh generation and solver, in such a way that it is possible to work on the final mesh
with no modification of the grid generator code. The validity of the approach will be verified on
the basis of the results obtained by running DLR-TAU solver, directly comparing them with the
outcome of Chimera interpolation routines.

501



Gennaro Abbruzzese, Marta Cordero-Gracia, Mariola Gómez, Nuno Vinha

1 INTRODUCTION

Mesh generation can be considered the real bottleneck in the CFD analysis process in in-
dustry since meshing time consumption widely exceed the solver running time. Furthermore
each solver needs a particular mesh, not only for quality requirement but also for topological
requirements. The impossibility of the solvers to process any kind of mesh or damaged mesh
can cause a huge time loss from the mesh generation side. In academia the problems coming
from a bad mesh are generally overcome by employing refined and up to date routines but in an
industrial environment often is not possible to change the tools or put the hands in the source
code of the software employed. This is the key to understand the need of a tool which in the
CFD investigation process is placed between the mesh generator and the solver.

The intent of this work is to develop a method to build/optimize meshes employed by vertex-
centered DLR-TAU solver in such a way that it could be used to process any kind of overset,
hybrid, non-matching boundaries, damaged or negative volume grid. The scheme adopted by
DLR-TAU comes from the family of the Godunov type methods [1], wide spread for com-
pressible flow prediction, which smooths the fluxes distribution solving the Riemann problem
between each cell.

Common practices suggest to use classical geometrical quality criteria to evaluate compu-
tational grids. Especially for schemes as vertex-centered finite volume, which manipulate the
initial mesh, this evaluation is not sufficient if not misleading. A good looking mesh does not
bring always an accurate solution. However the influence of mesh features on the CFD predic-
tions are far from being clear [2] [3] [4] [5] and we lack of actual guidelines to build a high
quality mesh.

For viscous flow calculations special feature for the cells are desirable, one being a structured
aligned hexahedral mesh in boundary layers. This brings up to several issues and obstacles with
regards to automatic of the mesh generation, for example:

• Mesh generation tools often have problems dealing with complex geometries;

• In moving meshes or in the case of relocating components, the mesh must be regenerated;

• The presence of a structured mesh creates a huge amount of cells which are far from
boundary layers, for example in the wake and in the free stream regions around aerofoils.

In order to overcome lack of accuracy or resolution in a mesh, generally techniques are
employed as adaptation to increase resolution, a-posteriori evaluation of the mesh, accurate
schemes on the solver side or interpolation of solution on overlapping grids (Chimera approach).
In particular, this last approach is gaining popularity in the industry and interest from the aca-
demic community and DLR-TAU has a robust implementation of this scheme. It consists in a
set of high quality meshes generated independently and communicating by mean of interpola-
tion procedures in overlapping zones and presents some desirable properties as, on the other
hand, some disadvantages [7][8]:

• Provide good quality mesh,

• It is versatile even for highly complex geometries,

• Relatively well tested,

• Allows to skip moving parts re-meshing.
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But:

• Higher computational effort,

• Poor solver performance,

• Increased problem setup time,

• Flux non conservative in presence of interpolation and non-matching boundaries.

An attempt to bypass interpolation problems among overset grids and to generate a single
dual mesh has been done by Sørensen [9]. In his paper the author builds an algorithm in ten
steps to merge two different grids in a single one. The intention of the author is to potentially
fully automate the meshing process, to employ the same solver of a single component grid,
to avoid interpolation and to have control on the whole domain mesh. Gremmo et al.[10] have
presented research notes about the implementation of a tool for partial remeshing of background
mesh when a solid body and relative mesh are subject to large displacements. In the following
paragraph a sequence of actions are shown, to build incrementally a multi-component mesh for
a three component GARTEUR A310 aerofoil [11][12].

2 THE ALGORITHM

The idea at the basis of the algorithm we are looking for is similar to the one coming from
Sørensen [9] with a focus on primary mesh, which makes the implementation simpler and ro-
bust. The idea is still to start from two or more grids and supply a single one for the reasons
explained above. The outcome of the process has to present the desired features minimising
the eventual distortion. The problem is in principle simple to solve, but in practice presents a
multitude of issues. First step is, of course identify the zones covered by the different grids.
Once identified the new boundaries of each mesh, it is necessary to fill the holes corresponding
to the degenerated cells in proximity of the interfaces (fig.1).

(a) Overlapping meshes.
(b) Degeneration of cells
around interface.

(c) Mesh reconstruction with
constrained triangulation.

Figure 1: Degeneration and reconstruction process in the interface proximity

2.1 Interface definition and cells degeneration

Modifications of the topology of the two meshes will be applied in the overlapping zones.
Once identified, these areas must be transformed in single meshes, always taking into account
the constraints coming from the non-overlapping meshes. The reason is that it is preferable
to maintain the original meshes untouched where possible, since we can assume that these are
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generated in order to fulfill some criteria imposed by the user for the particular case. This point
raises another problem when the meshes have equal priority. If we try to maintain the topology
of the original meshes and at the same time we try to modify the smallest possible number of
cells in the mesh we will have to choose only one among the meshes in each zone in the entire
overlapping region. The objective is then to split the overlapping area by mean of area interfaces
based on mesh priority criteria. The employment of segments in two dimensions or surfaces in
the three dimensional case as interface allows us to degenerate the minimum amount of cells
in the entire domain and to substitute the cells of each mesh with higher quality cells coming
from other mesh. There are many possible formulations for obtaining the interface. A way to
define such interface is by mean of a criterion based on the distance from the walls. Simply, the
elements lying in the overlapping zones and having points closer to a wall belonging to another
mesh will lose priority and replaced by cells from the other mesh or, if needed, by new cells
specifically created.

With this approach:

• It allows to deal with the problem of cells with equal priority (and it should be employed
for this cases only);

• User defined cells like boundary layer structured mesh for viscous flow simulations will
remain untouched as much as possible;

• Assuming that the grids are all built for the same purpose, it is reasonable to think that
they will have same y+ and same growth ratio and, then, that their cells will have similar
dimension in proximity of the interface.

Figure 2: Overlapping meshes.

The outcome of such degeneration is shown in figure 3. It is possible to see that the slat lies
in the boundary layer of the wing. This is a typical case where unstructured grid generation
software find difficult to handle the complexity of the geometry. In the picture 4 the median line
between the two walls is shown which is implicitly defined by the criterion used. All the cells
crossing the median line are deleted. By the way the cells to be eliminated have been marked
with a simple distance check and with the AABB tree routine in CGAL [13] to speed up the
calculation.
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Figure 3: Overlapping boundary layers of
wing and slat.

Figure 4: Degeneration of cells external to
area defined by distance from teh walls.

2.2 Single mesh reconstruction

The simplest and most efficient way to reconstruct the mesh in arbitrary shaped hull (an
example in fig.5) is the triangulation. Of course we can expect that some bad quality elements
will be created in this way, but also it will be possible to apply smoothing tools once the single
mesh will be created. For this reason we resorted to the CGAL [13] library. The use of this tool
will guarantee a high quality grid as output and a high level of automation of this step. After the
degeneration the two meshes are not overlapping anymore and they are separated by an empty
hull. In order to refill this hull CGAL constrained Delaunay 2D triangulation routine has been
employed. This triangulation still creates a convex polygon as a simple Delaunay triangulation
but forces the creation of the edges on some constraints. In this case the borders of the void
hull are imposed as constraints in order to obtain a triangulation which matches original meshes
elements. The polygon cells outside the void hull borders are ignored and the remaining are
added to the full mesh to patch the two degenerated meshes. The full single mesh is in this way
generated.

Figure 5: Slat mesh added to the wing
background mesh right before joining.

Figure 6: Boundary layers of wing and
slat.

In the picture 5 it is possible to see the mesh where the flap mesh has been already degener-
ated and mended and the same process has to be applied to the slat. In the figure 6, the mesh
between the slat and the wing has been magnified. As predicted the triangulation in this zone
has a favorable quality since it has been preformed in a space defined by elements of compara-
ble dimension. In the figure 7 we can see the full single mesh after reconstruction and observe
that the same said for near wall zones is not valid walking away from the walls. Furthermore,
the cells have been intentionally left untreated to check the influence of such small amount of
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Figure 7: Final incrementally generated mesh.

bad cells. In this case for example, the cells created in the process, by the addition of the slat,
are 292 out of a total number of 191025 cells in the final full mesh.

3 A BRIEF TEST

3.1 Cases setup

In this paragraph we show a small test with DLR-TAU finite volume Navier-Stokes equations
solver. The simulations have been run in order to get an idea of the possible loss of accuracy of
the prediction in a manipulated mesh comparing it with a mesh fully generated simultaneously
for the three components by the automated mesh generator available in CENTAUR[14]. The
mesh is shown in figure 8. We can notice that, although it has a number of points comparable
to the one of the incrementally generated mesh (tab.1), it has a different distribution of points.
From the zoom of the boundary layers between slat and wing in fig.9 we can observe that
the complexity of the geometry is an obstacle for the mesh generator since the growth of the
boundary layers is limited by the space between slat and wing.

Figure 8: CENTAUR mesh simultaneously
generated for the three components.

Figure 9: Zoom of the boundary layers be-
tween slat and wing in CENTAUR mesh si-
multaneously generated for the three compo-
nents.
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Furthermore, in order to evaluate the advantages coming from the presented method, the
same meshes of the components individually generated (still with CENTAUR) have been used
to run a Chimera simulation without applying any topology modification (fig. 2). The table 1
shows the number of points of the meshes.

Mesh Number of points
Incremental 345740

3-Components 330784
Chimera (slat) 29892

Chimera (wing) 165212
Chimera (flap) 156722
Chimera (total) 351826

Table 1: Meshes dimension.

The cases are a quasi 2D simulations with surface mesh with y = 0 extruded to y = 1.
Boundary conditions imposed in TAU are farfield boundary conditions for farfield faces, viscous
wall for the solid bodies faces and symmetry plane for the plane in constant y = 0 and y = 1
[15]. All the meshes have been run with Spalart-Allmaras one-equation turbulence model under
the conditions summarized in table.2.

operating conditions
Re 0.605× 107

Mach 0.224
AoA 12.19◦

wing configuration take-off

Table 2: Operating conditions for the three cases.

3.2 Results

The aim of this test is to reveal any possible malfunctioning of the mesh incrementally gen-
erated with the method explained above. It is certainly not detailed enough to fully validate the
newly assembled mesh but as we will see, it becomes useful to confirm some valuable features
of the algorithm. All the simulations have been run until convergence of the lift and drag coeffi-
cients. It is important to point out that the Chimera scheme could not reach a calculation speed
over 35% of the speed of the scheme employed in the other two simulations. All of them have
shown a rapid convergence of these parameters while the residuals of the density seem to have
encountered a resistance around 10E-5.

Figure 10 shows the plot of lift coefficient history for the three simulations. We can observe
that all of them are converging rapidly with a small percentage of error to the final value. The
CENTAUR mesh has at the beginning high fluctuations of the value while the other two have
a smoother behavior. With this data is still not possible to determine if the smooth curves
are similar because of the similarities in mesh topology or to a higher amount of cells in the
boundary layers. The converged values of the lift coefficient are summarized in the table 3 with
the error relative to the experimental results [11].
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Figure 10: Lift coefficient history for the three simulations.

lift coefficients (exp = 2.983)
CL err(%)

Incremental 2.953 1.006
CENTAUR 2.971 0.4022
CHIMERA 2.987 0.4

Table 3: Lift coefficient result and error relative to experimetal results [11].

The mesh run with Chimera scheme seems to have the best behavior among the three. Still
the data is not sufficent for a verdict. With only this test is not possible to determine if the error
is sistematic. What is possible to see, nevertheless, is that the assembled mesh has an error on
the prediction which does not overcome the 1%. Furthermore, although no mesh smoothing
has been applied, the convergence is not affected by the bad cells generated with constrained
triangulation, as it could be expected. We continue the observation of the results with the plot
of the contours of the Mach number (fig.11). This time the Chimera seems to have an inferior
performance among the three, showing a ”pleating” of the contours in proximity of the wing
downwind to the slat, whereas the assembled mesh seems to be the one which better captures
the gradient between the flows coming from the upper part of the slat and the channel composed
by slat and wing.
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(a) CENTAUR mesh. (b) Incremental mesh. (c) Chimera mesh.

Figure 11: Contours of the Mach number for the three simulations

4 CONCLUSIONS

A method for mesh assebling by incremental components addition has been implemented
and tested. With the small amount of data available is not possible to have a verdict on the
performances once the mesh is used for aerofoil flow simulation. Nevertheless, it has been
shown that the method has some valuable features. The algorithm is a simple way to give
flexibility to the meshing problems when neither the solver nor the mesh generator codes are
available. It is easy to automate and presents some of the advantages of the Chimera approach
but with no need to introduce interpolation with a remarkable time saving and with a better
accuracy for complex cases. Hence, it would be interesting to develop the algorithm and further
studies can be carried out with a more comprehensive set of test-cases but also introducing a
smoothing of the newly created cells and, of course, expanding it to real non symmetrical 3D
cases.
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Tatiana Sá Marques1, and Vitor Dias da Silva2

1Department of Civil Engineering, University of Coimbra
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Abstract. In this contribution algorithms for the generation of triangular lattice meshes for
surfaces with an irregular boundary are presented. A central objective of this study was to get
meshes with the maximum possible number of bars of a given length. Three different approaches
are described. In all three the meshing process starts at the boundary and advances to the
central part of the domain, by defining successive rings of bars. The differences between the
three algorithms lie on the different ways as the problem of node elimination and smoothing
is solved, as the rings become smaller. Algorithm A relies on the Delauney criterion for mesh
smoothing. Algorithm B uses Bézier curves to approximate the cloud of initially generated
points in a new ring, when smoothing is necessary. In algorithm C first an automatic elimination
of points is performed, when the points in the new ring ate too close, which is followed by a
relocation of interactively chosen points. A representative example is presented, allowing a
comparison of the performance of the three approaches.
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1 INTRODUCTION AND LITERATURE REVIEW

The purpose of this work was to develop a pre-processor with a specific automatic mesh
generator that can be used to study grid shells. The constraints imposed a priori were: to use
a triangulated system to prevent the excessive deformability and resulting instability of non-
triangulated systems; to develop a 2D generator based on a sound theoretical footing that could
be extended to grid shells; to create a triangulated system of continuous rings that should enable
the analysis of different stages of a self-supporting construction, since there is a belief in this
potential capacity in these type of structures (double curvature shells); to use as many bars
of equal length as possible, thereby offering advantages in terms of both aesthetics and the
construction process.

Three separate algorithms were developed that correspond to different approaches of the
used method and solve the smoothing of the mesh, which allows a geometric solution without
the elements overlapping. Algorithm C corresponds to the semi-automating of a manual pre-
processor with automatic generation of the triangulation with bars of equal length, followed
by slight automatic smoothing (getting rid of very short bars), and manual smoothing (manual
choice of points to be displaced). The heavy reliance on manual smoothing makes it difficult
to generate two identical meshes. Algorithm B adjusts the Bézier curves to a series of points.
The Bézier curves are widely used in computer graphics, but no report of their use in mesh
generation was found in the literature. Bézier curve adjustment is used for smoothing between
the rings of the mesh. Coupling the triangulation programmes in algorithm C, the Bézier curves
and creating the connection mesh gave algorithm B. Algorithm A is the only wholly automatic
generator, based on geometric criteria and it fulfils the objectives set initially.

The efficacy of the computer programs is demonstrated in the numerical applications. Lat-
tices generated on a plane surface with a irregular curved boundary, and obtained with the three
algorithms, are presented. The results are compared with respect to the total number of bars,
the number of same-size bars and the regularity of the meshes.

References in the literature on the automatic generation of meshes based on geometric cri-
teria are scarce in comparison with references on automatic generation based on adaptive finite
elements techniques. No models were found in the literature that could be directly adapted to
solve the specific problem of double curvature grid shells.

Of the three types of mesh - structured, unstructured and hybrid - this work uses unstructured
meshes because there may be a variable number of adjacent elements in the internal nodes,
without explicit connective relations and they are more adaptable to arbitrary and/or irregular
geometry domains. Unstructured meshes also allow local and adaptive refinement, impossible
to achieve in structured meshes.

With Sibson, 1979 [1] and Watson, 1981 [2], we find triangulation algorithms of domains
based on the Delaunay triangulation technique. S.H.Lo, 1985 [3] presents a discretization al-
gorithm of arbitrary planar domains in triangles that generates finite element meshes based on
the advancing front and Delaunay triangulation techniques. Chew, 1989 [4] and S.H.Lo, 1989
[5] present restricted Delaunay triangulation versions applied to planar domains of irregular,
non-convex boundaries. Zienkiewicz and Wu, 1994 [6] and El-Hamalawi, 2004 [7] introduced
the possibility of controlling the direction of mesh elongation.

2 DOMAIN BOUNDARY

The domain boundary is defined by means of a polygon and interpolated by means of Bézier
curves, as shown in Figure 1. Each of the vertices in Figure 1 is considered in turn, as vertex
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Tatiana Sá Marques and Vitor Dias da Silva

Figure 1: Base polygon and boundary (defined by a set of Bézier curves).

Vi, defined by the adjacent segments designated generically as Vi−1 and Vi+1. In each segment,
Vi−1Vi and ViVi+1, the midpoints are designated respectively by 0 and 3. The midpoints will be
the endpoints of the Bézier curve, as shown in Figure 2-a. The curve developed between points
0 and 3 and is controlled by means of two more points, 1 and 2, as shown in Figure 2-b, with
the coordinates given by means of a parameter α

x1 = (1− α)xVi
+ αx0 (1)

y1 = (1− α)yVi
+ αy0 (2)

x2 = (1− α)xVi
+ αx3 (3)

y2 = (1− α)yVi
+ αy3 (4)

In the set of Bézier curves depicted in Figure 1 α = 0.35 has been used.

Figure 2: Construction of the Bézier polygon and its curve for each vertex Vi.

513
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3 LATTICE GENERATION

3.1 Common features to the three approaches

In every of the three considered approaches the first step consists of defining the nodal points
that lie on the boundary. The distance between two neighbouring points is as close as possible
to the targeted length of the bars Cb, under the condition that all these distances have the same
value.

Once these points are defined, a new interior ring of points is defined, which lie on the left, as
the progression on the boundary points takes place in an anti-clockwise direction. Considering
two consecutive points, A and B, on the boundary, the coordinates of a point C of the new ring
are obtained by the expressions (Figure 3)

xc = xa + Cb cos γ (5)
yc = ya + Cb sin γ (6)

with γ = β + θ and θ = arccos
(√

(xb−xa)2+(yb−ya)2

2
1
Cb

)
.

Figure 3: Determination of point C.

After the needed rings have been generated, using one of the three algorithms described in
the next sub-sections, the lattice is closed by linking every point on the last ring with a mean
point, as shown in Figure 4.

Figure 4: A complete mesh with detail of mesh closure.
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3.2 Algorithm A

After the formation of ring we have to update the generation front that serves as the base for
the construction of the next ring, ia. The ring ia will be formed from i points of the ring ia−1

and will give k points that will be the generation front of the ring ia+1. The number of k points
is equal to i under these conditions:

• the distance between points k and k + 1 is greater than the value accepted, according to
the smoothing criterion established for the distance;

• the triangulation obtained with i and k points are Delaunay triangles.

In the absence of any these conditions the number of k points is smaller than i, and we need to
determine which points will constitute the new generation front.

The main property of the Delaunay triangulation or Delaunay criterion is that no point of a
triangular element can belong to the interior of the circle defined by the three vertices of another
triangle. Figure 5 shows an example in which the criterion is violated by the presence of point
P inside the circle that circumscribes triangle ABC.

Figure 5: Violation of the Delaunay criterion.

The points that do not obey the Delaunay criterion are detected as follows:

1. For each set of i and i + 1 points a k point is determined, and the circumference that
passes through i, i + 1 and k. The circumference is defined from the intersection of the
perpendicular bisectors of the edges of the triangles.

2. Once the circle that passes through i, i + 1 and k has been determined, those kj points
formed by all the sets of 2 successive points of the front located inside the circle are
verified. The existence of an arbitrary point P inside the circle is verified by comparing
the distance of P from the centre of the circle O, dPO, with the radius of the circle: if dPO
is the same as or greater than the radius, then P does not violate the Delaunay criterion
and thus can be regarded as a valid point. Thus the lack of overlapping elements in the
triangulation is ensured.

3. All the points of the generation front that give rise to triangulations that do not meet the
Delaunay criterion are included in the i line of the matrix corresponding to the circle
formed by i, i+ 1 and k.
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4. At the end of the verifications, a matrix [mp]nx×(n+1) is obtained, in which n is the number
of generation front points.

5. After constructing the matrix [mp] it is necessary to define those k points that should
be eliminated from future generation front and triangulation to be carried out with the i
points that will no longer have two-way correspondence with k. This procedure is called
matrix condensation.

Condensation of the detection matrix [mp]
The matrix [mp] contains information about overlaps that will occur in the formation of the

ring if the triangulation continues with the same number n of front points as were used in the
formation of the previous ring. With this information we must decide which points to keep
on the generation front, which points to remove, what new points to introduce and how the
triangulation should be done when new points are eliminated or created. The method follows
a logic similar to Gauss-Jordan elimination. The decisions taken, with regard to the above
situations, are as follows:

• If the circle Ci contains point n+ j, then circle Cj is deemed to contain point n+ i, and
the occurrence is referenced on the matrix [mp]. This procedure requires going through
each of the columns j = npca + 2, . . . , npca + n+ 1, of [mp] and putting in the first row
where the value is not null all values of the points that give rise to the non-violation of the
Delaunay criterion.

• Once the sets of points to be removed from the generation front are established, we must
check if some of the sets intersect. If they do, the matrix [mp] is transformed so that
the points to remove are between the smallest and largest points in the sets, taking into
consideration the special case of the set of points that encloses the end and the beginning
of the ring.

After the matrix [mp] condensation we know which points to remove, so that there is no
overlap of triangulation when processing the ring.

Elimination/creation of new points
Whenever it is necessary to remove generation front points this results in the distortion of

the mesh, which is greater the higher the number of points to be eliminated. Criteria must be
introduced to lead to the least distortion possible. Several options can be taken. The following
strategies were adopted in the algorithm developed:

• when an i point is removed from the generation front, the end of the triangulation seg-
ments that would connect to the i point pass to the i− 1 point;

• when two or more points are removed from the generation front, a point is created, a
midpoint, whose coordinates are the average of the coordinates of the points removed and
the two adjacent points (before and after) and which remain on the front. The end of all
triangulation segments which would connect to the eliminated points replaced then has
its end at the midpoint.

These criteria proved to be effective in the triangulations carried out. Other criteria could
be introduced, in particular: the successive use recursive Delaunay criterion; consideration of

516
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the criterion of smoothing angle (angle limitation); introduction more than one midpoint when
distances are greater than 2×Cb. The first two options did not show good results in the examples
studied.

Distance-based smoothing
Different smoothing methods were developed in this work. One eliminates the bars whose

length is less than a percentage value of the length prescribed for the bars (Cb) and this was
applied to algorithm A. Whenever the distance between consecutive points is below the present
value, the points are removed from the generation front such that the bars converging at those
points will converge at the point immediately preceding it. These considerations are valid for
all the bars, apart from those converging on the last k point of the ring, which are converging
at the first point of the ring. Figure 6 illustrates the application of this method in a mesh and
Figure 7 shows local enlargement of the smoothing.

Figure 6: Overall effect of distance-based smoothing process.

Figure 7: Local enlargement of effect of distance-based smoothing.
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Tatiana Sá Marques and Vitor Dias da Silva

3.3 Algorithm B

In each ring we have to update the generation front that serves as the base for the construction
of the next ia ring. The ia ring will be formed from npr (number of points of the ring) of the
ia − 1 ring and will give k points that will be the generation front of the ring ia + 1. In this
algorithm, the number of k points is equal to npr, except when the smoothing based on the
Bézier curves is applied. In that case, the number of k points is generally different from npr,
depending on the number of points given by dividing the curve into segments of equal length,
Cb.

As mentioned above, after the formation of a ring, smoothing corresponds to making the
initially generated npr points approximate a curve. The goal is to use the Bézier curves to find
the curve that best approximates the npr points of the ring. This closed curve can be related
to a base polygon formed by a number of previously established points, as was analysed in
the definition of the domain boundary. The number of points of the polygon, nv should be
chosen/tested to adjust/fit the description of the desired geometry with sufficient accuracy. In
the examples presented in this paper five-node polygons (nv = 5) have been used. With the
number of base points set, we have to find the coordinates of the points corresponding to a
given fixed value of the parameter α, which best allows a fit between the curve and the points.
The curve is obtained iteratively, using the procedure set out in the following. Once the curve
that best fits the points of the generation front, we can recalculate the value of the α parameter
which leads to a total length of the curve that is a multiple of the length of the pre-defined bar,
Cb. The value of α is also determined iteratively. The iterative method considered in the two
approximations was the Newton-Raphson method.

The main steps of this procedure are

1. Using the procedure described in sub-section 3.1 new rings are generated, until any of
the interior bars become smaller than a given value, which, in the example presented in
Figure 8, occurs in ring 7.

Figure 8: Initially generated nodes and bars for ring 7 of a mesh (green).
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2. A starting set of Bézier curves (5, in this case) is defined, taking as vertices 5 of the
initially generated npr points, as depicted in Figure 9

Figure 9: Starting configuration of a 5-vertex approximation set of Bézier curves.

3. An error function E is defined as the sum of the minimum distances of each of the npr
points to the set of Bézier curves (Figure 10) [8]

E =
npr∑
n=1

dkn(x1, x2, . . . , xnv, ynv) =
npr∑
n=1

dkn(c1, c2, . . . , cnc) (7)

where nc = 2nv is the number of unknowns to be iteratively approximated (10, in this
case).

Figure 10: Minimum distance from point kn of the npr set, to the linearized Bézier curve.
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4. The minimization of the error function E is performed by defining nc equations fj = 0
(j = 1, . . . , nc)

fj =
∂E

∂cj
=

npr∑
n=1

∂dkn

∂cj
= 0 (8)

These derivatives are computed numerically. This system of equations is solved by using
the Newton-Raphson algorithm (i - iteration counter)

Ci+1 = Ci − J−1
i Fi ⇐⇒ Ji∆C = −Fi (9)

with ∆C = Ci+1 −Ci,

C =


c1

c2
...
cnc

 , F =


f1

f2
...
fnc

 (10)

and

J =



∂f1
∂c1

= ∂2E
∂c21

∂f1
∂c2

= ∂2E
∂c1c2

· · · ∂f1
∂cnc

= ∂2E
∂c1cnc

∂f2
∂c1

= ∂2E
∂c2c1

∂f2
∂c2

= ∂2E
∂c22

· · · ∂f2
∂cnc

= ∂2E
∂c2cnc

...
... . . . ...

∂fnc

∂c1
= ∂2E

∂cncc1

∂fnc

∂c2
= ∂2E

∂cncc2
· · · ∂fnc

∂cnc
= ∂2E

∂c2nc

 (11)

These derivatives are also computed numerically, using high precision arithmetic.

5. Determination of the α parameter of the set of Bézier curves - Once the Bézier curve has
been defined it has to be divided into several segments of the pre-defined length Cb so as
to restart the whole mesh generation process for the following rings. The last segment of
the curve naturally results in a length different from Cb. The curve is thus very slightly
readjusted to change its length so that the last segment also has the prescribed length, Cb.
The used approach consists of an iterative computation of the α parameter of the Bézier
curves in such a way that the division of the final length of the set of Bézier curves into
segments of length Cb gives a whole number. The iterative process for determining the α
parameter can be summarized as follows.

• Initial estimation of α: α = 0.35.

• Evaluation of the length of the last bar, llb(α), and definition of function g(α) =
llb(α)− Cb.

• Solution of equation g(α) = 0 via Newton-Raphson iteration: αi+1 = αi−g/
(

dg
dα

)
i
;

the derivative is numerically computed.

Figure 11 shows the set of Bézier curves after convergence of both iterative procedures.

6. Connection bars between the previous ring and the new ring - The nodal points are num-
bered from iinitial to ifinal in the previous ring and from jinitial to jfinal to in the new ring,
where jinitial is the point in the new ring that is closest to point iinitial of the previous ring.
A triangulated connection between the two rings is generated as follows (Figure 12)

(a) First bar connects iinitial to jinitial.
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Figure 11: Set of Bézier curves after convergence of the iterative processes.

(b) For points i, from iinitial+1 to ifinal:

• identify jp as the closest nodal point to i in the new ring;
• connection bars between i and the points between the last connected point in

the new ring, jl and jp; if i = ifinal and jp < jfinal, bars connecting ifinal with
jp+1 to jfinal are added;
• the last bar connects jfinal to iinitial

Figure 12: Connection bars between rings.
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Figure 13 shows the new ring obtained using the above described procedure.

Figure 13: Final configuration of the nodes and bars in ring 7 (green).

3.4 Algorithm C

As with algorithms A and B, this method, too, is based on the advancing front method, and
it is therefore necessary to update the generation front after each ring is formed since this forms
the basis for constructing the next ia ring. The ia ring is formed from i points of the ia−1 ring
and gives k points that will be the generation front of the ia+1 ring. The number of k points is
equal to i when the distance between two consecutive points in the new ring is greater than a
given accepted value, according to the smoothing criterion established for the distance. In the
absence of this condition, point C in Figure 3 is rejected and points A and B are connected
to the last not-rejected point C. As a consequence, the number of k points is smaller than i.
Besides this automatic smoothing process, smoothing is complemented by manually selecting
the nodal points of the new ring that must be moved, using the algorithm described in Figure
14: the program automatically adjusts the point that is closest to the mouse pointer (Fig. 14-a)
to a position that makes angles θ1 with segment iqio, which are the points before and after ip in
the new ring (Fig. 14-b).

The angle θ1 in the examples was 5o. Other values can be taken, depending on the type
of adjustment intended. This is a simple smoothing method (no renumbering of the nodes or
bars is performed) and it is quite effective at regularizing the lattice as the examples in the next
chapter show.

4 EXAMPLE

This example represents an irregular boundary with distinct convexities and concavities. The
maximum horizontal length is about 200m and the maximum vertical length is about 75m. A
value Cb = 7m was considered. Table 1 gives the number of fixed and variable length bars
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Figure 14: Manual smoothing in Algorithm C.

obtained by the algorithms. Lattices generated with each algorithm are represented in Figures
15, 16 and 17.

No. of fixed length bars No. of variable length bars Total no. of bars
Algorithm A 957 (62%) 590 (38%) 1547
Algorithm B 807 (51%) 774 (49%) 1581
Algorithm C 903 (61%) 589 (39%) 1492

Table 1: Bars of fixed and variable length for a mesh with an irregular boundary.

Figure 15: Lattice obtained with Algorithm A.

In this example, Algorithm B generated the mesh with the largest number of elements, the
smallest number of bars of standard length and the most irregular boundary. Algorithms A and
C give a larger number of bars of fixed length simultaneously with more regular meshes than
Algorithm B does. Note the regularity of the Algorithm A mesh compared with that of C.
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Figure 16: Lattice obtained with Algorithm B.

Figure 17: Lattice obtained with Algorithm c.

5 CONCLUSIONS

Three algorithms for generating triangulated meshes for curved boundaries were developed
so that the meshes could be used to study the behaviour of double curvature shells, including
analysis of construction processes, without shoring. The feasibility of simulating the construc-
tion stages of shells without shoring warranted the procedure used for generating triangulated
meshes in successive rings. Another restriction imposed is the use of as many bars of the same
length and equal to a predefined value as possible. The development of curved boundaries with
successive rings of gradually smaller perimeters makes it impossible to use bars of just one
length.

The three types of mesh generation can be classified according to their automation, ease of
implementation and efficiency. Measures of efficiency are the number of elements, number
and percentage of elements of the same length. The following conclusions can be drawn from
applying the three algorithms:

Algorithm A - This is the only fully automatic algorithm. It always let to the highest percent-
age of bars of standard length and to the most regular meshes, that is, with triangles that were
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less distorted compared with the other algorithms;
Algorithm B - Using Bézier curves for the smoothing process made this a semi-automatic

algorithm: smoothing is introduced into the predefined rings by the user and the vertices of the
support polygon can be used to improve the fit of the curve. However, the connection of the ring
smoothed by the Bézier curve with the rings formed previously results in a less regular mesh
and fewer bars of standard length. This algorithm led to the generation of meshes that were less
regular and less efficient;

Algorithm C - This is a semi-automatic algorithm in which the user smoothes the mesh
manually. It is easy to implement, with less supporting theory and provides efficient solutions
with regular meshes. It was noted that the percentage of bars of the same length is similar to
Algorithm A and that it generated the smallest number of elements. The main drawback is that
relies wholly on the user and the solution cannot be replicated.
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Abstract. Metamaterials are an increasingly well-known type of generalized composites that 
can exhibit unconventional behaviors and responses due to its exciting frequency dependent 
properties which are not commonly encountered in natural materials. Elastodynamic met-
amaterials based on mechanical structures have a range of potential applications of im-
portance in sound, vibration and seismic engineering. However, the effectiveness of 
metamaterials is limited to a relatively narrow frequency band as they are generally based on 
linear resonance mechanisms. These linear metamaterials do not perform well when under 
the broadband excitation spectra that are common in real life applications.  

Mathematically, the 1-D metamaterial is represented by a series of periodic resonating spring 
and mass lattice structures. In this paper, the bandwidth of a metamaterial is examined by 
introducing nonlinearity in the resonating frequency. The performance of nonlinear met-
amaterial is well investigated in the field of electromagnetic wave propagation although the 
existing literature on nonlinear mechanical metamaterial is very limited and investigated only 
bistable and monostable type resonating metamaterial. Till date, any research on the impact-
ing resonating metamaterial has not been reported, in spite of its excellent vibration insula-
tion and resonating bandwidth enhancement properties. Therefore, as a first step towards 
exploring the impacting metamaterial, we have analytically estimated the bandwidth en-
hancement of a one dimensional impacting mechanical metamaterial unit over a linear met-
amaterial. First, the steady state response of an impacting system is computed analytically 
and then the transmission loss in the frequency domain is estimated using MATLAB. From the 
analysis, it is found that the resonating bandwidth of an impacting system is wider than that 
of an equivalent linear system. Therefore, it can be effectively used as a wideband mechanical 
filter, acoustic insulator or shield.  
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1 INTRODUCTION 

Natural materials have their own excitation independent material properties, such as mass 
density, Poisson’s ratio and Young’s modulus. Therefore, most of the natural materials react 
in phase with the excitation under external simulation; whereas, metamaterial behaves in out 
of phase [1]. Metamaterials are a special kind of artificial composite, designed to have exotic 
behaviours, such as negative mass [2-16], negative Poisson’s ratio [17-22] and negative 
Young’s modulus [4], in certain range of frequencies due to the out of phase response of mul-
tiple resonating units which are present in a metamaterial. Negative mass is achieved due to 
the out of phase motion of resonating unit during resonance [4, 6, 10, 11], for an example, the 
periodic arrangement of steel balls in a silicon rubber matrix can act as a negative effective 
mass system [23]. In this discussion, the definition of dynamic effective mass is according to 
the Newton’s 2nd law of motion, which is the ratio of force and acceleration, instead of the 
amount of matter present in a body. An acoustic metamaterial is used as a waveguide and 
sound insulator. The elastic metamaterial has an extensive application in the field of vibration 
insulation [13]. Elastic wave propagation through a medium depends on the impedance of the 
medium (Z0), which is the product of the mass density (ρ) and the P-wave (vp) and S-wave (vs) 
velocity of the medium. On the other hand, the P-wave velocity depends on the Young’s 
modulus (E) and Poisson’s ratio (υ) of the medium. So, the frequency dependent negative ma-
terial property changes the impedance of the medium which reflects the incident waves back. 
Due to the out phase response of resonating units, effective mass which is the ratio of momen-
tum and velocity becomes negative [6, 10, 13] which refracts the propagating waves opposite 
to the conventional direction.  

The metamaterial is used widely in the various field of application associated with the 
wave propagation. However, due to the dependency on the linear resonance, the attenuation 
bandwidth of the linear metamaterial is limited to a very narrow bandwidth. On the other hand, 
nonlinearity has a potential to widen the resonating bandwidth of an oscillator. Therefore the 
nonlinear metamaterial attracts the attention of the current researchers. The recent develop-
ment in field of nonlinear electromagnetic metamaterial is condensed in this review article 
[24]. To widen the attenuation band of a mechanical metamaterial, Huang and Sun [5] pro-
posed multi-resonance unit inside of the single block of the metamaterial. In contrary, an ana-
lytical study on nonlinear elastic dispersion for the elastic metamaterial was carried out by 
Khajehtuorian and Hossain [25]. This research concludes that the location and the length of 
the attenuation bandwidth of nonlinear elastic metamaterial depends on the amplitude of the 
wave.  Nadkarni et al [26] analyzed a metamaterial containing bistable nonlinear resonating 
units for low and high amplitude wave motion and concluded that nonlinearity is proportional 
with the amplitude of wave and the nonlinearity enhanced the performance of metamaterial as 
a filter. Klatt and Haberman [27] proposed a multi-scale model for nonlinear metamaterial. 
Attenuation bandwidth of cubic [28, 29] and sinusoidal [30-32] nonlinear metamaterial is 
much wider than the linear metamaterial. Beside that, stress wave propagation through granu-
lar material or impacting chain of monoatomic lattice is also studied and found that it can at-
tenuate much wider frequency band[33, 34]; thus, can be applicable in designing of helmet or 
protecting devices. Moreover, the resonating bandwidth of an energy harvester can be extend-
ed upto twice compared to an equivalent linear system by introducing impacting non-linearity 
[35, 36] although, the impacting resonating metamaterial has not been reported in any publi-
cation till now.  

Impact or contact takes place when the two bodies come to very close vicinity. Starting 
from the time of Newton, plenty of literatures are available on the modelling of the impacting 
phenomena which are condensed and critically evaluated in this review article [37]. To model 
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the normal directional impact from a compliance based approach, nonlinear Hertzian element 
or Kelvin element can be used, where a small penetration is assumed for a finite duration. In 
the contrary, stereo-mechanical approach models the impact as an instantaneous event; thus, 
the velocity response becomes discontinuous. Modelling of this discontinuous response for a 
steady state vibration adds extra difficulty. A straight forward solution with standard numeri-
cal integration solver can solve the transient state response very easily but cannot converge to 
a steady state solution. Several techniques on the computation of the steady state response of 
an impacting device are proposed by various researchers[38]. In this paper, a solver designed 
by Nigm and Shabana [39] is used with stereo-mechanical unilateral impact model to solve 
the steady state response of the impacting metamaterial unit.    

 

2 COMPUTATION OF STEADY STATE RESPONSE 

The simplest resonating metamaterial can be mathematically conceptualized as a chain of 
mass-in-mass units. A single unit of the resonating metamaterial is depicted in Figure 1a) 
where the internal mass can vibrate without any obstruction; whereas, in Figure 1b) the mo-
tion of the internal mass is bounded by two stoppers. The impact with the stopper and the in-
ner mass induced a nonlinear response to the system.   
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Figure 1: A single unit of metamaterial a) linear b) piece wise linear or impacting 

 
The main aim of this paper is to compare the attenuation bandwidth for the linear and im-

pacting metamaterial, subjected to a monochromatic displacement excitation from the base, as 
shown in Figure 1.  

2.1 Linear system 

The equation of motion of the linear system which is shown in Figure 1a) can be written as:  
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where,    ,m k  are respectively mass and stiffness matrix of the system. Therefore, the 

natural frequencies of the two degree of freedom system are: 
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and the modal matrix, which contains the mode shapes for each natural frequency can be 
expressed as: 

 1 2 2; 1
1 1

i
n n

i

a a m
a

k


 
     

 
  (3) 

Now, the Eq. (1) is a coupled second order differential equation. To uncouple this Eq.(1), 

the system  x  is transferred to the principal coordinate q , by coordinate transformation.  
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where,  is the mass normalized modal matrix. After shifting the coordinate system to 
principal coordinate, the mass, stiffness and force matrix changes to: 
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Therefore, Eq.(1) can be solved in different modes as a single degree of freedom system 
and the equation of motion of the metamaterial unit in the principal coordinate system is: 
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 (6) 

The solution of the ith mode Eq.(6) is: 

    sin cos cosi i i iq t A t B Z t      (7) 

where, A and B are two unknowns based on the initial condition and  2 2
i i iZ P    .   

2.2 An example of linear system  

Now, as an example, a linear system, having the inner mass is 1kg, outer mass is 2 kg, in-
ner stiffness 3N/m and outer stiffness is 6N/m, subjected to a base excitation, having ampli-
tude of 1m displacement and frequency 10 Hz = 0.628 rad/s is solved. The natural frequencies 

are    2 2
1 2, 1.5,6   and the reduced force vector is    1 2, 2.4495,3.4641P P  . Now, to es-

timate the values of the unknowns, A and B, initial condition need to be substituted. At 0t  , 

the displacement and velocity of inner and outer mass are    1 2, 0,0x x  and    1 2, 0,0x x   , 

which implies that    1 2 1 2, , , 0,0,0,0q q q q   ; thus solution of Eq.(7) is cosi iq Z t . The 

displacement of inner and outer mass with its both side, assuming sides are of 0.5 m apart, is 
plotted in Figure 2. 
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Figure 2: Steady-state displacement response of inner and outer mass showing the side1 and side2 for var-

ious frequency b) 0.5 rad/s, c) 1.0 rad/s, d) 2.0 rad/s  

 
Figure 2 depicts that at low frequency, for example 0.5  rad/s, inner mass vibrates in-

phase with the outer block and it does not touch the either side of the outer block. On the oth-
er hand, inner mass touches the side1 and side2 of the outer mass although both the responses 
are in same phase. A further increment of excitation frequency makes the vibration of inner 
mass out of phase with the outer mass and therefore it touches both the side of outer mass 
more frequently. In both the cases, when the displacement response of inner mass crosses the 
boundary of the outer block then impact occurs and it needs a special analysis.  

2.3 Impacting system 

From the discussion of the linear system, it can be easily found that the inner mass can 
comes in contact several times with the two side walls of the outer mass not only during the 
out-of-phase response but also for the in phase response. Therefore, impacting system de-
mands a thorough investigation on the responses of the system. In this paper, the frequency 
response of an impacting system is computed by mostly extending the method described by 
Nigm and Shabana [39].  
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Figure 3: conceptualization of the impacting events 
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Now, as the vibration of the blocks is steady state in nature, after a constant interval, time 

period 2T 
 , inner mass hits the side1 of the outer block. It can be assumed that inner 

mass hits the side 1 of outer block at t=t1 and t=t2. Assuming that only double impact takes 
place in each period, the solution of the Eq. (6) can be written as:  
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where, 0+ and 0- are represent the condition just after and just before t=0. The velocities are:  
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where, A, B, A1, B1 are unknown initial condition and 
 2 2

n
n

n

P
Z

 



. 

Due to the periodicity,  

        2 10 0 ;x x x t x t    (10) 

After converting Eq.(10)a) to the principal coordinate, we can get: 
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The converted equation of the Eq.(10) b) in principal coordinate is: 
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Assuming the impact as an instantaneous event, the change of velocity can be estimated by: 
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where,   is the coefficient of restitution between the inner and the outer mass. Eq.(13) a) 
can be converted in principal coordinate system as: 
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Similarly, Eq.(13) b) can be converted in principal coordinate as: 
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(15) 

The impact occurs at the side 1 at t=0 and at side 2 at t=t1 and t2; therefore, 

        1 10 0 ;i o i ou u u t u t         (16) 

The transformation from Eq.(16)a) to principal coordinate system can be expressed as: 
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The converted equation of Eq.(16)b) in principal coordinate is: 
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where, i is the ith row of the modal matrix  . 

The unknown values of initial conditions, namely A, B, A1, B1, and phase angle   can be 
estimated by writing Eq.(12),(14),(15),(17) and (18) in a matrix form: 
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where, 24T G Z Z    , 32 1 2T G s s    , 35 1 2sin sinT G Z t Z t      , 

34 1 2cos cosT G Z t Z t      ,  54 1 2 1sinT Z Z t   ,  55 1 2 1cosT Z Z t    

2.4 Extension of the previous example with impact modification 

Nigm and Shabana [39] shows that solution becomes non-viable for 0 0.18  . In this 

case a symmetric impact can be considered because the gaps on both the sides are same; 
therefore, 0.5   is assumed to conduct the analysis. In case of the previous example, solved 

in section 2.2, shows that at excitation frequency 1 rad/s and 2 rad/s, response of inner mass 
crosses the boundary of outer mass, which is impractical. This issue is resolved and shown in . 
after consideration of impact.  
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Figure 4: Time domain steady-state response of the linear system without considering impact (in left col-
umn) and then modified impacting solution (right column) for excitation frequency 1 rad/s and 2 rad/s 

 
Figure 4 depicts the linear response of the two degree of freedom systems where the vibra-

tion of inner mass exceeds the boundary of the outer mass. In modified steady state solution 
the vibration of the inner mass is limited between the two side wall of the outer mass. The in-
teraction between the side wall and the inner mass damped the vibration of the outer mass, 
even for the fully elastic collision; therefore, vibro-impacting system is potentially very useful 
for vibration attenuation.     

3 FREQUENCY-RESPONSE ANALYSIS 

Frequency-response curve of impacting system is computed to determine the attenuation 
bandwidth of a single cell of an impacting metamaterial due to the impact between the walls 
of the outer mass and the inner resonating unit. The total frequency dependent steady-state 
response can be classified into two main parts: in-phase motion, where the inner and outer 
masses are in same phase and out-of-phase motion, where both of them are in opposite phase. 
Different state of vibration for various excitation frequencies is summarized in Table 1.  

 
Table 1: Different state of response for the system given in section 2.2 
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Table 1 classifies the conditions for in-phase and out-of-phase impacts. These conditions 

are employed in computing the frequency response curve. Simple linear solution is adopted 
and maximum of the displacement is considered as amplitude in those frequency ranges, 
where no impact takes place, otherwise modified solution procedure discussed in section 2.3 
is adopted. In Table 1, iX and oX are stands for the amplitude of the inner mass and outer 

mass. The transmittance of vibration, which is described as    020 log gT dB u u , is plotted 

in the frequency domain in Figure 5. 
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Figure 5: Attenuation bandwidth for linear and impacting metamaterial unit 

 
Figure 5 depicts that the transmission of excitation is very high at the two resonating peaks, 

which are at 1.25 and 2.45 rad/s. In between these two peaks, an anti-resonating valley exists 
at 1.72 rad/s, which symbolized that almost no vibration is transmitted to the outer block from 
the base, in this frequency range. This anti-resonating valley is generally termed as attenua-
tion bandwidth because it does not allow waves to propagate within the lattice in this frequen-
cy range. After the 2nd resonating peak, another infinitely long attenuation band generates. In 
case of the linear metamaterial unit, the 1st attenuation bandwidth starts at 1.5 rad/s and ex-
tended upto 2.2 rad/s and 2nd attenuation bandwidth originates from 2.9 rad/s and extended 
upto infinity. On the other hand, the attenuation bandwidth of the impacting metamaterial is 
initiate from 1.0 rad/s and extended upto infinity without having any transmission band inside. 
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Therefore, as the low frequency wave insulator and wideband mechanical filter, this impact-
ing metamaterial can be used very efficiently.     

 

4 CONCLUSIONS  

The attenuation bandwidth increment capability of a single unit of impacting metamaterial 
over a single unit of equivalent linear metamaterial is analytically evaluated in this paper. The 
amplitude of the steady state response of impacting metamaterial unit for a specific mono-
chromatic excitation is computed based on the method suggested by Nigm and Shabana. From 
the transmittance plot it can be easily conclude that impacting metamaterial widen the atten-
uation bandwidth in lower and higher frequency side, which proves that the impacting met-
amaterial can potentially be used as wideband filter and low frequency sound insulator. 
Further parametric study on the effect of the coefficient of restitution and the gap distance on 
the attenuation bandwidth is need to be investigated towards the designing of a wideband 
metamaterial unit.    
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Abstract. Metal cutting process is a nonlinear dynamic problem that includes geometrical, 

material, and contact nonlinearities. In this work a Lagrangian finite element approach for 

simulation of metal cutting processes is presented, based on the so-called Particle Finite Ele-

ment Method (PFEM). The governing equations for the deformable bodies are discretized with 

the FEM via a mixed formulation using simplicial elements with equal linear interpolation for 

displacements, pressure and temperature. The use of PFEM for modeling of metal cutting pro-

cesses includes the use of a remeshing process, α -shape concepts for detecting domain bound-

aries, contact mechanics laws and material constitutive models. The merits of the formulation 

are demonstrated in the solution of 2D and 3D thermally-coupled metal cutting processes using 

the particle finite element method. The method shows good results and is a promising method 

for future simulations of thermally/coupled machining processes.  
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1 INTRODUCTION 

Numerical simulation of machining had a tremendous development in the last twenty years 

[1-5]. Thanks to the increasing computer power, it can provide excellent results with reasonable 

computational times. Thanks to its flexibility and robustness commercial FEM codes are stand-

ard tools in the industry. 

However, the main limitation of the FEM in this kind of application is that the quality of the 

results depends on the mesh. In the problems characterized by large deformations, such as the 

machining processes, if a Lagrangian formulation is used, the mesh moves with material and 

the elements become so distorted that numerical results lose their validity, unless a remeshing-

rezoning technique is used[1, 2]. This improves robustness but, at the same time, the computa-

tional time increases and supplementary computational errors are introduced, in the form of 

numerical, artificial, diffusion of the results. 

Metal cutting has been simulated also with Eulerian formulations [6] and arbitrary Lagran-

gian-Eulerian (ALE) [7-9], but for all cases additional drawbacks appear. 

A possible alternative is the use of meshless methods. Actually, different mesh-free tech-

niques have been developed in the last years [5, 10, 11] but in many cases the improvement of 

the results quality, with the same number of degrees of freedom, is vanished by the very high 

computational time of shape functions. 

In this paper an innovative approach named Particle Finite Element Method (PFEM) has 

been used. PFEM overcomes the main difficulties in the numerical simulation of metal cutting, 

specifically, large strains and angular distortions, multiple contacts and self-contact, generation 

of new boundaries and fracture with multiple cracks and defragmentation. 

The outline of this work is as follows. In the following section, the solid-dynamics equations 

in a Lagrangian framework are introduced, a space-time finite element semi-discretization is 

presented and the stabilization of the incompressibility condition is described.  In section 3 the 

basic ideas of the PFEM are illustrated. In Section 4 the constitutive model used is explained, 

and finally a variety of machining and cutting problems are solved in Section 5 to show the 

efficiency of the proposed method. 

2 GOVERNING EQUATIONS 

Let x  denote the current position of a solid particle in the current configuration at time t , 

( , )tu u x  its displacement, ( , )tx   its temperature, ( , )p p tx   its pressure and 

( , )tx  the Cauchy stress tensor at time t ∈[0,T ]. For a solid, momentum, mass conserva-

tion and energy write as 

 

0    

1
ln( ) 0   

( ) 0  

 

      
D
c k Q
Dt

in

p J in

in

b

  (1) 

where   is the volume occupied by the solid in the current configuration,  is the density, c   

the specific heat, k  the thermal conductivity, J  is the determinant of the deformation gradient 

and b  the external body forces. The initial conditions are prescribed assigning the initial dis-

placement 0( )u x and initial velocity 0( )v x  at 0t  whereas both Dirichlet and Neumann type 

boundary conditions are imposed as: 
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where ( , )tu x , ( , )tv x , ( , )tT x , ( , ) th x and ( , )tq x  are assigned functions, n denotes the out-

ward normal to the boundary and D N  and DT NT  

2.1 Space discretization 

Introducing a Galerkin isoparametric finite element discretization, the semi-discrete form of 

equations (1) 
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  (4) 

In the above expressions, N  are the shape functions, ( )eN  the constant shape function 

through the element, uB  and B   are the strain displacement matrix and the gradient-tempera-

ture matrix, respectively. Those matrices contain the derivatives of the shape functions used in 

the interpolation of the problem variables. 

In finite element computations, the above force vectors are obtained as the assemblies of ele-

ment vectors. Given a nodal point, each component of the global force associated with a partic-

ular global node is obtained as the sum of the corresponding contributions from the element 

force vectors of all elements that share the node. In this work, the element force vectors are 

evaluated using Gaussian quadrature. 
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2.2 Pressure stabilization  

The selected discretization (linear elements for displacement and pressure) is known to lead 

to spurious oscillations in the pressure field and a stabilization procedure is required.  For the 

present purpose the stabilized formulation called the Polynomial Pressure Projection (PPP) pre-

sented and applied to the Stokes equations in [12] is used. The PPP introduces a pressure term 

in the mass conservation equation ,p stabF  shown in Eq. (3) and (4). Unlike other stabilization 

methods, the Polynomial pressure projection (PPP) does not require specification of a mesh 

dependent stabilization parameter or calculation of higher-order derivatives. The PPP uses a 

projection on a discontinuous space and as a consequence can be implemented in an elementary 

level surpassing the need of mesh dependent and problem dependent parameters.  

2.3 Time integration 

A staggered approach[13] is adopted for the purpose of coupling the mechanical and thermal 

equations. Mechanical and thermal computations are staggered assuming constant temperature 

during the mechanical step and constant heat generation during the thermal step.  A mechanical 

step is taken first on the current distribution of temperatures and the heat generated is computed 

as  

 int yD   (5) 

Where  is the Taylor-Quinney coefficient, y  the yield stress and  the equivalent strain 

rate. A Newton-Raphson algorithm solves the momentum equation and mass conservation for 

nodal displacement and pressures. The heat computed in the mechanical problem is transferred 

to the thermal problem and the balance of energy is discretized using an implicit Backward-

Euler algorithm. The solution of discretized energy equation is carried out using a Newton-

Raphson algorithm.     

3 DESCRIPTION OF THE METHOD 

The PFEM is a set of numerical strategies combined for the solution of large deformation 

problems. The PFEM, in the form implemented in the present work, consists of the following 

conceptual steps 

1. Definition of the domain(s) in the last converged configuration, nt t , keeping existing 

spatial discretization.  

2. Transference of variables by a smoothing process – from Gauss points to nodes.  

3. Discretization of the given domain(s) in a set of particles of infinitesimal size – elimination 

of existing connectivity.  

4. Reconstruction of the mesh through a triangulation of the domain’s convex-hull and the 

definition of the boundary applying the -shape method [14], defining a new spatial dis-

cretization . 

5. A contact method to recognize the multibody interaction.  

6. Transference of information, interpolating nodal variables into the Gauss points. 

7. Solution of the system of equations for 1n nt t t  .  

8. Go back to step 1 and repeat the solution process for the next time step. 

3.1 Mesh generation and identification of external boundaries 

In a Lagrangian framework the external boundary and the reference volume are defined by 

the position of the material particles. Every time the mesh is regenerated, the particles belonging 

542



Rodriguez J.M., Jonsén P and Svoboda A. 

 

to the boundary may change and the new boundary nodes (and therefore the particles) have to 

be identified. The Delaunay triangulation generates the convex hull of the set of particles. More-

over, the convex hull may not be conformal with the external boundaries. A possibility to over-

come this problem is to correct the generated mesh using the so-called α-shape method[14] to 

remove the unnecessary triangles from the mesh using a criterion based on the mesh distortion. 

The α-shape method can also be used for the identification of the solid particles which separate 

from the rest of the domain. 

 
(a) Sharp triangle 

 
(b)Flat triangle 

 Figure 1. Triangles with the same mean size and their circumcircles. 

 

In the numerical simulation of metal cutting process, despite the continuous Delaunay trian-

gulation, elements arise with unacceptable aspect ratios. Neither the Alpha Shape method nor 

the Delaunay triangulation can prevent from the creation of highly distorted elements. Let con-

sider, for example, the triangle depicted in Figure 1(a). The circumradius associated to this type 

of triangle is not excessively large. The Alpha Shape method and the Delaunay triangulation 

can only ensure the best physical mesh (so the best discretization that respects the physical 

boundaries of the domain) for a given cloud of points. However, during the motion, the nodes 

distribution may be such that it is impossible to avoid the presence of poor quality elements. In 

order to avoid this eventuality the remeshing with the Delaunay tessellation and the Alpha 

Shape method must be combined with some additional controls. 

For example, for avoiding the presence of sharp elements in the triangulation, as the one 
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shown in Figure 1(b), one should monitor the edge lengths of each triangle. Whenever the dis-

tance between two nodes is smaller than a prearranged critical length, one of those nodes is 

removed. 

Another type of critical elements are the slivers, so the simplices with null area or volume. 

These may form when there are three points contained in the same line, or four points laying in 

the same 3D plane as shown in Figure 2. 

 

Figure 2. Sliver element in 3D. 

In theory, the Alpha Shape method should not allow the formation of those elements because 

the associated circumradius is huge, see Figure 1(b). However, these elements are critical from 

the numerical point of view and they can escape to the Alpha Shape control. For all these rea-

sons, the formation of sliver elements must be prevented. In this work, the formation of slivers 

is prevented by checking the element areas. Whenever the element surface or volume is less 

than a threshold value, computed for example with respect to the mean area of the mesh, one 

of the nodes of those elements is removed. Note that this control is also beneficial versus the 

formation of sharp elements. 

After these operations over the nodes, the discretization needs to be updated. It is done in 

this work modifying locally the mesh and the Alpha Shape control. Once the updated mesh is 

created, the nodal variables of the new particles are assigned, via interpolation, with the values 

of the neighbor nodes. 

3.2 Mesh refinement 

The addition of particles is the principal tool, which we employ for sidestepping the diffi-

culties, associated with the deformation-induced element distortion, and for resolving the dif-

ferent scales of the solution. The insertion of nodes is based on the equidistributiom of plastic 
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power, such that elements exceeding a prescribed tolerance TOL are targeted for refinement 

[13, 15].   

4 THE CONSTITUTIVE MODEL 

A summary of the J2-plastic flow model with isotropic hardening is shown in Table 1. Table 

2 shows the main steps involved in the radial return mapping algorithm and Table 3 shows the 

expression of the consistent tangent elastoplastic moduli considering non-linear isotropic hard-

ening law known as Johnson-Cook.[16-19]  

(i) Multiplicative decomposition of the deformation gradient 
e pF F F   

(ii) Free energy 

2

2

3

( , , ) : ( ) ( ) ( )
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(iii) Mixed Hyperelastic and Hardening response 
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(iv) Von-Mises yield condition 

2
( , ) : ( ) 0

3 ys s   

(v) Associative flow rule 

2
, ,

3
e e

vL tr
s

b b n n
s

  

(vi) Kuhn-Tucker loading/unloading conditions 

0,    0,   0   

(vii) Consistency condition 

0  if  =0   

Table 1. Hyperelastic J2-flow model at finite strain 

 

Step 1: Database and initial data 1 1, , , ,e
n n n npF b   

Step 2: Compute the elastic predictor 
1

, 3
1 1 1 1 1 1, det( )e trial e T

n n n n n n nb F b F F F F  

trial
n n  

,
1 1 , ( )trial e trial trial trial

n n y y ndevs b  

1 1

2

3
trial trial trial
n n yf s    

Step 3: Check for plastic loading 
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IF : 1 0trial
nf   THEN 

Set 1 1(.) (.)trialn   and EXIT 

END IF 

Step 4: Radial return mapping 

Set: ,
1 1 1 1

1
,

3
e e e trial

n n n nI I tr b   

Solve 1 1 1

2
2 0

3
trial
n n n ys  for  1n   

1
1

1

:
trial
n
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s
n

s
 

1 1 1 1 1 1 1 1

2
2 ,

3
trial trial

n n n n n n n ns s n   

Step 5: Addition of the elastic pressure 

1 1 1n n np 1 s   

Table 2. Hyperelastic J2-flow model at finite deformations:  radial return mapping algorithm 
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Table 3. Hyperelastic J2-flow model at finite deformations:  deviatoric consistent elastoplastic moduli 

In Table 1 ( , , )eJ b represents the uncoupled volumetric/isochoric stored-energy function, 

( )U J  the volumetric part of the stored energy function, ( )eW b  the isochoric part of the energy 

function defined in terms of the elastic left Cauchy-Green tensor eb , ( , )pu  the Kirchhoff 

stress tensor, p  the Kirchhoff pressure, ( )s u  the deviatoric component of the Kirchhoff stress 

tensor. In Table 2 and Table 3 (.)n  and 1(.)n  denote the time discrete values of the variable (.)  

at times nt  and 1nt , respectively.           

5 APPLICATIONS/NUMERICAL EXAMPLES 

The objective of this section is to show the ability of the PFEM to simulate metal cutting prob-

lems in both 2D and 3D, where very large strains (around 10) are present. 

5.1 Orthogonal cutting test: 2D approach 

Our first case is an industrial application consisting of a rigid tool that is cutting a rectangular 

block of steel. The block has a length of 3.7 mm, a width of 1.8mm and a depth of 1 mm. The 
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cutting has an imposed velocity of 3333.3 mm/s, a cutting depth of 0.60 mm, a rake angle of 

0º, a clearance angle of 0º and a tool radius of 0.4mm. The rigid tool is composed by to straight 

lines connected by a circular arch on the tool tip with the characteristics of the cutting parame-

ters described, see Figure 3. The workpiece material behavior is given by a Johnson-Cook con-

stitutive law that takes into account strain hardening, strain rate hardening and thermal softening 

Table 4.  

 
Figure 3. Workpiece dimensions and initial distribution of particles. 

 

Property Value 

Elastic Modulus (MPa) 210000 

Poisson ratio 0.3 

Heat Capacity(N/Km2) 63.5155 10   
Conductivity(N/sK) 14 

A (MPa) 860 

B (MPa) 683 

C  0.035 

N 0.47 

M 1 

0T (K)  293.15 

meltT (K) 1793 

Table 4. Materials properties used in the numerical simulations. 
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Conductivity and specific heat does not depend on temperature, we consider them constant 

(see Table 4). The following assumptions are made: First, the tool is supposed to be rigid and 

friction is neglected. Furthermore, the thermal exchange between the part and the tool are also 

neglected. The inertia of the part is neglected. A classical penalty method is considered for the 

contact constraint generated by the action of the rigid tool. 

A staggered implicit time integration scheme was used. Time steps were of 61.33 10   s 

which takes 500 steps for a tool to travel 2.22 mm. The assumption that the tool is rigid is 

reasonable, since the deformation of the tool is negligible compared with the deformation of 

the workpiece. 

 

Temperature, pressure, effective plastic strain rate and von Mises contours are presented in 

Figure 4 and Figure 5. Depicted pressure distribution shows the tension and compression zones. 

It is completed with the von Mises stress shown, which demonstrates that relatively high 

stresses arise in the primary shear zone and at the tool chip interface. The localization of this 

zone agrees with simplified models. It is also important to note the presence of residual stresses 

at and below the produced new surface and in the upper part of the chip, especially near the 

tool-chip interface where unloading due to curling of the chip occurred. The effective strain rate 

in the primary and the secondary shear zone is of the order of 18000 and it has its highest value 

close to the tool tip. Finally, temperature distribution is also shown in the workpiece. 

 

  

  
Figure 4. Continuous chip formation using the Johnson-Cook constitutive model: von Mises (MPa) and 

Temperature (K). 
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Figure 5. Continuous chip formation using the Johnson-Cook constitutive model: Strain rate (1/s) and 

Pressure (MPa). 

 

Figure 6 depicts the cutting and feed forces applied on the tool, which are obtained from 

the simulation. The cutting and feed force reach a steady state as expected in the numerical 

simulation of continuous chip formation. 

 
Figure 6. Cutting and thrust force vs. stool displacement. 
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5.2 Orthogonal cutting test: 3D approach 

The material properties for the workpiece, the cutting conditions are the same used in ex-

ample 5.1. Also, the displacement in the x-direction of front and back faces of the workpiece 

is restricted to reproduce a plain strain conditions (see example 5.1). The initial finite element 

meshes for the workpiece and the tool are shown in Figure 7.  The workpiece is modeled with 

569 particles and the tool with 1592 triangle elements. For saving calculation time and 

memory space, insertion and removal of particles is used during the simulation. As a conse-

quence, the finer and smaller elements are used in the contact area between the workpiece and 

the tool because very large gradients in strains and temperature will occurs in this zone. The 

coarser and the larger elements are allocated in the area of the workpiece not affected by the 

cutting processes. 

Figure 8 shows a three dimensional view of the chip geometry predicted when the tool 

advances from 0 to 2.22 mm. Temperature distribution is presented in Figure 9. Because tem-

perature increase is primary induced by plastic deformation, the more severe a deformation 

zone is, the greater the temperature increase.  

The cutting force for the 2D and 3D simulations are show in Figure 10. The results for the 

2D and 3D are qualitatively the same, the small different between both is due to the larger 

distance between particles used in the 3D numerical simulations.     

 
Figure 7. Workpiece and cutting tool discretization. 
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200 Steps 300 Steps 

  
400 Steps 500 Steps 

Figure 8. Chip geometries at different time steps during orthogonal cutting. 

 

 
Figure 9. Temperature distribution (K) in the workpiece an the chip (the cutting tool is 2.22 mm) 
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Figure 10. Force displacement curve for orthogonal cutting for 2D and 3D case. 

6 CONCLUSIONS  

A Lagrangian formulation for analysis of metal cutting processes involving thermally cou-

pled interactions between deformable continua is presented. The governing equations for the 

generalized continuum are discretized using elements with equal linear interpolation for the 

displacement and the temperature. The merits of the formulation in terms of its general applica-

bility have been demonstrated in the solution two representative numerical simulations of or-

thogonal cutting using the PFEM both in 2D and 3D. Results are promising for future numerical 

simulations of metal cutting processes 
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Abstract. The main problem of aspiration is the efficient localization of dust-and-gas emis-

sions at the lowest energy consumption. One of the ways to reduce the energy consumption of 

the local open ventilation exhausts is their profiling by the found outline of the separated-flow 

region. The round local ventilation exhaust, made in the form of the bell, is the simplest and 

the most popular installation for catching dust-and-gas emissions. The purpose of this work is 

determining the influence of the expansion angle and the length of bell exhaust on the sepa-

rated-flow region's characteristics, formed at the entrance to the bell, on the dynamics of dust 

particles and their collection efficiency. There was developed a mathematical model, compu-

tational algorithm and computer program for calculating separation flows at the entrance to 

round bell exhausts and for researching the dust particles behavior in their range of action.  

The characteristic sizes of vortex regions at the entrance to the round bell exhaust have been 

determined. The analytic formula for calculating the separated-flow region at the entrance to 

the long round bell exhaust has been received. Profiling bells by the found outline of the sep-

arated-flow region allows improving the aerodynamic and acoustic properties of local venti-

lation exhausts. The extreme trajectories of dust particles of various sizes in the range of 

action of the round bell exhaust have been plotted. The efficiency criterion of a local ventila-

tion exhaust in the form of the collection rate of a given dust particle, which amounts to the 

ratio of aspiration volume of an exhaust with bell and without it, has been suggested. The 

computational algorithms of calculating extreme trajectories of dust particles of the local 

ventilation bell exhaust's range of action are presented. The aspiration volumes and collec-

tion rates of dust particles of various fractions depending on the length and expansion angle 

of the bell are determined. A conclusion about the most efficient round bell exhaust is made. 

The characteristic sizes of separated-flow region at the entrance to bell outlet, located above 

a leakproof surface, have been determined. There was suggested an analytic formula for de-

termining the separation line at the entrance to the bell with the expansion angle 180 degrees, 

located above a leakproof surface, profiling by which will allow to improve the aerodynamic 

and acoustic properties of a local ventilation exhaust. 
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1 INTRODUCTION 

Loсal venting  suction socket is simplest and most spread element of exhaust ventilation 

systems. Interesting is determination of the boundaries of the gas separated flows area at inlets 

of the suction channels. Profiling on these boundaries improve the  aerodynamic and acoustic 

properties of socket. Similar research for the slot-type suction-socket were first presented  in a 

series of articles [1-3].  There used of complex variable theory methods. Separated flows for 

round-type suction socket  investigated using  the non-stationary discrete vortex method [4-5]. 

Characteristic dimensions of the vortex region inlet to the socket (Figure 1) at a fixed point in 

time were obtained. But it was not taken into account, that these dimensions pulsate with time. 

The paper [6] was an attempt to average over time value of the characteristic dimensions. Av-

eraging was carried out by finding arithmetic mean of the values of 20 random points in time. 

The calculation was quite laborious. But 20 points in time is not sufficient to obtain conver-

gent results in some cases. Therefore, it became necessary to calculate the gas separated flows 

area by the stationary discrete vortex model. Idea of this model was first described in the arti-

cle  [7], and then developed in the works [8-11,16]. Moreover, it is of interest determination 

such angles and length of suction socket, for which loсal venting  suction socket more effi-

cient. 

2 EFFICIENCY CRITERIA OF SUCTION SOCKET 

There are various approaches to determining of socket efficient. One of them is the criteri-

on irregularity of suction which is determined by speed ratio at the center of the socket to the 

average velocity of suction 0η cv / v . For duct without the socket  according to the data [12] 

η 0 95 0 97, ,  ; for 60   η 1 03 1 09, ,  ; for 90   η 1 65 1 75, ,  . The studies 

were conducted by Fialkovskaya, Т.А. [13]  and Baturin, V.V. [14].   It determines field of 

velocities in the zone of exhaust hood square and rectangular shape with aspect ratio of  1:2, 

1:3, 1:4 and at different angles between defining lines from 50  to 90  (obviously it is the an-

gle α   shown in Figure 1).  

 

Figure 1: Round local ventilation suction - bell 
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About the length of socket information is not accounted. About suctions of round-socket is 

also no mentioned. It was concluded,  that because hoods with opening angle α 60  the rela-

tive velocity is nearly to the average velocity in the center of hood hole the suction hole (flow 

rate per area), then the apex angle of hood must be less than α 60 . Dimensions of the inlet 

hood must be greater than dimensions of the heat source.   

Further, approval about most efficient α 60  published in numerous of books. For exam-

ple in the book [15] it indicated that in order to hood working by full air intake cross section,  

opening angle of hood  accept usually not more than α 60 . At larger angles actually acts 

only the central part of hood, and on the periphery appeared dead zones. 

There are also other positions. It stated that the hood should be done with the opening an-

gle β 60  in the Posohin V.N. book [15]. It was noted that in this case the dimension  of the 

vortex area at the inlet of the socket is minimal  and accordingly the "efficient dimension" 

hood is maximum. But here under the opening angle is meant β α 2/  . The researches were 

conducted with the help of Conformal Mapping Method  and [1-3] considered slot-socket suc-

tion. At here width of effective suction accepted as efficiency criterion.  

Other efficiency criterion is highest rate of suction in the suction socket axis. It is shown 

by numerical and analytical studies [17] that the axial velocity reaches a maximum value 

when β α 2 90/  . It used Conformal Mapping Method  and discrete vortex Method too. 

Also it considered slot-type and round-type suction socket.  

It can specify the aerodynamic drag as one more efficiency criterion of suction socket. By 

the graphs given in [18] we conclude, that the suction socket has smallest local resistance co-

efficient (l.r.c.) at α 50 100  . It depends on the length of the socket. If the socket length is 

smaller, then the change of l.r.c. from the opening angle is approaching to linear law. 

It proposed to introduce another criterion of efficiency: non-dimensional capture coeffi-

cient – the ratio of the aspiration volume of the suction-socket to aspiration volume of air duct 

without socket, because the local ventilation suckings [16, 19, 21-25] used not only for cap-

ture the excess of heat but also for various types of dust capture, which working with abra-

sive-metallic dust, wood dust, cement, sand, welding fumes and etc. Aspiration volume - is 

the volume of space being in which the dust particle with preset geometrical and physical 

properties will be caught by the local ventilation suction. 

The main goal of the paper is the following: to elaborate a mathematical model and an al-

gorithm of calculation of separation flow region at the inlet round-type suction socket with the 

use of the stationary discrete vortex method; to reveal the regularities in changes of the pa-

rameters of vortex region at socket inlet and to make a research of the efficiency of the local 

suction socket  with the use of the suggested criterion. 

3 DEVELOPMENT OF A MATHEMATICAL MODEL AND A COMPUTATIONAL 

ALGORITHM 

In order to develop a mathematical model of the separated flow at the inlet to the round 

suction-bell used discrete infinitely thin vortex rings. Border suction funnel discretize at-

tached set of vortex rings and control points (arbitrary points on a circle, embracing the suc-

tion-bell). The free surface of current begins on the sharp edge of the bell, the initial 

approximation is given for it. A discrete model in the meridian half-plane is shown in Figure 

2. The crosses are depicted from control points, in which fulfils the condition of impenetrabil-

ity - velocity along the direction of the normal is zero. The shaded circles -It is the attached 

ring vortices. Hollow circles - free vortex rings. 
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Figure 2: Discrete model of separated flow at the inlet to the suction-bell 

Let N – number of attached vortex rings ; 
sN  – the number of free vortex rings; 

px  - con-

trol point, 1,2, ,p N . 

The velocity at any point x along the  direction n   is calculated using the formula: 
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Where  
q  - the location of q-th attached vertex ring with circulation ( )q  , const   - 

given free circulation of the vertex ring, 
q  - location of the point q-th free vortex ring. 

Function  ,G x   expresses the influence of that point x of vortex ring with single loop, 

located at the point   

 
 

 
   

 

1 2 2

2

2 1

4 4
,ξ at 0,

ξ
,ξ at 0,

2

Ab A a A
G x E t F t b

b ba b a b a b

n
G x b

a a

 
    

  



 



 

2 22 0x b   , 2 2 2

1 1 2 2( ξ ) ξ 0a x x     ,  
2

2 1
1

4

n
A





,   2

2 1 1 2 2 1( )
4

A x n x n


  


, 

   
π/2 π/2

2 2

2 2
0 0

θ
, 1 sin θ θ

1 sin θ

d
F t E t t d

t
  


   ; 

2b
t

a b



;  

4 4

0 0

1
(1 ) (1 ) ln

1

i i

i i

i i

F t c t d t
t 

   


  ;  
4 4

1 1

1
1 (1 ) (1 ) ln

1

i i

i i

i i

E t c t d t
t 

    


  ; 

,i ic d  taken from the tables [20]. 
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If the distance from the point x to the point ξ  smaller than the steps of discreteness 
hr , 

than this function is calcuated as follows: 

1 1 2 2 2 1

2

( ) ( )
( , )

2 h

x n x n
G x

r

  
 


, 

where 
hr  - step of discreteness (distance between adjacent vortex rings). 

In case x   ,  function ( , ) 0G x   . 

The numerical algorithm is constructed as follows. After specifying the location of the at-

tached vortex points and the initial approximation  for free vortices forms matrix. 

( , ); 1,2, , ; 1,2, ,pq p kG G x p N q N    . 

Further begins the first intergation. 

Forms column of free terms: 

1

( , ), 1,2, ,
sN

p p q

q

v G x p N


    . 

Solves systems of linear algebraic equations: 

1

, 1,2,3,
N

q pq p

q

G v p N


   , 

From where determines unidentified quantities ( )q q    . 

Constructed free current lines, starting with a sharp edge A. Using the formula (1), at 

{1,0}n  calculated velocity components 
xv , at {0,1}n   calculated velocity componets yv . 

Following point ( , )x y   is determined from the previous ( , )x y using the given formula: 

2 2 2 2/ , / ,x x y y x yx x tv v v y y tv v v        

where t  - step, which is chosen sufficiently small. 

Integration process for building free surfaces of current finishes, if the position of the free 

surface of current stops to change with precisión to the desired accuracy. 

After the parameters of separated flow región were determined( Figures 3-7). 

Proposed formula for determining the boundary of the vortex at the inlet to the suction-

bell. 

2

3,1 3( )1
( ) cos cos

( )

t

t

b

e
x t a t d

R t

 

 
  


;  

2

3,1 3( )1
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; 

where 2t    ;  ( ) ( ) / ; ( ) ( ) /x t x t R y t y t R  ;  

(0,03 0,034) 0,01 0,032a d d


   


;  /d d R ;  0,38 0,48b


 


. 

The formula is valid for long sockets, where 15 90  , / 2l B  ; when / 1l B   and 

45 90  . The calculation is carried out with 0x  . 
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Figure 3: The dependence of the vortex field length а  at the entrance to the suction-bell 

 

Figure 4: The change in  the value 
0a  of removal of the separation region behind the socket 
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Figure 5: The change of parameter  l  from  the angle of the funnel opening 

 

Figure 6: The change of the maximum thickness b of  separation region 
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Figure 7: The change of  radius of the effective absorption 

4 THE DYNAMICS OF DUST PARTICLES  

The trajectories of dust particles, build with the help of differential equation[17]: 

3 3 ( )

6 6 2

p a p ape e
p p m a

v v v vdvd d
g S

dt

   
     , 

where av   velocity of the air; a   air denstity; pv  the particles velocity;  p  the particles 

density; dе   equivalent diameter of the particles; g   accleration of free fall; 2π 4m eS d   

mid-section area of the particle;   coefficient  of its dynamic form;     coefficient of air 

resistance: 
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24 1 1/ 6 Re / Re, at 1 Re 10 ,

24 / Re 1 0,065Re , at Re 10 ,
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where Re
a p a ev v d 




,    coefficient of dynamic viscosity of air. 

Limited trajectories of the dust particles have diameter 1-120 microns (Figure 8). 

Volume of aspiration- It is the volume between the plane A-A (Figure 8), passing through 

the entrance into the bell and the surface of limited trajectory of dust particles. 

 

Figure 8: The limit trajectory of dust particles in the spectrum of action circular suction-bell  length of 1gauge 

with an opening angle 60   when the middle suction speed is 10 m / s 

 

Under the criterion of efficiency of local ventilation of suction-bell for dust particles, we 

understand the collection coefficient. 

0/ak V V , 

0V  - volume of aspiration suction with the socket;   
0V  - volume of the aspiration suction 

without socket. 
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In calculations: 2500p  kg/m
3
; 1 ; 9,81g  m/s

2
; 1,2a  kg/m

3
; 51,5 10  m

2
/s; 

0 10v   m/s. 

For particles with diameters 20 mkm, 40 mkm, 60 mkm, 80 mkm the collection coefficient 

is highest when 90   (Figure9). 

 

a) 20 mkm 

 

b) 40 mkm  
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c) 60 mkm 

 

d) 80 mkm 

Figure 9: The change in the coefficient capture from the  angle    for different lengths of the funnel 

The effect of collection coefficient on the length of the socket is shown in figure 10. 
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Figure 10: The change in coefficient capture  according to the length of the socket when 90  . 

5 CONCLUSIONS  

 A mathematical model is designed, computational algorithm and a computer program to 

calculate separated flows at the entrance to the round suction-bells  and to study the be-

havior of dust particles in the spectrum of their activities. 

 Identified characteristic dimensions of the vortex areas at the entrance to the round suc-

tion-bell. Found  an analytical formula for calculating the boundaries of the separation 

region at the entrance to a long suction-bell. Profiling sockets found on the outline of the 

tear region will improve the aerodynamic and acoustic properties of the local air suction. 

 Built limiting trajectories of dust particles of different sizes in the range of action of the 

round suction-bell. Proposed the criterion on the effectiveness of local suction ventilation 

in the form of collection coefficient of the given dust particles, which is equal to the ratio 

of volumes of aspiration suction with socket and without it. 

 The most effective suction is the funnel with an opening angle 180    and length of at 

least 4 gauge. 
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Abstract. Standard SPH methods are very attractive to simulate complex flow problems thanks
to their robustness and ease of implementation, but often suffer from poor precision regarding
point-wise stress computation or stability issues characterized by a loss of quality of the point
cloud (particle clumping, formation of voids).

In this paper, we recall an operator-based framework for the description of meshless dis-
cretizations using nodal integration. Using this framework, we are able to define a dual gra-
dient inspired by the integration by parts formula, clarify its role in the discretization of a
simple diffusion problem and specify sufficient conditions to satisfy the patch test. For symmet-
ric discretizations, we show that one of these conditions reduces to a discrete version of Stokes’
theorem, which we call differentiation/integration compatibility of meshless operators.

Our earlier work [22] focused on the recovery of these compatibility conditions via the
modification of gradient coefficients. In a companion presentation [23], we extend the analysis
to the concept of element-based integration and investigate the possibility of a one-shot solution
algorithm, jointly solving for both compatibility and pressure.

The present work however is an attempt at achieving compatibility while keeping the com-
putational simplicity of SPH. Instead of solving a global linear system for compatibility, the
position of SPH nodes are adapted so that compatibility conditions are naturally enforced us-
ing classical and well-known SPH gradients.

In the context of Lagrangian simulation, this means that the SPH nodes are not advected
with the physical velocity, but with a corrected velocity. The idea is not new: it can be traced
back to Monaghan and his XSPH formulation [19], and appeared more recently in the context
of fluid dynamics with the works of Adami, Hu and Adams ([1] and [16] for instance). In this
work, we try to incorporate their corrections to our framework, generalize their method and
give a novel interpretation for their results.
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1 INTRODUCTION

Smoothed Particle Hydrodynamics (SPH) is a family of meshless simulation methods ini-
tiated in 1977 with the independent contributions of Lucy ([17]) and Gingold and Monaghan
([10]). SPH was initially applied to astrophysical problems and still enjoys success in this field
(see [25] for a recent review), but its scope of applications soon widened to cover very complex
flow problems ([11] for fluid-structure interaction for instance, [2] regarding chemically react-
ing viscous flows), elasticity and plasticity problems ([18] for instance), as well as complex
magneto-hydrodynamic problems ([24]). Thanks to its robustness, SPH seems ideally suited
to give an answer to geometrically or physically complex problems, where all other methods
usually fail. Comparatively little work has been dedicated to solve well established simple
test-cases with analytical solutions (let us cite [13] and [3] as exceptions).

However, SPH has long suffered from stability issues characterized by local loss of quality
of the point cloud (particle clumping, formations of voids. See for instance [26] where the
infamous term ”tensile instability” originated) Unsurprisingly, the main effort in the SPH com-
munity has been to propose several remedies to control the apparition of instability (see [19]
with the XSPH formulation and [20] introducing artificial stress formulation). More recently,
significant improvements to stability as well as point-wise accuracy have been achieved with
Adami, Hu and Adams’ ”transport-velocity” formulation (see [1] and [16]).

In previous works ([21] and [22]), the present authors have investigated the influence of the
properties of discrete meshless differentiation operators (or meshless ”gradients”) on the accu-
racy of the solution of a simple diffusion problem in the context of nodal integration. In section
2, we very briefly recall the symmetric meshless discretization of the diffusion problem and de-
rive sufficient conditions to pass the patch test, which we call ”compatibility conditions”. Our
earlier work [22] focused on the recovery of these conditions via the modification of gradient
coefficients and the introduction of a corrected gradient at the cost of solving a global linear
system. Section 2.6 however is an attempt to achieve compatibility while keeping the computa-
tional simplicity of SPH: Instead of solving a global linear system for compatibility, the position
of SPH nodes are adapted so that compatibility conditions are naturally enforced using classical
and well-known SPH gradients. We show that this technique yields second order convergence
for the diffusion problem.

Finally, we revisit the contributions of Adami, Hu and Adams and propose a slightly different
procedure to limit the inconsistencies of the classical SPH gradient. This modification allows
an easier interpretation and exploration of its consequences, which we undertake in section 3.

2 DISCRETIZATION OF THE DIFFUSION PROBLEM

2.1 The Meshless Framework

In SPH, every node i of the point cloud C (including those of the ”boundary” cloud ∂C) lo-
cated at coordinates xi is attributed a positive volume usually denoted Vi. These volumes play
the role of weights to define a discrete scalar product between fields f, g : C → R, approximat-
ing the classical L2 scalar product between functions as:

(f, g)C =
∑
i∈C

Vifigi (1)

A discrete meshless differential operator, or ”meshless gradient” is a linear operator � :
(C → R) → (C → Rd) that maps a scalar field f : C → R to a vector field �f : C → Rd (d is
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the number of space dimensions). Such an operator can always be written at point i as:

Vi�if =
∑
j∈C

Ai,jfj (2)

where the Ai,j are vector coefficients (the coefficient Vi was added for convenience, see equation
4). There is a priori (and in general) no relation between Ai,j and Aj,i.

A meshless gradient is said to have n-th order consistency if it is exact on all monomials of
order at most n. Mimicking integration by parts theorem, given a ”primal” meshless gradient
�, we can introduce a ”dual” meshless gradient �∗, as:

∀f, g : C → R | f∂C = 0, (�f, g)C + (f,�∗g)C = 0 (3)

Remark: We only consider functions that are identically null on the border ∂C not to have
to include a boundary term in the right-hand side of equation 3. Boundary nodes will thus need
to receive a special treatment in what follows.

From equation 3, we can easily derive that the coefficients A∗i,j of the dual gradient will in
general read:

∀i, j ∈ C A∗i,j = −Aj,i (4)

The (skew-)symmetry of this formula entails �∗∗ = �. This underlines the fact that � and �∗

are actually dual to each other. There is a priori no reason to prefer one gradient over the other.

2.2 Classical examples of meshless gradients

Given a kernel function Wh, let us list three well-known meshless gradient from the SPH
literature (see [14]) as well as their dual counterparts:

• The ”classical” SPH gradient, which is equal to its dual because of the symmetry proper-
ties of the kernel function:

�
CLASS
i f = −

∑
j∈C

Vj∇Wh(xj − xi)fj (5)

• The renormalized gradient of order 0, which is zeroth-order consistent:

�
R0
i f = −

∑
j∈C

Vj∇Wh(xj − xi)(fj − fi) (6)

Its dual gradient can be written as:

�
R0∗
i f = −

∑
j∈C

Vj∇Wh(xj − xi)(fj + fi) (7)

In particular, the dual renormalized 0 gradient of a constant scalar field is twice the clas-
sical gradient of this constant : �R0∗1 = 2�CLASS1.

• The renormalized gradient of order 1:

�
R1
i f = −

∑
j∈C

VjBi∇Wh(xj − xi)(fj − fi) (8)
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Where Bi is the d× d matrix set as to recover first order consistency:

B−1
i = �R0

i x = −
∑
j∈C

Vj∇Wh(xj − xi)⊗ (xj − xi) (9)

In the above formula, ⊗ denotes the classical tensor product. The dual gradient �R1∗
i can be

written:
�

R1∗
i f = −

∑
j∈C

Vj(Bifi + Bjfj)∇Wh(xj − xi) (10)

2.3 Strong discretization of the diffusion problem

In the following sections, regularity conditions which should be put on continuous fields are
knowingly ignored because they are irrelevant to the discretization procedure.
Let us consider the following strong form of the diffusion problem with Dirichlet boundary
conditions on Ω ⊂ Rd: {

−∆u = s

u|∂Ω = g
(11)

If we bluntly replace continuous operators with discrete ones, we find the following strong
SPH discretization: {

−�i ·�u = si ∀i ∈ C
ui = gi ∀i ∈ ∂C

(12)

Note that this is not the only possible meshless discretization of the strong form given in equa-
tion 11. Equation 12 defines the following strong discrete Laplace operator:

(−�)i,j = (−� ·�)i,j = −
∑
k∈C

Ai,k ·Ak,j

ViVk
(13)

This operator is not symmetric in general, has been observed to yield nearly singular systems,
and thus would need stabilization techniques in order to give satisfactory results. A sufficient
condition for the discrete strong laplacian of a linear function to identically vanish (which is a
sufficient condition for the patch test) is the first order consistency of the meshless gradient �.

2.4 Weak discretization of the diffusion problem

The corresponding weak form of the diffusion problem can be written as follows: ∀v : Ω→
R | v|∂Ω = 0, 

∫
Ω

∇u · ∇v =

∫
Ω

sv

u|∂Ω = g

(14)

Again bluntly replacing continuous operators with discrete ones, we find the following weak
SPH discretization: ∀v : C → R | v|∂C = 0,{

(�u,�v)C = (s, v)C

u|∂Ω = g
(15)
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The coefficients of the corresponding (self-adjoint !) weak laplacian discrete operator then
read:

(−�)i,j = (−�∗ ·�)i,j =
∑
k∈C

Ak,i ·Ak,j

ViVk
(16)

Sufficient conditions for the discrete weak laplacian of a linear function to be null (which is
a necessary condition for the patch test) are the first order consistency of the primal gradient
� and the zeroth-order consistency of the dual gradient �∗. This second condition, which we
call compatibility is paramount: it involves both discrete integration and discrete differentiation
and can be re-stated (via equation 3) as a discrete version of Stokes’ theorem. None of the
gradients described in section 2.2 naturally enforces this condition on general clouds of points.
In the meshless literature, the notion of compatibility appeared in the work of Bonet (see [3]),
where compatibility is sought by means of kernel correction. The second notable contribution
is Chiu’s in [4]. However, Chiu does not discriminate between primal and dual gradients since
he a priori enforces skew-symmetry of his gradient coefficients.

Our previous work [22] showed that using a corrected version of the renormalized 1 gradi-
ent, it is possible to experience second order convergence rate for the diffusion problem with
sources. More importantly, it also suggested that exact compatibility is not strictly necessary
for second-order convergence: it seems sufficient to bound the term ‖�∗1‖ with a constant as
the point cloud is refined instead of the worst-case ‖�∗1‖ = O(h−1) (Here, h denotes a typical
inter-particular distance in the point cloud. It is chosen proportional to the maximum distance
‖xj−xi‖ for which either Ai,j or Aj,i is non-null). We call these gradients ”quasi-compatible”.

In section 2.6, we will once again demonstrate that using a first order consistent and quasi-
compatible gradient yields ultimate second order convergence for the diffusion problem.

2.5 Another symmetric discretization of the diffusion problem

Inspired by finite volume discretizations on orthogonal meshes, other discretizations of the
diffusion operator have also been proposed in the meshless literature (see [7] for a review SPH
discretizations of the diffusion operator). The details vary, but the most promising (according
to [7]) reads in coefficients:

(−�)i,j = 2Vj
∇Wh(xj − xi) · (xj − xi)

‖xj − xi‖2
∀i 6= j ∈ C (17)

This operator is self-adjoint and the related bi-linear form reads:

〈f, g〉C =
∑
i,j∈C

ViVj
∇Wh(xj − xi) · (xj − xi)

‖xj − xi‖2
(fj − fi)(gj − gi) (18)

The conditions for the patch test can once again be restated as compatibility conditions. Indeed
in the case of the above laplacian ( using a kernel with radial symmetry), a sufficient condition
for the laplacian of a linear field to vanish is that the classical (dual) gradient of the unit field
�

CLASS1 vanishes.

2.6 Looking for quasi-compatible configurations and results

The generation of point clouds well-suited for meshless simulations is somehow similar to
the meshing procedure in mesh-based methods: it should not be performed regardless of the
numerical method that follows. Generating point cloud has recently been an active area of
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research in the computer graphics community, where harmonious yet unstructured point clouds
are sought. Several methods to build these ”blue noise” configuration bear striking similarities
with the method exposed here. See [8], [12] and [5] for more details.

In [1] and [16], Adami, Hu and Adams add a ”background pressure” source term to their
momentum equation as the gradient of a constant field. This term was demonstrated to have a
regularizing effect on the point cloud, which gave better approximation properties to the under-
lying kernel estimation of (constant in their incompressible setting) density.
In order to better understand this source term, let us define the following function of all the node
coordinates:

V =
∑
i,j∈C

ViVjWh(xj − xi) (19)

Let us remark that V is non-negative and thus admits at least a minimum on every compact.
The gradient of V with respect to xk can be written:

∂V
∂xk

= −2Vk
∑
j∈C

Vj∇Wh(xj − xk) = Vk�
R0∗1 (20)

Hence, this constant pressure source term (eq. 17 of [16]) can be re-written using our notations:

2
∑
j

ViVj∇Wh(xj − xi)Pc = −Vi�R0∗
i Pc = −Pc

∂V
∂xi

(21)

Since their second term is dissipative (it is the discretization of viscosity forces), their proce-
dure can be thought of as a generalized gradient descent trying to minimize V . They remain
unclear concerning the boundary condition that were used, but we can safely assume that there
were either fixed nodes surrounding the discretized domain or that periodic boundary conditions
were used. In any case, the xj are bound to rest in a compact region, and a local minimum of
V is ultimately reached. This local minimum has zero gradient, hence it defines a point cloud
where the discrete dual meshless gradient of a constant function is null. With such node posi-
tions, the classical gradient is compatible (and consistent, and coincides with the renormalized
0 gradient).

Similarly, we generated several clouds of points of different sizes using a gradient descent
algorithm. The algorithm was stopped when the norm of the gradient of a unit field reached
a given threshold. We call this threshold ”Stokes’ default” since it is a measure of how much
Stokes’ formula fails to be satisfied. We also tried the same procedure using the renormalized
1 gradient. Even if we could not find any function similar to V which partial derivatives with
respect to positions give the dual gradient of a constant function, we still have been able to
reduce ‖�∗1‖ by three orders of magnitude or more using this technique.

In our tests, the nodes were initially distributed as a low discrepancy Halton sequence (see
[9] for details about low discrepancy sequences), and two layers of boundary nodes ensured that
no particle escaped the simulation domain. These particles were later used to enforce Dirichlet
boundary conditions for the diffusion equation. Node volumes were chosen all equal, and so
that their sum reproduced the volume of the simulation domain. This is in agreement with
the Quasi-Monte Carlo philosophy associated with low discrepancy sequences. Typical node
arrangements are displayed on figures 1 to 4.

Concerning the diffusion equations, the source s and the Dirichlet border conditions are set
so that an analytical solution is known. Thus, it was possible to perform an h-convergence
analysis for each presented gradient. The corresponding curves are shown in figures 7 - 9. On
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each curve, the Stokes default is kept below the following thresholds: 100, 50, 30, 10, 5, 3, 1,
0.5 and 0.3. It should be clear from these curves that enforcing compatibility conditions is a
good means to improve accuracy of diffusion simulations. Indeed, the lower the Stokes default,
the best the accuracy. With poor compatibility, very poor accuracy was consistently obtained
(error ≥ 100%) for all gradients.
It can also be noted that increasing the order of consistency of the primal gradient was always
beneficial to accuracy. Finally let us remark that only the first order consistent gradient produced
straight-looking accuracy curves. A linear least-squares fit of the three last curves (Stokes
default 1, 0.5 and 0.3) gave approximate order of convergence of 2.03, 2.08 and 2.10. This
is why we claim we achieve ultimate second order convergence if we keep the Stokes default
under a low enough threshold.

3 APPROXIMATE ADVECTION AND COMPATIBILITY

In the context of Lagrangian simulation, the point cloud is evolving at every time step. In
this section, we will show on a concrete example that exact advection of the nodes along the
physical velocity field is not a desirable feature of a SPH simulation. The idea is not new, and
several authors have proposed regularized velocity fields better suited for advection ([19] and
his XSPH formulation is probably the most famous). To a large extend, artificial viscosity can
also be regarded as an additional source in the momentum equation.

It is often not clear how the addition of those regularizing source terms impact the kinematics
of the fluid. This section quantatively explores the implications of the use of an ALE velocity
on the mean level of Stokes default.

3.1 An ALE source term

Corrective procedures proposed in [19] (XSPH), [1] (transport-velocity) and [15] (Fick-
diffusion based regularization) are difficult to analyze because they are directly formulated at
the time-discretized level. Hence, time discretization and space discretization are already cou-
pled, and it is quite often not clear how they really interact. This is the reason why we propose
an Arbitrary Lagrangian Eulerian (see [6] for a good introduction to ALE formulations) veloc-
ity formulation independent of the time discretization. In the results that we show, high order
time discretization as well as low time steps were used so that time discretization errors are
completely negligible.

Let us suppose that the space discretization is initially very good, and that the computed ve-
locity field v(x) is extremely close to the physical velocity. In order to go to the next time-step,
the simulation procedure should carry the SPH nodes along the streamlines of the velocity for
the duration of a time-step. Figure 10 shows the advection of initially regularly arranged nodes
after advection with a Taylor-Green flow (which is a solution of the incompressible Navier-
Stokes equations). Even if the flow is extremely regular (in our example it is smooth and its
divergence is zero, thus not creating voids or excess of fluid in any area at the continuous level),
we can see that, at a discrete level, holes have been created in some areas, and nodes have
clumped in others. Concurrently, the Stokes default (as plotted on figure 15) quickly rises from
a null value (the cartesian arrangement of nodes is compatible), to a size-dependant small range
of values (40-50 in the example). At mid-time, the flow velocity is reversed and the flow travels
back towards the initial state. Symmetry of figure 15 demonstrates the time-reversibility of the
approach.
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Figure 1: Halton sequence of 2500
nodes
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‖�R0∗1‖ ≈ 29.1
‖�R1∗1‖ ≈ 36.3

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

Figure 2: Modified point cloud.
‖�CLASS∗1‖ ≈ 1
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Figure 3: Modified point cloud.
‖�R0∗1‖ ≈ 1
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Figure 4: Modified point cloud.
‖�R1∗1‖ ≈ 1
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Figure 6: Signed error to exact
solution

575



Gabriel Fougeron, Guillaume Pierrot and Denis Aubry

10-3 10-2 10-110-3

10-2

10-1

100

101

Figure 7: Relative error of the laplacian system as a function of discretization length for the
classical gradient with Stokes default kept below 100, 50, 30, 10, 5, 3, 1, 0.5 and 0.3
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Figure 8: Relative error of the laplacian system as a function of discretization length for the
renormalized 0 gradient with Stokes default kept below 100, 50, 30, 10, 5, 3, 1, 0.5 and 0.3
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Figure 9: Relative error of the laplacian system as a function of discretization length for the
renormalized 1 gradient with Stokes default kept below 100, 50, 30, 10, 5, 3, 1, 0.5 and 0.3.
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Figure 10: Advection of initially regular cloud of 2500 nodes by the Taylor-Green vortex flow.
The color of each particle is set as a function of is initial y-coordinate. The two outer layers of
nodes were kept fixed
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In order to create figure 10, the following uncoupled system of ODEs was solved:

dxi

dt
= v(xi) ∀i ∈ C (22)

While equation 22 defines the solution of the exact node advection, we could instead seek a
”close” solution to the advection problem while keeping a better mesh quality (i.e. lower Stokes
default). For instance, we could solve the following system (where ci is a ”small” velocity field
designed so as to keep the Stokes default under a given threshold).

dxi

dt
= v(xi)− ci ∀i ∈ C (23)

In 23, ci can immediately be interpreted as the ALE velocity defined in [6] in the context of
point cloud advection (as opposed to mesh advection).
Inspired by the quasi-gradient descent method of [16], we propose the following easy to com-
pute expression for ci (where γ is a user-provided constant):

ci = γ�∗i 1 (24)

All the presented results used the classical SPH gradient �CLASS, but extremely similar re-
sults were obtained with the renormalized 1 gradient �R1. Figure 17 shows the time evolution
of the mean Stokes default as a function of time when integrating system 23 - 24 with several
values of the parameter γ. The velocity field v is again chosen to be the Taylor-Green vortex
flow (reversed after t = 50). We can see that the value of the mean Stokes default quickly
stabilizes at a near-constant level. This level depends on the total number of simulation nodes
as well as the parameter γ as pictured in figures 18 - 20.

Least-square fitting in figures 18 and 20 reveal the following approximate dependencies:
‖�CLASS∗1‖ ∝ γ−0.65h0.35 when γ 6= 0, whereas the ALE speed grows as: ‖ci‖ = γ‖�CLASS∗1‖ ∝
γ0.35h0.35. Of course, these exponents are probably case-dependent, but they still seem to in-
dicate that one could choose a value γ = O(

√
h) in order to keep ‖�CLASS∗1‖ = O(1).

This choice would ensure that the advection velocity goes to zero as the cloud is refined as
‖ci‖ = O(

√
h), so that the method is asymptotically Lagrangian instead of fully ALE. Of

course, other compromises could also be made.
As a final remark, let us note that using formulation 23 - 24 with gradient�CLASS∗lowers the

value of ‖�R1∗‖ for a given value of the parameter γ, but this value still increases as h increases
as shown in figure 19. This fact slightly tempers the good results presented in [15].

4 CONCLUSIONS AND FUTURE WORK

In section 2.1 we presented a meshless framework for the discretization of partial differential
equations and gave the example of the diffusion equation. In section 2.4, we studied the patch
test using a symmetric discretization of the diffusion equation underlining the key role of the
so-called compatibility conditions, a discrete counterpart of Stokes’ formula. In section 2.6 ,
we showed that good accuracy of the solution to the discrete laplacian problem could not be
reached unless the compatibility conditions were met at least approximately.

In section 3 we linked previously proposed stabilization techniques with the recovery of a
quasi-compatible gradient. We also proposed a new procedure to enforce approximate compat-
ibility in ALE simulations.

In future works, we would like to investigate the role of the discretization of the boundary
(meshed boundaries, ghost particles, . . . ) on the ALE formulation we proposed and extend the
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Figure 11: Advection of initially regular cloud of 2500 nodes by the Taylor-Green vortex flow
using formulation 23 - 24 with γ = 0.003 at time t = 50 (mid-time). The color of each particle
is set as a function of is initial y-coordinate. The two outer layers of nodes were kept fixed
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Figure 12: Advection of initially regular cloud of 2500 nodes by the Taylor-Green vortex flow
using formulation 23 - 24 with γ = 0.003 at time t = 100 (end-time). The color of each particle
is set as a function of is initial y-coordinate. The two outer layers of nodes were kept fixed.
The error compared to exact avection can be visually appreciated with the non-uniformity of
the color field.
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Figure 13: Advection of initially regular cloud of 2500 nodes by the Taylor-Green vortex flow
using formulation 23 - 24 with γ = 0.1 at time t = 50 (mid-time). The color of each particle is
set as a function of is initial y-coordinate. The two outer layers of nodes were kept fixed
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Figure 14: Advection of initially regular cloud of 2500 nodes by the Taylor-Green vortex flow
using formulation 23 - 24 with γ = 0.1 at time t = 100 (end-time). The color of each particle
is set as a function of is initial y-coordinate. The two outer layers of nodes were kept fixed.
The error compared to exact avection can be visually appreciated with the non-uniformity of
the color field.
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Figure 15: Mean Stokes default of an initially regular cloud of 2500 nodes advected by the
Taylor-Green vortex flow as a function of time. At time t = 50, the flow is reversed (hence the
symmetry of the curve)
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Figure 16: Mean Stokes default of an initially regular cloud of 2500 nodes advected by the
Taylor-Green flow, and relaxed by formulations 23 - 24 as a function of time. At time t = 50,
the Taylor-Green flow is reversed, but the ODE system is no longer time-reversible. The values
of γ used are: 0.3, 0.1, 0.03, 0.01, 0.003, 0.001 and 0.
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Figure 17: Mean Stokes default of an initially regular cloud of 400 nodes advected by the
Taylor-Green flow, and relaxed by formulations 23 - 24 as a function of time. At time t = 50,
the Taylor-Green flow is reversed, but the ODE system is no longer time-reversible. The values
of γ used are: 0.3, 0.1, 0.03, 0.01, 0.003, 0.001 and 0.
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Figure 18: Averaged mean Stokes default as a function of discretization length in the case of
the Taylor-Green vortex flow relaxed by formulation 23 - 24. The values of γ used are: 0.3, 0.1,
0.03, 0.01, 0.003, 0.001 and 0.
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Figure 19: Averaged mean Stokes default of gradient�R1 as a function of discretization length,
when using gradient �CLASS in 23 - 24. The values of γ used are: 0.3, 0.1, 0.03, 0.01, 0.003,
0.001 and 0.
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Figure 20: Averaged mean Stokes default as a function of the parameter γ in the case of the
Taylor-Green vortex flow relaxed by formulation 23 - 24. The number of nodes used are: 400,
900, 2500, 4900, 10000 and 22500
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analysis to more complicated simulations (fluid flows for instance, but also structural mechan-
ics). Additionally, we would like to clarify the role of the functional V defined in equation 19
and generalize its definition to other gradients.

REFERENCES

[1] S. Adami, X.Y. Hu, and N.a. Adams. A transport-velocity formulation for smoothed par-
ticle hydrodynamics. Journal of Computational Physics, 241:292–307, 2013.

[2] a.K. Chaniotis, D. Poulikakos, and P. Koumoutsakos. Remeshed Smoothed Particle Hy-
drodynamics for the Simulation of Viscous and Heat Conducting Flows. Journal of Com-
putational Physics, 182(1):67–90, 2002.

[3] J Bonet and S Kulasegaram. Correction and stabilization of smooth particle hydrodynam-
ics methods with applications in metal forming simulations. International Journal for
Numerical Methods in Engineering, 47(July 1998):1189–1214, 2000.

[4] Edmond Kwan-yu Chiu. A Conservative Meshless Framework for Conservation Laws
with Applications in Computational Fluid Dynamics. PhD thesis, Stanford University,
2011.

[5] Fernando de Goes, Katherine Breeden, Victor Ostromoukhov, and Mathieu Desbrun. Blue
noise through optimal transport. ACM Transactions on Graphics, 31(6):1, 2012.

[6] J Donea, Antonio Huerta, J Ponthot, and a Rodr. Arbitrary Lagrangian Eulerian Methods.
Encyclopedia of Computational Mechanics, pages 1–25, 1999.

[7] R Fatehi and M T Manzari. Error estimation in smoothed particle hydrodynamics and a
new scheme for second derivatives. Computers Math.\ Applic., 61:482–498, 2011.

[8] Raanan Fattal. Blue-noise point sampling using kernel density model. ACM Transactions
on Graphics, 30(4):1, 2011.

[9] Henri Faure, Peter Kritzer, and Friedrich Pillichshammer. From van der Corput to mod-
ern constructions of sequences for quasi-Monte Carlo rules. Indagationes Mathematicae,
26(5):760–822, 2015.

[10] R. A. Ginghold and J.J. Monaghan. Smoothed particle hydrodynamics : theory and
application to non-spherical stars. Monthly Notices of the Royal Astronomical Society,
181:375–389, 1977.
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Abstract. Euler-Lagrange (EL) simulations of particulate suspension flow are an important 

tool to understand and predict multiphase flow in nature and industrial applications. Unfor-

tunately, solid-liquid suspensions are often of (mathematically) stiff nature, i.e., the relaxation 

time of suspended particles may be small compared to relevant flow time scales. Involved 

particles are typically in the size range from µm to mm, and of non-spherical shape, e.g., 

elongated particles such as needle-shaped crystals and/or natural and man-made fibres. De-

pending on their aspect ratio and bending stiffness, those particles can be treated as rigid, or 

flexible. In this paper we present a recent implementation into the open-source LIGGGHTS® 

and CFDEM® software package for the simulation of systems involving stiff non-spherical, 

elongated particles. A newly implemented splitting technique of the coupling forces and tor-

ques, following the ideas of Fan and Ahmadi (J. Aerosol Sci. 26, 1995), allows significantly 

larger coupling intervals, leading to a substantial reduction in the computational cost. Hence, 

large-scale industrial systems can be simulated in an acceptable amount of time. We first pre-

sent our modeling approach, followed by the verification of our code based on benchmark 

problems. Second, we present results of one-way coupled CFD-DEM simulations. Our simu-

lations reveal segregation of fibres in dependence on their length due to fibre-fluid interac-

tion in torus flow.  
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1 INTRODUCTION 

Understanding the transport of suspended particles is of great importance for the rational 

design of industrial equipment. Early studies concentrated on suspension of spherical particles 

due to their relative simplicity. However, such systems are rarely found in industrial applica-

tion and rather limited to academic cases, i.e. spherical glass beads in suspensions. Thus the 

application of simulation results for the design of industrial equipment might not be advisable. 

In the last two decades, efforts were made to model and simulate elongated particles, i.e. cel-

lulose fibres, needle shaped crystals, in suspension flow. We will review selection of recent 

studies in the following chapter. We then introduce our simulation approach which is based 

entirely on open-source code, i.e., OpenFOAM, LIGGGHTS®, and CFDEM®. The capabili-

ties of our code will be demonstrated on hand of an examples of suspension flow of cellulose 

fibres. 

1.1 Approaches to simulate Elongated Particles 

Most of the previous studies [1] use an Euler-Lagrange approach to simulate the suspen-

sion flow of elongated particles. It allows the tracking of individual particle and thus to de-

scribe the segregation and orientation of single particles in suspension flow. For example, 

Soldati and Marchioli extended their simulation studies of particle deposition in turbulent 

boundary layer from spherical particles to elongated particles of different aspect ratio and 

density [2–4]. Thus, varying the particle response time and particle inertia. Rigid elongated 

particles were regarded as point particles. Collisions between particles were neglected, and 

collisions of particles with the wall was not fully resolved, i.e., only the wall-normal velocity 

of a particle was reversed upon impact. Creeping flow around the particle is assumed, and the 

calculation of hydrodynamic force and torque follows the analytical solution presented by 

Kim and Karrila [5]. Comparing non-spherical particles to spherical particles, they found that 

the wallward drift increased with the particle length, and thus the longest particles deposited 

near the wall at a higher rate. 

Lindström, and later Andric extended fibre modelling from rigid fibres to flexible fibres 

[6,7]. In their approach they followed earlier work of Schmid et.al [8,9] who studied the floc-

culation behavior of flexible fibres in shear flow. Ca. 7 to 10 spheroids, i.e., rigid elements 

were linked together in the model for one flexible fibre. This, however, increased the simula-

tion effort. Their model was capable to consider inertial effects and included particle-particle 

interaction. Back-coupling of forces from the particle exerted on the fluid was considered in 

the code, however not actively used in their simulation work. Findings of their study were that 

the specific viscosity for non-straight but curved fibres increased with the fibre curvature. In 

suspension flow, flexible fibres tended to align with the vorticity axis. This was in difference 

to rigid fibres which tended to align in the shear-plane [10]. 

Zhao and van Wachem extended their simulation studies and included effects of particle 

motion on the fluid motion [11]. Particles were coupled to the fluid by adding a source term 

which represented the sum of the drag force of particles in one fluid cell averaged over the 

volume of the fluid cell. They also considered particle-particle interaction and particle-wall 

interaction. Contact detection was performed by placing small spheres at the hull of one sphe-

roid and thus using common contact detection algorithms for spherical particles. The repelling 

force was calculated using a Hertzian-like force model. Comparing their findings to findings 

of Marchioli and Soldati [4], they found that the turbulent kinetic energy decreased by 4.8% 

for suspensions of spheroids at a volume concentration of 0.0219%. Elongated particles were 

orientated randomly in the channel center. Closer to the wall particle orientation was preferen-
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tially into the flow direction. They found the effect of the particle-wall interaction more pro-

nounced, which was attributed to a more realistic interaction model. 

Common in the above studies is that the authors used the same test geometry: a rectangular 

channel (dimension: 4, 2, 2, in x, y, z) which is wall bounded in the y-direction, and cyclic 

in the x-, and z- direction. The test case was based on studies of turbulent channel flow per-

formed by Kim et.al. [12]. Following their settings, Marchioli and Soldati [3] used a semi-

spectral method to solve the fluid motion. Lindström and Uesaka [6], Andric et.al. [13], as 

well as Zhao and van Wachem [11] used a finite-volume solver to simulate the Navier-Stokes 

equation. 

Differently, the research group of Salcudean and Gartshore focused on simulation of fibre 

suspension flow in process equipment, i.e., the head-box of a paper machine, a hydrocyclone, 

and in a slotted channel [14–16]. To solve for the fluid motion, they used LES and RANS ap-

proaches, i.e., not resolving all flow structures. Elongated particles were modelled as stiff and 

flexible fibres. Flexible fibres were again modelled as chain of 4 spheroids linked together. A 

wall model was developed to account for fibre-wall interaction. Specifically, the wall was re-

solved by a fine mesh, smaller than the spheroid elements. Calculating the normal and tangen-

tial force, a force was applied on the spheroid element in contact with the wall being large 

enough to prevent the fibre from penetrating the wall. Hydrodynamic drag and torque interac-

tion followed the work of Kim and Karilla [5] for creeping flow around the spheroid. Mass 

and lift forces were neglected. They found an accumulation of fibres in the vicinity of the wall. 

For a fibre-suspension in a wall bounded channel flow, they found an accumulation of fibres 

at a distance of the wall equal to their half-length. 

2 MODELING APPROACH 

We use an open-source CFD-DEM code to solve for the particle motion in a dilute fibre-

suspension. The Navier-Stokes equations are solved using OpenFOAM (The OpenFOAM 

Foundation, 2014). Particles are placed into the developed flow field. Particle motion is 

solved with LIGGGHTS®. The coupling to the fluid is performed with CFDEM®coupling 

[17], which was extended to account for non-spherical, elongated stiff particles. 

The translational and rotational motion of the fibre (in an inertial frame of reference) can 

be described by Newton’s Equation of motion: 
h w c

p tm d   v f f f  , (1) 

  h cd

dt
  I ω t t . (2) 

Here, mp is the mass of the prolate spheroid, and I is the moment of inertia tensor for a prolate 

spheroid. fh and th are force and torque exerted on the particle by hydrodynamic interaction. fc 

and tc are interaction force and torque due to particle collision with the wall and/or other par-

ticles. fw are body forces on the fibre. On the particle side (LIGGGHTS®), the elongated parti-

cle is represented as a spherocylinder, i.e., a cylinder with to half-spheres on each end of the 

cylinder (Figure 1a). The geometries are described by the cylinder length l and the cylinder 

diameter c. The radius of the half-sphere is thus 2c . It is possible to account for additional 

particle roughness, i.e., fibrils of a cellulose fibres. The height of the roughness is defined by 

rough in our model.  

For computing the fluid interaction forces and torques, the elongated particle is represented as 

a spheroid (Figure 1b). There is an analytical solution for spheroids under creeping flow con-

ditions presented by Kim and Karrila [5], which we follow in the hydrodynamic interaction. 

588



Jakob D. Redlinger-Pohn, Lisa M. König, Christoph Kloss, Christoph Goniva, and Stefan Radl 

The major semi-axis a of the spheroid equals half the length of the cylinder, 2a l . The mi-

nor semi-axis of the spheroid b is defined such that the hydrodynamic properties of the cylin-

der and the spheroid in shear-flow are identical. According to Cox [18], b calculates to: 

 
1

ln
2.48

cylinderb c 
. 

(3) 

cylinder is the aspect ratio of the spherocylinder, defined as cylinder l c  . 

 

Figure 1: Schematic representation of the spherocylinder (a), and the prolate spheroid (b). l and c are the length 

and the diameter of the spherocylinder. p and d are the origin of the line segment and its (normalized) direction 

vector. rough represents the particle surface roughness. a, and b are the major and minor semi-axis of the sphe-

roid respectively. The global and particle associated Cartesian coordinate systems are indicated by (x,y,z) and 

(x'',y'',z'') respectively. 

Point-volume particles are assumed, and the fluid translational velocity u, as well as the local 

rotation rate , are taken from the fluid cell coinciding with particle center, defined as 

  / 2l c p d . 

2.1 Hydrodynamic Interactions 

Our model for the hydrodynamic interaction coincides with the model presented by 

Lindström and Uesaka [6]. Assuming creeping flow, hydrodynamic force fh and hydrodynam-

ic torque th will be dominated by viscous effects modeled as: 

 v v  f A u v  . (4) 

 v v v    t C Ω ω H γ . (5) 

Here v is the fibre velocity at its center of mass position. γ  is the rate of strain tensor 

  / 2
T  

 
γ u u  . Av, Cv, and Hv are hydrodynamic resistance tensors defined as: 

 3v A A Al Y X Y     
 

A d d  . (6) 

 3v C C Cl Y X Y     
 

C d d . (7) 

 3v Hl Y H εd d . (8) 

 and  denote the unit tensor and the permutation tensor. The parameters XA, YA, XC, YC, and 

YH depend on the eccentricity  
1/2

2 21e b a   of the prolate spheroid [6]. Previous work [6] 

also introduced a term considering inertial effects, i.e., an inertial drag force fI and torque tI. 
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The resulting total hydrodynamic force fh and hydrodynamic torque th on an elongated parti-

cle thus calculates to:  

   h v I   f A A u v  . (9) 

     h v I v I      t C C Ω ω H H γ . (10) 

As described by Fan and Ahmadi [19], the equations for the particle motion (eqn. 1, and eqn. 

2) are of stiff nature, and need to be solved using a forward-differencing scheme. To do so, 

the fluid-particle interactions terms in the governing equations must be decomposed into and 

an explicit (indicated by subscript ‘exp’ below) and an implicit contribution. Furthermore, it is 

useful to solve the translational equation of motion in the inertial reference frame, and that for 

rotational motion in a reference frame aligned with the principal axes of the particles. The lat-

ter is indicated by primed variables in what follows. In our work we also consider a simple 

model for added mass effects (due to liquid rotating with the particles). In analogy to Fan and 

Ahmadi [19], the equations of motion read:  

   exp1 /addM f p p t slC m d     v f K u v , (11) 

     '

' ' ' ' ' ' ' ' '

exp ,p p sl rott
d       I ω ω I ω t K Ω ω , with (12) 

 ' ' 1p add f pC   I I  (13) 

Here Ksl and Ksl,rot are the diagonal part of the translational and rotational drag resistance ten-

sors defined above, respectively. Note that I’ is the moment of inertia tensor in the body-fixed 

coordinate system, which is constant for each particle. 

We now apply a Crank-Nicholson forward discretization scheme (with CN being the Crank-

Nicholson blending factor) to arrive at the following explicit evolution equations for the trans-

lational and rotation speed of each particle at timestep n+1: 

 

 

 
          

 

 

exp

1

1
1 /

1 / 1 /

n n

n

n n n

sl

addM f p pn

sl addM f p p

t
CN

C m

t CN C m





 

 



      
 


   
 

v f K u v

v
K

, 

(14) 

 

             
 

' ' ' ' ' ''
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' 1 ,

' '
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n n n n n n

i tot i i p i sl rot i i
i

n p ii

i n

sl rot i p ii

t
CN

t CN







      
 


 

ω t ω I ω K ω
I

ω
K I

, with 

(15) 

          ' ' ' ' '

exp ,

n n n n n

tot sl rot   t t K Ω ω  (16) 

We have verified our implementation against the analytical solution of Jeffery [20]. Thus, 

an elongated particle (of zero mass) in a linear shear flow will rotate with a time period: 

 2 12

p

  


 


  . (17) 

p  is the flipping frequency of the particle, and   is the fluid shear rate.  is the aspect ratio 

of the spheroid defined as, a b  . A characteristic of the rotation of elongated particle in 

laminar shear flow is, that the particles remain in their initial orbit of rotation, i.e., the initial 
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orientation of the particle rotational axis with respect to the shear plane remains constant 

[5,21]. The orbit constant C is defined as 

      
1/2

2 2 2tan sin cosC       ,with (18) 

 tan tan
1

t
 

 

 
  

 
, (19) 

 
    

1/2
2 2 2

tan
sin cos

C


  



. (20) 

 

Figure 2: Coordinate system and definition of the Cartesian and polar coordinates with respect to the shear plane. 

Figure 3a, compares the orientation angle  from our simulation of an elongated particle, 

 = 10, in a linear shear flow, 1666s  , to the analytical solution derived by Jeffery. The 

initial orientation is: 2  , and 2  , yielding an orbit constant of C = 0.709. In Figure 

3b we plot the angular velocity, and observe that the simulation results perfectly represent the 

analytical solution for low density ratios. However, for increased particle density and thus in-

creased particle inertia, Lundell and Carlson [22] found that the time-dependent flipping be-

havior of the elongated particle changes to a time independent rotational motion of the 

elongated particle. Figure 3c and d show the angular position and the angular velocity of a 

particle, initially orientated in shear plane (C = ) with a density ratio (particle to fluid) of 

5000, respectively. We find, that the oscillation frequency increases and the particle actually 

is never at rest, i.e.  > 0. Thus, our code captures very well the transition from a time-

dependent flipping to a time-independent rotational motion.  

We note in passing that Rosén et.al. [21,23] performed detailed simulations of a single 

elongated particle, fully resolving the fluid-particle forces. He showed that at increased fluid 

inertia, elongated particles leave their initial orbit and drift towards a stable orbit. Unfortu-

nately, our code is currently not able to account for this effect. Thus, simulations performed 

are yet limited to cases of small particle Reynolds number where we can assume creeping 

flow around the particle. 
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Figure 3: Time dependent orientation angle , and angular velocity , for an elongated particle,  = 10, in linear 

shear flow. The particle relative density is 0.001 (panel a and b), and 5000 (panel c and d). 

2.2 Contact Force and Torque 

Calculation of contact force fc and contact torque tc follows a linear spring-dashpot model 

in normal and tangential direction [24,25]: 

   c

p n ij n ij t ij t ijk k      f n vn t vt  . (21) 

kn and kt are the normal and tangential spring stiffness, and n and t are the normal and tan-

gential damping coefficient respectively. The vector nij and tij are the normal and tangential 

directions of the collision. Within the surface roughness region, the roughness adds to the to-

tal collision force, 
c c c

p rough f f f . The formulation of frough
c is identical to the collision force 

of the particle. The torque is calculated as the cross product of the contact force fc and the dis-

tance between the bodies r. 
c c t f r  . (22) 

The contact detection algorithm follows the calculation of a line intersecting with another line 

(particle-particle), or a triangle (particle-wall, see Figure 4 for an illustration). The implemen-

tation follows the strategy proposed by Schneider and Eberly [26], and below the main idea of 

the algorithm is summarized. More details can be found in König [27].  
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Figure 4: Graphical illustration of the (a) line-triangle interaction, and (b) line-line interaction [26,27]. 

The line segment is presented by its point of origin, the direction of orientation and its exten-

sion: 
0 0 0( )s s l p d , and 

1 1 1( )t t l p d . The two points on the line segment with the small-

est distance are q0 and q1. The length of the vector dij presents the distance between both lines. 

The triangle segment is presented by 
0 0 1, )u v u v  a a e e(  with 

0 1 0 e a a , and 

1 2 0 e a a . All points within the triangle are represented by 0 u , 1v  , subject to the con-

straint 1u v  . The code first checks if the elements, lines or line-triangle, are parallel to 

each other by calculating the dot product, 
0 d n  and 

0 1d d , where n is the normal vector of 

the plane, 
0 1 n e e . If the result is 0, both elements are parallel to each other. The minimum 

distance between the elements is found by minimizing the square distance function. In case 

the closest point of the two elements is of smaller distance than 2c  for line-triangle, or c for 

line-line interaction, the two elements are in contact with each other. In case the contact point 

is found on either end of the line segment, contact detection for spherical particles is applied. 

While particle-particle interactions have been verified by König [27], selected results of 

the particle-wall interaction verification study are presented below. Specifically, the rebound 

translational xv  and rotational z
  velocities were calculated following Kodam et.al. [28]: 

   

 2 2

1 'cos '

' cos '

x

z

zz

m v h

I mh

  


 




  


 

 (23) 

 'cos 'x y xv h v         (24) 

Here the superscript + and – denote the post impact and pre impact quantities. v and  are 

components of the translational and rotational velocity of the cylinder.  is the coefficient of 

restitution, m is the mass of the prolate spheroid and Izz is the spheroid inertia around the 

shorter semi-axis. h' and angle ' are geometrical values of the cylinder (Figure 5a). To apply 

the analytical solution, a rectangular cylinder corresponding to the spherocylinder had to be 

projected into the spherocylinder. Figure 5a illustrates the spherocylinder and its correspond-

ing rectangular cylinder for a certain inclination . The shape of the projected cylinder (i.e., ', 

h', l', and c') changes with   as follows: 

 ' sinc c   . (25) 

  ' 1 sinl l c    . (26) 
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2 2' ' ' / 2h c l  . (27) 

 ' arctan '/ 'c l   . (28) 

Figure 5b compares the simulation results to the analytical solution, showing excellent 

agreement. 

 

Figure 5: a: Fibre-wall impact presenting the sphero-cylinder and its corresponding rectangular cylinder. b: 

Comparison of simulation results to an analytical solution for rectangular cylinders [28]. Translational vx
+ and 

rotational z
+ velocity for different inclination angles . 

3 RESULTS 

In this section we illustrate our methodology by considering a general suspension flow test 

case, i.e., flow in a torus as previously considered by Redlinger-Pohn et al. [29]. The fibre-

fluid density ratio is 1.3. The aspect ratio of the fibres was varied to model differently-sized 

fibres. The flow field was solved with OpenFOAM®, version 2.3.0. Time derivatives were 

approximated with a second-order Euler backwards scheme, and convective terms were ap-

proximated with the second-order Gauss linear interpolation scheme. The PISO algorithm was 

used to solve the equations. Settings for the fluid solver were in accordance with settings used 

by Andric et.al. [7]. 

3.1 The Motion of a Fibre Suspension in a Torus  

Due to the curvature of coiled tubes the resulting flow field differs from the flow field in a 

straight pipe flow. In order to approximate such tubes, we here consider flow in a closed torus 

as an academic test case [30]. It is well known that centrifugal forces lead to a deflection of 

the fluid flow towards the outer bent, thus yielding a pressure gradient in the cross section 

[31,32]. Consequently, a secondary flow arises within the cross section from the outer bent O 

towards the inner bent I along the pipe wall, and from the inner bent to the outer bent along 

the equatorial mid plane. This secondary motion usec is called Dean flow, and the intensity is 

quantified by the Dean number Da: 

d D   . (29) 

594



Jakob D. Redlinger-Pohn, Lisa M. König, Christoph Kloss, Christoph Goniva, and Stefan Radl 

sec bulku u  . (30) 

bulku d
Re




 . (31) 

sec Re
u d

Da 



    . (32) 

The torus is sketched in Figure 6. d and D are the diameter of the tube cross section and the 

coil diameter of the torus respectively. ubulk is the mean bulk velocity of the fluid, and  is the 

kinematic viscosity of the fluid. The section above the equatorial mid-line is defined as upper 

half (UH), and the section below is defined as lower half (LH). I and O denote the inner and 

outer wall of the torus. Cartesian coordinates are donated as (x,y,z), and the corresponding to-

roidal coordinates as (r,,). 

 

Figure 6: Schematic representation of the half torus in the Cartesian (x,y,z) and toroidal (r,,) coordinate sys-

tem. g denotes the direction of gravity. D and d present the torus and pipe diameter. I and O denote the inner and 

outer wall of the torus. Projected in the cross section is a typical flow profile of a laminar toroidal flow. Left 

cross section: flow in the stream wise direction, right cross section: secondary motion (Da = 1049, figure 

adapted from [29]). 

Simulation of the toroidal flow is documented in Redlinger-Pohn et.al. [29]. The position of 

the Dean vortex is indicated by a black dot in Figure 6. At this position the secondary motion 

describes a rapid change in the flow direction. 

Particles introduced into the flow field will be affected by the secondary motion. Depend-

ing on their mass and density, and thus their terminal settling velocity uset particles will be (i) 

mixed in the cross section [33] or (ii) settle towards the LH and are pushed to the inner bent I 

by the secondary motion [34]. At the latter position we find particles in a region of low 

stream-wise fluid velocity. 

In an extensive numerical study, fibres of different aspect ratio (ranging from 2 to 160) 

were introduced into the above shown flow profiles [29]. Here we document some additional 

findings from our previous simulation results that are illustrated in Figure 7: colored in yellow 

are regions where the (vertical) secondary motion exceeds the terminal settling velocity, and 

thus particles are lifted against gravity. Regions where the fibre settles in direction of the 

gravity are indicated in blue. We find, that regions in the UH where longer (and thus heavier) 
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fibres ( = 160) are lifted are confined to the inner wall of the torus. Specifically, these re-

gions are located at the outer bent where the secondary motion is strongest, and extend to the 

center of the Dean vortex. Regions where the smaller fibres ( = 2) experience a lift are sig-

nificantly larger, explaining the more homogeneous distribution of these fibres. 

 

 

Figure 7: a and b: Sum of the secondary motion in direction of gravity and the fibres’ terminal settling velocity. 

Yellow: secondary motion exceeding the settling velocity. c and d: Relative fibre concentration. Da = 1049 for 

this simulations. 

The consequence of the fact that longer fibres only experience lift in certain regions explains 

the accumulation into a narrow band. Here the longer fibres orbit in the cross section in the 

UH (Figure 7c). Especially close to the equatorial midplane, where the fibres slowly move 

from the inner bent I to the outer bent O, we find a high concentration of fibres. Most likely, 

fibres will entangle in these regions and form a larger fibre-flock. Smaller fibres are more ef-

fectively mixed by the secondary motion, and are distributed more homogenously in the to-

rus’ cross section (see Figure 7d). The consequence is a fibre length-dependent segregation in 

flow direction, with the longer fibres moving (on average) faster than the fluid. 

4 CONCLUSION AND OUTLOOK 

We present details of an open-source code for the simulation of non-spherical, elongated 

particles suspended in a fluid. In our modeling approach we follow a strategy involving (i) 

rigid elongated particles, (ii) one-way coupling to the fluid, as well as (iii) fibre-fibre and fi-

bre-wall interactions. For the particle interaction we represent the particle as spherocylinders, 

and detect the point of contact by a line-segment algorithm. Thus, we do not represent the par-

ticle surface by multiple spheres, allowing a comparably rapid calculation of the contact point. 

The code is successfully validated against standard cases for elongated particles, e.g., the Jef-

fery orbit. 

Finally, we performed a simulation study of a fibre suspension in a torus. A fibre length-

depended segregation was observed. The reason for this phenomena is that fibres are lifted by 
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the secondary motion in the upper half of the torus, i.e., they can move against gravity. This 

lifting effect differs for fibres of variable length. As a consequence we observe a localized 

high concentration of long fibres in the torus’ cross section, while smaller fibres are rather 

homogeneously distributed. This segregation is certainly of key importance for the transport 

rate of fibres through the torus. 

Future studies may include the simulation of fibre suspensions at higher Reynolds numbers, 

i.e., that exceeding the laminar flow regime. The investigation of more test cases used in liter-

ature (e.g., by Marchioli and Soldati [4], or Andric et.al. [7]) may pave the way towards an 

industrial application of our simulation tool. However, a more realistic flexible fibre model 

(than presented in our present work) should be used for these cases. This is because the for-

mation of fibre aggregates certainly becomes a dominating effect at fibre concentrations rele-

vant for industrial applications. Unfortunately, flexible fibre models require significantly 

more computational resources compared to the rigid fibre model in the present contribution. 
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Abstract. The numerical solution of compressible fluid flows is of paramount importance in
many industrial and engineering applications. Compared to the classical fluid dynamics, the
introduction of the fluid compressibility changes the formulation of the problem and conse-
quently its computational treatment.

Among the possible numerical solutions of compressible flow problems, the finite element
method has always been privileged. However, the standard Eulerian approaches with fixed do-
main are not particularly suited to represent the strong shock waves and the significant move-
ment of the external boundaries. On the contrary, in problems characterized by evolving sur-
faces, Lagrangian approaches can be very effective.

The governing equations of compressible flow problems are mass, momentum and energy
conservation. These equations are discretized in the spirit of the Lagrangian Particle Finite
Element Method (PFEM). The strong distortions of the mesh, typical of the Lagrangian ap-
proaches, are managed with a continuous remeshing of the computational domain. The nodal
unknowns are velocities, density and internal energy. To fully exploit the potential of continuous
remeshing, only nodal variables are stored and consequently only linear interpolation are used.
In addition, an artificial viscosity has been introduced to stabilize the formation and propa-
gation of shock waves. Finally, explicit time integration of the governing equations enables a
highly efficient solution of the discretized problem.

The proposed approach has been validated against typical benchmarks of gas dynamics in
the presence of strong shock waves. A very good agreement has been shown in all the tests
proving the excellent accuracy and versatility of the proposed method.

600



M. Cremonesi, A. Frangi

1 INTRODUCTION

The solution of the equations of high-speed compressible fluid has a wide range of engi-
neering and physics applications. Due to the presence of shocks, viscous boundary layers and
mixing of different constituents the numerical solution of these equations can be very complex.

Different approaches can be used for the solution of hydrodynamics equations: Eulerian
[3, 2], Lagrangian [14, 7] or ALE [1, 16]. In this work, a Lagrangian finite element approach is
exploited to describe strong evolving material interfaces and shocks propagations.

The differential problem has been solve with a Particle Finite Element Method [11, 5]. As
expected with a full Lagrangian approach the mesh can deteriorate in time, consequently, to
guarantee a good quality of the mesh, a remeshing technique is proposed. Morevover, an ex-
plicit time integration of the governing equations is proposed to solve efficiently the discretized
problem. This paper is structured as follows. In section 2 the equations of motion for a com-
pressible fluid are presented. Space and time discretizations are introduced in sections 3.1 and
3.2 respectively. Section 4 is devoted to the mesh update techniques while 5 presents the nu-
merical results.

2 GOVERNING EQUATIONS

A compressible fluid in an evolving domain Ω(t) is considered. In the Lagrangian descrip-
tion, the particle position x at time t can be expressed as a function of velocity field u = u(x, t)
through:

u =
dx
dt

(1)

In this framework, balance equations can be written as:

mass conservation:
1

ρ

dρ
dt

= −∇·u in Ω(t)× [0, T ] (2)

momentum conservation: ρ
du
dt

= ∇·σ in Ω(t)× [0, T ] (3)

energy conservation: ρ
de
dt

= σ : ∇u in Ω(t)× [0, T ] (4)

where ρ = ρ(x, t) is the density, σ = σ(x, t) the Cauchy stress tensor and e = e(x, t) the
internal energy per unit of mass. In many compressible gas-dynamics applications, the viscosity
in very low and consequently shear terms in the Cauchy stress tensor can be neglected, leading
to:

σ = −pI (5)

where p = p(x, t) is the pressure field. Following this assumption, (2)-(4) reduce to the standard
compressible Euler equations.

An equation of state for polytropic ideal gas is considered, linking pressure to density and
internal energy through:

p = (γ − 1)ρe (6)

where γ > 1 is a constant adiabatic index.
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3 DISCRETIZATIONS

3.1 Space discretization

To discretize in space the equations (2)-(4) a standard Galerkin approach has been followed.
Linear continuous finite element are used to discretize both kinematic variables (velocities) and
thermodynamic variables (pressure,density and internal energy). Introducing U the vector of
the nodal values of the velocity and E the nodal values of the internal energy, the semidiscretized
form of momentum and energy conservation reads:

Mu
dU

dt
= −Fu (7)

Me
dE

dt
= Fe (8)

where Mu and Me are mass matrices while Fu and Fe are the vectors of internal forces.
Mass conservation (2) is discretized starting from the strong form [14, 8]:

ρ(x, t)J(x, t) = ρ(x, 0) (9)

where J(x, t) = detJ(x, t) is determinant of the deformation Jacobian. Introducing the finite
element approximation, the discretized problem reads:

Mρ(t)R = R0 (10)

where vector R contains the unknown nodal density. The equation of state (6) can be then used
pointwise in every node of the mesh to directly to find the pressure field:

P = (γ − 1)RE (11)

3.2 Time discretization

Introducing a forward Euler integration scheme to discretize the time derivatives, the full
discretized system writes:

MuU
n+1 = MuU

n + ∆tFu(σ
n,Un) (12)

MeE
n+1 = MeE

n −∆tFe(σ
n,Un+1/2) (13)

Mn+1
ρ Rn+1 = R0 (14)

where Un+1/2 = 1
2
(Un+1+Un) is used to preserve total energy from time tn to time tn+1 [7, 8].

The pressure unknowns is computed directly by equation of state:

Pn+1 = (γ − 1)Rn+1En+1 (15)

The system of equations (12)-(14) is particolarly suited for the fully explicit solution. If mass
lumping is introduced velocity and energy can be evaluated node by node without solving linear
systems. To respect the CFL condition, an adaptive time step is defined as:

∆T = αmin
e

(
he√

γe pe/ρe

)
(16)

where he is a characteristic length of an element and α is a safety parameter [15, 8].
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3.3 Artificial viscosity

To follow the shocks propagation, a tensor artificial viscosity has been introduced in the
equations. A viscous term, activated only in the shock regions, has been added to the Cauchy
stress tensor (5):

σ = −pI + σa (17)

where σa is defined as:

σa = µe
1

2
(∇u +∇uT ) (18)

and µe is a viscous coefficient defined on every element e of the mesh as:

µe = ψ0ψ1ρhe(
2

3
he|Ce|+

1

4
ψ2ce) (19)

where ce is the speed of sound a Ce a measure of the compressibility. The stabilization is
activated only in compression region through the compressibility switch ψ1. The switch ψ2 is a
measures the vorticity-compressibility ratio while ψ0 represents a smoothness detector. Details
on the artificial viscosity can be found in [12].

4 NUMERICAL TECNIQUE

The Lagrangian Particle Finite Element Method is here used to solved the system of equa-
tions (12)-(14). The PFEM was orginally developed to solve problems involving free surfaces
fluid flows [9, 13, 4] and fluid-structure interaction [10, 6]. The method is here revisited and
applied to the simulation of compressible problems.

Due to the Lagrangian nature of the equations, mesh nodes are moved following the fluid
velocity leading to possible mesh distortion. An index of the element distortion is used to
check whether the mesh should be regenerated or not. When a new mesh should be created aN
efficient Delaunay tesselletion technique is used to redefine the nodal connectivity starting from
the current node position. The solution scheme is sketched in 1.

Algorithm 1 Solution scheme with remeshing
for n = 1, ..., Nsteps do

check mesh distortion
if mesh too distorted then

Generate new mesh with Delaunay tessellation
Compute Mu, Me and R0

end if
compute velocity Un+1 from eq.(12)
update position xn+1 = xn + ∆tUn+1

compute density Rn+1 through eq.(14)
compute internal energy En+1 from eq.(13)
compute pressure Pn+1 from eq.(15)
estimate the new stable ∆t from eq. (16)

end for
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5 NUMERICAL EXAMPLE

5.1 Sod shock tube

In the simple domain defined in figure 1, two gases are separated by a discontinuity in the
middle. Density, pressure and velocity are initialized as reported in table 1. Internal energy is

Figure 1: Sod shock tube: geometry and mesh.

directly derived from equation of state (6) and γ is fixed to 5/3.

Left Right
density (ρ) 1.0 0.125
pressure (p) 1.0 0.1
velocity (u) 0.0 0.0

Table 1: Sod shock tube: geometry and mesh.

A time interval t = [0, 0.2] is considered. Results at final time t = 0.2 are compared with
the analytical solution in Figure 2 showing a good agreement. Contour plot of the final solution
are depicted in Figure 3.
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Figure 2: Sod shock tube: results at t = 0.2 (horizontal line in the middle of the 3D domain).
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Figure 3: Sod shock tube: contour plot at t = 0.2.

5.2 Bubble test

In this test a bubble of helium is immersed in a gas at rest. A shock wave moves from the
right size of the box and collides with the bubble. Figure 4 depicts the geometry and the initial
conditions of the problem. The mesh is composed by 106.196 nodes and 582.626 elements.

Figure 4: Bubble test: geometry and initial conditions

Figure 5 shows the time evolution of the density and internal energy of a central section of
the 3D domain.

6 CONCLUSIONS

In the present work, a Lagrangian finite element method has been introduced for the numeri-
cal simulation of compressible fluid flows. Particle Finite Element Method has been used to the
numerical solution of the balance equations. An efficient Delaunay tessellation has been used
to avoid excessive mesh distortion typical of the Lagrangian flows. An explicit time integration
has been proposed to solve rapidly the discretized balance equations. To validate the proposed
approach, two benchmarks have been presented.
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Figure 5: Bubble test. Top: time evolution of the density; bottom: time evolution of the internal energy.
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[11] K. Kamran, R. Rossi, E. Oñate, and S.R. Idelsohn. A compressible lagrangian framework
for the simulation of the underwater implosion of large air bubbles. Computer Methods in
Applied Mechanics and Engineering, 255(0):210 – 225, 2013.

[12] Tz.V. Kolev and R.N. Rieben. A tensor artificial viscosity using a finite element approach.
Journal of Computational Physics, 228(22):8336 – 8366, 2009.
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Abstract. Landslides are exceptional natural hazards that can generate extensive damage to
structures and infrastructures causing a large number of casualties. A particularly critical
condition occurs when the landslide impinges in water reservoirs generating high waves. This
work proposes a numerical tool to simulate the macroscopic behavior of a propagating land-
slide. The Particle Finite Element Method (PFEM) is here used and adapted to the specific
case of landslide runout. The Lagrangian Navier-Stokes equations of incompressible fluids are
used to describe the macroscopic landslide behavior. A rigid-visco-plastic law with a pressure
dependent threshold, typical of a non-Newtonian, Bingham-like fluid, is used to characterize the
constitutive behavior of the flowing material. Special attention is devoted to the definition of
ad-hoc pressure-dependent slip boundary conditions at the interface between the flowing mass
and the basal surface to better represent the real landslide-slope interaction. The proposed ap-
proach has been validated against numerical benchmarks and small scale experimental tests,
showing a good agreement with the physical measurements. Real case scenarios have also
been considered. 3D geometries of critical sites, where landslides have occurred, have been
reconstructed allowing for the simulation of large scale real landslide runouts. Results are
compared with post-event images and measurements, showing the accuracy and the capability
of the method.
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1 INTRODUCTION

Catastrophic landslides impinging into water reservoirs may generate impulsive waves whose
propagation can cause considerable damages. Instability of a slope can be triggered by natural
events (erosion, earthquakes, intense rainfalls) or by human activities (deforestation, construc-
tion). Once initiated, a landslide can run along a slope with different velocities and cover
long distances, depending also on the slope morphology. The prediction of landslides velocity,
runout distance and traveling path is useful for preventing and mitigating the consequences of
these events.Consequently, the interest for numerical tools capable to simulate landslides with
potentially long run-out distance, including their interaction with water basins, is continuously
growing.

Recent developments in the simulation techniques for coupled problems have led to efficient
analysis procedures allowing for the accurate reproduction of landslide-reservoir interactions
(see for example [1, 2]). The numerical analysis of these events requires capabilities for tracking
interfaces and free surfaces undergoing large displacements, and accounting for the mixing of
different constituents, for complex constitutive behaviors and for multi-physics processes. In
this work, a recently developed Lagrangian finite element approach [3, 4, 5], formulated in the
spirit of the Particle Finite Element Method (PFEM), is here reconsidered and adapted to the
specific case of landslide-reservoir interaction. The PFEM was originally developed [5, 6, 7]
for solving problems involving free surfaces fluid flows and fluid-structure interaction. The
Lagrangian nature of the approach allows for a natural treatment of free surfaces undergoing
large displacements and of fast evolving interfaces, making the method particularly suitable
for the simulation of landslide phenomena and of landslide-water interaction problems, which
are dominated by fast propagating waves and interfaces. Due to the excessive distortion of the
mesh, typical of Lagrangian approaches for fluids, a continuous remeshing, based on a fast 3D
Delaunay triangulation, is implemented. A 3D version of the alpha-shape technique [5] is used
to define the position and the evolution of the free-surfaces. New slip boundary conditions of
Navier type have been formulated to model the interaction between the sliding material and the
basal surface. The PFEM formulation has been modified to incorporate these new conditions.

2 GOVERNING EQUATIONS

The running landslide material is assumed to behave as a rigid-viscoplastic fluid. As a con-
sequence, both landslide and water motions are governed by Navier-Stokes equations (here
written in an Arbitrary Lagrangian-Eulerian framework [8]):

ρ

(
∂u

∂t
+ (c · ∇x)u

)
= ∇x · σ + ρb in Ωt × (0, T )

∇x · u = 0 in Ωt × (0, T )

(1)

where ∇x is the gradient spatial operator computed with respect to the current configuration,
σ is the Cauchy stress tensor, ρ is the density and and b are the external body forces. The
convective velocity c is defined as:

c = u− r (2)

u being the velocity of the fluid and r the mesh velocity. In general, an additional equation
governing the evolution of the mesh r is necessary. The standard Eulerian description of the
equation of motion can be recovered when r = 0 (i.e. c = u). Conversely, the Lagrangian
description is obtained with r = u (i.e. c = 0). As a consequence, in the Eulerian approach
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the mesh is fixed, while in the Lagrangian one the mesh moves with the velocity of the fluid
particles.

Equations (1) need be supplemented with proper initial and boundary conditions. The bound-
ary ∂Ωt is partitioned into three non-overlapping subsets ∂Ωt = ΓDt ∪ ΓNt ∪ ΓSt . On ΓDt and ΓNt
standard Dirichlet and Neumann boundary conditions are imposed, while on ΓSt slip boundary
conditions are considered. On ΓDt Dirichlet boundary conditions are imposed on velocities and
on ΓNt Neumann boundary conditions are imposed on surface tractions:

u(x, t) = ū(x, t) on ΓDt

σ(x, t) · n = h(x, t) on ΓNt
(3)

where ū(x, t) and h(x, t) are assigned functions and n is the outward normal to the boundary.

3 CONSTITUTIVE LAW

Both the landslide and the reservoir water are modeled as viscous fluids. The Cauchy
stress tensor σ = σ(x, t) is decomposed into its hydrostatic p and deviatoric τ components
as σ = −pI + τ where I the identity tensor. Water is assumed to be a Newtonian isotropic
incompressible fluid so that the deviatoric stress τ can be directly related to the symmetric part
of the velocity gradient:

τ =
1

2
µ
(
∇u +∇uT

)
(4)

where µ is the dynamic viscosity.
Unlike in standard Navier-Stokes formulations, the landslide material is assumed to obey

a regularized elastic-viscoplastic non-Newtonian, Bingham-like constitutive model. When ex-
ternal actions trigger the landslide motion and the yield limit is exceeded, large viscoplastic
deformations take place and the running landslide behaves as a viscoplastic Bingham fluid. In
the assumed model the deviatoric stress follows again the relation (4), but the dynamic viscosity
µ is replaced by the apparent viscosity µ̃ defined as:

µ̃ = µ+
p tan(ϕ)

|γ̇|
(
1− e−n|γ̇|

)
(5)

where ϕ is the friction angle and |γ̇| represents a norm of the symmetric part of the velocity
gradient. The exponential term in (5) has only a regularization purpose [2, 9], and does not have
a constitutive interpretation. The constitutive law expressed by equation (5) can be interpreted
as a viscoplastic behavior with a Drucker-Prager type yield criterion. A detailed description of
the derivation of this model can be found in [10].

4 SLIP CONDITIONS

Along the boundary ΓSt , Navier type slip boundary conditions with a pressure dependent
threshold are enforced:

uslip = −β t

‖t‖
〈‖t‖ − p tanϕbasal〉 (6)

where uslip is the velocity at the interface and t the traction force defined as (see also Figure 1
for a graphical representation):

t = (I− n⊗ n) (σn) (7)
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being β = hslip/µ a parameter, having the dimension of a length over a viscosity, characterizing
the basal interface, hslip is the slip length for an ideal Couette flow with no threshold (ϕbasal = 0)
and ϕbasal is the friction angle of the basal interface.

Figure 1: Slip velocity profile and basal tangential traction.

5 DISCRETIZATION AND NUMERICAL TECHNIQUE

Slip boundary conditions are difficult to enforce in a fully Lagrangian framework, in which
nodes on the basal surface move according to their own velocity, but at the same time, in view
of the PFEM remeshing strategy, have to define the position of the boundary. To overcome
this difficulty, all nodes in the mesh are treated as Lagrangian (i.e. c = 0 in eq. 1) except
those on ΓS (where slip conditions are imposed), which are treated as Eulerian (i.e. c = u)
and therefore remain fixed in their initial position. This special treatment gives rise to a mixed
Lagrangian-Eulerian formulation, where some nodes are Lagrangian and others are Eulerian.

A classical Galerkin Finite Element procedure is used to discretize the problem in space with
linear interpolation functions for both pressure and velocity. The following semidiscretized
form is obtained:

MU̇ + (K + Kslip + Kc)U + DTP = B (8)
DU = 0 (9)

where U and P contain the nodal values of velocity and pressure respectively, M is the mass
matrix, K is the matrix of viscoplastic coefficients, D is the discretization of the divergence
operator, B is the vector of body forces and boundary tractions (see [3] for the definition of
these matrices). Kc represents the discretization of the convective term on the slip boundary
and Kslip is the discretization of the integral slip term. The contribution to matrices Kc and
Kslip by all elements with no nodes on ΓS is zero. A detailed description of these matrices can
be found [10].

Introducing now a backward Euler integration scheme for the time integration, the final fully
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Figure 2: Cougar Hill. Finite element mesh used in the simulation.

discretized nonlinear problem writes:(
M

∆t
+ K + Kslip + Kc

)
Un+1 + DTPn+1 = Bn+1 +

M

∆t
Un (10)

DUn+1 = 0 (11)

The Lagrangian PFEM is here used to solve the differential problem (10-11). In the spirit of
the Particle Finite Element Method, to avoid excessive mesh distortion due to the Lagrangian
nature of the equations, the domain is frequently remeshed. An index of the element distortion
is used to check whether the mesh should be regenerated or not. When a new mesh has to
be created, a Delaunay tessellation technique is used to redefine the element connectivities
starting from the current nodal positions. Moreover, an ”alpha shape” technique is introduced
to identify the free-surfaces and the interacting surfaces between water and landslide. Details
on the numerical procedure can be found in [2, 3, 4, 5].

6 NUMERICAL EXAMPLES

6.1 Cougar Hill Landslide

The real event considered in this test case took place on Rocky Mountain in west Canada
in 1992 [11]. Approximately 200 000 m3 of debris started to flow from a 100 m high dump;
the material stopped to flow after about 700 meters. The dump slope angle was estimated to
be 37◦-38◦. According to [11], the debris material was mainly sandy gravel and the foundation
was composed by sand and gravel colluvium. The material parameters can be found in Table
1. Density and friction angles are provided in [11] while viscosity and slip length are estimated
through back analysis.

Numerical results on the same example as well as some interesting discussions can be found
in [12, 1, 13]. The 3D CAD model of the terrain (kindly provided by prof. M. Pastor) is plotted
in figure 2. For the numerical analysis, a finite element mesh of 106046 nodes has been used
with a fixed time step of 5 · 10−3 seconds. The real time simulated in the analysis is 100 s.

Results are shown in Figure 3, where contour plots of the velocity at different time instants
are plotted, and are in good agreement with results of other simulations available in the liter-
ature. Moreover, in Figure 4 the final deposit obtained with the present approach is compared
with the result of the post-failure geotechnical investigations proposed in [11].
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Figure 3: Cougar Hill. Velocity contour plots at t=0, 5, 20, 30, 70, 110 seconds.
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ρ 1.9 103 Kg/m3

φ 32◦

φbasal 28◦

µ0 0.01 Pa s
hslip 4 m

Table 1: Cougar Hill. Material parameters.

Figure 4: Cougar Hill. Comparison of the final deposit.

7 Vajont Landslide

The Vajont valley is located in the western part of Friuli Venezia Giulia region, in Italy. The
topographic boundaries of the Vajont valley are the S. Osvaldo pass on the east, the Tóc mount
on the south, the SADE dam on the west and the mount Borga on the north. The valley is
oriented east-west and was formed as the result of the erosion of an ancient glacier. The two
main waterways are the Vajont stream which gives the name to the valley and its major tributary,
the stream Mesazzo (see figure 7).

Figure 5: Aerial view of the Vajont and Piave valleis.

At about 10 pm of 9th October 1963, approximately 270 millions cubic meters of material
slid from the mount Toc into the dam reservoir, generating a huge wave that overtopped the
dam destroying the town of Longarone in the Piave valley, downstream the dam. The landslide
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produced a wave that has been estimated to have reached a height of about 105 meters above the
the dam crest. Due to the irregular terrain topography, the wave did not reach the same elevation
around the reservoir, as could be determined observing the contour of destroyed vegetation. In
the Piave valley, the effects were much more destructive: the city of Longarone was almost
completely destroyed, only a portion of the city at the north was not affected; the same happened
for the surrounding villages of Villanova and Fa. Over 2000 people were killed and this is
considered to have been one of the most disastrous landslides occurred in the XX century.

(a) hslip = 5m (b) hslip = 500m

Figure 6: Vajont Slide. Effect of the slip boundary conditions.

The previously described numerical technique is here used for the simulation of the complete
sequence of events: landslide runout, interaction with the water reservoir and generation of the
overtopping wave. Other numerical simulations of this tragedy have been reported in [14, 15].
Table 2 summarizes the parameters used in the simulation [14].

terrain water
ρ 2.4 103 Kg/m3 103 Kg/m3

φ 26◦ -
φbasal 5◦ -
µ0 0.1 Pa s 0.001 Pa s
hslip 500 m -

Table 2: Vajont Landslide. Material parameters.

For the numerical analysis, a finite element mesh of 78137 nodes has been used with a fixed
time step of 10−2 seconds. The effect of the slip boundary conditions can be appreciated in
Figure 6, where two velocity profiles are plotted for varying slip length. As expected, it can
be observed that a larger value of the slip length leads to a more homogeneous velocity profile,
which is consistent with the almost rigid motion of the sliding mass observed in reality.

Figure 8 shows snapshots of the numerical simulation at different time instants while fig-
ure 7 shows a comparison between numerical results and post-event surveys of the maximum
elevation reached by the wave on the right bank. A satisfactory agreement can be noted, with
discrepancies mainly due to the coarse adopted discretization. The estimated overtopping height
is of 100 meters, which closely matches the observed one.
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Figure 7: Vajont Slide. Maximum height of the wave reached in the right bank.

8 CONCLUSIONS

In the present work, a Lagrangian finite element method has been presented for the numerical
simulation of landslide-water interaction. The landslide has been modeled as a viscoplastic non-
Newtonian frictional fluid while water as a standard Newtonian fluid. Slip boundary conditions
have been introduced between the landslide and the slope to better represent the real behavior
of the basal interface. To validate the proposed approach, the proposed approach has been
applied to two real landslides. The second example in particular concerned the simulation of a
complex event, consisting of a landslide impinging in a water reservoir and generating a wave
overtopping an existing concrete dam. Good accuracy has been obtained in the simulations.
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Figure 8: Vajont Slide. Snapshots of the simulation at different time instants. Black dashed contour denotes the
observed level reached by the real wave.
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Abstract. The paper presents a numerical investigation of the flow dynamics in a laboratory 
flume. The adopted geometry consists of a U shaped trapezoidal smooth open channel with a 
fixed slope and unerodible bed. The branches, 3m of length each, are linked with a joint 1m 
long, realizing two 90 degrees bends. The system is fed upstream with a water discharge un-
der critical conditions while a Cipolletti weir is set downstream to control flow profiles. 
Steady flow characteristics are deduced by means of three different softwares: a pure La-
grangian developed by the author, based on the Weakly Compressible Smoothed Particle hy-
drodynamics (WCSPH) technique, Flow3D® and HEC-RAS®. Depending on the specific 
boundary conditions being given, velocity profiles and water interfaces at certain cross sec-
tions are deducted by using the first two codes. Results are discussed then spatially averaged 
in terms of mean velocities and water depths respectively to make a comparison with the ones 
obtained with HEC-RAS, showing a satisfactory agreement. 
 

619



Giacomo Viccione 

1 INTRODUCTION 
Experimental investigations of free surface flows, either laboratory or full-scale based, are 

aimed at describing complex fluid dynamics. They represent a viable tool for the design of 
structures interacting with liquids as well as for the verification under variable operating con-
ditions. Needless to say, the related literature is quite consistent. Just to mention some mean-
ingful examples, related studies concern the analysis of the interaction between fluids and 
solid [1,2] or porous interfaces [3-5], the assessment of the solid transport, either of bed or 
suspended or both types [6-8], sea waves [9,10], granular flow movements [11,12],  

Although the effectiveness of experimental studies has been demonstrated by several in-
vestigations, the search for numerical solutions [13] is considered as a valuable alternative, as 
well as a supporting option [12], because it is cost-effective, easily adaptable to the variation 
of operating condition, more and more convenient for the endless increase of computer power. 
Numerical methods, either Lagrangian [14], Eulerian [15] or mixed [16] have been extensive-
ly applied over the last century as practical tools to give response to engineering and scientific 
problems. Among Lagrangian types, an emerging method, known as Smoothed Particle Hy-
drodynamics [17, 18], eventually coupled with others to exploit related advantages as in 
[19,20], has been applied since the last two decades, see for instance [21, 22]. 

The aim of this paper is to check the feasibility of three numerical models to describe the 
flow dynamics in a complex laboratory flume. Over the past three decades, two-dimensional 
and three-dimensional algorithms have been widely used to describe free surface flows, see 
for instance [23].  

A full three-dimensional investigation is carried by mean of a Lagrangian code, based on 
the Weakly Compressible Smoothed Particle hydrodynamics (WCSPH) technique [24, 25] 
and the Eulerian-based software Flow3D® [26, 27]. Related results are compared in terms of 
velocity distribution and water profiles at certain cross sections. Average fields are then com-
pared with the ones obtained using the one-dimensional computer program HEC-RAS [28, 
29]. The algorithm based on the WCSPH technique and Flow3D® basics [30,31] are already 
described in [32], therefore they are not discussed here. Related applications are given in [33-
36]. HEC-RAS (River Analysis System) is a freeware software for modeling open channel 
flows with the presence of bridges, culverts, weirs and other structures. Developed by the Hy-
drologic Engineering Center (HEC) of the United States, it is commonly used for engineering 
design, flood hazard mapping and flood insurance studies. Governing equations are one-
dimensional, i.e. there is no hydraulic dependence on the cross section shape or channel bends.  
2 MATERIALS AND METHODS 

The trapezoidal open channel flow shown in the next Fig.1 is adopted in the present inves-
tigation. It is actually used for experimental investigations @ the Environmental and Maritime 
Hydraulics Laboratory (LIDAM) of the University of Salerno. As the flume is made of stain-
less steel, the roughness is neglected when carrying three dimensional studies. Manning’s 
roughness is set as n=0.012s/m1/3 [37] when using HEC-RAS instead. The branches, 3m of 
length each, are linked with a joint 1m long and of trapezoidal shape as well, realizing two 90 
degrees bends. The slope of each branch is kept fixed at 1%. The system is fed upstream with 
a water flow rate Q under critical conditions while a Cipolletti weir of height h measured from 
the bottom is set downstream to control flow profiles. Steady conditions can be reached in the 
reality thank to the presence of a recirculating system, consisting of a centrifugal pump which 
connect the outlet and inlet tanks. Here, steady state conditions are reached after a transitory 
which is of the order of tens of seconds. During such initial phase the inflow volume takes the 
space behind the weir: the higher is the latter, the longer is the transitory. 
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Figure 1: The open channel flow adopted in the present investigation. Left side: top view. Right side: vertical 

cross section A-A. 3D velocity field is extrapolated from vertical cross sections 1, 2 and 3. 
Numerical simulations have been carried out taking the portion of the system between the 

Inlet and the Outlet zones, i.e. the flume itself. Related geometry was first created in a CAD 
environment as a collection of three-dimensional solids (Fig. 2, left side), then exported as a 
STereoLithography (stl) file, a standard compatible with Flow3D®. It basically contains a list 
of triangular surfaces that approximate the CAD model. The same file was finally converted 
in a text (xyz) file using TextPad®, obtaining the vertex coordinates of boundary particles 
(Fig. 2, right side), to be given as input to the WCSPH algorithm. The mesh size of the com-
puting domain was set equal to 0,005m. The same value was adopted as reference for the edg-
es of triangles listed in the stl file.   

In the present study we consider the combination of two water discharges (Q1=0.0085m3/s,  
Q2=0.0170m3/s) set upstream and four weir’s height (d1=0.025m, d2=0.05m, d3=0.070m, 
d4=0.010m) for a total of height scenarios. The upstream condition can be straightforwardly 
fixed in Flow3D® while in WCSPH it is set by fixing the velocity of the inflow particles. 
3 RESULTS 

This section yields the numerical results obtained with the WCSPH algorithm and the 
Flow3D® solver. To be concisely, a graphical comparison (Fig. 3) is given only for the simu-
lations with Q1=0.0085m3/s and d3=0.070m, in terms of velocity distribution over the cross 
sections 1,2 and 3 depicted in Fig. 1, left side. A general view of the dynamics is sketched in 
Fig. 4. 

 
Figure 2: The flume was first created in a CAD environment (left side) then exported as STereoLithography file 

for Flow3D simulations and finally converted as boundary particles for the WCSPH algorithm. 
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Cross Section 1 

 
Cross Section 2 

 
Cross Section 3 

Figure 3: The velocity distribution obtained with Flow3D® (left side) and WCSPH (right side) at vertical cross 
section 1, 2 and 3. 

 
Figure 4: The flow dynamics for Q1=0,0085m3/s and h3=0,070m. It is shown on the left side the velocity distri-

bution obtained with Flow3D® while on the right side the particle disposition obtained with WCSPH.  
From Fig. 3 and Fig. 4, left side, it can be observed that the trapezoidal joint influences the 

flow dynamics. 

622



Giacomo Viccione 
 

 In particular, the velocity distribution at vertical cross sections is not symmetric respect to 
the vertical midplane of the branches. Higher velocity values are located on the right hand 
side of cross sections 1, 2 and 3 because the flow is constrained by the presence of the joint’s 
corners. The phenomenon could be qualitatively compared to some extend to the liquid dis-
charge issuing from a sharp orifice. Symmetry is partially recovered at Section 1 (i.e. the 
closest one to the weir) as it is the farthest section from what it can be thought as a disturbing 
region. The comparison of the velocity distribution and water table (the local free surface flow 
location) is satisfying. Both the numerical approaches basically reproduce the same flow dy-
namics.  

As for the remaining simulations, the next summary Table 1, yield the velocities Vi and 
water surface elevations hi, i=1,2,3 at cross sections (CS) 1,2 and 3, obtained by extracting the 
corresponding output values from HEC-RAS and by spatially averaging the local velocity dis-
tribution and the local free surface flow with reference to  Flow3D and WCSPH simulations. 
Comparison among results is satisfying. It can be noted that the weir’s height dj, j=,1,2,3,4 
effectively controls water profiles. Anyway, there is not a linear dependence of Vi and WSi with dj. This is basically due to the trapezoidal shape of the flume. 

 
Q1=8.5l/s CS 1 CS 2 CS 3  Q2=17.0l/s CS 1 CS 2 CS 3 
d1=2.5cm V1 h1 V2 h2 V3 h3  d1=2.5cm V1 h1 V2 h2 V3 h3 
SPH 0.43 0.72 0.75 0.71 0.75 0.70  SPH 0.56 0.74 0.67 0.76 0.62 0.75 
Flow3D 0.42 0.72 0.74 0.71 0.74 0.71  Flow3D 0.57 0.74 0.68 0.76 0.61 0.76 
HEC-RAS 0.44 0.71 0.75 0.70 0.75 0.71  HEC-RAS 0.58 0.73 0.70 0.74 0.63 0.75 
 
Q1=8.5l/s CS 1 CS 2 CS 3  Q2=17.0l/s CS 1 CS 2 CS 3 
d2=5.0cm V1 h1 V2 h2 V3 h3  d2=5.0cm V1 h1 V2 h2 V3 h3 
SPH 0.29 0.74 0.36 0.74 0.43 0.74  SPH 0.40 0.76 0.46 0.76 0.54 0.76 
Flow3D 0.28 0.74 0.37 0.74 0.43 0.74  Flow3D 0.40 0.76 0.48 0.77 0.54 0.77 
HEC-RAS 0.29 0.73 0.37 0.73 0.44 0.73  HEC-RAS 0.41 0.76 0.48 0.76 0.55 0.76 
 
Q1=8.5l/s CS 1 CS 2 CS 3  Q2=17.0l/s CS 1 CS 2 CS 3 
d3=7.0cm V1 h1 V2 h2 V3 h3  d3=7.0cm V1 h1 V2 h2 V3 h3 
SPH 0.22 0.76 0.27 0.76 0.31 0.75  SPH 0.34 0.78 0.39 0.79 0.44 0.78 
Flow3D 0.23 0.76 0.28 0.76 0.33 0.75  Flow3D 0.34 0.79 0.39 0.78 0.45 0.79 
HEC-RAS 0.23 0.75 0.28 0.75 0.32 0.75  HEC-RAS 0.35 0.78 0.40 0.78 0.45 0.78 
 
Q1=8.5l/s CS 1 CS 2 CS 3  Q2=17.0l/s CS 1 CS 2 CS 3 
d4=10.0cm V1 h1 V2 h2 V3 h3  d4=10.0cm V1 h1 V2 h2 V3 h3 
SPH 0.17 0.79 0.19 0.77 0.22 0.79  SPH 0.27 0.82 0.30 0.82 0.33 0.81 
Flow3D 0.16 0.79 0.19 0.77 0.21 0.79  Flow3D 0.28 0.82 0.30 0.81 0.33 0.82 
HEC-RAS 0.17 0.78 0.20 0.78 0.22 0.78  HEC-RAS 0.28 0.81 0.31 0.81 0.34 0.81 
 
Table 1: Mean velocities [m/s] and water surface elevations [m] obtained from Flow3D and 
WCSPH results. A comparison is made with corresponding values (in italic) obtained with 
HEC-RAS, showing a satisfactory agreement. 
4 CONCLUSIONS  

The capability of three numerical approaches to reproduce the flow dynamics over a U 
shaped trapezoidal smooth open channel with a fixed slope and unerodible bed is here dis-
cussed. Three-dimensional results obtained by running Flow3D and WCSPH revealed that  
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the velocity distribution at vertical cross sections is not symmetric respect to the vertical mid-
plane of channel branches because it is influenced by the presence of the channel joint. Mean 
velocities and water levels at three cross sections were compared with corresponding values 
obtained with HEC-RAS, showing a satisfactory agreement. 
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Abstract. The impact of a free surface liquid flow on planar surfaces is a common occur-
rence and a challenging issue in many research fields. There are many situations in science 
and technology where this field of study finds related applications: the falling objects on a 
liquid surface, sloshing dynamics, flow run-up and overtopping, the action of train waves on 
maritime structures. Under certain circumstances, the impact process may result into high, 
spatially localized pressure peaks, thus inducing dangerous solicitations. The present work 
focuses on some relevant computational aspects of the fluid impact on inclined planar surfac-
es, making use of the Weakly Compressible Smoothed Particle Hydrodynamics (WCSPH) La-
grangian technique. With reference to the early stages of the impact process, pressure 
distribution is described as function of the incident wave’s features and the angle of incidence 
of the solid surface assumed. Results are then discussed and compared with the correspond-
ing ones obtained via Eulerian software. 
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1 INTRODUCTION 
Assessing the interaction of fluids and structures (FSI) is a topic of great interest in nature 

and science. The literature is huge, therefore no attempt is made here to review it. Some gen-
eral, yet worth examples are reported in [1-4]. Among so many applications, the propagation 
and impact of steep sea waves on coastal structures [5-7] or the run-up and overtopping on 
defense structures [8, 9] have probably been studied in more detail starting from the pioneer-
ing work of by Kirkgöz [6], therefore they can provide some deeper insight.  

Over the last few decades the prediction of impact pressures have been made by some de-
veloped theories. Peregrine and co-workers [10] proposed the "Pressure-impulse” approxima-
tion where the pressure is considered within a significant time window. The impulsive 
pressure field is therefore used for the derivation of the velocity field as the impact takes place. 
Korobkin proposed the “acoustic approximation” in [11], where the pressure distribution is 
evaluated analytically for a cylindrical jet impacting on a rigid plane and the “Asymptotic” 
assumption in [12] where the liquid-wall interaction is analyzed with the method of matched 
asymptotic expansions, through which properties such as compressibility are taken into ac-
count. Recently a semi-analytical model based on the Wagner theory has recently proposed in 
[13]. 

Current literature provides many contributions about full scale, laboratory or empirical in-
vestigations as well. More than a century went by since the publication of the original work of 
Stevenson [14] in which conditions which affect the force of impacting waves are discussed. 
In [15], an extensive campaign of pressure measurements on a vertical wall were performed at 
the Deltares laboratory of Delft (Holland) under wave impact. In [16] a large number of field 
measurements were carried with the aim of detecting most violent wave impacts on the Admi-
ralty breakwater, Alderney (United Kingdom). Bullock and co-workers [17] measured a large 
number of impacts, showing that in some – rare – circumstances, local pressures are compa-
rable with corresponding ones obtained from the water hammer model [18,19]. Blackmore 
and Hewson [20] recorded measurements of full-scale wave impact pressures on seawalls 
over a period of about four years. They derived an empirical expression for wave impact pres-
sure that takes into account the concentration of entrapped air. 

Lagrangian [21], Eulerian [22] or mixed [23] numerical methods have been extensively 
developed and applied as well. In [24] the impact process resulting from the interaction of 
breaking waves with a vertical wall was numerically solved by means of a Finite Difference 
(FD) scheme, based on the Volume of Fluid (VOF) method [25]. Among Lagrangian types, 
an emerging method, known as Smoothed Particle Hydrodynamics [26], has been applied in 
the recent past, see for instance [27, 28]. 

The aim of this paper is the study of the interaction between an approaching steep wave 
and a planar surface by means of two numerical approaches: a Lagrangian one, based on 
Weakly Compressible Smoothed Particle Hydrodynamics (WCSPH) technique and an Euleri-
an one, making use of the Flow3D ® commercial package. 
2 THE WCSPH MODEL 

The Weakly Compressible Smoothed Particle Hydrodynamics technique (WCSPH) is 
based on integral interpolants using kernels that approximate the delta function. See [21, 26, 
29, 30] for up-to-date reviews and related applications. SPH is a mesh-free Lagrangian meth-
od based on computing particles discretizing the evolving domain. Hydrodynamic properties 
on a location, either fixed or moving with a particle, depend on the local particle neighbour-
hood where the kernel W is defined (Fig.1). 
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Figure 1: Hydrodynamic computation at the location x on the basis of neighbouring particles within a circular 

(2D) or spherical (3D) compact support where the interpolating kernel is defined. A neighbouring particle j, with 
mass mj, density j and velocity vj is sketched along with its trajectory. 

Despite its inception in 1977 [31,32], we found hydrodynamic applications of SPH only 
since mid-1990s [33] and specific investigations of FSI since 2000s [34,35]. Recently, SPH 
has been considered as a valuable method for solving real-life problems in coastal engineering 
as in [36] due its intrinsic capability to deal with large deformation and complex geometries. 
Altomare et al., [37] carried advanced investigations of wave interaction with armour block 
sea breakwater. 

In this work, mass and momentum equations 
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where i denotes the generic moving particle, j refers to one of its Ni neighbours (see Fig. 1), i is the specific volume 1/i, defined as 
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 is the density, p is the pressure, v is the velocity vector, f is the external force, W is the 
above mentioned kernel or weighting function, defined over a compact support of radius r=2h, 
being h=1.3d0 the smoothing length proportional to the initial interparticle distance d0 = 
0.005m,  = 10-6 m2/s is the kinematic viscosity of water at 20°C, c0 is the speed of sound in 
the case of no compression. 

Ruling equations (3,4), constrained with (5) and coupled with the Tait equation of state  
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being = 7, are then solved in time with a second order predictor – corrector step scheme, al-
ready tested in a variety of situations, see for instance [38,39] 
3 THE FLOW3D SOLVER 

Flow3D® solver [40] is a CFD commercial software based onto a Finite Volume formula-
tion of the Navier Stokes equations (eqs. 1-2) in a Eulerian framework. Free surfaces and in-
terfaces are solved with the volume of fraction (VOF) method and the Fractional 
Area/Volume Obstacle Representation (FAVOR). Velocity and pressure fields are coupled by 
using the time-advanced velocities in the continuity equations and time-advanced pressures in 
the momentum equations. The model has been widely validated over the years particularly in 
connection with wave impact, see for instance [41, 42].  

Water compressibility is treated by the acoustic approximation, which links the density 
variation to the pressure increase by the following ρpc 2 . All the tests shown in the fol-
lowing have been carried out by assuming a fluid with a reference density ρ0 = 1000 kg/m3 
and a reference sound speed c0 = 1400m/s, as in the SPH model. The chosen values, repre-
senting realistic liquids, satisfy the acoustic condition 1.0δ ρρ  which stands for low Mach 
numbers  as it is of order 10-2 or less.  

 
4 THE NUMERICAL SET-UP 

An open channel water flow with an initial velocity v0 and liquid height h0 = 0.50m is as-
sumed to suddenly impact against a planar surface (Fig. 2). The angle of the impacting surface, 
measured counterclockwise with respect to the vertical direction, ranges between -45° and 
+45° (Fig. 3), for a total of 19 geometry configurations. Therefore, the incremental angle be-
tween two consecutive configurations is equal to 5°. For computational purposes, a 4.00m 
long volume of fluid was assumed to be close to the solid interface. 
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Figure 2: Initial conditions set in WCSPH and Flow3D (picture taken from Flow3D).                                                                                     

Colour bar refers to the pressure field which distribution is assumed to be initially hydrostatic. 

 
Figure 3: The inclined surface, the wave is impacting with, has an angle with respect the vertical direction rang-
ing between -45° and +45°. Nineteen configurations are therefore assumed in the present work (picture repre-

sents solid boundaries given in WCSPH)                                                                             

 
Figure 4: The fluid domain represented by particles in WCSPH. Solid walls are depicted by green particles. Col-
our bar refers to the pressure field which distribution is assumed to be initially hydrostatic. Conditions are equiv-

alent as those sketched in Figure 2. 
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The computation domain is split into square 0.01m wide grid elements in Flow3D envi-
ronment. Total number of cells is of order of 104, depending on how large is the simulating 
space between left and right walls (see Fig. 3). The fluid domain is discretized into 8·104 par-
ticles, with an initial interparticle distance d0 = 0.005m (see Fig. 4, previous page). 
5 RESULTS 

The impact process is here analyzed for the nineteen configurations above introduced (Fig. 
2).  

    a) t=0.02sec. WCSPH (left side), max_p=3524Pa and Flow3D (right side), max_p=3578Pa. 

    b) t=0.035sec. WCSPH (left side), max_p=6824Pa and Flow3D (right side), max_p=6659Pa. 

    c) t=0.050sec. WCSPH (left side), max_p=8145Pa and F3D (right side), max_p=7482Pa. 
Figure 5: Comparison of pressure fields for the initial velocity v0 = 2m/s. inclined wall angles =+45° 
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For each configuration, we consider an initial fluid mass advancing at velocities v0=2m/s, 
4m/s or 6m/s. For the sake of clarity and to be concisely, only results with v0=2m/s and in-
clined wall angles =+45° (Fig. 5) and -45° (Fig. 6) are sketched for some significant time 
instants. The summary Table 1 yields maximum pressures attained at the wall for each simu-
lation being carried out with Flow3D and WCSPH. 
 

    a) t=0.02sec. WCSPH (left side), max_p=5158Pa and Flow3D (right side), max_p=5225Pa. 

    b) t=0.04sec. WCSPH (left side), max_p=18746Pa and Flow3D (right side), max_p=19012Pa. 

    c) t=0.080sec. WCSPH (left side), max_p=8924Pa and F3D (right side), max_p=8424Pa. 
Figure 6: Comparison of pressure fields for the initial velocity v0 = 2m/s. inclined wall angles =-45°. 
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v0=2m/s +45° +40° +35° +30° +25° +20° +15° +10° +5° 0° 
SPH 8145 9057 9528 10279 10175 10879 12076 13249 11905 14212 
Flow3D 7482 7635 8386 9714 10988 10460 11303 13007 13628 12200 

v0=2m/s -5° -10° -15° -20° -25° -30° -35° -40° -45° 
SPH 14020 13527 15167 14506 15177 16419 16813 17812 18746 
Flow3D 14304 14223 16504 15446 18062 15860 17802 19455 19012 

v0=4m/s +45° +40° +35° +30° +25° +20° +15° +10° +5° 0° 
SPH 34127 36623 36874 37934 41188 44703 42685 47103 51634 57794 
Flow3D 35092 38570 43283 40688 42289 45736 52629 58442 63862 63974 

v0=4m/s -5° -10° -15° -20° -25° -30° -35° -40° -45° 
SPH 49490 61920 57162 60870 60410 63688 67250 72083 71240 
Flow3D 59970 68335 71138 74727 73549 72211 88151 81375 86762 

v0=6m/s +45° +40° +35° +30° +25° +20° +15° +10° +5° 0° 
SPH 116461 135041 129161 135434 152353 159675 151696 159429 170968 191092 
Flow3D 82098 92074 101800 97465 114190 111149 121455 145804 149615 156696 

v0=6m/s -5° -10° -15° -20° -25° -30° -35° -40° -45° 
SPH 165619 177112 200596 182267 204412 216512 222823 242878 231928 
Flow3D 158871 177986 171353 186598 191367 209781 199594 227296 214957  
Table 1: Detected maximum pressure values as function of the impacting velocity v0 and sur-
face’s inclination . 
 
As can be seen from the above Table 1, the Eulerian and the Lagrangian approaches yield 
maximum pressure values in a good agreement. In addition, from the following Fig. 7 it is 
possible to derive that, under the operating limits of the present investigation, the maximum 
pressure is almost linear with the surface’s angle, keeping fixed the impacting velocity v0. This is mainly due to the characteristics of the impacting area: for positive surface’s angles 
the contact region is located in the upper part of the liquid domain. As a consequence the liq-
uid, once in contact with the solid surface, is free to spread both sides along it. In contrast, for 
negative surface’s angles the contact region is located in the lower part of the liquid domain. 
In this case the interacting liquid is constrained to move only ahead along the inclined surface 
as it opposes to the remaining approaching mass. 

 

  
Figure 7: The Maximum detected pressures. 
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6 CONCLUSIONS  

The interaction between an approaching liquid mass and an inclined surface was investi-
gated by means of a Lagrangian and an Eulerian numerical approach. The obtained reflected 
waves and maximum pressure are in good agreement. A linear dependency of the maximum 
pressure from the surface’s angle was deduced. Therefore, the lower is the surface’s angle the 
worse are normal solicitations at the contacting area as the impact takes place. 
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Abstract. The conducted studies are aimed at improving the theoretical basis for design of 

ventilated suction hoods of bulk material transfer groups, i.e. the most typical and common 

sources of dust emissions in reprocessing of dust-forming materials.Unsteady processes occur 

in the chute at the equipment start-up or short-time loading of bulk material. Assess the force 

action exerted by the flow on air for two cases: at an instantaneous change and a gradual one 

(smooth) in the material flow. `It was theoretically demonstrated that at instant chuting of a 

heated bulk material an increase in the induction pressure is strongly related with a variation 

in the transferred material flow, and due to a considerable inertness of the intercomponent 

heat exchange temperature variations are far behind of variations in the transferred material 

quantity. A gradual variation in the flow rate of particles at the beginning and at the end of a 

material transfer is associated with excessive (peak) pressures against steady-state values. 

This is explained by the maximum induction head at a certain material flow rate. There are 

no pressure surges if the material flow rate does not reach the necessary value.  

. 
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1 INTRODUCTION 

The conducted studies are aimed at improving the theoretical basis for design of ventilated 

suction hoods of bulk material transfer groups, i.e. the most typical and common sources of 

dust emissions in reprocessing of dust-forming materials [1-8, 12-14]. 

Unsteady processes occur in the chute at the equipment start-up or short-time loading of 

bulk material. Assess the force action exerted by the flow on air for two cases: at an instanta-

neous change and a gradual one (smooth) in the material flow. 

2 SUDDEN CHANGE IN THE MATERIAL FLOW 

Examine the change in the forces of the induction and thermal pressures and the starting 

and stop times of the material feeding. 

Observe the change in the induction pressure by the example of the pressure distribution 

along the length of the vertical pipe in case of its irregular load with bulk material of moderate 

temperature, thereby preventing from the heat and mass exchange. Imagine that the lower end 

of the pipe is closed to the air passage, i.e. v2 = 0, but open to the passage of material. 

With these simplifications [1] 

 
2

2 1
1

2

1

2
т

дv vдP
к

дt дx
    


. (1) 

Examine a “hard” loading of material (instant inlet of material). Then, at an arbitrary 

point of time t > 0, the change in the material flow along the length will be of a step-type 

shape. 

1 maxG G   at  0xx    , 

01 G   at  0xx  . 

The kink will be moved down. Let us assume that its movement speed is  

1 1 1н 1

0

1
0,5( )

l

kv v dx v v
l

   . 

The analytical expression of the change in the material flow is as follows 

1 max 1( )G G f x v t   , (2) 

where 

1( ) 0f x v t    at  1 0x v t  ;   (3) 

1( ) 1f x v t    at  1 0x v t  .   (4) 

For simplicity of notation, the symbol of averaging (a line above v1) is omitted here and 

hereinafter. 

Express the function f(x – v1t) by means of the infinite Fourier series [9] 

1 1

1

1 cos 1
( ) sin ( )

2 n

n
f x v t x v t

n l



 


   

 


,  (5) 

where 

1lim( )
t

l x v t


   .      (6) 
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Then, the volume concentration of material is 

1 1 1

1

1 cos 1
sin ( )

2 п

n
n x v t

n l





 

 
   

 


 
 


,  (7) 

where 

1max
1

1 1ж

G

S v
 


      (8) 

or, solving the sine function of difference of two angles, 

1 1 1 1
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1 cos 1 cos 1
sin cos cos sin )
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n x n tv n x n v t

n l l n l l

 



    

  
   

 
 

     
 

 
 (9) 

Write mass transfer equation [1] 

2 2 2 0
д д v

дt дx
 

 
.     (10) 

Assuming that that process is adiabatic (with factor )  

χ

2

0 0

P

P

 
  
 




,     (11) 

simple transformations made, taking into account that the density of the medium does not 

change significantly, equality (10) can be reduced to  

02

2 0χ

дv дР

дx P дt
 




,    (12) 

where Р0, ρ0 are the pressure and density of air in the pipe before inputting the material. 

Taking account of correlation (12), after differentiation of equality (1) with respect to x, 

we obtain an inhomogeneous equation of acoustics: 

22 2
2 2 1

1 22 2 2
a a т

vд P д P д
v v к

дt дx дх
    ,   (13) 

where 0 0χаv Р  is the propagation speed of elastic disturbances (speed of sound), m/sec. 

Assume that the force of the dynamic interaction is constant 

2

1
2

2
т

v
к const  .                                                        (14) 

Under this assumption, a linear pressure distribution along the pipe would exist for sta-

tionary conditions  

2

1
0 1 2

2
cm т

v
P P к х          (15) 

or 

l

x
Р Р

l
  ,                                                                        (16) 
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where Рl is the excessive pressure at the end of the pipe 
2

1
1 2

2
l т

v
P к l    ,     (17) 

Рст, Р∞ are the absolute and excessive pressures, respectively, in a stable process, Pa. 

Taking into account the assumptions made and designations, the last term of the right-

hand side of equation (13) can be written as 

2
2 21 1

1 2

1

1

1

(cos 1) cos cos
2

(cos 1)sin s in .

l
а т а

n

n

Рv v tд x
v к v n n n

дх ll l l

v tx
n n x n

l l



  



  


   




   







    

  

  (18) 

Formulate the initial and boundary conditions. Pressure P in equation (13) is to mean the 

excessive pressure. As dead air was in the pipe before the input of material, and the absolute 

pressure in it was P0: 

P 0 0t  ;      (19) 

2v 0 0t  .      (20) 

Integrate equation (12) to obtain 

0
2 2 0

0 0
χ

x

x

дР
v v dx

P дt
  


,    (21) 

where from, taking into account (20), obtain the second initial condition 

дР

дt
00t .     (22) 

The boundary condition for the open end of the pipe (input) will be 

(0, ) 0P t  .     (23) 

For the lower end, taking in account the air tightness of the pipe bottom, 

2( , ) 0v l t  .     (24) 

Integrate the initial equation (1) to obtain 

2

1
2 2 1

20

1
( ,0)

2
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vдР
v v x к dt

дх

 
     

 
 


.  (25) 

Taking into account (24), obtain the second boundary condition: 

2

1
1 2

2
x l т

х l

vдР
к

дх




  , (26) 

which can be written as follows, having in mind correlation (7), after some transformations 

2 1 1
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. (27) 
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Thus, we have to solve the following inhomogeneous differential partial equation with se-

cond-order partial derivatives [10] with the initial conditions (19) and (22) and the boundary 

conditions (23) and (27)  

2
2 2 21 1

2 2
1 1

(cos 1)cos cos (cos 1)sin sinl l
а а а

n n

Р Рv t v tд P дР x x
v v n n n v n n n

дt дх ll l l ll l l

 

      

            (28) 

The solution will be calculated as a sum of functions 

Р = u + ξ , (29) 

where u is the solution of equation (28) only with the boundary conditions; ξ is the solution of 

this equation without a constant term with the following initial and boundary conditions: 

0 0t t
u 

  ;     (30) 

д
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0t

ди

дt
   0t ;     (31) 

 00x ;      (32) 

д

дх


0lх .     (33) 

The task to determine u can, in turn, be divided into two sub-tasks: 

a) the solution of the equation 
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b) the solution of the equation 
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Subtask a). Try the solution of equation (36) as follows 

1

1

( )cosa n

n

v t
u X x n

l



 

  .                                      (38) 

Inserting this solution into the initial equation after obvious reductions, we obtain 

2
2

2

( )
( ) (cos 1) cosn v l

n

d X x n M P x
X x n n

dt l l l l  

 
     

 


  ,         (39) 

where 
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1v aM v v .                                                     (40) 

 

Integrate this equation, with 

(0) 0nX  , 

( )ndX x

dx
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x l
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l n l





 





   (41) 

based on the conditions (35) we obtain 

( ) sin cos cosn v v

x x x
X x Ф n M n M n
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                             (42) 

and the solution of Subtask a) is 

1
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where for simplicity of notation we assume 
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   .   (45) 

Subtask b). Equation (36) is solved in the same way. 

Obtain 

1

1

sin sin sinv

n

v tx x
u n n M n

l l l



   

 
    

 
    ,   (46) 

where 

2
1 cos
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.     (47) 

We now calculate the function ξ, which is the solution of equation 

2 2
2

2 2a

д д
v

дt дx


 
,      (48) 

with the boundary conditions (32) and (33) and with the following initial conditions based on 

equalities (43) and (46) 
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We solve it using the Fourier method – by expansion of the function in series in the or-

thogonal function system x
l

n


2

12
sin


[11]. 

The solution is 

0

2 1 2 1 2 1
cos sin sin

2 2 2
к a к a

n

n n n
а v t v t x

l l l





   
  

 
     ,  (51) 

where 

0

2 2 1
( )sin

2

l
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n
a f x xdx
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   ;     (52) 

0

4 2 1
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n v l




  


.   (53) 

Inserting into equality (29) the obtained functions , ua, u, we obtain the desired solution. 

For a small falling velocity of the material (v1/v2 << 1), the solution can be reduced to a sim-

pler form after a number of simplifications  

1 1

2
1

1 cos 1 1 1
cos

( ) 2 2 2
l l l

n

l x v t l v tn x
P P n P P

l n l l l l


 

  

 
    

 






.  (54) 

 

Figure 1: Change in the induction pressure over time (a) and along the tube (b) in case of an instant loading of 

bulk material 

As can be seen from the graph (Figure 1) plotted based on this equation, the pressure in 

an arbitrary section х0 increases in this section up to the maximum according to t0 ≡ τ0 = x0/v1 

s, i.d., as soon as the first particles of the material reach the section under consideration. 

Along the entire pipe length, the pressure reaches its maximum value as soon as the pipe 

is filled with the falling material. 
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Thus, a change in the induction pressure is “rigidly” connected with the change in the ma-

terial flow. The steady mode of dynamic interaction between the material and the air occurs 

almost simultaneously with a constant flow of material in all sections of the pipe. 

In contrast to the dynamic interaction, temperature changes “fall behind” the fluctuations 

significantly in the mode of the material transfer. 

To see this, consider the same task having slightly simplified it. Assume that the air ther-

mal conductivity is high supposing that the same temperature is instantly set in all the sections 

of the pipe. Thus, the temperature will depend on time only. With the previous assumptions, 

the heat exchange equation can be as follows 

2 2 2 2 1 1 2 2 0( ) 4 ( )s l

d k
c t к t t t t

d D
      


, 

where k is a coefficient of heat exchange with surrounding air, Вт/(m
2
 · °K); 1l is the volume 

concentration of material in the chute. 

Taking into account the step-type change in the flow rate, a solution is obtained for two 

intervals with 
1

0
l

v
  , with 

1

l

v
 : 

in the first interval 

1
1

1

l

ж

G

S l






 ;     (56) 

in the second interval 

1
1

1 1

l

ж

G

S v



 .     (57) 

Integrate equality (55) with the initial condition 

2 0( ,0)t x t ,                                                       (58) 

to obtain: 

a) with 
1

0
l

v
   

2 2

2 1 1 0

/

( ) exp exp
2 2 2

y

Б B

Б Б y z
t t t t Б erf dz
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 ; (59) 

b) with 1/l v   

2 2 2 2н

1 1

( )exp
l l

t t t t B Б
v v

 

   
        

   
 , (60) 

where t2н is the air temperature in the pipe with τ = l/v1 is defined by equality (59); t2∞ is the 

temperature in the pipe with τ → ∞ 

1 0

1
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B t Бt

v
t

l
B Б
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;     (61) 

(55) 

645



O. A. Averkova, I. N. Logachev and K. I. Logachev 

В, Б are parameters introduced for simplicity of notation and equal to 

1 2 2 1( )S жB к G c S l   ;    (62) 

2 24 ( )Б к D c ; 

y B Б B  .     (63) 

For a heat sealed pipe (Б = 0) we have: 

a) with 10 /l v   

2

2 1 1 0( )exp( / 2)t t t t B     ;    (64) 

b) with 1/l v   

2 1 1 0

1 1

( )exp
2

l l
t t t t B

v v

  
      

  
 .   (65) 

 

Figure 2: Temporal variation in temperature, thermal and induction pressures, mass of particles in the chute (РЭ∞, 

РТ∞ are the induction and thermal pressure with τ → ∞; Gτ, G∞ are the masses of particles in the chute at the 

moments in time τ and 1/l v  ) 

Figure2 shows the temperature curves plotted according to these formulas. It also shows 

the change in the thermal and induction pressures. As the curves show, the thermal pressure 

has a considerable “inertia” if compared with the induction one.  

3 SMOOTH CHANGE IN THE MATERIAL FLOW 

Given that the induction pressure is “rigidly” connected with the material flow, changes 

in the dynamic interaction can be assessed in the conditions of a changing flow of particles by 

means of the correlations obtained in the study of stationary flows. We can be used for a pres-

sure at the end of the pipe, the lower end of which is closed to the air passage [1]: 

3

3

1,8 10
2 3

10 1
0 2

1

2 3(1 )
Эd k

Э т

v n
Р к е l

n

 

 
 





   ,   (66) 
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where β is an averaged volume concentration of particles in the chute, which varies over time 

due to changes in flow. 

As seen from equation (65), the induction pressure has a maximum at the volume concen-

tration (βmax) defined by the equality 

3

max3

1,8
2 10 0

10Эd
  


 .    (67) 

Thus, if it appears that the concentration of particles varies widely from 0 to β∞ > βmax, 

pressure surges occur during an unsteady-state process. This is clearly seen in the curves in 

Figure 3. Here is a case of a bulk material transfer where its flow rate varies from 0 to the 

steady-state (constant) value G1∞, then a stationary process (G1 = G1∞) continues for a while 

and, finally, the flow rate decreases from G1∞ down to 0. 

 

Figure 3: Change in the volume concentration and the induction pressure in the chute with a slow change in the 

material flow (Δ is experimental data for conditions of granite bulking de = 1.88 mm in the chute at Θ = 75°, H = 

3.3 m, Sch = 0.0169 m
2
) 

However, the pressure surge may be absent where the steady-state flow is so small that 

the volume concentration of particles in the chute is β∞ < βmax.  

The maximum value of the induction pressure according to (67) is 

max

2
3 2 3

3 2 1
0 2

2 10 1
10

1,8 2 3(1 )

Э k
Э т

d v n
Р к e l

n

    
  

 
     (68) 

or the relative value of the pressure surge is 

2 33
3 2

max 3

102 10
/ 10 exp 1,8

1,8 10
Э

Э Э

Э

d
Р P e

d

  

 

   
           


   with  β∞ ≥ βmax. (69) 
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In studies of the induction properties of a bulk material flow in inclined chutes at the unit 

(Figure 4), a pressure surge was often observed when the material feeding from the upper bin 

both began and stopped. The value of this surge was significant at large material flows. No 

pressure rise was observed with small flows. A pressure rise is absolutely in line with equa-

tions (69) not only in qualitative terms but also in quantitative terms (see Figure 3.c). The ob-

served falling of the thermal pressure behind the induction one, as well as the surge of the 

induction pressure during the start or stop of the process equipment must be taken into ac-

count when calculating the required volumes of aspirated air. 

 

 

Figure 4: Diagram of the experimental arrangement for the study of injective properties of bulk materials: 1 – 

upper bin; 2 – chute; 3 – lower bin; 4 – thermometer; 5 – Venturi tube; 6 – damper; 7 – fan; 8 – micropressure 

gauge; 9 – galvanometer; 10 – blending chamber; 11 – metal frame; 12 – diaphragm;13 – thermocouple; 14 – 

chute upper wall; 15 – heat insulation layer 

4 CONCLUSIONS  

 The conducted studies are aimed at improving the theoretical basis for design of ventilat-

ed suction hoods of bulk material transfer groups, i.e. the most typical and common 

sources of dust emissions in reprocessing of dust-forming materials. The basic findings 

and resulting conclusions are as follows: 

 It was theoretically demonstrated that at instant chuting of a heated bulk material an in-

crease in the induction pressure is strongly related with a variation in the transferred ma-

terial flow (54), and due to a considerable inertness of the intercomponent heat exchange 

temperature variations are far behind of variations in the transferred material quantity 

(Figure  2). A gradual variation in the flow rate of particles at the beginning and at the 

end of a material transfer is associated with excessive (peak) pressures against steady-

state values (Figure  3). This is explained by the maximum induction head at a certain 

2.17 kg/s) 
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material flow rate (67, 68). There are no pressure surges if the material flow rate does not 

reach the necessary value. 
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Abstract. The shallow water equations (SWE) are used to model a wide range of environmental
flows from dam breaks and riverine hydrodynamics to hurricane storm surge and atmospheric
processes. Despite significant gains in numerical model efficiency stemming from algorithmic
and hardware improvements, accurate shallow water modeling can still be very computation-
ally intensive. The resulting computational expense remains as a barrier to the inclusion of
fully resolved two-dimensional shallow water models in many applications, particularly when
the analysis involves optimal design, parameter inversion, risk assessment, and/or uncertainty
quantification.

Here, we consider projection-based model reduction as a way to alleviate the computa-
tional burden associated with high-fidelity shallow-water approximations in ensemble forecast
and sampling methodologies. In order to develop a robust approach that can resolve advection-
dominated problems with shocks as well as more smoothly varying riverine and estuarine flows,
we consider techniques using both Galerkin and Petrov-Galerkin projection on global bases
provided by Proper Orthogonal Decomposition (POD). To achieve realistic speedup, we con-
sider alternative methods for the reduction of the non-polynomial nonlinearities that arise in
typical finite element formulations. We evaluate the schemes’ performance by considering their
accuracy and robustness for test problems in one and two space dimensions.
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1 INTRODUCTION

The two-dimensional, depth-averaged shallow water equations (SWE) are used throughout
science and engineering to model free-surface flows in systems where vertical scales are small
with respect to horizontal length scales [22]. Their widespread utility has led to the development
of a host of numerical methods and solution techniques for the SWE. A non-exhaustive list
includes high-resolution finite volume [18] and discontinuous Galerkin methods [1] as well as
characteristic-based [21] and stabilized finite element methods (FEMs) [7].

While ongoing work continues to improve the performance of core numerical methods for
the SWE, it is clear that alternative approaches are needed to achieve the speedups necessary
to make use of the SWE common in real-time simulation or sampling-intensive methods for
risk assessment or uncertainty quantification [9]. Here, we consider global model reduction
for the SWE via projection. Specifically, we consider Galerkin-based projection via Proper
Orthogonal Decomposition (POD) [3] as well as Petrov-Galerkin approximations based on the
Gauss-Newton with Approximate Tensors (GNAT) technique introduced by [11, 12]. In both
cases, we use a series of high-fidelity training simulations (or snapshots) in an offline stage to
build a basis of empirical modes using a Singular Value Decomposition (SVD) for the solution
in order to capture flow dynamics using (hopefully) many fewer degrees of freedom than the
original, high-fidelity simulation. Calculations using this low-dimensional or reduced basis can
then, in principle, be performed much faster during a time or resource sensitive online stage [3].

Due to the non-polynomial nonlinearities that arise in standard roughness parameterizations
and stabilized FEM approximations, further reduction of the nonlinearities in the SWE are
required to break dependence on the fine-scale dimension [2]. We evaluate two types of so-
called hyper-reduction for our reduced models: Discrete Empirical Interpolation (DEIM) [5, 13]
and gappy POD [14, 23].

In the following, we lay out these reduction techniques for a semi-implicit, stabilized FEM
approximation of the SWE. We pay particular attention to conditions when the schemes are
consistent. That is, we consider conditions under which the models will restore the original
fine-scale solution if the entire empirical basis obtained from the snapshot collection is used
[11]. We end with numerical experiments comparing performance of the various methods for a
one-dimensional Burgers equation problem as well as a two-dimensional dam-break.

2 HIGH-FIDELITY FORMULATION FOR THE SHALLOW WATER EQUATIONS

2.1 Continuous formulation

We begin with the fine scale formulation. The standard two-dimensional shallow water equa-
tions consist of a mass conservation equation and two scalar momentum conservation equations
that can be written in conservative form as

@u

@t

+r · (F�Dru) + r = 0, (1)

where

u ⌘

0

@
u1

u2

u3

1

A
=

0

@
h

hu

hv

1

A

Here, h > 0 is the total depth of the water column and the velocity components in the x and y

directions are u and v, respectively. We assume (1) holds over a domain ⌦ ⇢ R2 with outward
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normal n and spatially varying bathymetry represented by a function b(x, y) that is strictly
negative.

The flux matrix F(u) and diffusion tensor in (1) have the form

F =

0

B@
u2 u3

u2
2

u1
+

gu2
1

2
u2u3
u1

u2u3
u1

u2
3

u1
+

gu2
1

2

1

CA , D =

0

@
0 0 0

0 ⌫ 0

0 0 ⌫

1

A

with turbulent viscosity ⌫, and gravitational acceleration g. The source term r(u) contains the
topography gradient and the Manning’s bed friction term with coefficient nmn

r = gh

0

@
0

@b
@x
@b
@y

1

A
+ gn

2
mn

p
u

2
2 + u

2
3

u

7
3
1

0

@
0

u2

u3

1

A
.

Note that the fluid surface elevation is defined as ⌘ = u1 + b, and the discharge is (hu, hv)

T .
Everywhere below, we assume that b has as much continuity as required.

We assume that initial conditions h

0
(x, y), u

0
(x, y) and v

0
(x, y) are specified for h, u, and

v, respectively. For simplicity, we do not assume any Dirichlet boundary conditions for (1).
Instead, we impose that Dru · n = 0 on @⌦ and, possibly, that u2nx + u3ny = 0 on portions
of @⌦ where no discharge is expected.

2.2 Stabilized Finite Element scheme

The classical finite element scheme for equation (1) with the considered boundary conditions
relies on the following exact weak formulation. If w denotes an arbitrary test function from a
reasonable test space, then

Z

⌦

@u

@t

·w �

Z

⌦

F ·rw +

Z

⌦

Dru ·rw +

Z

⌦

r ·w +

Z

@⌦

(F · n) ·w = 0 (2)

In the above, the first component of F · n in the boundary integral term is zero whenever the
boundary condition u2nx + u3ny = 0 is imposed.

Let �j denote the j-th scalar shape function from a standard space of piecewise linear func-
tions on a conformal mesh of ⌦ with Nn nodes. We can then approximate the components ui of
our solution in (2) via

ui ⇡ u

h
i =

NnX

j=1

�jv
j
i , (3)

where 1 6 i 6 3 refers to the unknown of (1) and 1 6 j 6 Nn. We label the trial space
for the full unknown uh as Vh. Setting wh to all of the available basis functions wh

j from
Wh = Vh in (2), together with (3), yields a time-dependent nonlinear system of N = 3Nn

ordinary differential equations (semi-discrete scheme):
Z

⌦

@uh

@t

·wh
j �

Z

⌦

F(uh
) ·rwh

j +

Z

⌦

Druh
·rwh

j+

Z

⌦

r(uh
) ·wh

j +

Z

@⌦

�
F(uh

) · n
�
·wh

j = 0, j = 1, . . . , 3Nn

(4)
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Regardless of the time discretization employed for (4), the system in general suffers from
convection- and shock-type instabilities, especially for small viscosity ⌫ or insufficient mesh
resolution [15, 16], and calls for additional stabilization terms. Letting a(·, ·) denote the stan-
dard Galerkin approximation for the stationary part of (4), a generalization of classical SUPG
stabilization via Hughes variational multiscale paradigm [16] can be written as

Z

⌦

@uh

@t

·wh
+ a(uh

,wh
) +

X

e

Z

⌦e

Muhwh
· ⌧Rh(u

h
) = 0, (5)

where the vector operator Muh is

Muhwh
= �

X

i

✓
Ah,i(u

h
)

T @w
h

@xi

◆
+

@r

@u

T

(uh
)wh (6)

and Ah,i(u
h
) for i = 1, 2 are advection matrices

Ah,i(u
h
) =

@Fi

@u
(uh

) (7)

and Fi denotes the i-th column of the matrix F. Here ⌧ is a matrix of intrinsic time scales that
can be specified using an algebraic subgrid scale (ASGS) approach [20]. Rh(u

h
) denotes the

residual of the continuous formulation (1) (so-called strong residual), x1 = x, x2 = y, and wh

represents a discrete test function taken from Wh.
For problems with strong nonlinearities and sharp fronts, we resort to adding a shock-

capturing term having a form of an artificial viscosity [8]:

X

e

Z

⌦e

csh
he

2

��Rh(u
h
)

��
kruh

k+ �

ruh
·rwh (8)

where he denotes the characteristic width of an element ⌦e and csh is a positive scaling constant
usually taken to be less than 1 and all the norms are standard 2-norms. Note that Rh does not
contain diffusive terms since we are using piecewise linear shape functions, and small term � is
added to separate the denominator from zero.

Remark 1. In the following, we consider stabilization only through the nonlinear shock-capturing
term (8), which in our experience is the dominant term for controlling instabilities due to sharp
fronts and shocks. While simplifying the implementation, the reduction schemes presented here
apply to the to the fine-scale scheme from [20] with only minor differences.

The final form of our finite element scheme for the high-fidelity simulations is
Z

⌦

@uh

@t

·wh
�

Z

⌦

F(uh
) ·rwh

+

Z

⌦

Druh
·rwh

+

Z

⌦

r(uh
) ·wh

+

Z

@⌦

�
F(uh

) · n
�
·wh

+

X

e

Z

⌦e

csh
he

2

��R(uh
)

��
kruh

k+ �

ruh
·rwh

= 0.

(9)

The semi-discrete approximation in equation (9), expressed as a system of ordinary differ-
ential equations, can be viewed as

M ˙v + Lv + f(v) = 0 (10)

653



M. Farthing, A. Lozovskiy and C. Kees

with solution v = (vT
1 ,v

T
2 ,v

T
3 )

T consisting of the degrees of freedom for the approximate
solution uh and f = (fT1 , f

T
2 , f

T
3 )

T . The term f comprises all the nonlinear terms of equation
(9), including those with nonlinear stabilization. The vector components f2 and f3 also involve
boundary integrals. Matrix L of the linear term is based on the diffusion and topography terms,
and in the case of outflow boundaries may also contain the first component of

R
⌦(F ·n) ·w. M

is a standard mass matrix.

2.3 Time discretization

For marching in time from t0 = 0 with a variable time step, �tk, we construct the fully
discrete scheme using the first-order Euler approximation (higher order backward difference
schemes can be used to increase accuracy in time). In order to avoid solving a large nonlin-
ear algebraic system at each time step, a semi-implicit variant of the fully implicit scheme is
proposed in such a way that extrapolation is introduced inside all nonlinear terms in (9). This
lagging does not influence the accuracy of the scheme, but makes it only conditionally stable
[17]. Everywhere below, any discrete in time function f at time level k is denoted as fk.

The resulting fine-scale linear system to be solved has the schematic form
0

BBBB@
1

�tk

M+ L
| {z }

A

+

0

@
N11 0 0
N21 N22 N23

N31 N32 N33

1

A
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| {z }
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1

CCCCA

0

@
v1

v2

v3

1

A
k

=

1

�tk

M

0

@
v1

v2

v3

1

A
k�1

. (11)

Block Nij corresponds to test function component wi and solution component uj . Note that
the shock-capturing and the Manning friction terms only contribute to the diagonal terms of N.
Every block Nij depends on the solution and has to be reassembled after every time step. Just
for the first time step, we set csh = 0, as no information is given regarding u�1 in the mass
part of the shock-capturing term, and so N depends on v0 only. In the case of strong Dirichlet
boundary conditions, we include an additional vector vd containing the boundary values to the
right hand side and modify A and Nij , i, j = 1, 2, 3 accordingly.

3 GLOBAL BASIS REDUCED ORDER MODEL FRAMEWORK

The fine-scale approximation above allows calculation of a numerical solution that improves
with mesh refinement. We assume that computational resources in the offline stage are sufficient
to allow the temporal and spatial resolution necessary to resolve all relevant solution features.
We then focus on the online stage where computational resources and/or time-constraints dic-
tate that a much faster (i.e., reduced) model with possibly relaxed accuracy is needed. We first
present the basic methodology for the reduction relying on a global empirical basis representing
the coherent structures of the fine-scale processes. We use a generic algebraic formulation typ-
ical of semi-implicit temporal approximations without making specific reference to the SWE.

3.1 Proper Orthogonal Decomposition of the state variable for semi-implicit schemes

POD is probably the best-known projection-based model reduction scheme. It has been
applied to a host of general, large-scale parameterized dynamical systems. Fundamentally, it
is based on approximating the high-dimensional solution to the dynamical system in a low-
dimensional subspace that is chosen by considering modes that capture a targeted portion of the
system’s energy [4, 10]. To obtain a dynamical system of low dimension, POD proceeds by
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projecting the original high-dimensional equations on the solution subspace. Since it uses the
same subspace for both the solution and projection steps, POD can be considered as a (Bubnov)
Galerkin method [12].

Consider the following semi-implicit Euler discretization with variable time step �ti aimed
at connecting the state variable at time level i with time levels i�1, i�2 that represents (among
others) our current SWE scheme:

Ri
⌘ (Ai

+N(vi�2
,vi�1

))vi
��t

�1
i Mvi�1

� di
= 0,

Here R denotes the residual of the fully discrete approximation. Matrix Ai comprises matrices
from all the linear terms containing the solution at time level i and depends only �t

i, while N
consists of the matrices constructed through extrapolating the solution at previous time levels
i � 2, i � 1 to the time level i in the nonlinear terms. Term di accounts for the external source
and the boundary conditions data at level i and is state-independent. Again, such extrapolation
is a common technique behind semi-implicit schemes that retains (theoretically) the same order
of accuracy as for the fully implicit approximation, though in general it is not unconditionally
stable.

To initiate the time integration, we assume that v0 is given at time level 0 via projection of
the initial condition and that N(v�1

,v0
) is replaced with N0(v

0
) for the first time step only.

Therefore, we have the following fine-scale, fully discrete problem statement within the semi-
implicit paradigm:

8
><

>:

initial data v0 given,
(A0

+N0(v
0
))v1

��t

�1
1 Mv0

� d1
= 0,

(Ai
+N(vi�2

,vi�1
))vi

��t

�1
i Mvi�1

� di
= 0, i > 2

(12)

We define S = (v1
,v2

, ...,vM
) to be an N ⇥ M matrix of solution snapshots, M 6 N ,

obtained from the high precision offline runs from t = 0 to t = T for the state variable v. Note,
that we do not include the initial data into the snapshot set. In practice, the set S may consist
of snapshots at intermediate values of t from [0, T ], for each corresponding input parameter or
forcing function. Also, unlike [12], we store solution values rather than increments, which will
be shown to be adequate for the semi-implicit scheme above.

A thin SVD is used for the matrix of snapshots to achieve the sought basis:

S = Udiag(�1, ..., �M)QT
, (13)

with �i denoting the singular values in decreasing order, �1 � �2 · · · � �M � 0. Both U and
Q consist of orthonormal vectors that satisfy

STSqj
= (�j)

2qj
, SSTuj = (�j)

2uj.

The columns uj of the matrix U 2 RN⇥M provide the desired basis vectors, also called the
empirical modes for the solution v. They are ordered correspondingly with �j .

The use of the reduced-order approach is justified when we connect the reduced-order dis-
crete solution z of size m 6 M to the high-fidelity discrete solution via the approximation

v ⇡ Urz, (14)
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where Ur denotes the submatrix of U consisting only of the first m columns of U and m ⌧ N .
Plugging this approximation into the original semi-discrete system makes it over-determined in
general. Indeed, denote the approximate residual at time level i as

Rr(z
i
) ⌘ (Ai

+N(Urz
i�2

,Urz
i�1

))Urz
i
��t

�1
i MUrz

i�1
� di

. (15)

Unlike the original high-dimensional model, this residual is not necessarily zero, due to non-
exactness of (14). Thus some form of projection is required to reduce the number of the resulting
equations, i.e., multiplication from the left by a full rank matrix of size m ⇥ N . We consider
two alternative approaches, namely a standard Galerkin (POD) projection as well as a Petrov-
Galerkin projection [6, 12].

3.1.1 Galerkin projection

Standard Galerkin projection uses left multiplication by some constant (time and state-
independent) matrix VT . The benefits of this approach stem directly from the fact that VT

is constant and allows for pre-assembly of various components of the reduced-order model that
do not require update at every time step. The drawback is in that such projection is not based
on an optimality criterion. Usually, a Bubnov-Galerkin approach is used in which V = Ur, but
we consider arbitrary full-rank V to allow some flexibility. The reduced-order model relying
on the Galerkin projection then takes the form

VT
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz
i
��t

�1
i VTMUrz

i�1
�VTdi

= 0, (16)

The above system will have a unique solution zi at every time step i, provided the matrix
VT

(Ai
+N(Urz

i�2
,Urz

i�1
))UT

r always remains non-singular. When V = Ur, this is equiva-
lent to Ai

+N(Urz
i�2

,Urz
i�1

) being non-singular. With initial conditions taken into account,
we obtain

8
><

>:

initial data v0 given,
VT

(Ai
+N0(v

0
))Urz

1
��t

�1
1 VTMv0

�VTd1
= 0,

VT
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz
i
��t

�1
i VTMUrz

i�1
�VTdi

= 0, i > 2

(17)

In the last equation above, the notation Urz
0 is simply used for the initial data v0 when i =

2. In the numerical experiments below, we will refer to (17) as the nonlinear POD (NPOD)
approximation.

3.1.2 Petrov-Galerkin projection

We next consider a Petrov-Galerkin projection following the GNAT approach from [12].
Unlike the Galerkin (NPOD) approach above, it is constructed directly from the minimization
considerations for the approximate residual at every time step. Considering (15), we pose the
following problem at step i:

zi = argmin

z2Rm
kRr(z)k

This problem is equivalent to a standard least-squares problem obtained through the left multi-
plication of equation (15) by the transpose of (A+N)U and setting the result to zero:

UT
r (A

i,T
+NT

(Urz
i�2

,Urz
i�1

))(Ai
+N(Urz

i�2
,Urz

i�1
))Urz

i
=

UT
r (A

i,T
+NT

(Urz
i�2

,Urz
i�1

))(�t

�1MUrz
i�1

+ di
)
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The above linear system for zi is typically solved through a Moore-Penrose pseudoinverse of
the rectangular matrix (A+N)Ur.

Analogous to the Galerkin reduced-order model, we construct the following reduced-order
initial value problem:

8
>>><

>>>:

initial data v0 given,
z1 = argmin

z2Rm

��
(A1

+N0(v
0
))Urz��t

�1
1 Mv0

� d1
��
,

zi = argmin

z2Rm

��
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz��t

�1
i MUrz

i�1
� di

��
, i > 2

(18)

We will refer to (18) as the nonlinear Petrov-Galerkin (PG-NPOD) approximation below.

3.1.3 Consistency

As mentioned above, consistency is a desirable property for projection-based reduced-order
models, since a consistent reduced order model will restore the fine-scale solution precisely
when the entire empirical basis is used (that is, there is no truncation, meaning Ur = U). It
can be shown that both the Galerkin (17) and Petrov-Galerkin (18) models are consistent under
suitable assumptions on the time step selection and invertibility of the iteration matrices.

3.1.4 Multiple variables

For systems of PDEs, involving more than one variable (such as, for example, the shallow
water system), it is a common strategy to collect separate snapshots sets for each of the solution
components, to have more control over reduction errors corresponding to certain variables. For
situations involving n variables, we construct n snapshot matrices Sj , 1 6 j 6 n, corresponding
to the same time instances, and apply the SVD procedure to each of them separately. The
calculated bases Uj are then grouped block-wise along the diagonal for the global basis U:

U =

0

BBB@

U1 0 · · · 0

0 U2 · · · 0

...
... . . . ...

0 0 · · · Un

1

CCCA
(19)

The truncation can then be done for each variable independently. In this case, when the whole
bases Uj are used for all of the variables in the reduced-order models a consistency result can be
shown for Galerkin projection via a constant, full-rank (not necessarily block-diagonal) matrix
VT and Petrov-Galerkin projection. This is due to the fact that every snapshot for the i-th
variable belongs to range(Ui) for all M time levels.

3.2 Hyper-reduction for Galerkin projection

For reduced models based on Galerkin projection, precomputation of the constant matrix fac-
tor VTMUr can be done only once before marching in time and therein be used for cheap multi-
plication by zi�1 in equation (17) at every time step. Precomputation (with scalar multiplication)
can also be done for the term VTAiUr. Unfortunately, the nonlinear piece VTN(Urz

i�2
,Urz

i�1
))Ur

requires recomputation in the original high-dimensional space and subsequent projection back
to the reduced space at every time step. Such computational burden, involving operations with
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complexity that scales linearly with the order N of the high-dimensional space, diminishes the
execution speedup achieved by state reduction. To overcome this performance issue, further
complexity reduction — this time applied to the terms calling for update at every step — is
required.

To achieve this, we will consider hyper-reduction [2, 6]. The hyper-reduction approaches we
consider rely on the same paradigm of expansion through a basis as we use for the solution state
itself. We begin by constructing an additional snapshot matrix T for the nonlinear portion of
the discrete residual during the offline stage. In the semi-implicit scheme (17), this corresponds
to the action of the nonlinear part of the left-hand-side (LHS) matrix on the state vector NUrz

i.
The aim of collecting these snapshots is to capture the range of the entire nonlinear portion with
a corresponding global, empirical (SVD) basis denoted as W. To be specific, during the run of
the state-reduced model with fixed basis Ur, the following snapshot set is accumulated during
M time steps:

TG
=

�
N0(v

0
)Urz

1
,N(v0

,Urz
1
)Urz

2
, . . . ,N(Urz

M�2
,Urz

M�1
)Urz

M
�

(20)

The empirical basis W is then found via SVD as TG
= Wdiag(�̄1, �̄2, ..., �̄M)

¯QT . With this
basis, we then attempt to approximate NUrz

i as

N(Urz
i�2

,Urz
i�1

)Urz
i
⇡ Wrc

i

via a time-dependent coefficient vector ci, where Wr is a column-reduced submatrix from
W. The best possible approximation of such type in the standard 2-norm is a projection ci =
WT

r N(Urz
i�2

,Urz
i�1

)Urz
i. This procedure, however, has no computational benefit, since it

employs the computation of the entire N -dimensional vector. Two ways to avoid this pitfall are
presented below.

As mentioned above, the two methods we consider for choosing ci are DEIM [13] and gappy
POD [14, 23]. Both rely on approximating nonlinearities at a collection of lw indices. DEIM
takes a collocation approach and uses the approximation

N(Urz
i�2

,Urz
i�1

)Urz
i
⇡ Wr(P

TWr)
�1 PTN(Urz

i�2
,Urz

i�1
)| {z }

cheap evaluation

Urz
i
.

where P is a sampling (or permutation) matrix. Gappy POD instead uses a least squares recon-
struction to approximate the nonlinear term as

N(Urz
i�2

,Urz
i�1

)Urz
i
⇡ Wr(P

TWr)
+ PTN(Urz

i�2
,Urz

i�1
)| {z }

cheap evaluation

Urz
i

Here (PTWr)
+ is the Moore-Penrose pseudoinverse. DEIM requires that the number of sam-

pling indices lw = nw, while gappy POD requires lw > nw. In the case of lw = nw, the
approaches are identical assuming the same set of indices are used [20].

Defining the matrix G = VTWr

�
PTWr

��1 or G = VTWr

�
PTWr

�+ in the case of
DEIM and gappy POD, respectively, we can write the hyper-reduced Galerkin model as

8
>>><

>>>:

initial data v0 given,
(VTA1Ur +GPTN0(v

0
)Ur)¯z

1
��t

�1
1 VTMv0

�VTd1
= 0,

(VTAiUr +GPTN(Ur¯z
i�2

,Ur¯z
i�1

)Ur)¯z
i
�

��t

�1
i VTMUr¯z

i�1
�VTdi

= 0, i > 2

(21)
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Note that we add an overbar to the variable z to distinguish the solution of the hyper-reduced-
order model (21) from that of the state-only reduced-order model in equation (17). We will refer
to equation (21) with DEIM as POD-DEIM below and POD-GPOD when the hyper-reduction
is done with gappy POD.

Remark 2. It can be shown that equation (21) with (20) using either DEIM or gappy POD is
consistent with respect to (17) given appropriate assumptions on the time step selection and
invertibility of the matrices VTAiUr+GPTN(Urz

i�2
,Urz

i�1
)Ur. That is, if the untruncated

basis W is used on place of Wr in matrix G in equation (21), then ¯zi = zi.

A fine-scale analog of (20) for the collection of nonlinearity snapshots can be used:

TG
fs =

�
N0(v

0
)v1

,N(v0
,v1

)v2
, . . . ,N(vM�2

,vM�1
)vM

�
(22)

Although it loses the consistency property and introduces irreducible error even if the untrun-
cated basis Wfs (obtained from an SVD applied to TG

fs) is used in the hyper-reduced model,
this strategy is computationally more economical because it does not require simulation of the
state-reduced (NPOD) model (17) with fixed Ur during the offline stage.

3.3 Hyper-reduction for the Petrov-Galerkin projection model

In this section, we follow the same hyper-reduction approach settling on the expansion of
the term being reduced through its empirical basis W and evaluating only a subset of its rows
specified by the matrix P. The hyper-reduction applied to the Petrov-Galerkin (PG-NPOD)
projection (18), however, differs from the Galerkin hyper-reduced model discussed above in
two ways. First, if we aim to drop dependence of complexity of the solution on the fine-scale
dimension, we are limited in our choice for the correct term to reduce. Second, the sufficient
conditions for consistency of reduction are more strict than for the Galerkin-based model and
in practice may be infeasible or at least impracticable. We consider these two issues below.

3.3.1 Proper choice of the reduction term

Assume we are aiming at performing hyper-reduction for the PG-NPOD model in equation
(18). Whether we solve this minimization problem via QR-decomposition or transforming to a
system of normal equations, the only way to reduce the computational complexity is by drop-
ping the size of the total LHS matrix. Consider, for example, QR-decomposition of the LHS
matrix in (18). If the reduction is performed on the vector NUrz

i only, the high dimension N

in the complexity of the QR-factorization process still emanates from the matrix Ai:

(Ai
+N(Urz

i�2
,Urz

i�1
))Urz

i
⇡ (Ai

+Wr(P
TWr)

+PTN(Urz
i�2

,Urz
i�1

))Urz
i

Therefore, the following reduction is proposed:

(Ai
+N(Urz

i�2
,Urz

i�1
))Urz

i
⇡ Wr(P

TWr)
+PT

(Ai
+N(Urz

i�2
,Urz

i�1
))Urz

i
.

Then, since Wr consists of orthonormal columns, the minimization problem

zi = argmin

z2Rm

��Wr(P
TWr)

+PT
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz��t

�1
i MUrz

i�1
� di

��

is equivalent to the problem

zi = argmin

z2Rm

��
(PTWr)

+PT
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz��t

�1
i WT

r MUrz
i�1

�WT
r d

i
��
,
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in which the high-dimensional cost is removed, since the matrix WT
r MUr is precomputed

before the time-integration and evaluation of PT
(Ai

+ N(Urz
i�2

,Urz
i�1

)) scales with the
number of sample rows of matrix Ai

+N(Urz
i�2

,Urz
i�1

).
Therefore, we are bound to record snapshots that are representative of the action of the whole

LHS matrix on the reduced state to gain consistency. Note that for the above least-squares
system to have unique solution, we require that nw > m, i.e., the number of columns of Wr

should be larger than or equal to the number of columns of Ur. For Galerkin-projection with
hyper-reduction, (21), no such restriction was required.

3.3.2 Proper choice of a snapshot set

Determining the consistency for a hyper-reduced version of (18) requires comparing the
state-reduced (PG-NPOD) solution

zi = argmin

z2Rm

��
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz��t

�1
i MUrz

i�1
� di

��

and

¯zi = argmin

z2Rm

��W(PTW)

+PT
(Ai

+N(Urz
i�2

,Urz
i�1

))Urz��t

�1
i MUrz

i�1
� di

��
.

For these solutions to be the same, we ask for the matrix of the first problem to be the same as
for the second one:

W(PTW)

+PT
(Ai

+N(Urz
i�2

,Urz
i�1

))Ur = (Ai
+N(Urz

i�2
,Urz

i�1
))Ur.

These conditions are fulfilled if we require that (Ai
+ N(Urz

i�2
,Urz

i�1
))Ur 2 range(W).

Therefore, while collecting snapshots during the run with M time steps of the PG-NPOD model
(18), we include columns of (Ai

+N(Urz
i�2

,Urz
i�1

))Ur at every time step into the snapshot
matrix:

TPG,c
=

�
(A1

+N0(v
0
))Ur, (A

2
+N(v0

,Urz
1
))Ur, . . . , (A

M
+N(Urz

M�2
,Urz

M�1
))Ur

�

(23)
The resulting Petrov-Galerkin, hyper-reduced scheme can then be written
8
>>>>><

>>>>>:

initial data v0 given,
¯z1 = argmin

z2Rm

��HPT
(A1

+N0(v
0
))Urz��t

�1
1 WT

r Mv0
�WT

r d
1
��
,

¯zi = argmin

z2Rm

��HPT
(Ai

+N(Ur¯z
i�2

, Ur¯z
i�1

))Urz�

��t

�1
i WT

r MUr¯z
i�1

�WT
r d

i
��
, i > 2,

(24)

where H = (PTWr)
+ denotes a general Moore-Penrose pseudoinverse of the lw ⇥ nw matrix

PTWr with m 6 nw 6 lw 6 N , and the index selection matrix P contains indices from either
DEIM or gappy POD.

Remark 3. The collection in (23) is the analog of snapshot selection strategy 3 in [12]. With it,
the semi-implicit Petrov-Galerkin approximation (24) can be shown to be consistent under the
assumption that (PTWr)

+PT
(Ai

+N(Urz
i�2

,Urz
i�1

))Ur remains non-singular and identi-
cal time step sizes are used for the state-reduced and hyper-reduced simulations.
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We will refer to (24) as PG-DEIM or PG-GPOD below, depending on the type of hyper-
reduction technique used.

In practice, the snapshot collection method in equation (23) may be too storage intensive. In
this work, we resort to a less expensive, though not necessarily consistent strategy that saves
the action of the matrix on the reduced state. In other words, we propose saving snapshots
of the matrix component of the residual inside the argmin operator already evaluated at the
minimizing state found from the state-reduced (PG-NPOD) model. This strategy is summarized
in form of a new snapshot matrix TPG:

TPG
=

�
(A1

+N0(v
0
))Urz

1
, (A2

+N(v0
,Urz

1
))Urz

2
, . . . ,

(AM
+N(Urz

M�2
,Urz

M�1
))Urz

M
� (25)

The fine-scale analog for this strategy, which is expected to be even less consistent but
cheaper, is

TPG
fs =

�
(A1

+N0(v
0
))u1

, (A2
+N(v0

,v1
))v2

, . . . , (AM
+N(vM�2

,vM�1
))uM

�
(26)

We conclude this section by noting that in case of more than one variable in a system of
PDEs, we can perform reduction for each component of the nonlinearity just as was done for
reduction of the state in §3.1.4.

4 Numerical experiments

To evaluate the Galerkin and Petrov-Galerkin reduced-order models detailed above, we con-
sider two classical test problems. The first is a one-dimensional Burgers equation example,
which we use to explore consistency of the reduction schemes in detail. The second is a well-
known circular dam break [19]. In both cases, the semi-discrete and discrete systems have the
same basic forms (9) and (11), respectively, with the caveat that the Burgers approximation only
involves the 11 block.

4.1 1D viscous Burgers equation

We begin with Burgers’ equation on the unit interval with constant initial and boundary data
8
>>><

>>>:

@u
@t

+

1
2
@u2

@x
� ⌫

@2u
@t2

= 0, x 2 (0, 1), t > 0

u(0, t) = 1, t > 0,

⌫

@u
@x

��
x=1

= 0, t > 0,

u(x, 0) = 0, x > 0.

(27)

For the computational mesh, we use N = 101 uniformly spaced nodes. We set the viscosity to
⌫ = 0.01 and time step to �t = 0.01.

4.1.1 Galerkin-based state reduction

We first perform a fine-scale run until T = 2 to collect the state snapshots. If we perform a
non-thin SVD on the snapshot set, we produce a basis U that reaches the fine-scale dimension
N . The singular values in log-scale are shown in Fig. 1. We also measure the relative error in
the state-reduced solution

"POD =

max

i
kvi

�Urz
i
k2

max

i
kvi

k2
(28)
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for each simulation. Fig. 2 plots "POD against the number of modes m for the state variable
u. The lowest error value achieved over the modal spectrum 1 6 m 6 50 is approximately
3.4 · 10

�5. The graphs of the fine-scale and Galerkin-based reduced-order (NPOD) solution are
shown for two instances of time in Figs. 3 and 4.

Figure 1: Singular values for state, u. Figure 2: "POD

Figure 3: Solution curves at t = 1 Figure 4: Solution curves at t = 2

4.1.2 Galerkin-based hyper-reduction

Next, the reduced-order model with hyper-reduction is investigated. During the fine-scale
run of the previous subsection, the nonlinearity snapshots

TG
fs = (N(v0

)v1
,N(v1

)v2
, · · · ,N(v199

)v200
)

were collected. During the state-reduced NPOD run with m = 10 modes (Ur 2 R101⇥10) we
additionally collected snapshots as shown:

TG
= (N(v0

)Urz
1
,N(Urz

1
)Urz

2
, · · · ,N(Urz

199
)Urz

200
)

Empirical bases were found via SVD and are denoted as Wfs and W, respectively. Their
singular values in log-scale are shown in Figs. 5 and 6.

DEIM and gappy POD sample index selection algorithms from [20] were applied to both, and
the hyper-reduced models were constructed and tested. During the hyper-reduced simulations,
the relative error between the hyper-reduced and NPOD solutions

"hyp =

max

i
kUrz

i
�Ur¯z

i
k2

max

i
kUrzik2

=

max

i
kzi � ¯zik2

max

i
kzik2

(29)

was recorded for varying Wr. The results are shown in Figs. 7 and 8.
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Figure 5: TG
fs singular values Figure 6: TG singular values

Figure 7: "hyp for TG
fs Figure 8: "hyp for TG

We observe the following. First, the consistency of the model with the fine-scale-based
snapshot set TG

fs is only achieved by reaching the fine-scale dimension for the nonlinearity,
which is a trivial case of consistency, since this corresponds to an isomorphic change of the
degrees of freedom. In other words, since the basis Wfs is less representative of the nonlinearity
recorded in TG than W, the error stagnates before the rank of the TG

fs is reached (the rank is
m = N � 1 due to the constant Dirichlet boundary condition, as is also confirmed by Fig. 5).
Second, the decay of the singular values toward machine precision at around nw ⇡ 32 for
TG, shown in Fig. 6 implies that the basis captures the nonlinearity throughout the simulation
at this number of modes. We then see the expected drop in error to machine precision with
nw ⇡ 32 when using TG as the snapshot set. Third, we see overall better accuracy of the gappy
POD hyper-reduction strategy as opposed to DEIM, which is consistent with the results in [20].
Qualitatively similar graphs were obtained when Ur had m = 5 and 20 columns for the state
reduction.

4.1.3 Petrov-Galerkin-based state reduction

We next consider the Petrov-Galerkin model without hyper-reduction (PG-NPOD). We use
the same bases U for the state v as for the NPOD model, i.e., those obtained during the fine-
scale run of (27) with final time T = 2. The solution curves obtained from the PG-NPOD model
(not shown) were comparable to those presented in Figs. 3-4, for 5, 10, and 20 modes. We
again calculated the relative L

1
(0, T ;L

2
)-error (28) for the changing number of state modes,

m, between 1 and 50. The lowest error value occurred when m = 50 and was equal to 3.4·10

�5.
For the relatively smooth solution behavior in Fig. 3–4, the differences in accuracy between the
NPOD and PG-NPOD approximations were negligible.
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4.1.4 Petrov-Galerkin-based hyper-reduction

We finally try hyper-reduction for the Petrov-Galerkin reduced model given by equation (24).
This time, we collected the nonlinearity snapshots TPG

fs via (26) from the fine-scale runs, and
TPG from (25) using m = 10 during the state-reduced (PG-NPOD) runs. From these, we again
used SVD to obtain the bases Wfs and W, respectively. The singular values are shown in
Figs. 9 and 10, respectively. The errors (29) coming from the runs of the hyper-reduced models,

Figure 9: TPG
fs singular values Figure 10: TPG singular values

PG-DEIM and PG-GPOD, are presented in Figs. 11 and 12. Note that in the figures, the modal
range starts with nw = m = 10, due to the restriction that the hyper-reduced model have a
unique least-squares solution.

Figure 11: "hyp for TPG
fs Figure 12: "hyp for TPG

Unlike the Galerkin-based models, here neither of the snapshot sets guarantees consistency,
unless the entire basis is exhausted. Indeed, the drop to machine precision for the fine-scale
snapshot set TPG

fs occurs only when the fine-scale dimension is reached. The basis Wfs with
gappy POD predicts the solution from the Petrov-Galerkin state-reduced model (PG-NPOD)
much better than when the DEIM technique is used. The results with TPG are much better
with both hyper-reduction techniques, although the DEIM error curve demonstrates a small
irreducible error even after reaching the effective rank of TPG, unlike gappy POD, which man-
ages to reach machine precision accuracy even though the snapshot set TPG is not (provably)
consistent.

4.2 2D shallow water

In this section, the FEM scheme from equation (9) discretized in time via (11) is used for the
simulation of an SWE problem, for which the geometry, topography, and the initial conditions
were taken from [19]. The domain is a square [0, 50] ⇥ [0, 50], meshed uniformly by 20,000
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equal triangles having sides 1/2, 1/2 and
p

2/2. This mesh generates Nn = 10201 nodes in
total, and that results in three times as many, i.e., N = 30603 degrees of freedom for the entire
FEM-discretized system. The topography function b ⌘ �1 throughout the domain with gravity
g = 9.81, and we additionally set ⌫ = 10

�4 for viscosity and nmn = 1.5 · 10

�4 for the Manning
coefficient. For the initial conditions, the elevation was given in a form of a cylindrical dam in
the center of the square. In terms of depth,

u

0
1 =

(
10, for

p
(x� 25)

2
+ (y � 25)

2 6 11,

1, otherwise

and u

0
2 = u

0
3 = 0. Finally, wall boundary boundary conditions were assumed on all four sides

The discontinuity implied by the initial condition is expected to be handled during the time
integration by the shock-capturing term that is incorporated in the scheme (9). As time evolution
develops, the dam breaks into a wave traveling radially from the center of the square, and then
reflects from the boundaries. The fine-scale simulation, as well as the subsequent reduced-order
simulations, were performed with �t = 0.005 until T = 5, which corresponds to 1000 steps.
The results of the fine-scale simulation for different time instances are shown in Figs. 13–16.
Since the depth in the fine solution remains bounded well away from 0 (the vacuum or dry state)

Figure 13: Initial depth Figure 14: Depth at t = 1.25

Figure 15: Depth at t = 3.5 Figure 16: Depth at t = 5(final time)

in the fine scale simulations, we require that the various model reduction techniques considered
maintain h > 0. Otherwise, we mark the simulation as failed, rather than engage a wetting and
drying routine.

During the fine-scale simulations, state snapshots, S, were collected separately for each solu-
tion component. The nonlinear snapshots TG

fs and TPG
fs were also collected separately for each

equation in the SWE system. We will use a superscript i = 1, 2, 3 to distinguish the snapshot
matrices when necessary below.
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While calculations were performed with both the Galerkin and Petrov-Galerkin reduced
models, we present only the Petrov-Galerkin results below for brevity. As before, the SVD
bases calculated from TPG

fs will be denoted Wi
fs with corresponding index 1 6 i 6 3, while

those from TPG will be denoted Wi.

4.2.1 State-reduced Petrov-Galerkin model

The solution snapshots for each of the three variables were decomposed via SVD to obtain
bases U1,U2,U3, all of size 10201 ⇥ 1000, for these variables respectively. The global basis
is then made of Ui placed along the diagonal block-wise, as in (19). We can then write the
PG-NPOD update at each time step as

0

@
z1
z2
z3

1

A
k

= argmin

z2R3m

�������

�
Ak

+Nk�1,k�2
�
Urz�

1

�tk

MUr

0

@
z1
z2
z3

1

A
k�1

�������
. (30)

The depth solution obtained from the PG-NPOD scheme with m = 50 is shown in Figs. 17 and
18, together with absolute values of the components of v1 �U1,rz1 for depth at the same time
instances. The similarity of Figs. 17-18 to the fine-scale solution Figs. 14-16 is apparent. The
relative error for the depth h = u1, L1 in time and L

2 in space, "POD, was 0.0504.

Figure 17: PG-NPOD solution at t = 1.25 Figure 18: PG-NPOD solution at final time t = 5

Figure 19: PG-NPOD absolute error at t = 1.25 Figure 20: PG-NPOD absolute error at t = 5

4.3 Hyper-reduction

Four scenarios in total were used for the hyper-reduction assessment of the Petrov-Galerkin
(GNAT-based) scheme. We considered: DEIM and gappy POD for TPG

fs computed from the
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fine-scale simulations as well as TPG computed from PG-NPOD simulations with m = 50

modes for each component of the state variable, u. In other words, we had a reduced basis for
each state component, Ui 2 R10201⇥50, i = 1, 2, 3. We used the same number of nonlinear
modes, nw, for each snapshot basis Wi and Wi

fs for i = 1, 2, 3, and 50 6 nw 6 1000. We
again measured the error (29) as before but for simplicity report only the error for the depth
variable, u1.

4.3.1 Petrov-Galerkin projection approximation

The DEIM method did not perform well for the bases Wfs. No simulation completed the
full simulation to T = 5 without violating the depth-positivity constraint for nw in the range
50 6 nw 6 1000. The results with using TPG were slightly better. Within the range 50 6 nw 6
1000 sampled in increments of 10, six runs successfully completed the simulation. The errors
for these runs are shown in Table 4.3.1. Note, the error values are multiplied by 100.

# of hyper-modes nw 210 230 520 550 650 740
error "hyp · 102 6.36 6.53 4.587 5.12 2.5 2.86

Table 1: "hyp for PG-DEIM using snapshots TPG

As with DEIM, gappy POD hyper-reduction for the fine-scale bases Wfs, did not produce
a simulation that completed to T = 5 without violating the positivity constraint. On the other
hand, gappy POD hyper-reduction using the bases W obtained from the PG-NPOD simulations
was significantly better, showing both higher accuracy and more robustness. The relative error,
"hyp, for 10 6 nw 6 1000 (sampled in multiples of 10) is shown in Fig. 21.

Figure 21: "hyp for the PG-GPOD model with varying number of empirical modes, nw

5 CONCLUSION

In this work, we presented a fine-scale scheme for the SWE based on a stabilized FEM
approximation and semi-implicit time integration. We then formulated reduced-order models
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for this approximation based on both Galerkin and Petrov-Galerkin projection. We introduced
hyper-reduction to the models via both DEIM and gappy POD techniques and considered alter-
native snapshot selection strategies and their consistency.

We performed two sets of numerical experiments to explore the schemes’ performance. Nu-
merical experiments for viscous Burgers equation clearly supported theoretical predictions con-
cerning consistency of both the Galerkin and Petrov-Galerkin frameworks. The shallow water
example was significantly more challenging but confirmed the trends observed in the Burgers
equation results. Specifically,

• Irreducible errors were observed in all scenarios when a basis generated from fine-scale
simulations directly was used.

• For Galerkin projection, the consistency predictions were confirmed by simulations with
untruncated bases that were constructed from NPOD computations.

• Gappy POD hyper-reduction was more robust than DEIM in both the Galerkin and Petrov-
Galerkin frameworks.

• The POD-GPOD and PG-GPOD approximations using snapshots TG and TPG, respec-
tively, are the best candidates for robust online solvers in sharp-front SWE problems like
the dam-break example considered here.
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Abstract. Recent advances in the simulation of shallow flows over mobile bed have shown

that accurate and stable results in realistic problems can be provided if an appropriate cou-

pling between the shallow water equations (SWE) and the Exner equation is performed. In

this way the computational cost may become unaffordable in situations involving large time

and space scales. Therefore, for restoring the numerical efficiency, the coupling technique is

simplified, not decreasing the number of waves involved in the Riemann problem but simplify-

ing their definitions. The effects of the approximations made are tested against experimental

data which include transient problems over erodible bed. The simplified model is formulated

under a general framework able to insert any desirable discharge solid load formula. Also,

the movement of poorly sorted material over steep areas constitutes a hazardous environmental

problem. Computational tools help in the understanding and predictions of such landslides.

The main drawback is the high computational effort required for obtaining accurate numerical

solutions due to the high number of cells involved. However, recent advances in massive par-

allelization techniques for 2D hydraulic models are able to reduce computer times by orders

of magnitude making 2D applications competitive and practical for operational flood predic-

tion in large river reaches. Moreover, high performance code development can take advantage

of general purpose and inexpensive Graphical Processing Units (GPU), allowing to run 2D

simulations more than 100 times faster than old generation 2D codes, in some cases.
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1 INTRODUCTION

Landslides play an important role in the evolution of landscape and constitute an important

environmental topic. They can be responsible for dramatic civil damages and that is the reason

why the building of defenses and barriers is required. The computational tools are a suitable

partner for developing a careful design of such elements. Over recent years, reliable predictions

of the spreading of granular material have been obtained [21, 22, 17, 3] and numerical results

have been validated with respect to series of experiments based on granular dry flows [?, 8, 23,

14, 15]. In particular, [19, 9] have recently presented a robust finite volume upwind scheme

which includes the presence of steep slopes leading to obtain promising results.

Under the presence of complex topography or the presence of hydraulic structures, the use

of 2D or 3D hydrodynamic models may be required. 2D depth averaged models are widely

accepted for most practical purposes in complex cases. These models provide predictions for

the water depth and the two-dimensional, depth averaged, flow velocity field at the cost of a fine

topographic representation. The bed evolution is frequently computed through the Exner equa-

tion. Asynchronous techniques are based on the assumption that morphodynamic time scales

are not relevant enough for altering the hydrodynamic variables within the interval of a com-

putational time step. Therefore, the fluid mass and momentum equations are solved apart from

(decoupled of) the Exner equation. Conversely, synchronous procedures assume that changes

in the morphodynamic and hydrodynamic quantities take place within the same time scale, i.e.

equations for both phases are solved at the same time and with the same time restriction. As

stated in [10], unsteady flows with a wide range of hydrodynamic and morphodynamic situa-

tions can only be properly tackled by means of a synchronous technique.

Once the forecasting capacity of the computational tool has been reached another important

concern is the improvement of the efficiency in terms of the computational cost. This type of

geophysical flow involves the study of huge domains where the accuracy of the results is tied to

the resolution of the Digital Terrain Model considered. Hence, a high number of cells is usually

needed in the simulation. For this reason, the hardware GPU emerges as a promising strategy

for handling this environmental and up to date problem.

In terms of scientific computation, the last four decades have followed Moore’s law [16]

where the number of transistors on a chip increased exponentially. This integration allowed to

obtain faster and faster applications just recompiling the code for this new processors. Unfortu-

nately, power has become the primary design constraint for chip designers, where both energy

and power dissipation create a technological barrier for the integration capacity [4]. Neverthe-

less, Multi-Core micro architecture together with an adequate programming model (OpenMP is

one of the most extended) brings a chance to exploit the parallelism of some parts of the code

[24]. Moreover, Multi-Core paradigm has a large power consumption rate when performing

small tasks and, for these purposes the Many-Core systems appears to be a very interesting op-

tion [2]. Many-Core architectures are those composed of smaller and not so complex cores that,

usually have special purposes. Industrial implementation of this solution has been obtained in

the field of Graphical Processing, where several efforts have been devoted to make more pow-

erful devices. Indeed, this technology has been historically oriented to a very particular task of

performing shading operations when rendering graphics. The purpose of the present work is to

apply this hardware to the simulation of hazardous and high time consuming geophysical flows.
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2 MATHEMATICAL MODEL

2.1 Equations

The mathematical model considered for reproducing the landslides phenomenon is based on

the shallow flow equations, where the general three-dimensional conservation laws are depth

averaged. The pressure distribution is considered hydrostatic and as frictional terms, only

Coulomb type friction forces are assumed so that the 2D hydrodynamic equations are written

in global coordinates as follows:

∂U

∂t
+
∂F(U)

∂x
+
∂G(U)

∂y
= Sτ + Sb (1)

where

U = (h, hu, hv)T (2)

are the conserved variables with h representing granular material depth in the z coordinate and

(u, v) the depth averaged components of the velocity vector. The fluxes are given by

F =
(
hu, hu2 +

1

2
gψh

2, huv
)T

G =
(
hv, huv, hv2 +

1

2
gψh

2

)T
(3)

with gψ = g cos2 ψ and ψ the direction cosine of the bed normal with respect to the vertical.

The physical basis of this gravity projection is explained in [9] and it is of utmost importance

for not ruining the numerical predictions when the simulation involves the presence of steep

slopes.

The term Sτ notes the frictional effects in the bed, and is defined as

Sτ =

(
0,−

τb,x
ρ
,−

τb,y
ρ

)T
(4)

with τb,x, τb,y the bed shear stress in the x and y directions respectively and ρ the density of

the granular mass. Since the geophysical flows considered in this work are dense, the main

rheological properties are governed by the frictional forces. These interactions between the

sand grains are computed by means of the Manning and/or Coulomb laws depending on the

case. The latter is based on the internal friction angle of the material, θb.On the other hand, the

term Sb is defined for gathering the information relative to the pressure force exerted over the

bottom.

Thanks to the hyperbolic character of (1) it is possible to obtain a Jacobian matrix, J
n

, which

is built by means of the flux normal to a direction given by the unit vector n, E
n
= Fnx+Gny,

J
n
=
∂E

n

∂U
=
∂F

∂U
nx +

∂G

∂U
ny (5)

whose components are

Jn =




0 nx ny
(gψh− u2)nx − uvny vny + 2unx uny
(gψh− v2)ny − uvnx vnx unx + 2vny


 (6)
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The eigenvalues of this Jacobian matrix constitute the basis of the upwind technique which

is detailed in the next subsection.

On the other hand, the bed evolution is modeled through the Exner equation, which is ba-

sically a movable bed continuity equation where the bed level time variations are due to the

solid fluxes which cross the control volume. In this work the authors only focus on highly

concentrated bed-load phenomena and, consequently, the 2D Exner equation is:

∂z

∂t
+ ξ

∂qs,x
∂x

+ ξ
∂qs,y
∂y

= 0 (7)

where ξ = 1

1−p
, p is the material porosity and qs,x, qs,y are the solid fluxes. They are computed

as a function of excess bed shear stress with respect to the critical value and taking into account

the bed shear stress direction. This bedload transport is often expressed through the following

dimensionless parameter:

Φ =
|qs|√

gψ(s− 1)d3m
(8)

where s = ρs/ρw is the ratio of solid material (ρs) over water (ρw) densities, and dm is the grain

median diameter. According to the numerical assessment performed in [9] the empirical Smart

(1984) formula is chosen for computing the dimensionless bedload discharge as follows:

Φ = 4 (d90/d30)
0.2 F S0.1θ1/2(θ − θSc ) (9)

where S is the velocity vector projected over the bed slope vector, as in [9], for distinguishing

between positive and negative sloping beds. On the other hand d90 and d30 are grain diameter

values for which 90% and 30% of the weight of a nonuniform sample is finer respectively. F is

the Froude number, θ is the dimensionless shear stress and θSc is the critical shear stress. This

formula is only applied when the shear stress is larger than the critical shear stress. Otherwise

there is no sediment transport.

2.2 Numerical method

The numerical scheme is constructed by defining an approximate Jacobian matrix J̃ at each k
edge between neighboring cells defined through the normal flux E

n
so that the volume integral

in the cell at time tn+1 is expressed as:

U
n+1
i = U

n
i −

NE∑

k=1

3∑

m=1

(λ̃−α̃− β̃−)mk ẽ
m
k lk

∆t

Ai
(10)

The superscript minus in (10) implies that only the incoming waves are considered for up-

dating the flow variables of each cell, defining λ̃− = 1

2

(
λ̃−

∣∣∣λ̃
∣∣∣
)

. Further, special care is

considered when calculating wet/dry fronts. The strategy proposed is based on enforcing pos-

itive values of interface discrete water depths coming from a detailed study of the Riemann

problem [18]. When they become negative, the numerical values of the friction and bed slope

source terms is reduced instead of diminishing the time step.

Equation (7) is also integrated in a grid cell Ωi. Using Gauss theorem:

∂

∂t

∫

Ωi

zdΩ +
∮

∂Ωi

qsndl = 0 (11)
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where qsn = (qs,xnx + qs,yny).
Assuming a piecewise representation of the variable z and that the second integral can be

written as the sum of fluxes across the cell edges, the bed level is updated as:

zn+1
i = zni −

NE∑

k=1

ξq∗sn,k
∆t lk
Ai

(12)

where:

q∗sn,k =

{
qsn,i if λ̃s > 0

qsn,j if λ̃s < 0
(13)

where qsn,i and qsn,j are the bed load discharge computed at the neighboring cells i, j, and λ̃s is

the numerical bed celerity estimated as:

λ̃s =
δqsn,k
δzk

(14)

with δqsn,k = qsn,j − qsn,i and δ(zk) = zj − zi.

2.2.1 Stability criteria

The explicitly updated conserved variables are defined through the fluxes obtained within

each cell, so, the computational time step has to be chosen small enough for ensuring a stabil-

ity region. Traditionally, the numerical stability has been controlled through a dimensionless

parameter, CFL,

∆t = CFL
min(χ)

max |λ̃m|
CFL ≤ 0.5 (15)

where χ is a relevant distance between neighboring cells [18] and λ̃m are the hydrodynamic

celerities. The stability criterion is revisited for including a discrete estimation of the bed celer-

ity, λ̃s, as in [10],

∆t = CFL
min(χ)

max |λ̃m, λ̃s|
CFL ≤ 0.5 (16)

With this numerical strategy, the stability condition takes into consideration the most restric-

tive numerical wave speed coming from the hydrodynamical and morphodynamical solvers.

The resulting global time step is used for updating the whole set of conserved hydrodynamic

and morphological variables in the system of equations.

3 NUMERICAL RESULTS

3.1 Landslide in a practical application

The test considered for the validation of the GPU implementation is based on a real topogra-

phy of a catchment [5]. The Arnas catchment is located in the northern Spain Pyrenees, in the

Borau valley, and has a surface of 2.84 km2, ranging in altitude from around 900 to 1340 meters.

Geologically, the catchment lies over Eocene flysch formations and has suffered land use and

coverage changes in recent decades, generating a mixed vegetation cover which ranges from

forest patches, dense and open shrubs, grassland cover and bare land. The assumption made by

the authors is that the part of the bare terrain is composed by poorly sorted material and the idea

674



P. Garcia-Navarro, J. Murillo, M. Morales-Hernandez, C. Juez and A. Lacasta

is to verify the maximum run out and potential consequences of a massive mobilization of that

material. In Figure 1 is plotted the fixed bed rock and onto it the moving granular material. Due

to the large dimensions of the catchment, the number of cells involved in the calculus is over

869000, making this type of phenomena a suitable candidate for GPU strategy.

Figure 1: Evolution of the depth with the velocity (m/s) at time t = 1s. (top-left), t = 2s. (top-right), t = 4s.
(bottom-left) and t = 54s. (bottom-right). The transparent element corresponds to the initial condition.

4 Computational load

The necessity of refined mesh for tests 1, 2 and 3 is justified by the important effect of the

bed slope in the phenomena and then, an accurate representation of the topography is required.

This means that the time-step length restricted by the CFL condition, is very low and then many

time-steps are required to complete the simulation. Moreover, each time-step has a very high

computational cost because of the number of cells. On the other hand, the last test case does

not require such refinement because of the uncertainty of the data acquisition. Indeed, the mesh

has been designed using the most accurate available LIDAR data for the topography, being the

resolution of 5mx5m.

In order to analyze the computational load of the numerical engine as well as the gain ob-

tained using both Single-Core and Multi-Core approaches, a sequential version using an Intel

Core i7 3770k@3.5 GHz is compared against an OpenMP (4 Threads) parallel version and a

GPU version without taking into account the improvements proposed on the paper (not op-

timized) and against an optimized version running on a NVIDIA Tesla c2075 GPU. All the

implementations have been tested in the previous four cases and the computational cost as well

as the speed-ups of the parallel versions are highlighted in Table 1 and in Figure 2.
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Taking into account both factors, small time-step size and high number of cells, the cost of

the simulations for the sequential version of the numerical engine for tests cases 1 2 and 3 is

three orders of magnitude larger than the real time. On the other hand, the parallel Multi-Core

version, with 4 cores of the same CPU, can accelerate the computation between 2.25 and 2.65
times. The GPU improves the simulation cost between 34.88 and 49.40 times compared with

the sequential version. Moreover, if the mesh is reordered, the computational cost is smaller

and a speed-up between 49.96 and 59.85 is obtained.

The main reason for discrepancies on the speed-up of cases 1, 2 and 3 against test case 4 is

that the number of calculations in the latter is higher compared with the number of calculations

for the other cases, i.e. there are more cells that satisfy h > 0 in test 4. Therefore, the more

cells are involved in the calculus, the larger speed-ups can be obtained with the GPU. This is

also described in [13].
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Figure 2: Computational time (upper) using logarithmic scale and speed-up (lower) for the compared implemen-

tations

Seq. 4 Cores GPU Std. GPU Opt

Case ncells t(s) t(s) sup t(s) sup t(s) sup

Test 1 319354 191.15 81.63 2.34 5.48 34.88 3.83 49.96

Test 2 458684 2274.13 912.94 2.49 64.03 35.52 45.59 49.89

Test 3 670940 5217.70 2319.48 2.25 140.68 37.09 104.12 50.11

Test 4 869149 22929.15 8657.59 2.65 464.16 49.40 383.13 59.85

Table 1: Detail of computational cost and speed-up for the compared implementations using the four cases.
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4.1 TOUS DAM BREAK

To test large spatial domains that require a high number of cells for flood warning/hazard

prediction the dam failure of Tous dam is proposed [1]. Tous dam is the last flood control

structure of the Júcar River basin in the central part of the Mediterranean coast of Spain. Dur-

ing the 20th and the 21st October 1982 a particular meteorological condition led to extremely

heavy rainfall. As a result the Júcar River basin suffered flooding all along and the Tous Dam

failed with devastating effects downstream. The first affected town was Sumacárcel, about 5

km downstream of Tous Dam, lying at the toe of a hill on the right bank of Júcar river [1].

The terrain is moderately mountainous and most of the buildings lie on a slope that partially

protected them from the flood. The ancient part of the village, however, is located closer to the

river course and was completely flooded, with high water marks reaching between 6 m and 7

m.

The DTM model used in this work was generated by CEDEX in 1998 [1]. From this infor-

mation a numerical mesh with 3 · 105 cells has been defined. This computational domain covers

most of the original DTM, starting just after the dam location and finishing approximately 1 km

downstream of Sumacárcel. The mesh has been refined in the dam area and in the village area

(Fig. 3) for providing an adequate resolution for the hydraulic structures and the buildings. It is

stressed that the decrease in the cell size leads to an increment in the simulation time since the

stability criterion is more restrictive. This is also described in [11].

Urban area

J
ú
car river

Flooding area

Figure 3: Detail of the simulation mesh at the village area nearby

The cause of the dam break was overtopping/dam-breaching, due to intense rainfall, and its

later erosion and collapse. The height of the dam crest was 98.5 m and before reaching this

level the discharge facilities of the dam were opened in order to evacuate the huge amount of

incoming water. To reproduce this situation, the authors have considered the water elevation

records together with the reservoir rating curves for simulating the spillway procedure, i.e. a

water discharge of 3568 m3s−1 is considered for obtaining the initial condition. Once the crest

level is reached, a dam breach starts and it causes the erosion and collapse process. Hence, an

outflow discharge emerging from the dam creates the traveling wave which is the responsible

for the flooding event, i.e. it is the key information for the prediction of this event. In previous

studies [1], since the morphodynamic change of the dam was not modeled, a tuning synthetic

discharge, based on several assumptions, was estimated. Finally, at the outlet boundary, down-

stream of the domain, the flow was let to exit freely without imposing any conditions, as no

information was provided.

On the other hand, following [1], a Manning coefficient of 0.030 sm−1/3 has been set for

the whole river bed reach and, additionally, an increased roughness coefficient of 0.1 sm−1/3

has been defined in two zones close to the village with dense orange trees. The mean sediment
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diameter involved in the erosion process has been set to 0.02 m. As the ground in the town area

was fully paved with concrete the flood did not erode it. The real time simulated has been 11.1

hours from the beginning of the dam overtopping.

In Fig. 4 the breach evolution of the dam is plotted at several times. The flow overtopping

causes the inception of the erosion at the front edge of the dam crest. As the breach increases in

size the flow is accelerated and a severe erosion occurs. Consequently, the water discharge in the

breach also augments. The earthfill material is grabbed by the flow and it is settled downstream

the dam creating a sediment tongue which migrates towards the riverbed. At the end of the

event the morphology of the dam area has changed completely and an important fraction of the

dam has been completely removed, which is in agreement with the photos taken after the event

and provided in [1].

Figure 4: Initial condition (Top-Left) and evolution of the erosion process at t=1.3 hours (Top-Right), t=2.7 hours

(Bottom-left) and at final stage (t=11.1 hours) (Bottom-right)

The evolution of the computed flooding can be seen in full plan view in Fig. 5 at times

t =0, 1.3, 2.7 and 11.1 hours considering the time t=0 when the water surface level inside the

reservoir has reached the dam crest and the overtopping is about to start. The flow advances

towards the village filling the riverbed capacity and, consequently, inundating the floodplain

areas nearby.

Thanks to the work described in [1], there are field data for the estimation of: (i) the maxi-

mum and minimum levels reached by the flood wave or (ii) a unique level for the water surface

at different locations within the town, for evaluating the quality of the simulations. This esti-

mation was performed considering a range of values within which it was completely ensured

that the water reached that level. The location of the gauging points is shown in Fig. 6. Figure

7 displays the water depth recorded at several locations in Sumacárcel village together with

the numerical predictions. There is a good agreement between the field data and the estimated

depth, since most of the probes reach the range, between the maximum and minimum, estimated

during the event. This agreement is attributed to the adequate simulation of the erosion process

at the Tous dam.

It is also important to highlight that, by coupling the hydrodynamic and the breach erosion

phenomena, less assumptions are required. This may be relevant in practical applications but is
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0.0   24.0  

2.5   5.0   7.5   10.0  12.5  15.0  17.5  20.0  22.5  
Water Depth (m)

Figure 5: Water depth evolution along the valley at times t=0, 1.3, 2.7, 11.1 hours from top to bottom

Figure 6: Detail of the location of the gauging points

costly in computational terms. For instance, in [1] a synthetic hydrograph based on a detailed

analysis of how the dam failed was proposed. However, thanks to the GPU capabilities it is pos-

sible to couple the hydrodynamics and the dam erosion for obtaining directly the hydrograph

which is the responsible for the later flooding event. In Fig. 8 both hydrographs, the synthetic
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Figure 7: Water depth numerical predictions at several locations in Sumacárcel village and estimated range pro-

vided in [1] for gauges 1, 2, 3, 4, 6, 7, 11, 12 and 15 (from top to bottom and from left to right), see Fig. 6

and the computed one in the dam-breach, are plotted. It is remarkable that the peak discharge

observed by means of the simulation, Qpeak= 14568.09 m3s−1, is very close to the peak dis-

charge estimated in [1], where Qpeak= 15000 m3s−1. Conversely, the computed discharge is

less sustained in time. This difference is probably because the inlet tributaries of the reservoir

have been neglected. Since this effect has not been taken into account, in [1] there is not a fair

estimation of the magnitude of these inlet tributaries, only the water contained in the reservoir

at the beginning of the event is allowed to outflow in the simulation.

The evolution of the dam-breach is also plotted in Fig. 8 using the same cross section used

to evaluate the discharge. It can be observed that most of the process has occurred within the

first 1500 s, i.e. during the peak discharge. After t=1500 s changes in bed morphology are less

violent.
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Figure 8: (Left) Comparison of the hydrograph generated due to the dam failure using the presented implemen-

tation against the hydrograph estimated in [1]. Simulated window is highlighted considering the time interval

between t = 0 and t = 11 hours. (Right) Evolution of the dam-breach from t = 0 to t = 0.41 hours (peak

discharge) each 0.07 hour and t = 11.0 hours (final state)

The execution time is summarized in Table 2. In this case, only the parallel CPU version has

been benchmarked due to the huge execution time required for the single-core CPU version.
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Table 2: Detail of execution time and speed-up for the compared implementations

4 Cores GPU

t t Sup
207 h 7 min 8h 7 min 25.25

The GPU reduces the simulation effort 25 times compared with the 4-Core version allowing

an efficient simulation and accurate prediction. It is important to take into account that, in

this case, the improvement has been increased compared against the previous cases where the

GPU accelerates the computation of the OpenMP solution in a 20 factor. This effect has been

previously reported in hydrodynamic simulation in [12] and it is due to the large number of

elements included in the calculation. Thanks to the GPU capabilities it has been affordable to

locally refine the mesh in the breach area and provide an adequate design for the initial breach

which provides the dam-breaching discharge. Therefore, several possibilities can be addressed

in the same day which is a noticeable advance when comparing with the computational effort

based on CPU.
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6 CONCLUSIONS

• The new opportunities given by the GPU implementation have been described for the

analysis of several situations where the morphodynamic effects are relevant.

• For this purpose, the shallow water equations in combination with the Exner equation

have been discretized in Finite Volumes and the numerical schemes implemented to run

on a GPU card.

• This model allows to properly represent the propagation of bed and surface waves over re-

alistic bathymetries in affordable computation time even when considering large domains

and retaining a high level of accuracy.

• Unstructured meshes have been considered, since this grid topology is the only one which

avoid misleading preferential flow directions.

• The computational times have been compared with those obtained when considering

Single-Core and Multi-Core processors. The GPU implementation and specially, the

application of cell and wall ordering algorithms, have driven to obtain noticeable im-

provements in the speed-up of the test cases. The GPU implementation provides a peak

speedup of 50.

• This saving of time allows to address large-number-of-cells, large-time and large-space

scenarios, strengthening preventive measures and enhancing response capacities.

• This opens the possibility of facing the sediment transport analysis in a particular location

for several years or the geomorphological changes in domains of a regional-size.
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Abstract. The solution of the non-hydrostatic compressible Euler equations using Weighted Es-
sentially Non-Oscillatory (WENO) schemes in two and three-dimensional unstructured meshes,
is presented. Their key characteristics are their simplicity; accuracy; robustness; non-oscillatory
properties; versatility in handling any type of grid topology; computational and parallel effi-
ciency. Their defining characteristic is a non-linear combination of a series of high-order re-
construction polynomials arising from a series of reconstruction stencils. In the present study
an explicit TVD Runge-Kutta3rd-order method is employed due to its lower computational re-
sources requirement compared to implicit type time advancement methods. The WENO schemes
(up to5th-order) are applied to the two dimensional and three dimensional test cases: a 2D ris-
ing thermal bubble. The scalability and efficiency of the schemes is also investigated.

684



Panagiotis Tsoutsanis, Dimitris Drikakis

1 Introduction

Understanding the atmospheric processes both qualitatively and quantitatively on regional
and global scales is of great value for scientists and policy decision makers. Tools utilised by
the scientific community to gain insight into the complex atmosphere-climate system, include
the numerical weather prediction (NWP) and climate models. The main objective is to accu-
rately simulate weather and climate variations, trends, patterns etc. All the models utilised for
this purpose have a distinctive component in common, thedynamical core, which solves the
fluid dynamics equations. In other words, it is the model component that drives atmospheric
motions, hence with a profound impact on the accuracy of the predictions. The leap occurring
in computing processing power the last decade, provides a motivation to resolve atmospheric
processes on finer scales and higher resolution than happened before. There is currently a trend
of either enhancing the majority of the dynamical cores of established models or develop new
dynamical cores that utilise highly sophisticated algorithms or set of equations that are tailored
for finer resolution simulations in larger computing facilities. A number of initiatives have been
taken to address this bottleneck and develop the next generation of dynamical cores. Such ini-
tiatives include the UK Met Office and European Centre for Medium-Range Weather Forecasts
Even Newer Dynamics for General Atmospheric Modelling of the Environment (ENDGame)
[51]; the National Center for Atmospheric Research High-Order Methods Modelling Environ-
ment [34]; the National Oceanic and Atmospheric Administration AM3 model [35] and the
Nonhydrostatic Icosahedral Model (NIM) [36]; the Frontier Research Center for Global Change
Nonhydrostatic Icosahedral Atmospheric Model, (NICAM) [41]; the Non-hydrostatic Unified
Model of the Atmosphere (NUMA) [17]; and the Max Planck Institute for Meteorology and
Deutscher Wetterdienst ICOsahedral Non-hydrostatic general circulation models, (ICON) [31].

This paper focuses on the the numerics of the dynamical core aspect of atmospheric mod-
els employed for weather and climate predictions for well established test cases. Since high
performance computing systems enable the analysis on finer scales and higher resolution, the
topography should be efficiently and accurately represented, a property typical for unstructured
grids. In the past, finite volume numerical methods have been introduced in the structured
grid context resulting in robust schemes that enjoyed a wide recognition in various disciplines,
including the weather and climate prediction community, e.g. [27, 28, 45].

The first generation numerical methods for unstructured grids exhibited lower accuracy and
were computationally more demanding than structured grids. However, the numerical methods
for unstructured grids have matured and numerous elegant approaches [10, 11, 18, 21, 29, 37,
39, 47, 49, 50, 56–58] and algorithms have been developed in the finite volume framework
for a wide range of applications for Computational Fluid Dynamics(CFD). Other state-of-the-
art approaches are also available, such as the Discontinuous Galerkin (DG) [6, 7, 11, 52, 57,
64], and Spectral Finite-Volume (SFV) methods [5, 53–55, 58, 63] that have been successfully
applied for CFD applications. For the finite volume framework the first class of high-resolution
methods developed for unstructured grids included the ENO type schemes [1, 46], followed by
the WENO type schemes [13, 23, 42, 43]. In the WENO case, the high-order accuracy was
achieved by non-linearly combining a series of high-order reconstruction polynomials arising
from a series of reconstruction stencils. Recently, a class of WENO type methods [47, 49]
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has been successfully extended to hybrid unstructured mesheswith various geometrical shapes
such as tetrahedrals, hexahedrals, prisms, and pyramids. The schemes can achieve the very high
order of spatial accuracy across interfaces between cells of different types, and at the same time
essentially non-oscillatory profiles are produced for discontinuous solutions. This gives greater
flexibility to handle complex geometrical shapes in an efficient and accurate manner.

For the atmospheric dynamics there is also an overwhelming number of recent state-of-
the-art approaches that utilise high-order schemes for either structured grid or unstructured
dynamical cores [4, 7, 14, 15, 24, 30, 32, 44, 59–61]. Regarding the high-order schemes (higher
than 3rd order of spatial accuracy) for unstructured dynamical cores all of the approaches are
based on the Discontinuous Galerkin framework and the Lagrange-Galerkin Spectral Element
Method[7, 15, 26, 32, 60]. The fact that WENO schemes have been successfully applied to a
range of smooth and discontinuous flows [10, 11, 50], including the Reynolds Averaged Navier
Stokes (RANS) equations [2, 3, 8], motivates the application of these schemes in the context of
non-hydrostatic Euler equations.

The aim of this paper is to assess the performance and suitability of WENO-class higher-
order finite volume schemes in conjunction with unstructured meshes for well established test
cases for non-hydrostatic Euler equations. The schemes can be used in any type of conforming
grids.

The paper is organised as follows. In Section 2 the governing equations of a dry non-
hydrostatic atmosphere are presented. Section 3 outlines the spatial discretisation techniques
WENO reconstruction, numerical fluxes, source terms and temporal discretisation. The results
obtained with various schemes for different test cases, including discussion on the parallel per-
formance, are presented in Section 4 . Section 5 summarises the conclusions drawn from the
present study.

2 Governing Equations

The compressible inviscid Euler equations employed by the CFD community where mass,
momentum and total energy are the conserved quantities, are rarely used for atmospheric stud-
ies, with a few notable exceptions [16]. The primary reason for not being that common in atmo-
spheric studies is the additional computational step required to compute potential temperature
from total energy. However, the benefits of using these set of equations are their formally con-
servative nature as reported in [16]. The compressible non-hydrostatic Euler equations without
moisture effects are considered in the following form:

∂

∂t
U+

∂

∂x
F(U) +

∂

∂y
G(U) +

∂

∂z
H(U) = S , (1)

whereU is the vector of the conserved variables,F, G, H are the flux vectors inx, y andz
directions of Cartesian coordinates andS is a gravity source function given by
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U =




ρ
ρu
ρv
ρw
E



, F =




ρu
ρu2 + p
ρuv
ρuw

u (E + p)




H =




ρw
ρwu
ρwv

ρw2 + p
w (E + p)



, G =




ρv
ρvu

ρv2 + p
ρvw

v (E + p)



.

S =




0
0
0

−ρg
0



.

whereρ is density;u, v, w are the velocity components in thex, y andz directions of Carte-
sian coordinates, respectively;p is pressure;E = ρcvT + (1/2)ρ(u2 + v2 + w2) + ρgy is the
total energy per unit mass;γ is the ratio of specific heats;g the gravitational constant;gy is
the geopotential height;T is the temperature;R = cp − cv is the gas constant, wherecp is the
specific heat at constant pressure andcv is the specific heat at constant volume. The ideal gas
law is used withγ = 1.4 throughout this work, with the pressurep given by

p = ps

(
ρRθ

ps

)γ

, (2)

whereps is the atmospheric pressure at sea level, andθ is the potential temperature

θ =
T

π
, (3)

with π being the Exner pressure provided by the following expression

π =

(
p

ps

) R

cp

. (4)

The following equations relate the Exner pressureπ to the densityρ, and the potential temper-
atureθ to the total energy per unit massE:

ρ =
ps
Rθ

π
cv

R , (5)

and

E = ρcvθπ + (1/2)ρ(u2 + v2 + w2) + ρgy. (6)
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The Exner pressure and potential temperature can be split in their mean and perturbed parts
as follows

θ (x, y, z, t) = θ̄ (y, t) + θ′ (x, y, z, t) , (7)

and

π (x, y, z, t) = π̄ (y, t) + π′ (x, y, z, t) , (8)

where the hydrostatic balance of their mean values is given by

cpθ̄
dπ̄

dy
= −g. (9)

Integrating in space over a mesh elementVi , the following semi-discrete finite-volume
method is obtained

d

dt
Ui +

1

|Vi|

∮

∂Vi

FndA = Si , (10)

and using the rotational invariance property of the Euler equations [48]

Fn (U) = F (U)nx +G (U)ny +H (U)nz = T
−1

F (TU) , (11)

wheren = (nx, ny, nz) is the outward unit normal vector;Ui(t) are the cell averages of the
solution at timet; Fn is the projection of the flux tensor on the normal direction;T is the
rotation matrix; andT−1 its inverse [48] ; and the source termSi is given by

Si =
1

|Vi|

∫

Vi

S(x, y, z, t)dxdydz, (12)

Assuming that the element’s surface consists ofL faces, with the spatial indexi being omitted
for simplicity,

∂Vi =
L∑

j

Aj ,

(nj denoting the outward unit vector for faceAj), then the integral over the element boundary
∂Vi can be split into the sum of integrals over each face, resulting in the following expression:

d

dt
Ui = Ri, (13)

where

Ri = −
1

|Vi|

L∑

j=1

∫

Aj

Fn,jdA+ Si = −
1

|Vi|

L∑

j=1

Kij + Si.

The numerical fluxKij corresponding to facej of the cellVi is the surface integral of the
projection of the tensor of fluxes ontonj. In a numerical method the exact integral expression
for the numerical fluxKij for the facej of a cell Vi is approximated by a suitable Gaussian
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numerical quadrature where the wall bounded elements quadrature points are depicted with
different color corresponding to different weights

Kij =
∫

Aj

Fn,jdA =
∑

β

Fn,j (U(xβ , t))ωβ|Aj|, (14)

where the subscriptβ corresponds to different Gaussian integration pointsxβ and weightsωβ

over the faceAj .

3 Numerical Framework

In this section the numerical framework for the solution of the compressible non-hydrostatic
Euler equations is presented with respect to spatial and temporal discretisation.

3.1 Spatial discretisation

The spatial discretisation is based on the approach of [47, 49], which is suitable for unstruc-
tured meshes with various types of element shapes in 2D and 3D, and it has been previously
used successfully for laminar, transitional and turbulent flows [50]. Therefore, only the key
characteristics of this approach are going to be described in this paper. The first step in the ap-
proximation of the governing equations concerns the spatial discretisation of the domainΩ⊂R

3

into E number of conforming elementsVi, with the indexi ranging from 1 toE number of
elements. The elements can be any combination of hexahedrals, pyramids, prisms, and tetra-
hedrals as shown in Figure 1 in 3D, and triangles or quadrilaterals in 2D. It must be noted
that the present WENO schemes are not limited by conforming meshes since they can be used
with non-conforming meshes which brings additional benefits such as adaptive mesh refinement
[12].

The combination of all elements in the spatial domain is given by

Ω =
E⋃

i=1

Vi. (15)

In the context of the finite volume framework that is employed in the present study, the data
is represented by cell averages of conserved variableu(x, y, z) in each elementVi

ui =
1

|Vi|

∫

Vi

u(x, y, z) dV, (16)

where|Vi|is the volume of the element. To achieve high-order, accurate spatial discretisation,
high-order accurate point-wise values of the solution need to be recovered from the cell aver-
ages. The reconstruction problem can thus be reformulated as follows: For a target cellV0 we
build a high-order polynomialpi(x, y, z) that has the same cell average asu on the target cell

ui =
1

|Vi|

∫

Vi

u(x, y, z) dV =
1

|Vi|

∫

Vi

pi(x, y, z) dV. (17)
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The point-wise values of the conserved variableu in each cell are approximated by a poly-
nomial of a desired order of accuracyr. The polynomial uses the cell averages ofu(x, y, z) on
the target cellVi as well as averages̄um from neighbouring cells,Vm. The key

3.1.1 Reconstruction algorithm

The main steps for the reconstruction process are the following:

1. For all the non tetrahedral cells the cell is decomposed into tetrahedral elements. It must
be stressed that the decomposition to tetrahedral cells, is done only for the transformation
purposes to the reference space in order to remove any scaling effect of the least square
system to be solved.

2. Choose one of the resulting decomposed elements.

3. Transform the chosen decomposed element from the physical space described by the
Cartesian coordinatesx, y, z into a reference space described byξ, η, ζ .

4. Based on the Jacobian matrix of the transformation of the chosen decomposed element,
map the coordinates of the entire element into the reference space described by coordi-
natesξ, η, ζ .

5. Based on the same Jacobian, all the elements in the stencil are transformed to the ref-
erence space and their volumes, and barycentres positions are recomputed in the new
reference space.

Let vij, j = 1, 2, . . . Ji be the vertices of the considered (general) element, which can be either
tetrahedral, hexahedral, prismatic or pyramidal. Let alsow1 = (x1, y1, z1), w2 = (x2, y2, z2),
w3 = (x3, y3, z3), w4 = (x4, y4, z4) be the four vertices of one of the tetrahedrals of this
element. Obviously, these vertices are between thevij ones. The transformation from the
Cartesian coordinatesx, y, z into a reference spaceξ, η, ζ is given by the following equations



x
y
z


 =



x1
y1
z1


+ J ·



ξ
η
ζ


 , (18)

with the Jacobian matrix given by

J =



x2 − x1 x3 − x1 x4 − x1
y2 − y1 y3 − y1 y4 − y1
z2 − z1 z3 − z1 z4 − z1


 . (19)

Using an inverse mapping the elementVi can be transformed to the elementV ′
i in the refer-

ence co-ordinate system

v
′

ij = J−1 · (vij −w1) , j = 1, 2, . . . Ji. (20)
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The spatial average ofu(x, y, z) does not change during transformation

ūi =
1

|Vi|

∫

Vi

u(x, y, z) dV ≡
1

|V ′
i |

∫

V ′

i

u(ξ, η, ζ) dξdηdζ. (21)

For performing the reconstruction on the target elementVi, we form the central reconstruc-
tion stencilS as described previously, consisting ofM+1 elements, including the target element
Vi

S =
M⋃

m=0

Vm, (22)

where the indexm refers to the local numbering of the elements in the stencil, with the ele-
ment with index0 being the considered celli. Therth order reconstruction polynomial at the
transformed cellV ′

0 is sought as an expansion over local polynomial basis functionsφk(ξ, η, ζ)
:

p(ξ, η, ζ) =
K∑

k=0

akφk(ξ, η, ζ) = ū0 +
K∑

k=1

akφk(ξ, η, ζ), (23)

whereak are degrees of freedom and the upper index in the summation of expansionK is
related to the order of the polynomialr by the expressionK = 1

6
(r + 1)(r + 2)(r + 3)− 1 for

3D andK = 1

2
(r+1)(r+2)−1 for 2D . The conservation condition (16) imposes an important

constraint on the basis functions: they must have zero mean value over the cellV ′
0 . On purely

tetrahedral meshes hierarchical orthogonal reconstruction basis functions [10, 57], defined on
the reference element, satisfy this requirement automatically. Since our general cells are not
necessarily transformed onto a unit tetrahedron or cube, we need to construct basis functionsφk

in such a way that the condition is satisfied identically, irrespective of the degrees of freedom.
The basis functions are defined as follows:

φk(ξ, η, ζ) ≡ ψk(ξ, η, ζ)−
1

|V ′
0 |

∫

V ′

0

ψk dξdηdζ, k = 1, 2, . . . (24)

Any type of orthogonal polynomial basis function can be utilised; however, in the present
study generic polynomial basis functions are used

{ψk} = ξ, η, ζ, ξ2, η2, ζ2, ξ · η, ξ · ζ, ζ · η, ξ · η · ζ . . .

To find the unknown degrees of freedomak for each cellV ′
m from the stencil the cell average

of the reconstruction polynomialp(ξ, η, ζ) must be equal to the cell average of the solutionūm:

∫

E′

m

p(ξ, η, ζ) dξdηdζ = |V ′

m|ū0 +
K∑

k=1

∫

V ′

m

akφk dξdηdζ = |V ′

m|um, m = 1, . . . (25)

Denoting the integrals of the basis functionk over the cellm in the stencil, the vector of
right-hand side byAmk andb are given by
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Amk =
∫

V ′

m

φk dξdηdζ, bm = |V ′

m|(ūm − ū0)

We can rewrite the equations for degrees of freedomak in a matrix form as

K∑

k=1

Amkak = bm, m = 1, 2, . . .M. (26)

The three-dimensional integrals on the left-hand side of (26) are calculated using Gaussian
quadratures of appropriate order. In general, to compute the degrees of freedomak we need at
leastK cells in the stencil, different from the target cellE0 . However, the use of the minimum
possible number of cells in the stencilM ≡ K results in a scheme which may become unstable
on general meshes [9, 21, 22, 49]. It is, therefore, recommended to use more cells in the stencil
than the minimum required number. Although it is usually sufficient to use 50% more cells, for
mixed-element meshes it is safer to increase the stencil further. We typically selectM = 2 ·K .

Since the resulting system becomes over-determined, the least-square procedure is invoked
to solve it. The least-square reconstruction is obtained by seeking the minimum of the following
functional

F =
M∑

m=1

wm ·

(
K∑

k=1

Amkak − bm

)2

,

where the weightswm are squared reciprocals of the distance between cellsE ′
0 andEm. The

advantage of the weighted least square reconstruction is that the influence of the data further
from the consideredE ′

0 is reduced, although a central least square reconstruction is materialised
with the weightsωm being equal to unity. Minimisation ofF gives a linear system for finding
ak :

K∑

k=1

Ckak =
M∑

m=1

Amp wmbm, Ck =

(
M∑

m=1

wmAmkAmp

)
, p = 1, . . .K (27)

A QR decomposition method is employed to solve this system of equations. The coefficients
of the resulting linear symmetric matrix A are pre-computed and stored for each element dur-
ing the pre-processing stage of the calculation, thus increasing the computational efficiency of
the method. If the mesh was to be refined these would automatically require the need to re-
compute and store this matrix. Having solved numerically the linear system, we can form the
reconstruction polynomial (23).

3.1.2 WENO reconstruction

The main characteristic of the WENO reconstructions is the use of reconstruction polyno-
mials from several different stencils and their combination in a non-linear manner. In WENO
schemes the actual reconstructed value is a convex combination of reconstructed values from
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stencils, with nonlinear (solution-adaptive) WENO weights [23, 42, 62]. These nonlinear
weights are constructed from the linear (constant) weights by taking into account the smooth-
ness of the solution in each of the reconstruction stencils. The resulting methods are uniformly
high-order accurate, while maintaining non-oscillatory behaviour in regions with sharp gradi-
ents. The WENO reconstruction used in the present study is based on the implementation of
[49], where the reader is referred to for further details.

3.1.3 Numerical fluxes and Source term

Since for each computational cell the point-wise values of the conserved vectorU are re-
placed by high-order reconstruction polynomials the numerical flux for the faceAj of cell Vi
is discontinuous at each Gaussian pointβ. The valuesU−

β andU+
β correspond to the recon-

structed value of cellVi and its adjacent neighbourVi′. In upwind finite-volume methods the
discontinuity is replaced at each Gaussian integration point by using a monotone function of
left and right boundary extrapolated values so that (14) can be re-written as

Kij ≈
∑

β

Fn,j

(
U

−

β ,U
+
β

)
ωβ|Aj |. (28)

The functionF̃n,j

(
U

−

β ,U
+
β

)
is the Riemann solver [48]. Employing the rotational invariance

property of the Euler equations [48], for each faceAj the normal projection of the flux tensor
Fn,j is replaced by

Fn,j = T
−1
F (TjU) , (29)

whereTj is the rotation matrix for facej. Re-writing (28) forKij gives

Kij =
∑

β

Fn,j

(
U

−

β ,U
+
β

)
ωβ|Aj| =

∑

β

T
−1

F

(
ÛL, ÛR

)
ωβ|Aj|, (30)

whereÛj is the rotated conserved variable and

ÛL = TjU
−

β , ÛR = TjU
+
β .

The flux function for the Gaussian pointβ results in the one-dimensional Riemann initial value
problem

∂

∂t
Û+

∂

∂s
F̂ = 0, F̂ = F(Û), Û(s, 0) =

ÛL, s < 0,

ÛR, s > 0
(31)

In the present study the HLLC Riemann solver of Toro [48] is employed. The numerical
source termSi is approximated by using a Gaussian quadrature rule of the same order of accu-
racy as the order of the polynomial of the reconstruction

Si ≈
1

|Vi|

∑

β

S(xβ , yβ, zβ, t)wβ, (32)

wherexβ, yβ, zβ is the volumetric Gaussian quadrature points andwβ is the Gaussian weights
of r-order of accuracy.

693



Panagiotis Tsoutsanis, Dimitris Drikakis

3.2 Temporal discretisation

Having constructed the numerical fluxesFn,j as expressed in the semi-discrete conservative
formulation, the next step involves the advancement of the solution in time. The explicit SSP
Runge-Kutta3rd-order method [19] has been employed for the time integration

Ui

1 = Ui

n +∆t ·Ri (Ui

n)

Ui
2 = 3

4
Ui

n + 1

4
Ui

1 + ∆t
4
·Ri (U

1)

Ui
n+1 = 1

3
Ui

n + 2

3
Ui

2 + 2∆t
3

·Ri

(
Ui

2
)





(33)

with Ri given by (13).
The time step∆t is computed as follows

∆t = K min
i

hi
Si · Vi

, (34)

wherehi is the radius of the inscribed sphere of each celli andVi its corresponding volume,
K ≤ 1/3 is the CFL number for unsplit finite-volume schemes [48] , andSi is the maximum
propagation speed in each celli given by

Si = spx · nx + spy · ny + spz · nz, (35)

where

spx = |u+ a| , , spy = |v + a| , spx = |w + a| ,

with n = (nx, ny, nz) being the outward unit normal vector anda is the speed of sound.

4 Results

This section presents the results obtained with the WENO schemes for a series of 2D and 3D
test cases of a non-hydrostatic atmosphere.

4.1 2D Robert Smooth Bubble

After its introduction [40], the Robert smooth bubble problem is considered as a standard
benchmark in NWP. The evolution of a warm bubble in a constant potential temperature en-
vironment is investigated, and since the bubble is warmer than the ambient air, it rises and
due to shearing motion it forms a mushroom shaped structure as shown in Figure 3. The two-
dimensional, non-hydrostatic compressible Euler equations (1) are numerically solved in the
computational domain1000m × 1500m with t ∈ [0, 800] s with no flux boundary conditions.
The initial condition [40] corresponds to a warm bubble centered at(500, 260)m, in hydrostatic
balance, and a perturbation of the potential temperature to trigger the movement of the warm
bubble as follows:
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θ′ =

{
0 for r < rc

0.25
(
1 + cos

(
πr
rc

))
for r ≥ rc

,

wherer is the distance from the centre of the bubble

r =
√
(x− xc)

2 + (z − zc)
2,

whereπ is the trigonometric constant;rc = 250m is the radius of the bubble; and the potential
temperaturēϑ is constant at300K. The unstructured meshes used consist of arbitrary triangular
elements as shown in Figure 2 and have resolutions of25m and6m. The WENO3and WENO5
schemes using characteristics based reconstructions are used, with a CFL number of0.9.

From the obtained computational results as shown in Figure 3 and Figure 4 it can be noticed
that long-wave oscillations of the interface occur forming smaller vortices, the spatial symmetry
of the solution is completely lost and that higher-order WENO schemes resolve more of these
small scale vortices.

Regarding the long-wave oscillations of the interface it can be attributed to the the shear flow
interaction between the interface and the surrounding unperturbed air, which in turn give rise to
the Kelvin-Helmholtz instabilities that lead to turbulent structures. There have been numerous
extensive numerical experiments [20, 33, 40, 60] to investigate this problem and to date the
exact solution remains unknown.

The spatial symmetry of the solution is lost due to the fact that the mesh is not symmetric, the
initial profile is approximated by a Gaussian quadrature rule of the same order as the polynomial
order used for the reconstruction, and finally due to the multidimensional reconstruction of the
present algorithms. The fact that each time the mesh is refined, or a higher-order scheme (due
to the Gaussian quadrature) is used the initial perturbations change slightly. In return these
perturbations according to [20] grow exponentially in time, hence the perturbations have larger
spatial scales that the initial perturbations.

As the grid resolution is refined or as the spatial order of the WENO schemes is increased the
numerical dissipation is reduced, hence more structures are resolved. The question is whether
or not these structures are just artificial or are part of the correct solution is an issue that requires
further investigation, particularly in the absence of experiments. The WENO schemes for this
discontinuous problem remain stable as witnessed by [38]. However, for other approaches
that do not possess discontinuity capturing capabilities a form of artificial viscosity would be
required both for stabilising and for obtaining a converged solution [33]. At the same time it
can be realised that some of these perturbations may be part of the correct solution [33, 60],
hence controlling the amount of artificial viscosity can be quite challenging.

4.2 3D Robert Smooth Bubble

The three dimensional, non-hydrostatic compressible Euler equations (1) are numerically
solved in the computational domain1000m × 1000m × 1500m and t ∈ [0, 450] s in con-
junction with NFBC. The initial condition [40] corresponds to a warm bubble centered at
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(a) Hexahedral (b) Pyramid (c) Prism (d) Tetrahedral

Figure 1: 3D Element shapes
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Figure 2: Unstructured mesh used for the rising thermal bubblecase.
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(a) t = 172s (b) t = 271s

(c) t = 400s (d) t = 480s

(e) t = 600s (f) t = 800s

Figure 3: Potential temperature perturbationθ′(K) at various instants for the 2D Robert smooth
bubble test on an unstructured mesh of6m resolution using a WENO5 scheme.
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(a) 25m WENO3 (b) 25m WENO5
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(c) 6m WENO3
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(d) 6m WENO5

Figure 4: Potential temperature perturbationθ′(K) at t = 800sec 2D Robert smooth bubble test
at different grid resolutions with WENO3 and WENO5 schemes.
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Figure 5: Cutaway of Unstructured mesh used for the 3D Robert smooth bubble test.

(500, 500, 260)m, in hydrostatic balance, and a perturbation of the potential temperature to
trigger the movement of the warm bubble as follows:

θ′ =

{
0 for r < rc

1.25
(
1 + cos

(
πr
rc

))
for r ≥ rc

wherer is the distance from the centre of the bubble

r =
√
(x− xc)

2 + (y − yc)
2 + (z − zc)

2,

π is the trigonometric constant;rc = 250 is the radius of the bubble; and the potential
temperaturēϑ is constant at300K. Three unstructured meshes comprising of19, 175 , 64, 000
, and210, 212 elements have been employed using tetrahedral elements Figure 5.

The main objective of this 3D test problem is to investigate if the performance of the WENO
schemes at extremely low spatial resolution30 ∼ 100m, which is more realistic in terms of un-
der resolved grid-arrangements used in NWP. The WENO3and WENO5schemes using char-
acteristics based reconstructions are used with a CFL number of0.9.

From the obtained computational results Figure 6, it can be noticed that the solution does
not exhibit the same instabilities of the 2D test case, although the spatial symmetry of the so-
lution is lost and that the higher-order WENO schemes provide sharper profile solutions. The
non-existence of Kelvin-Helmholtz instabilities was expected due to the coarse grid resolution.

699



Panagiotis Tsoutsanis, Dimitris Drikakis

(a)90m WENO3 (b) 60m WENO3 (c) 30m WENO3

(d) 90m WENO5 (e)60m WENO5 (f) 30m WENO5

Figure 6: Potential temperature perturbationθ′(K) at t = 300sec andy = 500m for the 3D
Robert smooth bubble test.

Despite the coarse resolution, the solution breaks up its symmnetry. The asymmetry of solution
is more pronounced at coarser grid resolutions. This behaviour is attributed to the multidimen-
sional character of the numerical reconstruction and is a well known property of high-order up-
wind schemes exhibited particularly in flows associated with vortical structures and separation.
The Potential temperature perturbationθ′(K) and vertical velocityW′(m/s) profiles (Figure 7)
seem to trend towards convergence; although the solution is not expected to converge without
any explicit viscosity due to the inviscid nature of the problem.

4.3 Parallel Performance

The requirements for atmospheric modelling on a regional or global scale have significantly
increased in the last decade. Parallelisation of existing computational methods and software is
an active area of research. Previous studies [50] showed that the ratio of computational time

700



Panagiotis Tsoutsanis, Dimitris Drikakis

(a)θ′(K) (b)W(m/s)

Figure 7: Potential temperature perturbationθ′(K) and vertical velocityW(m/s) att = 300sec
y = 500m andz = 964.5m for the Robert smooth bubble test.
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Figure 8: Scalability and efficiency of WENO3 and WENO5 methods

over communication time is proportional to the order of accuracy of the WENO scheme. For
WENO schemes with accuracy greater than third, the computational time is one order of mag-
nitude greater than the communication time required for each iteration. One of the advantages
of explicit methods used here is that they can be easily parallelised using domain decomposi-
tion. The software package used for partitioning uniform and hybrid unstructured meshes is the
METIS software package [25]. The present numerical methods are employed in an unstructured
flow solver (UCNS3D) capable of handling hybrid meshes in three-dimensions.

The Robert smooth bubble using the finest resolution, unstructured mesh with210, 212 el-
ements, was utilised as a test problem to assess the scalability of the developed numerical
schemes. Although this grid resolution for this sample test case is relatively coarse when com-
pared to the grid resolutions employed for climate and numerical weather prediction, our pri-
mary aim for is to demonstrate how much dependent the parallel performance is on numerical
schemes implemented in the same software framework. The performance tests were conducted
at the ARCHER UK National Supercomputing Service at EPCC. The results were obtained
using the latest Intel FORTRAN compiler and Intel MPI library.

The time required for each time-step for the WENO3 and WENO5 schemes with respect
to the number of processors is illustrated in Figure 8. The time is normalised with the time
required for the WENO3 scheme.

The results confirm that high order methods scale better than lower order methods due to
the fact that the ratio of computational time over communication time is greater in the lower
order methods. Using 6144 processors, the parallel efficiency for the different schemes is:
WENO3 (67%) and WENO5 (87%). It is pointed out that for the WENO5 scheme 92% of the
computational time is spent in the reconstruction process. The exchange of the updated values
of the stencil elements takes less than 3% of the total communication time since the largest
communication requirement is the exchange of the reconstructed values for each quadrature
point of halo-cells. The WENO high-order schemes have a greater computational cost, but
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are expected to be more accurate when problems with large time scales are involved such as
numerical climate modelling. For numerical climate modelling where projections of the climate
for centuries are studied, WENO schemes are expected to have the strength of sufficiently small
dissipation errors that will not contaminate the projected solution as a lower-order numerical
scheme.

When using6, 144 processors, each processor holds approximately 35 elements and on
12, 288 processors, each processor has less than 18 elements. The latter seems extremely low,
however, it may become common practice in the future when exaflop systems will become
available. These results also illustrate that improving the scalability and efficiency of numerical
weather prediction models in order to take advantage of massive parallel systems, does not only
require the optimisation of the computational software (software engineering), but also requires
re-designing numerical methods in order to make most of the parallel performance.

5 Conclusions

We presented the implementation of high-order finite-volume schemes for atmospheric dy-
namics on unstructured meshes. Combining the features of unstructured meshes to accurately
represent complex topologies that can be extended to adapt the resolution (dynamically or stat-
ically) in certain flow regions and using high-order numerical methods that utilise only local
information, results in highly-efficient and highly-accurate numerical frameworks for numeri-
cal weather and climate modelling.

The present study discussed the implementation of WENO numerical schemes in this context
and assessed their performance in terms of accuracy, robustness, efficiency and scalability. The
results demonstrate the aforementioned properties of the schemes in the two-dimensional and
three-dimensional rising bubble test cases, and the associated challenges of multidimensional
discretisations. The WENO reconstruction can be utilised as a building-block in a dynamical
core that is not limited by the type of meshes, or the type of the governing equations. Future
work will concern application of the schemes in regional and global atmospheric simulations.

Acknowledgments

The authors acknowledge the computing time on the UK national high-performance comput-
ing service ARCHER that was provided through the UK turbulence consortium in the frame-
work of the EPSRC grant EP/G069581/1. Panagiotis Tsoutsanis acknowledges PRACE for
awarding him access to resource SUPERMUC and HazelHen based in Germany at Munich
and Stuttgart respectively and the support of Thomas Ponweiser from RISC Software GmbH,
Austria to the technical work is gratefully acknowledged.

References

[1] R. Abgrall. On essentially non-oscillatory schemes on unstructured meshes: analysis and
implementation.Journal of Computational Physics, 114(1):45–58, 1994.

[2] A. F. Antoniadis, D. Drikakis, I. Kokkinakis, P. Tsoutsanis, and Z. Rana. High-order
methods for hypersonic shock wave turbulent boundary layer interaction flow. In AIAA,

703



Panagiotis Tsoutsanis, Dimitris Drikakis

editor,20th AIAA International Space Planes and Hypersonic Systems and Technologies
Conference, number AIAA 2015-3524, Glasgow, Scotland, July 2015.

[3] A. F. Antoniadis, P. Tsoutsanis, and D. Drikakis. Numerical accuracy in rans computa-
tions of high-lift multi-element airfoil and aircraft configurations. In AIAA, editor,53rd
AIAA Aerospace Sciences Meeting, number AIAA 2015-0317, Kissimmee, Florida, Jan-
uary 2015.

[4] S. Brdar, M. Baldauf, A. Dedner, and R. Klofkorn. Comparison of dynamical cores for
nwp models: comparison of cosmo and dune.Theoretical and Computational Fluid Dy-
namics, 27:453–472, 2013.

[5] C. Breviglieri, A.F.S. Maximiliano, E. Basso, and J.L.F. Azevedo. Improved high-order
spectral finite volume method implementation for aerodynamic flows. 2009.

[6] B. Cockburn and C.-W. Shu. Runge-kutta discontinuous galerkin methods for convection-
dominated problems.Journal of Scientific Computing, 16(3):173–261, 2001.

[7] J.M. Dennis, R.D. Nair, H.M. Tufo, M. Levy, and T. Voran. Development of a scalable
global discontinuous galerkin atmospheric model.Int. J. Comp. Sci. Eng.

[8] D. Drikakis, A. F. Antoniadis, P. Tsoutsanis, I. Kokkinakis, and Z. Rana. Azure: An
advanced cfd software suite based on high-resolution and high-order methods. In AIAA,
editor, 53rd AIAA Aerospace Sciences Meeting, number AIAA 2015-0813, Kissimmee,
Florida, January 2015.

[9] M. Dumbser and M. Kaser. Arbitrary high order non-oscillatory finite volume schemes
on unstructured meshes for linear hyperbolic systems.Journal of Computational Physics,
221(2):693–723, 2007.

[10] M. Dumbser, M. Kaser, V.A. Titarev, and E.F. Toro. Quadrature-free non-oscillatory finite
volume schemes on unstructured meshes for nonlinear hyperbolic systems.Journal of
Computational Physics, 226(1):204–243, 2007.

[11] M. Dumbser, D.S. Balsara, E.F. Toro, and C.-D. Munz. A unified framework for the
construction of one-step finite volume and discontinuous galerkin schemes on unstructured
meshes.Journal of Computational Physics, 227(18):8209–8253, 2008.

[12] M. Dumbser, A. Hidalgo, and O. Zanotti. High order space-time adaptive ader-weno finite
volume schemes for non-conservative hyperbolic systems.Computer Methods in Applied
Mechanics and Engineering, 268:359–387, 2014.

[13] O. Friedrich. Weighted essentially non-oscillatory schemes for the interpolation of mean
values on unstructured grids.Journal of Computational Physics, 144(1):194–212, 1998.

[14] F. X. Giraldo, J. F. Kelly, and E. M. Constantinescu. Implicit-explicit formulations of a
three-dimensional nonhydrostatic unified model of the atmosphere (numa).SIAM Journal
of Scientific Computing, 35:B1162–B1194, 2013.

704



Panagiotis Tsoutsanis, Dimitris Drikakis

[15] F.X. Giraldo and M. Restelli. A study of spectral element and discontinuous galerkin
methods for the navier-stokes equations in nonhydrostatic mesoscale atmospheric model-
ing: Equation sets and test cases.Journal of Computational Physics, 227(8):3849–3877,
2008.

[16] F.X. Giraldo, M. Restelli, and M. Louter. Semi-implicit formulations of the navier-stokes
equations: Application to nonhydrostatic atmospheric modeling.SIAM Journal on Scien-
tific Computing, 32(6):3394–3425, 2010.

[17] Giraldo, F. Non-hydrostatic Unified Model of the Atmosphere (NUMA), 2015. URL
http://faculty.nps.edu/fxgirald/projects/NUMA/Introduction_to_NUMA.html.

[18] C. Ollivier Gooch and M. Van Altena. A high-order-accurate unstructured mesh finite-
volume scheme for the advection-diffusion equation.Journal of Computational Physics,
181(2):729–752, 2002.

[19] S. Gottlieb. On high order strong stability preserving runge-kutta and multi step discretiza-
tions. Journal of Scientific Computing, 25(112):105–128, 2005.

[20] W.W. Grabowski and T.L. Clark. Cloud-environment interface instablility: rising thermal
calculations in two spatial dimensions.Journal of Atmospheric Sciences, 48(1):527–546,
1991.

[21] A. Haselbacher. A weno reconstruction algorithm for unstructured grids based on explicit
stencil construction. pages 3369–3378, 2005.

[22] G. Hu, R. Li, and T. Tang. A robust weno type finite volume solver for steady euler
equations on unstructured grids.Communications in Computational Physics, 9(3):627–
648, 2011.

[23] G. S Jiang and C. W Shu. Efficient implementation of weighted eno schemes.Journal of
Computational Physics, 126(1):202–228, 1996.

[24] D. Kalise and I. Lie. Modeling and numerical approximation of a 2.5d set of equations
for mesoscale atmospheric processes.Journal of Computational Physics, 231:7274–7298,
2012.

[25] G. Karypis and V. Kumar. Multilevel k-way partitioning scheme for irregular graphs.J.
Parallel Distrib. Comput., 48:96–129, 1998.

[26] J.F. Kelly, F.X. Giraldo, and G. Jost. Scalability of semi-implicit time integrators for
nonhydrostatic galerkin-based atmospheric models on large scale clusters. pages 561–
565, 2011.

[27] B. Van Leer. Towards the ultimate conservative difference scheme. ii. monotonicity and
conservation combined in a second-order scheme.J. Comput. Phys., 14:361–370, 1974.

705

http://faculty.nps.edu/fxgirald/projects/NUMA/Introduction_to_NUMA.html


Panagiotis Tsoutsanis, Dimitris Drikakis

[28] B. Van Leer. Towards the ultimate conservative difference scheme. v. a second-order
sequel to godunov’s method.J. Comput. Phys., 32(1):101–136, 1979.

[29] W.A. Li and Y.X. Ren. Quadrature-free non-oscillation finite volume scheme for solving
navier-stokes equations on unstructured grids. volume 1376, pages 639–641, 2011.

[30] S. Marras, M. Moragues, M. Vzquez, O. Jorba, and G. Houzeaux. A variational multiscale
stabilized finite element method for the solution of the euler equations of nonhydrostatic
stratified flows.Journal of Computational Physics, 236(1):380–407, 2013.

[31] Max Planck Institute for Metereology and Deutscher Wetterdienst.
ICOsahedral Non-hydrostatic General Circulation Model, 2015. URL
http://www.mpimet.mpg.de/en/science/models/icon.html.

[32] A. Muller, J. Behrens, F. X. Giraldo, and V. Wirth. Comparison between adaptive and
uniform discontinuous galerkin simulations in dry 2d bubble experiments.Journal of
Computational Physics, 235:371–393, 2013.

[33] A. Muller, J. Behrens, F.X. Giraldo, and V. Wirth. Comparison between adaptive and
uniform discontinuous galerkin simulations in dry 2d bubble experiments.Journal of
Computational Physics, 235:371–393, 2013.

[34] National Center for Atmospheric Research. High-Order Methods Modeling Environment,
2015. URLhttp://www.homme.ucar.edu/.

[35] National Oceanic Atmospheric Administration. Am3, 2015. URL
http://www.gfdl.noaa.gov/am3.

[36] National Oceanic Atmospheric Administration. Nonhydrostatic Icosahedral Model NIM,
2015. URLhttp://www.esrl.noaa.gov.

[37] X. Nogueira, L. Cueto-Felgueroso, I. Colominas, F. Navarrina, and M. Casteleiro. A
new shock-capturing technique based on moving least squares for higher-order numerical
schemes on unstructured grids.Computer Methods in Applied Mechanics and Engineer-
ing, 199(37-40):2544–2558, 2010.

[38] M.R. Norman, R.D. Nair, and F.H.M. Semazzi. A low communication and large time
step explicit finite-volume solver for non-hydrostatic atmospheric dynamics.Journal of
Computational Physics, 230(4):1567–1584, 2011.

[39] C.F. Ollivier-Gooch. Quasi-eno schemes for unstructured meshes based on unlimited data-
dependent least-squares reconstruction.Journal of Computational Physics, 133(1):6–17,
1997.

[40] A. Robert. Bubble convection experiments with a semi-implicit formulation of the euler
equations.Journal of the Atmospheric Sciences, 50(13):1865–1873, 1993.

706

http://www.mpimet.mpg.de/en/science/models/icon.html
http://www.homme.ucar.edu/
http://www.gfdl.noaa.gov/am3
http://www.esrl.noaa.gov


Panagiotis Tsoutsanis, Dimitris Drikakis

[41] M. Satoh, T. Matsuno, H. Tomita, H. Miura, T. Nasuno, and S. Iga. Nonhydrostatic icosa-
hedral atmospheric model (nicam) for global cloud resolving simulations.Journal of Com-
putational Physics, 227(7):3486–3514, 2008.

[42] J. Shi, C. Hu, and C.-W. Shu. A technique of treating negative weights in weno schemes.
Journal of Computational Physics, 175(1):108–127, 2002.

[43] C.-W. Shu and S. Osher. Efficient implementation of essentially non-oscillatory shock-
capturing schemes.Journal of Computational Physics, 77(2):439–471, 1988.

[44] P. K. Smolarkiewicz, Szmelter J., and A. A. Wyszogrodzki. An unstructured-mesh at-
mospheric model for nonhydrostatic dynamics.Journal of Computational Physics, 254:
184–199, 2013.

[45] P.K. Smolarkiewicz. Multidimensional positive definite advection transport algorithm:
An overview.International Journal for Numerical Methods in Fluids, 50(10):1123–1144,
2006.

[46] D. Stanescu and W.G. Habashi. Essentially nonoscillatory euler solutions on unstructured
meshes using extrapolation.AIAA Journal, 36(8):1413–1416, 1998.

[47] V.A. Titarev, P. Tsoutsanis, and D. Drikakis. Weno schemes for mixed-element unstruc-
tured meshes.Communications in Computational Physics, 8(3):585–609, 2010.

[48] Eleuterio F. Toro.Riemann Solvers and Numerical Methods for Fluid Dynamics - A Prac-
tical Introduction. Berlin: Springer-Verlag, 1997.

[49] P. Tsoutsanis, V.A. Titarev, and D. Drikakis. Weno schemes on arbitrary mixed-element
unstructured meshes in three space dimensions.Journal of Computational Physics, 230
(4):1585–1601, 2011.

[50] P. Tsoutsanis, A.F. Antoniadis, and D. Drikakis. Weno schemes on arbitrary unstructured
meshes for laminar, transitional and turbulent flows.Journal of Computational Physics,
256:254–276, 2014.

[51] UK MET Office and ECMWF. Even Newer Dynamics for General at-
mospheric modelling of the environment (ENDGame), 2015. URL
http://www.metoffice.gov.uk/research/areas/dynamics/endgame.

[52] A. Uranga, P.-O. Persson, M. Drela, and J. Peraire. Implicit large eddy simulation of
transition to turbulence at low reynolds numbers using a discontinuous galerkin method.
International Journal for Numerical Methods in Engineering, 87(1-5):232–261, 2011.

[53] Z.J. Wang. Spectral (finite) volume method for conservation laws on unstructured grids.
basic formulation.Journal of Computational Physics, 178(1):210–251, 2002.

707

http://www.metoffice.gov.uk/research/areas/dynamics/endgame


Panagiotis Tsoutsanis, Dimitris Drikakis

[54] Z.J. Wang and Y. Liu. Spectral (finite) volume method for conservation laws on unstruc-
tured grids. ii. extension to two-dimensional scalar equation.Journal of Computational
Physics, 179(2):665–697, 2002.

[55] Z.J. Wang, L. Zhang, and Y. Liu. Spectral (finite) volume method for conservation laws on
unstructured grids iv: Extension to two-dimensional systems.Journal of Computational
Physics, 194(2):716–741, 2004.

[56] W.R. Wolf and J.L.F. Azevedo. High-order eno and weno schemes for unstructured grids.
International Journal for Numerical Methods in Fluids, 55(10):917–943, 2007.

[57] Z. Xu, Y. Liu, and C.-W. Shu. Hierarchical reconstruction for discontinuous galerkin meth-
ods on unstructured grids with a weno-type linear reconstruction and partial neighboring
cells. Journal of Computational Physics, 228(6):2194–2212, 2009.

[58] Z. Xu, Y. Liu, and C.-W. Shu. Hierarchical reconstruction for spectral volume method on
unstructured grids.Journal of Computational Physics, 228(16):5787–5802, 2009.

[59] C. Yang and X. C. Cai. A scalable fully implicit compressible euler solver for mesoscale
nonhydrostatic simulation of atmospheric flow.SIAM Journal of Scientific Computing, 36:
S23–S47, 2014.

[60] L. Yelash, A. Muller, M. Lukacova-Medvid’ova, F.X. Giraldo, and V. Wirth. Adaptive dis-
continuous evolution galerkin method for dry atmospheric flow.Journal of Computational
Physics, 268:106–133, 2014.

[61] G. Zangl, D. Reinert, P. Ripodas, and M. Baldauf. The icon (icosahedral non-hydrostatic)
modelling framework of dwd and mpi-m: Description of the non-hydrostatic dynamical
core.Quarterly Journal of the Royal Meteorological Society, 2014.

[62] Y. T. Zhang and C. W. Shu. Third order weno scheme on three dimensional tetrahedral
meshes.Communications in Computational Physics, 5(2-4):836–848, 2008.

[63] Y. Zhou and Z.J. Wang. Implicit large eddy simulation of transitional flow over a sd7003
wing using high-order spectral difference method. 2010.

[64] J. Zhu, J. Qiu, C.-W. Shu, and M. Dumbser. Runge-kutta discontinuous galerkin method
using weno limiters ii: Unstructured meshes.Journal of Computational Physics, 227(9):
4330–4353, 2008.

708



ECCOMAS Congress 2016 

 VII European Congress on Computational Methods in Applied Sciences and Engineering 

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.) 
Crete Island, Greece, 5–10  June 2016 

MODELLING OF LONG WAVES (SEICHES) IN CASCAIS BAY  

Vera Bras1, Antonio Trigo-Teixeira2 

1 Instituto Superior Tecnico 

Lisbon University 

AV. Rovisco Pais, 1 1049-001 Lisboa 

vera.bras@tecnico.ulisboa.pt  

2 CERIS – Instituto Superior Tecnico 

Lisbon University 

AV. Rovisco Pais, 1 1049-001 Lisboa 

trigo.teixeira@tecnico.ulisboa.pt 

Keywords: Seiches, harbour resonance, periodogram, pass-band filter, numerical modelling, 

CGWAVE. 

 

Abstract. This study is focused on the analysis and characterization of long waves (seiches) in 

Cascais Bay-Portugal, where the phenomenon is known to occur. For this purpose, time se-

ries records of water surface elevation (WSE) from the tidal gauge were analyzed in time and 

frequency domains. The periodicities of the long waves were found, firstly with a plotting of 

time series, where two waves appear immediately: the astronomic tide (T=12h 25min) and a 

long wave with period of approximately (T=12min), and secondly with the application of the 

spectral FFT analysis to obtain the periodogram. Before the application of the FFT, the WSE 

elevation time series was first filtered for the astronomic signal using harmonic analysis and 

then a pass-band of second order filter was used to removal the noise. The frequency analysis 

allows identification of hidden periodicities and conclude that most of the spectral energy was 

concentrated on a single frequency. Finally, some statistics were calculated, which indicated 

the presence of long waves in the tidal record for most of the period of analysis, without ap-

parent relationship with the season of the year: maritime summer (May-Oct) or maritime win-

ter (Nov-Apr). 

On a second phase the setup of a 2D finite element model to solve the mild-slope equation 

(MSE) was done to study the phenomenon of long wave propagation both into the bay and in 

a small craft harbour (Cascais Marina). The model used was CGWAVE [1] and it was forced 

with long waves of different frequencies on the boundary to investigate the appearance of 

seiches both in the bay and in the harbour.  The model permits the identification of resonant 

periods and the location of nodal lines (where vertical WSE oscillation is nil and water veloc-

ity is at a maximum) and ventral lines (where just the opposite occurs). The hydrodynamic 

drag on boats moored on nodal lines is a cause of great trouble on the Marina operation. It 

might be concluded that seiches occur, not only in the marina basin, but in all water body of 

the bay, so it is a natural phenomenon on the area.   
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1 INTRODUCTION  

The present work focused on the modelling of long waves (seiches) in Cascais Bay- Portu-

gal, which is a frequent local phenomenon. It is believed that the word “seiche” derives from 

the Latin word “siccus”, which means dry or expose. So, long waves (seiches) are “standing 

waves” as perceived by the periodic oscillations of the surface of an the enclosed basin or 

semi-enclosed body of water (lake, gulf, inland sea, bay, harbour) with periods from a few 

minutes to a few hours caused it by such phenomena as atmospheric pressure changes, winds, 

tidal currents and earthquakes. Usually, it is considered as a transient event because after 

some time subsequently to the end of the geophysical event that causes it, it eventually dissi-

pates. However, in some places, it is also observed continuously with small amplitudes. [2], 

[3] 

A natural or an artificial basin may offer good conditions of shelter for the open sea, par-

ticularly for wind waves (short waves), however both the geometry of the basin and their in-

ternal reflections can efficiently amplify the incident long waves, even for those with small 

amplitudes. So, this phenomenon of resonant oscillations is called seiches, harbour oscilla-

tions or harbour surging and is related to specific periods of the incident waves on the struc-

ture. For a basin, if its period of the oscillation is close to that the period of the incident long 

wave (or other possible excitation), an extreme seiche could result. Extreme seiches induce 

large oscillations and strong currents that might cause damage to ships and breaking moorings 

lines. From what was exposed, the study of long waves in coastal zones is very important. 

[4]–[7] 

On the literature, various authors were dedicated to study of the resonant properties of  

harbour basins, which would be divided in two main groups: simple geometry (Miles and 

Munk 1961; Lee 1992; Ippen and Goda 1963; etc.) and complex geometry (Knapp and Vano-

ni 1945; Wilson 1960; Lee 1969; etc.). The first group provides theoretical expressions for 

approximated calculation of the natural period oscillation for closed and semi-enclosed basins. 

For the second, the use of theoretical formulas cause discrepant values of the reality because 

the non-linearity of the basin’s shape, so physical or numerical models had to be used in these 

cases. Numerical models are a powerful tool for studying long waves in basins with complex 

geometry (real basins) and for more accurate results, when the period of the waves is higher 

than 400 s they can replace the physical models. [8], [9] 

Nevertheless it was important to refer that, theoretically, in semi-enclosed basins, like bays, 

it’s expected a nodal line across of this entrance, because the waters within the basin must 

communicate with waters outside. [10] 

Recently, the implementation of modern’s digital tidal gauge in the coast allowed a faster 

recording rate (range of seconds), which is a huge advantage in the use of time series data to 

study long waves. However, these measurements are mostly used for analyzing extreme 

events such as tsunamis. [11] 

This study had two main objectives. The first one was to analyze the time records of water 

surface elevation (WSE), from the digital tidal gauge of Cascais, for the characterization of 

long waves (period and amplitude). These periodicities were found by making the analysis on 

the time and frequency domains and, finally, the results of both methods were compared. 

The second main objective was to evaluate the resonance phenomenon inside of the marina, 

using the CGWAVE model for this hydrodynamic modelling, because the complex shape of 

the marina. Therefore it is possible to match the information relatively to the periods of  

seiches and say if the range of periods, that were observed, correspond to the resonance peri-

ods of the basin, using the numerical modelling.  
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2 ANALYSIS  OF THE LONG WAVES (SEICHES) 

2.1 Introduction 

In the ocean there are different types of long waves, generated by different phenomena and 

with different periods and wavelengths. When waves have wavelengths much higher than the 

depth water, they are called long waves and have periods between 5 min and 24 h (tides). 

These waves have a frequency band with relatively low spectral energy, which is between the 

frequency band of tides and wind waves, both with higher energetics bands. [5] 

The measurements of long waves are not direct; the time series from the tidal gauge can be 

described by: 
 )()()()( tRtTtt   (1) 

 

Where, η(t) is the observed water surface elevation which varies with time;  (t) is the 

mean sea level which changes slowly with time; T(t) is the astronomical tidal component and 

R(t) is the residual component (meteorological component and noise).  

So, the meteorological tide originated by the meteorological phenomena, such as atmos-

pheric pressure variation and wind’s effect, which resulted on water oscillations of just a few 

centimeters and it was responsible for the difference between the predicted and observed lev-

els. Therefore, the long wave signal has to be isolated from the records observed of WSE in 

the tidal gauge. The procedures of this treatment of the times series and the following charac-

terization of the seiches, in time and frequency domains, are described below.  

2.2 Data processing 

The upgrade of the analogic coastal tide gauge into the digital one allowed a faster sam-

pling rate, which permitted a better identification of long waves in the records because more 

sampling points (N) provided more information and, consequently, more accuracy.  

The tidal gauge of Cascais is operated by the IGEO (Portuguese Geographic Institute) and 

the digital time series records of WSE are available online in their website since 2007. These 

are discrete time series because the observations are taken on equally spaced intervals, in this 

case with sampling rate of Δt = 5 s and it results in 17280 lines of information per day. When 

the daily records had failures (less than 17280 lines) they were not used. For the present work 

17 months were analyzed: 1st semester of 2015 and all year of 2014, except February (because 

it had gaps). 

2.3 Time series graphs  

Usually, the first step in the analysis of time series is to plot the data over time to obtain 

some characteristics like trend, variation in the time, periodicities and other fluctuations. Re-

garding this step, two types of waves were immediately apparent: the astronomic tide with a 

period of (T=12h 25min) and a long wave with a period of approximately (T=12 min).  

The astronomic tide is generated by the combined effect of gravitational force that the Sun 

and Moon exerts on the Earth’s and in the Cascais bay is of the mesotidal type (tidal range of 

4.0 m in Spring Tides) and is semi-diurnal.  

2.4 Filtering of the time series for the astronomic signal    

When time series can be predicted exactly from past observations, because the successive 

observations are dependent, they are called deterministic, otherwise they are called stochastic. 

[12]  
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The deterministic component of the time series records of WSE corresponds to the astro-

nomic tide and the stochastic to the meteorological tide. The first one can be predicted by a 

harmonic analysis, based on the movement of the Sun and the Moon, and in this step two 

methods were used: tide tables from IH (Portuguese Hydrograph Institute) and Wx-Tide soft-

ware.  

The astronomic component was determined based on these two methods, which had the 

same trends but different WSE. This difference can be explained with the global sea level ris-

ing, about 1.3 mm per year. While the tidal height from the tables does not take this factor in 

count, but refers that it should be added about 0.10 m to the predicted heights, the tidal height 

from the software had updated harmonic constants and, consequently, higher WSE. 

The Wx-Tide just allows the minimum predicting rate of Δt= 60 s and, to assure that this 

parameter in this process is equal to the one from the tidal gauge (Δt=5 s), it was decided to 

consider the method of the tidal tables. However, an adjustment was made of about 0.10 m, as 

recommended. In the Figure 1 the results of the previous methodology for an extreme event of 

seiche are presented.   

 
(a) 

 
 

(b) 

 

Figure 1: (a) Time series records of WSE (6h) from the Cascais tide gauge and astronomic trend; (b) astronomic 

tide removal for the time series – exert (2h 30min). 

By observing the Figure 1, it is possible to see that the astronomic tide trend was removed 

by the difference between the records of WSE and the predicted tide by the harmonic analysis. 

The oscillations of the seiches had, usually, small amplitudes when compared with the tide 

oscillations. Thus, the long wave oscillations had a periodical trend which can be approxi-

mately described for a sinusoid, given by:  

 
    tAsent)(  (2) 

 

Where, η(t) is the water surface elevation at time t;   the mean level of water surface ele-

vation; A the amplitude of the oscillation; ω the angular velocity, which can be obtained by 

2π/T, where T is the period and, finally, ∅  is the phase lag relative to some defined time zero. 
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2.5 Pass-band filter of second order  

In fact, the noise is a random signal and consequently it can be eliminated in time domain. 

In this phase a band-pass of second order filter (Butterworth filter) was applied to remove the 

noise in frequency domain. A “butter” function was used from the “Signal Processing 

Toolbox” - MATLAB software.  

It was decided that the digital Buttherworth filter had a normalized cutoff frequency be-

tween 1/400 Hz and 1/900 Hz, which corresponds to the interval of frequencies of the seiches. 

This means that all signals out of this range are eliminated.   

2.6 Statistical analysis  

By direct observation, when regularity in the distances between peaks is observed, this pe-

riod of time was counted, as well as the number of intervals between peaks. The period of this 

long wave is calculated by the ratio between this interval of time and the number of peaks. 

Half of the distance in vertical between two consecutives peaks gives the amplitude of this 

oscillation. [13] 

In the Figure 2 some results of the statistical analysis can be observed.  

 
(a) 

 

(b) 

 
 

 

Figure 2: (a) Frequency Histogram in relation to the total time of observation of the seicha phenomenon (2420h) 

(b) cumulative frequency curve in relation to the total time of analysis (9960h). 

 

According to the Figure 2 it is possible to conclude that the seiches occur with a frequency 

of 24.30% and the most frequent periods are in the range of 600-700 s (10.0-11.7 min). The 

phenomenon occurs for periods between 480 s and 840s (8-14 min).   

Since low pressures are associated to dangerous and extreme meteorological phenomenon, 

an attempt to correlate them with an occurrence of seiche and pressure variations was made. 

However, the results did not indicate any type of relation with this possible cause of the origin 

of seiches in Cascais-bay. 

2.7 Spectral analysis - Periodogram with the FFT algorithm  

The Fourier analysis is an advantageous technique to represent time series in terms of the 

frequencies distribution. If certain conditions are satisfied, any function may be formulated as 

a sum of a series of sines and cosines of a spectral resolution (Δf= 1/NΔt). However, the spec-

tral resolution depends only on the length of the time records, which means that short time 

series’ performance is not as good. [14] 

The periodogram provides the graph representation of the PSD (Power Spectral Density) 

versus spectral resolution, with a FFT algorithm.  
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The results of this spectral analysis were presented in Figure 3, for an extreme event of 

seiche and for different spectral resolutions.  

 
(a) 

 

(b) 

 
 

(c) 

 

 

(d) 

 

 

Figure 3: Identification of seicha phenomenon used the periodogram method. (a) computed to time of seiche 

(15h), with Tpeak = 783 s; (b) computed to 6h, with Tpeak =800 s; (c) computed to 30 min, with Tpeak=900 s (d) 

application of the pass-band filter (time series of 30 min), with Tpeak =485 s. 

 

In first instance, it was observed that, for a greater number of samplings, the resolution is 

finer, and a correspondent spectral plot is noisier and irregular. So, a more acceptable perfor-

mance is obtained with 30 min of times series, which provides 360 time observations but only 

180 (N/2) were used in the FFT algorithm. Thus, after the application of the pass-band filter 

the noise signal (highs frequencies) was completely eliminated.  

Finally, for the 30 min time series the spectral energy is mostly concentrated on a single 

frequency (low frequency) and these periods are in agreement with the ones of the direct 

analysis. So, one of the advantages of this analysis is the possibility of being able to easily 

identify the frequency where the spectral energy was concentrated – frequencies of the peak. 

3 NUMERICAL MODELLING   

In this section, the setup of a numerical model was done to study the phenomenon of long 

wave propagation, both into the bay and in a small craft harbour (Cascais marina). The model 

used was CGWAVE, a linear finite element method based on the elliptic mild-slope wave 

equation (MSE), and can simultaneously simulate the effects of refraction, diffraction, reflec-

tions by the bathymetry and structures, dissipation due to friction and breaking and nonlinear 

amplitude dispersion. [1] 

3.1 Set up of the model  

The model setup uses a detailed LIDAR bathymetry acquired recently for the coastal area 

and land boundaries are discretized based on the type of boundary. The ocean boundary is a 

semicircular arc enclosing the area of interest. For the computational simulations, the domain 

was defined with a linear triangular finite element mesh with 10 nodes per wavelength.  
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Typically, the minimum radius of the semicircle arc should be about two or three times the 

wavelength (L), which for long waves is given by: 

 
 gdTL   (3) 

 

Being, T, period; g, gravity acceleration and d, depth of the water. According to this, for a 

long wave with period of T=650 s and a constant depth of d=1 m, the minimum radius ob-

tained, for this conditions, should be between 4070 m and 6105 m.  

Beside this, the distance between the open boundary and the shoreline is also important. If 

they are too close, the bottom effects could influence the output results from wave height and, 

if they are too far, it is possible that the model does not obtain sufficient bathymetry infor-

mation and the simulations do not run. After several attempts, the domain was defined accord-

ing to the previous specifications, with a final value for the radius of 9300 m.  

3.2 Friction coefficient  

Typically the values for friction coefficient are related with the bottom irregularity, rough-

ness of the bottom, structures that modify the flow field and other parameters. This effect, on 

the period of resonant oscillations of the basin, depend slightly on water depth, decreasing as 

depth increases. [10]  

Some attempts were made to understand the influence of the friction coefficient and it was 

observed that this parameter is not relevant for the output results. Regarding this conclusion, 

and because taking the friction in consideration is very time consuming, the model was per-

formed for the “no friction”. 

3.3 Reflection coefficient  

According to literature, for long waves it is possible to affirm that the reflection coeffi-

cient is unitary for the land boundaries, which means that total reflection is admitted.[15] 

However, for different coastline materials the reflection coefficient had values between 0 and 

1 as shown in the table below. [16]   

 

Coastline material Vertical wall Shore defense (rocks) Beach 

Reflection Coefficient (-) 0.90 0.25 0.10 
 

Table 1: Reflection coefficients to coastline materials 

3.4 Definition of the study scenarios   

The most dangerous stages of agitation for the numerical propagations of the incident 

waves were associated to the wave directions of 45º and 60º, because the predominant wave 

direction is south-west (45º). So, the model was forced for these five scenarios, for events 

with the long waves amplitude’s of 0.5 m (1 m of height) in the open boundary and for peri-

ods between 350 s and 950 s, with increments in time of 50 s.  

 

Parameters Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5 

Direction (º) 60 45 45 45 45 

Reflection Coefficient (-) 1.0 1.0 variable 0.5 0.9 
 

Table 2: CGWAVE boundary conditions – different scenarios 
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4 RESULTS AND DISCUSSION OF THE NUMERICAL MODELING 

The response curve provides the resonant periods, which are the periods that correspond 

to the amplification factor higher than 1. It is relevant to show that the amplification factor (A) 

is given by: 
 

Hr

Hi
A   (4) 

 

Where the Hi is the height of the wave in a certain point and the Hr is the height of the in-

cident wave (Hr=1). When A>1 the wave is amplified and harbour resonance occurs. Never-

theless, it is important to note that, in the real events of resonance, these amplified waves do 

not have necessarily heights of 1 m (or more), it is a value that will give agitation indexes, 

since the model is linear and the height of the wave in the open ocean is not known. The re-

sponse curves for five positions inside of marina are shown. 

 
(a) 

 

(b) 

 

(c) 

 
(d) 

 

(e) 

 

(f) 

 

 

Figure 4: (a) Position of the points inside of the marina. Image from google earth, adapted. Response curves 

from scenarios 1, 2 and 3 in (b) Point A; (c) Point B; (d) Point C; (e) Point D; (f) Point E 

 

Focusing in the Figure 4 it was perceived that it would be possible to decrease the interval 

between runs to provide a more precise curve of amplification factor but, for this problem, the 

analysis seems to be enough detailed.  

For the range of periods that was observed in time series records of the WSE, the amplifi-

cation factor is higher than 1 and consequently resonance really occurs inside of the marina. 

The trend of the response curve of the scenarios 1 and 2 are practically the same in both cases 

(maxima and minima are situated on the same range of periods), as well as their asymptotes. 

The response curves of the scenario 3 also showed a similar trend in almost all positions 

(less for point A) that displayed a lower amplification coefficient. On the other hand, for this 

situation, the resonance happens on higher periods and this can be explained by a variable and 

smaller reflection coefficient on the boundaries.  

Relatively to all of the scenarios analyzed, it is evident that, for starting periods around 

the 500 s, the resonance curve reaches an asymptote and these values of the amplification fac-

tor remain almost constant.  
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Figure 5: CGWAVE results – Cascais Bay and Marina. Scenario 1 for incident long wave of T=800 s. 

 

 
Figure 6: CGWAVE results – Cascais Bay and Marina. Scenario 2 for incident long wave of T=800 s.  

 

 
Figure 7: CGWAVE results – Cascais Bay and Marina. Scenario 3 for incident long wave of T=800 s. 

 

The output results of the wave phase were used on the identification of the nodal lines 

(where vertical WSE oscillation is nil and the water velocity is at a maximum), which corre-

sponds to the wave phase when it is equal to zero. In ventral lines the opposite occurs.  

All scenarios are devoid of nodal lines inside the marina or in their mouth, and the single 

nodal line was approximately on the middle of the exterior of the marina, and it was regularly 

extended across the whole bay. For the resonant periods, the bay responds like a big reservoir, 

without great vertical oscillations of the water body or great waters velocities.  

Therefore, for an instant, the water levels are practically the same in all places of the bay 

and a current allows, both the entrance and the exit, of the water from the bay to the inside of 

the marina, making the water level to fluctuate. 
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5 CONCLUSIONS  

One of the main purposes of this work was analysis of the characteristics of the long 

waves in Cascais-bay. From the analysis and data processing of the time series records of 

WSE from the local tide gauge, it was concluded that the seiche event occurs with a frequency 

of 24.30% of the total observations time, for a range between 480 s and 840 s (8-14 min), with 

mean values of about 660 s (11 min). The amplitude of these oscillations are normally uni-

form, with ranges of a few centimeters however, in an exceptional event, the maximum ob-

served amplitude was of 0.54 m.   

From the statistical calculations it was observed that the presence of long waves are a fre-

quent event (presents in 272 days) but it is very probable that these oscillations had been more 

frequent in Cascais-bay than the present study reports. This happens because the local tide 

gauge has gaps in the measurements, in extreme situations even for a month. From the pres-

sure records from the local tide gauge, no evidence about any relation of occurrence of this 

phenomenon with the season of year was found. However, the amplitudes of the seiches are 

larger on the maritime winter (November to April).  

A Matlab program was written for the acquisition of the heights of the astronomic tide by 

the harmonic analysis (tide tables), as well for the formulation of the periodogram method and 

the pass-band filter of second order (Butterworth filter). The spectral analysis allows a com-

plementary and alternative option in relation to the direct method (time domain) for the meas-

urement of the seiches periodicities.  

Relatively to the periodogram, for exerts of 30 min of the time series, this peak period is 

in good agreement with the periods of seiches obtained by direct observation. So, these con-

vergent results allows a confirmation of the primary periodicities of the long wave oscillations 

observed in Cascais-bay, as well as an extra care for hidden periodicities. Although different 

domains for the analysis of the period seiches were used, both methods are valid. 

From the CGWAVE simulations of the long wave penetration in Cascais-Bay it was pos-

sible study two problems: the resonance phenomenon and the nodal lines position. About the 

resonance phenomenon, firstly the resonant periods are between values of around 400 s and 

900 s. Secondly the bay response to the forced open ocean waves did not have significant var-

iations with the incident angle. On the other hand, the reflection coefficient had some implica-

tions on the response curve, like the increase of the resonant periods on the basin response. 

The main advantage of this is that the highest periods are harder to occur in reality, so the oc-

currence of harbour resonance is less likely. So, these results were useful on showing that, 

even for long waves, the model is sensible to different reflection coefficients, especially for 

lower periods, which does not corroborate the theoretical hypothesis.   

Another significant conclusion is that the periods of seiches that were obtained in the first 

phase of this work are in good agreement with the computed resonant periods of the bay 

(when A>1). This means that the periodicities of the observed oscillations really correspond 

to the amplification of the incident long waves from the open ocean. So, CGWAVE model 

gives good results for the present study.  

Finally, according to the non-existence of nodal lines inside of the marina and in their 

mouth, it was possible to conclude that the basins oscillates in unison, so dangerous situations 

in moored positions and problems in the marina operation are not expected to occur. 

In order to find more information about the physical processes that originates seiches in 

the Cascais bay, further studies are needed. An attempt to link the occurrence of seiches with 

the passing of atmospheric depressions did not show any correlation.   
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Abstract. A meshless local boundary integral equation method (LBIEM) is used to anal-
yse gravity currents flow in two-dimensional domains. The method solves the incompress-
ible Navier–Stokes equations with a transport equation for the particle concentration. The
characteristic-based split scheme is used to solve the governing equations. The LBIEM basic
equations are derived via interpolation using radial basis functions. Numerical test cases of the
lock-exchange channel flow with obstacles in its bed are presented here.
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1 INTRODUCTION

Gravity currents increase when a heavier fluid propagates into a lighter one. This phenom-
ena is frequently encountered in environment applications and geohazards (like solifluction,
debris flow or turbidity currents). Particle-driven gravity currents create a special group of
these flows when the difference in density is caused by the concentration of suspended parti-
cles. The particles may settle or become resuspended. For this reason these currents are known
as non-conservative gravity currents [1]. Moreover, particles do not exactly follow the fluid
flow. When the size of particles is small the velocity of particles can be expressed as a sum of
the fluid velocity and a constant settling velocity [2].

2 GOVERNING EQUATIONS

The motion of the fluid phase is governed by the Navier-Stokes equations which can be
written in its primitive variables as

∂ui

∂xi

= 0 (1)

∂ui

∂t
+

∂

∂xj

(ujui) = ν
∂2ui

∂xj∂xj

−
1

ρ

∂p

∂xi

−
C

ρ
Fi

whereui is the fluid velocity vector component,p is the pressure,ν is the kinematic viscosity,
ρ is the density of a liquid,C is the particle-number density (i.e. the concentration), andFi

represents Stoke’s drag which is the dominant flow force on an individual particle in direction
i [3]. The particle field can be treated in an Eulerian manner (see [3]) and is governed by the
following advection-diffusion equation

∂C

∂t
= D

∂2C

∂xj∂xj

−
∂

∂xi

(upiC) (2)

whereD is the coefficient of diffusion andupi is the particle velocity in the directioni. The
particle velocity can be considered with some simplification as (see also [4])

upi ≈ ui + usi (3)

whereui is the i-th component of the fluid velocity,usi is the i-th component of the settling
velocity of particles. When the particles are assumed to be spherical and sufficiently small the
settling velocity can be expressed using Stoke’s settling velocity law as

usi =
d2(ρp − ρ)

18µf
gi (4)

Here,d is the particle diameter,ρp is the particle density,f is the correction for non-Stokesian
drag andgi is the gravity vector componentg = {0,−g} [1].

Equations (1) and (2) can be made dimensionless using transformations of coordinates and
velocities

x̃i =
xi

L
ũi =

ui

ub
(5)

whereL is the characteristic length andub is the bulk velocity defined as [2]

ub =
√
g̃L g̃ = g

ρ1 − ρ0
ρ0

(6)
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The dimensionless concentration and pressure can be defined as

C̃ =
ρ− ρ0
ρ1 − ρ0

p̃ =
p

ρ0u2
b

(7)

The dimensionless governing equations can be written as

∂ũi

∂xi
= 0 (8)

∂ũi

∂t
+

∂

∂xj
(ũjũi) = −

∂p̃

∂xi
+

1
√
Gr

∂2ũi

∂xj∂xj
− C̃egi

∂C̃

∂t
=

1

Sc
√
Gr

∂2C̃

∂xj∂xj
−

∂

∂xi

(
ũpiC̃

)

whereegi = (0,−1) is the unity vector pointing in the direction of gravity. Three dimensionless
parameters appear in (8), namely the Grashof numberGr, the Schmidt numberSc, and the
dimensionless particle velocitỹupi which are defined as [3]

Gr =
(
ubL

ν

)2

Sc =
ν

D
(9)

ũpi = ũi + ũsi

Using a characteristic-based split (CBS) algorithm we get the following system of equations
(details see e.g. in [5] [6])

ũ∗

i = ũn
i +∆t

[
1

√
Gr

∂2ũi

∂xj∂xj
− C̃egi −

∂

∂xj
(ũjũi) + (10)

∆t

2
ũk

∂

∂xk

(
∂

∂xj

(ũjũi) + C̃egi

)]n

ũn+1
i = ũ∗

i −∆t
∂p̃n+1

∂xi

(11)

∂2p̃n+1

∂xi∂xi

=
1

∆t

∂ũ∗
i

∂xi

(12)

where we used the intermediate velocityũ∗
i which does not satisfied a continuity equation in

(8). Upper indexesn andn+1 indicate time steps and∆t = tn+1 − tn is the length of the time
interval.

In the last step the dimensionless concentrationC̃ can be also solved using the CBS algorithm
(see [6])

C̃n+1 = C̃n
i +∆t

[
1

Sc
√
Gr

∂2C̃n

∂xj∂xj
−

∂

∂xj

(
ũn+1
pj C̃n

)
+ (13)

∆t

2
ũn+1
pk

∂

∂xk

(
∂

∂xj

(
ũn+1
pj C̃n

))]
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3 LOCAL BOUNDARY INTEGRAL FORMULATION

The area of interestΩ with the boundaryΓ is covered by points within the area and also on
the global boundary (see Fig. 1). Consider a local circular sub-domainΩs with boundaryΛs

centered at every points. This sub-domain is regular around all of the internal points, but at
the points on the global boundary this local boundary consists of a part of the global boundary
intersected with the local sub-domainΓs (see Fig. 2). To express the local boundary integral
form of the governing equations developed in the previous section in a domainΩs, we apply the
weighting residual principle [7] to equations (10), (11), (12), and (13) to obtain the weak form.
If the test functionw∗ is chosen to be the fundamental solution of the Laplace equation, then
after integration by parts twice the following integral equations can be obtained (see also [8])

∫

Ωs

ũ∗

iw
∗dΩ =

∫

Ωs

ũn
i w

∗dΩ−∆t

[∫

Ωs

ũj
∂ũi

∂xj
w∗dΩ+

∫

Ωs

C̃egiw
∗dΩ (14)

+
1

√
Gr

(
csũis +

∫

Λs∪Γs

∂w∗

∂n
ũidΓ−

∫

Λs∪Γs

w∗
∂ũi

∂n
dΓ

)

−
∆t

2

∫

Ωs

ũk
∂

∂xk

(
ũj

∂ũi

∂xj
+ C̃egi

)
w∗dΩ

]n

csp̃
n+1
s +

∫

Λs∪Γs

∂w∗

∂n
p̃n+1dΓ−

∫

Λs∪Γs

w∗
∂p̃n+1

∂n
dΓ +

1

∆t

∫

Ωs

∂ũ∗
i

∂xi
w∗dΩ = 0. (15)

∫

Ωs

C̃n+1w∗dΩ =
∫

Ωs

C̃nw∗dΩ−∆t

[∫

Ωs

ũn+1
j

∂C̃n

∂xj

w∗dΩ (16)

+
1

Sc
√
Gr

(
csC̃

n
s +

∫

Λs∪Γs

∂w∗

∂n
C̃ndΓ−

∫

Λs∪Γs

w∗
∂C̃n

∂n
dΓ

)

−
∆t

2

∫

Ωs

ũn+1
k

∂

∂xk

(
ũj

∂C̃n

∂xj

)
w∗dΩ

]

Here the coefficientcs is equal to 1 for interior points and equal toθ
2π

for points on the global
boundary (see Fig. 2).

The boundaryΛs∪Γs is then divided into several boundary elements (see Fig. 2). The values
of velocity, pressure, and concentration in nodescan now be computed from values in the local
elements. The pressure equation (15) now becomes

csp̃s +
∫

Λs∪Γs

∂w∗
sj

∂n
p̃jdΓ−

∫

Λs∪Γs

w∗

sj

∂p̃j
∂n

dΓ−
∫

Ωs

w∗

sj

∂ũ∗
i

∂xi
dΩ = 0. (17)

To avoid the term∂p̃j
∂n

defined on the local boundaryΛs, we use a companion solution (see e. g.
[9]). This solution satisfies the Laplace equation and is equal to the fundamental solution on the
local boundary. For the 2D Laplace equation the companion solution is defined as

wc =
1

2π
log

(
1

r0

)
, (18)

wherer0 is the radius of the local domainΩs. Equation (17) becomes

csp̃s +
∫

Λs∪Γs

∂w∗
sj

∂n
p̃jdΓ−

∫

Γs

(
w∗

sj − wc
sj

) ∂p̃j
∂n

dΓ−
∫

Ωs

(
w∗

sj − wc
sj

) ∂ũ∗
i

∂xi

dΩ = 0. (19)
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global boundary G
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local boundary
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area for interpolation
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Figure 1: Points in the global area

Unknown values of the pressure and its derivatives in the local boundary elementj can now
be approximated by values of the pressure inN neighbouring points using RBF interpolation.
The main reason for using RBF instead of the moving least squares (MLS) interpolation is that
RBFs possess the delta property, making the prescription of the boundary conditions straight-
forward and simple. Multiquadric RBFs are used here

W (rij) =
√
r2ij +R2 (20)

whereW (rij) is the multiquadric RBF between pointsi andj (see [10], [7]),rij is the Euclidean
distance between these two points andR is the so-called shape factor of the multiquadric func-
tion. The formula of Hardy with a slight modification is applied to the local RBFs (see [10]) to
find the optimal value of the shape factor, which can be computed in pointi as

Ri =
0.815

N

N∑

j=1

dj (21)

wheredj is the distance between the j-th local supporting point and its closest neighbouring
point. A technique described in detail in [7] can be used to obtain a set of RBF shape functions
Φij , which can be used to express the pressure and its derivatives in the pointi as

p̃i =
N∑

j=1

Φij p̃j
∂p̃i
∂xk

=
N∑

j=1

∂Φij

∂xk

p̃j (22)

Using these shape functions causes equation (19) to become

csp̃s +
N∑

m=1

(∫

Λs∪Γs

∂w∗
sj

∂n
ΦjmdΓ

)
p̃m −

N∑

m=1

[∫

Γs

(
w∗

sj − wc
sj

) ∂Φjm

∂n
dΓ

]
p̃m − (23)

−
N∑

m=1

[∫

Ωs

(
w∗

sj − wc
sj

) ∂Φjm

∂xi
dΩ

]
ũ∗

im = 0,
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A similar procedure can be applied to equations (14) and (16). All of these equations can then
be formulated in matrix form as

N∑

m=1

Msmũ
∗

im =
N∑

m=1

Msmũ
n
im −∆t

[
N∑

m=1

Ssmũim + egi

N∑

m=1

MsmC̃m+ (24)

+
1

√
Gr

(
csũis +

N∑

m=1

Hsmũim −
N∑

m=1

Gsmũim

)
−

−
∆t

2

N∑

m=1

(
Usmũim + egiFsmC̃m

)]n
,

N∑

m=1

Msmũ
n+1
im =

N∑

m=1

Msmũ
∗

im −∆t
N∑

m=1

Ssmp̃m (25)

csp̃s +
N∑

m=1

Hsmp̃m −
N∑

m=1

Gsmp̃m −
N∑

m=1

Ssmũ
∗

im = 0, (26)

N∑

m=1

MsmC̃
n+1
m =

N∑

m=1

MsmC̃
n
m −∆t

[
N∑

m=1

SsmC̃m+ (27)

+
1

Sc
√
Gr

(
csC̃s +

N∑

m=1

HsmC̃m −
N∑

m=1

GsmC̃m

)
−

∆t

2

N∑

m=1

UsmC̃m

]n
,

whereũim, p̃m, andC̃m are the values of the dimensionless velocity, pressure and concentration,
respectively, in the points neighbouring the reference points. The matricesMsm, Hsm, Gsm,
Ssm, andUsm can be written as

Msm =
ne∑

j=1

∫

Ωsj

(
w∗

sj − wc
sj

)
ΦjmdΩ, (28)

Hsm =
ne∑

j=1

∫

Λsj∪Γsj

∂w∗
sj

∂n
ΦjmdΓ,

Gsm =
ne∑

j=1

∫

Γsj

(
w∗

sj − wc
sj

) ∂Φjm

∂n
dΓ,

Ssm = ũkm

ne∑

j=1

∫

Ωsj

(
w∗

sj − wc
sj

) ∂Φjm

∂xk
dΩ,

Usm =
ne∑

j=1

∫

Ωsj

∂
(
w∗

sjuim

)

∂xi

∂ (uimΦjm)

∂xi

dΩ,

Fsm =
ne∑

j=1

∫

Ωsj

∂
(
w∗

sjuim

)

∂xi
ΦjmdΩ

wherene is the number of local elements,Λsj is the j-th internal local boundary element,Γsj is
the j-th local boundary element situated on the intersection of the global boundary, andΩsj is
the triangular area element (see Fig. 2). The mass matrixMsm can be used in either a full or a
lumped form. The lumped form is used here, because it eliminates a matrix inversion procedure.
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4 NUMERICAL EXAMPLES

All examples present so-called lock-exchange flow in rectangular channel when two fluids
of different densities are divided by a vertical barrier at the initial timet0 = 0. When this barrier
is removed the denser liquid intrudes into the light one. This type of current is also frequently
studied experimentally.

The schemes and boundary conditions of all these examples are presented in Fig.3.

4.1 Flow without any obstacles

The first example has a smooth bed without any obstacles and it serves as a comparing one.
The rectangular computational domain of sizeL = 20×H = 2 is covered by the uniform grid
of 800 × 80 points. The Grashof numberGr = 5 × 106 is used for simulation, the Schmidt
number is Sc=1 and the dimensionless settling velocity of particles isũs = 0.02. Fig. 4 presents
the results of the particle current at five dimensionless time instances. The flow is characterized
by contours of particle concentration. Soon after beginning an intrusion, a front forms in the
shape of a lifted nose due to the no-slip boundary condition on the bottom bed of the channel
and Kelvin-Helmholtz vortices are formed at the upper part of the current.

4.2 Flow through the low obstacle

The second example presents the flow of particle current over a low rectangular obstacle
(see Fig.3b). The dimensionless height of the obstacle isd = 0.5, i. e. H/d = 4. This
obstacle is located in the dimensionless distanceLs = 4.0 from the beginning of a channel.
The parameters of this example remain the same as in the first one. Fig. 5 presents contours
of the particle concentration. Approximately at timet̃ = 6 the current hits the upstream part
of the obstacle and some deformation of the current starts. The whole current is divided into
parts during the next time steps. The first part forms the backward current which moves back to
the left part of the channel; the second part overcome the obstacle and continues moving in the
right part of the channel.
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Figure 3: Numerical examples, geometry and boundary conditions

4.3 Flow through the high obstacle

The third example presents the flow over a high rectangular obstacle (see Fig.3c). The di-
mensionless height of the obstacle is nowd = 1.0, i. e. H/d = 2. The location of the obstacle
and parameters of flow remain the same as in the previous example. Fig. 6 presents contours
of concentration. As can be seen in Fig.6 the deformation of the particle current is now a bit
different than in the previous example. Almost all particles form now the backward wave and
only the negligible amount of particles overcome the obstacle. The newly formed backward
current is now more accentuated.

The shear stress distribution at the bottom of the channel is a very important part of the
resuspension of particles. The dimensionless shear stressτ̃w can be described as [1, 3, 6]

τ̃w =
1

√
Gr

√√√√
(
∂up1

∂x2

)2

+

(
∂up2

∂x2

)2

(29)

Fig. 7 presents the dimensionless shear stress at the bottom boundary at time intervalst̃ =4, 6,
and 10. This shear stress shows several peaks that correspond to the front of the current and also
to the Kelvin-Helmholtz vortices. The low values of the shear stress reflect mentioned decay of
current in the case of low and high obstacles at timet̃ = 10 (see Fig.7b,c).

The cumulative sedimentation of particles can be computed as (see [1])

D(x̃, t̃) =
1

L0H

∫ t̃

0

C̃w(x̃, t̂)usdt̂ (30)

Fig. 8 shows the value of this deposit as a function of the longitudinal coordinate x at the
dimensionless timẽt=60. The cumulative sedimentation is concentrated in the upstream part of
the channel in case of low and especially high obstacles.

Fig. 9 presents temporal variations of the mean dimensionless pressurep̃ (7) acting on the
upstream and downstream faces of the obstacles. The maximum impact is localized at time
t̃ = 6.
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Figure 4: Dimensionless concentrations in the channel without any obstacles
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Figure 5: Dimensionless concentrations in the channel with the low obstacle
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Figure 6: Dimensionless concentrations in the channel with the low obstacle
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Figure 7: Dimensionless bed shear stress; a–without obstacle, b–low obstacle, c–high obstacle
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5 CONCLUSIONS

This paper presents a possible use of the LBIEM meshless method for solution of the gravity
currents flow. We use the characteristic based split scheme to achieve stable and accurate results.
The results obtained from test cases proved that the method is an effective and useful tool to
solve this type of flow and can be used as an effective tool for modelling of several types of
geohazards.
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for two-dimensional particle-driven gravity currents simulation,Engineering Analysis
with Boundary Elements56 119–128, 2015.

[7] K. Kovářı́k, J. Mužı́k, M. S. Mahmood, A meshless solution of two dimensional unsteady
flow, Engineering Analysis with Boundary Elements36 738–743, 2012.

[8] S. N. Atluri, H.-G. Kim, J. Y. Cho, A critical assessment of the truly Meshless Local
Petrov-Galerkin (MLPG), and Local Boundary Integral Equation (LBIE) methods,Com-
putational Mechanics24 348–372, 1999.

[9] V. Sladek, J. Sladek, S. N. Atluri, R. Van Keer, Numerical integration of singularities in
meshless implementation of local boundary integral equations,Computational Mechanics
25394–403, 2000.

[10] E. J. Sellountos, A. Sequeira, An advanced meshless LBIE/RBF method for solving two-
dimensional incompressible fluid flows,Computational Mechanics41 (2007) 617–631.

734



ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

APPLICATION OF THE SHALLOW WATER EQUATIONS TO REAL
FLOODING CASE

H. Ali1, P-Y. Lagrée2, and J-M. Fullana2

1AXA Global P&C, 75008 Paris, France
e-mail: hani.ali@axa.com

2 Institut Jean le Rond d’Alembert, CNRS & UPMC Université Paris 06, UMR 7190, 75005 Paris,
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Abstract. In this paper, we solve and validate the Shallow Water equations with a well-
balanced finite volume method and semi-implicit treatment of the friction term. The method
is validated by simulating the Seine river flooding (France 1910), which is served as a bench-
mark. The method is implemented in the open source software Basilisk which is freely available
at http://www.basilisk.fr. Furthermore, we compare the obtained result with Basilisk
to a simple propagation model developed by the actuary team at AXA Global P&C.
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1 INTRODUCTION

The Shallow Water equations (or Saint-Venant Equations) are commonly used to represent
the flow of water under the assumption that the characteristic vertical length scale of the flow is
very small with respect to the characteristic horizontal length scale. These equations can be ob-
tained by depth averaging the incompressible three dimensional Navier-Stokes equations under
the previous assumption in the vertical direction. This results in neglecting any acceleration in
the direction of the gravity, which gives rise to a hydrostatic pressure distribution.

The numerical resolution of the Shallow Water equations is a good tool to predict flow prop-
erties in various situation such as Dam Breaks [15, 5], Tsunami propagation [10], Rivers flows
[2] and flooding [3, 6], among others as there is a huge literature on the Shallow Water equa-
tions.

The Shallow Water equations are given by the following system:

∂th + ∂x(hu) + ∂y(hv) = 0,

∂t(hu) + ∂x(hu2 + gh2/2) + ∂y(huv) = gh(S0x − Sfx), (1)
∂t(hv) + ∂x(huv) + ∂x(hv2 + gh2/2) = gh(S0y − Sfy).

Here:

• u(x, y, t) and v(x, y, t) are the scalar components in the horizontal direction (x, y) of the
depth-averaged velocity for a given time t > 0,

• h(x, y, t) is the local water depth,

• g = 9.81m/s2 is the gravity constant,

• S0 =
(
S0x , S0y

)
= (−∂xz(x, y),−∂yz(x, y)) is the linearized bed slope, where z(x, y) is

the topography,

• and Sf =
(
Sfx , Sfy

)
=
(
n2
√
u2+v2

h4/3 u, n2
√
u2+v2

h4/3 v
)
, is the friction force, where n is the

Manning’s coefficient which depends on the considered type of soil (see [4]).

In this paper we aim to study an application of the Shallow Water equations to a real life
flooding case. The application consists in simulating the flooding of the Seine river in Paris
which occurred in January 1910. Predicting this flooding represents a challenge for public
policy. In fact, the damage that could be caused by a potential flood having the same level as in
1910 is considerable, especially in Paris where the main activity pool of the French economy is
concentrated.

The first difficulty before running the simulation with the SWE is the choice of the numerical
scheme. Referring to the work of [1] see also [6], we consider a hydrostatic reconstruction
scheme coupled with a semi implicit treatment of the friction term to avoid spurious flows
due to topography. Second, we have to consider the appropriate topography that is relevant
to the physical one. Given that we are limited by the computer power and by the availability
of such topography, we choose to use a free available topography from the National Institute
of Geographic and Forest Information (IGN) where a mesh of 75 m is used. First, we will
use the topography in its original form. Second, we will modify the topography in order to
take into account the so called barriers at the main bed of the river. We will use in all these
simulations the open source code Basilisk which is a C code based on a finite volume method
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with a structured mesh. This code uses also a quadtrees mesh to allow efficient adaptive grid
refinement. Methods based on quadtrees mesh have been successfully used to compute adaptive
solutions of many problems such as the 2D and the 3D Navier-Stokes equations [13, 12] or
Shallow Water equations [14].

The rest of this paper is organized as follows: In section 2, we set up the formulation of
the model equations and recall the numerical scheme. In section 3, we reproduce the 1910
flooding in Paris by using the historical registration of the water depth. We superimpose some
obtained footprints with some maps from [8] in order to visualize clearly the inundated regions.
Furthermore, we compare our result against the result that is furnished by the Regional and
Interdepartmental Directorate of Environment and Energy (DRIEE) in order to validate our
method. In section 4, we study the sensitivity of the model with respect to the Manning’s
coefficient. In section 5, we compare the result furnished by the resolution of the SWE with the
result obtained by a simple propagation model developed by the actuary team at AXA Global
P&C. Section 6 contains the conclusion of this paper.

2 Numerical method

2.1 General form

The system 1 can be written in the conservative form as

∂tU +∇ (F,G) = R, (2)

where

U = (h, hu, hv) , F =
(
hu, hu2 + gh2/2, huv

)
,

G =
(
hv, huv, hv2 + gh2/2

)
, (3)

and R =
(
0, gh(S0x − Sfx), gh(S0y − Sfy)

)
.

Here, U is the vector of conserved variables, F and G are the flux functions, and R stands for
the sources which are formed from the bed slope gh(S0) term and the friction term gh(Sf ). We
note that for h > 0 the above system is strictly hyperbolic.
As the 2D case can be treated by a complete analogy with the 1D case, for seek to simplicity,
we will consider only the 1D case. The two-dimensional system (2) rewrite

∂tU + ∂xF = R. (4)

Hereafter,

U = (h, hu) , F =
(
hu, hu2 + gh2/2

)
, and R = (0, gh(S0x − Sfx)) . (5)

We split in two problems, first an inviscid one, second a purely viscous one.

2.2 Inviscid part treatment

Following [1], we use the hydrostatic reconstruction scheme to the problem (4), without the
friction term, which is given by

U∗i = Un
i −

∆t

∆x

(
Fn
i+1/2 − Fn

i−1/2

)
+

∆t

∆x
S0

n
i , (6)
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where

Fn
i+1/2 = F

(
Un

i+1/2,L,Un
i+1/2,R,

)
, Fn

i−1/2 = F
(
Un

i−1/2,L,Un
i−1/2,R

)
, (7)

and

S0
n
i =

(
0, g(hn

i+1/2,L)2/2− g(hn
i−1/2,R)2/2

)
. (8)

Here F stands to the numerical flux which is defined in the next section and the values of
Un

i+1/2,L and Un
i+1/2,R are obtained by applying once again the hydrostatic reconstruction.

Un
i+1/2,L =

(
hn
i+1/2,L, h

n
i+1/2,Lu

n
i

)
, Un

i+1/2,R =
(
hn
i+1/2,R, h

n
i+1/2,Ru

n
i+1

)
(9)

where

hn
i+1/2,L = max

(
0, hn

i + zni −max
(
zni , z

n
i+1

))
,

hn
i+1/2,R = max

(
0, hn

i+1 + zni+1 −max
(
zni , z

n
i+1

))
. (10)

We note that this scheme is designed to capture the dry regions where h = 0 and to ensure the
non-negativity of the water weight, we refer the reader to [1] for more details.

2.3 Numerical flux

In Basilisk many consistent flows were implemented for the homogeneous part of the system
2, for example the Harten Lax Van Leer (HLL) flux, the Kurganov flux and the one obtained by
the kinetic method. In this work we used the Kurganov flux. The Kurganov flux [11] is based
on a central-upwind scheme which does not require exact or approximate Riemann solvers and
a characteristic analysis that upwind Godunov-type methods require. Furthermore, they admit
a less numerical dissipation than the other numerical flux.

The application of this scheme gives the following expression for the numerical flux:

F
(
Un

i+1/2,L,Un
i+1/2,R,

)
=

ai+1/2,RF(Un

i+1/2,L)−ai+1/2,LF(Un

i+1/2,R)

ai+1/2,R−ai+1/2,L

+
ai+1/2,Rai+1/2,L

ai+1/2,R−ai+1/2,L

(
Un

i+1/2,L − Un
i+1/2,R

)
, (11)

where

ai+1/2,R = max
(
0, un

i+1/2,R +
√
ghn

i+1/2,R, u
n
i+1/2,L +

√
ghn

i+1/2,L

)
,

ai+1/2,L = min
(
0, un

i+1/2,R −
√
ghn

i+1/2,R, u
n
i+1/2,L −

√
ghn

i+1/2,L

)
. (12)

The above scheme is stable under the following CFL condition on the time step ∆t:

∆t ≤ CFL
∆x

max(ai+1/2,R,−ai+1/2,L)
, (13)

where CFL < 1 is the Courant number and ∆x is the space step.
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2.4 Friction term treatment

The fractional-step method is a standard way to deal with the friction term. The complete
solution of problem (2) is obtained by first solving the equations without the friction term as in
section 2.1 to obtain an intermediate solution U∗. The following problem is then solved using
U∗ to find the complete solution Un+1:

∂tU = Sf . (14)

Thus, we obtain the following semi-implicit scheme for the friction term

hn+1 = h∗ and un+1 =
u∗

1 + g∆tn2 |un|
(hn+1)4/3

. (15)

We note that this semi-implicit scheme preserves the steady state at rest and also the stability
under the CFL condition.

3 Numerical simulation: application to Seine inundation

Figure 1: Topography generated from the IGN data showing the domain of the study with 75 m mesh resolution,
23.6m ≤ z ≤ 161m. Locations of different gauges are given.

The Seine river in Paris is our case study. Figure 1 represents the topography of the river in
the landscape: the upstream end is located near Austerlitz train station and the downstream end
is located near Chatou train station. The domain area is about 225km2.

We will distinguish between two cases: First, we run the simulation by using the topography
that is furnished by the IGN ([9]). Second, we modify the topography in order to take into
account the barriers along the river which are constructed to prevent flooding (see figure 2).
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Figure 2: Figure showing the modified topography

Figure 3: Free elevation final height at several places in Paris, computed values

3.1 Numerical resolution and the raw IGN data

The numerical solution has been computed by using the SWE described in section 2, where
the topography is given by the IGN (see figure 1). The Manning’s coefficient n is set to 0.01
s/m

1
3 for two reasons: First, in order to accelerate the propagation of the water. Second, in

order to represent the minor and major bed of the Seine river at Paris as a firm soil.
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Figure 4: A figure generated from simulation at t = 120000s showing the inundated area in 1910

Figure 5: A figure generated from simulation at t = 120000s showing the inundated area in 1924

Figure 3 shows the evolution of the water depth in meters between Austerlitz and the Bridge
of Bezons. This figure gives the level of the free surface, i.e. the depth of the water, at each
station.

We took as a reference the historical depth of the water in Austerlitz in 1910, 1924 and 1982.
Within the used IGN topography, the altitude of Austerlitz is about 27 m from the zero level
which is the NGF69 level. Thus, we take into account this information in order to reproduce
the historical events. The numerical results at the final stage after 12h of propagation is given in
figures 4, 5 and 6. These figures allow us to determine the inundated regions in Paris in 1910,
1924 and 1982.
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Figure 6: A figure generated from simulation at t = 120000s showing the inundated area in 1982

Figure 7: A figure generated from simulation at t = 120000s showing a comparison between our simulation (blue)
and the result of the DRIEE (red).

3.2 Simulation with defenses

Next, we will modify the topography in order to take into account the barriers along the river.
These barriers reach the value of 7m in Austerlitz. Here, we compare our simulation with the
modified topography that we call simulation with defenses against the result that are furnished
by the DRIEE [7]. Figure 7 shows that our result is consistent with the DRIEE result. In order
to calculate the prediction rate we calculate the ratio between the inundated area given by our
simulation and the inundated area given by the DRIEE. We deduce that our result is similar to
the result of the DRIEE with a prediction rate of 90 percent. The regions that are potentially
inundated can be detected from this figure.
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4 Sensitivity to Manning’s coefficient

Figure 8: Variations of the water depth with respect to the manning’s coefficient n. The gauge is located near Issy
bridge in Paris

Figure 9: A figure generated from simulation at t = 120000s showing a comparison between the inundated area
in 1982 with n = 0.01 (blue) and with n = 0.015 (red) and their intersection (green)

The Manning’s coefficient n is the most important parameter that should be determined for
hydrodynamics models. In fact, selecting the value of n means to estimate the flow resistance
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Figure 10: A figure generated from simulation at t = 120000s showing a comparison between the inundated area
in 1982 with n = 0.01 (blue) and with n = 0.02 (red) and their intersection (green)

Figure 11: A figure generated from simulation at t = 120000s showing a comparison between the inundated area
in 1982 with n = 0.01 (blue) and with n = 0.03 (red) and their intersection (green)

to the movement. Moreover, this coefficient greatly impacts the flow speed, which then impacts
the depth and the flood extent. In order to test the sensitivity of the model with respect to the
Manning’s coefficient, we run the simulation for four values of n 0.01, 0.015, 0.02, and 0.03.
These values seem reasonable for a river channel with a firm soil bed and no vegetation.

Figure 8 shows that when n is bigger than 0.01 the flow is slower and the water can be more
accumulated. A comparison between the footprint of the 1982 flood in Paris with n = 0.01 and
n = 0.015, n = 0.02, and n = 0.03 respectively at the same time are given in figures 9, 10 and
10. These figures show that the new inundated region will be bigger than that given before for
n = 0.01. However, the water propagation will be slower than that given before for n = 0.01
as we see that at the final time of our simulations the water does not attain yet the downstream
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end of the domain for n = 0.02 and n = 0.03.

5 Comparaison between a simple propagation model and the SWE

Figure 12: Figure showing the propagation algorithm with R which is developed at AXA Global P&C

Figure 13: A figure generated from simulation showing a comparison between a simple filling method with Basilisk
(blue) and the simulation with the simple propagation algorithm (red)

In this section, we give a comparative study between the model based on the resolution of
the SWE (described above) and a propagation model which is developed by the actuary team
at AXA Global P&C. This propagation model is simpler than that based on the resolution of
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Figure 14: A figure generated from simulation showing a comparison between the inundated area in 1910 obtained
with Basilisk at t = 120000s (blue) and the simulation obtained with the propagation algorithm with non-uniform
initial height (red) and their intersection (green)

Figure 15: A figure generated from simulation showing a comparison between the inundated area in 1910 obtained
with Basilisk at t = 120000s (blue) and the simulation obtained with the propagation algorithm with non-uniform
initial height and a dissipative term (red) and their intersection (green)

the SWE. It allows us to obtain footprint of the inundation. This model is programmed in R
language and verifies the following properties (see figure 12):

• A cell is only flooded by one of its 8 direct neighbors

• The water level of a flooded cell is the maximum of its flooded neighbors

• The water depth of a cell cannot exceed the largest depth of its neighbors

In order to evaluate the performance of this simple propagation model, we will compare be-
tween the footprint obtained by this model for Paris flooding in 1910 and the footprint obtained
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Figure 16: A figure generated from simulation showing a comparison between the inundated area in 1910 obtained
with Basilisk at t = 120000s (blue) and the simulation obtained with the propagation algorithm with non-uniform
initial height and an interpolated topography (red) and their intersection (green)

above using the SWE. In both models, we use the IGN Digital elevation data with 75 m resolu-
tion. Figure 13 shows a comparison between the result of the flooding scenario with Basilisk,
by filling in all the regions with a depth less than 35 m, and the result of the simple propagation
algorithm. It can be seen that both models match well. The inundated region in figure 13 is
clearly bigger than the one obtained in figure 4 with the hydrodynamic model. We deduce from
this visual index that the simple model needs to be calibrated with respect to the hydrodynamic
model in order to obtain a better approximation of the inundated region. For this reason, we
consider first the simple propagation algorithm with a non-uniform height along the major bed
and second by adding a dissipative term in the algorithm. These both modifications allow us
to reduce the inundated region and thus ameliorate the error ratio (see figures 14 and 15), i.e.
the over detected area, defined as the ratio of the area obtained with the simple algorithm which
does not belong to the intersection area (the red area), and the area obtained with the same
algorithm (error ratio = red area

red area+green area). Moreover, in both cases, the prediction ratio is
greater than 90%, where the prediction ratio is defined as the ratio of the intersection area and
the area obtained with the SWE model (prediction ratio =

green area
blue area+green area).

Another way to calibrate the simple model written in R with respect to the simulation result
obtained with Basilisk is to interpolate manually in R the furnished topography from IGN. In
fact, Basilisk interpolates automatically the topography whenever the gradient of the height
h is greater than 10 cm. Thus, we get in the final stage of the simulation with Basilisk an
interpolated topography with approximately 25 m grid resolution. Figure 16 shows that the
calibrated algorithm with the interpolated topography with (25 m grid resolution) approximates
well the hydrodynamic model. Thus, a better resolution of the digital elevation model has a
profound impact on the accuracy of the footprint extent.

6 Conclusion

From this case study, we can conclude that both models, the hydrodynamic model, based on
the SWE, and the calibrated simple model, are able to simulate the inundated extent region of
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Paris 1910 flood with a certain accuracy level. The hydrodynamic 2D model gave the best over-
all performances and a more precise information about the depth, the extent and the velocity of
the flow. Basilisk code uses digital elevation models and generates the topography required by
the hydrodynamic model. The mathematical model utilizes the SWE written in their conserva-
tive form without any simplification. Furthermore, the numerical method used is stable, which
makes the Basilisk code suitable for practical applications.

However, the major obstacle of the simulation concerns the long runtime of the hydrody-
namic model which is about 3 hours. This long runtime is needed to better calibrate the model
with respect to the Manning coefficient. This is still the major disadvantage of the hydrody-
namic model even with the adaptive meshes.

Furthermore, the Basilisk code should be tested with a better resolution grid for the DEM.
Using a better resolution grid for the DEM has also the disadvantage of the calculation time
which becomes again longer. Thus, a balance must be found between the available DEM’s with
different resolution, the runtime of the simulation, and the method accuracy.

The calibrated simple model worked well in the case of Paris flooding without defenses.
Thus, one can use the calibrated simple model when we do not need a lot of precision. Further
test cases should be undertaken to validate the general applicability of this conclusion. In par-
ticular, we need first to test this model to simulate Paris 1910 flood scenario with defenses and
also simulate the flooding of other regions of the river where the morphology of the floodplain
is different.
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Abstract. The first aim of this work is to improve the models currently available for the simula-
tion of ice production in turbulent seawater, by means of the development of a multiphase model
able to describe all the stages of ice production, overcoming the limitation of previous attempts,
mainly based on Boussinesq approximation. We consider the mixture of ice and seawater as a
dense compressible fluid, and we model the behaviour of seawater by an equation of state that
links seawater density to temperature, salinity and pressure. The model is able to reproduce
the interaction phenomena occurring between phases when the ice volume fraction exceeds the
values allowed by the Boussinesq approximation, including in the momentum equations addi-
tional terms, related to the drag force between liquid and particles, and to the particle-particle
interaction force. The second aim of our work is to implement and validate a numerical solver
of our model. For this purpose, the model uses a sophisticated modelling approach, typically
adopted for the numerical simulation of multiphase flows of industrial interest. The multiphase
model can be coupled to the Large Eddy Simulation technique. The behaviour of the governing
equations in the incompressible limit is investigated by means of a low-Mach number asymp-
totic analysis. The divergence constraint condition for the velocity field of continuous phase
can then been imposed on the zero-Mach number equations by means of a projection method.
The governing equations are discretized using the finite volume method, and the performance of
the multiphase model has been assessed by solving a laminar Rayleigh-Bénard convection, for
both large and small ice concentration regimes. In small concentration regime, the numerical
solutions have been compared with the solutions obtained by a finite difference numerical code,
based on the Boussinesq approximation.
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1 INTRODUCTION

Ice formation in the ocean is a complex phenomenon, whose correct description is essential
in order to model adequately the atmosphere-ocean heat fluxes, the salt rejection phenomena
and the damping effects related to the interactions among ice production, salt rejection and
turbulent convection. The first stage of ice formation at the supercooled free surface of oceans,
rivers and lakes is denoted as frazil-ice, a suspension of small individual randomly-oriented
crystals, typically of 1 - 4 mm in diameter and 1 - 100 µ m in thickness [28, 31]. The frazil ice
evolves rapidly into a thin slurry of ice platelets, known as grease ice. As cooling continues, the
crystals freeze together into small disks called pancake-ice. Finally, during the last stage of sea
ice evolution, the pankace-ice coalesces into a continuous ice sheet.

In this work, we focus our attention on the initial stages of ice production, frazil and grease
ice. It is well known that ice formation greatly affects the geophysical and biological processes
occurring in the polar oceans and that the subsequent salt rejection could play an important role
in stimulating the convection processes in the oceans. Moreover, the presence of ice particles
in rivers could produce serious damages to hydroelectric facilities, such as the blocking of
turbine intakes, or the blockage of hydroelectric reservoirs. Therefore, the experimental and
mathematical investigation of ice production has become, during the years, an active field of
research.

The aim of this work is to improve the models currently available for the simulation of ice
production in turbulent seawater, by means of the development of a multiphase model able to
describe all the stages of ice production, overcoming the limitation of previous attempts, see e.g.
[36, 42, 24, 40, 41, 21], mainly based on Boussinesq-like approximation. More specifically, in
this work we consider the mixture ice-sea water as a dense compressible fluids. We model the
behaviour of seawater by means of an equation of state derived from [7], that links seawater
density to temperature, salinity and pressure, allowing us to go beyond the Boussinesq approx-
imation. The model is able to reproduce the interaction phenomena occurring between phases
when ice volume fraction is large, including in the momentum equations additional terms, re-
lated to the drag force between liquid and particles, and to the particle-particle interaction force.
For this purpose, the model uses a sophisticated modelling approach, typically adopted for
the numerical simulation of multiphase flows of industrial interest [16]. A low-Mach number
asymptotic analysis has been performed to investigate the behaviour of the multiphase equa-
tions in the incompressible limit. The divergence constraint condition for the velocity field of
continuous phase can then been imposed on the zero-Mach number equations by means of a
projection method. As a starting point toward the development of an advanced numerical solver
implementing our multiphase model, we develop a finite volume solver by means of a projec-
tion method based on [4, 19, 20], to be valid under the Boussinesq approximation, i.e. for small
ice concentration regime, using the OpenFOAM library.

The paper is organized as follows: section 2 describes the multiphase model equations for the
mixture ice-seawater, the non-dimensional form and the asymptotic analysis, whereas section 3
is devoted to the Boussinesq model equations. In section 4 we present the time discretization
by projection method, for the Boussinesq model. Section 5 is devoted to the numerical results
for a Boussinesq laminar Rayleigh-Bénard convection, for water and for the mixture ice-water,
and ice-salt-water.
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2 THE MULTIPHASE MODEL EQUATIONS

We now introduce the multiphase model equations according to the Eulerian-Eulerian ap-
proach, coupled with a sophisticated modelling approach for the interaction terms between
phases, typically adopted for the numerical simulation of multiphase flows of industrial inter-
est. The governing equations proposed here have been derived carrying out a volume averaging
considering an averaging volume V such as l3� V , where l denotes the mean distance between
the ice particles. We define the density of the mixture ice-seawater as ρ = φIρI + (1− φI) ρW ,
in which φI stands for the ice volume fraction, and ρI and ρW denote the ice and water density,
respectively. In this work we consider the ice density as a constant value. A large number of
models for the equation of state for seawater have been proposed over the years in the oceano-
graphic literature. We have focused our attention on those formulations suitable for numerical
modelling, see e.g.[6, 15, 14, 33, 32, 29, 23]. Here we propose a reduced form for the equation
of state, derived from the equation proposed in [7], that combines the approaches proposed in
[15, 23], providing a simplification of the UNESCO formula [33] that has been found to be
valid for −2◦C < θ < 40◦C, 0 psu < S < 42 psu . Our state equation can be written as

ρW (T, S, p) = Drp+ Er, (1)

where the Dr and Er coefficients stand for Dr = b5TS + b2T + b1, and Er = a5TS + a4T
2 +

a3S + a2T + a1 + ρ0, ρ0 = 1000kg/m3 is a reference density. The coefficients ai and bi are
given in Table 1. According to the equation 1, the speed of sound is given by c = [1/Dr]

1/2 .

n an bn
1 −9.20601× 10−2 +5.07043× 10−1

2 +5.10768× 10−2 −3.69119× 10−3

3 +8.05999× 10−1 -
4 −7.40849× 10−3 -
5 −3.01036× 10−3 +1.75145× 10−5

Table 1: Coefficients of the equation of state

The continuity equations for the liquid and solid phases can be written as
∂
∂t

[ (1− φI) ρW ] + ∂
∂xi

[ (1− φI) ρWui] = Smass, (2)
∂
∂t

(φIρI) + ∂
∂xi

(φIρIvi) = −Smass. (3)

where Smass is the source term, defined as

Smass =
2φIh

RL
(Tf − TW) , (4)

where h is the convective heat transfer coefficient, R stands for the average radius of the ice
particles, L is the specific latent heat of fusion, TW denotes the water temperature and Tf is the
freezing temperature. The momentum equations for water and ice read

∂

∂t

[
(1− φI) ρWui

]
+

∂

∂xj

[
(1− φI) ρWujui

]
+ f cori,j uj = − (1− φI)

∂p̄

∂xi
+ (1− φI)

∂τij
∂xj

+FW
i + (1− φI) ρ̄Wgi + Smom, (5)
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∂

∂t
(φIρIvi) +

∂

∂xj
(φIρIvjvi) + f cori,j vj = −φI

∂p̄

∂xi
+ φI

∂τij
∂xj

+ F I
i + φIρIgi − Smom, (6)

where the quasi pressure p̄ is defined as p̄ = p+ ρ0gz, and ρ̄W stands for ρ̄W = ρ− ρ0.
FW
i and F I

i can be split in two terms FW
i = fW,drag

i + fW,I
i and F I

i = f I,drag
i + f I,I

i . Here, fW,drag
i

and f I,drag
i denote the drag terms between seawater and particles, depending on the relative

velocity (ui − vi) ; fW,I
i denotes the shear stress term, analogous to the Reynolds stress in a

single phase flow, that accounts for the velocity deviations that can occur on the seawater flow
around a single particle; f I,I

i denotes the particle-particle interaction term. Smom is the source
term and f cori,j is an antisymmetric tensor such that f cori,j uj and f cori,j vj represent the Coriolis
rotational forces on water and ice, respectively.
The momentum source term can be expressed as

Smom =
2φIh

RL
(Tf − TW) vi. (7)

The liquid-solid drag term satisfies fW,drag
i = −f I,drag

i . Following the approach proposed in
[17], for gas-solid fluidized bed, fW,drag

i can be written as fW,drag
i = KD (ui − vi), where KD

stands for the two-phase drag coefficient. For the evaluation of KD we refer to [17], in which
KD is defined as a function of a drag coefficient CD, and the relative Reynolds number Res =
(ρWD | vi − ui |) /µW . A large number of models have been proposed during the years for the
evaluation of the drag terms, see e.g. [43], for gas-solid multiphase flows, and [17, 43, 45], for
the evaluation of the liquid-solid drag in the framework of pipeline slurry flows, fluidized bed
reactors, as well as in other chemical reacting systems, see e.g. [27, 22, 39, 46, 11, 37], or in
numerical modelling of volcanic eruptions, see e.g. [8, 9]. The term fW,I

i is analogous to the
Reynolds stress in a single phase flow. Following the approach reported in [12], we can define
fW,I
i by means of an effective stress τ eij such that

fW,I
i =

∂

∂xj

(
(1− φI) τ

e
ij

)
, (8)

where the effective shear stress, τ eij , is related to the turbulence parameters of the flow. The
evaluation of τ eij , is often carried out by means of eddy viscosity models. The particle-particle
interaction term can be written as,

f I,I
i = φI

∂

∂xj
(−psδij + τs,ij) . (9)

The terms ps and τs,ij stand for the solid pressure and the solid shear stress tensor, respectively.
ps and τs,ij can be evaluated as function of the granular temperature Θ, according to the kinetic
theory, originally applied by Bagnold [2] to this purpose. Starting from [2], several efforts have
been devoted over the years to the development of the kinetic theory, see e.g [35, 38, 30, 26].
Here we mainly refer to the formulations proposed in [16, 30, 25]. Following this theory, an
additional transport equation for the kinetic energy of the fluctuating motion of the dispersed
phase, also called granular temperature Θ, is required. The kinetic energy associated with the
particle velocity fluctuation, can be expressed as Θ = 1

3
〈C〉2, where C is the deviation of the

particle velocity from the mean velocity. The operator 〈 〉 denotes the mean value based on the
Gaussian distribution. The equation for the granular temperature can be written, following [16],
as

753
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3

2

[
∂

∂t
(ρIφIΘ) +

∂

∂xi
(ρIφIviΘ)

]
= [−psδij + τs,ij]

∂vi
∂xj
− ∂

∂xi

(
k

Θ

∂Θ

∂xi

)
− Γ

Θ
. (10)

Here, ps, τs,ij , kθ , Γ
θ

stand for the solid pressure, the solid shear stress tensor, the coefficient of
conductivity of granular temperature, and the dissipation term, respectively, and can be calcu-
lated as functions of Θ using different approaches, see e.g. [30, 16, 44, 25].

The transport equation for the water temperature can be written as follows

∂

∂t

[
(1− φI)TW

]
+

∂

∂xi

[
(1− φI)uiTW

]
=

∂

∂xi

(
(1− φI) kt

∂TW

∂xi

)
+ φIλt (TI − TW) + ST . (11)

The parameter λt is defined as λt = 3h
cpρWR

. ST is the source term, defined as

ST =
2hφI

RcpρW

(Tf − TW) , (12)

where cp stands for the water specific heat at constant pressure.
The equation for the salinity S is formulated as

∂

∂t

[
(1− φI)S

]
+

∂

∂xi

[
(1− φI)Sui

]
=

∂

∂xi

(
(1− φI) ks

∂S

∂xi

)
+ Ssal, (13)

where ks is the salt diffusivity, and Ssal is the source term,

Ssal =
2hSvφIρI

RLρW

(Tf − TW) , (14)

where Sv denotes the increase of salinity due to the freezing, that can be defined as Sv =

ms/
[
V
(
1− φIρI

ρ

)]
, in which ms stands for the salt mass and V is the volume of the water-ice

mixture.

2.1 Non-dimensional form

In order to obtain the non-dimensional form of the governing equations, we consider the
vertical length of the computational domain L as the reference length; the temperature gap
between upper and lower boundary of the computational domain, ∆T , as temperature scale; the
water velocity ,u∞ , as the velocity scale; the characteristic time t∗ as temporal scale; the water
density, ρW∞ , as density scale; and p∞ and S0 , as reference pressure and reference salinity,
respectively. We define the following dimensionless parameters,

α̃ = α∆T, S̃ =
S

S0α∆T
, Θ̃ =

Θ

u2∞
, p̃s =

ps
ρW∞u

2
∞

, M∞ =
u∞

c∞
, (15)

and the f parameter as f = u∞t
∗/L. For simplicity, in the following sections we denote S0α∆T

as S∞ , and ∆T as T∞ . Other dimensionless parameters are the non-dimensional numbers,
Reynolds, Re, Prandtl, Pr, Rayleigh, Ra, and Schmidt, Scs

Re =
uρWL

µ
, Pr =

ν

kt
, Ra =

gαL3∆T

ktν
, Scs =

ν

ks
, (16)
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where µ and ν are the dynamic and kinematic viscosity, respectively, kt is the water thermal
diffusivity, α the thermal expansion coefficient, g the gravity acceleration and ks is the salt
diffusivity. The non-dimensional form of the equation of state, Equation 1, yields

ρ̃W = D∗
rD̃rp̃+ E∗

r Ẽr, (17)

D∗
r =

Dr∞p∞

ρW∞

, E∗
r =

Er∞
ρW∞

, D̃r =
Dr

Dr∞

, Ẽr =
Er
Er∞

. (18)

In the following we will work with the non dimensional equations, dropping the˜sign for
simplicity. The non-dimensional mass conservation equations can be written as,

∂

∂t

[
(1− φI) ρW

]
+ f

∂

∂xi

[
(1− φI) ρWui

]
= Smass, (19)

∂

∂t
(φIρI) + f

∂

∂xi
(φIρIvi) = −Smass, (20)

where the source term yields,

Smass =
2φIht

∗

RLρW∞

(Tf − TW) . (21)

The non-dimensional momentum equations can be defined as

∂

∂t

[
(1− φI) ρWui

]
+ f

∂

∂xj

[
(1− φI) ρWujui

]
+ fCorui = −f p∞

ρW∞c
2
∞

1

M2
∞

(1− φI)
∂p̄

∂xi
+

f
1

Re∞
(1− φI)

(
∂2uj
∂xj∂xi

+
1

3

∂

∂xj

(
∂ui
∂xi

))
+ FW

i + f
Ra

PrRe2∞α
(1− φI) ρ̄W − Smom, (22)

∂

∂t
(φIρIvi) + f

∂

∂xj
(φIρIvjvi) + fCorvi = −f p∞

ρW∞c
2
∞

1

M2
∞

φI

∂p̄

∂xi
+

f
1

Re∞
φI

(
∂2uj
∂xj∂xi

+
1

3

∂

∂xj

(
∂ui
∂xi

))
+ F I

i + f
Ra

PrRe2∞α
φIρI + Smom, (23)

where the source term stands for

Smom =
2φIht

∗

RLρW∞

(Tf − TW) vi. (24)

The temperature equation for water can be written as

∂

∂t

[
(1− φI)TW

]
+ f

∂

∂x i

[
(1− φI)uiTW

]
=
t∗ν

L2

∂

∂xi

(
(1− φI)

1

Pr

∂TW

∂xi

)
+ (25)

φIt
∗λt (TI − TW) + ST .

The source term is given by

ST =
2ht∗φI

RcpρWρW∞

(Tf − TW) . (26)
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The non-dimensional transport equation for salinity can be written as,

∂

∂t

[
(1− φI)S

]
+ f

∂

∂xi

[
(1− φI)Sui

]
= f

∂

∂xi

(
(1− φI)

1

ScRe∞

∂S

∂xi

)
+ Ssal, (27)

Ssal =
2ht∗SvφIρIρW∞

RLS∞ρW

(Tf − TW) . (28)

Finally, for granular temperature, the non dimensional form yields,

3

2

[ ∂
∂t

(ρIφIΘ) + f
∂

∂x i
(ρIφIviΘ)

]
= [−fpsδij + τs,ij]

∂vi
∂xj
− ∂

∂xi

(
k

Θ

∂Θ

∂xi

)
− Γ

Θ
. (29)

2.2 Low-Mach number asymptotic analysis

To investigate the behaviour of the multiphase equations in the incompressible limit, we have
expanded each flow variables as e.g., the pressure,

p (x, t,M∞) = p(0) +M2
∞p

(2) (x, t,M∞) . (30)

For simplicity, here we report only the zero-Mach number equation for seawater density, Equa-
tion 17, the zero-Mach number equation for mass concentration, Equation 19, and the leading
and the zero-order equations for momentum, Equations 22 and . The other zero-Mach num-
ber equations follow the non-dimensional representation, with all the variables evaluated at the
zero-order. The non-dimensional equation for seawater density, at orderO

(
M0

∞

)
, is derived as:

ρ(0)W = D∗
r

(
D(0)
r p(0)

)
+ E∗

rE
(0)
r , (31)

where the coefficientsD(0)
r andE(0)

r are functions of the zero-order temperature and salinity, see
the Appendix A for the detailed expression of each coefficient. The water mass conservation at
order O

(
M0

∞

)
yields

∂

∂t

[(
1− φ(0)

I

)
ρ(0)W

]
+ f

∂

∂xi

[(
1− φ(0)

I

)
ρ(0)W u

(0)
i

]
= S(0)

mass. (32)

The zero-order ice mass conservation is given similarly. The water and ice momentum equations
at the leading order O

(
M−2

∞

)
yield

∂p̄(0)

∂xi
= 0, (33)

therefore, according to the definition of quasi-pressure p̄(0), we obtain

∂p(0)

∂x
=
∂p(0)

∂y
= 0, (34)

∂p(0)

∂z
= −ρ0g. (35)

The water momentum equation at order O
(
M0

∞

)
yields:
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∂

∂t

[(
1− φ(0)

I

)
ρ(0)W u

(0)
i

]
+ f

∂

∂xj

[(
1− φ(0)

I

)
ρ(0)W u

(0)
j u

(0)
i

]
+ f

(0)
Coru

(0)
i =

−f p∞

ρW∞c
2
∞

(
1− φ(0)

I

) ∂p̄(2)
∂xi

+ f
1

Re∞

(
1− φ(0)

I

) ∂2u
(0)
j

∂xj∂xi
+

1

3

∂

∂xj

∂u(0)i
∂xi

+

F
W(0)
i + f

Ra

PrR2
e∞
α

(
1− φ(0)

I

)
ρ̄(0)W − S(0)

mom. (36)

The ice momentum equation at order O
(
M0

∞

)
can be similarly derived. Using the continuity

equation, Equation 32, and assuming f = 1, the following constraint on the divergence of the
water velocity is obtained

∇ · u(0)i =
1(

1− φ(0)
I

)
ρ
(0)
W

[
− D

Dt

(
1− φ(0)

I

)
ρ(0)W + S(0)

mass

]
, (37)

where D
Dt

(
1− φ(0)

I

)
ρ
(0)
W can be written as

D

Dt

(
1− φ(0)

I

)
ρ(0)W =

(
1− φ(0)

I

) Dρ(0)W

Dt
− ρ(0)W

Dφ
(0)
I

Dt
. (38)

Using the zero-oder ice mass conservation, Dφ
(0)
I

Dt
can be obtained as

Dφ
(0)
I

Dt
= −S

(0)
mass

ρ
(0)
I

− φ(0)
I

∂v
(0)
i

∂xi
, (39)

and Dρ
(0)
W

Dt
can be derived as

Dρ
(0)
W

Dt
=

∂ρ
(0)
W

∂S(0)

∣∣∣∣∣∣
T

(0)
W ,p(0)

DS(0)

Dt
+

∂ρ
(0)
W

∂T
(0)

W

∣∣∣∣∣∣
S(0),p(0)

DT
(0)

W

Dt
+
∂ρ

(0)
W

∂p(0)

∣∣∣∣∣∣
T

(0)
W ,S(0)

Dp(0)

Dt
, (40)

in which all the partial derivative can be evaluated by means of the equation of state, whereas
DS(0)

Dt
and DT

(0)
W

Dt
can be derived using the zero-order temperature and salinity equations, respec-

tively, and Dp(0)

Dt
can be evaluated considering the Equation 33, see the Appendix A for the

complete derivation of these terms. The divergence constraint can then be rewritten as

∇ · u(0)i =
1(

1− φ(0)
I

)
ρ
(0)
W

−φ(0)
I

∂v
(0)
i

∂xi
+

1

ρ
(0)
W

1− ρ
(0)
W

ρI

S(0)
mass

− 1

ρ
(0)
W

Dρ
(0)
W

Dt
. (41)

The zero-order equations coupled with the divergence constraint, Equation 41, can then be
discretized in time using a projection method, and the divergence constraint will be used to
enforce the mass conservation and the equation of state.
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3 BOUSSINESQ APPROXIMATION OF THE MULTIPHASE MODEL EQUATIONS

Here we present the Boussinesq approximation for the multiphase equations introduced in
the previous sections. This is a starting point for the development of a finite volume multiphase
solver, based on the aforementioned multiphase model. The Boussinesq approximation, indeed,
allows us to model the initial stage of the ice production phenomena, frazil-ice, in which the
ice volume fraction typically does not exceed 10−3. The formulation reported here follows the
approach presented in [1]. According to the Boussinesq approximation, the seawater density
can be expressed by means of the following linearized equation of state, see e.g. [21]

ρW = ρ0 (1− β (T − T0) + βs (S − S0)) , (42)

in which ρ0, T0, S0, denote the reference density, temperature, and salinity, respectively, whereas
β and βs are the expansion coefficients. Using the Boussinesq approximation, density variations
are sufficiently small such that they can be retained only in the buoyancy term of the momentum
equation, see e.g [10]. According to such approximation, our multiphase model reduces to a
single-phase model, then all the interaction terms and the mass and momentum source terms
vanish. Retaining only the equations for water, and assuming the water density to be constant,
except in the buoyancy term, the governing equations reduce to

∂ui
∂xi

= 0, (43)

∂ui
∂t

+
∂ (uiuj)

∂xj
= − ∂π

∂xi
+

1

Re

∂2ui
∂x2j
− gi (β (T − T0)− βs (S − S0)) , (44)

∂TW

∂t
+
∂ (uiTW)

∂xi
=

∂

∂xi

(
kt
∂TW

∂xi

)
+ ST , (45)

where π denotes the quasi-pressure, defined as π = (p− ρ0g) /ρ0, according to the treatment
proposed in [13]. The source term for temperature, ST , is given by

ST =
2h

RcpρWρI

ρCI (Tf − TW) , (46)

where CI denotes the ice mass concentration, and ρ stands for the density of the mixture, given
by

ρ =

(
CI

ρI

+
(1− CI)

ρW

)−1

. (47)

We can describe the scalar transport phenomena for the ice mass concentration CI , by means of
the following equation

∂

∂t
(ρCI) +

∂

∂xi
(ρCIui) = −ωri

∂ (ρCI)

∂xi
+ kI

∂

∂xi

(
ρ
∂CI

∂xi

)
+ SCI , (48)

where kI is the ice thermal diffusivity, and SCI denotes the source term, that can be expressed as

SCI =
2h

RLρI

ρCI (Tf − TW) . (49)

The Equation 48 is derived assuming the ice velocity as uI = u+ ωr, where u is the velocity of
the mixture, and ωr = (0, vr, 0) stands for the rise velocity, related to buoyancy forces. In this
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work we left ωr as a free parameter, to be evaluated according to experimental investigations,
see e.g. [34]. The transport equation for salinity S can be written as

∂S

∂t
+

∂

∂xi
(Sui) =

∂

∂xi

(
ks
∂S

∂xi

)
+ Ssal, (50)

where ks is the salt diffusivity, and Ssal is the source term, defined as follows

Ssal =
2h

RLρW

SvρCI (Tf − TW) , (51)

where the increase of salinity due to the freezing, Sv, stands for Sv = ms/ [V (1− CI)], in
which ms is the salt mass and V is the volume of the water-ice mixture.

4 TIME DISCRETIZATION BY PROJECTION METHOD FOR BOUSSINESQ FLOWS

The Boussinesq simplification of the Navier-Stokes equations is integrated in time by a sec-
ond order projection method constructed in order to have good kinetic energy conservation.
Space discretization is performed by a cell-centered second order finite volume approach, while
time evolution is computed by using the trapezoidal rule in a colocated non-incremental approx-
imate projection method. The overall method is characterized by a limited amount of numerical
dissipation, similarly to [19], and thus it forms an appropriate framework for developing future
variants to be applied in direct and large-eddy simulations. An alternative projection approach
for density variable flows is reported in [5]. Here we present only a brief overview of the numer-
ical methodology, thus postponing a complete discussion of the projection method elsewhere.

The discretization of the evolution equations under the Boussinesq approximation involves
several steps. All the primitive quantities are defined as cell averages at cell center of mass and
at integer time steps, while only the quasi-pressure π is defined at cell centers and at half-times,
similarly to [3]. Here we denote with Af the area of cell faces, with nf,i the face normal unit
vector and with (·) f

the interpolation operator acting on cell centered quantities to construct
face centered quantities.

Step 1. – The face normal velocities Un = uni
f
nf,i are extrapolated in time using second

order Adams-Bashforth
Un+1,? =

3

2
Un − 1

2
Un−1, (52)

which will be consistent with the incompressibility condition if the face normal velocities from
the previous time steps are divergence-free. For the construction of the evolution equation for
the ice concentration the face normal mass fluxes mn = ρn f (uni + ωr,i)

f
nf,i are constructed

in a similar manner
mn+1,? =

3

2
mn − 1

2
mn−1, (53)

accordingly:

ρn+1 =
3

2
ρn − 1

2
ρn−1. (54)

Step 2. – The temperature equation is integrated implicitly by the trapezoidal rule

T n+1 − T n

∆t
= −1

2

[
D
(
Un+1,? T n+1 f

)
+D

(
Un+1,? T n

f
)]

+1
2

[Lkt(T
n+1) + Lkt(T

n)] + S
n+1/2
T , (55)
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where we introduced the discrete second-order divergence operatorD, approximating the diver-
gence at cell centers from face centered quantities, and the discrete second order operator Lkt ,
approximating ∂

∂xj

(
kt

∂T
∂xj

)
at cell centers from cell centered quantities, in which we silently

introduce the interpolation kt
f . This allows to construct the buoyancy terms in the other equa-

tions.
Step 3. – The salinity equation is integrated implicitly by the trapezoidal rule as well

Sn+1 − Sn

∆t
= −1

2

[
D
(
Un+1,? Sn+1 f

)
+D

(
Un+1,? Sn

f
)]

+1
2

[LkS(Sn+1) + LkS(Sn)] + S
n+1/2
S , (56)

where the discrete operator LkS approximates ∂
∂xj

(
kS

∂S
∂xj

)
. Successively the ice concentration

equation is integrated by

ρn+1Cn+1 − ρnCn

∆t
= −1

2

[
D
(
mn+1,? Cn+1 f

)
+D

(
mn+1,? Cn f

)]
+1

2
[LkIρn+1(Cn+1) + LkIρn(Cn)] + S

n+1/2
I , (57)

where the discrete operator LkIρn approximates ∂
∂xj

(
kIρ

n ∂C
∂xj

)
to second order accuracy.

Step 4. – The momentum equation is integrated by the trapezoidal rule, thus obtaining a
predicted velocity field un+1,?

i which is not generally divergence-free

un+1,?
i − uni

∆t
= −1

2

[
D
(
Un+1,? un+1,?

i

f
)

+D
(
Un+1,? uni

f
)]

+
1

2

[
Lν
(
un+1,?
i

)
+ Lν

(
uni
)]
−Gi

(
πn−1/2

)
−1

2
gi
[
β
((
T n+1 − T0

)
+ (T n − T0)

)
− βs

((
Sn+1 − S0

)
+ (Sn − S0)

)]
(58)

where we introduced the discrete second-order gradient operator Gi approximating the gradient
at cell centers from cell centered quantities by the discrete Gauss theorem applied on πn−1/2

f
.

Step 5. – The term containing πn−1/2 is removed from the predicted velocity field

un+1,??
i = un+1,?

i + ∆t Gi

(
πn−1/2

)
(59)

in order to construct a non-incremental projection step (i.e., a Poisson equation on πn+1/2 rather
than on πn+1/2 − πn−1/2).

Step 6. – The Poisson equation is solved for the unknown πn+1/2 required to update the
divergence-free face normal velocities

L
(
πn+1/2

)
=

1

∆t
D
(
un+1,??
i

f
)
. (60)

Here homogeneous Neumann boundary conditions are applied to the discrete second order
laplacian operator L, which are responsible for the preservation of the initial normal gradient of
π0 at the boundaries (see, e.g., [18]).

760
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Step 7. – The predicted and face normal velocities are respectively updated according to

un+1
i = un+1,??

i −∆t Gi

(
πn+1/2

)
, (61)

Un+1 =
[
un+1,??
i

f
nf,i −∆t Gnf

(
πn+1/2

)]
, (62)

mn+1 =
[
ρn+1 f

(un+1,??
i + ωr,i)

f
nf,i −∆t ρn+1 f

Gnf

(
πn+1/2

)]
, (63)

where the discrete second order face normal gradient operator Gnf is introduced, approximat-
ing the normal gradient at cell faces from cell centered quantities. The resulting face normal
velocities Un+1 are divergence-free as required by the convective terms. Tangential bound-
ary conditions on un+1

i are now directly enforced, since they cannot result naturally from the
projection step.

The initial value problem requires initial values of u0i at time t = 0 and relative boundary
conditions. In our calculations we always started from uniformly zero fields on u0i and π0

whenever possible, or we started from a velocity field resulting after an initial projection step.
As a consequence we implicitly assumed at boundaries the artificial condition ∂π

∂xi
nb,i=0, where

nb,i represents the unit vector normal to the boundary.
A numerical solvers called fsBMA has been implemented according to this formulation, by

means of the OpenFOAM library [47].

5 NUMERICAL RESULTS

In order to validate the full multiphase model we shall proceed step by step. As a first step
we consider here a simplified version of the equations, namely the Boussinesq approximation.
The time discretization is the same described in the previous section, except for source terms,
that have been integrated at first order for simplicity, and for the density of the mixture ρ that
has been extrapolated at first order. Our analysis has to be intended as a sensitivity study of the
influence of the ice formation process on the behaviour of the velocity and temperature fields,
for unsalted and salted water, therefore does not completely reproduce the realistic condition of
ice production in seawater. The results we present here are the numerical solutions of a three
dimensional laminar Rayleigh-Bénard convection of a Boussinesq fluid. Numerical simulations
have been performed using the developed fsBMA solver, for water, section 5.1, for the water-ice
and water-ice-salt mixture, section 5.2.

5.1 Laminar Rayleigh-Bénard convection for water

Numerical simulations have been performed for Ra = 2.3 × 104, using a three dimen-
sional 6DxDx6D domain, where D denotes the height, discretized by means of a uniform
60x10x60 computational grid and a non-uniform 60x50x60 grid, with the smaller mesh size
near the top and bottom walls. The boundary conditions at top and bottom walls are free-
slip for velocity. The zero-gradient condition has been imposed at top and bottom for pres-
sure, whereas for the temperature we impose Tt, and Tb, respectively. The boundary condi-
tions for all the lateral boundaries are periodic. The simulations have been carried out using
Tt = 272.15 [K], Tb = 274.15 [K], and β = 3.6476 × 10−3 [1/K], ν = 1.6438 × 10−6 [m2/s],
kt = 1.3905 × 10−7 [m2/s] for the thermal expansion coefficient, kinematic viscosity coeffi-
cient, and thermal diffusivity, respectively. The simulations have been performed by imposing
an initial random perturbation for the temperature and velocity fields. Numerical results have
been compared with those obtained by means of a finite difference numerical code presented in
[1], on a non-uniform 60x50x60 grid, locally refined near top and bottom walls.
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Figure 1 shows the contours and the isolines for the temperature fields, and the Uy velocity
component, in the vertical x, y midplane at z = 3D and in the horizontal x, z midplane, at
y = D/2, respectively, obtained by means of the non-uniform 60x50x60 grid.

Figure 1: Contours and isolines of temperature, T , left column, and of the Uy velocity component, right column,
in the x, y midplane, top row, and in the x, z midplane, bottom row, for water at Ra = 2.3× 104.

Figure 2 shows the comparison between the finite difference code, FD, and the developed
finite volume solver fsBMA, in terms of the time average of the temperature profile, spatially
averaged over the x, z plane, and the root mean square of Uy velocity profile, along the y axis.

Figure 2: Comparison between the space-time average temperature profiles < T >, left plot, and between the root
mean square of the Uy component, right plot, along the y axis, obtained with the FD code and the fsBMA solver.

The profiles in Figure 2 are referred to the 60x50x60 non-uniform mesh for the FD solver,
and to the 60x10x60 and 60x50x60, uniform and non-uniform mesh, for the fsBMA solver. We
observe that both the fsBMA space-time average profile< T >, and the root mean square of the
Uy component are in good agreement with the FD results. Moreover, the comparison highlights
the effects of the grid resolution. The finer non-uniform grid, indeed, allows us to obtain an
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average temperature profile and a root mean square of Uy velocity that better reproduce the
reference FD profile, suggesting a convergent trend of the curves increasing the grid resolution.

5.2 Laminar Rayleigh-Bénard convection for the ice-water and the ice-salt-water mix-
ture

The numerical simulations have been carried out following the configuration adopted in the
previous section, but now simulating the ice-water and the ice-water-salt mixture. Computa-
tions have been performed for both configurations on uniform 60x10x60 grid. We begin our
analysis presenting the numerical results of the ice-water simulation. The simulation has been
performed imposing on the top and bottom walls a zero gradient condition for the ice mass
conservation. The rise velocity has been set wr = 0.01m/s, according to the experimental in-
vestigation reported in [34], moreover the ice thermal diffusivity, the ice density and the particle
average radius are, kI = 1.18 × 10−6 [m2/s], ρI = 917 [kg/m3], R = 0.5 × 10−3 [m], respec-
tively, assuming the frazil-ice particles of disk-like shape. We perform the numerical simulation
imposing an initial random perturbation for the ice concentration. Figure 3 shows the behaviour
of temperature and ice mass concentration on the x, y and x, z midplanes.

Figure 3: Contours and isolines of temperature, T , left column, and of the ice mass concentration, C, right column,
in the x, y midplane, top row, and in the x, z midplane, bottom row, for the ice-water mixture at Ra = 2.3× 104.

Note that on the x, y midplane the distribution of frazil ice concentration follows the trend
of the temperature field, showing its maximum values near the zones at lower temperature,
whereas the behaviour of frazil ice concentration on the x, z midplane highlights the effects of
the transport phenomena due to the Ux and Uy velocity components. The velocity fields on the
x, y and x, z midplanes are shown in Figure 4, for each components. In Figure 5 we present the
temperature and ice concentration profiles, evaluated along two different vertical lines, A, and
B. The A,B lines are located on the x, z plane as shown in Figure 3, left plot.

Starting from the numerical solution obtained for the water-ice mixture, an initial uniform
salinity distribution has then been imposed on the entire computational domain. The initial
salinity field has been set equal to the reference value S0 = 34.5 psu, whereas the boundary
condition for salinity at top and bottom walls are zero-gradient. The salt diffusivity and the
expansion coefficient are αs = 0.7 × 10−9 [m2/s] and βs = 7.86 × 10−4 [1/psu], respectively.
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Figure 4: Contours and isolines of Ux, left column, Uy , middle column, and Uz , right column, in the x, y midplane,
top row, and in the x, z midplane, bottom row, for the ice-water mixture at Ra = 2.3× 104.

Figure 5: Temperature, left column, and ice mass concentration, right column, profiles along two different vertical
lines A, and B, located on the x, z plane as in Figure 3, left plot.

In order to take into account the variation of the freezing temperature due to salinity and width,
we define Tf = Tf0 + ah + as (S − S0), where a and as are the coefficients describing the
decrease of Tf with the width, h, and salinity, respectively, and Tf0 denotes the freezing tem-
perature of the salted water. The simulation has been performed using a = 7.61× 10−4 [K/m],
as = −0.0573 [K], and Tf0 = 271.17 [K]. Here we report the numerical results obtained af-
ter about 30 hours of simulated time. Figure 6 shows the behaviour of temperature, ice mass
concentration and salinity, on the x, y and x, z midplanes, whereas Figure 7 shows the velocity
fields on the x, y and x, z midplanes, for each component. We observe from Figures 6 and 7,
that on the x, y midplane the larger values of salinity and frazil ice concentration occur close to
the top boundary, where temperature shows its minimum values, conversely the salinity and ice
concentration reach their minimum values near to the bottom boundary, where the temperature
increases. The behaviour of the salinity and the frazil-ice concentration on the x, z midplane
highlights the dependence of the salinity on the temperature distribution, and the effects of the
velocity field on the transport of ice particles. In Figure 8 we present the temperature, ice mass
concentration, and salinity profiles, evaluated along two different vertical lines, C and D. The
C,D lines are located on the x, z plane as shown in Figure 6, middle plot.
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Figure 6: Contours and isolines of temperature, T , left column, ice mass concentration, C, middle column, and
salinity, S, right column, in the x, y midplane, top row, and in the x, z midplane, bottom row, for the ice-water-salt
mixture at Ra = 2.3× 104.

Figure 7: Contours and isolines of Ux, left column, Uy , middle column, and Uz , right column, in the x, y midplane,
top row, and in the x, z midplane, bottom row, for the ice-water-salt mixture at Ra = 2.3× 104.

Figure 8: Temperature, left column, ice mass concentration, middle column, and salinity, right column, profiles
along two different vertical lines C, and D, located on the x, z plane as in Figure 6, middle plot.

A more comprehensive representation of the convective structures is given in Figure 9, in
which we present the three-dimensional contours and isolines of temperature, ice mass concen-
tration and salinity. The isolines are reported on each lateral boundary and on the x, z midplane
for y = D/2.
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a) b) c)

Figure 9: Contours and isolines of temperature, T , a), ice mass concentration, C, b), and salinity, S, c), for the
ice-water-salt mixture at Ra = 2.3× 104.

6 CONCLUSION AND FUTURE DEVELOPMENTS

The aim of this work was to improve the predictive capability of the numerical models cur-
rently available for the simulation of ice production in seawater, by means of the development
of a sophisticated multiphase numerical model able to describe all the stages of ice production,
overcoming the limitation of previous attempts, mainly based on the Boussinesq approximation.

We proposed a multiphase model that consider the mixture ice-seawater as a dense com-
pressible fluid, and we modelled the behaviour of seawater density by means of an equation
of state, that links density to temperature, pressure and salinity. In order to reproduce the in-
teraction phenomena occurring between phases, we have included in the momentum equations
additional terms, derived from the comprehensive modelling approach adopted for the simu-
lation of multiphase flows of industrial interest. A low-Mach number asymptotic analysis has
been performed to investigate the behaviour of the multiphase equations in the incompressible
limit.

As an initial step of our study, we developed a finite volume numerical solver, by means of
the OpenFOAM library, able to reproduce the behaviour of the initial stage of ice formation,
according to the Boussinesq approximation. The solver is based on an approximate implicit
projection method, according to the colocated version proposed in [4]. The performance of the
solver has been assessed by means of the resolution of a Rayleigh-Bénard convection problem,
for water and for the mixture ice-seawater. The numerical results obtained for water have been
compared with those obtained with a finite difference numerical code.

Ongoing work is focused on the development of an advanced finite volume multiphase solver,
for incompressible flows with variable density effects, according to the proposed multiphase
approach. We expect that our multiphase model, coupled with the finite volume discretization,
could provide an efficient and accurate numerical prediction of all the complex phenomena
characterizing the ice production.
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Appendix A Lagrangian derivative of the zero-Mach number equation of state

Here we present the details of the evaluation of the Lagrangian derivative of the seawater
equation of state at order O

(
M0

∞

)
, used for the derivation of the divergence constraint for the

water velocity, Equation 41.
The zero-Mach number equation for the seawater density is given by

ρ(0)W = D∗
r

(
D(0)
r p(0)

)
+ E∗

rE
(0)
r , (64)

where the coefficients are defined as

D∗
r =

Dr∞p∞

ρ
(0)
W

, E∗
r =

Er∞
ρ
(0)
W

, (65)

Dr =
[
b5S∞T∞S

(0)T (0)
W + b2T

(0)
W T∞ + b1

]
/Dr∞ (66)

Er =
[
a5S∞T∞S

(0)T (0)
W + a4T

2
WT

2
∞ + a3S

(0)S∞ + a2T
(0)

W T∞ + a1 + ρ0
]
/Er∞ (67)

As reported in section 2.2, the Lagrangian derivative of ρ(0)W can be expressed as

Dρ
(0)
W

Dt
=

∂ρ
(0)
W

∂S(0)

∣∣∣∣∣∣
T

(0)
W ,p(0)
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(0)
W
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(0)

W
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DT
(0)

W
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+
∂ρ

(0)
W

∂p(0)

∣∣∣∣∣∣
T

(0)
W ,S(0)

Dp(0)

Dt
. (68)

The partial derivative can be written as

∂ρ
(0)
W
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W ,p(0)
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1
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and the Lagrangian derivative DS(0)

Dt
and DT

(0)
W

Dt
, can be derived from the zero-Mach number

temperature and salinity equations, respectively, as
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In order to evaluate the Lagrangian derivative of pressure at zero-order, Dp(0)/Dt, we consider
the momentum equation at the leading order O

(
M−2

∞

)
. Since p(0) represent the hydrostatic

pressure, for which ∂p(0)/∂z = −ρ0g, see Equation 35, and considering ∂p(0)/∂t = 0, the
Lagrangian derivative of the seawater density at order O

(
M0

∞

)
, can then be rewritten as
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Abstract. This work presents a 3D numerical study of the bubble generation process into a
bubble generator obtained with the commercial Computational Fluid Dynamics solver ANSYS
Fluent v15.0.7, and its comparison with experimental data reproducing the same conditions
[1]. The bubble generator is formed by two perpendicular capillaries in which liquid and gas
are injected at perpendicular directions into a 1 mm internal diameter capillary T-junction with
a total length of 10 mm. The fluids used in experiments and CFD simulations are air and water,
both of them considered incompressible and isothermal, at a room temperature of 25◦. A total of
23 different cases are studied for different injection conditions, and results between numerical
simulations and experiments are compared.

In this first part of the analysis, we focus on the flow pattern regimes and the dynamics of
the bubble generation process. In addition to the new numerical simulations presented here,
a new model has been used to predict the bubble generation frequency and tested with both
experimental and numerical data. Results on bubble generation frequency are also presented
by means of the non-dimensional Strouhal number. Same types of patterns, bubble and slug
flow regimes, are obtained in simulations and experiments. In order to perform an exhaustive
validation and comparison of numerical simulations with experimental data, several parame-
ters have been selected: bubble velocity, volumetric void fraction, bubble generation frequency,
Strouhal number and bubble equivalent diameter. Numerical simulations agree qualitatively,
but not always quantitatively, with experimental results.
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1 INTRODUCTION

Capillary gas-liquid two-phase flow occurs in increasingly more modern industrial applica-
tions and in particular in space-based systems. Two-phase systems present an improvement in
performance as well as significant reductions in weight in different fields, such as power gener-
ation and life support systems, with respect to one-phase systems. A full understanding of the
behaviour of the gas-liquid interfaces and flow characteristics, such as flow patterns and flow
patterns transitions, is thus a major necessity in the development of these technologies.

Numerous experimental studies have been made on the generation of bubbles and droplets in
T-junction bubble generators as the one studied in this paper [2, 3]. In the recent past, different
Computational Fluid Dynamics (CFD) methods have also been used in order to study similar
devices. A commercial CFD package was used to simulate the squeezing regime during the
bubble formation in a T-junction microchannel [4], focusing on studying the effects of pressure,
surface tension and shear stress action on the gas thread. CFD modelling aspects of internal
circulation and slug flow generation have been discussed, focusing on the slug flow formation
in a 120◦ Y-junction and the velocity profiles inside the slug [5]. A numerical investigation
by means of a phase-field model of the breakup dynamics of streams of immiscible fluids in
a microfluidic T-junction was carried out [6], where three regimes of formation of droplets
(squeezing, dripping and jetting) were identified and studied.

More recently, a fluid dynamics numerical study of the formation of mini-bubbles in a 2D
T-junction was presented [1], and results on the behaviour of bubble velocity, void fraction,
bubble generation frequency and characteristic lengths were obtained and compared to exper-
imental data. Also using a two-dimensional numerical model with Volume of Fluid method
(VOF), alternating droplet formation, with applications such as nanoparticle synthesis, hydro-
gel bead generation, and cell transplantation in biomedical therapy, was studied [7]. The two-
dimensional bubble formation process was analysed in detail by focusing on the effects of three
main parameters, capillary number, contact angle and the gas-liquid flow rate ratio [8]. As
for 3D simulations, droplet formation in T-junction microchannels was studied using the Lat-
tice Boltzmann method [9] and simulations in heat exchangers using the VOF method were
performed [10].

The paper presented here is a continuation of a previous study [1], completing it and extend-
ing it to 3D. Some parameters are now studied in more depth, such as the bubble generation
frequency, a new model of frequency being developed here, and new values of interest are pre-
sented, such as the bubble velocity, volume void fraction, Strouhal number, bubble volume and
the equivalent diameter. Section 2 presents the T-junction problem statement. Section 3 sum-
marises the methodology used in the experimental study, following the one used in [1], as well
as the hypotheses used in the numerical simulations and their validations. Section 4 exposes
the results of the numerical simulations and compares them to the experimental ones. Finally,
conclusions are drawn in section 5.

2 PROBLEM STATEMENT

The presented study aims to simulate a bubble generator in which liquid and gas are in-
jected at perpendicular directions into a 1 mm internal diameter capillary T-junction with a total
length of 10 mm, see figure 1. In order to compare numerical simulations with realistic results,
CFD simulations have been carried out in the most similar conditions possible to the experi-
ments. The fluids used in experiments and CFD simulations are air and water (incompressible,
isothermal, at constant room temperature of 25◦C). Standard physical values are assumed for
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air (density ρG = 1.225 kg/m3, viscosity µG = 10−5 Pa s) and water (density ρL = 103 kg/m3,
viscosity µL = 10−3 Pa s) and surface tension at the gas-liquid interface (σ = 0.072 N/m).

outlet 

air intlet 

water 

intlet 

Figure 1: Sketch of T-junction.

The experimental setup used in this study [11, 12] can control the gas and liquid volumetric
flow rates (QG and QL, respectively) in a very accurate way. Results are presented as a func-
tion of the gas and liquid superficial velocities defined as USG = QG/A and USL = QL/A,
respectively, where A is the capillary cross-sectional area.

Constant gas and liquid superficial velocities (QG = 0.062 − 0.473 m/s and three different
QL = 0.106, 0.318, 0.531 m/s, respectively) were considered in each experimental run. A total
of 23 experiments were compared with the results obtained in numerical simulations. The same
injection conditions were used in the simulations. Additionally, three more simulations corre-
sponding to the value USG = 0.025 m/s (and QL = 0.106, 0.318, 0.531 m/s) were conducted to
obtain higher precision at very low superficial gas velocity than provided by experiments.

According to the Bond number, gravity played a smaller role than surface tension in the
bubble generation process (ρLgφ2

c/σ=0.139, where g is the gravitational acceleration and φc

the capillary internal diameter), resulting in the irrelevance of the channel orientation [13].
Therefore, the present analysis can be considered gravity independent and assuming g = 0 m/s2

becomes a valid approach for numerical simulations.
In the considered experimental conditions, the formation and detachment of bubbles is mainly

dominated by the competition between the capillary and the liquid drag forces, which can be
evaluated by the Weber number (WeG = ρGφcUG

2/σ, where UG is the gas (bubble) velocity).
Capillary forces overcome the inertial forces when the criterionWeG < 2 is accomplished [14],
and only bubble and slug flow regimes are expected to be observed in those circumstances. In
our experiments, WeG ranges from 4.3 × 10−4 to 2.2 × 10−2 (UG = 0.159 − 1.143 m/s, see
section 4.1), corresponding to the surface tension controlled region.

The Reynolds number, based on the average mixture superficial velocity (UM = UG + UL)
and defined as ReM = ρLφcUM/µL, ranged from 167 to 1000 (UM = 0.167− 1 m/s in experi-
ments), and hence we assume laminar conditions.

Having used the same fluids physical properties as well as the same values of gas and liq-
uid superficial velocities in experiments and simulations, the bubble generation behaviour in
numerical simulations is expected to be similar to the one observed in experiments.

3 METHODOLOGY

3.1 Experiments

Experiments were performed at constant liquid superficial velocity while increasing the gas
superficial velocity. The generation of bubbles was observed to be regular and periodic for all
gas and liquid superficial velocities considered in this work. Images were taken with a high-
speed camera at 4000 f.p.s. or each pair of USG and USL values. These images were classified
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into bubble or slug flow regimes [15]. Bubble generation frequency was measured by counting
the total number of bubbles over a period of time larger than the time required to form a single
bubble (typically three orders of magnitude smaller). The bubble velocity was measured directly
over the calibrated images, by taking into account the displacement of the foremost part of a
single bubble and the time taken to carry out such a movement.

3.2 Numerical simulations

3.2.1 Flow solver

All numerical simulations were carried out with a commercial CFD solver, ANSYS Fluent
v15.0.7. The VOF model was used to model the two immiscible fluids by solving a single set
of momentum equations and tracking the volume fraction of each fluid throughout the domain.
In each control volume, the volume fractions of both phases sum to unity.

The tracking of the interface between the phases is accomplished by the solution of a conti-
nuity equation for the volume fraction of one of the phases [16]. For the qth phase, this equation
has the following form:

1

ρq

[
∂

∂t
(αqρq) +∇ · (αqρqvq) =

n∑
p=1

(ṁpq − ṁqp)

]
(1)

where ρq, αq and vq are the density, volume void fraction and velocity of phase q, respec-
tively, and ṁqp is the mass transfer from phase q to phase p and ṁpq is the mass transfer from
phase p to phase q. The volume fraction equation is not solved for the primary phase; the
primary-phase volume fraction is computed based on the following constraint:

∑n
q=1 αq = 1.

The fields for variables and properties are shared by the phases and represent volume-
averaged values, as long as the volume fraction of each of the phases is known at each location.
Thus the variables and properties in any given cell are either purely representative of one of the
phases, or representative of a mixture of the phases, depending on the volume fraction values.
That is, if the water volume fraction in the cell is denoted as aw, then three conditions are possi-
ble. If aw = 0, the cell is empty of water, if aw = 1, the cell is full of water, and if 0 < aw < 1,
the cell contains the interface between water and air [16]. Based on the local value of aw, the
appropriate properties and variables are assigned to each control volume within the domain.

An explicit formulation is used for the VOF model, with a Courant number of 0.25, and
the PRESTO! (PREssure STaggering Option) scheme is used for pressure interpolation. This
scheme uses the discrete continuity balance for a staggered control volume about the face to
compute the staggered pressure. This procedure is similar in spirit to the staggered-grid schemes
used with structured meshes [16]. For the volume fraction spatial discretisation scheme, the ge-
ometric reconstruction scheme, which represents the interface between fluids using a piecewise-
linear approach is used. In Fluent this scheme is the most accurate and is applicable for gen-
eral unstructured meshes. The geometric reconstruction scheme is generalised for unstructured
meshes from the work of [17].

The VOF model also includes here the effects of surface tension along the interface between
each pair of phases. The surface tension model in Fluent is the continuum surface force model
proposed by [18]. With this model, the addition of surface tension to the VOF calculation results
in a source term in the momentum equation. As commented in section 2, a surface tension of
0.072 N/m is applied.

The following boundary conditions were set for the numerical simulations. All walls are
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number of elements UG [m/s] εUG
[%] f [1/s] εf [%] VB [×10−10m3] εVB

[%]
220000 0.649 7.1 266.7 14.7 7.31 8.1
413000 0.625 3.1 238.1 2.4 7.82 1.6
879000 0.606 − 232.6 − 7.95 −

Table 1: Study of mesh convergence for three meshes and three independent parameters of study.

treated as no-slip smooth walls. A wall adhesion angle in conjunction with the surface tension
model is also applied in the VOF model [18]. Rather than imposing this boundary condition
at the wall itself, the contact angle that the fluid is assumed to make with the wall is used to
adjust the surface normal in cells near the wall [16]. This so-called dynamic boundary condition
results in the adjustment of the curvature of the surface near the wall. The contact angle is the
angle between the wall and the tangent to the interface at the wall. A contact angle of 0◦ was set
up as wall adhesion (hydrophilic condition) on the horizontal walls, and of 25◦ on the vertical
walls, based on experimental data [1].

Water and air inlets are considered as velocity inlets, with the corresponding fluid velocity in
each case of study, namely USL and USG. At the water inlet, the fraction of water is considered
as 1 and at the air inlet, the fraction of air is the one set to 1. The outlet of the T-junction is set
up as a pressure outlet.

An operating pressure of 101325 Pa is set up at a point close to the air inlet, that is, at a point
where there will always be only air. Finally the gravity value is set to 0, as explained in section
2.

3.2.2 Mesh

The computational mesh was composed of 413000 elements. An inflation mesh comprising
15 layers was used along all the walls, with a first layer height of 0.005 mm. A body sizing of
0.045 mm was used in all the domain. The resulting mesh is a mix of hexahedral (close to the
walls) and tetrahedral (in the core of the domain) elements. The hex dominant option has been
chosen, resulting in a fewer number of elements than if mainly tetrahedral elements had been
considered. Mesh independence is presented in section 3.2.3.

A first-order implicit scheme is used for the transient formulation. Time step independence
is also presented in section 3.2.3. In order to obtain a converged solution, the calculation was
always continued until at least 7 or 8 bubbles of air were generated.

3.2.3 CFD validation

The mesh convergence is first checked. Three meshes are considered: the coarsest one of
220000 elements, the second one obtained by multiplying the body sizing and first layer height
of the boundary layer by 0.75, of 413000 elements, and the third one, obtained by multiplying
again the mesh dimensions by 0.75, of 879000 elements. Three independent parameters of study
are shown, which will be later used in section 4: the bubble velocity UG, the bubble frequency
f and the bubble volume VB. Absolute values are shown, as well as the percentages of error
with respect to the finest mesh, ε, in table 1, for USL = 0.318 m/s and USG = 0.242 m/s.

These results show that for the 413000 element mesh, errors due to the mesh remain within
a relatively small margin (≤ 3.1%); this is thus the mesh that has been chosen for the numerical
study.
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∆t [s] UG [m/s] εUG
[%] f [1/s] εf [%] VB [×10−10m3] εVB

[%]
10× 10−6 0.633 1.9 243.9 3.5 8.04 5.0
5× 10−6 0.625 0.6 238.1 1.1 7.82 2.1

2.5× 10−6 0.621 − 235.6 − 7.66 −
Table 2: Study of time convergence for three ∆t and three independent parameters of study.

Next, the influence of the time step has been studied considering the chosen mesh of 413000
elements. Three values of ∆t are considered: ∆t = 2.5 × 10−6 s, ∆t = 5 × 10−6 s and
∆t = 10× 10−6 s. Again absolute values of velocity, bubble frequency and volume are shown
in table 2, as well as the percentages of error with respect to the smallest ∆t, for USL = 0.318
m/s and USG = 0.242 m/s.

Table 2 shows that the three values of ∆t lead to similar values (all errors ≤ 5.0%), smaller
for the value of ∆t = 5× 10−6 s (≤ 2.1%) than for the value ∆t = 10× 10−6 s. Therefore, the
middle value, ∆t = 5× 10−6 s, has been chosen for the rest of the CFD study.

3.2.4 CFD metrics

Figure 2 shows an example of data obtained as a post-process of the CFD simulations. It
shows the propagation of the bubble, through the fraction of air at two cross-sections of the
domain located at 7 and 8 mm from the beginning of the tube, as a function of time. This
allows to calculate the bubble frequency f , as the inverse of the time Tf between two bubbles
at the cross-section, and its velocity UG, as the distance between two cross-sections (here 7 and
8 mm) divided by the time TS needed for the bubble to travel this distance. Its volume VB is
also calculated from this figure, integrating the total fraction of air of a bubble over timeAB and
multiplying by its velocity and by the area of a 1 mm diameter circle. The volume void fraction,
α, was estimated for both the experiments and the CFD simulations as the ratio USG/UG [19].
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Figure 2: Example of CFD post-processed results from the graph of fraction of air as a function of time, for
USL = 0.318 m/s and USG = 0.242 m/s.
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4 RESULTS AND DISCUSSION

A set of numerical simulations are compared with experimental data. Numerical simulations
satisfactorily reproduce trains of bubbles as the ones obtained in experiments. As expected,
only two flow patterns, the bubble and the slug flow regimes, were obtained in the simulations
and in the experiments [13, 14, 20]. In both flow regimes the gas phase is dispersed into the
liquid phase. Spherical or almost spherical bubbles with a diameter smaller than the capillary
diameter were classified as bubble flow. Larger bubbles were classified as slug flow [15].

Trains of bubbles are shown in figs. 3-5 at the same stage of formation, which do not cor-
respond to the same times as detailed in section 4.2. In contrast with a previous study [1], no
artificial pinch-off mechanism has been used in numerical simulations to detach bubbles. Bub-
bles were generated, both in experiments and in numerical simulations, with high regularity
and small size dispersion. Fig. 3 corresponds to the formation of a bubble belonging to the
bubble flow regime. In this figure, bubbles are not exactly spherical. This is a consequence
of the liquid drag force, which noticeably deforms bubbles longitudinally. Figs. 4 and 5 show
two examples of slug flow regime, the former being known as short Taylor bubble and the latter
as middle Taylor bubble [21]. Bubbles from the slug flow regime are characterised by having
a bullet-shaped body, rounded at the front part and mainly flattened at the rear of it. In every
case, bubbles have an elongated rear part just after the detachment, this elongated shape being
a remnant of the squeezed gas thread that was connecting the new bubble with the single-phase
gas. From that moment, the effect of the surface tension tries to minimise the total surface of
the bubble, which results in the vibration of the bubble surface until it stabilises. It can be seen
that numerical simulations correctly reproduce the elasticity and fluctuation of the gas-liquid
interface during the bubble detachment stage described here.

Next sections focus in a more exhaustive validation and comparison of numerical simulations
with experimental data. Several parameters are selected to perform such a validation, namely,
bubble velocity, volumetric void fraction, bubble generation frequency and bubble equivalent
diameter.
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Figure 3: Bubble flow in (left) experiments and (right) numerical simulations. USL = 0.531 m/s and USG =
0.110 m/s. Time (ms) is indicated in the upper right corner.
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Figure 4: Slug flow in (left) experiments and (right) numerical simulations. USL = 0.318 m/s and USG =
0.182 m/s. Time (ms) is indicated in the upper right corner.
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Figure 5: Slug flow close to the slug-churn transition in (left) experiments and (right) numerical simulations.
USL = 0.106 m/s and USG = 0.471 m/s. Time (ms) is indicated in the upper right corner.

4.1 Bubble velocity and void fraction

Fig. 6 shows the bubble velocity as a function of the mixture superficial velocity. Data follow
a linear tendency, and UG increases when increasing UM , as expected [19]. As a consequence,
the bubble velocity was fitted with the drift-flux model [24], which under the hypothesis of
negligible gravity levels can be written as [1, 19, 25]:

UG = C0UM = C0(USG + USL), (2)

where C0 is the void fraction distribution coefficient, which considers both the effect of the
non-uniform velocities of the gas and liquid phases as well as the void profiles through the flow
capillary. The value of C0 has been calculated as the slope of the straight line of best fit plotted
in figure 6. A value of 1.10 was found for the experimental void fraction distribution coefficient.
Numerical simulations correctly reproduced the same behaviour than the one observed in the
experiments. C0 was found to be 1.15 in numerical simulation, 4.5% greater than in the experi-
ments. The percentage of error with respect to the experimental data range from 0.8% to 19.3%,
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for the smallest value of USG and USL, with an average in difference of 5.4%. Both values of
C0 agree with previous results of gas and liquid mixtures flowing in minichannel reported in the
related literature [1, 25]. Moreover, being greater than 1, both values of C0 prove that bubbles
moves faster than the mixture, which is due to the fact that bubbles move mainly through the
centreline of the capillary.
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Figure 6: Bubble velocity as a function of the mixture superficial velocity. Empty symbols: experimental data,
solid symbols: numerical data. Lines: fitting of the data by using Eq. 2, with C0 = 1.10 for experimental data
(solid line) and C0 = 1.15 for numerical simulation (dashed line).

Combining Eq. 2 and the expression α = USG/UG, an analytical prediction of the volume
void fraction as a function of the gas and liquid superficial velocities can be found:

α =
1

C0

(
1 + USL

USG

) (3)

Figures 7 shows the volume void fraction as a function of the ratio of the gas and liquid
superficial velocities. The prediction of α provided by Eq. 3 has also been plotted using the
corresponding value of C0 in each case. Both experimental and numerical data fit well to their
respective predictions. The values of void fraction were found to be slightly smaller in the
numerical simulations, coherently with their previously observed greater values of velocity. A
minimum and maximum relative error of 0.8% and 15.5%, respectively, and an average value
of 5.0% were found. 3D numerical simulations proved to be useful by providing information
that was not available from the experiments (two points below the value USG/USL = 0.1).

4.2 Bubble generation frequency

Figure 8 shows the bubble generation frequency, f , versus the superficial gas velocity for
both experiments and numerical simulations. Data corresponding to three different superficial
liquid velocity has been plotted. Three additional points corresponding to the superficial gas
velocity of 0.025 m/s, which are not present in the experimental data, were also simulated in
order to enrich the knowledge about the behaviour of bubble generation frequency
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Figure 7: Void fraction as a function of the ratio of the gas and liquid superficial velocities. Empty symbols:
experimental data, solid symbols: numerical data. Lines: theoretical prediction given by Eq. 3, with C0 = 1.10 for
experimental data (solid line) and C0 = 1.15 for numerical simulation (dashed line).

At very low gas flow rate, f follows a close-to-linear tendency (the linear regime) that pro-
gressively curves when increasing USG until reaching a saturation value, fsat, that remains con-
stant thereafter (the saturation regime). Both behaviours (and regimes) were previously reported
[11, 12].

Figure 8 shows how f approaches its corresponding saturated value for the three different
values ofUSL. The saturation frequency increases when increasingUSL, which is a consequence
of the corresponding increment of the liquid drag force, the main force in charged of detaching
bubbles [22, 23]. Therefore, larger liquid drag forces are expected to produce smaller bubbles
resulting in larger frequency values [11, 12]. This effect also explains why the linear slope at
the origin, a0, increases when increasing the liquid superficial velocity (see table 3).

Experiments Simulations
USL[m/s] a0 [m−1] fsat [1/s] a0 [m−1] fsat [1/s]

0.106 616.4 99.7 856.6 114.5
0.318 2033.9 228.4 2211.6 282.4
0.531 4483.6 376.3 6426.8 392.0

Table 3: Values of a0 and fsat obtained when fitting the experimental and numerical data by using Eq. 4.

As shown in figure 8, numerical simulations satisfactorily describe the behaviour of f ob-
served in experiments. Numerical simulations agree qualitatively, but not quite quantitatively,
with experimental results, providing values in accordance but always larger than the experi-
mental ones. These quantitative differences, calculated as the percentages of error with respect
to the experimental data, range from 3.5% (within the margin of error of the mesh) to 34%
(USG = 0.025 m/s and USL = 0.106 m/s) with an average value of 17%. One possible expla-
nation of this disagreement, could be that numerical simulations do not adequately resolve the
necking region during the bubble pinch-off, leading to an inaccurate calculation of the surface
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Figure 8: Bubble frequency as a function of the superficial gas velocity for three different superficial liquid veloci-
ties. Empty symbols: experimental data, solid symbols: numerical data. Solid lines: fitting of the experimental data
by using Eq. 4, dashed lines: fitting of the numerical data by using Eq. 4.

tension forces and to a premature pinch-off of the bubble. Future work should focus especially
on this point with a more detailed pinch-off study.

A simple exponential model, which fits well and smoothly both experimental and numerical
data, is used to fit the values of the bubble generation frequency in figure 8:

f = fsat

(
1− e

(
− a0

fsat
USG

))
(4)

Only two parameters are considered in this model, the initial slope a0 of the linear regime (i.e.
slope when USG = 0), and the value of the saturation frequency fsat. Eq. 4 is consistent with the
experimental observations regarding the existence of a linear and a saturation regime. Assuming
a regular generation of bubbles in size, the gas flow rate injected into the capillary must be equal
to the bubble volume times the frequency,QG = VBf , which leads to f = AUSG/VB. Matching
this last expression with the first-order Taylor series expansion of Eq. 4, f0 = a0USG, shows
that a0 = A/VB. The initial slope of the linear regime corresponds to the maximum value of the
ratio f/USG for each given USL. Then, a0 is related to the minimum bubble volume that can be
generated for each given USL, that is, VB|min = A/a0. As a consequence, the greater the initial
slope at the linear regime, the greater the liquid drag force and the smaller the minimum volume
of bubble that can be generated for any USL. The saturation frequency is related in turn to the
minimum time required to form a bubble, marking a limiting scale for the bubble generation
process [11].

Table 3 summarises the values obtained for a0 and fsat when fitting both the experimental
and numerical data by using Eq. 4. In every case, these values of both a0 and fsat were found
to be of the same order of magnitude but larger in the numerical simulations. This result shows
again that the bubble generation process was faster in the simulations than in the experiments,
resulting in larger frequencies and smaller bubbles size in the numerical simulations.

The non-dimensional Strouhal number, St, is used as a normalisation of the bubble gen-
eration frequency. St is defined here by means of the gas velocity as St = fφc/UG. Two
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linear and independent tendencies with respect to the volume void fraction can be found for
St at small and larger values of α. For small values of α (linear regime), St can be written
as St = ā0α (a0 being normalised with φc), by taking into account the first-order Taylor se-
ries expansion of eq. 4. For larger values of α (saturation regime), St can be written in turn
as St = fsatφc(1 − C0α)/(C0USL), by using eq. 3 and the definition of α. Being the ratio
fsatφc/(C0USL) a constant value for each given liquid superficial velocity, St becomes propor-
tional to (1− C0α) in the saturation regime.

Fig. 9 shows the Strouhal number as a function of the volume void fraction. Eq. 3 has been
rewritten to provide the change between variables (USG and α) as USG = C0USLα/(1− C0α).
The same values of C0 obtained in section 4.1 has been used in this figure. Eq. 4 is also used
here to provide a prediction in fig. 9. Both linear tendencies, St ∝ α and St ∝ (1 − C0α) (in
the linear and saturation regime, respectively), can be observed in the figure. The location of
a crossover point between the linear and saturation regimes (for each USL) can be defined as
the maximum value in this figure. Numerical simulations behave similarly to experimens. The
percentage of error in St range from 0.3% to 32.6% with an average in difference of 11.9%.
Values of St are greater in simulations than in experiments, correspondingly to their bigger
values of f . The increase in USL also increases St, as a consecuence again of the increase in f .
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Figure 9: Strouhal number, St, as a function of the volume void fraction, α, for three different superficial liquid
velocities. Empty symbols: experimental data, solid symbols: numerical data. Solid lines: prediction of the
experimental data by using Eq. 4 and 2, dashed lines: prediction of the numerical data by using Eq. 4 and 2.

4.3 Bubble volume and equivalent diameter

Normalising the relationship QG = VBf with the cross section area times the capillary
diameter, a non-dimensional expression of the bubble volume can be obtained:

V̄B =
USG

fφc

. (5)

The bubble volume was measured in the 3D numerical simulations. No direct measures
of VB could be performed in the experiments. For that reason, figure 10 shows results only
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from numerical simulations. In that figure, the non-dimensional bubble volume is plotted as a
function of the ratio USG/(fφc). Data fit well to the prediction of Eq. 5, which confirms that
bubbles were generated with high regularity.
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Figure 10: Normalised bubble volume as a function of USG/(fφc). Symbols: simulation data. Line: theoretical
prediction given by Eq. 5.
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Figure 11: Normalised equivalent diameter φ̄B as a function of the gas superficial velocity USG. Empty symbols:
experimental data, solid symbols: numerical data. Lines: solid and dashed lines, given by Eq. 6, correspond to
experimental and numerical data, respectively.

In order to provide a quantitative comparison of the bubbles size, an equivalent diameter φB

has been considered for each bubble. φB is estimated by matching the bubble volume predicted
by Eq. 5 to the volume of a sphere VS = πφ3

B/6. Scaling VS with Aφc, the non-dimensionless

784



S. Arias and A. Montlaur

volume of the sphere can be written as V̄S = 2φ̄3
B/3. The equivalent diameter is normalised

with the capillary diameter and is then computed as the result of matching V̄B and V̄S:

φ̄B =

(
3

2

USG

fφc

)1/3

(6)

Figure 11 shows the non-dimensional equivalent diameter as a function of the gas superficial
velocity. Differences in equivalent diameter between experimental and numerical results range
from 1.1% to 9.1% with an average of 5.2% difference. The equivalent diameter is estimated
using Eq. 6 in both cases. Lines correspond to Eq. 6, in which the prediction provided by
Eq. 4 was included. Both experimental and numerical data correctly agree with the theoretical
prediction. The equivalent diameter is found to be slightly smaller in numerical simulations
than those from experiments, which coherently corresponds to the bigger values in UG and f
values from the simulations. It can be observed that increasing the liquid superficial velocity
causes the reduction of the equivalent diameter. The value φ̄B = 1 allows for the distinction
between the bubble (φ̄B < 1) and the slug flow regime (φ̄B > 1) in Fig. 11.

5 CONCLUSIONS

• The first part of this work has presented a study on the numerical simulation of bub-
bles generated in a 3D T-junction (1 mm internal diameter capillaries), with an air/water
mixture, using the commercial CFD solver ANSYS Fluent v15.0.7.

• Numerical results were compared with experimental data, both cases following the same
conditions.

• Several trains of bubbles were simulated with high regularity and small dispersion in size
during the bubble formation process.

• No artificial pinch-off mechanism was required for the detachment of bubbles.

• Bubble or slug flow regimes were obtained in all cases, both in experiments and numer-
ical simulations. Only short and middle Taylor bubbles were generated in the slug flow
pattern.

• Numerical simulations satisfactorily reproduced the formation of bubbles, both in the
final shape as well as in the evolution of shape during the formation of bubbles.

• Several parameters were compared between 3D-CFD results and experimental data, such
as the bubble velocity, void fraction, bubble generation frequency, Strouhal number and
the bubble equivalent diameter.

• Numerical results were found to be of the same order of magnitude, though CFD simula-
tions predict larger frequency, resulting in faster and smaller sized bubbles.

• Future work should focus in studying into more details the pinch-off process in the nu-
merical simulation, in order to try to further improve these results.

• 3D-CFD simulations allowed to study new zones of interest, especially at low gas flow
rate, and new parameters such as the bubble volume, which were not available from
experimental results, showing that this is a useful tool to improve our current experimental
knowledge on two-phase flows in minichannels.
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Abstract. In this work we propose a preliminary model to study the deformation of solid
structures induced by the interaction with a two-phase flow. The study of Fluid Structure
Interaction and multiphase problems is of great interest because of many potential appli-
cations ranging from the biomedical field to the pressure tank design. We use a monolithic
approach for the FSI problem while a Volume Of Fluid method (VOF) is considered for
the reconstruction and the advection of the multiphase interface. An unstructured, time
dependent computational grid and a fine Cartesian mesh are used for the FSI and the
VOF problem, respectively. The interaction between the two different grids is obtained
by projecting the velocity and the displacement field into the Cartesian grid and the color
function into the unstructured mesh. This projection is performed with the MEDmem
libraries included in the Salome platform. Concerning the VOF method, for an accurate
reconstruction of the interface a huge number of computational elements are required and
a multilevel algorithm coupled to an efficient compression-expansion technique is devel-
oped to reduce computational costs and memory requirements. After the mathematical
description of the problems we test the proposed algorithm with different cases where the
solid domain undergoes to both small and large deformation.
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1 INTRODUCTION

In recent years Fluid Structure Interaction (FSI) problems have gained attention in
the computational field because of the improvement in computer performance and an
increasing interest in more realistic modeling [17, 12]. Among all the applications, these
computational techniques can be employed in biomedical field where the interaction be-
tween a fluid and a solid such as the blood and the artery wall, is of great importance.
In a classic FSI problem a solid structure interacts with a single phase fluid. Few works
can be found in literature where Multiphase Fluid Structure problems are considered.
Two-phase flows are of great interest in several physical and industrial applications. In
recent years such interest inspired the development of several numerical algorithms for the
efficient and accurate simulation of multiphase flows. These algorithms include efficient
solvers of the incompressible Navier-Stokes equations, stable and accurate techniques for
the advection and reconstruction of the fluid interface and methods for the correct com-
putation of surface tension forces. These algorithms can be classified in two categories
considering how the computational grid is handled. In the first group moving grids are
used [14]. The interface between the two phases always lies over the cell boundaries,
which are continuously advected by following the flow motion. This representation al-
lows a precise modeling of the fluid property discontinuities, and also a correct location
of the capillary force, which is a singular term in the Navier-Stokes equations. Despite
these good properties, moving grid methods can be used only when the general motion
does not affect the topology of the computational grid, since severe grid stretching brings
loss of accuracy in the discretization of the Navier-Stokes equations. Furthermore, since
breaking or merging of drops and bubbles are almost impossible, a continuous re-meshing
of the computational domain is required.

In the second group fixed grids are used. The interface points cross the cell boundaries
and a numerical algorithm is then required to reconstruct its motion in the computational
domain. The fluid properties are evaluated in the interface cells as an average between
the properties of each phase. The capillary force, which is physically located only on the
interface, is redistributed inside the cells cut by the interface. With this representation,
severe deformations of the interface can be tracked without the need for re-meshing. For
these reasons fixed grid methods are widely used. Fixed-grid methods for two-phase
flows can be either Eulerian or Lagrangian. Eulerian front capturing schemes include
volume-of-fluid (VOF), level set and phase field methods [16]. All these methods are
based on a single scalar function defined in every grid cell. The phase motion can be
followed during the simulation with a good conservation of mass, however the interface and
all its geometrical information are usually poorly represented, especially in regions with
high curvature. Moreover, filaments are usually artificially broken when their thickness
becomes comparable to the grid spacing.

Lagrangian techniques, either front-tracking schemes with surface markers or with vol-
ume particles, maintain filamentary structures better than Eulerian methods and conserve
mass adequately, even without explicit volume conservation constraints [1, 9]. Both the
surface markers and the volume particles are moved along the flow characteristics, result-
ing in a more accurate description of the interface and its geometrical properties, such
as the normal vector and the curvature. This representation allows for a very accurate
volume conservation and interface advection even in situations where strong deformations
of the interface are present. On the other hand, these schemes can be rather expensive,
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as the number of markers or volume particles increases, or are associated to practical
difficulties. These includes the need to keep logical connections among surface elements
and the careful handling of drop breaking and merging. Fixed grid methods provide good
solutions to the problem of interface advection. However the accurate representation of
surface forces remains a problem since these forces are not located on the cell boundaries.
The multiphase flow motion satisfies the Navier-Stokes equations, and it should be de-
termined while taking into account the discontinuities of the fluid properties across the
interface. Such discontinuities, together with high Reynolds numbers, may induce several
numerical instabilities.

The coupling between a FSI and a VOF solver allows to increase dramatically the
range of problems that can be studied. For example, deformation of offshore platforms or
offshore wind farm due to water waves or the interaction between water and ship hulls can
be simulated in a very realistic way. In order to couple the two problems many strategies
can be employed, as an example, the first code output field can be written on a file and the
other code can be run with this file as input and vice versa. This technique is simple and
fast to implement but unfortunately it can be very slow because of the large time needed
by writing and reading files. A more efficient and fast coupling can be obtained through
dedicated libraries for the data exchange, like the MEDmem libraries implemented in the
SALOME computational platform [2, 18].

In this work we consider Fluid Structure Interaction problems in which the fluid part
is composed of two phases [11, 6]. For the reconstruction and advection of the interface
we employ a front-tracking Volume of Fluid method [19, 13]. The coupling between the
two solvers is performed using the MEDmem libraries for data exchange. In the next
Section the mathematical model for a Multiphase Fluid Structure Interaction problem is
presented. In the last Section some numerical results are show.

2 MATHEMATICAL MODEL

2.1 FSI problem

Ω̂f
0

Ω̂s
0

Γ̂1,s
0

Γ̂2,s
0

Γ̂1,f
0

Γ̂2,f
0

Γ̂3,f
0

Γ̂3,s
0

Ω̂f
t

Ω̂s
t

Γ̂1,s
t

Γ̂1,f
t

Γ̂2,f
t

Γ̂3,f
t

Γ̂3,s
t

Γ̂i
0

Γ̂i
t

Af

X s

Γ̂2,s
t

Figure 1: Reference and current configuration where a vessel wall interacts with a fluid.

In this Section we introduce the mathematical model for a generic Fluid Structure
Interaction problem. In an ordinary FSI problem we consider a mechanical system com-
posed by a laminar Newtonian fluid region and a solid one which defines a moving domain
Ωt. A schematic geometry of the problem is shown in Figure 1. Let Ωf

t and Ωs
t be the

fluid and the solid region at t ∈ (0, T ], respectively. At t = 0 the fluid and solid region
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are defined by Ω̂f
0 and Ω̂s

0. Let Γi
t = Ω̄f

t ∩ Ω̄s
t and Γ̂i

0 = Ω̄f
0 ∩ Ω̄s

0 be the interface where
solid and fluid interact. Γk

t , k = 1, 2, 3 and Γ̂k
0, k = 1, 2, 3 are defined to be the remaining

external boundaries at t ∈ (0, T ] and t = 0, respectively. The evolution of the solid and
fluid domain Ω̂f

0 and Ω̂s
0 are defined by

X s : Ω̂s
0 × R+ → R3 ,

Af : Ω̂f
0 × R+ → R3 ,

such that the range of X s(·, t) and Af (·, t) define Ωs
t and Ωf

t , respectively. X s maps any
material point x̂s

0 from the given fixed reference configuration Ω̂s
0 to the current solid

material configuration Ωs
t . The solid displacement is then defined as

ûs(x̂s
0, t) = X (x̂s

0, t)− x̂s
0 . (1)

The mapping Af is such that Af (x̂f
0 , t) = x̂f

0 + ûf (x̂f
0 , t), where ûf (x̂f

0 , t) is defined as an
arbitrary extension operator over the fluid domain Ω̂f

0 and given by

ûf (x̂f
0 , t) = Ext(ûs|Γ̂i

0
) in Ω̂f

0 . (2)

The extension operator used to evaluate the fluid region displacement is the harmonic or
Laplace operator. Other similar operators can be employed as described in [15, 12, 5].
The velocity ŵf is defined by

ŵf = ∂ûf

∂t
in Ω̂f

0 . (3)

This quantity represents the velocity in terms of the reference coordinate x̂f
0 . The behavior

of the fluid is described by the Navier-Stokes equations for incompressible flows. For
details the interested reader can also see [20, 10].

ρf ∂vf

∂t

∣∣∣∣∣
Ã

+ρf
(
vf −wf

)
·∇vf −∇ · σf = ρfg in (0, T )× Ωf

t ,

∇ · vf = 0 in (0, T )× Ωf
t ,

vf |t=0 = v0 in Ω̂f
0 , (4)

vf |Γ1,f
t,D∪Γ2,f

t,D
= gf in (0, T ) ,

σf · nf |Γ1,f
t,N∪Γ2,f

t,
= hf in (0, T ) ,

where ρf is the constant density, vf is the fluid velocity, g is the gravity acceleration
vector, Ã denotes the ALE application that maps the reference fluid configuration Ω̂f

0
onto the current fluid configuration Ωf

t and wf denotes the fluid domain velocity. n is
the unit normal vector that points outward from the boundary ∂Ωf

t and gf , hf , v0 are
given data. The flow state variables in the incompressible case are the pressure pf and
the velocity vf . The contribution of external forces such as gravity is assumed to be
negligible. The constitutive relation for the stress tensor in the Newtonian incompressible
case reads

σf = −pfI + τ f = −pfI + 2µfε
(
vf
)
, (5)
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where µf is the dynamic viscosity of the fluid, pf the Lagrange multiplier associated to
the incompressibility constraint and ε

(
vf
)

the strain rate tensor defined as

ε
(
vf
)

= 1
2

(
∇vf +

(
∇vf

)t
)
. (6)

The total time derivative is related to the adopted reference systems. The governing
equations for structural mechanics are the following momentum equations

ρs∂vs

∂t
−∇ · σs(us) = 0 in Ωs

t , (7)

where ρs is the density of the solid material, vs is the velocity field and σs its Cauchy stress
tensor, which is a function of the solid region displacement us. Since the constitutive law
for the solid stress tensor is expressed in terms of displacements one must solve both the
balance equations (7) and the kinematic relation

vs = ∂us

∂t
. (8)

For the reference configuration we can introduce the right Cauchy-Green deformation
tensor C as

Cij = FkiFkj ∀ i, j = 1, . . . , 3 , (9)

where F is the deformation gradient tensor defined by F = I + ∇us. In a similar way in
the current configuration we can introduce the left Cauchy-Green deformation tensor, b,
as

bij = FikFjk ∀ i, j = 1, . . . , 3 . (10)

According with this notation we can now express the Cauchy stress tensor, σs, as [20]

σs
ij = 2

J

[
bij (I bij − bimbmj)

Jδij

2

]


∂W
∂I

∂W
∂II

∂W
∂J

 , (11)

where I = Cii, II = 1/2 (I − CijCji) are the first and second invariant of the right Cauchy-
Green strain tensor C and J its determinant. The quantity W = W (I, II, J) is the strain
energy of the system which depends on the constitutive law of the considered material.
For example for a Neo-Hookian material, with respect to the current configuration, the
energy function is defined by

W (I, J) =1
2µs

(
J−2/3trC− 3

)
+

1
2

(
λ+ 2

3µs

)(1
2(J2 − 1)− ln J

)
.

(12)

In the case of incompressible solid, the third invariant is equal to one so the energy density
function becomes

W (I, J) =1
2µs (trC− 3) (13)
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and the Cauchy stress tensor is defined by

σs = −psI + σs∗ , (14)

where σs∗ is the tensor obtained by using the equations (11) and (13). The problem
defined by (4)-(7) is not well posed since we have not yet prescribed any boundary condi-
tions at the interface Γi

t. The coupling between the fluid and the solid model determines
the missing boundary conditions, which consist of imposing the continuity of velocity and
stress at the interface Γi

t as

vf |Γi
t

= vs|Γi
t
, (15)

σf · nf |Γi
t
+ σs · ns|Γi

t
= 0 . (16)

In order to write the weak formulation of the coupled problem, let us consider the following
functional spaces

Vt = {φ ∈ H1(Ωf
t ) : φ|Γ1,f

t,D∪Γ2,f
t,D

= 0} ,

Vt
g = {φ ∈ H1(Ωf

t ) : φ|Γ1,f
t,D∪Γ2,f

t,D
= gf} ,

Qt = L2(Ωf
t ) ,

M0 = {ψ ∈ H1(Ω̂s
0) : ψ|Γ̂1,s

0,D∪Γ̂2,s
0,D∪Γ̂3

0,D
= 0} ,

M0
g = {ψ ∈ H1(Ω̂s

0) : ψ|Γ̂1,s
0,D∪Γ̂2,s

0,D∪Γ̂3
0,D

= gs} ,

D0 = L2(Ω̂s
0) ,

where H1(Ω) is the standard Sobolev space of order s with respect to the set Ω and L2(Ω)
is the Sobolev space of order 0 containing square integrable functions over Ω. For details
concerning these function spaces one may consult [8]. In addition, let us introduce the
following bilinear form

af (vf ,φ) =
∫

Ωf
τ f (vf ) : ∇φ dx = µ(∇vf + (∇vf )T ,∇φ) , (17)

where we denote with τ f the fluid viscosity tensor. The variational formulation of the
fluid equations can be obtained through the usual method by multiplying the equations
(4) with appropriate test functions, performing integrations on the whole domain and
keeping into account the boundary and interface conditions. This procedure leads, for the
velocity field v ∈ Vt

g and pressure p ∈ Qt, to the following fluid momentum equation

ρf

(
∂vf

∂t

∣∣∣∣∣
Ã
,φ

)
+ a(vf ,φ)− ρf ((∇ ·wf )vf ,φ) + ρf (

(
vf −wf

)
·∇vf ,φ) =

(pf ,∇ · φ) +
∫

Γi
t

(σf · nf ) · φ dγ +
∫

Γf
N

hf · φ dγ +
∫

Ωf
ρfg · φ dx , (18)

(q,∇ · vf ) = 0 ,
vf |t=0 = vf

0 ,

for all φ ∈ Vt and q ∈ Qt. In a similar way, we define the following bilinear form

as(us,ψ) = (σs(us),∇ψ) . (19)
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By following the procedure briefly described above, we obtain at each time t, for the
velocity us ◦ X s ∈M0

g and pressure ps ◦ X s ∈ D0, the following weak formulation for the
solid problem

ρs

(
∂2

∂t2
us,ψ

)
+ as(us,ψ)− (ps,∇ ·ψ) =

∫
Γi

t

(σs · ns) ·ψ dγ +
∫

Γs
N

hs ·ψ dγ ,

(d,∇ · us) = 0 ,
us|t=0 = us

0 , vs|t=0 = vs
0 ,

for all ψ ◦ X s ∈M0 and d ◦ X s ∈ D0. Let us introduce a global weak formulation for the
fluid-structure problem. If we define the functional space

St = {(φ,ψ ◦ X s) ∈ Vt ×M0 : ψ|Γi
t

= φ|Γi
t
} , (20)

from (15), (16), (18) and (20), we can write the FSI problem in the coupled formulation
as

ρf

(
∂vf

∂t

∣∣∣∣∣
Ã
,ϕ

)
+ a(vf ,ϕ)− ρf ((∇ ·wf )vf ,ϕ) + ρf (

(
vf −wf

)
·∇vf ,ϕ)−

(pf ,∇ ·ϕ) + ρs( ∂
2

∂t2
us,ϕ) + as(us,ϕ)− (ps,∇ ·ϕ) (21)

−
∫

Γs
N

hs ·ϕ dγ −
∫

Γf
N

hf ·ϕ dγ =
∫

Ωf
ρfg ·ϕ dx , ∀ϕ ∈ St

(q,∇ · vf ) = 0 (d,∇ · us) = 0 , (22)
vf |t=0 = vf

0 us|t=0 = us
0 vs|t=0 = vs

0 .

It is worth noting that by using the coupling conditions (15), (16) and this particular
choice of the fluid-structure test functions, the boundary terms that appear in the fluid-
solid interface Γi

t cancel out. This assures that forces at the interface are always computed
in an exact way.

2.2 Multiphase problem

Ωl

Ωg
Ωs

Γs Γi

Figure 2: Computational domain. The liquid in Ωl and Ωl are the reference fluid phases and the boundary
between the two fluid phases is denoted by Γs. Ωs mark the solid region of the domain and the interface
between the solid and the fluid region is labeled with Γi.
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In this Section the mathematical model of the Multiphase Fluid Structure Interaction
problem is presented. Let us consider a domain as shown in Figure 2, where Ω marks
the whole domain, Ωl is the portion of the domain occupied by the reference fluid phase
and Ωg is the sub-domain with the secondary phase. The boundary between the two
immiscible fluids is denoted by Γs, and its topology can vary during the evolution of the
system since each sub-domain evolves in time. The solid domain is labeled with Ωs and
the interface between the fluid phases and the solid region is marked Γi. As explained in
Section 2.1 the balance equations that hold in a fluid structure interaction problem are

ρf ∂vf

∂t

∣∣∣∣∣
Ã

+ρf
(
vf −wf

)
·∇vf −∇ · σf = ρfg in (0, T )× Ωf

t ∪ Ωg
t , (23)

ρs∂vs

∂t
−∇ · σs(us) = 0 in (0, T )× Ωs

t , (24)

∇ · v = 0 in (0, T )× Ωt , (25)
vf |t=0 = v0 in Ω̂0 , (26)
v|Γt,i

= gf in (0, T ) , (27)
σ · n|Γt,i

= hf in (0, T ) . (28)

In order to take into account the presence of a multiphase fluid that interacts with a solid
domain, we modify the first equation of (23) while the rest of the problem is treated as
described in the previous Section. The momentum balance equations in the fluid domain
are formally written as in single phase formulation

ρf ∂vf

∂t

∣∣∣∣∣
Ã

+ρf
(
vf −wf

)
·∇vf −∇ · (µ(∇vf + (∇vf ᵀ)) +∇p = ρfg ,

∇ · vf = 0 , x ∈ Ω, t ∈ [0, T ] ,
(29)

and the difference lies in the definition of the physical properties ρf and µf . If we denote
with l the properties of the reference phase and with g the values associated to the
secondary phase, we can define the physical properties ρf and µf as

ρf = ρlχ+ ρg(1− χ) , (30)
µf = µlχ+ µg(1− χ) , (31)

where χ is the color or indicator function. This function describes the distribution of the
two phases in the domain. It is equal to 1 in the reference phase and 0 in the secondary
phase. We note that the function χ is discontinuous on the interface Γs. We can define χ
as

χ(x, t) =
∫

Ωl(t)
δ(x′ − x) dx′ ∀x ∈ Ω . (32)

The indicator function is therefore a multidimensional Heaviside function that changes
value on Γs. We can also write that

∇χ = −
∫

Γs

δ(x′ − x)n′ dS ′ = −n
∫

Γs

δ(x′ − x) dS ′ = −nδs(x) , (33)

where δs(x) is the Dirac delta function that is discontinuous on Γs. Under the hypotheses
of immiscible fluids with no phase change, the color function behaves like a passive scalar
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and is purely transported by the velocity field, following the simple advection equation
∂χ

∂t
+ (vf · ∇)χ = 0 , in Ω× [0, T ] . (34)

The Volume of Fluid algorithm is employed to solve (34). Given an initial state of the
indicator function (32) the VOF algorithm is implemented in two steps. First the inter-
face is advected with an explicit Lagrangian advection method using the fluid velocity
as computed by the FSI solver and the normal vector to the interface. Then the in-
terface is reconstructed based on the color function gradient and on the conservation of
volume constraint. In this work we use a Piecewise Linear Interface Calculation (PLIC)
reconstruction scheme together with an ELVIRA method for the computation of the inter-
face normals. For detailed information on this method the interested reader can consult
[19, 13, 7, 4, 3].

3 NUMERICAL RESULTS

In this Section we report some numerical results obtained by implementing the math-
ematical model just described in a computational platform where the dedicated solvers
for the FSI and the VOF problems are coupled. Inside this platform they can exchange
data in a fast and efficient way. In all the test cases the fluid is composed of two phases
with different densities and a portion of the domain is a solid region that undergoes to
deformations due to the fluid motion. We use standard units of measure for all the results
reported.

3.1 Test 1: Dam break

In this first test case we consider the dam break problem. This is a typical benchmark
for two-phase flow simulations but in this case we consider a deformable solid on which
the dam fluid impacts. The initial configuration of the problem is shown in Figure 3
in particular in the right part of this Figure one can see the solid, the primary and the
secondary fluid regions marked by Ωs, Ωl, Ωg, respectively. The global domain Ω =
Ωs ∪ Ωl ∪ Ωg is the square [0, 1] × [0, 1]. The geometries of the different parts of the
domain are specified by giving the coordinate of some reference points. According to

A

B

C

D α

E

Γs1

Γl1

Γs2

Γl2

Γs3

Γl3

Ωl

Ωs

Ωg

Figure 3: Test 1: Domain overview. On the left some reference points: A = (0, 0), B = (0, 0.6), C = (1, 1),
D = (0.2, 0.2), E = (0.5, 0.7) and α = (0.2, 0.5). On the right labeling of the surfaces.
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Parameter Value
ρl, ρs 500 Kg/m3

µl 0.005 Pa s
ρg/ρl 0.001
µg/µl 0.01

Young modulus 4 · 104 Pa
Poisson coefficient 0.4

Figure 4: Test 1. Coarse computational grid on the left, physical parameters on the right.

t1 t2 t3

t4 t5 t6

Figure 5: Test 1. Solution overview at different time steps: t1 = 0.005 s, t2 = 0.04 s, t3 = 0.08 s,
t4 = 0.095 s, t5 = 0.16 s and t6 = 0.2 s.

the nomenclature shown on the left of Figure 3, the coordinate of the reference points in
standard units of measure are: A = (0, 0), B = (0, 0.6), C = (1, 1), D = (0.2, 0.2) and
E = (0.5, 0.7). Due to the different densities of the two fluid phases (Ωl and Ωg) and
the gravitational field, Ωl falls down into the solid container Ωs which deforms due to the
interaction with both the fluid phases.

The coarse computational grid, both for the FSI and VOF modules, is generated sub-
dividing Ω into 400 cells (20 subdivision per edge) and it is shown on the left of Figure 4.
The coarse grid is then refined multiple times to allow for a proper grid resolution for the
VOF solver. According to notation shown in Figure 3, we impose a vanishing velocity field
on Γl1∪Γl2 and at the boundary fluid structure interface {Γl1∩Γs1}∪{Γl2∩Γs2}. A homo-
geneous Neumann condition is imposed of the fluid region Γl3 and on the solid boundary
Γs3. The physical properties of the different phases of the problem are summarized in
the Table on the right of Figure 4, in particular both of the fluid phases are modeled as
Newtonian incompressible fluids while the solid is represented by a compressible linear
elastic material.
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Figure 6: Test 1. On the left, transverse (A) and axial (B) displacement over time. On the right, color
function integral over the computational domain over time.

In Figure 5 the solution overview is shown at different time step t = 0.005, 0.04, 0.08,
0.095, 0.16 and 0.2 s. In this Figure the axial displacement field is shown in the solid
region (Ωs) while in the fluid part we mark in red the interface between the primary and
the primary phase and in light gray the streamlines of the fluid velocity field. We can
notice that, as expected, the primary phase with higher density falls down into the solid
container that is deformed due to its weight.

The transverse and axial displacements of point α (see left part of Figure 3) over time
are shown in the left part of Figure 6 with curves A and B respectively. We can notice that
the displacement field after some initial oscillations reaches a steady state configuration
and it is always smaller than the characteristic length of the computational grid. In such
condition the displacement field can be neglected in the projection of the velocity and the
color function during the data exchange between the FSI and VOF meshes. In order to
check the performance of the coupled FSI-VOF solver we can evaluate the primary phase
volume by computing the color function integral∫

Ωl(t)
dx = k . (35)

We remark that the fluid is represented with an incompressible model so because of the
free divergence constraint of the velocity field the total primary phase volume k must
remain constant over time. The quantity k as computed from (35) is plotted over time
on the right of Figure 6.

3.2 Test 2: Tank filling

In the second test case we consider a filling problem in which, as in the previous case,
two fluid phases and a solid region are considered. The domain overview is shown in Figure
7, in particular on the left of that Figure the specific geometries of the different parts of
the domain are specified by giving the coordinates of some reference points: A = (0, 0),
B = (0.5, 0.15), C = (0.5, 0.5) and D = (1, 1). On the right of the same Figure one can see
the solid, the primary and the secondary fluid regions marked as Ωs, Ωl, Ωg, respectively.
The global domain Ω = Ωs ∪ Ωl ∪ Ωg is a square with a surface of 1m2.

According to the surface labeling shown in Figure 7, we impose a vanishing velocity
field on Γl1 ∪ Γl2 ∪ Γl3 ∪ Γs1 ∪ Γs2. A homogeneous Neumann condition is imposed on
the solid region Γs3. Concerning the multiphase advection problem, the color function
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Γs1

Γl1

Γs3

Γl3

Ωl

Ωs

Ωg

Figure 7: Test 2: Domain overview. On the left reference point: A = (0m, 0m), B = (0.5m, 0.15, ),
C = (0.5m, 0.5m) and D = (1m, 1m). On the right part labeling of the surfaces.

t1 t2 t3

t4 t5 t6

Figure 8: Test 12. Solution overview at different time steps: t1 = 0.005s, t2 = 0.09s, t3 = 0.2s, t4 = 0.3s,
t5 = 0.4s and t6 = 2s.

is set to 1 in the Ωl region. The physical properties of the different materials present in
the problem are the same used in the previous case and can be seen in the Table on the
right of Figure 4. The color function is set to 1 in the Ωl domain for the full time of
the simulation, so this volume represents an inflow for the primary phase with velocity
computed by the FSI solver. This phase flows inside the domain until it cover the circular
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Figure 9: Test 2. On the left, axial displacement over time. On the right, color function integral over the
computational domain over time.

inlet region and a steady state configuration is reached.
In Figure 8 the solution overview is shown at different time steps t = 0.005, 0.09, 0.2,

0.3, 0.4 and 2 s. In the solid region Ωs we report with colors the axial displacement field
while in the fluid region Ωl ∪ Ωg we show the interface between the two phases Ωl ∩ Ωg

as a red solid line. The streamlines of the fluid velocity field are reported in light gray in
the same Figure. We can notice that as the heavy phase falls because of the gravitational
field, more secondary phase is injected in the domain until it cover the inlet region. The
axial displacement of the central point of the solid region over time is shown on the left
of Figure 9. We can notice that the displacement field shows a great oscillation due to
the first contact between the secondary phase and the solid region, after this impact the
average axial deformation decreases and reaches a steady negative value when the injection
of the secondary phase stops. Also in this case it is worth to notice that the deformations
that occurs are always smaller than the characteristic length of the computational grid.

As in the previous case, in order to check the performance of the FSI-VOF coupled
modules, we can evaluate the integrated color function (35). In this case because of the
inlet of the primary phase the total primary phase volume k must increase over time. The
result of (35) along time is shown on the right of Figure 9. we can notice that the value
increases as the secondary phase is injected into the domain and reaches a steady value
as the injection ends.

3.3 Test 3: Bending rod in two-phase flow

In this third test we consider the flow of a multiphase fluid around a solid deformable
obstacle. The domain overview is shown on the left of Figure 10. The global domain
is a cube characterized by an edge of 1 m, the obstacle is placed in the center of the
cube base with a square transverse section a2 of 0.01 m2 and a height b of 0.5 m. The
physical parameters employed for this test case are reported in Figure 10 on the right.
In this Table we see that the fluid and the solid have the same density, while the density
ratio between the primary and secondary phase is close to the water over air ratio. The
solid has been modeled as an incompressible solid and the fluids with an incompressible
Newtonian model.

The boundary and initial conditions of the problem can be seen in the set of Figures
11. In the colored surface of the sub figure a we set an homogeneous Neumann boundary
condition to simulate the outlet of the domain. In the colored surfaces of sub figure
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Parameter Value
ρl, ρs 500 Kg/m3

µl 0.005 Pa s
ρg/ρl 0.001
µg/µl 0.01

Young modulus 4 · 104 Pa
Poisson coefficient 1/2

Figure 10: Test 3. Domains overview on the left and physical parameters on the right.

a b c

Figure 11: Test 3. Boundary conditions overview: a homogeneous Neuman, b homogeneous Dirichlet and
c non homogeneous Dirichlet.

b we impose a no slip condition while in the colored surfaces of c a non homogeneous
Dirichlet is set as an inlet. In that surface we impose a vanishing transverse velocity and
a non-vanishing axial flows. In particular the fluid flows into the domain with a constant
velocity of 1 m/s. Concerning the multiphase problem we consider a stratified flow with
the primary heavy phase on the bottom and the secondary phase on top. As initial
condition we consider the domain filled with the secondary phase while the boundary
condition applied as inlet is visible in sub figure c of Figures 11. The yellow region is
occupied by the primary phase with a height of 0.3 while in the blue region the secondary
phase has a height of 0.7. During the simulation the heavy phase enters in the domain and
flows on the bottom of the domain because of the gravity, following a typical stratified
flow pattern.

In this test we consider the obstacle as a deformable solid rod, so the impact with the
heavy phase displaces the rod with a force based on the weight and inertia of the fluid
phase. One of the main interesting features of the coupled FSI-VOF solver is that the
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Figure 12: Test 3. Solution overview at t = 10 s.

Figure 13: Simulation of the two-phase flow over a bending rod. From top left to bottom right three
different time steps: t1 = 0.1 s, t2 = 2.5 s and t3 = 5 s.
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Figure 14: Displacement dx in the main flow direction on the most stressed point of the rod, reported as
a function of time.

displacements of the solid can be precisely evaluated together with the stresses inside the
structure. Moreover the bending of the solid has an influence on the flow field which could
not be taken in consideration without the FSI solver.

In Figure 12 an overview of the solution is shown when the steady state condition
is being approached. From this Figure we can see how the multiphase fluid flows into
the computational domain and deforms the bending rod which is colored with the dis-
placement in the main direction of the flow. The primary-secondary phase interface is
represented with a transparent surface. In Figure 13 the solution overview is shown at
different time steps: t = 0.1 s, t2 = 2.5 s and t3 = 5 s. From this sequence we can
appreciate the evolution of the secondary phase flow together with the deformation of the
bending rod. The color of the rod represents the displacement in the main flow direction.
It can be seen that, due to the impact with the secondary phase, the rod bends and begins
to oscillate. In Figure 14 the displacement of the central point of the top surface of the
solid part in the main flow direction is reported as a function of time. The oscillating
damped behavior of the rod in the main direction (x axis) can be clearly seen in this
Figure. We remark that although the deformation in the top part of the rod are large,
where the solid interact with the secondary phase the deformation field is still smaller
then the characteristic length of the VOF grid. In such condition the displacement can
be neglected in the projection of the computational fields among the different grids.

4 CONCLUSION

In this paper we have presented a model for the multiphase simulation of Fluid Struc-
ture Interaction problems based on a monolithic FSI approach and a Volume of Fluid
method. The domain consists of a fluid and a solid region. Inside the fluid two phases are
present with different physical properties. The solution of this problem is accomplished
through the coupling of the FSI and VOF solvers using dedicated data exchange libraries.
The results reported show that this method is capable to predict the displacements and
stresses that a solid undergoes while interacting with a two phase fluid. Some improve-
ments for future works could be to take into account the surface tension for the secondary
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phase and consider cases where large displacements occur where the secondary phase is
present.

REFERENCES

[1] F. Aubert, E. Aulisa, S. Manservisi, and R. Scardovelli. Interface tracking with
dynamically-redistributed surface markers in unstructured quadrangular grids. Com-
puters & fluids, 35 (10):1332–1343, 2006.

[2] J.P. Aubry. Beginning with Code Aster. A Practical Introduction to Finite Element
Method using CodeAster, Gmsh and Salome. Framasoft, 2013.

[3] E. Aulisa, A. Cervone, S. Manservisi, and P. Seshaiyer. A multilevel domain de-
composition approach for studying coupled flow applications. Communications in
Computational Physics, 6(2):319–341, 2009.

[4] E. Aulisa, S. Manservisi, and P. Seshaiyer. A computational multilevel approach for
solving 2d navier-stokes equations over non-matching grids. Computer Methods in
Applied Mechanics and Engineering, 195(33-36):4604–4616, 2006.

[5] Daniele Cerroni, Sandro Manservisi, and Filippo Menghini. A new moving mesh
technique for monolithic multigrid fluid-structure interaction solver. Recent Advances
in Civil Engineering and Mechanics, 1:146–152, 2014.

[6] Daniele Cerroni, Sandro Manservisi, and Filippo Menghini. An improved monolithic
multigrid Fluid-Structure Interaction solver with a new moving mesh technique. In-
ternational Journal of Mathematical Models and Methods in Applied Sciences, 9:227–
234, 2015.

[7] A Cervone, Sandro Manservisi, and Ruben Scardovelli. A fem solver coupled to a
multilevel vof method for simulation of axisymmetric jets and to a front-tracking
method for simulation of spreading droplets. Atomization and Sprays, 20(2), 2010.

[8] P.G. Ciarlet. The finite element method for elliptic problems, volume 40. Siam, 2002.

[9] J. Glimm, M. J. Graham, J. Grove, X. L. Li, T.M. Smith, D. Tan, F. Tangerman, and
Q. Zhang. Front tracking in two and three dimensions. Computers & Mathematics
with Applications, 35(7):1–11, 1998.

[10] Arthur Guittet, Maxime Theillard, and Frédéric Gibou. A stable projection method
for the incompressible navier–stokes equations on arbitrary geometries and adaptive
quad/octrees. Journal of Computational Physics, 292:215–238, 2015.

[11] Matthias Heil. An efficient solver for the fully coupled solution of large-displacement
fluid–structure interaction problems. Computer Methods in Applied Mechanics and
Engineering, 193(1):1–23, 2004.

[12] P. Le Tallec and J. Mouro. Fluid structure interaction with large structural displace-
ments. Computer Methods in Applied Mechanics and Engineering, 190(24):3039–
3067, 2001.

804
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Abstract. Pipeline transport systems can span vast distances, making finely resolved simula-
tion techniques computationally unaffordable. This article examines the use of analytical steady
wave solutions in a dynamic simulation framework as a technique for obtaining physical wave
dynamics in a flow regime simulator without discretising individual wave structures. A scheme
based on this principle is presented wherein a family of steady roll-waves profile solutions is
generalised to allow for a dynamic profile evolution. These solutions are then implemented into
a finite volume scheme where a wave solution constitutes a single dynamic grid cell. Waves
interact dynamically to construct a wave regime evolving in time. Predictions on flow devel-
opment are compared with finely resolved direct numerical simulations on fixed grids. Steady
wave solutions, once subjected to coordinate stretching, behaves appropriately in the dynamic
frame, predicting the regime development in time, the wave coalescences and the final steady
state or slug transition.
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1 INTRODUCTION

1.1 Review

Roll-wave trains are periodic occurrences of moving hydraulic jumps and constitutes a shallow-
water flow regime in both channels and pipes. The wave dynamic of this flow regime is impor-
tant in two-phase pipe flows as it affect the momentum exchange between phases, and because
it may initiate the transition to a slugging flow.

Profile solutions of steady-state hydraulic jumps in open channels was published by Brass
already in 1868.

Thomas [17] presented, in 1937 and 1939, a family of explicit, mechanistic, free surface roll-
wave solutions using a reference system relative to the waves through a moving belt analogy.

Dressler [7] later formalised these profile solutions into a closed form composed of trains of
piecewise monotonic solutions connected by shocks. He formulated conservation conditions for
these shocks. Dressler also went on to prove the uniqueness of these solutions through entropy
considerations, and to also construct viscous, continuous profile solutions. Thomas and Dressler
both showed, by different means, that some amount of friction was a necessary requirement for
the formation of roll-waves.

Miya et. al. [14] went on to derive similar profile solutions for gas-liquid channel flows,
also including shape factors for the velocity profiles. They further investigated the pressure
distribution and compared the profile solutions to experimental data.

Watson [18] reformulated the gas-liquid solution for flow in pipes. This model had a form
similar to that for channel flow, but with a geometrical complexity making it unsuited for an-
alytical integration. Algebraically explicit profile solutions are therefore unavailable for pipe
flow. The increased complexity of these equations also makes solution uniqueness difficult to
prove; this was instead assumed.

Johnson et. al. [11, 10] continued the work on discontinuous and viscous continuous roll-
wave models for stratified pipe flow. They constructed a database system for retrieving profile
solutions at given flow conditions. In [12], Johnson et. al. compare high-pressure, upward
inclined pipe flow experiments to the continuous roll-wave model to find good agreement.

Comparisons between roll-wave experiments and predictions from finely resolved numerical
representations have been made by multiple authors. For instance, Holmås [9] compared a
pseudospectral representation (using fast Fourier transformation) of the incompressible two-
fluid pipe flow model with the above cited experiments of Johnson. The Biberg model [2] for
pre-integrated turbulent shear and velocity profiles was here incorporated.

Similar comparisons were made by Cao et. al. [5], including k− ε turbulent closures to their
Riemann solver + MUSCL method. They report good agreement with the experimental data of
Brock’s [3] after the k − ε extension.

Richard and Gavrilyuk [15] extended Dressler’s roll-wave solutions to account for turbulent
shear and dissipation. Reynolds’ stresses are here related to enstrophy in the wave, providing
wave-breaking as a model extension. Very good agreement with Brock’s experimental data was
found [3], appropriately breaking off the sharp wave tip of the Dressler solutions.

In the work of Brook et. al. [4], the solutions of Dressler were compared to roll-wave simu-
lation results of the shallow water equations using a second order Godunov method.

A final work worth mentioning in relation to these steady wave solutions is Lahey’s piece
on dispersed bubbly pipe flow [13]. Here, void waves were analysed using non-linear theory,
finding similar sets of structures and profile solutions.

In regard to the method principle, some ideas have been drawn from the work of De Leebeeck
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and Nydal [6]. They presented a phenomenological model treating large waves as a fixed-length
choke object and used object oriented programming to simulate intermittent occurrences of such
wave representations.

1.2 Aim

The aim in this work is to whether solutions for steady wave trains can be used in modelling
dynamically evolving wavy flows. Will a set of spurious analytical waves merge and adjust to a
‘fully developed’ flow pattern? Does the method have potential for use in engineering simulator
tools?

The concept is tested through a method based on the principle of singleton wave solutions
in the frame of a finite volume method. Predicting the development of a flow regime in long
pipeline simulations is usually more important than predicting individual waves. We need there-
fore not demand exact conformity with the base model, but that the appropriate statistical devel-
opment is ensured and that predictions on regime transition are reliable. Similar methods can
be devised for any type of regime flow where reasonably steady intermittent structures appear.

1.3 Introduction to a method of dynamically chained analytical wave structures

In this article, the steady state solutions presented by the aforementioned authors will be
generalised and introduced into a dynamic, computational framework for simulating transient
wave development. (The term ‘steady state’ will here refere to solutions which are steady in a
reference system moving with constant translation velocity.) For ease of reference, the resulting
method will be dubbed the method of chained analytical waves, CAW for short.

The concept of the CAW method is presented in Figure 1.1 with explanations in the caption.
It consists of four basic steps:

i) A profile and shock celerity reconstruction from the average state properties in a relative
reference system.

ii) Integrating the average wave properties in time using fluxes and sources obtained from the
chained profiles.

iii) Letting the wave objects move according to the shock celerities.

iv) Reconstructing the profiles and shock celerities anew from the new average properties.

The two-fluid model is presented in Section 2. A conservative finite volume method for dy-
namic cells is then presented in Section 3.1, with the average volume equations in Section 3.1.1
and the shock conditions in Section 3.1.2. The analytical wave model is found in Section 3.2,
with the general profile equations presented in Section 3.2.2. Section 3.3 deals with selecting a
wave profile from the family of profile solutions on the basis of the average properties. Putting
these pieces together, Section 3.4 presents the simulation routine.

Figure 1.2 illustrates the main difference between the CAW method and conventional, fine-
gridded CFD methods, namely the much greater number of grid cells required by the latter.
The numerical stability of both types of solution methods will be restricted by CFL-type cri-
teria which limit the length of the time integration step in proportion to the grid cell lengths.
Consequently, the CAW method should be capable of remaining stable while using significantly
longer time steps, at a time scale better suited for wave dynamics.
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Figure 1.1: Principle illustration.
• Bottom: Available average state ψ
• 2nd from bottom: Adopt a reference system relative to the wave. Reconstruct the waves with
the analytical wave model and determine the shock celerities and the flux exchanges between
waves (Section 3.2-3.3.)
•Middle: Integrate in time using the fluxes and shock speeds obtained at t(n) from the analytical
wave regime. Allow the wave to stretch and contract in the strip t ∈

[
t(n), t(n+1)

〉
, (Section 3.1.)

• 2nd from top and top: The time integration provides the average state ψ
(n+1)

at time t(n+1),
and the cycle repeats for the new time step.
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(a) Conventional capturing simulation with a fine, stationary grid – 500 grid cells.
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(b) Chained analytical wave simulation – 4 grid cells.

Figure 1.2: Control volumes
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2 THE TWO-FLUID MODEL

In addition to the presence of a gas, the complication of a pipe geometry is a key difference
between the explicit shallow water roll-wave solutions of Dressler and the numerically com-
puted pipe flow solutions of Watson – Figure 2.1 shows a schematic. The pipe introduces new

Figure 2.1: Pipe cross-section

geometric variables such as the level height h, partial cross-section areas ak and perimeter length
σk for the gas (k = g) and liquid (k = `) phases. These are all algebraically interchangeable
through a geometric function a` = A`(h):

A`(h) = R2 (γ − 1/2 sin 2γ) , σ` = 2Rγ,

A′` =
dA`
dh

= σi, σg = 2R (π − γ) ,

γ = arccos (1− h/R) , σi = 2R sin γ.

Though expressions of the same property, the level height h is beat suited as an independent
modelling variable as ak and σk are explicit functions in h, whereas the inverse is not true. R
is here the pipe inner radius and γ the interface half-angle. Subscript ‘i’ indicates the gas-liquid
interface.

The compressible, isothermal, four-equation two-fluid model for stratified pipe flow results
from an averaging of the conservation equations across the cross-sectional area and is com-
monly written

∂t (aρ)k + ∂x (aρu)k = 0, (2.1a)

∂t (aρu)k + ∂x
(
aρu2

)
k

+ ak∂xpi + akρkg cos θ ∂xh = sk, (2.1b)

where phase subscript k ∈ {g, `}. pi is the interface pressure, coupled to the fluid densities ρk
by some equation of state.

The phase properties represent cross-sectional averages in each field, and, together, the two
last left-hand terms in the momentum equation represents a hydrostatic approximation to the
average pressures over the cross-section. A flat, fully turbulent velocity profile is here assumed.

The numerical treatment of the pressure term is a key issue in simulating the two-fluid model.
It introduces sonic characteristics and stability restrictions. In this work, as well as in most of
those hereto cited, pressure issues are numerically sidestepped by assuming both phases to be
incompressible. This eliminates the sonic characteristics while the system still retains its condi-
tionally hyperbolic nature. It also allows for a conservative, two-equation system formulation.
The interfacial pressure, essentially linking the momentum equations of each phase, is elimi-
nated by first reducing each momentum equation by their respective mass equations, and then
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divided each by their respective specific areas ak. Subtracting one from the other, the pressure
term is eliminated. The resulting conservation equations reads

∂tψ + ∂xf = s (2.2a)

with

ψ =

(
a`

[ρu]`g

)
, f =

(
q`
j

)
, s =

(
0
s

)
. (2.2b)

Flux and source component symbols have here been introduced and are

qk = akuk, j =

[
ρ
u2

2

]`
g

+ wy h, (2.2c)

s = −wx −
[τσ
a

]`
g

+ τiσi

(
1

a`
+

1

ag

)
, (2.2d)

and phase differencing operation [·]`g = (·)`− (·)g which will be used throughout. The algebraic
relations

a` + ag = A, q` + qg = Q, (2.2e)

close the model. This is essentially the same formulation as used by Holmås in [9]. A may in
general be a parametric function of x andQ of t, though they are here treated as constants. The
second relation in (2.2e) is obtained from adding together the two mass equations (2.1a) and
applying the first relation. Specific weight terms, also parametric, are

wx = [ρ]`g g sin θ, wy = [ρ]`g g cos θ,

with g being the gravitational acceleration and θ the pipe inclination angle, positive above da-
tum. The friction model τk is based on the rather simple Taitel and Dukler model [16] for
turbulent flow, quickly summarised below:

τk = 1/2Cf,k ρkuk|uk|, τi = 1/2Cf,i ρg(ug − u`)|ug − u`|,
Cf,k = 0.046Re−0.2

k , Rek = (ud/ν)k,

d` = 4 a`/σ`, dg = 4 ag/(σ` + σi).

The interfacial friction factor is Cf,i = mx max{Cf,g, 0.014}where mx is a crude model param-
eter employed by numerous authors in order to achieve Cf,i > Cf,g as observed experimentally.
ν is the kinematic viscosity.

A study on how mx affect the wave regime was carried out in [11] and will not be repeated
here. Instead, mx is rather arbitrarily given the value mx = 5.0. The choice of mx affects the
range of flow conditions in which the stable roll-wave regime is observed.

3 A METHOD OF CHAINED ANALYTICAL WAVE STRUCTURES

Details of the CAW method are described in this section. The process of averaging the base
equation system (2.2) into movable, stretching and contracting control volumes is described
in Subsection 3.1, while details of the wave model are described in Subsection 3.2. Finally, a
routine description is given in Subsection 3.4.

Readers who are foremost interested in the method principle (as presented in the introductory
section) may skip past the method details presented here and still gather an impression from the
results section that follows.
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3.1 A finite volume method framework

3.1.1 Average volume equations

A control volume is placed over a wave, as illustrated in Figure 1.2b. Integration of (2.2a) is
performed across the control volume, first in space from the left shock at xL to the right one at
xR, and then in time from the present time tn to the next time level tn+1:∫ tn+1

tn

∫ xR(t)

xL(t)

(∂tψ + ∂xf − s) dx dt = 0. (3.1)

Using Leibniz’ rule, the first transient term evaluates to∫ xR(t)

xL(t)

∂tψ dx = ∂t
(
∆xψ

)
− [cψ]RL (3.2)

where c = dx
dt

is the control volume border velocity, chosen equal to the shock speed of the wave
front discontinuity, such that the control volume follows the wave front. ∆x(t) = xR(t)− xL(t)

is the wavelength, and the notation for evaluating the left-right difference [·]RL = (·)R − (·)L is
adopted. The bar will indicate the cell average and is defined

φ(t) =
1

∆x(t)

∫ xR(t)

xL(t)

φ(x, t) dx. (3.3a)

Also introducing the temporal average 〈·〉(n),

〈φ(x)〉(n) =
1

∆t

∫ tn+1

tn

φ(x, t) dt (3.3b)

with ∆t = tn+1 − tn, the integral equation (3.1) is cast as(
∆xψ

)(n+1)
=
(
∆xψ

)(n)
+ ∆t

〈
∆xs− [fr]

R
L

〉(n)

, (3.4)

where the flux terms have been made relative to the shock propagation, i.e., fr = (q`,r, jr)
T = f − cψ.

Relative notation will be adopted throughout to indicate when fluxes are relative a moving
frame. The mass and momentum fluxes of the relative frame are key variables and are therefore
emphasised:

q`,r = a` (u` − c) , jr =
[
ρu
(u

2
− c
)]`

g
+ hwy. (3.5)

It is important to note that Equation (3.4) is still exact.
In case of a first order time integration, 〈·〉(n) simply evaluates to

〈·〉(n) explicit−−−−→ (·)(n), 〈·〉(n) implicit−−−−→ (·)(n+1).

Explicit time integration 〈·〉(n) → (·)(n) is used in the CAW method. Equation (3.4) then reads

(∆xa`)
(n+1) = (∆xa`)

(n) −∆t
[
q

(n)
`,r

]R

L
,(

∆x [ρu]`g

)(n+1)

=
(

∆x [ρu]`g

)(n)

+ ∆t
(

∆xs− [jr]
R
L

)(n)

.
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3.1.2 Shock conditions

The coordinate translation velocity C(H) may dynamically vary over a wave as it stretches or
contracts, meaning that celerity c adhere to the shocks themselves rather to a wave as a whole.
A shock must obey the condition that the relive fluxes fr = (q`,r, jr)

T are shock invariant.1

Following a shock front i + 1
2
, the common notation for a left and right discontinuity limit

is adopted, namely φ− = φR,i and φ+ = φL,i+1. The conservation conditions j−r = j+
r and

q−`,r = q+
`,r imply Jr(h

−, q`,r, c) = Jr(h
+, q`,r, c). Subtracting 1

2
ρkc on both sides illustrates that this

condition corresponds to maintaining a Bernoulli invariant[[
1
2
ρ (u− c)2]`

g
+ wy h

]+

−
= 0, (3.6)

where [·]+− = (·)+ − (·)−. This is the jump condition similar to that presented by Watson [18].
Solving for c yields

c =

[
ρ [u2/2]

+
−

]`
g

+ wy [h]+−[
ρ [u]+−

]`
g

.

Conservation of the relative discharge q`,r can be archived through the model choice of
Q`,r(H) – see Section 3.2.3.

Once the shock celerities and the integral values (3.4) have been computed, the control vol-
ume borders are translated according to x(n+1)

i+ 1
2

= x
(n)

i+ 1
2

+ ∆t c
(n)

i+ 1
2

. New wavelengths ∆x
(n+1)
i =

x
(n+1)

i+ 1
2

− x
(n+1)

i− 1
2

yield the new average states ψ
(n+1)

i =
(
∆xψ

)(n+1)

i
/∆x

(n+1)
i . A wave sketch

with the discussed variable is presented in Figure 3.1.

Figure 3.1: A sketch of a wave solution interacting in a wave train.

3.2 An analytical wave model

A local coordinate system X(x, t), moving with celerity C(x), is defined

X(n) = x− C(n)t,
xL ≤ x ≤ xR,

tn ≤ t < tn+1,

1To see that both components of fr are invariants across a shock, let C be the shock speed c and evaluate (3.7a)
over an infinitely narrow integral. All but f+

r − f−r disappears.
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where C(n) is generally a function of x, but constant in a steady wave train. Next, translated
variables are introduced as Φ(X, t) = φ(x, t), reserving upper-case characters for these. Equa-
tions (2.2) are now recast in the relative coordinates, yielding

∂tΨ + ∂XFr + Ψ∂XC = S, (3.7a)
A` + Ag = A, Q` +Qg = Q, (3.7b)

with Fr = F − CΨ = (Q`,r, Jr)
T being the fluxes with relative velocities. Q`,r and Jr are of

course similar to (3.5) with moving-frame variables.
Note that a non-conservative term Ψ∂XC has arisen to represent coordinate stretching. It

manifests as a source term because changes in the space within which ψ is conserved are invis-
ible from the stretching reference system.

System (3.7) may also be written in the form of a relative Jacobian Br = ∂F
∂Ψ
− CI, i.e.,

(∂t + Br∂x) Ψ = S (3.8)

where

Br =
1

ρ∗

(
(ρUr)

∗ 1
κ2 (ρUr)

∗

)
and

κ =

√
ρ∗wy
A′`
− ρ`ρg

A`Ag

(Ug − U`)2. (3.9)

Here, the intrinsic weighting operation

φ∗ =
φ`
A`

+
φg

Ag

makes its first appearance as an useful shorthand. Eigenvalues of (3.2) are

λ±r =
(ρUr)

∗ ± κ
ρ∗

. (3.10)

3.2.1 The steady profile equation

The profile equation for steady roll-waves are time-invariant, non-stretching solutions of
(3.7), i.e., ∂tΨ = 0, ∂XC = 0. Equation (3.7a) then directly yields

dQ`,r

dX
= 0,

dJr

dX
= S,

where the first result implies that Q`,r, and therefore also Qg,r, are constant. Applying the chain
rule dJr

dX
= dJr

dH
dH
dX

to the second result yields

X ′ =
J ′r
S
, (steady wave). (3.11a)

This is the profile equation, inverted. The level heightH has been chosen as integration variable
and so

φ′ =
dφ

dH
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has been defined. Imposing Qk,r = const, the profile numerator is found to be

J ′r =
dJr

dH
= wy −A′`

(
ρU2

r

)∗
. (3.11b)

Relative velocities are of course Uk,r = Uk − C. The dynamic frame of the source does not
cause any changes as compared to (2.2d), i.e.,

S = −wx −
[
T Σ

A

]`
g

+ TiΣi

(
1

A`
+

1

Ag

)
. (3.11c)

All terms appearing in (3.11a) are functions of H alone.
For the formation of a steady solution to be possible, i.e., for ∂tΨ → 0, the roots of J ′r

and S must coincide in what is known as the ‘critical point’ H0: J ′r(H0) = S(H0) = 0. The
wave height increases monotonically with the region H < H0 being hydraulically supercritical
(sgnλ− = sgnλ+) and H > H0 being subcritical (sgnλ− 6= sgnλ+). This is the profile equation
similar to that presented by Watson [18] (alternatively Johnson in [10].)

The well-known ‘viscous Kelvin-Helmholtz’ criterion for marginal flow stability [1] can
easily be inferred directly from the profile equation (3.11) as a zero-amplitude roll-wave. Even
a zero-amplitude wave must contain a critical pointH0. By uniformity, all points in a marginally
stable plane flow are critical points. In addition, for the wave to remain at zero amplitude, S
in (3.11a) must be at an equilibrium with respect to H . Consequentially, the viscous Kelvin-
Helmholtz criterion, as presented in [1], may simply be written

S = 0, S ′ = 0, J ′r = 0.

The first condition is the hold-up equation, providing the steady, waveless stratified state. The
second condition determines the critical wave speed while the third forms the criterion of
marginal stability. In this way, viscous, stratified stability theory is a natural component of
the wave profile solution; breaking wave solutions does not exist unless the uniformly plane
stratified flow solution is unstable.

3.2.2 The stretching profile equation

In contrast to the steady wave solution, Ψ is here still a function of time, and C and Q`,r

are generally not constant within a wave. The state Ψ is however still approximated as a single
variable function in H . For this to be reasonable, the time variation is assumed slow and re-
latable to the average properties and fluxes. Thus, time dependency is included only indirectly
through locally parametric state averages Φ(X, t)→ Φ

(
X;ψ(t),fL(t),fR(t)

)
and differentiated as

a single variable function.
C(H; cL, cR) and Q`,r(H; q`,L, q`,R) are modelled locally within the wave to remain globally

continuous – Section 3.2.3. These should evolve towards constant values as the steady state
solution (3.11a) is approached. Phase velocities are given directly from Uk = Qk,r/Ak + C,
with Qg,r = Qm − AC −Q`,r.

The derivative of the state Ψ =
(
A`, [ρU ]`g

)T , with respect to the single variable H , is

Ψ′ =

(
1

− (ρUr,adj)
∗

)
A′`, (3.12)
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where the adjusted relative velocities

Uk,r,adj = Uk,r −
Q′`,r − A`C ′

A′`
= Uk −

Q′`
A′`

(3.13)

have been introduced. Equation (3.8) may now be written

(Ψ′∂t + BrΨ
′∂x)H =

(
0

S − Strans

)
, (3.14)

where Strans is an artificial source representation of rest terms ρ∗ (∂tQ`,r + A`∂tC) from the
slow transient – it will be discussed shortly. Eliminating ∂tH between the two equation compo-
nents of (3.14), one obtains the stretchable inversed profile equation

X ′ =
J ′r,adj

S − Strans

, (3.15)

with
J ′r,adj = wy −A′`

(
ρU2

r,adj

)∗
. (3.16)

Note that if the flow has reached a steady state in which [q`,r]
R
L = [c]RL = 0, then both Q`,r and

C are constants (see Section 3.2.3.) One has from (3.13) that J ′r,adj = J ′r and (3.15) becomes
identical to the steady discontinuous solutions (3.11), provided Strans → 0.

A truly steady wave in which Strans = 0 and ∂tΨ = 0 also implies that the roots of J ′r and S
coincide at the critical point H0, as explained in Section 3.2.1. In evolving waves, on the other
hand, the roots of J ′r,adj and S will not coincide perfectly. The quite simple means of making the
profile integrable is here to let the Strans term, representing the transient residual, provide the
degree of freedom needed for accomplishing the double root. Strans is made a spatial constant
within each wave, expressing the discrepancy between the two roots. Precisely, Strans = S(H0)
where H0 is the root of J ′r,adj.

Johnson et. al. [10] chose the friction multiplier mx such that the double root was achieved,
rather than using an artificial source term. The present approach was chosen in order to make
the method independent of the friction closure.

Note that if second order differential terms are to be included into the profile model, for in-
stance turbulent shear terms as in [12], the profile may no longer be monotonic and the variable
inversion H(X)→ X(H) no longer possible.

3.2.3 Modelling ‘in the small’ – Q`,r(H) and C(H)

In this section the choices for the modelled discharge rate Q`,r and translation velocity C are
discussed. These choices then directly govern the transient ∂tA` in the strip [tn, tn+1〉 through
the mass equation in (3.7a).
Q`,r and C are made globally continuous and locally linear in their individual variable ξ, that

is
φ = φL + [φ]RL

ξφ − ξφ,L
[ξφ]RL

, φ ∈ {Q`,r, C}. (3.17)
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The ξ’s are chosen as

ξQ`,r
= A

3/2
` (A′`)

-1/2
, ξC = 1/A`.

The choice for ξQ`,r
is motivated by the consideration that changes in Q`,r should be consis-

tent with the characteristic speeds (3.10), simplified in assuming ρ` � ρg (the characteristics of
the shallow water equations.)
ξC is chosen considering the adjusted relative liquid convection velocity U`,r,adj =

(
Q`,r −

A`
dQ`,r

dA`
− A2

`
dC
dA`

)
/A` active in J ′r,adj, seeking to make the influence of coordinate stretching

uniform.
These sub-models do affect the wave dynamics notably, and better alternatives are likely to

exist.

3.3 Finding the Correct Profile Solution

Expression (3.15) gives the inverse wave profile as function of H . The wave profile should
be consistent with the average wave cell properties, i.e., wavelength, mass and momentum from
the integral equations, that is(

1, a`, [ρu]`g

)
=

1

∆x

∫ hR

hL

(
1, A`, [ρU ]`g

) J ′r,adj

S − Strans

dH. (3.19)

These three conditions, together with the shock condition (3.6), are sufficient to uniquely de-
termine the shock states {h+, h−, q`, c}i+ 1

2
. A multi-dimensional root search algorithm is em-

ployed for the job. 2

The momentum flux jr,L through the left face of the control volume is computed jr,L =
Jr(HL, q`,L, cL), and similar for the right face. Jr will then remain globally continuous since
c was defined in (3.6) to maintain the momentum invariant across shocks. Likewise, Q`,r is
globally continuous from (3.17). Finally, the average source term is

s = S =
1

∆x

∫ hR

hL

S
J ′r,adj

S − Strans

dH.

The profile itself is then given by

X(h) = XL +

∫ h

hL

J ′r,adj

S − Strans

dH; hL ≤ h ≤ hR.

Main conditions for a physical wave profile solution are

hL < H0 < hR (3.20a)
J ′r,adj > 0, H > H0 (3.20b)

S − Strans > 0, H > H0 (3.20c)
J ′r,adj < 0, H < H0 (3.20d)

S − Strans < 0, H < H0 (3.20e)
C < U`, hL < H < hR (3.20f)

2The CAW method was programmed in the MATLAB language; built-in functions integrate and fsolve
of version R2013b were used to evaluate (3.19) and to search for the roots, respectively.
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Further details on the conditional nature of S, J ′r and the shock relation (3.6) is provided in
[11, 10]. Conditions (3.20a) and (3.20b) imply that hR must be less than the upper root of J ′r,adj,
at which dH

dX
→∞. Likewise, (3.20a) and (3.20e) implies that hL must be greater than the lower

root of S − Strans, at which dH
dX
→ 0.

3.4 Simulation routine

A simultaneous and a sequential solver approach will presently be described. The main
distinction is that the simultaneous procedure requires the solution of one 4 × N -dimensional
profile problem every time step, N being the number of waves, while the sequential procedure
requires the solution of N three-dimensional problems.

3.4.1 Simultaneous solver

Each wave in a wave train will provide a shock front (jump) and append four variables (h+,
h−, q`,r and c) to the system. The shock condition (3.6) couples the individual profiles such
that the profile of one wave is mutually dependent on the profile of its neighbouring waves.
The number of variables in the coupled system is four times the number of distinct shocks i.e.,
{h+, h−, q`,r, c}i+ 1

2
, i = 1 . . . N .

Figure 3.2 provides an algorithmic illustration of the simulation procedure.

3.4.2 Sequential solver

If, on the other hand, the wave solutions are decoupled by instead using the wave velocities
from the previous time step, the chained wave system will consist of separate three-dimensional
single-wave problems with the variables {hL, hR, qr,`,L}i. Q(n)

`,r from (3.17) may be constructed

using the old differences [q`]
R
L

(n−1)
together with q(n)

r,`,L. An algorithmic illustration is given in
Figure 3.3. The downside of a sequential procedure is that it is prone to numerical oscillations
due to the lag in celerity information. Under-relaxation of c, performed in the manner c(n) :=
rc(n−1)+(1−r) c(n), r being the relaxation factor, is an effective way of stabilising the sequential
routine. Measures like reducing the time step and iterating on the next time level also improve
stability, though these measures also reduce the simulation efficiency.

3.5 Implementation and management

The CAW simulator programme is implemented using object oriented programming with
wave and shock objects arranged sequentially in a linked list. All flow objects are also linked to
the main pipe object holding properties like pipe inclination and diameter, gathered relative to
the flow objects’ positions during runtime.

The CAW method requires an initial set of wavelengths. This must either be supplied as user
input or retrieved from direct simulations (Section 4.)
Wave mergers, or coalescences, are identified from the collision of shocks or the diminishment
of the shock height. In such events, two wave objects must merge. Mergers involve compound-
ing the conserved integral properties into a new single wave object which covers the same spatial
interval.
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init :
{
h−,h+, q`,r, c,∆x

}(0)
n = 1

update profiles and celerities :
{
h−,h+, q`,r, c

}{
h−,h+, q`,r, c} ←

(
ψ,∆x

)
s.t.

∣∣∣∣∣∣∣∣∣
H0 ← [J ′r(H0) = 0]

Strans = S(H0)

Jr
(
h−, q`,r, c

)
= Jr

(
h+, q`,r, c

)
conditions (3.19)

time integration :
(
∆xψ

)(n+1)

i

si = S
(
h∓
i± 1

2

, q`,r,i± 1
2
, c`,i± 1

2
,∆xi

)
jr,i± 1

2
= Jr

(
h∓
i± 1

2

, q`,r,i± 1
2
, c`,i± 1

2

)
(
∆xψ

)(n+1)

i
=
(
∆xψ

)
i
+ ∆t

(
∆xisi − [fr]

i+1
2

i− 1
2

)
move : {x,∆x}(n+1)

x(n+1) = x+ ∆t c

ψ
(n+1)

i =
(
∆xψ

)(n+1)

i
/∆x

(n+1)
i

-

m
an

ag
em

en
t,

n
←
n

+
1

?

Figure 3.2: Simulation procedure. Profiles solved simultaneously. Time index (n) dropped.
Vectors indicate collected shock data.

4 VALIDATION: WAVE CAPTURING THROUGH FINE DISCRETISATION

For validation, the target equations (2.2) are also solved through direct discretisation on a
fixed uniform grid.

A number of the simpler common schemes were tested. Out of these, the simplest alter-
native, an explicit, non-staggered, first order upwind (or donor cell) scheme was preferred on
the basis of simplicity. This is used for in all numerical comparisons with the number of grid
cells equalling 3000 and the liquid-based CFL number equalling 0.5. For completeness, the
discretised equations are presented in (4.1):

a
(n+1)
`,i = a

(n)
`,i −

∆t

∆x

(
q

(n)
i − q

(n)
i−1

)
, (4.1a)

u
(n+1)
`,i =

(
ρ` + ρg

a
(n+1)
`,i

a
(n+1)
g,i

)−1

(4.1b)

×

[
ρgQ
a

(n+1)
g,i

+
[
ρ u

(n)
i

]`
g
− ∆t

∆x

(
j

(n)
i − j

(n)
i−1

)
+ s

(n)
i

]
,

with q` and j given in (2.2c) and s in (2.2d). Simulations performed with (4.1) will simply be
referred to as ‘direct simulations’ in the following discussion.

Although the direct simulations are finely resolved, one should keep in mind that they too
are associated with inaccuracies from numerical diffusion and dispersion.

5 NUMERICAL EXPERIMENTS

This work contains a large number of parameters. In the interest of briefness the parameters
listed in Table 1 will remain fixed for all numerical experiments. Fluid parameters correspond

819



A.H. Akselsen

init :
{
h−,h+, q`,r, c,∆x

}(0) −→
←−

update profile

update celerities

update profile : h−, h+, q`,r

[q`,r]
R
L

(n−1)
=
[
q
(n−1)
`,r

]R
L

hL, hR, qr,`,L ←
(
ψ,∆x

)
s.t.

∣∣∣∣∣∣∣∣∣∣
H0←

[
J ′r

(
H0; qr,`,L,

{[
q`,r
]R
L
, cL, cR

}(n−1)
)

= 0

]
Strans = S

(
H0; qr,`,L,

[
q`,r
]R
L

(n−1)
)

conditions (3.19)

s = S
(
hL, hR, qr,`,L,∆x,

{[
q`,r
]R
L
, cL, cR

}(n−1)
)

update celerities : c

c← [Jr
(
h−, q`,r, c

)
= Jr

(
h+, q`,r, c

)
]

time integration :
(
∆xψ

)(n+1)

jr = Jr
(
h+, q`,r, c

)(
∆xψ

)(n+1)

i
=
(
∆xψ

)
i
+ ∆t

(
∆xsi − [fi,r]

R
L

)
move : {x,∆x}(n+1)

x(n+1) = x+ ∆t c

ψ
(n+1)

i =
(
∆xψ

)(n+1)

i
/∆x

(n+1)
i

-

m
an

ag
em

en
t,

n
←
n

+
1

?
n = 1

-

po
ss

ib
le

ite
ra

tio
n

Figure 3.3: Simulation procedure. Profiles solved sequentially. Time index (n) dropped. Vec-
tors indicate collected shock data.
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to air-water flow in atmospheric conditions. Boundary conditions are made periodic (cyclic) for
all test cases.

ρ` 998 kg/m3

ρg 1.205 kg/m3

ν` 1.005E-6 m2/s

νg 1.50E-5 m2/s

mx 5.0 –
d 0.078 m

q
(0)
` /A 0.25 m/s

Table 1: Fixed parameters.

5.1 Simulations where the initial CAW profiles are used as the initial conditions for the
direct simulation.

The first set of simulations are presented in Figure 5.1. Here, CAW simulations consist of two
waves with initial length ∆x(0) = 10 d and ∆x(0) = 20 d. A direct simulation runs alongside
the CAW simulation in each case. Initial conditions in the direct simulations are taken as point
values of the initial profile solution of the CAW. At t > 0 the two simulation methods run
independent of each other. Initial superficial velocities of the gas phase are q(0)

g /A = 10.0 m/s

in Subfigure (a) and (b), and q
(0)
g /A = 11.0 m/s in Subfigure (c). The mixture rate remains

unchanged from its initial value through all cases, that is Q ≡ q` + qg = q
(0)
` + q

(0)
g .

Subfigure (a) shows the profile development in a one degree upwards inclined pipe. Wave
profiles remain similar throughout the simulation, and wave coalescence occurs in close prox-
imity in time and space. The predicted rate at which the shorter wave is eaten by the longer
one is seen to differ more as the distance between wave fronts decreases. This feature may be
caused by the diffusive properties of the simple direct simulation scheme, or it can be caused by
an increase in the artificial source Strans required to maintain the quasi-steady approximation in
the CAW method. A third possible explanation for the slight discrepancy is that the sub-models
of Section 3.2.3 are not optimal.

In Subfigure (b), the pipe inclination is one degree downwards. This manifests in higher
waves and faster coalescence. (Waves pass the periodic boundaries many times in between
snapshots.) The rate of coalescence is still greater in Subfigure (c), where the gas rates have
been increased. The wave resulting from this wave merger is unstable, which from a modelling
perspective can be interpreted at the formation of a momentary slug. In the direct simulation,
this is seen as numerical instability; a sudden exponential and non-physical growth at the wave
tip (also occurring in Figures 5.3,) leading to a simulation breakdown. In the CAW simulation,
the instability is manifested in that no single monotone profile solution fitting the average prop-
erties exists.

Figure 5.2 presents the time evolution of the artificial source term Strans for the two stable
cases, Figure 5.1a and b. Strans is largest initially and just before and just after a wave coa-
lescence. The larger values of Strans prior to a coalescence may contribute to the discrepancy
in predicted celerities, as mentioned above. After coalescence, Strans quickly diminishes to-
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wards zero, meaning that the solution becomes identical to the steady wave solution presented
in Section 3.2.1.

5.2 Simulations where the initial conditions of the CAW simulation are collected from a
developing direct simulation.

A similar case set-up is presented in Figures 5.3 and 5.4 with a horizontal pipe. These CAW
simulations are initiated with the average wave properties gathered from an intrinsically devel-
oping direct simulation. The direct simulation was initially uniform apart from a tiny, pointwise
random disturbance. Instantaneous data was then stored at t = 30 s, before the growing waves
began to break. Resetting the time to t = 0, CAW simulations are initiated by partitioning the
direct simulation domain and averaging the properties within these partitions. The criterion for
a wave partition is that it forms the midpoint between a local left peak and local right trough in
liquid fraction. These wave are still developing, as can be seen from the initial profiles at t = 0.
Figure 5.3 shows wave profile snapshots and Figure 5.4 displays the wavelengths development
in time. Subfigures 5.3a and 5.4a present a simulation with sequentially computed CAW pro-
files (Section 3.4.2.) This simulation has been computed with a 90% under-relaxation when
updating the wave celerities, keeping it numerically stable. The flow pattern evolves slowly and
does not appear to be greatly affected by the considerable relaxation.

Subfigures 5.3b and 5.4b present this same test case when adopting the simultaneous solu-
tion procedure (Section 3.4.1.) Average states ψ are compared in Figure 5.5. The time and
location of wave mergers are here in good agreement, keeping in mind the these simulations ran
independently of each other before direct simulation waves started to break.

Finally, Figure 5.6 compares the two-wave development in a range of pipe inclinations, (a),
for gravity driven flows, and, (b), for pressure driven flows.

5.3 Multiple waves in alternating pipe geometry

Finally, a larger simulation with multiple waves is performed in a snake-like pipe configura-
tion. The pipeline geometry is shown in Table 2. q(0)

g /A = 9 m/s. Periodic boundary conditions
make this configuration continuous.

Pipe 1 2 3 4 5 6 7 8 9 10
θ -.1° -.3° -.5° -.3° -.1° .1° .3° .5° .3° .1°
L 10 10 20 10 10 10 10 20 10 10

Table 2: Pipeline geometry

In order to avoid disturbing the profile search routine, changes in pipe inclination are ac-
counted for by approximating a constant inclination in the profile equation. This inclination is
computed from the fraction of wave found within each pipe segment. CAW profiles will thus
react instantaneously to the changing inclination, inertia being supplied only though the average
state. The sequential solver (Figure 3.3) is used with 95% under-relaxation.

Figure 5.7 presents the time evolution from a 12-wave simulation in a 120 diameter long
domain. The two predictions remain fairly consistent throughout the simulation. Alternating
pipe inclinations are manifested as a wavy evolution in the wavelength plot, Figure 5.8.
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(a) θ = +1°, q(0)
g /A = 10 m/s.
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(b) θ = −1°, q(0)
g /A = 10 m/s.
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(c) θ = −1°, q(0)
g /A = 11 m/s.
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Figure 5.1: Double wave simulation using the simultaneous solution procedure. The initial state
of the direct simulations is taken from the initial solutions of the analytical waves. Solid line:
CAW, stippled line: direct simulation.
∆x(0) ∈ {10 d, 20 d}. Wave heights H ranges from around 0.1 d to 0.3 d before coalescence.
(Waves pass through boundaries many times between each profile visualisation.)
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Figure 5.2: Artificial source Strans. q
(0)
g /A = 10.0 m/s, θ = ±1°, cf. Figure 5.1a and b.
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(a) Sequential procedure. 90% relaxation.
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(b) Simultaneous procedure. (No relaxation.)

Figure 5.3: Profile development in time. The initial average states of the analytical wave simu-
lation is computed by averaging partitions of a direct simulation at t = 30 s. Solid line: CAW,
stippled line: direct simulation.
q

(0)
g /A = 11 m/s, θ = 0°.
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(a) Sequential procedure. Q`,r(H) and C(H), as per Sec-
tion 3.2.3. 90% relaxation.
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(b) Simultaneous procedure. Q`,r(H) and C(H), as per Sec-
tion 3.2.3. (No relaxation.)

Figure 5.4: Wavelength development in time, presented as ∆x/d. Cf. Figure 5.3.
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Figure 5.5: a`/A and [ρ u]`g. Simultaneous procedure, cf. Figure 5.3b
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(a) No gas present. θ ∈ {−1.5°, −2.0°, . . . ,−5.5°} where the
lengths of the curbed lines on the ‘fan’ decreases with increas-
ing inclination.
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(b) θ = 0°. q
(0)
g /A ∈ {8 m/s, 9 m/s, . . . , 12 m/s} where the

lengths of the curbed lines on the ‘fan’ decreases with increas-
ing superficial gas velocity.

Figure 5.6: Wavelength plot. Simultaneous procedure.
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Figure 5.7: Multiple waves in the pipeline configuration of Table 2; profile evolution. Solid
line: CAW, stippled line: direct simulation.
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Figure 5.8: Multiple waves in the pipeline configuration of Table 2, cf. Figure 5.7; wavelength
evolution.
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The higher waves coalesce quicker in the capturing simulation than in the CAW during the
later stages of the simulation, similar to what was observed in the two-wave simulations. Coa-
lescence of the two highest waves takes place around t = 35 s in the direct simulation, resulting
in an unstable wave and the subsequent simulation break-down. This happens about ten seconds
later in the CAW simulation.

Average variables ψ are again plotted against time in Figure 5.9. Oscillations of these av-
erage variables are quite consistent, despite the significant under-relaxation of the sequential
CAW solver.
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Figure 5.9: Average wave properties ψ = 〈a`, [ρ u]`g〉 cf. Table 2 and Figure 5.7

6 POTENTIAL AND EFFICIENCY

Tests presented in the previous section were of a basic nature, evaluating the main prin-
ciple that analytical wave solutions would evolve appropriately if put into a dynamic frame.
Obviously, the applicability such principles is tightly hinged on the degree to which defined
structures (waves) are physically present.

Regarding efficiency, the bottleneck of the CAW method, as presented here, is the profile re-
construction of Section 3.3, implemented with a multi-dimensional root search algorithm. The
main computational cost within this profile search routine is in turn the numerical profile inte-
grations for retrieving average wave properties. Such costly routines can be acceptable only if
that cost can be regained through significantly fewer cells and larger time steps. Simpler mod-
els, or profile approximations, which provide algebraically pre-integrable expressions would
alleviate the computational cost significantly.

7 CONCLUSIONS

A simulation concept which takes advantage of naturally occurring flow structures has been
presented and tested using a method of dynamically chained analytical waves. Results compare
favourably with fully resolved direct simulations of the same state equation set.

In particular, the tested method seems capable of predicting wave speeds, wave evolution and
wave coalescences with reasonable accuracy in time and space. The method shows the same
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stability behaviour as in the fully resolved simulations, and appears to be well adopted for the
range of flow parameters within which the roll-wave phenomenon is set to occur. Prediction
accuracy is likely to improve with further method development.

Predictions are made using vastly larger grid cells and time steps than what is required with
conventional finite-volume methods. Still, better ways of searching for profile solutions seems
to be necessary for the method to become truly efficient. The method also requires initial
wavelengths as input. However, once some initial wavelengths have been given, or extracted
from a direct simulation, the wave regime develops either towards an appropriate steady state
or a flow regime transition.
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Abstract. Two variants of multiple dielectric barrier discharge (DBD) actuator are proposed 
for generation the variable amplitude forced modes in thin boundary layer near a swept wing 
leading edge with the aim to cancel the critical cross-flow-type instability modes resulting in 
laminar-turbulent transition. Numerical simulation of the excitation of stationary forced 
modes by DBD-actuators in compressible 3D boundary layer on an infinite span swept wing 
at typical cruise flight conditions has been executed to estimate the possibility of the proposed 
method of transition control. Spanwise periodic localized volumetric force and heat impact on 
boundary layer flow at realistic physical parameters of DBD has been considered. It is shown 
that DBD-actuators generate three rows of pairs of counter-rotating vortices one above 
another along local inviscid streamline. 
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1 INTRODUCTION 

Development of innovative aerodynamic technologies for a more effective, 
environmentally friendly air transport system remains in the centre of attention of the 
aeronautical community. Cruise drag reduction is one of the main goals of these 
developments [1]. The viscous drag contributes about a half of the total cruise drag of modern 
airplanes. A delaying laminar-to-turbulent transition in boundary layer on aerodynamic 
surfaces is one of the effective methods of viscous drag reduction. Laminar-to-turbulent 
transition on a swept wing of typical subsonic airplane in cruise flight is caused, as a rule, by 
cross-flow-type instability modes, which evolve as a pairs of stationary counter-rotating 
vortices, whose axes are closely aligned with local inviscid streamlines [2]. Therefore any 
method of suppression of these instability modes would be a key to solution the problem of a 
swept wing drag reduction, if this method is constructive reliable and energy acceptable. 

Saric et al. [3] have shown that the linear predicted most unstable mode leading to 
transition (termed the critical mode) could be suppressed, thereby delaying transition, by 
distributing spanwise-periodic discrete surface roughness elements (DREs) near the wing 
leading edge at spacing approximately equal to one-half of the spanwise wavelength of the 
critical mode. The micron-high roughness elements produce a rapid growth of the forced 
controlling mode and then its decay. This forced mode suppresses the critical mode, thus 
delaying transition beyond the natural location that would occur in the absence of any 
artificial roughness.  

The three principal types of DREs include: appliqué, pneumatic, and dielectric barrier 
discharge (DBD) actuators [4]. Note, that DREs have to be placed near the neutral stability 
point rather upstream. Both Reynolds number and the angle of attack can change during 
cruise flight. Different Reynolds number produce different wavelengths of the critical mode 
and different angles of attack produce different positions of neutral stability point. Therefore 
some wavelength and chord-position variability is required in any DREs system. It is evident 
that appliqué DREs don’t satisfy this requirement. Pneumatically driven actuator proposed in 
[5] is capable of producing variable height of surface roughness thereby ensuring variable 
amplitude of the exited controlling mode. Different amplitude can be fitted to different neutral 
stability point position. Main disadvantages of the pneumatic variable roughness actuator [5] 
consist in 1) difficulty to produce controlling mode with very short wavelength and 2) high 
probability of destruction of thin flexible tape covering orifices by solid or ice particles. 

Dielectric barrier discharge actuators with streamwise oriented external electrodes have 
been used for generation of near-surface streamwise vortices first in [6] and then have been 
investigated in details in [7, 8]. Sandwich DBD-actuator with an additional control electrode 
has been considered in [9]. But long external electrodes placed parallel to the free stream 
direction are necessary to generate strong enough streamwise vortices in these configurations 
of DBD actuators. Streamwise vortices can be generated also in DBD actuators with serrated 
[10] or serpentine [11] external electrodes which can have small extension in streamwise 
direction. But these configurations seem to be too power-consuming because the discharge 
takes place along the whole external electrode in spanwise direction. 

2 MULTIPLE DIELECTRIC BARRIER DISCHARGE ACTUATORS 

Simple design of multi-DBD actuator recently proposed at TsAGI permits to generate the 
variable forced modes in thin boundary layer near a swept wing leading edge. The mode 
intensity can be adjusted to varying position of neutral stability point by changing voltage or 
frequency of DBD. Unfortunately this design does not permit to vary the spanwise 
wavelength of the generated modes. Main advantages of the proposed DBD actuator consist 
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in low power consumption and the possibility of significant miniaturization for generation 
short-wave modes.  

Two variants of multi-DBD actuator are presented on Fig. 1. Here 1 is the wing skin which 
must be electricity-conductive and equipotential in accordance with electrostatic safety 
requirements, 2 is the dielectric insert, 3 is the buried accelerating electrode, 4 is the exposed 
electrode in the form of a comb, 5 is the high voltage power supply, 6 are the regions of DBD. 
It is supposed that the external electrode 4 is flush mounted and the tips of the comb teeth are 
placed at some distance upstream from the position of neutral stability point. The spanwise 
period of the teeth λ is equal to the wavelength of the exited controlling mode. The exposed 
electrode 4 is electrically linked with the wing skin 1 and one output of the power supply 5 is 
connected with the skin. Other output of the power supply is connected with the buried 
electrode 3. One edge of the buried electrode 3 is arranged directly beneath the tips of the 
comb teeth 4. The other edge of the buried electrode is distant enough from the skin to avoid 
the discharge ignition near the skin border. 
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Figure 1: Design of multi-DBD actuators. 

The time averaged volumetric force arising in the discharge regions 6 has two components. 
The main component Fx is directed along a wing surface perpendicular to a wing leading edge, 
i. e. along the x-axis, and the other component is directed perpendicular to a wing surface. The 
spanwise component of the generated force can be neglected. The x-component of the 
volumetric force is directed downstream (Fx > 0) in the variant 1 shown on Fig. 1, a and 
upstream (Fx < 0) in the variant 2 shown on Fig. 1, b. Volumetric force impact directed 
perpendicular to the leading edge in both variants results in a vorticity generation both in x- 
and z-direction and, as a result, a formation of vortex system aligned with external streamline. 

3 CHARACTERISTICS OF CROSS-FLOW-TYPE INSTABILITY 

The possibility of multi-DBD actuator to generate the streamwise vortices is estimated on 
the example of a subsonic flow over infinite span swept wing with sweep angle of χ = 30o. 
The static pressure p∞ = 2.6·104 Pa, the air temperature T∞ = 223 K corresponding to the flight 
altitude of 10 km, and Mach number M∞ = 0.8 are taken as the main free-stream parameters. 
They determine other flow parameters necessary for inviscid and boundary layer calculations: 
the flow velocity V∞ = 240  m/s, the air density ρ∞ = 0.41 kg/m3, the dynamic viscosity 
coefficient μ∞ = 1.33·10-5  kg/(m·s). 
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The external boundary conditions for calculations of the compressible boundary layer have 
been obtained from a calculation of 2D inviscid flow over experimental LV6 DLR airfoil at 
zero angle of attack on the base of the Euler equations. The boundary layer flow in the 
vicinity of a wing leading edge is characterized by Reynolds number Rel = ρ∞V∞l/μ∞ 
determined by streamwise length l = V∞/[due(0)/dx] which is equal approximately to a half 
radius of the leading edge curvature, where ue is the x-component of the external velocity 
obtained from inviscid calculation. The airfoil chord length L normal to a leading edge is 
related with the characteristic length l as L = l due

/(0)/dx/, where the dimensionless velocity ue
/ 

and the coordinate x/ are measured in V∞cosχ  and L, respectively. According to executed 2D 
inviscid flow calculation, due

/(0)/dx/= 107.7. The value l = 0.03 m was taken in the present 
estimations, hence, the airfoil chord length equals L = 3.23 m. The specified above free-
stream parameters and characteristic length l determine the value of the Reynolds number 
Rel = 2.03·105 and the estimation for the boundary layer thickness on the critical line of the 
wing leading edge δ0 ≈ 5Rel

-1/2l ≈ 0.33 mm. 
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Figure 2: Streamwise distributions of the static pressure gradient and the angle of the inviscid streamline. 

The inviscid flow over LV6 airfoil is characterized by very short part (less than 5% of the 
chord length) of strong flow acceleration as it is seen on Fig. 2. Here the static pressure 
gradient along a wing surface perpendicular to the leading edge and the angle ψ between the 
x-axis and the external inviscid streamline are shown. 

The compressible boundary layer flow on a swept wing is described by the velocity 
components u, v, w, the static pressure p, the air density ρ, the static enthalpy h = сpT which 
are governed by the following system of equations and boundary conditions in Cartesian 
coordinate system shown on Fig. 1, a: 
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Here Fx and Q are the spatial distributions of the time averaged streamwise volumetric 
force and Joule dissipation generated in discharge near every tooth of actuator and determined 
in analytical form below. The subscript e denotes the values of functions on the external 
boundary ye of the boundary layer. The wing surface is supposed to be heat-insulated.  

The gas velocity vector at some point inside a boundary layer can be represented by u- and 
w-components or by main-flow VMF and cross-flow VCF components related by the following 
expressions: 
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Figure 3: Streamwise distributions of the maximal main-flow and cross-flow velocities. 

The streamwise distributions of the maximal main-flow velocity Ve achieving on the outer 
border of the boundary layer and the maximal cross-flow velocity VCFmax calculated without 
volumetric force and heat sources are presented on Fig. 3. It is seen that strong flow 
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acceleration results in very intensive cross-flow with maximal value of the cross-flow velocity 
achieving about 10% of the free stream velocity. 

The stability characteristics of the considered boundary layer flow have been calculated in 
[12] in the framework of the linear stability equation system of Dunn-Lin [13]. Only steady 
cross-flow-type disturbances were considered. The well-known eN-method was used to 
estimate the position of laminar-turbulent transition [2]. So the disturbances of all flow 
functions q and the N factor were defined as follows: 

     zxixyqq ri   expexp)(* ,  dxxN
x

x

i
0

)(   (3) 

Here q* is the complex eigenfunction, α = αr+iαi is the complex eigenvalue, αr and β 
represent the wave number components in x- and z-directions, αi represents increment of 
spatial growth (αi < 0) or decrement of decay (αi > 0) of disturbances, x0 is the initial 
coordinate where αi obtains negative value, i.e. the disturbance becomes unstable. The so-
called fixed β strategy [2] was used for N factor computation. That is the streamwise 
distributions of eigenvalue α and N factor are calculated according to (5) for a set of fixed 
spanwise wave numbers β. 
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Figure 4: Streamwise distributions of increments of spatial growth and N factors for different spanwise 

wavelengths. 

The mentioned above strong cross-flow in boundary layer results in a high flow instability. 
The calculated streamwise distributions of the increments of spatial growth of steady 
disturbances and N factors for different spanwise wavelength λ = 2π/β in the range of 0.9-1.8 
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mm are shown on Fig. 4. The eN-method implies that laminar-turbulent transition occurs when 
N factor for any spanwise wave number β (or corresponding wavelength λ) reaches some 
predefined value NT. The position of the transition induced by steady cross-flow-type 
instability is estimated by NT = 8-10 for the fixed β strategy [2]. According to lower Fig. 4, the 
disturbances with spanwise wavelengths λ < 1.2 mm are nonhazardous. The transition can be 
induced by disturbances with wavelengths λ > 1.4 mm at the distance xT ≥ 0.1 m from a 
critical line on the leading edge. 
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Figure 5: Distributions of increments of spatial growth in the vicinity of neutral point. 

The disturbance with wavelengths λ = 0.9 mm seems to be an appropriate candidate for 
controlling forced mode to suppress the dangerous modes. This mode is amplified up to 
x = 0.067 m where the increments of dangerous modes attenuate appreciably, according to 
Fig. 4. The peculiarity of the considered particular case consists in the fact that short wave 
unstable modes arise downstream with respect to longer wave modes, as it is seen on Fig. 5 
where the increments of the considered modes in the vicinity of neutral stability point are 
shown. 

4 VORTICITY GENERATION BY IMPACT OF MILTI-DBD ACTUATOR 

The impact of multi-DBD actuator on boundary layer flow is estimated in the framework 
of the system of equations and boundary conditions (1) for span-periodic flow. Numerical 
solution of the system (1) has been executed with the use of the expansion of all dependent 
variables and volumetric sources defined below in finite Fourier series and subsequent 
solution of the resulting 2D equation systems. 

The spatial distributions of volumetric force and heat sources are taken in analytic form. 
The distribution of the force source in x-y plane for both positive F+ and negative F- force is 
described by the simple formula proposed in [14] and giving satisfactorily agreement with 
experimental data concerning the flow velocity induced by DBD actuators. The spanwise 
distribution is taken as a half of sine function, so the final expressions take the following form: 
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Here Ft is the total source intensity in N, x0 and y0 are the coordinates of the distribution 
maximum (for F+) or minimum (for F-) in x-y plane, z0 is the source size along a span, xin is 
the coordinate of the tooth tip of the exposed electrode. It is supposed that the teeth tips are 
placed at same coordinate xin= 6 mm, i.e. immediately in front of the neutral stability point, 
taking into account Fig. 5, in both variants of actuator shown on Fig. 1. The discharge regions 
propagate from xin downstream in the variant 1 (F+) or upstream in the variant 2 (F-). 

The spanwise period of multi-DBD actuator is equal to λ = 9 mm and the size of the force 
source along a span equals z0= 4.5 mm. The following considerations have been taken into 
account at a choice of the other parameters of the distributions (4). The relation of the 
characteristic longitudinal to transversal sizes of the time averaged volumetric force 
distributions is estimated as 4:1 according to various experimental data [15-17]. The force 
distribution varies in the homothetic manner at variation the amplitude or the frequency of 
applied voltage [17]. The local maximum force density can reach about Fmax= 104·N/m3 [18]. 

The total force per one tooth of the exposed electrode is estimated according to (4) as 
Ft = 2e2Fmaxx0y0z0/π ≈ 4.74 Fmaxx0y0z0. The following characteristic sizes have been taken in 
calculations: x0 = 0.4 mm, y0 = 0.1 mm, hence Ft = 8.5·10-7·N at Fmax≈ 104·N/m3. 
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Figure 6: Spatial distributions of the volumetric force sources in x-y plane. 

The spatial distributions of the positive and negative force sources in x-y plane at z = 0.5z0 
are shown on Fig. 6. It is seen that the vertical size of the sources slightly exceeds the 
boundary layer thickness on the critical line of the wing leading edge δ0. The external 
boundary in the present calculations has been taken as ye = 1.5 mm. The selected above 
parameters of the force distributions (4) can bee considered as ultimate for this specific case 
of boundary layer flow. Further increase in the source intensity would lead to its protrusion in 
external inviscid flow. 

The distribution of the volumetric heat source has been taken in the analytic form 
approximately accounting for characteristic features of the Joule dissipation distribution in 
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DBD revealed in numerical simulation [12]. The heat sources in both variants of actuator are 
naturally positive and take the forms 
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 (5) 

The maximal value of heat release according to (5) is reached on the wing surface. The 
accepted energy efficiency of the actuator E ≡ Ft/Qt= 10-4 s/m corresponds to medium value 
of efficiency obtained in experiments [18]. The following parameters of the distributions (5) 
have been used in calculations: xq0 = 0.2 mm, yq0 = 0.05 mm, zq0 = 4.5 mm, Qt = 8.5·10-3·W. 
The spatial distribution of the heat source Q+ in x-y plane at z = 0.5z0 is shown on Fig. 7. The 
distribution of the heat source Q- is reflection symmetric relative to coordinate xin. 
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Figure 7: Spatial distribution of the volumetric heat source in x-y plane. 

Volumetric force and heat impact of actuator results in span-periodic perturbation of the 
boundary layer velocity. Spanwise distribution of disturbances of the main-flow velocity 
component determined by formulas (2) at the distance x = 6.3 mm for variant 1 is shown on 
Fig. 8 as an example. The extremal values of the disturbances of the main-flow and cross-flow 
velocity components are presented on Fig. 9 both for combined force and heat impact (solid 
curves) and for only force impact (dashed curves). The effect of only force impact on the flow 
velocity is weak and the amplitude of the velocity disturbances is of the order of 10-2 m/s. The 
heat impact results in up to the order greater effect. 
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Figure 8: Distribution of main-flow velocity disturbances in z-y plane at x = 6.3 mm (variant 1). 
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Figure 9: Extremal values of velocity disturbances in variants 1 (a) and 2 (b). 

This appreciable effect of heat impact is explained by the influence of heat release in the 
boundary layer at a presence of streamwise pressure gradient on streamwise velocity 
component presenting in equations (2) [19]. Note, the external velocity at the distance 
x = 6 mm reaches Ve ≈ 130 m/s (see Fig. 3). That is the maximal main-flow velocity 
disturbances do not exceed 0.4% of the external flow velocity. 

The perturbations of the flow vorticity induced by force and heat impact of actuators are 
the most of interest. The vorticity component oriented along the main-flow streamline rotMFV 
in boundary layer approximation is determined as follows: 
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Distributions of the perturbed vorticity oriented along the main-flow streamline at x = 6.3 
mm for variant 1 (a) and x = 6 mm for variant 2 (b) are shown on Fig. 10. The presented data 
demonstrate that the force and heat impact of actuators result in three rows of pairs of 
counter-rotating vortices strongly flattened in vertical direction. The intensities of vortices 
situated in two rows nearest to the wall are almost equal. The upper row of vortices is 
significantly weaker. The presented picture of perturbed main-flow vorticity is qualitatively 
similar to that in the case of solid cylindrical roughness elements [20]. 
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Figure 10: Distributions of perturbed main-flow vorticity in z-y plane for variants 1 (a) and 2 (b). 

-4000

-2000

0

2000

4000

a

 F
x
>0, Q=0

 F
x
>0, Q>0

pe
rt

ur
be

d 
vo

rt
ic

ity
 e

xt
re

m
um

s,
 s

-1

 

0.003 0.004 0.005 0.006 0.007 0.008 0.009
-4000

-2000

0

2000

4000

 F
x
<0, Q=0

 F
x
<0, Q>0

b

streamwise coordinate x, m

pe
rt

ur
be

d 
vo

rt
ic

ity
 e

xt
re

m
um

s,
 s

-1

 
Figure 11: Extremal values of main-flow vorticity perturbation in variants 1 (a) and 2 (b). 
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The streamwise distributions of extremal values of the perturbed main-flow vorticity are 
presented on Fig. 11 for force and heat impact and only for force impact. Significant effect of 
heat release in discharge regions on vorticity perturbation is evident. Moreover the heat 
impact results in non-monotonic decay of extremal values of perturbations downstream. This 
phenomenon demands an explanation. 

Comparison of Figs. 11 and 6 reveals that very strong vorticity is generated immediately in 
regions of volumetric force and this vorticity then decays rapidly downstream. For example, 
the perturbed main-flow vorticity at the distance x = 8.1 mm varies in the range -100÷100 s-1 
in variant 1 and -15÷15 s-1 in variant 2. But one can notice that the total streamwise length of 
the domain of actuator influence is a few greater in the case of variant 2. It seems that the 
problem of critical mode suppression in the considered peculiar case can be solved by 
incorporation both variants shown on Fig. 1 in single multi-DBD actuator with common 
buried electrode. The upstream part of this combined actuator in the form of variant 1 acting 
downstream from x ≈ 6 mm (see Fig. 5) will prevent to origin of long wave modes and the 
downstream part in the form of variant 2 acting upstream from x ≈ 9 mm will excite 
controlling forced mode. 

5 CONCLUSIONS  

 Both considered variants of multi-DBD actuator generate three rows of pairs of counter-
rotating vortices situated one above another along external streamline. The upper row is 
significantly weaker as compared to two lower rows. 

 Thermal impact of DBD on vortices generation is comparable with force impact. 

 High intensive vorticity (the order of 103 s-1) is generated immediately in regions of 
volumetric force and heat sources and then decays rapidly downstream. 
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Abstract. Numerical procedure of DBD modeling based on RANS equations has been devel-

oped and tested in present study both for the standard DBD and DBD working in constricted 

mode. Qualitative and approximate quantitative correspondence between known experimental 

data and numerical results has been achieved. Typical volume force and heat magnitudes has 

been evaluated, these values could be used as estimation in steady approximation calcula-

tions. Both DBD actuators models has shown up that required volume force magnitude has to 

be increased by 2-3 orders influence on flow separation in S-type engine ducts at relatively 

high inlet velocity  Different method of volume force calculation using actuator electrical pa-

rameters (DPM) has been carried out. Continuous volume force components fields have been 

calculated as a function of DBD actuator potential difference and charge density amplitude. 
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1 INTRODUCTION 

Modern aviation engine improvement requires high-level scientific maintenance of devel-

oping process and research of characteristics increase approaches for different operation stag-

es. Therefore scientific research significance in modern engines design is increasing. 

Short diffusers application with a high ratio between inlet and outlet areas with the strongly 

curved central line helps to reduce engine installation overall dimensions and mass. However, 

flow separation occurs in these ducts. Longitudinal pressure gradient from centrifugal force 

effect along with transverse pressure gradient induces secondary flows contorting pressure 

field. 

A wide spectrum of different "passive" (e.g., interceptors) and "aggressive" (e.g., synthetic 

jets, DBD and SHF-discharges) methods is applying as a way of influence on these undesira-

ble effects by its partial or total removal. 

Use of electric discharge (DBD, SHF) influence on gas-dynamic flow has been studying 

intensively recently. 

Interest in DBD actuators application is connected with its advantages: small weight, no 

flow disturbance by mounted electrodes, absence of complicated mechanical or pneumatic 

systems, and electrodes ability of being placed in particular location of disadvantageous ef-

fects initiation, and also relatively simple active control system for critical regimes only could 

be created on basis of these actuators. 

DBD discharge with its relatively low required power could be an example of significant 

flow changing (e.g., pressure loss decrease) with low energy contribution, this effect and its 

gas-dynamic application realization could be succeeded by reasonable placement on stream-

line surface. 

DBD actuator consists of two electrodes placed on surface and divided by dielectric. High 

voltage alternating current on electrodes causes weak ionization in the nearby area. Ionized 

gas (plasma) under electric field gradient is exposed to volume force, it leads to additional 

external flow velocity distortions. 

The most common approach to numerical simulation of aircraft construction external flow 

and engine internal flow currently is usage of different ways of Navier-Stokes equations solv-

ing. RANS/URANS is more fine-tuned computational procedure at present; LES requires 

greater computational powers, but allows obtaining fuller and more reliable separated flow 

characteristics. Perspective DNS - methods currently can be applied only to model problems 

due to its significant computational powers requirement. Therefore, integration of DBD flow 

influence models with CFD solvers seems to be perspective way of DBD numerical simula-

tion. 

The method of DBD actuator flow influence accounting by bringing in additional volume 

force vector in Navier-Stokes equation is largely used [1, 3, 4]. This force could be estimated 

as a product of charge density and electric filed potential. This approach requires Maxwell 

equation solving for electric field parameters obtaining or experimental data usage as an esti-

mation of the volume force magnitude. 

2 STANDARD DBD SIMULATION 

Model duct studied both experimentally and numerically in [1] has been selected as an ob-

ject for numerical procedure validation. In that paper two DBD actuators create vortex struc-

ture that helps to delay boundary layer transition from a laminar to a turbulent state. 

Computational domain inlet velocity amounts 5 m/s, volume force magnitude nearby the 

DBD actuator amounts 103 N/m3. 
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An annular model diffuser duct (Fig.1) has studied numerically as main simulation object; 

application of other ways of flow control such as interceptors and synthetic jets has been also 

studied in different works. 

The axisymmetric duct DBD flow control has considered as a two-dimensional problem. It 

helps to estimate to a first approximation possibility of flow separation partial or total removal 

and DBD influence effectiveness in principle and volume force magnitude required for such 

removal. 

Figure 1: Simulated duct sector (60 degrees). 

Volume force effect area is located in near-wall region when the flow separation is started 

(Fig. 2), size of this area is about 5 mm in a streamwise direction and 1 mm transversally. Ex-

act volume force effect area x-coordinate, volume force magnitude and its vector direction has 

been considered as variable parameters in this research. 

Figure 2: Calculation domain and mesh fragment example (orange area denotes volume force effect area). 

The structured 2D-mesh consists of 8 blocks and about 14000 elements. Wall boundary 

condition has been set on top and bottom domain boundaries (Fig. 3). 

Boundary conditions on inlet (left boundary): total pressure 101325 Pa, turbulence intensi-

ty - 2%, turbulence scale - 0.001 m; on outlet (right boundary): static pressure 90000 Pa. 

2D steady calculation with Roe-FDS flux type solution method has been used. RANS sys-

tem of equations has supplemented by Spalart - Allmaras turbulence model with standard wall 

functions. 
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Volume force magnitude in DBD effect area has varied between 1 and 3•106 N/m3. At 

lesser volume force magnitudes no observable influence on the flow has been noticed. Vol-

ume force vector direction (relative to duct axis i.e. relative to inlet velocity direction) has 

varied between 30 and 60 degrees (Fig. 4). All these variations has been made for a particular 

volume force effect area location. 

Calculation results have shown that volume force with 2•106 N/m3 lowers flow separation 

and volume force with 3•106 N/m3 practically removes it. Volume force vector direction var-

iation (due to X and Y components alteration with the constant magnitude) appears to be in-

significant in comparison with force (momentum) effect. Therefore volume force vector 

direction has been set at a value of 45 degrees (approximately parallel with the nearby upper 

duct wall) 

Figure 3: Computational domain block structure. 

Figure 4: Velocity fields in separation flow area (left to right): zero volume force, volume force vector direction 

(relative to duct axis) 30 degrees, 45 degrees, 60 degrees with magnitude 3·106 N/m3. 

Flow separation appears to be unresponsive to a small volume force effect area movements 

in a streamwise direction (1...3 mm) also. On the contrary, force (momentum) influence inten-

sity is the most significant parameter. 
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However, intensity of force (momentum) influence that requires for flow separation re-

moval has considerably large volume force magnitude in comparison with experimental data 

[1,2]. The experimental upper limit of this force is connected with DBD actuators voltage lim-

itations due to dielectric properties. 

3 CONSTRICTED DBD SIMULATION 

Along with standard DBD discharges simulation, which could be used for a flow control 

purpose, dielectric barrier discharges working in a constricted (saturated) mode or constricted 

DBD, has also considered in this paper.  

This mode is connected with significant power input (voltage amplitude increase) which 

leads to the constriction of the discharge due to overheating instability. A local increase in the 

conductivity leads to the increase in the current density, and a bright highly conductive fila-

ment is formed. (Fig. 5, [2]) 

Formation of a region with a higher conductivity in the discharge should significantly dis-

turb electric field and charge distribution, providing body force to be radial relatively to a dis-

charge channel (filament) to a first approximation (real structure is more complicated) 

Constricted DBD disturbance structure in practically immobile gas is presented in [2]. It 

has shown that flow structure induced by constricted DBD includes jets perpendicular to die-

lectric surface, which is placed between discharge channels (Fig. 5) 

Figure 5: "a": top view (X–Z) of the discharge (negative image). Red line marks the position of the cross section 

for PIV measurements, "b": shadow pictures of discharge-induced disturbances and "c": enlarged PIV images of 

the flow in the X–Y plane at the position Z = 4 mm. [2]. 
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Jets forming occur with gas suction from the upper layers. At next stage vortex pairs rotat-

ing in different directions are forming attached to discharge channels positions. 

An interaction between formed discharge plasma channels and a medium could be de-

scribed by two mechanisms: energetic mechanism (volume heat release inside the discharge 

channel and nearby regions), which has sufficiently larger intensity than standard DBD and 

force (momentum) mechanism which has lesser intensity than standard DBD. These interac-

tion mechanisms are simulating in this study for the purpose of recreating pair vortex struc-

tures numerically and estimation of mechanisms intensity. 

A validation of numerical procedure along with volume force and volume heat magnitude 

estimation has been carried out at 3D model of DBD actuator from [2]. Three domain ver-

sions ("a" - "c") which help to estimate necessary domain width are presented at Fig.6. 

Figure 6: Three computational domain types which differ in Z-dimension: "a" - half inter-channel space, "b" - 

one inter-channel space, "c" two inter-channel spaces with left and right boundaries moved aside. 

Inside the constricted discharge channels matter is in plasma state (temperature experi-

mental estimation is 1500 K at the basis of channel) hence it does not pass electric field inside 

and volume force magnitude equates zero; experimental estimation of heat source is 1010 

W/m3. 

Figure 7: Configuration of computational areas with the source terms ("a" - domain type): green color denotes an 

area with the longitudinal volume force (X-direction), red color denotes the transversal volume force (Z-

direction), and yellow color denotes discharge channel with heat sources and zero volume force. 
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The volume force effect area size has selected on the ground of experimental and numeri-

cal research data [1-4]. An area with longitudinal volume force (X-direction) has been set at 

the basis of the channel (Fig. 7); an area with transversal volume force (Z-direction) has been 

set along the discharge channel region. 

Exact value of volume force magnitude has been clarified during the validation simulations. 

As a first estimation results from [1-2] has been used, qualitative correspondence to experi-

ment [2] was the main criteria during the volume force magnitude refinement. 

Three computational domain structural 3D-meshesconsist of 36 blocks and about 2 million 

elements, 72 blocks and about 4 million elements, 180 blocks and about 4 million elements 

for "a", "b" and "c" domain types respectively (Fig.6). Mesh and block structure fragments are 

shown at Fig. 8. 

"a"

"c"

Figure 8: Computational mesh and block structure fragments for "a" and "c" domain types. 

Boundary conditions on domain inlet : total pressure 101325 Pa, temperature 300K turbu-

lence intensity - 2%, turbulence scale - 0.001 m; on outlet : static pressure 101324,7 Pa. Co-

current flow velocity has value of 0,5 m/s under this conditions and equals experimental flow 

velocity. 

3D steady calculation with Roe-FDS flux type solution method has been used. RANS sys-

tem of equations has supplemented by Spalart - Allmaras turbulence model with standard wall 

functions. 
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Experimental estimation of heat source (1010 W/m3) has been based on one-channel pow-

er input estimation (5 W). The value of volume heat source magnitude has been also refined 

for a steady numerical problem in b domain type (Fig. 6). A correspondence of experimental 

and numerical temperature (600...1500 K) was the refinement criteria. The corrected volume 

heat source magnitude has been set at 2•109 W/m3 for the further calculations. 

The selected volume force magnitude value has been set at 6•103 N/m3 for the further cal-

culations. At this force (momentum) intensity in "b" and "c" domain types experimental pair 

vortex structures have been reproduced numerically. It has to be mentioned that "c" domain 

type shows the best experiment approximation of three options (Fig. 9). 

Figure 9: Y-velocity vector field at the last third of discharge channel cross-section ("c" domain type). 

Actuators based on constricted DBD are perspective device for the real engine duct separa-

tion and pressure loss control. An annular model diffuser duct (Fig.1) with constricted DBD 

actuators has studied numerically as an application effectiveness estimation of this device.  

Z-curvature of the segment of annular model duct (Fig.10) was disregarded due to small 

computational region width. 

Figure 10: Geometry and block structure of the aggressive model duct, blue areas denote to different actuator 

and volume force effect area locations (left to right: #1 and #2). 

Domains with two different actuators (hence, the volumes force area) location has consid-

ered (Fig. 10): #1 – directly before the separation zone, #2 – at the beginning of the separation 

zone. 

Volume force and heat areas topology and channel quantity is similar to a validation prob-

lem "c" domain type with three discharge channels in Z-direction. 

Solver type, boundary conditions, turbulence model and source terms magnitudes has been 

taken from a validation problem. Computational consists of 180 blocks and 4 million ele-

ments (Fig. 11). 
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Figure 11: Computational mesh fragment for #2 volume force area location. 

Z-direction volume force magnitude was the variable parameter. Duct pressure differential 

has been set at the value of 7825 Pa (101325 Pa and 93500 Pa, total inlet pressure and static 

outlet pressure respectively), inlet velocity has the value of 93 m/s under this conditions. 

Velocity magnitude fields have presented on Fig.12. Volume force magnitude has been in-

creased from zero (Fig.12, a) to a considerably large value, which affects flow separation zone 

(Fig.12, b, c). 

a) b)

c)

Figure 12: Velocity magnitude fields in longitudinal section: a) – zero volume force magnitude; b) – scheme #1 

(Fig.10) volume force area location, c) – scheme #2 volume force area location. 

The increased volume force magnitude value has been set at value of 2•106 N/m3. 

DBD actuator #1 location has practically removed flow separation, except small region 

with reverse current (Fig.12, b). DBD actuator #2 location has partially promoted flow separa-

tion, because force (momentum) influence is located in separation zone mostly. It has to be 

mentioned that even a considerably large volume force magnitude value does not lead to a 

total flow separation zone removal in Z-direction (Fig. 13). It is presumably connected with 

pair vortex structures influence on the flow, which creates nonuniform flow structure. 
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Figure 13: Velocity magnitude field in a cross section after DBD actuator location at the beginning of the diffus-

er part (scheme #1). 

Constricted DBD flow control research results are similar to standard DBD ones. Signifi-

cant effect on the flow separation zone could be reached only by applying large force (mo-

mentum) influence, which has not reached experimentally yet. 

4 DPM APPROACH 

Besides constant volume force regions approaches there are alternative methods connected 

with DBD actuator electrical potential calculation. These approaches also imply more or less 

detailed mathematical model of plasma formation and its interaction with the flow. Main ad-

vantage of this more complicated approach is achievement of continuous volume force field 

which corresponds to features of physical processes near actuator. 

Computational domain was analogous to previous calculations (Fig.14). The only differ-

ence is additional area 2 mm depth (black boundaries on Fig.14) modeling the dielectric mate-

rial of actuator. Distance between the electrodes in streamwise direction is 0.5 mm, electrodes 

length – 1 mm. 

Figure 14: Boundary conditions in computational domain: orange color denote to electrodes, red color denote to 

area of variable charge density. 

Computational 2D-domain consists of 5•104 elements. Dual-potential Method (DPM) was 

used for electrical characteristics (electrical potential φ and charge density ρC) calculations. 

This approach connected with solving a two-equation system for two components of electrical 

potential: 

(1) 
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Equations for both components are of the form: 

(2) 

Connection between charge density and electrical potential is of the form: 

(3) 

All empirical constants and solution method has been taken from [5]. 

Boundary conditions for two scalar values are:  

 - for exposed electrode, 

 - for buried electrode, 

 - for variable charge density area, 

 - for the wall above the dielectric, 

 - for the rest boundaries. 

Typical fields of electrical potential φ and charge density ρC near the electrodes is present-

ed on Fig.15 and 16. 

Figure 15: Typical instantaneous electrical potential φ (V) field. 

Figure 16: Typical instantaneous electrical potential ρC (C/m3) field. 
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Using data of this calculation during one period of potential calculation of time-averaged 

volume force has been performed. The result time-averaged field of Fx and Fy force compo-

nent for Δφ=50000 V, f=5000 Hz case is presented on Fig.17 and 18. 

Figure 17: Time-averaged field of Fx force component for Δφ=50000 V, f=5000 Hz case (N/m3). 

Figure 18: Time-averaged field of Fy force component for Δφ=50000 V, f=5000 Hz case (N/m3). 

First results of DPM approach application are in qualitative agreement with other authors 

results [6-7]. 

Maximum values of volume fields components for potential difference Δφ=50000 V, 

charge density amplitude ρ0C=0.1 C/m3, and voltage frequency 5000 Hz are: Fxmax=1.859*106 

N/m3, Fymax=1.892*106 N/m3. 

Significant difference between piecewise constant volume regions approach means that it 

could be used mostly only as a first approximation. 

5 CONCLUSIONS 

Numerical procedure of DBD modelling has been developed and tested in present study for 

both the standard DBD and DBD working in constricted mode. Qualitative and approximate 
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quantitative correspondence between known experimental data and numerical results has been 

achieved. Typical volume force and heat magnitudes has been evaluated, these values could 

be used as estimation in steady approximation calculations. 

Calculations have shown that experimental force (momentum) and heat influence intensity 

levels appears to be enough for a low velocity flow control (Mach number about 0.1 and low-

er).  

However both DBD actuators models has shown up that required volume force magnitude 

has to be increased by 2-3 orders (in comparison with validation problems) to influence on 

flow separation in S-type engine ducts at relatively high inlet velocity (about 100 m/s). 

Alternative method of volume force calculation using actuator electrical parameters (DPM) 

has been carried out. Continuous volume force components fields have been calculated as a 

function of DBD actuator potential difference and charge density amplitude. 
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Abstract. The paper is devoted to modelling and analysis of unsteady turbulent flow in a 

model combustor (channel) using LES (Large Eddy Simulation). Simulations were provided 

for 2D and 3D cases on different grids of a flow in a channel with rearward facing step. The 

calculation of a flow in a channel was performed on high performance cluster, using the new 

approach in Apache Spark framework and POD, DMD data processing algorithms. First 4 

dynamic modes were defined.  
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1 INTRODUCTION 

Solution of Continuum Mechanics problems (hydrodynamics, turbulent combustion, aero-

dynamics and aeroacoustics) is an important direction for solving fundamental and applied 

tasks. Usually, numerical simulations are carried out with detailed grids (tens and hundreds of 

millions of cells) using high performance clusters. Scale turbulence resolution requirements 

impose certain restrictions on the cells size when using Hybrid RANS/LES and LES methods. 

As a result, calculation of unsteady flow generates large amounts of data (tens of terabytes), 

processing of which requires considerable time and computing resources. 

2 PROBLEM STATEMENT  

This paper considers the problem of incompressible subsonic flow simulation in a channel 

with a rearward facing step. This kind of flows occurs in various technical devices, including 

combustion chambers of aircraft engines and helicopters. The main feature of such flows is 

the formation of large-scale structures in the mixing layer behind a step, which is used as a 

flame stabilizer [1,2]. The extension of the mixing layer is determined by the dynamics of 

large vortices development, which are formed upstream and increase as the result of neighbor-

ing vortices merging and inclusions of viscous gases from the main flow (Fig.1). The mixing 

process inside of the large scale structures is determined by small-scale turbulence. The 

Reynolds number in our case is 22000. 

 

Figure 1: Schlieren photograph. 

3 MATHEMATIC MODEL AND CALCULATION RESULTS 

In this paper, the authors used open source package OpenFOAM, pisoFoam solver [3], for 

calculation of unsteady incompressible flow in a channel with a rearward facing step (Fig.2).  

For the simulation of unsteady flow it is recommended to use Large Eddy Simulation (LES) 

model. Large-scale vortex structures are calculated by integrating the filtered Navier-Stokes 

equations [2,3]. To obtain the filtered equations the boxed filter is used. Small vortices, sized 

not exceeding the pitch of the computational grid, are simulated using the Smagorinsky model 

and model based on one differential equation for sub-grid kinetic energy. Finite volume 

method is used for discretization of the equations. The calculation time step is dt = 10
-5

. The 

velocity at entrance were set at U = 10 m/s taking into account the overlapping of perturba-
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tions for the simulation of a turbulent flow. The nonpermeability conditions were set on the 

walls. Continuation of the flow boundary condition was set at the exit. Calculation scheme 

has the second order of accuracy. The grid is based on hexahedrons. The block grid with 13 

blocks was built-up for 2D and 3D calculations (Fig.3). The number of cells for 2D case 

ranged from 626 up to 2690 (Fig.4). For 3D case there were 244500 cells. 

The resulting equation for the relation of velocity and pressure are solved by the iterative 

PISO algorithm. The system of linear equations was solved by the method of conjugate gradi-

ents with preconditioner. 

 

Figure 2: Domain of computation Characteristic dimensions. 

 

Figure 3: Domain of computation and blocks.   

 

Figure 4:  Coarse grid 
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Figure 5:  Detailed (Fine) grid. 

The calculation results analysis by Paraview of the velocity magnitude value had re-

vealed that the large-scale coherent structures, 3D vortex are formed behind a rearward facing 

step. Animated picture of the flow around the step has a pronounced unsteady flow character. 

Periodic self-quenching of the large-scale vortices were registered with a frequency of f=200 

Hz. Figures 6-9 illustrate the results of the velocity magnitude calculation. The simulation 

cases were run with 24 cores on high performance cluster of ISP RAS.  

 

Figure 1: Field of velocity magnitude at the time t=0.005 s. 

 

Figure 7: Field of velocity magnitude at the time t=0.02 s. 
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Figure 8: Field of velocity magnitude at the time t=0.05 s. 

 

Figure 9: Field of velocity magnitude at the time t=0.1 s. 

4 APACHE SPARK TECHNOLOGY AND POD AND DMD METHODS  

Apache Spark technology allows to process large amounts of data in ram memory by dis-

tributing the load between the compute nodes, ensuring high fault tolerance (Fig. 10). When 

calculating the flow process, considerable amount of data in the form of separate time snap-

shots of the flow was obtained. 

The POD and DMD algorithms allow to obtain new data on turbulence and coherent struc-

tures. Authors of this paper have applied POD and DMD algorithms using Apache Spark 

framework and LAPACK mathematical library.  

The POD was first introduced by Lumley in the field of Computational Fluid Dynamics [4]. 

The present day analysis uses method of snapshots introduced by Sirovich [5]. To compute 

the POD using the Eq. 1 requires solving n × n eigenvalue problem. 

      1 2 2 2 1

0

,

T

R t t t dt t   (1) 

Where  1 2,R t t  is the auto-covariance of the fluid variable. 

The main problem is the calculation of auto-covariance matrix  1 2,R t t . Snapshots method 

proposes that auto-covariance matrix  1 2,R t t  can be approximated by a summation of snap-

shots. 

 
1

1 M
n n

ij i j

n

R x x
M 

   (2) 

The snapshots are assumed to be distanced by a time or a special distance greater than the 

correlation time or distance. 
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The input data for DMD [6-8] have to be presented in the form of sequence of snapshorts 

and are set by a matrix V  with the size n×m, where 

  1 1 2 3 1, , ,... nV       (3) 

A linear mapping from one snapshort to another is assumed 

  1

1 1 1 1, ,...,N NV v Av A v  (4) 

By the linear combination of available data fields, we have a standard Arnoldi iteration 

problem. 

 
1 1n nAv v S   (5) 

Utility written in C++, allowed transferring the data obtained during the hydrodynamic 

calculation from the OpenFOAM format into the library format, written in Scala.  

 

Figure 10: Architecture of Apache Spark technology. 

To highlight the characteristic structures, authors propose to use POD (Proper Orthogonal 

Decomposition) method. For the data processing, 26 snapshots and calculation results of ve-

locity magnitude field were used. As a result of POD and DMD algorithms implementation, 

the basic dynamic modes, characterizing the large-scale structure in the channel have been 

revealed. 4 most characteristic modes were selected (Fig.11-14). The arrows on figures dis-

play the velocity field taken at t = 0.25 s. Contribution of the other modes to the total turbu-

lence energy is insignificant. 
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Figure 11: 1-st POD mode. 

 

Figure 12: 2-nd POD mode. 

 

Figure 13: 3-rd POD mode. 

 

Figure 14: 4-th POD mode. 

As a rule, the different modes correspond to the position of different vortices in channel. 

The four most significant singular values are shown in table 1. This values capture 87% of the 

kinetic energy. 
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Number of value  Absolute value % of captured energy 

1 24,14653 80,23% 

2 0,897377 83,21% 

3 0,716828 85,59% 

4 0,690438 87,89% 

 

Table 1: First 4 modes. 

5 CONCLUSIONS  

The calculation of the flow in the channel was performed, using the new approach in 

Apache Spark and POD, DMD algorithms, first 4 dynamic modes are selected. Application of 

this technology allows to solve more complex problems for investigation of turbulence flows 

and obtaining data on characteristics of coherent structures. 
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Abstract. Computational Fluid Dynamics codes are used in many industrial applications
in order to evaluate interesting physical quantities, such as the heat transfer in turbulent flows.
Commercial CFD codes use only turbulence models with an imposed constant turbulent Prandtl
number Prt, which can give accurate results only for simulations when a strong similarity be-
tween the velocity field and the temperature field can be assumed. For fluids with a low Prandtl
number, as for heavy liquid metals, a constant turbulent Prandtl number leads to an overes-
timation of the heat transfer, so experimental results and Direct Numerical Simulation cannot
be reproduced. In this work we propose a new k-Ω-kθ-Ωθ turbulence model as an improve-
ment of the k-ω-kθ-ωθ turbulence model, already validated by the authors, where Ω and Ωθ

are calculated as the natural logarithm of the variables ω and ωθ. With this reformulation of
the previous turbulence model we obtain some important advantages in numerical stability and
robustness of the code. Results for the simulations of fully developed turbulent flows in two and
three dimensional geometries are reported and compared with experimental correlations and
DNS data, when available.

865
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1 Introduction

The IV generation of nuclear reactors is based on a design that combines increased safety,
passive safety systems and low radioactive-waste production. Six new reactors have been pro-
posed by Generation IV International Forum (GIF). Among them the Lead Fast Reactor and
the Sodium Fast Reactor are cooled by a liquid metal. One of the main features of these reac-
tors is the capability to produce fissile atoms by the transmutation of Uranium-238. In order
to obtain this, a material with high atomic mass, such as liquid metals, has to be employed as
core-coolant. Inside a nuclear reactor core the fluid flow is typically turbulent so a turbulence
model is needed to simulate the flow with affordable computational cost.

The most common turbulence models currently employed for the study of turbulent flows
are based on the Reynolds Average of the Navier Stokes equations (RANS models). In these
models the similarity between the velocity and the thermal turbulent fields is usually assumed.
An algebraic relation based on the eddy viscosity and the turbulent Prandtl number is used to
compute the turbulent heat flux. This turbulence model is known as Simple Eddy Diffusivity
(SED) model. In the SED model one computes the eddy viscosity νt by using two turbulent
variables, such as the turbulent kinetic energy k and its dissipation rate ε. The eddy thermal
diffusivity αt is then computed as αt = νt/Prt. This procedure can be used when turbulent
flows with a molecular Prandtl number Pr ' 1 are simulated. Heavy liquid metals such as
mercury, Lead-Bismuth Eutectic (LBE) and sodium-potassium alloys are characterized by a
low molecular Prandtl number, varying from 0.01 to 0.05. In these fluids heat conduction is
an important heat transfer mechanism and the similarity assumption between the velocity and
the temperature fields does not hold. It is well known that when the standard SED model is
adopted with low Prandtl numbers the obtained values of heat transfer are very different from
the experimental ones. This problem can be solved by specifying the Prt for each geometry or
using a more sophisticated turbulence model in order to define the proper thermal characteristics
time scales [1, 2, 3, 4, 5].

In this paper we present a new logarithmic formulation of the four parameter k-ω-kθ-ωθ
turbulence model for liquid metal flows. We briefly recall the RANS equations and the first
formulation of a four parameter k-ε-kθ-εθ, then we derive the k-ω formulation already validated
by the authors [6, 7, 8, 9]. Finally the new logarithmic k-Ω-kθ-Ωθ model is presented. A
discussion on the boundary conditions is reported to better motivate the derivation of this model.
We report some numerical results obtained with the implementation of the logarithmic model
in a finite element in-house code and compare them with experimental correlations and DNS
data, when available.

2 Transport equations and turbulence models

Inside the nuclear reactor core the flow of liquid metal can be considered incompressible so
the system of equations to be solved is based on the Reynolds Averaged incompressible Navier
Stokes equations, namely

∇ · u = 0 , (1)

ρ
∂u

∂t
+ ρ(u ·∇)u = ∇ · σ −∇ · τR + ρg , (2)

ρCp

(
∂T

∂t
+ (u ·∇)T

)
= ∇ · q−∇ · qR +Q , (3)
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where u is the averaged velocity of the fluid and T is the averaged temperature. The tensors
σ and q are the usual viscous stress and heat flux and they are modeled using Navier-Stokes
constitutive law for viscous fluids and Fourier law for heat conduction

σ := −pI + µD with D := ∇u + ∇uT (4)
q := −λ∇T . (5)

The transport equations for the averaged velocity and temperature are similar to the ones for the
instantaneous quantities, except for the terms τR and qR which are introduced, as a result of
the average procedure over time, in the following form

τR = ρu′u′ qR = ρCpu′T ′ , (6)

where the operator (·) means the time average. These terms are known as the Reynolds stresses
and the turbulent heat flux. They could be computed by solving the appropriate transport equa-
tions, which means a total number of 9 additional unknowns. This procedure is very expensive
in terms of computational cost. Instead of solving these additional transport equations we ap-
proximate the terms u′u′ and u′T ′ by using the eddy diffusivities and the gradients of mean
velocity and temperature in the following form

τR = −νt
(
∇u + ∇uT

)
+

2k

3
I , (7)

qR = −αt∇T , (8)

where the eddy diffusivity of momentum νt and the heat eddy diffusivity αt must be properly
defined in the turbulence model. The two eddy diffusivities are calculated as a function of the
turbulent kinetic energy and of two characteristic time scales: τlu for the dynamical and τlθ for
the thermal turbulence. These time scales have to be defined appropriately in the turbulence
model, for details one can see [3, 4, 5, 7].

2.1 The k-ε-kθ-εθ turbulence model

We can define the turbulent kinetic energy k, its dissipation ε, the temperature fluctuations
variance kθ and its dissipation εθ as

k =
1

2
u′2 , ε = ν‖∇u′‖2 , (9)

kθ =
1

2
T ′2 , εθ = α‖∇T ′‖2 . (10)

The transport equations for the variables in (9) and (10) are obtained by taking appropriate
moments of the Navier-Stokes equations for the fluctuating quantities u′ and T ′. The equation
for k is

∂k

∂t
+ (u ·∇)k = ∇ ·

[(
ν +

νt
σk

)
∇k

]
+ Pk − ε , (11)

where
Pk := −u′iu′j

∂ui
∂xj

=
νt
2
‖∇u + ∇uT‖2 , (12)

is the source term of the transport equation. The equation for ε has this form

∂ε

∂t
+ (u ·∇)ε = ∇ ·

[(
ν +

νt
σε

)
∇ε

]
+ C1ε

ε

k
Pk − C2ε

ε2

k
fε . (13)
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C1ε C2ε Cµ σk σε
1.5 1.9 0.09 1.4 1.4

Table 1: Values of the model constants for (11) and (13).

The values of the model constants that appear in (11) and (13) are reported in Table 1, while fε
is a model function defined as

fε = (1− exp(−0.3226Rδ))
2 (1− 0.3 exp(−0.0237R2

t )
)
. (14)

By defining the characteristic time τu = k/ε one can model the local dynamical time τlu in
many ways [7, 8, 9].

For the thermal turbulence the two transport equations are

∂kθ
∂t

+ (u ·∇)kθ = ∇ ·
[
(α +

αt
σkθ

)∇kθ

]
+ Pθ − εθ , (15)

where
Pθ := −u′T ′ ·∇T = αt ‖∇T‖2 , (16)

is the source term in the kθ transport equation. The equation for εθ can be written as [7, 11]

∂εθ
∂t

+(u ·∇)εθ = ∇ ·
[
(α +

αt
σεθ

)∇εθ

]
+
εθ
kθ

(
Cp1 Pθ−Cd1 εθ

)
+
εθ
k

(
Cp2 Pk−Cd2 ε

)
. (17)

For heavy liquid metals with Pr ≈ 0.025 we have used the coefficients defined in [3, 4], namely
Cd1 = 0.9, Cp2 = 0.9. The coefficient Cp1 has been set to 0.925 and

Cd2 = 1.9 (1− 0.3 exp(−0.0237R2
t ))(1− exp(−0.0308Rδ))

2 . (18)

We define a time scale τθ as the ratio between kθ and εθ. For details on the time scales
and functions to be used in the definition of the eddy viscosity and diffusivity one can see
[5, 7, 8, 9, 10, 11].

2.2 The k-ω-kθ-ωθ turbulence model

The results obtained with the k-ε-kθ-εθ turbulence model, in terms of the Nusselt number
value for the evaluation of the global heat transfer, are more accurate than the ones obtained with
the SED model when compared with the reference correlations for liquid metals [7, 8, 9]. The
k-εmodel better matches experimental results but shows poor numerical convergence due to the
strong coupling of ε-εθ with k-kθ on wall boundaries. In order to avoid this coupling between
the state variables we develop a k-ω-kθ-ωθ model where ε-εθ are replaced by the turbulent
kinetic energy specific dissipation ω and the specific dissipation of mean squared temperature
fluctuations ωθ defined as

ω =
ε

Cµk
ωθ =

εθ
Cµkθ

. (19)
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C1ε C2ε Cµ σk σε cp1 cp2 cd1 σθ
1.5 1.9 0.09 1.4 1.4 1.025 1.9 1.1 1.4

Table 2: Values of the model constants for (20) - (23).

This new turbulence model is obtained by substituting (19) into (11-13-15-17). This keeps the
accuracy of the results and enhances the algorithm stability [6]. The new system of equations is

∂k

∂t
+ u ·∇k = ∇ ·

[(
ν +

νt
σk

)
∇k
]

+ Pk − Cµ k ω , (20)

∂ω

∂t
+ u ·∇ω = ∇ ·

[(
ν +

νt
σε

)
∇ω

]
+

2

k

(
ν +

νt
σε

)
∇k ·∇ω +

+ (cε1 − 1)
ω

k
Pk − Cµ (cε2fε − 1)ω2 , (21)

∂kθ
∂t

+ u ·∇kθ = ∇ ·
[(
α +

αt
σθ

)
∇kθ

]
+ Pθ − Cµ kθ ωθ , (22)

∂ωθ
∂t

+ u ·∇ωθ = ∇ ·
[(
α +

αt
σθ

)
∇ωθ

]
+

2

kθ

(
α +

αt
σθ

)
∇kθ ·∇ωθ +

+ (cp1 − 1)
ωθ
kθ
Pθ + cp2

ωθ
k
Pk − (cd1 − 1)Cµω

2
θ − cd2Cµωωθ . (23)

The values of the model constants that appear in the system (20) - (23) are reported in Table 2.

2.2.1 Boundary conditions for the turbulence models

Since we do not use wall functions, the exact boundary conditions that must be imposed on
wall boundaries can be obtained using a near wall Taylor series expansion for the turbulence
variables. These variables are expanded based on their analytical formulation (9-10) and (19)
under the constraints imposed by the velocity components on wall boundaries. For k, ε, kθ and
εθ we obtain the following asymptotic expressions

kw =
1

2
a δ2, εw = ν

kw
δ2

=
1

2
ν a , (24)

kθw =
1

2
aθ δ

2, εθw = α
kθw
δ2

=
1

2
α aθ . (25)

From (24) and (25) we see that ε and εθ are constant and their values depend on a and aθ which
are related to the velocity and temperature fluctuations that are not known a priori. With the
change of variables introduced in the k-ω turbulence model the boundary values for are

ω =
ε

Cµk
=

2ν

Cµδ2
, ωθ =

εθ
Cµkθ

=
2α

Cµδ2
, (26)

so their values depend only on the physical properties of the fluid (ν and α) and on the wall
distance (δ2). For the new variables ω and ωθ it is possible to set exact Dirichlet b. c., while for
k and kθ we set the following Neumann b. c.

∂k

∂n
= 2

k

δ
,

∂kθ
∂n

= 2
kθ
δ
, (27)

where n indicates the direction normal to the wall surface. The latter condition in (27) can be
applied when temperature fluctuations are assumed to be zero at the wall.
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2.3 The logarithmic turbulence model k-Ω-kθ-Ωθ

The turbulence model we propose here consists in a further improvement of the previous
models. The formulation of this new turbulence model is based on [12] in which the various
k-ε, k-ω and k-τ models for dynamic turbulence are analyzed in their formulation with log-
arithmic variables. The introduction of logarithmic variables brings important advantages to
the turbulence model, in particular the fact that the original variables are always kept positive
because they are calculated as the exponential values of the new logarithmic variables, so this
ensures an increased numerical stability. Another important feature is that the logarithmic vari-
ables have profiles that are smoother than the ones of the natural variables [12]. In this new
turbulence model we use the logarithmic forms of the specific dissipations ω and ωθ

Ω = ln(ω) , Ωθ = ln(ωθ) . (28)

For these new variables we can set exact Dirichlet boundary conditions

Ωw = ln(ωw) = ln

(
2ν

Cµ

)
− 2 ln(δ) , (29)

Ωθw = ln(ω
θw) = ln

(
2α

Cµ

)
− 2 ln(δ) . (30)

The new system of equations is

∂k

∂t
+ u ·∇k = ∇ ·

[(
ν +

νt
σk

)
∇k

]
+ Pk − Cµ k eΩ , (31)

∂Ω

∂t
+ u ·∇Ω = ∇ ·

[(
ν +

νt
σε

)
∇Ω

]
+

2

k

(
ν +

νt
σε

)
∇k ·∇Ω +

+

(
ν +

νt
σε

)
∇Ω ·∇Ω +

cε1 − 1

k
Pk − Cµ (cε2fexp − 1) eΩ , (32)

∂kθ
∂t

+ u ·∇kθ = ∇ ·
[(
α +

αt
σθ

)
∇kθ

]
+ Pθ − Cµ kθ eΩθ , (33)

∂Ωθ

∂t
+ u ·∇Ωθ = ∇ ·

[(
α +

αt
σεθ

)
∇Ωθ

]
+

2

kθ

(
α +

αt
σεθ

)
∇kθ ·∇Ωθ +

+

(
α +

αt
σεθ

)
∇Ωθ ·∇Ωθ +

cp1 − 1

kθ
Pθ +

cp2
k
Pk − (cd1 − 1) eΩθ − cd2Cµe

Ω . (34)

The eddy viscosity νt and the eddy thermal diffusivity αt are modeled as

νt = Cµkτlu , αt = Cθkτlθ . (35)

For the modeling of the characteristic time scales for dynamic and thermal turbulence one can
see [7, 8, 9]. With this turbulence model one can correctly reproduce the near wall behavior of
the turbulence variables, which means k ∝ δ2, νt ∝ δ3, kθ ∝ δ2 assuming zero temperature
fluctuations, and αt ∝ δ3.

3 Numerical results

In this section we present the results obtained from the simulations of fully developed turbu-
lent flows of liquid metals in several geometries. The plane channel and cylindrical duct geome-
tries are investigated for different values of Reynolds numbers. A complex 19-pin hexagonal
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rod bundle is simulated for a specific pitch-to-diameter ratio and Reynolds number. In Table 3
the values of the physical properties are reported. In particular those values are representative
of Lead-Bismuth-Eutectic (LBE) which has a molecular Prandtl number Pr = 0.025.

We implement the system (31-34) and the Navier-Stokes equations in an in-house finite
element code. We employ Taylor-Hood finite elements for the system of Navier-Stokes in order
to satisfy the inf-sup condition and this system is solved with a standard projection method. The
two systems of turbulence equations are solved with standard quadratic finite elements.

3.1 Plane channel

The plane channel is one of the simplest type of geometry that can be simulated and many
Direct Numerical Simulation are available for this kind of flow. In particular for fully developed
turbulent flows results of the dynamical turbulence for the cases of friction Reynolds number
Reτ = 180, 395, 640, 950, 2000 and 4200 are available [13, 14, 15], while results of fully
developed thermal turbulent flow for a fluid with Pr = 0.025 are available only for the cases
of friction Reynolds number Reτ = 180, 395 and 640 [13]. The domain consists of two plates
located at a distance L = 0.0605 m, with infinite dimensions in the other directions. On the wall
a uniform heat flux of 3.6 × 105 W/m2 is applied. The condition of fully developed turbulent
flow is imposed with periodic boundary conditions on the inlet and outlet of the channel.

We simulate seven test cases with Reynolds number Re ' 5700 (A), 14000 (B), 24000
(C), 37000 (D), 86000 (E), 198000 (F) and 325000 (G). They correspond to friction Reynolds
numbers Reτ ' 180, 395, 640, 950, 2000, 4200 and 6600. All simulations are performed using
a spatial discretization of the physical domain in order to have the first mesh point at y+ < 1.

Property Symbol Value Unit
Viscosity µ 0.00184 Pa s
Density ρ 10340 Kg/m3

Thermal conductivity λ 10.72 W/(m K)
Heat specific capacity Cp 145.75 J/(Kg K)

Table 3: Physical parameters used in the CFD simulations.
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Figure 1: Non dimensional velocity profiles as a function of the non dimensional distance from the wall y+.
Cases Reτ = 395 (a) and Reτ = 2000 (b) obtained with the k-Ω turbulence model (continuous) and from DNS
simulation data (dash-dotted).
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Figure 2: Profile of the non dimensional temperature T+ (a) and of the root mean squared temperature fluctuations
θrms (b) as a function of the non dimensional distance from the wall y+. DNS results are reported for the cases
Reτ = 180, 395 and 640 (dash-dotted).

In Figure 1 a comparison is shown between the results obtained with the k-Ω turbulence
model and those obtained with DNS for the cases of Reτ = 395 and Reτ = 2000. In this Figure
the velocity v has been non dimensionalized with the friction velocity vτ which is calculated
as vτ =

√
τw/ρ, where τw is the wall shear stress, and plotted against the non dimensional

wall distance y+ = yvτ/ν. The linear behavior v+ = y+ and the logarithmic one v+ =
1/0.41 ln(y+) + 5 are well reproduced in both cases.

The profiles of the non dimensional temperature are shown in Figure 2 (a), together with
the results of DNS simulations for the cases where they are available. The temperature has
been non dimensionalized with the friction temperature Tτ defined as Tτ = q/(vτρCp), where
q is the heat flux applied on the wall. The linear behavior T+ = Pr y+ is well reproduced
for every single case. In Figure 2 (b) the values of root mean squared temperature fluctuations
θrms =

√
2kθ are compared with the ones obtained with DNS simulations. We can see that

there is a good agreement between the results of the turbulence model and Direct Numerical
Simulation data.

3.2 Cylindrical pipe

For the cylindrical pipe the DNS data for the dynamical turbulence are available for the cases
Reτ = 180, 360, 550, and 1000 [16]. The results are thus validated using the experimental
correlations for the Nusselt number. In particular we refer to the Kirillov correlation as the
main reference for the cylindrical geometry [17]. This correlation is claimed to be valid for
104 < Re < 5 · 106. The Nusselt number is calculated as a function of the Peclet number
Pe = Pr ·Re

Nu = 4.5 + 0.018Pe0.8 . (36)

For the cylindrical case we simulate fully developed turbulent flows with Reτ = 180 (A),
360 (B), 550 (C), 1000 (D), 3580 (E), 5840 (F) and 6860 (G). The corresponding values of the
Reynolds number for these cases are 5760, 12770, 20700, 41000, 165000, 286000 and 341000.
As in the plane channel case, all the simulations for the cylindrical pipe are performed refining
the mesh in order to have the first mesh point with y+ < 1. In Figure 3 (a) the profiles of
the non dimensional temperature T+ are shown as functions of the non dimensional distance

872
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Figure 3: Non dimensional profiles of: mean temperature (a) and root mean squared values of temperature fluctu-
ations (b) as functions of the non dimensional distance from the wall y+ for all the simulated cases.
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Figure 4: Comparison between the Kirillov correlation for the Nusselt number and the values of Nu calculated
with the four parameters turbulence model.

from the wall y+. In every case the linear behavior T+ = Pr y+ is well reproduced, as can be
seen from the comparison with the dashed line. In Figure 3 (b) the non dimensional root mean
squared values of temperature fluctuations θ+

rms =
√

2kθ/Tτ are presented for all the simulated
cases.

Finally we calculate the Nusselt number values and compare them with the Kirillov corre-
lation. This comparison is presented in Figure 4 where the values of the Nusselt number are
plotted against the Peclet number. As it can be seen some differences between the correlation
data and the values calculated with the turbulence model appear in the low velocity region (Pe
< 103). The differences with the Kirillov correlation, in this region, are included within 5%.
In the high velocity region with Pe > 103 our values are closer to the Kirillov correlation. As
shown in the Figure the values are included within 1%.
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3.3 Hexagonal rod bundle

Property Symbol Value Unit
Number of pins n 19 -

Pin diameter d 0.0082 m
Pitch to diameter ratio p/d 1.3 -

Height z 2 m
Minimum pin-wall distance l 0.00172 m

Hydraulic diameter Dh 7.706× 10−3 m

Table 4: Geometrical parameters of the simulated hexagonal bundle.

In this Section we present the results of a simulation of a 19-pins hexagonal rod bundle. In
Figures 5 (a) and (b) a geometrical representation of the whole bundle is given. The bundle is
bounded by adiabatic solid walls. This particular configuration is used for experimental analysis
[18]. Due to the symmetry of the geometry and boundary conditions it is possible to simulate
only one twelfth of the entire bundle.

A transverse section of the computational domain can be seen in Figures 6-7 while the ge-
ometrical parameters of the bundle are reported in Table 4. In the simulated case the velocity
and the dynamical turbulence are fully developed, so we impose periodic boundary conditions
at the inlet and outlet of the bundle. On the wall boundaries we set

u = v = 0 ,
∂w

∂n
=
µ

δ
,

∂k

∂n
= 2

k

δ
, Ω = ln

(
2ν

Cµδ2

)
, (37)

where n indicates the direction normal to the wall and δ the wall distance. On the other bound-
aries we impose a symmetry condition. For the thermal field we impose a fixed uniform temper-
ature of 573 K at the inlet of the bundle, so kθ is set to zero and Ωθ is set to the same value that
it has on the wall boundaries. On the pin walls we impose a uniform heat flux of 3600 W/m2,
while the external wall is considered adiabatic, ∂T/∂n = 0. For the thermal turbulent variables

a)
b)

Figure 5: Front view of the hexagonal bundle with the velocity field (a) and a scaled view of the whole hexagonal
bundle with the thermal field (b).
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a) b)
Figure 6: Distribution of the axial component w of the velocity field (a) and of the turbulent kinetic energy k (b)
on a transverse section of the bundle.

a) b)
Figure 7: Distribution of the temperature T field (a) and of the mean squared temperature fluctuations kθ (b) on a
transverse section of the bundle.

on every wall we impose the following boundary conditions

∂kθ
n

= 2
kθ
δ
, Ωθ = ln

(
2α

Cµδ2

)
. (38)

At the outlet of the bundle we consider that no heat exchange occurs, so we impose a null
derivative in the direction normal to the outlet surface for T and for kθ and Ωθ. The physical
properties of the fluid are the same shown in Table 3. The mean axial velocity is wmean = 0.23
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m/s, so the Reynolds number is Re = 10070.
In Figure 5 (a) the axial component of the velocity field is shown at the bundle outlet while

in Figure 5 (b) the temperature field is presented in a scaled view of the whole bundle. In Figure
6 (a) the axial velocity is reported on a transverse section of the bundle. In the region near
the adiabatic wall the velocity is smaller than in the remaining part of the domain. Due to this
phenomenon we have some areas characterized by a low turbulence in the same region, as it can
be seen from Figure 6 (b), where the field of turbulent kinetic energy is shown. We recall that
we simulate the condition of fully developed turbulent flow, so the distributions shown in Figure
6 (a) and in Figure 6 (b) are the same for every transverse section along the axial coordinate z.

The temperature distribution for the transverse section at z = 1.8 m is shown in Figure 7
(a). As we can see the temperature distribution is almost uniform except in the region near
the adiabatic wall where a stagnation point appears. In particular the temperature distribution
reaches its maximum value in the corner region, as it can be better seen from Figure 5 (b). In the
region near the adiabatic wall the temperature changes sharply. This fact reflects the distribution
of the mean squared value of the temperature fluctuations, which is reported in Figure 7 (b). The
transverse section is at the same height as Figure 7 (a).

4 Conclusion

In this work we have proposed a new four parameter turbulence model with logarithmic
variables. The model has been tested in simulations of fully developed turbulent flows of low
Prandtl number fluids (Pr = 0.025) and compared with reference results available in literature.
For the case of plane channel, where more DNS data are available for both dynamical and ther-
mal turbulence, the results of the new four parameter turbulence model show a good agreement
with DNS results. For the case of cylindrical pipe we focused our attention on the values of the
Nusselt number obtained for all the simulated cases because a few DNS data for the thermal
field are available in literature. The obtained results are very close to the Kirillov correlation,
which has been taken as the main reference for the Nusselt number prediction. Finally some
preliminary results of the application of the turbulence model on a complex three-dimensional
geometry have been reported, showing the robustness of the model also in thermally developing
three-dimensional flows. The new turbulence model can thus be used as a reliable tool for the
study of turbulent flows characterized by low Prandtl numbers.
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Abstract. The present work deals with the numerical simulation of a hot subsonic turbulent 
jet using LES. The main difficulty is to obtain a turbulent jet flow right from the exhaust of the 
nozzle, as in real jets for Reynolds numbers over 105. Injecting disturbances in the boundary 
layer inside the nozzle to force the transition from a laminar state to a turbulent one, may in-
troduce spurious noise which can pollute the acoustic field. Experimental measurements on 
mean velocity and near and far field pressure were carried out in the Onera CEPRA19 an-
echoic wind tunnel on a nozzle of diameter D= 80 mm, called Φ80. These measurements con-
stitute a database to validate numerical simulations. The aerodynamic solver is based on the 
compressible Navier–Stokes equations expressed in conservative form with a spatial discreti-
zation method based on the cell-centered Finite Volume methodology on structured grid. The 
influence of mesh refinement is studied, thanks to a comparison between a fine and very fine 
mesh including respectively 30 and 240 millions elements on the same jet configuration. The 
noise radiation is performed using the Ffowcs Williams and Hawkings surface formulation, 
that computes time pressure histories at any observer location by integration of the flow field 
solution on a control surface surrounding the jet and containing all the noise sources. The 
near and far fields are compared to experimental measurements. Discrepancies remain close 
to the nozzle exit which lead to an overestimation of the pressure levels in both near and far 
fields, especially near the 90◦ angular sector. 
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1 INTRODUCTION 

With the increase of computational capacities in the last decades, it became possible to per-
form unsteady flow simulations to reproduce and investigate noise generation [1]. If direct 
numerical simulations (DNS) are still limited to the simulation of low Reynolds, academic 
configurations [2][3], the use of large-eddy simulations (LES) allows to compute higher Rey-
nolds number, turbulent flows [4]-[8] more representative of the industrial concerns. However, 
performing a Large Eddy Simulation (LES) of a turbulent jet able to reproduce the experi-
mental behavior is still a challenge despite the progresses made over the recent years. One of 
the difficulties is to obtain a turbulent jet flow right from the exhaust of the nozzle, as in real 
jets [9] for Reynolds numbers over 105. A very fine resolution of the boundary layers inside 
the nozzle is then necessary, which leads to prohibitive computational resources for experi-
mental boundary layers thickness. So, the numerical jets tend to be laminar at the nozzle exit 
and as a consequence, strong vortex pairings appear in the shear layer, what usually does not 
occur in the experiments at higher Reynolds numbers. An additional noise source is then ob-
served in the numerical far-field pressure spectra in the medium frequencies when compared 
to the measured ones [10]-[13]. Downstream of the laminar part of the flow, the transition to-
wards the turbulent regime is then abrupt, as seen through shear layer properties (faster 
spreading rate), leading to an underestimation of the potential core length. A key issue of the 
success of such simulations is to provide boundary conditions representative of the anechoic 
facilities where jet noise experiments are performed. Several approaches have been developed 
to allow the turbulent transition of the jets. It is a difficult problem because the jet forcing 
must generate a minimum spurious noise, in order to avoid to contaminate the acoustic field. 
The jet development is strongly linked to the initial turbulent or laminar shear layer state, as 
observed by Zaman [9], the latter leading to additional noise. Non-reflecting conditions are 
required at lateral and outflow boundaries to model the free-field conditions and to avoid spu-
rious noise contamination of the physical sound field [14]. For a detailed review of available 
numerical boundary conditions for aeroacoustic simulations, the reader may refer to Tam [15]. 

Several authors such as Ukeiley and Ponton [16], Suzuki and Colonius [17], Muller et al. 
[19], Fayard et al. [20], or Hall et al. [21] highlighted the importance of the low order azi-
muthal modes particularly for position close to the potential core end. Previously, Lorteau et 
al. [22] performed an analysis of the near field pressure from an experimental database of an 
isothermal and a hot subsonic jet. They established the existence of a sector linked to an 
acoustic behaviour in the near field in which the low frequencies around St = 0.2 and the axi-
symmetric mode are dominant.  

In the present work, a numerical simulation using the LES methodology is carried out on a 
hot subsonic jet in order to analyze its near pressure field and its links to the jet flow and to 
the acoustic far field. The influence of mesh resolution on jet flow development and noise ra-
diation is investigated using LES combined with the Ffowcs Williams & Hawkings surface 
integral formulation [23] to simulate the far-field noise. No turbulence seeding is made in the 
boundary layers. Several experimental [19][24] and numerical investigations [10][18]- 
[20][22][25][26] in the past were carried out on this jet configuration and experimental data 
are available for comparison with simulation results. The paper is organized as follows. De-
tails of the simulated configuration are given in section 2, where the geometric configuration, 
numerical parameters for flow and noise simulations and the computational grids are also de-
scribed. Unsteady and steady flow fields and radiated noise are then presented in Section 3 
through comparison with experimental data acquired on the same jet configuration. Mean 
flow and turbulence evolutions are especially detailed upstream and downstream of the nozzle. 
Several effects of the meshing on the aerodynamic and acoustic fields are also presented in 
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this section. Near and far fields are analyzed and different control surfaces are used for the 
FW-H formulation and compared. 

2 JET CONFIGURATION 

The geometry considered is a round nozzle with an exhaust diameter D of 80 mm. The jet 
static temperature is Tj = 830 K and its Mach number is Mj = 0.7, which corresponds to a jet 
velocity Uj of 410 m/s. The Reynolds number based on nozzle diameter is ReD = Uj D/ν = 4 × 
105, where ν for the kinematic viscosity. The ambient pressure and temperature are p0 = 
101,325 Pa and T0 = 280 K, respectively. Aerodynamic and acoustic measurements, per-
formed in the CEPRA19 anechoic facility of Onera [19] [24] are available for comparisons 
with simulations. The characteristics of this single jet are provided in Table 1. They lead to a 
Reynolds number of 400,000 based on the nozzle diameter and the jet velocity. Because of the 
high temperature of the jet, the jet velocity Uj at the nozzle exit is lower than the local sound 
velocity cj but higher than the sound velocity c∞ outside the jet. So, the local Mach number 
M j=Uj/cj is subsonic whereas the convective Mach number Mc=(Uj+cj)/(cj+c∞) is supersonic. 
The following table summarizes the jet characteristics with subscripts j, tot and ∞, respec-
tively, representing jet exit conditions, jet total stagnation characteristics and ambient condi-
tions. 

Uj (m.s−1) Mj T j /T∞ U j /c∞ Ttot /T∞ T∞ (K) ReD p tot /p ∞ 

410 0.7 2.96 1.2 3.2 280 4 × 105 1.4 

Table 1: jet characteristics with subscripts j, tot and ∞, respectively, representing jet exit conditions, jet total 
stagnation characteristics and ambient conditions. 

The computational domain is cylindrical and extends from X/D = -29 to 100 and has a ra-
dius of 80D. An illustration of the nozzle with a detail of the nozzle exit is given in Figure 1. 
Inside the nozzle, the inflow condition is located 7.15 diameters upstream of the exhaust. A 
first contraction is present for -6 < X/D < -5.5, followed by a slowly converging shape up to 
the nozzle exit where a second contraction is visible (-0.16 X/D). The nozzle fairing starts 
with a radius of 2.5 diameters at X/D =-29 to -18.5 and converges up to X/D = -13 with an 
angle of 4.3◦ and then up to X/D = -0.5 with an angle of 6.9◦ . At the exhaust, an angle of 
16.4◦ is visible. 

Figure 1: Illustrations of the nozzle shape. 

2.1 Grid parameters 

Two meshes have been used in this study. The first one called 'Fine' is issued from Huet 
[10] and consists in 30x106 cells, while the second one called 'Very Fine' contains 240 x106 
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cells and was provided by Lorteau et al. [22]. The grid of both meshes is axi-symmetrical and 
structured and includes a O-type treatment on the jet axis to ensure that hexahedral cells have 
an homogeneous size in the core region. A refined zone which extends downstream of the 
nozzle exit from (X/D = 0 ; r/D = 2) to (X/D = 25 ; r/D = 5) and upstream of the nozzle exit 
up to (X/D = -2 ; r/D = 2.4) has been imposed for a good resolution of the jet flow develop-
ment. Bogey et al. [12] tested different azimuthal discretizations and showed the importance 
of this grid parameter on the shear layer development and jet properties: the 'Very Fine' grid 
has four times more cells (480) in the azimuthal direction than the 'Fine' grid (120). The grid 
is stretched from a refined zone, in which the flow is accurately calculated, to the simulated 
domain boundaries in order to damp acoustic waves before they reach the borders and thus 
avoid spurious reflections. The details of mesh refinement can be found in the respective pa-
pers [10] [22]. The main characteristics of both grids are summarized in Table 2. 

Grid name ∆x/D (%) ∆rj /D (%) rj.∆θ/D(%) St cut Number of Cells×106 T.Uj /D 
Fine 0.25 0.25 2.6 0.5 30 512 
Very Fine 0.06 0.03 0.6 1 240 449 

Table 2: Characteristics of both grids, ∆x/D and ∆rj /D at X/D = 0 and rj.∆θ/D at rj = D /2, the number of cells 
(×106), and non-dimensional simulation time. 

2.2 Numerical methods and boundary conditions 

The aerodynamic solver FUNk [27] used in this study, is based on the compressible Na-
vier–Stokes equations expressed in conservative form. The spatial discretization method is 
based on the cell-centered Finite Volume methodology (FVM) on structured grid. An upwind 
biased scheme, with a third-order MUSCL interpolation scheme of AUSM+(P) family is used 
for the convective terms. A second-order-accurate centered scheme is used for viscous fluxes. 
The time integration is carried out by means of a third-order compact Runge–Kutta scheme. 
Two approaches are commonly used to perform LES with classical FV methods: explicit sub-
grid stress models are used to represent the effect of the unresolved scales of motion on the 
large scales and the second method consists in using the Monotonic Integrated Large-Eddy 
Simulations (MILES) proposed by Boris et al. [28]. The latter is based on the assumption that 
the intrinsic dissipation of an upwind scheme is able to mimic the dissipative behavior of the 
unresolved turbulent scales, and that when using such a scheme, no subgrid model is needed. 
This approach has been used in the present study. 

At the entrance of the nozzle, uniform stagnation pressure, temperature profiles and veloc-
ity direction are imposed, thus, the boundary layers develop freely. Outside the nozzle, static 
pressure p

∞
 = 101 325 Pa is imposed at the outflow boundary. On the lateral and upstream 

boundaries, non-reflecting boundary conditions are imposed using uniform external flow 
(static temperature T

∞
 = 280 K and velocity U

∞
 = 5 ms−1). All the walls are assumed to be 

adiabatic. The time step of the Runge-Kutta scheme is ∆t = 2× 10−8 s for Very Fine mesh 
(Fine: ∆t = 2× 10−7 s). 

The simulation is divided in two parts: 
A first run (~ 100ms) is carried out to reach an established state for the turbulent jet 

mixing layer and for the acoustic field. 
 Then, the computation is performed for a physical time of about 100ms (500 D/Uj) for 
the aerodynamic and acoustic analyses. During this second run, time-averaged quantities 
are computed and instantaneous fields on the FW-H control surfaces are stored for acoustic 
analysis in far field. This time step storage for the FW-H calculations is small enough to 
correctly take into account the temporal scales of the acoustic phenomena.  
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Time histories of flow variables are also stored in the near field, on the jet axis, around the 
potential core end, and in the shear layer. Most of the signals are located inside the refined 
mesh zone. A common time step of ∆tsto = 10−5 s (i.e., ∆tsto ~ 0.05D/Uj) has been used for 
all the storages. 

2.3 Acoustic computation 

The noise radiation is performed using the Ffowcs Williams and Hawkings surface formu-
lation available in the code KIM [29] developed at ONERA. This formulation computes time 
pressure histories at any observer location by integration of the flow field solution on a con-
trol surface surrounding the jet and containing all the noise sources. For the Very Fine grid, 
two closed control surfaces extend over the entire length of the refined mesh zone, i.e., from 
X/D = -2 up to X/D = 25, while for the Fine mesh the same surfaces are not closed. These sur-
faces differ by their radial extent. The far field microphones are located at 75D from the noz-
zle exit for the directions between 20◦ and 150◦, as in the experiments. Due to the spurious 
noise generated in aeroacoustics computations by the flow turbulence passing through a con-
trol surface, additional surface terms proposed by Rahier [30] are added in order to reduce this 
spurious noise. The results using different configurations of the control surface together with 
these additional surface terms is analyzed in the present paper. 

3 AERODYNAMIC AND ACOUSTICS RESULTS 

In this section, aerodynamic and acoustic results of the simulations with comparisons to 
measurements are presented and discussed in order to see how they reproduce the jet configu-
ration. The mesh effects will be studied through the results comparison between both grid 
"Fine" and "Very Fine" with experimental data. First of all, the shear layer development and 
its initial state are studied. Then, the jet development is examined and how the near and far 
pressure fields match the experimental data. 

3.1 Jet development 

Figure 2 reproduces unsteady vorticity norm |ω| at the nozzle exit for both grids (left: Fine, 
right: Very Fine). It appears that, for the fine simulation, a part of the shear layer is laminar 
and exhibits pairings downstream of the nozzle exit. On the other hand, the transition from a 
laminar state to a turbulent state appears sooner for the Very Fine simulation (around X/D = 
0.02) than for the other simulation (around X/D = 0.05). Moreover, the vorticity levels are 
higher in the Very Fine simulation, especially in the shear layer. As can be seen on axial vor-
ticity snapshots in the plane Z/D=0 presented in Figure 3, the Very Fine simulation shows a 
vorticity field richer in small structures more tridimensional with more intense vortical struc-
tures than the Fine simulation. These results are confirmed by the snapshots of instantaneous 
axial vorticity for -20 Uj /D ≤ωx ≤ 20Uj /D in the three planes (from left to right) X/D=0.25, 
0.5 and 1 for both meshes (top: Fine, bottom: Very Fine). Both simulations have similar vor-
ticity field despite having different grid resolutions. An enlargement of the latter is given in 
Figure 4 in the plane X/D=0.25 for both meshes (left: Fine, right: Very Fine) and allows to 
understand the discrepancies between both simulations.  
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Figure 2: Instantaneous vorticity norm for 0 ≤ |ω| ≤ 200Uj /D in the plane Z/D=0 
downstream of the nozzle lip for both meshes (left: Fine, right: Very Fine). 

Figure 3: Instantaneous axial vorticity for -20 Uj /D ≤ωx ≤ 20Uj /D in the three planes (from left to right) 
X/D=0.25, 0.5 and 1 for both meshes (top: Fine, bottom: Very Fine). 

Figure 4: Enlargement of the grid in the plane X/D=0.25 for both meshes (left: Fine, right: Very Fine). 

The shear layer state presented previously has an impact on the jet development. As can be 
seen in Figure 5, both simulations have different evolutions of the mean and rms axial veloc-
ity on the jet axis. The potential core Lc /D corresponds to Umean/Uj=0.95. Compared to ex-
perimental data, the Fine simulation has a shorter potential core length, around Lc /D = 4.6, 
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while the Very Fine simulation has a larger one with Lc /D = 6.3. The axial location of the 
peak of rms for the Very Fine simulation is shifted downstream compared with the one ob-
tained experimentally. Both simulations have a lowest peak of rms velocity compared to the 
experiments, due to the rms level (0.03) already present at X/D=0 in experimental measure-
ments. The mesh refinement shows an impact on the rms peak location, but not on its level. 

Figure 5: Comparison of the axial evolution on the jet axis of the mean and rms axial velocity for both simula-
tions with experimental data. 

Figure 6 shows rms values of the axial velocity normalized by the jet velocity as well as 
both control surfaces (S1, S2) for the Very Fine simulation. The highest levels of turbulence 
are located in the shear layers; they start at the vicinity of the nozzle exit and end downstream 
of the potential core, for X/D ≈ 10. This region of high turbulent fluctuations represents the 
major part of the acoustic sources, that radiate to the far-field. For axial positions downstream 
of X/D = 10, where Urms /Uj = 13% close to the jet axis, the fluctuation level decreases with 
increasing axial distance. The turbulence level falls for instance to 5.5% of the jet velocity at 
X/D = 25 and to 4.1% at X/D = 30. An enlargement of Urms /Uj in the vicinity of nozzle exit 
displayed in Figure 7 shows the flow laminarity at this location and confirms the beginning of 
turbulence around X/D = 0.02 found in the instantaneous vorticity field in Figure 2.  

Figure 6: Iso-contours of rms axial velocity in the plane Z/D = 0 and integration surfaces (S1:blue and S2: purple) 
for acoustic calculations. 
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Figure 7: Iso-contours of rms axial velocity in the vicinity of nozzle exit. 

3.2 Near field pressure 

Thanks to pressure time histories stored in the near field, Figure 8 represents the axial evo-
lution of the rms pressure levels, azimuthally averaged, at three different radial positions (r /D 
∈ {1.5; 3; 5}) for the Very Fine simulation and experimental data. For the three radial posi-
tions, a good agreement is observed between numerical and experimental data for X/D ≥ 4. 
However, for axial positions near the nozzle exit, an overestimation can be observed, espe-
cially for radial positions close to the jet (r/D = 1.5). At the location r/D=5, there is a good 
agreement between the experimental data and the simulation.  

r/D=1.5 r/D=3 r/D=5 

Figure 8: Comparison of the longitudinal evolution of the rms pressure at radial positions r /D ∈ {1.5; 3; 5} 
between the Very Fine simulation and experimental data. 

Hall et al. [31], Coiffet [32] and Muller [18] among other authors studied the azimuthal 
structure of near field pressure and observed that low wave number modes are dominant and 
the axisymmetric one (m=0) has a downstream growing contribution. The modes |m| < 5 in-
clude the most part of energy in the near field. The Strouhal number St is defined by St = f .D 
/Uj where f corresponds to the frequency. The power spectral density (PSD) of the pressure 
signal of the axisymmetric mode are presented in Figure 9 for three different axial positions 
X/D=0, 4 and 8 and for two radial locations r/D=1.5 and 5. The overestimation observed for 
rms pressure levels at the location X/D=0 and r/D=1.5 is also visible on the power spectral 
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density (PSD) of the pressure signal for St ∈ [0.4; 4]. A better agreement is observed when 
the axial distance is increased, which means that the sound radiated downstream is captured 
more accurately than the sideline radiated noise, because the turbulence fine scales require an 
higher mesh refinement. The effect of numerical dissipation on the PSD is also noticeable in 
Figure 9 at r/D = 5 for St ≥ 1. Apart from the overestimation visible for positions close to the 
nozzle exit, a good agreement between numerical and experimental data is found for axial po-
sitions X/D ≥ 4. The near field pressure is thus considered well reproduced by the simulation 
except for a zone around the nozzle exit. 

X/D=0 X/D=4 X/D=8 

Figure 9: PSDs of the pressure field in the near field for different axial and radial positions : 
r /D = 1.5 (top), r /D = 5 (bottom) for m=0. 

3.3 Far field pressure 

The integration of the Ffowcs Williams and Hawkings (FW-H) equation on a porous sur-
face allows determining the pressure radiated by a volume of perturbed fluid knowing the per-
turbation field on a closed control surface surrounding this volume. It is often used for noise 
prediction of isolated jets for which a control surface enclosing the mixing layer should con-
tain all the noise sources. In theory, the control surface must be closed, but open surfaces can 
be used in practice if their extent is sufficiently large to enclose the noise sources adequately. 
However, if the control surface is closed, that reduces its extent and thereby the volume of 
data to be stored. In the present study, the FW-H method is used to analyze the acoustic con-
tent of the LES fields through the radiated pressure obtained in the far field. These radiation 
calculations are performed with two control surfaces S1 and S2 drawn in Figure 6, that axial 
and radial expanses are given below: 

- Surface S1: from Xmin/D = -2 to Xmax/D = 25, rmin/D = 1.69, rmax/D = 4.52 
- Surface S2: from Xmin/D = -2 to Xmax/D = 25, rmin/D = 1.98, rmax/D = 4.91 
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These surfaces are open for the "Fine" simulation and closed at X/D = -2 and X/D = 25 for 
the "Very Fine" simulation, but for this last case the surfaces can be analyzed open. 

The signals obtained for a far field observation point, using the FW–H surface integral on 
the surfaces S1 and S2 open at both ends are compared in Figure 10. The predicted time histo-
ries are very similar and quite identical for both surfaces. This suggests firstly that the volume 
sources outside the control surface S1, not taken into account in the present acoustic analysis, 
make a very weak contribution to noise radiation. This result validates the choice of these 
control surfaces for the FW–H formulation. These similar signatures also demonstrate that the 
perturbation fields have been correctly transported from S1 to S2 by the aerodynamic calcula-
tion and therefore the CFD grid is sufficiently dense for a correct propagation of perturbations 
to the control surfaces. In the following analysis, only the surface S1 for "Very Fine" simula-
tion is presented. 

Figure 10: Time history of the pressure predicted in the far field (30°, 60° and 120°) using FW–H formulation on 
both integration surfaces for "Very Fine" simulation. 

Figure 11 : Pressure Spectral Densities for four observer locations at r = 75D for both simulations compared to 
the experimental data. 

The acoustic analysis is performed for 37 observation points uniformly distributed on a 
circle located in far field (75D from the nozzle exit) and centered on the nozzle exit, for com-
parison with experimental results. Their angular position θ is defined with respect to the jet 
axis and ranges from 0° (downstream) to 180° (upstream). The radiated pressures at the ob-
server points are exploited only on 78 ms because of non reliable values in the beginning and 
in the end of the signals (incomplete contribution of the control surface because of the acous-
tic propagation delays). These radiated pressures are described also using a time step of 10−5 s. 
Fourier Transforms are applied on these signals and the levels are averaged over eight fre-
quencies in order to smooth the spectra. These spectra are plotted for the range [0.2–20 kHz].  

The comparison of the PSD between both simulations with open control surfaces and ex-
perimental data presented in Figure 11 for different angles 30, 60, 90 and 120° shows globally 
a better agreement for the Very fine simulation than for the Fine simulation with experimental 
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data. Underestimations are found for low frequencies St ≤ 0.1 and a slight overestimation for 
angles ≥90° for frequencies St ≥ 1. 

Figure 12: Pressure Spectral Densities for four observer locations at r = 75D for the Very Fine simulation (open, 
closed, closed + additional terms) compared to experimental data. 

In [30], Rahier et al. proposed additional surface terms in order to reduce the spurious 
noise generated in aeroacoustic computations by the flow turbulence passing through a 
Ffowcs Williams and Hawkings (FW-H) control surface. This spurious noise is due to the fact 
that some volume sources are not taken into account in the calculations limited by surface in-
tegrations. An expression of additional surface terms representing an approximation of the 
missing volume integral has been defined. These additional terms include two separate Dop-
pler amplification effects, respectively related to the flow velocity and to the control surface 
velocity and can be applied to any fixed or moving, rigid or deformable control surface. Com-
pared to the use of open control surfaces, closed surfaces have the advantage of filtering any 
acoustic wave coming from the boundaries of the CFD grid. Another advantage for jet noise 
predictions is the ability to use shorter control surfaces that are less penalizing for the CFD 
grid refinement and for the storage of aerodynamic data for acoustic calculations. Short con-
trol surfaces have however the drawback of not taking correctly into account the refraction 
effects for the low angles of observation. 
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In the following, three configurations are tested and compared on the Very Fine simulation 
on the surface S1: 

- LES Very Fine open : calculations without additional flux terms with the control surface 
S1 open at both ends. 

- LES Very Fine closed : calculations without additional flux terms with the control surface 
S1 closed at both ends. 

- LES Very Fine closed +AT : same as previously with additional flux terms. 
Figure 12 presents the spectra comparison obtained for four observation angles, 30°, 60°, 

90° and 120° for the three previous cases. Globally, for medium and high frequencies the PSD 
levels do not depend on the control surface and are in fairly good agreement with the experi-
mental results. In contrast, at low frequencies the levels vary a lot with the control surface 
choice and appear to be largely overestimated for closed surface without additional terms. The 
more the angle is large, the more the overestimation concerns a wider band of frequencies. 
The stability of the results for the dominant frequencies of the actual acoustic radiation of the 
jet confirms that the main noise sources are contained inside the surface S1, because this sur-
face extends very far downstream. It also confirms that open control surfaces commonly used 
for jet noise predictions can provide reliable results except for low frequencies.  

 

 
Figure 13: the overall sound pressure level (OASPL) directivity in the far field  

for Fine and Very Fine (open, closed, closed +AT) simulations and experimental data. 

The Overall Sound Pressure Levels (OASPL) for the directivities are calculated in the 
range [0.2–20 kHz] i.e. St ∈ [0.4; 4] in accordance with the experimental data and presented 
in Figure 13. First of all, the comparison between Fine and Very Fine simulations with open 
surface shows clearly the improvement of the directivities due to the mesh refinement in all 
directions, especially in the azimuthal one, so as to obtain isotropic mesh cells with a grid cut-
off frequency sufficiently high. The overall sound pressure level (OASPL) directivity in the 
far field is well predicted by the Very Fine simulation within a ±1 dB margin. However, over-
estimation due to pairings noise still remains, especially in the direction normal to the jet axis. 
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The acoustic directivities confirm that the use of closed control surfaces without additional 
flux terms is not suitable. Using closed control surfaces with additional flux terms seems to 
provide the same acoustic directivities as with an open control surface, because in this study 
this surface is long enough, except for low angles. Both acoustic directivity shapes are very 
close to the experimental data. 

The overestimation for frequencies around St = 1, especially visible at 90◦ in the far field, 
is linked to the one observed in the near field for axial positions close to the nozzle exit (i.e., 
for X/D ≤ 4). Nevertheless, the difference is less visible in the far field. Indeed, at X/D = 0 
and r/D = 1.5, there is an overestimation of around 6-7 dB/Hz, whereas for the signals in the 
far field at 90◦, the overestimation is about 4 dB/Hz. The high overestimation in the near field 
may be attributed to the hydrodynamic pressure, which amplitude decreases according to an 
exponential law, while the acoustic pressure amplitude decreases according to a 1/r 2 law. The 
lower overestimation of 5 dB/Hz observed at X/D = 0 and r/D = 5 can be viewed as a conse-
quence of the dissipation of the hydrodynamic part. 

4 CONCLUSIONS 

The present work deals with the numerical simulation of a hot subsonic turbulent jet using 
LES. The influence of the axial, radial, and azimuthal mesh refinements has been studied, 
thanks to a comparison between the present simulation (Very Fine) and a previous one (Fine) 
on the same jet configuration. The development of the shear layer depends on the mesh re-
finements. The vorticity field in the Very Fine simulation is richer in small structures and 
more tridimensional with more intense vortical structures than in the Fine one. 

Despite having a good development, the shear layer remains laminar at the nozzle exit. 
Compared to the experimental data, the Fine simulation has a shorter potential core length, 
while the Very Fine simulation has a larger one. The axial location of the peak of rms for the 
Very Fine simulation is shifted downstream compared to the experimental one. At the nozzle 
exit, there is no turbulence in the jet center, so both simulations have a lowest rms velocity 
peak compared to the experiments.  

The azimuthal structure of near field pressure confirms that axisymmetric one (m=0) has a 
downstream growing contribution. The overestimation observed for rms pressure levels at the 
location X/D=0 and r/D=1.5 is also visible on the power spectral density (PSD) of the pres-
sure signal for St ∈ [0.4; 4]. Due to the turbulence fine scales, that requires an higher mesh 
refinement, the sound radiated downstream is captured more accurately than the sideline radi-
ated noise. For St ≥ 1 at r/D = 5, the numerical dissipation effect on the PSD is also notice-
able. The near field pressure is thus considered well reproduced by the simulation except for a 
zone around the nozzle exit. 

The Ffowcs Williams and Hawkings (FW-H) formulation is used for acoustic analysis of 
aerodynamic numerical simulations. This acoustic analysis is performed for observation 
points located in far field (75D from the nozzle exit) and centered on the nozzle exit for com-
parison with experimental results. Globally, the mesh refinement contributes to improve the 
Pressure Spectral Densities for different angles compared with experiments, although discrep-
ancies are found for low frequencies (St ≤ 0.1) and for angles ≥90° for Strouhal St ≥ 1. 
Without additional flux terms, the turbulence passing through the downstream closing disk 
generates relatively high levels of spurious radiated pressure, which affects a wide band of 
frequencies, including the low frequencies. The use of closed control surface without addi-
tional flux terms has therefore no real interest for jet noise analysis. The results obtained using 
closed control surfaces with additional flux terms lead to the almost same results as the ones 
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obtained with open surface because the surface extent used in this study is long enough to in-
clude the main acoustic sources. 
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Abstract. Analyzed are the results of experimental and computational studies of influence of 

the incoming flow turbulence level and boundary layer suction on the laminar-turbulent tran-

sition characteristics on straight and swept wings. The experimental investigations were car-

ried out in the low-turbulence TsAGI T-124 wind tunnel. CFD-calculations were made basing 

on the numerical solution of the Reynolds-averaged Navier–Stokes equations (RANS). Turbu-

lence models allowing predict the laminar-turbulent transition were used for closing the sys-

tem of equations. The comparison is made of the predicted laminar-turbulent transition 

characteristics obtained using different turbulence models and the test data. The results of 

application of the semi-empirical e
N
-method and simple empirical criteria for the transition 

prediction are also analyzed.  
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1 INTRODUCTION 

Numerical methods, based on the solutions of the Reynolds-averaged Navier–Stokes equa-

tions (RANS), are widely used nowadays. These equations are closed using semi-empirical 

turbulence models, with some models enabling in principle to calculate the laminar-turbulent 

transition. 

The problems concerning the influence of the free stream turbulence and the extrapolation 

of the experimental data obtained in wind tunnels become very urgent in the process of the 

laminar airplane development. Various active methods of laminar-turbulent transition delay 

can be used, such as boundary layer suction, surface cooling or local heating, etc. Therefore it 

is necessary to have the numerical methods permitting calculate laminar-turbulent transition 

with acceptable accuracy both for wind tunnel and flight conditions, at different boundary 

conditions on streamlined surface. The validation of the transition prediction methods by 

comparison of experimental and calculated data obtained under the simulated influence of the 

above-mentioned factors is of great importance. 

For this purpose the detailed experimental investigations of the transition zone on the 

straight and swept wings were carried out in the low-turbulence T-124 TsAGI wind tunnel. 

The influences of the incoming flow turbulence and acoustic disturbances were studied on the 

straight and swept wings models with laminar profile LV6 [1-3]. To increase the level of the 

flow turbulence, the turbulence grids were used. The effect of local boundary layer suction on 

the laminar-turbulent transition was studied on the model of low-sweep wing with the sym-

metric profile SR-0012 [4]. The air suction was realized through the slots in the model sur-

face. The laminar-turbulent transition was detected using three independent methods: the 

china clay coating, the Stanton probes and the single-wire constant-temperature anemometer. 

The time-averaged and pulsating flow components in the boundary layer were measured by 

the hot-wire method. 

The possibilities of application of different methods for prediction of the laminar-turbulent 

transition and for investigation of the increased free stream disturbances effect on the transi-

tion characteristics on the straight and swept wings models with laminar profile LV6 were 

analyzed earlier in conference papers [5, 6]. In particular, the measured characteristics of the 

boundary layer on straight wing were compared with the results of calculations based on the 

turbulence models of Langtry–Menter [7] and Walters–Cokljat [8]. The results of using the 

semiempirical e
N
-method and some simple empiric criteria for prediction of laminar-turbulent 

transition both for straight and swept wings with LV6 profile also were analyzed. 

In the present paper the application is studied of modern turbulence model [9] based on the 

transport equation for the intermittency, to prediction of the laminar-turbulent transition on 

the swept wings surfaces for both the increased turbulence level of the incoming flow and the 

presence of the boundary layer suction. Comparison is made of the predicted laminar-

turbulent transition characteristics for straight and swept wings with the LV6 airfoil. The 

comparative analysis of the computed boundary layer parameters and the experimental data is 

fulfilled [1-4]. 

2 AERODYNAMIC FACILITY 

The experimental investigations of the effects of the incoming flow turbulence and local 

boundary layer suction on the laminar-turbulent transition on straight and swept wings were 

carried out in the low-turbulence T-124 TsAGI wind tunnel [10].  

TsAGI T-124 subsonic wind tunnel (velocity range – U0 = 2…100 m/s) is a closed-circuit 

compressor wind tunnel with test section dimensions of 1 m×1 m×4 m. Wind tunnel Т-124 is 

remarkable for sufficiently low initial turbulence level and low noise. These characteristics 
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were achieved by means of applying high contraction ratio in the nozzle (17.6), high accuracy 

of maintaining the fan speed, using deturbulizing meshes in the settling chamber with the in-

ner cell size of 0.7 mm, applying diffuser with a small opening angle, thorough finishing of 

the inner surfaces of the facility’s channels and making of wood almost all basic elements of 

the wind tunnel with the exception of the test and fan sections. So, for the flow speed of less 

than 80 m/s the level of initial turbulence appears to be only 0.05%. It creates favorable con-

ditions for researches of the boundary layers development leading, in the end, to the laminar-

turbulent transition. 

3 INVESTIGATIONS OF THE INFLUENCE OF INITIAL FLOW TURBULENCE 

LEVEL ON THE LAMINAR-TURBULENT TRANSITION ON STRAIGHT AND 

SWEPT WINGS WITH LAMINAR PROFILE LV6 

3.1 Description of the models and experimental techniques  

The tests described in this section are the continuation of the researches completed in 

TsAGI in the framework of the TELFONA project (6
th 

European FP) [1], which are devoted 

to investigations of the possibilities of implementation of different calculation methods to the 

predictions of the laminar-turbulent transition and the influence of higher disturbance back-

ground level on its characteristics. 

The LV6 airfoil model is a rectangular wing with the chord of 1000 mm and the span of 

998 mm. This airfoil was designed by DLR as part of the TELFONA Pathfinder Wing design 

activity. The shape of the laminarized airfoil is close to symmetric one. The model is placed 

in the closed test section of the wind tunnel T-124 from wall to wall at the equal distances 

from the floor and from the ceiling. Since such wing position permits to avoid the formation 

of tip vortices, the modeling of the flow over the “infinite span” wing is performed in the best 

way and the flow in the middle section of the model may be considered as two-dimensional. 

The photographs of the 2D LV6 airfoil model before and after installation in the test section 

of the T-124 wind tunnel are shown at Figure 1. The right photo shows also the XZ-traverse 

sting, the sting extender and Y-traverse gear. 

 

Figure 1: 2D LV6 airfoil model before and after installation in the test section of the T-124 tunnel 
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The second model has been tested is the wing section model with the sweep angle χ = 35°, 

with the chord length along the free stream direction C = 1000 mm and the span of 998 mm. 

This model has the same shape of the LV6 laminar airfoil in the section along free stream di-

rection, with the relative thickness of 11%.  

In the closed test section of the T-124 wind tunnel the swept wing model was also placed 

at the equal distances from the floor and from the ceiling from wall to wall. The overview of 

2.5D swept wing model with 3D traverse gear in T-124 wind tunnel test section is presented 

in Figure 2. In order to prevent the spreading additional disturbances along leading edge from 

the junction area of the wing and right side (in stream direction) test section wall, the model 

was equipped with the fence. The fence was fixed at distance of 120 mm from the right wall 

of the test section.  

 

Figure 2: 2D LV6 airfoil model before and after installation in the test section of the T-124 tunnel 

Regimes at angles of attack  = −2° and 0 were chosen for further investigations in swept 

wing boundary layer. Both models have the relative thickness of 11%. The experiments were 

conducted at free stream velocity U0 = 80 m/s that correspond to Reynolds number 5.5×10
6 

based on full chord of the model and Mach number 0.24. The system of coordinates was used 

with the longitudinal axis X directed perpendicularly to the leading edge of the wing, and the 

transversal axis Z directed along the leading edge.  

The objective of the test was to study the transition mechanism associated with the Tollmien-

Schlichting waves or cross-flow instability development in the 2D flow or infinite swept wing 

condition. Before the main tests, it was necessary to make certain that in the central part of the 

models there are areas in which the flow parameters do not depend on the lateral coordinate Z. 

For this purpose both models were equipped with three rows of pressure taps (Figure 1). Also 

before the main measurements the Y-traverse influence on the averaged flow was investigated 

by means of the model pressure distributions comparison for two test conditions – with and 

without the Y-traverse gear. Data analyses showed that the traverse gear influence on the 

pressure distributions was rather small [1, 2]. 

For both 2D and 3D cases at  = 0 the pressure distributions have the following specific 

features: after the domain of flow acceleration (X/C < 0.15) there is a region practically with-

out the pressure gradient. In this zero pressure gradient region the measured boundary layer 

velocity profiles coincide very well with Blasius solution for 2D case. On swept wing model 

there is favorable pressure gradient region at  = −2, 0 < X/C < 0.5. 

3D traversing 

mechanism 
Fence 
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The hardware component of the measuring system used consists of the single hot-wire with 

CTA DISA 55D01, a container for 32 pressure transducers, and an automatized traverse gear, 

which are connected to the PC through the input/output subsystem.  

The experiments were carried out at three flow regimes: at the natural conditions of the 

wing tunnel test section and with the elevated free-stream turbulence level generated by two 

grids. Grids were installed at the point of entry to the test section. Turbulence level Tuu (based 

on longitudinal component of pulsations urms) at the model leading edge estimated by the val-

ues of 0.7% for grid № 1 and 1.1% for grid № 2. Turbulence level Tu (based on three compo-

nents of pulsations) at the model leading edge estimated by the values of 0.61% for grid № 1 

and 0.91% for grid № 2 due to some degree of anisotropy of generated turbulence 

(vrms/urms = 0.73…0.78). For natural conditions Tu = 0.064%. The Taylor micro-scale of tur-

bulence for the longitudinal pulsations appeared to be equal to 5–6 mm for both grids. Longi-

tudinal integral turbulence scale was made by means of integration of the autocorrelation 

function. For grid № 1 the value of this scale was 21.3 mm and 44.7 mm for grid № 2.  

In all experiments the region of laminar flow destruction was determined by studying the 

intermittency  in the boundary layer. The following model [11] for  was used in the transi-

tion region 

  












2

0

exp1 tXX
U

n
, 

where Xt is the coordinate of the transition inception, n is the rate of turbulent spots generation 

in the domain of their emergence, and  is a kinematic parameter depending on the velocity 

and angle of propagation of turbulent spots. It was demonstrated [11, 12] that this dependence 

can be used to describe transition regions in various flows. In particular, in the majority of 

flows, the function  

)1ln( F  

in the transition region could be approximated by a straight lines. The crossings of these lines 

with X axis were chosen as Xt positions, while the value  = 0.99 (F = 2.14) was chosen to 

specify the location of transition completion XT. In order to characterize transition location 

with single parameter the position where  = 0.5 is referred below as X0.5. ΔX = XT − Xt gives 

the length of transition region.  

All intermittency measurements were performed at the height in the boundary layer corre-

sponding to U/Ue = 0.5, i.e. in the middle of boundary layer (Ue is local external velocity). It 

allowed conducting the measurements in 3D boundary layer with single-wire probe, because 

the angles between direction of U0 and local streamline at this height in the measurements re-

gion didn't exceed 2–4 so resulting error didn't exceed 2%. The additional details of experi-

mental techniques could be found in [2, 3]. 

3.2 Modelling of laminar-turbulent transition on the basis of numerical solutions of 

the Reynolds-averaged Navier–Stokes equations 

Calculations were performed on the basis of numerical solutions of the Reynolds-averaged 

Navier–Stokes equations, implemented in the software package ANSYS CFX (TsAGI’s Li-

cense №501024). 

The mathematical model of the test section, as well as the geometry and the positions of 

the wings in the wind tunnel fully comply with the conditions of the experiment. 
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Turbulence models are used to close the Navier -Stokes equations which enable in princi-

ple to calculate the laminar-turbulent transition [7-9] .  

Model γ − Reθ [7] was developed by F. Menter and R. Langtry on the basis of the shear stress 

transport (SST) equation model. The transition characteristics are defined using the intermittency 

coefficient  and number μ/ρθeR
~

θ U
t
 , corresponding to Reynolds number at the transition be-

ginning, defined using the local velocity U and momentum thickness . Both parameters,  and 

tθ
eR

~
 are defined from the solution of the corresponding differential transport equations.  

The results of the CFD-studies of the laminar-turbulent transition on the straight wing 

completed using θReγ 
 
Langtry and Menter model and another well-known model of the 

laminar-turbulent transition by Walters and Cokljat [8], are presented in paper [5]. Compared 

with the Walters and Cokljat transition model based on the transport equations for laminar 

and turbulent kinetic energy, Langtry and Menter model demonstrates more reliable results. 

 

Figure 3: The block - scheme of calculating the position of laminar - turbulent transition on the basis of the mod-

el Langtry–Menter [7] 

For calculations by means of the ANSYS CFX software the unstructured finite-difference 

mesh was generated. The total number of nodes in the computational domain reached 11 mil-

lion and the nodes were combined into volume elements (tetrahedra and prisms). The total 

number of volume elements is 26.5 million, the total number of tetrahedra being 6.8 million. 

An additional thickening of mesh was made on the upper surface of the wing, as a result of 

which the maximum size of an element on the upper surface did not exceed 3 mm. 

The turbulence intensity is defined experimentally, as a rule, in the aerodynamic model in-

stallation zone. In the numerical methods the turbulence intensity is specified at the inlet to 

the computational domain. There may be some turbulence attenuation depending on the dis-

tance from the inlet to the computational domain x* to the model. 

In modern computational models the turbulence intensity decay is calculated as follows: 
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Here U – mean convective velocity, Tu0 – initial turbulence intensity;  – density,  and 
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 – constants of the SST (Shear Stress Transport) model of turbulence. 
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Relative turbulent viscosity RT is defined as:  

,





k
RT  

were  – the specific rate of dissipation of turbulent energy; k – turbulent kinetic energy. 

In the experiments of [1-3] the turbulence intensity was measured in the vicinity of the 

wing leading edge and it was 0.0637% under natural conditions. On the basis of formula (1) it 

is possible to obtain the required turbulence intensity at a given distance from the inlet to the 

computational domain (Figure 4). 

It should be noted that in calculation of the wing flow characteristics, the relative turbulent 

viscosity was taken equal to 1. The values of constants in the SST turbulence model  and 
*
 

were taken 0.09 and 0.0828, respectively. As a model of laminar-turbulent transition the 

γ − Reθ – model of Langtry and Menter was used. The following computational results were 

obtained using standard values of the model constants.  

 
Figure 4: Decay of turbulence intensity depending on the distance downstream 

Reynolds-averaged Navier–Stokes equations are closed using the semi-empirical turbu-

lence models. However only few of turbulence models allow predict the laminar-turbulent 

transition (Figure 5). 

Transition on the swept wing is essentially triggered by the instability of the cross-flow, 

and the presence of both positive and negative pressure gradients contributes to the instability. 

In the turbulence models of Langtry and Menter [7] and Walters and Cokljat [8] the cross-

flow instability is not taken into account. 

Further development of θReγ   turbulence model became new Local-Correlation-Based 

Transition Modelling (-model) model developed by Menter and Smirnov [9], in which the 

possibility of taking into account the crossflow instability was realized. 

It only solves one equation for the intermittency  and is again based strictly on local vari-

ables. Significant effort was invested in ensuring a simple formulation with a limited number 

of user accessible constants, which allow the fine-tuning of the model for specific applications. 

Finally, an additional indicator was developed, which allows the detection of crossflow insta-

bilities and allows its connection to the Arnal C1-criterion [13]. 

It should be noted that since -model of turbulence [9] does not involve the transport equa-

tion for the transitional Reynolds number, this gives a reduction in calculation time compared 

with the time of the calculations based on the θReγ   model of Langtry and Menter applied 

to calculate the laminar-turbulent transition characteristics on a straight wing. 
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Figure 5: Classification advanced turbulence models 

Comparison of experimental and calculated pressure distribution in the central section of 

the upper surface of the wing at zero angle of attack is shown in Figure 6. The dashed-dotted 

line shows the conversion of the pressure distribution on the straight wing to the oblique wing 

with the same flow chord according to the infinite swept wing rule of the linear theory. 

 

Figure 6: The pressure distributions on the upper surface of wings at  = 0 

Experimental and calculated intermittency distributions at natural disturbances background in 

the central section of swept and straight wings, indicating the beginning of the laminar-turbulent 

transition in the boundary layer, the length of the transitional area and the beginning of fully tur-
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bulent flow, are shown in Figure 7. It should be noted that the use of -model in the calculation of 

the laminar-turbulent transition on swept wings for this type of flow provides fairly good accuracy.  

 

Figure 7: Distribution of intermittency  on the upper surface of the wings at  = 0 and Tu = 0.064% 

On the straight wing with the standard values of the model constants of the γ − Reθ model 

there are some differences between the calculated and experimental data (Figure 7). However, 

conducted computational studies on the effect of constants of the γ − Reθ model used to 

calculate the laminar-turbulent transition on a straight wing, allowed set the values of model 

constants that provide a good agreement between the calculated and experimental data 

In experimental studies [1-3] on the effect of free-stream disturbances on the boundary 

layer transition the initial turbulence was varied by installation turbulizing grids at the en-

trance to the test section of WT. According to the measurements of pulsations in the WT 

without models at a distance of 2.4 m from the grid, it was found that in the vicinity of the 

model leading edge the turbulence increases to 0.61% in case of installation of the grid No. 1, 

and increases to 0.91% in case of installation of the grid No. 2. 

As already mentioned above, the degree of turbulence defined at the inlet to the computa-

tional domain attenuated too fast compared with the experimental data. In this regard, the inlet 

to the computational domain was placed closer to the wing model. The turbulence intensity in 

the boundary condition at the flow inlet to the computational domain was set according to the 

formula (1) so that in the wing area the degree of turbulence corresponded to the experimental 

data. In this regard, the inlet in the computational domain was moved closer to the model of 

the wing. The calculations used model of turbulence with standard values of the constants. 

Figure 8 shows the intermittency distribution near the surface of the wing in its middle 

section. This restructure of the computational domain significantly affected the results of the 

calculation at the natural background of flow disturbances (Tu = 0.064%). Comparison of the 

calculated and experimental results shows that in the absence of turbulizing grid -model pre-

dicts earlier laminar-turbulent transition compared with the experimental data. 

With increased degree of turbulence corresponding to the turbulizing grid No. 1, the CFD 

prediction demonstrates sharper increase of intermittency in the laminar-turbulent transition 

zone, but what concerned the position of the point of the transition beginning, calculated and 

experimental data are in satisfactory agreement (Figure 8). The computational prediction of 

the character of the intermittency changes corresponding to the presence of grid No. 2 are in 

good agreement with the experimental data. 
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Figure 8: Distribution of intermittency in the central section on the upper surface  

of the swept wing at zero angle of attack 

At the angle of incidence  = −2° without turbulizing grids calculation gives more up-

stream position of the laminar-turbulent transition compared with the experimental one (Fig-

ure 9). At the presence of both turbulizing grids the position of the laminar-turbulent 

transition shifts forward approximately at the same distance (Figure 9). The experiment shows 

similar effect. Visualization of the skin friction coefficient, demonstrating the calculated posi-

tion of the laminar-turbulent transition, is shown in Figure 10.  

 

Figure 9: Distribution of intermittency in the central section  

on the upper surface of the swept wing at  = −2° 

 

Figure 10: Distributions of skin friction coefficient on the upper surface of the swept wing at  = −2°
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3.3 The results of using of semiempirical e
N
-method and some simple empiric criteria 

Regardless of a significant progress in the development of numerical methods, empirical 

and semi-empirical models of the transition are still widely used in engineering practice. 

The results of using of some simple empiric criteria and semiempirical e
N
-method for pre-

diction of laminar-turbulent transition both for straight and swept wings with LV6 profile 

were analyzed in the papers [5, 6] and [14]. 

For 2D boundary layer at the elevated free-stream-tyrbulence levels the transition length 

was calculated using models by Mayle [12], Solomon et al. [15] and Roberts & Yaras [16]. 

Also in 3D case for low turbulence environment three simple empirical transition criteria 

were applied, namely, Arnal C1 [13], Brown [17], and Barinov–Lutovinov [18]. Finally, 

semi-empirical model recently developed by Ustinov [19] for free-stream-induced transition 

was tried. It based on transient growth idea with subsequent secondary instability of streaks. 

For calculation of hydrodynamic stability characteristics of 2D and 3D three-dimensional 

boundary layers on the LV6 straight end swept wings general numerical matrix method de-

veloped in TsAGI was used [20]. The computation of eigenvalues is performed for real coun-

terpart of initial complex matrix with the use of QR-algorithm. For 2D flow the N-factors 

were computed using envelope method.  

For definition of the laminar-turbulent transition location in the range 0.1% ≤ Tu ≤ 1% 

L.M. Mack [21] proposed the empirical dependence of N-factor vs. Tu.  

The calculated values of the N-factor for 2D boundary layer are compared with the Mack’s 

relation in Figure 11. In the case Grid No. 2, correlation overpredicts the N-factor of the tran-

sition. At Tu = 0.61%, the criterion yields feasible results, especially if the value correspond-

ing to the X0.5 /C is treated as the transition point. In Grid No. 1 and Grid No. 2 cases, the 

N-factors corresponding to Xt /C are equal to zero, i.e., the transition started in these situations 

before the boundary layer lost its stability (by-pass transition). For natural conditions 

(Tu = 0.064%) the laminar separation with turbulent reattachment were observed with the 

value of N = 13.5 at separation. 

 

Figure 11: Dependence of the transition N-factor on the free-stream turbulence level for 2D flow. The solid 

line shows the Mack relation [21], open symbols corresponds to the Xt, solid symbols to the XT, the half-open 

symbols refers to the X0.5 

Because in the 3D boundary layer the external turbulence influence can’t be reliably taken 

into account nowadays using the e
N
-method, for comparison the experimental data, which 

were obtained at the low-turbulence external flow should be used. In these conditions the 

transition line on the swept wings has the serrated form, with critical N-factor values for other 
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values of spanwize co-ordinate possibly being slightly different from the obtained ones. How-

ever, the dimension of turbulent wedges in the longitudinal direction usually do not exceed 

10% of the chord, giving rise to the error in definition of the critical N-factor values no more 

than 1. 

The calculated longitudinal distributions of the N-factor for the cases of angles of attack of 

 = 0 and −2° are shown in Figure 12. 

 

Figure 12: N-factor dependence from the longitudinal co-ordinate: solid line – ' = -2, dashed line – ' = 0, ○ – 

natural condition, Tu = 0.064%, □ –Tu = 0.61%,  –Tu = 0.91%. Open symbols show the transition onset, filled 

symbols – points, where  = 0.99, semi-filled – position  = 0.5. Shooters showed the transition location defined 

by means of criteria С1, Brown (B) and Barinov-Lutovinov (B-L). 

The specific points obtained at different experimental conditions are also marked on these 

curves. Figure 12 demonstrates that at zero angle of attack the calculated N-factor values are 

substantially lower than at  = -2°. It is explained by the fact that according to calculations 

the cross-flow intensity at  = 0 is approximately two times lower than at  = -2°. At 

X/C = 0.2 typical values of the maximum cross-flow velocity in the co-ordinate system asso-

ciated with the inviscid flow streamline are equal to 0.023U0 and 0.042U0 respectively for 

these two cases. N-factor value corresponding to γ = 0.5 for low-turbulence external flow in 

the case of ' = -2° was 11.1. This value practically coincides with the well-known data [22] for 

the tests in the low-turbulence wind tunnels in the presence of cross-flow instability. Howev-

er, for the same external conditions at  = 0 the N-factor value corresponding to γ = 0.5 ap-

peared to be only 5. This value is substantially lower than N-factors, obtained in the condition 

of the increased turbulence at  = -2°, where they were 7.9 for Tu = 0.61% and 7.1 for 

Tu = 0.91% (see Figure 12). It should be noted especially that in all calculation cases the 

cross-flow instability waves has become the most quickly rising ones. In both the experiment 

and calculations the evidence of the longitudinal instability (like the Tollmien-Schlichting 

waves) was unimportant. So, it may be concluded that contrary to the 2D flows, for the swept 

wing boundary layer the semi-empirical e
N
-method (in the variant of the envelope method) 

gives substantial scatter of the critical N-factor values and does not permit to correlate reliably 

the transition data. In the papers [22, 23] similar conclusions were drawn also for other vari-

ants of e
N
-method. The reason of this phenomenon is dominating of the non-linear effects in 

the transition processes in the 3D boundary layer even at low level of the external turbulence.  
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The results of implementation of the criteria [13, 17,18] for definition of the transition lo-

cation in the conditions of the described experiments are also shown in Figure 12. It is shown, 

that C1 criterion [13] at  = -2° gives shifted downstream transition location, and at  = 0 this 

criterion predicts absence of transition up to the separation line in the adverse pressure gradi-

ent zone. Brown criterion [17] has scatter of about 10% of the chord length relative to γ = 0.5 

point in both positive and negative. The best results were demonstrated by the criterion of 

Barinov and Lutovinov [18], which in both cases predicts the transition location shifted 

downstream from the point γ = 0.5 by approximately 5% of the chord, i.e. corresponding to 

γ ≈ 0.8.  

The important findings of the analyses [5, 6] and [14] can be briefly summarized as follow-

ing: 

- The empirical and semi-empirical models, allowing estimate the transition location 

basing only on the averaged flow characteristics are still very robust and effective 

means for laminar-turbulent transition prediction at elevated free-stream turbulence 

level, at least in 2D boundary layers. Some of empirical criteria permit to evaluate the 

transition location on the swept wings, but they can’t be applied at high free-stream 

turbulence level. 

- The e
N
-method rather successfully correlates with laminar-turbulent transition for 2D 

boundary layer; however, the values of N-factor corresponding to transition are sub-

stantially different for various external conditions. Contrary to the 2D flows, for the 

swept wing boundary layer the semi-empirical e
N
 -method gives substantial scatter of 

the critical N-factor values and does not permit to correlate reliably the transition data. 

The reason of this phenomenon is dominating of the non-linear effects in the transition 

processes in the 3D boundary layer even at low level of the external turbulence. 

- In 3D boundary layers at some specific combinations of the pressure distribution and 

free-stream turbulence-level the very uncommon ways to transition could be existed. 

So, it was found that the transition location on the swept wing at high free-stream tur-

bulence shifts downstream compared with the straight wing tests. This fact contrasts 

sharply with the available data concerning the sweep angle influence on the transition 

location at the low-turbulence external flow. This fact must be accounted for careful 

planning of experiments in industrial wind tunnels. 

4 STUDIES OF SUCTION EFFECT ON THE LAMINAR-TURBULENT 

TRANSITION ON THE LOW-SWEPT WINGS WITH SR-0012 PROFILE  

4.1 Experimental investigations  

The experiments [4] were conducted on a wing at zero angle of attack and values of 

freestream speed from 30 to 90 m/s. For this speed range the free-stream turbulence level 

changes from 0.03 to a 0.07%. 

The influence of suction on flow regime in the boundary layer was investigated on the up-

per surface of a wing with the following characteristics: symmetrical airfoil section, sweep 

angle χ = 15°, thickness-to-chord ratio 12%, chord C= 800 mm, span L = 1 m (equal to the 

test section width). Three slots were made on the wing upper surface with length and width 

l0 = 535 mm and h ~ 0.15 ÷ 0.2 mm, respectively. The Reynolds number of the slot is defined as 

Rei,s = vwh/, where vw – average speed of flowing in a slot, – kinematic viscosity coefficient, 
and, the full air expense through a slot Qi =vwhl0, i – number of slot. 

The view of the model in the test section of T-124 WT is presented at Figure 13. The 

scheme of the suction slots location on the wing is shown at Figure 14. 
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Figure 13: The photo of model in test section of T-124 WT

 

 

Figure 14: Scheme of the suction slots location on the wing
 

The wing surface was carefully polished. The wing's construction provided autonomous 

and spanwise uniform air suction through any of the slots. 

Positioning of laminar-turbulent transition at the upper surface of the wing was performed 

at the same speed V∞ = 40 m/s. Identification of flow regimes in the boundary layer on the 

model was carried out with the help of three independent methods: with kaolin coating on the 

lover surface (i.e., in the absence of suction), and on the opposite surface using a modified 

razor-blade technique and by measuring the variation of the intensity of the longitudinal ve-

locity fluctuations ε near wall with a hot-wire anemometer and remotely-controlled traversing 

gear. 

The razor-blade technique turned out to be effective in determining transition zone as well. 

The coordinates of the beginning of the transition zone, СXX t /t , obtained with hot-wire 

anemometer are presented in Figure 15.  
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Figure 15: Measured variations of the intensity of the longitudinal velocity fluctuations ε near wall  

According to this data, 392.0tX  in the case when the suction is absent. The increase in the suc-

tion intensity through the first slot to Re1,s = 216, did not practically affect the transition onset position: 

the coordinate tX  turned out to be 0.45. But having increased Re1,s to 320, this point moved to 

56.0tX . The simultaneous suction from the first and second slots at Re1,s = Re2,s = 216 resulted in 

displacing the transition onset position to 685.0tX . The addition of suction through the third slot 

did not practically influence the transition onset position: in this case tX  was equal to 0.69. It should 

be born in mind that in the two latter cases transition was caused by the separation of the boundary 

layer which cannot be prevented with suction. 

The influence of suction on velocity profiles and velocity fluctuations was investigated as well. 

The air expense through each slot was chosen on the basis of the single principle: it must be suffi-

cient to provide laminar flow behind the streamwise next slot. Thus, the optimum value of Q1 through 

the first slot was considered to be that at which the chordwise distribution of ε reached a minimum just 

behind the second slot. The air expense through the second slot was determined from similar consider-

ations. The suction scheme described has allowed the extent of the boundary layer's laminar part to be 

increased from 40 to 70 percent of the chord. 

4.2 Numerical simulation of laminar - turbulent transition with considering boundary 

layer suction 

Calculations were performed using unstructured computational mesh (Figure 16), consist-

ing of 51.3 million elements and 18.8 million nodes. In the boundary layer zone a special fi-

nite-difference mesh consisting of 50 layers of prismatic elements was created. The thickness 

of the first prismatic layer was 0.005 mm (relative height of the first cell of the computational 

grid y
+
≤1). Total number of prismatic elements is equal to 30 million. 
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Figure 16: SR0012 wing CFD mesh 

The following cases of flow over a wing were considered both in calculations and experi-

ment: 

- Case No.1 – flow without suction; 

- Case No.2 – suction from the first slot at 140Re ,1 s ; 

- Case No.3 – suction from the first slot at 216Re ,1 s ; 

- Case No.4 – suction from the first slot at 320Re ,1 s ; 

- Case t No.5 – suction from the first and second slots at 216ReRe ,2,1  ss ; 

- Case No.6 – suction from the through all three slots at 216ReRe ,2,1  ss ; 100Re ,3 s  

Influence of boundary layer suction on the position of the laminar-turbulent transition was 

calculated using two models of turbulence − -Reθ and - models. The calculated and experi-

mental values of the coordinates of the transition beginning in the central section of the wing, 

depending on the case of the suction of the boundary layer, are shown in Figure 17. 

 

Figure 17: The position of transition in the central section of the wing, depending on the case of the suction 

It can be noted that both models provide an acceptable agreement with the experiment. 

Langtry and Menter θReγ   model shows the results closer to the experimental ones. Com-

pared with the results of measurements CFD-calculation predicts earlier transition. With both 

models calculations were performed using standard values of the model coefficients. Perhaps 
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the selection of model coefficients can adapt this model for better simulation of the experi-

ment described above, but these studies have not been conducted in the framework of this 

study.   

5 CONCLUSIONS  

 The detailed experimental investigations of the transition zone on the straight and swept 

wings were carried out in the low-turbulence T-124 TsAGI wind tunnel. The influences 

of the incoming flow turbulence, acoustic disturbances and local boundary layer suction 

were studied. The validation of various transition prediction methods by comparison of 

experimental and calculated data obtained under the simulated influence of the above-

mentioned factors was performed. 

 The possibilities of application of different turbulence models for prediction of the lami-

nar-turbulent transition and for investigation of the increased free stream disturbances 

and boundary layer suction effects on the transition characteristics in 2D and 3D flow are 

analyzed. 

 The Walters-Cokljat and Langtry-Menter θReγ   turbulence models enable, in principle, 

to predict the laminar-turbulent transition in the cases when the cross-flow instability is 

insignificant. Compared with the transition model of Walters-Cokljat based on the 

transport equation for laminar and turbulent kinetic energy, θReγ  model is more versa-

tile since it allows calculate the intermittency in the transition zone.  

 The possibility of taking into account the cross-flow instability is realized in new Local-

Correlation-Based Transition Model ( - model). This model solves only one transport 

equation for the intermittency  and allows the detection of cross-flow instability with the 

use of the Arnal C1-criterion. 

 Both θReγ   and  - model give acceptable results when modeling the influence of the 

increased level of free-stream turbulence and boundary-layer suction on the laminar-

turbulent transition on the straight and swept wings. However, for application in specific 

conditions the fine tuning of the models is required. So additional researches are neces-

sary to define the operational limits for each of the laminar-turbulence transition models 

to develop recommendations for their practical use. 

 The empirical and semi-empirical models, allowing estimate the location of transition 

basing only on the averaged flow characteristics are still very robust and effective means 

for laminar-turbulent transition prediction at elevated free-stream turbulence level, at 

least in 2D boundary layers. Some of empirical criteria permit to calculate the location of 

transition on the swept wings, but they can’t be applied at high level of free-stream turbu-

lence. 

 The e
N
-method rather successfully correlates with laminar-turbulent transition for 2D 

boundary layer; however, the values of N-factor corresponding to transition are substan-

tially different for various external conditions. Contrary to the 2D flows, for the swept 

wing boundary layer the semi-empirical e
N
 -method gives substantial scatter of the criti-

cal N-factor values and does not permit to correlate reliably the transition data. The rea-

son of this phenomenon is dominating of the non-linear effects in the transition processes 

in the 3D boundary layer even at low level of the external turbulence. 
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Abstract. This paper presents numerical simulations for the prediction of the flow around
the Ahmed body, with the 25◦ and 35◦ slant angles, obtained with the flow solver ISIS-CFD.
A RANS (Reynolds Averaged Navier-Stokes) turbulence model, as EARSM (Explicit Algebraic
Stress Model) and two hybrid RANS-LES models, as DES (Detached Eddy Simulation) and
IDDES (Improved Delay Detached Eddy Simulation) models, are used. All these turbulence
models are based on the k-ω model.The flow for the slant angle 35◦ is well predicted by all
turbulence models with a slight advantage for the IDDES model. However, for the flow with the
slant angle 25◦ , only the IDDES hybrid RANS-LES model predict the recirculation bubble on
the slant.
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1 INTRODUCTION

The external aerodynamics of a car determines many relevant aspects of an automobile such
as stability, comfort and fuel consumption at high cruising speed [1]. The flow around vehicles
is characterized by highly turbulent and three-dimensional separations. There is a growing
need for more insight into the physical features of these dynamical flows, on one hand, and
powerful numerical tools to analyze them on the other hand. Computations based on Reynolds-
Averaged Navier-Stokes (RANS) equations are common in industry today. Although they are
very successful in predicting many parts of the flow around a vehicle, they are unable to predict
unsteadiness in the wake regions. The failure in predicting the base pressure is the major reason
for large discrepancy in drag prediction between experiments and numerical simulations.

In an attempt to improve the predictive capabilities of turbulence models in highly separated
regions, Spalart et al. [2] proposed a hybrid approach which combines features of classical
RANS formulations with elements of Large Eddy Simulations (LES) method. This concept has
been termed Detached Eddy Simulation (DES) and is based on the idea of covering the bound-
ary layer by a RANS model and of switching the model to a LES mode in detached regions.
Compared to classical LES methods, DES save orders of magnitude of computing power for
high Reynolds number flows, due to the moderated costs of a RANS model in the boundary
layer region, but still offers some of the advantage of a LES method in separated regions. A
variant of the DES model, like Improved Delayed DES, IDDES, seems to be attractive [3].

The purpose of this paper is to conduct a validation of the flow around the Ahmed body [4]
to compare RANS model and hybrid RANS-LES methodologies. The Ahmed body is a generic
car geometry comprising a flat front with rounded corners and a sharp slanted rear surface. A
detailed experimental study by Lienhart and Becker [5] has been performed. This was under-
taken for the 25◦ and 35◦ slant angles. While representing a much simplified car, the Ahmed
body provides many of the flow features of a realistic car, such as the large 3D separation region
behind the car body and the roll up of the vortices at the rear corners. The wake behind the body
is a complex interaction between the counter-rotating vortices and the highly turbulent recircu-
lating flow. The structure of the wake and the reattachment point of the recirculation bubble
depend on the angle of the rear slant. At 35◦, the counter-rotating vortices are weaker, which
results in the flow being completely separated over the entire slant. As the angle is reduced, the
strength of the counter-rotating vortices is increased relative to the recirculating turbulent flow.
At 25◦, the flow is able to reattach over the slant.

Both 25◦ and 35◦ slant back angles are investigated in this study to assess the capability
of each turbulence model to capture the important changes in flow physics. These turbulence
models are used with the ISIS-CFD unstructured finite-volume solver.

2 TEST CASE

The Ahmed model used for the numerical simulations is shown in Figure 1. The slant angle
is adjustable and is the main variable model-parameter in the experimental investigations [4].
In this paper, the 25◦ and 35◦ slant angles are investigated. The length of the model is L = 1044
mm, the width is W = 369 mm, the height is H = 288 mm. The length of the slant is l = 222
mm. The ground clearance is G = 50 mm, and the diameter of the four feet, which are used to
secure the model to the floor of the wind tunnel, is φ = 30 mm. The reference axis (X,Y,Z) is
linked to the model. The origin of these axes is related to the point O located on the floor of the
wind tunnel at the base of the model ans in the symmetry plane of the model, see Figure 1.

The upstream velocity is U∞ = 40 m/s. The Reynolds number, based on the length of the
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Figure 1: Ahmed body model with the coordinates system used. Distances are in mm.

model, is Re = 2.78×106. Measurements were performed by Lienhart and Becker [5].

3 FLOW SOLVER

ISIS-CFD, developed by the Ecole Centrale de Nantes and CNRS and available as a part of
the FINE/Marine computing suite, is an incompressible unsteady Reynolds-averaged Navier-
Stokes (URANS) method. The solver is based on the finite volume method to build the spatial
discretization of the transport equations. The unstructured discretization is face-based, which
means that cells with an arbitrary number of arbitrarily shaped faces are accepted. A second or-
der backward difference scheme is used to discretize time. The solver can simulate both steady
and unsteady flows. The velocity field is obtained from the momentum conservation equations
and the pressure field is extracted from the mass equation constraint, or continuity equation,
transformed into a pressure equation. In the case of turbulent flows, transport equations for the
variables in the turbulence model are added to the discretization. A detailed description of the
solver is given by Queutey and Visonneau [6].

The solver features sophisticated turbulence models: apart from the classical two-equation
k-ε and k-ω models, the anisotropic two-equation Explicit Algebraic Reynolds Stress Model
(EARSM), as well as Reynolds Stress Transport Models, are available, see Duvigneau et al. [7]
and Deng and Visonneau [8]. All these are RANS models. A Detached Eddy Simulation (DES)
approach has been introduced, see Guilmineau et al. [9]. Recently, some modifications of this
formulation proposed by Griskevich et al. [10] includes recalibrated empirical constants in the
shielding function and a simplification of the original Spalart-Allmaras-based formulation. This
new model is called Improved Delayed Detached Eddy Simulation (IDDES).

4 NUMERICAL SIMULATION SET-UP

The computational domain starts 2L in front of the model and extends to 5L behind the
model. The width of the domain is 1.87 m and its height is 1.4 m. These dimensions are
recommended for the ERCOFTAC workshop on Refined Turbulence Modelling [11]. The mesh
is generated using Hexpress, an automatic unstructured mesh generator. This software generates
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meshes containing only hexahedrals. For the surface of the car model and the floor, a no-slip
boundary condition is used and the wall normal resolution is set 0.0007 mm, i.e; y+ ≤ 0.7. For
the 25◦ slant angle, the mesh consists of 23.1×106 cells and the model is described by 384,090
faces. For the 35◦ slant angle, the mesh consists of 22.2×106 cells and the model is described
by 379,358 faces.

To capture the unsteadiness of the flow, an unsteady simulation is carried out with the RANS
turbulence models. In this case the time step is ∆t = 0.001 s. The numerical simulation converge
to a steady flow. With the hybrid RANS-LES models, the flow is by nature unsteady and the
time step is ∆t = 2.5×10−4 s. The averaging time, t×U∞/L, in the simulations is 40.

5 RESULTS

5.1 35◦ slant angle

Figure 2 shows the vortex structures by means of the dimensionless Q-criterion for the
Ahmed body with the 35◦ slant angle. For the hybrid RANS-LES models, the visualiza-
tions presents the mean flow. The vortex are more pronounced with the hybrid RANS-LES
approaches than the RANS model.

(a) EARSM (b) DES (avg flow)

(c) IDDES (avg flow)

Figure 2: 35◦ slant angle - Vortex structures around the Ahmed body visualized by iso-surfaces of the non-
dimensional Q-criterion (Q=50).

The flow in the symmetry plane obtained with all turbulence models is reported in Figure 3
together with the experimental results [5]. With the EARSM model, a massive separation in the
wake is predicted while with the hybrid RANS-LES approaches, this recirculation is smaller
and in better agreement with the measurements. With this turbulence modelization, a small
separation is observed at the end of the slant. In the experiments, it is difficult to say if this
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recirculation is present. The shape of the lowest recirculation in the wake obtained with the
IDDES model is in better agreement with the experiments than this obtained with the DES
approach.

(a) EARSM (b) DES (avg)

(c) IDDES (avg) (d) Experiments [5]

Figure 3: 35◦ slant angle - Streamlines in the symmetry plane Y = 0.

Figure 4 shows a comparison of the streamwise velocity in the symmetry plane for the
Ahmed body with the 35◦ slant angle. The experimental profiles are those obtained by Lien-
hart et al. [12]. All turbulence models predict the correct flow, a fully separated flow, in the
symmetry pane. The IDDES model gives a better agreement at the shear layer region.

Figure 5 presents the turbulent kinetic energy (TKE) in the symmetry plane. Each model
gives a good agreement with the experimental data. Even for a fully separated flow, a RANS
model gives a good agreement with the experimental data. This is in agreement with many
previous studies, including the ERCOFTAC workshops [13, 11]. At the shear layer, the IDDES
model over-predicts TKE while the other models under-predict TKE. In the wake, a better
agreement with the experimental data is obtained with the hybrid RANS-LES models.

A comparison of the drag coefficient versus the turbulence model used, with experimental
measurements [4], is given in Table 1. The hybrid RANS-LES models overestimated the exper-
imentally measured coefficient of drag. In experiments, it seems that the drag of the feet is not
taken into account. For the RANS model, the drag of feet represents 10% of the drag while for
the hybrid RANS-LES approaches, the percentage is 11%.
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(a) Over the slant (b) In the wake

Figure 4: 35◦ slant angle - Streamwise velocity on the rear slant and in the wake.

(a) Over the slant (b) In the wake

Figure 5: 35◦ slant angle - Turbulent kinetic energy on the rear slant and in the wake.

5.2 25◦ slant angle

Figure 6 presents the vortex structure of the dimensionless Q-criterion for the Ahmed body
with the 25◦ slant angle. With the RANS model, the C-pillar vortices are not predicted while
with the IDDES approach, these vortices are very pronounced. With the hybrid RANS-LES
models, a separation bubble is present on the slant.

Figure 7 shows the streamlines in the symmetry plane for all turbulence models compared to
the experimental data. With the EARSM model, the results are similar to those of the previous
slant angle, i.e. a massive separation. Thus, a RANS model does not see the modification
of the geometry. With the hybrid RANS-LES models, the wake is different. The massive
separation does not exist, only small separations are present. On the slant, a recirculation bubble
is predicted with the IDDES model. The reattachment point is located at X = 168 mm, from
the upstream edge of the slant, which is good agreement with the experimental measurement of
Thacker [14] for which the value is X = 160 mm. With the DES model, the separation covers
the whole slant.

Comparisons of the streamwise velocity profiles with measurements, in the symmetry plane,
are presented in Figure 8. As expected, the EARSM turbulence models fails to describe cor-
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EARSM DES IDDES Experiments [4]
0.260 0.316 0.355 0.256

Table 1: 35◦ slant angle - Drag coefficient.

(a) EARSM (b) DES (avg flow)

(c) IDDES (avg flow)

Figure 6: 25◦ slant angle - Vortex structures around the Ahmed body visualized by iso-surfaces of the non-
dimensional Q-criterion (Q=50).

rectly the velocity field and overestimates the size of the recirculation in the wake. The hybrid
RANS-LES models provided an improved prediction. In the wake, the results are very similar.
On the slant, the IDDES model gives a better agreement due to the recirculation bubble which
is correctly predicted.

A comparison of TKE is presented in Figure 9. The TKE obtained with the EARSM tur-
bulence model is underestimated on the slant which means less turbulent mixing and thus a
greater recirculation region. With the hybrid RANS-LES models, TKE is larger than the values
obtained with the RANS model. In the initial separated region, TKE predicted with the IDDES
model is in good agreement with the experimental value.

Table 2 presents a comparison of the drag coefficient. Compared to the previous slant angle,
the drag coefficient have increased. The value of the drag is dependent of the turbulence model
used. If we compare the drag coefficient measured by Thacker [14], the IDDES model gives
the better agreement.

6 CONCLUSIONS

In this paper, an investigation of RANS and hybrid RANS-LES models for the Ahmed car
body at 25◦ and 35◦ slant angle cases has been conducted. The RANS model used is the EARSM
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(a) EARSM (b) DES (avg)

(c) IDDES (avg) (d) Experiments [5]

Figure 7: 25◦ slant angle - Streamlines in the symmetry plane Y = 0.

(a) Over the slant (b) In the wake

Figure 8: 25◦ slant angle - Streamwise velocity on the rear slant and in the wake.

turbulence model and the hybrid RANS-LES models are the DES model and the IDDES model.
These both models are based on the k-ω SST model. It has been shown that the use of a
hybrid RANS-LES model, in particular the IDDES model, offers an advantage over RANS
model in terms of the force coefficients and general flow field, even for the 25◦ test case where
the reattachment of the flow is correctly predicted. Only, the IDDES model predicts the flow
correctly for both slant angles. With the RANS model, a massive separation is present for both
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(a) Over the slant (b) In the wake

Figure 9: 25◦ slant angle - Turbulent kinetic energy on the rear slant and in the wake.

EARSM DES IDDES Experiments [4] Experiments [14]
0.280 0.437 0.382 0.285 0.384

Table 2: 25◦ slant angle - Drag coefficient.

slant angles.
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Abstract. Performance of several standard turbulence models in predicting the flow field of a
plane jet is analyzed. Jet potential core length is shown to be overestimated by all the models
considered. To solve the problem, an additional source term in the turbulence characteristic
frequency ω equation is used. It accounts the longitudinal flow inhomogeneity and entrainment
which influence turbulence in jet mixing layers. In comparison to the earlier publications on
this source term, a coefficient in its formulation has been slightly altered to better predict round
jets. The modified SSG/LRR-ω differential Reynolds stress model is used to compute several test
cases including free subsonic plane and round jets, a supersonic underexpanded free round jet,
and a coaxial jet. In all the cases, improvements over the standard SSG/LRR-ω and SST models
are shown. Further steps involving RANS turbulence models verification with high order of
accuracy LES computations are discussed.
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1 INTRODUCTION

Today it is widely recognized that most turbulence models overestimate jet potential core
length Lini. In [1] Lini overprediction is reported for k − ε and SST models, in [2] the same is
shown for an EARSM, and in [3] SSG/LRR-ω differential Reynolds stress model (DRSM) is
found to give similar results. This issue can negatively influence the modeling of many problems
involving civil aircraft propulsive jets, their interaction with nozzle walls and downstream struc-
tural elements of a plane. Several solutions of this problem have been proposed. In [1], Lini is
reduced by taking into account the increase in turbulent diffusion intensity near the jet axis due
to acoustic interaction between different parts of the mixing layer; in [4], another modification
of turbulent diffusion is proposed compatible with the concept of mixing layer self-similarity.
In [3], the problem is further investigated and another approach to improve the jet potential core
modeling is developed which is not connected to the amplification of the modeled turbulence
diffusion. Instead, the influence of longitudinal mean flow inghomogeneity on turbulence statis-
tics is analyzed and taken into account. This approach is followed in the present paper. Firstly,
more computational results confirming the inadequacies of standard models in predicting Lini

are presented. After that, a minor update to one of the coefficients in the model proposed in
[3] is made. Finally, new test cases computations using both modified and original models are
reported.

The structure of the paper is as follows. In Section 2, the results of free plane jet compu-
tations using several standard turbulence models are compared, and common shortcomings of
the solutions are discussed. In Section 3, a modification to the SSG/LRR-ω turbulence model is
formulated and briefly commented. In Section 4, the computations of free subsonic plane and
round jets, a supersonic underexpanded free round jet, and a coaxial jet are reported, and per-
formance of the modified model is compared to the standard one and to the eddy viscosity SST
model. Further steps in RANS turbulence models verification involving high order of accuracy
LES computations are discussed in Section 5. The conclusions are made in Section 6.

2 STANDARD TURBULENCE MODELS

2.1 Solver and turbulence models

All the computations presented here are conducted using the EWT-TsAGI in-house code
[5]. The solver uses structured multiblock hexahedral meshes. Hanging nodes at the block
boundaries are allowed.

The following complete unsteady equation systems for the compressible air flow can be
solved by the code:

• Euler equations;

• Navier–Stokes equations;

• Favre averaged Reynolds equations with one of the turbulence models listed below:

— Menter SST model [6];

— Coakley q − ω model [7];

— Spalart–Allmaras model [8];

— Wilcox Stress-ω DRSM [9];

— SSG/LRR-ω DRSM [10] and its modified version [3].
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Second order of accuracy finite volume Godunov-Kolgan-Rodionov scheme is implemented
in the solver. Explicit second order two step time marching (global, fractional, and local time
steppings), first order backward Euler unconditionally stable implicit time marching (global and
local time steppings), and second order dual time stepping are available.

The following notes concerning the numerical method need to be made. First, turbulence
variables at a face of a cell are reconstructed with the same method (using van Leer limiter
by default) as main variables thus maintaining the same accuracy order for all the equations.
Second, exact iterative Godunov Riemann solver is used (turbulence variables are treated as
passive scalars). To our experience, these features, aimed at increasing the accuracy of the
method, generally do not degrade convergence.

Since the test cases reported here are steady, implicit scheme has been used in the computa-
tions.

2.2 Test case specification

To demonstrate the performance of the standard turbulence models, computations of a free
subsonic plane jet of a cold air have been performed. Nozzle width h based Reynolds number
Reh = u0h/ν is 6.7 × 106, Mach number is 0.30. At the nozzle exit, approximately top hat
velocity profile forms with thin turbulent boundary layers (each boundary layer has relative
0.99u0-velocity width δ99/h of 0.014). The primary role of these boundary layers is to supply
the initial mixing layers with sufficient turbulence level for smooth self-similar development.
On the other hand, both turbulence intensity and turbulent viscosity ratio in the potential core
flow has been set negligibly small (〈u′〉 /u0 ∼

√
k/u0 ≈ 10−5, ωh/u0 ∼ 10−3, νt/ν ∼ 0.6).

Computational domain scheme and boundary conditions (BCs) are shown in Figure 1 (scal-
ing is not proportional). Soft Riemann invariants based BCs are specified on the left boundary
(above the jet flow region) and on the upper half of the right boundary. On the lower part of the
right boundary, extrapolation BCs are used to better predict the outflow of the jet. Symmetry
plane is set at the top (to avoid incorrect entrainment flow patterns) and the botoom (which is
jet centerplane). External boundaries are placed 200h away from the jet centerplane. No-slip
BCs are set on the nozzle wall which length is equal to h. Ambient outer flow with relative
velocity u∞/u0 = 0.01 is specified in order to avoid instabilities due to interaction of soft BCs
with stagnant air.

There are several published sets of experimental data on free subsonic plane jets. In this
paper, data on velocity distributions along the centerline are taken from [11, 12, 13, 14]. Ac-
cording to them, jet potential core length Lini defined as the distance from the nozzle exit where
centerplane velocity is 0.99u0, lies in the range 5h ≤ Lini ≤ 6h.

2.3 Computational meshes and mesh convergence study

A set of three nested meshes has been generated containing approximately 60000, 15000,
and 4000 cells. An overview and nozzle region of the coarse mesh are presented in Figure 2.
Hanging nodes outside the jet regions are clearly visible. They allow to significantly reduce the
number of cells without affecting the accuracy of the results.

The fine mesh is designed to reproduce in details the mean flow in mixing layers (about 120
cells across the turbulent zone) and shear region downstream the initial region of the jet (about
140 cells per jet half-width). Nozzle boundary layer is resolved with 60 cells across it, the first
cell height in wall units being of the order of 1.

To study the mesh convergence, computations with SST turbulence model have been per-
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Figure 1: Computational domain scheme and boundary conditions of the plane jet test.
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Figure 2: An overview (left) and nozzle region (right) of the coarse mesh for the plane jet test.

formed on each mesh. Resulting centerplane velocity and turbulent kinetic energy k distribu-
tions in the region 0 ≤ x/h ≤ 30 are shown in Figure 3.

The difference in the velocity distributions is no more than 1.3% between the fine and
medium meshes and no more than 2.6% between the medium and coarse meshes. Peak tur-
bulent kinetic energies almost coincide, positions of k maxima differing within 0.1% and 5%,
respectively. It is concluded that medium mesh is sufficient for further analysis in this paper.
Another argument against the fine mesh is difficulties in obtaining the steady solution. Kelvin–
Helmholtz type instability easily develops in the mixing layer, and to avoid it, it is necessary to
start the computation with the first order numerical scheme, and after getting the steady field,
proceed with second order scheme but with significantly limited time step. Even with these
tricks, some travelling pressure waves persist is the mixing layers which slightly influence the
centerplane velocity in the potential core. On the other hand, computations on the medium mesh
converge to steady solutions smoothly.
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Figure 3: Centerplane velocity (left) and kinetic energy (right) distributions obtained on a set of nested meshes.
1 — coarse mesh, 2 — medium mesh, 3 — fine mesh.

2.4 Results comparison

After the mesh convergence study with SST model, computations with Spalart–Allmaras,
Wilcox Stress-ω, and SSG/LRR-ω models have been performed. In computations with DRSMs,
isotropic turbulence has been specified at inflow boundaries. Centerplane velocity distributions
obtained in these computations are compared with experimental data in Figure 4.

Figure 4: Centerplane velocity distributions obtained in plane jet test with different turbulence models. 1 —
Spalart–Allmaras model, 2 — SST, 3 — Stress-ω, 4 — SSG/LRR-ω.

It is clearly seen that all the models overestimate jet potential core length Lini. The least error
in Lini compared to the experimental data give Spalart–Allmaras model, the simplest among the
models considered, and Stress-ω DRSM. They overpredict Lini by 60%. The higher error is
produced by SST and SSG/LRR-ω models (80%). At the same time, mixing layer width growth
rate dD0.1/dx (D0.1 is the distance between the points where u = 0.1u0 and u = 0.9u0) is
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predicted much better and lies within ±15% around experimentally observed value for all the
turbulence models considered. Obtained values are collected in Table 1.

Data Lini/b dD0.1/dx
experiments 5− 6 0.14− 0.18

Spalart–Allmaras 9 0.17
SST 10 0.15

Stress-ω 9 0.15
SSG/LRR-ω 10 0.14

Table 1: Plane jet potential core lengths and mixing layer width growth rates predicted by different turbulence
models.

It turns out that different classes of turbulence models, from one equation eddy viscosity
models to DRSMs, are affected by the same issue of overestimating Lini while correctly pre-
dicting dD0.1/dx. This suggests an idea that mixing layer velocity profile is distorted such that
the whole turbulent zone is “rotated” outwards the jet centerplane. In the following Section, a
modification to the turbulence characteristic frequency ω equation is described which fixes the
mixing layer velocity profile and recovers the correct Lini in computations.

3 MODIFIED TURBULENCE MODEL

The ideas of the modification are given here in brief and consecutive derivation of the for-
mulas is omitted because these questions were the subjects of another paper [3] where they are
described in details. The main goal of the current paper is to extend the number of test cases of
the modified model and to more thoroughly assess its performance.

3.1 The idea of the modification

The first step of the SSG/LRR-ω model modification is recalibration of its coefficients in
order to obtain as accurate description of mixing layers as possible. During the coefficients
tuning it appears that temporal mixing layer velocity profile [15] is easy to reproduce, but single
stream spatial mixing layer is a challenge. The process of tuning is described in [3]. The new
“free stream” coefficient values using the designations of [10] are:

αω = 0.48, βω = 0.0774, D = 0.20, σω = 0.659, σd = 0.373. (1)

Velocity profiles in these two flows obtained after optimization of the coefficients are shown
in Figure 5.

With the optimized coefficient set, temporal mixing layer fits the available data, but spatial
mixing layer velocity profile is too sharp at the high velocity boundary of the mixing layer
and too wide at the low velocity boundary. Indeed, this behavior is typical for most of the
turbulence models. It leads to the idea that turbulence models do not take into account the
influence of longitudinal flow inhomogeneity and entrainment effects in spatial mixing layer on
turbulence. To describe these effects, a mechanism should be reproduced which increases the
turbulent kinetic energy dissipation rate in the low velocity region of the spatial mixing layer
and decreases it in the high velocity region by taking into account longitudinal gradients of
different variables (velocity components ui and turbulence variables ω, u′iu′j , and its invariants).
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Figure 5: Velocity profiles in temporal (left) and single stream spatial (right) mixing layers after optimization of
the SSG/LRR-ω model coefficients.

3.2 Modified ω equation

One possible form of taking into account the effects mentioned above is an additional source
term Iω in ω equation [3]. It can be written as

∂ρ̄ω

∂t
+

∂

∂xk
(ρ̄ωũk) = Sρ̄ω + ρ̄Iω,

Iω = −Cω3 0.03 th

(
2Ω̃ij

0.03ω4

∂ω

∂xi

∂k

∂xj

)
ω2,

Ω̃ij =
1

2

(
∂ũi
∂xj
− ∂ũj
∂xi

)
, Cω3 = 20,

where Sρ̄ω are the standard diffusion and source terms in ω equation.
Iω is a Galilean invariant, local source term which takes different signs at the opposite edges

of spatial mixing layers. In temporal mixing layer, it is zero. Recommended “free stream” Cω3

value is 20 instead of previously reported value 22 to better capture the initial region of round
supersonic jets. Near walls, Iω is not used (“near-wall” value of Cω3 is 0). The effect of Iω
inclusion in ω equation on single stream spatial mixing layer and on far field of an incompress-
ible free plane jet is shown in Figure 6. Optimized coefficient set (1) was used in all these
computations. It is seen that with Iω term, the two flows considered fit the experimental data.

4 TEST CASES

The modified SSG/LRR-ω model as well as its original version and eddy viscosity SST
model have been used to compute four jet test cases described below.

4.1 Free subsonic plane jet

The first test is a free subsonic plane jet described in Section 2. In addition to the results
obtained above, modified SSG/LRR-ω model has been used. The same boundary conditions
have been specified on the medium mesh. Resulting centerline velocity profiles are shown in
Figure 7.

With the modified model, Lini is predicted to be 6hwhich lies at the boundary of experimental
range 5h − 6h and is approximately two times lower than with two other models considered.
Mixing layer width growth rate dD0.1/dx is 0.17 which is within experimental range.
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Figure 6: Velocity profiles in single stream spatial mixing layer (left) and plane jet (right) after optimization of the
SSG/LRR-ω model coefficients with and without inclusion of Iω term.

Figure 7: Centerplane velocity distributions obtained in plane jet test with: 1 — SST model, 2 — original
SSG/LRR-ω model, 3 — its modified version.

4.2 Free subsonic round jet

This test case corresponds to the free subsonic plane jet described above except that com-
putational mesh is a 5◦ sector in azimuthal direction. In (x, r) plane, the mesh coincides with
the medium mesh used in the plane jet test. The resulting axial velocity distributions obtained
with the three turbulence models are presented in Figure 8. Experimental values are taken from
[16, 17, 18]. In round jets, experimental Lini values fall in the range 5d− 6d, where d is nozzle
diameter.

Again, the modified model gives Lini = 5dwhich lies in the experimental range. The original
SSG/LRR-ω model gives Lini = 8.5d and SST model gives Lini = 8d. As in plane jet, mix-
ing layer width growth rate fits the experimental data for all three turbulence models. Down-
stream the initial region, all three models predict too fast axial velocity decay. This is due to a
well-known “round jet/plane jet anomaly” which can be eliminated by using either axial Pope
correction or nonlinear pressure-strain models [19].
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Figure 8: Axial velocity distributions obtained in round jet test with: 1 — SST model, 2 — original SSG/LRR-ω
model, 3 — its modified version.

4.3 Underexpanded free round jet

In this test, a cold free supersonic round air jet has been modeled. It was studied experi-
mentally at ITAM SB RAS [20]. The jet issues from a converging nozzle with Mach number
at the exit equal to 1. Nozzle pressure ratio is 2.8. Nozzle diameter d based Reynolds number
number Red = ued/νe is 8.5× 105, where parameters with subscript “e” are taken at the nozzle
exit. Turbulence level at the nozzle exit Tue is taken to be 0.9% to reproduce the experimental
conditions.

An overview of the computational domain, mesh, and boundary conditions is shown in Fig-
ure 9. When generating the mesh, its density has been taken to be approximately the same as
in medium mesh in free subsonic plane jet, which had been shown to produce mesh converged
solutions.

In Figure 10, axial distributions of relative Pitot pressure pt/p0, where p0 is the total pressure
in the core of the nozzle, are shown. SST and original SSG/LRR-ω models capture the first
4 cells of the jet, after which they do not predict experimental pt fall. Moreover, SST model
underpredicts the amplitude of pt oscillations at x/d > 5. The modified SSG/LRR-ω model
captures 5 jet cells and pt fall at x/d > 5, which fits the experimental data better.

In Figure 11, three cross-sections of pt/p0 obtained in computations are compared with the
experimental data. SST and original SSG/LRR-ω models give similar results predicting too
sharp high velocity boundary of the mixing layer. The modified SSG/LRR-ω model make
mixing layer smoother in this region and captures the experimental behavior of Pitot pressure.

4.4 Coaxial jet

This flow was also studied experimentally at ITAM SB RAS. Now it is one of the tests in
First TILDA Workshop on Industrial LES & DNS (2016). A cold free air jet issues from a dual-
stream round nozzle. The inner contour is subsonic with nozzle pressure ratio NPR1 = 1.72
and Mach number at the exit M1 = 0.8. The outer contour is supersonic with NPR2 = 2.25
(underexpanded flow) andM2 = 1.0. Outer contour diameterD based Reynolds number ReD =
u2D/ν2 is equal to 2.9× 106.

Computational mesh near the nozzle is shown in Figure 12. As in previous test, mesh density
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Figure 9: Computational domain, mesh, and boundary conditions in unedrexpanded free round jet test.

Figure 10: Axial distributions of pt/p0 in unedrexpanded free round jet test. 1 — SST model, 2 — original
SSG/LRR-ω, 3 — its modified version.

Figure 11: Cross-sections of pt/p0 in unedrexpanded free round jet test. 1 — SST model, 2 — original SSG/LRR-
ω, 3 — its modified version.
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has been taken to be approximately the same as in medium mesh in free subsonic plane jet to
get mesh converged solutions. In this test, it contains approximately 150000 cells.

Figure 12: Mesh in coaxial jet test. Every second mesh line is shown.

In Figure 13, three computed cross-sections of pt/p0, where p0 is the total pressure in the air
supply of the outer contour, are compared with the experimental data. Longitudinal coordinate
axis x origin is at the tip of the central body. As clearly seen from the experimental data,
boundary layers at the walls of the outer contour are much thicker than in computations. In
fact, their traces collapse already at x/D = 0.08. This leads to lower peak pt values at y/D ≈
0.3 than in computations. SST model predicts a small region of pt decrease at y/D ≈ 0.2
downstream the position x/D = 0.80 which is absent both in experiments and in computations
using DRSMs. On the other hand, wake intensity behind the central body is overpredicted
by all the models considered. This is an interesting issue to investigate in the future. Apart
from this discrepancies, the overall agreement between the computations and the experiment
is satisfactory. The modified SSG/LRR-ω model predicts a different velocity profile in the
outer mixing layer which seems to be realistic since similar behavior allowed to better fit the
experimental data in the previous tests.

5 FURTHER STEPS: LES BASED VALIDATION

As has been shown in paper, the modified model improves modeling accuracy of the jet flows
considered in the paper. However, several questions are still open, some of them are:

• Are there other, maybe simpler, forms of additional source term in ω equations which
play the same role as Iω used in the paper? If there are, which one to prefer?

• How to further modify turbulence model equations to better capture the decay of turbulent
wakes, e.g. central body wake in the coaxial jet test?

• How do mixing layers develop when they originate from thick boundary layers? Are there
any specific features? Does Iω term needs a correction in this case? This can be studied in
a series of coaxial jet test computations with correct boundary layers in the outer contour.
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Figure 13: Cross-sections of pt/p0 in coaxial jet test. 1 — SST model, 2 — original SSG/LRR-ω, 3 — its modified
version.

Nowadays, there is strong progress in developing and validating the high order LES tech-
niques, among which is Discontinuous Galerkin based LES [21]. These techniques are capable
of accurately capturing turbulence phenomena in the range of scales, and it looks natural to use
these capabilities for term-by-term validation and tuning of RANS turbulence models.

As the next step for the research presented in the paper, we plan to conduct LES based
computations of the coaxial jet to get answers to at least some of the questions listed above. We
have developed a new in-house code with the following features:

• High spatial order Discontinuous Galerkin method with up to piecewice cubic polynomi-
als.

• Explicit time discretization (multistage Runge-Kutta schemes of up to 4th order) with
fractional time stepping technique.

• Complete compressible LES equation system with Smagorinsky subgrid scale model.

• MPI parallelism with efficient scalability on up to ∼ 104 cores.

The data obtained in LES computations will allow to extract distributions of individual terms
in Reynolds stress and ω equations. They will be compared to the data in RANS computations
to improve the engineering models for different terms in RANS turbulence models.

6 CONCLUSIONS

It is shown that different standard turbulence models, from linear eddy viscosity models
to DRSMs, incorrectly predict jet potential core length. SSG/LRR-ω DRSM is recalibrated
and supplemented by an additional source term in the turbulence characteristic frequency ω
equation which accounts the longitudinal flow inhomogeneity and entrainment. These effects
influence turbulence in jet mixing layers and change its velocity profile. Four jet test cases are
considered, in all of which the modified model improves the accuracy of flow field predicion
over the standard models examined in the paper.

Theoretical part of the study was supported by RFBR, research project No. 16-38-00760.
Computations presented in the paper were supported by the Ministry of Education and Sci-

ence, project No. 14.628.21.0005.
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Abstract. This work focuses on a complex turbulent flow around a blunt body by predicting vortical
structures, separation/re-attachment locations and velocity/turbulent kinetic energy profiles relying on a
modified SSG/LRR-ω Reynolds Stress Model (RSM). The investigated physical problem is in the centre
of research interest, because the Reynolds-Averaged Navier-Stokes (RANS) turbulence models and Large
Eddy Simulation (LES) approaches usually fail to reproduce the physically correct flow field. Due to the
fact that there is lack of knowledge on the SSG/LRR-ω hybrid RSM closure model proposed by Cecora et
al. [1], therefore this work has been devoted to further investigate the overall numerical behaviour of a
modified hybrid RSM approach. The advantage of these RSM closure models is to take into account the
anisotropy of Reynolds stresses caused by the streamline curvature, which has importance in maintaining
the quasi non-diffusive nature of turbulent vortices. The numerical model implementation has been
verified through the classical test case of a turbulent flow over a flat plate at zero pressure-gradient on a
sequence of nested grids. A preliminary analysis performed on this benchmark problem showed that the
hybrid model is capable of predicting the near-wall turbulence in the fully-developed boundary layer with
a reasonable accuracy. It has also been observed that the SSG/LRR-ω adopts a free-stream independence
feature of the specific dissipation rate from the Menters [2] k-ω SST model, thus the turbulent quantities
in the near-wall exhibit almost negligible sensitivity respect to the specific dissipation rate outside of the
shear layer. In this work, a modified hybrid SSG/LRR-ω RSM closure in conjunction with a simplified
diffusion model has been proposed, which has been investigated through the classical cubic obstacle
problem in a three-dimensional channel flow of Martinuzzi and Tropea [3]. An increased accuracy and
demanding computational time have been observed by employing the modified SSG/LRR-ω formulation,
which could still be advantageous, because it unifies the favourable features of two distinct differential
Reynolds stress models producing accurate results in the near-wall and the shear layer regions.
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1 INTRODUCTION

Most engineering flows used in aerodynamic design and optimisations for a wide range
of applications are almost exclusively turbulent [1, 2, 3]. Therefore several advanced turbu-
lence modelling approaches are proposed over the last twenty years, including advanced scale-
resolving techniques as Direct Numerical Simulation (DNS) or Large-Eddy Simulation (LES).
The numerical treatment of turbulent flows in general is complicated task and the reliability of
numerical tools is always in the centre of interest. The practical applicability of these methods
is computationally very demanding, because when the Reynolds number increases, the size of
the smallest turbulent structures decreases, thus the computational cost drastically increases. In
contrast with that, Reynolds-Averaged Navier-Stokes (RANS) approaches treat turbulent flows
by considering the average influence of turbulence on the mean flow by employing classical
turbulence models. These engineering turbulence modelling tools are widely used for industrial
applications due to their efficiency, robustness and acceptable accuracy, however there are many
limitations related to these models caused by the modelling assumptions.

The differential Reynolds stress models (RSMs) are considered as the most advanced RANS
tools. This concept originates from the work of Launder et al. [4] and these models completely
abandon the Boussinesq-hypothesis, which usually causes the poor performance of the popu-
lar eddy-viscosity models. Six transport equations are solved for the Reynolds stresses tensor
components and one equation for the turbulent length scale. In these models, the contribution
of Reynolds stresses are added directly to the momentum equation instead of employing eddy-
viscosity models. The SSG/LRR-ω Reynolds stress model was first proposed by Eisfeild and
Brodersen [5]. In addition to the original version of the aforementioned Reynolds stress model,
a hybrid SSG/LRR-ω model was developed by Cecora et al. [1] in 2015.

In the present work, the recently developed hybrid SSG/LRR-ω model [1] has been further
improved, thus a modified hybrid SSG/LRR-ω approach with a simplified diffusion model has
been proposed. The hybrid RSM of Cecora et al. [1] was developed by adopting Menter’s
blending concept [2], the SSG model of Speziale et al [6] is employed in the near-wall region,
and the LRR-ω model of Launder et al. [4] is applied on the rest of the domain. The hybrid RSM
closure [1] was primarily developed for aerospace applications, thus its performance for bluff
body flows is not yet well-known and it is an interest of the present paper. Therefore the phys-
ical problem of an incompressible flow behind a cubic obstacle placed in a three-dimensional
channel, which is a classical bluff body test case investigated by Martinuzzi and Tropea [3], has
been used to assess the proposed modified hybrid SSG/LRR-ω model.

2 GOVERNING EQUATIONS AND NUMERICAL IMPLEMENTATION

2.1 Reynolds-Averaged Navier-Stokes (RANS) equations

For modelling unsteady, incompressible turbulent flows with Reynolds-Averaged Navier-
Stokes (RANS) approach, the governing equations consist of the continuity and momentum
conservation laws which can be written [9] with index notation as

∂ūi
∂xi

= 0, (1)

∂

∂t
(ρūi) + ūj

∂

∂xj
(ρūi) = − ∂p̄

∂xi
+

∂

∂xj
(2µSij − ρRij) , (2)
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where ūi is the Reynolds-averaged (time-averaged) velocity vector, p̄ is the hydrodynamic pres-
sure, ρ is the fluid density, µ is the dynamic viscosity which are considered to be constants. The
mean rate of strain tensor Sij represents the averaged viscous stresses of a Newtonian fluid as

Sij =
1

2

(
∂ūi
∂xj

+
∂ūj
∂xi

)
. (3)

The term ρRij is the Reynolds stress tensor on the right-hand side of the momentum equation
2, which represents the averaged contribution of turbulence to the mean flow. The elements of
this tensor are unknown, thus six additional terms need to be modelled by a suitable closure.

2.2 Differential Reynolds Stress Models

The highest level approximation of the Reynolds stress tensor can be achieved by employing
differential Reynolds stress models. In these cases, the eddy-viscosity hypothesis is completely
removed from the six transport equations for the components of the Reynolds stress tensor and
an additional equation has to be solved for the turbulent length scale which is required for the
closure. These RSM models are computationally more expensive, because the solution of the
coupled system of partial differential transport equations could lead to numerical instabilities.
In addition to this, the unknown terms require modelling assumptions similar to the RANS mod-
elling approaches, which are inevitable sources of uncertainties. Due to these reasons, Reynolds
stress models are rarely used for industrial applications, because the general performance of a
well-calibrated RANS eddy-viscosity model could also be better. The Reynolds stress transport
equations by neglecting the effects of buoyancy and system rotation can be written as

∂

∂t

(
ρRij

)
+

∂

∂xk

(
ρRijūk

)
= ρPij + ρΠij − ρεij + ρDij + ρMij, (4)

where ρPij represents the Reynolds stress production, ρΠij is the pressure-strain correlation
tensor, ρεij is the kinetic energy dissipation tensor, ρDij is the diffusion tensor. It is important to
note that the last term is the fluctuating mass flux tensor ρMij which is neglected for modelling
incompressible flows. The elements of the Reynolds stress production tensor are functions of
the Reynolds stresses and the derivatives of the mean velocity components as

ρPij = −ρRik
∂ūj
∂xk
− ρRjk

∂ūi
∂xk

. (5)

The reason for neglecting the fluctuating mass flux is that it would represent the contributions
of density fluctuations to the Reynolds stress transport equation, which are not present for in-
compressble flows, thus this term is equal to zero (ρMij = 0).

2.3 Transport equations of the hybrid SSG/LRR-ω Reynolds Stress model

The SSG/LRR-ω full Reynolds stress model proposed by Cecora et al. [1] is a hybrid com-
bination of Speziale-Sarkar-Gatski (SSG) [6] and Launder-Reece-Rodi (LRR) [4] models by
employing Menter’s [2] blending concept. The primary motivation for constructing this model
was to unify the advantageous features of the aforementioned RSMs. The SSG model for-
mulation is a widely used pressure-strain correlation model, however it employs the turbulent
dissipation rate ε as a length scale variable. For external aerodynamics, the specific dissipa-
tion rate ω was proven to be more advantageous than the application of the dissipation rate ε,
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therefore the SSG model is used in conjunction with a modified form of Menter’s equation for
the specific dissipation rate ω in the farfield [2]. The LRR-ω re-distribution model is employed
without wall-reflection terms near to the viscous wall. For the hybrid SSG/LRR-ω model pro-
posed by Cecora et al. [1], the pressure-strain correlation tensor is modelled by neglecting the
effects of pressure dilation as

ρΠij =−
(
C1ρε+

1

2
C∗1ρPkk

)
aij + C2ρε

(
aikakj −

δij
3
aklakl

)
+

+

(
C3 − C∗3

√
aklakl

)
ρkS∗ij + C4ρk

(
aikSjk + ajkSik −

2

3
aklSklδij

)
+

+ C5ρk

(
aikWjk + ajkWik

)
,

(6)

and the Reynolds stress anisotropy tensor can be computed with the turbulent kinetic energy by

aij =
Rij

k
− 2

3
δij, (7)

and the mean rate of rotation tensor can be defined as

Wij =
1

2

(
∂ūi
∂xj
− ∂ūj
∂xi

)
. (8)

The turbulent dissipation rate in the pressure-strain correlation tensor (6) can be expressed by
using the specific turbulent dissipation rate ω with a closure constant Cµ = 0.09 as

ε = Cµkω, (9)

and the model coefficients in Eq. (6) can be obtained with a blended manner as

Ci = F1C
(ω)
i + (1− F1)C

(ε)
i , i = 1, ..., 5; (10)

C∗i = (1− F1)C
(ε)
i , i = 1, 3, (11)

where F1 denotes the blending function, which is similar to that one used in the k-ω SST model
proposed by Menter [2]. The model constants used in the present work have been shown in
Table 1, which are divided into inner ω and outer ε coefficients. The closure parameters were
derived from the C(ω)

i and C(ε)
i constants of the LRR-ω and SSG models, respectively.

The blending function F1 in Eqs. (10) and (11) ensures that the LRR-ω model acts close
to the viscous wall and the SSG formulation is employed on the rest of the computational
domain. The function F1 was developed in a way to be equal to 1 starting from the wall up to
approximately 50% of the boundary layer and after that it tends gradually to 0. The blending
function depends on global fluid properties, such as dynamic viscosity and fluid density, and on
turbulence-related quantities, such as turbulent kinetic energy and specific dissipation rate, and
it also takes into account the distance d of the cell to the nearest viscous wall as

F1 = tanh(ζ4),

ζ = min

[
max

( √
k

Cµωd
,
500µ

ρωd2

)
,
4σ

(ε)
ω ρk

CDωd2

]
,

CDω =
σεdρ

ω
max

(
∂k

∂xk

∂ω

∂xk
, 0

)
.

(12)
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Inner constants: LRR (ω) Outer constants: SSG (ε)
α
(ω)
ω = 0.5556 β

(ω)
ω = 0.075 α

(ε)
ω = 0.44 ω(ε) = 0.08282

σ
(ω)
ω = 0.5 σ

(ω)
d = 0 σ

(ε)
ω = 0.856 σ

(ε)
d = 1.712

C
(ω)
1 = 1.8 C

∗(ω)
1 = 0 C

(ε)
1 = 1.7 C

∗(ε)
1 = 0.9

C
(ω)
2 = 0 C

(ω)
3 = 0.8 C

(ε)
2 = 1.05 C

(ε)
3 = 0.8

C
∗(ω)
3 = 0 C

(ω)
4 =

(
9C

(LRR)
2 + 6

)
/11 C

∗(ε)
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)
/11 D(ε) = 0.22 C

(ε)
5 = 0.2

C
(LRR)
2 = 0.52

Table 1: Closure coefficients of the SSG/LRR-ω full Reynolds stress model proposed by Cecora et al. [1].

In order to ensure computational robustness and efficiency, the diffusion term is modelled by
employing a so-called simplified diffusion model, which takes into account the effects of molec-
ular and turbulent diffusion in a simplified way as

ρDij =
∂

∂xk

[(
µ+DS

ρk

Cµω

)
∂Rij

∂xk

]
, DS = 0.5CµF1 +

2

3
0.22(1− F1), (13)

and the dissipation term is modelled through an isotropic tensor as

ρεij =
2

3
ρεδij, (14)

where the turbulent dissipation rate ε is predicted by using the specific dissipation rate ω based
on Eq. (9). An altered form of Menter’s ω-equation is used to supply the length scale where only
minor differences were made in the production (ρGω), destruction (ρYω) and cross-diffusion
terms (ρCDω) compared to the original ω-equation [2] to adapt to the hybrid model as

∂

∂t
(ρω) +

∂

∂xi
(ρUiω) = ρGω − ρYω + ρDω + ρCDω,

ρGω = αω
ω

k

ρPkk
2

, ρYω = βωρω
2, ρDω =

∂

∂xk

[(
µ+ σω

ρk

ω

)
∂ω

∂xk

]
,

ρCDω =
σωd ρ

ω
max

(
∂k

∂xk

∂ω

∂xk
, 0

) (15)

It is important to note that the cross-diffusion term ρCDω makes the link between the k-ε and
k-ω model behaviours, and Reynolds stress models inherits this term. The closure coefficients
are obtained in a blended manner in Eq. (10) with Ci = αω, βω, σω and σd, and the model
constants of the ω-equation can be found in Table 1.

2.4 Implementation of the modified SSG/LRR-ω model

The modified hybrid SSG/LRR-ω approach with a simplified diffusion model is not available
by default in the ANSYS-FLUENT commercial software package [10], therefore according to
the best of our knowledge, the present work is one of the first attemps to implement the modi-
fied RSM in the ANSYS-FLUENT environment. The modified hybrid SSG/LRR-ω model has
been implemented by using User-Defined Functions (UDFs) in C programming language. For
the system of governing equations, 6+1 User-Defined Scalar (UDS) transport equations have
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been solved by adding the corresponding turbulent source terms to the scalar momentum equa-
tions. The incompressible continuity and Reynolds momentum equations were solved by using
the pressure-based ANSYS-FLUENT solver [10] through the implemented modified hybrid
SSG/LRR-ω model by solving the additional RSM scalar transport equations. The convective
flux terms of the momentum equations and the turbulent RSM-UDS transport equations were
discretised by using a 2nd-order upwind scheme. In order to ensure convergence to the numer-
ical solutions, all residuals were required to be dropped below a threshold value of 10−6. It
was shown by monitoring all shear-stress related quantities that the prescribed criterion was a
sufficient condition for ensuring numerical convergence of the solution.

3 RESULTS AND DISCUSSION

The implementation of the modified hybrid SSG/LRR-ω approach with a simplified diffu-
sion model has been compared to the SSG and LRR-ω models on two fundamentally different
test cases. The first benchmark problem is a turbulent flow over a flat plate at zero pressure
gradient which is an extensively used validation test case for investigating and verifying RANS
turbulence model code implementations. The second one is a very challenging flow problem as
a turbulent flow past a cube placed in a three-dimensional channel flow which was investigated
by Martinuzzi and Tropea [3]. For modelling this physical problem, RANS approaches may
fundamentally fail and even LES techniques may also not able to capture accurately the vortical
structures of an aerodynamic turbulent flow behind a bluff body at high Reynolds numbers.

3.1 Turbulent flow over a flat plate at zero pressure gradient

The sketch of a fairly simple two-dimensional turbulent flow problem over a flat plate at zero
pressure gradient has been shown in Figure 1. The lower boundary starts with an inviscid wall
section which is followed by a viscous wall extending from x/L = 0.0 to x/L = 2.0, where
L = 1m is the reference length. The subsonic air enters into the domain at the left velocity
inlet boundary at a low Mach number (Ma = 0.2). Due to the low magnitude of the farfield
Mach number, the fluid flow can be considered as incompressible. The Reynolds number ReL
is defined by the reference length (ReL = 5 ·106). By considering these physical circumstances,
the maximum boundary layer thickness is estimated as δmax ≈ 0.03 ·L, thus the domain height
of y/L = 1.0 can be taken to be high enough to avoid the effect of the upper inviscid wall on the
near-wall boundary layer flow. The fluid flow leaves the domain at the right outflow boundary
where the normal derivatives of the velocity components are vanished.

Figure 1: Computational domain with boundary conditions (left) and the computational grid (right) of the flow
over a flat plate problem.

A structured computational grid consists of 273 × 193 node points was used for the com-
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putations on the solid plate (see Figure 1). The dimensionless distance y+wall was kept below 1
in the near wall cells, because the boundary layer was fully-resolved without using any type of
wall-function. Furthermore, grid points have been clustered in the direction y and stretched near
the leading edge of the plate in order to capture accurately the high gradients of flow variables.

3.1.1 Performance of the modified SSG/LRR-ω model for the flat plate problem

The dimensionless velocity profile u+ as a function of the dimensionless wall-distance y+

and the skin friction coefficient cf distribution along the plate surface have been used to assess
the model performance as

u+ =
u

uτ
, y+ =

uτ · y
ν

, where uτ =

√
τw
ρ
, (16)

and the skin friction coefficient can be written as

cf =
τw

0.5ρU2
∞A

. (17)

The numerical results have been compared to the theoretical curves of Coles [11] and von
Kármán & Schroerr [12] (see Figure 2). The worst agreement was produced by the ε-based
SSG model, because significant discrepancy has been observed in the u+-y+ profile outside of
the buffer layer while the skin friction cf distribution was over-predicted. The observed rela-
tively poor performance for predicting near-wall turbulence can be explained with the fact that
the SSG model was developed primarily for shear flows. The LRR-ω RSM model performed
fairly well for both metrics and an almost perfect match was achieved for the law-of-the-wall
and the skin friction coefficient distributions. This property is related to the excellent ability of
ω-based models for predicting wall-bounded turbulent flows. The modified SSG/LRR-ω model
performed in between the previous two formulations. The tendency of the dimensionless veloc-
ity profile was predicted correctly, and above a certain portion of the log-law region, it produced
significant discrepancy. The skin friction curve matched well with the theoretical prediction.

Figure 2: Computed law-of-the-wall compared with the theory of Coles [11] at the x/L = 0.97 location (left) and
skin-friction coefficient distribution along the wall compared with the von Kármán-Schoenherr [12] theory (right).

3.1.2 Freestream dependency of the specific turbulent dissipation rate ω

There is another important advantage of the SSG/LRR-ω model related to its 7th transport
equation. The LRR-ω model employs an altered form of Wilcox’s ω-equation [8] for deter-
mining the turbulent length scale while the SSG/LRR-ω model was developed with a slightly
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modified version of Menter’s ω-equation [2]. The k-ω formulation of Wilcox is known to pro-
duce freestream dependence of ω which means that the results near the wall strongly depend
on the magnitude of the turbulent specific dissipation rate specified outside of the shear layer.
This can lead to significant increase in the turbulent viscosity, thus excessive µt may prevent
flow separation in certain cases. In the development of the k-ω SST model, Menter’s [2] one of
key motivations was to propose an ω-based turbulence model which has an excellent freestream
independence of the k-ε formulation. This property is accomplished by adding the so-called
cross-diffusion term to the ω-equation, and as a result of that, the predicted near-wall turbulence
of the k-ω SST model is far less sensitive to the prescribed ω magnitude at the inlet boundary.
This is a very important feature of the this model, because the ω-related boundary conditions
are determined relying on differernt assumptions, which are usually sources of uncertainty.

It was observed by relying on numerical experience that although the contribution of ω is
obviously different for Reynolds stress models compared to the linear eddy-viscosity models,
however the previous properties are inherited in some extent. Numerical investigations have
been carried out by using three different ωinlet values of 0.1 · ω∞, 1 · ω∞, 10 · ω∞, where ω∞ is
defined based on the recommendations of Rumsey [13] as

ω∞ =
3/2(Tu∞)2ρU2

∞
µt,∞

, (18)

where the farfield turbulence intensity Tu∞ is taken to be equal to 0.001 and the farfield turbu-
lent viscosity µt,∞ is assumed to be equal to 0.1µ. The normalised eddy-viscosity (µt/µ) and
normalised Reynolds stress (Re+xx, Re

+
yy) distributions can be expressed by

µt
µ

=
ρk

ωµ
, Re+xx =

Rexx
uτ

and Re+yy =
Reyy
uτ

, (19)

which are compared at the x/L = 0.97 coordinate with the LRR-ω and the modified SSG/LRR-
ω models (see Figure 3). The LRR-ω formulation predicted a clearly higher magniture of µt/µ
peak over an elongated extent for the lower freestream turbulent dissipation case (0.1 · ω∞)
compared to the other inlet values. The hybrid RSM exhibited considerably less numerical
sensitivity, because very minor deviations can be observed between the corresponding µt/µ
curves. This is also valid for the normalised Reynolds stress distributions: a) the LRR-ω model
predicted approximately 20% increase in the peak mean stress magnitudes for the ωinlet =
0.1·ω∞, and b) the SSG/LRR-ω closure produced almost identical Reynolds stress distributions.

3.2 Flow past a cube placed in a three-dimensional channel

The benchmark problem of Martinuzzi and Tropea [3] is a flow past a cubic obstacle placed
in a fully-developed turbulent channel flow (see Figure 4). Despite of the fact that the geometry
is relatively simple, fairly complex flow structures can be observed around the bluff object. Due
to the blockage effect of the body, a strong adverse pressure gradient develops resulting to the
formation of the system of horseshoe- and hairpin vortices. Capturing these flow features poses
challenges for classical RANS and even advanced scale-resolving turbulence models, thus the
investigation of this physical problem can be considered as a long-lasting research topic. In this
case, the subsonic inflow is characterized by a bulk Reynolds number (Reb = 40 000) which is
defined by the obstacle height H and bulk average flow velocity Ub. Unsteady simulations have
been carried out with a CFL number of 0.95 until the flow time of 50 · H/Umean is reached.
After that 20 ·H/Umean time period was used to collect statistical averages of the flow field.
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Figure 3: Normalised turbulent viscosity distribution along the vertical direction (left) and normalised Reynolds
stress distribution as the function of dimensionless wall distance (right) at the x/L = 0.97 location.

Figure 4: Sketch and boundary conditions of the flow past a cubic obstacle problem.

The boundary conditions of this benchmark problem have been shown in Figure 4. A fully-
developed inflow is specified at the inlet plane and the velocity distribution has been obtained
through preliminary streamwise periodic channel flow simulations. The cubic obstacle and the
upper/lower channel surfaces are treated as viscous walls with no-slip boundary conditions.
The two side walls are treated as symmetry planes and the normal derivatives of the velocity
compontnes vanish at the outlet section of the channel. A structured computational grid has
been employed for the analysis of this benchmark problem (see Figure 5). After performing a
grid sensitivity study, the final configuration employs 190×100×120 cells in directions of x, y
and z with the total number of 2 280 000 hexahedral volumes. Near the viscous walls, the grid
spacing has been chosen in a way to ensure y+wall approximately equal to 1.

3.2.1 Performance of the modified SSG/LRR-ω model for a flow past a cube

The numerical results obtained with the aforementioned three turbulence models have been
presented in this subsection. The iso-surfaces of Q-criterion indicate that similar upstream
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Figure 5: Details of the structured grid prepared for the flow past cube problem.

horseshoe vortex system can be predicted by all models (see Figure 6). However, some re-
markable qualitative differences can be observed downstream. In contrast with the SSG closure
model, the LRR-ω model was not able to reproduce properly the slanted horseshoe vortex struc-
tures behind the cube. The modified SSG/LRR-ω model resulted qualitatively better agreement
with the expected vortical flow structures, however the hairpin vortex system on the spanwise
faces of the cube were missing and not captured by the SSG model.

Figure 6: Computed iso-surfaces of Q-criterion for the flow past cubic obstacle problem.

Two mean flow quantities have been compared to the experimental data of Martinuzzi and
Tropea [3] (see Table 2). These quantities are the flow separation point upstream and the reat-
tachment location behind the cube in the mid-plane (z/H = 0), respectively. In general, all
considered models produced remarkable differences for these measures. The separation lo-
cation was predicted with at least approximately 13% relative error, and the downstream flow
quantity was computed with even worse fidelity. These observations confirm again how difficult
is to capture such a complex flow around a bluff body.

Configuration xS/H[−] xR/H[−] |rS|[%] |rR|[%]
Experiment −1.040 2.612 − −
SSG −1.183 3.148 13.75 20.52
LRR-ω −0.844 3.426 18.85 31.16
SSG/LRR-ω −1.174 3.207 12.89 22.78

Table 2: Computed flow separation and reattachment locations along the X coordinate direction in the z/H = 0
plane, compared with the experimental data of Martinuzzi and Tropea [3].

The normalised streamwise velocity distributions have been compared at the z/H = 0 plane
at three distinct x coordinates with the experimental data of Martinuzzi and Tropea [3] and
the LES solution of Sedighi and Farhadi [14] (see Figure 7). It can be seen that none of the
models was particularly successful again. At the x/H = 0.5 location, the SSG model slightly
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under-predicted the strength of the mean flow above the cube and produced stronger reversed-
flow near the cube surface. In contrast with that, the LRR-ω model resulted a stronger mean
flow and a weaker recirculatory region. The modified SSG/LRR-ω performed again in between
these two approaches indicating the inhereted mixed model properties. At the trailing edge of
the cube (x/H = 1.0), larger recirculatory zone has been obtained with all RSMs, and it can be
seen that even the reference LES simulation produced serious discrepancies. One edge distance
downstream of the cube (x/H = 2.0), the flow is still massively separated posing serious
challenges for all models. Note that the LRR-ω model resulted oscillatory velocity distribution
which has not been observed with the SSG and SSG/LRR-ω models. The SSG RSM performed
better in terms of agreement with experimental data compared to the hybrid model.

Figure 7: Comparison of normalized streamvise velocity component in the z/H = 0 plane with the measured data
of Martinuzzi and Tropea [3] and LES solution of Sedighi and Farhadi [14].

Figure 8: Comparison of normalized turbulent kinetic energy in the z/H = 0 plane with the measured data of
Martinuzzi and Tropea [3] and LES solution of Sedighi and Farhadi [14].
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The normalised turbulent kinetic energy distribution have been investigated along the previ-
ously shown locations (see Figure 8). In general, all Reynolds stress models under-predicted
the peak magnitudes which indicates that the investigated RSMs produced excessive dissipa-
tion of the turbulent flow structures. This dissipative behaviour was the most striking for the
LRR-ω model and the less drastic for the SSG model. The hybrid closure RSM performed in
between these aforementioned two RSMs. It is important to note again that large errors have
been obtained against the LES results of Sedighi and Farhadi [14].

4 CONCLUSIONS

In this work, a modified hybrid SSG/LRR-ω RSM approach with a simplified diffusion
model has been investigated through the classical cubic obstacle problem in a three-dimensional
channel flow of Martinuzzi and Tropea [3]. This model is blending the advantageous features of
two distinct RSMs: a) the LRR-ω model, which is used to compute simple wall bounded flows,
and b) the SSG model, which was developed for shear flows. Preliminary performance analysis
on the problem of a flow over a flat plate at zero pressure gradient showed that the proposed
RSM was able to reproduce law-of-the-wall accurately. It was also observed that the hybrid
closure provides the freestream independence of the specific turbulent dissipation rate ω, which
means that the results at near the wall was not sensitive to the ω quantity specified outside of
the shear layer. In addition to this, the modified hybrid SSG/LRR-ω model has been assessed
for the classical bluff body problem of a flow past cube in a three-dimensional channel flow.
It was observed that the accuracy of the investigated RSM model was in between the obtained
results of the LRR-ω and SSG approaches to predict a complex vortical flow around a bluff
body. Since the original version of the hybrid SSG/LRR-ω model proposed by Cecora et al. [1]
was primarily developed for aeronautical applications, therefore further improvements for bluff
body aerodynamics are still required. The numerical results indicate that existing RANS mod-
els should also be further improved for capturing the aforementioned complex flow structures,
furthermore it can be seen that LES techniques, which requires orders of magnitude higher
computational effort, are challenged to predict these flows accurately. Overall, it can be con-
cluded that the modified hybrid SSG/LRR-ω RSM approach with a simplified diffusion model
exhibited stable numerical behaviour for computing a complex flow around a bluff body.
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Abstract. During the last decades considerable efforts have been exerted for the development
of micro air vehicles as well as microelectromechanical systems in general, for a wide range
of applications. However, such systems involve microscale rarefied gas flows, which appear to
be significantly different comparing to flows at macroscale and continuum regime; it is this the
reason the Navier-Stokes equations fail to simulate such phenomena without further modifica-
tion. To this end, the enhancement of the in-house academic Computational Fluid Dynamics
solver Galatea to encounter such simulations is reported in this study. In case of rarefied gas
flows and particularly for fluids in slip flow regime (Knudsen number greater than 0.01) the
no-slip condition on solid wall surfaces is no longer valid; hence, velocity slip conditions as
well as temperature jump ones have to be included instead. Furthermore, to increase accuracy
at the same region the second-order accurate spatial slip model of Beskok and Karniadakis
has been incorporated, which avoids the numerical difficulties, entailed by the evaluation of
the second derivative of slip velocity when complex geometries along with unstructured hybrid
grids are encountered. Due to oscillations that might appear, especially during the initial steps
of the iterative procedure, a normalization scheme is additionally employed, to allow for the
gradual increase of the corresponding slip/jump values. Galatea has been validated against a
benchmark test case concerning rarefied laminar flow (inside the slip flow regime) over a wing
with a NACA0012 airfoil in different angles of attack. The obtained results were compared
with those of a reference solver, and with those obtained with the paralleld open-source kernel
SPARTA, based on the Direct Simulation Monte-Carlo method. According to this last approach,
the flow domain is divided into a finite number of computational cells, while the required sample
macroscopic flow properties are retrieved assuming intermolecular collisions of the simulated
particles inside such cells. An excellent agreement was achieved between the results obtained
by Galatea and SPARTA as well.
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1 INTRODUCTION

During the past decade a significant effort has been exerted by various researchers for the de-
velopment of micro air vehicles as well as microelectromechanical systems in general [1, 2, 3].
However, such systems may involve rarefied gas flows, which appear to be considerably differ-
ent, compared to flows at the continuum regime; thus, the Navier-Stokes PDEs (Partial Differ-
ential Equations), used at macroscale CFD (Computational Fluid Dynamics) solvers, appear to
fail simulating such phenomena without further adaptions and modifications [1]. In practice the
rarefied gas flows are categorized depending on the computed Knudsen number, a classification
originally proposed by Schaaf and Chambre [4]: For Knudsen numbers less than 1.0E-2 (con-
tinuum regime) the Navier-Stokes PDEs are valid without any further modification, allowing
ordinary CFD (Computational Fluid Dynamics) solvers to be employed. Nevertheless, for val-
ues between 1.0E-2 and 1.0E-1 (slip flow regime) special treatment of wall boundary conditions
is required; velocity slip conditions as well as temperature jump ones have to be applied (as in
this work) [1]. If greater than 1.0E-1 Knudsen numbers are encountered (transition regime and
free molecular regime) the rarefaction effects become the sovereign ones, necessitating for alter-
native methodologies, depending on the DSMC (Direct Simulation Monte Carlo) [5] approach
or the solution of the Boltzmann Equation [6]. Figure 1 includes a schematic representation of
the previously described classification. Although the latter method (based on the Boltzmann
Equation) can actually be employed throughout all the regimes [1], the CFD approaches are
usually preferred at continuum and slip flow ones; the implementation of Boltzmann Equa-
tion at those regimes calls for very large numbers of particles and consequently for excessive
computational load and storage.

Figure 1: Classification of flow regimes

As mentioned above, in the slip flow regime (Knudsen number between 1.0E-2 and 1.0E-1)
the Navier-Stokes PDEs remain valid, although special treatment of solid wall boundaries is re-
quired. The no-slip condition cannot longer be applied on such surfaces; velocity slip conditions
as well as temperature jump ones have to be imposed instead [1, 2, 3]. Despite the main concept
of the aforementioned conditions was initially proposed by Navier [1], the first corresponding
mathematical model was introduced by Maxwell in 1879 [7]; according to this approach the
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values of slip velocity and temperature are defined with the corresponding normal to the bound-
ary surface gradients [3]. Since then, various studies have been conducted on the prediction of
the attitude of rarefied gases,focusing on the utilization of two- or three-dimensional compu-
tational fields, structured or unstructured grids, various geometries, etc., [8, 9, 10, 11, 12, 13].
Furthermore, significant efforts have been exerted for the development of higher-order spatial
schemes to increase the accuracy of the final steady-state solution at the region of the solid
wall boundaries [14, 15, 16, 17]. Among them the model of Beskok and Karniadakis appears
to be especially attractive, as it avoids the numerical difficulties, entailed by the evaluation of
the second derivative of slip velocity when complex geometries along with unstructured hybrid
grids are encountered [14, 15]. As the aforementioned boundary conditions are imposed in a
wall-function mode, they are susceptible to produce residual oscillations, especially during the
initial steps of an explicit iterative solution; a remedy to this drawback was proposed by Ferras
et al. [18], where a normalization scheme is considered, allowing for the gradual increase of
the slip/jump values. Finally, few quite many studies include comparisons of the DSMC and
the modified by the slip/jump boundary conditions Navier-Stokes PDEs approaches (as in this
work), demonstrating the potential of such methodologies to effectively simulate rarefied gas
flows at slip flow regime [1, 14, 19].

Despite the development of slip velocity and temperature jump boundary conditions allowed
CFD solvers to extend their applications at slip flow regime, the latter appear to be inadequate
to predict flows with larger values of Knudsen number (greater than 1.0E-1) [1]. It is this ob-
servation along with the excessive computational requirements of methodologies depending on
the Boltzmann equation that created the need for the development of the DSMC approach, orig-
inally introduced by Bird [5]. Mainly due to the statistical-stochastic nature of this modelling
type, it wasn’t initially accepted by the scientific community, confining its implementation in
relatively simple simulations [5]. Nevertheless, since then it made its way, extending its appli-
cations in various engineering problems and demonstrating its capability for accurate flow pre-
dictions. The main drawback of the DSMC approach is the relatively excessive computational
requirements in test cases involving high pressure and large-scale computational fields. This
drawback was alleviated by the advance of the available computer systems and subsequently
the capability of parallel processing. The first reported parallel DSMC approach (a NASA pro-
duction code nowadays) was the DSMC Analysis Code (DAC), developed by LeBeau [20, 21],
while since then quite many such algorithms have been developed, such as the SMILE [22], the
MONACO [23], the ICARUS [24], the MGDS [25], the dsmcFoam [26] and the most recent
one the open-source kernel SPARTA [27] (used also in this work).

In this study the enhancement of the in-house academic CFD solver Galatea to simulate
rarefied gas flows inside the slip flow regime (Knudsen number between 1.0E-2 and 1.0E-1)
is reported [28]. Galatea employs the Navier-Stokes PDEs in dimensionless formulation along
with a node-centered finite-volume scheme to predict inviscid, viscous laminar, and viscous tur-
bulent flows (with RANS-Reynolds Averaged Navier-Stokes approach) of compressible fluids
on tetrahedral or hybrid unstructured grids [28]. For rarefied gases the capability of implement-
ing the aforementioned slip velocity and temperature jump boundary conditions [1] on solid
wall surfaces has been incorporated. In order to increase the accuracy at the same regions,
a second-order accurate slip scheme has been included. Particularly, the slip model of Beskok
and Karniadakis [14, 15] was adopted due to its relatively easy implementation on unstructured,
tetrahedral or hybrid grids; it can overcome the numerical difficulties, entailed by the evaluation
of the second derivative of slip velocity [14]. Furthermore, the normalization scheme, reported
in [18], was included to mitigate the excessive oscillations, caused by the Dirichlet-type of the
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slip/jump boundary conditions, especially during the initial steps of the iterative solution pro-
cedure. The proposed solver was validated against a benchmark test case concerning rarefied
laminar flow over a wing with a NACA0012 airfoil in different angles of attack [13, 19, 29].
The obtained results have been compared with those of another reference solver, confirming its
potential for such simulations. In addition, further evaluation of the Galatea algorithm was suc-
ceeded with the parallel open-source kernel SPARTA [27], a DSMC code as mentioned above.
An excellent agreement was achieved between the results obtained by Galatea and SPARTA as
well.

The structure of this paper is as follows: In Section 2 the Galatea solver is described in
brief, while the main attention is directed towards the analysis of the incorporated slip velocity
and temperature jump conditions. Section 3 contains an outline of the DSMC approach, as
well as of the employed open-source kernel SPARTA. In Section 4 the extracted by Galatea
and SPARTA results against a test case considering rarefied laminar flow over a rectangular
wing in different angles of attack are presented and compared, while Section 5 includes the
corresponding conclusions and some information on ongoing work.

2 THE CFD APPROACH

2.1 The Galatea code

In this study the in-house academic CFD code, named Galatea [28], was used, enhanced
though with appropriate modifications to account for rarefied gas flows. The proposed solver
employs a node-centered finite-volume method on three-dimensional unstructured grids, com-
posed of tetrahedral, prismatic and pyramidical elements, to simulate inviscid, viscous laminar
and viscous turbulent compressible fluid flows. For turbulence prediction the RANS approach
is implemented along with appropriate statistical two-equation models, namely the k − ε [30],
the k − ω [31] and the SST (Shear Stress Transport) [32] models. An upwind method is im-
plemented for the computation of the inviscid fluxes, applying the Roe’s [33] or the HLLC
(Harten-Lax-van Leer-Contact) [34] approximate Riemann solvers, coupled with a higher-order
accurate spatial scheme, based on the MUSCL (Monotone Upwind Scheme for Conservation
Laws) approach along with appropriate slope limiters, namely the Van Albada-Van-Leer [35],
the Min-mod [36], the Barth-Jespersen [37] and the MLP-Venkatakrishnan (Multi-dimensional
Limiting Process-Venkatakrishnan) [38, 39] limiter. For the computation of the viscous fluxes
the required velocity and temperature gradients are evaluated with an element-based (edge-dual
volume) or a nodal-averaging method [28], either selected by the user. Time integration and
iterative approximation of the final steady-state solution is succeeded with either an explicit
scheme, applying a second-order temporal accurate four-stage Runge-Kutta (RK(4)) method,
or an implicit one, implementing the Jacobi or the Gauss-Seidel algorithm [28]. In order to
increase the efficiency of the proposed solver, appropriate acceleration techniques have been
incorporated, such as an edge-based data structure [40], a local time-stepping technique [40],
parallel processing based on the domain decomposition approach and the MPI (Message Pass-
ing Interface) library functions [28], and an agglomeration multigrid scheme [28, 41]. Finally,
an h-refinement technique has been included to increase accuracy at pre-selected regions of
the examined grid, by enriching them with more nodes during the solution procedure, while
simultaneously avoiding the generation of dense meshes from the very beginning [28]. Further
details for the Galatea solver can be found in [28] and [41].
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2.2 Velocity slip and temperature jump conditions

As mentioned in Introduction, the no-slip conditions on solid wall surfaces appear to fail in
the slip flow regime; velocity slip and temperature jump wall functions have to substitute them
[1, 19]. Although their main idea was initially captured by Navier [1], the first such model
was reported by Maxwell in 1879 [7]. According to this approach, the values of slip velocity
and temperature on wall boundaries are defined with the corresponding normal to the boundary
surface gradients. A schematic representation of the previous state for slip velocity values is
illustrated in Figure 2; moreover it highlights the difference between the no-slip and the slip
boundary conditions. Mathematically, the Maxwell model is described for the dimensionless
slip velocity Us as follows [1, 7, 12, 14]

Us − Uw =
2− σu
σu

Kn
∂Us

∂n
+

3

2π

(γ − 1)

γ

Kn2Re

Ec

∂T

∂s
(1)

where Uw denotes the velocity on the wall surface, Kn is the Knudsen number and ∂Us

∂n
the

transverse velocity gradient, i.e., the derivative of the tangential slip velocity normal to the wall
surface (denoted by vector n) [12]. Further, σu is the tangential momentum accommodation co-
efficient (equal to unity in this study) [13, 19], which actually models the momentum exchange
of the gas molecules impinging on the solid boundaries. It depends on the surface quality; small
values of this constant can considerably increase the slip velocity even for low Knudsen num-
bers [14]. The second term includes the values of the dimensionless Reynolds Re and Eckert
Ec numbers, along with the ideal gas constant γ and the tangential to the wall surface derivative
of the temperature. It actually represents the slip velocity contribution induced by the thermal
creep; it appears usually to be relatively small, due to the second-order in Knudsen number as
well as due to the fact that in common engineering problems there is a small temperature change
across the wall surfaces; therefore, in this study it is neglected [12].

Figure 2: Velocity slip boundary conditions.
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The temperature jump boundary conditions are defined similarly to the slip velocity ones as
[12]

Ts − Tw =
2− σT
σT

2γ

γ + 1

Kn

Pr

∂T

∂n
(2)

where Ts represents the slip temperature, Tw the wall temperature and ∂T
∂n

the derivative of the
temperature normal to the wall surface. Pr is the dimensionless Prandtl number, while σT is
the thermal or energy accommodation coefficient; similarly to the momentum coefficient the
thermal one depends on the surface quality [14], while in this work it was set equal to unity
[13, 19].

In order to increase the accuracy of the final steady-state solution at the solid walls’ region,
several different second-order accurate spatial schemes have been reported in the open literature
[14, 15, 16, 17]. Their main concept is based on the reconstruction of the first term of Equation
(1) with the Taylor series [16, 17]. Nevertheless, such a reconstruction is not a straightforward
procedure when complex three-dimensional geometries, along with unstructured hybrid grids,
are encountered; the calculation of the second derivative of the tangential velocity in the normal
direction to the surface may introduce numerical errors, despite the a priori computational
difficulty it entails in such test cases [14]. Therefore, in this study the approach, introduced by
Beskok and Karniadakis [14] was adopted, according to which the second-order accurate slip
velocity can be computed as

Us − Uw =
2− σu
σu

Kn

(1− bKn)

∂Us

∂n
(3)

where b is the slip coefficient, which can be defined either experimentally or from other method-
ologies employing the Boltzmann equation or the DSMC approach [14]. It actually represents
the vorticity flux into the surface divided by the vorticity of the flow field on the surface, ob-
tained by the no-slip approximation; in this study it was set equal to -1.0 [14].

The velocity slip and temperature jump boundary conditions are implemented in a Dirichlet
way, hence they are susceptible to produce oscillations during the iterative procedure (especially
during the initial steps of an explicit iterative scheme), or even lead simulation to fail [18].
Therefore, a normalization scheme was incorporated in Galatea solver, allowing for the gradual
increase of the slip velocity and temperature values; mathematically, it is described as follows
[18]

U i
s = αU i−1

s + (1− α)U i
s (4)

where α is the normalization coefficient, taking values smaller than unity; in this work it was
set equal to 0.95. In case a multigrid accelerated simulation is performed, the aforementioned
slip velocity and temperature values are computed only at the finest resolution, while at next
they are restricted to the coarser multigrid levels similarly to the rest nodal values [41].

3 THE DSMC APPROACH

3.1 The particle method

The DSMC method, originally introduced by Bird [5], is a stochastic-type scheme using a
large number of particles to simulate gas flows, especially rarefied ones. Each of the afore-
mentioned particles, called simulator particle, actually represent actually a large number of real
particles [5]. According to the main idea of this methodology the computational domain is
divided in Cartesian cells, which provide the geometric boundaries and volumes required to
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sample the macroscopic properties of the flow. The latter are acquired taking into account the
movements and collisions of the simulator particles; therefore, the time step has to be defined in
a way allowing the movement and collisions of each particle to be decoupled. In conclusion, the
DSMC algorithm can be divided in four main steps: a) Given a time step the particles move to
their new positions. b) They are indexed into the computational cells. c) The collision pairs are
selected and the corresponding intermolecular collisions are performed on a probabilistic man-
ner. d) Since the temporary steady-state solution has been achieved, the required macroscopic
flow properties, such as velocity and temperature, are obtained by averaging temporally (for
several time steps) the microscopic properties of the particles in the cells [5]. The pre-described
procedure is presented in the flow chart of Figure 3.

3.2 The SPARTA DSMC kernel

As mentioned in Introduction, the parallel open-source kernel SPARTA is used in this study,
where SPARTA stands for Stochastic Parallel Rarefied-gas Time-Accurate Analyzer. It was
developed in Sandia Laboratories by Gallis and Plimpton [27] and distributed as an open source
code under the terms of the GPL license. It is capable of both serial and parallel processing,
the latter based on the domain decomposition approach and the MPI communication protocol
(similarly to the Galatea solver). Despite its robustness and flexibility it is not addressed to non-
experienced users, as it calls for a thorough understanding of the DSMC approach; it executes
by reading the commands in the script line by line [27].

3.2.1 Problem definition

In order to run a simulation with SPARTA the corresponding parameters have to be defined
first, i.e., the simulation box (computational domain), the grid, the internal boundaries (inside
the simulation box), the particle species (e.g., oxygen, nitrogen, ions) and the initial population
of the particles. For a two-dimensional run, the simulation box is defined by the coordinates of
the boundaries; minimum and maximum coordinates in x- and y- axis. For a three-dimensional
simulation the coordinates of two more boundaries have to be defined (including coordinates in
z-axis). As far as the computational discretization is concerned, SPARTA employs a hierarchical
Cartesian grid strategy. The simulation domain is considered initially as a aingle grid cell (level
0). The aforementioned cell is divided in Nx by Ny by Nz cells at level 1, while at next each
of these cells can be further divided into smaller ones at different levels. The properties of the
particle species, such as their diameter and molecular weight, are acquired from an additional
appropriately formatted file. Finally, the initial population of the particles is defined from the
Fnum number, denoting the number of real particles represented by a simulator particle. As far
as initialization of the procedure is concerned, the corresponding velocities are retrieved from a
Maxwellian speed distribution function.

3.2.2 Settings

Since the problem definition stage is accomplished the settings of the input script have to be
defined. In this section various parameters are determined, i.e., the collision model, the load
balancing (static at the beginning and dynamic during the iterative procedure), the boundary
conditions, the surface reflection models, the sample averaging-type and the desired simulation
outputs [27]. This stage is of extreme importance, as it influences the accuracy of the final
results as well as the required computation time. For example, the time step, the used flow
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Figure 3: The DSMC Method

field variables, the characteristics of the boundary surfaces, and the sampling intervals included
in this script have a serious impact on the extracted solution. Especially the latter parameter,
defining the intervals at which the macroscopic flow properties will be extracted, appears to be
very important, as an inappropriate value can lead to incorrect results or to an efficiency drop.

Furthermore, at this stage dynamic load-balancing type is defined. SPARTA can adjust
the assignments of grid cells and their corresponding particles to each processor in order to
spread more efficiently the computational load. Since the dynamic load-balancing type is de-
termined, the cells assigned to each processor are either clumped or dispersed. Actually, there
are three ways the aforementioned balancing can be succeeded; it can be performed depending
on clumped assignments of child cells to each processor, dispersed assignments of child cells to
each processor, or on a recursive coordinate bi-sectioning approach [27]. According to the first
method each grid cell is assigned randomly to one of the processors; as a result, the processors
do not get necessarily the same amount of grid cells. If the second strategy is followed, each
processor selects randomly another processor to assign its first grid cell to; at next, it loops over
its grid cells and assigns each of them to consecutive processors. Unfortunately, this method-
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Case Mach∞ Re∞ Kn∞ V∞, m/s α, deg ρ∞, kg/m3 T∞, K Tw, K
A 2.0 106 0.026 506 0 6.026× 10−5 161 290
B 2.0 106 0.026 506 10 6.026× 10−5 161 290

Table 1: Flow conditions for Cases A and B.

Number density, m−3 Fnum Time-step, sec Transient period Sample period
1.296× 1021 1.2× 1015 3.0× 10−7 140000 40000

Table 2: Parameters used for the SPARTA code runs.

ology suffers from the same to the first approach shortcoming. Finally, according to the third
scheme, the recursive coordinate bisectioning method (RCB), the processors are assigned com-
pact clumps of grid cells [27]. For every cell a weight coefficient is defined, hence, dynamic
load balancing aims to assign equal total weights to all the available processors. This weight
coefficient can be defined in various ways, e.g., if it is set equal to unity, each processor is
assigned the same number of cells, while if it is set equal to the number of the included parti-
cles, the same number of particles is assigned to all the processors. Dynamic load-balancing is
strongly influenced by two more parameters, namely the imbalance factor and the frequency in-
terval. The first one defines the maximum number of particles run by a processor divided by the
average number of particles per processor, while the second the frequency in which the imbal-
ance of the simulation is checked for change. Both the aforementioned coefficients have to be
wisely selected in order communication overheads to be avoided during the simulation. For the
test cases encountered in this study, an imbalance factor of 20%-30% (defined as 1.2 or 1.3 in
the input script) was found to be sufficient enough, without causing additional communication
load, while the imbalance was checked for possible change two times during the simulation.

4 NUMERICAL RESULTS

The Galatea solver was validated against a benchmark test case considering rarefied laminar
compressible fluid flow over a rectangular wing with a NACA0012 airfoil [13, 19, 29]. The
Mach number was assumed equal to 2.0, while the Knudsen and Reynolds numbers equal to
0.026 and 106, respectively [19]; the latter was based on the mean aerodynamic chord, which
was redimensionalized to become equal to unity due to the dimensionless formulation of the
proposed code. Two different angles of attack were examined, namely 0◦ (Case A) and 10◦

(Case B) [13, 19, 29]. Freestream temperature was assumed equal to 161K, while the corre-
sponding value on the wing surface equal to 290K. The aforementioned flow conditions are
summarized in Table 1; for Galatea solver simulations they were used though in dimensionless
formulation [28]. For the representation of the computational field a hybrid unstructured grid
was constructed, composed of 305,978 nodes, 566,245 tetrahedra and 394,760 prisms, the latter
located on the solid wall region (wing) to allow for the effective prediction of the boundary
layer region. Figure 4 illustrates the employed computational grid, while Figure 5 depicts its
density on the symmetry surface.

For the computation of the inviscid fluxes the Roe’s approximate Riemann solver along with
a second-order spatial accurate scheme, coupled with the Min-mod limiter, was employed; the
corresponding viscous fluxes were computed based on the nodal-averaging scheme. Time inte-
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Figure 4: Computational grid used with the Galatea code.

Figure 5: Density on the symmetry surface of the computational grid used with the Galatea
code.
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gration was succeeded via the incorporated explicit scheme (Runge-Kutta method) with a CFL
number equal to 0.5. Both the incorporated first- and second-order spatial accurate slip models
were implemented [14]. However, no difference was identified between their results; this lack
of difference is attributed to the relatively fine grid utilized. To accelerate the solution proce-
dure on a (DELLTM R815 Poweredge Server with four AMD OpteronTM 6380 sixteen-core
processors) the initial grid was decomposed in four sub-domains to be processed in parallel;
two coarser levels were constructed for each of them applying the full-coarsening directional
agglomeration strategy, in order the incorporated multigrid scheme to be applied [41].

Figure 6: Computational grid used with the parallel open-source kernel SPARTA.

As mentioned in Introduction, the evaluation of the proposed solver was succeeded with a
DSMC approach code, the parallel open-source kernel SPARTA [27]. The encountered com-
putational domain was designed with dimensions 0.38m and 0.24m along the x- and y-axis, re-
spectively; its discretization was succeeded with a Cartesian two-dimensional mesh, composed
of 1200 cells along x-axis and 800 cells along y-axis. Considering that the mean free path in
such test cases is approximately 0.000923m, each grid cell was constructed to be more or less
1/3 the size of it, a common practice in such simulations [5]. Furthermore, the grid around the
airfoil was generated such as no more than four points, used for airfoil representation (a total
number of 1600 was used), to be included at each computational cell; as a result, a smoother
discretization was achieved. Figure 6 illustrates a close-up view of the utilized computational
grid around the NACA0012 airfoil.

The SPARTA code was run on the same to Galatea solver computer system with the flow
conditions summarized in Table 1. As far as the simulation parameters are concerned, the
number density was set equal to 1.296×1021 m−3, while the time step equal to 3.0×10−7s; the
latter value along with the employed grid density ensures that each particle needs approximately
three time steps to cross entirely a grid cell [5]. The simulation began with a transient period of
140,000 steps, producing the initial steady-state solution, while at next samples were taken for
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(a) SPARTA. (b) Galatea.

Figure 7: Velocity contours (Case A).

(a) SPARTA. (b) Galatea.

Figure 8: Density contours (Case A).
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Figure 9: Distribution of pressure coefficient Cp around the NACA0012 airfoil (Case A).

additional 40,000 steps, aiming to reduce the statistical scattering error. The aforementioned
parameters are outlined in Table 2. Considering that DSMC simulations depend strongly on
the employed number of particles, several different numbers of them were tested (between
2 × 106 and 16 × 106) along with the aforementioned grid, as well as with a finer one; the
latter was generated by refining each computation cell around the airfoil into 5x5 smaller ones.
From this study the optimum Fnum (real particles per one simulator particle) of 1.2 × 1015

was derived, which subsequently produced a total number of 8× 106 simulator particles for the
whole simulation domain. As far as the grid is concerned, no difference was identified, hence,
the initial mesh was selected. The previous parameters defining actually the DoFs (Degrees of
Freedom) of the simulation were proved to produce the desired accuracy, avoiding though any
excessive requirements for computational load and storage.

In Figure 7 the extracted velocity contours around the NACA0012 airfoil by both the Galatea
and SPARTA solvers are presented for the first test case (Case A - angle of attack 0◦). As one
can observe a satisfactory comparison is obtained, especially in the bow shock and stagnation
regions, indicating qualitatively the potential of the proposed solver for such simulations. Fur-
thermore, a very good agreement can be observed with the available experimental and numerical
results, reported in [29] and [13, 19] respectively. The same similarity can be identified in Fig-
ure 8, depicting the corresponding density contours. It should be highlighted that dimensionless
values are included in both the aforementioned figures. Figure 9 includes the derived distribu-
tions, compared with the one reported in [19]; the distribution of Galatea code simulation was
extracted from the mid-span of the wing geometry.

Similarly to Case A, Figure 10 illustrates the extracted velocity contours around the NACA0012
airfoil by both the Galatea and SPARTA codes for Case B (angle of attack 10◦). Once more
a very good qualitative agreement is succeeded between the results of the employed solvers,
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while the same holds in Figure 11 presenting the corresponding density contours. A quanti-
tative comparison for the distributions of the pressure coefficient Cp around the NACA0012
airfoil, depicted in Figure 12. It is obvious that for both test cases (with angle of attack 0◦ and
10◦) the employed codes produce almost identical results, despite they are based on completely
different numerical approaches.

(a) SPARTA. (b) Galatea.

Figure 10: Velocity contours (Case B).

(a) SPARTA. (b) Galatea.

Figure 11: Density contours (Case B).
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Figure 12: Distribution of pressure coefficient Cp around the NACA0012 airfoil (Case B).

5 CONCLUSIONS

In this study the enhancement of the in-house academic CFD solver Galatea to simulate rar-
efied gas flows in slip flow regime (Knudsen number between 1.0E-2 and 1.0E-1) is reported
[28]. Velocity slip and temperature jump models have been incorporated to this end, as the no-
slip boundary conditions imposed on solid wall surfaces in flows in continuum regime appear
to fail when rarefied gases are examined. The incorporated second-order accurate model didnt
produce improved results; this lack of difference is attributed to the relatively fine grid utilized.
In addition, the incorporated normalization scheme [18] was revealed a considerable enhance-
ment, as the Dirichlet-type of the slip/jump boundary conditions was found to cause excessive
oscillations without it, especially during the initial steps of the iterative solution procedure. The
proposed solver was validated against a benchmark test case concerning rarefied laminar flow
over a wing with a NACA0012 airfoil in different angles of attack [13, 19, 29]. The parallel
open-source kernel SPARTA [27] was used for comparison purposes, while a very good agree-
ment between the results of the two codes was achieved. Finally, ongoing work includes further
assessment of the enhanced Galatea solver against more complex test cases of rarefied gas dy-
namics, as well as further examination of the incorporated second-order accurate slip model,
utilizing coarser grids.
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Abstract. We herein present a topology design method based on local optimality criteria which
has been implemented in an open source Navier-Stokes solver for turbulent flows. Our method
aims for the fast generation of geometry proposals in the early conceptual phase. To the best of
our knowledge, this is the first local criteria approach utilizing a wall function turbulence model
in order to consider turbulent flows. In order to allow for the growth as well as the shrinkage, or
even the formation or disappearance of structural features, a topological approach is chosen.
By introducing a volume fraction parameter, we distinguish between fluid and solid properties in
each control volume. The fluid-solid interface is represented by an immersed boundary method
using a piecewise linear surface reconstruction.
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1 INTRODUCTION

The development of fluid flow components, reaching from simple pipe systems to complex
geometries, is still a challenging task for engineers and scientists. Usually a compromise be-
tween different design goals has to be made. Here CFD simulations coupled with optimization
strategies are a valuable tool, but today they still go along with high computational costs. In
order to keep these costs low and allow for a fast generation of geometry proposals in the early
conceptual phase, we present a method based on local optimality criteria.

The term “optimization” is defined as the determination of design variables that minimize (or
maximize) a cost (or objective) function with respect to a state equation possibly subject to con-
straints. This task can be accomplished by different strategies, for example classical gradient-
based methods or Evolutionary Algorithms (EA). The former are fast but lack robustness and
show the tendency to fall into local optima. Here recent progress is made in the calculation
of the response sensitivities by the adjoint method which outperforms traditional methods like
finite differences and has gained currency in commercial CFD software. Evolutionary Algo-
rithms on the other hand are more robust but also computationally more expensive [15]. An
example for an EA is the Generic Algorithm (GA) which mimics biological evolution. A third
strategy, which is the subject of this paper and sometimes referred to as “bionic optimization”,
is based on local optimality criteria. Strictly speaking this method performs no optimization
in the former defined sense, as a global extremal solution is not ensured. As we aim for a
fast generation of appropriate geometry proposals rather than the optimal geometry, this is not
considered necessary.

Furthermore we have to distinguish between shape and topology optimization. Shape opti-
mization considers the parameterized bounding surface of the geometry. Topology optimization
on the other hand utilizes all computational elements in a defined design space. This allows for
the appearance of new boundaries and results in a much wider spectrum of possible solutions.

Shape optimization has been subject to research in the field of CFD since several decades,
mainly in the sector of aeronautical problems, e.g. [13]. Well established in structural mechan-
ics, topology optimization on the other hand is relatively new to CFD. The transfer of topology
optimization from structural mechanics to computational fluid dynamics began with the work of
Borrvall and Petersson in 2003 [2]. In their paper they considered the minimization of pressure
drop in Stokes flow. In order to account for topological change, they adopted a source term of in-
verse permeability in the Stokes equation. In 2004 Moos et al. [11] presented a bionic topology
optimization approach based on a local “backflow” criterion under the axiom that a fluid flow
finds the best path under given constraints by itself. The method used the physical information
of the flow field to deposit so called “virtual sand” in cells identified by the criterion. This local
approach led to an improvement of the duct geometry within a very short computational period
of time. Othmer et al. [12] picked up the idea of a backflow criterion in order to compute sen-
sitivities for a climate channel optimization. Recirculation was detected by comparison of the
actual velocity vector in a control volume with the potential flow solution. They implemented
the optimization as a one-shot method in the CFD solver, which means that the optimization
takes place in every iteration. The method was tested in 2D and 3D and characterized as ex-
tremely fast as regions with recirculation were inhibited that would usually require additional
computing time. Recent effort was done by Wang et al. [16] who implemented a topology
optimization method based on local optimality criteria in a lattice Boltzmann (LBM) frame-
work. Prior to our investigations a project was carried out at Hochschule Offenburg by Gottlieb
[6] which focused on the topological optimization of turbulent flows around blunt bodies. A
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method employing the backflow criterion for the recirculation region “behind” the body and a
criterion of homogenization of gradients for the front part was developed. In contrast, our work
focuses on internal flows which are viscous-dominated, whereas blunt bodies are dominated by
pressure drag.

2 NUMERICAL METHODS

2.1 Governing equations

The governing equations express mass and momentum conservation. Steady viscous in-
compressible flows without volume forces can be described by the following set of equations,
namely continuity and Navier-Stokes momentum equations

∇ • u = 0, (1)

(u • ∇)u = ν∆u− 1

ρ
∇p. (2)

For turbulent flows, according to the Boussinesq hypotheses, the kinematic viscosity ν com-
poses of two terms, the molecular and the turbulent kinematic viscosity ν = νl +νt. Herein, the
turbulent viscosity is calculated by a turbulence model. In industrial applications two-equation
models like the k-ε or k-ω-SST model are state of the art for Reynolds-averaged Navier-Stokes
(RANS) simulations.

2.2 Local optimality criteria

The idea behind local optimality criteria is the utilization of heuristic correlations between
local flow parameters and their global impact. In this way the calculation of sensitivities with
respect to a global cost function is circumvented. In this section different optimality criteria are
presented.

Following the idea of Moos et al. [11] we implement a backflow criterion. In order to
avoid losses caused by recirculation, such regions are identified and set to solid. Therefore a
comparison of the local velocity vector with a reference vector can be performed. If a specified
angle of deviation, e.g. 90 degrees, is exceeded, backflow is present. The angle of deviation λ
is calculated from the scalar product of the actual velocity vector u and a reference vector uref
as follows:

λ =
u

|u|
•
uref
|uref |

. (3)

The reference vector can be obtained through different approaches. In a straight channel the
direction from inlet to outlet is a sensible choice for uref . In complex flow domains the potential
flow field is a fast way to obtain a sensible reference vector field, as it contains no backflow
regions by definition.

Wang et. al [16] proposed a different optimality criterion algorithm based on the natural
behavior of erosion and deposition of sand in river basins. They introduced two local optimality
criteria: At the fluid-solid interface, vanishing solid cells are chosen by maximum wall shear
stress

τw = µ

(
∂u

∂y

)
w

, (4)

with the dynamic viscosity µ. On the other hand solidifying fluid cells are chosen by lowest
dynamic pressure

pdyn =
ρ

2
|u|2. (5)
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Based on the work of Bourot [3] we derive another criterion based on the homogenization of
gradients. Bourot observed a correlation between vorticity and optimal body shapes in Stokes
flow. A homogenization of the vorticity magnitude on the surface of the body led to optimal
shapes with respect to flow loss. The vorticity is defined as the curl of the velocity vector (cf.
Eq. (6)) and can be interpreted as a measure of the rate of rotation of a fluid element [9].

ω = ∇× u. (6)

An often encountered issue in flow optimization is the relocation of loss inducing geometrical
features to the proximity of the outlet. This results in a seemingly reduced loss inside the
considered domain as the loss takes place behind the outlet. An example would be a sharp edge
at the outlet of the design space resulting in a flow separation in the adjacent pipe. In order to
avoid such a behavior, we introduce an adaption region (AR) for the inlet and outlet, cf. figure
1. Herein the adapted reference vectors are obtained by interpolation between the reference
vector field uref and the boundary normal vector (e.g. urefout). In addition we limit the angle
of deviation λ more strictly as we approach the boundary. Also a fixed fluid region in the
vicinity of the inlet and outlet is introduced where no geometrical change is performed by the
optimization algorithm. For this purpose the inverse permeability coefficient α is fixed to zero.
Altogether this leads to an almost orthogonal outflow and the prevention of outlet blockage.

inlet

outlet

adaption region

fixed solid region

fixed fluid region

uref

urefout

Figure 1: Adaption regions and fixed regions.

2.3 Optimization algorithm

As discussed earlier, we utilize a topology optimization with all control volumes serving as
parameters. In order to distinguish between fluid and solid cells, we introduce the scalar volume
fraction field Ψ, defining the ratio of the cell-volume occupied by solid to the total cell-volume:

Ψ =
Vsolid
Vtotal

. (7)

The volume fraction serves as the parameter for the optimization algorithm and is manipulated
according to the method of steepest descent with a constant step size δ.

Ψnew = Ψold − δλ. (8)

Basically this is done in a “one-shot” fashion for every timestep [12].
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3 TOPOLOGY REPRESENTATION

The representation of topological features of a time dependent flow domain is subject of
this section. In the literature different approaches are found that can be classified into two
categories: Mesh morphing (MM) and immersed boundary methods (IBM). In mesh morphing
a body fitted computational grid is distorted according to the displacement of the boundary. In
immersed boundary methods the simulation is carried out on a Cartesian grid where the effect
of the boundary is imposed on the flow through a source term in the governing equations. For
an extensive overview of the different IBM methods we refer the reader to Mittal and Iaccarino
[10]. As we aim for a fast optimization method a recomputation of the mesh for each iteration
is too cost intensive. Therefore, following the work of Angot et al. [1] and Khadra et al. [8],
we assume the design space as a porous medium and the flow to be governed by the Navier-
Stokes/Brinkman equations, also called penalized Navier-Stokes equations [4] or penalization
method (PM) [5]. For a steady viscous incompressible flow the equations read

(u • ∇)u = ν∆u− αu− 1

ρ
∇p, (9)

with the inverse permeability coefficient α. If α = 0, the Navier-Stokes equations are solved
and the flow is a fully liquid phase. If α tends to infinity, the medium is solid and the equations
tend to the Darcy equation. For numerical reasons α is set to αmax = 105 in the solid domain.
This approach can be seen as an immersed boundary method with the main advantage that an
imposition of a boundary condition at the fluid-solid interface is not necessary. For laminar
flows it appropriately mimics the effects of solid boundaries on the flow as will be shown in the
subsequent section.

In order to account for the technically important fields of application, the topology repre-
sentation approach has to be capable of considering highly turbulent flows. Here the boundary
layer at walls is critical for the accuracy of the simulation as it contains large gradients of the
flow quantities. In RANS simulations a very fine mesh to the wall is generally used in order
to resolve these gradients sufficiently. This approach is known as low Reynolds number ap-
proach (Low-Re). It is not suitable for a fast topology optimization as the position of the walls
is not known a priori and the mesh would have to be very fine everywhere or refined around the
boundaries for every change in topology. In order to circumvent such an excessive grid resolu-
tion, a high Reynolds number turbulence model approach (High-Re), also called wall function
approach, can be used to skip the boundary layer via a universally valid wall function.

In simulations with high Reynolds number flow the Navier-Stokes/Brinkman approach leads
to large errors in the flow field prediction, caused by the step-wise representation of the fluid-
solid interface and a missing treatment of the turbulent quantities. This affects the optimization
and leads to unrealistic geometry proposals. Therefore a more advanced immersed boundary
method is used to guarantee proper fluid-solid interface treatment. Here, the discrete forcing
approach with direct imposition of boundary conditions is the most promising [10]. By modi-
fication of the discretized equations near the fluid-solid interface, the immersed boundary acts
like a body fitted mesh. This leads to a higher accuracy which is critical for high Reynolds
number flows. Such an IBM was recently implemented in the OpenFOAM Extend Project [7].

Currently we are working on the adaption of the immersed boundary method to handle mov-
ing and deforming boundaries. The idea is, that the optimization algorithm still manipulates
the volume fraction field Ψ according to the local optimality criteria, where Ψ is used to extract
the geometry through a linear surface reconstruction [14]. The resulting surface geometry data
is then fed to the immersed boundary method. As this procedure is more cost intensive, it is
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no longer coupled to the solver in a “one-shot” fashion but performed at a defined time step
interval. A drawback in terms of topology optimization is the exclusion of the solid region from
the solution. Once blocked out, the removal of solid cells is only possible at the fluid-solid
interface. Here criteria like magnitude of shear stress or vorticity are applicable. Therefore the
method can be classified partly as topology and partly as shape optimization.

4 NUMERICAL EXAMPLES

4.1 Plane channel

H

L

Figure 2: Dimensions of the “plane channel” simulation domain.

To show the validity of the penalization method as well as the immersed boundary method
with discrete forcing approach and direct imposition of boundary conditions, we consider a 2D
steady viscous incompressible channel flow. In order to achieve a fully developed flow, a peri-
odic boundary condition is applied, which maps the flow quantities from the outlet to the inlet.
For a laminar flow at Re = 40 the solution calculated with a body fitted mesh (BF) matches
the analytical solution. In order to apply the penalization method, an additional layer of con-
trol volumes is added to the top and bottom of the flow domain. Here the inverse permeability
coefficient α is set to 105, driving the velocity towards zero in the cell centers. This does not
exactly enforce the no-slip boundary condition at the cell faces which leads to an artificially
increased channel height and a lower maximum velocity, cf. figure 3a. For a turbulent flow at
Re = 25, 000 the penalization method shows an artificially increased boundary layer thickness,
cf. figure 3b. This originates from the missing treatment of the turbulent quantities at the fluid-
solid interface. The immersed boundary method however shows a much better agreement with
the body fitted mesh solution, since the boundary condition is applied sharply at the fluid-solid
interface and the turbulence is treated by a wall function approach through a high Reynolds
number turbulence model. This study suggests the adoption of the immersed boundary method
with discrete forcing approach and direct imposition of boundary conditions for the optimiza-
tion of turbulent flows. The implementation is still under development at the moment and will
be presented in subsequent publications.

4.2 Right angle elbow

In order to demonstrate the optimization method, a 2D rectangular simulation domain with a
velocity inlet on the upper left boundary and a zero-pressure outlet on the lower right boundary
is considered, cf. figure 4. At the inlet and outlet no-adaption zones are applied. The inner
rectangular domain represents the so called design space and is bounded by a solid region,
enforced by the penalization method with α = 105. For the numerical calculations the design
space is divided into 200 × 200 unit square cells, forming an equidistant Cartesian grid. The
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Figure 3: Comparison of velocity profiles obtained with body fitted mesh (BF), penalization method (PM) and
immersed boundary method (IBM) for laminar and turbulent flows.

fluid is assumed as air with a kinematic viscosity of ν = 1.56×10−5m2

s
. Depending on the inlet

length Lin = 0.2L with L = 0.05m the mean inlet velocity uin is adjusted to match the desired
Reynolds number Re = Linuin

ν
. In order to assess the geometry proposed by the optimization

methods, the total pressure loss ∆p̃t is calculated from the mass flow averaged total pressures
p̃t at inlet and outlet.

0.6L 0.2L

0.1L L 0.1L

0.
6L

0.
2L

0.
1L

L
0.
1L

Figure 4: Dimensions of the “right angle elbow” simulation domain.

We consider the laminar case where the fully developed flow enters the domain at a Reynolds
number of Re = 40. The steady-state solution of the flow shows two recirculation regions
in the upper right and lower left corner of the design domain, cf. figure 5a. These regions
are undesirable as they cause losses, therefore the aim is to generate a geometry that leads
to no such regions. Figure 5b shows the solution of the optimization based on the backflow
criterion. In this case the potential flow, represented as white colored streamlines, was used as
reference vector field. As the simulation progresses the recirculation regions are blocked by the
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penalization method, resulting in an improved total pressure loss of 93.34%.

(a) BF mesh, no optimization (b) PM, backflow optimization

Figure 5: Bionic optimization of a right angle elbow with the potential flow solution used as reference vector field
for the backflow criterion (Re = 40).

In order to demonstrate the functionality of the adaption regions, an optimization case of the
right angle elbow with a reference vector set to uref = (1,−1, 0) is considered, cf. streamlines
in Fig. 6d. Figure 6 shows the obtained geometry proposals. The reference vector as well as the
allowed angle of deviation λ is manipulated inside the adaption regions through interpolation.
The aim is a geometry proposal that leads to an orthogonal outflow at the outlet. If this is
not the case the proposed solution can not be considered as a proper one as it would lead to
recirculation regions behind the outlet. Figure 7 shows the velocity components u and v at
the outlet. The increased x-velocity u indicates that the geometry obtained without adaption
regions has a higher probability of forming recirculation regions behind the outlet. The cases
with adaption regions show a reduction of the x-velocity depending on the adaption region
parameters.

Besides velocity vectors, other flow quantities can be considered as local optimization crite-
ria. The shear stress as well as the vorticity criterion are examples for criteria that are applicable
at the fluid-solid interface. Here the optimization algorithm checks for the highest absolute val-
ues of the respective quantity and gradually converts the near solid cells to fluid cells, leading
to a homogenization of gradients. To demonstrate this functionality, a sharp 90 degree bend
is used as initial geometry, cf. figure 8a. Figure 8 shows two geometry proposals obtained by
the shear stress criterion and the vorticity criterion. The sharp corners of the initial solution
were smoothed and the channel width has increased, leading to a reduced total pressure loss of
51.21% for the shear stress criterion and 37.68% for the vorticity criterion, cf. figure 9.

An advantage of the penalization method is its seamless extension to 3D cases without addi-
tional modification. Figure 10 shows examples of 3D flow optimization with the backflow cri-
terion. The first case is a flow around a circular disc inside a rectangular channel at a Reynolds
number of Re = 800. Through the deposition of solid cells in front of as well as behind the
circular disc, flow separation is avoided, leading to a more aerodynamic shape. The second case
shows a turbulent flow at Re = 20, 000 through a rectangular channel with a cavity. Although
we know that the penalization method lacks the correct treatment of the turbulence quantities at
the fluid-solid interface, the solution can be considered as an improvement as the geometry is
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(a) Without AR (b) With AR (λrefout
= 0.6) (c) With AR (λrefout

= 0.8)

(d) Without AR (e) With AR (λrefout
= 0.6) (f) With AR (λrefout

= 0.8)

Figure 6: Velocity field of three different bionic optimizations of a right angle elbow at Re = 40 without (a) and
with adaption regions (b, c). Streamlines of the reference vector field uref and the angle of deviation λ (d, e, f).
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Figure 7: Velocity component u and v at the outlet of case 6a without and case 6c with adaption regions.

smoothed, reducing the likeliness of flow separation.
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(a) No optimization (b) Shear stress crit. (c) Vorticity crit.

Figure 8: Bionic optimization of a sharp 90 degree bend (Re = 40).

100 200 300 400 500

0.5

1

1.5

2

·10−2

timestep [-]

∆
p̃ t

[P
a]

No optimization
Shear stress crit.

Vorticity crit.

Figure 9: Mass flow averaged total pressure loss over timesteps for a sharp 90 degree bend (Re = 40).

5 DISCUSSION AND OUTLOOK

A design method that aims for the fast generation of appropriate geometry proposals in the
early conceptual phase based on local optimality criteria was presented for the Finite-Volume
Navier-Stokes CFD software OpenFOAM. Several criteria based on backflow, shear stress and
vorticity magnitude, were implemented and investigated. Furthermore a method working with
adaption regions was proposed in order to avoid recirculation regions behind the outlet. It was
shown that hereby the velocity component perpendicular to the outlet normal vector can be re-
duced in the outlet plane. In order to realize a fast way of adapting the boundary during the
simulation, a penalization method was adopted and its applicability successfully shown for 2D
and 3D cases. Numerical examples were presented for a 2D right angle elbow at Reynolds
number Re = 40, a circular disk in a 3D channel at Re = 800 and a 3D channel with cavity
at Re = 20, 000. For turbulent flows an immersed boundary method with discrete forcing ap-
proach and direct imposition of boundary conditions was adopted in order to consider correctly
the turbulent quantities at the boundary. A 2D channel flow at Re = 25, 000 calculated with
this immersed boundary method shows a good agreement with the body fitted mesh solution.
The integration of the immersed boundary method into the optimization algorithm is still un-
der progress and results will be shown in subsequent publications. Future efforts will focus on
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(a) Circular disk in a 3D channel (b) Optimized circular disc (Re = 800)

(c) 3D channel with cavity (d) Optimized cavity (Re = 20, 000)

Figure 10: Examples of 3D bionic optimization.

the final implementation of the immersed boundary method to handle moving and deforming
boundaries as this is vital for the correct treatment of turbulent flows. Furthermore the develop-
ment of the optimization method with the main focus on the definition and evaluation of further
optimality criteria is planned.

ACKNOWLEDGEMENT

The reported work was carried out as part of the FHprofUnt founding project, project number
FKZ 03FH037PA2 (FoEn). The authors greatly acknowledge the financial support provided by
the Federal Ministry of Education and Research (BMBF).

REFERENCES

[1] P. Angot, C.H. Bruneau, P. Fabrie, A penalization method to take into account obstacles
in incompressible viscous flows. Numerische Mathematik, 81, 497–520, 1999.

[2] T. Borrvall, J. Petersson, Topology optimization of fluids in Stokes flow. International
Journal for Numerical Methods in Fluids, 41, 77–107, 2003.

[3] J.M. Bourot, On the numerical computation of the optimum profile in Stokes flow. Journal
of Fluid Mechanics, 65, 513–515, 1974.

[4] H.C. Brinkman, A calculation of the viscous force exerted by a flowing fluid on a dense
swarm of particles. Applied Scientific Research, 1, 27–34, 1947.

[5] C.H. Bruneau, I. Mortazavi, Numerical modelling and passive flow control using porous
media. Computers & Fluids, 37, 488–498, 2008.

977



P. Sarstedt, G. Kachel, J. Ettrich, and K. Bühler

[6] A. Gottlieb, Vorauslegung umströmter Bauteile durch Anwendung lokaler Optimalitäts-
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Abstract. The paper represents 3D mathematical model of conjugated heat exchange in the
cooling systems of the aviation ramjet engines. The systems use cooling capacity of the turbu-
lent endothermic fuel flows in heated curvilinear rough channels surrounding the combustion
chamber. Simplest one-step model based on substitution of the real hydrocarbon substances by
some fictitious medium is used for description of thermal decomposition of the endothermic fu-
els. The one-step pyrolytic reaction mechanism describes the fictitious medium decomposition
without intermediate reactions. In addition to the standard model based on the Navier-Stokes
equations, the mathematical model includes a partial differential equation for computation of
a local decomposition degree of the fictitious medium in curvilinear channels to avoid compu-
tation of residence time. Energy equation has an extra source term describing the endothermic
effect of the hydrocarbon substance pyrolysis. The paper represents results of the numerical
experiments with pentane under supercritical pressure as the endothermic fuel.
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1 INTRODUCTION

Cooling of an aircraft and a combustion chamber of its engine is the most important problem
for flight Mach number higher than 6 [1]. Now the main trend is to use the cooling capacity
of the engine fuel for thermal protection of the combustion chamber. Prior to injection and
burning, the hydrocarbon fuel flows through the cooling system surrounding the combustion
chamber. The fuel consumption is relatively small because the engine thrust must compensate
the aerodynamic friction losses on high flight altitudes. As a result, minimum fuel can be
used for thermal protection of the combustion chamber, average specific heat flux from the
combustion products to the chamber wall is∼ 1 MW/m2 and higher.

Some natural hydrocarbons (ethane C2H6, propane C3H8, butane C4H10 and pentane C5H12)
can be decomposed into mixture of simpler hydrocarbons with low molecular weights at high
temperature. The thermal decomposition is an endothermic process, i.e. it takes place with
heat absorption. Hydrocarbons absorbed heat at the decomposition and used as a fuel for high
speed aircrafts are called as “endothermic fuels” (EF) [2, 3]. Attractive property of EF is an op-
portunity to use an additional cooling effect [4]. This fact results in intensive experimental and
numerical studies of heat transfer in EF with endothermic pyrolytic reactions under supercritical
pressure.

The simplest model of EF thermal decomposition is the most preferable for the engineer-
ing applications. Instead of real EF, the model uses some fictitious substance that decomposes
without any intermediate reactions (so-called one-step pyrolytic mechanism) [5, 6]. Empirical
constants and functions described the fictitious substance decomposition are chosen for obtain-
ing good agreement between computed and experimental data for real EF [7, 8]. Advantage
of the simplest model is the least computational efforts as compared with more complicated
models. It should be emphasized that the combustion chamber and its cooling system should be
computed in the coupled manner. So numerical simulation of aviation engines require not only
accurate mathematical models, but also very efficient solvers for minimizing of the computa-
tional work.

Cooling system of the combustion chamber walls is shown in Fig. 1. EF comes to the cool-
ing system and absorbs heat through enthalpy variation. Once the EF temperature exceeds a
threshold level, the pyrolytic process can enhance the heat-absorbing capacity through chem-
ical energy changes of EF. Note that reactivity of decomposition products (DP) is higher than
reactivity of EF. This fact makes it possible to improve organization of the combustion process
in the chamber. After that DP comes to the combustion chamber through pylons.

The aim of this work is: 1) development of 3D mathematical model of turbulent flows of
thermal decomposed EF under supercritical pressure in curved rough channels of the cooling
system; 2) numerical study of the conjugate heat transfer in panel of the cooling system.

Figure1: Cooling system of the combustion chamber walls of the aviation ramjet engines.
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2 MATHEMATICAL MODEL OF ENDOTHERMIC FUEL DECOMPOSITION

The simplest mathematical model of conjugated heat exchange in the cooling systems is
based on the following assumption: EF is replaced by a fictitious medium (FM), thermal prop-
erties of FM (density, viscosity, thermal conductivity and heat capacity) depend on the pressure,
temperature and functionΨ, hereinafter referred as a local decomposition degree. In addition to
the equations of continuity, momentum, turbulence, energy (for FM flow) and thermal conduc-
tivity (for channel), the mathematical model should include an equation for the local decom-
position degreeΨ. Energy equation should include a source term accounting the endothermic
effect of the EF decomposition.

2.1 Computation of the decomposition degree

The decomposition degree is a quantitative measure of the EF conversion into mixture of the
simpler hydrocarbon compounds. Assume that a vessel is filled by of EF andN0 is the number
of EF molecules in the initial timeτ0. The equation described reduction of the number of EF
molecules at the thermal decomposition in the vessel is

∂N

∂τ
= −fN, (1)

whereτ is a residence time andf > 0 is some nonnegative function. Eq. (1) reminds the main
law of radioactive decay, however here the functionf has a more complicated form. Integration
of Eq. (1) gives

ln
N

N0

= −
τ∫

τ0

f dt.

Definition. The function

Ψ = 1− N

N0

= 1− exp


−

τ∫

τ0

f dt


 (2)

is called a local decomposition degree of EF (LDDEF). The function0 6 Ψ < 1 defines a local
activity of the EF decomposition.

A mathematical model of a cooling system of a combustion chamber wall of an aircraft
engine requires an equation for computation of LDDEF. In order to obtain this equation, we
divide both sides of Eq. (1) onN0

∂

∂τ

(
N

N0

)
= −f

N

N0

. (3)

Eq.(2) gives
N

N0

= 1−Ψ,

and Eq. (3) can be rewritten as
∂Ψ

∂τ
= (1−Ψ)f, (4)

whereΨ = Ψ0 at τ = τ0 (i.e. in the reference timeτ0).
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For purpose of convenience, we introduce an auxiliary functionΨ̂ = ln(1 − Ψ). There are
different approaches for approximation of the right hand side functionf of Eq. (4). The most
popular approximation takes the Arrhenius form

f = A exp

(
− E

RT

)
, (5)

whereA (s−1) andE (J/mole) are some empirical constants (which are different for different
EF),R = 8.318 J/(kmol·K) is absolute gas constant andT is absolute temperature (K).

Using the approximation (5) and Eq. (4), the auxiliary functionΨ̂ coupled with LDDEF as
Ψ̂ = ln(1−Ψ) can be computed by solving the problem:

∂Ψ̂

∂τ
= −A exp

(
− E

RT

)
, Ψ̂(τ0) = Ψ̂0. (6)

Now we consider an adaptation of the problem (6) for computation of LDDEF in curvilinear
channels of the cooling system. At first, we consider the EF flow between the parallel heated
plates. Remember thatτ in (6) is the residence time and it coincides with the physical timet
only for motionless EF. However for EF flow between plates, the residence timeτ depends on
local speed and passed distance, i.e. it is possible to assume that

u =
dx

dt
,

whereu is a velocity component of EF flow in the axial direction (along plates). Accounting
dt = dx/u, Eq. (6) can be rewritten as

∂Ψ̂

∂x
= −A

u
exp

(
− E

RT

)
. Ψ̂(τ0) = Ψ̂0. (7)

Eq. (7) predicts that the most intensive thermal decomposition of EF takes place at high temper-
ature and/or slow fluid velocity. Therefore application of the rectilinear channels in the cooling
systems seems to be problematic because of the EF decomposition will take place mainly in the
near wall region. It is clear that full usage of the endothermic cooling capacity can be possible
only at uniform decomposition in the channel cross-sections.

Obtained Eq. (7) has the following disadvantages:
1) the turbulent flows are characterized by random fluctuations of velocity, pressure and tem-
perature. As a result, the residence time computed by the Reynolds averaged values will be less
than the time computed by instantaneous values. It is expected that the constantsA andE in
Eq. (7) should be functions of the Reynolds number;
2) Eq. (7) gives inaccurate prediction of LDDEF in near wall region. Really the non-slip condi-
tions lead to

u → 0 ⇒ Ψ̂ → −∞⇒ Ψ → 1,

i.e. full decomposition of EF on the heated walls is expected.
Computation of the residence time of the reacting medium in different technical devices

is sufficiently difficult problem [9, 10, 11, 12]. The modern methods of the residence time
computation require impressive computational works. Obtained results can be inaccurate for
the engineer applications.
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Let usrewrite Eq. (7) as

ρu
∂Ψ̂

∂x
= −ρA exp

(
− E

RT

)
,

whereρ is FM density. It is easy to see that this equation is similar to convective “part” of
some transport equation written in nonconservative form. It is expected that the equation for
the functionΨ̂ can be written as

∂(ρΨ̂)

∂t
+∇(

ρ~V Ψ̂
)

= −ρA exp

(
− E

RT

)
,

wheret is physical time,~V is a velocity vector and∇ is the Hamilton operator. It is expected
that this equation can be rewritten in the following general form

∂(ρΨ̂)

∂t
+∇(

ρ~V Ψ̂
)

= ∇(
D

Ψ̂
∇Ψ̂

)− ρf, (8)

where the functionf is taken from Eq. (1) andD
Ψ̂

is a “diffusion” coefficient.
Boundary conditions for Eq. (8) are given by:

a) inlet (inletΨ is given)

Ψ̂
∣∣∣
inlet

= ln
(
1−Ψ

∣∣∣
inlet

)
,

b) outlet
∂Ψ̂

∂n

∣∣∣
outlet

= 0,

wheren is outlet normal.
c) channel wall (τ = t)

∂Ψ̂

∂t

∣∣∣
wall

= −A exp

(
− E

RTw

)
, (9)

whereTw is the wall temperature.
Thermal decomposition of EF is non-stationary process: on each time layer first computed

Ψ̂w on the heated walls of the channel (9) and afterΨ̂ is computed in the domain (8). Verifica-
tion of the model requires large computationat efforts and now the simplified model based on
assumption thatD

Ψ̂
= 0 will be used for EF simulation. The simplified model has a stationary

solution because of Eq. (8) does not use the boundary conditions on the heated walls in case
D

Ψ̂
= 0.

Note that Eq. (4) makes it possible to predict the nonfailure operation time of the cooling
system. Integration of Eq. (4) gives

1−Ψ(τ)

1−Ψ(τ0)
= exp


−

τ∫

τ0

f(t, T ) dt


 .

Assuming thatΨ(0) = 0 andf(t, T ) = const, we have

1−Ψ(τ) = exp (−τf(T )) .

Let isΨmax(τmax) maximum permissible value of the LDDEF. If1 > Ψ > Ψmax then formation
of solid deposits on the heated wall can be expected. This equation

1−Ψmax = exp (−τmaxf(Tmax))
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resultsin the estimation of the nonfailure operation timeτmax

τmax = − ln(1−Ψmax)

f(Tmax)
.

If f(T ) is taken as (5), finally we have

τmax = − ln(1−Ψmax)

A exp

(
− E

RTmax

) .

2.2 Source term in energy equation

The energy equation accounting the endothermic reaction is written as

∂(ρi)

∂t
+∇(

ρ~V i
)

= ∇(
λ∇T

)− S, (10)

wherei is FM enthalpy. If the functionf is taken from Eq. (1), the source termS depends on
FM decomposition degree of and temperatureT as follows

S = ABρ exp

(
Ψ̂− E

RT

)
,

whereA andB (J/m3) are some empirical coefficients depending on EF. The source termS > 0
accounts the extra cooling capacity arising at thermal decomposition of EF.

2.3 State equation of the fictitious medium

Thermophysical properties of EF (densityρEF, dynamic viscosityµEF, heat conductivityλEF

and heat capacitycp EF) depend on the temperature and pressure, i.e.ρEF(P, T ), µEF(P, T ),
λEF(P, T ), cp EF(P, T ). Then state equation of FM can be formulated by interpolation, for ex-
ample

ρFM(P, T, Ψ̂) = exp(Ψ̂)ρEF(P, T ) +
(
1− exp(Ψ̂)

)
ρDP(P, T, Ψ̂), (11)

whereρDP(P, T, Ψ̂) is density of the decomposition products (DP).

2.4 Mathematical model of the conjugate heat transfer

The 3D mathematical model of the cooling system consists of the following equations:
1) for FM flow:

a) continuity and momentum equations (Navier-Stokes equations),
b) equations for (k − ε)–model of turbulence,
c) energe equation with extra source term (10),
d) state equation (in form of (11)),
e) equation for computation of the decomposition degree (8) .

2) for the cooling system construction:
a) heat conductivity equation.
The model coincides with standard model of the conjugate heat transfer at low temperatures

(T < 600 K ⇒ Ψ → 0).
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3 NUMERICAL EXPERIMENTS

A panel of the cooling system for aviation ramjet engine is a rectangle plate manufactured
from a high-temperature steel with an internal channel for EF supply. Fragment withΠ-like
channel will be named as a heat-exchange section. Fig. 2 represents the overall sizes of the
typical heat-exchange section with the channel for EF supply. The cooling panel consisting of
three heat-exchange sections is shown on Fig. 3.

Figure2: Geometry of the heat-exchange section with the internal channel for EF supply (all sizes are given in
millimeters).

Figure3: The cooling panel consisting of three heat-exchange sections (all sizes are given in millimeters).

Heat-insulated manifold equips the last heat-exchange section as shown on Fig. 4. The man-
ifold is needed for the correct formulation of the outlet boundary conditions for momentum,
energy, (k− ε)–equations and Eq. (9). It is assumed that zero Neumann conditions are given on
the manifold outlet.

Unstructured grid in the panel (633047 control volumes in each section) and structured grid
in the channel (191862 control volumes in each section) are generated for approximation of the
basic partial differential equations (Fig. 5).
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It is well known that roughness has strong influence on convective heat transfer in the chan-
nels (especially for small equivalent diameters). In our numerical experiments the uniform
microroughness height is taken to be4 · 10−5 m.

Figure4: Last heat-exchange section and the heat-insulated manifold.

Pentane (C5H12) under supercritical pressurep0 = 5 MPa is taken as the EF. Values of the
empiric constants for the pentane areE = 231268 J/mole,A = 1.75 · 1012 c−1, B = 1.68 · 106

J/m3. Inlet temperature of the pentane isT0 = 300 K, mass flow rate is 0.0067 kg/s.
To analyze results of the computations, we use the following parameters:

1) maximum temperature (Tmax) and maximal LDDEF (Ψmax)

Tmax = max
Ωijk

Tijk, Ψmax = max
Ω̄ijk

Ψijk, (12)

whereΩijk andΩ̄ijk are used computational grids in metal part of the panel and channel, re-
spectively.
2) mass-averaged flow temperature〈Tf〉 and mass-averaged LDDEF〈Ψ〉

〈Tf〉 =

∫
s

ρuTf dσ

∫
s

ρu dσ
, 〈Ψ〉 =

∫
s

ρuΨ dσ

∫
s

ρu dσ
, (13)

wheres is an area of the channel cross-section andu is velocity component.
3) mass-averaged LDDEF〈Ψ̄〉 in the manifold outlet (Fig. 4)

〈Ψ̄〉 =

∫
m

ρuΨ dσ

∫
m

ρu dσ
, (14)

wherem is an area of the outlet cross-section of the manifold.
Goal of the numerical experiments is to computational study the cooling panel from point

of view of intensification heat transfer, minimization of hydraulic resistance and maximum
usage of the endothermic effect at EF decomposition. Some EFs have tendency to coke deposit
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Figure5: Computational grid in the cooling panel.

formation on overheated channel walls. Layer of the solid coke deposits results in additional
heat resistance and reduces the cooling system efficiency. To overcome this problem, operating
conditions of the cooling system should guarantee that maximum LDDEF is limited by some
value, for exampleΨmax < 0.8.

We summarize the main features of the cooling system:
a) Near inlet region. Heat of cold EF leads to remarkable change of their thermal properties
(density, viscosity, heat conductivity etc.). If the channel cross-sectional area is the same, re-
duction of EF density results in increase of hydraulic resistance. The channel configuration
should ensure intensification of convective heat transfer without unpractical hydraulic losses.
b) Near outlet region. EF is overheated up to their thermal decomposition. The decomposition
starts in the channel subdomains with high temperature and high residence time (or small linear
velocity), i.e. it is expected that the decomposition will take place in small overheated sublayer
in near wall region. As a result, all endothermic cooling capacity of EF cannot be used in such
system because of coke deposit hazard near walls and cold flow core. In addition, the channel
configuration should ensure sufficient residence time for required decomposition value.

It is expected that the channel configuration shown on Fig. 3 results in continuous mixing
of EF flow. In near inlet region the mixing leads to the convective heat transfer intensification
and in outlet region the mixing leads to temperature balance in channel cross-sectional area and
increase of residence time for needed decomposition value. Disadvantage of the cooling system
is high hydraulic resistance as compared with straight channels.

Fig. 6 represents influence of the pentane decomposition on the outlet temperature of the
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Figure6: Influence of the endothermic effect on temperature of twenty sectional panel of the cooling system:
without (dashed line) and with (solid line) taking the pentane decomposition into account at uniform heat flux.

cooling panel at different values of heat flux. HereTmax, Ψmax and〈Tf〉 are given by (12) and
(13) in outlet section, respectively. Maximum value of LDDEFΨmax≈ 0.6 predicts absence of
solid deposit formation on the channel surface under these conditions.

Results of numerical simulation of the heat transfer in twenty sectional panel of the cooling
system are given in Table 1. The table represents maximal values of LDDEFΨmax (12) and
temperatureTmax (12), mass-averaged outlet values of LDDEF〈Ψ̄〉 (13) and EF temperature
〈Tf〉 (13) and mass-averaged outlet values of LDDEF〈Ψ̄〉 (14) in the outlet manifold (Fig. 4) at
different heat fluxes. Note that the hot EF continues to decompose in the outlet heat-insulated
manifold: 〈Ψ〉 < 〈Ψ̄〉. This fact should be accounted at the cooling system designing since the
solid depositions formation in the outlet manifolds can take places at high values of LDDEF.

Fig. 7 shows distribution of temperatures, LDDEF, averaged Reynolds number and averaged
pressure in the panel atq = 1 MW/m2. In spite of strong change of the pentane thermal
properties, pressure drop is 0.5 MPa (from inlet pressure 5 MPa downto outlet pressure 4.5
MPa). Computational results predicts that the panel (size0.07 × 0.4, coolant (pentane) mass
flow rate is 0.0067 kg/s,Tinlet = 300 K, pinlet = 5 MPa) can be used for the combustion chamber

Heatflux Two last sections Outlet Manifold
q, MW/m2 Ψmax Tmax, K 〈Ψ〉 〈Tf〉, K 〈Ψ̄〉

0.5 0.00 983.75 0.00 868.71 0.00
0.6 0.01 1088.98 0.01 953.04 0.01
0.7 0.07 1181.17 0.04 1025.02 0.05
0.8 0.21 1248.60 0.15 1070.53 0.17
0.9 0.39 1300.98 0.31 1098.90 0.34
1.0 0.58 1349.14 0.48 1125.04 0.52

Table1: Result of the heat transfer simulation in twenty sectional panel of the cooling system.
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Figure7: Distribution of LDDEFΨ and temperatureT (K) (left), Reynolds numberRe and pressurep (Pa) (right)
in twenty sectional panel of the cooling system at heat fluxq = 1 MW/m2.

Figure8: Distribution of LDDEFΨ (left) and velocity modulus (m/s) (right) on boundary between penultimate
and last heat exchange sections at heat fluxq = 1 MW/m2.

protection.
Fig. 8 represents the planar distribution of LDDEF and absolute value of EF velocity be-

tween penultimate and last heat exchange sections (q = 1 MW/m2). The panel geometry gives
intensive EF mixing in the channel. As a result, almost uniform EF temperature distribution in
the channel cross-section is observed. In this case thermal decomposition of EF depends only
on the local velocity. Recirculating zones lead to increase EF residence time and LDDEF [13].

4 FUTURE WORKS

Proposed mathematical models have advantages in computational efforts. The model allows
simulate physical and chemical process in multidimensional reacting EF flows and burning in
the combustion chamber in coupled manner. However real hydrocarbon fuels consist of many
compounds and their thermal decomposition has complex multistage nature. Detailed mecha-
nism of thermal decomposition of simple hydrocarbon fuels consists of many elementary reac-
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Figure9: Mass fraction of pentane, laminar flow between parallel plates atTmax = 700 K: brutto-approximation
(upper figure) vs. detailed kinetics of the decomposition (lower figure).

tions. As a result, sufficiently accurate mathematical models can include thousands equations
and it difficult to use for practical computations. The most promising approach is reduction to
the simplified description. The simplified model should describe such the main features of full
model as heat sources and outlet substances concentrations. Fig. 8 represents comparison of
results obtained by using full model (more than 1000 reactions and 200 components [14]) and
proposed model. Fig. 8 demonstrates simulation of 2D laminar flow between parallel plates,
lower plate is heated and upper plate is heat heat-insulated. Inlet temperature is close to temper-
ature of the decomposition start (700 K). Average cross-sectional values of the decomposition
degree are similar to each other (maximum difference is no more than 10%), but their spatial
distributions are differ.

Following development of proposed model is hybrid approach based on chain-radical mech-
anism of the thermal destruction and global brutto-correlations for components of the reacting
system.
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5 CONCLUSIONS

3D mathematical model have been proposed to simulate the scramjet active cooling sys-
tem and to determine the mixture composition at the cooling channel outlet. To minimize the
computational efforts, the one-step pyrolytic reaction mechanism has been used for the pentane
decomposition. As a result, it is possible to compute physical and chemical processes in the
combustion chamber and its cooling system in coupled manner. At present time a mathemat-
ical model with more accurate description of EF decomposition based on complete detailed
mechanism is developed.
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Abstract. For an automatic optimization using Computational Fluid Dynamics, all design
iterations of a turbo-machine require the generation of geometry and computational mesh as
well as the simulation of the flow and the evaluation of one or more characteristic properties.
All steps can be expensive regarding time or manpower. In addition, all meshes of the design
iterations differ in total number of cells, percentage of a particular element type, local refine-
ment sections or structured mesh block thickness being summarized as mesh characteristics.
An object-oriented framework focused on hydraulic machinery is used to generate different ge-
ometry variants. Furthermore, the framework is extended to create hybrid meshes consisting
of a structured part surrounding the blades and an unstructured part within the remaining flow
channel. The structured-unstructured mesh coupling is realized with the Pyramid Open Method.
In order to take care of the boundary layer flow effects along the meridional contour upstream
and downstream of the runner blade rows a prismatic layer creation algorithm is also imple-
mented. OpenFOAM software is applied to simulate the flow through the hydraulic machine.
Each step in the process chain is implemented as part of the framework. The complete study
is done using open source applications, libraries and tools. In terms of performing an auto-
matic optimization procedure an assessment for the numerical behavior of the hybrid mesh in a
real-engineering application is desired. To limit the number of optimization parameters and the
amount of computation time the sensitivity analysis tool supports the identification of relevant
geometry input parameters with significant influence on the flow field. On the one hand it is
important to discover the influence of geometry variations on the predicted physical behavior
(e.g. flow losses, torque and head) of the simulation results. On the other hand it is investigated
if the uncontrollable changes of mesh characteristics or user controlled numerical discretiza-
tion parameters, such as flux gradients affect the physical quantities on the same level as the
geometric variations. The goal is to achieve a dominating geometry influence and a minor effect
of mesh characteristics on the predicted flow field solution. For both, a typical Francis and a
Propeller turbine runner, the fluctuations and absolute values of physical properties are shown
for a number of varying meshes, numerical and geometrical setup parameters.
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1 INTRODUCTION

In almost all cases hydraulic parts of power plants are constructed individually for each
power plant and hence for special operating conditions. From an engineer’s point of view this
means finding a geometry that fits best to the desired operating conditions. Each design iteration
requires generating a geometry, meshing the domain, simulating the flow field and investigating
the solution. Iterations or variants of a hydraulic machine have to be evaluated against each
other to distinguish if a variant is better than the others. In addition a design process is normally
limited by a project duration and in that sense it is worthwhile to automate all steps as much as
possible.

The very first step of the process is to parameterize a geometry to be able to create different
variations. For hydraulic machines, e.g. Francis or Propeller runners, the blade angles at leading
and trailing edge, blade thickness, meridional and circumferential blade length serve as possible
design degrees of freedom (DDoF). A geometry of a machine can be seen as a function that
takes the DDoF as inputs and generates a geometry. Frequently, geometry and mesh generation
applications act on different file formats which produces the necessity to convert output of a first
application to the correct input for a second application. Meshing a hydraulic machine with
a conservative block-structured grid is a highly intuitive and manpower intensive step in the
optimization loop. A promising approach to reduce manual effort is the use of unstructured or
partly unstructured meshes. A hybrid mesh fits more easily a wider range of geometry variants
due to its variable unstructured part. On the other hand it is known that unstructured meshes
also produce more inaccuracy regarding numerical errors [1]. Hybrid meshes with hexahedral
block-structured elements around the blade and prisms in the boundary layer at hub and shroud
are used to reduce numerical errors. The flow field in the hydraulic machine is obtained from
a numerical solution of the incompressible Navier-Stokes equations on the mesh, e.g. using
a finite volume approach. In the last step of a design iteration an obtained flow field has to
be evaluated and classified. Characteristic properties of a design (CPoD) with either scalar or
vector character have to be defined. Common physical CPoD are e.g. torque, efficiency and
velocity distribution downstream the runner. The question, if a design of the hydraulic machine
fits better to the operating conditions than others, is answered by evaluating those parameters.

2 FRAMEWORK

Hydraulic design environments based on applications that have a set of fixed DDoF are mean-
ingful approaches for new designs of hydraulic components [2, 3]. Refurbishment projects need
tools that are customizable and extensible. The authors believe that a framework can provide
both and hence is able to be applied to both scenarios. Adaptability from the user’s perspective
is achieved by the use of a modifiable, human-readable construction plan of the machine. For
a developer an object-oriented code structure can reduce the work for an implementation of a
new feature. The already developed framework is able to handle fairly different machine types
and is extended for this study [4]. A lot of open-source libraries reduce the amount of new code.
The framework can be divided in different sections: geometry, mesh, pre-processing, flow sim-
ulation and post-processing. All steps of the workflow are part of the framework and thus, can
be extended by modifying the source code. In order to extend the possibilities regarding geo-
metrical modifications the underlying geometry engine of the framework is adjusted to use the
well-established open source project OPENCASCADE [5]. Further used libraries remain the
same (see [4] for a list).
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2.1 STRUCTURE

Figure 1 shows the general structure with its main parts. The left column lists parts that a
“common” user or programmer interacts with. These are implementations for geometrical ob-
jects e.g. one-, two- and three-dimensional mappings or mesh objects. The framework or rather
OPENCASCADE uses non-uniform rational B-Splines (NURBS) to handle free-form geomet-
rical shapes. It is also possible to handle compositions of NURBS or other geometrical objects
[4]. The solverKernel provides the interface to a simulation tool that computes a numerical so-
lution of the flow field. In order to provide a mechanism for developers to extend the framework
without recompiling or modifying the original source code, a simple plugin system is also pro-
vided [6]. For this study the post-processing steps are implemented as plugins. Parts in the right
column of figure 1 are generalized objects, e.g. handling string objects, exception handling or
logging functions. The user interacts with the framework via a Hypertext Markup Language file
that serve as a construction plan for the machine. Additionally, a very first and simple stage of
parallel support using MPI (Message Passing Interface) and OpenMP (Open Multi-Processing)
is implemented. The connection to the used underlying open source libraries is bundled in the
libraryKernel. The right column of figure 1 contains an incomplete list of used libraries. The
last part applicationKernel provides some basic methods to write new applications that use the
library and as a consequence become part of the framework. For this study an application that
executes geometry generation, mesh generation, simulation and post-processing for one design
sample is provided. The black box that surrounds all steps in the figure visually represents the
mentioned application.

applicationKernel

generalKernelgeometryKernel

libraryKernel

meshKernel

pluginKernel

solverKernel

exceptionHandling
log
XML
basic types
parallel

OpenCASCADE
CGAL
muParser
ROOT
OpenFOAM
GSL
gmsh

hybrid

simulation

post-processing

NURBS
compositions

Figure 1: General framework structure

The mesh generation part uses the open source software GMSH [7]. Already implemented
meshing steps of GMSH such as triangulation, tetrahedralization and creation of structured mesh
blocks using a transfinite interpolation are used without modifications. The framework creates
the mesh that depends on different d-dimensional geometrical objects Gd with the parameter
space coordinates u, v and w in the same sequence as GMSH does:

(1) Vertices G0 that are entities of dimension 0,
(2) Edges G1(u) that are entities of dimension 1,
(3) Faces G2(u, v) that are entities of dimension 2 and
(4) Regions G3(u, v, w) that are entities of dimension 3.

GMSH provides a bidirectional data structure of all Gd entities and, thus, enables to have all
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upward (d + 1)-dimensional and downward (d − 1)-dimensional adjacencies of a geometrical
object. Table 1 gives a list and short description of new implemented operators that are all
involved in creating the hybrid meshes. The mesh is created in the same order for steps (1) -
(3). Step (4) is subdivided into:

(a) create boundary layer elements on wall faces and take transfinite layers into account,
(b) add pyramid elements on quadrangles that are not part of boundary layers and
(c) fill unstructured part of regions.

Operator name Description
dtMeshFreeGradingEdge edge with user defined vertex distribution
dtMeshGFaceWithTransfiniteLayer four sided face with a layer at two opposing edges
dtMeshGRegionWithBoundaryLayer region with faces that can extrude (create a boundary

layer), where vertices can slide and where vertices
remain fixed (see section 2.3)

Table 1: Additionally implemented mesh operators

2.2 EDGE- AND SURFACE MESH

dtMeshFreeGradingEdge meshes an edge of length L and takes a predefined function

g : R→ R : g(x) = y with g(0) = 0 and g(1) = L (1)

into account. The function space x is equidistantly divided into an user defined number of
points. The i-th geometrical length li of the i-th mesh point is then given by

g(xi) = li .

For this study a two dimensional B-Spline function

gB : R→ R2 : gB(u) = (xu, yu)

is defined with three control points. In the sense of equation (1) gB is forced to be a function by
finding a root for the first dimension of

gB(u) = (xu − xg, yu) (2)

with a given xg. It is up to the user to make sure that the solution of equation (2) is unique.
Controlling the grading by control points of B-Splines is assumed to be more intuitively from
the user’s perspective. But grading is not fixed to B-Spline functions only and hence hyperbolic
tangent, geometric series, polynomial functions or others can be used.

The mesh operator dtMeshGFaceWithTransfiniteLayer acts on two dimensional mesh entities
G2(u, v) according to figure 2. As first step the structured dark gray layer is created using a
transfinite interpolation scheme. The second step creates the light gray unstructured part. Layers
are not limited to have the same number of elements in u- and v-direction. The implementation
of the operator is realized by a combination of existing operators of GMSH.
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u

v

Figure 2: Face with a transfinite layer

2.3 PRISMATIC LAYER

Fluid dynamic boundary layer effects give rise to have special elements near walls. For
this study a prismatic boundary layer is created on hub and shroud of the hydraulic machine.
Figure 3 shows the dark gray layer as an extrusion of the unstructured light gray surface mesh.
A simplified implementation of a generalized advancing layer technique is used to create the
prismatic elements [8]. In the following a vertex positioned on a G2 entity is called ordinary
vertex and a vertex located at a G1 or G0 entity is called either sliding or fixed vertex. Firstly,
a mesh manifold for each mesh vertex is created by finding a face set that shares one common
mesh vertex. In figure 3 the manifold of the mesh vertex marked with a black rectangle is
defined by all I light gray surface elements s that are touched by the dashed circle around the
rectangle. Each surface element si has a unit normal vector NS(i). The mesh unit normal NV

at mesh vertex j

NV (j) =

∑I
i ciNS(i)

|
∑I

i ciNS(i)|
(3)

has to be calculated for each ordinary vertex. For all ordinary points ci is set to one. For each
ordinary mesh vertexNV (j) returns its unit normal vector and thus the direction of the extruded
boundary layer. Special handling is necessary for sliding and fixed vertices. A sliding vertex is
able to move along an internal mesh edge of a surface. A boundary layer that starts from the
dashed surface mesh, figure 2, contains sliding vertices at mesh edge G1(u) = G2(u, v = 1).
All mesh vertices on the geometrical edge slide in negative v-direction of the internal edges
located on the dark gray surface mesh of the face. In this study the boundary layer of a face
is defined by the transfinite layers of its neighbor faces and consequently the normals for this
constrained mesh vertices are initially not necessary to compute. But in order to prevent colli-
sions in the mesh the normals for these vertices are approximately calculated, too. Surrounding
normals of a sliding vertex are calculated using equation (3) with ci = 2 if i-th mesh surface si
contains at least one slidable vertex. A fixed vertex is a vertex that does not move and thus, the
normal for this vertex is set to 0. In order to reduce gradients in NV the t-th iterative smoothing
step of the unit normal at vertex i with all K direct neighbors

N t+1
V (i) =

∑K
k N

t
V (k)

|
∑K

k N
t
V (k)|

is performed. The final extrusion creates a layer according to the dark gray elements of figure
3. On the one hand the resulting boundary layer consists of prisms that are created by pure
ordinary vertex extrusions. On the other hand partly fixed vertex extrusions produce pyramids
or tetrahedra for surface elements that contain one or two fixed vertices, respectively.

It is important to mention that the simplified algorithm in the framework does not provide
all features mentioned in [8]. Caused by the predefined transfinite layers, it is not necessary to
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calculate multiple growth curves of mesh vertices. But it also has be stated that the implemented
algorithm is not as general as the algorithm found in the literature.

Figure 3: Prismatic layer (dark gray) and Pyramid (black shaded) as coupling element

2.4 STRUCTURED-UNSTRUCTURED COUPLING

The tetrahedral mesh in the resulting flow channel that is not part of the structured mesh
block surrounding the blade has to be coupled to the structured hexahedral mesh. The Pyramid
Open Method (POM) is a robust coupling algorithm. It is reported that the method is more
stable compared to the Tetrahedral Transformation Method, but produces pyramids of lower
quality. An advantage is that the POM does not modify or rather divide any existing hexahedra
and additionally, the algorithm is easier to implement [9].

Starting with two nonconforming meshes of the tetrahedral and hexahedral part, the method
opens pyramids from the coupling face. Figure 3 shows a pyramid (black transparent color) that
starts to open from the white structured part. In its original formulation POM inserts a mesh
vertex in the center of the quadrangle, subdivides all direct neighboring tetrahedral elements
and then opens the pyramid. A quadrangle needs to have two adjacent triangle faces or rather a
hexahedron has to share one face to two different faces that belong to two different tetrahedra.
The implementation in the framework starts from a hexahedron that shares a face to four differ-
ent faces of also four different tetrahedra. The shared face already contains the hanging vertex.
After the insertion of a zero volume pyramid element the nonconforming mesh is topologically
coupled. The iterative procedure takes each of the J quadrangle mesh verticesQ and each from
theK vertices that belong to an adjacent tetrahedron T into account. The initial position (t = 0)
of the apex vertex C of the i-the pyramid

Ct=0
i =

∑J
j Qj +

∑K
k T k

J +K

moves the apex vertex into the tetrahedral mesh and thus increases the pyramid’s volume. Due
to the mesh deformation it is possible that some adjacent tetrahedra become illegal (negative
volume). An iterative procedure checks the volume of all adjacent tetrahedra for the t-th itera-
tion step. If illegal elements occur the apex moving

Ct+1
i = (1− r)Cti + rC0i

is constrained using a weighted average of the 0-th (initial) and the t-th vertex position. The
relaxation parameter r is a user-defined scalar constant. Following the proposal of the algorithm
in [9] a quality check for the shape metric is performed, too. The modified procedure does
not check element quality due to multiple mesh optimization steps following the POM and
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consequently creates pyramidal elements with a larger volume. Thus, the quality and volume
of the deformed tetrahedral elements are lower after the implemented POM compared to the
original algorithm.

2.5 PRE- AND POSTPROCESSING

For this study the open source Computational Fluid Dynamics software package OPEN-
FOAM is used to simulate the flow field in the hydraulic machine [10]. All simulation files and
data are directly written by the framework. Parts of OPENFOAM are connected to the frame-
work as shared libraries e.g. used boundary conditions, mesh read- and write support or some
general input- and output (IO) methods. It prevents avoidable conversion steps due to different
formats. Additionally, the direct pre-processing of OPENFOAM via its provided libraries gives
the possibility to write all necessary input files and thus is implicitly corrected if the underlying
version changes. Furthermore, it is possible to use the large amount of provided functions for
field operations in the sense of OPENFOAM. Therefore, also post-processing profits by the di-
rect connection to the simulation library, e.g. the mass flow averaged circumferential velocity
distribution on arbitrary user-defined surfaces or a pressure distribution on spanwise constant
blade cuts are possible to calculate.

3 MODELS

For this study two typical hydraulic machines are investigated. The geometrical appearance
of both, a Francis and a Propeller runner, is fairly different, but the underlying used geometrical
parameterization is very similar. The template that is defined by the geometrical parameteri-
zation of the machine is either automatically or manually adjusted (change of DDoF) to fit the
existing geometry. The intention of this study is not to model the existing geometry as exact
as possible and not to “re-simulate” the machines. In fact, the machines serve as examples for
the automatic hybrid grid generation method and in addition to discover the peculiarities of this
general workflow approach.

3.1 GEOMETRICAL PARAMETRIZATION

In classical refurbishment tasks the meridional shape outside the runner is fixed and therefore
not considered as DDoF for the new design. Consequently, the meridional contour needs not
to be parameterized and thus, a defined number of points, picked from the contour, is imported
into the framework. The blade and its center plane is transferred to the framework, too. It is
important to understand that for an existing machine it is initially not possible to find its original
parameterization. In reality every machine designer is free to use his own parameterization.
Both machines are modeled with a three point mean line represented by a second order B-
Spline defined with three control points. It is possible to define the inlet α and outlet angle β
but also the meridional length of the blade H . The circumferential length of the blade is defined
by the ratio r. The interested reader is referred to [4] for a detailed description. The sum of the
thickness distribution y(u, t) for a four-digit NACA profile with maximum thickness tmax and
parameter coordinate u and the trailing edge thickness tte

t = y(u, tmax) + tte

defines the blade thickness [11]. The coordinate u of the blade surface points in meridional
direction, whereby v represents the spanwise direction from hub to shroud. Both machines
have a spanwise constant trailing edge thickness (tte 6= tte(v)). The Francis runner also has
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a spanwise constant (tmax 6= tmax(v)) maximum thickness tmax. In contrast the Propeller’s
maximum thickness

tmax = t0(1− v) + t1v

linearly depends on the spanwise coordinate v with thickness t0 and t1 at hub and shroud,
respectively. Both blades of the machines have equal thickness distributions on suction and
pressure side. Table 2 lists angles and main dimensions with unit in squared brackets of the
two machines. Functions bF and bP , with their input in brackets, represent the parameterization
set of the Francis and Propeller runner. Increasing numeric index means increasing spanwise
position from hub to shroud. DDoF with three positions (1, 2 and 3) are connected via a B-
Spline function, two positions of a DDoF (0 and 1) are linearly connected. As already mentioned
the values of table 2 are not known or able to be easily calculated for an existing blade. Both
machines are approximately reparameterized with the geometrical template by reparameterizing
discrete points on the imported initial blade.

bF (α1−3, β1−3, H1−3, r, t, tte) bP (α1−3, β1−3, H1−3, r1−3, t0, t1, tte)
[°] (α1, α2, α3) = (88, 59, 45) (α1, α2, α3) = (76, 34, 20)
[°] (β1, β2, β3) = (45, 28, 18) (β1, β2, β3) = (53, 26, 17)
[ m] (H1, H2, H3) = (0.27, 0.24, 0.19) (H1, H2, H3) = (0.070, 0.070, 0.063)
[ m] r = 0.75 (r1, r2, r3) = (0.400, 0.525, 0.500)
[ m] tmax = 0.005 (t0, t1) = (0.1, 0.025)
[ m] tte = 0.005 tte = 0.001

Table 2: Angles and main dimensions of Francis and Propeller runner

3.2 NUMERICAL SETUP

OPENFOAM (foam-extend version 3.1) provides “MRFSimpleFoam”, a solver for systems
with a rotating frame of reference using the SIMPLE algorithm [12]. The investigations only
include rotating parts of the machine and thus, it is not necessary to have any stator-rotor inter-
face. Additionally, the solver produces a stationary solution. Volume or mass flow is predefined
by a given velocity distribution at the inlet patch and outflow is against zero pressure. On the
periodical patches the individual grid elements are nonconforming and therefore are coupled by
a general grid interface. The outflow of the domain is enforced for the Francis runner by the use
of the “inletOutlet” boundary condition. To take care of turbulent flow effects the simulation
uses a standard k-ε turbulence model with a given turbulent kinetic energy intensity of 10% at
inlet. The mixing length L for the calculation of the dissipation rate ε can be estimated based
on a pipe diameter dh

L = 0.038dh

for a fully developed pipe flow. Diameter dh is replaced with the channel height of the machine.
All calculations run 1000 iterations in total thereof the first 100 iterations are laminar to get a
stable initial solution.

The discretization scheme can be adjusted in OPENFOAM. It is possible to change the ap-
proximation of the gradients and divergence terms in a numerical simulation. It is reported that
the least square discretization scheme tends to be more oscillating on tetrahedral meshes. The
gradient approximation is also not as accurate as on structured or rather hexahedral meshes and
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thus, it is recommended to use gradient limiters. For this study, unless otherwise specified, a
cell limited scheme with blending factor 0.33 is used that tends to be less dissipative than a face
limited scheme [13].

4 SENSITIVITY ANALYSIS

For complex engineering models it is a challenging task to get knowledge about the influ-
ences of the input to the output. Especially for automatic optimization processes, it is impor-
tant to ensure that the inputs like geometry variations that are adjusted by an optimizer have
a predominant influence to the hydraulic properties, e.g. torque, head and efficiency. Other
uncontrollable influences such as grid variations need to have less dominance on the output.
A sensitivity analysis (SA) is a useful tool to investigate this behavior [14]. For the sampling
and evaluation of the study the open source MATLAB/Octave toolbox “Sensitivity Analysis For
Everybody” (SAFE) is used [15]. For all studies the samples are created by the Morris method
that has a better economy of the sampling plan [16].

4.1 BASIC EQUATIONS

For a numerical model M that has an input x with K elements and an output y

y = M(x) = M(x1, ..., xK)

an elementary effect (EE) is defined as

EEi(y) =
M(x1, ..., xi−1, xi + δ, xi+1, ..., xK)−M(x)

δ
. (4)

For each input i one or more EE of the output y can be determined between xi and xi + δ.
Equation (4) can be interpreted as a discrete gradient and gives the variation of the output y
with respect to the i-th input xi. A desired number of R EE for each of the K inputs require
for a simple sampling method 2RK evaluations of M. In the following the distribution of EE
for the output y of an input i is denoted as EEi(y). The chosen Morris sampling method has a
better economy and requires R(K + 1) evaluations of the model [16]. It is the main aim of the
method to determine which input is

(a) negligible,
(b) linear or additive,
(c) non-linear or
(d) involved in interactions with other inputs.

At first, this study is not distinguishing between (c) and (d). The other distinguishing criteria are
explained later. Common practice is to calculate the standard deviation std(EEi(y)) and average
mean(EEi(y)) for i-th input. In its simplest interpretation a high mean value indicates inputs
with a high overall influence and a high standard deviation is a hint for a highly dependent input
that may also interact with other inputs [16]. For the application of the Morris sampling method
the standard error of the mean (SEM)

SEM =
std(EE)√

R
(5)

gives an additional indication whether an input is considered as significant or not [16]. Output
values with dimensions are designated with Y . Mean values of all samples of one run, e.g.
mean(Y (M)), are used to generate dimensionless output values Y , e.g. Y (M) = Y (M)

mean(Y (M))
.
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5 RESULTS

A first investigation uses the Francis runner according to table 2 and only varies numerical
and mesh parameters while keeping the DDoF fixed. Table 3 gives all parameters and ranges.
The symbol “⇔” means that this parameter is adjusted from the lower to the upper bound
according to its column of the table.

nH [%] pH [%] ndT [%] ndH [%] g[−] gP [−] gU [−] gφ,U [−] l[−] s[−]
0 0 0 0 0.20 0.20 0.20 0.20 0.20 0.20
⇔ ⇔ ⇔ ⇔ ⇔ ⇔ ⇔ ⇔ ⇔ ⇔
50 3 30 50 0.40 0.40 0.40 0.40 0.40 0.40

Table 3: Parameters with ranges for a run with R = 20 and K = 10

In order to simulate different mesh variations that occur in an automatic optimization process
an implemented mesh operator perturbs an initial given mesh. Perturbations are inserted in the
mesh in two variations. On the one hand each edge of nH percentage of all hexahedra is shrunk
by pH percentage of its initial length. On the other hand ndT percentage of tetrahedra are divided
in four new tetrahedra or ndH hexahedra are split in six pyramids. Both division strategies are
done by inserting a new mesh vertex in the barycenter of the initial tetrahedron or hexahedron.
A random generator creates indices for mesh elements that are perturbed. Both hexahedron
perturbation techniques influence the structured part and thus influences the mesh near the blade.
The splitting of tetrahedrons is a local refinement and in most cases a mesh quality modification
in the unstructured far field. By the use of a random generator two samples having the same
values of ndT differ in the position of local refinement sections while the number of elements
remains unchanged. Element perturbation is only done once per element and elements that are
connected to prisms at the wall or pyramids at the structured-unstructured coupling are kept
unchanged. Table 3 gives the percentage and intensity of all inserted perturbations.

All g, s and l parameters of table 3 are blending factors for the gradient limiters of the dis-
cretization scheme used to stabilize the numerical flow field simulation on tetrahedral meshes.
Furthermore, it is not unusual to compensate a low mesh quality with high blending values for
the limiters. The blending parameters in table 3 are replaced in the discretization file

gradSchemes {
d e f a u l t c e l l L i m i t e d Gauss l i n e a r g ;
g r ad ( p ) c e l l L i m i t e d Gauss l i n e a r gP ;
g r ad (U) c e l l L i m i t e d Gauss l i n e a r gU ;

}
divSchemes {

d i v ( phi ,U) Gauss l inearUpwindV c e l l L i m i t e d Gauss l i n e a r gφ,U ;
}
l a p l a c i a n S c h e m e s {

d e f a u l t Gauss l i n e a r l i m i t e d l ;
}
snGradSchemes {

d e f a u l t l i m i t e d s ;
}

of OPENFOAM. A detailed description of all limiters can be found in [13].
The fluctuations of torque M̃ and head ∆̃H within the last 200 iteration steps can be inter-

preted as a physical convergence criteria. Figures 4a and 4b give the EE plots of the fluctuations.
According to [16] the dashed line with slope 2 SEM of equation (5) is plotted. According to
equation (5), SEM is the standard deviation of the distribution divided by the square root of the
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sample size. In general, the mean value of a random sample is not correct or rather can only
be estimated within a range of uncertainty. SEM is a confidence interval of the estimated mean
value and thus, a quantity for the uncertainty. The prefactor 2 gives the 95-th percentile of the
estimated mean value based on the assumption of a normal distribution. In other words, the
estimated mean value mean(EE) varies with a probability of 95% between

mean(EE)− 2SEM

and
mean(EE) + 2SEM .

In that sense, a calculated mean value mean(EE) that lies on the left side of the dashed line can
also be a mean value of zero that spreads caused by taking only a random sample into account.
For that reason input parameters fulfilling the inequality

std(EE) > 2SEM (6)

could have a mean value of zero.
The dotted line is the bisect line and hence indicates points that have equal standard deviation

and mean. EE of input parameters that lie on the right side of the dotted line and additionally
fulfill

std(EE)� mean(EE) (7)

have a linear influence to the output and no interaction effects with other inputs. Whereby points
located on the left side have non-linear and/or interaction effects [17]. Inputs that are very close
to the origin are assumed to have no influence. It is obvious that gU is separated in both figures
4a and 4b and additionally, it is located on the left side of the dashed line. The value gU is the
blending of the limiter of the grad(U) terms for the numerical discretization. Additionally, fig-
ure 4b gives the indication that mesh perturbations due to hexahedron and tetrahedron division
are more critical regarding ∆̃H . Or in other words ∆̃H seems to be more sensitive to the mesh.
However, it has also to be stated that overall fluctuations of both physical quantities are quite
small. The mean value of Y (M̃) and Y (∆̃H) is 0.02% and 0.41%, respectively. Parameters
ndH and ndT are on the right side of the dotted line and satisfy equation (7). For that reason
∆̃H linearly depends on both perturbations. All other numerical setup parameters lie close to
the origin or close to the dashed line.
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Figure 4: EE plot for Francis runner of (a) EE(M̃) and (b) EE(∆̃H)
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The hydraulic losses HV are given by the energy equation

HV = ∆H −
Mω

ρQg

with head ∆H , torque M , angular velocity ω, density ρ, volume flow Q and gravitational con-
stant g. Figure 5a gives the plot of the distribution of hydraulic losses Y (HV ) versus the number
of divided hexahedra ndH . The gray solid lines are linear regressions that subtend the sample
min(Y (M)) and max(Y (M)). The HV coordinate of the intersection points with the bottom
and the upper linear regression are given in figure 5a as bmin and bmax, respectively. The slope
of the regression is named m and given in the figure, too. The lines are not necessarily bound-
ing lines of all samples. Figure 5b is the equivalent plot with respect to the number of divided
tetrahedra ndT . Table 4 gives the number of overall, tetrahedra, pyramids and hexahedra mesh
elements.

min max
overall [103] 621 940
tetrahedra [103] 345 446
pyramids [103] 21 338
hexahedra [103] 129 182

Table 4: Number of overall elements and different element types

It is obvious that the division of hexahedra produces more spread and lower slope compared
to division of tetrahedra. It is a well known phenomena in simulation that refining a mesh may
cause changes in the physical quantities. Both figures 5a and 5b show the same trend. A higher
number of divided elements resulting in a finer grid resolution increases the hydraulic losses.
The comparison of points with equal abscissa values gives an indication of output fluctuations,
i.e. HV , caused by an uncontrollable change of mesh characteristics due to the randomly po-
sitioned refinement of tetrahedral elements. Having this in mind the bounded distance in HV

direction of the section, or equivalent to the difference between bmin and bmax, gives the amount
of fluctuations that are uncontrollable inserted due to mesh modifications. According to figures,
the fluctuations of hydraulic lossesHV for hexahedra and tetrahedra splitting are approximately
9% and 3%, respectively. It has to be mentioned that hexahedra splitting is not an uncontrollable
mesh change, because under normal circumstances this does not occur. But in terms of getting
an indication for the behavior of unstructured meshes the observations show that physical prop-
erties are sensitive to the structured part of the mesh.

Summarizing, the influence of the uncontrollable mesh characteristics on the output results,
caused by different orderings of tetrahedrons, is small and in addition of linear character. Con-
sequently, a highly non-linear and fluctuating behavior of the mesh is not observed.

A second run using the Francis runner is created by an additional variation of geometrical
DDoF namely blade inlet (α1, α2 and α3) and outlet angles (β1, β2 and β3). The mesh parameter
λ is the thickness of the structured mesh block that surrounds the blade. In addition, the struc-
tured part that consists of four hexahedral blocks is varied. Only the hexahedral block located
on the blade tip is changed by moving mesh vertices on hub (d0,0 and d1,0) and shroud (d0,1 and
d1,1). Last column “[...]” in table 5 has to be seen as a link to columns g, gP , gU , gφ,U , l and s
of table 3 resulting in a run that contains 17 input parameters. The symbol “±” means that a
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Figure 5: Hydraulic losses for Francis runner versus normalized input (a) ndH and (b) ndT

parameter is adjusted by addition or subtraction by the given bounds to the initial value listed in
table 2. If samples fail it may be necessary to remove more than only the failed samples, caused
by the Morris sampling method. Following a recommendation of [17] the value of R should be
between 4 and 10. For the sake of completeness it is mentioned that each failed sample can, but
must not necessarily, reduce R by one. It depends on the distribution of failed designs. A failed
sample can reduce the number of samples in this case by M + 1 = 18 samples. In its worst case
only 5% failed samples are able to reduce R to zero. A miserable distribution of 4.72% failed
designs reduces R to 8 for this run. It is observed that many failed samples have small values
of d0,0 and high values of d0,1. The combination represents a strongly distorted mesh block at
the blade tip, regarding the shape from hub to shroud.

The mean value of Y (M̃) and Y (∆̃H) are 0.07% and 0.25%. It is important to have in mind
that for this study also geometrical changes are allowed and thus, it is stated that some samples
may not have a stationary solution of the flow field. Furthermore, varying blade angles at three
points for inlet and outlet may also result in an uncommon geometrical shape of the runner. In
fact, it is possible that some samples have a set of DDoF that produce a geometry that does not
make sense from a well skilled engineer’s point of view. For that reason a simulation of the flow
may produce high fluctuations if non-stationary phenomena occur. The high max(Y (M̃)) and
max(Y (∆̃H)) of 1.04% and 1.91%, respectively, may confirm the assumption.

λ[ m] d0,0[−] d0,1[−] d1,0[−] d1,1[−] α1[°] α2[°] α3[°] β1[°] β2[°] β3[°] [...]
0.015 0.45 0.45 0.51 0.51 +2 +2 +2 +2 +2 +2 ...
⇔ ⇔ ⇔ ⇔ ⇔ ± ± ± ± ± ± ...

0.04 0.49 0.49 0.55 0.55 −2 −2 −2 −2 −2 −2 ...

Table 5: Extract of parameters with ranges for a run with R = 20 and K = 17

Figure 6a shows the EE plot of torque M . It is obvious that the three outlet angles β1, β2
and β3 are separated from the other input parameters. According to equation (7) β3 shows the
strongest linear behavior on M . Inlet angles at shroud α3 and hub α1 are also separated. The
other geometrical blade parameter α2 lies close to origin like almost all other numerical param-
eters and thus, they are considered to have no influence on the output M . The decision whether
an input is considered to have influence or not has always been done in relation to other inputs.
Angles α1 and α3 have a similar amount of mean(EE(M)) but differ in std(EE(M)). The
location close to or on the left side of the dashed line is an indication that the mean value is

1004



Alexander Tismer, Markus Schlipf and Stefan Riedelbauch

zero. According to figure 6b mesh block thickness λ has a much higher mean value compared
to figure 6a. An automatic optimization procedure to reduce hydraulic losses that is not able
to distinguish between geometrical and numerical influences may produce an unwanted depen-
dency on the numerical parameters, e.g. mesh block thickness λ. The mesh block thickness has
a similar mean value as the blade angle β3 and a similar standard deviation as β1. Thus, the
structured mesh block surrounding the blade has a significant influence on the physical prop-
erties. It is worth noting that performing the same run with an increased mesh block thickness
λ of 0.035 ⇔ 0.04 compared to table 5 shifts mean value and standard deviation of EEλ(HV )
below 0.01. Figures 6a and 6b clearly show the essential tendency that the other numerical
setup parameters do not vary the output in the same order as the geometry variants. The most
critical numerical setup parameters are the surface normal blending factor are s and the mesh
block position on shroud d1,1. Inequality (6) is nearly true for both parameters.
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Figure 6: EE plot of (a) torque M and (b) head loss HV for geometry variants

Table 6 gives the spread of an output o

o =
max(Y (o))−min(Y (o))

mean(Y (o))

for different physical properties. All spreads are increased if geometric changes are allowed.
The spread of hydraulic losses HV is only doubled. According to the observations of figure 5b
the estimated uncontrollable fluctuation is added to the table in brackets. An important point to
have in mind is that the efficiency η depends on the losses HV . The above mentioned procedure
of 5b applied to η gives a corrected estimated uncontrollable fluctuation of 0.35%.

without with
M [%] 0.49 24.23
HV [%] 11.07(3.12) 21.40
∆H [%] 1.31 23.56
η[%] 1.27(0.35) 1.30

Table 6: Comparison of runs without and with geometrical modification

Figures 7a and 7b give the EE plot of torque M and ∆H for the fixed geometrical run. The
axes are equally scaled to figures 6a and 6b. For the output M all numerical or mesh parameters
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are located close to the origin and consequently in the presence of allowed geometrical mod-
ifications, these inputs are considered to have no influence to the output. As expected the EE
plot of ∆H contains the linear dependent inputs ndH and ndT . The location of ndH and ndT in
figure 7b is a confirmation of figures 5a and 5b. Tetrahedral division ndT shows a more linear
behavior than hexahedral division ndH . It is equivalent to a higher slope and a lower distance of
the bounded section in figure 5b compared to figure 5a.
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Figure 7: EE plot of (a) torque M and (b) hydraulic losses HV without geometrical changes

The observations again show that influences by uncontrollable changes do not occur. More-
over, the observed dependency of mesh block thickness and physical properties are a control-
lable influence that shows in addition a linear behavior. It is again a confirmation that a compar-
ison of samples does make sense and is not uncontrollably affected by numerical setup or mesh
parameters.

The third investigation uses the Propeller runner with parameterization given in table 2. All
upper and lower bounds of the input parameters are shown in table 7. All inputs except the
mesh block thickness are geometrical DDoF explained in section 3.1. Overall number of mesh
elements is between 555 and 626 thousand cells and the structured part contains 95.4 thou-
sand hexahedra (15% − 17%). The structured-unstructured coupling consists of 7.95 thousand
pyramids (1.3%− 1.4%).

α1[°] α2[°] α3[°] β1[°] β2[°] β3[°] r1[−] r2[−] r3[−] t0[ m] t1[ m] λ[ m]
+5 +5 +5 +5 +5 +5 0.3 0.3 0.3 0.06 0.0125 0.005
± ± ± ± ± ± ⇔ ⇔ ⇔ ⇔ ⇔ ⇔
−5 −5 −5 −5 −5 −5 0.7 0.7 0.7 0.14 0.0375 0.015

Table 7: Parameters with ranges for a run with R = 20 and K = 12

Figures 8a, 8b and 8c show all spanwise constant blade cuts in the circumferential-meridional
φr-m coordinate system at three different locations. The solid black line indicates the reference
state that is as close as possible to the original geometry. Each gray solid line represents one
sample of the run. The figures do not have equal φr and m axes and hence are not conformal.
For this run meridional blade length H1, H2 and H3 in m-direction is fixed according to table
2. For that reason a change of r1 − r3, α1 − α3 or β1 − β3 requires an increment or decrement
of the circumferential blade length φr.

Figure 9a shows the normalized input parameter set of failed samples as black and in the
background all samples with gray solid lines. In total less than 9% failed samples are produced
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Figure 8: Spanwise constant blade cuts at (a) hub, (b) mid and (c) shroud

for this run. It is conspicuous in figure 9a that strong differences between outlet blade angles
β2 and β3 are an indication for failing. In this case R is reduced from 20 to 14. Figure 9b gives
an overview of all successful calculated and evaluated samples. It is assumed that the input
parameter space is still well covered by the remaining samples shown in figure 9b.
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Figure 9: (a) Calculated (gray) with failed (black) and (b) evaluated (gray) samples

Figure 10a visualizes the EE plot of torque M . The input parameters of figure 10a are on
the right side of the dashed line which is an indication that the mean(EE) of the inputs are not
zero. It is also clear from the figure that β2 and β3 are the main influencing parameters to the
output and according to equation (7) do have linear effect on the output M . Moreover, inputs
are clustered in three groups. Input parameters mesh block thickness λ and blade thickness
at shroud t1 are very close to each other. Other mean values of the inputs are located with
a distance to origin and thus do influence M . In order to reduce mesh dependency it would
be preferable to separate λ from the other inputs. Figure 10b gives Y (M̃) and Y (∆̃H) versus
normalized mesh block thickness λ. According to the figure the physical convergence criteria
for this run strongly depends on the mesh block size. The average of Y (M̃) and Y (∆̃H) are
4.75% and 7.02% and thus, they are very high compared to the previous observations with the
Francis runner. It is important to mention that different samples of figure 10b do not only vary
in the input value λ. As already mentioned a geometry modification may prevent a sample to
have a stationary flow solution.

The Propeller runner is again simulated with exactly the same SA configuration except the
initial range of λ of table 7 is reduced to 0.0125 ⇔ 0.015 caused by the observations of figure
10b. The limited range corresponds to abscissa values from 0.75 to 1.00 of figure 10b. In
this run R is reduced from 20 to 12 due to 8.8% failed samples. In the following the first
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Figure 10: (a) EE(M) plot of torque M and (b) fluctuations M̃ and ∆̃H of Propeller runner

Propeller run is named “thin” and the second run “thick”. According to table 8 average of
Y (M̃) and Y (∆̃H) are reduced to 0.30% and 0.80%. Only the 95-th percentile of Y (M̃) is
below one percent. In addition, a too thin mesh block and consequently a flow field surrounding
the blade that is discretized with more tetrahedral elements may promote smoothing effects.
It is a known phenomena that tetrahedra have a more diffusive behavior than hexahedra [1].
According to table 8 mean values and percentiles of torque Y (M) differ significantly. The
number of elements normal to the blade is not changed between the runs and thus y+blade values
are increased at the blade for the thick run. Values of the dimensionless distance to the wall y+

should be greater than 30 and smaller than 100 to model the boundary layer correctly [18]. For
the Propeller runner the y+ values on the blade are bigger than values calculated on hub and
shroud. Thus overall average of y+ is smaller than 100.

thin thick
mean 25-th 75-th 95-th mean 25-th 75-th 95-th

Y (M̃)[%] 4.75 1.60 7.16 11.11 0.30 0.01 0.38 1.22

Y (∆̃H)[%] 7.02 1.79 10.46 17.12 0.80 0.03 0.93 3.23
Y (M)[ Nm] 15.6 13.2 18.8 22.5 16.7 14.4 19.8 22.8
Y (∆H)[ m] 2.68 2.28 3.20 3.89 2.68 2.31 3.16 3.66
Y (y+blade)[−] 98 76 118 144 131 124 138 144

Table 8: Comparison of runs with thin and thick mesh block of Propeller runner

Figures 11a, 11b and 11c give the obtained values of Y (M), Y (∆H) and Y (η), respec-
tively. Gray points represent the thin run and black points the thick run. Torque M is under-
estimated for the thin run and thus figure 11a gives again a graphical hint of the observations
of table 8. The underestimation of M and overestimation of ∆H leads to an underestimation
of runner efficiency η, too. The plot of η in figure 11c gives the assumption that the shape of
the curve obtained from the two runs remains quite similar. Hence, only an offset between both
curves is assumed.

All samples of Y (M), Y (∆H) and Y (η) are sorted for the thin run in ascending order for
each output value separately. The ordering is then used for sorting also the thick run to get the
same order of parameter sets. A loop over all elements of an output of the thick run, with the
fixed ordering obtained from the thin run, checks if the current element is smaller than the next
one. It gives the number of correctly ordered elements obtained in both runs. The evaluation
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Figure 11: Samples of (a) Y (M), (b) Y (∆H) and (c) Y (η) for thin (gray) and thick (black)
run of Propeller runner

contains 198 samples and thus 197 checks are performed. All three outputs M , ∆H , η and,
additionally, the hydraulic losses HV give the maximum number of successful checks. This
is interpreted as a strong indication that the shapes of the curves are similar and in addition
tendencies between same samples are not affected by different mesh block thicknesses.

Figure 12a, 12b and 12c shows the circumferential uϕ, radial ur and meridional uz mass flow
averaged velocity components downstream the runner for a point close to the shroud. In order
to get an indication of the flow field the velocity curves at three meridional constant positions
downstream the runner are calculated and ten equidistant monitor points are used to perform
the above mentioned ordering-checking procedure. For each monitor point at least 195 samples
(≈ 99%) are correctly ordered. An observed underestimation of the circumferential velocity uϕ
for the thin run goes along with the observation of an underestimated torque M .
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Figure 12: Cylindrical velocity components near shroud of samples (a) Y (uϕ), (b) Y (ur)
and (c) Y (uz) for thin (gray) and thick (black) run of Propeller runner

The ordering of the inputs in figure 13 confirms the assumption of constant tendencies. Inlet
angle α2 and mean line ratio r1 move downwards compared to figure 10a. Mesh block thickness
λ has also moved in the direction of origin. All input values for the thick run are shifted to a
lower std(EE(M )) value. This seems to be a consistent observation with figure 11a where torque
tends to have a higher spread for the thin run. Consequently, EE have to be higher.

6 CONCLUSIONS AND FURTHER WORK

The developed framework is extended to create a hybrid mesh for different geometries. Be-
sides existing mesh operators a free edge grading operator and a hybrid face operator is used to
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Figure 13: EE plot of torque M of Propeller runner

create the hybrid volume mesh. A modification of the original POM couples the structured with
the unstructured mesh part. The prismatic boundary layer is created using a simplified advanc-
ing layer technique. Pre-processing as well as post-processing is embedded in the framework.
An evaluation chain, completely implemented in the framework, is used to perform an auto-
matic sample evaluation for different runs.

A general geometrical parameterization, that differs only in the thickness distribution and
the number of DDoF, defines a typical Francis and Propeller runner. The hybrid mesh is used to
perform a stationary, incompressible simulation, using periodic boundaries and a standard k-ε
turbulence model, to obtain a solution of the flow field. Overall four runs with different modi-
fiable input parameters of the two machines are performed. An open source sensitivity analysis
toolbox is used to discover the main influences. Different input values are characterized by
their effect on different output parameters. For the Francis runner it is observed that in general
the effect of uncontrollable mesh variations, caused by local refinement sections or different
positions of the sections in the tetrahedral mesh part, do not affect physical quantities. It is
also discovered, that torque seems to be less sensitive to those variations than head or hydraulic
losses. Moreover, a linear dependency is observed for the hydraulic losses. A user controlled
overall increase of number of mesh elements is a critical aspect regarding the influence to the
output. The use of gradient limiters for the numerical solution is more critical regarding head,
but also does not affect physical properties of the same order than geometry variations. Evalu-
ating the Propeller runner detects a linear dependency between structured mesh block thickness
and fluctuations, too. A comparison of two runs with different mesh block thicknesses shows
that for torque, head, runner efficiency, hydraulic losses and mass flow averaged velocities ten-
dencies remain unchanged. In addition, the fluctuations of head are reduced significantly if
mesh block thickness is increased. Only controllable, and with it avoidable, changes of mesh
characteristics influence physical output values in the same range as geometry variations. The
fluctuations caused by uncontrollable mesh changes for different geometry variants are negli-
gible. Therefore, it is believed that a successful automatic optimization procedure using hybrid
meshes is possible.

An interesting point is to apply the presented workflow to a whole machine and hence per-
form a sensitivity analysis. The simulation and evaluation of guide vanes, runner and draft tube
in the presence of geometrical modifications may improve the understanding of the machine.
Based on the presented observations the application of an automatic optimization procedure
is of interest. Moreover, an interesting point is if a preliminary sensitivity analysis is able to
reduce the amount of parameters for an automatic optimization.
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Abstract. Several problems in applied sciences and engineering require reduction techniques
in order to allow computational tools to be employed in the daily practice, especially in iter-
ative procedures such as optimization or sensitivity analysis. Reduced order methods need to
face increasingly complex problems in computational mechanics, especially into a multiphysics
setting. Several issues should be faced: stability of the approximation, efficient treatment of non-
linearities, uniqueness or possible bifurcations of the state solutions, proper coupling between
fields, as well as offline-online computing, computational savings and certification of errors as
measure of accuracy. Moreover, efficient geometrical parametrization techniques should be de-
vised to efficiently face shape optimization problems, as well as shape reconstruction and shape
assimilation problems. A related aspect deals with the management of parametrized interfaces
in multiphysics problems, such as fluid-structure interaction problems, and also a domain de-
composition based approach for complex parametrized networks. We present some illustrative
industrial and biomedical problems as examples of recent advances on methodological devel-
opments.
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1 Introduction and motivation: a synopsis

Recent research in Computational Science and Engineering aims at developing and consol-
idating the capabilities of computational reduction strategies for problems governed by para-
metrized Partial Differential Equations (PDEs). Parameters might be both physical (material
properties, nondimensional coefficients such as Reynolds or Prandtl numbers, boundary con-
ditions, forcing terms) and geometrical (i.e. quantities which characterize the shape of the
domain and of the system itself). This research fits into the fields of numerical analysis and
scientific computing, with a special interest in computational mechanics, and to applications in
the contexts of simulation, optimization and control. In the latter cases iterative minimization
procedures entailing several numerical solutions of PDEs (each time with different values of
control or design variables, or different physical and geometrical scenarios) are involved, thus
requiring high computational efficiency. For this reason, model order reduction techniques,
such as reduced basis methods [37, 73], are mandatory to achieve this goal. With the increasing
need of real time computing, Reduced Basis (RB) methods have known a remarkable develop-
ment in the last decade because they make possible a strong reduction of computational times
required when solving parametrized PDE problems, owing to a crucial decomposition of the
computational procedures. In an offline pre-processing stage, a suitable basis is stored by solv-
ing the original problem for a set of parameter values, properly selected in an automatic and
optimal way. During an online stage, for each new parameter value the solution is found as
a combination of the previously computed basis functions, by means of a Galerkin projection
[37, 79]. This problem has a very small size (related with the number of the selected bases,
which are typically very few). The resulting procedure is not only rapid and efficient but also
accurate and reliable, thanks to residual-based a posteriori error estimators. Research activities
in this field have led to a significant development of the reduced order methods for many dif-
ferent problems, and to applications of interest in several real-life scenarios [73]. Moreover, in
order to perform efficient numerical simulations in complex and variable geometric configura-
tions, as required for instance in engineering or medical applications, reduced order methods
need to be coupled with efficient parametrization techniques for curves and surfaces. Ongoing
research aims at deepening the theory and the methodology of reduced order methods for prob-
lems in fluid dynamics, characterized by very different physical and temporal scales, but also
complex nonlinear problems like bifurcations and instabilities. Another task is devoted in de-
livering ready tools for applications in naval, nautical, aerospace and mechanical engineering,
as well as in medicine (fluid-structure interactions between blood flows and arterial vessels in
the human cardiovascular system) [5, 6], biology (motility of cells and micro-organisms) [1, 3],
porous media (groundwater flows) [54], and also geophysics (simulation of the Earth’s mantle
dynamics). The developed methodologies could be properly combined and coupled with novel
techniques in data assimilation, uncertainty quantification for the solution of complex inverse
problems arising in the multidisciplinary fields previously mentioned. The work is organized
as follows: in Section 2 we give an overview about computational challenges to be tackled. In
Section 3, we summarize the main idea behind model order reduction with references therein to
deepen in the matter. Then, in Section 4, we show some industrial and biomedical applications
and challenges in reduced order methods for computational fluid dynamics problems. Finally,
in Section 5, some perspectives follow.
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Figure 1: Possible examples of CFD applications.

2 Computational Science and Engineering (CSE) challenges

Simulation-based sciences is a quickly emerging field for mathematics and computational
modelling. In every specialization of engineering such as aerospace, biomedical, naval, nau-
tical and more generally mechanical field, as well in applied sciences, such as medicine, it is
nowadays fundamental to run simulations to understand how a complex system behaves before
actually building or operating on it. Typically, these systems depends upon a certain number
of parameters, a priori unknown (e.g. to be optimized) or uncertain (e.g. due to experimental
errors), so that several simulations need to be run, each time changing the value of the parame-
ters. Present and future efforts consist in simulating complex problems in order to retain more
aspects of the reality, such as multiphysics problems, as well as systems characterized by mul-
tiple spatial and temporal scales (see Figure 1). This leads to the growing demand of efficient
computational tools for many query and real time computations, parametrized formulations,
simulations of increasingly complex systems with uncertain scenarios.

One strategy to solve these challenges is to use the brute force and rely on high performance
computing (HPC) platforms. However, for complex applications, such as the industrial ones,
the solution of the problem can require a great amount of time even in the HPC framework.
This leads to some limitations: in many query context, such as optimization, the computational
burden can become prohibitive; for on-spot decision one can not wait for the solution of the
problem more than a few minutes.

From the analysis of the physical systems surrounding us we can easily see that the behavior
of a system very often changes in a smooth way with respect to the value of the parameters.
Moreover, if we are interested only in some output of interest, it often happens that the system
itself behaves as a filter, smoothing the output according to changes in the parameter values.
This leads to the intuition that, instead of restarting from scratch for every new simulation, we
can evaluate the behavior of a system in an easy way exploiting the knowledge of the solution
for some (already computed) solutions. This is the rationale that drives all the reduced order
models and methods formulations [20].

Thus, the master idea is to create a cooperation and a synergy between high performance
computing and reduced order methods (see Figure 2). This leads to the well known offline-
online splitting: during the offline stage we rely on HPC platforms to compute some very
accurate solution for properly selected values of the parameters, and store them in a database of
basis functions; during the online stage, we just need to combine basis functions in the database
to evaluate the solution at new values of the parameter.

Although in the last decades several efforts have been spent in this field, a lot of challenges
still need to be tackled in order to face and overcome limitations of the state of the art. Reduced
order methodologies should be improved for more demanding applications in industrial, medi-
cal and, in general, applied sciences settings. In particular, multiphysics and coupled problems
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Figure 2: The main idea behind reduced order model: offline-online splitting of computational
phases.

shall be considered, as well as a tighter integration with a pre-existing industrial/clinical pipeline
(e.g. in data acquisition), in order to export numerical simulations and scientific computing in
fields where there is still little exploitation of computational methods. The whole computa-
tional science community will need to cooperate to reach these goals, training a new generation
of computational scientists. For this reason, SISSA mathLab has released the RBniCS open-
source library [10] containing the implementation of several reduced order techniques, based
on FEniCS [47].

3 Reduced Order Methods in a nutshell

We present a brief summary about the construction of a reduced order method (ROM) for a
general problem at hand, written as:

F(u(µ);µ) = 0, (1)

where the parameters are represented by µ, the state solution is denoted by u(µ) and F is the
operator holding the state equation.

Following the paradigm shown in the previous section, let us denote as uN (µ) the truth
solution, obtained by solving

FN (uN (µ);µ) = 0, (2)

querying an high-fidelity solver characterized by a large number N of degrees of freedom.
The solver can be of very different type, depending on the application and the know-how

gained in the past. For applications related reduced order models based on a finite element
high-fidelity discretization see [71, 32, 88, 81, 74, 41]), as well as finite volume [34, 35, 28,
52], finite difference method [29, 17, 51], spectral element method [77, 70], extended finite
element method [18, 64], boundary element method [53, 83], isogeometric analysis [53, 84]
and discontinuous Galerkin methods [43, 2, 67].

Thus, after having solved (2) for some, properly selected values of the parameter, to build a
reduced space, we perform a Galerkin projection over the reduced space and obtain the (general)
reduced order model:

FN(uN(µ);µ) = 0, (3)

where uN(µ) is the reduced order solution and N � N is the dimension of the reduced system
to be solved. Several numerical recipes are being studied in the community to guarantee the
quality of the approximation and enhance the computational speedup of the evaluation, such as
efficient assembly of problem operators [13], efficient treatment of nonlinearities [72], stability
of the solution [80, 7], error bounds [88, 81, 62], efficient parametrization of extended systems
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Figure 3: An example of wave pattern simulation around a hull geometry taken from a CAD
file.

and complex networks [41, 40], sampling [37] and references therein. After addressing these
issues for the particular problem at hand, we obtain an extremely fast system to be solved, which
can be queried to obtain real-time input-output evaluation of relevant quantities of interest with
an accuracy which is comparable to the high-fidelity solver.

In the following section we will provide a brief overview about some methods and applica-
tions we are treating in order to apply ROMs to some real life problems.

4 Some ROM challenges in CFD

In this section we show some, indeed very different, insights about problems arising in the
industrial and clinical fields. Moreover, we also provide some ideas on the integration of these
frameworks in the context of model order reduction. We first tackle the problem of ship per-
formances prediction using real CAD geometries (Section 4.1), then the problem of the geo-
metrical parametrization (Section 4.2) and the exploitation of isogeometric analysis (Section
4.3) in view of a complete integration of the three aspects in a single pipeline: from geometri-
cal modification of a CAD file to the fast prediction of the wave resistance, thanks to reduced
order methods. Moreover, we show new possibilities in parameter studies (Section 4.4) and a
multiphysics example regarding fluid-structure interaction (Section 4.5). Finally we provide an
insight in biomedical applications (Section 4.6).

4.1 Ship performances: towards the optimization of sea keeping

In the last few years, numerical fluid dynamic simulations have become an increasingly
common tool in ship and yacht design. The growing computational resources available have
significantly improved the quality of the results obtained. This has naturally generated, among
design engineers, the desire to explore new design configurations. Researchers are then faced
with the challenge to develop models of higher complexity, which can provide fast and yet
accurate prediction of unsteady and nonlinear hydrodynamic loads on the hull, and reliable
computations of nonlinear wave-induced ship motions.

SISSA mathLab is currently involved in the development of a model for three dimensional
simulations of naval hydrodynamics based on potential flow theory (see Figure 3).

Despite the simplifying assumptions upon which the potential flow theory is based, adopting
fully nonlinear free surface boundary conditions on the water free surface makes this reduced
model extremely accurate in predicting both water elevation field and hull resistance [58]. In ad-
dition, the governing Laplace equation allows for a spatial discretization based on the Boundary
Element Method (BEM), which only requires computational grids covering the the flow domain
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boundaries. Such surface grids in three dimensions are ideal for the front tracking free surface
treatment at hand, as they massively reduce the problems related to mesh deformation and gen-
eration. The solver described has been implemented in a stand-alone C++ application, which is
only based on open source software libraries. In particular, the deal.II library [11, 12] is used
for the spatial BEM discretization of the equation, and the IDA package of the Sundials library
[38] is used to time advance the resulting Differential Algebraic Equations (DAE) system. Ex-
ploiting the relative simplicity of the surface quadrilateral grids required by BEM, an automatic
mesh generation module has been developed to complement the flow solver [59]. Making use
of the classes of open source C++ library OpenCASCADE [66], such module is able to import
the CAD file describing the hull geometry and use it to generate the computational grid [57, 24].
After its most recent development, the model is also accounting for the rigid ship motions. To
this end, the three dimensional rigid body equations of motion for the hull, have been strongly
coupled to the fluid dynamic solver, so as to obtain a Fluid Structure Interaction (FSI) model
able to compute hydrodynamic equilibrium position and orientation of the ship. At every time
instant, the CAD model of the hull is displaced in the current position, and is used to compute
the correct positioning of the water nodes in contact with the ship surface.

The model described is able to provide accurate estimations of hull resistance, sink and trim
[60] at a computational cost which is significantly lower with respect to models based on the
solution of Navier–Stokes equations, such as RANS or LES. For this reason, a very stimulating
development of the model would be that of including the effect of non-calm sea conditions on
the ship resistance and motions. On one hand, this would allow for the estimation of the added
resistance component due to waves characterized by different wave lengths. On the other hand,
it would open the door towards time domain manoeuvring and seakeeping simulations able to
assess the ship stability and the hydrodynamic loads on the hull in presence of waves. Moreover,
considering specific historic databases for local wave conditions, it would be possible to design
a hull shape in order to minimize wave resistance, wave loads and motions given the specific
sea conditions on the route in which the ship will operate. Naturally, this intriguing scenario
requires an extremely high number of calls to the FSI solver, to test the effects of variations
of both parameters related to the hull geometry and to the wave field encountered. Thus, the
application of reduced order methods to the – already reduced – fully nonlinear potential fluid
dynamic solver is currently under study. A first example of reduced order methods applied to
BEM has been presented in [83, 53].

4.2 Efficient and accurate geometrical parametrization techniques: the free-form defor-
mation setting

Shape optimization is nowadays a major field of interest in the design community. In this
framework, we need to change some (possibly a few) geometrical parameters, compute the
output of interest (cost functional) and iterate till we obtain the optimal geometry. To per-
form these operation, we need to rely on efficient and accurate geometrical parametrization
techniques. Among many possibilities [82, 8, 5], we employ the free-form deformation (FFD)
[44, 86]. This techniques is made up by three steps, summarized in Figure 4. First of all, the
physical domain is mapped to a reference one. Then, design variables are varied (by moving
few control points) and the deformed configuration is mapped back to the physical domain.

FFD can be applied to a CAD file or to the mesh directly. Both the approaches have some
pros and cons. On the one hand, the application to the CAD allows an intuitive and easy use
of the tool by engineer and designers; on the other hand, however, it requires the meshing step
for each new configuration. This step can be computational expensive for some, very complex,
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Figure 4: FFD in action: initial configuration, creation and modification of the lattice, final
configuration.

Figure 5: FFD in action: application to a CAD file (left) and a mesh (right) for a simple aero-
nautical geometry.

engineering problems. In Figure 5 we depict two applications of FFD corresponding to the two
different approaches.

The choice of which strategy is the best depends mainly on the specific case. For example,
if the high-fidelity software adopted takes as input the CAD file (and performs the mesh step
automatically) and it is used as a black-box code, the FFD should be applied to the CAD file
itself. Still, if one does not have any particular constraint, and can deeply modify the software,
the strategy of applying FFD to the mesh is more efficient and also more suitable for the model
reduction. Moreover, starting from this general paradigm, specialized shape parametrization
techniques can be tailored for each application [5, 6].

4.3 From CAD to real-time evaluation: isogeometric solvers coupled with ROMs

One of the emerging fields in computational fluid dynamics is the use of isogeometric solvers.
These present several features that are very attractive, especially for industrial problems. In fact,
all the Computer Aided Design (CAD) geometries, the standard tool for industrial design, are
nothing but NURBS patches. The idea is to employ the basis functions describing the geometry
also for the analysis of the problem in a fully integrated framework [23]. Isogeometric analysis
(IGA) offers also very interesting features from the geometrical parametrization point of view,
thanks to its direct interface with CAD files structure. Unfortunately, real CAD files are very
complex and contain patches with different parametrization of the geometry, trimmed surfaces
and other features difficult to be treated efficiently. The full integration of geometry and anal-
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Figure 6: Isogeometric aircraft wings.

Figure 7: Example of an isogeometric exhaust gasses device.

ysis of the problem is still an open problem, although much work has been done to overcome
this gap. See, for instance, Figures 6 and 7 for the case of an isogeometric aircraft wing and
exhaust gasses device.

The integration of IGA with reduced order methods is a challenge that can bring together all
the aspect of design procedures in an easier way: from the modification of the CAD file to the
real time evaluation of the solution for the new configuration.

The work carried out in this field, is intrinsically connected to what has been proposed in
section 4.2: both methods treat, from a different point of view, the direct interface with complex
geometries, and these two steps can be coupled together to form a complete pipeline from CAD
file to ROM solution. For some applications to the ROM-IGA coupling, see [83, 84, 53, 25].

4.4 New opportunities in parameter studies: active subspaces

In many cases the dimension of the parametrized problem is only artificially high. To tackle
this problem there are several techniques. One of them is manifold learning technique, that is
a general cap for many different method (see [46]). They try to represent the manifold of the
snapshots from the high fidelity solver in a reduced way, for instance unfolding the manifold
along particular directions. Manifold Learning can be thought of as an attempt to generalize
linear frameworks like Principal Component Analysis to be sensitive to non-linear structure in
data. Though supervised variants exist, the typical manifold learning problem is unsupervised:
it learns the high-dimensional structure of the data from the data itself, without the use of prede-
termined classifications. Engineering applications include manufacturing processes (see [45],
where a manifold walking algorithm is used, and [76]) and mechanical tests [56], and structural
optimization problems [75]. Among other we mention its application in natural science, for
instance [3].

Another emerging idea is the active subspaces method. The active subspaces approach rep-
resents one of the emerging ideas for dimension reduction in the parameter studies. The concept
was introduced by Constantine in [21] and employed in different real problems. We mention,
among others, aerodynamic shape optimization [50], the parameter reduction for the HyShot II
scramjet model [22] and active subspaces for integrated hydrologic model [42].
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Several recent model reduction techniques attempt to compute comparable predictions at
reduced costs for the same inputs [78]. However, using ROMs in a parameter study gives
answers for the reduced order model instead of the actual model.

A characteristic of the active subspaces is that instead of identifying a subset of the inputs as
important, they identify a set of important directions in the space of all inputs. This is done by
exploiting the information given from the gradients of the output function. If the simulation’s
prediction does not change as the inputs move along a particular direction, then we can safely
ignore that direction in the parameter study. We call subspace-based dimension reduction the
dimension reduction with linear combinations of inputs. In Figure 8 it is possible to capture the
main idea behind the active subspaces approach: we try to rotate the inputs domain in such a
way lower dimension behavior of the output function are revealed. When you identify an active
subspace for your problem of interest, then it is possible to perform different parameter studies
such as response surfaces, integration, optimization and statistical inversion.

Moreover, this method seems to have great potentiality in the model reduction when the input
space is very large, for instance with geometrical parameters (see section 4.2) or in shape opti-
mization problem [27]. Moreover it can be coupled with many optimization problems linking
together different but correlated outputs.

(a) Original output function (b) Intermediate rotation (c) Output function with re-
spect to the active variable

Figure 8: Example of a bivariate output function (a), intermediate rotation of the domain (b),
and the final state (c), where we can see the variation of the function along the active variable.

4.5 Towards multi-physics: an example of fluid-structure interaction problem

Coupled problems are often encountered in the industrial practice, involving different phys-
ical system each described by a set of PDEs. An example are fluid structure interaction (FSI)
problems, where a mutual interaction between a fluid flow and a deformable structure occurs
(see Figure 9). The structural motion or deformation caused by the fluid action is significant,
so that it will in turn affect the fluid flow. Such a behavior has to be modeled with proper
coupling conditions that need to be treated with adequate numerical techniques. The classic
example of fluid structure interaction problem that is most often encountered in the scientific
literature is the interaction between an incompressible fluid flow and an hyperelastic solid. In-
dustrial problems, however, often require coupling to further equations to describe a complex
multiphysics scenario, characterized for instance by turbulent flows (with boundary layers that
need to be accurately solved), thermal analysis, multiphase flows, free surfaces or chemical re-
actions. Each additional coupled problem severely increases the computational time required
for the simulation. Thus, even though complex multiphysics problems are the most challenging
for reduced order methods, effective reduction techniques will pave the way to striking compu-
tational speedups [4].
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Figure 9: Snapshot taken from the simulation of the Hron and Turek FSI benchmark, proposed
in [87].

As an additional source of complexity multiple regions, and thus multiple interfaces, can
be present (see for example Figure 10). If multiple couplings have to be solved, it is seldom
sufficient to simply concatenate them and solve each interaction sequentially. If the mutual
interactions are strong, convergence will not be achieved, and a simultaneous solution of the
different interfaces is required [16].

Figure 10: Example of multi-fields problem: a solid plate divides two fluid domains. In this
particular example, computations were performed with a finite volume code [61].

At the high-fidelity level, the solution approaches to FSI problems can be classified in two
broad categories: partitioned approach (flow and structure equations are solved in sequence)
[85], and monolithic approach (the continuum is discretized and solved as a whole) [39]. Re-
duced order methods built on both approaches should be considered.

The partitioned approach is the most broadly used in the industrial context, because it allows
the coupling of existing solvers, treating them as black boxes if the access to the code is not
possible. Thus, the already optimized solvers, along with their preconditioners can be readily
employed. A partitioned approach often requires to iterate the solution process within each
time step of the simulation. This is due to the strength of the coupling as well as the known
problem of the artificial added mass [31], that introduces further instabilities. This means that
the systems of equations might have to be solved several times every time step. Thus, the
computational costs can quickly become prohibitive unless efficient iterative methods to ensure
a low number of iterations are employed. Quasi-Newton methods (for example [26]) have
proven quite efficient to this regard. In this context, reduction techniques, prove very useful to
make the iterative method as efficient and fast as possible. In particular, the reuse of information
coming from the results at previous iterations (and previous time steps) has to be optimized.
Reusing more iterations allows for a better approximation of the system’s Jacobian, but at the
expense of the conditioning. The interaction of a fluid and slender structures is an example of a
case where the numerical treatment of the problem is very challenging [68]. Proper Orthogonal
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Decomposition has been used to preserve the convergence rate of the iterative method when a
lot of previous iteration are reused [14]. Singular Value Decomposition is also a very robust
method to deal with the ill conditioning (and possible rank-deficiency) of the linear system to
be solved in an iterative method [30]. In this latter case, the errors due to ill conditioning can
be directly bounded by choosing how many singular values to retain from the decomposition
(setting the smaller ones to a zero value).

Monolithic solvers, on the other hand, are more robust for strongly coupled problems. Gener-
ally, their performance, in terms of computational times, is superior to that of segregated solvers.
Indeed, it has been shown that the monolithic approach can be competitive even for problems
that feature a weak coupling, and thus would require a low number of iterations for the segre-
gated approach [36]. For these reasons, preliminary investigation of monolithic reduced order
models for FSI problem have been investigated in [9].

4.6 Biomedical applications: from patient-specific clinical data to real-time simulation

Computational fluid dynamics applications in biomedicine, in particular related to haemo-
dynamics, are another example of fields where reduced order methods are required to propose
a more widespread usage of mathematical modelling in the daily practice. Indeed, for instance
in cardiovascular applications, several studies have shown that computational fluid dynamics
indicators actually correlate with relevant medical questions, so that it is nowadays agreed that
numerical simulation could, in principle, support medical decisions [49]. Two main require-
ments are usually identified by clinical partners in order for computational approaches to be
really useful in the daily practice: integration with clinical data and real-time simulations. The
former takes into account the personalization of the numerical simulation, starting from patient-
specific clinical data on the disease (e.g. MRI or CT scans of the organ) or on flow conditions
(e.g. flow rate measurements). The latter is dictated by the short time span available to take
clinical decisions, especially in cases where the disease may impair the health of the patient.
Under these constraints, it is natural to turn to reduced order modelling to provide fast and re-
liable simulations. We refer to [55, 33, 15, 63, 64, 65] for some applications of ROMs in a
biomedical problems. A description of the full reduced order pipeline for the sensitivity anal-
ysis of patient-specific configurations of coronary artery bypass grafts (CABGs) is provided in
[5, 6].

Moreover, a parametrized formulation of the biomedical problem allows clinicians to com-
pare several different scenarios for what concerns both disease and medical treatment. For
instance, ROMs can be a support in decision of whether to pursue medical treatment, by pro-
viding accurate indicators of the disease starting from clinical data (e.g. precise identification
of degree of stenosis based on experimental pressure drop measurements in coronary arteries).
Moreover, when coupled with shape parametrization techniques (Section 4.2), ROMs can also
support the comparison of different surgical choices, which are usually reflected in geometrical
variations of the computational domain. Figure 11 shows an example of a complete framework
for a biomedical simulation. Finally, ROMs can also be used in the design of new medical
treatment devices. The efficient treatment of multiphysics problems (Section 4.5) will enhance
the applicability of ROM to a broader number of applications, e.g. considering reduced order
simulations of fluid-structure interaction phenomena in large arteries or coupling of reduced
CFD simulations to drug delivery treatments.
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Figure 11: Example of a reduced order framework for biomedical applications.

5 Perspectives

We have provided examples of research activities in industrial and clinical projects where
there is a certain degree of complexity and a certain need for the development of reduced models
and methods. It is time to better integrate Data, Modelling, Analysis, Numerics, Control, Opti-
mization and Uncertainty Quantification in a new parametrized, reduced and coupled paradigm
to be able to face more and more complex problems, representing complex systems. We need
to draw the attention to the fact that Science and Industry advance with Mathematics which is
a propeller for Innovation and technological transfer, as shown in some examples taken from
projects in naval and yachts engineering, as well as mechanical and biomedical engineering.
Integration of CAD tools and geometrical parametrization, as well as medical data with geomet-
rical reconstruction and exploration of parameter space are only few aspects of a much bigger
framework, including proper integration of high order methods and low order ones (IGA-ROM
is one of the possible examples).
Among other important issue under exploration, we mention the detection of flow bifurcations
and the study of flow stability in CFD problems with ROM techniques [70], with also important
applications in cardiovascular flows, such as the Coanda effect in Mitral valves [69]. Reduced
order methods for parametrized CFD problems characterized by turbulent patterns are also un-
der investigation for important industrial applications [48]. Last, but not least, we mention
important recent advances in model order reduction for uncertainty quantification, see [19] and
references therein for recent contributions and a wider framework.
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“Numerical methods for model order reduction of PDEs”, by the project “TRIM – Tecnologia
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Abstract. This paper investigates the accuracy of implicit large eddy simulations (ILES) in 

compressible turbulent boundary layers (TBL). ILES are conducted in conjunction with Mon-

otonic Upstream-Centred Scheme for Conservation Laws (MUSCL) and Weighted Essentially 

Non-Oscillatory (WENO), ranging from 2nd to 9th-order. The excess artificial dissipation oc-

curring at low Mach numbers is counter-balanced by using low Mach corrections. The study 

concludes that high-order ILES provide accurate predictions of TBL even on relatively coarse 

grids.  
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1 INTRODUCTION 

Design processes in engineering applications require satisfying various degrees of con-

straints in order to adhere to design quality standards. Through careful planning and availabil-

ity of instrumentation/apparatus that conform to the necessary specifications, experimental 

results can indeed assist considerably during the design stage. However, most experiments are 

deemed cumbersome and require considerable time to plan, execute and later analyse. This is 

particularly true when a design cycle or optimization approach is required early on in the de-

sign phase. Furthermore, availability of diagnostic instrumentation limits the amount of useful 

information that can be extracted. 

Computational methods offer the possibility of a high turnover of results and ample 

amounts of available data, allowing for a plethora of variations to the initial design of a prod-

uct to be investigated. Though computational methods are increasingly becoming more popu-

lar and widely used, particularly in the early-on design phase of many engineering products, 

they are still treated with some caution and due care as the solutions provided can contain sig-

nificant inaccuracies. These are caused mostly by the number of assumptions associated with 

turbulence modelling as well as the excessive numerical dissipation of schemes particularly 

when simulations are performed on coarse grids. 

Though conducting ILES is deemed too computationally costly for use in most engineering 

design projects, it is only now, with the availability of evermore increasing computational 

power, that ILES is in its “infancy” in terms of use in wider industrial applications. Increasing 

the applicability of ILES requires increasing their accuracy in coarse grid simulations.  

Therefore, in this paper, the accuracy of high-order, shock-capturing schemes along with 

any caveats, are investigated in conjunction with ILES to near-wall turbulent boundary layer 

(TBL) flows. The effects of numerical dissipation for schemes with accuracy ranging from 2nd 

to 9th-order are investigated both in subsonic and supersonic TBL. The results show that high-

er order ILES schemes are particularly well suited for simulating TBL and prove resilient to 

the excess artificial dissipation in low Mach flow regions. 

2 METHODOLOGY 

The in-house block-structured grid code CNS3D is used to solve the Navier-Stokes equa-

tions using a finite volume Godunov-type method for the convective terms. The inter-cell 

numerical fluxes of the convective terms are calculated by solving the Riemann problem us-

ing the reconstructed values of the conservative variables at the cell interfaces. The recon-

struction stencil is a one-dimensional swept unidirectional stencil. The Riemann problem is 

solved using the so-called “Harten, Lax, van Leer, and (the missing) Contact” (HLLC) ap-

proximate Riemann solver [1]. Two different flux limiting approaches have been implement-

ed in conjunction with the HLLC solver, namely the: (i) Monotone Upstream-centred 

Schemes for Conservation Laws (MUSCL) and (ii) Weighted-Essentially-Non-Oscillatory 

(WENO). In particular, the following schemes are examined: 

 MUSCL piecewise linear 2nd order Monotonized Central (MC) limiter [2]; 

 MUSCL 3rd (M3) and 5th (M5) order limiters [3]; 

 WENO 5th (W5) and 9th (W9) order schemes [4]. 

The accuracy of the above schemes, as well as of any other, can be further improved in the 

low subsonic region of transitional/turbulent boundary layers by implementing low-Mach cor-

rections [5] (henceforth labelled LM). This essentially involves an additional numerical re-
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construction step of the velocity vector via a progressive central differencing of the velocity 

components. LM corrections ensure a balanced distribution of dissipation of kinetic energy in 

the limit of zero Mach number, thus extending the validity of compressible flow codes to 

Mach numbers as low as 10-5, and are particularly required for schemes providing accuracy 

less than 5th-order [6]. The viscous terms are discretized by a second-order central scheme. 

The solution is advanced in time by using a five-stage (fourth-order accurate) optimal strong-

stability-preserving Runge-Kutta method [7]. Further details of the numerical aspects of the 

code are given in [6] and [14] and references therein.  

3 CHANNEL FLOW 

The fully turbulent channel flow test-case has long been established as one of the major 

“canonical” flow problems used to perform detailed validation of numerical/computational 

methods. A detailed investigation of the accuracy of a number of popular numerical schemes, 

originally designed for shock-capturing, was carried out in [6] with respect to a weakly-

compressible, turbulent channel flow. The specific objectives were: (i) to investigate the accu-

racy of the Monotone Upstream-centred Scheme for Conservation Laws (MUSCL) 2nd to 5th-

order, and the Weighted Essentially Non-Oscillatory (WENO) 5th to 9th-order accurate flux 

limiter schemes against DNS data; (ii) to examine the effects of the low Mach correction on 

the accuracy of the MUSCL and WENO schemes; and (iii) to compare the numerical schemes 

with respect to their computational cost. 

3.1 Case Parameters 

The numerical assessment has been made using the incompressible DNS data of Moser et 

al. [8], corresponding to a friction Reynolds number of Reτ = 395 based on the friction veloci-

ty (uτ) and channel half-height. Previous studies concerning compressible, turbulent channel 

flows have been conducted at Mach numbers of 0.4 (quasi-incompressible), however, to ex-

amine the effects of the numerical schemes with and without low Mach correction, we con-

sider here a Mach number 0.2. 

The size of the non-dimensional domain (Lx × Ly × Lz) is (2π × 2 × π) in the streamwise (x), 

wall normal (y) and spanwise (z) directions, respectively. In the streamwise and spanwise di-

rections, periodic boundary conditions are employed, while in the wall normal direction an 

adiabatic no-slip wall condition is applied. 

In Duan et al. [9], it was shown that many of the scaling relations used to express adiabatic 

compressible boundary-layer statistics in terms of incompressible boundary layers hold for 

non-adiabatic cases too. Wall cooling slightly enhances compressibility effects and increases 

the coherency of turbulent structures, however, its effects remain insignificant even for a su-

personic turbulent channel flow. In the compressible DNS channel flow simulations of [10] 

and [11], it was shown that decreasing the wall temperature leads to higher skin friction. In 

the present study, the adiabatic wall condition was employed in order to examine the accuracy 

of the numerical methods unhindered by external heat transfer effects, thus obtaining a more 

meaningful comparison to the incompressible DNS. The streamwise velocity profile is given 

by a laminar (Poiseuille) parabolic profile with a white noise perturbation of 10% superim-

posed. Here we will summarize the key findings made using results only from the finest grid 

composed of 1283 cells. A grid convergence study can be found in [6]. 

3.2 Results 

The three-dimensional turbulent structures obtained from different simulations are shown 

by plotting the iso-surfaces of Q-criterion [12] in Figure 1 and Figure 2 for the schemes with-
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out and with the LM correction, respectively. The Q-criterion is an indication of vorticity pre-

vailing over strain and thus represents vortex cores. 

The iso-surfaces reveal, in a qualitative manner, the ability of the different schemes to re-

solve turbulent structures. Note that for the calculation of Q-criterion, the velocity field is 

non-dimensionalized by the bulk velocity and the spatial dimensions by the channel half-

height. It is clearly evident that as the order of accuracy of the reconstruction increases, more 

turbulent structures are resolved. For the same (5th) order of accuracy, the W5 scheme re-

solves more turbulent structures than M5. MUSCL schemes are designed to satisfy positivity-

preserving criterion in the framework of the total variation diminishing (TVD) condition, 

which inevitably leads to more dissipative schemes. 

 

 
(a) MC 

 
(b) M3 

 
(c) M5 

 
(d) W5 

 
(e) W9 

Figure 1: Q-criterion iso-surfaces on 1283
 grid (iso-value=0.5 coloured by streamwise velocity). 
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(a) MCLM 

 
(b) M3LM 

 
(c) M5LM 

 
(d) W5LM 

 
(e) W9LM 

Figure 2: Q-criterion iso-surfaces on 1283
 grid (iso-value=0.5 coloured by streamwise velocity) using the low-

Mach correction [5]. 

Application of the LM correction results in a remarkable improvement for the 2nd, 3rd and 

5th-order schemes (Figure 2), enabling much finer turbulent scales to be resolved. As the order 

of the scheme decreases, hence the numerical dissipation increases, the greater the improve-

ment the LM correction provides. 

The W9 scheme is found to give the most turbulent-like solutions. As the W9 scheme is 

the least dissipative, the addition of the LM correction does not offer any significant im-

provement. In fact, it is shown later that it can actually result in less accurate solutions by am-

plifying the dispersive errors originating from the truncation error terms (odd order terms) of 

a dispersive dominant scheme. 

The results also reveal the mechanism by which the generated vorticity produced in the 

viscous layer is subsequently “ejected” due to low speed streaks into the outer boundary layer, 

thus creating and sustaining turbulence. This mechanism is responsible for the production of 

hairpin vortices that get stretched by the ambient shear. These streamwise elongated vortices 

have also been reported by previous (incompressible) ILES studies [13]. 
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Figure 3 shows the velocity profiles in wall units obtained by the different numerical 

schemes examined. The LM correction provides a significant improvement to the MC, M3 

and M5 schemes and, to a lesser degree, the W5 scheme. In contrast, the LM correction 

slightly deteriorates the profile of the W9. The reason is that the W9 scheme is the least dissi-

pative and most dispersive of the schemes examined. As a result, the LM correction triggers 

locally entropy-violating solutions which tend to reduce the numerical dissipation of a scheme. 

So, if the numerical dispersion of the scheme becomes significantly greater to the dissipation, 

it can actually have an adverse effect on the accuracy of the scheme. 

 

 

Figure 3: Velocity profiles in wall units for the different schemes. 

The results obtained for the Reynolds stresses (RS) (Figure 4) reveal that the most accurate 

solution is obtained by the W9 scheme. The LM correction significantly improves the accura-

cy of all schemes apart from W9. The lower the order of accuracy of the scheme is, the great-

er the effect of the LM correction becomes. The W5 scheme gives better results than M5 for 

the  u'u'RS ,  v'v'RS  and  v'u'RS , while similar results are obtained for  v'v'RS  and 

 w'w'RS  when M5 is used with LM corrections (M5LM). Overall, the W5 and W9 perform 

better than any of the MUSCL schemes and provide extremely accurate results. 

The most noticeable result here is the significant over-prediction of the  u'u'RS  and un-

der-prediction of  v'u'RS  by all schemes apart from W9. Additionally, the W9 was the only 

scheme capable of accurately resolving  w'w'RS  in the vicinity of y = 0.1. Decreasing the 
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order of accuracy leads to a gradual shift of the peak location towards the midstream. The 

wall-normal velocity Reynolds stress  w'w'RS  is the least accurately captured due to the un-

resolved turbulent scales associated with the small near-wall fluctuations. Note that the local 

Mach number of the flow reaches the zero limit as the no-slip wall is approached. 

Regarding  v'u'RS , all schemes overall give a good agreement to the incompressible DNS. 

All Reynolds stress terms gradually converge to the DNS peak values in the proximity of y = 

0.1 (y+ ≈ 40), an indication of the prevalence of turbulent production located near the end of 

the buffer layer. 

 

 

 
(a)  ''uuRS  

 
(b)  ''vvRS  

 
(c)  ''wwRS  

 
(d)  ''vuRS  

Figure 4: The streamwise velocity Reynolds stresses (RS) calculated by different ILES scheme. 
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4 COMPRESSION RAMP 

4.1 Case parameters 

Shock/Turbulent boundary layer interaction (STBLI) over a compression ramp inclined at 

24° angle was investigated by Wu and Martin [16] using DNS with free-stream conditions of 

Mach 2.9 and Reδ of 38,700. The presence of the inclined surface gives rise to a shock wave, 

which interacts with the incoming turbulent boundary layer leading to the formation of a sepa-

ration bubble and a λ-shockwave. The size of the separation region is dictated by the intensity 

of the incoming turbulent flow and the strength of the formed shock wave. A sketch illustrat-

ing the most important physical processes that take place is given in Figure 5. 

 

 

Figure 5: Schematic illustrating the flow over a compression ramp. 

The physical properties and computational domain are similar to previous DNS studies and 

are provided in Table 1 and Table 2, respectively. Since the numerical scheme still needs to 

capture and resolve the synthetic inflow perturbations that lead to a turbulent flow, the length 

of the upstream domain is increased relatively to the DNS by approximately five incoming 

boundary layer heights (δ0). The spanwise length is also increased in order to investigate pos-

sible large-scale structures that may develop in the post-shock region after re-attachment has 

occurred. Note that henceforth, x/δ0 = 0 will refer to where the compression corner begins. 

 

δ0 U∞ T∞ Mach 
0δ

Re  ρ∞ Tw 

6.4 mm 609.1 m/s 107.1 K 2.9 38,737 0.077 kg/m3 307 K 

Table 1: Flow properties. 

Periodic boundary conditions are used in the spanwise (y) direction while in the wall-

normal (z) direction a no-slip isothermal wall (TW=309K) is used. A supersonic outflow con-

dition is imposed at the outlet and upper boundary opposite to the wall. The boundary condi-

tion at the inlet requires accurately assigning a turbulent boundary layer. A synthetic turbulent 

digital filter approach [15], further developed in conjunction with the present numerical study, 

is employed to generate the incoming turbulent boundary layer data. Apart from the mean tur-

bulent profile data which can be obtained from either previous studies or flat plate simulations, 
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the digital filter technique requires also knowledge of the integral length scales. Here, an inte-

gral length scale of 0.22δ0 is used for the streamwise direction, whereas for the spanwise and 

wall-normal directions, the integral length scales chosen were 0.2δ0 and 0.5δ0, respectively. 

 

 xmax ymax zmax nx ny nz Δx+ Δy+ Δz+ 

ILES 21.4 3 5 1128 120 168 41.51 51.92 3.5 

DNS[16] 15.4 2.2 5 1024 128 160 31.23 28.56 0.2 

Table 2: Mesh parameters for the supersonic ramp flow 

4.2 Results 

The LM correction is implemented only in conjunction with the 5th-order MUSCL scheme 

(M5LM). From the WENO schemes examined earlier only the 9th-order WENO variant (W9) 

will be considered here. 

The streamwise distribution of the time and spatially averaged mean wall pressure (Figure 

6) shows that the W9 scheme provides more accurate results than the M5LM scheme and is in 

excellent agreement with both the DNS [16] and experiment [17]. The M5LM scheme (green 

line) is characterized by a delay in the location of the separation bubble. This is associated 

with reduced resolution of finer scales compared to W9. 

 

 

Figure 6: Mean wall pressure distribution in the streamwise direction. 

The incoming mean streamwise velocity profile obtained by the digital filter technique at 

the inflow (x/δ0 = -15) is compared to a further two downstream locations, positioned at -11 

and -8. This allows the observation of the streamwise evolution of the turbulent boundary lay-

er created by the digital filter technique. The position at x/δ0 = -8 is a common location for 

both DNS and ILES upstream of the compression ramp corner and STBLI, thus the velocity 

profiles should closely match. Both M5LM and W9 schemes show very good agreement to 

the DNS and experiment (Figure 7), however the W9 results are marginally more accurate 

near the wall (z/δ0 ≈ 0.1) as well as around z/δ0 = 0.5. Thus, the synthetic turbulent field cre-

ated by the digital filter technique requires approximately 6δ0 in the streamwise direction to 

1040



Ioannis W. Kokkinakis and Dimitris Drikakis 

adjust. The DNS study [16] used the rescaling method developed by Xu and Martin [18] in 

order to generate the turbulent inflow condition, with the recycling station located at 4.5δ0 

downstream of the inlet. 

 

 
(a) M5LM 

 
(b) W9 

Figure 7: Comparison of inflow streamwise velocity to the DNS and Experiment using the W9 and M5LM 

schemes on the fine grid. 

By the time the flow reaches the intermittent region where the foot of the λ-shock interacts 

with the separation bubble formed (Figure 5), there is a considerable difference in the mean 

streamwise boundary layer profile between the two schemes examined (Figure 8a). The W9 

scheme shows the best agreement with the DNS. 
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(a) x/δ0 = -1.9 
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(b) x/δ0 = 6.1 

Figure 8: Streamwise velocity profiles. 

Near the outlet at x/δ0 = 6.1 (Figure 8b), the velocity profiles of both M5LM and W9 show 

a noticeable deviation from the DNS. The freestream velocity tangential to the wall (z/δ0 ≥ 2.5) 

reaches a value similar to DNS both for M5LM and W9 schemes. However, W9 resolves the 

separation bubble more accurately and consequently the SWBLI region. This is also reflected 

in the location where the velocity begins to reach the freestream value (z/δ0 ≈ 2.3). Nonethe-

less, both schemes fail to accurately capture the DNS profile below this point, possibly due to 

the rapid coarsening of the streamwise grid resolution closer to the outlet. 

Figure 9 shows a qualitative comparison between the two numerical schemes with respect 

to the resolved turbulent flow by plotting the iso-surfaces of the vortex cores. W9 resolves a 

greater number of vortices than M5LM upstream of the separation region. The differences 

between the two schemes becomes less apparent downstream of the STBLI. 
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(a) M5LM 

 
(b) W9 

Figure 9: Iso-surfaces of Q-criterion  20/δU2 Q  coloured by Mach number; grayscale contours plane of 

density gradient magnitude   /ρδρ 0 . 
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Figure 10: Skin friction coefficient distribution. 

Although the flow is supersonic in the freestream, the boundary layer remains subsonic in 

the first 5 to 10% of the incoming boundary layer height, i.e. approximately 20 computational 

cells for a relatively fine (LES) grid. The subsonic region of the separation bubble can reach a 

size of 0.6δ0 and any loss of accuracy here could potentially lead to significant errors. How-

ever, the streamwise distribution of the coefficient of friction (Cf) given in Figure 10 suggests 

that the prediction of separation bubble is primarily influenced by the resolved upstream tur-

bulent boundary layer.  

5 CONCLUSIONS  

 Low-Mach corrections [5] significantly improve the accuracy of lower order schemes in 

ILES of subsonic TBL but have little effect on STBLI predictions. 

 Low-Mach corrections have a greater effect when they are used in conjunction with low-

er-order schemes (less or equal to 5th-order). 

 Overall, ILES using W9 give very promising results both for subsonic and supersonic 

turbulent boundary layers. 
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Abstract. The lattice Boltzmann method (LBM) is becoming increasingly popular in the fluid mechanics
society because it provides a relatively easy implementation for an incompressible fluid flow solver.
Furthermore the particle based LBM can be applied in microscale flows where the continuum based
Navier-Stokes solvers fail. Here we present the validation and verification of a two-dimensional in-house
lattice Boltzmann solver with two different collision models, namely the BGKW and the MRT models [1].
Five different cases were studied, namely: (i) a channel flow was investigated, the results were compared
to the analytical solution, and the convergence properties of the collision models were determined; (ii)
the lid-driven cavity problem was examined [2] and the flow features and the velocity profiles were
compared to existing simulation results at three different Reynolds number; (iii) the flow in a backward-
facing step geometry was validated against experimental data [3]; (iv) the flow in a sudden expansion
geometry was compared to experimental data at two different Reynolds numbers [4]; and finally (v) the
flow around a cylinder was studied at higher Reynolds number in the turbulent regime. The first four
test cases showed that both the BGKW and the MRT models were capable of giving qualitatively and
quantitatively good results for these laminar flow cases. The simulations around a cylinder highlighted
that the BGKW model becomes unstable for high Reynolds numbers but the MRT model still remains
suitable to capture the turbulent von Kármán vortex street. The in-house LBM code has been developed
in C and has also been parallelised for GPU architectures using CUDA [5] and for CPU architectures
using the Partitioned Global Address Space model with UPC [6].
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1 Introduction

McNamara and Zanetti introduced the lattice Boltzmann Method (LBM) as a cure to remove the statis-
tical noise encountered in its predecessor, the Lattice Gas Cellular Automata (LGCA) [7]. At the time,
the impact of the LBM on research related to fluid dynamics could not have been foreseen. Almost three
decades after its introduction, the LBM has enjoyed a wide range of applications including multiphase,
porous media, magnetohydrodynamics, acoustics, medical and turbulent flows [8, 9] and of course the
automotive industry [10, 11, 12]. The fast grown popularity stems from its ease of implementation and
treatment of complex domains, including multi-physics problems which otherwise would require rather
sophisticated numerical tools. At its core, it represents a discretised version of the Boltzmann equation
and can be shown, via the Chapman–Enskog expansion, to adhere to the incompressible Navier–Stokes
equations [13]. Therefore, the LBM exhibits favourable traits of a particle method, such as the ease of
implementation for complex systems, while the modified Boltzmann equation represents a single, linear
transport equation that only needs 10-20% of the computational time required by a conventional Navier–
Stokes solver [14].
In this work we present the results we have obtained from a two-dimensional lattice Boltzmann solver
with two different collision models, namely the BGKW and the MRT models [1]. We validate our solver
against reference data for (i) a channel flow where the results are compared to the analytical solution,
and the convergence properties of the collision models are determined; (ii) the lid-driven cavity prob-
lem [2] where the flow features and the velocity profiles are compared to existing simulation results at
three different Reynolds number; (iii) the flow in a backward-facing step geometry is validated against
experimental data [3]; (iv) the flow in a sudden expansion geometry is compared to experimental data
at two different Reynolds numbers [4]; and finally (v) the flow around a cylinder is studied at higher
Reynolds number in the turbulent regime.
With the current transistor technology plateauing, focus has shifted towards parallel scientific computing.
A number of parallel software and hardware environments have emerged and combinations of these have
been proposed in an attempt to tackle large scale problems accurately and efficiently [15]. Our LBM
solver has further been parallelised using two different parallel computing environments and paradigms.
The first approach relies of graphical processing units (GPUs) and utilises the Compute Unified Device
Architecture (CUDA) framework [5] which has recently found interest in fluid dynamics, see for exam-
ple Kuznik et al. [16]. The second approach relies on traditional central processing units and utilises the
Unified Parallel C (UPC) framework [6]. UPC is based on the Partitioned Global Address Space (PGAS)
programming model that aims to simplify the programming by abstracting the memory address space,
hence allowing the programmer to concentrate on the solution of the underlying scientific problem. We
further discuss the scalability of our solver for both parallelisation strategies followed.

2 Governing equations and computational methodology

To discretise the Boltzmann equation, particles are first represented by a Density Distribution Function
(DDF) which is then restricted to propagate only in certain directions. These directions are determined by
the chosen speed model. For the purposes of our study we have employed the D2Q9 speed model, which
is a 2–dimensional model with 9 velocity directions. This model, presented in Figure 1, is a common
choice for two-dimensional problems. The discretised Boltzmann transport equation is then formulated
as

∂fi(x, t)

∂t
+ (ci · ∇)fi(x, t) = Ωi(fi) (1)

where i is the index of the restricted streaming direction and fi(x, t) is the DDF depending both on space
and time. The discrete velocities, denoted by ci, take binary values and are defined by
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Figure 1: The D2Q9 speed model within a square lattice

ci =


0, i = 0

(cos [(i− 1)π/2] , sin [(i− 1)π/2]) , i = 1, 2, 3, 4√
2 (cos [(i− 5)π/2 + π/4] , sin [(i− 5)π/2 + π/4]) . i = 5, 6, 7, 8

(2)

Hence the LBM can be separated into two steps: collision and streaming. The advection is represented
by (ci · ∇)fi(x, t) where the DDF is streaming to its neighbouring lattice sites. The collision is rep-
resented by Ωi(fi) and it is, unlike in the LGCA where a explicit collision treatment is possible, not
straightforward. The collision can, at best, be approximated and different models have been proposed.
We will limit ourselves to the Single Relaxation Time (SRT) scheme of Bhatnagar, Gross and Krook [17]
(also referred to as the BGK or BGKW scheme due to the contribution of Welander [18]) and the Multi
Relaxation Time (MRT) scheme of D’Humieres [19, 20]. Boundary conditions must be formulated for
the DDF which are not readily available for incoming directions. We have followed the approach of Zou
and He [21] which can be written in a compact form as

fc = opp(fc)±
2

3
%u⊥, (3)

f+ = opp(f+) +
1

2
(fIP− − fIP+)± 1

6
%u⊥ ±

1

2
%u‖, (4)

f− = opp(f−)− 1

2
(fIP− − fIP+)± 1

6
%u⊥ ±

1

2
%u‖. (5)

We have introduced fc, f+ and f− as the unknown distribution functions on the boundary where fc
denotes the central one and f± its right and left neighbours, respectively. The function opp() returns the
DDF pointing in the opposite direction while fIP± is the inplane DDF, i.e. parallel to the boundary. The
boundary’s normal and parallel velocity component are denoted by u⊥ and u‖ and the sign is positive if
its component is pointing in the positive coordinate direction. The density on the boundary is obtained
from

% =
1

1± u⊥

f0 +

inplane∑
i

fi + 2

outside∑
j

fj

 , (6)

where we sum over the DDFs on the boundary (inplane) and outside of the boundary. Dirichlet or
Neumann type boundary conditions may be applied to open boundaries to obtain the velocity components
required in Eq.(3) through Eq.(5). For solid boundaries, the simple bounce-back scheme suffices and we
have incorporated the treatment of Bouzidi [22] for curved boundaries. The macroscopic quantities at
the end of each time step are obtained from
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% =
8∑

i=0

fi, (7)

p =
%

3
, (8)

u =
8∑

i=0

fici
%
. (9)

We have built on the work of [23] and implemented the above mentioned procedure using the C lan-
guage for better binding with our parallel approaches. The implementation has been augmented in order
to increase its computational performance and lower the memory requirements where possible. The
parallel implementations of our solver can run either on GPUs using CUDA or CPUs using UPC. The
corresponding validation results along with parallel scalability information are presented in the following
section.

3 Results and discussion

In this section we present the verification and the validation of our LBM solver through a set of five
different test cases. The geometries of the investigated domains and the applied boundary conditions
are presented in Figure 2. In our discussion we will limit ourselves to only presenting results obtained
with our serial LBM solver, upon which we rely when performing the relevant verification and validation
studies. Our parallel implementations in CUDA and UPC have been verified by ensuring that they
reproduce the same results as the serial solver. Finally we discuss the parallel strategies and present their
scaling behaviour.

3.1 Laminar Flow in a Channel

Our first validation case is the widely used laminar channel flow where we can compare our results to
an analytic velocity profile. It further lends itself to a detailed grid convergence study as we can make
predictions about its exact profile.
Table 1 shows the results obtained for the non-dimensional peak velocity at the centre of the channel for
three different grids. We have given the normalised grid spacing in parenthesis, based on the finest grid,
and further calculated the extrapolated value of the peak velocity for a grid independent domain. As
discussed in detail in Roache [24], we have calculated the Grid Convergence Index (GCI) for the coarse-
medium (1,2) and medium-fine (2,3) mesh and calculated the apparent order pa to judge the accuracy of
the solution. We can see from Table 1 that the BGKW collision model initially performs better compared
to the MRT scheme, however, the extrapolated value shows that the MRT scheme approaches the exact
solution faster. This is also reflected by the step decrease of the GCI when compared to the convergence

Table 1: Grid convergence study of the non-dimensional center (peak) velocity. The normalized grid spacing has
been given in parenthesis and a grid independent peak velocity has been extrapolated. The GCI and apparent order
is given from the coarse to medium (1,2) and medium to fine (2,3) mesh.

u/umax[−] GCI1,2 GCI2,3 pa

nx × ny 400× 20 (4) 800× 40 (2) 1600× 80 (1) extrapolated

BGKW 0.9459 0.9761 0.9856 0.9899 1.77 0.55 1.67

MRT 0.7302 0.9191 0.9732 0.9948 10.29 2.78 1.81
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HCh

20HCh

wall

inlet

wall

outlet

(a) Channel (Ch), 800× 40 lattices

HBFS

18HBFS

HBFS

2HBFS

wall

inlet wall

outlet

(b) Backward facing step (BFS), 800× 80 lattices

HSE

28HSE

HSE

HSE

2HSE

wall

inlet

wall

outlet

(c) Sudden expansion (SE), 800× 80 lattices

1.5D

22D

D

1.5D

1.5D

wall
inlet

wall

outlet

(d) Cylinder (Cyl), 880× 160 lattices

HLid

HLid

u Lid

wall

wall wall

inlet

(e) Lid-driven cavity (LC), 400× 400 lattices

Figure 2: Computational domains with their dimensions and boundary conditions. Open or moving boundaries are
given by dashed lines

behaviour of the BGKW scheme and the apparent order confirms this, which is a measure of how fast
the error diminishes.
The obtained velocity profile at the channel’s outlet is presented in Figure 3(a) for the fine mesh. Fig-
ure 3(b) shows the convergence of the peak velocity over the normalised grid spacing. Figure 3(a) shows
that both collision models produce qualitatively the same velocity profile and capture the correct be-
haviour. In Figure 3(b) we have summarised our findings mentioned above and show the convergence
properties of the BGKW and MRT scheme. In the limit of a grid independent result, the MRT scheme
asymptotically approaches the theoretical value closer than the BGKW scheme which, however, pro-
duces more accurate results on the coarse grid. Although not evident from our presented results, it has to
be noted that the MRT scheme is able to simulate lower lattice viscosities than the BGKW model which
suffers from numerical instabilities. This is due to the nature of the model itself. While all DDFs are
relaxed at the same rate in the BGKW model, the MRT scheme relaxes all of its DDFs in a transformed

1050
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momentum space separately. Therefore it can treat each direction (Figure 1) individually and it is less
prone to numerical instabilities. The lattice viscosity is used to calculate the Reynolds number and hence
the BGKW scheme is not suited for high Reynolds number flows.
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Figure 3: Validation of the solver on the channel flow

3.2 Flow over a backward facing step

The Backward Facing Step (BFS) is another classical example for which an abundance of numerical and
experimental data is available. We have examined the laminar flow at a Reynolds number of Re = 100
and we have chosen the experimental results of Armaly et al. [3] for our comparison.
Figure 4(a) shows the normalised velocity magnitude, superimposed by the streamlines as a visual guide.
We only show the contour plot obtained for the MRT model as the BGKW results were qualitatively in-
distinguishable. A fully developed channel flow profile is present at the exit location of the smaller
channel at x/HBFS = 0 which then transitions into the bigger channel. A circulation area is formed
downstream which is fed by the upstream channel. We have plotted the velocity profiles at various loca-
tions downstream of the channel and compared the results to the experimental data. We can see the fully
developed velocity profile at the exit of the smaller channel, as indicated before, and then the develop-
ment of the downstream profiles. Both the BGKW and MRT model under-predict the velocity profiles
in the vicinity of the recirculation area and only approach the experimental data further downstream.
Specifically, the magnitude of the velocity of the reverse flow and the jet are both under-estimated. Both
collision models performed with little to chose between the two, which is also shown in the reattachment
length error with −6.13% for the BGKW model and −5.48% for the MRT model, respectively.
We conclude that our solver closely reproduces the velocity field and predicts the reattachment length
within a few percent compared to the experimental data.

3.3 The bifurcation behaviour via a sudden expansion

The Sudden Expansion (SE) is a test case which provides further physical insight into the performance of
our LBM solver. While its geometry is symmetrical, as seen in Figure 2(c), two different and distinct flow
patterns are encountered for different Reynolds numbers. This is caused by the bifurcation of the fluid
and is attributed to the non-linear behaviour of the Navier–Stokes equations. Hence, it is an interesting
test case as the governing equation of the lattice Boltzmann method (Eq.(1)) is linear in nature. We
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(a) Developed velocity field after the BFS (MRT)
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(b) Velocity profiles after the BFS

Figure 4: Validation of the solver on the BFS test case at Re = 100

therefore performed simulations at Reynolds numbers of Re = 25, for a symmetrical flow field and
Re = 80, for an anti-symmetrical, and compared our results against experimental data published by
Fearn et al. [4].
Figures 5(a) and 5(b) show the normalised velocity plots for both the Re = 25 and Re = 80 cases and
we have again shown the streamlines as a visual guide. For the symmetrical flow field we can identify
two recirculation zones of the same magnitude, located in the lower and upper corner while the jet is
expanding symmetrically downstream. The Re = 80 case is showing the expected symmetry breaking
effect at higher Reynolds numbers and two distinct recirculation areas are formed. A third one, charac-
teristic for even higher Reynolds numbers, is starting to form at the top before the jet is returning to a
symmetric velocity profile. Figures 5(c) and 5(d) show the velocity profile compared to the experimental
data at three different downstream locations. Qualitatively the results are matched although we see again
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(a) Developed velocity field after the SE at Re = 25 (MRT)

(b) Developed velocity field after the SE at Re = 80 (MRT)
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(c) Velocity profiles after the SE at Re = 25
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Figure 5: Validation of the solver on the SE test case at Re = 25 and at Re = 80

an under-prediction of the velocity magnitude in the transversal locations. The discrepancies are mainly
found in the centre while the flow near the wall is resolved more closely. Interestingly, the Re = 80 case
with the bifurcation exhibits closer agreement between the experimental and numerical results in terms
of velocity profiles. Both the BGKW and MRT collisions models match well the experimental result.
In Table 2 we present the reattachment length Lre in non-dimensional units (normalised by HSE , see
Figure 2(c)) and its relative deviation to the experimental results. For both cases and for both recirculation
zones in the Re = 80 case, the reattachment length has been under-predicted which is consistent with
the observation of the backward facing step. However, we can see close agreement with the reference
data. For the Re = 25 case we have less than 4% difference. The Re = 80 also shows acceptable
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Table 2: Sudden expansion flow for two different Reynolds numbers. The Re = 25 is symmetrical and only one
reattachment length needs to be calculated while the Re = 80 case produces a non symmetrical flow field which
has two distinct (i.e. primary and secondary) vortex and hence two distinct reattachment lengths. The relative error
corresponds to comparisons with Fearn et al. [4].

Re = 25 Re = 80 (primary) Re = 80 (secondary)

Lre [-] εrelative [%] Lre [-] εrelative [%] Lre [-] εrelative [%]

BGKW 3.35 -2.33 3.45 -6.25 10.65 -9.44

MRT 3.30 -3.79 3.56 -3.26 10.60 -9.86

deviations of less than 7% for the primary and 10% for the secondary recirculation area, respectively.
Hence the symmetric case was more accurately resolved which correlated well with the reattachment
length prediction of the similar flow pattern over the backward facing step. The symmetry breaking at
higher Reynolds numbers was captured, which is not surprising as the governing equation reproduces
the Navier–Stokes equations via the Chapman–Enskog expansion, as mentioned in the introduction.
However, it remains a linear equation and thus the higher difference compared to the symmetric case, in
terms of reattachment length, is not surprising.
We can conclude that our solver performed well for the symmetric case and is capable of capturing the
bifurcation behaviour of a fluid.

3.4 Flow structures in a lid-driven cavity flow

We now investigate the lid driven cavity flow which consists of simple boundary conditions. These can
be accurately described and hence we can focus on the physical behaviour of the solver. We compare
our results with the numerical data from Ghia et al. [2], where the vorticity-stream function approach
was chosen to solve the 2D Navier–Stokes equations. It is of interest because it offers 2D data without
any turbulence models, hence, we can validate our data against a Navier–Stokes solver which obtained
results under the same conditions.
Figures 6(a)–6(c) show the streamlines obtained from the reference solutions (left) and our simulations
(right) at Re = 100, Re = 1000 and Re = 3200, respectively. We see that the primary and sec-
ondary vortices in the lower corners are well-resolved for the Re = 100 and Re = 1000 case while
the movement of the main vortex towards the centre is captured. For the high Reynolds number flow at
Re = 3200, a tertiary vortex is formed near the lid which is consistent with the reference solution. Our
simulations compare well with the reference data by pure visual means.
We further investigate the velocity profiles at the centerlines of the box, i.e. horizontally and vertically,
and present our results in Figure 7(a)–7(c). For all investigated cases we see a good agreement between
the velocity profiles of the reference data and both the BGKW and MRT scheme. Minor differences
exist which can be either due to the numerical scheme used in the reference solution or the accuracy in
the boundary condition imposition. The order of accuracy at the wall depends on the placement of the
lattice, i.e. either coinciding with the DDFs or in-between them. See Succi [1] for a discussion.
We conclude that the two-dimensional flow features are accurately resolved and good agreement could
be obtained with respect to the reference data.

3.5 Turbulent Flow around a cylinder

The solver presented in [23] has been extensively tested for the laminar flow around the channel. The
von Kármán vortex street has been properly resolved and thus the sinusoidal lift and drag behaviour
recovered. Here we present initial results for our LBM solver applied to the same cylinder flow at
Re = 10000 to demonstrate the capabilities of the solver to resolve turbulent structures. The cylinder
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(a) Re = 100

(b) Re = 1000

(c) Re = 3200

Figure 6: Velocity field comparison between Ghia et al. [2] (left) and the results obtained with the MRT collision
model (right)

itself is an interesting test case as it consists of curved boundaries. Despite the stair-stepping profile
around the cylinder, the treatment of Bouzidi et al. [22] accounts for the curvature of the geometry which
is seen by the smooth vorticity distribution around the cylinder.
The presented results were obtained by the MRT collision model as the BGKW, as mentioned in sec-
tion 3.1, is not suitable for high Reynolds number flows due to its inherent numerical instabilities. Fig-
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−0.5 0 0.5
−0.5

0

0.5

x/HLid [-]

y
/
H

L
id

[-
]

 

 

Reference data
BGKW
MRT

(a) Re = 100

−0.5 0 0.5
−0.5

0

0.5

x/HLid [-]

y
/
H

L
id

[-
]

 

 

Reference data
BGKW
MRT

(b) Re = 1000
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Figure 7: Velocity profiles at the horizontal and vertical centerline of the lid driven cavity atRe = 100,Re = 1000
and Re = 3200, respectively

ure 8 shows the contours of instantaneous, normalised vorticity magnitude in the downstream cylinder
location. We can see that vortices are forming just downstream of the cylinder which then detach and
are convected into the wake region. We show positive rotation in red and negative in blue so as to show
the asymmetric vortex formation at the cylinder and its pairwise existence close to it, before turbulent
mixing diffuses the overall vorticity.
In this proof of concept study we wanted to show the applicability of our solver to curved boundaries and
high Reynolds number flows. Before we can properly validate our solver for turbulent flows, the solver
needs to be extended to three dimensions.

3.6 Scaling behaviour of the solver

We conclude our discussion on validation and verification with the scaling behaviour of our parallel LBM
solvers. We start by introducing the notions of parallel speed-up PSU and parallel efficiency PE which
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Figure 8: Flow past a circular cylinder at Re = 10000 showing the normalised vorticity magnitude

are defined respectively as
PSU = tserial/tparallel (10)

and
PE = (PSU/ncores)100% = tserial/(tparallel · ncores)100% (11)

By tserial we denote the time required for a simulation to complete serially, by tparallel we denote the time
required for a parallel simulation to complete and by ncores we denote the number of cores employed
during a parallel simulation. We have tested our solver on the lid driven cavity flow for which we have
created four different meshes with increasing number of points: the spatial resolutions 1282, 2562, 5122,
and 10242 correspond to the coarse, medium, fine and ultrafine grids, respectively. The results for the
UPC and CUDA strategy are summarised in Figure 9 and Figure 10 respectively.
The UPC implementation shows that the parallel efficiency can be greater than 100%. Opposed to the
serial computation, tasks can be overlapped in the UPC environment which enables the solver to achieve
such high rates of efficiency. However, we also see that it drops for a larger amount of threads and all,
except the fine mesh, experience degeneration of the efficiency due to increasing overheads. The fact
that the fine mesh does not follow this trend may have several roots. Although PGAS gives a coherent
view on memory, physically it is still separated. The way the partitioning and communications are done
in the background may explain the trend of the fine grid in Figure 9 but also highlights the need for code
profiling and compiler optimisation. Results obtained with the BGKW and the MRT models show similar

48 16 32 64 128

Threads [-]

25

50

75

100

125

150

175

200

P
a
ra

lle
l 
E

ff
ic

ie
n
c
y
 [
%

]

Coarse

Medium

Fine

UltraFine

(a) BGKW model

48 16 32 64 128

Threads [-]

25

50

75

100

125

150

175

200

P
a
ra

lle
l 
E

ff
ic

ie
n
c
y
 [
%

]

Coarse

Medium

Fine

UltraFine

(b) MRT model

Figure 9: Parallel performance of the parallel UPC code using double precision arithmetic
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Figure 10: Speed-up evaluation of the parallel codes using single precision arithmetic on two different GPUs

parallel efficiency trends as seen in Figure 9(a) and 9(b). It is worth to mention that the performance,
measured with single and double precision, showed only marginal differences.
Figure 10 presents the speed-up of the CUDA implementation. We have tested the code on two differ-
ent GPUs; the GTX550Ti which is targeted as a consumer graphics card and the Tesla M2050 which is
purely designed for scientific computations. We have given speed-ups obtained with UPC for 16 threads
on all four grid levels as a reference. The Tesla M2050 consistently yielded higher speed-ups compared
to the GTX550Ti which were about twice as much. While the UPC approach yielded a speed-up approx-
imately equal to its number of cores, the CUDA implementation, due to its different architecture, was
able to achieve speed-ups of up to 45 compared to the serial code, see Figure 10(a). In the case of the
CUDA implementation we experienced a significant drop for double precision computations which only
yielded about one third of the single precision speed-ups. We measured a relatively high speed-up and
strong scalability on the GPUs with the BGKW model, however, a considerable performance drop was
experienced with the MRT collision model when we compare Figures 10(a) and 10(b).
The profiling results, presented in Figure 11, help to understand the speed-up behaviour of the solver. In
Figure 11(c) we can see that the collision is the most computationally expensive operation in the case of
the MRT collision model. As a matter of fact in the case of the CUDA implementation it takes approx-
imately 60% of every time step, seen in Figure 11(d). While the performance difference between the
BGKW and the MRT model seems to be negligible based on the serial profiling results of Figure 11(a)
and Figure 11(c), the MRT collision step is the bottleneck of the time marching on the GPUs as can bee
seen in Figure 11(b) and Figure 11(d). The distribution functions are stored in physically different loca-
tions for the MRT collision model. Hence, during the summation of all nine discrete velocity directions,
data needs to be transferred via the global memory which has a relatively low bandwidth. Therefore,
the MRT scheme exhibits a slower computational time, compared to the BGKW model, which could be
circumvented by using shared memory on the GPU side.

4 Conclusions

In this study, we have validated our 2-dimensional lattice Boltzmann solver against the classical bench-
mark problems of a channel, backward facing step, sudden expansion, lid driven cavity and turbulent
cylinder flow. We have shown that our solver is capable of treating complex geometries with curved
boundaries at high Reynolds number flows and have demonstrated the accuracy of our solver to be
within a small percentage of reference data. We extended our solver with high performance capabilities
and included CUDA as a GPU-based, and UPC, as a CPU-based parallelsiation strategy, respectively.
High efficiencies were obtained for the UPC approach for moderate numbers of CPUs while overheads
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Figure 11: Profiling results on the medium mesh using single precision arithmetic

were introduced at higher numbers. CUDA was able to give speed-ups as high as 45 compared to the
serial solver which decreased drastically for double precision computations. The extension of solver to
three dimensions is left to the future which will allow for turbulent flow applications.
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[15] J.A. Diaz, C.B. Muñoz-Caro, A.B. Niño, A survey of parallel programming models and tools in
the multi and many-core era. IEEE Transactions on Parallel and Distributed Systems, 23, 8, 1369–
1386, 2012.

[16] F. Kuznik, C. Obrecht, G. Rusaouen, J.-J. Roux, LBM based flow simulation using GPU computing
processor. Computers and Mathematics with Applications, 59, 7, 2380–2392, 2010.

[17] P. L. Bhatnagar, E. P. Gross, and M. Krook, A model for collision processes in gases I: Small
amplitude processes in charged and neutral one-component systems. Physical Review, 94, 511,
1954.

[18] P. Welander, On the temperature jump in a rarefied gas. Arkiv Fysik, 7, 1954

[19] D. d’Humières, Generalized lattice-Boltzmann equations. In Rarefied gas dynamics: Theory and
simulations (ed. B. D. Shizgal & D. P. Weaver), 1992.

[20] D. d’Humières, Multiplerelaxationtime lattice Boltzmann models in three dimensions. Philosophi-
cal Transactions of the Royal Society of London. Series A: Mathematical, Physical and Engineering
Sciences, 360, 437–451, 2002.

[21] Q. Zou and X. He, On pressure and velocity boundary conditions for the lattice Boltzmann BGK
model. Physics of Fluids, 9, 1591–1598, 1997.

[22] M. A. Bouzidi, M. B. Firdaouss, P. A. Lallemand, Momentum transfer of a Boltzmann-lattice fluid
with boundaries. Physics of Fluids, 13, 11, 3452–3459, 2001.

[23] G. Abbruzzese, Development of a 2D lattice Boltzmann code. Master’s thesis, Cranfield University,
2013.

[24] P. J. Roache, Verification and Validation in Computational Science and Engineering. Hermosa
Publishers, Albuquerque, New Mexico, 1998.

1060



ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

VALIDATION OF A MAGNETO- AND FERRO-HYDRODYNAMIC
MODEL FOR NON-ISOTHERMAL FLOWS IN CONJUNCTION WITH

NEWTONIAN AND NON-NEWTONIAN FLUIDS
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Abstract. This work focuses on the validation of a magnetohydrodynamic (MHD) and ferro-
hydrodynamic (FHD) model for non-isothermal flows in conjunction with Newtonian and non-
Newtonian fluids. The importance of this research field is to gain insight into the interaction of
non-linear viscous behaviour of blood flow in the presence of MHD and FHD effects, because
its biomedical application such as magneto resonance imaging (MRI) is in the centre of research
interest. For incompressible flows coupled with MHD and FHD models, the Lorentz force and
a Joule heating term appear due to the MHD effects and the magnetization and magnetocaloric
terms appear due to the FHD effects in the non-linear momentum and temperature equations,
respectively. Tzirtzilakis and Loukopoulos [1] investigated the effects of MHD and FHD for
incompressible non-isothermal flows in conjunction with Newtonian fluids in a small rectangu-
lar channel. Their model excluded the non-linear viscous behaviour of blood flows considering
blood as a Newtonian biofluid. Tzirakis et al. [2, 3] modelled the effects of MHD and FHD for
incompressible isothermal flows in a circular duct and through a stenosis in conjunction with
both Newtonian and non-Newtonian fluids, although their approach neglects the non-isothermal
magnetocaloric FHD effects. Due to the fact that there is a lack of experimental data available
for non-isothermal and non-Newtonian blood flows in the presence of MHD and FHD effects,
therefore the objective of this study is to establish adequate validation test cases in order to as-
sess the reliability of the implemented non-isothermal and non-Newtonian MHD-FHD models.
The non-isothermal Hartmann flow has been chosen as a benchmark physical problem to study
velocity and temperature distributions for Newtonian fluids and non-Newtonian blood flows in
a planar microfluidic channel. In addition to this, the numerical behaviour of an incompress-
ible and non-isothermal non-Newtonian blood flow has been investigated from computational
aspects when a dipole-like rotational magnetic field generated by infinite conducting wires. The
numerical results are compared to available computational data taken from literature [2].
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1 INTRODUCTION

For modelling incompressible flows coupled with magnetohydrodynamic (MHD) and ferro-
hydrodynamic (FHD) approaches, the Lorentz force and a Joule heating term appear due to the
MHD effects and the magnetization and magnetocaloric terms appear due to the FHD effects
in the non-linear momentum and temperature equations, respectively. This work focuses on the
validation of an implemented MHD-FHD model for non-isothermal flows in conjunction with
Newtonian and non-Newtonian fluids. The importance of this research work is to investigate
the interaction of non-linear viscous behaviour of blood flow with MHD and FHD effects, be-
cause its biomedical applications such as magneto resonance imaging (MRI) is in the centre of
interest. Due to the fact that there is a lack of experimental data available for non-isothermal
and non-Newtonian blood flows in the presence of MHD and FHD field effects, the objective
of this study is to establish adequate computational test cases for validation purposes in order
to assess the reliability of the non-isothermal and non-Newtonian MHD-FHD models.

A number of theoretical and numerical studies were carried out in the literature to investigate
the blood flow behaviour under the action of a magnetic field with particular interest to flows in
rectangular ducts and stenosed tubes [1, 2, 3]. Tzirtzilakis et al. [4] proposed a numerical ap-
proach to study a blood flow in a three-dimensional rectangular duct where an 8 Teslamagnetic
field was generated by an electrically conducing wire on the lower wall of the duct. The blood
was considered as a Newtonian electrically non-conducting biofluid and a FHD model was im-
plemented. In their model, the magnetization was assumed linearly dependent on the magnetic
field intensity and the magnetic field completely saturated the biofluid. They concluded that two
recirculation regions generated slowing down the flow when the magnetic field intensity was in-
creased, and the strong magnetic field also affected the wall stresses near to the area where it
was located. In addition to this, a secondary flow was found to be present and strengthen due
to the increase of the magnetic field intensity. Loukopoulos and Tzirtzilakis [5] investigated a
laminar, viscous incompressible flow of a Newtonian biomagnetic fluid in a two-dimensional
channel under the action of spatially varying magnetic field at a low Reynolds number (Re =
250). In this numerical study, the magnetic field was located on the lower wall of the planar
channel by taking into account FHD effects with a magnetization linearly dependent on the
temperature and magnetic field intensity. They considered realistic blood parameters, different
temperatures at the lower and upper walls and a fully developed velocity profile was prescribed
as a boundary condition at the inlet. It was observed that a recirculation region developed in
proximity of the magnetic field and extended when the magnetic field intensity increased. The
flow separated close to the magnetic source and reattached downstream. The velocity profile
became fully developed while temperature perturbations were observed at the outlet.

Another numerical study was carried out by Tzirtzilakis and Loukopoulos [1] to investigate
the behaviour of blood flows in a two-dimensional small planar channel under the action of a
uniform external magnetic field of 8 Tesla generated from two finite disks. The blood was
considered as a Newtonian fluid with constant electrical conductivity. The combination of both
MHD and FHD models were taken into account in this numerical study and the formation of two
recirculation regions was observed where the magnetic field started and ended. In addition to
this, two secondary eddies were generated downstream close to the second recirculation region
on the lower and upper plates. Due to the rotation of these two vortices, the fluid is pushed on
the upper wall within the region of constant magnetic field and the flow slowed down near to the
first recirculation region. Furthermore, the velocity profile became fully developed downstream
behind the applied uniform magnetic field. It is important to note that the temperature increased
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dramatically closer to the lower plate in proximity of the source of the magnetic field and further
increased slowly in the downstream flow regime. In contrast with the velocity field behaviour,
the temperature distribution showed a perturbed profile even at the outlet. A variable trend of
the wall shear stress inside the magnetized region was also observed in this study.

It has been emphasized in [6] that the effects of temperature field on the numerical solu-
tion in conjunction with MHD-FHD models have to be further investigated for biomedical and
microfluidic applications. This is due to the fact that there is a lack of experimental data avail-
able on the interaction between the temperature and MHD-FHD fields for non-Newtonian blood
flows. Therefore this interaction is further investigated and the existing MHD-FHD models are
further validated by considering computational aspects in this paper.

Tzirakis et al. [2] conducted a remarkable numerical investigation on the effect of three
different magnetic fields for blood flows in four different geometrical configurations. They
investigated an incompressible and isothermal flow considering blood as a Newtonian magneti-
zable and electrically conducting fluid. In their numerical study, a constant magnetic field was
applied to plane Couette and Hartmann flows for validating their model implementation. A spa-
tially variable magnetic field generated by an external wire was used for investigating the plane
Couette flow and a three-component rotational magnetic field were applied to the flow through
a stenosed tube. Their results showed that an irrotational magnetic field does not affect the ve-
locity field, however a rotational magnetic field brakes the flow symmetry inducing separations
and altering the velocity distribution. The work of Tzirakis et al. [2] represented an in-depth
analysis of magnetic field effects and its investigation of blood flow behaviour, therefore their
benchmark test case has also been further validated for non-isothermal flows in this paper.

As a matter of fact, there is a lack of experimental data available for non-isothermal non-
Newtonian blood flows in the presence of MHD and FHD effects, therefore the interaction
between the temperature field and MHD-FHD models for non-Newtonian blood flows has been
investigated in this paper. A two-dimensional, incompressible, laminar and non-isothermal
Hartmann flow has been chosen as a benchmark physical problem to study velocity and temper-
ature distributions for Newtonian fluids and non-Newtonian blood flows in a planar microfluidic
channel. In addition to this, the numerical behaviour of an incompressible and non-isothermal
non-Newtonian blood flow has been investigated from computational aspects when a dipole-
like rotational magnetic field generated by infinite conducting wires. The numerical results are
compared to available computational data taken from literature [2].

2 MATHEMATICAL FORMULATION AND SOLUTION METHODOLOGY

2.1 Governing equations in conjunction with combined MHD-FHD models

In this study, for modelling incompressible non-isothermal flows in conjunction with MHD
and FHD models, we adopt the mathematical model equations proposed by Tzirtzilakis [7]. The
system of governing equations consists of the continuity, momentum and energy equations, thus
the mass conservation for incompressible flows can be written in a vector form as

∇ · u = 0, (1)

which is the divergence-free (incompressibility) constraint for the velocity field u. For steady-
state incompressible flows, the momentum equation in conjunction with the source terms of
MHD and FHD models can be expressed by

ρ (u · ∇)u = ρg −∇p+∇ · τ + µ0 (M · ∇)H+ J×B, (2)
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where ρ is the fluid density, g represents the gravity field, p is the hydrodynamic pressure,
τ is the viscous stress tensor which can be defined for both Newtonian and non-Newtonian
fluids, µ0 is the magnetic permeability of vacuum, M is the magnetization vector, H is the
magnetic field intensity, J is the current density vector and B is the magnetic flux density,
respectively. For modelling non-isothermal flows of Newtonian and non-Newtonian fluids with
various rheological behaviours, the energy equation for the temperature field can be written as

ρcp (u · ∇)T = λ∇2T − µ0T
∂M

∂T
(u · ∇)H+

J2

σ
+ τ · · (∇⊗ u) , (3)

where cp is the specific heat at constant pressure, T is the temperature, and σ is the electric
conductivity of the fluid. The first term on the right hand side of the temperature equation rep-
resents heat transfer through conduction, the second term represents the magnetocaloric effect
of FHD, the third term represents the effect of MHD, and the fourth term ϕD = τ · · (∇⊗ u)
is the viscous dissipation function which is the double dot (inner) product of the viscous stress
tensor and the velocity gradient tensor. In the set of governing equations of incompressible non-
isothermal flows in conjunction with MHD and FHD models, the current density vector can be
expressed by the rotation (curl) of the magnetic field intensity vector H as

J = ∇×H = σ (u×B) , (4)

where the electric field effect has been neglected in the present case. We assume that the mag-
netic flux density field B is divergence-free as

∇ ·B = 0. (5)

For modelling MHD-FHD flows for Newtonian and non-Newtonian fluids, the magnetization
force term appears as an external force on the right hand side of the non-linear momentum
equation (2) due to the effect of FHD as

fM = fFHD = µ0 (M · ∇)H, (6)

and the Lorentz-force appears due to the effect of MHD which can be written as

fL = fMHD = J×B = σ (u×B)×B. (7)

When the fluid is directly sensitive to a magnetic field, its behaviour can be described by FHD
model equations and by a magnetic state through the magnetization equation M = M (H, T ),
which is usually dependent on the magnetic field intensity and the temperature often through too
complex or very simple non-realistic relations. However, for some weak magnetic conductors
such as blood, a simplified equation can be employed as

M = χH, (8)

which expresses the relationship between the magnetization field M and the magnetic field
intensity H through the magnetic susceptibility of the fluid χ, which can be defined by

H =
1

µ0

1

(1 + χ)
B, (9)
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thus the momentum equation (2) for incompressible, stationary, non-isothermal flows for New-
tonian and non-Newtonian fluids can also be written as

ρ (u · ∇)u = −∇p+∇ · τ + α (B · ∇)B+ σ (u×B)×B, (10)

and the temperature equation (3) becomes

ρcp (u · ∇)T = λ∇2T +
J2

σ
+ τ · · (∇⊗ u) , (11)

and the parameter α can be defined by

α =
1

µ0

χ

(1 + χ)2
, (12)

where χ is the magnetic susceptibility which expresses the material reactivity to an external
magnetic field and can change according to the oxygenation of blood in the present case. For
oxygenated blood, the magnetic susceptibility can be chosen as χox = −6.6 · 10−7 which is
related to the diamagnetic behaviour of blood, and χdeox = 3.5 · 10−6 for de-oxygenated blood
according to [2] which characterizes a paramagnetic behaviour. In the present numerical study,
the magnetic susceptibility of blood has been considered as de-oxygenated.

The magnetization force appears in Eq. (2) due to the FHD effects which can be written as

fM = fFHD = α (B · ∇)B = fMxex + fMyey, (13)

where the scalar components of the magnetization vector fM can be defined as

fMx = α

(
Bx

∂Bx

∂x
+By

∂Bx

∂y

)
, (14)

fMy = α

(
Bx

∂By

∂x
+By

∂By

∂y

)
, (15)

which terms appear as additional source terms in the scalar momentum equations for x and y
spatial directions for two-dimensional flows. The Lorentz-force appears due to the MHD effects
in the momentum equation (2) which can be expressed as

fL = fMHD = J×B = σ (u×B)×B, (16)

where the scalar components of the Lorentz force vector fL can be written as

fLx = σ
(
−uB2

y + vBxBy

)
, (17)

fLy = σ
(
uBxBy − vB2

x

)
, (18)

which terms again appear as additional source terms in the scalar momentum equations for x
and y spatial directions. The magnetic field can be considered as a dipole-like rotational field
which was also used by Tzirakis et al. [2] as

B = B (x, y) = Bxex +Byey, (19)
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where the scalar components of the magnetic flux density vector B can be defined by

Bx = −C
[
2 (x− xi)2 − r2

r6

]
, (20)

By = −C
[
2 (x− xi) · (y − yi)

r6

]
, (21)

where the dipole radius is defined for a two-dimensional problem as

r =
√
(x− xi)2 + (y − yi)2, (22)

where xi and yi are the spatial coordinates of field application points, and C is an appropriately
chosen constant (C = 1.72 · 10−10 Tm4 in the present numerical study).

2.2 Non-Newtonian Power-Law Fluid (PLF) Model

The momentum equation (10) is valid for either Newtonian or non-Newtonian fluids depend-
ing on the definition of the viscous stress tensor τ . Blood is known to be a non-Newtonian fluid
which exhibits a shear thinning attitude in particuler to those flows when the Reynolds number
is low and the viscous term is dominant. In consequence of this, the non-linear relationship
between the viscous stress tensor and the rate of strain has to be taken into account in order to
model the non-Newtonain fluid flow behaviour. For non-Newtonian fluids, the dynamic viscos-
ity coefficient which is also called as apparent viscosity is a function of the shear rate as

µa = µa

(∣∣∣γ̇∣∣∣) , (23)

therefore the relationship between the viscous stress and shear rate tensors is non-linear as

τ = µa

(∣∣∣γ̇∣∣∣) γ, (24)

where the shear rate tensor is defined as two times of the rate of strain (deformation) tensor as

γ = 2S = ∇⊗ u+ (∇⊗ u)T , (25)

and the magnitude of the shear rate tensor can be defined by

γ̇ =
∣∣∣γ∣∣∣ =

√
1

2
γ · ·γ. (26)

For modelling non-Newtonian blood flows, different blood rheological approaches are available
in the literature such as Power-Law Fluid (PLF), Quemada and Casson models to make an
attempt to describe the realistic rheological behaviour of blood [8]. In the present study, we
choose the aforementioned PLF model due to its simplicity to model the non-Newtonian non-
linear viscous behaviour of blood. In the PLF blood rheological model, the shear stress is a
function of an n-power coefficient of the shear strain rate as

τ = k0γ̇
n, (27)
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where k0 and n are appropriately chosen coefficients of the PLF model, and these parameters
are suggested to be selected as k0 = 14.67 · 10−7Pa · sn and n = 0.7755 [8]. Relying on the
non-Newtonial PLF model, the viscous stress tensor can be written as

τ = k0γ̇
n−1γ, (28)

and the Reynolds number definition for the non-Newtonian viscous model can be written [8] as

RePLF =
ρhn

k0Un−2
∞

. (29)

2.3 The Hartmann Flow

The Hartmann flow in its initial configuration is a planar flow between two parallel flat plates
in the presence of a constant magnetic field B = B0j normal to the plates. In this case, the
Lorentz force component fLx appears in the momentum equation as

fLx = −σuB2
0 . (30)

Due to the fact that the magnetic field is constant and parallel to the y-axis, the flow is af-
fected along the x-direction only, which represents the main advantage of the Hartmann flow
for validation purposes. When the Hartmann flow is considered to be a one-dimensional flow,
it is possible to derive an analytical solution for the outlet velocity profile which can be com-
pared to the numerical implementation of an MHD model. The outlet velocity profile of a
two-dimensional laminar Hartmann flow for a Newtonian fluid can be written [2] as

u (y) =
1

σB2
0

(
dp

dx

)1− cosh
(
Hy
h

)
cosh (H)

 , (31)

where the dimensionless Hartmann number can be defined as

Ha = hB0

√
σ

µ
. (32)

The effect of the magnetic field acting on the non-isotermal flow field is studied also in relation
to the temperature perturbations. The temperature-velocity coupling is made clear in the energy
equation where an additional source term appears as

eMHD = B2
xu

2 +B2
yv

2. (33)

2.4 Implementation of MHD-FHD model equations

The combination of MHD and FHD models [2, 7] described in this Section is not available
in the ANSYS-FLUENT commercial software package by default. Therefore, the MHD-FHD
model for the governing momentum (10) and energy (11) equations in conjunction with the
magnetization (13) and Lorentz force (16) source terms has been implemented in the ANSYS-
FLUENT environment with User-Defined Functions (UDFs) in the C programming language.
The scalar components of the magnetization force (14) and (15), and scalar components of
the Lorentz force (17) and (18) has been added to the ANSYS-FLUENT Navier-Stokes solver
by employing the SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) pressure-
correction algorithm [10] with second-order discretization scheme for the convective flux terms.
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The magnetic field intensity with a single-wire and the rotational magnetic field have been
initialized through the UDF implementing its components along the spatial directions. It should
be mentioned in terms of the UDF C code implementation that the source terms have to be
defined in a ”generation-rate/volume” unit. The magnetic field components (xi, yi) have been
stored at the cell-centre on the computational domain and the appropriately chosen C constant
has been defined by the actual 4Tesla field area of action which can be easily adapted and
modified according to the requirements. The reason for choosing the magnetic field strength as
4Tesla is in fact that it was difficult to obtain converged solution for the governing equations
(10) and (11) by taking higher values above this value. In order to establish reliable validation
test cases for MHD-FHD applications, the convergence of the solution has been considered
as a requirement within a small threshold value (smaller than 10−7 or 10−8). The simulation
parameters, geometrical data of a two-dimensional microfluidic benchmark channel including
realistic material properties for blood have been summarized in Table 1.

Symbol Value Description Units
h 0.01 Height of the channel (m)
L 0.12 Length of the channel (m)
µ0 1.256637 · 10−6 Magnetic permeability of vacuum (H/m)
χdeox 3.5 · 10−6 Magnetic susceptibility of de-oxygenated blood (−)
B 4 Magnetic field intensity (T )
x0 0.03 Magnetic field location in direction-x (m)
y0 7.42 · 10−3 Magnetic field location in direction-y (m)
C 1.72 · 10−10 Rotational magnetic field constant (T ·m4)
ρ 1050 Density of blood (kg/m3)
µNewt 0.0035 Dynamic viscosity of the Newtonian fluid (Pa · s)
Cp 3617 Specific heat of blood (J/Kg ·K)
k 0.52 Thermal conductivity of blood (W/m ·K)
σ 0.8 Electrical conductivity of blood (S/m)
T 300 Temperature of blood (K)
Tlw 283.65 Lower wall temperature (K)
Tuw 315.15 Upper wall temperature (K)
Re 100 Reynolds number (−)
RePLF 120.025 Reynolds number of the Power-Law Fluid (−)
k0 14.67 · 10−3 Power-Law viscosity coefficient (−)
n 0.7755 Power-Law exponent (−)
U∞ 0.1 Inlet flow velocity (m/s)

Table 1: Simulation parameters, geometrical data and material properties for blood.

For the temperature distribution at the inlet section of the microfluidic channel, a linear
temperature profile has been prescribed as a boundary condition as

Tinlet (y) = y(Tuw − Tlw) + Tlw, (34)

and for the velocity field, a uniform inlet velocity distribution has been taken with an average
velocity magnitude of 0.1m/s (see Table 1).
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3 RESULTS AND DISCUSSION

3.1 Non-isothermal Hartmann flow for Newtonian and non-Newtonian fluids

In this subsection, we investigate an incompressible, laminar and non-isothermal Hartmann
flow in conjunction with Newtonian and non-Newtonian rheological approaches for blood in
a two-dimensional microfluidic channel. The computational data has been compared to the
numerical data taken from Tzirakis et al. [1] where the fluid has been considered as Newtonian.
For this simple preliminary analysis, differently from [1] where a computational mesh consists
of 2000 quadrilateral elements was used, a grid of approximately 14000 elements has been
found [9] to be more effective in the present study providing high-accuracy and agreement
with the results of Tzirakis et al. [1]. A uniform inlet velocity profile has been considered
relying on [1] as well as the magnetic field strength has been taken as B0 = 25

√
7Tesla.

The Hartmann number defined by Eq. (32) has been taken as equal to 5. It is important to
remark from a practical point-of-view that this value of magnetic field strength is considerably
high and unsuitable for biomedical applications. However, the two-dimensional Hartmann flow
as a first preliminary case is considered for the validation of the implemented UDFs in the
ANSYS-FLUENT environment, because the flow physics is relatively simple and the size of
the computational domain is small. The fully developed outlet velocity profile of the Hartmann
flow compared to the computational data of Tzirakis et al. [1] is shown in Figure 1.

Figure 1: Comparison of outlet velocity profiles for a Hartmann flow in a microfluidic channel against computa-
tional data of Tzirakis et al. [2].

It can be seen in Figure 1 that the outlet velocity profile of a fully developed Hartmann flow
is different from the fully developed velocity distribution of an incompressible laminar flow
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without the presence of a magnetic field as it is expected. The effect of the magnetic force can
be observed as the flow slows down under the action of a constant magnetic field. In addition to
this, comparing the Hartmann flow and the laminar flow between parallel flat plates, it can be
inferred that the first one develops quicker with a flatter velocity profile at the outlet compared
to the second one (see the contour plots in Figures 2 and 3). This behaviour is caused by the
magnetic field which slows down the blood flow (see Figures 3 and 5). The contour plot of the
temperature field in the presence of a constant magnetic field is shown in Figures 4 and 6.

Figure 2: Contours of the velocity component U for a non-isothermal Hartmann flow in a two-dimensional mi-
crofluidic channel in conjunction with a Newtonian fluid with a uniform inlet velocity distribution.

Figure 3: Contours of the velocity component U for a non-isothermal Hartmann flow in a two-dimensional mi-
crofluidic channel in conjunction with a non-Newtonian fluid (blood) with a uniform inlet velocity distribution.

Figure 4: Contours of the temperature field for a non-isothermal Hartmann flow in a two-dimensional microfluidic
channel in conjunction with a non-Newtonian fluid (blood) with a linear inlet temperature distribution.

The velocity profiles in a two-dimensional microfluidic channel at different cross-sections
have been shown in Figure 5. It can be seen that there are minor differences between the cross-
sectional velocity profiles for considering blood as a Newtonian and a non-Newtonian fluid
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corresponding to the assumtion that blood can be considered as a weak non-Newtonian fluid.
The effect of a constant magnetic field on the incompressible and laminar flow can also be
observed in Figures 2 and 3, because the cross-sectional velocity profiles appear in a round-
like shape compared to the fully developed laminar velocity profile without the presence of a
constant magnetic field (see the blue curve in Figure 1).

Figure 5: Comparison of velocity profiles for Newtonian and non-Newtonian blood rheological approaches in
conjunction with a non-isothermal Hartmann flow in a microfluidic channel at different cross-sections.

For non-isothermal Hartmann flows in conjunction with Newtonian and non-Newtonian rhe-
ological models for blood, the temperature field is affected by the presence of the Lorentz force
due to the effect of MHD. In this case, the source terms appearing due to the theory of FHD
are neglected in the momentum and energy equations. The upper and lower wall temperatures
can be found in Table 1, which are Tlw = 283.65K and Tuw = 315.15K, respectively. The
total temperature difference between the lower and upper walls is 31.5K which is a relatively
small variation, however considering the small size of the microchannel, temperature profiles
can also be affected by the presence of a constant magnetic field. It is valid in particular for
those problems when a high magnetic field strength is applied perpendicular to the microflu-
idic channel. However, for the present Hartmann flow case, the effect of the MHD source
term on the right hand side of the temperature equation is small due to the fact that the applied
magnetic field strength is also small. The inlet temperature profile has been considered as a
linear temperature distribution which can be seen in Figure 6. Since the temperature difference
between the lower and upper walls as well as the applied constant magnetic field strength is
also small, the temperature distribution at different cross-sections of the microfluidic channel
exhibits minor differences between Newtonian and non-Newtonian rheological approaches for
blood. The presence of the applied constant magnetic field affects slightly the temperature dis-
tribution compared to the assumed inlet linear profile. One can see in the following subsections
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that the effect of the applied magnetic field becomes significant when a single wire or two wires
are located at different axial coordinates in the microfluidic channel. This fact was also observed
by Tzirtzilakis et al. [1] when a strong uniform magnetic field was applied.

Figure 6: Comparison of temperature profiles for Newtonian and non-Newtonian blood rheological approaches in
conjunction with a non-isothermal Hartmann flow in a microfluidic channel at different cross-sections.

The convergence history of the numerical solution for non-isothermal Hartmann flow in con-
junction with Newtonian and non-Newtonian blood rheological models can be seen in Figure
7. For solving a steady-state fluid flow problem, the convergence criterion has been prescribed
within a small threshold value (smaller than 10−8). The maximum number of iterations for New-
tonian and non-Newtonian fluids was 145 to obtain convergence to the approximate solution of
the governing equations. The numerical results show that the ANSYS-FLUENT environment
by using UDFs in C programming language is capable of solving MHD non-isothermal New-
tonian and non-Newtonian fluid flows within a relatively small number of iterations on a fine
computational mesh consists of approximately 14000 control volume elements. It has been
observed that the magnetic field strength has to be also small in particular to non-Newtonian
fluids, otherwise the approximate solution of the system of equations can lead to oscillatory and
non-physical solutions. For taking a high value of the applied constant magnetic field strength,
the source terms in the momentum (10) and temperature equations (11) might become very stiff,
thus a careful numerical treatment and even advanced method development could be required
within the framework of an in-house code implementation to obtain physically reasonable so-
lutions for the system of governing equations. The stiffness of the MHD source terms in the
set of model equations could lead to a numerical solution when the convergence of the numer-
ical procedure could be difficult to ensure. Therefore, the applied magnetic field strength is
not higher than 4Tesla in the following subsections for the investigated validation test cases to
ensure numerical solution which converges to a small threshold value.
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Figure 7: Residual history of non-isothermal Hartmann flow simulations: Newtonian fluid flow (left) and non-
Newtonian blood flow (right).

3.2 Single wire problem

In this subsection, we present a benchmark problem for solving incompressible, laminar
and non-isothermal flows in conjunction with MHD and FHD models and Newtonian and non-
Newtonian blood rheological approaches. A single wire has been located in a two-dimensional
microfluidic channel at the spatial coordinate x1 = 0.03m where the magnetic field strength
has been taken as 4Tesla. The local arrangement of the single wire in the two-dimensional
microfluidic channel has been shown in Figure 8.

Figure 8: Contours of a single wire induced magnetic field of 4Tesla on the lower wall at x1 = 0.03m.

This benchmark problem is a hybridization of the single wire model used by Tzirakis et al.
[2] and the mathematical model for blood flows and magnetic fields proposed by Tzitzilakis
[7]. The magnetization force due to the effect of FHD and the Lorentz force due to the effect
of MHD have been taken into account in the momentum equation (10). We assume that the
magnetic state through the magnetization equation M = M (H) depends only on the magnetic
field intensity H, however the magnetization depends on the temperature T in reality. Relying
on this assumption which can be used for weak magnetic conductors such as blood [2], the
effects of MHD and FHD is taken into account in the momentum equation (10), however, only
the effect of MHD appears in the temperature equation (11). This is due to the fact that the
temperature derivative of the magnetization vector M vanishes from the energy equation (3),
because it is assumed that the magnetization is function of the magnetic field intensity, but not
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function of the temperature. In other words, it also means that the magneticaloric effect of FHD
has been neglected in the MHD-FHD set of model equations in conjunction with Newtonian
and non-Newtonian fluids, because the blood can be considered as a weak magnetic conductor.

Figure 9: Contours of the velocity component U for a non-isothermal non-Newtonian blood flow in a microfluidic
channel with a uniform inlet velocity distribution when the applied magnetic field is induced by a single wire.

Figure 10: Contours of the temperature field for a non-isothermal non-Newtonian blood flow in a microfluidic
channel with a linear inlet temperature distribution when the applied magnetic field is induced by a single wire.

The reason for investigating incompressible and non-isothermal MHD-FHD Newtonian and
non-Newtonian fluid flows with the hybridization of Tzirakis et al. [2] and Tzitzilakis [7] MHD-
FHD models is to study further the interaction between the temperature and MHD-FHD fields
for non-Newtonian blood flows, because there is a lack of experimental data available in the
literature. In addition to this, there is a lack of well-established and reliable numerical bench-
mark test case available for verification and validation purposes, thus we also focus on the
computational fluid dynamics (CFD) aspects of this physical problem. For steady-state flows,
the governing equations (10)-(11) with MHD and FHD models in conjunction with Newtonian
and non-Newtonian fluids can be implemented in an in-house code or in a commercial software
environment by using User-Defined Functions. The governing equations of the combination of
MHD and FHD models [2, 7] described in Section 2 is not available in the ANSYS-FLUENT
software package by default, therefore the implementation of a complex multiphysics problem
related to MHD and FHD models gives an opportunity to study the strength and limitations of
these models from computational aspects. Therefore, it is important to mention from a numer-
ical modelling point-of-view that it has been observed that the presence of the magnetocaloric
term of FHD on the right hand side of the temperature equation (3) could lead to numerically
unstable and non-physical results when the magnetization vector M is depending on the temper-
ature. This can be explained by the fact that the temperature dependence of the magnetization
can be expressed through either too complex mathematical relationships or may be described
with very simple and non-realistic functions. As an example, our numerical experience shows
that the fully coupled MHD-FHD model for non-isothermal Newtonian flows under the action
of a uniform localized magnetic field proposed by Tzirtzilakis and Loukopoulos [1] led to un-
stable numerical solution by using the ANSYS-FLUENT environment at high dimensionless
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magnetic numbers. In other words, the computational benchmark problem of Tzirtzilakis and
Loukopoulos [1] might be difficult to investigate and further validate with a commercial soft-
ware package even though their research work contains a relevant study on the the interaction
between the temperature and MHD-FHD fields by considering blood as a Newtonian fluid. As it
has been mentioned above that there is a lack of experimental data available on investigation of
the interaction between the temperature and MHD-FHD fields for non-Newtonian blood flows,
the computational benchmark presented in this subsection could be used in both in-house and
commercial software package environment to validate the implementation of an MHD-FHD
model for non-isothermal non-Newtonian blood flows.

Figure 11: Comparison of velocity profiles for a non-isothermal blood flow in a microfluidic channel at different
cross-sections when the applied magnetic field is induced by a single wire.

In the present benchmark problem, the magnetic field is applied through a single wire located
in a two-dimensional microfluidic channel and when the temperature dependence of the magne-
tization is neglected, the effect of MHD and FHD appears in the momentum equation (10) and
the temperature equation (11) is only affected by the source term due to MHD. In order to avoid
observed numerical oscillations and possible non-physical solution for the benchmark problem
presented in this subsection, the MHD-FHD model equations have been set up to cancel out the
magnetocaloric effect of FHD on the right hand side of the energy equation (3) which would
be a numerically sensitive term in the temperature equation if the magnetization would depend
on the temperature field as well. It can be seen in Figure 13 that when the incompressible
and non-isothermal flow was influenced by an applied single wire magnetic field along with the
temperature independent magnetization, the numerical convergence of the approximate solution
of the fully coupled governing equations was ensured for both Newtonian and non-Newtonian
blood rheological approaches. In other words, the combination of existing MHD and FHD mod-
els [2, 7] proposed in this paper leads to an appropriate computational benchmark test case to
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ensure convergence and accurate solution of MHD-FHD model equations with a convergence
criterion smaller than 10−7 (see Figure 13) up to the magnitude of the applied magnetic field
strength of 4Tesla (see Figures 8 to 12).

Figure 12: Comparison of temperature profiles for a non-isothermal blood flow in a microfluidic channel at differ-
ent cross-sections when the applied magnetic field is induced by a single wire.

For incompressible and non-isothermal flow influenced by an applied single wire magnetic
field for Newtonian and non-Newtonian fluids, the velocity and temperature profiles at dif-
ferent locations of the two-dimensional microfluidic channel have been shown in Figures 11
and 12, respectively. The velocity and temperature fields are strongly affected by the location
area of the applied magnetic field through a single wire as well as the downstream location
behind the wire (see Figures from 9 to 12). The velocity field of the incompressible, laminar
and non-isothermal flow becomes fully developed far from the applied magnetic field area. It
can be seen in Figure 12 that the outlet velocity profile is not affected by the magnetic field
strength, thus the profile is similar to the fully developed laminar velocity distribution for both
Newtonian and non-Newtonian fluids. The temperature field behaviour is different compared
to the non-isothermal Hartmann flow due to the fact that the effects of MHD and FHD terms
in the momentum equation (10) has impact on the temperature distribution through convection
even if the magnetocaloric effect of the FHD term does not appear in the temperature equation
(11). The outlet temperature profile (see Figure 12) exhibits a non-linear behaviour compared
to the outlet temperature distribution of the non-isothermal Hartmann flow whereas the pro-
file becomes quasi-linear at the outlet section of the microfluidic channel (see Figure 6). For
steady-state Newtonian and non-Newtonian fluid flows, the numerical solution converged to a
small threshold value of 10−7 by performing 450 total number of iterations. For this numerical
test case, approximately 3 times more total number of iterations were required compared to the
non-isothermal Hartmann flow simulation, because the magnetization force due the effect of
FHD has been taken into account on the right hand side of the momentum equation (10).
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Figure 13: Residual history of non-isothermal blood flow simulations for a single wire problem: Newtonian fluid
flow (left) and non-Newtonian blood flow (right).

The computational benchmark problem presented in this subsection could be considered as a
reliable verification and validation test case for non-isothermal Newtonain and non-Newtonian
MHD-FHD fluid flows when microfluidic applications are concerned, because the numerical
solution was converged to a very small threshold value of 10−7 within a relatively small total
number of iterations. Furthermore, the obtained results are well-explainable comparing them to
the non-isothermal Hartmann flow. It is important to mention again the limitation of the current
implementation, because it has been observed relying on numerical experience that when the
applied magnetic field strength is higher than 4Tesla, it was difficult to ensure convergence of
the numerical solution for both Newtonian and non-Newtonian fluids. In consequence of this, it
is recommended to employ higher than second-order treatment of the convective and/or MHD-
FHD terms in the system of governing equation in order to overcome the oscillatory numerical
behaviour of the stiff MHD and FHD source terms at high dimensionless magnetic numbers.

3.3 Double wire problem

In this subsection, a benchmark problem has been presented for an incompressible, laminar
and non-isothermal MHD-FHD blood flow in conjunction with Newtonian and non-Newtonian
rheological models when the fluid flow is influenced by a double wire arrangement of the ap-
plied magnetic field strength. Similar to the numerical example presented in the previous sub-
section, a wire is located at the spatial coordinate x1 = 0.03m on the lower wall in a two-
dimensional microfluidic channel where the magnetic field strength is taken as 4Tesla. In
addition to this, another wire is located at the spatial coordinate x2 = 0.07m on the upper wall
where the magnetic field strength is equal to 1.2Tesla. The set of governing equations are
relying on the mathematical model equations proposed by Tzitzilakis [7], however, we define
the viscous stress tensor τ according to the constitutive equation related to a viscous Newtonian
and a power-law non-Newtonian fluid model for non-isothermal blood flows. This benchmark
test case represents a more complicated multiphysics problem in conjunction with MHD-FHD
flows which triggers off vortical structures in a two-dimensional microfluidic channel similar
to the benchmark problem investigated by Tzirtzilakis and Loukopoulos [1] in the presence of
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a localized uniform magnetic field. For this multiphysics problem, we assume again that the
magnetic state through the magnetization equation M = M (H) depends only on the magnetic
field intensity H and it is independent from the temperature field T . It means that the effects of
MHD and FHD have been taken into account in the momentum equation (10) and the FHD ef-
fect have been neglected in the temperature equation (11). For an incompressible, laminar and
non-isothermal non-Newtonian blood flow, the velocity and temperature field contours have
been shown in Figures 14 and 15, respectively.

Figure 14: Contours of the velocity component U for a non-isothermal non-Newtonian blood flow in a microfluidic
channel with a uniform inlet velocity distribution when the applied magnetic field is induced by a double wire.

Figure 15: Contours of the temperature field for a non-isothermal non-Newtonian blood flow in a microfluidic
channel with a linear inlet temperature distribution when the applied magnetic field is induced by a double wire.

Tzirtzilakis and Loukopoulos [1] investigated a non-isothermal Newtonian flow under the
action of a uniform localized magnetic field of 8Tesla which was two times more than the
magnitude of the applied magnetic field through a wire for the benchmark problem presented
in this subsection. Furthermore, they took into account the magnetocaloric effect of FHD in
the energy equation which could be a stiff source term in the set of governing equations. The
streamfunction-vorticity formulation was used by Tzirtzilakis and Loukopoulos [1] for solving
the MHD-FHD model equations along with a line by line implicit method. Their numerical
solution was reduced to solve the discretized system of equations by using the Thomas algo-
rithm which also means that this numerical approach was basically a one-dimensional solution
of the discretized governing equations along the axial direction, and the effect of the other di-
rection was taken into account on the right hand side of the system of linear equations. It might
be important to highlight that the numerical solution of a fully coupled MHD-FHD govern-
ing equations by using an approximate one-dimensional line by line approach is not equiva-
lent to a fully two-dimensional explicit or implicit numerical solution to the set of MHD-FHD
model equations. Therefore the convergence properties in conjunction with the presence of stiff
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MHD-FHD source terms could lead to different numerical behaviours when various methods
are used for the same computational benchmark problem. According to our numerical experi-
ence related to a fully two-dimensional computational approach, the relatively stiff MHD-FHD
source terms, implemented in the ANSYS-FLUENT environment, caused numerical instabili-
ties when the magnitude of the applied uniform localized magnetic field was 8Tesla. In other
words, the fully two-dimensional numerical solution of the benchmark problem of Tzirtzilakis
and Loukopoulos [1] in the ANSYS-FLUENT environment was not converged to the threshold
value of 10−5 as it was prescribed in [1] for an approximate line by line solution method.

Figure 16: Comparison of velocity profiles for a non-isothermal blood flow in a microfluidic channel at different
cross-sections when the applied magnetic field is induced by wires located on the lower and upper walls.

For an incompressible, laminar and non-isothermal MHD-FHD flow influenced by an ap-
plied double wire magnetic field for Newtonian and non-Newtonian fluids, the velocity and
temperature profiles at different locations of the microfluidic channel have been shown in Fig-
ures 16 and 17, respectively. The reason for the numerical investigation presented in this sub-
section is that the double wire magnetic field arrangement has to trigger off a counter-clockwise
and another clockwise rotating vortex at the location of the wires which leads to a similar vorti-
cal flow pattern to the benchmark problem of Tzirtzilakis and Loukopoulos [1] even if the fluid
has to flow through a non-uniform applied magnetic field. The velocity and temperature fields
are strongly affected at the locations of the applied magnetic field along with the flow upstream
and downstream as well. A strong circulation regime can be observed closed to the magnetic
field sources and the perturbation of the velocity field is significant about the wire located on
the upper wall of the channel. When the fluid moves upstream, the flow influenced the fluid
motion close to the wire located on the lower wall. The fluid flow downstream exhibits strong
mixing due to the effect of the wire located on the upper wall. The difference between the
Newtonian and non-Newtonian blood rheology approaches can be seen in Figures 16 and 17.
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In both cases, the velocity profile does not become fully-developed at the outlet section of the
channel which is also valid for the temperature field. It also means that the flow supposed to
be become fully-develop far downstream from the second wire located on the upper wall which
could occur in a longer microfluidic channel. The difference of velocity and temperature dis-
tributions between Newtonian and non-Newtonian fluids becomes significant at the downsteam
flow regime and at the outlet section of the channel. This phenomenon can be explained by
supposing that the non-linear viscous effect of non-Newtonian blood flows turns out to be dom-
inant when the magnetic field intensity is increased which comes from the material behaviour
of blood. The difference could also arise purely due to the unstable numerical behaviour of the
non-Newtonian blood flow in the presence of a strong magnetic field, because the numerical
solution was not converging to a small threshold value for the steady-state non-Newtonian fluid
flow in this case, thus the residual history appears to be strongly oscillatory (see Figure 18).

Figure 17: Comparison of temperature profiles for a non-isothermal blood flow in a microfluidic channel at differ-
ent cross-sections when the applied magnetic field is induced by wires located on the lower and upper walls.

For the investigated steady-state Newtonian fluid flow in a microfluidic channel, the numer-
ical solution of continuity and momentum equations was converging to a small threshold value
of 10−14 while the solution of the temperature equation was converging up to the threshold
value of 10−4 by performing 4000 total number of iterations. For non-Newtonian blood flow,
the numerical solution exhibited strongly oscillatory behaviour (see Figure 18). Furthermore,
this benchmark problem required the highest total number of iterations compared to the previ-
ous two numerical examples presented in this paper. It can also be seen relying on the residual
histories (see Figure 18) that this benchmark could be used for MHD-FHD code verification
and model validation for Newtonian fluids, however it might be considered as a non-conclusive
example for non-Newtonian blood flows when the power-law fluid model is employed.

Relying on the obtained results, it can be seen that the simulation of non-isothermal MHD-
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Figure 18: Residual history of non-isothermal blood flow simulations for a double wire problem: Newtonian fluid
flow (left) and non-Newtonian blood flow (right).

FHD flows in conjunction with Newtonian and non-Newtonain blood rheological approaches
for microfluidic and biomedical applications could be challenging. This is due to the fact that the
stiff MHD and FHD source terms in the governing equations including the non-linear viscous
behaviour of non-Newtonain blood flows could lead to oscillatory numerical solutions when
the applied magnetic field strength is a high value. Therefore the behaviour of other numerical
solution methods in conjunction with non-isothermal non-Newtonian blood flows has to be
further investigated which could be a subject of another study.

4 CONCLUSIONS

In this paper, we proposed an incompressible, laminar and non-isothermal MHD-FHD model
for Newtonian and non-Newtonian rheological models of blood relying on the combination of
existing MHD-FHD approaches of Tzirakis et al. [2] and Tzirtzilakis [7]. This paper focused
on the implementation of the proposed MHD and FHD models in the ANSYS-FLUENT envi-
ronment for a) non-isothermal Newtonian and non-Newtonian Hartmann flows in the presence
of an applied constant magnetic field and b) non-isothermal non-Newtonian blood flows relying
on the power-law fluid model when the flow field was influenced by a single and double wire
arrangement of an applied magnetic field in a microfluidic planar channel. The objective of this
work was to provide reliable computational benchmark problems for CFD code verification and
MHD-FHD model validation purposes. The following conclusions can be drawn as

• For solving an incompressible steady-state non-isothermal Hartmann flow problem in
conjunction with Newtonian and non-Newtonian blood rheological models, the numerical
solution of the MHD governing equations was converging to a small threshold value
of 10−8 within 145 number of iterations. The obtained results have been compared to
the computational data of Tzirakis et al. [2] taken from the literature. This benchmark
problem can be considered as a reliable benchmark test case for code verification and
MHD model validation purposes for non-isothermal non-Newtonian blood flows.

• When a single wire induced magnetic field was located on the lower wall of the microflu-
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idic channel for solving an incompressible steady-state non-isothermal MHD-FHD flow
problem in conjunction with Newtonian and non-Newtonian blood rheological models,
the numerical solution of the MHD-FHD governing equations was converging to a small
threshold value of 10−7 within 450 total number of iterations. This validation test case
can also be considered as a reliable computational benchmark to investigate the inter-
action between the temperature and MHD-FHD fields for non-Newtonian blood flows,
because there is a lack of experimental data available in the literature.

• When a double wire arrangement of the applied magnetic field was located on the lower
and upper walls of the microfluidic channel for solving an incompressible steady-state
non-isothermal MHD-FHD flow problem related to Newtonian and non-Newtonian blood
rheological models, the numerical solution of the MHD-FHD governing equations exhib-
ited strongly oscillatory behaviour for non-Newtonian blood flows. Relying on these re-
sults, this benchmark case could only be used for MHD-FHD code verification and model
validation for Newtonian fluids, however, it might be considered as a non-conclusive ex-
ample for non-Newtonian blood flows when the power-law fluid model is employed.

• For solving incompressible non-isothermal MHD-FHD problems, it has been observed
that the limitation of the current implementation is that when the applied magnetic field
strength was higher than 4Tesla, it was difficult to ensure convergence of the numerical
solution for both Newtonian and non-Newtonian fluids. This limitation can be explained
by the fact that the MHD-FHD source terms are stiff source terms in the momentum and
energy equations, therefore the numerical behaviour of higher-order methods [11] should
be further investigated for MHD-FHD problems at high dimensionless magnetic numbers.
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Abstract. A meshless numerical scheme is developed in order to simulate the magnetically 
mediated separation of biological mixture used in lab-on-chip devices as solid carriers for 
capturing, transporting and detecting biological magnetic labeled entities, as well as for drug 
delivering, magnetic hyperthermia treatment, magnetic resonance imaging, magnetofection, 
etc. Due to the imposed magnetic field stagnation regions are developed, leading to the ac-
cumulation of the magnetic labeled species and finally to their collection from the heteroge-
neous mixture. The role of (i) the intensity of magnetic field and its gradient, (ii) the position 
of magnetic field, (iii) the magnetic susceptibility of magnetic particles, (iv) the volume con-
centration of magnetic particles and their size, (v) the flow velocity in the magnetic fluidic 
interactions and interplay between the magnetophoretic mass transfer and molecular diffu-
sion are thoroughly investigated. Both Newtonian and non-Newtonian blood flow models are 
considered. 

1084



V.C. Loukopoulos, G.C. Bourantas, D. Labropoulos, V.M.G. Nikiforidis, S.P.A. Bordas and G.C. Nikiforidis 

 

1 INTRODUCTION 
Biomagnetic fluid dynamics (BFD) investigates the dynamics of biological fluids under the 

presence of magnetic field. BFD accounts in numerous bioengineering applications [1-3] and 
there are a number of mathematical models proposed regarding biomagnetic fluid flow under 
the action of an applied magnetic field. 

The governing equations for incompressible fluid flow are similar to those used in ferrohy-
drodynamics (FHD). In [3, 4] the viscous, steady, two-dimensional, incompressible, laminar 
biomagnetic fluid (blood) flow between two parallel flat plates (channel) was studied, with 
the fluid considered as homogeneous. Moreover, magnetic fluids are used in medicine, espe-
cially in high-gradient magnetic separation (HGMS), magnetic drug targeting (MDT) and fer-
rofluid sealing [5]. The flow model in [2-4], assumes that suspended particles and base fluid 
constitute a stable colloidal suspension with infinitely strong coupling, in which the particles 
are not amenable to re-distribution or drifting relative to the base fluid under the effect of an 
external magnetic force. Thus, the fluid-particles mixture interacts with the magnetic force as 
a whole fluid. On the other hand, the model employed in [5-9], accommodates magnetopho-
retic drifting relative to the base fluid and therefore allows particles re-distribution when an 
advection-diffusion particle concentration is coupled with the Navier-Stokes equations. In 
comparison, the traditional BFD and FHD studies treat the volumetric magnetic body force as 
simply that of a single-phase flow, while the [5-9] studies treat it as of a two-phase flow 
where each phase can exhibit its distinctive magnetic response. One-way particle-fluid coupl-
ing approach (Eulerian) was adopted in [5-8] and two-way particle-fluid coupling approach 
(Lagrangian-Eulerian) in [9]. 

In the present study we investigate a two phase flow of a non-Newtonian biomagnetic fluid 
between two horizontal parallel plates, under the action of a non uniform magnetic field and 
we examine the role of (i) the intensity of magnetic field and its gradient, (ii) the position of 
magnetic field, (iii) the magnetic susceptibility of magnetic particles, (iv) the volume concen-
tration of magnetic particles (nanoparticles) and their size, and (v) the flow velocity. 

2 EQUATIONS AND MATHEMATICAL MODEL 
A non-uniform magnetic field is applied to microchannel flow containing magnetically 

tagged microspheres. A two-dimensional rectangle microchannel is considered with width (W) 
and length (L) equal to 1 mm and 20 mm respectively. Assumptions as in [6, 7] are adopted in 
the present study. 

The governing dimensional equations of the isothermal fluid flow in x- and y- direction are 
as follows: 

0
u v
x y
∂ ∂

+ =
∂ ∂

, (1) 

2 2

2 2 x
u u p u uu v - F
x y x x y

  ∂ ∂ ∂ ∂ ∂
+ = + + +  ∂ ∂ ∂ ∂ ∂   

ρ µ , (2) 

2 2

2 2 y
v v p v vu v - F
x y y x y

  ∂ ∂ ∂ ∂ ∂
+ = + + +  ∂ ∂ ∂ ∂ ∂   

ρ µ ,  (3) 

where xF  and yF  are the volume forces in the x- and y- directions, respectively and represent 

the effect of magnetic particles concentration, while ρ and μ are the density and the viscosity 
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of the biofluid (blood). Magnetic particles are considered as super-paramagnetic material 
without permanent magnetization at room temperature. Velocity components in the x- and y- 
direction are defined by u and v, respectively. The volume forces ( xF  and yF ) are equal to the 

magnetic forces applied on a single particle ( mag, xF  and mag, yF ), multiplied by the number of 

particles per unit volume ( ( ),x p mag, xF n x y F=  and ( ),y p mag, yF n x y F= ). They are defined as 

[5-8]: 

0

1

2mag pV 2= ∇µ χ ΗF ,         (4) 

with H, μ0  and χ being the external magnetic field intensity, the magnetic permeability of va-
cuum and the magnetic susceptibility of the particles, respectively (p subscript refers to par-
ticles). The dimensionless concentration ( ( ) ( ) 0, ,pC x y n x y n= ) is defined with respect to 

the reference particle density η0 at the flow entrance. In addition, the non-dimensional volume 
concentration (C) is written as [5-8]  

( ) ( )pCv D C∇ ∇ ∇= .                                                                                                  (5) 

In Eq. (5), D is the diffusion coefficient and the velocity of particles pv  is calculated by 

balancing the hydrodynamic and magnetic forces [6, 7]  

p f mag= +v v v ,                                                                                                            (6) 

where 6mag mag pr= π µv F  is given by Stokes drag law, f u v= +v i j  is the velocity of the flu-

id computed by Eqs. (1) and (2) and, pr is the particle radius. 

The boundary conditions are defined as: 
• for the velocity components: at inlet fully developed flow is considered (u=u(y), 

v=0), no-slip boundary conditions are imposed on the upper and lower wall and ful-
ly developed flow at the outlet (u,x=0, v=0). 

• for the dimensionless concentration: concentration Cin=1 at the inlet, insulated on 
the upper and lower walls and, convection at the outlet. 

Since the viscosity of a non-Newtonian fluid (blood) is a function of shear rate, a relation 
between the viscosity and the shear rate is required, (shear-thinning viscosity of the blood). 
The relation between the shear stress τ and the shear rate γ  is as [ ]= τ µ γ . The viscosity is 

given by the power law model 1nm −= µ γ  [10, 11]. 

3 RESULTS AND DISCUSSION 

3.1 Verification of the numerical results and grid independent test 
A Meshless Point Collocation (MPCM) scheme along with the Moving Least Squares 

(MLS) approximation method is applied for the numerical solution of the governing equations. 
An iterative scheme, developed and presented in [12], was used to numerically solve the ve-
locity-vorticity formulation of the flow equations. Mass conservation (continuity equation) 
was ensured enforcing a velocity-correction scheme. The accuracy of the proposed scheme 
was verified against the numerical results obtained by a Meshless Point Collocation method 
(MPCM) along with the IPOT (Implicit Potential) and DCP SE (Discretization Correction 
Particle Strength Exchange) approximation for the field variables for the numerical solution 
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of the model equations in the velocity-pressure formulation [13], Fig. 1. The magnetic field 
intensity is 6 -11x10 A m . The base fluid is blood with density -3800kg m  [8] and viscosity giv-
en by the power law (m=0.035 and n=0.6 [10, 11]), in Poise unit. We assume that the target 
biological entity and the attached magnetic particles constitute a single microspherical particle 
with 2μm  radius [6-8]. The effective magnetic susceptibility χ (relative to that of magnetic 
particles) is equal to 0.004, volume fraction φ is equal to 0.03, the mean inlet velocity is 

-10.001ms  (Plug flow) and the Particle diffusivity D is -9 2 -11 10 m s× . 
An extensive mesh-refinement procedure has been conducted, in order to ensure a grid-

independent numerical solution. The numerical results presented are obtained using a 
31x20x31 uniform nodal distribution. 

0 5 10 15 20

1,0

1,1

1,2

1,3

1,4

1,5

U
/U

-I
n
le

t

x/W

 Velocity - Pressure
 Velocity - Vorticity

 
Figure 1: Verification. 

 

3.2 Discussion 
Figure 2 depicts velocity magnitude of the Newtonian and non-Newtonian fluid (blood 

mixture) along the channel central line, considering mean velocity inlet, magnetic particles 
diameter and magnetic susceptibility equal to -10.001ms , 2μm  and 0.004, respectively. 
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Figure 2: Non-dimensional velocity profile at the central line of the channel for Newtonian and non-

Newtonian behavior of the magnetic fluid (blood) mixture. 
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Figure 3 shows the stream function and the particles concentration contours for mean inlet 
velocity equal to -10.001ms , magnetic particles diameter 2μm  and magnetic susceptibility 
0.004, considering two different positions for the magnetic source, that is, b= 4 and 3 mm. We 
can observe that a secondary vortex close to the upper plate is formed when b=4 mm, while a 
secondary vortex close to the lower plate is formed when b=3 mm. 

 

(a) 

(b) 

(c) 

(d) 
 
Figure 3: Stream function contours and concentration contours for mean velocity inlet, magnetic particles di-
ameter and magnetic susceptibility equal to -10.001ms , 2μm  and 0.004 when b=4 (a, b) and 3 mm (c, d). 

 
In order to investigate the performance of the two-phase fluid flow (blood and solid mag-

netic particles), computations have been carried out for different parameter values. Blood vis-
cosity values were given by the power law. 

Figure 4 shows the variation of the dimensionless particle concentration at y=0.97 mm 
(close to the upper plate) along x- direction (0 mm, 20 mm) according to (i) the intensity of 
magnetic field and its gradient, (ii) the position of magnetic field, (iii) the magnetic suscepti-
bility of magnetic particles, (iv) the volume concentration of magnetic particles (nanoparticles) 
and their size, (v) the flow velocity in the magnetic fluidic interactions, while the interplay 
between the magnetophoretic mass transfer and molecular diffusion is also investigated. 
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Figure 4: The variation of the dimensionless particle concentration at y= 0.97 mm (close to the upper plate) 
along x direction (0 mm, 20 mm) according to (a) the intensity of magnetic field and its gradient, (b) the position 
of magnetic field, (c) the magnetic susceptibility of magnetic particles, (d) the volume concentration of magnetic 

particles (nanoparticles), (e) the size of magnetic particles, (f) the flow velocity. 
 
Figure 4a presents the variation of the dimensionless particle concentration according to 

the intensity of magnetic field and its gradient. The base fluid is assumed to be blood with 
density -3800kg m  [8] and viscosity computed from the power law (m=0.035 and n=0.6 [11]), 
in Poise. The target biological entity and the attached magnetic particles consist a single mi-
cro-spherical particle with 2μm  radius [8]. The effective magnetic susceptibility χ (relative to 
that of magnetic particles) is equal to 0.004, the volume fraction φ is equal to 0.03 and the 
mean inlet velocity is equal to -10.001ms . The center of the permanent magnet is located at 
the midpoint of the plate ( 10 mma = ), 4 mm far from the lower plate ( 4mmb = ). Particle 

diffusivity D is assumed -9 2 -11 10 m s× . For the calculations presented in Fig. 4, density, vis-
cosity and particle diffusivity are constants. As the magnetic field intensity increases 
( 6 -10.5x10 A m , 6 -11x10 A m , 6 -12x10 A m ), the concentration increases near the point (10 mm, 
1 mm) with the maximum value of the magnetic field for the flow field domain concentration. 
This means that increasing the intensity of the magnetic field the attractive magnetic force is 
dominant (magnetophoresis) over its counter tendency to diffuse upward into regions with 
less concentration, which eventually results to particle redistribution on the close vicinity of 
the point with highest magnetic strength.  

In order to understand the flow behavior and the concentration contribution with varying 
position of the magnetic field, the virtual source is placed at 3 mm, 4 mm and 5 mm above the 
midpoint of the lower plate, as shown in Fig. 4b. It can be seen that the concentration increas-
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es as the magnetic source is moving towards the microchannel, until the point where the flow 
profile is changed. Following, the vortex formed close to the upper plate disappears and a new 
vortex forms close to the lower plate, as in Fig. 3c. For the computations the magnetic field 
intensity is 6 -11x10 A m . 

Figure 4c presents the variation of the dimensionless particle concentration according to 
the magnetic susceptibility of magnetic particles. The source is positioned at (10 mm, 4 mm) 
and the magnetic field intensity is 6 -11x10 A m . As the magnetic susceptibility increases 
(0.0004, 0.004, 0.008, 0.02), the concentration increases near the place (10 mm, 1 mm) where 
the magnetic field gets its maximum value, up to the point where the flow profile is changing 
and the vortex, formed close to the upper plate, disappears and a new vortex forms closer to 
the lower plate, as in Fig. 3c.  

Figure 4d presents the variation of the dimensionless particle concentration according to 
the volume concentration of magnetic particles (nanoparticles) for volume fraction 0.02, 0.03, 
0.04 and 0.05. Actually, it alters the number of particles per unit volume as 5 36x10 mm− , 

5 39x10 mm− , 5 312x10 mm−  and 5 315x10 mm− . The concentration increases as the volume con-
centration of magnetic particles is increased, up to a point beyond which while the vortex 
formed close to the upper plate is yet appeared, the concentration decreases as the volume 
concentration of magnetic particles is more increased. 

Figure 4e presents the variation of the dimensionless particle concentration according to 
the size of magnetic particles. As the size of magnetic particles increases 1μm , 2μm  and 
2.8μm , the concentration increases around the position (10 mm, 1 mm) where there is the 
maximum value of the magnetic field for the flow field domain. 

Figure 4f presents the variation of the dimensionless particle concentration according to the 
flow velocity ( -10.0005ms , -10.001ms , -10.002ms ). The concentration increases as the flow 
velocity is increased until the point where the flow profile is changed and the vortex which is 
formed close to the upper plate is disappeared. 
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Figure 5: The variation of the dimensionless particle concentration at y= 1 mm along x direction (0 mm, 20 
mm). 

 
Figure 5 shows the variation of the shear stress magnitude along the upper plate in the mi-

cro-channel. It can be seen that high levels of shear stress are restricted to the narrow regions 
where the external magnetic field is applied. Peak values increase by increasing the intensity 
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of magnetic field. As it mentioned in [6, 7], the fact that peak values remain far below the lyt-
ic limit implies a safe transport mechanism for the separation of biological cells. 

4 CONCLUSIONS  

• Particle size and magnetic field intensity are the two factors that mostly affect particle 
concentration in the vicinity of the magnetic source. 

• For the position of magnetic field, the magnetic susceptibility of magnetic particles, the 
volume concentration of magnetic particles (nanoparticles) and the flow velocity, there is 
a limit, beyond which the particle concentration decreases. 

• High levels of shear stress are restricted to narrow regions near the upper plate where the 
external magnetic field is applied. Peak values of shear stress increase by increasing the 
intensity of magnetic field. 
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Abstract. The paper describes a new numerical method for modeling long waves with disper-
sion on a rotating attracting sphere. The algorithm is presented in the form of a finite-difference
scheme of predictor-corrector, so that at each step the inhomogeneous hyperbolic system similar
to classical shallow water equations with a right-hand side, and the uniformly elliptic equation
are solved alternately. Necessary conditions for the stability of the method are obtained and the
dispersion properties are investigated.
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1 INTRODUCTION

Approximate hydrodynamic models describing long-wave processes in a liquid have been
actively developed over several decades. In recent years they enjoy popularity both among ap-
plied researchers and theoreticians. The interest of engineers is caused by the growing demands
of practice in regard to the protection and development of sea coasts, whereas theoreticians have
found a lot of gaps in the justification of both the models and numerical methods for solving the
respective differential equations. Among the recently published papers devoted to the devel-
opment of nonlinear dispersive (NLD) hydrodynamic models, we note studies [1, 2, 3] which
take into account Earth’s sphericity and its rotation. Such complication of the NLD-models is
necessary for adequate description of the surface waves behaviour in the ocean and along the
coastal zone.

In [3, 4] with using the unified approach to a construction of long-wave approximations,
the hierarchy of hydrodynamic models, which possess the physically meaningful properties
inherited, has been built. The hierarchical chains of shallow water models of first- and second-
order long-wave approximation enclosed in each other are constructed on a rotating sphere and
on a plane. With regard to numerical methods for the NLD-models, in contrast to the classical
case of nonlinear shallow water (NLSW) equations, we have to state their lagging behind the
development of the models themselves.

On the one hand, today there is urgent necessity in the numerical simulation based on practice
needs, which should take into account sharp changes in the bottom surface, the non-linearity,
vorticity, and other effects, on the other hand, there are many gaps in the study of fundamental
properties of numerical methods, even at the simplest NLD-equations.

The peculiarity of our investigation is a methodical analysis which was initiated in [5]. The
studies showed that the hierarchical approach helps to reveal not only the properties inheritance
of the chain differential equations, but the same for the corresponding numerical algorithms, as
well as describes the additional properties of difference schemes, acquired during the transition
from the classical shallow water equations to NLD-equations. In particular, for Boussinesq
type equations the improved stability conditions of some popular difference schemes of first-
and second-order approximations are obtained. These conditions are characterized by presence
of a new parameter defining the grid fineness compared to the characteristic depth, and in the
limit of a grid refinement the conditions can be written in the form of the limitation on the time
step only. It is also shown that in the domain of stability of some schemes there are the values
of Courant numbers for which the influence of “scheme dispersion” is minimal.

The purpose of this paper is to present new numerical method for solving the NLD-equations
on a rotating sphere [1]. The main idea lies in special splitting of the problem allowing the
successive solution of two less difficult tasks at each time step. The first task is to calculate
a dispersive component of the pressure using the uniformly elliptic equation. The second task
is to solve the system of hyperbolic type consisting of the equations of continuity and motion
in the dispersion-free shallow water model. The decomposition of the original system on two
subproblems allows us to solve numerically the NLD-equations using the well known finite
difference predictor-corrector type scheme for classical shallow water model modified so that
the pressure is calculated additionally at each time step [6]. The corrected stability conditions
and new knowledge on the dispersion properties of the modified predictor-corrector scheme are
obtained.
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2 NONLINEAR DISPERSIVE HYDRODYNAMIC MODELS

The full nonlinear dispersion (FNLD-) model on a rotating sphere based on the depth-
averaged velocity was obtained in 2010 [1]. The paper [7] shows that the FNLD-model of [1]
can be derived without any assumptions about the potentiality of the original 3D-flow, and that
its defining equations, unlike [2], can be written in the quasi conservative form of mass and
momentum balances. Additionally, this model has the balance equation of total energy agreed
with a similar equation of 3D-model, that confirms not only the physical consistency of the
FNLD-model, but also allows an additional control in the calculations. The equations of our
FNLD-model on a rotating attracting sphere have the following form [1]:

(HR sin θ)t + (Hu)λ + (Hv sin θ)θ = 0, (1)

(HuR sin θ)t + (Hu2 + g
H2

2
)λ + (Huv sin θ)θ = gHhλ −Huv cos θ−

−fvHR sin θ + ϕλ − ψhλ,

(2)

(HvR sin θ)t + (Huv)λ +
[
(Hv2 + g

H2

2
) sin θ

]
θ

= gHhθ sin θ + g
H2

2
cos θ+

+Hu2 cos θ + fuHR sin θ + (ϕθ − ψhθ) sin θ + Ω2HR2 sin2 θ cos θ.

(3)

Here R is a radius of a sphere rotating with a constant velocity Ω around the axis Oz of the
fixed coordinate system Oxyz, with coordinate plane Oxy coinciding with the equatorial plane
of the sphere.

To describe the flow of water a rotating together with sphere coordinate system Oλθr is used,
the beginning of which is located in the center of the sphere. Here λ is the longitude counted in
the direction of a rotation from a certain meridian (0 ≤ λ < 2π), θ = π/2 − ϕ is the addition
to the latitude (−π/2 < ϕ < π/2), r is the radial coordinate measured from the center of the
sphere.

The Newtonian attractive force g, acting on a liquid particle of unit mass, is directed to the
center of the Earth. The thickness of the water layer H = η + h > 0 is assumed to be small
compared with the radius of the sphere, so the values of g = |g|, and of water density ρ are
assumed to be constant throughout the liquid layer bounded below by the impermeable moving
bottom and above by a free surface:

r = R− h(λ, θ, t), r = R + η(λ, θ, t). (4)

The symbols u and v denote the physical components of the velocity vector (u = Rc1 sin θ,
v = Rc2, c1 = λ̇, c2 = θ̇), f = 2Ω cos θ is the Coriolis parameter, expressed in terms of
latitude’s addition θ, here it is assumed that

θ0 ≤ θ ≤ π − θ0, (5)

where θ0 = const > 0 is a small angle (poles are excluded from the consideration).
The values of ϕ and ψ, included in the right sides of the equations of motion (2), (3) of the

FNLD-model, are the dispersive components, respectively, of depth-integrated pressure p and
the pressure p0 at the bottom:

p =
gH2

2
− ϕ, p0 = gH − ψ. (6)
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Dispersive additives are expressed by the following formulas [8]:

ϕ =
H3

3
Q1 +

H2

2
Q2, ψ =

H2

2
Q1 + HQ2, (7)

where Q1 = D(∇ · c)− (∇ · c)2, Q2 = D2h, c = (c1, c2),

D =
∂

∂t
+ c · ∇, ∇ =

( ∂

∂λ
,

∂

∂θ

)
, c · ∇ = c1 ∂

∂λ
+ c2 ∂

∂θ
,

∇ · c = c1
λ +

1

J

(
Jc2

)
θ
, J = −R2 sin θ .

More detailed formulas for Q1 and Q2 have the form

Q1 = (∇ · c)t +
1

R sin θ

(
u (∇ · c)λ + v (∇ · c)θ sin θ

)
− (∇ · c)2 ,

Q2 = (Dh)t +
1

R sin θ

(
u (Dh)λ + v (Dh)θ sin θ

)
,

where

∇ · c =
1

R sin θ

(
uλ + (v sin θ)θ

)
, Dh = ht +

1

R sin θ

(
uhλ + vhθ sin θ

)
.

The FNLD-model (1)–(3) with ϕ and ψ as in (7) is called “full” [8] for the reason that it
is derived without the assumption on the smallness of wave amplitudes and in the equations
are stored all the nonlinear terms associated with dispersion. So, it can be used to calculate
the surface waves propagation over the uneven bottom both in deep water and in the coastal
zone. Additionally, the accounting for the waves dispersion can give more accurate results than
dispersionless shallow water model. The FNLD-model described above can also simulate the
waves generated by the long-time shifts of bottom fragments, that extends the range of problems
that can be solved within the framework of the famous [9, 10, 11] weakly nonlinear dispersive
(WNLD-) models of shallow water on the sphere.

Moreover, the structure of the FNLD-equations and the presence of the important properties
such as conservatism and existence of the total energy balance equation agreed with 3D-model,
is stored during the special simplification of the dispersion component and under transition to
a flat geometry. Thus, the equations of the weakly nonlinear dispersion model obtained in [7]
and the classical (nondispersive) shallow water model on a sphere have the same form as the
equations of the FNLD-model on a sphere. The differences appear in the expression for the
kinetic energy and in the calculations of the pressure terms (6). We provide the single form
of the equations of the entire hierarchical chain of long-wave models in spherical and planar
geometries [3], that made it possible to construct the uniform numerical algorithm for them.

3 FINITE-DIFFERENCE METHODS FOR SHALLOW WATER EQUATIONS WITH
DISPERSION

Since NLD-equations and finite-difference approximations can’t be studied analytically in
the total statement, it is reasonably to consider the simplified statement (cases of plane geometry,
a flat bottom h ≡ h0 = const, linear analogues of equations and difference schemes). This
makes it possible to investigate the properties in particular cases (for example, the dispersion
properties of linear difference schemes) and leads to a set of necessary restrictions on the use
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of the total algorithm (for example, a necessary condition for stability, preservation by the
algorithm of some properties of the original differential problem, etc.). Here we consider two
finite-difference algorithms for solving a system of linear equations of one-dimensional flows

ηt + h0ux = 0, ut + gηx = νuxxt, ν =
h2

0

3
, (8)

into which the NLD-models from the papers [12, 13, 14] and some other NLD-models can
be transformed after linearization. Finite-difference approximations of these linear equations
are used to obtain necessary stability conditions of nonlinear difference schemes, and also to
research their dissipative and dispersive properties.

NLD-equations together with its linear variant (8) contain third order mixed derivatives with
respect to time and space, that requires specific approaches to their numerical solution. The
main technique to ensure inheritance of existing computational methods and development of
new effective numerical algorithms for NLD-models, is in follows. By introducing new vari-
ables NLD-equations can be splitted in such way that one component is either a system of
ordinary differential equations (ODE’s) or inhomogeneous system of hyperbolic equations, and
the other component does not include derivatives with respect to time and in the simplest case
looks like as an elliptical equation. This opens up opportunities for using methods of ODE
solutions and finite difference/finite-volume schemes, and the finite element method, as well as
various combinations of these and other suitable methods.

The numerical algorithms based on splitting of NLD-equations on the system of ODE’s and
the elliptic equation, was first proposed in [15] for the unidirectional scalar equation, and then
was extended to systems of WNLD- and FNLD-equations [16, 17, 18, 19, 20]. The feature of
solving systems of NLD-equations is that the group of terms describing the dispersion contains
the time derivative of the velocity u (in one-dimensional case). The easiest way to solve this
task lies in the possibility to represent all terms with the time derivative as an expression Qt with
some Q, that allows to bring the implementation of the corresponding numerical algorithm as
a step-by-step solving ODE’s and the elliptic equation. With regard to the system of equations
(8) this method leads to the following system:

ηt + h0ux = 0, Qt = gηx, νuxx − u = Q.

One of the most common ways of constructing a numerical algorithm is as follows. ηn+1 is
first calculated from the continuity equation by the two-layer explicit scheme (or implicit with
respect to η). Then Qn+1 is calculated from ODE using ηn+1 obtained. After that the elliptical
(in one dimension – ordinary differential) equation for un+1 is solved (in one dimension – by
a scalar sweep).

The disadvantage of this approach is the non-divergent form of the system in the nonlinear
case. It should also be noted that in two-dimensional case the system of two elliptic equa-
tions for the components of the velocity vector is got, which complicates the computational
algorithm. But the most significant drawback is missing the opportunity of using methods for
solving hyperbolic equations, well developed for NLSW-shallow water model of the first hy-
drodynamic approximation.

In this paper we propose the different way of splitting. The initial system of NLD-equations
is replaced on the extended system consisting of the system of hyperbolic equations similar to
NLSW-equations and differing from them by the right side, and of the scalar equation of elliptic
type for the dispersive pressure component. This approach to the construction of numerical
algorithms can be used for all FNLD- and WNLD-models described above.
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Here we look at the essence of this approach on the example of the linear system (8). In this
case, the extended system takes the form

ηt + h0ux = 0, ut + gηx =
ϕx

h0

, ϕxx − ϕ

ν
= c2

0ηxx, c0 =
√

gh0. (9)

It contains the new equation for the dependent variable ϕ = νuxt, which is a linear analog of the
dispersion component of the pressure ϕ from (7). Let ∆x and τ be steps of the uniform grid in
the plane of variables x and t, (xj, tn) are grid nodes, xj = j∆x, tn = nτ , ηn

j , un
j , ϕn

j are the
values of grid functions in these nodes. For difference derivatives the following abbreviations
are used:

ηn
t,j =

ηn+1
j − ηn

j

τ
, ηn

x,j =
ηn

j+1 − ηn
j

∆x
, ηn

x̄x,j =
ηn

j+1 − 2ηn
j + ηn

j−1

∆x2
.

We use the predictor-corrector method as the difference scheme and solve the equations of
hyperbolic and elliptic parts one after another on each computational time step. In the predictor
step the auxiliary quantities η∗j+1/2, u∗j+1/2, ϕ∗j+1/2 defined in cell centers are calculated. To do
that we first solve the explicit difference equations corresponding to a hyperbolic part

η∗j+1/2 − 1
2
(ηn

j+1 + ηn
j )

τ ∗j+1/2

+ h0u
n
x,j = 0,

u∗j+1/2 − 1
2
(un

j+1 + un
j )

τ ∗j+1/2

+ gηn
x,j =

1

h0

ϕn
x,j, (10)

and then calculate ϕ∗j+1/2 from

ϕ∗j+3/2 − 2ϕ∗j+1/2 + ϕ∗j−1/2

∆x2
− ϕ∗j+1/2

ν
= c2

0

η∗j+3/2 − 2η∗j+1/2 + η∗j−1/2

∆x2
, (11)

where τ ∗j+1/2 =
τ

2
(1 + θn

j+1/2), θn
j+1/2 is the parameter responsible for the TVD-properties.

Calculated predictor values are then used in the second stage – corrector – to calculate values
ηn+1

j , un+1
j and ϕn+1

j :

ηn
t,j + h0

u∗j+1/2 − u∗j−1/2

∆x
= 0, un

t,j + g
η∗j+1/2 − η∗j−1/2

∆x
=

1

h0

ϕ∗j+1/2 − ϕ∗j−1/2

∆x
, (12)

ϕn+1
x̄x,j −

ϕn+1
j

ν
= c2

0η
n+1
x̄x,j . (13)

It is easy to show that for θ ≡ const 6= 0 the scheme has the first-order approximation, for
θ ≡ 0 it has the second. It is an interesting case of quasi constant values of θ = O(τ, ∆x), when
the scheme parameter depends on the mesh size, and decreases in proportion to the decrease
of a step, but does not depend on the coordinates of nodes, i.e. behaves as a constant parame-
ter. In the case of quasi-constant parameter θ the scheme is second-order approximation. The
necessary condition for stability of the written scheme is as follows:

c0æ ≤
√

1 + 4δ2θ/3

1 + θ
, (14)

where 0 ≤ θ ≤ 1, æ = τ/∆x and the parameter

δ =
h0

∆x
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characterizes the size of the spatial step ∆x in relation to the characteristic depth h0. The pres-
ence of this parameter is the peculiarity of the finite difference schemes for the NLD-equations
since it together with the Courant number determines the stability condition and occurs in the
formulas describing the dissipative and dispersion properties of numerical schemes. This is one
of the differences from the dispersionless case where under similar conditions only one param-
eter (the Courant number) appears. Increasing δ leads to the fact that the stability condition (14)
becomes more and more weak and under δ À 1 can be transformed into a time step limitation:

τ ≤ 2
√

θ√
3(1 + θ)

τ0 <
1√
3
τ0 ≈ 0.58τ0, (15)

where another new parameter τ0 = h0/c0 is introduced, denoting the characteristic time which
it takes to wave propagating with the velocity c0 to pass the distance equal to the characteristic
depth h0.

This fact can be interpreted in such a way that for sufficiently fine grid the stability condition
can be replaced by (15), i.e. we get a restriction on the time step τ independent from ∆x.
Such a situation does not occur in the theory of difference schemes for classical shallow water.
Really, for dispersionless linear shallow water equations, i.e. (8) with ν = 0, the predictor-
corrector scheme becomes easier due to the fact that there is no need to calculate the dispersion
additive ϕ. The stability condition of such scheme has the form

c0æ ≤ 1√
1 + θ

. (16)

Here we have the stability condition in the form of restrictions on the Courant number, which
is the standard for explicit schemes approximating hyperbolic equations. Grinding steps of the
spatial grid requires proportional refinement of time steps.

We emphasize the importance of the observed feature consisting in the fact that the stability
condition (14) of the difference scheme for dispersion equations is less stringent than (16) for
dispersionless ones. This fact also holds for other known schemes [5]. However, it seems that
in earlier studies this fact has not been discovered, and the previous developers of numerical
algorithms for the NLD-equations chose, as a rule, time steps on the basis of more stringent
restrictions: of NLSW-equations, expressed in Courant numbers. The discovered fact was con-
firmed in the course of experiments conducted for nonlinear case: for NLD-equations a stability
remained at bigger time steps than it required for NLSW-equations.

To investigate the dispersion properties of the predictor-corrector scheme let’s calculate its
phase error

∆φ = ∓c0æ
6

(
c2
0æ2(3θ + 1)− 1

)
ξ3 + O(ξ4),

where ξ ∈ [0, π], ξ = k∆x, k is the wave number of a harmonic. We see that the main part of
the phase error on long waves has generally the same order of ξ as the “physical” dispersion Φ
of the model (8)

Φ = ±
[
c0æξ − c0æ

6
δ2ξ3 + O(ξ4)

]
,

that is a lack. If for a given value θ ≥ 0 a Courant number is selected by the formula

c0æ =
1√

1 + 3θ
, (17)

the phase error will be at least one order of ξ less than the “physical” dispersion, and herewith
the stability condition (14) is performed. Therefore, under the condition (17) the numerical
dispersion for the long wave will not suppress the “physical” one.

1099



Zinaida I. Fedotova, Oleg I. Gusev and Gayaz S. Khakimzyanov

4 THE NUMERICAL ALGORITHM FOR NONLINEAR DISPERSIVE EQUATIONS
ON A ROTATING SPHERE

The system of equations (1)–(3) of the FNLD-model on the sphere, as the linear system
(8) discussed above, is not a system of Cauchy–Kovalevskaya type due to the fact that the
equations of motion contain the mixed third-order derivatives of the velocity vector components
with respect to time and space. The direct approximation of the derivatives leads to a complex
problem which is difficult to solve. As shown above with respect to the linear case, it turned out
fruitful to split the system (8) on the scalar equation of elliptic type and the system of hyperbolic
equations.

The same approach can be implemented for the system of FNLD-equations (1)–(3) on a ro-
tating sphere. As a result of splitting we obtain the extended system of equations consisting of
an elliptic equation for the dispersive component ϕ of the depth-integrated pressure p and the
hyperbolic system of equations (1)–(3) with time derivatives only of the first order that differs
from the classical shallow water model on a sphere only by additional terms associated with the
dispersive additives ϕ and ψ in the right part of the motion equations (we consider here ϕ and ψ
as variables, but not as expressions).

The equation for ϕ is as follows [21]:
[ 1

sin θ

(ϕλ

H
− ∇ϕ · ∇h

Hr
hλ

)]
λ

+
[(ϕθ

H
− ∇ϕ · ∇h

Hr
hθ

)
sin θ

]
θ
− k0ϕ = F, (18)

where k0 = k00 + (k01)λ + (k02)θ, r = 4 +∇h · ∇h,

k00 =
12(r − 3)

H3r
R2 sin θ, k01 =

6hλ

H2r sin θ
, k02 =

6hθ

H2r
sin θ.

A distinctive feature of the equation (18) is the fact that neither the left nor the right part does not
contain time derivatives of the dependent variables H , u = (u, v). In addition, under conditions
H > 0 and (5) the equation (18) is uniformly elliptic. Therefore, it is possible to construct the
difference scheme with the positive definite operator and to use a suitable iterative methods for
solving scalar elliptic equations.

For the dispersion component ψ an individual equation is not required, since the function ψ
is associated with values of H , u and ϕ by expression [21]:

ψ =
1

r

(
6ϕ

H
+ HQ +∇ϕ · ∇h

)
, (19)

where

∇ϕ · ∇h =
1

R2

(
ϕλh̄λ

sin2 θ
+ ϕθ

(
h̄θ − η00,θ

))
= ∇ϕ · ∇h̄− ϕθ

Ω2

g
sin θ cos θ,

Q = (−g∇η̄ + a) · ∇h +
1

R2 sin θ

(
u2

sin θ
hλλ + 2uv hλθ + v2hθθ sin θ

)
+ B,

B = htt + 2
( u

R sin θ
hλt +

v

R
hθt

)
,

a = (a1, a2), a1 = −(2uv ctg θ + fvR) sin θ, a2 = u2ctg θ + fuR,

f = 2Ω cos θ is the Coriolis parameter. Functions η̄ and h̄ are connected with η and h by
relations

−h = η00 − h̄, η = η00 + η̄
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and describe the bottom and the free surface not in the form of deviations (4) from the surface of
a sphere of radius R, but the deviations h̄ and η̄ from the undisturbed free boundary, as is usually
done for solving shallow water equations in plane geometry. In this case the unperturbed free
boundary at rest differs from spherical [7] and is described by the equation r = R + η00(θ),
where

η00(θ) =
1

2g
Ω2R2 sin2 θ + const.

The numerical algorithm for the extended system of equations (1)–(3), (18) is a direct gen-
eralization of the finite-difference scheme (10)–(13) which was discussed above in the context
of a linear case. This method is the predictor-corrector scheme, whose steps consist of two
stages. On the predictor step the values H∗, u∗ are first determined in the centers of cells as the
solution of the explicit difference equations for the system of hyperbolic equations written in
non-divergent form. Then we solve the difference equation for ϕ∗ using the new values H∗, u∗

in coefficients and a right-hand side, and define ψ∗ by formula (19).
The values H∗, u∗, ϕ∗ and ψ∗ found on the predictor step are used then on the corrector

step for computation of final values Hn+1 and un+1 with the numerical solution of the system
(1)–(3) in the divergent form of the left part. In the last turn values of functions ϕn+1 and ψn+1

are calculated. The similar algorithm can be applied also to the solution of the FNLD-equations
in plane geometry [6].

Using a benchmark about the propagation of waves on transoceanic distances it is shown
in [21] that in terrestrial conditions the centrifugal force can be ignored and the accounting
effects of sphericity can be critical important. Influence of the Coriolis force increases with the
horizontal sizes and with propagation distances. The accounting of the sphere rotation lowers
the maximum positive amplitudes of waves. Dispersion is also manifested at long distances of
waves traveling and can lead to essential reduction of the maximum amplitude of a head wave
which disintegrates into a train of solitary waves of smaller length. But, unlike the Coriolis
force, dispersion appears more strongly for the smaller size of initial disturbance, at that the
accounting of dispersion leads to the deceleration of the waves advance.

5 CONCLUSIONS

This paper sets forth the numerical algorithm for the simulation of propagation of surface
waves in the frame of the full nonlinear dispersion model which takes into account the sphericity
of the Earth and its rotation. The algorithm is based on the solution of the extended system of
equations consisting of the elliptic equation for the dispersive component of the pressure and
the hyperbolic first order equations, which differ from the equations of classical shallow water
model only by presence of additional terms related to the dispersive additives. The algorithm
is implemented as the explicit two-step predictor-corrector scheme with solving the resulting
subproblems at each step.

Since the structure of the equations of the full nonlinear dispersive model holds true for the
weakly dispersion model on a sphere, as well as the model of weakly dispersive flows over
weakly deformable bottom [4], the algorithm for the numerical solution of the full nonlinear
dispersive equations can be transferred unchanged also to this approximate models.

Funding: The work was supported by the Russian Scientific Foundation (project No. 14-17-
00219).
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Abstract. An improved adaptive grid method is considered for the numerical solution of the
problems on propagation and run-up of surface waves, described by the one-dimensional shal-
low water model. The modified algorithm for the realization of the explicit predictor-corrector
scheme is presented, which is based on the new way of computation of the right-hand side of
the shallow water equations. A new method for choosing the scheme parameters on the basis of
the analysis of the differential approximation is suggested that guarantees the satisfaction of the
TVD-property for the improved predictor-corrector scheme. The presented method for construc-
tion of different conservative schemes on moving grids is based on an appropriate choice of the
scheme parameters for the predictor–corrector scheme, which represents the canonical form of
the two-layer explicit schemes for the shallow water equations. The improved difference bound-
ary conditions are obtained at the moving waterfront point using the known analytical solutions
of the shallow water equations in the vicinity of a water-land boundary. These boundary con-
ditions approximate the analytical solutions with a higher accuracy than the conditions used in
the earlier works. The numerical results for the improved adaptive grid method are presented.
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1 INTRODUCTION

Nowadays, the methods based on the hierarchy of embedded mathematical models [1] and
computational algorithms are widely used for the numerical solution of the problems on propa-
gation of long surface waves in large water areas and their interaction with coasts. The nonlinear
shallow water models hold a central position in such a hierarchy. Therefore, the development
and investigation of numerical methods for the solution of the problems in the framework of
shallow water models is a vital task of the modern computational fluid dynamics [2].

The present work is the continuation of the investigations started in [3] and devoted to some
problems of the numerical modelling in the framework of the nonlinear non-dispersive shallow
water model (NLSW-model). The NLSW-system is inhomogeneous for an irregular bottom,
therefore, many finite-difference schemes, which show good results for a flat bottom, loose
the important property of preservation of simple analytical solutions of the NLSW-model [4].
This problem can be solved by a special approximation of the right-hand side of the impulse
equation.

It is known, that the solution of the NLSW-equations can become discontinuous even for
continuous initial data, often leading to oscillations of the numerical solution [5, 6, 7]. A new
approach for choosing the scheme parameters is suggested, which is based on the investiga-
tion of the differential approximation of the scheme, guaranteeing the satisfaction of the TVD-
property.

In [3] an important conservation property for schemes on moving grids for the nonlinear
scalar equation has been achieved by a proper choice of a scheme parameter. In the present
work, the same approach is used for automatic construction of conservative schemes for the
shallow water equations on moving grids.

An adequate description of the waterfront behavior in the run-up area and a reliable method
for the detection of inundation zones are needed in the problems of the propagation of long
surface waves in large water areas and their interaction with coasts. The methods for numerical
modelling of flooding-drying processes, necessary for the detection of inundation zone after a
wave run-up on a coast, can be divided into two main groups [8]. First group consists of the
shock-capturing methods with direct application of existing algorithms on fixed spatial grids,
where a waterfront has to be evaluated at each time moment. Second group contains the meth-
ods on moving grids, which adapt so that a waterfront always coincides with a computational
domain boundary. In flooding-drying problems the finite volume methods [9, 10], finite ele-
ment methods [11, 12, 13], finite difference methods [14, 15], particle method [16] and others
are used for the fluid flow modelling.

The present work uses moving adaptive grids for the detection of inundation zones, and a
waterfront position is obtained using the exact analytical solutions of the NLSW-model in the
waterfront vicinity in a time interval equal to a time step of a numerical scheme. The updated
formulas are presented for evaluating a waterfront position and velocity. The results of the
numerical modelling of a wave run-up on vertical wall and plane slope are presented.

2 NEW PROCEDURE FOR RIGHT-HAND SIDE COMPUTATION

In [3] a finite-difference scheme on moving grids was suggested and investigated for the
one-dimensional shallow water equations:

~ut + ~fx = ~G, (1)

1105



Nina Shokina, Gayaz Khakimzyanov

where

~u =

(
H
Hu

)
; ~f(~u) =

(
Hu

Hu2 + gH2/2

)
; ~G(x, ~u) =

(
0

gHhx

)
;

t is the time; u(x, t) is the velocity; η(x, t) is the deviation of free surface from a rest level; h(x)
is the bottom depth measured from a free surface at rest; H = η + h is the full depth; g is the
gravity acceleration. It is assumed that some initial boundary value problem is formulated for
the system of equations (1) on the interval x ∈ [0, l] and time interval t ∈ [0, T ].

The node coordinates of a moving grid, covering the interval [0, l] at time moment t = tn,
are denoted by xnj (j = 0, . . . , N ). These nodes are the images of the nodes qj of a uniform
grid with a step h = 1/N on the interval q ∈ [0, 1] under some non-degenerated mapping
x = x(q, t). In the predictor-corrector scheme [3] the flux vector in computed in cell centers on
the predictor step:

~̂f j+1/2 =
~fnj + ~fnj+1

2
− τ

2

( 1

J
RDΛ̄(Λ̄~P − L~G)

)n
j+1/2

. (2)

Then the flux vector is used for computing the full depth Hn+1
j and impulse (Hu)n+1

j according
the explicit formulas on the corrector step:

(J~u)n+1
j − (J~u)nj
τ

+

(
~̂f − (xt~u)n

)
j+1/2

−
(
~̂f − (xt~u)n

)
j−1/2

h
= ~G∗j , (3)

where τ is the time step; ~fnj = ~f(~unj ); ~P n
j+1/2 = (L~uq)nj+1/2;

~unj+1/2 =
~unj + ~unj+1

2
, ~unq,j+1/2 =

~unj+1 − ~unj
h

; xnt,j =
xn+1
j − xnj
τ

; xnt,j+1/2 =
xnt,j + xnt,j+1

2
;

Jnj+1/2 =
xnj+1 − xnj

h
= xnq,j+1/2; Jnj =

Jnj+1/2 + Jnj−1/2
2

; ~Gn
j+1/2 =

(
0

g (Hhq)
n
j+1/2

)
;

hnq,j+1/2 =
hnj+1 − hnj

h
; hnj = h(xnj ).

The matrices L,R, Λ̄ from the equation (2) are defined as:

Lnj+1/2 =
1

(cnj+1/2)
2

(
−λn2,j+1/2 1

−λn1,j+1/2 1

)
, Rn

j+1/2 =
cnj+1/2

2

(
−1 1

−λn1,j+1/2 λn2,j+1/2

)
,

Λ̄n
j+1/2 = Λn

j+1/2 − xnt,j+1/2E , Λn
j+1/2 =

(
λn1,j+1/2 0

0 λn2,j+1/2

)
,

where E is the identity matrix; λnk,j+1/2 (k = 1, 2) are the eigenvalues of the matrix Anj+1/2,
which approximates the Jacobi matrix of the system (1):

Anj+1/2 =

(
0 1

−unj unj+1 + gHn
j+1/2 2unj+1/2

)
= (RΛL)nj+1/2 , (4)
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λn1,j+1/2 = (u− c)nj+1/2 , λn2,j+1/2 = (u+ c)nj+1/2 , (5)

cnj+1/2 =
√

(unj+1/2)
2 − unj unj+1 + gHn

j+1/2 ≥
√
gHn

j+1/2 > 0 .

For computing the elements of the diagonal matrix

Dnj+1/2 =

(
1 + θ1j+1/2 0

0 1 + θ2j+1/2

)
the following formula for the scheme parameters was suggested in [3]:

θkj+1/2 =


0,

∣∣gkj+1/2

∣∣ ≤ ∣∣gkj+1/2−sk

∣∣ gkj+1/2 · gkj+1/2−sk ≥ 0,

θk0,j+1/2(1− ξkj+1/2),
∣∣gkj+1/2

∣∣ > ∣∣gkj+1/2−sk

∣∣ gkj+1/2 · gkj+1/2−sk ≥ 0,

θk0,j+1/2, gkj+1/2 · gkj+1/2−sk < 0,

(6)

where k = 1, 2; ξkj+1/2 = gkj+1/2−sk/g
k
j+1/2; sk ≡ snk,j+1/2 = sgn λ̄nk,j+1/2;

gkj+1/2 =
(
|λ̄k|(1− Ck)pk

)n
j+1/2

; Cn
k,j+1/2 = æ

( |λ̄k|
J

)n
j+1/2

; θk0,j+1/2 =
1

Cn
k,j+1/2

− 1;

pnk,j+1/2 are the components of the vector ~P n
j+1/2; λ̄

n
k,j+1/2 =

(
λk − xt

)n
j+1/2

are the diagonal
matrices Λ̄n

j+1/2; æ = τ/h. In the computations the modified formula (6) was used, obtained in
[3] as the result of the entropy fix on the basis of the differential approximation method. This
formula guarantees the non-negativity of approximation viscosity in the vicinity of the sonic
point of depression wave.

The values Cn
k,j+1/2 can be named as the local Courant numbers corresponding to the eigen-

values λnk,j+1/2. As in the case of uniform fixed grids, the time step τ is chosen from consider-
ations of stability of the computations on moving grids, meaning that the following condition
should be fulfilled:

max
k, j

Cn
k,j+1/2 < 1.

In [3] the right-hand side of the equation (3) was computed as

~G∗j =

(
0

gH∗j h
∗
q,j

)
.

Therefore, one more equation had to be solved on the predictor step in addition to two equations
of the system (2). This equation was obtained by the approximation of the first equation of
the system (1) and used for computing the full depth H∗j in integer nodes. For this additional
equation, the values λnk,j and θkj had to be evaluated in integer nodes using the complex formulas
differing from (5), (6). These additional computations have been increasing the computational
time for one-dimensional problems and especially – for two-dimensional problems.

Let us consider a more economic procedure for computing the right-hand side of the equation
(3):

~G∗j =

(
0

g(Hhq)
n+1/2
j

)
, (7)
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where

H
n+1/2
j =

Hn+1
j+1 +Hn+1

j−1 +Hn
j+1 +Hn

j−1

4
; h

n+1/2
q,j =

hn+1
j+1 − hn+1

j−1 + hnj+1 − hnj−1
4h

.

It is interesting to note that despite the fact that now the values from the (n + 1)-th time level
are present in (7), the scheme (2), (3) stays explicit. It is not necessary to compute the values
H∗j in the modified algorithm. The corrector step (3) is performed separately for Hn+1

j and
(Hu)n+1

j , i.e. at first, the values Hn+1
j are found from the continuity equation, and then the

impulse (Hu)n+1
j is obtained by the explicit formula with using of the computed value Hn+1

j in
the right-hand side (7) of the impulse equation.

Thus, contrary to [3], two equations are solved now on the predictor step, reducing sig-
nificantly the computation time. In addition, all advantages of the original predictorcorrector
scheme [3] remain when the right-hand side is computed by the formula (7). In particular, the
preservation a state of rest on a fixed grid is kept valid.

Lemma 1 If a nonuniform grid {xnj } is fixed, and a fluid is at rest on the n-th time level

ηnj ≡ 0, unj ≡ 0, (8)

then the predictor-corrector scheme (2), (3), (7) preserves a state of rest on the (n + 1)-th time
level.

Proof. From the condition (8) and the condition of grid immovability xt ≡ 0 it follows that(
Λ̄~P − L~G

)n
j+1/2

= 0,

therefore, on the predictor step

~̂f j+1/2 =
~fnj + ~fnj+1

2
.

Then from the formula (3) of the corrector step, with taking into account (7) and the equalities
hn+1
j = hnj and Jn+1

j = Jnj for a fixed grid, it follows that ηn+1
j ≡ 0, un+1

j ≡ 0. Thus, a state of
rest is preserved on the (n+ 1)-th time level.

3 NEW METHOD FOR SWITCHING SCHEMES

The formula (6) governs the switching from one scheme to another according to a local
behavior of the vector ~P = L~uq. For example, when the first of two conditions in (6) is
satisfied in both neighboring points qj−1/2 and qj+1/2 and for both values k = 1 and k = 2, the
computation of predictor values (2) is done with the identity matrix D = E , i.e. the scheme
(2), (3) coincides locally (in the node qj) with the Lax-Wendroff scheme on moving grid. The
known or new schemes are obtained for other correlations between the components of the vector
~P in neighboring nodes. In particular, for

θkj+1/2 = θk0,j+1/2, θkj−1/2 = θk0,j−1/2, k = 1, 2, (9)

the scheme (2), (3) in the node qj turns into the upwind scheme of the first approximation order.

1108



Nina Shokina, Gayaz Khakimzyanov

The switching from one scheme to another by the formula (6) is actually based on the behav-
ior analysis of the derivative ~uq of the solution vector, i.e. the derivatives Hq and (Hu)q of the
full depth and full impulse. Considering that Hq = ηq +hq, the behavior of the bottom function
h(x) can have a strong influence on the choice of a scheme when using this switching method.
Nevertheless, relying on their long-term experience of numerical computations of movement of
surface waves over irregular bottoms, the authors of the current work came to the conclusion
that a switcher of schemes should analyze not the variation of the full depth Hq, but the varia-
tion of the free surface elevation ηq and also the velocity derivative uq. In this new switching
method all formulas remain the same, except for the expressions for gkj+1/2 where the compo-

nents p̃nk,j+1/2 of the new vector P̃, which do not contain the derivative hq, are used instead of

the components of the vector ~P .
From the definition of the vector ~P it follows that

~P n
j+1/2 = (L~uq)nj+1/2 =

1

(cnj+1/2)
2

(
−cηq +Huq
cηq +Huq

)n
j+1/2

+

(
hq
c

)n
j+1/2

(
−1

1

)
.

Therefore, the vector ~P is represented as the sum of two vectors. One of these vectors
depends on the behavior of the solution (the derivatives ηq, uq), but is independent of the depth
variation hq. This first vector is taken as a new vector P̃.

4 CONSERVATIVE SCHEMES ON MOVING GRIDS FOR THE SHALLOW WATER
EQUATIONS

It is known [6, 17] that the non-conservative schemes can diverge on discontinuous solutions,
therefore, the conservation property is one of the important requirements to numerical schemes.
For non-homogeneous systems of (1) type the conservation of a difference scheme means the
satisfaction of the difference analogues of the balance equations, which express the variation
laws for the so-called conservative variables. For the system of shallow water equations (1) the
conservative variables are the full depth H and the full impulse Hu. The balance equations for
these variables describe the mass conservation law and the full impulse variation law. For a case
of a flat bottom the full impulse variation law turns into the conservation law.

When constructing the conservative schemes on moving grids, the formulas for grid node ve-
locities must be consistent with the formulas for cell areas. The special approximation of these
variables guarantees the satisfaction of the difference analogue of the geometric conservation
law [18, 19], which is the necessary condition for consistency of the formulas. In [3, 18] an
original procedure was suggested for constructing conservative schemes for the scalar conser-
vation law. This procedure was based on a choice of the scheme parameter θ corresponding to
a concrete scheme. The same approach can be used for the systems of equations as well.

For example, according to [18], in order to derive the upwind scheme on moving grids for
the shallow water equations, it is sufficient to use the formulas (9) for the parameters θkj+1/2 in
the conservative predictor-corrector scheme (2), (3). Let us provide the obtained conservative
upwind scheme on moving grid in the equivalent divergent and non-divergent forms.

If the parameters θk, given by the equalities (9), are used in the scheme predictor-corrector
(2), (3), then

DΛ̄ =
hJ

τ
S, DΛ̄2 =

hJ

τ

(
Λ̄+ − Λ̄−

)
, RDΛ̄2L =

hJ

τ

(
Ā+ − Ā−

)
, RDΛ̄L =

hJ

τ
RSL
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then the scheme turns into the upwind scheme in the divergent form:

(J~u)n+1
j − (J~u)nj
τ

+

+
1

h

[( ~fnj+1 + ~fnj
2

−

(
Ā+ − Ā−

)n
j+1/2

2

(
~unj+1 − ~unj

)
− (xt~u)nj+1/2 +

h

2

(
RSL~G

)n
j+1/2

)
− (10)

−
( ~fnj + ~fnj−1

2
−

(
Ā+ − Ā−

)n
j−1/2

2

(
~unj − ~unj−1

)
− (xt~u)nj−1/2 +

h

2

(
RSL~G

)n
j−1/2

)]
= ~G∗j ,

where the right-hand side is calculated using the formula (7),

D =
hJ

τ

(
1/|λ̄1| 0

0 1/|λ̄2|

)
, S =

(
s1 0

0 s2

)
, Λ̄± =

(
λ̄±1 0

0 λ̄±2

)
,

λ̄±k =
λ̄k ±

∣∣λ̄k∣∣
2

, Ā± = RΛ̄±L,

and the following equalities are satisfied:

Λ̄ = Λ̄+ + Λ̄−, Ā+ + Ā− = Ā = A− xtE .

The indices n and j + 1/2 are omitted here in order to simplify the notation.
The left part of the conservative upwind scheme (10) is written in the divergent form. Using

the equivalent transformations this scheme can be written in the non-divergent form, which is
analogous to the form of upwind schemes for scalar equations. The following equality is used:

~fnq,j+1/2 =
(
A~uq

)n
j+1/2

,

which is satisfied for the matrix A given by the formula (4), and the identity

(xt~u)nq,j = (xtq~u)nj +
1

2

[
(xt~uq)

n
j+1/2 + (xt~uq)

n
j−1/2

]
,

where

(xt~u)nq,j =
(xt~u)nj+1/2 − (xt~u)nj−1/2

h
; xntq,j =

xnt,j+1/2 − xnt,j−1/2
h

.

As a result, the difference equation (10) takes on the form

(J~u)n+1
j − (J~u)nj
τ

+
1

2

[
A~uq −

(
Ā+ − Ā−

)
~uq − xt~uq +RSL~G

]n
j+1/2

+

+
1

2

[
A~uq +

(
Ā+ − Ā−

)
~uq − xt~uq −RSL~G

]n
j−1/2

− (xtq~u)nj = ~G∗j .

Further, using the equality A = A+ +A− and the geometric conservation law [18]

Jn+1
j = Jnj + τxntq,j, (11)
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the final form of the upwind scheme in the non-divergent form is obtained:

~un+1
j − ~unj
τ

+
1

Jn+1
j

[ (
A+~uq

)n
j−1/2 +

(
A−~uq

)n
j+1/2

]
=

=
1

Jn+1
j

[
~G∗j −

1

2

((
RSL~G

)n
j+1/2

−
(
RSL~G

)n
j−1/2

)]
. (12)

The explicit upwind scheme (12) is implemented as follows. At first, the full depth Hn+1
j is

obtained from the first equation of the system (12) in all grid nodes. Then, using new values
Hn+1 in the right-hand side of (7), the full impulse (Hu)n+1

j is calculated. This scheme is
conservative and preserves a state of rest.

Lemma 2 The upwind scheme (12) preserves a state of rest (8) on a fixed grid.

Proof. The preservation of a state of rest ηn+1
j ≡ 0, un+1

j ≡ 0 on the (n + 1)-th time level
follows from the formula (12) with taking into account the conditions (8), the equalities xt ≡ 0
and hn+1

j = hnj for a fixed grid, and the formula for the right-hand side (7).

5 TESTING OF SCHEMES ON EXACT SOLUTION OF SHALLOW WATER EQAU-
TIONS

Some properties, which are inherent to the numerical solutions of linearized systems or scalar
nonlinear equations, can not be strictly proved for the difference equations approximating the
system of nonlinear shallow water equations. Therefore, it is very important to investigate the
scheme properties using numerical tests.

In numerical modelling of a wave run-up on a coast one of the most popular tests is the
problem of a wave run-up on a plane slope adjacent to a horizontal bottom with a constant
depth [20, 22]. An initial wave is positioned above the horizontal bottom, propagates over it in
the direction of the plane slope and runs up on the slope. For reliable estimates of inundation
zones not only the quality algorithms for the detection of waterfront movement are needed,
but also the reliable numerical methods for modelling of the initial stage of a wave movement
including a propagation over a flat bottom. Let us present the results of this modelling using the
described methods on adaptive grids.

In the considered test problem it is assumed that a bottom is horizontal h(x) ≡ h0 and the
initial conditions are given for t = 0:

η(x, 0) = η0(x), u(x, 0) = u0(x). (13)

The numerical solution is compared with the exact solution of the Cauchy problem (1), (13),
which can be found in [5]. In the case of the nonlinear dispersive equations [23, 24] the problem
with the exact solution in the form of a solitary wave propagating over a flat bottom is included
into the list of imperative tests. Yet, the exact solution [5] of the non-dispersive shallow water
equations is rarely used for testing the numerical algorithms. The authors assume that the reason
is the insufficient description of the method for obtaining the exact solution in [5]. Therefore,
another way to derive the formulas of the exact solution is presented now.

Let us write down the shallow water equations (1) in Riemann invariants [7]:

rt +
3r + s

4
rx = 0, st +

r + 3s

4
sx = 0, (14)
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where

r = u− 2c; s = u+ 2c; c =
√
gH; H = η + h0. (15)

The solution of the equations (14) is sought in the form of the r-wave propagating from right to
left [25], i.e. under the assumption that s ≡ s0 = const. Assuming that a fluid at infinity is in a
state of rest, it follows that s0 = 2

√
gh0 = 2c0. Therefore, the formula u+ 2c = s0 leads to the

expression of the velocity in terms of the full depth:

u(x, t) = 2c0 − 2
√
gH(x, t) = 2c0 − 2

√
g [η(x, t) + h0], (16)

u0(x) = u(x, 0) = 2c0 − 2
√
gH0(x) = 2c0 − 2

√
g [η0(x) + h0]. (17)

If a new dependent variable is introduced:

p =
3r + s0

4
, (18)

then the equation for the invariant r is transformed into the Hopf-equaiton pt + ppx = 0. The
solution of the Cauchy problem for this equation is found using the characteristics method and
given implicitly by the formula [25]

p(x, t) = p0(x− pt), (19)

where p0 is the initial function,

p0(x) =
3r(x, 0) + s0

4
=

3
(
u0(x)− 2

√
gH0(x)

)
+ 2c0

4
= 2c0 − 3

√
gH0(x). (20)

Therefore, from (19) it follows the value p(x, t) is the root p of the equation

p = 2c0 − 3
√
g (h0 + η0(x− pt)) (21)

for the given x, t. The obtained p is used for computing the free surface elevation η(x, t). Taking
into account the equalities (15), (16), (18), it is obtained that

η(x, t) =

(
2c0 − p(x, t)

3
√
g

)2

− h0. (22)

Thus, the exact solution of the equations (1) is found using the following algorithm. The
initial elevation η0(x) in the form of a continuous function is given for t = 0. The initial
velocity u0(x), which is consistent with the initial elevation, is calculated using the formula
(17). The root of the equation (21) is found at the time moment t in the point x. The elevation
η(x, t) is obtained using the formula (22), then the velocity u(x, t) is calculated using (16).

With the help of the described method of characteristics it is possible to find the exact solu-
tion either for all t > 0 or until a gradient catastrophe moment t∗. Let us consider the initial
elevation in the form of a solitary wave with the length λ [20]:

η0(x) =


a

2

[
1 + cos

(2π(x− xw)

λ

)]
, |x− xw| ≤ λ/2,

0, |x− xw| > λ/2,
(23)
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where xw is the abscissa of the wave top at t = 0, a is the wave amplitude. For 0 < t < t∗
the length of the wave, moving to the left with the velocity −c0, and its amplitude stay constant
and equal to the corresponding values of the initial wave (23). The profile of the propagating
wave will be deformed with time so that its leading edge is steepening and the trailing edge
is flattening. This happens because the characteristics dx/dt = p0(x), going out from the
interval [xw − λ/2, xw], form a convergent bundle, and from the interval [xw, xw + λ/2] – the
divergent bundle. Therefore, the solution includes a compression wave and a rarefaction wave,
which propagates before a compression wave and leads to the gradient catastrophe.

Fig. 1, a shows the exact solution y = η(x, t) at t = 5 s (thin solid line). The non-dimensional
(obtained by the division by h0) values of parameters, defining the initial wave, are taken as
follows:

a = 0.2, xw = 30, λ = 10, h0 = 1.

For these parameter values the gradient catastrophe occurs at t∗ ≈ 5.57 s, therefore, the leading
edge becomes close to a vertical line at t = 5 s.

Let us note that the equation (21) has the unique solution p for t < t∗, because the function

f(p; x, t) = p+ 3
√
g (h0 + η0(x− pt))− 2c0 (24)

is a monotonically increasing function of the variable p for all x and t ∈ [0, t∗). Fig. 2 shows
the function f(p; x, t) for the fixed values t = 5 s and x ∈ [0, L]. Here L = 40 and the non-
dimensional variable p̄ = p/c0 is plotted along the axis Op. The solid line denotes the line of
level f = 0. It is clear that the equation f = 0 has one root p for each fixed value of the variable
x. Some method for solving the nonlinear equations can be used for finding this root. [p1, p2]
can be taken as the initial interval, which contains the root, where

p1 = 2c0 − 3
√
g (h0 + a), p2 = −c0.
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Figure 1: Solitary wave (23) propagation over the horizontal bottom: a — exact solution (1) at t = 5 s and numer-
ical solution, obtained using the predictor-corrector scheme (2) and the upwind scheme (3); b — the trajectories
of the adaptive grid nodes
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Fig. 1, a also shows the numerical solution, obtained using two schemes on adaptive grids
on the interval [0, L]. The adaptive grids were constructed by the equidistribution method [18]
with the control function

wnj+1/2 = 1 + α0

∣∣ηnj+1/2

∣∣+ α1

∣∣ηnj+1 − ηnj
∣∣

xnj+1 − xnj
(25)

with the coefficient α0 = 10, α1 = 10. From Fig. 1, b, which presents the grid dynamics in the
computation using the predictor-corrector scheme, it is seen that at t = 0 the nodes condense
in the initial wave zone, then the continuous automatic redistribution of nodes occurs with
time, and the condensation increases in the zone of the steepening leading wave edge. Such
behavior of the adaptive grid increases the computational accuracy. Fig. 1, a shows that the
exact solution and numerical solution, obtained by the predictor-corrector scheme, are visually
indistinguishable, despite a rather small number of grid nodes (N = 100). The using of fixed
uniform grids with the same number of nodes leads to a significant decrease of accuracy, being
in good agreement with the conclusions of the works [3, 18, 19] where the solution of scalar
equations on moving grids was considered.

Regarding to the upwind scheme, the using of adaptive grids also increases the accuracy in
comparison with uniform grids, though not as much as for the predictor-corrector scheme (see
Fig. 1, a, where the smearing of the wave borders and the decrease of its amplitude are seen for
the upwind scheme).

6 ADAPTIVE GRID METHOD IN WAVE RUN-UP PROBLEMS

In [22] the adaptive grid method was used for the computation of the wave run-up in one-
dimensional cross-sections drawn from some isobath to a chosen isobath on the dry land. The
analytical solutions of the shallow water equations [20] were used for defining the waterfront
point movement. These solutions were represented in the form of infinite series for one of
possible cases of wave interaction with a coast and as the solution of the system of ordinary
differential equations for two other cases. In the numerical computation [22] few first terms
from the obtained series were used, and the Euler method of the second accuracy order was

x

p/c
0

f

Figure 2: The function (24) at t = 5 s
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used for the solution of the ordinary differential equations systems. In the present work, a larger
number of terms in the partial sums of the series and a preciser methods for solving the ordinary
differential equations are used.

6.1 Refined formulas for computing a waterfront point movement

Let us consider the wave run-up problem, where an unknown function x = x0(t), describing
the law of the waterfront point movement, and the solution of the system of equations (1) for
x ≥ x0(t) are sought. Further, it is assumed that the initial data for the equations (1) are given
not at t = 0, but at t = t0, i.e. the initial position of the waterfront point x0(t0) = x00 and the
initial functions for x ≥ x00 are known

u(x, t0) = u0(x), H(x, t0) = H0(x). (26)

It is necessary to find x = x0(t), u(x, t), H(x, t) at t > t0. The additional boundary condition
in the waterfront point consists in the requirement that the full depth in this point is equal to
zero at all time moments:

H(x0(t), t) ≡ 0. (27)

Depending on the initial data (26) three regimes are possible for wave interaction with a
coast [20]. The first case is the run-up of a non-breaking wave on a coast:

Hx |x=x0(t) 6= 0. (28)

Let us show that for the velocity of the waterfront point movement U(t) = u(x0(t), t) the
equality:

U(t) = ẋ0(t), t ≥ t0. (29)

is satisfied. Here and further a dot above is used to denote a time derivative of a function which
depends on one variable t only. Let us introduce a new independent variable ξ = x− x0(t) and
write down the system (1) in new coordinates (ξ, t):

H̃t + (ũ− ẋ0)H̃ξ + H̃ũξ = 0, ũt + (ũ− ẋ0)ũξ + gH̃ξ = gh̃ξ, ξ ≥ 0, (30)

where

h(x) = h (x(ξ, t)) = h̃(ξ, t), H(x, t) = H(x(ξ, t), t) = H̃(ξ, t), u(x, t) = u(x(ξ, t), t) = ũ(ξ, t).

The waterfront point is immovable in new variables (ξ, t) and it has the same coordinate ξ = 0
for all t ≥ t0, and here

H̃(0, t) ≡ 0. (31)

Using the identity (31) in the first equation of the system (30) for ξ = 0, the identity’s corollary
H̃t(0, t) = 0 and the condition (28), it is obtained that ẋ0− ũ|ξ=0 = 0, which coincides with the
equality (29).

The law of movement of the waterfront point is sought in the form of the power series in
time

x0(t) = x00 + x01(t− t0) + x02
(t− t0)2

2
+ x03

(t− t0)3

6
+ x04

(t− t0)4

24
+O

(
(t− t0)5

)
. (32)
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From the equality (29) it follows that

U(t) = ẋ0(t) = x01 + x02(t− t0) + x03
(t− t0)2

2
+ x04

(t− t0)3

6
+O

(
(t− t0)4

)
, (33)

i.e. x01 = U(t0) = u0(x0(t0)) = u0(x00) = u00, where u00 denotes the fluid velocity in the
waterfront point at the initial time moment.

The recursive formulas [20] can be used to find other coefficients. However, it is not conve-
nient for the numerical realization of the algorithm, because one and the same term of the series
has to be approximated with a different order, depending on how many terms are taken in the
partial sum for using in the difference boundary condition. A more preferable approach is to
use the explicit formulas for computing the coefficients x0k (k ≥ 2) in terms of the initial data
of the problem.

In order to calculate the coefficient x02, the second equation of the system (30) is considered
for ξ = 0 and t = t0: U̇(t0) = −gη′0(x00). On the other hand, from (33) it follows that
U̇(t0) = x02, therefore

x02 = −gη′0(x00). (34)

Here and further a prime denotes a space derivative of a function which depends on one variable
x only.

For finding x03 the equations, obtained as the result of the differentiation of the first equation
of the system (30) with respect to the variable ξ, and the second equation — with respect to the
variable t:

H̃ξt + (ũ− ẋ0)H̃ξξ + 2H̃ξũξ + H̃ũξξ = 0, (35)
ũtt + (ũt − ẍ0)ũξ + (ũ− ẋ0)ũξt + gH̃ξt = gẋ0h

′′.

Taking ξ = 0 in these equations and then taking t = t0, the formula

x03 = Ü(t0) = g (2u′0H
′
0 + u00h

′′)
∣∣∣
x=x00

(36)

is derived.
The coefficient x04 is computed using the equations (30), (36), and the following equations,

which are obtained from them by the differentiation with respect to the variables t and ξ:

H̃ξtt + (ũt − ẍ0)H̃ξξ + (ũ− ẋ0)H̃ξξt + 2H̃ξtũξ + 2H̃ξũξt + H̃tũξξ + H̃ũξξt = 0,

ũttt + (ũtt −
...
x0)ũξ + 2(ũt − ẍ0)ũξt + (ũ− ẋ0)ũξtt + gH̃ξtt = g

[
ẍ0h

′′ + (ẋ0)
2h′′′
]
,

ũξt + (ũξ)
2 + (ũ− ẋ0)ũξξ + gH̃ξξ = gh′′.

(37)

If ξ = 0 is taken in these equations, and the equalities (29), (31) and their corollary U̇(t) =
ẍ0(t), Ü(t) =

...
x0(t), H̃t(0, t) = 0 are taken into account, then the system of equations in the

point ξ = 0 is obtained:

H̃ξtt + 2H̃ξtũξ + 2H̃ξũξt = 0, H̃ξt + 2H̃ξũξ = 0, ũξt + (ũξ)
2 + gH̃ξξ = gh′′,

...
U + gH̃ξtt = g

[
ẍ0h

′′ + (ẋ0)
2h′′′
]
.
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If the value H̃ξtt is eliminated from the last equation using the first three equations, and t = t0
is set, then the expression is obtained for the coefficient x04 in terms of the initial data:

x04 =
...
U(t0) = g

[
u200h

′′′ − η′0h′′ − 2H ′0
(
gη′′0 + 3(u′0)

2
) ]∣∣∣

x=x00
. (38)

If at the time moment t = t0 the condition (28) is not satisfied, then two situations are pos-
sible: either Hx(x00, t0) = 0 or Hx(x00, t0) =∞. The first case corresponds to a non-breaking
wave run-up, for which the tangential line to free surface at the waterfront point coincides at
t = t0 with the tangential line to the bottom surface. The second case corresponds to a breaking
wave run-up. In both cases the motion law for the waterfront point is defined as the solution of
the system of ordinary differential equation [20]

ẋ0 = U(t), U̇ = gh′(x0(t)) (39)

with the initial conditions

x0(t0) = x00, U(t0) = u∗, (40)

here u∗ = u00 for a wave with tangency and u∗ = u00 − 2
√
gH00 for a breaking wave.

6.2 Computational algorithm

For the numerical solution of the wave run-up problem the above predictor-corrector scheme
on adaptive grid

{
xnj
}

(j = 0, . . . , N ) is used. At every time level the left nodes xn0 coincides
with the moving waterfront point x0(tn). It is assumed that the velocity, the full depth, and the
position of the waterfront point are known at the time level t = tn, and it is required to find
these values on the next time level tn+1 = tn + τ .

In order to use the predictor-corrector scheme for computing the free surface elevation ηn+1
j

and the velocity un+1
j , it is first necessary to generate the grid

{
xn+1
j

}
. Therefore, a new position

of the waterfront point, i.e. the far left node xn+1
0 , has to be known. The right boundary is

assumed to be fixed, therefore, xn+1
N = L. The difference non-reflecting boundary condition

[22] is given in this node and used to obtain the values ηn+1
N and un+1

N .
In the non-degenerate case (28), the difference analogues of the partial sums of the series

(32) and (33) are used to compute the coordinate xn+1
0 and the velocity un+1

0 :

xn+1
0 = xn0 + un0τ + x02

τ 2

2
+ x03

τ 3

6
+ x04

τ 4

24
, un+1

0 = un0 + x02τ + x03
τ 2

2
+ x04

τ 3

6
. (41)

The difference formulas for the coefficients x0k (k = 2, 3, 4) are obtained as the result of the
approximation of the derivatives from the right-hand sides of the equalities (34), (36), (38) using
the one-sided differences of corresponding order in the left node xn0 of the non-uniform grid.

The first formula (41) shows that in order to calculate the position of the waterfront point
xn+1
0 with the accuracy order O(τ 5) it is sufficient to approximate the coefficient x02 with the

error O(h3), the coefficient x03 — with O(h2), and x04 — with O(h1). Here it is assumed
that the law of passage to the limit has the form æ = const. Therefore, in the formula for the
coefficient

x02 = −g
ηnq,0
xnq,0

(42)
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the finite differences of the third order are used

ηnq,0 =
−11ηn0 + 18ηn1 − 9ηn2 + 2ηn3

3h
, xnq,0 =

−11xn0 + 18xn1 − 9xn2 + 2xn3
3h

.

As in [18], it is assumed that the nodes xnj of a non-uniform moving grid are the images of
the nodes qj ∈ [0, 1] of a uniform fixed grid with the step h = 1/N under some coordinate
mapping x = x(q, t). At each time moment t the mapping transforms in one-to-one manner the
interval [0, 1] to [x0(t), L]. Using the transformation x = x(q, t) the derivatives with respect
to x can be expressed in terms of the derivatives with respect to q, as for instance ηx = ηq/xq.
On the discrete level it means that the problem of the approximation of the derivatives on a
non-uniform moving grid xnj can be replaced by a simpler problem of their approximation of a
uniform fixed grid qj . This is used in the formula (42) according to which the approximation
formula for the coefficient (36) has the following form:

x03 = g
1

(xnq,0)
2

[
2unq,0H

n
q,0 + un0

(
hnqq,0 − hnq,0

xnqq,0
xnq,0

)]
. (43)

As it was stated above, it is sufficient to approximate the derivatives entering into this formula
by the one-sided differences of the second order:

unq,0 =
−3un0 + 4un1 − un2

2h
, Hn

q,0 =
−3Hn

0 + 4Hn
1 −Hn

2

2h
, xnq,0 =

−3xn0 + 4xn1 − xn2
2h

,

hnqq,0 =
2hn0 − 5hn1 + 4hn2 − hn3

h2
, xnqq,0 =

2xn0 − 5xn1 + 4xn2 − xn3
h2

.

As far as the derivatives from the formula (38) have to be calculated with the first order only,
it is easier to write down the approximation formula for x04 immediately on a non-uniform grid
{xnj }:

x04 = g
[
(un0 )2hnxxx,0 − ηnx,0hnxx,0 − 2Hn

x,0

(
gηnxx,0 + 3(unx,0)

2
) ]
, (44)

where the following formulas are used for the first difference derivatives:

Hn
x,0 =

Hn
1 −Hn

0

xn1 − xn0
, (45)

and the known formulas [17] of the first order on a non-uniform grid are used for the second
and third difference derivatives.

For a plane slope

z = −h(x) =

{
z0 − x tg θ for 0 ≤ x ≤ xs,
−1 for xs ≤ x ≤ L,

(46)

adjacent to a horizontal bottom of a constant depth h0, the obtained formulas significantly sim-
plify, because h′ = tgθ, h′′ = h′′′ = 0. In the formula (46) θ > 0 is the slope angle, z0 > 0 is
the height of the “dry land” in the point x = 0, xs = (z0 + 1)ctg, θ is the abscissa of the slope
bed. The value of z0 is adjusted so that the maximal wave run-up on a coast does not exceed
this value.
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As it was shown above, for the second and third regimes of wave interaction with a coast, the
motion law of the waterfront point is defined as the solution of the system of two ordinary dif-
ferential equations (39). The Euler method was used to solve this system in [20]. In the present
work the Runge-Kutta method of the fourth accuracy order is used with the initial conditions
x0(t

n) = xn0 , U(tn) = u∗ for the second regime, and u∗ = un1 − 2
√
gHn

1 – for the third one.
In the case of a plane slope (46) the system (39) has the exact analytical solution

xn+1
0 = xn0 + τu∗ +

τ 2

2
g tgθ, un+1

0 = u∗ + τg tgθ (47)

and both methods (Euler and Runge-Kutta) give the same results.
As in [22], in numerical computation a concrete regime of wave interaction with a coast is

defined according to the value of the difference derivative Hn
x,0 in the node xn0 of a moving grid.

In [22] this derivative was calculated with the help of the one-sided difference of the first order
(45). In the present work the formula of the second order

Hn
x,0 =

−3Hn
0 + 4Hn

1 −Hn
2

−3xn0 + 4xn1 − xn2

is used. If this difference derivative satisfies the condition m ≤
∣∣Hn

x,0

∣∣ ≤ M , where m, M are
the given numbers (0 < m�M ), then it is assumed that the first regime is realized, and for the
condition

∣∣Hn
x,0

∣∣ < m – the second regime. The inequality
∣∣Hn

x,0

∣∣ > M is used as the criteria
for the third regime.

The above formulas for the position of a moving waterfront point xn+1
0 and its velocity un+1

0

depend on a regime of wave interaction with a coast, whereas the full depth in the far left grid
node is equal to zero Hn+1

0 = 0 for all regimes.

Lemma 3 If the position of the waterfront point and its velocity are defined by the formulas
(41)–(44), then the predictor-corrector scheme (2), (3), (7) preserves a state of rest (8).

Proof. Under the rest condition (8) the first regime of wave interaction with a coast is realized
(m ≤

∣∣Hn
x,0

∣∣ ≤M ). It is easy to check that with the use of the formulas (41)–(44) the waterfront
point has a zero velocity (un+1

0 = 0) and the same position (xn+1
0 = xn0 ) at the time moment

tn+1. Then, from the boundary condition Hn+1
0 = 0 it follows that the free surface elevation

does not change in this point: ηn+1
0 = ηn0 = 0. Further, the proof is the same as in the lemma 1.

6.3 Some numerical results of modelling of a solitary wave run-up on a plane slope

Let us consider the results of the numerical solution of the problem on a solitary wave run-up
on a plane slope. A solitary wave is given at the initial time moment t = 0:

η0(x) = a0ch−2
(√

3a0g

2U0

(x− xw)

)
, H0(x) = h(x) + η0(x), u0(x) = −U0

η0(x)

H0(x)
, (48)

where a0 is the amplitude of the wave, x = xw is the abscissa of the wave top, U0 =
√
g(h0 + a0),

x ∈ [0, L]. A plane slope is given by the formula (46) with the value z0 = 1.
At the initial time moment the wave top (48) was well spaced from the slope bed xs and

from the right boundary x = L. This guaranteed the position of the wave main part above
the horizontal part of the bottom and the independence of the run-up picture on the boundary
conditions on the right boundary up to some time moment. As the computations have shown,
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the wave can break in a long-continued propagation above a horizontal bottom. Thus, if the
interaction of a non-deformed solitary wave with a slope has to be investigated in the framework
of the shallow water model, then a wave should not be initially positioned too far from a slope.

For a small amplitude a0 (for instance, a0 = 0.01) the initial solitary wave has a larger
effective length, therefore, the following values of the top abscissa of the initial wave and the
right boundary were chosen in the numerical experiments:

xw = xs + 30, L = xw + 30.

For shorter waves (for instance, a0 = 0.1) the point x = xw was positioned closer to the slope
and the domain length was smaller:

xw = xs + 20, L = xw + 20.

Fig. 3 shows the maximal wave amplification (the maximal wave run-up on a plane slope
taken relative to the amplitude a0 of the initial wave). The markers 1 correspond to the refined
formulas for computing the waterfront point movement, derived in the present work. The mark-
ers 4 are obtained when using the formulas from [20, 22], i.e. the first three terms in the partial
sums (41). For the small amplitude a0 the results are nearly the same (Fig. 3, a). For the initial
amplitude, increased ten times, the difference becomes visible, especially for small slope angles
(Fig. 3, b). The computations with other wave amplitudes have proved the conclusion that for
small slope angles and large values a0 the refined formulas gave the results which differ from
those obtained by the previous formulas.

In many works, devoted to the investigation of a wave run-up on a coast, the comparison is
done with the values obtained by the analytical formula [21]

R

a0
= 2.831

√
ctg θ

(
a0
h0

)1/4

. (49)
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Figure 3: The maximal wave amplification with respect to a slope angle: a0/h0 = 0.01 (a), 0.1 (b). 1 (the refined
formulas for the waterfront point movement,) 4 (the formulas from [20, 22]) — the numerical computation for the
plane slope; 2 — the analytical dependency (49); 3 — the numerical computation for the vertical wall, positioned
at the depth hwall = a0
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However, this formula has to be used carefully, because it has a very narrow domain of applica-
bility. According to [21, 26] the following restrictions are the conditions of applicability:

a0
h0
� (0.288 tg θ)2 , (50)

a0
h0

< 0.479(tg θ)10/9. (51)

Fig. 3 shows the values (lines 2) of the maximal wave amplification obtained by the formula
(49). If it is held that the lower boundary of the applicability domain is defined by the expression
in the right-hand side of the inequality (50), then nearly the whole line 2 in Fig. 3, a (except for
the small upper part corresponding to angles in the vicinity θ = 1◦) lies in the domain of
applicability.

It is known that the value of the maximal amplification R/a0 for a solitary wave run-up on
a vertical wall is greater than two [27], and on a plane slope – greater than on a vertical wall
[14]. However, for the angles greater than 11◦ the formula (49) gives the value less than two
(Fig. 3, a, line 2), i.e. even less than for the run-up on the vertical wall (markers 3). This causes
doubts in the physical consistency of the formula for a0/h0 = 0.01 and θ > 11◦. Thus, the
analytical formula (49) is applicable only for small angles θ and, therefore, in the restriction
(50) the sign� means that the expression in the right-hands side must be significantly smaller
than the expression on the left. Hence, even for such small initial amplitude of a running wave
it is possible to compare with the analytical formula only for this small range of angles θ, and
the range can not be determined by the equality (50).

If this range exists, then Fig. 3, b shows that the refined formulas for the waterfront point
movement (markers 1) give the numerical run-up values which are slightly closer to analytical
ones than those obtained by the formulas from [20, 22] (markers 4). For the amplitude a0/h0 =
0.1 the analytical formula (49) is not applicable because of the restrictions (50), (51). Therefore,
it makes no sense to use it for the comparison with numerical results. In order to emphasize this
fact, the analytical dependency (49) is shown in Fig. 3, b by the dash line 2.

The interesting peculiarity of the dependency of the maximal wave amplificationR/a0 on the
angle θ is its non-monotonic character for large amplitudes (markers 1 in Fig. 3, b). The reason
for the non-monotonicity is the wave breaking on the plane slope. Fig. 4, a shows the wave
run-up on a plane slope and the subsequent run-down. Let us note, that the wave with negative
polarity and significant amplitude is generated near the initial waterfront point position after the
main run-down. This wave produces the whole series of run-ups and run-downs with damping
amplitudes, that is physically explainable but has not been noted in the previous publications on
the subject. The same figure shows that the leading edge of the initial wave is steepening when
approaching to the waterfront point.

For the detailed investigation of this stage of run-up processes, Fig. 4, b shows the free sur-
face elevation profiles at the initial time moment, wave breaking moment, and run-up start
moment. By the moment of breaking the wave amplitude (line 2) has become greater than the
initial one (line 1), and its leading edge has become nearly vertical. Here the wave has not yet
reached the initial waterfront point position (left circle on the axis Ox), and the wave top has
made the way slightly greater than one third of the slope length, counting from the starting point
of the slope (right circle on the axis Ox).

After the wave breaking moment the wave amplitude and velocity decrease, and the wave
actually approaches the waterfront point with a significantly smaller height than before the
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breaking moment and, in this case, even smaller than the initial height a0 (line 3). This causes
the fact that for small slope angles θ the run-up can be smaller than for larger angles. Let us
note that this does not occur for small initial amplitudes a0. Here the wave is very long, has low
gradient slopes, and is not able to break even for small slope angles θ, i.e. on the long slope.

Let us also note that for the considered amplitude a0/h0 = 0.1 the wave breaking on the flat
slope occurs for the slope angle θ∗ ≈ 6◦. The formula (51) gives the threshold value θ∗ ≈ 12◦.
There exist other theories which provide another criteria for breaking and another threshold
values accordingly. In the considered case the deviation of threshold values in numerical and
analytical computations can be explained by the fact that the already deformed wave, with a
steeper leading edge which is greater than that one of the initial wave (48), actually reaches the
slope.

In many works, where the real problems are solved, the modelling is done for a run-up not
on a coast but on a vertical wall positioned on a coast line. This significantly simplifies the com-
putational algorithm, but leads to the errors in computations of the maximal wave amplification
and, consequently, to the errors in the definition of inundation zones.

In one-dimensional case, a coast is substituted by a vertical wall in the initial position of the
waterfront point x00 = z0ctgθ, and the impermeability condition u(x00, t) = 0 is set meaning
that the mobility of the waterfront point is ignored. The bottom (46) in the vicinity of the wall
is modified so that if the depth becomes less than some given value hwall, then it is assumed that
h(x) = hwall. In other words, the bottom in the vicinity of the wall becomes horizontal with the
depth hwall, i.e. the bottom is “cut” and straighten in the vicinity of the point x00. If the depth is
greater than hwall, then the bottom form does not change.

Multiple computations were done for the problem on a wave run-up on a vertical wall. Some
results are presented in Fig. 3 (markers 3). It is seen that, as in the case of a wave run-up on
a coast, the dependency of the maximal wave amplification R/a0 on bottom slope angles has
monotonic character for small amplitudes and non-monotonic – for large ones. In the last case
the reason is still the breaking of the wave on the slope even before approaching the vertical
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Figure 4: The run-up of the solitary wave (48) with the amplitude a0/h0 = 0.1 on the plane slope with the slope
angle θ = 1◦: a — the free surface elevation z = η(x, t); b — the free surface elevation η(x, t) at the initial time
moment t = 0 (1), at the wave breaking moment t = 12.64 s (2), at the run-up start moment t = 29.97 s (3)
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Figure 5: The mareograms, obtained analytically (lines) and numerically (markers) in the points, positioned to the
right of the initial position of the waterfront point at the distances 0.25 (1, 3) and 9.95 (2, 4)

wall. For small amplitudes and large slope angles the values of the maximal wave amplification
are practically indistinguishable for the run-up on the wall and for the run-up on the coast, but
for large amplitudes they differ even for large slope angles. The greatest difference is observed
for θ ≈ 6◦ (see Fig. 3, b). Here the run-up on the coast is significantly larger than on the vertical
wall.

By now, a large set of test problems [28] has been formed, which are imperative for val-
idation check of the results obtained by the numerical algorithms and for comparison of the
characteristics of different algorithms [29]. One of these tests specifies the comparison of nu-
merical results with the analytical solution of the problem on the run-up of the solitary wave
with the small amplitude a0/h0 = 0.019 on the low gradient plane slope (46) with the slope
angle θ = arctan(1/19.85) ≈ 2.88◦.

Fig. 5 presents the mareograms, recorede by two virtual mareographs positioned at the dis-
tances 0.25 and 9.95 to the right of the initial position of the waterfront point x00. For the first
mareograph (x = x00 + 0.25), positioned near the initial waterfront point, there exist a time in-
terval when the bottom drying occurs. The figure depicts this fact by the horizontal line drawn
on the height η ≈ −0.012594. In the position of the second mareograph (x = x00 + 9.95)
the bottom drying does not occur. Figure shows that the numerical results, obtained using the
predictor-corrector scheme, are visually indistinguishable from the analytical solution in the
run-up phase and in the major part of the run-down phase. The difference can be seen only in
the time interval from t = 75 to t = 100, where t is the non-dimensional time obtained by the
division of the dimensional time by the value t0 =

√
g/h0. This difference can be attributed to

the fact that the analytical formula for the exact solution, which was derived for non-breaking
waves, becomes incorrect on this time interval because of the wave breaking at the end of the
run-down phase. In fact, according to the conclusions in [26], if the condition (51) is fulfilled,
then the wave does not break in the run-down phase. But in the considered case this condition
is violated, because a0/h0 = 0.019 and the right-hand side of the inequality (51) takes the value
equal to 0.0173.
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7 CONCLUSIONS

An improved adaptive grid method is considered for the numerical solution of the problems
on propagation and run-up of surface waves, described by the one-dimensional shallow water
model. The modified algorithm for the realization of the explicit predictor-corrector scheme is
presented, which is based on the new way of computation of the right-hand side of the shallow
water equations on irregular bottom. The algorithm provides savings in computational time
in comparison with its earlier version [3] while preserving the approximation order. Also the
algorithm guarantees the preservation of the state of rest in transition from one time level to a
next one. A new method for choosing the scheme parameters on the basis of the analysis of
the differential approximation is suggested that guarantees the satisfaction of the TVD-property
for the improved predictor-corrector scheme. The presented method for construction of dif-
ferent conservative schemes on moving grids is based on an appropriate choice of the scheme
parameters for the predictor–corrector scheme, which represents the canonical form of the two-
layer explicit schemes for the shallow water equations. As an example, a conservative upwind
scheme on moving grid is provided in the divergent and non-divergent forms. The properties
of the upwind scheme and the predictor–corrector scheme on dynamically adaptive grids are
demonstrated for the exact solution of the nonlinear shallow water equations

Using the known analytical solutions of the shallow water equations in the vicinity of the
water-land boundary the improved difference boundary conditions are obtained at the moving
waterfront point. These boundary conditions approximate the analytical solutions with a higher
accuracy than the conditions used earlier [20]. It is proved that if a fluid is at rest and has a
non-perturbed free boundary at the initial time moment, then the difference predictor-corrector
scheme on adaptive grid preserves the state of rest at all subsequent time moments when the
newly obtained conditions are used. This is one of the advantages of the developed boundary
conditions in comparison with the known shock-capturing methods, where the preservation of
the state of rest is usually problematic for the run-up problems. The numerical experiments
have shown that for the run-up problems the substitution of a slope by a vertical wall in the
initial position of the waterfront point leads to the significant change of the wave amplification
in the case of very smooth slopes even if a wall embedding is small.

The obtained results will find the application in the solution of two-dimensional problems in
the framework of the shallow water model and in the algorithms for solution of the nonlinear
dispersive equations [23, 24].

Funding: the work was supported by the Russian Scientific Foundation (project No. 14-17-
00219).
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Abstract. The numerical simulation of the run-up of long surface waves on a plane slope is
presented. Using a method based on the combination of the TVD scheme and the SPH method
the shallow water approximation is applied to the solution of the well known model problem
of a run-up of a wave approaching from an area of constant depth towards a plane slope. The
numerical method has proved to be reliable and effective not only in the range of small ampli-
tudes, but also outside of the theoretical limits of applicability of the shallow water theory, such
as for the modelling of breaking waves. The qualitative and partially quantitative comparison
with the results of numerical calculations of other authors are presented. The differences in the
results caused by the differences in the numerical algorithms are highlighted.
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1 INTRODUCTION

The interaction of waves with coasts and coastal installations is one of the most interesting
and complex phenomena studied in the framework of the mathematical models of wave hydro-
dynamics. The investigation of the final phase of tsunami waves’ existence – their run-up on
coast and run-down – belongs to this class of problems. It is necessary to define the extreme
values of run-up, distances of wave propagation to a coast, drying areas, inundation depths, and
duration of land’s being under water with necessary precision and well ahead of time.

The development of reliable algorithms for the solution of the considered class of problems
requires not only the theoretical analysis of the mathematical models and the numerical meth-
ods used for their implementation, but also the validation on the test problems. One of the
“canonical” problems of this type is the problem on the definition of the parameters of a long
wave run-up on a plane slope with the given slope angle, where a wave runs up a slope from the
side of the bottom part with a constant depth [1]. It is customary to assume that such problem
reflects the main physical aspects of the considered phenomenon with a sufficient completeness.

The current paper is devoted to the application of our combined TVD+SPH method [2] to
the solution of the above described “canonical” problem under the conditions, which recon-
struct the run-ups of long waves with various configurations and amplitudes on the slopes with
different slope angles. Our task is to identify the basic characteristics of the phenomena for
weakly nonlinear (non-breaking) as well as for highly nonlinear (breaking) waves. The stability
(robustness) of the algorithm has also to be estimated for a wide range of parameter variation.

The first part of the paper briefly describes the problem formulation; the second part presents
the results of the numerical modelling of the wave processes, which were investigated experi-
mentally in the Large Wave Flume of the University of Hannover [3]. The obtained results are
compared with those of the numerical modelling by the research group of Prof. E.N. Pelinov-
sky [4].

2 PROBLEM FORMULATION AND NUMERICAL ALGORITHMS

One-dimensional problem of wave run-up on a plane slope adjacent to a horizontal bottom
with a constant depth h0 is considered in the framework of the shallow water model. The
Cartesian coordinate system Oxz is used with the vertical axis Oz directed upward and with the
coordinate line z = 0 coinciding with the unperturbed free surface of an ideal fluid layer. A fluid
layer is bounded from below by a fixed bottom z = −h (x), and from above – by a moving free
boundary z = η (x, t), where t is the time. In this case the system of shallow water equations is
written in the form of the conservation laws:

qt + Fx = G, t > 0, (1)

where

q =

(
H
Hu

)
, F =

(
Hu

Hu2 + gH2/2

)
, G =

(
0

gHhx

)
,

g is the gravity acceleration. The sought values are the full depth of a fluid layer H(x, t) =
η(x, t) + h(x) ≥ 0 and u(x, t) – its velocity, which is vertically averaged from bottom to free
surface.

In [2] the channel was considered, where the plane slope was positioned to the left from the
bottom part with a constant depth. However, in the present work the plane slope is placed to the
right from the horizontal segment, making the comparison to the results of other authors more
convinient. In this case the solution domain is limited from the left by a impermeable wall at the
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point x = 0, and from the right – by a moving boundary x0 (t), which separates water from land
(waterfront point). A moving boundary is unknown, therefore, the number of sought functions
increases.

The problem for the equation (1) is closed by the initial and boundary conditions. Under the
assumptions that the initial position x0 (0) of the waterfront point is known and the wave moves
from left to right, the boundary conditions take the following form:

H (x0(t), t) = 0, u (0, t) = 0, t ≥ 0; (2)

η (x, 0) = η0 (x) , u (x, 0) = u0 (x) , 0 ≤ x ≤ x0 (0) . (3)

The relief of bottom and adjacent land is given by the function

z = −h(x) =

{
−h0, 0 ≤ x ≤ xs,

−h0 + (x− xs) tan β, xs ≤ x ≤ Lx,
(4)

where β > 0 is the plane slope angle, xs > 0 is the given abscissa of the transition point between
the inclined and the horizontal bottom segments, Lx = xs + (z0 + h0) cot β, z0 > 0 is the land
height at the point x = Lx. The value z0 is chosen so that the maximal vertical run-up of a wave
on a coast is less than z0. Therefore, the inequality x0 (t) < Lx is satisfied for all t > 0.

In our investigations presented in this paper, we have used two numerical methods of the
second accuracy order for modelling of wave run-up on a coast. The first method is based on
the approach suggested in [5] and represents an original combination of the SPH (smoothed-
particle hydrodynamics) method and the finite-difference scheme with TVD properties (named
below as the TVD+SPH method). We supplemented this method with the algorithm for com-
puting a moving waterfront point. The comparative analysis of the methods for modelling of
long surface wave run-up in the framework of the shallow water theory [2] has shown that the
TVD+SPH method appears to be the most advanced for this class of problems.

The second method, conventionally named as “exact”, is presented in [6, 7]. It uses a moving
grid, and the analytical solution of the problem in a small vicinity of a waterfront point is applied
to compute its position and velocity.

3 NUMERICAL RESULTS

Let us consider some results of the numerical solution of the test problem, where the charac-
teristics of run-ups of positive and negative pulses (positive and negative polarity correspond-
ingly) on a slope are defined for a wide range of initial wave amplitudes. We compare our
numerical results with the results of other authors. In particular, qualitative and quantitative
comparison is done with the results of the research group of Prof. E.N. Pelinovsky [4, 8, 9],
which include the analytical solutions (for non-breaking waves) and the data of laboratory and
numerical investigations. The experiments were performed in the Large Wave Flume of the
University of Hannover, using a wave flume consisting of a segment with a constant depth
h0 = 3.5 m and length xs = 250 m, adjacent to a plane slope 1 : 6 which was positioned near
the right boundary of the flume [3]. The numerical computation in [4] were done using the
software package CLAWPACK [10].

The initial data were given by the relations

η (x, 0) = A cosh−2
[
(x− xw)/L

]
, u (x, 0) = 2

[√
g (h0 + η (x, 0))−

√
gh0

]
. (5)
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As it is shown in [11, 12], these relations correspond to the exact solution (Riemann wave) of
the shallow water equations

H (x, t) = H0 [x− V (H) t] , V (H) = 3
√

gH − 2
√

gh0, H0 (x) = h0 + η (x, 0) .

The authors of [4] interpret the value L as the half of the length of the initial elevation and
take L = 11 m in their computations. The extremal values of surface displacements (wave
amplitudes) were initially positioned near the point xw = 50 m, and they varied in the range
from 0.05 to 3.5 m for the waves with positive polarity, and in the range from −0.05 m to
−3.49 m – for the waves with negative polarity.

In comparison to [4], we have additionally modelled the waves with smaller initial ampli-
tudes, namely 0.001 m, 0.0025 m, 0.005 m, 0.01 m. Let us note that the applicability limits for
the shallow water theory, which are defined by the possibility of using the analytical formula
of Synolakis, are bounded in our computations by the interval of initial amplitude variation
0.008064 ≤ A < 0.228976576. However, the results for the amplitudes which fall outside the
limits of the given interval, can be used for testing new algorithms for wave run-up modelling
in the framework of the shallow water model. At the least, these results explicitly point out that
the used numerical methods can work even outside the theoretical limits of applicability of the
approximated mathematical model.

We have chosen the display format for the results according to the examples provided in [4].
Unfortunately, some peculiarities of the formulations of numerical modelling problems [4] do
not allow direct quantitative comparison of the results, but qualitative comparison is possible.

The first series of graphs (Fig. 1) shows the profiles of free surface computed for the same
set of amplitudes as in [4]. Each graph presents the waves at the initial time moment (lines (1));
near the transition point between the inclined and the horizontal bottom segments (lines (2),
which correspond to the time moment t = 30 s for the amplitudes A = 0.1 m and A = 0.5 m,
and t = 20 s – for A = 1.5 m and A = 3.5 m); at the moment of nearly vertical run-up (lines (3),
which correspond to the time moment t = 40 s for the amplitudes A = 0.1 m and A = 0.5 m,
and t = 30 s – for A = 1.5 m and A = 3.5 m); and at the moment of approach of the wave,
reflected by the slope, to the opposite boundary of the computational domain (lines (4), which
correspond to the time moment t = 70 s for the amplitudes A = 0.1 m and A = 0.5 m, and
t = 60 s – for A = 1.5 m and A = 3.5 m). Let us note that for small amplitudes our results
are not only in qualitative agreement with the results from [4], but in quantitative agreement
as well; whereas the differences in free surface profiles, which evolve after the interaction of
waves with slope, significantly increase with the increase of initial amplitudes.

The influence of the non-linearity can be already seen for the wave with the smallest initial
amplitude. The leading edge of the wave gradually becomes steeper, but wave breaking (gra-
dient catastrophe) does not happen (Fig. 1 (a)), the amplitude of the wave, which propagates
above the horizontal bottom segment, does not essentially decline. After the reflection from the
slope the wave form changes significantly and in fact changes into the N -wave, which contains
the fragment of depression lower than zero level.

With the increase of an initial wave amplitude the influence of non-linear effects on wave
characteristics is also enhanced. Under the impact on non-linearity the leading edge of waves
become significantly steeper, whereas trailing edges flatten out so that the wave lengths increase
and the amplitudes decline. As a result the already “breaking” waves approach a plane slope
and run up to it. These considerations are proved by the Figure 2, which presents the charac-
teristics of the computed incident and reflected waves above the flume segment with a constant
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Figure 1: The free surface profiles for run-up on a plane slope for the waves with positive polarity and the ampli-
tudes A = 0.1 m (a), 0.5 m (b), 1.5 m (c), 3.5 m (d) at the initial time moment, near the transition point between
the inclined and the horizontal bottom segments, the moment of nearly vertical run-up, the moment of approach
of the wave, reflected by the slope, to the opposite boundary of the computational domain. The values of time
moments are given in the text

depth (Fig. 2 (a)) and above the transition point between the inclined and the horizontal bottom
segments (Fig. 2 (b)). Fig. 2 (a) shows that incident and reflected waves are time-spaced, the
incident waves have vertical leading edges, whereas the reflected waves have a smooth form.
Above the transition point between the inclined and the horizontal bottom segments the waves
are not time-spaced, here an incident wave meets a reflected wave before completely passing
this point x = xs.

The comparison of the results from the Fig. 3 (a) with the results from [4] demonstrates not
only quantitative but also significant qualitative differences. The run-up heights computed with
the TVD+SPH method are much larger, whereas the duration of run-up is much shorter. Be-
sides, in contrast to the results of [4], the dependencies of maximal (in absolute magnitude) run-
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Figure 2: The mareograms, computed above the segment with constant depth of the virtual wave flume at the point
x = 150 m (a), the transition point x = 250 m between the inclined and the horizontal bottom segments (b), for
the run up of the waves with initial amplitudes A = 0.1 m (1), 0.5 m (2), 1.5 m (3), 3.5 m (4)

downs on initial amplitudes are monotone, and the dependencies of vertical run-ups are smooth
for all amplitudes. Finally, in [4] the absolute values of run-downs change non-monotonically
and decrease with tending to zero (with that being in poor agreement with the ideas of the
physics of modelled processes) for the largest initial amplitudes starting from A = 2 m. In
the results presented in 3 (a) these values increase slowly, but monotonically. There are also
differences in velocities: for the same conditions the run-up and run-down processes happen
significantly slower in [4].

Some of the data obtained by the solution of the considered problem is presented in Table 1.
The next results were obtained for the modelling of run-up of the waves with negative polar-

ity (A < 0). The initial positions coincided with those of the waves with positive polarity. The
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Figure 3: The dynamics of the vertical run-up on a plane slope of the waves with positive (a, A > 0) and negative
(b, A < 0) polarity with the intial amplitudes A = ±0.1 m (1), ±0.3 m (2), ±0.7 m (3), ±1.5 m (4), ±2.5 m (5),
A = 3.5 m (a) and A = −3.49 m (b) – (6)
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Ratio Ratio Ratio
of maximal run-up of maximal run-down of maximal run-down
to initial amplitude to initial amplitude to maximal run-up

A, m TVD+SPH [4] TVD+SPH [4] TVD+SPH [4]
0.05 4.868 4.7354 1.104 1.0053 0.2268 0.2365
0.1 5.499 4.6779 1.024 1.0015 0.1862 0.2211
0.3 5.658 3.5827 0.682 0.7363 0.1205 0.2055
0.5 5.0096 2.9408 0.5778 0.5733 0.1153 0.1962
0.7 4.503 2.5674 0.4829 0.4672 0.1072 0.1820
1 3.9676 2.2246 0.396 0.3653 0.0998 0.1642

1.5 3.4581 1.9056 0.2983 0.1877 0.0863 0.0983
2 3.1606 1.7105 0.2547 0.0899 0.0806 0.0526

2.5 2.9644 1.5826 0.2144 0.0229 0.0723 0.0144
3 2.8293 1.4976 0.189 0.0065 0.0668 0.0044

3.5 2.7244 1.3807 0.1663 0.0009 0.0611 0.0007

Table 1: Main characteristics of the run-ups of the waves with positive polarity on a plane slope, computed using
two numerical algorithms

initial form of the waves coincided as well with an accuracy up to the plane reflection. As in the
case of the positive pulses, the results obtained by the TVD+SPH method are close to the results
from [4] for small amplitudes, but significantly differ for |A| > 1 m. The primary analysis of
the computed profiles shows that the for large amplitudes the times of arrivals of the extremal
values to the same points do not coincide. Thus, the profiles in Fig. 4 correspond to the time
moments other than those in [4]. Each graph shows the waves at the initial time moment (lines
(1)); near the transition point between the inclined and the horizontal bottom segments (lines
(2), which correspond to the time moment t = 20 s); at the moment of nearly vertical run-up
(lines (3), which correspond to the time moment t = 41 s for the amplitude A = −0.1 m,
t = 43 s – for A = −0.5 m, t = 46.5 s – for A = −1 m, t = 53.86 s – for A = −3.49 m);
and at the moment of approach of the wave, reflected by the slope, to the opposite boundary
of the computational domain (lines (4), which correspond to the time moment t = 75 s for the
amplitudes A = −0.1 m, −0.5 m and −1 m, and t = 85 s – for A = −3.49 m).

Thus, for A = 1.0 m some advance is seen in the positions of run-up and run-down pro-
files in comparison to the results of the work [4], where as for A = −3.49 m – the delay is
present. The numerical experiment with such amplitude of the wave with negative polarity can
be hardly considered to be reasonable because of the obvious inapplicability of the shallow wa-
ter theory. However, the possibility of performing the computations of this kind testify to the
high working efficiency of the algorithm. The corresponding fragment of the figure (Fig. 4, d)
demonstrates the significant differences for all time moments with the meaningfully close figure
from the work [4], which demonstrate themselves in much more complicated forms of incident
and reflected waves.

The general idea about the waterfront dynamics during the run-up of waves with negative
polarity on a plane slope can be given by the results (Fig. 3 (b)), obtained by the TVD+SPH on
the grid with 6000 nodes. However, these results appeared to be practically identical to those
obtained on the grid with 4000. The graphs on this figure demonstrate the monotonic increase of
the values of both primary and secondary run-downs, yet the value of run-up increases up to the
initial amplitude −2.5 m and then decreases for the amplitudes A = −3 m and A = −3.499 m.
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Figure 4: The free surface profiles for the run-up on a plane slope of the waves with negative polarity with initial
amplitudes A = −0.1 m (a), −0.5 m (b), −1 m (c), −3.49 m (d) at the initial time moment, and at the moment
of approach of the wave to the transition point between the inclined and the horizontal bottom segments, at the
moment of nearly vertical run-up, and at the moment of approach of the wave, reflected by the slope, to the opposite
boundary of the computational domain. The values of time moments are given in the text

Further we compare our results with those of the work [4]. Our results were obtained by
the TVD+SPH method and the algorithm, based of the definition of the waterfront point using
the analytical solutions of the shallow water equations for the formulation of the difference
boundary conditions on a moving waterfront [6]. The values from [4] were obtained partially
from its text and partially by the digitization of the graphs presented there.

The first graphs (Fig. 5) demonstrate the dependency of the maximal values of R/A on the
initial amplitude in the phase of run-up of the waves with positive polarity. These values, ob-
tained using the TVD+SPH method, are significantly larger than the results from the work [4]
for practically all considered amplitudes. Yet, they are close to the results obtained using the
methodology from the work [6], which, however, happen to be somewhat smaller for the largest
amplitudes. Let us note, that if for the absolute values of the run-up values R the monotonic
increase takes place, then the corresponding relative values R/A increase first (up to the ampli-
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Figure 5: Relative characteristics of the run-ups of the wave with positive polarity with respect to their initial
amplitudes: maximal values of R/A during run-up phases (1–3) and |R|/A – during run-down phases (4–6),
computed with the TVD+SPH method (1, 4), the methods from [6] (2, 5) and [4] (3, 6); the domain of applicability
of the analytical solution [13] is marked by grey color.

tude 0.25 m), and only after that they begin to decrease monotonically. This can be explained
by the strengthening of the non-linear effects’ influence, which lead to the increase of the lead-
ing edge steepness, decrease of the heights and increase of lengths for the waves approaching
a slope. In the results [4] the extremum is not found because of the absence of the data for
small amplitudes. The significantly smaller values from [4] can be explained by the fact that the
implicit algorithm is implemented in the software package CLAWPACK used by the authors.
The absolute stability of the algorithm allows computing with a rather large time step, leading
to the significant growth of the numerical dissipation and a subsequent decrease of the results
quality.

Considering the characteristics in the run-down phases, some changes can be noted. For
small amplitudes (nearly up to A = 1 m) the values, obtained by the TVD+SPH method,
increase monotonically and practically coincides with the results from [4], which starts to de-
crease sharply and tend to zero for the largest amplitude. On the contrary, the results, obtained
by the TVD+SPH algorithm, continue the stable monotonic increase and stay smaller than the
results from [6] for the whole range of amplitude variation. The analysis of the graphs with
the maximal values |R|/A in the run-down phase points in the first place to the preserving
anomalous tendency of the results from [4] to zero for A > 1 m and their closeness to the
results, obtained by the TVD+SPH algorithm, up to the amplitude A = 1 m. The behavior of
the TVD+SPH results are qualitatively close to the distribution computed by the methodology
from [6], which however is positioned significantly higher. The results obtained for the smaller
initial amplitudes, as in the run-up phase, demonstrate the presence of the extremum, which is
slightly shifted to the direction of the smallest values of A. Unfortunately, the results, computed
in the discussed range of the argument variation and needed for the comparison, are absent on
the work [4].
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The relations of the maximal values of |R| in the run-down phase to the maximal values of
R in the run-up phases decrease with the increase of initial amplitude of the wave approaching
a slope. As before, the results from [4] tend to zero; the results from [6] have the largest values;
and the results obtained by the TVD+SPH algorithm demonstrate the presence of extremum in
the domain of the very small amplitudes.

The analogues of the above considered characteristics of the run-up of waves with negative
polarity show that, as in the case of the positive pulses, the results obtained by the TVD+SPH
algorithm are larger than the results from [4]. This is expressed to a greater degree in the run-
up characteristics, whereas the corresponding run-down characteristics appear to be very close.
Both sets of relative values for the run-up phase (Fig. 6) possess the maximums in the range
of small initial amplitudes. After reaching these maximums the corresponding distributions de-
crease monotonically. The relative characteristics of the run-down phase do not have extremes
and decrease monotonically with the increase of initial amplitude. Let us note some peculiarity
of the value R variation, computed using the TVD+SPH algorithm. This peculiarity consists
in the fact that near the initial amplitude A = 2.5 m the monotonous increase of the maximal
vertical position of the moving waterfront point is changed to equally monotonous decrease.
We can assume that this is caused by the specificity of the non-linear effects’ simulation by
the TVD+SPH algorithm, which leads to an early breaking of the waves with large amplitudes,
approaching a slope, with the simultaneous decrease of their positive fragments’ heights. This
conclusion finds its proof on the profiles of the corresponding free surfaces (Fig. 4) as well as
on the graphs of the dynamics of the moving waterfront point (Fig. 3 (b)). The distributions of
the relations of the maximal values of |R| in the run-down phase to the maximal values of |R|
in the run-up phase are essentially close qualitatively. At first, they decrease rather steeply and
take the minimal value for the initial amplitude A = −1 m, and then they increase slowly. Here
the distributions from the work [4] appear to be higher.
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Figure 6: The dependence of the relative characteristics of the run-ups of the waves with negative polarity on their
initial amplitudes: maximal values of R/A in the run-up phases (1, 2) and |R|/A – in the run-down phases (3, 4),
computed with the TVD+SPH method (1, 3) and [4] (2, 4); the domain of applicability of the analytical solution
[13] is marked by grey color
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The analysis of the peculiarities of the run-ups of waves with different polarities (positive
and negative pulses) has shown that the waves with positive polarity lead to the larger values
of the vertical run-down R. However, the velocities of the waterfront point for the run-up of
waves with negative polarity are significantly larger. This leads to the steeper trailing edges of
waves, being in the qualitative agreement with the results of the work [8]. Let us also note that
for the run-up of waves with positive polarity the vertical displacements of the waterfront points
in the run-up phase exceed significantly the displacements in the run-down phase, whereas for
the waves with negative polarity these values appear to be much closer. The non-monotonicity
of free surface profiles above the breakpoint of the bottom relief (Fig. 2), which is absent in the
results from [8], is the consequence of the interaction of the approaching wave and the wave
reflected from the slope.

Summarizing the comparison with the results from the work [4], which are connected to
some extent with the conditions of the physical experiments in the wave flume in the University
of Hannover, let us note that even the application of the well-known computer code, created by
highly professional specialists, requires the detailed investigation of the underlying algorithm,
understanding of its peculiarities, and correct parameter settings. Otherwise it can happen that
the numerical effects, which are intrinsic for the considered algorithm, can corrupt significantly
the values of the computed variables, complicate the adequate interpretation of the obtained
results, and lead to the physically wrong conclusions.

Let us also note that the explicit algorithm, which is used in the TVD+SPH method, guaran-
tees the necessary computational accuracy and proves the correctness of the choice of numerical
schemes for the modelling of fine effects arising in wave run-ups even on simple model slopes.

4 CONCLUSIONS

The presented results have demonstrated the possibilities of the combined TVD+SPH numer-
ical method in the definition of the main characteristics of run-ups of the waves with various
configurations in the “canonical” problem on long wave run-up on a plane slope. This method
has proved to be functional and effective not only in the range of small amplitudes where the
shallow water approximation os theoretically allowed, but also beyond its theoretical applica-
bility in the case of breaking waves.

The analysis of the run-ups of solitary waves with various polarity (positive and negative
pulses) has shown that the positive pulses have lead to the larger values of vertical run-up in
comparison to the negative pulses. This conclusion is in the qualitative agreement with the
results of the work [4]. It was also shown that the interaction of the incident and reflected
waves above the breakpoint of the bottom relief has lead to the non-monotonicity of free surface
profiles, which has influenced the run-up characteristics.

We consider the development and careful analysis of the version of the TVD+SPH algorithm
for the modelling of run-ups of catastrophic waves of various configurations in the spatial for-
mulations and with taking into account the real properties of water areas and adjacent coasts to
be a promising research direction.

Funding: The study was supported by the Russian Scientific Foundation (project No. 14-17-
00219).
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Abstract. In the present paper we consider an Eulerian numerical method for calculating 

multi-material fluid. This method relates to the class of interface capturing methods that re-

solve material interfaces not exactly, but with some numerical smearing in space. To suppress 

this numerical smearing, we suggest a numerical flux approximation based on the sub-cell 

material interface reconstruction by simple patterns and the solution of the composite Rie-

mann problem (CRP). It is found that the improved scheme captures the interface within one 

computational cell in 1D calculations. For multi-dimensional calculations we implement an 

approach of directional splitting that sufficiently decreases smearing of material interfaces 

what is demonstrated in computations of various multi-material applications. 
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1 INTRODUCTION 

The present paper is devoted to an Eulerian finite-volume method for numerical calcula-

tions of multimaterial fluid flows. We consider a heterogeneous medium that consists of dif-

ferent materials (components) separated with interfaces. Each component is described by its 

own EOS and governed by the system of compressible Euler equations. The mathematical 

model is applied that treats this multimaterial fluid flow as the flow of a heterogeneous multi-

phase fluid under the assumption of equilibrium in velocity, pressure, and temperature. 

The method we develop belongs to the class of interface capturing methods. The interface 

is represented by the distribution in space of component mass fractions. The conventional 

Godunov method is applied for numerical flux approximation with exact or approximate 

Riemann solvers. This approach inevitably diffuses the interfaces between different materials 

because of the numerical viscosity that smears initially sharp distribution of mass fractions. 

The interface is given by a set of mixed cells occupied by the heterogeneous mixture of the 

components. As the calculation proceeds the domain of mixture cells expands involving more 

and more computational cells so that eventually the position of the interface in space is com-

pletely lost. This is the basic drawback of the conventional Godunov method. 

Another drawback appears when we try to compute flows of condensed and gaseous mate-

rials with rarefaction waves. The EOSs in this case are quite different and admit different re-

gions of admissible values of thermodynamic parameters. Solids admit negative pressure 

while the gaseous phase not. Because of the equilibrium assumption the pressure in mixed 

cells should be always positive. This leads to an artificial numerical effect that we name as 

pseudo-fracture. It shows up in the formation of a small region of mixed cells near the pure 

solid region where the solid volume fraction drastically decreases [1]. 

In order to fix these drawbacks one can sharpen smearing interfaces by implementing some 

techniques commonly referred to as anti-diffusive [2-3]. We suggest an alternative way that is 

based on a numerical flux approximation that takes into account the interface local position or 

in other words the material sub-cell structure in mixed cells. Following this way we come to 

generalized formulation of the Riemann problem for the medium that contains two materials 

separated with the interface. This formulation includes an initial discontinuity in one compo-

nent and also the contact point of the interface [4]. We refer this problem as Composite Rie-

mann Problem (CRP). The solution of the CRP provides more accurate approximation of the 

numerical flux in mixed cells. Various numerical results demonstrate that the CRP technique 

allows us to reduce the mixed zone to only one computational cell in 1D calculations and to a 

few cells in multidimensional calculations. 

2 MODELING MULTI-MATERIAL FLOWS 

We consider a heterogeneous multi-material compressible medium that in general consists of 

N components (materials). We assume that each component is thermodynamically a two-

parameter medium and is governed by mechanical and thermal EOSs in the form of functional 

relations between density o

i , pressure pi, specific internal energy ei, and temperature Ti as 

),( i

o

iii pee   and ),( i

o

iii pTT  , respectively. Here, i  1, … , N indicates the index of the 

component. The mathematical model of the multi-phase medium with velocity, pressure, and 

temperature equilibrium, so called the PT model, 

 

v  v1  …  vN, p  p1  …  pN, T  T1  …  TN,                                  (1) 
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with the assumption of additivity of internal energies is used to describe the multi-material 

fluid flow [18]. The governing equations of this model can be written in the conservative form 

as follows: 
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,                                                      (2) 

 

where q is the vector of conservative variables, and f1, f2, and f3 are the flux vectors along the     
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Here,  is the mixture density, 



N

i

o

ii

1

 ,  /o

iii  ; i, i are the volume and the mass 

fractions of i-th component, respectively, v  v1, v2, v3
T
 is the velocity vector in Cartesian 

coordinates, Ε  e + 0.5v
2
 is the mixture specific total energy, 




N

i

iiee
1

 is the mixture spe-

cific internal energy. Along with the vector of conservative variables q, we shall also consider 

the vector of primitive variables z  (, v1, v2, v3, p, 1, ... , N)
T
. 

 The system of equations (2) and (3) is closed by mixture EOSs that are derived from 

the assumption of pressure and temperature equilibrium: 
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 The multi-material fluid flow model can be considered as the multiphase model with a 

particular distribution of mass fractions given by 

 

i (r)  1, j(r)  0, ji, r  (x, y, z)i(t), i  1, ... , N.                          (6) 

 

If the number of materials N is equal to one, Equations (2) and (3) reduce to the standard Eu-

ler equations for a single-material fluid flow. 

 If the mixture is characterized at initial (t  0) by a distribution of type (6), then the 

same type of distribution is theoretically kept for t > 0, and two or more different components 

are never at the same point of space. However, this is not the case in numerical simulations. 
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When an Eulerian approach is employed, the captured material interface is found to be a re-

gion of mix cells, separating sub-domains of a pure fluid flows. The width of this region de-

pends on the numerical scheme to be used and can span from a few to dozens of grid cells. A 

challenging problem in this approach is to reduce the width of numerical interface smearing 

as much as possible. As a solution to this problem, one can apply high-order numerical 

schemes or so-called anti-diffusive techniques. We suggest an alternative method to cope with 

numerical smearing of material interfaces, which is based on a special procedure of resolving 

materials at the sub-cell level. 

3 THE DISCRETE MODEL 

The spatial discretization of Equations (2) and (3) is performed with the finite volume 

method. With the explicit time marching scheme, this results in the following system of dis-

crete equations:  

  




 ST
V

t

i

n

i

n

i Fqq
11 .                                                   (7) 

where the subscripts i and  denote the cell and its face, respectively, Vi  is the volume of the 

i-th cell, S  is the face area, T is the transforming matrix from the absolute system of coordi-

nates to a coordinate system associated with the face. The vector F  F(Q), Q  Tq, has the 

form of a locally 1D flux in the direction of the outward face normal 

 

F = F(Q) =  TNnnnnlnknnn vvpvEvvvvvpvv   ,  ...  , , , , , , 1

2
 ,               (8) 

 

where the subscripts n, k, and l indicate normal and tangential components of the velocity vec-

tor. 

 In the conventional Godunov method the numerical flux F  is calculated as follows:  

 

     






 )()( ,, ii
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ii

RP
TzTzQFZZQFF                                    (9) 

where Q
RP

 denotes the exact solution to the Riemann problem at the line x  0 with initial da-

ta 

iZ  and 
 )(iZ  on the left and on the right of the initial discontinuity, respectively. The vec-

tor z is the primitive vector. The superscript  indicates that these values are taken at the cell 

face depending of the scheme order of accuracy. 

 In the case of single-material fluid flow, the numerical flux can be also calculated by 

means of an approximate Riemann solver as Rusanov method [5], HLL [6] and others. These 

flux approximations can be applied straightforwardly to solve multi-material fluid flow mod-

eled by Equations (2) and (3). Thus, calculations in the whole domain can be executed in the 

same manner, both in pure and mix cells. We refer this straightforward extension of the con-

ventional numerical flux approximation to the multi-material case as a standard flux approxi-

mation.   

 The usage of the standard flux approximations results in significant numerical smear-

ing of material interfaces. These approximations do not regard the presence of the sharp mate-

rial interface inside mix cells. Thus, if a non-zero mass flux appears from a mix cell to an 

adjacent pure cell it inevitably would result in non-zero mass fluxes of all components con-

taining in the mix cell. 

 As a solution to this problem, we suggest modifications for the numerical flux approx-

imation for those cell faces that border at least one mix cell. These modifications are made on 

the base of the sub-cell material interface reconstruction and the CRP solution. We call this 
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flux approximation a CRP-based flux approximation. If no mix cell borders the face, numeri-

cal flux is calculated by one of standard flux approximations. 

3.1 The CRP-based flux approximation  

In order to introduce the modifications of the flux approximation for the cell faces bordering 

at least one mix cell, we have to consider two possible situations when one cell is pure and 

another is mixed or both are mixed. For clarity, let the pure cell is filled with the material "A", 

and the mix cell is filled with the materials "A" and "B". 

 If the connectivity at a cell face  is of the type "mix-pure", we assume that the con-

tact surface between materials "A" and "B"  in the mix cell is parallel to the face   and locat-

ed at a distance  and material "A" in the mix cell borders the material "A" in the pure cell. 

The distance   AV/S, where A is the material "A" volume fraction in the mix cell, V is 

the mix cell volume and S is the face  area.  

 For a given mixture state vector z  (, v, p, A, B)
T
 we can derive vectors zA and zB, 

characterizing the state of materials "A" and "B" in the mix cell: zA = (A, v, p, 1, 0)
T
 and        

zB  (B, v, p, 0, 1)
T
, with A/B  A/B (p, T) being material densities defined with the corre-

sponding EOSs. The material densities are related with volume fractions A/B, A/B  

A/B/A/B. Thus, the position of the material interface in the mix cell is uniquely located. 

Note that in 1D such a reconstruction of the interface is natural. 

 Applying the interface reconstruction in the mix cell, we then calculate the numerical 

flux F at the face  by means of the CRP solution with the proper initial data )R(

A

)L(

A

)L(

B  , , ZZZ  

as follows: 

 

  ,,, )R(

A
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B ZZZFF
CRP                                                  (10) 

 

where the superscripts (L) and (R) indicate the left and right cells, respectively. It is obviously 

that we can define the term  ,,, )R(

A

)L(

A
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B

CRP
ZZZF  for  = 0 (A = 0) as 
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and for  = h = V/S(A = 1) as 

 

    )R()L()R(

A

)L(

A

)L(

B ,,,, AA

RPCRP h ZZQFZZZF  .                                   (12) 

 

Details of the CRP solver are given can be found in [1]. 

 If the connectivity at a cell face  is of the type "mix-mix", a reasonable assumption is 

that the contact surface should in a some way cross the cell face passing through the mix 

cells. Following the procedure mentioned above, one can calculate component vectors zA/B 

and volume fractions A/B for each cell and then reconstruct contact surface in the cells as 

shown in Figure 1b. In general, reconstructed contact surfaces do not match at the cell face 

( 5.0)R(

A

)L(

A  ). One can suggest patterns for the sub-cell interface reconstruction with 

continuous behavior of the contact surface at the face . We assume that the contact surface 

crosses the face in an intermediate point between points "1" and "2" as shown in Figure 1c. 
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Figure 1. Patterns for the sub-cell interface reconstruction 

 in the case of "mix-mix " cell connectivity. 

 

For the patterns of Figure 1c-1e, we can calculate the numerical flux as a linear combination 

of two fluxes defined on corresponding CRP solutions as follows: 

 

   2

)L(

B

)R(

B

)R(

A1

)R(

A

)L(

A

)L(

B ,,,)~1(,,,~  ZZZFZZZFF
CRPCRP  ,                  (13) 

 

where )R(

A

)L(

A )1(~  ww  , w [0, 1]. The parameter w defines the intermediate point in 

Figure 1c. Thus, the numerical flux across a face  is calculated by means of solving one or 

two appropriate CRPs. 

 It should be noted that the interface reconstruction with local 1D patterns is not a real 

one. It is implemented independently for each cell face on the base of only volume fraction 

values in mix cells bordering the considered face. This results in a very simple algorithm. 

However, it has certain drawbacks that are a penalty of these simplifications. We discuss this 

issue in section of numerical results. In order to overcome these drawbacks, we implement a 

method with the directional splitting technique which allows to better utilize a 1D nature of 

the proposed flux approximation. 

 An open issue is the choice of w in Equation (13) when a "mix-mix" pattern is used. In 

that case the sub-cell interface reconstruction can be done uniquely just on the base of volume 

fractions. Most calculations presented in this paper are done with w that corresponds to a 

"mix-mix" pattern of Figure 1e. In some cases we use also values w  0.5 and w  1. Anyway, 

the parameter is used as constant in the calculations. A dynamical approach where it is evalu-

ated depending on local distributions of mass and volume fractions is the purpose of our fu-

ture research. 

3.2 The scheme with splitting in directions  

The sub-cell interface reconstruction of the previous subsection is by nature locally one-

dimensional and carried out independently for all cell faces. To adapt this approach to multi-

dimensional calculations, we develop also its implementation based on the method of splitting 

in directions. In the case of Cartesian grids the explicit time integration numerical scheme is 

written as 
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where F1x, F2x and F1y, F2y are numerical fluxes along the x-axis and the y-axis, respectively. 

For certainty, we consider the 2D case here. 

 A directionally splitted scheme can be written as follows: 
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where the fluxes F1x and F2x are calculated with values of the n-th time layer {q
n
}, and the 

fluxes F1y and F2y are calculated with those of the nx-th time layer {q
nx

}. 

4 NUMERICAL RESULTS  

In our previous paper [1], numerical examples mostly concerned one-dimensional prob-

lems. It was shown that CRP-based flux approximation always allows to capture the interface 

within just one computational cell. In the 1D case there should not be two neighboring mix 

cells and only a "mix-pure" pattern for the sub-cell interface reconstruction can exist. This is 

not the case in 2D calculations. We have to use "mix-mix" pattern for the sub-cell interface 

reconstruction shown in Figure 2c, which is not so definite procedure as in the case of "mix-

pure" cell connectivity. In this section we present numerical results of calculations with vari-

ous implementations of the "mix-mix" interface reconstruction and discuss their interface cap-

turing properties. 

4.1 The problem of shock/contact interaction  

The problem statement is sketched in Figure 2. At initial the lead-gas interface has a triangle 

disturbance with the depth of 0.0035 cm. The computational domain is 0 ≤ x ≤ 1.6 cm,   0 ≤ y 

≤ 0.2 cm occupied by a lead sample with a length of 0.5 cm and a gas. Boundary conditions 

are following: a rigid wall boundary condition is imposed at x = 0, y = 0, y = 0.2 cm and a 

non-reflecting boundary condition is imposed at x = 1.6 cm. The computational grid consists 

of 800 and 100 along the x-axis and the y-axis, respectively. The CFL number is equal to 0.5. 

 

 
Figure 2. A sketch of the shock/contact interaction problem. 

 

 To highlight the importance of keeping the interface region as small as possible, calcu-

lations of this problem are carried out with the first order of accuracy using Rusanov and 

CRP-based flux approximation. In the CRP-based calculation we use the directional splitting 

technique and a "mix-mix" pattern of Figure 1e. 

 As can be seen from Figure 3, the Rusanov flux calculation results in a numerical ef-

fect of pseudo-fracturing in lead (a narrow region of small density near the interface). The jet 

formation is found to be underestimated (see Figure 3). Figure 4 shows the jet formation in 

the СRP-based flux calculation with no any pseudo-fracture in lead. The comparison of the 

1145



Igor Menshov and Pavel Zakharov 

cell type distribution for both calculations at a time moment t = 7.25 s is presented in Figure 

5. Black color indicates mix cells, white and grey colors indicate pure gas cells and pure lead 

cells, respectively. We can observe that the lead-gas interface is captured within few computa-

tional cells in the CRP-based flux calculation, while it turns to be an expanded domain in the 

Rusanov flux calculation. 

 

 
Figure 3. Shock/contact interaction: density distribution, g/cm

3
, the Rusanov flux calculation. 

 

 
Figure 4. Shock/contact interaction: density distribution, g/cm

3
, CRP-based flux calculation. 
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Figure 5. Shock/contact interaction: cell type distribution, 

the Rusanov flux (top) and the CRP-based flux (lower), t = 7.25 s. 

4.2 The problem of underwater air bubble collapse  

The problem statement is the same as in [7]. The computational domain is 0 ≤ x ≤1.2 cm, 0 ≤ 

y ≤1.2 cm. The air bubble diameter is 0.6 cm, and its center is at (0.6, 0.6) cm. The EOS of air 

and water is taken in the form of a stiffened gas EOS. Periodical boundary conditions are im-

posed on the bottom and top boundary of the computational domain. The computational grid 

consists 200 of computational cells in each direction. The CFL number is equal to 0.5. 

 Figure 6 shows the cell type distributions at a time moment t = 3.25 s for six variants 

of calculation. Black color indicates mix cells, white and grey colors indicate pure air cells 

and pure water cells, respectively. The top row of figures corresponds to calculations with the 

directional splitting off. The lower row corresponds to calculation with directional splitting. 

The left column corresponds to a "mix-mix" pattern of Figure 1c with w = 0.5, the middle 

column - a "mix-mix" pattern of Figure 1d and the right column - a "mix-mix" pattern of Fig-

ure 1e. 

 One can conclude from Figure 6 that the directional splitting technique improves inter-

face capturing properties. It can be also observed that different "mix-mix" patterns for the 

sub-cell interface reconstruction result in different forms of numerical smearing, especially in 

the case of non splitting calculations. 
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Figure 6. The underwater air bubble collapse: the cell type distribution at t = 3.25 s. 

The comparison of different "mix-mix" patterns and directional splitting. 

 

 Figure 7 shows results of calculations with the CRP-based flux on a fine grid consist-

ing of 2000 computational cells in each direction. Such a grid resolution allows to capture the 

formation of small scale secondary jets. One can see a narrow water jet that slits the bubble 

and hits the water from the base. These calculations have been performed with the directional 

splitting, a "mix-mix" pattern of Figure 1e in the sub-cell interface reconstruction, and the se-

cond order of accuracy. 
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Figure 7. The underwater air bubble collapse: the formation of secondary jets. 

The density distribution, g/cm
3
 (top) and the cell type distribution (low).   

4.3 The triple point problem  

The problem statement is taken from [8]. The computational domain is 0 ≤ x ≤ 7 and 0 ≤ y ≤ 3. 

The first sub-domain (0 ≤ x ≤ 1, 0 ≤ y ≤ 3) contains a high-pressure high-density material. The 

second sub-domain (1 < x ≤ 7, 0 ≤ y < 1.5) contains a low-pressure high-density material. The 

third sub-domain (1< x ≤ 7, 1.5 ≤ y ≤ 3) a low-pressure low-density material. All three materi-

als are governed by the ideal gas EOS. The rigid wall condition is imposed at all boundaries 

of the computational domain. We solve this problem as a two-material problem and do not 

distinguish materials in the first and the third sub-domain.  

 Figure 8 shows results with the directional splitting, a "mix-mix" pattern of Figure 1e, 

and the second order of accuracy on a computational grid of 4200 and 1800 cells along the        

x-axis and the y-axis, respectively. The CFL number is equal to 0.5. One can observe that the 

material interface undergoes a Kelvin-Helmholtz instability that results in a large deformation 

of the interface with the formation of small-scale jet-like structures.  

 

 
Figure 8. The triple point problem: the formation of Kelvin-Helmholtz instability. 

The density distribution, g/cm
3
 (top) and the cell type distribution (low).   
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5 CONCLUSIONS  

An Eulerian finite-volume method for multi-material fluid flows modeled by a multiphase 

medium with pressure, temperature and velocity equilibrium is discussed. The method be-

longs to the class of interface capturing approaches and aims to reduce numerical smearing of 

material interfaces. To achieve this goal, we have introduced the sub-cell interface reconstruc-

tion procedure based on simple interfaces patterns.  The proposed sub-cell interface structure 

is taken into account in calculating the numerical flux across a cell face bordering a mix cell. 

This is performed with a proper IVP - a Composite Riemann Problem (CRP) that involves 

both a point of initial discontinuity and a material contact point. The numerical flux approxi-

mation based on this CRP solution strongly reduces the interface smearing region. Numerical 

experiments have shown the reduction of the interface region up to a few computational cells 

in 2D tests. 

 

 The work reported in this paper was partially supported by the grant No 14-11-00872 

from the Russian Scientific Fund. 
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Abstract. In this paper, we present a splitting strategy to simulate compressible two-phase
flows using the five-equation model [1]. The main idea of the splitting [2] is to separate the
acoustic and transport phenomena. The acoustic step is solved as a Lagrangian step by using
different schemes [3, 4, 5] based on approximate Riemann solvers. On the one hand, since
the acoustic time step driven by the fast sound velocity is very restrictive, an implicit treatment
of the Lagrangian step is performed. On the other hand, an explicit scheme is used for the
transport step driven by the slow material waves. The global scheme resulting from this splitting
operator strategy is conservative, positive, and preserves contact discontinuities. Numerical
simulations of compressible diphasic flows are presented on 2d-structured grids. The implicit-
explicit strategy allows large time steps, which do not depend on the fast acoustic waves.

On supersonic velocity test case, a carbuncle phenomenon can occur with usual schemes
for the Lagrangian part. However, we show that this carbuncle does not appear when the
Lagrangian step is solved with a genuinely two-dimensional scheme based on a nine-point
stencil [5].
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1 INTRODUCTION

We are interested in solving compressible two-phase flows using a splitting strategy. Flows
involving an almost incompressible liquid and a compressible gas are considered here. Using a
diffuse interface approach [1, 6, 7], the same equations are solved in the entire domain. There-
fore, the liquid is modelled by a compressible fluid in which the Mach number is very low.
Several time scales are involved in this configuration: the scale of the fast acoustic waves which
leads to an important CFL restriction of the time step for explicit schemes, and the scale of slow
material waves.

In this paper, we propose an extension of the splitting strategy presented in [2, 8] to com-
pressible two-phase flows using the five-equation system [1]. The splitting strategy is done with
a Lagrange Projection algorithm. The acoustic part is solved in a Lagrangian form using several
schemes [3, 5]. In Low Mach computations, an implicit treatment of this step should be done
since the fast acoustic waves induce very small time steps. We are interested here in supersonic
test cases, thus the acoustic step will be solved using an explicit scheme. The transport step is
treated explicitly using a finite volume scheme.

The outline of this paper is as follow. In the second section we present the governing equa-
tions of two-phase flows. In section 3, the operator splitting in the one dimensional case is
presented. We also describe the extension of the numerical scheme to two-dimensional struc-
tured grids in section 4. Several numerical schemes used in the Lagrangian part are recalled in
section 5. Finally some numerical results for two-dimensional two-phase flows are presented in
section 6. On supersonic computations, a carbuncle phenomenon appears with schemes based
on a five-point stencil for the acoustic part. The shock instabilities disappear when a genuinely
two-dimensional scheme is used in the acoustic step [5].

2 FIVE-EQUATION SYSTEM

We denote by ρi, εi and pi the density, the internal energy and the pressure of the fluid phase
i = 1, 2. Each fluid is equipped with an Equation Of State (EOS) of the form pi = pi(ρi, εi).
The sound velocity ci of each phase is defined by c2

i = ∂pi
∂ρi

∣∣∣
si

, where si is the entropy.
We introduce the volume fraction zi of each fluid and we have the relation z1 + z2 = 1. In

the sequel we denote by z = z1 the volume fraction of the first fluid. The mixture density and
mixture internal energy can be defined through the volume fraction, the density and internal
energy of each fluid:

ρ = z1ρ1 + z2ρ2, (1)
ρε = z1ρ1ε1 + z2ρ2ε2. (2)

Both phases share the same velocity u, and the same pressure p. The five-equation system
with isobaric closure derived in [1] reads:

∂t (ρ1z1) +∇ · (ρ1z1u) = 0, (3)
∂t (ρ2z2) +∇ · (ρ2z2u) = 0,

∂t (ρu) +∇ · (ρu⊗ u) +∇p = 0,

∂t (ρe) +∇ · ((ρe+ p)u) = 0,

∂tz + u · ∇z = 0,

p = p1 = p2,
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where e = ε+ u2

2
is the total energy of the mixture.

The evolution of the volume fraction is governed by a non-conservative equation. This for-
mulation preserves contact discontinuities, i.e. the evolution of constant pressure and velocity
profiles, see [1].

We only consider here a stiffened gas EOS for each fluid,

pi = ρiεi (γi − 1)− γiπi, (4)

where γi > 1 is the adiabatic exponent and πi ≥ 0 a reference pressure.
The mixture pressure of two stiffened gases is p = (γ − 1) ρε − γπ where the mixture

parameters γ and π are defined by:

γ = 1 +
1

∑2
i=1

zi
γi−1

and π =
γ − 1

γ

2∑

i=1

ziγiπi
γi − 1

. (5)

The speed of sound for a stiffened gas reads:

c2
i = γi

p+ πi
ρi

.

3 SPLITTING STRATEGY FOR ONE DIMENSIONAL CASE

For the sake of simplicity, in this section a one dimensional problem is considered. The
idea is to separate the acoustic and the transport phenomena according to their own propagation
speed [2]. First, note that the evolution equation of ρ2z2 in (3) can be replaced by the evolution
equation of the mixture density ρ which is ∂tρ+ ∂x(ρu) = 0. Then, the system (3) is expanded
to:

∂tρ+ ρ∂xu+ u∂xρ = 0, (6)
∂t (ρ1z) + ρ1z∂xu+ u∂x(ρ1z) = 0,

∂t (ρu) + ρu∂xu+ ∂xp+ u∂x(ρu) = 0,

∂t (ρe) + ρe∂xu+ ∂x (pu) + u∂x(ρe) = 0,

∂tz + u∂xz = 0.

This system is split into the following two systems. The first system takes into account the
propagation of the acoustic waves only:

∂tρ+ ρ∂xu = 0, (7)
∂t (ρ1z) + ρ1z∂xu = 0,

∂t (ρu) + ρu∂xu+ ∂xp = 0,

∂t (ρe) + ρe∂xu+ ∂x (pu) = 0,

∂tz = 0.

The transport system takes into account the propagation of the material waves through the fluid:

∂tρ+ u∂xρ = 0, (8)
∂t (ρ1z1) + u∂x (ρ1z1) = 0,

∂t (ρu) + u∂x (ρu) = 0,

∂t (ρe) + u∂x (ρe) = 0,

∂tz + u∂xz = 0.

The overall algorithm for a time step between tn and tn+1 reads:
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Step 1: From a state (ρ, ρ1z, ρu, ρe, z)
n, compute the approximation of the acoustic system (7)

(ρ, ρ1z, ρu, ρe, z)
n+1,L.

Step 2: Find the fluid state (ρ, ρ1z, ρu, ρe, z)
n+1 by solving the transport system (8) with the

initial state (ρ, ρ1z, ρu, ρe, z)n+1,L.

Before going any further, we introduce some classical notations. We consider a discretization
of the real line into cells

(
[xi−1/2, xx+1/2]

)
i∈Z

. The mesh interfaces are xi+1/2 = i∆x for i ∈ Z,

where ∆x > 0 is the grid step. The centre of the cell i is xi =
xi+1/2+xi−1/2

2
. The time variable

is discretized by tn = n∆t for n ∈ N , where ∆t > 0 is the time step. We use a Finite Volume
method, in which ani is the approximation of

1

∆x

∫ xi+1/2

xi−1/2

a(x, tn)dx,

where (x, t) 7→ a(x, t) is a fluid parameter.

3.1 Acoustic step

First, the non-conservative system (7) is rearranged. The second, third and fourth equations
of acoustic system are combined with the evolution equation of the mixture density. Then, the
first equation is divided by the mixture density. Finally, the acoustic system reads:

∂tϑ−
1

ρ
∂xu = 0, (9)

∂ty = 0,

∂tu+
1

ρ
∂xp = 0,

∂te+
1

ρ
∂x (pu) = 0,

∂tz = 0,

where ϑ = 1
ρ

is the specific volume, and y = ρ1z
ρ

is the mass fraction of fluid 1.
Let us introduce the mass variable m defined by dm = ρdx. The acoustic step consists in

resolving a hyperbolic system of the form

∂tV + ∂mG (V ) = 0, (10)

with V = t(ϑ, y, u, e, z) and G = t(−u, 0, p, pu, 0).
This system is strictly hyperbolic and the five real eigenvalues are (λ1, λ2, λ3, λ4, λ5) =

(−ρc, 0, 0, 0, ρc). Let us denote by a = ρc the Lagrangian speed of sound. The first and the
fifth characteristic fields are genuinely non-linear while the waves associated to λ2, λ3 and λ4

are linearly degenerate.
A classical approach to solve hyperbolic system like (10) is to use a Godunov type scheme.

The update formula for the Lagrangian step reads

V n+1,L
i = V

n

i −
∆t

∆mi

(
Hn
i+1/2 −Hn

i−1/2,
)
, (11)

where H = t
(
h(1), 0, h(3), h(4), 0

)
is the numerical flux, and ∆mi = ρni ∆x.
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In the sequel, we use introduce the notation [[x]]i = xi+1/2−xi−1/2 for any quantity (xi+1/2)i
defined at an interface.

The update formulae for the Eulerian variables are directly given by:

Liρ
n+1,L
i = ρni , (12)

Li (ρ1z)n+1,L
i = (ρ1z)ni ,

Li (ρu)i
n+1,L = (ρu)ni −

∆t

∆x
[[h(3)]]i,

Li (ρe)i
n+1,L = (ρe)ni −

∆t

∆x
[[h(4)]]i,

zn+1,L
i = zni ,

with Li = 1 + ∆t
∆x

[[−h(1)]]i.
The acoustic step is stable under the classical Courant-Friedrichs-Lewy stability condition,

given by

∆t

∆x
max
i∈Z

(
ai+1/2

min(ρni , ρ
n
i+1)

)
≤ 1

2
. (13)

where ai+1/2 is the Lagrangian sound speed at the interface i+ 1/2.

3.2 Transport step

The transport system (8) is a convection system at the fluid velocity u. Therefore, it is simply
approximated by an upwind Finite Volume scheme:

φn+1
i = φ

n+1,L

i − ∆t

∆x

((
ũi+1/2

)− (
φn+1,L
i+1 − φn+1,L

i

)
+
(
ũi−1/2

)+ (
φn+1,L
i − φn+1,L

i−1

))
, (14)

where φ denotes ρ, ρ1z, ρu, ρe, z, and with the classical notation u± = u±|u|
2

.
In order to have a fully conservative scheme for ρ, ρ1z, ρu and ρe, the choice of the propaga-

tion velocity ũi+1/2 should depend on the flux of the acoustic step.
Indeed, let us rewrite (14) as

φn+1
i = φn+1,L

i

(
1 +

∆t

∆x
[[ũ]]i

)
− ∆t

∆x
[[φn+1,Lũ]]i,

where φn+1,L
i+1/2 is defined as the upwind value of φ with respect to the sign of the velocity ũi+1/2,

i.e. φn+1,L
i+1/2 = φn+1,L

i if ũi+1/2 > 0, and φn+1,L
i+1 otherwise.

We also denote by L̃i the volume variation 1+ ∆t
∆x

[[ũ]]i. Combining this equation with explicit
formulae (12) for the acoustic step, one can see that the overall scheme to compute the state at
the time tn+1 from the state at tn reads:

ρn+1
i =

L̃i
Li
ρni −

∆t

∆x
[[ũρn+1,L]]i, (15)

(ρ1z)n+1
i =

L̃i
Li

(ρ1z)ni −
∆t

∆x

(
[[ũ(ρ1z)n+1,L]]i

)
,

(ρu)n+1
i =

L̃i
Li

(ρu)ni −
∆t

∆x

(
[[ũ(ρu)n+1,L]]i +

L̃i
Li

[[h(3)]]i

)
,
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(ρe)n+1
i =

L̃i
Li

(ρe)ni −
∆t

∆x

(
[[ũ(ρe)n+1,L]]i +

L̃i
Li

[[h(4)]]i

)
,

zn+1
i = zn+1,L

i +
∆t

∆x
[[h(1)zn]]i − zni

∆t

∆x
[[h(1)]]i.

One can see that the global scheme is conservative if L̃i = Li. This choice leads to define the
propagation velocity at an interface as the opposite of the first component of the acoustic flux:

ũi+1/2 = −h(1)
i+1/2. (16)

With this choice, the global scheme reads:

ρn+1
i = ρni +

∆t

∆x
[[h(1)ρn+1,L]]i, (17)

(ρ1z)n+1
i = (ρ1z)ni +

∆t

∆x
[[h(1)(ρ1z)n+1,L]]i,

(ρu)n+1
i = (ρu)ni +

∆t

∆x
[[h(1)(ρu)n+1,L − h(3)]]i,

(ρe)n+1
i = (ρe)ni +

∆t

∆x
[[h(1)(ρe)n+1,L − h(4)]]i,

zn+1
i = zni +

∆t

∆x
[[h(1)zn]]i − zni

∆t

∆x
[[h(1)]]i.

It is fully conservative with respect to ρ, ρ1z, ρu, ρe, but not for the color function equation.
The stability condition associated with this transport step reads

∆t

∆x
max
i∈R

(
ũ+
i−1/2 − ũ

−
i+1/2

)
< 1. (18)

4 EXTENSION TO TWO DIMENSIONS

Without loss of generality, a two dimensional problem discretized over a structured mesh is
considered. Let us denote by Ωl,m a cell of our mesh, Γl+1/2,m (resp. Γl,m+1/2) the face of the
cell Ωl,m toward the direction x (resp. y) and ~nl+1/2,m the unit vector normal to Γl+1/2,m, see
Fig. 1.

System (3) is again split into two parts. The first part is the acoustic step:

∂tρ+ ρ∇ · u = 0, (19)
∂t (ρ1z) + ρ1z∇ · u = 0,

∂t (ρu) + ρu∇ · u +∇ · p = 0,

∂t (ρe) + ρe∇ · u +∇ · (pu) = 0,

∂tz = 0.

The second system is the transport step:

∂tρ+ u · ∇ρ = 0, (20)
∂t (ρ1z) + u · ∇ (ρ1z) = 0,

∂t (ρu) + u · ∇ (ρu) = 0,

∂t (ρe) + u · ∇ (ρe) = 0,

∂tz + u · ∇z = 0.
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Γlm+ 1
2

Γl+ 1
2m

~nl+ 1
2m

~nlm+ 1
2

Ωlm

Figure 1: Parameters of a cell in two dimensions.

For any quantity x defined at a cell interface, let us introduce the following notations

[[x.m]]l = xl+1/2,m − xl−1/2,m,

[[xl.]]m = xl,m+1/2 − xl,m−1/2.

The volume of a cell Ωl,m is denoted by |Ωl,m|. Likewise, the length of a face Γl+1/2,m is denoted
by
∣∣∣Γl+1/2,m

∣∣∣.
If a is a flow parameter, anl,m is an approximation of 1

|Ωl,m|
∫

Ωl,m
a(x, tn)dx.

Acoustic step: Like in the one dimensional case, the scheme for the acoustic step reads

V n+1,L
l,m = V n

l,m −
∆t

ρnl,m |Ωl,m|
([[H.m |Γ.m|]]l + [[Hl. |Γl.|]]m) , (21)

where V = t(ϑ, y,u, e, z) and Hl+1/2,m = H(Vl,m, Vl+1,m).

Transport step: For φ ∈ {ρ, ρ1z, ρu, ρe, z}, the scheme for the transport step reads:

φn+1
l,m = φn+1,L

l,m

(
1− ∆t

|Ωl,m|
(
[[h(1)

.m |Γ.m|]]l + [[h
(1)
l. |Γl.|]]m

))
(22)

+
∆t

|Ωl,m|
(
[[h(1)

.mφ
n+1,L
.m |Γ.m|]]l + [[h

(1)
l. φ

n+1,L
l. |Γl.|]]m

)

5 NUMERICAL FLUXES FOR THE ACOUSTIC STEP

In this section, different Lagrangian schemes used in the acoustic step are defined. The first
one uses a classical five-point stencil while the second one is based on a nine-point stencil.

5.1 Scheme based on a five-point stencil

We consider the Lagrangian scheme developed in [3] for the gas dynamics. This Godunov-
type scheme based on a simple Riemann solver, see Fig. 2, is positive, entropic and preserves
contact discontinuities.
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Figure 2: Five-point scheme. Riemann solver.

For gas dynamics, [3] shows that the numerical flux H is equal to the continuous flux G
evaluated at an average state:

H (Vl, Vr) = t(−ū, 0, p̄~n, p̄ū, 0) , (23)

where the velocity and the pressure at the interface between the cells Ωl and Ωr are defined by:

ū =
a−ul + a+ur
a− + a+

· ~n− pr − pl
a− + a+

, (24)

p̄ =
a+pl + a−pr
a− + a+

− a−a+
ur − ul
a− + a+

· ~n.

The Lagrangian sound velocities at the interface a− and a+ should be large enough in order to
preserve the positivity of the scheme, see [3] for more details.

Remark: To compute an implicit scheme for the acoustic step, we use the method described
in [2].

5.2 Scheme based on a nine-point stencil

Another choice for the Lagrangian part is to use the scheme developed in [5] for gas dynam-
ics. In this case, fluxes computations are based on a nodal solver.

Ωc

uc
f

Πc
f

(Πu)
c
f

~nc
f

p

p+

Figure 3: Nine-point scheme. Notations related to the cell Ωc.

The numerical flux on the face f = [p, p+] of the cell Ωc (see Fig. 3) is defined as:

H(f) = (ucf · ~ncf , 0,Πc
f~n

c
f , (Πu)cf · ~ncf , 0), (25)

where

ucf =
1

2
(up + up+),
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Πc
f =

1

2
(Πc

p̄ + Πc
p+),

(Πu)cf =
1

2
(Πc

p̄up + Πc
p+up+).

The velocity and pressure on the face f are defined through the nodal velocities up and up+ , and
the nodal pressures, Πc

p̄ and Πc
p+ , see Fig. 4. The evaluation of these nodal quantities relies on

an argument of conservation concerning both momentum and total energy. The nodal pressures
are linked to the nodal velocity thanks to half-Riemann problems. Since the nodal velocity up
depends of all the cells around the node p, the resulting scheme is based on a nine-point stencil.

q
uq

p
up

Ωc Ωd

Πc
q Πd

q̄

Πd
pΠc

p̄

~nc
p̄ = ~nc

q

Figure 4: Nine-point scheme. Nodal velocities and pressures related to the face [p, q]

6 NUMERICAL RESULTS

In this section, several numerical experiments are presented in order to validate the splitting
strategy and compare the different solvers used in the acoustic step.

6.1 Liquid-gas interaction

First, a classical two dimensional test case is considered. The interaction between a bubble
of gas and a liquid has already been investigated in [7, 9].

The computational domain is a rectangle of size Lx = 2m and Ly = 1m described in Fig. 5.
The gas is contained in a bubble of radius 0.4m located at the position (0.5m, 0.5m). The shock
area is delimited by x < 0.04m. Initial conditions are gathered in Table 1.

liquid

gas

liquid (shock)

Figure 5: Liquid-gas interaction: description of the computational domain
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Density (kg m−3) Pressure (Pa) Velocity (m s−1) γ π (Pa)
Liquid (shock) 1030.9 3× 109 (300., 0.) 4.4 6.8× 108

Liquid 1000. 105 (0., 0.) 4.4 6.8× 108

Gas 1. 105 (0., 0.) 1.4 0

Table 1: Liquid-gas interaction. Initial conditions.

A 600×300 space grid is used for the numerical computation. Wall boundary conditions are
imposed on the upper and lower sides, and input/output boundary conditions on the other sides.
The Courant number is 0.5.

The mapping of the volume fraction is plotted at several times in Fig. 6 and Fig. 7. Results
show good agreement between the two solvers. We also note that our results are similar to those
presented in [7] or [9].

Figure 6: Liquid-gas interaction. Mapping of the volume fraction z after 125 µs and 600 µs for the five-point
stencil scheme [3]

Figure 7: Liquid-gas interaction. Mapping of the volume fraction z after 125 µs and 600 µs for the nine-point
stencil scheme [5].

Remark: With the five-point-stencil scheme, the use of an implicit scheme in the acoustic
part reduces the computational time by 34.

6.2 Steady supersonic flow over a cylinder

A Mach 10 steady flow over a cylinder is considered. The radius of the cylinder is equal to
1. The computational domain is covered by a 100× 200 structured grid. We note that this case
is monophasic.

A comparison between the two solvers for the Lagrangian step defined in section 5 is done,
see Fig. 8. With the five-point stencil scheme, carbuncle phenomenon appears near the stag-
nation point. The numerical solution is not symmetrical. We note that the shape of the shock
instabilities is not similar to those presented in the literature [10, 11, 12]. With the genuinely
two-dimensional scheme, the solution is perfectly acceptable. Similar results have been pre-
sented in [11], where a nine-point scheme eliminates shock instabilities.
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Figure 8: Mach 10 flow over a cylinder: density contours. Comparison between different solvers in the acoustic
step. Left: five-point stencil from [3], Right: nine-point solver from [5].

Usually, such computations are done with direct Eulerian finite volume methods. In this case,
a possible cure for the carbuncle phenomenon is to use of a dissipative scheme, like the HLL
scheme [4]. Indeed these schemes are very robust for supersonic computation involving shocks
but they are very dissipative in the boundary layer. Another approach is to use a combination of
a dissipative flux function and a classical scheme [12].

In our splitting strategy, we used the HLL scheme for the acoustic step. One can see in Fig. 9
that carbuncle still appears.

Using the splitting strategy, carbuncle phenomenon seems to appear with all schemes based
on a five-point stencil. However, the scheme based on a nine-point stencil in the Lagrangian
part might offer a cure for carbuncle.

6.3 Interaction of supersonic gas flow with a liquid droplet

Finally, a unsteady supersonic two-phase flow test case is presented. We are interested in the
interaction between a supersonic gas flow and a liquid droplet.

We consider a 5 mm×3 mm rectangular domain. A liquid droplet of radius r = 0.25 mm
is initially located at the position (1, 0) mm. The droplet is modelled by a stiffened gas with
the coefficients γ = 4.4 and π = 6.108 Pa. The liquid is initially at rest, with a density of
1000 kg.m−3 at the atmospheric pressure. The gas flow is considered as a perfect gas with
γ = 1.4. At the initial time, the gas density is equal to 1.293 kg.m−3, u = (5000, 0) m.s−1, and
the pressure is 105 Pa.

The mapping of the fluid velocity magnitude for both solvers is plotted in Fig. 10. The
position of the bow shock is the same with the two solvers. In Fig. 10, the black line represents
the geometry of the liquid droplet. One can see that the location of droplet is the same but the
shape is different.

The velocity contours are plotted in Fig. 11. One can see that carbuncle phenomenon also
appears in this two-phase flow test case with the five-point stencil scheme. It seems to disturb
the gas flow between the bow shock and the liquid droplet. With the genuinely two-dimensional
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Figure 9: Mach 10 flow over a cylinder: density contours with HLL solver.

Figure 10: Interaction of supersonic gas flow with a liquid droplet. Mapping of the fluid velocity magnitude and
contour of the liquid droplet (in black) after 1.57 µs. Left: five-point stencil from [3], Right: nine-point solver
from [5].
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scheme, there are no instabilities between the bow shock and the droplet. The scheme based on
a nine-point stencil did not allow the carbuncle to appear even in this diphasic test case.

Figure 11: Interaction of supersonic gas flow with a liquid droplet. Velocity contour after 1.57 µs. Left: five-point
stencil from [3], Right: nine-point solver from [5].

7 CONCLUSIONS

In this present work, an extension of the operator splitting strategy [2, 8] to two-phase flows
using the five-equation model [1] have been presented. This strategy decouples acoustic and
transport phenomena. Several schemes based on five-point or nine-point stencils are used in
the acoustic step. In non-supersonic numerical simulations, the different schemes produce the
same results. On supersonic velocity test case, carbuncle phenomenon appears with the five-
point scheme. Using a very dissipative scheme like HLL in the Lagrangian part of the splitting
does not prevent the apparition of the instabilities. However, carbuncle does not appear when
the acoustic step is solved with a genuinely two-dimensional scheme based on a nine-point
stencil.

In the future, the implicit scheme for the genuinely two-dimensional scheme based on a
nine-point stencil has to be developed. The extension to Navier-Stokes equations is already in
progress. Finally, the extension of the genuinely two-dimensional scheme based on an approx-
imate Riemann solver located at the node in direct Eulerian approach will be considered.
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and Raphaël PONCET5

1 CMLA, ENS Cachan Université Paris-Saclay, CNRS,
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Abstract. This paper is devoted to the redesign of the Lagrangian remapping process for com-
pressible Hydrodynamics in order to achieve better computational performance. As an un-
intended outcome, the analysis has lead us to the discovery of a new family of solvers – the
so-called Lagrange-flux schemes – that appear to be very promising for the CFD community.
Results obtained with the Lagrange-flux approach are comparable with those obtained with the
“legacy” Lagrange-remap solver using staggered variables, but provide a far better scalable
computational performance, as proven using performance modeling. We also extend Lagrange-
flux scheme to the case of multimaterial flows involving interface capturing advection schemes.
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1 Motivation and introduction

For complex compressible flows involving multiphysics phenomenons like e.g. high-speed
elastoplasticity, multimaterial interaction, plasma, gas-particles etc., a Lagrangian description
of the flow is generally preferred for easier physical coupling. To ensure robustness, some spa-
tial remapping on a regular mesh may be added. A particular case is the family of the so-called
Lagrange+remap schemes [2], also referred to as Lagrangian remapping that apply a remap
step on a reference (say Eulerian) mesh after each Lagrangian time advance step. Acknowl-
edged legacy codes implementing remapped Lagrange solvers usually define thermodynamical
variables at cell centers and velocity variables at mesh nodes (see figure 1). In Poncet et al. [1],

Figure 1: “Legacy” staggered Lagrange-remap scheme: thermodynamical variables are located
at cell centers (circles) whereas velocity variables are located at cell nodes (squares).

we have achieved a node-based performance analysis of a reference legacy Lagrange-remap
hydrodynamics solver used in industry. By analyzing each kernel of the whole algorithm, using
roofline-type models [3] on one side and refined Execution Cache Memory (ECM) models [4],
[5] on the other side, we have been able not only to quantitatively predict the performance of
the whole algorithm — with relative errors in the single digit range — but also to identify a set
of features that limit the whole global performance. This can be roughly summarized into three
features:

1. Staggered velocity variables involve a rather big amount of communication to/from CPU
caches and memory with low arithmetic intensity, thus lowering the whole performance;

2. Alternating direction (AD) strategies (see the appendix in [6]) or more specifically AD
remapping procedures also generate too much communication with a loss of CPU occu-
pancy and a rather poor multicore scalability.

3. For multimaterial hydrodynamics using VOF-based interface reconstruction methods,
there is a strong loss of performance due to some array indirections and noncoalescent
data in memory. Vectorization of such algorithms is also not trivial.

From these observations and as a result of the analysis, we decided to “rethink” Lagrange-remap
schemes, with possibly modifying some aspects of the solver in order to improve node-based
performance of the hydrocode solver. We have searched for alternative formulations that lower
communication and improve both arithmetic intensity and SIMD property of the algorithm.

In this paper, we describe the process of redesign of Lagrange-remap schemes leading to
higher performance solvers. Actually, this redesign methodology has also givn us ideas of
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innovative Eulerian solvers. The so-called Lagrange-flux schemes appear to be very promising
in the Computational Fluid Dynamics community.

The paper is organized as follows. In section 2, we first formulate the requirements for the
design of higher-performance Lagrange-remap schemes. In section 3 we give a description of
the Lagrange step and formulate it under a Finite Volume form. In section 4 we focus on the
remap step which is reformulated as a finite volume scheme with pure convective fluxes. This
interpretation is applied in section 5 to build the so-called Lagrange-flux schemes. We also
discuss the important issue of achieving second order accuracy (in both space and time). In
section 7 we deal with the extension to multimaterial flow with the use of low-diffusive and
accurate interface-capturing methods.

2 Requirements

Starting from a “legacy” staggered Lagrange-remap solver and related observed performance
measurements, we want to improve the performance by modifying the computational approach
under the following constraints and requirements:

1. A Lagrangian solver must be used (for multiphysics coupling issue).

2. To reduce communication, we prefer to use collocated cell-centered variables rather than
a staggered scheme.

3. To reduce communication, we prefer use a direct multidimensional remap solver rather
than splitted alternating direction AD projections.

4. The method should be simply extended to second-order accuracy (in both space and time).

5. The solver must be able to be naturally extended to multimaterial flows.

Before going further, let us first comment the above requirements. The second requirement
should imply the use of a cell-centered Lagrange solver. Fairly recently, Després and Mazeran
in [7] and Maire and et al. [8] (with high-order extension in [9]) have proposed pure cell-
centered Lagrangian solvers based on the reconstruction of nodal velocities. In our study, we
will examine if it is possible to use approximate and simpler Lagrangian solvers in the La-
grange+remap context, in particular for the sake of performance. The fourth assertion requires
a full multidimensional remapping step, probably taking into account geometric elements (de-
formation of cells and edges) if we want to ensure high-order accuracy remapping. We have
to find a good trade-off between simplifications-approximations and accuracy (or properties) of
the numerical solver.

3 Lagrangian time advance step

As example, let us consider the compressible Euler equations for two-dimensional problems.
Denoting ρ, u = (ui)i, i ∈ {1, 2}, p and E the density, velocity, pressure and specific total
energy respectively, the mass, momentum and energy conservation equations are

∂tU` +∇ · (uU`) +∇ · π` = 0, ` = 1, . . . , 4, (1)

where U = (ρ, (ρui)i, ρE), π1 = ~0, π2 = (p, 0)T , π3 = (0, p)T and π4 = pu. For the sake of
simplicity, we will use a perfect gas equation of state p = (γ − 1)ρ(E − 1

2
|u|2), γ ∈ (1, 3]. The

speed of sound c is given by c =
√
γp/ρ.
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For any volume Vt that is advected by the fluid, from the Reynolds transport theorem we
have

d

dt

∫
Vt

U` dx =

∫
∂Vt

{∂tU` +∇ · (uU`)} dx = −
∫
∂Vt

π` · ν dσ

where ν is the normal unit vector exterior to Vt. This leads to a natural explicit finite volume
scheme in the form

|Kn+1,L|(U`)
n+1,L
K = |K|(U`)

n
K −∆tn

∑
An+1

2 ,L⊂∂Kn+1
2 ,L

|An+ 1
2
,L|πn+ 1

2
,L

A · νn+
1
2
,L

A . (2)

In expression (2), the superscript “L” indicates the Lagrange evolution of the quantity. Any
Eulerian cell K is deformed into the Lagrangian volume Kn+ 1

2
,L at time tn+

1
2 , and into the

Lagrangian volume Kn+1,L at time tn+1. The pressure flux terms through the edges An+1/2,L

are evaluated at time tn+
1
2 in order to get second-order accuracy in time. Of course, that means

that we need a predictor step for the velocity field un+ 1
2
,L at time tn+

1
2 (not written here for

simplicity).

Notations. From now on, we will use the simplified notation vn+
1
2 = un+ 1

2
,L.

4 Rethinking the remap step

The remapping step consists in projecting the fields U` defined at cell centers Kn+1,L onto
the initial (reference) Eulerian mesh with cells K. Starting from an interpolated vector-valued
field I n+1,LUn+1,L, we project the field on piecewise-constant function on the Eulerian mesh,
according to the integral formula

Un+1
K =

1

|K|

∫
K

I n+1,LUn+1,L(x) dx. (3)

Practically, they are many ways to deal with the projection operation (3). One can assemble ele-
mentary projection contributions by computing the volume intersections between the reference
mesh and the deformed mesh. But this procedure requires the computation of all the geometrical
elements. Moreover, the projection needs local tests of projection with conditional branching
(think about the very different cases of compression, expansion, pure translation, etc). Thus the
procedure is not SIMD and with potentially a loss of performance. The incremental remapping
can also interpreted as a transport/advection process, as already emphasized by Dukowicz and
Baumgardner [10].

Let us now write a different original formulation of the remapping process. In this step, there
is no time evolution of any quantity, and in some sense we have ∂tU = 0, that we rewrite

∂tU = ∂tU +∇ · (−vn+
1
2U) + ∇ · (vn+

1
2U) = 0.

We decide to split up this equation into two substeps, a backward convection and a forward one:

i) Backward convection:
∂tU +∇ · (−vn+

1
2U) = 0. (4)

ii) Forward convection:
∂tU +∇ · (vn+

1
2U) = 0. (5)

Each convection problem is well-posed on the time interval [0,∆tn] under a standard CFL
condition. Let us now focus into these two steps and the way to solve them.
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4.1 Backward convection in Lagrangian description

After the Lagrange step, if we solve the backward convection problem (4) over a time inter-
val ∆tn using a Lagrangian description, we have

|K|(U`)
n,?
K = |Kn+1,L|(U`)

n+1,L
K . (6)

Actually, from the cell Kn+1,L we go back to the original cell K with conservation of the
conservative quantities. For ` = 1 (conservation of mass), we have

|K| ρn,?K = |Kn+1,L| ρn+1,L
K

showing the variation of density by volume variation. For ` = 2, 3, 4, it is easy to see that both
velocity and specific total energy are kept unchanged is this step:

un,? = un+1,L, En,? = En+1,L.

Thus, this step is clearly computationally inexpensive.

4.2 Forward convection in Eulerian description

From the discrete field (Un,?
K )K defined on the Eulerian cells K, we then solve the forward

convection problem over a time step ∆tn under an Eulerian description. A standard Finite
Volume discretization of the problem will lead to the classical time advance scheme

Un+1
K = Un,?

K − ∆tn

|K|
∑
A⊂∂K

|A|Un+ 1
2
,?

A (v
n+ 1

2
A · νA) (7)

for some interface values U
n+ 1

2
,?

A defined from the local neighbor values Un,?
K . We finally get

the expected Eulerian values Un+1
K at time tn+1.

Notice that from (6) and (7) we have also

|K|Un+1
K = |Kn+1,L|Un+1,L

K −∆tn
∑

A⊂∂K

|A|Un+ 1
2
,?

A (v
n+ 1

2
A · νA) (8)

thus completely defining the remap step under the finite volume scheme form (8). Let us em-
phasize that we do not need any mesh intersection or geometric consideration to achieve the
remapping process. The finite volume form (8) is now suitable for a straightforward vector-
ized SIMD treatment. From (8) it is easy to achieve second-order accuracy for the remapping
step by usual finite volume tools (MUSCL reconstruction + second-order accurate time advance
scheme for example).

4.3 Full Lagrange+remap time advance

Let us note that the Lagrange+remap scheme is actually a conservative finite volume scheme:
putting (2) into (8) gives for all `:

(U`)
n+1
K = (U`)

n
K − ∆tn

|K|
∑

An+1
2 ,L⊂∂Kn+1

2 ,L

|An+ 1
2
,L| (π`)

n+ 1
2
,L

A · νn+
1
2
,L

A

− ∆tn

|K|
∑

A⊂∂K

|A| (U`)
n+ 1

2
,?

A (v
n+ 1

2
A · νA) (9)
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that can also be written

(U`)
n+1
K = (U`)

n
K − ∆tn

|K|
∑

A⊂∂K

|A|

(
|An+ 1

2
,L|

|A|
(π`)

n+ 1
2
,L

A · νn+
1
2
,L

A

)

− ∆tn

|K|
∑

A⊂∂K

|A|
(

(U`)
n+ 1

2
,?

A (v
n+ 1

2
A · νA)

)
. (10)

We recognize into (10) pressure-related fluxes and convective numerical fluxes.

4.4 Comments

The finite volume formulation (10) is attractive and seems rather simple at first sight. But
we should not forget that we have to compute a velocity Lagrange vector field vn+

1
2 = un+ 1

2
,L

where the variables should be located at cell nodes to return a well-posed deformation. More-
over, expression (10) involves geometric elements like the length of the deformed edgesAn+ 1

2
,L.

Among rigorous constructions of collocated Lagrangian solvers, let us mention the GLACE
scheme by Després-Mazeran [7] and the cell-centered EUCCLHYD solver by Maire et al [8].
Both are rather computationally expensive and their second-order accurate extension is not easy
to achieve.

Although it is possible to couple these Lagrangian solvers with the flux-balanced remapping
formulation, it is also worth searching for simplified approximate Lagrange formulations. One
of the difficulty in the analysis of Lagrange-remap schemes is that, in some sense, space and
time are coupled by the deformation process.

Below, we derive a formulation that leads to a proper separation between space and time, in
order to determine the order of accuracy in a simple way. The idea is to make the time step tend
to zero in the Lagrange-remap scheme (method of lines [11]), then exhibit the instantaneous
spatial numerical fluxes through the Eulerian cell edges that will serve for the construction of
an explicit finite volume scheme. Because the method needs an approximate Riemann solver in
Lagrangian form, we will call it a Lagrange-flux scheme.

5 Derivation of a simple second-order accurate Lagrange-flux scheme

From conclusions of the discussion above, we would like to be free from any “complex”
collocated Lagrangian solver involving complex geometric elements. Another difficult point is
to define the deformation velocity field vn+

1
2 at time tn+

1
2 , in an accurate manner.

In what follows, we are trying to deal with time accuracy in a different manner. Let us
comme back to the Lagrange+remap formula (10). Let us consider a “small” time step t > 0
that fulfils the usual stability CFL condition. We have

(U`)K(t) = (U`)
n
K − t

|K|
∑

A⊂∂K

|A|
(
|AL(t/2)|
|A|

(π`)
L
A(t/2) · νLA(t/2)

)
− t

|K|
∑

A⊂∂K

|A| (U`)
?
A(t/2)vA(t/2) · νA.

By making t tend to zero, (t > 0), we have AL(t/2) → A, (π`)
L(t/2) → π`, v(t/2) → u,

(U`)
? → U`, then we get a semi-discretization in space of the conservation laws. That can be

seen as a method of lines ([11]):

d(U`)K
dt

= − 1

|K|
∑

A⊂∂K

|A| ((π`)A · νA)− 1

|K|
∑

A⊂∂K

|A| (U`)A (uA · νA). (11)
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We get a classical finite volume method in the form

dUK

dt
= − 1

|K|
∑

A⊂∂K

|A| ΦA

with a numerical flux ΦA whose components are

(Φ`)A = (U`)A (uA · νA) + (π`)A · νA. (12)

In (11), pressure fluxes (p`)A and interface velocities uA can be computed from an approximate
Riemann solver in Lagrangian coordinates (for example the Lagrangian HLL solver, see [12]).
Then, the interface states (U`)A can be computed from a upwind process according to the sign
of the normal velocity (uA · νA). To get higher-order accuracy in space, one can use a stan-
dard MUSCL reconstruction + slope limiting process. At this stage, because there is no time
discretization, all acts on the Eulerian mesh and fluxes are defined at the edges the the Eulerian
cells.

To get high-order accuracy in time, one can then apply a standard high-order time advance
scheme (RK2, etc.). For the second-order Heun scheme for example, we have the following
algorithm:

1. Compute the time step ∆tn subject to some CFL condition;

2. Predictor step. MUSCL reconstruction + slope limitation: from the discrete values Un
K ,

compute a discrete gradient for each cell K.

3. Use a Lagrangian approximate Riemann solver to compute pressure fluxes πn
A and inter-

face velocities un
A

4. Compute the upwind edge values (U`)
n
A according to the sign of (un

A · νA);

5. Compute the numerical flux Φn
A as defined in (12);

6. Compute the first order predicted states U?,n+1
K :

U?,n+1
K = Un

K −
∆tn

|K|
∑

A⊂∂K

|A| Φn
A

7. Corrector step. MUSCL reconstruction + slope limitation: from the discrete valuesU?,n+1
K ,

compute a discrete gradient for each cell K.

8. Use a Lagrangian approximate Riemann solver to compute pressure fluxes π?,n+1
A and

interface velocities u?,n+1
A

9. Compute the upwind edge values (U`)
?,n+1
A according to the sign of (u?,n+1

A · νA);

10. Compute the numerical flux Φ?,n+1
A as defined in (12);

11. Compute the second-order accurate states Un+1
K at time tn+1:

Un+1
K = Un

K −
∆tn

|K|
∑

A⊂∂K

|A| Φn
A + Φ?,n+1

A

2
.

One can appreciate the simplicity of the numerical solver.
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Figure 2: Second-order Lagrange-flux scheme on reference Sod’s 1D shock tube problem. Time
is T = 0.23, 384 mesh points. Here Sweby’s slope limiter with coefficient 1.5 is used.

5.1 Details on the Lagrangian HLL approximate solver

A HLL approximate Riemann solver [12] in Lagrangian coordinates can be used to easily
compute interface pressure and velocity. For a local Riemann problem made of a left state UL

and a right state UR, the contact pressure p? is given by the formula

p? =
ρRpL + ρLpR
ρL + ρR

− ρLρR
ρL + ρR

max(cl, cR) (uR − uL), (13)

and the normal contact velocity u? by

u? =
ρLuL + ρRuR
ρL + ρR

− ρLρR
ρL + ρR

pR − pL
max(cl, cR)

(14)

leading to very simple operations.

5.2 Numerical experiments

Shock tube problems. An as example, we test the Lagrange-flux scheme presented in sec-
tion 5 on the reference one-dimensional Sod shock tube problem [13]. We use a Runge-Kutta
2 (RK2) time integrator and a MUSCL reconstruction using the second-order Sweby slope lim-
iter [14]

φ(a, b) = (ab > 0) sign(a) max
(

min(|a|, β|b|), min(β|a|, |b|)
)

with coefficient β = 1.5. We use a uniform grid made of 384 points. The final time is T = 0.23
and a CFL number equal to 0.25 . On figure 2, one can observe a good behaviour of the Eulerian
solver, with rather sharp discontinuities and low numerical diffusion into rarefaction fans.

The second reference example is a case of two moving-away rarefaction fans under near-
vacuum conditions (see Toro [12]). It is known that the Roe scheme breaks down for this case.
The related Riemann problem is made of the left state (ρ, u, p)L = (1,−2, 0.4) and right state
(ρ, u, p)R = (1, 2, 0.4). The final time of T = 0.16. We use 8192 mesh points to stress the
behaviour on a refined mesh. Numerical results are given in figure 3. One can observe once
again a nice behaviour of the method with a rather good accuracy.

Complex flow with high density ratios. In order to validate and compare both staggered La-
grange+remap and collocated Lagrange-flux, we propose the following original two-dimensional
monofluid case. The computational domain is the rectangle [0, Lx] × [0, Ly] with Lx = 3
and Ly = 2. Boundary conditions are wall slip boundary conditions. The initial solution is
a piecewise constant solution being constant into three different regions (see figure 4). Into
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Figure 3: Second-order Lagrange-flux scheme on a double rarefaction near-vacuum case. Final
time is T = 0.16, 8192 mesh points.

the region number 1 delimited by the rectangle [0, 1] × [1.1, 2], the solution is defined by
(ρ, u, v, p) = (1, 0, 0, 1). Into the region number 2 delimited by the rectangle [0, 2]× [0.9, 1.1],
the solution is defined by (ρ, u, v, p) = (100, 0, 0, 0.1). Into the last region number 3, we
impose (ρ, u, v, p) = (0.125, 0, 0, 0.1). A perfect gas law with γ = 1.4 is used. For spatial
discretization, we use a rather fine Cartesian mesh made of 1200× 400 points.

Into region nb 2, we have a dense cold fluid and a high density ratio between zone 2 and the
two other zones. In region nb 1, we have a greater pressure that initiates a flow dynamics. The
solution develops a complex structure made of several propagating shock waves, a low moving
heavy fluid zone delimited by contact discontinuities, and a vortex of rarefied gas near the right
border of the region 2. Numerical results between Lagrange-flux discretization versus staggered

Figure 4: Geometry and initial conditions. All boundary conditions are wall slip conditions.

Lagrange+remap with splitted alternating directional remapping are shown in figure 5. One can
observe that the density fields at snapshot time t = 2 sec are very comparable from the accuracy
point of view. One can only notice a slight difference of capture of the contacts.

6 Performance results

In the “performance” companion paper [15], we propose a rigorous performance modeling
approach to analyze the performance of both legacy Lagrange-remap solver and the Lagrange-
flux scheme. It is indeed shown that performance results are far better using the Lagrange-flux
scheme. The reformulated approach is also more suitable for SIMD and multi-core scalability.
We refer to the companion paper [15] for interested readers.
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(a) Lagrange-flux scheme, final time t = 2 sec.
Density field, colormap in log scale.

(b) Legacy staggered Lagrange + splitted directional
remapping, final time t = 2 sec. Density field, col-
ormap in log scale.

Figure 5: Comparison of results between Lagrange-flux discretization vs staggered La-
grange+remap with splitted directional remapping.

7 Dealing with multimaterial flows

We would like to give an outline of the possible extension of Lagrange-flux schemes to
compressible multimaterial/multifluid flows, i.e. flows that composed of different immiscible
fluids and separated by free boundaries. Details of the multimaterial extension can be found
into [18].

For pure Lagrange+remap schemes, usually VOF-based interface reconstruction (IR) algo-
rithms are used (Young’s PLIC, etc.). After the Lagrangian evolution, for the cells that host
more than one fluid, fluid interfaces are reconstructed. During the remapping step, one has
to evaluate the mass fluxes per material. From the computational point of view and comput-
ing performance, this process generally slows down the whole performance because of many
array indirections in memory and specific treatment into mixed cells along with the material
interfaces.

If the geometry of the Lagrangian cells is not completely known (as in the case of Lagrange-
flux schemes), anyway we have to proceed differently. A possibility is to use interface captur-
ing (IC) schemes, e.g. conservative Eulerian schemes that evaluate the convected mass fluxes
through Eulerian cell edges. This can be achieved by the use of antidiffusive/low-diffusive
advection solvers in the spirit of Després-Lagoutière’s limited-downwind approach [16] or
VoFire [17]. In a recent work [18], we have analysed the origin of known artefacts and nu-
merical interface instabilities for this type of solvers and concluded that the reconstruction of
fully multidimensional gradients with multidimensional gradient limiters was necessary. Thus,
we decided to use low-diffusive advection schemes with a Multidimensional Limiting Process
(MLP) in the spirit of [20]. The resulting method is quite accurate, shape-preserving and free
from any artefact. We show some numerical results in the two next subsections. Let us empha-
size that the interface capturing strategy perfectly fits with the Lagrange-flux flow description,
and the resulting schemes are really suitable for vectorization (SIMD feature) with data coales-
cence into memory.
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7.1 Interface capturing for pure advection problems

Let us first present numerical results on a pure scalar linear advection problem. The forward-
backward advection case proposed by Rider and Kothe [21] is a hat-shaped function which is
advected and stretched into a rotating vector field, leading to a filament structure. Then by
applying the opposite velocity field, one have to retrieve the initial disk shape. In figure 6,
we show the numerical solutions obtained on a grid 5002 for both the scalar field (of variable
z ∈ [0, 1]) and the quantity z(1− z) that indicates the spreads of the diffuse interface. One can
conclude the very good behaviour of the method, providing both stability, accuracy and shape
preservation.

(a) At initial time t = 0 (b) At time t = 3

(c) At time t = 6 (d) At time t = 9

(e) At final time t = 12

Figure 6: Validating the low-diffusive interface capturing scheme on the Kothe-Rider advection
case, mesh 5002.

7.2 Three-material hydrodynamics problem

We then consider our interface capturing method for multifluid hydrodynamics. Because
material mass fractions are advected, that is

∂tyk + u · ∇yk = 0, k = 1, ..., N,

one can use the advection solver of these variables but we prefer a conservative form of the
equations

∂t(ρyk) +∇ · (ρyku) = 0

in order to enforce mass conservation (see also [22]). The multimaterial Lagrange-flux scheme
is tested on the reference “triple point” test case, found e.g. in Loubère et al. [23]. This prob-
lem is a three-state two-material 2D Riemann problem in a rectangular vessel. The simulation
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Figure 7: Geometry and initial configuration for the reference triple-point case.

(a) Density field (b) Pressure field

(c) Temperature field (d) Colored representation of material indicators

Figure 8: Results on the multimaterial “triple point” case (perfect gases) using a collocated
Lagrange+remap solver + low-diffusive interface capturing advection scheme, mesh made of
2048× 878 points. Final time is T = 3.3530.

domain is Ω = (0, 7) × (0, 3) as described in figure 7. The domain is splitted up into three
regions Ωi, i = 1, 2, 3 filled with two perfect gases leading to a two-material problem. Perfect
gas equations of state are used with γ1 = γ3 = 1.5 and γ2 = 1.4. Due to the density differences,
two shocks in sub-domains Ω2 and Ω3 propagate with different speeds. This create a shear
along the initial contact discontinuity and the formation of a vorticity. Capturing the vorticity
is of course the difficult part to compute. We use a rather fine mesh made of 2048× 878 points
(about 1.8M cells). One figure 8, we plot the density, pressure, temperature fields respectively
and indicate the location of the three material zones. On can observe a nice capture of both
shocks and contact discontinuities. The vortex is also captured accurately.

8 Concluding remarks and perspectives

This paper is firstly focused on the redesign of Lagrange-remap Hydrodynamics solvers in
order to achieve better HPC node-based performance. We have reformulated the remapping
step under a finite volume flux balance, allowing for a full SIMD algorithm. As an unin-
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tended outcome, the analysis has lead us to the discovery of a new promising family of Eulerian
solvers – the so-called Lagrange-flux solvers – that show simplicity, accuracy, and flexibility
with a proven higher performance capability (see the “performance” ECCOMAS companion
paper [15]). Interface capturing methods can be easily plugged-in for solving multimaterial
flow problems.
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Abstract. Directional split is a common technique used in Finite–Volume Methods (FVM)

for solving multidimensional hyperbolic partial differential equations on regular grids. The

directional split method is based on independent one–dimensional flux calculation for each

Cartesian direction. Second order accuracy is achieved by doing a piecewise linear calculation

of cell quantities in a Monotonic Upstream–Centered Scheme for Conservation Laws (MUSCL)

scheme. This one–dimensional reconstruction results in artificial grid–orientation dependence

of the numerical solution, i.e. some anisotropy are introduced even for originally isotropic prob-

lems. To mitigate the anisotropy of these schemes we propose to use extended two–dimensional

stencils during the reconstruction step, while keeping the directional–split nature of the scheme.

In this work, we introduce a novel multi–dimensional modification of the minmod slope lim-

iter in the context of a MUSCL Hancock directional split FVM numerical scheme. Local di-

rection of the unlimited gradient is utilized in the construction of our limiter. Improvements in

the isotropy of the numerical solution are demonstrated for the linear advection as well as for

standard hydrodynamics test cases on square meshes.
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1 INTRODUCTION

In Finite–Volume Methods (FVM), second–order accuracy is achieved by using piecewise

linear reconstruction of the variable quantities [1]. Near discontinuities, the most important

part of the reconstruction is to reduce (limit) calculated slopes. This limitation is typically

enforced by a slope limiter. FVM schemes traditionally employ directional split on regular

grids. Consequently, the piecewise linear reconstruction is typically constructed independently

for each Cartesian direction. Such directional one–dimensional reconstruction has for effect

to introduce artificial anisotropy error in the numerical solution. The goal of this paper is to

analyze and mitigate this numerical anisotropy error.

For hydrodynamic problems with a smooth solution, isotropic finite–difference scheme such

as in [2] can be employed. The scheme is free of the directional (anisotropic) error in error terms

of the lowest order. To approximate the first derivative, these isotropic finite–differences are

based on six–point stencil in two spatial dimensions contrary to two–point (one–dimensional)

stencil for the standard central difference approximation. Further theoretical analysis and the

derivation of an isotropic finite volume discretization was presented in [3].

For a discontinuous solution, necessary constraints to avoid a numerical oscillation during

the application of slope limiters on square meshes were derived in [4]. These additional con-

straints for one–dimensional Total Variation Disminishing (TVD) limiters are the main part of

this Multi–dimensional Limiting Process (MLP). On unstructured grids, this MLP procedure

reduces [5] to the classical multi–dimensional Barth–Jespersen limiter [6] with an extended

stencil. A multi–dimensional application of slope limiters on unstructured grids with partic-

ular interest to definition of maximum principle regions was reviewed in [7]. An alternative

approach to direct reconstruction limiting using Vector Image Polygon for scalar variables was

presented in [8].

In this paper, we examine the standard one–dimensional minmod limiter [9] for a piecewise

linear reconstruction. On a set of numerical examples, we demonstrate the development of an

artificial anisotropy, which is introduced by this limiter. We propose a novel multi–dimensional

extension of the minmod limiter to mitigate this anisotropy. This is in contrast to MLP and

another approaches, where the original minmod limiter satisfies all multi–dimensional require-

ments.

The paper is organized as follows. A review of a directional split MUSCL Hancock nu-

merical discretization [1] of the Euler equations is provided in next section. The third section

is devoted to the piecewise linear reconstruction and to the presentation of our novel multi–

dimensional variations of the minmod limiter. These limiters are numerically investigated in

section 4. At first, an analysis of convergence and symmetry preservation is provided for the

linear advection. Performance of our multi–dimensional Principal limiter is further demon-

strated for Sedov and Noh hydrodynamic test cases.

2 NUMERICAL DISCRETIZATION

In this work, we use a directional split MUSCL Hancock numerical scheme [1] to solve the

Euler equations. The scheme is based on a sequential application of one–dimensional numerical

method along main axes x and y. For every time–step ∆t, we apply both updates in the x– and

y–direction independently, whereas the order of the direction is alternated.

Here we provide a short review of the directional split MUSCL Hancock scheme employing

a piece–wise linear reconstruction of primitive variables inside a computational domain. One–
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dimensional piecewise linear reconstruction in each computational cell i has the form

W
±
i = Wi ±

∆i

2
, (1)

for W = (w, v, p, ρ)T in the case of the two–dimensional Euler equations.

∆i = W
x
i ∆x , W

x
i = (wx

i , v
x
i , p

x
i , ρ

x
i )

T . (2)

These slope approximations W
x
i are determined by a slope limiter. Traditionally, the slope

limiter is calculated independently using one–dimensional information. Different piecewise

linear reconstructions using slope limiters are reviewed in section 3.

The first part of the scheme is the predictor step to the time–level n + 1/2. In the x–sweep,

the system

Wt + AWx = 0 A =




w 0 1/ρ 0
0 w 0 0
ρc2 0 w 0
ρ 0 0 w


 W =




w
v
p
ρ


 (3)

with the sound speed c is solved explicitly in each computational cell i for the face extrapolated

values

W
±
i
n+1/2

= W
±
i
n
−

1

2

∆t

∆x
A(W±

i
n
)∆n

i . (4)

For these face extrapolated values, we apply the HLL Riemann solver [10] with wave speed

approximations

SL = min(uL − cL, uR − cR) (5)

SR = max(uL + cL, uR + cR) . (6)

3 TWO–DIMENSIONAL PIECEWISE LINEAR RECONSTRUCTION

The general form of a piecewise linear reconstruction (preserving a mean quantity) inside a

computational cell i, j is

u(x, y) = ui,j + ux
i,j(x− xi,j) + uy

i,j(y − yi,j) , (7)

where (xi,j , yi,j) is the cell center coordinate and u is the quantity. On a square computational

mesh, this reconstruction can be calculated independently for each orthogonal direction x and y
assuming the location of inter–cell fluxes at centers of mesh faces as indicated in Figure 1. For

faces aligned with the x axis, we can write

ui,j+1/2,L = ui,j + ux
i,j(xi,j − xi,j) + uy

i,j(yi,j +
∆x

2
− yi,j) = ui,j + uy

i,j

∆x

2
(8)

and the application of one–dimensional slope limiters seems to be appropriate.
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i− 1 i i+ 1

j − 1

j

j + 1

ui,j

~xi,j−1

~xi+1/2,j−1/2

~xi+1/2,j−1

u
n+1/2
i+1/2,j+1,L u

n+1/2
i+1/2,j+1,R

u
n+1/2
i−1,j+1/2,L

u
n+1/2
i−1,j+1/2,R

Figure 1: Computational mesh schematic. Cell coordinate and mean cell quantity ui,j shown in black. Left and

right face–based reconstructed states shown in blue/red.

i− 1 i i + 1

j − 1

j

j + 1

i− 1 i i + 1

j − 1

j

j + 1

(a) (b)

Figure 2: Schematic representation of the MinMod reconstruction along split directions inside the central cell i, j.

x–direction in (a) and y–direction in (b). Potential slopes indicated by ”barbells”. Effective cells emphasized in

color.

3.1 One–dimensional mimmod limiter

The standard one–dimensional mimmod (1D MinMod) limiter for a piecewise linear recon-

struction uses only the information along one direction. Here, we present the formulas only for

x–direction. Assuming the mean value ui = ui,j (for fixed j) in the cell i, we compute limited

slopes as a combination of the left ux,L
i = ui−ui−1

∆x
and the right ux,R

i = ui+1−ui

∆x
finite difference

approximations using the minmod function to get the final slope

ux,minmod
i =

{
0 if ux,L

i ux,R
i < 0

sign(ux,L
i )min(|ux,L

i |, |ux,R
i |) else.

(9)

Although 1D MinMod slopes are appropriate for second–order methods, we have observed

that these slopes violate radial symmetry of radially symmetric problems, i.e. the anisotropy of

a numerical solution is increased. Numerical examples of this artificial anisotropy are provided

in section 4.

3.2 Two–dimensional limiters

The main motivation for genuinely multi–dimensional limiters is to reduce the anisotropy

caused by the standard 1D MinMod limiter. At first, we derive an artificial limiter aligned with
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a diagonal direction to show that most of the numerically observed anisotropy is caused by the

limiter itself. Then, we construct novel limiters using different convex combination of these

limiters.

3.2.1 Diagonal MinMod limiter

Here we construct a natural analogue of the 1D MinMod limiter rotated by 45 degrees. We

start with the calculation of slopes along diagonals, i.e. along the lines

e(x, y) =
x+ y
√
2

f(x, y) =
y − x
√
2

. (10)

In this case, the natural choice of the left and right difference are

i− 1 i i + 1

j − 1

j

j + 1

Figure 3: Schematic representation of the limited reconstruction inside the central cell i, j. Potential slopes indi-

cated by ”barbells”. Effective cells emphasized in color.

ue,L
i,j =

ui,j − ui−1,j−1
√
2∆x

uf,L
i,j =

ui−1,j+1 − ui,j
√
2∆x

(11)

ue,R
i,j =

ui+1,j+1 − ui,j√
2∆x

uf,R
i,j =

ui,j − ui+1,j−1√
2∆x

. (12)

Having these differences, the minmod function (9) is applied to obtain limited diagonal slopes

ue
i,j and uf

i,j . Finally, Cartesian slopes are provided by the transformation

∂u

∂x
=

∂u

∂e

∂e

∂x
+

∂u

∂f

∂f

∂x
=

1
√
2

(
∂u

∂e
+

∂u

∂f

)
(13)

∂u

∂y
=

∂u

∂e

∂e

∂y
+

∂u

∂f

∂f

∂y
=

1
√
2

(
∂u

∂f
−

∂u

∂e

)
(14)

ux,MinMod Diag
i,j =

1
√
2

(
ue
i,j + uf

i,j

)
(15)

uy,MinMod Diag
i,j =

1
√
2

(
uf
i,j − ue

i,j

)
. (16)

3.2.2 Principal and Minor MinMod limiters

The Principal and the Minor MinMod limiters are constructed as a convex combination of

the 1D MinMod limiter with the Diagonal MinMod limiter according to the local direction of

the unlimited gradient inside each computational cell.
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i− 1 i i + 1

j − 1

j

j + 1

Figure 4: Schematic representation of the limited reconstruction inside the central cell i, j. Potential slopes indi-

cated by ”barbells”. Effective cells emphasized in color.

Assuming that the direction of the unlimited gradient in a computational cell i, j is given by

the polar angle Ψi,j , e.g. Ψi,j = arctan(uy,unlim
i,j /ux,unlim

i,j ) for x > 0, we define

ux,Principal
i,j = ux,1D MinMod

i,j + sin2(2Ψi,j)
(
ux,MinMod Diag
i,j − ux,1D MinMod

i,j

)
(17)

ux,Minor
i,j = ux,1D MinMod

i,j + cos2(2Ψi,j)
(
ux,MinMod Diag
i,j − ux,1D MinMod

i,j

)
(18)

and analogically for the y direction.

The function sin2(2Ψi,j) reaches local maximum of one along directions of Cartesian axes.

Therefore, the 1D MinMod limiter is preferred for the unlimited gradient aligned with Cartesian

axes. The function cos2(2Ψi,j) in the Minor limiter is shifted by π/4. The Minor MinMod

limiter represents less diffusive alternative to the Principal limiter.

4 NUMERICAL RESULTS

Here we present numerical results using the directional split numerical scheme from sec-

tion 2 and the various limiters introduced in section 3. We call these results: 1D MinMod,

Diagonal MinMod, Principal MinMod and Minor MinMod. Two more results are presented for

comparison, namely results of an unlimited method using central differences (Unlimited) for a

local gradient approximation and a low–order method with a piecewise constant reconstruction

(Donor).

To compare the numerical results, we use the standard L1 error

EL1 =
∑

i

∑

j

|u
tf
i,j − ue

i,j|∆x2 ,

where u
tf
i,j = utf (xi,j , yi,j) denotes numerical solution at the final time tf and ue

i,j = ue(xi,j, yi,j)
stands for the exact solution and ∆x is the mesh spacing.

The L1 error is a global measure of a numerical error. It is not a representative measure of

radial symmetry (isotropy) violation for the initially radial–symmetric problem. For discontin-

uous initial data, it is natural to expect some amount of numerical diffusion in the calculated

data. In particular, there is no physical reason to introduce any anisotropy for isotropic initial

data during linear advection. Standard limiters reduce this diffusion along diagonal directions

with respect to square computational mesh. Whereas the L1 error is improved through this

reduction, we prefer to obtain a mesh–alignment independent solution (even if it is more diffu-

sive). To measure the radial symmetry violation, we replace the exact solution in the L1 error

by the final numerical solution averaged over angular direction umean
i,j .
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The symmetry violation is given by

Es =
∑

i

∑

j

|u
tf
i,j − umean

i,j |∆x2 . (19)

All our test cases in the following are in two dimensions.

4.1 Smooth function advection

The initial smooth Gaussian function u0
i,j = exp(−(5ri,j)

2) is discretized on the computa-

tional domain (−0.5, 0.5) × (−0.5, 0.5). The advection speed is constant with the advection

velocity (a1, a2) = (1, 1) for the governing equation

∂u

∂t
+ a1

∂u

∂x
+ a2

∂u

∂y
= 0 . (20)

The L1 error of the numerical solution at final time tf = 1 for four different mesh resolutions

is presented in Table 1, where the ”Donor” method stands for a piecewise constant reconstruc-

Grid Donor Unlimited 1D MinMod Diagonal MM Principal MM Minor MM

202 8.74e-02 9.32e-03 2.86e-02 3.67e-02 3.09e-02 2.93e-02

402 5.53e-02 1.58e-03 9.53e-03 1.25e-02 9.78e-03 8.27e-03

802 3.21e-02 3.15e-04 3.34e-03 4.32e-03 3.74e-03 2.41e-03

1602 1.75e-02 7.50e-05 1.01e-03 1.38e-03 1.38e-03 6.85e-04

Table 1: L1 error for four mesh resolutions for the smooth Gaussian function advection.

tion. All limiters show similar error and as well as the order of convergence, which is less than

two, as indicated in Table 2.

Grid N/M Donor Unlimited 1D MinMod Diagonal Principal Minor

202/402 0.7 2.6 1.6 1.6 1.7 1.8

402/802 0.8 2.3 1.5 1.5 1.4 1.8

802/1602 0.9 2.1 1.7 1.6 1.4 1.8

Table 2: Numerical order of convergence, i.e. log2(L1N/L1M), for the Gaussian function advection.

4.2 Circle advection

Grid 1D MinMod Diagonal MM Principal MM Minor MM

202 1.03e-01 1.16e-01 1.11e-01 1.05e-01

402 6.62e-02 7.46e-02 7.28e-02 6.81e-02

802 4.29e-02 4.83e-02 4.70e-02 4.42e-02

1602 2.78e-02 3.13e-02 3.04e-02 2.87e-02

Table 3: L1 error for four mesh resolutions for the circle advection.
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The circle shape is represented by the initial function u(r) = 1 for r < 0.25 and u(r) = 0
elsewhere, discretized on the computational domain (−0.5, 0.5)×(−0.5, 0.5) with the advection

velocity (a1, a2) = (1, 1). The error at final time tf = 1 in L1 norm is presented in Table 3.

Initial and advected shapes on a coarse grid are plotted in Figure 5. We can see the artificial

Initial Unlimited 1D MinMod

Diagonal MinMod Principal MinMod Minor MinMod

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 5: Circle shape contours at the final time 1 with a constant advection velocity (1,1) on a grid size of 20× 20
cells for different limiters.

Grid 1D MinMod Diagonal MM Principal MM Minor MM

20 7.31e-03 7.00e-03 4.52e-03 4.37e-03

40 4.36e-03 4.52e-03 3.81e-03 3.52e-03

80 2.84e-03 3.05e-03 2.41e-03 2.78e-03

160 1.55e-03 1.73e-03 1.53e-03 1.62e-03

Table 4: Symmetry violation Es for four mesh resolutions for the circle shape advection.

anisotropy introduced by the 1D MinMod limiter. As a consequence, initially circular contours

become more squared. The same ”squaring” is presented for the Diagonal limiter, but the square

is now rotated by 45 degrees. It suggests that this anisotropy is caused mainly by the limiter

itself, regardless to the error of the directional split update of numerical fluxes. Our proposed

Principal and Minor limiters provide more isotropic result.

In Table 4, the error Es given by Equation (19) is presented. This error gives a measure of

the anisotropy of the limiters. For both the Principal and the Minor limiters, the anisotropy is

about two thirds of the 1D limiter for a coarse mesh. This difference is becoming less important

with mesh refinement. However, the Principal limiter shows better convergence than the Minor

limiter. The convergence with respect to the symmetry violation is shown in Figure 6.

4.3 Hydrodynamic tests

We start the hydrodynamic section with 2D Sedov blast wave followed by 2D Noh implosion

test case, showing the importance of an isotropic piecewise linear reconstruction. We compare

1186



J. Velechovsky1 and M. M. Francois1

20x20 40x40 80x80 160x160
Mesh

10-3

10-2

Es

Symmetry violation - Cylindrical shape

1D MinMod
Diagonal MinMod
Principal MinMod
Minor MinMod

Figure 6: Symmetry violation convergence plots for linear advection of the circle shape for novel limiters.

three different limiters for a piecewise linear reconstruction, which is used in both the predictor

step and the Riemann solver state definition.

4.3.1 2D Sedov blast wave

The Cartesian computational domain (−1.2, 1.2)× (−1.2, 1.2) is covered by a square mesh

with 200×200 cells. At the initial time t = 0, the fluid (ideal gas with γ = 1.4) is static and has

uniform density ρ = 1. Fluid pressure is p = 10−6 everywhere except four computational cells

1D MinMod Diagonal MinMod Principal MinMod
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Figure 7: Density surface and scatter plots for Sedov explosion test case. 200 × 200 cells at final time 1.

in the center of the domain, where p = 0.0979264/∆x2, which corresponds to the amount of

energy in the definition of Sedov problem [11]. These high–energy cells represent a point initial
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energy generating a circular shock wave spreading from the center. In the final time t = 1, the

shock wave reaches the radius r = 1. Numerical results are shown in Figure 7.

For the standard 1D MinMod limiter, there is a clear angular dependency of the shock max-

imal density. The Diagonal limiter is more diffusive along diagonal directions, however it

provides a more isotropic solution compared to the 1D MinMod limiter. Overall, the results

obtained with the Principal and Diagonal limiters are comparable to each other for this test case

and are much more isotropic than the results obtained with the 1D MinMod limiter. The lower

part of Figure 7 provides a scatter plot of the final density, where the average solution (in red)

is used in the calculation of the symmetry violation (19).

4.3.2 2D Noh implosion

Reduced anisotropy is further demonstrated by results of Noh implosion test case [12] shown

in Figure 8 at the final time t = 0.6. The computation is initialized with the constant initial
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Figure 8: Density surface and scatter plots for Noh implosion test case. 200 × 200 cells at final time 0.6.

density ρ = 1 and the radial velocity ur = −1 directed towards the origin on the square domain

(−0.8, 0.8)× (−0.8, 0.8) covered by the equidistant rectangular grid with 200 × 200 cells. The

initial and boundary pressure of the fluid with γ = 5/3 are set to p = 1 · 10−6 and we apply the

exact density condition on the computational domain boundary ρ(r, t) = 1 + t/r for r > t/3.

According to the construction of the standard 1D MinMod limiter, the numerical diffusion

is again lower along the diagonal directions. Consequently, the numerical result is more accu-

rate in regions along the diagonal directions. In Figure 8, these regions are located close to the

boundary of the dense central spot with the radius r < 0.2, where ρe = 16. With the Diagonal

MinMod limiter the highest–density regions are produced along the directions of the Cartesian

axes, whereas with the 1D MinMod limiter, highest–density regions are produced along the di-

agonal axes, i.e. the regions are shifted by an angle of 45 degrees. In regions of highest–density,

results with the Principal MinMod limiter are more diffusive but more isotropic compared to
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the results with the 1D MinMod limiter. Reduced spread of the density along the central spot is

further demonstrated by a zoom in scatter plots in the lower part of Figure 8.

5 CONCLUSIONS

We have demonstrated improved isotropy of the standard one–dimensional slope limiter for a

piecewise linear reconstruction on square meshes for a directional split numerical scheme. The

anisotropy is reduced by the application of a genuinely multi–dimensional slope limiter. The

biggest improvement in the numerical solution calculated by our multi–dimensional minmod

limiter (Principal MinMod) is observed on coarse meshes. This multi–dimensional approach

could also be extended to other slope limiters. In future work, we will consider estimation of

the numerical diffusion in conjunction with estimation of isotropic solution improvements.
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Abstract. This paper is a practical example of co-design between numerical analysis and
high performance computing, applied to compressible fluid mechanics. We consider a legacy
numerical method, based on a Lagrange-Remap solver for the compressible Euler equations,
use tools from analytical performance modeling to quantitatively understand its behavior on
recent multicore CPUs, and extract its computational bottlenecks. This analysis inspires us to
propose a new numerical method, called Lagrange-Flux. Experimental results show that this
new method yields an algorithm that is more computationally efficient, and at the same time
retains the good numerical properties of the original Lagrange-Remap solver.

1191



Thibault GASC, Florian De VUYST, Mathieu PEYBERNES, Raphaël PONCET and Renaud MOTTE

1 Introduction

This paper is motivated by the adaptation and modification of a legacy numerical method
arising in compressible fluid mechanics — the Lagrange-Remap solver —, in order to devise an
alternative algorithm that is numerically equivalent, but more computationally efficient on cur-
rent typical computing hardware: multicore CPUs. This kind of solver is used to approximate
the compressible Euler equations, and is of particular interest for industrial applications involv-
ing complex compressible flows. It is for instance used in numerical simulation of plasma,
high-speed flows of elastoplastic materials, and multi-material flows [1].

Computational efficiency of a given piece of code on a given hardware can be readily eval-
uated by measuring the runtime of this code. It is then straightforward to evaluate relative
performance of two algorithms solving the same problem by comparing their results on the
same benchmark, for both numerical quality and runtime. However, the validity of these results
become tied to the particular hardware used for the tests. It is a problem, since in general, com-
puting hardware evolves much more quickly other time than numerical methods (especially in
the case of algorithms used in legacy industrial codes).

Hence, we propose to use a more future-proof, quantitative and general methodology to as-
sess algorithm computational efficiency: we use a theoretical performance model to predict
algorithm performance. This model depends on the algorithm itself, and on a simplified hard-
ware description using a few parameters (typically less than 10). Hence, similarly to the sci-
entific method applied to physics or engineering, if our performance model is rich enough to
adequately capture the behaviour of our algorithm, it can be used not only for quantitative pre-
diction, but also for precise qualitative understanding. In a previous work [2], we established
that the so-called ECM model [3] has the capability to accurately predict Lagrange-Remap
solver performance on multicore CPUs.

The main contribution of this paper is to show how performance modeling using the ECM
model leads us to extract the computational bottlenecks of the Lagrange-Remap algorithm, link
them to properties of the numerical method, and naturally propose the Lagrange-Flux algorithm
(originally introduced in [4] from a numerical analysis point view) as an alternative. Superior
computational performance of this new algorithm — from both a scalability and absolute per-
formance point of view — is then inferred from theoretical analysis, and verified by numerical
experiments. Up to our knowledge, this is the first published work in computational fluid dy-
namics using analytical performance models as a quantitative methodology for carrying out
co-design between numerical analysis and high performance computing.

This paper is organized as follows: in section 2, we detail the analytical performance models
used in this study for predicting and understanding algorithm runtimes. In section 3, we briefly
recall the formulation of the legacy Lagrange-Remap solver, sum up the results of its perfor-
mance analysis carried out in our previous work [2], and deduce its performance bottlenecks.
In section 4 we briefly introduce the Lagrange-Flux solver, conduct its performance analysis,
theoretically show its computational advantages over the Lagrange-Remap solver, and verify
the better performance and scalability of this new algorithm. Finally we discuss the interest of
our methodology and some perspectives brought by this work in section 5.

2 Performance modeling

2.1 Introduction

Performance modeling aims at quantitatively predicting and understanding code performance
— in terms of runtime — using simple analytical models for both the algorithm itself, and the
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hardware on which the algorithm is executed. Because of the complexity of recent computing
hardware, it is not a simple task.

Indeed, let us consider the simplest performance model one could think of for predicting a
given algorithm runtime on a given machine: count the number of arithmetic operations (such
as additions, multiplications or divisions) the algorithm performs, and compare it with the max-
imum — or peak — number of operations the hardware can execute per unit of time (which
can be readily obtained using information from hardware vendor specification sheets, e.g. fre-
quency and peak number of arithmetic instructions per hardware cycle). In most of the case, it
will yield a very inaccurate number, for several reasons:

• the algorithm runtime is determined not only by the arithmetic operations it performs,
but also the rate at which it can fetch data to/from memory. The bottlenecks of most
algorithms on recent hardware correspond to the latter case (we talk of memory bound
algorithms, compared to compute bound algorithms whose performance is bounded by
the rate at which the hardware can process arithmetic instructions).

• the memory subsystem of any recent architecture is complex: it consists in several hier-
archical layers of memory, such as caches for CPUs, with various capacities and band-
widths.

• all arithmetic instructions are not equal performance wise: for instance, divisions and
square roots typically have a throughput at least one order of magnitude lower than addi-
tions or multiplications.

• last, but not least, any recent piece of hardware has several layers of parallelism. For
instance, common multicore CPUs such as the one considered in this paper have three
levels of parallelism: they consist in several cores, each core having single instruction
multiple data — SIMD — vectorized units (such as AVX for recent Intel CPUs). Finally,
each core has several pipelines executing instructions in parallel (this is called instruction
level parallelism — ILP). Moreover, this parallelism is tied to the memory subsystem: for
instance, some memory layers (usually the L1 and L2 caches) are private to CPU cores,
but some (usually the L3 cache and the DRAM) are shared between all cores.

This underlying hardware complexity implies that precisely predicting and understanding the
performance of even deceptively simple algorithms such as the Schönauer Vector Triad A =
B + C ∗D (where A, B, C and D are arrays) on a typical multicore CPU is not trivial [3].

However, some successful analytical performance models have been recently popularized
in order to assess algorithmic performance on recent hardware. The most known model is the
so-called Roofline model ([5]), which has been initially proposed as a conceptual qualitative
model characterizing the behavior of an algorithm as compute-bound (CB) or memory-bound
(MB).

2.2 The Roofline model

In the following, we consider elementary algorithms called kernels, acting on floating point
data. Hence, we use the billion floating point operations per second (GFlop/s) metric for report-
ing Roofline performance, as is commonly done. The advantage of this metric is that it is easy
to directly compare algorithm performance with peak CPU arithmetic throughput which is also
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given in GFlop/s, and thus get an insight on kernel efficiency on a given machine. The Roofline
model approximates the performance of an algorithm with the following single formula:

P = min(Pmax(Ppeak),AI ∗Bmax), (1)

where Ppeak is the machine peak arithmetic throughput (in GFlop/s), Pmax is the kernel max-
imum arithmetic throughput (in GFlop/s), AI is the kernel arithmetic intensity (in Flop/Byte),
and Bmax is the maximum machine bandwidth (in GByte/s). Parameter AI only depends on
the algorithm (and can be readily obtained by counting the ratio between the number of arith-
metic instructions and transferred data), whereas parameter Ppeak only depends on the machine.
Several choices are possible for parameter Bmax and for the function Pmax(Ppeak). The basic
version of Roofline takes for Bmax the peak CPU bandwidth provided by the vendor, and de-
termine Pmax(Ppeak) by manually counting algorithm arithmetic instructions. However, this
yields an overly optimistic model which is rarely quantitatively accurate. Hence, we use a
refined version of the Roofline model (sometimes called Roofline with ceilings), where Bmax

is chosen to be the effective bandwidth of the full CPU system measured using a STREAM
benchmark [6]. Moreover, Pmax(Ppeak) is determined using static analysis, using the Intel
IACA tool [7] in throughput mode (thus ignoring any latency effects). In particular, the obtained
maximum arithmetic throughput takes into account the heterogeneous throughput of arithmetic
instructions, and their concurrent scheduling on the core pipelines. In this refined version of the
model, the function Pmax(Ppeak) is part of the model. We must emphasize that it does not come
from execution of the kernel, but from static inspection of the binary by Intel IACA.

This Roofline has a simple interpretation: it is an optimistic model that simply expresses the
fact that, for a kernel to be executed, data has to be fetched to/from memory, which corresponds
to the AI ∗Bmax term, and kernel computations have to be performed, which corresponds to
the Pmax(Ppeak) term. Hence, kernel performance is necessary less than the minimum of these
two terms. Roofline assumes that kernel performance can be approximated by this asymptotic
value.

This model has enjoyed wide success [5], nevertheless it has some limitations. First, it does
not accurately model caches. The consequence is that single core performance is not quantita-
tively accurate for memory-bound kernels (it is too optimistic). Hence, in particular, multicore
scalability can not be inferred from this model [3, 8]. Moreover, the GFlop/s metric which
is generally used with Roofline models has some drawbacks from a practical methodological
point of view. First, it is not directly correlated with a meaningful performance metric for al-
gorithm developers (who are generally interested in the number of loop iterations done per unit
of time). Moreover, in some cases, the Flop/s hardware counters on recent multi-core CPUs
— such as the Sandy Bridge processor — are known to be unreliable. The ECM — Execution
Cache Memory — model has been recently introduced to overcome these drawbacks.

2.3 The ECM model

The ECM model ([3], [8]) is a refinement of the Roofline model for multicore CPUs that still
neglects any latency effects, but takes into account the cache hierarchy. It uses the cycles per
cacheline worth of data (cy/CL) performance metric. A cacheline worth of data corresponds, in
a loop-based algorithm, to the number of loop elements that fit in a cacheline (64 Bytes in most
modern CPU architectures, such as the one we used in this paper). For instance, for algorithms
using double precision — corresponding to 8 byte storage —, a cacheline worth of data is 8
elements for scalar non-vectorized code, but 2 elements for AVX vectorized code (because AVX
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registers are 4-Byte wide). This metric is interesting because, on the one hand, it is directly
correlated with the number of loop iterations per unit of time, and on the other hand, it is a
reliable metric that can be measured on any CPU (because it can be derived directly from CPU
runtime), and does not depend on hardware counters.

As in [3], [8], [9], we assume that STORE and floating point arithmetic instructions are over-
lapped with the data transfers between different levels of the memory system, whereas LOAD

operations do not overlap. The data transfers between the L1 and L2 caches, and between the
L2 and L3 caches, depends on the architecture and are given in table 1. The data transfer trans-
fer rateBL3→mem (in cy/CL) between the L3 cache and memory subsystem depends on the CPU
frequency f (in GCycles/s) and the sustainable bandwidth Bmax (in GBytes/sec), and is given
by the following formula:

BL3→mem =
64f

Bmax

. (2)

In practice, ECM model delivers a prediction of the number of CPU cycles required to execute
a certain number of iterations of a given loop on a single core. Then, the prediction time TECM

is given by TECM = max(TOL, TnOL +Tdata) ([3], [8]), where Tdata is the transfer time through
the memory hierarchy (L1 upwards), TnOL the time taken by the load instructions (we assume
that these instructions can not overlap with any memory transfer) and TOL the time for all other
instructions (store and arithmetic instructions). As for the refined Roofline model, the times
TOL and TnOL are determined using Intel IACA. For data in memory, the time Tdata is given
by Tdata = TL1L2 + TL2L3 + TL3Mem, where TL1L2, TL2L3 and TL3Mem are respectively the
transfer times between L1 and L2, L2 and L3 and L3 and memory. Transfer times for streaming
loads and stores can be computed readily using micro architecture knowledge (see table 1 for
the parameters used in this study). We refer to [9], [2] for the estimation of performance for
stencil-like access patterns.

3 Identifying the legacy Lagrange-Remap solver computational bottlenecks using per-
formance modeling

In this section, we first recall the main findings of the performance analysis we carried out
for the Lagrange-Remap algorithm in [2]. We then use these results to identify the bottlenecks
of this algorithm.

3.1 Description of the legacy Lagrange-Remap solver

We consider a cartesian Lagrange-Remap solver with the following features:

• discrete thermodynamic variables (mass, internal energy, pressure) are cell-centered vari-
ables;

• discrete velocity are node-base variables (this helps for physics coupling, and mesh dis-
tortion management);

• the lagrangian step is performed using a 2nd order in time integration scheme of leap-frog
type;

• the remap step is performed using an alternating direction strategy;

• second order in space accuracy is obtained thanks to a MUSCL-type reconstruction during
the remap step;
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• for shock capturing and entropy consistency, pseudo-viscosity is used.

This solver has been described in [1, 10, 11]. Its implementation is organized as follows: at the
start of each time step, the mass (or density), the energy (or pressure) and the velocity fields are
known. The lagrangian step is performed to obtain intermediate updated lagrangian fields of
these variables. Then to go back to the fixed cartesian grid, a remap step is performed in each
direction. Each step consists of several kernels. Other secondary variables are also introduced.
Figure 1 is a dataflow diagram for the idealized Lagrange-Remap solver studied in [2] that
shows dependencies between kernels and data for the lagrangian step and the remap step in one
direction. Part of the complexity of these graphs are due to the use of staggered variables, as we
explain in section 3.2.

Pressure prediction

Pressure correction 

Update velocity

Energy Mass Velocity

Predicted velocity Lagrangian ValocityLagrangian energy

Predicted pressure

Lagrangian energy Mass Lagrangian velocity

Out mass Out velocityOut energy

Predicted velocity

Lagrangian quantity update

Lag density Volume flux

Cell centered gradients

Energ gradient Density gradient

MUSCL fluxes

Energy flux Mass Flux

Cell-centered remap

Node centered gradient

Velocity gradient

Velocity Remap

Figure 1: Dataflow diagrams of the lagrange (left) and remap (right parts of the algorithm. Kernels are represented
in blue, input data in light green, output data in dark green, and temporary data in khaki green. Courtesy of [2]

3.2 Performance modeling of the Lagrange-Remap solver

The main result of paper [2] is that the performance of all individual kernels of our solver
can be theoretically predicted with single digit accuracy on multicore CPUs, if the ECM model
is used. The reported mean and median errors between model prediction and measurement
lie between 3% and 8%. Tests have been conducted using Haswell and SandyBridge micro-
architecture, for input data in L3 cache and main memory, and for scalar, vectorized, and mul-
tithreaded & vectorized versions of each kernel.

This validates the relevance of the ECM model for finely assessing performance of the
Lagrange-Remap solver algorithm (and by extension, of most explicit solvers for fluid me-
chanics on cartesian meshes). Moreover, a closer look at the results allows us to identify three
performance bottlenecks, and, more importantly, to link them with numerical properties of the
numerical method:

1. using staggered variables;

2. using an alternate direction strategy for the remap;

3. taking into account geometry of the lagrangian mesh.

Staggered variables Most kernels are stencil type kernels. This means output data at a
given grid location is obtained from input data at this location and its nearest neighbours. In
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the Lagrange+Remap solver, staggered variables are used (see figure 2). Hence, most kernels
alternate reading and writing data between the primal cell-centered grid, and the dual node-
centered grid. For this reason, successive kernels can not be easily merged. Thus, we have
multiple small kernels in which arithmetical intensity is low, and data reuse is limited. As a
consequence, most kernels are memory-bound, which yields suboptimal performance and low
scalability.

•
ρi,j

Pi,j

•
~ui− 1

2 ,j+
1
2 •

~ui+ 1
2 ,j+

1
2

•
~ui+ 1

2 ,j−
1
2•

~ui− 1
2 ,j−

1
2

Figure 2: Variable positions for the legacy staggered Lagrange-Remap solver. Pressure and density are stored at
cell centers, velocity is stored at node centers.

Alternate directions Using an alternate direction strategy for the remap step, e.g. a succes-
sion of 1D remap steps, introduces an extra intermediaty states, which adds stress on memory
transfers compared to a true multidimensional remap step, which is already the bottleneck of
most of our kernels [2]. Since memory bandwidth is shared among multiple cores, it also lowers
multi-core scalability.

Lagrangian geometry Since the mesh is moving, lengths of the edges of the mesh are
changing. Thus it is not possible to pre-compute useful geometrical data and this can lead to
costly computations. The most significant example in the numerical scheme is the computation
of gradients during the remap step. Indeed computing qi−qi−1

xi−xi−1
is more expensive if we cannot

precompute once and for all 1
xi−xi−1

because it is not constant. If it was, we could save the result
and perform a multiplication instead of a division, which is typically an order of magnitude
faster.

4 The Lagrange-Flux solver

4.1 Lagrange-Flux numerical scheme

The detailed construction of the Lagrange-Flux algorithm is given in [4]. Hereafter, we give
key ideas of its construction and provide a schematic description. From the numerical prop-
erties of the original Lagrange-Remap solver and the conclusions of its performance analysis
presented in section 3, we extract the following desirable properties constraining the design of
the Lagrange-Flux solver:

1. A lagrangian solver is used (for multi-material flows or physics coupling);

2. A cell centered description is used rather than a staggered one, this will allow kernel
fusion optimization and reduce data communication;
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3. A direct multidimensional remap strategy is used rather than alternating direction strategy,
this should also reduce data communications;

4. The method can be extended to second order accuracy in space and time, matching the
accuracy of the legacy Lagrange-Remap solver;

5. Complex geometry related computations should be limited;

6. 3D extension of the solver should remain simple.

Let us now briefly describe the proposed scheme. We consider the compressible Euler equations
for two-dimensional problems. Denoting ρ, u = (ui)i, i ∈ {1, 2}, p andE the density, velocity,
pressure and specific total energy respectively, the mass, momentum and energy conservation
equations can be written in the compact following form:

∂tU` +∇ · (uU`) +∇ · π` = 0, ` = 1, . . . , 4, (3)

where U = (ρ, (ρui)i, ρE), π1 = ~0, π2 = (p, 0)T , π3 = (0, p)T and π4 = pu. For the sake
of simplicity, we will close this system using a perfect gas equation of state p = (γ − 1)ρ(E −
1
2
|u|2), γ ∈ (1, 3].

We first split the usually considered 2 steps Lagrange-Remap scheme in 3 steps. The la-
grange step is taken identical, the remap step is split in a backward lagrangian motion followed
by a forward advection step described in the eulerian frame.

This leads to the following scheme:

(U`)
n+1
K = (U`)

n
K − ∆tn

|K|
∑

A⊂∂K

|A|

(
|An+ 1

2
,L|

|A|
(π`)

n+ 1
2
,L

A · νn+ 1
2
,L

A

)

− ∆tn

|K|
∑

A⊂∂K

|A|
(

(U`)
n+ 1

2
,?

A (v
n+ 1

2
A · νA)

)
. (4)

whereK is the cell area,A an edge of the cells, νA the unit normal vector of the edgeA pointing
outwards, ·L superscript denotes elements of the lagrangian mesh, ·n+ 1

2 superscript denotes
elements at time tn+ 1

2 used for targeted second order in time accuracy, and v
n+ 1

2
A denotes the

velocity of the grid used in the lagrangian step.
From this intermediate numerical scheme scheme we would like to suppress the geometrical

computation of lagrangian geometry. By making ∆t go to zero, (t > 0), we have An+∆t/2,L →
A, (π`)

n+∆t/2,L → π`, vn+∆t/2 → u, (U`)
? → U`; we obtain a partial discretization in space

of the conservation laws which can be seen as a method of lines:

d(U`)K
dt

= − 1

|K|
∑

A⊂∂K
|A| ((π`)A · νA)−

1

|K|
∑

A⊂∂K
|A| (U`)A (uA · νA). (5)

This can be also be written as a finite volume method:

dUK

dt
= − 1

|K|
∑

A⊂∂K

|A| ΦA,

with a numerical flux ΦA whose components are

(Φ`)A = (U`)A (uA · νA) + (π`)A · νA. (6)
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In (5), pressure fluxes (p`)A and interface velocities uA are computed from an approximate
Riemann solver in lagrangian coordinates (for example the lagrangian HLL solver, see [12]).
Then, the interface states (U`)A are computed from a upwind process according to the sign of
the normal velocity (uA · νA). Higher-order accuracy in space can be achieved using a standard
MUSCL reconstruction with a slope limiting process. In this semi-discrete formalism, there
is no time discretization, thus all kernel act on the eulerian mesh and fluxes are defined at the
edges the eulerian cells. To achieve second-order accuracy in time, one can apply any second-
order time advance scheme. The second-order Heun scheme for example leads to the following
algorithm:

1. Compute the time step ∆tn subject to the CFL stability condition;

2. Predictor step:

(a) Reconstruct higher order interpolation from the discrete valuesUn
K (MUSCL + slope

limitation): compute a discrete gradient for each cell K ;

(b) Compute interface velocities un
A and pressure fluxes πn

A using a lagrangian approx-
imate Riemann solver;

(c) Select the upwind edge values (U`)
n
A according to the sign of (un

A · νA) ;

(d) Compute the numerical flux Φn
A as defined in (6);

(e) Compute the first order predicted states U?,n+1
K :

U?,n+1
K = Un

K −
∆tn

|K|
∑

A⊂∂K

|A| Φn
A;

3. Corrector step:

(a) Repeat steps (2a-2d) to compute the numerical flux Φ?,n+1
A from the predicted state

U?,n+1
K ;

(e) Compute the second-order accurate states Un+1
K at time tn+1:

Un+1
K = Un

K −
∆tn

|K|
∑

A⊂∂K

|A| Φn
A + Φ?,n+1

A

2
.

This numerical scheme fullfills the design specifications presented at the beginning of this
section. It has been validated using several test cases. We present the results of such a test in
figure 3: numerical quality of the method is assessed by comparing it to the original Lagrange-
Remap solver on a triple point type computation.

4.2 Implementation details of the Lagrange-Flux solver

The implementation of the Lagrange-Flux solver is quite simple compared to the legacy
Lagrange-Remap solver. Excluding the computation of the time step common to both solvers,
we first derive a naive implementation by simply following the algorithm description given at
the end of the previous section. At this point, we start optimizing the code. Since the Lagrange-
Flux solver uses collocated cell-centered variables, we are able to merge multiple small kernels
into bigger ones. In the most simple case, instead of doing computations for kernel K1, writing
data to memory, reloading it immediately after, and doing the computations for kernel K2, we
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Figure 3: Comparison of the Lagrange-Remap solver and the Lagrange-Flux solver on a triple point test case. In
this two-dimensional Riemann problem, we check that the shock wave and the vortex are correctly captured. Den-
sity maps at time t = 3.5s are presented for the legacy Lagrange-Remap solver (upper part) and the Lagrange-Flux
solver (lower part) on a 560×240 mesh. One can notice that both solvers capture the same physical phenomenons.

1200



Thibault GASC, Florian De VUYST, Mathieu PEYBERNES, Raphaël PONCET and Renaud MOTTE

load the data once and do the computations for both kernels K1 and K2. This mechanically
increases arithmetic intensity. In more complex cases, there is a compromise to be made: if the
result of a given kernel K is reused by N other kernels, merging can be done, at the cost of
doing kernel K computations N times. In this case, merging is beneficial only when the time
needed for extra computation is shorter that the time saved from increased memory reuse. For
the Lagrange Flux algorithm, it turns out that merging aggressively is the best option.

At the end of the optimization process, we are left with only two large kernels which are
almost identical: one for the prediction step, and one for the correction step (see figure 5). In
these kernels, density, velocity and energy are updated at the same time using the same stencil
(see figure 4). Comparing figures 5 and 1, we can expect that the Lagrange-Flux solver is less
memory-bound than the original Lagrange-Remap solver. The following section confirms that
this is indeed the case.

•
(U`)i,j =

(ρ, ρu, ρE)i,j
•

(U`)i−1,j
•

(U`)i,j+1
•

(U`)i−2,j
•

(U`)i+2,j

•
(U`)i,j+1

•
(U`)i,j+2

•
(U`)i,j−1

•
(U`)i,j−2

Figure 4: Stencil of the Lagrange-Flux kernels. The target updated cell is in dark orange, the full neighborhood is
in lighter orange. All variables (density, energy and velocities) are loaded from the same stencil. Computations for
their update are performed in the same time and many common intermediary results can be reused without being
stored in the main memory.

4.3 Performance analysis and measurements

In this section, we prove that the ECM model has predictive capabilities for both the full
Lagrange-Remap solver, and its Lagrange-Flux alternative. The machine used for the following
tests is a dual socket octo-core SandyBridge processor (see 1).

First, in table 2, we present a comparison between model prediction and measurements on a
single core, without vectorization. We observe quantitative agreement for both solvers. A closer
look at the Lagrange-Flux performance model output shows that the divide port is the bottle-
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Density Velocity Pressure

Velocity PressureDensity

 Pred. density

PredictionLagrangeFlux()

Pred. velocity Pred. pressure

CorrectionLagrangeFlux()

Figure 5: Dataflow diagrams of the Lagrange-Flux solver. Kernels are represented in blue, input data in light green,
output data in dark green, and temporary data in khaki green

Table 1: Characteristics of the CPU hardware used.

Micro Architecture Intel SandyBridge
Model E5-2670
Number of cores 2x8
Clock (GHz) 2.6
Peak Flops DP (GFlop/s) (full socket) 168
Cache sizes: L1 8x32kB

L2 8x256kB
L3 20MB

Theoretical Bandwidth (GBytes/s) 51.2
Measured triad Bandwidth Bmax (GBytes/s) 38.4
L1↔ L2 bandwidth (cy/CL) 2
L2↔ L3 bandwidth (cy/CL) 2
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Table 2: Comparison between single core non-vectorized ECM prediction and measurements for the intel Sandy-
Bridge architecture. Performance is expressed in cycle per cache line worth of data (cy/CL), and kernel type can be
CB — Compute-Bound — or MB — Memory-Bound. The analytical ECM model gives an accurate performance
prediction.

Kernel name type prediction measure error
Full Lagrange-Remap MB 10697 cy/CL 10092 cy/CL 6%
Prediction Lagrange-Flux CB 5712 cy/CL 5548 cy/CL 2.8%
Correction Lagrange-Flux CB 5712 cy/CL 5690 cy/CL 0.3%

Table 3: Speed up on single core Intel SandyBridge with AVX for both Lagrange-Flux kernels. Even if the kernels
are compute bound, speedup is not perfect, because the bottleneck is the DIV port throughput.

Kernel name type predicted measured
Prediction Lagrange-Flux CB 2.0 1.9
Correction Lagrange-Flux CB 2.0 1.9

neck for both kernels, making them compute-bound. Note that in this case, the Roofline and
ECM models are equivalent, and give the same prediction. With AVX SIMD vectorization, the
bottleneck remains the divide port. The consequence is that the ECM model predict a speedup
of 2 with respect to the baseline scalar version: on the one hand, elements are processed 4 by
4 thanks to AVX, but on the other hand, the divide port throughput is only doubled. Since the
Lagrange-Flux is compute-bound, our performance model also predicts perfect scalability (e.g.
x16 speedup) for multithreaded execution. It is close to the observed speedup (x13.3).

Finally, in order to compare absolute performance and scalability of Lagrange-Flux and
Lagrange-Remap solvers, we report in 4.3 a measured runtime comparison for the same test
case. The results confirm what our performance model is able to predict: the Lagrange-Flux
solver has superior absolute performance. It is interesting to note that this is achieved by trading
single core unvectorized performance (which is worse than the corresponding Lagrange-Remap
solver) for much better scalability.

5 Conclusions

In this paper, we have proposed a practical and quantitative way of modifying a fluid me-
chanics solver, the Lagrange-Remap algorithm, for better performance on multicore CPUs. The
resulting algorithm, the Lagrange-Flux solver, has comparable numerical quality, but better
runtime, and is more compact (two kernels instead of a dozen). The main tools used in our

Scheme 1 core 1 core AVX 16 cores AVX scalability
Lagrange-Flux 1.9 3.9 52.0 27.1
Lagrange-Remap 2.4 3.7 36.5 14.6

Table 4: Performance comparison between the reference Lagrange-Remap solver and the Lagrange-Flux solver in
millions of cell updates per second (MCUPs) on SandyBridge. Different machine configurations are presented.
Scalability (last column) is computed as the speed up of the multi-threaded vectorized version compared to the
baseline purely sequential version. Tests are performed for fine meshes, such that kernel data lies in DRAM
memory. The Lagrange-Flux solver exhibits superior scalability, because it has — by design — better arithmetic
intensity.
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methodology are analytical performance models, allowing us to quantitatively assess and quali-
tatively precisely understand algorithmic performance. They explain the main reason behind the
superior performance of our new solver: it is a compute-bound algorithm, whereas the original
is memory-bound.

We believe that our methodology is quite general, and can be extended to other computational
physics algorithms, for fluid mechanics but also for other domains of application. An other
interesting perspective is to extend the use of performance models to many-core architectures
such as graphical processing units (GPUs), or the Intel Many Integrated Core (MIC).

References

[1] David J Benson. “Computational methods in Lagrangian and Eulerian hydrocodes”. Com-
puter methods in Applied mechanics and Engineering 99.2 (1992), pp. 235–394.

[2] Raphael Poncet, Mathieu Peybernes, Thibault Gasc, and Florian De Vuyst. Performance
modeling of a compressible hydrodynamics solver on multicore CPUs. accepted at ParCo2015
conference, Edinburgh, Scotland, UK 1-4 sept. 2015. 2015.

[3] Jan Treibig and Georg Hager. “Introducing a Performance Model for Bandwidth-Limited
Loop Kernels”. Parallel Processing and Applied Mathematics. Ed. by Roman Wyrzykowski,
Jack Dongarra, Konrad Karczewski, and Jerzy Wasniewski. Vol. 6067. Lecture Notes in
Computer Science. Springer Berlin Heidelberg, 2010, pp. 615–624.

[4] Florian De Vuyst, Thibault Gasc, Renaud Motte, Mathieu Peybernes, and Raphael Pon-
cet. Lagrange-flux schemes: reformulating second-order accurate Lagrange-remap schemes
for better node-based HPC performance. Proccedings of the SimRace2015 conference
in OGST. 2016.

[5] Samuel Williams, Andrew Waterman, and David Patterson. “Roofline: An Insightful Vi-
sual Performance Model for Multicore Architectures”. Commun. ACM 52.4 (Apr. 2009),
pp. 65–76.

[6] JD McCalpin. “STREAM: Sustainable memory bandwidth in high performance comput-
ers”. Technical Report, University of Virginia (continuously updated).

[7] Intel architecture code analyzer. Available: http://software.intel.com/en-us/articles/intel-
architecture-code-analyzer/.

[8] Georg Hager, Jan Treibig, Johannes Habich, and Gerhard Wellein. “Exploring perfor-
mance and power properties of modern multi-core chips via simple machine models”.
Concurrency and Computation: Practice and Experience 28.2 (2016), pp. 189–210.

[9] Holger Stengel, Jan Treibig, Georg Hager, and Gerhard Wellein. “Quantifying Perfor-
mance Bottlenecks of Stencil Computations Using the Execution-Cache-Memory Model”.
Proceedings of the 29th ACM on International Conference on Supercomputing. ICS ’15.
Newport Beach, California, USA: ACM, 2015, pp. 207–216.

[10] Mark L Wilkins. “Use of artificial viscosity in multidimensional fluid dynamic calcula-
tions”. Journal of computational physics 36.3 (1980), pp. 281–303.

[11] Paul Woodward and Phillip Colella. “The numerical simulation of two-dimensional fluid
flow with strong shocks”. Journal of computational physics 54.1 (1984), pp. 115–173.

[12] Eleuterio F Toro. Riemann solvers and numerical methods for fluid dynamics: a practical
introduction. Third edition. Springer-Verlag, 2009.

1204



ECCOMAS Congress 2016 

 VII European Congress on Computational Methods in Applied Sciences and Engineering 

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.) 
Crete Island, Greece, 5–10  June 2016 

DEVELOPMENT OF CONFINED VISCOPLASTIC FLOWS WITH 

HETEROGENEOUS WALL SLIP 

Pandelitsa Panaseti
1
, Maria Philippou

1
, Zacharias Kountouriotis

1
, Georgios Georgiou

1
 

1 
Department of Mathematics and Statistics, University of Cyprus 

PO Box 20537, 1678 Nicosia, Cyprus 

{panaseti.pandelitsa, filippou.maria, kountouriotis.zacharias, georgios}@ucy.ac.cy 

Keywords: Plane Poiseuille Flow, Bingham plastic, Wall Slip, Navier Slip, Flow Develop-

ment, Finite Elements.  

Abstract. The steady, pressure-driven flow of a Herschel-Bulkley fluid in a channel is con-

sidered assuming that slip occurs on one wall only due to slip heterogeneities. Hence, the ve-

locity profile is allowed to be asymmetric. The fully-developed solutions are derived and the 

different flow regimes are identified. The development of the flow is investigated numerically 

using the Papanastasiou regularization for the constitutive equation, a power-law slip equa-

tion, and finite element simulations. The combined effects of slip and the Bingham number are 

discussed. 

. 
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1 INTRODUCTION 

Wall slip is important in many industrial applications, such as the extrusion of complex 

fluids, ink jet processes, oil migration in porous media, and in microfluidics. Viscoplastic or 

yield stress materials, such as polymeric solutions, suspensions, and gels, are known to exhib-

it wall slip [1-3]. While wall slip with polymer melts is observed at large rates of strains, it 

appears within a range of rather small strains in the case of pasty materials [4]. Based on the 

analysis of apparent slip flows of Herschel-Bulkley fluids in various geometries, Kalyon [5]  

proposed a power-law slip equation, relating the wall shear stress, τw, to the slip (or sliding) 

velocity, uw, defined as the relative velocity of the fluid with respect to that of the wall, 

 = us

w w   (1) 

where s is the exponent, and β is the slip coefficient. The latter incorporates the effects of all 

other factors affecting slip, such as the temperature, the normal stress, the molecular parame-

ters, and the properties of the fluid/wall interface [4]. Setting s=1 in Eq. (1) leads to the classi-

cal Navier slip condition [6] 

 
w wu   (2) 

in which case β is related to the so-called slip (or extrapolation) length b, i.e. / b  , where 

μ denotes the viscosity. The no-slip and full-slip limiting cases are recovered when    

and 0  , respectively.  

The present work is motivated by the recent findings of Vayssade et al. [7] who imaged the 

motion of well characterized softy glassy suspensions in microchannels whose walls impose 

different slip velocities. These materials exhibit yield stress and are modeled as Herschel-

Bulkley fluids. The Herschel-Bulkley constitutive equation, which involves three material pa-

rameters, the yield stress τ0, the consistency index k, and the power-law exponent, n. The ten-

sor form of the model is as follows:  

 

0

n 10
0

,              

k ,

 


  





 


 
   
 

γ 0

τ γ
 (3) 

where τ is the viscous stress tensor, ( )T  γ u u  is the rate of strain tensor, u is the veloci-

ty vector, and the superscript T denotes the transpose. The magnitudes of γ and τ, denoted 

respectively by   and , are defined by : / 2  γ γ  and : / 2  τ τ , where the symbol II 

stands for the second invariant of a tensor. 

The experiments showed that as the channel height decreases the flow ceases to be sym-

metric and slip heterogeneities effects become important [7]. Some of the experimental veloc-

ity profiles are characterized by overshoots similar to those encountered in entry flows. We 

thus revisited the classical flow development problem of a Bingham plastic with asymmetric 

wall slip, i.e. with different Navier slip conditions at the two walls. If slip occurs along both 

walls and slip at the upper wall is stronger, there are three flow regimes depending on the 

pressure gradient, as illustrated in Fig. 1. Below a certain critical value G1 (Regime I) the fluid 

simply slides and the velocity is plug. Above G1 (Regime II), the fluid yields only near the 

lower plate and the unyielded region extends up to the upper wall. Finally, above a second 

critical pressure gradient G2 (Regime III), the fluid yields near both the walls and the velocity 

profile is asymmetric with a plug core. For simplicity, in the present work we assume that 
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along the lower wall there is no slip, as in Fig. 2. In such a case only Regimes II and III are 

relevant.  
 

1G
G

2G

I.  SLIDING II.  LOWER YIELDING III.  LOWER  & UPPER 
YIELDING 

1wu

2wu

1wu

2wu

1y

1wu

2wu

1y

2y

0

 

Figure 1: Different flow regimes in the case of plane viscoplastic Poiseuille flow with asymmetric slip. 

In the literature, the development length is usually defined as the length required for the 

maximum velocity to attain 99% of its fully-developed value scaled either by the pipe diame-

ter or the channel width [9]. This definition implies that maximum velocity develops more 

slowly than its counterparts at any other vertical distance which may not be the case in all ge-

ometries and for all fluids, especially viscoplastic ones which are characterized by a maxi-

mum flat velocity. For the asymmetric flow under study, we define as development length the 

smallest length at which the velocity at any vertical distance differs from its fully developed 

value by 0.01%. Hence, the velocity is required to attain either 99% or 1.01% of its fully de-

veloped value, depending on whether the latter is greater or less than unity. 

The governing equations are presented in Section 2 where the solutions corresponding to 

fully-developed flow are also derived and the various flow regimes are identified. In Section 3, 

the numerical method is briefly presented and preliminary results are discussed. Finally, the 

conclusions are summarized in Section 4.  

2 GOVERNING EQUATIONS 

The governing equations are de-dimensionalized scaling lengths by the gap height H of the 

channel, the velocity vector by the uniform inlet velocity U, and the pressure and the stress 

tensor components by 
n nkU H . If we denote de-dimensionalized variables with stars, then 

the continuity and momentum equations for steady incompressible flow with zero gravity read: 

 
* * 0  u  (4) 

and 

 * * * * * *Re p    u u τ  (5) 

respectively, where 2 /n nRe U H k   is the Reynolds number, ρ being the constant density 

of the material. 

The standard finite element method and the Pananastasiou regularization [8] are used in 

order to solve the flow numerically. The dimensionless form of the Papanastasiou-regularized 

constitutive equation is written as follows: 
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*

* * 1 *

*

1 exp( )
γ nM

Bn




  
  
 

τ γ  (6) 

where 0 / ( )n nBn H kU is the Bingham number and /M mU H is the dimensionless 

growth exponent, which has to be sufficiently high so that the flow of the ideal discontinuous 

Herschel-Bulkley fluid is approximated satisfactorily [8].  

 

* * *, 0w w yBu u  

* * 0x yu u 

*
*

*
0x
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u
u
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*

2y

*y
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Figure 2: Geometry and boundary conditions of the flow development of a Bingham plastic in a channel with 

slip along the upper wall. 

The geometry and the boundary conditions of the flow are illustrated in Fig. 2. At the inlet 

plane, the velocity component in the direction of the flow is uniform ( * 1xu  ) and the trans-

versal one vanishes. At the lower wall there is no slip and no penetration so that both velocity 

components are zero. At the upper wall the vertical velocity is again zero slip is assumed to 

occur following a power-law slip equation,  

 * *s

w wBu   (7) 

where / ( )n n sB H kU   is the (dimensionless) slip number. Finally, the exit plane is taken 

sufficiently far downstream so that the flow can be assumed fully developed. For the low 

Reynolds number considered here, we took Lmesh =20. 

2.1 Fully-developed solutions 

The non-dimensionalization introduced above is based on the mean velocity, which implies 

that there is flow, i.e. Regime I is excluded. Due to the definition of the slip number, the no-

slip case, which corresponds to a symmetric velocity profile with respect to the midplane of 

the channel, is recovered for B . Obviously, this solution, which involves two symmetric 

yield points at *

1y  and * *

2 11y y   falls into Regime III. Keeping the Bingham number con-

stant and decreasing the slip number, enhances slip at the upper wall and the velocity becomes 

asymmetric: the two yield points move towards the upper wall (that is both *

1y  and *

2y  increase) 

and the size of the plug region ( * *

2 1y y ) increases while its velocity is reduced. This trend 

continues till a critical slip number, cB , at which the upper yield point reaches the wall (the 

dimensionless upper wall shear stress is equal to Bn) signaling the transition from Regime III 

to Regime II. The general dimensionless solution for cB B   is given by 
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 (8) 

where 

 * *1/ 1 * 1/ 1

1 2

1
(1 )n n

w

III

u y y
A

       (9) 

and 

 *1/ 1 * * 1/ 2

1 1 21 (1 )
1 2 1 2

n n

III

n n
A y y y

n n

  
    

  
 (10) 

The positions of the two yield points can be found by solving the following system of equa-

tions: 

 * * * * *

1 2 2 1(2 ) ( ) 0s

wy y Bn y y Bu      (11) 

and 

 * *

2 1(1 1/ ) ( ) 2 0n n

IIIn y y Bn A     (12) 

 

No-slip case 

In the no-slip case ( * 0wu  ) Eq. (9) yields  

 * *

2 11y y   (13) 

which indicates that the flow is symmetric with respect to the midplane of the channel. Substi-

tuting into Eq. (10) gives 

 *1/ 1 *

1 1

2
1

1 2

n

III

n
A y y

n

  
  

 
 (14) 

and Eq. (12) then becomes: 

 * * 1 *

1 1 1

2
(1 1/ ) (1 2 ) 2 1 0

1 2

n

n n n
n y Bn y y

n

  
     

 
 (15) 

 

Critical value of the slip number  

The critical value cB  of the slip number can be found by setting *

2 1y  . Let us denote the 

corresponding critical values of *

1y  and *

wu  by *

1cy  and *

wcu , respectively. From Eq. (11) we 

get  

 *s

c wcB u Bn  (16) 
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which simply says that the upper wall shear stress is equal to Bn. The critical slip velocity is 

given by 

 *

*

1

1

1
1 2

wc

c

u
n

y
n






 (17) 

and, therefore, 

 *

11
1 2

s

c c

n
B y Bn

n

 
  

 
 (18) 

Finally, from Eq. (12) we get 

 *

1(1 1/ ) (1 ) 2 0n n

c IIIcn y Bn A     (19) 

or 

 * * 1 *

1 1(1 1/ ) (1 ) 2 / 0n n n

c c wn y Bn y u     (20) 

which is used to calculate *

1cy . It should be noted that the value of *

1cy  is independent of the 

slip equation parameters. For example, in the Bingham plastic case (n=1), *

1cy  is a root of 

 *3 *2 *

1 1 13 3 3 0c c cBn y Bn y y     (21) 

while the value of Bc can then be calculated from Eq. (18) for any value of s. 

 

Solution in Regime II 

If the slip number is further reduced, the yield point keeps moving towards the upper wall 

and the size of the plug is thus reduced while its velocity increases. Finally, in the limit 0B   

(full slip), the velocity profile corresponds to the no-slip solution in a channel of double width 

(2H), i.e. to the no-slip solution corresponding to the Bingham number 

 0 (2 )
2

n
n

n

H
Bn Bn

kU


    (22) 

Hence, when 0 cB B  , the flow corresponds to Regime II and the dimensionless velocity is 

given by 

 

1/ 1 1/ 1* * * 1/ 1 * * * *

1 1 1 1 1* *

* * *

1

( ) / 1 ,  0
1 2( )
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n nn
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 (23) 

where 

 *

*

1

1

1
1 2

wu
n

y
n






 (24) 

and *

1y  is the root of 

  * * * 1 *

1 1(1 1/ ) (1 ) / 0n s n n

w wn y Bn Bu y u      (25) 
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Substituting Eq. (16) into the above equation yields Eq. (20) for *

1cy . For n=1 (Bingham plas-

tic) and s=1 (Navier slip) Eq. (25) is simplified to  

 *3 *2 *

1 1 13( ) 6 6 0Bn y Bn B y y      (26) 

Figure 3 illustrates the two flow regimes on the (Bn,B) plane in the case of a Bingham plastic 

(n=1), separated by the curve *

1(1 / 3)c cB y Bn  , which is slightly below the straight line 

B Bn . Four representative velocity profiles, obtained taking Bn=1 and assuming Navier slip 

(s=1), are also shown. Two of them are in Regime III. The first profile corresponds to no-slip 

at both walls ( B ) and it is thus symmetric. As slip at the upper wall is enhanced (e.g., 

for B=5), symmetry is destroyed and the two yield points move upwards and the maximum 

velocity decreases. The upper yield point moves faster than the lower one reaching the wall 

when cB B . The velocity profile for this critical case is also shown in Fig. 3. Below that 

number, i.e., in Regime II, the yield point continues moving upwards as slip is increased, but 

the maximum velocity is now increasing. In the limit of B=0, the maximum velocity is lower 

than that for B , since it corresponds to the no-slip flow for a Bingham number equal to 

2 2nBn Bn Bn   . 

 

No slip

B=5

B=0

B=Bc

*

1(1 / 3)c cB y Bn 

 

Figure 3: Flow regimes and representative velocity profiles in Bingham plastic (n=1) flow with Navier slip (s=1). 

The velocity profiles have been obtained for Bn=1 and various slip numbers.  

3 PRELIMINARY NUMERICAL RESULTS 

The system of the governing equations and the boundary conditions presented in Section 2 

was solved numerically using the finite element method (u-v-p formulation) with standard bi-

quadratic basis functions for the two velocity components and bilinear ones for the pressure 

field. The Galerkin forms of the continuity and the momentum equations were used. The re-

sulting nonlinear system of the discretized equations was solved with a Newton-Raphson iter-

ative scheme with a convergence tolerance equal to 10
-4

. Results have been obtained first for a 

Bingham plastic (n=1) with Bn=1 and various values of the slip number B. Figure 4 shows 
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how the velocity component in the flow direction develops downstream attaining the fully de-

veloped profile. When B= (no slip), the velocity profiles are symmetric exhibiting a central 

unyielded region. As slip is increased, asymmetry is enhanced and the unyielded region 

moves towards upper wall and increases in size. If slip becomes even stronger then Regime II 

is eventually reached, i.e. the unyielded region reaches the upper wall. This is almost achieved 

for B=1, as revealed in Fig. 5, where the velocity contours are plotted.  

 
(a) 

 
(b) 

 
(c) 

Figure 4: Development of the velocity in creeping  flow (Re=0) of a Bingham plastic (n=1) with Bn=1 and vari-

ous slip numbers: (a) B= (no-slip); (b) B=1; (c) B=0.01. 
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Figure 5: Velocity contours in flow development of a Bingham plastic (n=1) with Bn=1 and B= (no-slip), 1 and 

0.01; Re=0, s=1. 

 

Figure 6: Development length for Bn=0 (Newtonian) and 1 versus the slip number; Re=0, n=1, s=1. 

In Fig. 6, the development lengths computed for Bn=0 (Newtonian flow) and 1 are plotted 

versus the slip number B. Both curves are sigmoidal and the development length increases 

with the Bingham number. It should be noted that the development length for Newtonian flow 

(Bn=0) and full slip (i.e. B=0) is two times the development length for the no-slip case (infi-
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nite B), since it corresponds to the flow development in a channel with no slip and with a gap 

width equal to 2. This is not the case for Bingham flow; the development length in the full 

slip case is two times the no-slip development length corresponding not to Bn=1 but to Bn=2.  

4 CONCLUSIONS 

We have solved numerically the entry flow of a Herschel-Bulkley fluid in a channel with 

asymmetric wall slip using finite elements and a regularized constitutive equation. We have 

considered in particular the case where there is slip only on the upper wall, identified the dif-

ferent flow regimes, and derived the fully-developed solutions. The effects of the Bingham 

and slip numbers on the development of the velocity and the development length have been 

discussed.  

REFERENCES  

[1] U. Yilmazer, D.M. Kalyon, Slip effects in capillary and parallel disk torsional flows of 

highly filled suspensions. Journal of Rheology, 33, 1197-1212, 1989. 

[2] H.A. Barnes, A review of the slip (wall depletion) of polymer solutions, emulsions and 

particle suspensions in viscometers: Its cause, character, and cure. Journal of Non-

Newtonian Fluid Mechanics, 56, 221-251, 1995. 

[3] P. Ballesta, G. Petekidis, L. Isa, W.C.K. Poon, R. Besseling, Wall slip and flow of con-

centrated hard-sphere colloidal suspensions. Journal of Rheology, 56, 1005-1037, 2012.  

[4] M.M. Denn, Extrusion instabilities and wall slip. Annual Reviews in Fluid Mechanics, 

33, 265-287, 2001. 

[5] D.M. Kalyon, Apparent slip and viscoplasticity of concentrated suspensions, Journal of 

Rheology, 49, 621-640, 2005. 

[6] C.L.M.H. Navier, Sur les lois du mouvement des fluides. Mémoires de l'Academie des 

Sciences de l'Institute de France, 6, 389-440, 1827. 

[7] A.L. Vayssade, C. Lee, E. Terriac, F. Monti, M. Cloitre, P. Tabeling, Dynamical role of 

slip heterogeneities in confined flows. Physics Reviews, 89, 052309, 2014. 

[8] T.C. Papanastasiou, Flows of materials with yield, Journal of Rheology, 31, 385-404, 

1987. 

[9] R. Shah, A. London, Laminar flow forced convection in ducts: a source book for com-

pact heat exchanger analytical data, Academic Press, 1978. 

 

1214



ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

SQUEEZE FLOW OF VISCOPLASTIC BINGHAM MATERIAL

Larisa V. Muravleva1

1 Lomonosov Moscow State University
Leninskie gory, 1, Main Building 119991 Moscow Russia

e-mail: lvmurav@gmail.com

Keywords: Viscoplastic Fluid, Squeeze Flow, Augmented Lagrangian Method.

Abstract. We consider both planar and axisymmetric squeeze flows of a viscoplastic medium.
Firstly we deal with no-slip boundary conditions. The asymptotic and the numerical solutions
are developed. Previous theoretical analysis of this problem, using the standard lubrication ap-
proximation, has led to conflicting results, whereby the material around the plane of symmetry
must both behaves as unyielded solid and translates in the main direction with a nonuniform ve-
locity. This variation of the velocity implies that the plug region cannot be truly unyielded. Our
solutions show that this region is a pseudo-plug region in which the leading order equation pre-
dicts a plug, but really it is weakly yielded at higher order. We follow the asymptotic technique
suggested earlier by Balmforth, Craster (1999) and Frigaad, Ryan (2004). The obtained ana-
lytical expressions and numerical results are in a very good agreement with the earlier works.
For numerical simulations we apply Augmented Lagrangian method (ALM) that yields superior
results regarding the location of the yieldsurface. Finite-difference method on staggered grids
is used as a discretization technique.

Secondly we consider squeeze flow of a Bingham fluid subject to wall slip. If the wall shear-
stress is smaller than the threshold value (the slip yield stress), the fluid adherence to the bound-
ary is imposed and we have no-slip condition. When the wall shear stress reaches the slip yield
stress, the fluid slips along the boundary. We solve numerically this problem also by ALM. The
different flow regimes can be observed depending on the relative values of the yield stress and
the slip yield stress. More precisely, for the case when the yield stress is smaller than the slip
yield stress, there exists a particular value Tcrit such that when the slip yield stress is greater
or equal to Tcrit,the material fully sticks at the wall. When the slip yield stress is less than Tcrit
and bigger than the yield stress, the fluid sticks in the central region of the wall and slips close
to the outer edges of discsorplates. For the case when the yield stress is bigger than the slip
yield stress the material slips on the whole boundary.
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1 INTRODUCTION

Squeeze flow is of considerable interest for fluids with a yield stress. The squeeze flow prob-
lem is well-studied, detailed review can be found in [1]. The analysis of viscoplastic materials
started with the work of Scott [2] and Peek [3] who used the lubrication approximation, re-
spectively assumed with different rigid zones in the flow region. Later, Covey and Stanmore
[4] gave the approximate solutions for Bingham and HerschelBulkley fluids using lubrication
theory.The lubrication solutions were developed using a no-slip wall boundary condition. An
interesting controversy was initiated by Lipscomb and Denn [5] who showed that the unyielded
(rigid) zone obtained by using the lubrication approximation for squeeze flow of Bingham ma-
terials includes the central plane of the material which however cannot move as a rigid plug for
simple kinematic reasons. Gartling and Phan-Thien [6], ODonovan and Tanner [7], and Wilson
[8] used instead of the original Bingham model the biviscosity fluid model both for analytical
[8] and numerical [6],[7] studies. ODonovan and Tanner [7] solved the squeeze flow problem
numerically and showed that unyielded material arises only adjacent to the center of the two
disks.

The excellent work by Smyrnaios and Tsamopoulos [9] provided the locations of rigid zones
either qualitatively or quantitatively. They employed both the original Bingham constitutive
equation and the the Papanastasiou model and showed that unyielded material could only exist
around the two stagnation points of flow extending in this way the work by ODonovan and
Tanner [7]. Matsoukas and Mitsoulis [10], [11] also solved numerically the squeeze flow of
viscoplastic materials, for both planar and axisymmetric flow, confirming the earlier results by
Smyrnaios and Tsamopoulos.

Roussel at al.[12] studied squeeze flow of a Bingham fluid by means of a variational ap-
proach [13] They divided the zone of deformation into two kinematically admissible velocity
fields,central region of pure extensional flow and sheared regions adjacent to the plates. Min-
imizing the energy dissipation functional with respect to a parameter defining the horizontal
boundary of the two zones, they obtained lower-bound solutions for Bingham materials. The
work of Adams et al. [14] provided experimental evidence that the yield surfaces predicted by
the lubrication solution for viscoplastic fluids are erroneous. Besides, Meeten [15] carried out
both theoretical and experimental investigations of the squeeze flow of Herschel Bulkley fluid.

It has been well established that the application of the lubrication solution incorporating the
Bingham and HerschelBulkley relationships leads to a profound kinematic inconsistency in the
calculated velocity fields.

Balmforth and Craster [16] and Frigaard and Ryan [17] suggested the asymptotic technique
that resolves the lubrication paradox and builds the consistent solution for thin layer problems.
In a recent paper by Muravleva [18] the planar squeeze flow of a Bingham fluid is studied
exploiting the asymptotic technique introduced in [16],[17],[19]. Besides, the results of com-
putations in [18] show presence of unyielded regions near the two stagnation points of flow
close to centers of plates (that was found earlier by many researchers) and new additional un-
yielded regions at the outer edge of the material (both for short and long plates). More recently
Fusi at all [20] investigated these unyielded regions, adjacent to the outer edge exploiting the
integral formulation of the linear momentum balance. In many instances, the boundary condi-
tion on the wall is not perfectly no-slip as has been assumed above. It is frequently observed
that some viscoplastic fluids slip along boundaries under some conditions which depend on the
solid-fluid interaction [21], [22]. A number of slip conditions with variable degrees of complex-
ity have been employed in the past for modeling squeeze flows of viscoplastic materials. For
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viscoplastic materials,the shear stress at the plates are usually assumed to be a constant fraction
of the yield stress of the material and was consequently independent of position. Sherwood and
Durban analyzed squeeze flow of a Bingham [23] and Herschel-Bulkley [24] materials under
this slip wall boundary conditions by using an asymptotic expansion of the velocities in h/r,
where r is a radial coordinate, and h the instantaneous distance between the plates. Adams et
al. [14] presented the results of squeeze-flow experiments of a HerschelBulkley material be-
tween two rigid plates, investigated both experimentally and computationally. Stick and slip
boundary conditions were simulated and, in the case of the later, a Coulombic boundary con-
dition was adopted. Lawal and Kalyon [] considered Herschel-Bulkley materials with Navier
slip boundary conditions following the lubrication approximation,and obtained numerical solu-
tions. Karapetsas and Tsamopoulos [25] examined the transient squeeze flow of a viscoplastic
material between two parallel coaxial disks. The Papanastasiou model was used. On the surface
of the disk, the sip conditions are imposed. This slip model divides the wall boundary into a
slip region and a no-slip region. To this end, the slip coefficient is an exponential function of
the radial distance from the contact point and in this way it achieves a continuous transition
between the slip and the no-slip region. Yang and Zhu [26] and later Ayadi [27] analyzed the
squeeze flow of biviscous fluids with the Navier slip condition, based on lubrication analysis.

The experimental data show that slip often occurs only when a critical value of the shear-
stress is reached [28].If the flow field is such that the wall shear-stress is smaller than the critical
value, the fluid adherence to the boundary and we have no-slip condition. When the wall shear
stress reaches the threshold value, the fluid slips along the boundary with a given friction coef-
ficient. The boundary condition can be written as follows :

τw = τc + Cfuw, if τw > τc, (1)
uw = 0, if τw ≤ τc

where uw denote the tangential velocity, τw is the wall shear stress and Cf is the friction coeffi-
cient, τc is the critical value of the shear stress under which no slip will occur,known as the slip
yield stress. If τc is zero, we have the usual Navier slip condition:

τw = −Cfuw (2)

The no-slip and the perfect-slip cases are obtained for Cf tends to∞ and Cf = 0, respectively.
The numerical implementation of slip boundary condition 1 Fortin et al. [29] applied the

augmented Lagrangian method to impose a slip boundary condition on walls 1 for the round
Poiseuille flow of a Bingham plastic. Huilgol [31] analyzed the variational principle of a yield-
stress fluid together with a slip yield condition. Roquet and Saramito [30] investigated in detail
the Poiseuille flow of a Bingham fluid in a square duct with slip yield boundary condition at the
wall.They used the augmented Lagrangian algorithm. Damianou et al. [32] solved numerically
the cessation of axisymmetric Poiseuille flow of a HerschelBulkley fluid under the assumption
that slip occurs along the wall with slip yield stress. Damianou and Georgiou used regularized
versions of both the constitutive and the slip equations along with finite elements in order to
solve the steady-state flow of a Herschel–Bulkley fluid in a rectangular duct with wall slip and
non-zero slip yield stress [33].

Here we shall apply the asymptotic technique introduced in [16], [17] to obtain a consistent
thin-layer solution for the squeeze problem of viscoplastic material. Further we compare our
analytical solution with the numerical one. The main difficulty in the numerical simulation of
viscoplastic fluid flow is related to the non-differentiable form of constitutive law and inability
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to evaluate the stresses in regions where the material has not yielded. There are two principal
approaches that have been proposed in the literature to overcome the mathematical problem of
viscoplastic fluid flow. The first one, known as regularization method, consists in approximat-
ing the constitutive equation by a smoother one. Regularization replaces the rigid zones by very
viscous fluid. The yield surface is computed a posteriori and the determination of the unyielded
regions relies on the Von Mises stress criterion. The criterion based on the strain rate tensor
cannot be used since in the unyielded regions is never truly zero, but only close to zero. The
second approach is based on the theory of variational inequalities [34]. In the latter case, the
problem reduces to the minimization of a functional and a further solution of the equivalent
saddle-point problem which is solved iteratively (see for a detailed review [35]). Augmented
Lagrangian method (ALM) introduced by Fortin and Glowinski [36]has become the most pop-
ular in this family of methods. The main advantage of these methods is that they involve the
true constitutive relation and the algorithm gives truly unyielded regions with exactly zero strain
rate. ALM is generally slower than codes with regularization methods. Regularization methods
produce smoother solutions for the velocity field. This smoothness allows the application of
more sophisticated flow solvers and leads to faster computations. Another important computa-
tion issue is the accurate tracking of the yield surfaces. Compared to the regularization method,
the augmented Lagrangian method yields superior results regarding the location of the yield
surface and explorations of the plastic limit, for example, in simulation of the flow cessation or
no-flow limit. According to [37], pragmatically, the choice between augmented Lagrangian and
regularization is related to whether one needs to determine the position of the yield surface, or
whether a reasonable approximation to the velocity field is sufficient. Since the question of the
existence and the position of the unyielded regions is of particular interest in the squeeze flow,
we choose ALM for validation of our asymptotic solution.

2 PROBLEM STATEMENT

The goal of this study is to obtain a consistent solution for a squeeze flow of an incompress-
ible Bingham viscoplastic fluid for axisymmetric geometry. and 2H and R are the gap and
radius of the plates, respectively.

The flow is governed by the dimensionless conservation equations of momentum and mass:

Re
(∂u
∂t

+ u
∂u

∂r
+ w

∂u

∂z

)
= −∂p

∂r
+ ε2∂τrr

∂r
+
∂τrz
∂z

+ ε2 τrr − τθθ
r

,

ε2Re
(∂w
∂t

+ u
∂w

∂r
+ w

∂w

∂z

)
= −∂p

∂z
+ ε2∂τrz

∂r
− ε2∂τrr

∂z
− ε2∂τθθ

∂z
+ ε2 τrz

r
, (3)

∂u

∂r
+
u

r
+
∂w

∂z
= 0

The z-coordinate is aligned with the layer axis, p is the pressure, τij is the deviatoric stress
tensor. The components of velocity in the(r, θ, z) directions are (u, 0, w). We have scaled
lengths in the r and z directions differently, with the disk radius R̂ as the horizontal length-
scale and with the half the distance between the disks Ĥ as a characteristic thickness in the
z-direction, respectively, Ŵ is taken as the charasteristic velocity in the transverse direction,
and the velocity component in the r-direction is scaled with Û (ÛĤ/R̂ = Ŵ ). The pressure
is scaled with µ̂Û L̂/Ĥ2, and time with L̂/Û . The shear-stress components are scaled with
µ̂Û/Ĥ . The extensional stresses are scaled with µ̂Û/R̂. We denote dimensional variable with
a hat symbol. In the above equations, the small aspect ratio ε and Reynolds number Re are
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defined by

ε =
Ĥ

R̂
, Re =

ρ̂ÛĤ

µ̂
(4)

where ρ̂ and µ̂ are the density and plastic viscosity(both dimensional).
The constitutive laws for a Bingham fluid are
where γ̇ is strain rate tensor

γ̇rr = 2
∂u

∂r
, γ̇rz =

(∂u
∂z

+ ε2∂w

∂r

)
, γ̇zz = 2

∂w

∂z
, γ̇θθ = 2

u

r
(5)

and τ , γ̇ are the second invariants of τ and γ̇, i.e.

with τ =
√
τ 2
rz + ε2(τ 2

rr + τ 2
θθ + τrrτθθ) (6)

with |γ̇| =
√

(
∂u

∂z
)2 + 4ε2

(
(
∂u

∂r
)2 + (

u

r
)2 +

∂u

∂r

u

r

)
+ 2ε2

∂u

∂z

∂w

∂r
+ ε4(

∂w

∂z
)4 (7)

The dimensionless number appearing above is the Bingham number, B:

B =
τ̂0Ĥ

µ̂Û
(8)

where τ̂0 is yield stress. The Bingham number represents the ratio of yield stress to viscous
stress.

We consider Re� 1. Neglecting the inertial terms, 3 are replaced by:

−∂p
∂r

+ ε2∂τrr
∂r

+
∂τrz
∂z

+ ε2 τrr − τθθ
r

= 0,

−∂p
∂z

+ ε2∂τrz
∂r
− ε2∂τrr

∂z
− ε2∂τθθ

∂z
+ ε2 τrz

r
= 0, (9)

∂u

∂r
+
u

r
+
∂w

∂z
= 0

The above equations are solved together with appropriate boundary conditions.
The studied domain now becomes a the upper-right quarter of the space occupied by the

material and the following on the plane conditions are imposed on the plane of a symmetry
Exploiting the double symmetry of the axisymmetric squeeze flow we consider the boundary
condition for part of the material contained between the r and z axes and the upper plate. On
the plane of symmetry z = 0 (central plane) :

τrz = 0, w = 0 (10)

no slip condition at the contact with the upper plate (z = 1):

u = 0, w = −1 (11)

on the axis of symmetry r = 0:

u = 0, τrz = 0 (12)

zero tangential and normal stress condition on the free surface r = 1:

σrr = −p+ ε2τrr = 0, τrz = 0 (13)
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3 ASYMPTOTIC EXPANSIONS

We now solve the equations by introducing an asymptotic expansion. First we consider shear
flow near the plate for which we may find a solution through a straightforward expansion of the
equations. We consider regular expansions in ε of form:

u = u0 + εu1 + ε2u2 . . . ,

w = w0 + εw1 + ε2w2 . . . , (14)
p = p0 + εp1 + ε2p2 . . . ,

τij = τ 0
ij + ετ 1

ij + ε2τ 2
ij . . .

We substitute these expansions into the governing equations 9, and collect together terms of
the same order.

The lubrication equations for the first two orders are:

O(1) −∂p
0

∂r
+
∂τ 0

rz

∂z
= 0,

−∂p
0

∂z
= 0, (15)

∂u0

∂r
+
u0

r
+
∂w0

∂z
= 0

O(ε) −∂p
1

∂r
+
∂τ 1

rz

∂z
= 0,

−∂p
1

∂z
= 0, (16)

u1

r
+
∂u1

∂r
+
∂w1

∂z
= 0

3.1 Shear region

After the solution of the two first equations of 15 we have

p0 = p0(r), τ 0
rz = zp′0(r) (17)

where p0 is a function only of r and the prime ()′ represents derivative d
dr

. The leading order
second invariants of strain rate and stress are given by

τ 0 = |τ 0
rz|, γ̇0 =

∣∣∣∂u0

∂z

∣∣∣ (18)

Provided the yield stress is exceeded, the stress tensor components become

τ 0
rz =

∂u0

∂z
+Bsgn(

∂u0

∂z
), τ 1

rz =
∂u1

∂z
, τ 0
rr = 2

∂u0

∂r
+
B ∂u0

∂r∣∣∣∂u0
∂z

∣∣∣
 (19)

Since we are looking for a solution with ∂u0

∂r
< 0 in the domain r > 0, s > 0, we get

τ 0
rz =

∂u0

∂z
−B (20)
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Integrating the last expression and using no-slip boundary conditions 11 we have

u0 =
p′0(r)

2
(z2 − 1) +B(z − 1) (21)

We utilize the continuity equation and obtain

w0 = −z
3 − 3z + 2

6

(
p′′0(r) +

p′0(r)

r

)
− B

2r
(z − 1)2 − 1 (22)

We now focus on the first-order approximation. Integrating two first equations of 16 and 19,
using u1 |z=1 = 0, we receive:

p1 = p1(r), τ 1
rz = z · p′1(r) + g(r), u1 =

p′1(r)

2
(z2 − 1) + g(r)(z − 1) (23)

where p1 is a function only of r and g(r) is an unknown function of integration.

3.2 Plastic region.

At leading order, at each r ∈ [0, 1] we have τ 0
rz = zp′0(r). The |τ 0

rz| exceeds its maximum
value at point z = 1 and vanish at point z = 0. Hence, there exists the point z = z0 at which
|τ 0
rz| = B, that means ∂u0

∂z
= 0. But according to 18 τ 0 = B and γ̇0 = 0. Hence, at leading

order, the yield condition holds at this point and z0(r) = B
|p′0(r)| is the position of pseudo-yield

surface. For z ∈ [0, z0] we have τ 0 < B and γ̇0 = 0.
The expression for the velocity can be written as follows:

u0(r, z) = B
2z0

(1− z0)2, z ∈ [0, z0], (24)
B

2z0

(
(1− z0)2 − (z − z0)2

)
, z ∈ (z0, 1]

We denote the pseudo-plug velocity by u0(r):

u0(r) = u0(z0(r)) =
B

2z0

(1− z0)2 (25)

To determine pseudo-yield surface z = z0(r), we use the flow rate for the channel.

∫ 1

0
u0(r, z) dz = Q(r) ≡ r

2
(26)

Substituting 24 into the last equation leads to the cubic equation (rewritten the Buckingham
equation), where the unknown is the pseudo-yield surface z0(r)

z3
0 − z0

(
3 +

3r

B

)
+ 2 = 0 (27)

This equation can be solved by the method proposed in [38]. There is single root of this equation
for which 0 < z0 ≤ 1 and can be written as

z0(r) = −2

√
1 +

r

B
cos
(1

3
arccos

1√
(1 + r

B
)3
− 2π

3

)
(28)
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It can be seen that this zeroth order solution has the characteristic Bingham-Poiseuille profile
of velocity in sheared layer. But it’s evident that the plug region isn’t a true plug region as the
leading order velocity varies in the r-direction. This is the essence of the lubrication paradox
for yield stress fluids.

The source of the problem is revealed by the diagonal components of the stress. From the
above expression for u0 we can easily see that ∂u0

∂r
will not in general vanish while ∂u0

∂z
does.

In the domain |z| ≤ z0 we should consider the higher-order equations and pay attention to the
diagonal stress components.

We assume that the domain occupied by the medium can be separated into two subdomains:
1. The external regions are situated near the plates where the yield criterion is overcome.There

the shear stress is dominant. We name them ”shear regions”.
2. The inner region includes the centerplane, where yield criterion is not reached, the shear

stress is smaller and in the centerplane equal to zero. The flow is close to extensional flow. We
call this region ”pseudoplug” or ”plastic region”.

These regions are separated by an interface represented by the smooth surface pseudo-plug
z = z0(r).

Let us consider the domain near the centerplane of thickness 0 < z < z0. Below the fake
yield surface, z = z0(r), the asymptotic expansion described above breaks down. To find a
solution appropriate to this region we look for a slightly different set of asymptotic sequences.
The principal difference is in the expansion of the horizontal velocity component:

u = up,0(r) + εup,1(r, z) + εp,2u2(r, z) + . . . ,

w = wp,0(r, z) + εwp,1(r, z) + ε2wp,2(r, z) + . . . , (29)
p = pp,0(r, z) + εpp,1(r, z) + ε2pp,2(r, z) + . . .

where the property that ∂up,0

∂z
= 0 at z0 is explicitly built in. We use the same symbol for the

pseudo-plug solution. When we match the two solutions, we add a subscript p to explicitly
distinguish the pseudo-plug solution.

Thus, by introducing an asymptotic expansion, we find

τ p,−1
rr =

2B

γ̇p,0
∂up,0

∂r
,

τ p,0rz =
B

γ̇p,0
∂up,1

∂z
, (30)

τ p,−1
θθ =

2B

γ̇p,0
up,0

r

where the leading order term in the rate of strain tensor is

γ̇p,0 =

√(∂up,1
∂z

)2
+4
((∂up,0

∂r

)2
+
(up,0
r

)2
+
∂up,0

∂r

up,0

r

)
(31)

The lubrication equations for the first two orders are:

O(1) −∂p
p,0

∂r
+
∂τ p,0rz

∂z
= 0,

−∂p
p,0

∂z
= 0, (32)
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∂up,0

∂r
+
up,0

r
+
∂wp,0

∂z
= 0

O(ε) −∂p
p,1

∂r
+
∂τ p,−1

rr

∂r
+
τ p,−1
rr − τ p,−1

θθ

r
+
∂τ p,1rz

∂z
= 0,

−∂p
p,1

∂z
− ∂(τ p,−1

rr + τ p,−1
θθ )

∂z
= 0, (33)

∂up,1

∂r
+
up,1

r
+
∂wp,1

∂z
= 0

Using symmetry about the centerplane, we have wp |z=0 = 0, τ prz |z=0 = 0, ∂up

∂z
|z=0 = 0.

Integrating the first two equations of 32 and enforcing continuity p0, τ 0
rz, u

0 at z = z0(r) leads
to

pp,0(r) = p0(r), p′0 = −B
z0

, τ p,0rz = −Bz
z0

, up,0 = u0(r) =
B

2z0

(1− z0)2 (34)

From the last equation of 32 we obtain

wp,0 = −z
(
u′0 +

u0

r

)
(35)

Differentiation of the expressions 27,34 after minor manipulations gives

z′0 =
3z2

0

2B(z3
0 − 1)

u′0 =
3(1 + z0)

4(1 + z0 + z2
0)

(36)

The continuity condition of wp,0 and ws,022 at pseudo yield surface is automatically satisfied by
substituting the expression for z′0, u′0, r 27,36.

From 30,34 we obtain

(τ p,−1)2 = (τ p,−1
rr )2 + (τ p,−1

θθ )2 + τ p,−1
rr τ p,−1

θθ + (τ p,0rz )2 =

4B2

(γ̇p,0)2

(
(u′0)2 + (

u0

r
)2 + u′0(r)

u0

r

)
+

B2

(γ̇p,0)2
(
∂up,1

∂z
)2 = B2 (37)

We denote

η =

√
4
(
(u′0)2 + (

u0

r
)2 + u′0

u0

r

)
(38)

Substituting τ p,0rz = −Bz
z0

30,34 into 37 leads to the following expression

B2η2

(γ̇p,0)2
=
B2(z2

0 − z2)

z2
0

(39)

After minor calculation we have

γ̇p,0 =
ηz0√
z2

0 − z2
(40)

Substituting the expression 38 into 31 gives

(
∂up,1

∂z
)2 + η2 = (γ̇p,0)2 (41)
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Inserting 40 into 41 we obtain the equation for ∂up,1

∂z
Solving this equation and integrating we

obtain

up,1 = η
√
z2

0 − z2 + u∗1 (42)

where u∗1(r) is an unknown function of integration. Obviously the function u∗1(r) is the value of
the first order velocity u1 at the pseudo-yield surface z = z0(r). We now focus on the first-order
approximation. Integrating the equation ?? gives

pp,1 = −τ p,−1
rr − τ p,−1

θθ + ψ(r) (43)

where ψ(r) is an unknown function of integration. Enforcing continuity of the pressure at the
pseudo-yield surfaces yields ψ(r) = p1(r). Substituting 43 into the first equation of 33 gives

∂

∂r
(2τ p,−1

rr + τ p,−1
θθ )− p′1 +

τ p,−1
rr − τ p,−1

θθ

r
+
∂τ p,1rz

∂z
= 0 (44)

Inserting 34,40 into 30 we find that

τ p,−1
rr =

2B

ηz0

u′0

√
z2

0 − z2 , τ p,−1
θθ =

2B

ηz0

u0

r

√
z2

0 − z2 (45)

Substituting τ p,−1
rr and τ p,−1

θθ into 44 leads to

2B
d

dr

(2u′0 + u0
r

ηz0

)√
z2

0 − z2 + 2B
(2u′0 + u0

r

ηz0

) z′0z0√
z2

0 − z2
−

−p′1 +
2B(u′0 − u0

r
)

rηz0

√
z2

0 − z2 +
∂τ p,1rz

∂z
= 0 (46)

After integrating (in respect that τ p,1rz |z=0 = 0)

τ p,1rz = −B(z
√
z2

0 − z2 + z2
0 arcsin

z

z0

)
( d
dr

(2u′0 + u0
r

ηz0

)
+

(u′0 − u0
r

)

rηz0

)
−

−2B
(2u′0 + u0

r

ηz0

)
z′0z0 arcsin

z

z0

+ p′1z (47)

Enforcing continuity of the first order shear stress τrz at the pseudo-yield surface leads to

g(r) = −πB
2

( d
dr

(z0

η
(2u′0 +

u0

r
)
)

+
z0

ηr
(u′0 −

u0

r
)
)

(48)

The unknown u∗1(r) can be determined by matching the first order velocities at z = z0

u∗1 =
p′1
2

(z2
0 − 1) + g(z0 − 1),

us(r, z) = − B

2z0

(z2 − 1) +B(z − 1) + ε(
p′1
2

(z2 − 1) + g(z − 1)), (49)

up(r, z) =
B

2z0

(1− z2
0) + ε(η

√
z2

0 − z2 +
p′1
2

(z2
0 − 1) + g(z0 − 1))
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However, function p1 is still unknown. To find p1, we consider the flowrate constraint:∫ 1

0
u(r, z) dz =

∫ z0

0
up dz +

∫ 1

z0
us dz =

B(z0 − 1)2(z0 + 2)

6z0

+ ε
(z2

0πη

4
+
p′1
3

(−1 + z3
0) +

g

2
(−1 + z2

0)
)

=
r

2
(50)

Q(r) = Q0(r) + εQ1(r). We require that Q = Q0, Q1 = 0. Thus we obtain the equation for
the border z0:

z3
0 − z0

(
3 +

3r

B

)
+ 2 = 0 (51)

which is equivalent to 27 and expression for p′1

p′1 =
3z2

0ηπ

4(1− z3
0)
− 3g(1 + z0)

2(1 + z0 + z2
0)

= −πBηz
′
0

2
− 2gu′0 (52)

As we have mentioned above the numerical modeling [10] shows the presence of the rigid
zones near the stagnation points at the center of the plate. It is interesting to investigate the
obtained asymptotic solution near the stagnation point. We will examine the second invariant
of the stress τ at the plate at z = 1.

The leading order τ 0 in the shear region equals the shear stress τ 0(r, 1) = |τ 0
rz(r, 1)| = B

z0(x)

and exceed the yield stress because z0(r) ≤ 1. Thus, in accordance with the zero-order solution,
the Bingham fluid in the shear region is yielded.

Then we take into account the first order approximation and consider the stress along the
z = 1

τ(r, 1) = τ 0(r, 1) + ετ 1(r, 1) +O(ε2) = |τ 0
rz(r, 1) + ετ 1

rz(r, 1) +O(ε2)| = B

z0(r)
− ε(p′1(r) + g(r)) +O(ε2),(53)

where p′1(r) and g(r) are determined by 52, 48 To analyze the behavior of the function τ 0
rz(r, 1)

near the axis of symmetry, we use the Taylor series. We introduce the new variable ζ̃ =
(
r
B

)1/2

and expand the function z0(r(ζ̃)), using 28 in Taylor series. After that, we return to the variable
r and obtain

z0(r) = 1−
√
r

B
+

r

3B
+

r

18B

√
r

B
− r2

27B2
− 5r2

216B2

√
r

B
+

r3

243B3
(54)

τ 0
rz = −B(1 +

√
r

B
+

2r

3B
+

5r

18B

√
r

B
+

r2

27B2
− 11r2

216B2

√
r

B
− 13r3

243B3
+O(r)7/2) (55)

τ 1
rz =

π√
3

(
3
√
B

4
√
r
− 67

192
− 581

√
r

2304
√
B

+O(r)) (56)

The first term in the brackets on the right-hand side of 56 is positive and tends to infinity when
r → 0 and the other terms are finite for 0 ≤ r ≤ 1. For r → 0 we have −τrz(r, 1) =
B

z0(r)
− ε(p′1(r) + g(r)) → −∞. This means that near r = 0 there exists a point r = r0 at

which −τrz = B and τ = B. For r ≤ r0 we have τ < B and the material is unyielded.
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Figure 1:

So, asymptotic analysis predicts a region of unyielded material near the plane. Consequently
our asymptotic expansion breaks down. We give in Fig. 1(a) the magnitude of the tangential
stress −τrz(r, 1), acting on the disc surface for B = 1, ε = 0.1. The solid line corresponds to
τrz(r, 1) = τ 0

rz(r, 1) + ετ 1
rz(r, 1), dotted line — tangential stress zero-order τ 0(r, 1), dashed line

— z = B. The solid line is below the dotted line and approaches it for r → 1. The abscissa of
the point of intersection of the solid line and a dotted horizontal line is the radius yield surface on
the disk (τ = B). Fig. 1(b) shows the stress intensity along the disk surface for ε = 0.1 and four
Bingham numbers, 0.1, 1,10,100. The solid line corresponds to τ(r, 1) = τ 0(r, 1) + ετ 1(r, 1)
, dotted line — τ 0(r, 1). The uppermost curve in this figure is for the highest Bn value, they
decrease gradually as Bn decreases . The stresses are increase monotonically with increasing r
and decrease sharply near the axis of symmetry r = 0. The stresses equal to the corresponding
Bingham numbers are marked points on the solid lines. The yield surfaces (i.e. the surfaces
on which τ = B) are marked points on the solid lines. As expected, the size of the unyielded
spot increases with B.(This figure qualitatively follow fig14a presented in )This figure is in
qualitative agreement with fig.14a presented in [9].

4 Slip condition

We consider another boundary condition at the contact with the upper plate (z = 1):

û = −
(
1− τ̂c

|τ̂rz |

)
τ̂rz
ĉf
, |τ̂rz| > τ̂c, (57)

0, otherwise

here ŝ0 is the slip yield stress, ĉf is . The slip yield dimensionless number Bw is defined as the
ratio of ŝ0 to a characteristic stress µ̂Û/R̂: Bw = ŝ0R̂/µ̂Û , the friction dimensionless number
Cf is defined by Cf = ĉf R̂/µ̂. We introduce β = 1/Cf . The three dimensionless numbers B,
Bw and β characterize the squeeze problem with the stick-slip law at the wall. We can rewrite
in dimensionless form:

u = −βτrz
(
1− Bw

|τrz |

)
, |τrz| > Bw, (58)

0, otherwise

This slip model divides the wall boundary into the slip region and no-slip region. The stick
and the slip regions are separated by the transition point rT . β is a parameter used to adjust the
level of the slip velocity in comparison to the wall shear and a Bw is a second parameter used
to adjust the length of the slip region. The choice β = 0 leads naturally to a no-slip boundary
condition, whereas whenBw becomes zero this model reduces to the standard Navier slip model
and slip occurs over the entire wall boundary with a constant slip coefficient.

In this section we will assume, that the condition |τrz| > Bw is satisfied, therefore the veloc-
ity boundary condition becomes the following:

u |z=1 = −β(τrz −Bw
τrz
|τrz|

), w |z=1 = −1. (59)

4.1 Shear region

Following section 2 we look for a solution in which the main variables of the problem can
be expressed as power series of ε, namely

u = u0 + εu1 + ε2u2 . . . ,
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w = w0 + εw1 + ε2w2 . . . , (60)
p = p0 + εp1 + ε2p2 . . . ,

τij = τ 0
ij + ετ 1

ij + ε2τ 2
ij . . .

We start from the zero-order approximation. In the shear region the equations 15 remain
valid and we have

p0 = p0(r), τ 0
rz = zp′0(r). (61)

Instead of the boundary conditions 11, we have

u0 = β(−p′0 −Bw), w = −1. (62)

From 18,20,62 we find

u0 =
p′0
2

(z2 − 1) +B(z − 1) + β(−p′0 −Bw) (63)

We utilize the continuity equation from15 (last one), the second boundary condition 62 and
obtain

w0 = −z
3 − 3z + 2

6

(
p′′0 +

p′0
r

)
− B

2r
(z − 1)2 + β

(
p′′0 +

p′0 +Bw

r

)
(z − 1)− 1. (64)

Figure 2:

Just as in Section 2, we will consider two subdomains: the shear regions (near the plates),
where the yield criterion at leading order is overcome (τ 0 = |τ 0

rz| = |zp′0(r)| > B), and the
plastic region (surrounding the centerplane), where the yield criterion is not reached. These
regions are separated by pseudo-yield surface z0(r) = B

|p′0(r)| . The expression for the velocity
u0(r, z) can be written as follows:

u0(r, z) = B
2z0

(1− z0)2 + β(B
z0
−Bw), z ∈ [0, z0], (65)

− B
2z0

(z2 − 1) +B(z − 1) + β(B
z0
−Bw), z ∈ (z0, 1].

To determine pseudo-yield surface z = z0(r), we use the flow rate for the channel∫ 1

0
u0 dz =

B(z0 − 1)2(z0 + 2)

6z0

+ β(
B

z0

−Bw) =
B(z3

0 − 3z0 + 2) + 6β(B −Bwz0)

6z0

=
r

2
.(66)

The rearrangement of 66 gives the cubic equation where the unknown is the pseudo-yield sur-
face z0:

z3
0 − 3z0

(
1 +

r

B
+ 2β

Bw

B

)
+ 2 + 6β = 0. (67)

We denote

f0(z0) := z3
0 − 3z0(1 +

r

B
+ 2β

Bw

B
) + 2 + 6β. (68)
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As f0(0) = 2+6β > 0, f0(1) = −3 r
B
−6β(Bw

B
−1) < 0, then for r > 0, z1 < 0 < z2 < 1 < z3.

Thus for all r > 0, β > 0,Bw > B on the interval (0, 1) equation 67 has the only root:

z0(r) = −2

√
1 +

r

B
+ 2β

Bw

B
cos
(1

3
arccos

( 1 + 3β√
(1 + r

B
+ 2β(Bw

B
))3
− 2π

3

))
. (69)

Now, differentiating z0 and u0 with respect to r, we obtain

z′0 = − 3z2
0

2B(1 + 3β − z3
0)
, u′0 =

3(1 + 2β − z2
0)

4(1 + 3β − z3
0)
. (70)

Exploiting the continuity equation we find w0 in the plastic region. Finally, we obtain

w0(r, z) = −z(u′0 + u0
r

), z ∈ [0, z0],(71)

(z3 − 3z + 2− 6β(z − 1))
(
−Bz′0

6z20
+ B

6rz0

)
− B

2r
(z2 − 1) + βBw

r
(z − 1)− 1, z ∈ (z0,(72)

Using formulae 66, 70, it is easy to see that the axial velocity w0 is continuous on the pseudo-
yield surface z0(r).

The boundary conditions 62 hold for B
z0
> Bw, otherwise no-slip boundary conditions hold.

The condition |τ 0
rz(r∗, 1)| = Bw defines r = r∗ as the “stick-slip” transition point of zero-order

. Obviously, z∗0 = z0(r∗) = B/Bw, thus, in accordance with 66,

r∗ =
1

3
(
B3

B2
w

− 3B + 2Bw). (73)

We denote z̃0(r) pseudo-yield surface, corresponding to the equation 67, notation z0(r)
remains for the solution of the equation 27. We observe 36, 70 that z′0 < 0, z̃′0 < 0, so
the pseudo-yield surfaces z = z0(r), z = z̃0(r) are the decreasing functions of radius. If
z0(r∗) = B/Bw < z0(1), then the curves z0(r), z̃0(r) intersect at r∗ > 1 (horizontal line
z = B/Bw is below z0(r) at 0 ≤ r ≤ 1). Thus, the material adheres to the entire surface of the
disks. It is evident that z0(r∗) = z̃0(r∗). In order to determine the relative position of the graphs
z0(r) and z̃0(r), we subtract the expression 27 from 67 and obtain:

(z0 − z̃0)(3 +
3r

B
− (z2

0 + z0z̃0 + z̃0
2)) =

6βBw

B
(z̃0 −

B

Bw

). (74)

If r < r∗, then z̃0 − B
Bw

> 0 and z0 > z̃0 and vice versa (the second factor on the left side is
positive, since z0, z̃0 ∈ (0, 1]) .

Fig. 2 (a) shows the graphs of the pseudo-yield surfaces z = z0(r), z = z̃0(r) for three
values of the Bingham number B = 0.1, 1, 100. The black lines correspond to the pseudo-yield
surfaces z = z0(r) with no-slip condition. For the slip condition pseudo-yield surfaces z =
z̃0(r) are painted by color lines: red lines correspond to Bw/B = 1.2, blue line - Bw/B = 1.5,
turquoise line - Bw/B = 2 . We can see that the size of the stick region enlarges monotonically
as the ratio Bw/B increases (B is fixed); consequently, the smaller is the Bw/B, the higher is
the corresponding curve z = z̃0(r). We observe that for B = 10 slip occurs only for Bw = 12.
For Bw = 15 and Bw = 20 no-slip condition is performed on the entire surface of the disks.
For B = 100 and for all three Bw = 120, 150, 200 the no-slip condition is valid on the whole
surface of the disks.
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On Fig. 2(b) we have plotted z = z0(r), z = z̃0(r) for B = 1, Bw = 2 and various slip
coefficients β. As mentioned above, this parameter adjust the level of the local slip velocity in
comparison to the wall shear. More specifically, when the value of β increases the value of slip
velocity grows. It can be easily seen that for the small values of β the curve z̃0(r) is close to
the curve z0(r). When β becomes bigger the graph of the function z̃0(r) is close to a horizontal
line in accordance with 70.

Let us return to Fig. 1 (a) and remember that the absolute value of shear stress |τrz| is smaller
than |τ 0

rz|, so |τ 0
rz(r∗)| = Bw, but |τrz(r∗)| < Bw. Accounting for the first approximation

for the shear stress leads to decreasing of the absolute magnitude of the shear stress, as can
be clearly seen from Fig. 1. Therefore, at the point r∗ shear stress is above the critical Bw and
actually slippage occurs at point rT (rT > r∗). Thus the fulfillment of the slip condition for zero
approximation does not guarantee the fulfillment of this condition if we take into consideration
the first-order approximation. There is a transition region (r∗, rT ) where |τ 0

rz| > Bw and |τ 0
rz +

ετ 1
rz| < Bw . We call this case fake slip and consider later.
In this subsection we deal with the case |τrz| > Bw. If the condition |τ 0

rz + ετ 1
rz| > Bw is

fulfilled then the slip occurs and we have the following boundary condition for the first approx-
imation:

u1 |z=1 = −βτ 1
rz. (75)

Equation 75 can be written in the general form

u1 |z=1 = u1
b , (76)

where
u1
b = −βτ 1

rz. (77)

The equations 16 remain valid but instead of no-slip conditions 11 we consider 76. We solve
these equations as in the subsection 2.1 and have the following expressions:

p1 = p1(r), τ 1
rz = z · p′1(r) + g(r), u1 =

p′1(r)

2
(z2 − 1) + g(r)(z − 1) + u1

b . (78)

4.2 Plastic region.

In the plastic region we introduce the asymptotic expansion 29. The expressions 30–31
hold. For the plastic region the solution repeats the solution for the plastic region with no-slip
condition. Instead of expressions 34, we obtain the following items:

p0(r) = p0(r), p′0 = −B
z0

, τ 0
rz = −Bz

z0

, u0 = u0(r) =
B

2z0

(1−z0)2 +β(
B

z0

−Bw). (79)

The equations 37–47 are valid, but for the functions z0, z′0, u0, u′0 we use the expressions
69,70,79 from the previous subsection. Given the continuity of pressure and stress on the
pseudo-yield surface we obtain:

ps(r) = p0(r) + εp1(r) + . . . , pp(r) = p0(r) + ε(p1(r)− 2B

ηz0

(u′0 +
u0

r
)
√
z2

0 − z2) + . . . ,

τ srz(r) = −Bz
z0

+ ε(zp′1(r) + g(r)) + . . . , (80)

τ prz(r, z) = −Bz
z0

+ ε
(
p′1z +

2g

π
arcsin

z

z0

−Bz
√
z2

0 − z2
( d
dr

(2u′0 + u0
r

ηz0

)
+
u′0 − u0

r

rηz0

))
+ . . . ,
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where
g(r) = −πB

2

( d
dr

(z0

η
(2u′0 +

u0

r
)
)

+
z0

ηr
(u′0 −

u0

r
)
)
. (81)

From continuity of u1 at z = z0 it follows that

u1s =
p′1
2

(z2−1)+g(z−1)+u1
b , u1p = η

√
z2

0 − z2 +u∗1 ⇒ u∗1 =
p′1
2

(z2
0−1)+g(z0−1)+u1

b .

Substituting 78 into expression 77 gives

u1
b = −β(p′1(r) + g(r)). (82)

We can express the velocity in terms of z0(r):

us(r, z) = − B
2z0

(z2 − 1) +B(z − 1) + β(B
z0
−Bw) + ε(

p′1
2

(z2 − 1) + g(z − 1) + u1
b),

up(r, z) = B
2z0

(1− z2
0) + β(B

z0
−Bw) + ε(η

√
z2

0 − z2 +
p′1
2

(z2
0 − 1) + g(z0 − 1) + u1

b).

To find p1 we consider the flow rate through the gap:∫ 1

0
u(r, z) dz =

∫ z0

0
up dz +

∫ 1

z0
us dz =

B(z2
0 − 3z0 + 2) + 6β(B −Bwz0)

6z0

+ ε
(z2

0πη

4
+
p′1
3

(−1 + z3
0) +

g

2
(−1 + z2

0) + u1
b

)
=
r

2
. (83)

Just as in the subsection 2.2 we obtain expression for p′1:

p′1 =
3z2

0πη

4(1− z3
0)
− 3g(1− z2

0)

2(1− z3
0)

+
3u1

b

(1− z3
0)
. (84)

Using 82 we have:

p′1 =
3z2

0ηπ

4(1 + 3β − z3
0)
− 3g(1 + 2β − z2

0)

2(1 + 3β − z3
0)

= −πBηz
′
0

2
− 2gu′0. (85)

The coordinate of the transition point rT can be found from the fact that at the transition
point the shear stress is equal to the critical value −Bw: τ 0

rz(rT ) + ετ 1
rz(rT ) = −Bw. We find

the root of the next equation z0(r) numerically:

B

z0

+ ε(
πBη(z0)z′0

2
+ g(z0)(2u′0(z0)− 1)) = Bw, (86)

and then substitute it into the formula 66 and define rT .

4.3 Fake slip

Let us return to the fake slip case. There is an interval (r∗, rT ), for which at the boundary z =
1 no-slip condition is satisfied, i.e., velocity at the boundary should be zero. Since the zero-order
approximation of the velocity at the boundary is positive, this value should be compensated by
the boundary condition for the first approximation. Therefore:

u1
b = −β

ε
(
B

z0

−Bw) (87)
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Figure 3:

In both regions, fake slip and slip, the solutions of the first-order are described by the same for-
mulae except the expression for the function u1

b in the right-hand side of the boundary condition.
The expression 84 after the substitution of 87 takes the following form:

p′1 =
z2

0ηπ3

4(1− z3
0)
− 3g(1 + z0)

2(1 + z0 + z2
0)
− 3β

ε(1− z3
0)

(
B

z0

−Bw). (88)

Figure 3 shows the graphs of the shear stress for Bingham number B = 1 and different wall
Bingham numbers B1 = 1.5, 2, 2.5. The purple line corresponds to τ 0

rz - zero approximation
with no-slip condition, the black line corresponds to τrz = τ 0

rz + ετ 1
rz with no-slip condition.

The solutions at the fake slip and the slip regions are depicted in color: red line corresponds to
Bw = 1.5, blue line - Bw = 2, green line - Bw = 2.5. The asterisks on r-axis mean transition
from the no-slip region to the fake slip region. In other words, they are the abscissas r = r∗
of the intersection points of the purple line and the dotted lines z = Bw (|τ 0

rz(r∗)| = Bw). The
color of the asterisk corresponds to the value of Bw. The circles on r-axis mean transition from
the fake slip region to the slip region, namely, they are the abscissas r = rT of the intersection
points of the dotted line z = Bw and the corresponding color line. Thus, each graph is composed
from three parts: for r ≤ r∗ it is solution of the no-slip problem, for r∗ < r < rT it is solution
of the fake slip problem, for r ≥ rT it is solution of the slip problem. One can easily see that
rising of Bw entails shortening of the fake slip region. The slip condition reduces the absolute
value of the shear stress compared with the stick condition. The smaller is ratioBw/B (for fixed
B), the sooner τrz exceeds the value Bw and the closer to the axis of symmetry is the fake slip
region. We note that for case when the fake slip region is located near the axis of symmetry (for
example, Bw = 1.5), the absolute value of the shear stress in this region (red line) is slightly
less in comparison with solution with no-slip condition (black line). If the fake slip region is
located in the middle (Bw = 2) or closer to the edge of the disk (Bw = 2.5), the shear stress
in the fake slip region coincide with solution with no-slip condition. In the slip region shear
stresses are nearly the linear functions and visually the slopes are almost identical.

In Figure 3(b) we examine the influence of the parameter β on the value of the shear stress
with fixed B = 1. We choose the color of the lines as well as in the previous figure, while
the solid line corresponds to β = 1, dashed line corresponds β = 0.5, dotted line –β = 0.1
. The fluid velocity at the disks surfaces has positive value, which increases as β increases.
Since the mass flow rate is kept constant, as we vary the slip coefficient β, the increase in the
fluid velocity in the disk surfaces region will result in decreased velocity gradients there, and in
the center region the fluid will be correspondingly slowed down as β is increased, otherwise the
mass conservation requirement will be violated.A reduction in velocity gradient will necessarily
lead to a decrease in shear stress, as indicated in 3(b) As expected, for the small values of β
(β = 0.1) the graph is close to the line, corresponding to the no-slip solution.

The fluid velocity at the disks surfaces has positive value, which increases as β increases.
Since the mass flow rate is kept constant, as we vary the slip coefficient β, the increase in the
fluid velocity in the disk surfaces region will result in decreased velocity gradients there, and
in the center region the fluid will be correspondingly slowed down as β is increased, otherwise
the mass conservation requirement will be violated. A reduction in velocity gradient will nec-
essarily lead to a decrease in shear stress , as indicated in Fig. 6b, the pressure gradient sharply
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decreases with increased p at any radial coordinate.
We see that the location of the transition point rT is independent of β when Bw = 2 and

Bw = 2.5. For Bw = 1.5 magnitude of the shear stress in the fake region increases with
decreasing of β, so the critical value Bw is reached at smaller radius, therefore, the transition
points rT are moved to the left. But the difference between them is negligibly small and these
points are almost indistinguishable.

Figure 4: Velocity profiles .

Figure 4 shows the radial velocity profiles: red lines correspond to the no-slip solution and
black lines correspond to the slip solution, solid lines are used for composite solution, dot-
ted lines - for zero-order solution. Fig. 4 (a) corresponds to B = 10, Bw = 13, ε = 0.1,
radial location is r = 0.9. This location belongs to the slip region. We see that the stick solu-
tion(corresponding to the no-slip condition) has zero velocity at the disk while the slip solution
has positive velocity at the disk. Wherein the velocity magnitude for zero-order approxima-
tion is bigger than the composite solution. In consequence of the flow rate conservation, slip
solution velocity at the plane of symmetry (z = 0) is reduced compared with stick solution.
The axial distributions of the radial velocity profiles at selected radial coordinates are shown
in Fig. 4(b),(c). Fig. 4 (b) corresponds to B = 10, Bw = 13, ε = 0.05, radial locations are
(from left to right) r = 0.6, 0.7, 0.8, 0.9, 1. The first profile is located in the no-slip region, thus
solutions coincide and we see the only red line. Next position r = 0.7 is located in the fake
slip region. The red and black contours are almost identical, excluding small deviation near the
pseudo-yield surface. The locations r = 0.8, 0.9, 1 are in the slip region. It is easy to see that
under the slip condition the velocity profiles are compressed in the radial direction compared
with no-slip case. At any radial coordinate r, in the region close to the disks surfaces the velocity
of the fluid which corresponds to the slip condition, is more than the velocity corresponding to
the no-slip condition. Since the same mass flow rate is imposed, in order to satisfy the mass-
conservation constraint, the increase in fluid velocity in the wall regions will be compensated
for by the decrease in fluid velocity as the center region.

Fig. 4 (c) corresponds to B = 1, Bw = 2, ε = 0.05, radial locations are (from left to right)
r = 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1. The first profile belongs to the no-slip region, in all other
positions the slip condition is performed.

5 NUMERICAL SOLUTION

In order to check our asymptotic solution were performed the simulation for the squeeze flow
of viscoplastic Bingham media. This section is dedicated to the solution of the system 3 using
an Augmented Lagrangian method.This method to solve the problem of Bingham fluid flow is
detailed in a previous papers.3–8 We denote Ω = [−L,L]× [−H,H], Γ = ∂Ω,

Γu = {(x, y) | − L ≤ x ≤ L, y = ±H}; Γs = Γ \ Γu; (89)

uV = (0,−V ) if y = H, (90)
(0, V ) if y = −H. (91)

We introduce following convex set

UV = {u ∈ (H1(Ω))2 |u = uV on Γu,∇ · u = 0} (92)
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and the functional J : UV → R such that

J(u) =
µ

2

∫
Ω
|γ(u)|2dx+ τ0

∫
Ω
|γ(u)|dx. (93)

The setUV consists of function in (H1(Ω))2 that are divergence free and for which the essential
boundary conditions are satisfied. The solution of problem 3 – 8 expressed as a minimization
point of J on UV :

J(u) = min
v∈U V

J(v). (94)

The difficulty in solving problem 93, 94 is related to non-differentiability of the right-hand size
second term of 93

We introduce the following functional spaceQ = {q| q ∈ (L2(Ω))4; qT = q}, the additional
variable

q = γ(v) ∈ Q. (95)

The constraint 95is relaxed thanks to the introduction of Lagrange multiplier that coincides with
the stress τ ∈ Q. The augmented Lagrangian Lr : U ×Q×Q→ R is given by

Lr(u; q; τ ) =
µ

2

∫
Ω
|q|2 dx+ τ0

∫
Ω
|q| dx+

1

2

∫
Ω

(γ(u)− q) : τ dx+
r

2

∫
Ω
|γ(u)− q|2 dx, r ≥ 0.(96)

The minimization problem 93, 94 is replaced by saddle point problem of Lr which we can solve
by the following Uzawa-type algorithm proposed in [?]

{q0, τ 1} are given ∈ Q×Q; (97)

for n = 0, 1, 2 . . ., assume qn and τ n are being known, perform the next steps:

Step 1: find un+1 e pn+1 such that:

−r4un+1 +∇pn+1 = ∇ · (τ n − rqn) in Ω,

∇ · un+1 = 0 in Ω,

rγ(un+1) · n = (rqn − (−pn+1I + τ n)) · n on Γs,

un+1 = uV on Γu.

Step 2: compute explicitly qn+1 as

qn+1 := 0, if |τ n + rγ(un+1)| < τ0, (98)

(1− τ0
|τ n+rγ(un+1)|)

τ n+rγ(un+1)

(r+µ)
, otherwise.

Step 3: explicit update of the Lagrange multiplier τ n+1

τ n+1 := τ n + r(γ(un)− qn). (99)

If |τ n+1 − τ n| > ε for ε > 0, go to step 1.
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The advantage of this algorithm is that it transforms the non-differentiable problem 93, 94 into
a family of a modified Stokes problem with an additional right hand side 98 and local explicit
calculations.

The system of equations is discretized in space by finite differences on a uniform stag-
gered grid with meshsize h = h1 = h2, where h1 and h2 are the step discretization in each
direction. The discrete values of the pressure are located at the center of each cell and the
velocity components u and v are located at the middle of the cell faces. The components
γ11, γ22, q11, q22, τ11, τ22 of strain-rate and Lagrange multipliers tensors are located at the cell
centers whereas the non-diagonal components γ12, q12, τ12 (γ12 = γ21) are located at the grid
nodes. This grid, called Marker And Cell (MAC), allows to write first derivatives with a second-
order centered scheme [?, ?].

6 CONCLUSIONS

We have obtained the consistent asymptotic solution which is free from lubrication paradox.
We provide expressions for velocity, stress,strain. The numerical solution that we have com-
puted using the augmented Lagrangian method has been compared favorably with the asymp-
totic solutions, providing validation of the approach.
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Abstract. The paper represents a new approach for development of robust multigrid methods.
The approach is based on minimization of the number of problem-dependent components in
multigrid algorithm. Robust Multigrid Technique (RMT) is application of the essential multigrid
principle in single-grid algorithm. Problem-dependent components of the technique are:
1) the number of smoothing iterations;
2) unknown ordering (for anisotropic problems);
3) underrelaxation parameter (for nonlinear problems);
4) stopping criterion of the multigrid iterations.
The least number of the problem-dependent components makes it possible to use RMT in black
box software. Disadvantage of RMT is extra computational efforts as compared with optimized
multigrid.

Since coarse grid correction is computed on the single grid, it is possible to avoid the large
communication overhead and the processor idleness on the very coarse grids in parallel multi-
grid.

The paper represents main components of RMT, results of numerical experiments, conver-
gence and complexity analysis, estimation of speed-up and efficiency of parallel algorithm.
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1 INTRODUCTION

Classical multigrid methods are among the fastest numerical algorithms for the solution of
boundary value problems. Multigrid methods are characterized by their so-called components:
the smoothing procedure, the coarsening strategy, the coarse grid operators, the transfer ope-
rators from fine grids to coarse and from coarse to fine and the cycle type. These components
have to be specified for each concrete problem. Inoptimized multigridalgorithms, one tries to
tailor the components to the problem at hand in order to obtain the highest possible efficiency
for the solution process [8]. In contrast with direct and many iterative methods, optimized
multigrid offers capability of solving the boundary value problems with complexity and storage
proportional to the number of unknowns.

On the other hand, the idea ofrobust multigridalgorithms is to choose the components
independently of the given problem, uniformly for as large a class of problems as possible [8].

Various variants of the optimized multigrid methods have been proposed and developed [8].
Less progress has been made in development of the robust multigrid algorithms. In framework
of the work a multigrid algorithm is calledrobustif
- it is efficient for a large class of problems
- it has the least number of the problem-dependent components
- it is highly parallel.

One approach consists of minimizing the number of problem-dependent components in
multigrid solver. Basic idea of Robust Multigrid Technique (RMT) is to apply the essential
multigrid principle (about approximation of the smooth part of the error on coarser grids [8]) in
monogrid (or single-grid) algorithm [2, 3].

RMT has the advantage that the intergrid operators are trivial and problem-independent. In
addition, smoothing on the single grid gives the most powerful coarse correction strategy to
make the task of the smoother less demanding. As a result, weak (and well parallelizable)
smoothers can be used in the multigrid technique. Block Seidel smoother can handle many
applied problems in unified manner starting from the Poisson equation up to the saddle point
problems. Absence of coarse grids leads to almost perfect load balance and low communication
overhead in parallel multigrid. Disadvantage of RMT is extra computational efforts as compared
with optimized multigrid.

Really RMT is an opportunity to accelerate convergence of Gauss-Seidel iterations at solving
(non)linear boundary value problems on structures grids.

2 BASIC COMPONENTS OF ROBUST MULTIGRID TECHNIQUE

Basic principles of RMT for solving boundary value problems (BVP) will be explained by
studying a one-dimensional model problem and traditional multigrid notation [5].

To overcome the problem of robustness, RMT consists of two parts: analytical (adaptation of
BVPs to the technique by representation of the solution as a sum (Σ-modification) or a product
(Π-modification) of two functions (coarse grid correction and approximation to the solution))
and computational (generation of the finest and coarse grids, control volume approximation of
the modified BVPs on the grid hierarchy (multigrid structure) and solution of the discretized
equations by original multigrid solver).

Main difficulty of the robust multigrid algorithm development is to reach close-to-optimal
convergence rate with the least number of the problem-dependent components.

First stage of the computational part of RMT consists of the finest grid generation for the
following control volume approximation of the modified boundary value problems. The finest
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grid G0
1 consistsof two setsGv(0;1) andGf(0;1) of the grid points. In domainΩ = [0, 1] the

sets are defined as

Gv(0;1) = {xv
i | xv

i = h(i− 1), i = 1, 2, . . . , N0
x + 1, h = 1/N0

x} ,

Gf(0;1) = {xf
i | xf

i = 0.5 (xv
i + xv

i+1), i = 1, 2, . . . , N0
x} .

The finest gridG0
1 with N0

x = h−1 = 8 is shown on Fig. 1, whereh is a mesh size.

Figure1: The finest gridG0
1 with N0

x = h−1 = 8

Coarsening in RMT is based on representation of the finest gridG0
1 as union of three coarse

gridsG1
1, G1

2 andG1
3 as shown on Fig. 2. Hereinafter we will use standard multigrid notation

for simplicity of RMT description.

Figure2: Triple coarsening in Robust Multigrid Technique

It is easy to see the following properties of the coarse grids:

1. the coarse gridsG1
1, G1

2 andG1
3 have no common points, i.e.

G1
n ∩G1

m = ∅ , n 6= m.

2. the finest gridG0
1 is the union of the coarse gridsG1

1, G1
2 andG1

3, i.e.

G0
1 =

3⋃

k=1

G1
k .
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3. all grids are similar to each other, but a mesh size on the coarse grids is three times as
large as the mesh size on the finest grid.

4. the functions can be assigned to the grid pointsxv or to the grid pointsxf , but in both
cases the control volume on the coarse grids is union of three control volumes on the
finest grid (Fig. 3).

Figure3: Control volumes on the finest and coarse grids

The finest grid forms the zero level and three coarse grids form the first level. The coarse
grid generation is further recurrently repeated: each computational gridGl

i, i = 1, . . . , 3l of a
current levell is considered to be the finest grid for the coarse gridsGl+1

j , j = 1, . . . , 3l+1 of the
next levell + 1. Nine coarse grids derived from the three grids of the first level form the second
level, etc. The coarse grid generation is finished when no further coarsening can be performed.
Union of the finest grid and all coarse grids will be calledthe multigrid structure(Fig. 4).

Figure4: Multigrid structure

Sinced-dimensional grid (d = 2, 3) can be represented as product ofd one-dimensional
grids, similar coarsening is performed independently in each spatial direction. Therefore levell
consists of3dl grids in multidimensional case.

The number of levels can be computed in advance. Assuming that majority of the coarsest
grids has three grid points, then the number of the finest grid points isN0

x +1 or≈ 3L++1, where
L+ is the number of the coarsest level. Therefore

N0
x + 1 ≈ 3L++1 ⇒ L+ =

[
lg(N0

x + 1)

lg 3
− 1

]
,
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wheresquarebrackets mean integer part.

Figure5: Multigrid cycle

Figure6: Transfer of correction from coarse grids to fine grid

Multigrid cycle of RMT is shown on Fig. 5. The multigrid schedule of RMT is sawtooth
cycle, i.e. a special case of the V-cycle, in which smoothing before coarse grid correction
(pre-smoothing) is deleted. Multigrid iterations start on the coarsest level. When the coarsest
level solution has been obtained, the transfer to the next finer level is performed. It should
be emphasized that the transfer does not add any interpolation errors to the correctionc as
shown on Fig. 6. Smooth parts of the error are deleted on all grids of the next finer levels
in the same manner (computation of the coefficient matrix and right-hand side vector, after
that the smoothing iterations). The coarse grid correction to be added to approximation of the
solutionû on the finest grid isc (û := û + c). The multigrid iterations repeatedly improve the
approximation to the solution̂u until the current approximation becomes accurate enough.

3 INTERGRID OPERATORS

Details of the control volume approximation on the multigrid structures are given in [5].
Here we focus attention on the intergrid operators of RMT in order to use their properties for
the convergence analysis.

For reason of clearness consider one-dimensional Poisson equation

d2u

dx2
= 10ex, u(0) = u(1) = 0 , (1)

with exact solution
u(x) = 10

(
ex + (1− e)x− 1

)
. (2)
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Thesolutionu(x) can be represented as

u(x) = c(x) + û(x) , (3)

where discrete analogues of the functionsc(x) and û(x) will be coarse grid correction and
approximation to the solution, respectively. Substitution of (3) into (1) gives aΣ-modified form
of the initial problem

d2c

dx2
= 10ex − d2û

dx2
, c(0) = c(1) = 0 û(0) = û(1) = 0 . (4)

The finest and coarse grids for the two-level algorithm are shown on Fig. 7. Let us define
the index mapping to simplify operations with the multigrid structure. The notion “a grid of the
level l” means one-to-one index mapping of the coarse grid points onto the indices of the finest
grid points. In the rest of the paper, the mapping will be denoted by the braces{}. The index
mapping of the grid points from the setsGv andGf is written asxv

{i} andxf
{i} respectively, where

i and{i} are the coarse and finest grid indices. The index mapping gives a close-to-the-finest-
grid notation. Really the mapping shows that all derivatives and integrals are approximated on
the finest grid, i.e. RMT uses only a single grid for solving BVP.

Figure7: The finest (G01) and three coarse grids (G1
1, G1

2 andG1
3)

Let pointsxv be vertices and pointsxf be the control volume faces of the computational
grids. Integration of (4) over the control volume[xf

{i−1}, x
f
{i}] gives

c{i−1} − 2c{i} + c{i+1}
h232l

=
1

h3l

xf
{i}∫

xf
{i−1}

(
10 ex − d2û

dx2

)
dx , (5)

whereh3l is mesh size of the grids (l = 0, 1).
Fig. 7 shows that the index mapping for the coarse gridsG1

1 is given by

xv
{0} = xv

0, xv
{1} = xv

3, xv
{2} = xv

6, xv
{3} = xv

9, xv
{4} = xv

12,

xf
{0} = xf

1, xf
{1} = xf

4, xf
{2} = xf

7, xf
{3} = xf

10,
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i.e. thefirst vertex of the coarse gridG1
1 coincides with third vertex of the finest gridG0

1 etc.
Right-hand side of (5) on the finest grid (l = 0) is approximated as

1

h

xf
i∫

xf
i−1

(
10 ex − d2û

dx2

)
dx ≈ 10 exv

i − ûi−1 − 2ûi + ûi+1

h2
.

Vectorof resudials on the finest grid is defined by the components

r1 = 0 , ri = 10 exv
i − ûi−1 − 2ûi + ûi+1

h2
, rN0

x+1 = 0 . (6)

Eq. (5) in the first vertexxv
{1} of the coarseG1

1 of the first level (l = 1) takes the form

c{0} − 2c{1} + c{2}
h232

=
1

h3

xf
{1}∫

xf
{0}

(
10 ex − d2û

dx2

)
dx .

Approximationof the boundary conditions on the coarse grids is discussed in [3, 5]. The equa-
tion

c{0} =
2

ξ(ξ + 1)
c|x=0 + 2

ξ − 1

ξ
c{1} −

ξ − 1

ξ + 1
c{2} + O(h333l) ,

is used for elimination of the coarse grid correctionc{0} in the virtual vertexxv
{0}, where

ξ =





xv
{1}

h 3l
, x = 0

1− xv
{N l

k+1}
h 3l

, x = 1

.

Here the valuec{0} in the vertexxv
{0} located outside the domainΩ = [0, 1] can be eliminated

as follows

c{0} = −c{1} +
1

5
c{2} .

Sincethecontrol volume[xf
{0}, x

f
{1}] is union of three control volumes of the finest grid (Fig. 3)

[xf
{0}, x

f
{1}] = [xf

1, x
f
4] = [xf

1, x
f
2] ∪ [xf

2, x
f
3] ∪ [xf

3, x
f
4] ,

the right-hand side can be rewritten as

1

h3

xf
{1}∫

xf
{0}

(
10 ex − d2û

dx2

)
dx =

1

3


1

h

xf
2∫

xf
1

(
10 ex − d2û

dx2

)
dx+

+
1

h

xf
3∫

xf
2

(
10 ex − d2û

dx2

)
dx +

1

h

xf
4∫

xf
3

(
10 ex − d2û

dx2

)
dx


 =

1

3

(
r2 + r3 + r4

)
.
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Therefore(5) in the first vertexxv
{1} of the coarse gridG1

1 takes the final form

−3 c{1} + 1.2 c{2}
9h2

=
1

3

(
r2 + r3 + r4

)
.

Continuingthesame considerations for the verticesxv
{2} andxv

{3} of the coarse gridG1
1, we

obtain the following system of linear equations

1

9h2



−3 1.2 0

1 −2 1
0 1.2 −3







c{1}
c{2}
c{3}


 =

1

3




r2 + r3 + r4

r5 + r6 + r7

r8 + r9 + r10


 . (7)

Analogouslywehave for the coarse gridG1
2

1

9h2




1 0 0 0
1 −2 1 0
0 1 −2 1
0 0 1.5 −6







c{1}
c{2}
c{3}
c{4}


 =

1

3




0
r3 + r4 + r5

r6 + r7 + r8

r9 + r10 + r11


 , (8)

andfor the coarse gridG1
3

1

9h2




−6 1.5 0 0
1 −2 1 0
0 1 −2 1
0 0 0 1







c{1}
c{2}
c{3}
c{4}


 =

1

3




r1 + r2 + r3

r4 + r5 + r6

r7 + r8 + r9

0


 . (9)

Solutionsof the systems (7), (8) and (9) with a zero starting guess (û = 0) are shown on
Fig. 8. In RMT more computational work must be spent on coarse grids in order to allow
for the best approximation to the solution on the fine grids. Multiple coarse grid correction
strategy used in RMT makes it possible to eliminate the problem-dependent interpolation from
the multigrid algorithm. An efficient procedure for the fast integral evaluation on the multigrid
structure is given in [5, 6]. Virtual vertices on all grids are needed only for this procedure.

Systems (7), (8) and (9) can be incorporated into common system for convergence analysis
of RMT. Coefficient matrix of the common system has a block structure, where the number of
blocks is equal to the number of coarse grids. For this example, we have

A1 =
1

9h2




−3 1.2 0
1 −2 1
0 1.2 −3

1 0 0 0
1 −2 1 0
0 1 −2 1
0 0 1.5 −6

−6 1.5 0 0
1 −2 1 0
0 1 −2 1
0 0 0 1




. (10)

Total number of the vertices on all coarse grids of levell (l = 1, 2, . . . , L+) coincides with
the number of the vertices on the finest grid (l = 0).
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Right-handsidevector of the common system is

R0→1r0 =
1

3




0 1 1 1 0 0 0 0 0 0 0
0 0 0 0 1 1 1 0 0 0 0
0 0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 1 0 0 0 0 0 0
0 0 0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 0 0 1 1 1
1 1 1 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0







r1

r2

r3

r4

r5

r6

r7

r8

r9

r10

r11




, (11)

where components of the residual vectorr are computed on the finest grid as (6),R0→1 is an
restriction operator transferring the residual from the finest grid (zero level) to the coarse grids
of the first level. It is clear that the restriction operator is the problem-independent component
of RMT.

Vector of unknowns of the common system is union of vectors of systems (7), (8) and (9).
Taking into account the index mapping, we have

c1 =




c{1}(G
1
1)

c{2}(G
1
1)

c{3}(G
1
1)

c{1}(G
1
2)

c{2}(G
1
2)

c{3}(G
1
2)

c{4}(G
1
2)

c{1}(G
1
3)

c{2}(G
1
3)

c{3}(G
1
3)

c{4}(G
1
3)




=




c3

c6

c9

c1

c4

c7

c10

c2

c5

c8

c11




(12)

Herec{1}(G
1
1) is value of the correction in the first vertex of the coarse gridG1

1 etc. as shown
on Fig. 9.

Prolongation in the example can be written as



c1

c2

c3

c4

c5

c6

c7

c8

c9

c10

c11




=




0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1







c3

c6

c9

c1

c4

c7

c10

c2

c5

c8

c11




(13)
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Figure8: Solutions of the systems (7), (8) and (9) (dotted lines) vs. exact solution (2) (solid line)

or in matrix form
c0 = P1→0c1, (14)

whereP1→0 is the problem-independent prolongation operator (permutable matrix). Note that
P−1

1→0 = PT
1→0.

We summarize some abovementioned results. Approximation of theΣ-modified BVP (4) on
three coarse grids of the first level results in the common system of linear equation

A1c1 = R0→1r0, (15)

where the block-structured coefficient matrixA1, vector of unknownsc1 and right-hand side
vectorR0→1r0 are given by (10), (12) and (11), respectively. Assume that the system (15) is
solved by direct method, i.e.

c1 = A−1
1 R0→1r0,

where the vectorc1 is defined by (12). After that the vectorc1 is prolongated from the grids of
the first level up to the finest grid as (13) (or in the matrix form (14)).

All matrices and all vectors in (15) have no “coarse grid variables” because RMT is the
single-grid algorithm. Size of all matrices and all vectors isl-independent. It should be em-
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Figure9: Prolongation of the correction in the one-dimensional example

phasized that multigrid notation is used only for clearness of the description and to follow
traditional terminology.

Let us summarize main properties of the problem-independent transfer operators of RMT:

R0→l =





I, l = 0
l∏

k=1

Rl−k→l−k+1, l = 1, 2, . . . , L+
,

Pl→0 =





I, l = 0
l∏

k=1

Pk→k−1, l = 1, 2, . . . , L+
,

whereI is unit operator.

4 CONVERGENCE ANALYSIS AND COMPLEXITY

Approximation of some linearΣ-modified BVP on the multigrid structure results to series of
the system of linear equations of the same size

Alcl = R0→l

(
b0 − A0ϕ̂

(q)
0

)
, l = 0, 1, . . . , L+,

with problem-independent transfer operatorsR0→l andPl→0. Hereϕ̂
(q)
0 is an approximation to

the solutionϕ̂0 = A−1
0 b0 afterq multigrid iterations and subscript indicates the level index.

Let the smoothers be abbreviated as

Wl

(
c

(νl+1)

l − c
(νl)

l

)
= R0→l

(
b0 − A0ϕ̂

(q)
0

)− Alc
(νl)

l

or

c
(νl+1)

l = Slc
(νl)

l + W−1
l R0→l

(
b0 − A0ϕ̂

(q)
0

)
,

whereSl = I − W−1
l Al is the smoothing iteration matrix. We assume that the smoother is

convergent iterative method (‖Sl‖ < 1) and the same number of the smoothing iterations (νl) is
performed on all gridsGl

k, k = 1, 2, . . . , 3dl of the levell (l = 0, 1, 2, . . . , L+, d = 2, 3).
Multigrid iterations of RMT is given by

ϕ̂
(q+1)
0 = Q0A0ϕ̂

(q)
0 +

(
A−1

0 −Q0

)
b0,
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wherethematrixQ0 is defined as

Ql =

{
S

νl
l

(
dlR0→l + Pl+1→lQl+1

)
, l = 0, 1, 2, . . . , L+ − 2

S
νl
l dlR0→l, l = L+ − 1

,

dl = A−1
l − Pl+1→lA

−1
l+1Rl→l+1.

It is clear that the multigrid iteration matrix isM = Q0A0, for the details see [5].
Following W. Hackbusch [1], convergence proof of the multigrid methods is based on the

definitions:
1. Smoothing property: the matrixS has the smoothing property if there exist a monotonically
decreasing functionη(νl) : R+ → R+ independent of the mesh sizeh such thatη(νl) → 0 at
νl →∞ and

‖AlS
νl
l ‖ 6 η(νl)‖Al‖. (16)

2. Approximation property: the approximation property holds if there exists a constantCA > 0
independent of the mesh sizeh such that

‖A−1
l −Pl+1→lA

−1
l+1Rl→l+1‖ 6 CA‖Al‖−1. (17)

Approximation and smoothing properties should be proved for each problem.
Now we use the multigrid iteration matrixM = Q0A0 to derive the convergence theorem:

Convergence theorem. Assume the smoothing (16) and approximation (17) properties hold
and‖R0→l‖ 6 CR. Then we haveh-independent convergence of RMT and

‖M‖2 6 CAη(ν0) + CACR

L+−1∑

l=1

C lη(νl).

The theorem shows that the number of the multigrid iterations is independent of the mesh
sizeh, but computational cost of the iterations is not optimal, i.e. the number of arithmetic
operations per the multigrid iteration step is proportional toN(L+ +1), whereN is the number
of grid points andL+ + 1 is the number of grid levels. SinceL+ + 1 ∼ lg N , the number of
arithmetic operations needed for one multigrid cycle of RMT isO(N lg N).

We represent results of a standard multigrid solver (V-cycle) and RMT applied to the model
problem of the 2D Poisson equation:

−∆u = f in Ω = (0, 1)2,

u = 0 on ∂Ω,

with exact solution

u(x, y) = Q(x)Q(y), where Q(β) = 10
(
eβ + (1− e)β − 1

)
, β = (x, y).

In the experiment we use a starting guessû(0) = 0 and the computational grids129× 129 (h =
1/128) and1025 × 1025 (h = 1/1024). The rate of convergence is measured by looking the
residual norm

‖b0 − A0û
(q)‖∞ = ‖r(q)‖∞, (18)
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Figure10: Comparison of the multigrid convergence: V-cycle vs. RMT

and error of the numerical solution defined as maximum of the absolute difference between the
exact and numerical solutions, i.e.

max
ij
|Q(xi)Q(yj)− û

(q)
ij |.

Fig. 10 represents reduction of the residual norm (18) and the error of the numerical solution
as a function of the multigrid iterationq. Point Gauss–Seidel method is used as a smoother.
V-cycle is implemented with three pre- and post-smoothing iterations and RMT is implemented
with six (post)smoothing iterations. It can be seen that there is no noticeable difference between
the convergence behaviors of the multigrid algorithms, but implementation of RMT iterations
requires more computational work. Assuming that the computational grid consists of(2k + 1)d

vertices (d = 2, 3) and the computational costs of the transfer operators are negligible compared
to the cost of the smoothing iterations, augmentation of the computational efforts in RMT as
compared with V-cycle is estimated as

≈
[
lg(2k + 1)

lg 3

]
2d − 1

2d + 1
≈

[
0.63k

]2d − 1

2d + 1

arithmeticoperations, where square brackets mean integer part.

5 ROBUST SMOOTHER

Robustness and efficiency of a multigrid method are strongly influenced by the smoother
used. Users of multigrid methods employ many different smoothing methods because efficiency
of the smoothers are problem-dependent.

Let 2D discrete boundary value problem arising from a five-point discretization be abbrevi-
ated as

Aw
ij ui−1j + Ae

ij ui+1j + As
ij uij−1 + An

ij uij+1 + Ap
ij uij = bij.

Firstly, we consider a point Gauss-Seidel iteration, which consists of updating the unknown
corresponding to the nodes located at the center of the five-point stencil:

uij =
1

Ap
ij

(
bij − Aw

ij ui−1j − Ae
ij ui+1j − As

ij uij−1 − An
ij uij+1

)
.
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Figure 11: Block ordering of unknowns: blocks1× 1, 2× 2 and3× 3

There are many variants of point-type smoothers, that can differ in the choice of the unknown
ordering. Simple point-wise smoothers (with any ordering) are not appropriate for the saddle
point type problems (i.e. ifAp

ij = 0).
In general the block ordering of the unknowns can be used for construction of the Gauss–

Seidel smoothers. It consists of decomposing the grid into small overlapping subdomains and
looping over all of them solving the system arising from the equations corresponding to the
points in the subdomain as shown on Fig 11. Point-wise smoothers can be considered as a
block iterative methods with blocks1× 1.

Application of blocks2× 2 give the following system



Ap
ij Ae

ij An
ij 0

Aw
i+1j Ap

i+1j 0 An
i+1j

As
ij+1 0 Ap

ij+1 Ae
ij+1

0 As
i+1j+1 Aw

i+1j+1 Ap
i+1j+1







uij

ui+1j

uij+1

ui+1j+1




=




b̃1

b̃2

b̃3

b̃4




,

where 


b̃1

b̃2

b̃3

b̃4




=




bij − Aw
ij ui−1j − As

ij uij−1

bi+1j − Ae
i+1j ui+2j − As

i+1j ui+1j−1

bij+1 − Aw
ij+1 ui−1j+1 − An

ij+1 uij+2

bi+1j+1 − Ae
i+1j+1 ui+2j+1 − An

i+1j+1 ui+1j+2




.

Solution of the system by a direct method (for example, Gaussian elimination) gives the updated
values ofuij, ui+1j, uij+1 andui+1j+1.

Also there are many variants of box-type smoothers, they can differ in the choice of the
subdomains which are solved simultaneously, and in the way in which the local systems are
solved. In addition, the different subdomains can be visited in different ways yielding to a wide
variety of the box-smoothers.

Note that computational cost of the system solution isg3 arithmetic operations, whereg is
the number unknowns in the block. In limitg → N the ordering results in a direct solver, where
N is the number unknowns.

Compared to point-wise smoothers, the crucial advantage of the block smoothers is the abil-
ity to deal with zero elements appearing on the diagonal of the coefficient matrix. Very impor-
tant partial case is a Vanka smoother developed to solve the saddle-point systems arising in the
field of computational fluid dynamics, particularly for incompressible flow problems [9]. Other
reasons are that it is not too difficult to implement and at the same time it is efficient and robust
for a wide class of problem configurations.
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6 NUMERICAL EXPERIMENTS

We consider the following partial differential equation (PDE)

∂

∂x

(
λx ∂w

∂x

)
+

∂

∂y

(
λy ∂w

∂y

)
+

∂

∂z

(
λz ∂w

∂z

)
= −f(x, y, z)

in the unit cubeΩ = (0, 1)3 for the illustration of the RMT convergence. Zero starting guess and
uniform grid101× 101× 101 (h = 1/100) is used in the numerical experiments. Convergence
rate of RMT is illustrated by the average reduction factor of the residual

ρ(q) =

(
‖A0û

(q) − b0‖∞
‖A0û

(0) − b0‖∞

)1/q

with q is the number of the multigrid iteration,̂u(0) = 0 is a starting guess. The average
reduction factor is computed after five multigrid iterations (q = 5).
Example 1: Poisson equation (λx = λy = λz = 1). Exact solution of the Poisson equation is
taken as

we = ex+y+z, (19)

and the error of the numerical solution is defined as

e(q) = max
ijk

|we(xi, yj, zk)− ûijk|.

Results of the numerical test are given in Table 1. Point Gauss-Seidel (blocks1× 1× 1) and
block Gauss-Seidel (blocks3× 3× 3) methods with natural unknown ordering are used as the
smoothers in the test. Execution time of the multigrid algorithm with four point Gauss-Seidel
smoothing iterations (ν = 4) is taken as a work unit (WU=1) in the numerical experiments. It
is clear that RMT works efficiently for the Poisson equation.

Block ν e(q) ρ(q) WU

1× 1× 1 4 7.30 · 10−6 0.084 1.00
1× 1× 1 5 7.30 · 10−6 0.033 1.16
1× 1× 1 6 7.30 · 10−6 0.023 1.35
3× 3× 3 3 7.30 · 10−6 0.055 1.03
3× 3× 3 4 7.30 · 10−6 0.033 1.32
3× 3× 3 5 7.30 · 10−6 0.021 1.62

Table1: Convergence of RMT inExample 1(q = 5)

Example 2: anisotropic equation (λx = λy = 1, λz = 0.1) with the same exact solution (19).
Table 2 represents results of the test. Point Gauss-Seidel smoother does not work efficiently
because the discrete variables are linked weakly in Z direction (λz ¿ λx = λy). Application of
Gauss-Seidel smoother with the block ordering of the unknowns (blocks5 × 5 × 1) shows the
best results because the smoother takes into account the problem anisotropy.
Example 3: equation with discontinuous coefficients. Assume that unit cubeΩ consists of
two materials with heat conductivity coefficientsλi (internal subdomaiñΩ) andλe (external
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Block ν e(q) ρ(q) WU

1× 1× 1 4 3.29 · 10−3 0.752 1.00
1× 1× 1 5 1.44 · 10−3 0.637 1.16
1× 1× 1 6 6.25 · 10−4 0.538 1.35
3× 3× 3 3 1.77 · 10−4 0.522 1.03
3× 3× 3 4 2.73 · 10−5 0.333 1.32
3× 3× 3 5 9.90 · 10−6 0.216 1.62
5× 5× 1 3 1.08 · 10−5 0.268 0.81
5× 5× 1 4 7.87 · 10−6 0.142 1.01
5× 5× 1 5 7.81 · 10−6 0.081 1.21

Table2: Convergence of RMT inExample 2(q = 5)

Figure 12: Geometry of the problem with the discontinuous coefficients

subdomain) as shown on Fig. 12, i.e.

λx(x, y, z) = λy(x, y, z) = λz(x, y, z) =

{
λi, (x, y, z) ∈ Ω̃

λe, (x, y, z) /∈ Ω
.

In case ofλi = λe = 1, the exact solution is given by (19).
Results of the test presented in Table 3 show that the block ordering of the unknowns gives

more efficient smoother as compared with the point ordering.
Example 4: nonlinear equation. Let the coefficientsλx, λy andλz are defined as

λx = w−a, λy = w−b, λz = w−c,

wherea, b andc are some positive constants. Linearization of the discrete nonlinear equation is
based on the computation of the coefficients using correction and approximation to the solution
obtained on previous level, i.e.

λx
l = (cl+1 + ûl+1)

−a, λy
l = (cl+1 + ûl+1)

−b, λz
l = (cl+1 + ûl+1)

−c.

Solution of the nonlinear problem with exact solution (19) starts fromû(0) = 0 andλ
(0)
x = 1,

λ
(0)
y = 1 andλ

(0)
z = 1. Typical convergence rate of RMT is shown in Table 4. It is easy to see

that RMT with the block smoother is an efficient solver for the nonlinear problem.
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Block λe λi ν ρ(q) WU

1× 1× 1 1 10+0 6 0.023 1.92
1× 1× 1 1 10−1 6 0.228 1.92
1× 1× 1 1 10−2 6 0.198 1.92
1× 1× 1 1 10−3 6 0.227 1.92
1× 1× 1 1 10−4 6 0.273 1.92
1× 1× 1 1 10−5 6 0.410 1.92
3× 3× 3 1 10+0 5 0.021 2.05
3× 3× 3 1 10−1 5 0.193 2.05
3× 3× 3 1 10−2 5 0.170 2.05
3× 3× 3 1 10−3 5 0.150 2.05
3× 3× 3 1 10−4 5 0.149 2.05
3× 3× 3 1 10−5 5 0.149 2.05

Table3: Convergence of RMT inExample 3(q = 5)

Block a b c ν e(q) ρ(q) WU

1× 1× 1 0.25 0.50 0.75 4 9.00 · 10−6 0.317 1.44
1× 1× 1 0.25 0.50 0.75 5 2.83 · 10−6 0.169 1.77
1× 1× 1 0.25 0.50 0.75 6 2.40 · 10−6 0.115 2.01
3× 3× 3 0.25 0.50 0.75 3 6.01 · 10−6 0.256 1.55
3× 3× 3 0.25 0.50 0.75 4 2.27 · 10−6 0.110 1.80
3× 3× 3 0.25 0.50 0.75 5 2.14 · 10−6 0.075 2.06

Table4: Convergence of RMT inExample 4(q = 5)

Example 5: incompressible Navier-Stokes equations. In the application of RMT to the cavity
problem shown on Fig. 13, a number of the flow Reynolds numbers (100 and 500) and the
computational grids (101×101 and1001×1001) have been considered. Inlet and outlet velocity
components are distributed under the parabolic law:

u(0, y) =

{
100y(0.2− y), at y 6 0.2,

0, at y > 0.2,
u(1, y) = u(x, 0) = u(x, 1) = 0 ,

v(x, 1) =

{
100(x− 0.8)(1− x), at x > 0.8,

0, at x < 0.8,
v(0, y) = v(1, y) = v(x, 0) = 0 ,

on the other boundaries no-slip conditions are given. Detailed description of theΣ-modification
of the Navier-Stokes equations and control volume approximation of the modified Navier-
Stokes equations on the multigrid structures are given in [5, 6].Σ-modification makes it possible
to solve discrete Navier-Stokes equations without FAS. Full Vanka method is used as a smoother
in the test. Fig. 14 and 15 represent the distribution of the stream function isolines and isobars.
Results of test shown in Table 5 demonstrate robustness and efficiency of RMT with full Vanka
smoother for the given benchmark problem. Obtained convergence rate depends weakly on the
Reynolds number and the mesh size of the computational grids.

1253



S.I.Martynenko, V.M. Volokhov and P.D. Toktaliev

Figure13: Geometry of the cavity

Grid Re ν ρ(q)

101× 101 100 4 0.132
1001× 1001 100 4 0.151
101× 101 500 4 0.167

1001× 1001 500 4 0.194

Table5: Convergence of RMT inExample 5

The numerical tests illustrate that the problem-dependent components of RMT are:
1) the number of smoothing iterations;
2) unknown ordering (for anisotropic problems);
3) underrelaxation parameter (for nonlinear problems);
4) stopping criterion of the multigrid iterations.

7 PARALLEL MULTIGRID

Parallelization of classic multigrid methods (CMM) follows in the standard fashion of divid-
ing the domain into subdomains (one for each processor). Each processor is then responsible
for updating of the unknowns associated within its subdomain only. However parallel effi-
ciency of CMM can degrade due to coarse grid smoothing. There can be reached situations
where the number of processors exceeds the number of coarse grid points. As a result, some
processors are idle during these computations. One approaches to overcome poor computation-
to-communication ratio on the coarse grids is multiple coarse grid corrections. Nevertheless the
choice of appropriate multigrid components and their efficient parallel implementation is highly
problem-dependent in CMM [8].

There are two other common measures of parallelism that we now introduce:
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Figure14: Isolines of the stream functions (Re = 100)
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Figure15: Isobars (Re= 100)
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Definition 1. Thespeedup (̄S) and the efficiency (̄E) of a parallel algorithm is

S̄ = pĒ =
T (1)

T (p)
, (20)

whereT (1) is theexecution time for a single processor andT (p) is the execution time usingp
processors.
Definition 2. The speedup (̃S) and the efficiency (̃E) of a parallel algorithm over the best
sequential algorithm is

S̃ = pẼ =
T̃ (1)

T (p)
, (21)

whereT̃ (1) is theexecution time on a single processor of fastest sequential algorithm andT (p)
is the execution time of the parallel algorithm onp processors.

General description of the common measures of parallelism is given in [7] and the references
therein. In addition to these common measures, we introduce the measures of parallel properties
of smoother:
Definition 3. The speedup (S) and the efficiency (E) of a parallel smoother is

S = pE =
T̂ (1)

T̂ (p)
, (22)

whereT̂ (1) is theexecution time for a single processor of the smoother andT̂ (p) is the execution
time usingp processors.

Goal of our analysis is to estimate of the speedupS̄, S̃ and the efficiencȳE, Ẽ of a parallel
algorithm using the measures of parallelism of the smoothing procedure (22). Letl = 0 denote
the finest grid,L+ be number of grid level consisting of3dL+

coarsest grids (d = 2, 3) andl∗

(0 ≤ l∗ ≤ L+) be a depth of the parallelization. On finer gridsl (0 ≤ l ≤ l∗) parallel smoothing
causes little overhead and grid partitioning is used for parallelization. To overcome overhead
on coarse grids of levell (l∗ < l ≤ L+), the given discrete problem will be decomposed into
3dl∗ subproblems without an overlap using properties of the multigrid structure. It is clear that
the number of processor (p) should bep = 3dl∗ for perfect load balance [4].

Let us consider parallelization of the first depth, i.e.l∗ = 1 or p = 3d, d = 2, 3. Distribution
of the coarse grids among the processors are shown on Fig. 16. We assume that the same number
of the smoothing iterations are performed on each grid of the multigrid structure. Since the total
number of grid points on all grids of the same level isN , the execution time of the smoothing
iterations is constantTl(1) = const (l = 0, 1, . . . , L+). For l∗ = 1 we obtain

S̄ = 3dĒ < 3d 1 + q∗L+

1

E0

+ q∗L+

. (23)

Executiontime of the sequential V-cycle can be estimated as

T (1) ≈ T0(1)

1− 2−d
. (24)

Substitutionof (24) into (21) gives the estimations of speedup and efficiency of parallel RMT
over V-cycle

S̃ = 3dẼ <
3d

1− 2−d

1
1

E0

+ q∗L+

. (25)
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Figure16: Distribution of subproblems among the processors in casel∗ = 1 andq∗ = 3

The estimations (23) and (25) predict that the measures of RMT parallelism depend strongly
on efficiency of the parallel smoothing procedure on the finest gridE0. Since

Ē < Ēmax = E0

1 + q∗L+

1 + q∗L+E0

⇒ Ēmax

E0

=
1 + q∗L+

1 + q∗L+E0

> 1,

the efficiency of parallel RMT will be higher than efficiency of the parallel smoothing procedure
on the finest grid.

In the limit caseN →∞ we have:

N →∞ ⇒ L+ →∞ ⇒
{

S̄ → 3d and Ē → 1,

S̃ = O(lg−1 N) and Ē = O(lg−1 N),

i.e. RMT has full parallelism atN → ∞, but remarkable loss in complexity with classic
multigrid is expected.

Eqs. (23) and (25) make it possible to estimate the speedup and efficiency of parallel RMT
using only efficiency of parallel smoothing procedure as a function of grid points.

3D Dirichlet boundary value problem for Poisson equation in unit cube is used for numerical
experiments. The problem has exact solutionex+y+z, which defines the boundary conditions
and source term. Computational grid245 × 245 × 245 (N = 14706125 ⇒ L+ = 4) is used
for the control volume discretization of the problem. OpenMP technology (l∗ = 1, d = 3,
p = 27) is applied for parallel implementation of RMT. OpenMP is a concurrency platform for
multithreaded, shared-memory parallel processing architecture for C, C++ and Fortran. Shared-
memory multiprocessor consisting of four processors AMD Opteron 6176 and RAM 128 Gb is
used for the computations. Four smoothing iteration steps are performed on each grid with two
extra multigrid iterationsq∗ = 2 on coarse levelsl (l∗ ≤ l ≤ L+). The numerical experiments
show that obtained efficiencies of parallel smoothing areĒ0 = 0.89 andĒ∗ = 0.95 for the finest
and coarse grids, respectively. As a result, obtained efficiency of parallel RMT is 0.92, but
estimation (20) predicts̄E = S̄3−d = 0.98.

On the other hand, comparison with sequential V-cycle shows thatẼ = 0.112, whereas
estimation (21) predicts 0.125. It means that parallel RMT withp = 27 only approximately is
three time faster than the sequential V-cycle.
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Similar estimationsfor the parallelization of the second depth (l∗ = 2, p = 32d, d = 2, 3)
become

S̄ = 32dĒ < 32d 2 + q∗(L+ − 1)
1

E0

+
1

E1

+ q∗(L+ − 1)
,

S̃ = 32dẼ <
32d

1− 2−d

1
1

E0

+
1

E1

+ q∗(L+ − 1)
.

We summarize the advantages of the multiple coarse grid correction strategy in parallel
multigrid:
1) In classical multigrid on the coarse grids algorithms the ratio between communication and
computation becomes worse than on fine grids. As a result, a large communication overhead on
very coarse grids is expected. This strategy allows us to obtain almost full parallelism on coarse
grids by decomposition of the given problem into a fixed number of subproblems without an
overlap.
2) The time spent on very coarse grids in W-cycles may become unacceptable. In contrast, the
extra multigrid iterations on coarse levels, which are employed in this strategy, lead to further
reduction of communication overhead.
3) In classical multigrid algorithms on very coarse grids we may have idle processes. The fixed
number of processes in the approach gives almost perfect load balance on the coarse grids.
4) Parallelization of computations on the coarse grids is independent of the smoother.

8 CONCLUSIONS

Application of the essential multigrid principle in single-grid algorithm makes it possible
to develop a fast and highly parallel solver of boundary value problems on structured grids.
Really RMT can be considered as a problem-independent acceleration technique of Gauss-
Seidel iterations. It is expected that RMT will be used in black box software packages where
the highest efficiency for a single problem is not so important.

ACKNOWLEDGEMENT

This paper is part of the project “Supercomputer simulation of physical and chemical pro-
cesses in the high-speed direct-flow propulsion jet engine of the hypersonic aircraft on solid
fuels” supported by Russian Science Foundation (project no. 15-11-30012)

REFERENCES

[1] W. Hackbusch,Multi-grid Methods and Applications, Berlin, Heidelberg: Springer, 1985.

[2] S.I. Martynenko, Robust multigrid technique for solving partial differential equations on
structured grids,Numerical Methods and Programming, 1, 83–100, 2000.

[3] S.I. Martynenko, Robust multigrid technique for black box software,Computational Meth-
ods in Applied Mathematics, 6(4), 413–435, 2006.

[4] S.I. Martynenko, Potentialities of the robust multigrid technique,Computational Methods
in Applied Mathematics, 10(1), 87–94, 2010.

1258



S.I.Martynenko, V.M. Volokhov and P.D. Toktaliev

[5] S.I. Martynenko,Multigrid Technique: Theory and Applications, Moscow: FIZMATLIT,
2015. (in Russian)

[6] S.I. Martynenko, Robust multigrid method for solving the Navier-Stokes equations on
structured grids,Modern Applied Science, 6(6), 64–72, 2012.

[7] J. Ortega,Introduction to Parallel and Vector Solution of Linear Systems, New York:
Plenum Press, 1988.

[8] U. Trottenberg, C.W. Oosterlee, A. Schüller, Multigrid, London: Academic Press, 2000.

[9] S.P. Vanka, Block-implicit multigrid solution of Navier-Stokes equations in primitive vari-
ables,Journal of Computational Physics, 65, 138–158, 1986.

1259



ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

ALGORITHM FOR FAST SIMULATIONS OF SPACE–TIME FINITE
ELEMENT METHOD

Marcin Skotniczny1, Anna Paszynska2, and Maciej Paszynski1

1AGH University of Science and Technology,
al. Mickiewicza 30, 30-059 Krakow, Poland

e-mail: {mskotn, maciej.paszynski}@agh.edu.pl

2Jagiellonian University
ul. Lojasiewicza 11, Krakw, Poland

anna.paszynska@uj.edu.pl

Keywords: Finite element method, Time–space formulations, h–adaptivity, Multi–frontal solver,
Orderings

Abstract. In this paper we consider element partition trees for multi–frontal solver algorithms
utilized in space–time finite element method. The element partition trees are utilized for gen-
erating the ordering for the multi–frontal solver algorithm. In particular, we consider three or
four dimensional finite element method grids where two or three dimensions represent space
and one additional dimension represents time. Additionally, we consider computational grids
resulting from h–adaptive algorithms, namely grids refined towards point, edge, face or hyper-
face singularity. We perform numerical experiments and compare our method with alternative
state of the art ordering algorithms available through MUMPS interface.
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1 INTRODUCTION

We propose a heuristic algorithm generating element partition trees for 3D or 4D grids re-
fined towards singularities. This work is an extension of the algorithm proposed for two dimen-
sional problems [1]. When we solve 3D time dependent problem over a large grid, we need
to utilize a sequence of grids, that can be refined only in spatial domain, and we cannot take
advantage of possible time adaptivity. In this paper we consider an alternative approach that
allows for time adaptivity, i.e. allows to use different time steps over different parts of the 3D
mesh, at the same time allowing the time steps to change over time. As example, we investigate
four dimensional grids refined towards point, edge, face and hyper–face singularities. We gen-
erate element partition trees obtained by bisections weighted by element size and estimate the
resulting number of floating point operations of the multi–frontal solver algorithm. Our analysis
shows that for both three– and four–dimensional point and edge singularity we obtain the linear
computational cost O(N), for three– and four–dimensional face singularity we obtain compu-
tation cost O(N1.5) and for four–dimensional hyper–face singularity we obtain cost of O(N2)
where N is the number of nodes. Values for edge, face and hyper–face singularities correspond
to one, two and three dimensional uniform grids respectively. Our method is dedicated to stable
time-space formulations using classical finite element method [2] or the DPG method [3].

Figure 1: 3D mesh with point singularity and its element partition tree.

Figure 2: 3D mesh with edge singularity and its element partition tree.
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Figure 3: 3D mesh with face singularity and its element partition tree.

2 BISECTIONS WEIGHTED BY ELEMENT SIZE ALGORITHM

In this section we introduce top down algorithm for the construction of element partition
trees, called bisections weighted by element size algorithm. The algorithm is based on the
multilevel recursive bisection. We make the following asumptions:

• The input is the graph in which vertices represent mesh elements and edges represent
spatial adjacency relation between them.

• We assign weights to vertices equal to the volume of element that each of them represents.

• The volume is proxy for refinement level and is defined as (1
2
)3R in 3D and (1

2
)4R in 4D,

where R is the refinement level of a mesh element. This way, the total volume over all
elements should equal 1.

The input graph is recursively partitioned into 2 equally–weighted parts by using graph parti-
tioning algorithm. The goal of the graph partitioning problem is to compute a balanced parti-
tioning, such that:

• the number of edges (or the sum of their weights) over the interface is minimal, and

• the number of vertices in each part of the graph is the same (or the sum of weights of
vertices in each part of the graph).

To solve the problem, we use METIS WPartGraphRecursive function to find a balanced
partition of a graph where weights on vertices are equal to the volumes of represented mesh
elements and weights on the edges equal to 1.

We illustrate the obtained partitions for the recursive partition over 3D meshes with point,
edge and face singularities in Figures 1–3. We also show the boundary of corresponding 4D
meshes with singularities in Figure 4. The recursive partitions generate the ordering in the
following way: we start traversing the partition tree from leaves up to the root in parallel. At
leaves we eliminate interiors of elements and on the internal tree nodes we eliminate mesh
nodes on faces shared between two partitioned blocks of the mesh. We continue this process
recursively up to the root of the partition tree.
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(a) Point singularity. (b) Edge singularity.

(c) Face singularity. (d) Hyperface singularity.

Figure 4: 4D meshes with singularities.
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(a) 3D point singularity.

(b) 3D edge singularity.

(c) 3D face singularity.

Figure 5: Scalability of the weighted nested dissections algorithm in 3D.
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3 NUMERICAL RESULTS

In this section we present numerical experiments concerning the execution time of our bi-
sections weighted by element size algorithm for 3D and 4D grids with singularities. We show
that our method outperforms MUMPS [4, 5] state of the art solver with (approximate) mini-
mum degree or filling orderings [6, 7, 8], METIS [9] or PORD [10] orderings. The comparison
is presented in Figures 5 and 6, for 3D and 4D respectively. The FLOPs for the 4D singular-
ities, namely point singularity (kind=0), edge singularity (kind=1), face singularity (kind=2),
hyperface singularity (kind=3) are also summarized in Table 1.

Figure 6: Scalability of the weighted nested dissections algorithm in 4D.

4 CONCLUSIONS

We have presented preliminary results for a promising method for the generation of the
orderings for the multi–frontal solver algorithm — the numerical results show that the approach
presented can outperform the current state of the art solutions. At the same time we have verified
a novel approach to solve space–time formulations considering the time dimension as another
space dimension. We intend to investigate this approach and the possibilities it presents for
various finite element methods. In particular, it promises benefits over traditional algorithms in
the areas of adaptivity and parallelization.

1265



Marcin Skotniczny, Anna Paszynska, and Maciej Paszynski

Table 1: Floating point operation costs for four dimensional singularities.

Dimensions Singularity Depth Elements Nodes FLOPs
4 0 0 1 81 180441
4 0 1 16 625 6438573
4 0 2 31 865 9260925
4 0 3 46 1105 12083277
4 0 4 61 1345 14905629
4 0 5 76 1585 17727981
4 0 6 91 1825 20550333
4 0 7 106 2065 23372685
4 0 8 121 2305 26195037
4 0 9 136 2545 29017389
4 0 10 151 2785 31839741
4 0 11 166 3025 34662093
4 0 12 181 3265 37484445
4 0 13 196 3505 40306797
4 0 14 211 3745 43129149
4 0 15 226 3985 45951501
4 0 16 241 4225 48773853
4 0 17 256 4465 51596205
4 0 18 271 4705 54418557
4 0 19 286 4945 57240909
4 1 0 1 81 180441
4 1 1 16 625 6438573
4 1 2 46 1161 15728465
4 1 3 106 2177 45010855
4 1 4 226 4153 132140065
4 1 5 466 8049 372950179
4 1 6 946 15785 986944501
4 1 7 1906 31201 2449394343
4 1 8 3826 61977 5755536601
4 1 9 7666 123473 12948968907
4 1 10 15346 246409 28178439933
4 2 0 1 81 180441
4 2 1 16 625 6438573
4 2 2 76 1821 46109087
4 2 3 316 6121 517831573
4 2 4 1276 22389 5999916811
4 2 5 5116 85633 64220568465
4 3 0 1 81 180441
4 3 1 16 625 6438573
4 3 2 136 3291 222691306
4 3 3 1096 21485 12813363367
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Abstract. We present a novel approach to parallelise an unstructured node-based finite volume
solver using a hybrid MPI and OpenMP paradigm. The basic ingredients of this approach are,
(i) zero-halo partitioning of the unstructured mesh and (ii) shared node residual accumulation.
These two ingredients preclude the need to explicitly exchange the state information across
partitions, allowing the computations to run independently in each partition. As a consequence,
we retain the original loop structure for the numerical flux kernels, which can be parallelised
using OpenMP directives. Due to the hand-assembly of reverse-differentiated routines in our
adjoint solver, the adjoint MPI recipes presented in earlier work can not be applied without
modifications. We present a modified adjoint MPI treatment for two MPI operations in the
context of our hand-assembled nonlinear iterative solver, namely: (i) shared node accumulation
and (ii) in-place all-reduce summation. We demonstrate the parallelisation approach on our in-
house solver mgopt, which uses the Tapenade AD tool to generate the adjoint code. We show
preliminary scalability results for a simple 2d problem.
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1 PDE constraint optimisation

The present work aims at parallelising the primal and adjoint solvers used in the context of PDE
based optimisation, namely aerodynamic shape optimisation problems. The problem can be
formulated as follows,

min
α
J(u, α) (1)

s.t. R(u, α) = 0 (2)

Where, J is referred to as the objective or cost function, which is minimised subject to PDE
constraint R. The variable u is called the state and α is the control or design variable. Gradient
based optimisation methods require one to calculate the quantity dJ

dα
. When the number of

design variables (dimension of α) is higher than number of output variables (dimension of
J), it is computationally efficient to obtain adjoint sensitivity dJ

dα

T given by equation 3. The
cost of calculating the adjoint sensitivity is proportional to the dimension of the output J and
independent of the dimension of the input α. Algorithmic differentiation (AD) in the reverse or
adjoint mode is used to obtain the transposed values. Tapenade[11] AD tool is used in this work
to obtain the terms of the adjoint equation 4, which solves for the so-called adjoint variable v.

dJ

dα

T

=
∂J

∂α

T

+
∂R

dα

T

v (3)

(
∂R

∂U

)T
v =

(
∂J

∂U

)T
(4)

In the present context, the PDE constraint is the compressible steady Navier-Stokes equation, α
is the shape design parameter and u is the fluid state. Node-based finite volume discretisation is
used in the present work to solve both the primal and the adjoint system. Details of the numeri-
cal method and implementation are available in reference [4]. The distributed parallelisation of
the node-based finite volume discretisation using Message Parsing Interface (MPI) is presented
in the next section.

2 Zero-halo partitioning and MPI adjoints

A popular choice for distributed parallelisation in scientific codes is the use of halo or ghost
layers. They are an extra layer(s) of cells placed adjacent to the mesh partition boundary to
mimic cells from neighbouring mesh partition. The adjoint of the MPI calls for this approach
can be obtained using the framework described in reference [1]. An overview of the halo-layer
approach is depicted in figure 1. The main drawback of this approach is that the MPI oper-
ations are not self-adjoint, i.e., the primal and adjoint have different MPI call sequence. In a
source transformed AD, this forces one to replace MPI calls within the code with its adjoint
equivalent. Currently, there are no tools available to automate this task and one has to manu-
ally implement the forward and reverse MPI calls. The AMPI[1] library reduces this burden
by providing MPI wrappers for both forward and reverse mode. The wrappers typically tape
appropriate MPI function arguments in the case of operator overloading or push/pop to stack
in the case of source transformation. Lastly, the halo approach gives rise to artificial increase
in number of computations per partition by duplicating operations at the halo boundary. This
in-turn reduces the strong scaling efficiency. In most practical scientific codes, graph based
mesh partitioning tools are used, which try to minimise the graph edge cuts (communication
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Figure 1: Parallel implementation based on halo layers and their MPI forward-adjoint equiva-
lents

cost) maintaining good load balance. In reference [6], the authors show that for large number
of partitions the load balancing severely degrades for graph based methods. The problem is
exacerbated in the adjoint [7], which amplifies the load imbalance in the primal causing further
reduction in scaling.

In a zero-halo layer approach, the partition local fluxes are computed and accumulated at the
partition shared nodes/cells as shown in figure 2. At the partition boundaries, flux calculated
at one partition face exactly cancels with its neighbouring partition face pair. As a result, one
imposes a no-flux or empty boundary condition at the partition boundary faces. In addition,
one should ensure that the flux residuals are accumulated at the shared nodes across partition
boundaries to account for the flux residual from the adjacent partition. As a result, flux accu-
mulation at shared-nodes preclude the need for an explicit exchange of the state information.
Unlike halo-layer implementation, here it is easier to avoid the duplication of operation and
improve scalability. The most attractive feature of this approach is the self-adjoint nature of
the MPI call sequence: figure 2(a). This simplifies the implementation in a fixed-point iteration
(FPI) type primal/adjoint solver as shown in listing (1) and (2).

Listing 1: Primal FPI
...
do iter = 1, n
call residue(u, R)
call accumulate(R)
call update(u, R)

end do
call cost_fun(u, J)

Listing 2: Hand assembled adjoint FPI [4]
J̄ = 1
call cost_fun_b(u,

(
∂J
∂u

)T
J̄, J, J̄)

do iter = 1, n
call residue_b(u,

(
∂R
∂u

)T
v, R, v)

call accumulate(
(
∂R
∂u

)T
v)

R =
(
∂R
∂u

)T
v -

(
∂J
∂u

)T
call update(v, R)

end do

Although the adjoint of the MPI operation for shared-node accumulation is symmetric, other
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(a) Zero-halo accumulation and the forward-
adjoint mode MPI equivalents

(b) Exploded view of a three partition
zero-halo flux exchange

Figure 2: Zero-halo implementation, flux accumulation, and self-adjoint MPI operation

MPI operations warrant careful examination. Consider evaluation of a scalar cost function (J),
for example, the aerodynamic lift or drag. The pseudo code to calculate the cost function is
shown in listing (3). Here the cost function subroutine receives as an input a vector quantity u
and returns the scalar J .

Listing 3: Cost function (drag) evaluation (parallel)
! Input : u (vector)
! Output : J (scalar)
subroutine cost_fun(u, J)
call drag_force( u, J )
call Allreduce( IN_PLACE, J, ..., SUM )

end subroutine cost_fun

The adjoint in the serial case (without Allreduce) is simply obtained by passing the drag force
subroutine to a source transformation engine like Tapenade. On the contrary, it is not straight-
forward to construct the cost function adjoint in parallel (with IN PLACE Allreduce). One
would be tempted to use the MPI adjoint recipe from reference [2] for the Allreduce operation
as shown in listing (4). For the hand assembled adjoint shown in listing (2), verbatim use of the
recipe results in an incorrect source term.
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Listing 4: Allreduce recipe from [2]
! Original call
Allreduce( x, y, ,,, SUM )
! Adjoint call
Allreduce( ȳ, t̄, ,,, SUM )
ȳ = 0
x̄ = x̄ + t̄

The hand assembled adjoint source term becomes unambiguous when viewed in the context
of solving the (adjoint) linear system shown in equation 4. The subroutine cost fun b calcu-
lates the right hand side forcing term of equation 4, namely

(
∂J
∂U

)T
. In order to do that one has

to set the values of J̄ = 1 and ū = 0. The serial version of the subroutines can now be recast
into the mathematical equivalent as shown in listing (5) and (6).

Listing 5: Cost function primal (serial)
cost_fun(u, J):

J = J(u)

Listing 6: Cost function adjoint (serial)
cost_fun_b(u, ū, J, J̄):

ū = ū +
(
∂J
∂U

)T
J̄

In parallel execution, each rank i calculates Ji local to the partition and an Allreduce sum is
performed to obtain the global cost function value J =

∑
i Ji. Following a similar argument it

can be shown (with reference to figure 3) that the cost-function adjoint calculates a local value
of
(
∂J
∂U

)T
J̄ in each rank. The only inconsistency appears at the shared nodes, which require

accumulation of the source term from neighbouring partition: listing (8). Note that it is possible
to completely avoid the shared-node accumulation inside cost-function by deferring and com-
bining the accumulate with the adjoint residual as shown in listing (10). Listing (9) is shown
for comparison with accumulation in cost function. This idea can be extended to find the MPI
adjoints of other types of cost functions like total pressure loss, entropy loss, etc.

Listing 7: Cost function primal (parallel)
cost_fun(u, J):

Ji = J(u)
J =

∑
i Ji

Listing 8: Cost function adjoint (parallel)
cost_fun_b(u, ū, J, J̄):

ū = ū +
(
∂J
∂U

)T
J̄

call accumulate(ū)
Figure 3: Schematic of cost function and its
hand-assembled adjoint implementation
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Listing 9: Adjoint FPI (accumulate)
J̄ = 1
call cost_fun_b(u,

(
∂J
∂u

)T
J̄, J, J̄)

call accumulate(
(
∂J
∂u

)T
)

do iter = 1, n
call residue_b(u,

(
∂R
∂u

)T
v, R, v)

call accumulate(
(
∂R
∂u

)T
v)

R =
(
∂R
∂u

)T
v -

(
∂J
∂u

)T
call update(v, R)

end do

Listing 10: Adjoint FPI (no accumulate)
J̄ = 1
call cost_fun_b(u,

(
∂J
∂u

)T
J̄, J, J̄)

do iter = 1, n
call residue_b(u,

(
∂R
∂u

)T
v, R, v)

R =
(
∂R
∂u

)T
v -

(
∂J
∂u

)T
call accumulate(R)
call update(v, R)

end do

3 Shared memory OpenMP parallelisation

The primal solver is using a shared-memory parallelisation strategy based on edge colouring
as presented e.g. in [8, 9]. In this strategy, the edges are coloured in such a way that edges
with the same colour do not share any nodes. More formally, for two edges Eα = (Vi, Vj) and
Eβ = (Vk, Vl) we demand that

colour(Eα) = colour(Eβ) ⇔ i, j, k, l pairwise distinct (5)

We can then perform all flux updates on edges of the same colour simultaneously. This is illus-
trated in Figure 6. The adjoint CFD solver performs adjoint flux updates in the same fashion,
i.e. as a loop over edges. The memory access pattern that describes read and write access of the
primal and adjoint CFD solver are shown in Figure 4 and Figure 5.

i i+1i-1 i+2 ...... i-2 u

i i+1i-1 i+2 ...... i-2 r

f

i i+1i-1 i+2 ...... i-2 u

i i+1i-1 i+2 ...... i-2 r

f f

Figure 4: Primal communication pattern

i i+1i-1 i+2 ...... i-2 u

i i+1i-1 i+2 ...... i-2 r

f

i i+1i-1 i+2 ...... i-2 u

i i+1i-1 i+2 ...... i-2 r

f f

Figure 5: Adjoint communication pattern

Since the memory access of the adjoint and primal solver are identical, the mesh colouring that
is used during the primal computation can be reused for the adjoint solver and helps to avoid
write conflicts during the adjoint flux update in the same way as in the primal, see Figure 7 for
an illustration.
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Figure 6: Edge colouring for primal shared-
memory parallelisation

ures

res

Primal Adjoint

u

ub resb

resbub

Figure 7: Equivalence of primal and adjoint
communication

The AD tool Tapenade does not support OpenMP pragmas at the time of writing. We there-
fore employ subroutine outlining [10], a technique that encapsulates all private variables inside
a subroutine and uses all shared variables as subroutine arguments. When this technique is used,
the AD tool generates adjoint code in which only an OpenMP parallel loop with the DEFAULT
SHARED clause has to be inserted in a postprocessing step.

Listing 11: Forward and reverse parallel flux computation
do colour=1,nColours !forward
!$OMP PARALLEL DO DEFAULT SHARED
do edge=firstEdge(colour),lastEdge(colour)

call flux_loopbody(edge,res,u)
end do
!$OMP END PARALLEL DO

end do
do colour=nColours,1 !reverse
!$OMP PARALLEL DO DEFAULT SHARED
do edge=lastEdge(colour),firstEdge(colour)

call flux_loopbody_b(edge,res,resb,u,ub)
end do
!$OMP END PARALLEL DO

end do

The flux computation at boundaries could be parallelised in a similar fashion. The primal solver
uses a loop over boundary nodes and performs a computation using data from ghost nodes. Each
ghost node is exclusively connected with one boundary node, and there is no communication
with other nodes during the boundary flux computation. The parallel boundary treatment has
not been used for this work.

4 Results

The primal and adjoint solvers in our in-house code mgopt have been parallelised using both
MPI and OpenMP paradigm. As an initial attempt, scaling of the inviscid first order primal and
adjoint solver on subsonic flow (M∞ = 0.3, αAOA = 0o) over an 2d rae2822 airfoil is shown.
The cost function for the adjoint system is the aerodynamic drag on the airfoil. The mesh has
11, 510 cells and it is run on a four core Intel i7 processor. Pure MPI and OpenMP scaling is
shown in figure 9(a) and a hybrid run of two MPI ranks each running two OMP threads within
the ranks is compared against four MPI ranks and four OMP thread runs in figure 9(b). The
baseline serial timing was obtained by running the solver with MPI code removed and using
a single OMP thread. The relative error in the serial and parallel solution matches to machine
precision for both primal and adjoint. The adjoint continuity for the serial and parallel case on
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four partitions is shown in figure 8. The scaling results are not conclusive due to the small size
of the test case. The scalability study for larger 3d meshes using the second order solver with
the viscous terms is planned for future work.

(a) Serial run (b) Parallel run (on 4 partitions)

Figure 8: Drag adjoint continuity solution contour for subsonic flow over rae2822 airfoil
(M∞ = 0.3, αAOA = 0o)

5 Conclusion

We have demonstrated that naive application of adjoint differentiation for MPI calls can fail
for hand-assembled adjoint CFD solvers with zero-halo partitioning. We presented a correct
reverse-differentation of MPI allgather calls in such scenarios in the context of an unstruc-
tured Finite Volume solver for compressible flow. In addition, we exploited the fact that memory
access patterns for the primal and adjoint solvers are identical to implement shared-memory par-
allelism using OpenMP based on edge colouring. The hybrid parallelisation strategy was used
in this work to obtain adjoint results based on a drag cost function for inviscid flow around
a RAE2822 airfoil with truncated trailing edge. The results from serial and parallel execu-
tion runs were validated to be identical to machine precision, and scalability was presented for
shared memory, distributed memory and hybrid parallelisation.
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Abstract. Highly resolved intrinsic geometrical shapes used in three-dimensional parallel sim-

ulations of fluid flows consume a large portion of the available memory when loaded serially on

every process. This demands for a memory efficient implementation of a distributed geometry

which is however a non-trivial task when complex spatial domain decomposition methods for

the flow domain are involved. To overcome this problem, an algorithm to generate a parallel

geometry during the mesh generation is proposed that enables a low-memory subdivision of the

geometry based on the decomposition of the flow field. The applied meshing method generates

computational grids that can be used for simulations on a quasi-arbitrary number of cores on

which the geometry is distributed in an efficient preprocessing step. This allows reducing the

number of instances of the geometry in the global memory of the simulation to about one.

The algorithm is used to generate a parallel geometry for a large shape consisting of 7 · 106

triangles, i.e., for a geometry representing the whole respiratory tract down to the 12th lung

generation. For this case, performance and memory consumption measurements are given for

simulations on 8,192 up to 131,072 cores and juxtaposed to results obtained from simulations

using non-parallel geometries. The findings show that with the new method not only the mem-

ory usage could be reduced by the factors of 1,802 and 19,936 for core numbers of 8,192 and

131,072 but also a large speed-up factor of about 51 is obtained in the geometry I/O and pre-

processing. Furthermore, the parallel geometry allows using the sweet spot with respect to

a combination of distributed and shared memory parallelization leading to an increase of the

computational speed of about 1.43.
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1 INTRODUCTION

The three-dimensional parallel simulation of fluid flows in and around objects using non-

boundary fitting unstructured meshes requires the geometrical representation of the involved

object surfaces to set the boundary conditions and to generate the computational mesh. Such

geometries often stem from Computer Aided Design (CAD) software [1, 2, 3], from Computer

Tomography (CT) images [4, 5, 6], or from laser-scan reconstructions of real-world objects. The

number of representing surface elements varies with the resolution of the geometrical model.

Hence, for numerical simulations of flows using highly-accurate geometrical representations

from, e.g., technical or biomechanical background, the corresponding surface data may exceed

the process-local memory or consume a large share of it in parallel simulations. That is, loading

the complete geometry for such simulations limits the memory available for solving for the flow

variables.

Body-fitted structured meshes have the advantage of not requiring a geometrical representa-

tion for preprocessing of the simulation and are well suited to resolve boundary layer flows [7,

8, 9, 10, 11]. However, they necessitate the geometry for the often time consuming manual

construction of the computational mesh. In contrast, the generation of hierarchical Carte-

sian meshes can be executed completely automatically in a short amount of time [12, 13, 14].

Such meshes are well suited for complex geometries and are used for a variety of applica-

tions [2, 3, 6, 15, 16, 17, 18] in which the computational grids are generated from a geometrical

surface representation given in STereo Lithography (STL) format. Lintermann et al. [6] and

Freitas et al. [16] use a Lattice-Boltzmann Method (LBM) to simulate the biofluidmechanics

of the human nasal cavity and the human lung. They use the no-slip BFL-rule from Bouzidi

et al. [19] as wall boundary condition which requires the availability of the geometry for the

distance calculation of boundary cell centers to the wall surface in the discrete LBM directions.

In [2, 17], a Finite-Volume Method (FVM) is used for the three-dimensional simulation of the

flow in a combustion engine. The same method is applied for the simulation of tip-leakage flows

in fan geometries [3] and turbulent helicopter engine jets [18]. In these publications, a cut-cell

method [2, 20] based on the geometry is used to accurately apply wall boundary conditions.

Furthermore, in [2, 15, 17] a level-set mesh that allows for an efficient tracking of moving

boundaries is constructed from the geometry. That is, the geometry is an essential element for

pre- and in-simulation processing.

The geometry in most of these cases is small and consumes only a marginal amount of mem-

ory, e.g., one of the nasal cavity geometries in [6] consumes around 210 MB in process mem-

ory. However, considering a High Performance Computer (HPC) like the IBM BlueGene/Q

JUQUEEN [21] at the Jülich Supercomputing Center (JSC), which has 1 GB per computational

core available, about 20% of the global process memory is occupied by the nasal cavity geome-

try and cannot be used for the computation. Future computations for the simulation of flows in

complex and large geometries may hence experience memory issues that can only be avoided

by a parallel implementation of the geometry or by using less cores per node together with a

shared memory parallelization.

In this work, a new algorithm to generate a parallel geometry from a STL file during the mesh

generation process is presented. It is based on the hierarchical Cartesian mesh generator in-

troduced in [14] and avoids wasting memory by distributing the geometry corresponding to the

applied domain decomposition. This not only reduces the total and local amount of memory

occupied by the geometry, but also the time of pre-simulation processing. Furthermore, the

computational time is reduced due to an optimal usage of distributed and shared memory paral-
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lelization. To the best of the author’s knowledge, such an algorithm, especially for large-scale

simulations applying complex spatial domain decomposition methods for the flow domain, has

not been presented in the literature and may be beneficial for future simulations.

This paper is organized as follows. The numerical methods for the simulation of flows in in-

tricate geometries, for the parallel grid generator, and for the generation of the parallel geometry

are discussed in Sec. 2. Sec. 3 discusses the performance of the parallel geometry generation

as well as the performance of the simulation method with and without a parallel geometry, and

shows the applicability of the new method by running a simulation in a complex geometry.

Finally, conclusions are drawn in Sec. 4.

2 NUMERICAL METHODS

The simulation of the flows presented in this paper makes use of the Lattice-Boltzmann

Method (LBM) which is briefly described in Sec. 2.1. Since the generation of a parallel geome-

try is based on the parallel grid generator presented in [14], an introduction to the grid generator

is given in Sec. 2.2. Then, the algorithms for the parallel geometry are discussed in Sec. 2.3.

2.1 Lattice-Boltzmann Method

The LBM considers the evolution of particle probability density distribution functions

(PPDFs) fi in phase space by solving the discretized Boltzmann equation, i.e., the Lattice-

Bhatnagar-Gross-Krook equation [22, 23] given by

fi (x+ ξiδt, t+ δt) = fi (x, t) + ωδt · [f eq
i [x, t)− fi (x, t)] , (1)

where x represents the grid location, ξi is the grid velocity vector, t is the time, and δt is the

time increment. The equation describes a relaxation towards a thermodynamical equilibrium by

the collision operator on the right hand side. That is, the system is relaxed towards the Maxwell

equilibrium distribution function f eq
i with a collision frequency given by ωδt. The left hand

side of Eq. 1 describes the streaming operation in which the collision information is propagated

to the neighboring grid locations. The index i ∈ [0, . . . , 18] represents a discrete direction in

three dimensions in the D3Q19 discretization model [24] as shown in Fig. 1.

In Sec. 3, the simulation of the flow in the human respiratory tract at inspiration is used as

benchmark case to measure the performance of the code. It uses an adaptive pressure Dirichlet

condition at the outlets and the Saint-Vernant and Wantzel extrapolation boundary condition for

the pressure at the inlets [6]. On both sides, at the inlets and outlets, a Neumann condition is

used for the velocity. For the wall, the no-slip BFL-rule [19] is imposed. For more details on

the LBM and the boundary conditions the reader is referred to [6].

2.2 Parallel grid generation

The parallel grid generator [14] enables a fully automatic creation of large-scale computa-

tional Cartesian meshes stored in a hierarchical octree in a short amount of time on hundreds of

thousand of processes. For process communication it makes use of the Message Passing Inter-

face (MPI) and I/O is performed by the parallel NetCDF library [25]. The meshing algorithm

consist of three basic steps:

Step 1 - serial generation of a coarse, uniformly refined mesh

Step 2 - decomposition of this coarse mesh and parallel uniform refinement

Step 3 - local boundary and patch refinement
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Figure 1: Three-dimensional D3Qm discretization model of the LBM, where m ∈ {15, 19, 27}.
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Figure 2: Hierarchical octree of the Cartesian mesh including parent-child relations (links between the levels) and

the neighborhood relations among cells on equal levels. The upper bound of the number of cells is given by the

maximum level, i.e., for l3 the number of cells is bound by O(83).

In Step 1, the geometry available in STL format is first loaded from disk and stored in an

Alternating Digital Tree (ADT) [26]. Then, each MPI-process starts to serially refine an initial

cube that is placed around the geometry. During each refinement step, the newly generated cells

are inserted into an octree (see Fig. 2), where the links between the consecutive levels lk, lk+1

constitute a parent-child relationship and neighborhood relations among cells on the same level

are recorded. As depicted in Fig. 3, cells outside the geometry are removed from the octree by

tagging cells intersecting with the geometry as boundary cells cb ∈ Cb and by using a recursive

fill algorithm originating at an inside cell cin to color the cells enclosed by the boundary cell

hull. The cells of Cb are determined by an intersection test with candidate triangles retrieved

from the ADT in log-time. The corresponding inside/outside determination for the originating

cell cin is performed using a ray intersection test with the geometry yielding an inside cell for

an odd number of intersections and an outside cell for an even number of intersections. The

serial refinement is performed until a user-defined level lα has been reached. At the end of this

step, all levels except lα are removed from the octree.

The remaining cells on level lα are partitioned in Step 2 using a Hilbert decomposition [27]

(see Fig. 4). The neighboring processes are determined by a balanced decomposition along the

1280



Andreas Lintermann

refinement

geometry contour

lε lε+1

b

cut in y-direction

cut in x-direction

deletion

deletion

×

×

×

×

×
b b

cb,ε+1cin,ε+1

b

b

cin,ε

cb,ε

Figure 3: 2D inside/outside detection of cells and removal from the octree. Cells with a geometry intersection

on levels lε and lε+1 are marked as cb,ε and cb,ε+1 (orange). From the inside cells cin,ε and cin,ε+1, detected

by counting ray geometry intersections, inside cells (yellow) are recursively labeled and all non-labeled cells are

removed.
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Figure 4: Two-dimensional Hilbert curve (red) and the corresponding decomposition (blue) based on the Hilbert

id.

Hilbert curve and the respective cell neighborhood relations. Then, each process removes the

process-foreign cells and continues with parallel refinement of the remaining cells including the

removal of outliers until a level lβ has been reached.

In the last Step 3, local refinement based on user-defined patches and/or the boundary distance

is performed. For patch refinement, cells inside a previously defined patch geometry are tagged

and are then refined. Local boundary refinement is based on a user-defined distance from the

original geometry. The algorithm recursively counts the cell distance from the geometry surface

across processes and based on the layer count it refines the respective cells. This step is repeated

on the finer levels until a final level lγ has been reached that guarantees a maximum level

distance between neighboring cells of one, i.e., ∆l = l(cd) − l(ce) = 1 for neighboring cells

ce and cd. Subsequently, it is necessary to translate local cell ids into global cell ids, which

is done by locally counting the number of cells, sharing this information among all processes,

and by determining the local offsets from these numbers. Note that the cells below the level

lα are ordered in depth-first manner. That is, the cells on lα are ordered by the Hilbert curve
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Figure 5: Generation of a parallel geometry and window and halo cell exchange in the initialization phase of the

simulation.

while for all levels lζ with ζ > α the ordering follows a z-curve. The coarse level cells ordered

by the Hilbert curve are additionally stored in a list L which is later used in the simulation to

decompose the domain with the help of workloads stored per cell. Furthermore, to avoid large

subtrees originating from cells in L, cells with a number of descendants larger than a specified

threshold td are replaced by their direct children in this list. Finally, the mesh is written to disk in

parallel using parallel NetCDF [25]. The output of the grid generator enables to run simulations

on a quasi-arbitrary number of processes and is only limited by the number of elements in L
and by the available memory per MPI-rank.

For further details on the meshing algorithm and its parallel performance, the reader is referred

to [14].

2.3 Parallel geometry processing

The exploitation of parallelism for geometries involves the generation of a parallel geometry

file from serial information. Furthermore, suitable initializations and boundary conditions for

parallel geometries are necessary. In the following, the corresponding algorithms are explained.

Generation of a parallel geometry The order of the cells in the list L constructed in Step 3

(Sec. 2.2) and the respective workloads constitute the spatial decomposition of the flow domain

for a parallel computation. It ensures process-locality for the cells and can hence also be used

to generate a parallel geometry that allows for a process-locality of the corresponding triangles.

For this purpose, after the generation of L, its elements cL are traversed and the original triangle

ids o(Ti) of the geometry inside each such cell is collected in a variable two dimensional array,

where candidate triangles are retrieved from the ADT (see Fig. 5(a)). The first dimension of this

array is given by the number of cells |L| of L and the second dimension holds the ids

o(cL) = {o(Ti) : ∃c(Ti) (c(Ti) inside cL)}, (2)

where c(Ti) is a vertex in Ti. Note that elements of o(cL) may be associated with more than one

cell as the respective triangle vertices may be located in different cells. To this end, each process

holds a list of triangles incidental to the local fraction of L. Finally, the number of triangles per

cell Ξ(cL), the original triangle ids o(cL), the vertex coordinates c, and the triangle normals

n are written to disk using parallel NetCDF [25]. In sum, the information given in Tab. 1 is
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no. name meaning no. elements size

1 vertices[3][3] triangle coordinates |o(cL)| 9×double

2 normal[3] normal |o(cL)| 3×double

3 segmentId geometry segment id |o(cL)| int

4 originalTriId original triangle id o(cL) |o(cL)| int

5 noTriPerMinCell number of triangles per cell Ξ(cL) |L| int

6 noRealTri size of o(cL) 1 int

7 boundingBox[6] min. and max. of Ti - 6×double

8 BC the boundary condition id - int

Table 1: Triangle variables and their sizes. The information 1, . . . , 6 is written to disk, while 7 and 8 are assigned

in the solver preprocessing.

stored per triangle in the file. As will be shown in Sec. 3.3 the overhead for the creation of the

parallel geometry is negligibly small compared to the mesh generation and the computation of

the flow. The parallel geometry file is larger than the original STL file since triangles may be

listed several times due to the aforementioned multiple cell affiliations. The file size ratio of the

parallel NetCDF and the STL file

σ = σNetCDF/σSTL (3)

is on the one hand determined by the location of the triangle vertices and on the other hand by

the size ratio of the triangles and the grid distance δx. Note that in current simulation setups as

they are used, e.g., in the simulation of the flow in the human nasal cavity [6], the file size of

both, the STL and the NetCDF file, is of the order of O(1 GB). The spatial resolution δx and

the geometry resolution usually defines ratios σ of the order of O(10) for such simulations, i.e.,

the geometrical resolution is often only slightly higher than the mesh resolution. The results

presented in Sec. 3.3 will show that a ratio of σ = 1.92 is achieved for a highly resolved

respiratory tract geometry and a large-scale computational mesh.

Simulation initialization using a parallel geometry Due to the parallel nature of the geom-

etry, some special treatment is required for the initialization of the simulation. This treatment is

covered in three major steps:

Step a - parallel reading of the geometry file

Step b - triangle exchange for the halo cells

Step c - boundary condition treatment

In Step a, all MPI-ranks open the parallel geometry and the corresponding sub-grid file. From

the grid file, the workload array is read and used to find the optimal partition of the cells in L
(cf. [14]). This partition is then used to subdivide the triangles stored in the parallel geometry

file. Subsequently, each process reads the triangles based on the number of triangles per cell

Ξ(cL) = |o(cL)| in L.

During the initialization of the mesh, the window cells, which are the neighbors to cells on a

neighboring MPI-rank, are identified and a copy of these cells is created on the neighbor do-

mains as halo cells. The triangles in each such window cell in L need to be transferred to the

respective process neighbors to ensure triangle consistency among all processes. Therefore, in

Step b the original triangle ids o(cL,r) for the neighboring rank r are first transferred for all cells

Lr ⊆ L to r. Then, on process r it is checked which elements of o(cL,r) are already present on
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Figure 6: On the left, the geometry of the respiratory tract used for the memory and performance measurements

is shown. The right side shows the parallel geometry. Each colored patch corresponds to a single process-id. In

total, 8192 cores have been used for the parallel geometry in this case, i.e., there exist at maximum 8192 colored

patches.

this domain and which are missing. Subsequently, the originating process is notified about the

missing triangles and sends them to r. To this end, all processes have all triangles available for

later geometry processing. Fig. 5(b) shows the situation for two neighboring domains.

Some boundary conditions of the flow simulation need special treatment when applying a par-

allel geometry. For example, the hydraulic diameter Dh = 4A/C, based on the area A and the

circumference C of a surface segment Ωs, e.g., of an inlet geometry, is often used as reference

length in the REYNOLDS number Re = (u ·Dh)/ν, where u is a reference velocity and ν is the

kinematic fluid viscosity. Furthermore, the minimal distances of boundary cell centers to the

boundary of Ωs are required to prescribe boundary conditions like parabolic Dirichlet inflow

profiles for the velocity. The calculation of these values hence necessitates the process-locality

of the whole geometry segment, however, Ωs may be shared between different processes. To

overcome these problems, the required values need to be transferred between the different pro-

cesses in Step c. That is, for a set of shared processes S = {pa, . . . , pb}, 0 ≤ a < b ≤ n, where

n is the total number of MPI-ranks and pa, . . . , pb define a MPI sub-communicator, the area is
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calculated by

A =
pb∑

i=pa

l∑

k=0

Ai,k, (4)

where Ai,k is the area of the kth triangle on process i in Ωs. To obtain the circumference the

length of all boundaries of Ωs is summed

C =
pb∑

i=pa

Ci, (5)

where Ci is calculated by the sum of the lengths of the edges of the triangles in Ωs that are inci-

dent to only one triangle (boundary edges). However, to calculate the distances it is necessary

to have the whole boundary of Ωs available on pa, . . . , pb. Therefore, the boundary edges are

gathered on all processes of the corresponding MPI sub-communicator.

Note that due to the reduced number of triangles in the process-local ADTs, searches, as they

are performed for the wall distance calculation of the LBM BFL-rule, are at average reduced

from

log2 (O(|Ts|)) to log2

(
O(|Tp|)

n

)
, (6)

where |Ts| is the number of global triangles in the serial case, |Tp| is the number of triangles in

the parallel case, and n is the number of MPI-ranks. The number of triangles in Tp is usually of

the order of o(|Ts|).

3 RESULTS

In this section, the total and the per-process memory consumption for a simulation Ψ of

the flow in the complete human respiratory system down to the 12th lung generation using

the two configurations of a parallel and a non-parallel geometry are investigated in Sec. 3.1.

In addition to the memory consumption, the performance of the simulation preprocessing for

the computations is juxtaposed for both, the non-parallel and the parallel geometry version, in

Sec. 3.2. Finally, in Sec. 3.3 a brief analysis of the flow field obtained from the LBM simulation

using the parallel geometry is presented.

The respiratory system geometry consists of 7 · 106 triangles and consumes 645 MB in NetCDF

format and 334 MB in 32-bit binary STL format on disk. The upper respiratory tract down to

the end of the trachea is reconstructed from CT image data using the methods described in [28].

The image has a spatial transverse, coronal, and saggital resolution of 0.49 mm, 0.49 mm, and

0.7 mm and was recorded by a Siemens CT scanner. The lower respiratory tract is generically

generated by using the software Lung4Cer [29] and has been glued to the upper respiratory tract

surface. The geometry of Ψ is stored in 1,747 files (two inlets, 1,744 outlets, and the wall). The

corresponding parallel geometry file has a size of 1, 239 MB, i.e., the respective STL in NetCDF

format to parallel geometry NetCDF file size ratio is σ = 1.92. The information on the parallel

geometry is stored in a single file. The geometry of the respiratory tract is shown on the left

side in Fig. 6.

All measurements were performed on the IBM BlueGene/Q JUQUEEN [21] system at the JSC.

The JUQUEEN consists of 28,672 nodes containing IBM PowerPC A2 CPUs at 1.6 GHz, 16

cores, and 16 GB of RAM per node. The overall peak performance is 5.9 PFlops. It is capable

of running a maximum number of 4 OpenMP threads per core.
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Figure 7: Total memory consumption of the simulations Ψs and Ψp on 8, 192, . . . , 131, 072 cores. The graphs for

the serial geometry and the serial ADT (purple) use the left ordinate scale counting in TB (Ms,g and Ms,adt),

while the graphs for parallel geometry and parallel ADT (Mp,g and Mp,adt, green) use the right ordinate counting

in GB. The inset shows the per-process averaged (Mp,g and Mp,adt) and maximum (M̂p,g and M̂p,adt) memory

allocations for the parallel geometry and the ADT.

3.1 Memory consumption

For the simulation of the respiratory tract, memory measurements using the non-parallel

geometry (simulation Ψs) and the parallel geometry (simulation Ψp) are performed. For both

simulation cases, jobs using 8,192, 16,384, 32,768, 65,536, and 131,072 cores are submitted.

Since the geometry consumes approx. 1, 390 MB in memory, MPI-processes are started on only

every fourth core of the JUQUEEN nodes using 16 OpenMP threads for Ψs. This allows having

enough memory available for the simulation. Note that in addition to the variables stored in the

parallel NetCDF file, further variables are allocated per triangle, i.e., the bounding box, and the

boundary condition id (see Tab. 1). For Ψp 16 MPI-ranks per node and 4 OpenMP threads are

used for the simulations. The right image in Fig. 6 shows the corresponding triangle distribution

on 8,192 cores. Fig. 7 and Tab. 2 show the results of the memory measurements for Ψ, where

the left ordinate in Fig. 7 represents the memory consumption Ms in TB for the computations

using the serial geometry and the right ordinate the consumption Mp of the parallel geometry

approach in GB. While the amount of memory consumed by the serial geometry stays constant

across all domains, the total allocated amounts of memory are Ms,g(8, 192) ≈ 2780.7 GB and

Ms,adt(8, 192) ≈ 481.3 GB for the geometry itself and the ADT (left ordinate in Fig. 7), in sum

Ms,Σ(8, 192) = 3261 GB ≈ 3.19 TB. Doubling the number of cores results in a doubling of the

allocated memory leading to a total amount of memory on 131,072 cores of Ms,Σ(131, 072) =
52191.3 GB ≈ 51 TB for Ψs. In contrast, the total amount of consumed memory of the parallel

geometry increases slightly from Mp,g(8, 192) = 1.54 GB for 8,192 cores to Mp,g(131, 072) =
2.28 GB for 131,072 cores (right ordinate in Fig. 7). The same trend is visible for the ADT, with

an increase from Mp,adt(8, 192) = 0.27 GB to Mp,adt(131, 072) ≈ 0.34 GB. Hence, the sum

Mp,Σ for all core number also increases from Mp,Σ(8, 192) = 1.81 GB to Mp,Σ(131.072) ≈
2.62 GB. The overall slight upward tendency is caused by the increase of the local triangle count
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Ψs(8, 192) 2,780.684 481.271 3,261.955 - - - -

Ψs(16, 384) 5,561.368 962.542 6,523.910 - - - -

Ψs(32, 768) 11,122.736 1,925.084 13,047.820 - - - -

Ψs(65, 536) 22,245.472 3,850.168 26,095.640 - - - -

Ψs(131, 072) 44,490.944 7,700.336 52,191.280 - - - -

Ψp(8, 192) 1.540 0.270 1.810 0.193 0.033 2.212 0.383

Ψp(16, 384) 1.655 0.282 1.937 0.101 0.017 1.406 0.243

Ψp(32, 768) 1.766 0.296 2.062 0.054 0.009 0.879 0.152

Ψp(65, 536) 1.925 0.314 2.239 0.029 0.005 0.625 0.108

Ψp(131, 072) 2.282 0.336 2.618 0.017 0.003 0.413 0.071

Table 2: Absolute geometry memory consumptions of the simulations Ψs and Ψp performed on

8, 192, . . . , 131, 072 cores of the JUQUEEN system. The table shows the total global memory allocation for

the geometry and the ADT Mg , Madt and the accumulated memory allocation MΣ in GB. Furthermore, the

process-averaged Mg and Madt and the maxima M̂g and M̂adt are given in MB.

for higher core numbers as a consequence of the increased triangle exchange in the halo cells.

The inset of Fig. 7 and Tab. 2 additionally give the process-averaged M{g,adt} and maximum

M̂{g,adt} memory allocation of the geometry and the ADT. It is clearly visible that due to the

scattering of the triangles across all domains, the local memory usage is strongly decreased. To

this end, the global memory consumption of the simulation Ψ is reduced by a factor of

RM [Ψ(8, 192)] =
Ms,Σ(8, 192)

Mp,Σ(8, 192)
≈ 1, 802 (7)

using the same number of cores of 8,192 for the serial and the parallel geometry simulation.

This factor is with

RM [Ψ(131, 072)] =
Ms,Σ(131, 072)

Mp,Σ(131, 072)
= 19, 936 (8)

even higher for 131,072 cores.

3.2 Preprocessing performance

The same simulations as analyzed in Sec. 3.1 are used to juxtapose the preprocessing perfor-

mance of the serial and parallel geometry version, i.e., for Ψs and Ψp on 8,192 up to 131,072

cores on the JUQUEEN system. The analysis considers the performance of the code sections

that are associated with the geometry. That is, the performance of the geometry I/O, the cal-

culation of the bounding box for each triangle, the setup of the ADT, the calculation of the

normal vectors for inlets and outlets, and the LBM wall-distance calculation for wall-boundary

cells required for the BFL-rule [19], is measured. Note that due to the equal processing time

for the serial geometry, only the results obtained on 8,192 cores for Ψs are juxtaposed to the

parallel geometry results. Fig. 8 and Tab. 3 show the results of the performance measurements

for Ψs and Ψp. It is clearly visible that in Ψs(8, 192) the reading of the geometry consumes

with Ts,rdg(8192) ≈ 763.7 s most of the time. This is caused by the serial reading from disk of
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Figure 8: Performance of different code sections involving geometry treatment during the processing of simulation

Ψ on different core numbers 8, 192, . . . , 131, 072 using a serial and parallel geometry. The code section times are

recorded for the wall-distance calculation Twd, normal calculation Tn, setting up the ADT Tadt, calculating the

bounding boxes of all triangles Tbb, and reading and distributing the geometry Trdg. The inset shows a zoom of

the parallel code performance.
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Ψs(8, 192) 17.882 0.011 238.175 25.447 763.673 1,045.188

Ψp(8, 192) 4.584 15.168 0.020 0.077 0.685 20.534

Ψp(16, 384) 2.350 14.628 0.007 0.075 6.820 23.880

Ψp(32, 768) 1.217 14.633 0.002 0.073 7.684 23.609

Ψp(65, 536) 0.637 14.784 0.001 0.077 13.057 28.556

Ψp(131, 072) 0.337 15.110 0.0003 0.077 21.794 37.318

Table 3: Absolute runtime in seconds for preprocessing algorithms of the simulations using a serial geometry Ψs

performed on 8192 cores and an the parallel geometry Ψp executed on 8, 192, . . . , 131, 072 cores of the JUQUEEN

system. The total runtime TΣ is subdivided into the time required for the wall-distance calculation Twd, normal

calculation Tn, setting up the ADT Tadt, calculating the bounding boxes of all triangles Tbb, and reading and

distributing the geometry Trdg .

all the 1747 files containing the 7 · 106 triangles on all processes. The second most expensive

algorithm is with Ts,adt(8, 192) ≈ 238.2 s the setup of the ADT. Compared to these values, the

durations of the wall-distance calculation Ts,wd(8, 192), normal calculation Ts,n(8, 192), and

bounding box calculation Ts,bb(8, 192) are rather small. The total required time is given by

Ts,Σ(8, 192) ≈ 1045.2 s. Using the parallel geometry reduces the preprocessing time of Ψ dras-

tically, i.e., using the same amount of cores the total runtime is reduced from Ts,Σ(8, 192) to

Tp,Σ(8, 192) ≈ 20.6 s by a factor of

RT [Ψ(8, 192)] =
Ts,Σ(8, 192)

Tp,Σ(8, 192)
≈ 51. (9)
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The inset in Fig. 8 shows a zoom of the parallel geometry runtimes. Due to the increase of

the number of computational subdomains using more cores the reading process of the parallel

NetCDF library slows down (see also Tab. 3). Furthermore, an increased number of triangles

needs to be exchanged between MPI-ranks due to the growth of the global amount of halo

cells for higher core numbers. As it is evident from Tab. 8, the normal calculation stays almost

constant for all core counts. This effect can be explained by the fact that the total number

of geometry segments that require a normal computation (1746 inlets/outlets) stays constant.

Most of the computation is performed locally and hence the influence of the augmentation of

the number of sharing processes is small. A comparison of Ts,n(8192) = 0.011 s with those

of the parallel version shows that the serial normal calculation is much faster since it does not

require any communication and an inside/outside detection can directly be performed locally.

Finally, looking at the other times, it is obvious that due to the decreasing number of triangles

per process under an increasing number of cores the setup of the ADT and the bounding box

calculations are negligible. Furthermore, the time for the wall-distance calculation continuously

decreases from Tp,wd(8, 192) ≈ 4.58 s to Tp,wd(131, 072) ≈ 0.34 s.

3.3 Flow in the respiratory tract

To test the new algorithm, a simulation using 32,768 cores and 4 OpenMP threads per MPI-

rank is performed on the JUQUEEN system, i.e., 2,048 nodes are allocated. The computational

mesh has been created by the parallel mesh generator [14] on 4,096 cores in 339.2 s. The

coarse-level mesh used for the domain decomposition is on level lα = 9 and the final level is

lγ = 12 resulting in a total number of cells of 266.5 · 106 and a grid spacing of δx = 0.11 mm

on lγ . Note that in Lintermann et al. [14] a mesh K consisting of 9.82 · 109 could be gener-

ated within ≈ 406.8 s. However, the coarse-level mesh of K is at level lα,K = 6 and the used

geometry was a simple cube. That is, serial refinement in the current simulation setup and the

inside/outside determination are caused by the large level difference of l∆ = lα − lα,K = 3 and

the complex geometry more time consuming. The share of the parallel geometry creation in the

mesh generation is with 9.1 s or with 2.7% of the meshing time negligible.

The simulation uses the boundary conditions described in Sec. 2.1 for inspiratory flow and a

REYNOLDS number of Re = (u · Dh)/ν = 1, 515. Therefore, a bulk velocity magnitude u
based on a volume flux of 360 ml/s, the hydraulic diameter Dh of the trachea (see Fig. 6), and

the kinematic viscosity of air are applied. To obtain a quasi-steady flow field, approx. 3 · 106

LBM iterations have been performed which required around 4 days wall-clock time for the

computation on 32,768 cores, i.e., around 3.2 · 106 core-hours. The computations are restarted

from checkpoints every 12 hours. All variables introduced in this section are given in non-

dimensional LBM units.

Fig. 9 shows a cut-plane of the velocity magnitude at inspiration reaching from the left nasal

cavity to the first bifurcation in the lung. It is clearly visible that a jet emerges at the epiglottis

and continues towards the larynx and below. Further upstream, the flow is laminar while down-

stream of the larynx the flow becomes transitional and laminarizes again when reaching the first

bifurcation of the lung. The left zoom of Fig. 9 shows contours of the ∆-criterion [30] given by

∆c =
(
Q

3

)3

+

[
det (∇⊗ ~v)

2

]2
> 0, (10)

which is based on the Q-criterion [31]

Q =
1

2

(
|Ω|2 − |S|2

)
> 0, (11)
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Figure 9: Flow in the human respiratory system at inspiration. In the center, a cut-plane colored by the velocity

magnitude is shown. The zooms in the left and right corner show contours of the ∆-criterion colored by the

vorticity magnitude and streamlines colored by the velocity magnitude.

where S = 1

2

[
∇⊗ ~v + (∇⊗ ~v)T

]
is the strain tensor, Ω = 1

2

[
∇⊗ ~v − (∇⊗ ~v)T

]
is the vor-

ticity tensor and |·| denotes the Frobenius norm. The contours are colored by the vorticity

magnitude and evidence the existence of secondary flow structures emerging from the epiglot-

tis. Considering the streamlines shown in the zoom on the right of Fig. 9 a recirculation zone is

visible between the epiglottis and the larynx. Downstream of the larynx a spinning wall-bound

flow appears that helps to laminarize the flow towards the first bifurcation of the lung.

Note that the simulation of the intrinsic flow in such a complex and highly-resolved geome-

try is not possible using 16 MPI-ranks per JUQUEEN node and 4 OpenMP threads per task

when loading the geometry in serial. In such a case, 4 MPI-ranks per node have to be used at

maximum and 16 OpenMP threads need to be spawned per task. However, in addition to the
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waste of memory, OpenMP scalability tests on one JUQUEEN node have shown that the sweet

spot is actually at 16 MPI-ranks and 4 OpenMP threads and the corresponding computations

of the LBM are about 1.43 times faster than using 4 MPI-ranks and 16 OpenMP threads. For

the benchmark simulation that means that instead of running 8 batch jobs à 12 hours on the

JUQUEEN a computation with the serial geometry requires about 11.4 batch jobs à 12 hours

to perform the same amount of LBM iterations as in the parallel geometry case. Therefore,

applying the parallel geometry distribution method not only reduces the allocated memory and

increases the preprocessing speed, but also allows for faster simulations.

4 CONCLUSION

In this paper a new and efficient algorithm to generate parallel geometries during the mesh

generation has been presented. The algorithm takes advantage of the ordering of coarse-level

cells that are output by the parallel grid generator and that determine a domain decomposition

of the flow field using a Hilbert curve. This leads to a subdivision of the geometry that goes

along with the mesh decomposition, i.e., the mesh generator allows for simulations on a quasi-

arbitrary amount of cores using distributed geometry elements that are process-local. Instead

of loading the geometry on each process in serial and hence consuming a large memory share

that could otherwise be used for the simulation, the new method reduces the share to a small

fraction. That is, for the simulation of the flow in a respiratory tract on 8,192 cores the total

amount of memory allocated by the geometry could be reduced by a factor of 1802.2 from

3.19 TB to 1.8 GB and for 131,072 cores even by a factor of 19,936 from ≈ 51 TB to 2.6 GB.

Furthermore, the algorithm allowed reducing the preprocessing time by a factor of about 51

from 1045.2 s to 20.5 s for the simulation on 8,192 cores. The test simulations with higher core

numbers of up to 131,072 showed that the global memory and the preprocessing time increases

only slightly by using the new method. Finally, some results of the flow field computation have

been presented to underline the validity of the algorithm and show that the parallel geometry

allows using the sweet spot with respect to a combination of distributed and shared memory

parallelization. This leads to a 1.43 times faster computation compared to the serial geometry

case using the same number of nodes.

Further investigations will cover the performance increase for other solvers using the same

meshing technique, i.e., an analysis of the performance of a Finite-Volume solver using level-

set methods [2, 17] for the representation of moving boundaries and a discontinuous Galerkin

method for the computation of aeroacoustics [32] will be performed.

5 Acknowledgments

The author gratefully acknowledges the computing time granted by the JARA-HPC

Vergabegremium and provided on the JARA-HPC Partition, part of the supercomputer
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[9] B. Roidl, M. Meinke, W. Schröder, A reformulated synthetic turbulence generation method for a zonal

RANS-LES method and its application to zero-pressure gradient boundary layers, International Journal of

Heat and Fluid Flow 44 (2013) 28–40. doi:10.1016/j.ijheatfluidflow.2013.03.017.
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Abstract. Turbulent free-surface flows around ship strongly affect maneuverability and safety. 
In order to understand the details of the turbulent flow and surface deformation, it is neces-
sary to carry out high-order accurate and large-scale CFD simulations. We have developed a 
CFD code based on LBM (Lattice Boltzmann Method) with a single-phase free-surface model. 
Since violent flows are turbulent with high Reynolds number, a LES (Large-Eddy Simulation) 
model has to be introduced to solve the LBM equation. The coherent-structure Smagorinsky 
model is a state-of-the-art sub-grid scale model. Since this model is able to determine the 
model constant locally, it is suitable for a large-scale calculation containing complicated 
solid bodies. Our code is written in CUDA and MPI. The GPU kernel function is tuned to 
achieve high performance on the TSUBAME 2.5 supercomputer at Tokyo Institute of Tech-
nology. We obtained good scalability in weak scaling test. Each GPU handles a domain of 
192 × 192 × 192, and 27 components are defined at a grid by the D3Q27 model. The fairly 
high performance of 809 MLUPS(Mega lattice update per second) is achieved by using 1000 
GPUs in single precision. By executing this high-performance computation, turbulent violent 
flow simulation with real ship data is performed, and details of turbulent flows and free-
surface deformations will be simulated with much higher accuracy than ever before.
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1 INTRODUCTION 

Turbulent free-surface flows around ship strongly affect maneuverability and safety. In or-
der to understand the details of the turbulent flow and surface deformation, it is necessary to 
carry out high-order accurate and large-scale CFD (Computational Fluid Dynamics) simula-
tions. Lattice Boltzmann method (LBM) is a class of CFD methods to solve a discrete-
velocity Boltzmann equation. Since LBM performs local memory access with a simple algo-
rithm, it is suitable for a large-scale parallel computation. As an example of the large-scale 
calculation using LBM, the researches are nominated for Gordon bell prize of SC, and very 
high performance were achieved [1-3]. Since violent flows are turbulent with high Reynolds 
number, a sub-grid scale model has to be introduced to solve the LBM equation. Large-eddy 
simulation (LES) is a successful approach for unsteady turbulent flows [4]. The dynamic 
Smagorinsky model is a prominent subgrid-scale model based on a concept of eddy viscosity 
[5,6]. However, the model parameter of the DSM requires an averaging in global domain. 
That makes it difficult to perform a large-scale simulation. The coherent-structure model 
(CSM) is a remedy for these problems [7,8]. Since the model parameter can be locally deter-
mined without averaging, it is suitable for parallel computation. In this paper, we apply the 
CSM to a large-scale turbulent flow simulation. 

For the free surface simulation, we applied interface capture method and free-surface 
model to the LES-LBM equation [9-11]. In this paper, we compared two types of interface 
capture methods based on level set and VOF. Our code is written in CUDA, and the GPU 
kernel function is tuned to achieve high performance on the TSUBAME 2.5 supercomputer at 
Tokyo Institute of Technology. By executing multi-GPU computation, a large-scale simula-
tion with realistic ship data will be performed. 

 

2 LATTICE BOLTZMANN METHOD 
LBM solves the discrete Boltzmann equation to simulate the flow of a Newton fluid. Flow 

field is expressed by a limited number of particles with streaming and collision process. Phys-
ical space and time is discretized by a uniform grid. Since fluid particles move onto the 
neighbor lattice point after 1-time step in streaming process, discrete error of interpolation 
does not arise. A macroscopic diffusive and a pressure gradient is expressed by the collisional 
process, and we adopt BGK model. Here, in the time t and the position x, the time evolution 
of the discretized velocity function is denoted as follows 

   (1) 
∆t is time interval, t is the relaxation time, and f 

i
eq (x, t) is the local equilibrium distribution.  

The local equilibrium distribution is defined as follows 

   (2) 
� is density, and u is velocity. The corresponding weighting factors wi and components of 

velocity vector ci of D3Q27 model are defined as follows 

     (3) 

fi(x+ ci�t, t+�t) = fi(x, t)�
1

⌧

(fi(x, t)� f

eq
i (x, t)).

feq
i = wi⇢

✓
1 +

3ci · u
c2

+
9(ci · u)2

2c4
� 3u2

2c2

◆
,
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8
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>>>:
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   (4) 
Relaxation time in collisional process is denoted by the following formula using dynamic vis-
cosity, 

     (5) 
 

3 LARGE-EDDY SIMULATION 
LES resolves dynamics of large-scale structures on a grid scale (GS), and the effects of 

smaller-scale turbulent structures are taken into account by using a subgrid-scale (SGS) model. 
SGS models, based on a concept of eddy viscosity, evaluate the effects of turbulence as 

      (6) 

     (7) 
where C is the model coefficient, Δ is the filter width, and Sij is the velocity strain tensor. 

3.1 Dynamic Smagorinsky model 
In the Smagorinsky model (SM), the model coefficient C is constant in an entire computa-

tional domain, and the SM does not satisfy a correct asymptotic behavior to a wall. The dy-
namic Smagorinsky model (DSM) improves those defects by calculating the model parameter 
dynamically  [5,6]. The model parameter of the DSM is determined by using two types of grid 
filters, and the DSM is the most notable breakthrough in LES. However, the model parameter 
of the DSM requires averaging in global domain for numerical stability. That makes it diffi-
cult to perform a large-scale simulation with complex geometries. 

3.2 Coherent-structure Smagorinsky model 
The coherent structure model (CSM) is a remedy for these problems [7,8]. Since a turbu-

lent structure determines a model parameter locally, the CSM shows good performance in 
complex geometries. The model coefficient CCSM is calculated by the coherent-structure func-
tion FCS, composed of the second invariant of the velocity gradient tensor Q and the magni-
tude of a velocity gradient tensor E.  

     (8) 

    (9) 

      (10) 

      (11) 
 The coefficient C�is a fixed model parameter, and it is optimized for this simulation. 

Since the model parameter can be locally determined without averaging, it is suitable for effi-
cient parallel computation. 

Introduction of CSM to LBM enables a large-scale simulation with complicated boundary 
at a high Reynolds number [11]. The total relaxation time with the eddy viscosity is written as 
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      (12) 
      (13) 

4 FREE-SURFACE MODEL FOR LATTICE BOLTZMANN METHOD  
The free surface model [9-11] is implemented with a single-phase model. In a single-phase 

model, three kinds of cells are defined: liquid cells, gas cells, and interface cells. Assuming 
the effects of gas are small and negligible, gas cells are not calculated. Liquid cells and inter-
face cells belong to fluid region, and their velocity distribution functions are calculated. The 
free surface boundary conditions are implemented on the interface cells. For example, the ve-
locity component ci coming from the empty cell x+ciΔt is reconstructed as  

   (14) 
�A=1 is atmospheric pressure and uB is velocity of the interface cell. Since velocities in the 
gas phase are unknown, they are extrapolated from neighbor interface cells. 
 

5 PERFORMANCE ON THE TSUBAME SUPERCOMPUTER  
The TSUBAME 2.5 supercomputer in Tokyo Institute of Technology is equipped with 

more than 4,000 GPUs (NVIDIA K20X), and the theoretical peak performance is 17 PFlops 
in single precision. The GPU code runs on the TSUBAME by using CUDA programing and 
MPI library. The parallel GPU-computation is implemented by flat MPI. Since direct data 
transfers between GPU-to-GPU is not implemented in CUDA 7.0, MPI communications are 
conducted by using 3-step communications as GPU-CPU (cudaMemcpyDeviceToHost), CPU-
CPU (MPI communication), and CPU-GPU (cudaMemcpyHostToDevice) (Fig.1).  

We show weak scaling results in Fig. 2. Each GPU handles a domain of 192 × 192 × 192 
meshes, and 27 components are defined at a grid by the D3Q27 model. The horizontal axis 
indicates number of GPUs, and the vertical axis indicates the performance (MLUPS: Mega-
lattice update per second) in single precision. 

As a result, we achieved good scalability from 8 GPUs to 1000 GPUs; the performance on 
8 GPUs is 70 MLUPS (0.809 sec/step), the performance on 125 GPUs is 109 MLUPS (0.815 
sec/step), the performance on 512 GPUs is 428 MLUPS (0.846 sec/step), and the performance 
on 1000 GPUs is 809 MLUPS (0.875 sec/step).  The algorithm/code, performed on 1000 
GPUs, is 92% more efficient than when performed on 8 GPUs. Since the model parameter of 
our code can be locally determined, we obtained fairly good performance in the weak scala-
bilities.  

⌧⇤ =
1

2
+

3⌫⇤
c2�t

,

⌫⇤ = ⌫0 + ⌫SGS .

f�i(x, t+�t) = f

eq
i (⇢A, uB) + f

eq
�i(⇢f , uB)� fi(x, t).

 
Fig. 1: MPI data transfer between GPU-GPU. 
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6 NUMERICAL EXAMPLES 

6.1 Two-dimensional dam-break problem 
Two-dimensional dam-break problems are considered. Two types of interface capture 

methods are implemented and the results are compared to experimental results of Martin and 
Moyce [13]. One interface capture scheme is a level set method and the other scheme is a 
VOF method. The level set equation is discretized by a 3rd-order WENO-scheme. The VOF 
equation is discretized by a THINC-WLIC scheme. Figure 3 shows the initial condition with 
non-dimensional parameters of a=0.05715 m(2.25 inch) and n=1. Physical parameters used 
here are liquid density �=1000kg/m3, viscosity �=1�10-5, and gravity acceleration g=9.8 
m/s. The effects of surface tension and wall wettability are not considered. 

Figure 4 shows the evolutionary process of the breaking dam. Figures 5 and 6 show the 
time evolution of top of water column and water front. Results of three different grid resolu-
tions (Nx=320,512,1024) are compared to those of experiment. Dimensionless parameters 
used here are top of water column H=�������, water front Z=z/a, and time �=t (g/a)1/2 and 
T=nt (g/a)1/2. 

The numerical results agree with the experimental results, except at the surge front position 
with the coarse grid (Nx=320) of the level set method. This discrepancy results from the loss 
of mass at the waterfront. The free surface simulated by the level set method is much 
smoother than that of VOF. 

 
Fig. �: Computational condition of breaking dam 

 
Fig. 2: Weak scalability on TSUBAME 2.5. Each GPU handles a domain of 192 × 192 × 

192, and 27 components are defined at a grid by the D3Q27 model. 
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Fig. 4: The process of the 2d-breaking dam at time (a) 0.1, (b) 0.2, (c) 0.3, and (d) 0.4 sec. 

Left: Level set method; right: THINC-WLIC scheme (512 × 102 cells). 

 

Fig. 5: Comparison of numerical and experimental results for the position of the water 
column top. Left: level set method; right: THINC-WLIC scheme. 

 

Fig. 6: Comparison of numerical and experimental results for the position of the surge 
front. Left: level set method; right: THINC-WLIC scheme. 
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6.2 Three-dimensional dam-break problem 

Three-dimensional dam-break problems are considered. A domain size is 0.72 m � 0.36 m 
� 0.12 m. The width of water column is set to 15 cm, and the height of thin water surface is 
set to 1.8 cm. The number of grid points is (N1, N2, N3) = (1024, 512, 176), and the grid reso-
lution is 0.703 mm. Figure 7 shows water surface profiles at time step: (a) 0.2, (b) 0.3, (c) 0.4, 
and (d) 0.5 sec. Although free surface profiles of the level set method and the VOF method 
are roughly the same, there are large differences at the bubbles in the fluid. Consequently, the 
level set method does not guarantee the conservation of mass locally. The volume of water by 
using the level set method increases by 27 %, and volume of the water by using the VOF 
method decreased by 0.4 % at time = 1 sec. 

6.3 Three-dimensional dam-break problem with a real ship data 
A large-scale free-surface problem is considered. We have generated the solid object based 

on real ship data (Fig. 8 : bulk carrier) and carried out the domain decomposition for multiple-
GPU computing. The VOF method (THINC-WLIC) is applied for interface capturing method. 
We used 80 GPUs for the computation with a 2560 � 296 � 736 mesh. The solid object 
does not move in this calculation. Figures 9 and 10 show profiles of free-surface at time step 
(a)6, (b)9, (c)12, (d)15, (e)18, and (f) 21 sec. As shown above, our code can calculate turbu-
lent violent flows with high Reynolds number, and it is concluded that the present scheme is a 
promising candidate to simulate free-surface flows. 
 

7 CONCLUSION 
This paper has presented a large-scale free-surface simulation based on real ship data. The 

LES-based lattice Boltzmann method is applied to turbulent free-surface flow with a high 
Reynolds number. Our code is written in CUDA, and the GPU kernel function is tuned to 
achieve high performance on the TSUBAME 2.5 supercomputer at Tokyo Institute of Tech-
nology. We obtained good scalabilities from 8 GPUs to 1000 GPUs. The fairly high perfor-
mance of 809 MLUPS (Mega lattice update per second) using 1000 GPUs is achieved in 
single precision. By executing this high-performance computation, turbulent violent flow 
simulation with a real ship data is considered, and details of the free surface will be simulated 
with much higher accuracy than ever before.  

 
 

 
Fig. 8:  Level set data of a bulk carrier.  
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Fig. 7: The water surface profiles of the 3d-breaking dam problem at time step (a) 0.2, 
(b) 0.3, (c) 0.4, and (d) 0.5 sec. Left: Level set method; right: THINC-WLIC scheme 
(1024 × 512 × 176 cells).  
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(a)                                                                    (d) 

  

(b)                                                                    (e) 

  

(c)                                                                    (f) 

  

Fig. 9: The evolutionary process of the 3d-breaking dam with a bulk carrier data at 
time step (a) 6, (b) 9, (c) 12, (d) 15, (e) 18, and (f) 21 sec.  (THINC-WLIC scheme : 
2560 × 296 × 736 cells).  
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(a)                                                                    (d) 

   

(b)                                                                    (e) 

   

(c)                                                                    (f) 

   

Fig. 10: The evolutionary process of the 3d-breaking dam with a bulk carrier data at 
time step (a) 6, (b) 9, (c) 12, (d) 15, (e) 18, and (f) 21 sec.  (THINC-WLIC scheme : 
2560 × 296 × 736 cells).  
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Abstract. The purpose of this study is to develop a more efficient engine cooling fan with low 

noise by understanding the detail of flow structures around the fan. As in the first report, this 

study focused on the P–Q characteristic and revealed the typical flow structures primary in-

fluencing the performance of a ring fan using large-scale LES analysis with HPCS (high-

performance computer systems) after experimental validation.  

1 INTRODUCTION 

In recent years, there has been a trend to develop a smaller engine cooling fan because of 

reduced space of the engine compartment due to expansion of the cabin space. Since the P–Q 

(pressure gain–flow rate) characteristic, which determines the engine cooling performance, 

varies with the square of the diameter and the number of revolutions of the fan, the perfor-

mance degradation should be minimized when downsizing. It was shown that a similar cool-

ing performance can be attained by adopting an equal total surface area of the blade using a 

homothetic design with short cord length and increasing the number of blades under the re-

gion of high flow rate (low pressure loss) [1]. However, simply increasing the number of rev-

olutions and/or the number of blades to improve the cooling performance will result in high 

aerodynamic noise and/or cacophony of the cooling fan. Therefore, the development of a 

high-performance but low-noise small fan is urgently required. To achieve a significant im-

provement, it is necessary to understand the relationship between the fan performance and the 

flow structures around the fan. Many CFD analyses have been conducted to analyse actual 

phenomena that are difficult to reproduce via experiment [2, 3]. Basically, P–Q characteristic 

is steady, so it can be calculated using steady state CFD simulation like what other authors 

conducted [4, 5]. Moreover, it is also important to clarify the relation between the fan perfor-

mance and the flow structures in each frequency when we consider the aerodynamic noise to 
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attain a major improvement. However, a successful research concerning this has not been re-

ported yet.  

Considering the above background, this research aims to clarify the mechanism of the gen-

erated aerodynamic noise of the cooling fan by associating the flow structures with the source 

point of the turbulence and the Blade Passing Frequency (BPF) noise. As a first step of the 

research, the detail of the flow structures around the fan was determined by large eddy simu-

lation (LES) analysis using high-performance computing systems (HPCS) of K computer and 

FX-10 super computing systems. In particular, three kinds of grid and time scale, i.e., small-, 

middle-, and large-scale LES analyses were conducted to reveal the dominant flow structures 

on the performance and the essential information for the accurate prediction after experi-

mental validations.  

Figure 1: Test piece used in present study 

2 METHODOLOGY 

2.1 Experimental method 

This study used a ring fan as a test piece as shown in Fig.1. The fan has five even-pitched 

blades with a ring at the tip of the blade. It is a real scale model of an actual engine cooling 

fan, which has a diameter of 360 mm. The performance of the fan was examined by measur-

ing the flow rate and pressure gain at 2080 rpm in a test chamber. A shroud was only installed 

as peripheral equipment, and the clearance between outer wall of the ring and inner wall of 

the shroud was set at 6 mm. The experimental uncertainty of the measurement of the perfor-

mance of the fan has been calculated to be within ±1%. In this study, the Reynolds number Re 

was approximately 9.4 × 10
5
, based on the tip velocity (39.2 m/s) and diameter of the fan (360

mm). 

In addition, the spectrum of the velocity magnitude measured by I type hot-wire 10 mm 

behind the trailing edge of the fan was calculated using fast Fourier transform (FFT) analysis 

for the experimental validation of the unsteady amount 

2.2 CFD setup 

Fig.2 shows the computational model and grid used in this study. Three types of computa-

tional models with difference in grid and time resolution were used. For small-scale analysis, 

tetrahedral unstructured grids were adopted in the entire computational domain, and the min-

imum size of the grid at the blade surface was 0.5 mm. Thus, the total number of elements 

was approximately 14 million for this model. On the other hand, for middle-scale analysis, 

hexahedral grids were adopted in the entire computational domain, and the minimum size of 

the grid at the blade surface was 0.1 mm. Hence, the total number of elements was approxi-

mately 86 million. For large-scale analysis, the grid resolution was doubled in each coordinate 
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compared to the middle-scale model. Consequently, the total number of elements was approx-

imately 690 million. The finite element method was adopted to solve the unsteady LES using 

low-Mach-number approximation. The dynamic Smagorinsky model (DSM) for the sub-grid-

scale (SGS) model and the Crank–Nicolson method for time discretization were used. The 

overset method [6] was used for the space around the rotating blade. The calculation code for 

the FrontFlow/blue-Ver.8.1 was used in this study. Time step size was set to 7.67 × 10
−6

 s for

the small- and middle-scale analyses and 3.83 × 10
−6

 s for the large-scale analysis to ensure

that the Courant number is less than one in all elements. Table 1 summarizes the main fea-

tures of the computational method and simulation parameters.    

(a) Computational Domain and grid at section of the centre plane 

(b) Computational grid used for small-scale analysis 

(c) Computational grid used for middle- and large-scale analyses; 

w/o brackets: middle-scale, with brackets: large-scale 

Figure 2: Computational model and grid used in this study 
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Table 1: Specifications for fan calculations 

3 VALIDATION OF COMPUTATIONAL ACCURACY 

The fan performance was evaluated using the 
ψφ  characteristics, where φ  and 

ψ  are 

the coefficients of the flow rate and pressure gain, respectively, as defined by the following 

formulas: 

Au

Q
φ

t


 (1) 

2

2

t
uρ

PΔ
ψ




(2) 

where Q , A , 
t

u , ρ , and PΔ denote the flow rate, frontal area of the rotating region of the 

fan, tip velocity, air density, and pressure difference between the inside and the outside of the 

chamber, respectively. 

Fig.3 shows the 
ψφ performance obtained by calculation compared with the experi-

mental results. Here, 1.0φ  means the working condition and this study focused only on that 

condition. The numbers in Fig.3 indicate the ratio of the CFD result to the experimental result. 

As shown, the proportion is 82.5% for small-scale and 121.0% for middle-scale; therefore, the 

predictive accuracy is not good. On the other hand, large-scale result shows good agreement 

with the experimental value as the proportion is 99.0%. Finally, Fig.4 shows the velocity 

spectrum of the wake obtained by middle-scale calculation compared with the experimental 

result at the point 10 mm behind the trailing edge and for 170 mm radius of the fan. The result 

of the simulation also shows good agreement with the experimental value in the qualitative 

manner. 

Small-scale Middle-scale Large-scale 

Fluid

State

Turbulence Model

Treatment of Rotation

Time discretization

Cell Structure All Tetrahedral

Total Number of Cells 14.0 Million 86.0 Million 690 Million

Time Step [s] 3.83 × 10
-6

Governing Equation
NS Equations

Continuity Equation

Incompressible

Unsteady

LES (DSM)

Overset method

Crank-Nicolson

All Hexahedral

7.67 × 10
-6
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Figure 3: *ψ  characteristic calculated at the condition in 1.0φ  

 

Figure 4: Power spectrum of velocity magnitude of wake flow 

 

4 RELATION BETWEEN PERFORMANCE AND FLOW STRUCTURES  

In this section, the essential point to the predictive accuracy is determined by comparing 

the flow structures of three kinds of simulations. Then, the relationship between the flow 

structures and the fan performance is discussed. Fig.5 shows the coefficient of pressure Cp of 

root mean square (RMS) value distribution, which denotes the time variation, while Fig.6 

shows Cp distribution on the blade surface as defined by the following formula: 

  2
2

tp
uρpC   (3) 

Here, p denotes the local static pressure. It was found that the pressure fluctuation occurred 

locally at the suction surface of the leading edge and/or at the pressure surface of the leading 

edge near the tip for middle- and large-scale analyses. In contrast, the distribution feature was 

different particularly on the suction surface for small-scale analysis. This behaviour was also 
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confirmed by Cp distribution in perspective and the detail information was verified by Cp pro-

file of concentric section of the blade surface at radius R = 110 and 150 mm as shown in Fig.7. 

Firstly, by comparing small-scale against middle- and large-scale, pressure recovery on the 

suction surface indicated different features. In addition, from the Cp profile of R = 150 mm at 

the leading edge, the prediction with small-scale of the attack angle of flow shows a large dif-

ference compared with the others. Next, by comparing middle- against large-scale, the differ-

ence of Cp was confined to the immediate vicinity of leading edge. This means that the 

difference of the ψφ  characteristic between middle- and large-scale was primarily caused 

by the flow structures between the blades (spatial flow structures). To confirm this theory, 

spatial vortex structures represented by isosurface of velocity gradient tensor of the second 

invariance Q were visualized as shown in Fig.8. As a result, for middle- and large-scale, it 

was observed that the turbulent vortex structures were generated from the leading and trailing 

edges. On the other hand, the vortex structures for small-scale were generated only at the 

leading edge, which corresponds to a separation vortex. It should be noted that the grid resolu-

tion was too poor to calculate the flow in boundary layer and/or turbulent wake structures. To 

clarify the influence of these turbulent structures on the spatial flow field around the fan, Q 

distribution and distribution of coefficient of velocity magnitude Cv normalized by tip velocity 

t
u  at the section of R = 110 and 150 mm are shown in Fig.9 and Fig.10. For middle-scale 

analysis, it was found that the attack angle of flow was higher than large-scale because a larg-

er turbulent structure was generated at the leading edge. In contrast, turbulent structures near 

the blade surface and wake for middle-scale were smaller than large-scale. Consequently, it 

should be noted that the attack angle of flow varied due to the difference of wake structures 

and finally changed the flow structures between the blades. This means that the essential point 

for the accurate prediction is the attack angle of flow in case of a ring fan because there is no 

large tip vortex that is always generated in case of a propeller fan. In other words, the flow in 

boundary layer and wake structures, which determines the flow field between the blades, 

dominates the performance of a ring fan. On the other hand, in a propeller fan used in previ-

ous studies [4], the essential point for the accurate prediction is the resolution of the spatial tip 

vortex because the vortex dominates the fan performance. 

 

Figure 5: RMS distribution of Cp on the blade surface 
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Figure 6: Cp distribution on the blade surface 

 

 

(d) Cp profile at R = 110 mm section on the blade surface 

 

(e) Cp profile at R = 150 mm section on the blade surface 

Figure 7: Cp profile at R = 110 and 150 mm on the blade surface 
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Figure 8: Isosurface of second invariance Q and streamline on the fan 

 

Figure 9: Q distribution at section of R = 110 and 150 mm section 

 

 

Figure 10: Cv distribution at section of R = 110 and 150 mm section 
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5 IMPORTANCE AND PROBLEM OF LARGE-SCALE ANALYSIS  

We think that the clarification of the relationship between the fan performance and flow 

structures at each frequency is necessary to develop a high-performance and low-noise small 

cooling fan as mentioned above. For the cooling fan development, the study focused on very 

high-frequency region with such turbulent noise in the order of 10000 Hz and/or low-

frequency region with the BPF noise for major improvement. It is difficult to study in these 

regions using conventional computing systems; therefore, HPCS is required. In addition, 

postprocessing of big data obtained from large-scale analysis remains a critical issue. In future 

work, we will focus on proper orthogonal decomposition (POD) [7, 8] for the analytical 

method of big data and classify the flow structures in each frequency to associate them with 

the fan performance.  

6 CONCLUSIONS 

The purpose of this study is to reveal the dominant flow structures on the fan performance 

and the essential information for the accurate prediction by conducting small-, medium-, and 

large-scale LES analyses using HPCS. For the case of the ring fan (such as that used in this 

study), it was found that accurate prediction is determined by the calculation result of the at-

tack angle of flow because there is no large tip vortex that is absolutely generated in the case 

of a propeller fan. This means that the flow in boundary layer and wake structures dominate 

the fan performance. It should be noted that the resolution of longitudinal vortex, similar to 

the separation vortex, is most important when we predict the performance under the region of 

low flow rate conditions (region with high pressure loss condition). 
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Abstract. In musical instruments, the mode change of radiating sound is related with their 

quality. To clarify the flow and acoustic fields related with this mode change, we performed 

direct aeroacoustic simulations of flow and acoustic fields around two actual recorders with 

different shapes of windway. The computations are based on the compressible Navier-Stokes 

equations to predict the fluid-acoustic interactions. It is shown that the relationship between 

the mean velocity at the windway exit and the mode of the radiating sound for the two models 

is in good agreement with the measured results. The velocity of the mode change depends on 

the shape and configurations of the windway and edge. Based on the predicted flow fields, the 

asymmetry of the jet oscillations between in the upward and downward directions is observed 

in the recorder model for the earlier mode change. 
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1 INTRODUCTION 

Flue instruments, such as flutes, bamboo flutes, and recorders, consist of an edge 

(“labium”) with which an air jet collides and a resonator (pipe). In the flue instruments, the 

fluid-acoustic interactions occur [1]. Since the pioneering works of Helmholtz [2] and 

Rayleigh
 
[3],

 
many researchers have investigated the self-sustained oscillations of flow and 

sound in flue instruments. Giordano [4] simulated the effects of the chamfers of the windway 

exit and clarified the position of the edge (with reference to the windway) on the tonal sound. 

However, the model was made by extruding a two-dimensional cross-section.  

In the previous study [5], the authors conducted the aeroacoustic direct simulations for 

actual recorders with tone holes. The predicted flow and acoustic fields are in good agreement 

with the measured results by Particle Image Velocimetry (PIV) and a microphone. Those 

results also clarified the effects of the condition of tone holes on the sound and flow fields and 

the mechanism by which self-sustained oscillations (including fluid-acoustic interactions) are 

maintained.  

Also, as the jet velocity increases, the mode of the tone jumps to the higher mode [4, 6]. 

This mode change of radiating sound is related to their quality. However, to the best 

knowledge of the authors, the effects of the shape and positions of edge and windway on that 

mode change have not been clarified sufficiently for actual recorders.  

In this paper, the aeroacoustic direct simulations are conducted for two different types of 

Types S (YRA-28BIII : Straight windway) and A (YRA-38BIII : Arch windway) of recorders 

as shown in Figure 1. The effects of the shape on the flow and sound fields are discussed 

focusing on the mode change.  

 

Figure 1: Geometries of recorders. 

 

2 COMPUTATIONAL METHODOLOGIES 

2.1 Flow conditions 

The flow and acoustic fields around a recorder were investigated by using a short recorder 

with three tone holes (see Figure 1), namely, actual recorders (Types S and A) cut short after 

the third hole, as a model. The resonator is conical except in the region near the edge, where 
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the lower flat surface of the edge is smoothly connected with the circular surface into the 

resonator. In this paper, the simulations with all tone holes open are discussed. 

The origin of the coordinate system of the full model is located at the center of the outlet of 

the windway. The streamwise direction in the windway is the x-axis, the vertical direction is 

the y-axis, and the spanwise direction intersecting with those two axes is the z-axis. 

Type A and Type S have some different features as shown in Table 1. One difference is the 

shape of windway exit. The shape is straight and relatively wider (the height h/t = 3.7, where t 

is the height of the edge and 0.35 mm for both models) for Type S while that is slightly 

curved (the edge is also curved) and relatively narrower (h/t = 3.0) for Type A. Another 

difference is the configurations of the windway exit and edge. The distance between the 

windway exit and the edge, l, (distance of window) for Type S is relatively longer (l/t = 15.0) 

and the position of the edge with reference to the center of the windway exit, ye , is relatively 

higher (ye/t = -0.29) for Type S, while those are l/t = 13.9 and ye/t = -0.43 for Type A. 

 Windway height 

h/t 

Distance of window 

l/t, l/h 

Edge position 

ye/t, ye/h 

Type S 3.7  15.0, 4.1  -0.29, -0.078 

Type A 3.0  13.9, 4.6  -0.46, -0.151 

Table 1: Parameters of recorders of Type S and Type A. 

The cross-sectional average blow-jet velocity (U0) is based on the area at the starting point 

of the chamfers around the exit of the windway. The effects of jet velocity (ranging from 8.0 

to 65 m/s) were computationally investigated in the case that all tone holes were open. 

2.2 Governing equations and finite-difference formulation 

The governing equations used for simulating the interactions between flow and acoustic 

fields are based on the three-dimensional compressible Navier-Stokes equations. Spatial 

derivatives are solved by using the sixth-order-accuracy compact finite-difference scheme 

(fourth-order accuracy at boundaries) [7]. Time integration is performed using the 

third-order-accuracy Runge-Kutta method.  

A volume-penalization (VP) method [8, 9], which is a kind of immersed-boundary method 

[10], is used to reproduce the flow and acoustic fields around a complex shape of the recorder 

on a rectangular grid. The penalization term, V, is added to right-hand side of the governing 

equations of the three-dimensional compressible Navier-Stokes equations as follows:   

 VGGFFEEQ  zvyvxvt )()()(  (1) 
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where Qt is the vector of the conservative variables, E, F, and G are inviscid flux vectors, Ev 

Fv, and Gv are viscous flux vectors, and  is the porosity of a porous medium, determined so 

that the sound wave can be reflected almost completely (reflectivity : 99%). The mask 

function is given as  
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To reduce computational cost, large-eddy simulations (LES) were performed for the 

reproduction of the flow fields in the recorder. In the simulations, no explicit subgrid-scale 

(SGS) model was used. The turbulent energy in the grid-scale (GS) that should be transferred 

to SGS eddies is dissipated by a 10th-order spatial filter as described below.  
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where is a conservative quantity and ̂  is the filtered quantity, also removes numerical 

instabilities [11]. Coefficient an has the same value as that used by Gaitonde and Visbal [12], 

and the value of f is 0.45. 

The predicted mean and instantaneous flow fields and acoustic fields based on the 

above-mentioned methodologies have been confirmed to agree with those measured by PIV 

and a microphone in the previous paper [5]. 

 

2.3 Computational domain 

The computational domain (shown in Figure 2) is divided into three regions: a vortex 

region, a sound region, and a buffer region having different grid spacings, while the grid 

spacing is smoothly changed to prevent spurious acoustic reflections near the boundary of 

different regions. The computational grid is rectangular (as mentioned above). The total 

number of grid points is approximately 8.2×10
7
. The computational grid is explained in detail 

in the previous paper [5]. 

 

 

Figure 2: Computational domain and boundary conditions. 
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2.4 Boundary conditions and initial conditions 

The boundary conditions of the computation are shown in Figure 2. Non-reflecting 

boundaries [13-15] are used at boundaries of the x and y directions, and periodic boundary 

conditions are adopted in the z direction. To reproduce the jet in the windway, the velocity is 

set to be a given blowing velocity in the inlet region of the windway, as shown in gray color 

in Figure 2. For the objects such as a recorder, the above-mentioned mask function is set to χ 

= 1, and the velocity is set to zero. 

In the computation, the velocity is set to zero in the initial field and the jet velocity is 

accelerated in the duration of computational development. 

3 VALIDATION OF COMPUTATIONAL METHODS ABOUT MODE CHANGE 

The predicted and measured effects of the jet velocity on the frequency of the dominant 

tone (fundamental frequency) for Types S and A are shown in Figure 3. As shown in the 

figure, the predicted frequencies are in good agreement with those measured. As the velocity 

becomes higher, the frequency of the tonal sound jumps to the second mode. The mode 

change occurs at a higher velocity for Type A with reference to that for Type S. This 

difference is also predicted in this simulation as shown in the figure. 

 

Figure 3: Relationship between the jet velocity U0 at windway exit and fundamental frequency. 

4 RESULTS AND DISCUSSIONS 

4.1 Self-sustained oscillations for fundamental mode 

Contours of pressure with a time-averaged component subtracted, p’, (pressure-fluctuation) 

and velocity-fluctuation vectors around the exit of the windway and edge at U0 = 10 m/s in 

Type S are shown in Figure 4. In the figure, the vectors are shown in the region where the 

effects of the fluid-dynamical structures (such as vortices) on the fields are small, and the 

intensity and direction of the acoustic particle velocity are indicated. The time origin (t = 0) is 

the time that the pressure becomes in the downward region of the edge in fundamental time 

period T. 
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Figure 4 Contours of pressure-fluctuation and velocity-fluctuation vectors (z = 0) at U0 =10 m/s in Type S, 

where T is the fundamental time period. 

 

Figure 5 Contours of streamwise velocity (z = 0) at U0 = 10 m/s in Type S, where T is the fundamental 

time period. 
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At t/T = 8/30 in Figure 4, the highest downward particle velocity is induced. Predicted 

contours of instantaneous streamwise velocity fields are shown in Figure 5. At t/T = 8/30, 

the jet starts to be deflected downward because the acoustic particle velocity is highest. 

This mechanism is consistent with experimental results reported by Coltman [16]. 

Moreover, these small deflections (disturbances) are developed and convected 

downstream, and as shown in Figure 5, the downward deflection of the jet becomes most 

intense at t/T = 15/30. As a result, air flows into the resonator on mass and compresses 

the air in it. In the opposite phase, namely, at t = 0, the air in the resonator expands when 

the upward deflection of the jet is largest. 

 

Figure 6 Contours of streamwise velocity (z = 0) at U0 = 32 m/s in Type S (left) and at U0 = 35 m/s in 

Type A (right), where T is fundamental time period. 
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4.2 Effects of shape on self-sustained oscillations around velocity of mode change 

Predicted contours of instantaneous streamwise velocity fields at U0 = 32 m/s in Type S 

(left) and at U0 = 35 m/s in Type A (right) are shown in Figure 6, where the mode change 

occurs only in Type S.  

As shown in the figures, the jet oscillates equally in the upward and downward directions 

for Type A. However, for Type S, the time in which the jet is inclined in the downward 

direction is longer than that in the upward direction. This asymmetry of jet oscillations 

distorts the sound generated by the oscillation of the jets of the fundamental mode, and 

possibly stimulates the higher mode and the mode change. The position of the edge is 

relatively higher for Type S as mentioned before, and this is one of the possible reasons why 

the jet is more likely to be inclined in the downward direction. Giordano [4] also shows that 

the position of the edge affects the ratios of the power of the fundamental and harmonic tones. 

Verge [6] also found that the minimum in the generation of the second harmonic was observed 

when the edge is slightly decentred with respect to the windway exit (ye = -0.2h). This shift in 

effective zero transverse position of the edge could be associated with a result of an air 

entrainment by the jet which can create a static vacuum in the pipe (Coanda effect) and 

deflect the jet. However, the clear reason why this asymmetry of the jet oscillations is more 

likely to occur for Type S with comparison to Type A and the relationhip this asymmetry and 

the mode change are issues that needs further study.     

Figure 7 shows the profiles of the mean streamwise velocity at U0 = 10 and 32 m/s for 

Type S and at U0 = 35 m/s for Type A between the windway exit and the edge, where the 

vertical axis is non-dimensionalized vertical position by the height of the edge, t, with the 

reference to the position of the center of the edge, ye.  

Comparing between the profiles at U0 = 10 m/s and those at U0 = 32 m/s for Type S, it is 

clarified that the velocity peak is relatively sharper at x/l = 0.5 and 0.75 at U0 = 32 m/s. This 

indicates that the smaller amplitude of the oscillations of the jet makes the momentum 

diffusion smaller at the higher velocity of U0 = 32 m/s. The variation of the position of the 

peak velocity along the streamwise position, x, in this figure also shows that the jet is inclined 

into the downward of the edge at U0 = 32 m/s for Type S particularly in the profiles with x/l ≥ 

0.5, while the jet approximately straightly collides with the edge and the jet oscillations are 

symmetry for Type A. This inclination is due to the asymmetry of the jet oscillations as 

mentioned above.  

 

Figure 7 Profiles of mean streamwise velocity (x/l = 0.8) at U0 = 10 and 32 m/s in Type S and at U0 = 35 

m/s in Type A. 
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The contours of the pressure-fluctuation, p’, are shown in Figure 8. The right figures 

show that the fundamental mode (a half-wavelength acoustic mode in the pipe) is still 

dominant for Type A. Meanwhile, focusing on the figures at t/T = 4/5, it can be 

confirmed that the effects of the second mode (one-wavelength acoustic mode) on the 

sound fields are more intense for Type S.  

 

Figure 8 Contours of streamwise velocity (z = 0) at U0 = 32 m/s in Type S (left) and at U0 = 35 m/s in 

Type A (right), where T is the fundamental time period. 

5 CONCLUSIONS 

Focusing on the mode change of the sound radiating from the recorder, the flow and 

acoustic fields were predicted with direct aeroacoustic simulations around two actual 

recorders with different shapes. As a result, the following findings were acquired. 

 

 The present simulations reproduce the mode change of both the recorders, where the 

velocity for the mode change depends on the configurations and shapes of the 

windway and edge. 

 The asymmetry of the jet oscillations between in the upward direction and in the 

downward direction was observed only in the recorder model of the earlier mode 

change.  
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Abstract. Numerical simulations of electromagnetic waves around the atmospheric reentry
demonstrator (ARD) of the European Space Agency (ESA) in an atmospheric reentry mission
were conducted with a combined method of computational fluid dynamics (CFD) and com-
putational electromagnetics (CEM). During the reentry mission, radio frequency blackout and
plasma attenuation of radio waves in communications with a data-relay satellite were observed.
Cut-off of waves propagation was caused by highly dense plasma formed by a strong shock
wave formed in front of the vehicle due to orbital speed. In this study, the physical properties
of the plasma flow in the shock layer and wake region of the ESA ARD were obtained using
a high-enthalpy flow solver applicable unstructured grids. Moreover, electromagnetic waves
were calculated using a frequency-dependent finite-difference time-domain method using the
plasma properties. The present analysis model was validated based on experimental flight data
of ESA ARD. Comparisons of the measured and predicted results showed good agreements.
Attenuation and reflection by reentry plasma were clarified in detail using the present model.
It was suggested that the analysis model could be an effective tool for investigating radio fre-
quency blackout and plasma attenuation in radio wave communication. Behaviors of plasma
and electromagnetic waves around ESA ARD for several altitudes were investigated using the
proposed model in detail.
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1 INTRODUCTION

One of the most important issues in the entry, descent, and landing approach of spacecraft
is radio frequency (RF) blackout; that is, the cutoff of communication between the reentry
vehicle and ground stations and/or data-relay satellites. During reentry from a low Earth orbit,
a vehicle flies at orbital speed of more than 7 km/s, and a strong shock wave is formed at its
front. Freestream air is rapidly dissociated by aerodynamic heating in the shock wave layer.
Charged species, i.e., electrons and ions, are created, and these species then cover the vehicle’s
surface. RF blackout is caused by a highly dense plasma layer on the vehicle surface, attenuating
or reflecting electromagnetic waves used for telecommunication.

Because the RF blackout phenomenon is affected by the flow properties around the vehicle,
specifically the number density of electrons, clarifying the distribution of charged particles is a
key issue. In particular, determination of the plasma distribution around a blunt-body reentry
capsule is expected to be important from the point of view of their frequent use in reentry mis-
sions. Recently, remarkable progress has been made in the development of high-performance
computers and algorithms for numerical simulation. Computational fluid dynamics (CFD) tech-
niques have been used widely to predict flow fields around reentry vehicles. In addition, com-
putational electromagnetics (CEM) to describe electromagnetic waves in reentry plasma are
also important approach. In particular, the frequency-dependent finite-difference time-domain
(FD2TD) method [1] has also been an effective tool for simulating electromagnetic waves in
a frequency-dependent medium [2]. An analysis approach to predict RF blackout and plasma
attenuation for a reentry vehicle, based on a method combining CFD and CEM, has been sug-
gested by Takahashi et al. [3, 4, 5].

Flight experiment for the atmospheric reentry demonstrator (ARD) [6] of the European
Space Agency (ESA) was conducted. In the ESA ARD mission, reentry plasma attenuation of
electromagnetic waves in communication with the tracking and data-relay satellite (TDRS) was
measured. ESA ARD had typical blunt-body capsule shape and typical reentry trajectory, which
are widely used in a reentry mission. Thus, it is worth investigating the distributions of plasma
and electromagnetic waves for design and development of new reentry vehicles and for research
and development concerning RF blackout mitigation techniques. Takahashi [5] recently devel-
oped an RF blackout prediction tool combining RG-FaSTAR, which is a high-enthalpy flow
solver applicable to unstructured grid systems, and FD2TD simulation code. Using the analysis
models, it is possible to investigate the behavior of electromagnetic waves in reentry plasma.
The present research objective is to reproduce the actual reentry environment during the ESA
ARD flight and to clarify the plasma flow field and electromagnetic wave behavior.

2 ATMOSPHERIC REENTRY DEMONSTRATOR

The atmospheric reentry demonstrator (ARD) [6] of the European Space Agency (ESA) was
launched by the Ariane-5 V503 rocket on October 21, 1998. The reentry capsule was separated
from the Ariane-5 at an altitude of 218 km. ESA ARD reached its apogee at an altitude 830
km, and then reentered the Earth’s atmosphere. It was reported that the reentry velocity at an
altitude of 120 km was approximately 7452 m/s. Because of its high reentry velocity, a shock
wave was generated in front of the vehicle, and the vehicle was surrounded by plasma. After
deceleration by the aerodynamic force, ESA ARD began its recovery sequence. Finally, ESA
ARD splashed down in the Pacific Ocean. The reentry trajectory (position, velocity, and attitude
reconstructed by acceleration measurements) was obtained using on-board inertial navigation
system measurements and a GPS receiver.
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The analytical shape of the ESA ARD is shown in Fig. 1. Its shape was basically the same
as the Apollo command module scaled down to 70%. It comprised the front shield section, rear
cone section, and back cover section. The capsule was essentially a spherical cone with a nose
radius of 3,360 mm and a base radius of 2,800 mm for the front shield section with a half-angle
of 33◦ for the rear section. To protect it from strong aerodynamic heating, an ablator material
was coated onto the front heat shield.

(a) Front side view (b) Rear side view

Figure 1: Analysis model of the ESA ARD.

ESA ARD employed eight dedicated skin antennas for a telemetry link and communication
with TDRS. Its link frequencies were approximately 2.267 GHz. Measurements were made of
the RF blackout and plasma attenuation caused by the plasma around the vehicle generated by
the shock wave. No RF blackout for the TDRS link was observed, even though strong plasma
attenuation due to reentry plasma around ESA ARD was measured from an altitude of 86 km
to an altitude of 44 km.

3 PLASMA FLOW MODELING

Physical model and numerical method used in this plasma flow simulation are basically the
same as those used in Takahashi’s work [5], except for part numerical scheme and calculation
conditions. Here, brief explanation about the present plasma flow model are presented.

3.1 ANALYSIS MODEL

The flow field around the reentry capsule is expressed by the Navier-Stokes equations ex-
tended to a multi-temperature model and the equation of state. The governing equations include
total mass, momentum, total energy, species mass, rotation energy, vibration energy, and elec-
tron energy conservations.

Transport properties such as the viscosity, thermal conductivity, and binary diffusion coeffi-
cients for a gas mixture are evaluated by Yos’s model [7], which is based on the first Chapman-
Enskog approximation [8]. The collision cross sections are given by Gupta [9] and Fertig
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[10, 11]. The diffusion coefficients are expressed by Curtiss and Hirschfelder’s formula [12].
Ambipolar diffusion is assumed for charged species.

For chemical reactions, the inflow gas is assumed to consist of 11 chemical species (N2, O2,
NO, N+

2 , O+
2 , NO+, N, O, N+, O+ and e−) and 49 reactions are assumed to occur. The chemical

reaction rate is determined using an Arrhenius-type form, and the reaction rate coefficients
are obtained from Park [13]. The backward reaction rates are evaluated from the equilibrium
constants which, being functions of temperature only, are calculated by the curve-fitting formula
given in [14, 9].

The energy transfer between each of the internal energy modes are consider as follows:
translation-rotation (T-R) [15], translation-vibration (T-V) [16, 17], translation-electron (T-e)
[18, 19, 20], rotation-vibration (R-V) [21], rotation-electron (R-e) [22, 23], and vibration-
electron (V-e) [24]. The energy losses/releases for vibrations and rotations associated with
chemical reactions reveal the dissociation energies for heavy-particle impact reactions. These
can be obtained using a non-preferential dissociation model [20]. In addition, the electron en-
ergy losses/releases due to electron-impact dissociation and ionization are also considered.

3.2 NUMERICAL SCHEMES

The governing equations for the flow field are transformed into the delta form and solved
using a finite-volume approach. The numerical fluxes of the advection term are calculated using
the Harten, Lax, van Leer, and Einfeldt (HLLE) scheme [25] using the monotonic upstream-
centered scheme for interpolation of the conservation laws (MUSCL). On the other hand, the
viscous terms of the equation are calculated using the second-order central differencing method.
The spatial gradients of the flow variables are evaluated with the Green-Gauss method. A time
integration is performed implicitly using the lower-upper symmetric Gauss-Seidel (LU-SGS)
method [26] combined with the point-implicit method [27] for stable computation.

3.3 SOFTWARE PACKAGE

These physical and numerical models are implemented in the high-enthalpy flow solver
RG-FaSTAR [5]. RG-FaSTAR is a version of the fast unstructured CFD code FaSTAR [28]
originally developed by JAXA that incorporates real gas effects. These solvers can handle un-
structured grid systems such as tetrahedral, triangular prism, square pyramid, and hexahedral
meshes, and have high flexibility in generating the computational grid. For massive parallel
computation on high-performance computers, the message-passing interface (MPI) technique
with a domain partition approach is used.

3.4 CALCULATION CONDITIONS

Numerical analyses of flow fields by RG-FaSTAR are performed for cases as listed in Table
1. Note that AOA denotes the angle of attack of the ESA ARD. The freestream velocity is
determined according to Tran’s report [6].

Computational grids for ESA ARD in RG-FaSTAR at an altitude of 85 km are composed of
tetrahedral meshes, prismatic layer meshes near the wall, hexahedral meshes in the front region,
and squared pyramids. Figure 2 shows a computational grids at an altitude of 85 km. To finely
resolve the shock layer near ESA ARD, hexahedral meshes are inserted into its front region.
In addition, prismatic meshes near walls are used to solve the boundary layer near the wall.
Square pyramid meshes are used to connect the hexahedral meshes and the prism meshes. The
numbers of cells and nodes of the grid system at altitude of 85 km are 4,244,601 and 2,434,920,
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Table 1: Freestream parameters.

Altitude, km Density, kg/m3 Temperature, K Velocity, m/s AOA, degree
85.0 8.18×10−6 191.0 7577 20.0
80.0 1.85×10−5 195.8 7609 20.0
75.0 4.07×10−5 201.7 7593 19.2
70.0 8.83×10−5 210.9 7542 19.2
65.0 1.78×10−4 225.3 7145 20.0
60.0 3.40×10−4 256.5 6105 19.4
55.0 6.31×10−4 242.0 5393 19.8
50.0 1.15×10−3 265.3 4567 20.0
45.0 2.25×10−3 255.6 3323 20.8
40.0 4.36×10−3 250.3 2218 21.2

respectively. At other altitudes, the number of cells and nodes are different but the composition
of mesh types is basically similar.

Figure 2: Computational grids system for plasma flow around ESA ARD at altitude of 85 km.

For the boundary conditions, inlet, outlet, and wall conditions are considered, as shown in
Fig. 3. Freestream density, temperature, and velocity, listed in Table 1, are given at the inflow
boundary. Mass fractions of chemical species are always set to 0.765 for N2 and 0.235 for O2

at the inflow. The degree of ionization at the inflow condition is always set to 10−10. At the
outlet boundary, all flow variables are determined by the zeroth-order extrapolation. On the
wall surface, non-pressure gradient in the wall normal direction and no-slip wall are given. In
addition, the wall temperature is fixed at 273K. Moreover, the wall surface is assumed to be non
catalytic for chemical species.
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Figure 3: Boundary conditions for plasma flow around ESA ARD at altitude of 85 km.

4 ELECTROMAGNETIC WAVE MODELING

4.1 GOVERNING EQUATION

In order to evaluate RF blackout and plasma attenuation in communication between ESA
ARD and TDRS, we clarify the behavior of electromagnetic waves in the plasma region during
reentry. Here, the Maxwell’s equations for describing the behavior of electromagnetic waves
are adopted.

4.2 COMPUTATION METHOD

So far, the finite-difference time-domain (FDTD) method has been widely used for simulat-
ing electromagnetic wave propagation. On the other hand, plasmas are generally frequency-
dependent media. Dielectric constants and electrical conductivities of plasma vary over a fre-
quency range. It is possible that the FDTD formulation leads to a risk to predict incorrect results
when applying it to frequency-dependent media, because the FDTD method assumes that these
medium properties are independent of frequency. On the other hand, the FD2TD method is
effective for discretizing the Maxwell’s equations in such frequency-dependent media.

Figure 4 shows the computational domain in the FD2TD approach for cases of altitudes
from 55 to 40 km. it should be noted that different computational domains are used at the other
altitudes. The computational domain for electromagnetic waves is set to be a cuboid 10.5 m in
length in the x direction, 5.5 m in width in the y direction, and 5.0 m in height in the z direction.
All of the computational grid is composed of hexahedral meshes and the grid nodes are set to
800 (x-direction), 420 (y-direction), and 380 (z-direction), i.e., 127,680,000 nodes. The origin
of the computational domain used in the CFD approach corresponds to that of the simulation of
the electromagnetic waves. The physical properties, ωp and νc, required in the present FD2TD
method are obtained by using the computational results obtained by RG-FaSTAR. To reduce
computational cost, the magnetic permeability, µ is set to be the same as that of free space, µ0.

As a boundary condition, Mur’s first-order absorption boundary [29] is imposed at all faces
of the computational domain. A conduction boundary condition is imposed on the surface of
the reentry vehicle.
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Figure 4: Computational domain for electromagnetic wave around ARD.

4.3 ANALYSIS CODE

The physical and numerical models have been implemented in the electromagnetic wave
simulation code “Arcflow/Arcwave” developed by Hokkaido University. For fast computation
and efficient allocation of adequate memory, the simulation code is parallelized using the MPI
and OpenMP techniques. In addition, a data transfer tool between the electromagnetic wave
simulation code and RG-FaSTAR is also implemented. Both the simulation codes using the
CFD and FD2TD methods are packaged.

5 RESULTS AND DISCUSSION

5.1 SURFACE PRESSURE

First of all, to validate the plasma flow analysis model used here, stagnation pressure co-
efficients in front of the ESA ARD between the flight experiment and numerical analysis are
compared. The pressure obtained in the ESA ARD flight was reconstructed based on the flight
data on velocity and density deduced by the on-board acceleration measurement. The computed
pressure coefficient at stagnation, Cp, is defined as the peak pressure on the front surface of the
vehicle, which is obtained by the following expression:

Cp =
p0

1
2
ρ∞U2

∞
, (1)

where p0 is the peak pressure on the surface. In addition, ρ∞ and U∞ are the freestream density
and velocity, respectively. Figure 5 shows a comparison of the stagnation pressure coefficient
profiles with altitude from 85 km to 40 km. Error between the flight experiment results and
the numerical analysis is several percentages at most except for an altitude of 85 km. This
indicates that the plasma flow analysis correctly reproduces the aerodynamic tendencies in the
shock layer.

5.2 SIGNAL LOSS

Gain of the electromagnetic waves is attenuated by plasma around the reentry vehicle, which
was measured in the ESA ARD mission. To validate the CFD and CEM combined method,

1331



Yusuke Takahashi, Reo Nakasato, and Nobuyuki Oshima

Figure 5: Comparison of the pressure coefficient at stagnation at the vehicle’s front between the flight experiment
and numerical analysis.

signal loss of the electromagnetic waves that TDRS received are compared between the experi-
ments by ESA ARD mission and the present computed results. When the vehicle is completely
surrounded by highly dense plasma whose electron number density exceeds the critical value,
no signal is detected, and then RF blackout is observed. In the present study, the signal loss is
calculated by

GSL = −10log

(
|Ebd|2

|Ebd,free|2

)
. (2)

where Ebd and Ebd,free are the electric fields on certain far field boundary at an altitude and in
free space where there is no plasma, respectively. The location of the TDRS from the viewpoint
of ESA ARD during reentry can be obtained from its flight path. In addition, it is deduced that
the windows where the TDRS is visible at each altitude shown in Fig. 6 are on the boundaries
of the FD2TD computational domain.

Comparison of the signal loss profile along an altitude is shown in Fig. 7. The measured
attenuation of the communication waves increases with small fluctuation to altitude of 70 km,
and then, the communication recovers with decrease in attenuation. No RF blackout is observed
in the flight experiment as an important event. The computed result relatively shows good
agreement with the measurement at altitude of 85 km and below 60 km. However, at altitudes
between 80 km and 65 km, electromagnetic waves near ESA ARD are completely blocked by
the reentry plasma, and then the signal loss almost becomes zero. This is possibly because
the plasma flow simulation overestimates number density of electron in the rear region of ESA
ARD. In particular, reaction models of associative ionizations which are primary ionization and
recombination reactions of electrons in the altitude range can attribute the discrepancy.

5.3 ELECTRON NUMBER DENSITY

The distribution of electron number density around ESA ARD at an altitude of 85 km is
shown in Fig. 8. In these figures, “y-z plane” shows a plane cutting a region where antenna
for communication with TDRS exists. A region appears to exist in which the electron number
density generated by the shock layer in front of ESA ARD remains high at the altitude. When
the electromagnetic waves pass through the regions where the electron density exceeds the
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Figure 6: Windows in which the TDRS is visible at each altitude on the boundaries of the FD2TD domain.

Figure 7: Comparison of the signal loss between the flight experiment and numerical analysis.

critical value (6.4×1016 1/m3) for the link frequency (2.267 GHz), attenuation, refraction, or
reflection will occur. On the other hand, compressed gas in the shock layer expands when
passing near the shoulder of the vehicle inflowing in the wake region. The plasma density
decreases to well below the critical value at the rear of the vehicle because of its supersonic
expansion.

5.4 ELECTROMAGNETIC WAVES

Number density of electron and collision frequency required in the electromagnetic wave cal-
culations are computed by RG-FaSTAR and then, are transposed in the FD2TD computational
domain with the data transfer tool. Figures 9, 10, 11, and 12 show electric field magnitudes of
the electromagnetic waves for the cases of free space, an altitude of 85 km, an altitude of 60
km, and an altitude of 50 km, respectively. The magnitude of the electric field is normalized to
1.0 on the antenna in the calculation. All values of the electric field in the figures are expressed
on a logarithmic scale.
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(a) x-z plane (b) y-z plane

Figure 8: Number density of electrons around the ESA ARD at an altitude of 85 km.

The electric field distribution in free space where there is no plasma is presented to compare
with results for cases of other altitudes. For the free-space condition, the electromagnetic waves
can propagate in all directions, diffracting and reflecting on the ESA ARD surface. On the
other hand, below an altitude of 85 km, electromagnetic waves cannot propagate on the front
side of ESA ARD along the shock layer surface, because electromagnetic waves are completely
reflected. As mentioned above, moreover, electromagnetic waves cannot propagate in any di-
rection between altitudes of 80 km and 65 km due to highly-dense plasma. Thus, a complete
RF blackout occurs, although this is not shown here. As mentioned above, however, this RF
blackout was not observed in communication between ESA ARD and the TDRS using a link
frequency of 2.267 GHz during atmospheric reentry. Uncertainties in chemical reaction models
used in this analysis model causes this discrepancy, as pointed out by Takahashi et al. [4]. At
an altitude of 60 km, wave propagation recovers from the RF blackout, while strong attenuation
and reflection in the plasma wake are caused by the recompression gas region. The number
density of electrons becomes low in the ESA ARD’s rear region at an altitude of 50 km and
electromagnetic waves propagate in a similar fashion to the computed results for the free-space
condition.

6 CONCLUSIONS

Numerical analyses of plasma flows and communication waves around the Atmospheric
Reentry Demonstrator (ARD) were conducted for prediction of radio frequency blackout and
plasma attenuation. The ESA ARD capsule shape and its reentry trajectory were typical for
reentry missions with blunt-body reentry capsules. The plasma flow models were implemented
with an unstructured grid high-enthalpy flow solver “RG-FaSTAR” based on the computational
fluid dynamics (CFD). Moreover, electromagnetic waves behaviors were expressed using a sim-
ulation code “Arcflow/Arcwave,” which uses the frequency-dependent finite-difference time-
domain (FD2TD) method. Computed results were validated with experimental data for stagna-
tion pressure and signal loss profiles during the atmospheric reentry. It was indicated that the
present analysis model is effective for predicting reentry plasma and signal loss of radio waves
for this kind of reentry capsule mission, except for a strong attenuation altitude. As an important
parameter for electromagnetic wave simulation in reentry plasma, distributions of the electron
number density were investigated. In addition, radio frequency blackout and plasma attenuation
were discussed using information. It was found that reflection, diffraction, and attenuation on
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y-z planex-z plane

Figure 9: Electromagnetic waves behavior (electric field magnitude in common logarithm scale) around ESA ARD
in free space.

x-z plane y-z plane

Figure 10: Electromagnetic waves behavior (electric field magnitude in common logarithm scale) around ESA
ARD at an altitude of 85 km.

the strong shock wave surface in front of the vehicle occur, while the electromagnetic waves
propagate in wake region in the rear of vehicle.
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y-z planex-z plane

Figure 11: Electromagnetic waves behavior (electric field magnitude in common logarithm scale) around ESA
ARD at an altitude of 60 km.

x-z plane y-z plane

Figure 12: Electromagnetic waves behavior (electric field magnitude in common logarithm scale) around ESA
ARD at an altitude of 50 km.
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(a) Density and velocity x-y and x-z slice
TD={5s,10s}, H=6m, t=0.

(b) Density and velocity x-y and x-z slice
TD=5s, H=6m, t=5s.

(c) Density and velocity x-y and x-z slice
TD=10s, H=6m, t=10s.

(d) Density and velocity x-y and x-z slice
TD={5s,10s}, H=10m, t=0.

(e) Density and velocity x-y and x-z slice
TD=5s, H=10m, t=5s.

(f) Density and velocity x-y and x-z slice
TD=10s, H=10m, t=10s.

Figure 6: Density and velocity x-y and x-z at different heights with different door opening
times.
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In this section we plot slice plots of the density (showing the evolution of the water surface),
the velocity, 3D plots of the isovolume of the density (showing the evolution of the water sur-
face). Additionally we plot the flow rate through the door over time, and the average velocity
in the door section and in the first 10m section of the tunnel.

Figure 6 shows the density and velocity at different times and height settings. As we can see
in figure 6 (b) and (e), the turbulent mixing is slightly higher for figure 6 (e); and the velocity at
the bottom of the tunnel is also higher in both cases (TD={5s and 10s}) for H=10m.

(a) Water isovolume TD={5s,10s}, H=6m,
t=0s

(b) Water isovolume TD=5s, H=6m, t=5s

(c) Water isovolume TD=10s, H=6m, t=10s

(d) Water isovolume TD={5s,10s}, H=10m,
t=0s

(e) Water isovolume TD=5s, H=10m, t=5s

(f) Water isovolume TD=10s, H=10m, t=10s

Figure 7: Water isovolume at different heights with different door opening times.

Water isovolume in the simulation can be seen in figure 7, where we can see water splashes
closer to the door as the gate opens; it is due to pressure difference between tank and tunnel
[29] and variable density model which is mentioned in section 3.1. Figure 8 shows the flow
rate through the gate. As we can see here, the gate opening time and water height do have a
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influence over the water flow rate through the opening gate.
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Figure 8: “Spending” flow rate through the door.

Figure 9 shows the average velocity at the door section. It is clear that the velocity is higher
at the door section for H=10m compared to H=6m (for the same opening time TD=5s).

The average velocity at the downstream side of the tunnel is plotted in figure 10. It shows
that for TD=5s and H=6m, the velocity increases gradually up to 6 m s−1 until t = 4s, after that
the velocity goes down. On the other hand, for TD=5s and H=10m, the velocity is higher, up
to ca. 8 m s−1. This behaviour is similar to the case of TD=10s. Thus we can conclude that the
water height influences the average velocity at the bottom of the tunnel.
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Figure 9: Average x-velocity in the door section.
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Figure 10: Average flushing x-velocity in the first 10m-section of the tunnel.

6 CONCLUSIONS

In this paper we provide computational results for Direct FEM simulations of the primi-
tive 3D variable-density incompressible Navier-Stokes equations. We investigate the MARIN
marine engineering benchmark and a storm drain system.

The simulation results for the MARIN benchmark qualitatively capture the evolution of the
pressure signals in the sensors. The discrepancies are quantitatively of approximately similar
magnitudes as the state of the art published in the literature, e.g. in [30, 28].

For the storm drain problem, the density and velocity fields have a 3D structure, a triangular
jet shape, at the exit of the door. The door opening time does not appear to have a large influence
on the structure or magnitude of the velocity. The water height in the tank has a significant
influence on the magnitude of the velocity in the flushing section at the beginning of the tunnel.

In future work we would like to study the mesh sensitivity of the method and implement a
robust adaptive method, similar to what we have developed for constant density turbulent flow,
to enable adaptive error control.
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Abstract. The impressive progress of the kinetic schemes in the solution of gas dynamics prob-
lems and the development of effective parallel algorithms for modern high performance parallel
computing systems led to the development of advanced methods for the solution of the magne-
tohydrodynamics problem in the important area of plasma physics. The novel feature of the
method is the formulation of the complex Boltzmann-like distribution function of kinetic method
with the implementation of electromagnetic interaction terms. The numerical method is based
on the explicit schemes. Due to logical simplicity and its efficiency, the algorithm is easily
adapted to modern high performance parallel computer systems including hybrid computing
systems with graphic processors.
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1 INTRODUCTION

The tremendous progress in the development of high performance computing systems, es-
pecially expecting drastically new exascale computing systems, including the challenges in ar-
chitecture, scale, power and reliability, gives new opportunities for the mathematical modelling
of important physical phenomena in the present and future. Nevertheless the complexity of the
challenges in science and engineering continues to outpace our ability to adequately address
them through impressively growing computational power.

A feature of the present is that the development of technologies and computer systems archi-
tecture are well ahead of software development. The software problems are primarily associated
with the complexity of the algorithms adaptation for the differential equations of mathematical
physics to high performance computing systems architecture. In particular they refer to one of
the important requirements as the accuracy in combination with the correctness of the initial
mathematical models. Another requirement for the methods is their logical simplicity and high
efficiency at the same time. The numerical algorithms should be simple and transparent from a
logical point of view.

One of the important directions to overcome these problems is the development of a nontra-
ditional approach to initial mathematical models and computational algorithms. In the present
study for the solution of the multidimensional gas dynamics and magnetohydrodynamics prob-
lems kinetic difference scheme is proposed. It is convenient from the physics point of view to
define the gas dynamics and magnetohydrodynamics quantities from close relations between
the kinetic and gas dynamics description of physics processes [1, 2, 3, 4, 5, 6].

Another aspect is the study of the explicit finite difference schemes, which seem to be prefer-
able for future high performance parallel computing, especially in terms of their simplicity and
well adaptability to parallel program realization, including hybrid high performance parallel
computing systems. The weakness of explicit schemes is a strictly limited time step that en-
sures computational stability. This restriction becomes critical with the growing number of
nodes and the reduction in the step of a spatial mesh. The advanced explicit kinetic finite dif-
ference schemes have a soft stability condition giving the opportunity to enhance the stability
and to use very fine meshes [7].

The mentioned aspects are used for the development of the framework for the study of the
dynamics of the conducting gas media in strong magnetic fields at high performance parallel
computing systems.

2 THEORETICAL ISSUES

2.1 Gas Dynamics Processes

The kinetic theory describes the gas dynamics by the Boltzmann differential equation through
the evolution of the distribution function f (x, ξ, t) [8]:

(1)
∂f (x, ξ, t)

∂t
+ ξ · ∇f (x, ξ, t) = C (f)

where C (f) is a nonlinear integral operator which describes the collisions between gas
molecules.

This evolution equation follows naturally from the relations between the kinetic and the gas
dynamics description of continuous media. The macroscopic observables such as density, mo-
mentum, energy flux as a function of x and t are obtained from the moments of the distribution
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function with respect to the macroscopic velocity. The evolution equations for these gas dynam-
ics quantities are obtained by integrating Eq. (1) over molecular velocities ξ with summational
invariants m,mξ,1

2
mξ2. The computational interest in kinetic formulations of the gas dynamics

is high due to the linearity of the differential operator on the left side of Eq. (1). Nonlinearity is
confined by the collision term, which is generally local in x and t.

An important feature is that the collision integral vanishes in the equilibrium state when the
local Boltzmann distribution function f is a Maxwellian:

(2)f(x, ξ, t) =
ρ(x, t)m1/2

(2πkT (x, t))3/2
exp

{
− m

2kT (t,x)
(ξ − u(t,x))2

}
This leads to the use of this model for numerical methods and possible generalisations in or-

der provide a natural kinetic description of the system of conservation laws. This approximation
is sufficient for the gas dynamics processes and is called the kinetic approach [8].

2.2 Magneto Gas Dynamic Processes

In [9] it was shown that electromagnetic fields do not destroy the validity of the Boltzmann
equation and this opened the way for the implementation of the electromagnetic term in the
Boltzmann-like distribution function. From the vector nature of the electromagnetic interaction,
the distribution function should taking into account the vector behaviour and provide correct
formulation for the evolution of the magnetic field, i. e. the magnetic field should be generally
defined as the momentum of the Boltzmann-like distribution function.

A few useful attempts to formulate the vector Boltzmann-like distribution function can be
found in [10, 11, 12], but physical meaning was not clearly defined.

We propose an evaluation of the electromagnetic processes in the context of the distribution
function, taking into account the axial nature of the magnetic field. The electromagnetic interac-
tion processes contributions are considered as a complex velocities vector, described by kinetic
motion of charged particles in magnetic field [13]. Using the above definitions we define the
local complex Maxwellian distribution function of magnetohydrodynamics with drift velocity
u in magnetic field B at the equilibrium:

fM =
ρm1/2

(2πkT )3/2
exp

{
− m

2kT

∣∣∣∣(ξ − u)− i B
√
µmρ

∣∣∣∣2
}
, (3)

The first term on the right-hand side of (3) includes the kinetic energy and the second term is
contribution from electromagnetic interactions. The hydrodynamics observables are real scalars
and vectors. The complex components include the dynamics of the macroscopic observables
introduced by the evolution of the magnetic field, keeping their specific pseudo-vectorial nature.

The hydrodynamic and electromagnetic observables are obtained respectively as the real and
imaginary part of the integral of the distribution function (3) with the summational invariants(
m,mξ, 1

2
mξ2,mξ∗

)
along the line L parallel to the real axis and shifted by iB/

√
µρ in the
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imaginary axis direction.

ρ =

∫
L

mfMd
3ξ (4)

u =
1

ρ

∫
L

mξfMd
3ξ (5)

E =

∫
L

1

2
mξ2fMd

3ξ (6)

B = −
√
µm
ρ

∫
L

mξ∗fMd
3ξ (7)

For the compressible media, we use the linear approximation of the magnetic permeability:

µm = µρρ (8)

where µρ is a constant representing the magnetic permeability per unit density.

The proposed complex Boltzmann Maxwell like distribution function contains the hydro-
dynamics terms and the electromagnetic terms. Thus by using this distribution function to
calculate the mass, momentum, energy and magnetic field fluxes, most of the electromagnetic
contributions are calculated directly, i.e. one does not have to solve the hydrodynamics and
magnetic force components separately or differently, as will be shown below.

3 THE IDEAL MAGNETO GAS DYNAMICS EQUATIONS

To provide the first step of the formulation of the MHD conservation laws equation, the
equilibrium state is considered with the proposed distribution function. The MHD system of
equations is obtained by the integration of (1) with vanishing collision integral with the sum-
mational invariants following the definition in (7):∫

L

m
∂f

∂t
+

∫
L

mξ · ∇fd3ξ = 0 (9)∫
L

mξ
∂f

∂t
+

∫
L

mξξ · ∇fd3ξ = 0 (10)∫
L

1

2
mξ2

∂f

∂t
+

∫
L

1

2
mξ2ξ · ∇fd3ξ = 0 (11)∫

L

mξ∗
∂f

∂t
+

∫
L

mξ∗ξ · ∇fd3ξ = 0 (12)

The result obtained, set of Eq. (12), is the ideal magnetohydrodynamics system of equations:

∂ρ

∂t
+

∂

∂xi
ρui = 0 (13)

∂

∂t
ρui +

∂

∂xk

[(
p+

B2

2µM

)
δik + ρuiuk −

BiBk

µM

]
= 0 (14)

∂E

∂t
+

∂

∂xi

[
ui

(
E + p+

B2

2µM

)
− BiukBk

µM

]
= 0 (15)

∂Bi

∂t
+

∂

∂xk
[ukBi − uiBk] = 0 (16)
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In addition an equation for ∇ · B is obtained as the imaginary part of the integral of the sum-
mational invariant (m) respect to the velocities ξ:∫

L

m
∂f

∂t
+

∫
L

mξ · ∇fd3ξ = 0 (17)

∂Bi

∂xi
= 0 (18)

4 THE QUASI MAGNETO GAS DYNAMIC SYSTEM OF EQUATIONS

The quasi MHD system of equations for the real gases is obtained using the integration
technique outlined in section 2 and the balance relation based on the Taylor expansion of the
variation of the local distribution function in spatial variables up to third order infinitesimal [2]:

f j+1 − f j

∆t
+ ξi

∂f j

∂xi
= ξiξk

∂

∂xi

τ

2

∂f j

∂xk
(19)

The evaluation equation for the magneto gas dynamic variables (quasi magneto gas dynamic
equations) obtained as:

∂ρ

∂t
+

∂

∂xi
ρui =

∂

∂xi

(
τ

2

∂

∂xk
Πik

)
(20)

∂ρui
∂t

+
∂

∂xk
Πik =

∂

∂xk
ΠD
ik +

∂

∂xk

[(
τ

2

∂

∂xk
Πik

)
uk

]
(21)

∂E

∂t
+
∂Fi
∂xi

=
∂Qi

∂xi
+

∂

∂xi
ΠD
ikuk+

+
∂

∂xi

[(
E + p

ρ
+

1

µm

B2

2ρ

)
τ

2

∂

∂xk
Πik

]
(22)

∂Bi

∂t
+

∂

∂xk
MB

ik =
∂

∂xk
ΠDB
ik (23)

The right-hand of the kinetic magneto gas dynamic Eq. (20-23) contains dissipative terms. In
comparison with other methods, the dissipative terms are obtained not by phenomenology with
some assumptions about magneto gas dynamics processes but in consistency with the difference
scheme of the Boltzmann equation.

Πik is the momentum flux density tensor for a perfect gas in magnetic field:

Πik =

(
p+

B2

2µm

)
δik + ρuiuk −

1

µm
BiBk (24)

Fi is the heat transfer flux of a perfect gas in magnetic field:

Fi =

[(
E + p+

B2

2µm

)
ui −

1

µm
BiukBk

]
(25)

MB
ik is the asymmetric product between velocity u and magnetic field flux B:

MB
ik = ukBi − uiBk (26)
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The dissipative terms:

ΠD
ik =

τ

2

(
p
∂ui
∂xk

+ p
∂uk
∂xi
− 2

3
p
∂ul
∂xl

δik

)
+
τ

2

[(
1

µm

B2

2
δlk −

1

µm
BlBk

)
∂ui
∂xl

+

(
1

µm

B2

2
δil −

1

µm
BiBl

)
∂uk
∂xl

−
(

1

µm

B2

2
δik −

1

µm
BiBk

)
∂ul
∂xl

]
+
τ

2

[
1

µm
Bl

(
−Bk

∂ui
∂xl
−Bi

∂uk
∂xl

+Bn
∂un
∂xl

δik

)]
+
τ

2

[
ρuiul

∂uk
∂xl

+ ui
∂p

∂xk
+ ui

∂

∂xk

1

µm

B2

2
− ui

∂

∂xl

1

µm
BlBk

]
+
τ

2

[
ul
∂p

∂xl
+ γp

∂ul
∂xl

]
δik +

τ

2

[
1

µm
B2
n

∂ul
∂xl
− BnBl

µm

∂un
∂xl

+
1

µm
Bnul

∂Bn

∂xl

]
δik +

τ

2

[
−BiBk

µm

∂ul
∂xl

+
BiBl

µm

∂uk
∂xl
− Bi

µm
ul
∂Bk

∂xl

]
+
τ

2

[
−BkBi

µm

∂ul
∂xl

+
BkBl

µm

∂ui
∂xl
− Bk

µm
ul
∂Bi

∂xl

]
(27)

QD
i =

τ

2

(
5

2
p
∂

∂xi

p

ρ

)
+
τ

2

[
5

2

(
B2

2µm
δik −

BiBk

µm

)
∂

∂xk

p

ρ

]
+
τ

2

[
3

2

(
pδik +

B2

2µm
δik −

BiBk

µm

)
∂

∂xk

B2

2µmρ
−
(
p+

B2

2µm

)
∂

∂xk

BiBk

µmρ

−BiBk

µmρ

∂

∂xk

B2

2µm

]
+
τ

2

[
ρuiuk

∂

∂xk

3

2

p

ρ

]
+
τ

2

[
ρuiuk

(
p+

B2

µm

)
∂

∂xk

1

ρ
− ui

B2

µm

∂uk
∂xk

]
+
τ

2

[
ui
Bl

µm

(
Bl
∂uk
∂xk
−Bk

∂ul
∂xk

+ uk
∂Bl

∂xk

)]
+
τ

2

[
1

2
ρuiuk

(
B2

2µm

∂

∂xk

1

ρ
− 1

ρ

∂

∂xk

B2

2µm

)]
+
τ

2

[
BiBl

(
−uk

∂ul
∂xk
− 1

ρ

∂p

∂xl
− 1

ρ

∂

∂xl

B2

2µm
+

1

ρ

∂

∂xk

BlBk

µm

)]
(28)
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ΠDB
ik =

τl
2

[
1

ρ

(
p+

B2

2µm

)(
∂Bi

∂xk
− ∂Bk

∂xi

)]
+
τ

2

[(
p+

B2

2µm

)(
Bi

∂

∂xk

1

ρ
−Bk

∂

∂xi

1

ρ

)]
+
τ

2

[
ukBl

∂ui
∂xl
− uiBl

∂uk
∂xl

]
+
τ

2

[
1

ρ
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It was shown in [2] that the dissipative terms of the gas dynamics system of equations are
small in comparison with the convective terms. The corresponding dissipative terms are associ-
ated with the real physics processes and an important remark is that in this case the gas dynamics
parameters such as viscosity and heat conductivity are obtained from the kinetic theory.

The Navier-Stokes viscosity is identified as the first term of Eq. (27):

ΠNS
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τ

2
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p
∂ui
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+ p
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− 2

3
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+
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− 2

3

∂ul
∂xl

δik

)
(30)

where the bulk viscosity component is neglected and the shear viscosity µ is related to the gas
pressure p and the characteristic time τ as µ = τ

2
p.

The Navier-Stokes thermal flux vector is identified as the first term of Eq. (28):

QNS
i =

τ

2

(
5

2
p
∂

∂xi

p

ρ

)
= k

∂T

∂xi
(31)

with T gas temperature and k thermal coefficient expressed as k = 1
Pr

5
2
R τ

2
p, with Pr Prandtl

number.
A similar analysis of the dissipative terms of the electromagnetic processes gives the esti-

mation of their smallness. The correct magnetic viscosity is represented as part of dissepative
term. The gas resistivity is identified as the first term of Eq. (29) and also appears as a result of
the kinetic formulation:

ΠB
ik =

τm
2

[(
p+

B2

2

)(
∂Bi

∂xk
− ∂Bk

∂xi

)]
= η

(
∂Bi

∂xk
− ∂Bk

∂xi

)
(32)

Where the η = τm
2

(
p+ B2

2

)
represents the resistivity.

5 THE COMPUTATIONAL ALGORITHM

The computational task consists of the solution of the kinetic consistent MHD system of
equations (20 - 23).
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The computational algorithm used in this paper is build upon the Finite Volume method
applied to the gas dynamic equations and on the Constrained Transport method applied to the
magnetic induction equation [14, 15].

In the finite volume method the conserved gas dynamics variables, density, gas momentum
and energy, are averaged above the volume of the computational cell. The contrained transport
method treatment is based on the area-averaging of the magnetic field through the surfaces of
the grid cells.

Figure 1: 3D Computational Domain

Fig. 1 shows the four neighbour to the cell (i, k, l) used in evaluations of the hydrodynamics
and electromagnetic variables.

The gas dynamics observables - mass density, momentum and energy density are defined at
the cell centre. The components of the magnetic field are defined at the face centers of the cells.
A duality is established between the electric field and the fluxes. This duality is utilised to obtain
the electric field at the edges of the computational cell through a reconstruction process that is
applied directly to the properly up-winded fluxes. The electric field is then utilised to make
an update of the magnetic fields that preserves the solenoidal nature of the magnetic field and
ensures that the magnetic field in a magnetohydrodynamics model remains strictly solenoidal
up to discretisation errors.

The explicit finite volume computational algorithm for the magneto gas gas dynamics are
used. This method has the convenient stability conditions and very important for adaptation on
the massive parallel computing systems.

6 RESULTS OF NUMERICAL MODELLING

The parallel implementation of the numerical algorithm is obtained through the domain de-
composition in distributed memory approach. The communication between processors is per-
formed via MPI protocol. The computational method needs only one layer of ghost cells at the
boundary and along the edges of each subdomain which is exchanged between the domains with
MPI calls. The algorithm is well suited to distributed memory clusters as it is time explicit and
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requires only one MPI call per time step, reducing significantly the processor communication
time contribution to the total computational time.

The demonstration of the method is performed on the basis of the solution of the spherical
expansion problem of ionised gas and the solution of the expansion of an ionised gas in strong
magnetic field. The initial conditions are the same as proposed in [16] and are expressed in
normalised units in order to provide a direct comparison. They consist of a sphere with radius
0.1 placed in the centre of the physical region with pressure of 100 in comparison to the overall
represented area with pressure 1. The density is uniform and equal to 1 in the full computational
domain. For the study of ionised gas in a strong magnetic field the uniform magnetic field
Bz = 5/

√
π aligned with the z coordinate is added to the initial conditions. The adiabatic

coefficient of the gas is chosen as γ = 5/3. Reflective border conditions are used throughout
the simulation.

The simulations are performed for a Cartesian rectangular mesh 100 × 100 × 100 in the
physics domain [0,1].

Fig. 2 present the state of the 3D simulation of the processes for relative time 0.03. On the
3D pictures the arrows represent the velocities of the ionised gas and the colour represents the
density of gas. 3D figures clearly show the confinement of the ionized gas in the cylindrical
area along z due to the magnetic field.

Fig. 3,4 represent the 2D projections of the density, pressure and kinetic energy of the gas
expansion without magnetic field and the 1D density profile for these condition at time t = 0.03.

Fig. 5,6 represents the 2D projections of the density, pressure, magnetic pressure and kinetic
energy for the gas expansion problem of the ionized gas with initial magnetic field and Fig. 7
shows the 1D profile of the density for these conditions at time t = 0.03.

This test demonstrates the ability of the computational algorithm in preserving perfect sym-
metry. The comparison of the results in [16] shows a reasonable agreement and will be analysed
further.

Another significant numerical test is the implosion. It consists of a 3-dimensional generali-
sation of the Sod shock tube problem [17]. The initial condition corresponds to hydrogen gas
presenting a discontinuity perpendicular to the diagonal of the computational domain. The left
state has initial density ρl = 0.719 Kg/m3 and pressure Pr = 722680 Pa. The right state has
initial density ρr = 0.125× ρl and pressure Pr = 0.14× Pl. The initial magnetic field of 0.1 T
is aligned with the y-axis. Reflective boundary conditions are used.

The simulations are performed for a Cartesian rectangular mesh 2000× 2000× 2000 in the
physics domain [0,10] µm.

Fig. 8 represents the 2D projections of the density at time t = 1.76× 10−8 for the two cases
with and without magnetic field.

The reflection of the shock generated by the initial contact discontinuity drives consequent
vortices and instabilities. The result is characterised by complex shock reflections and rarefac-
tions. In absence of magnetic field the symmetry along the diagonal is preserved. The presence
of the magnetic field changes dramatically the picture. The deflection of the charged media
flow in the direction of the magnetic field is clearly visible. Another observed effect is the
strong smoothing of the instabilities of the gas dynamics, which corresponds to a physical ex-
perimental evidence. The possibility of such observation is the basis of the importance of the
very detailed space discretisation, which is available with the proposed method.
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Figure 2: 3D view of the conductive gas expansion in strong magnetic field

1361



B. Chetverushkin, N. D’Ascenzo, A. Saveliev and V. Saveliev

Figure 3: 2D gas density and 2D gas pressure projections

Figure 4: 2D kinetic energy and 1D density profile
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Figure 5: 2D gas density and 2D gas pressure projections in the magnetic field 5/
√
π

Figure 6: 2D magnetic pressure and 2D kinetic energy in the magnetic field 5/
√
π

Figure 7: 1D density profile in the magnetic field 5/
√
π
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Figure 8: Sod shocktube problem: 2D gas density projections at time 1.76 × 10−8 s without (a) and with (b)
magnetic field.

7 CONCLUSIONS

A new 3D kinetic algorithm has been developed for the solution of the magnetohydrody-
namics problems. The novel feature of the method is that the local complex Boltzmann-like
distribution function incorporated most of the electromagnetic processes terms. The fluxes of
mass, momentum and energy across the cell interface as well as the magnetic field are cal-
culated by integrating a local complex Boltzmann-like distribution function over the velocity
space. Thus by using this distribution function to calculate the mass, momentum and energy
fluxes, most of the electromagnetic contributions are calculated directly, i.e. one does not have
to solve the hydrodynamics and magnetic force components separately or differently.

A staggered, divergence free mesh configuration is used for the evaluation of the electromag-
netic behaviour.

Numerical examples demonstrate that the proposed method can achieve high numerical ac-
curacy and resolve strong shock waves of the magnetohydrodynamics problems.

The explicit method is chosen with respect to optimal adaptation on the large scale parallel
computing systems. The improvement of the stability conditions which is one of the limiting
factor for the explicit method will be studied by the implementation of the hyperbolic type of
the magneto gas dynamic equations.
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{francesco.casalegno,francesco.cremonesi,sam.yates,felix.schuermann,fabien.delalondre}@epfl.ch

2Yale University
P.O.Box 208001, New Haven, CT 06520-8001, United States

michael.hines@yale.edu

Keywords: Computational Neuroscience, NEURON Software, Error Analysis, Splitting Meth-
ods, Stiff Systems, Nonlinear PDEs.

Abstract. The Blue Brain Project (BBP) uses the NEURON simulator to model the electrical
activity of large networks of morphologically detailed neurons. Each individual neuron is typ-
ically described by a model that couples the actions of localized membrane mechanisms with
an electrical system described by the cable equation on a topology derived from the neuron’s
dendritic tree. NEURON discretizes the electrical problem in space with finite differences. The
system is then solved in time with an implicit Euler or Crank–Nicolson scheme, using Strang
splitting to decouple the evolution of the mechanisms from the membrane potential. A typical
spatial discretization of a single neuron will have hundreds of elements, and the resulting linear
system for the implicit solver is almost tridiagonal.

In this paper, we present a detailed analysis of the different sources of error arising from the
biological and mathematical models underlying NEURON simulations. We provide a detailed
account of the mathematical model, identify and evaluate the sources of uncertainty in the
biological and numerical models and quantify the errors resulting from the model discretization
and from the choice of the integrator. Post-processing based techniques are applied to assess
the numerical error in the solution. Of particular interest is the analysis of the discontinuities
arising from the pointwise synaptic processes that constitute part of the model, including the
effects of voltage-proportional synaptic conductance.

We validate our analysis through a series of numerical experiments on a branched dendrite
model incorporating Hodgkin–Huxley distributed ion channels with simple alpha-synapes and
biologically realistic AMPA/NMDA activated synapses. This model exhibits the action-potential
behaviour with fast dynamics characteristic of a typical simulation of a network of neurons.
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1 INTRODUCTION

The assessment of the errors and uncertainties associated with the numerical simulation of
mathematical models describing physical phenomena represents a topic of crucial importance
in both scientific and engineering research. Several techniques have been developed to provide
information on the different sources of error and thereby provide assessments of the accuracy
of simulation results.

The motivations for this error analysis are twofold: firstly, confidence in the accuracy and
reliability of simulation results requires bounds on the errors of those simulations; secondly,
the choice of discretization in space and time should be chosen such that the global error is
constrained to lie within certain user-specified bounds. The latter is particularly pertinent when
considering the implementation of numerical methods that involve mesh adaptivity and variable
step-size integrators.

The results of a numerical simulation are subject to four main classes of error.
• Modelling errors are produced when translating the real world physical phenomena into

the mathematical model consisting of a set of differential equations.
• Parameter errors are due to the uncertainties in the measurements of the quantities nec-

essary for the determination of the parameters of the mathematical model.
• Discretization errors arise from the choice of the numerical discretization methods uti-

lized for the numerical solution of the differential equations.
• Round-off errors are introduced by the finite-precision arithmetic of the floating point

representation used by the computer.
We aim in this paper to address a perceived gap in the literature concerning error bounds and

estimates for the results obtained using NEURON simulator[3], the primary tool employed by
the BBP for the analysis of the electrical behaviour of morphologically detailed neural networks.

The outline of the paper is as follows. The modelling and parameter errors for this problem
are discussed in Section 2. As a prelude to the numerical error analysis, we present in Section 3 a
formal statement of the mathematical model. In Section 4 we discuss the space discretization of
the differential equations using the finite difference method and we consider the implementation
of an error estimator based on the Zienkiewicz–Zhu post-processing technique. In Section 5 we
examine the numerical integration methods currently implemented in the NEURON simulator
and propose different techniques that allow an improvement in the accuracy of the simulation
results. We provide results of numerical experiments in Section 6, using a simplified dendrite
model with a single branching point. While consideration of round-off error is important, we
do not address it in this paper.

2 MODELLING AND PARAMETER ERRORS

Three simplifying assumptions underlie the derivation of the mathematical model of neu-
ronal electrical behaviour used by NEURON: the Maxwell quasi-static approximation, the 1-D
approximation, and the distribution of ion channels and point processes.

The quasi-electrostatic approximation to Maxwell’s equations assumes that inductive effects
and wave propagation delays are negligible (see for example [13]). In the NEURON model, it is
assumed the only significant capacitive phenomena are those caused by the difference in extra-
and intra-cellular potentials at the membrane of the dendrite, and that the frequencies involved
are sufficiently low that the behaviour lies in the quasi-electrostatic domain. This simplification
was first justified by the research on electro-physiological systems of Plonsey and Heppner [16].
However, Bossetti et al. [2] have recently argued that in the case of short and fast impulses the
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argument of [16] may be undermined. To test their ideas, Bossetti et al. relaxed the quasi-static
assumption and simulated the resulting inhomogeneous Helmholtz equation. Their results show
that whilst propagation and induction effects can be quite safely neglected, the system exhibits
a higher sensitivity with respect to capacitive and conductive effects. In any case, numerical
results obtained by the authors find a relative error of 5 to 13% for pulse widths within the range
of typical neural events (25µs to 1 ms).

The unbranched sections of the dendritic tree of a neuron are typically much thinner than they
are long, and so are amenable to a one-dimensional approximation that represents the potential
within the dendrite as a function of the axial distance along a section. This assumption leads to
a description in terms of electrical cable theory. A study of Lindsay et al. [12] has criticized this
approach by observing that dendritic currents have an essential radial component that may not
be neglected in the case of dendritic tapering. Lindsay et al. compared numerical simulations of
the simplified 1-D model with ones incorporating higher order perturbations capturing the radial
variation, and found that when synaptic input is weighted towards the distal end of the dendrite,
the generated spike trains showed statistically significant differences between the models. On
the other hand, if the weighting is towards the proximal end of the dendrite the spike trains are
statistically indistinguishable, even though the actual firing patterns might differ.

Lastly, the third approximation concerns the distribution of ion channels and synapses. Ion
channels are proteins that reside on the membrane of the cell, and are responsible for gating the
flow of charged ions through the cell membrane. As such, ion channels are discrete phenom-
ena, giving a spatially localised contribution to the transmembrane current by allowing single
particles of charged ions to pass through their selectivity filters. As a consequence of the con-
ductance based formalism these ion channels are not modelled individually. Rather, NEURON
operates under the assumption that the contributions of these channels can be averaged across a
section of dendrite where the density of their distribution can be considered uniform. Synapses,
on the other hand, are modelled as discrete processes but are located on the dendrite only at
nodes arising from the spatial discretization.

Once the appropriate model has been chosen for representing a neuron, the computational
neuroscientist is still required to specify the value of some input parameters. Here we consider
two sources of parameter error: morphology reconstruction and matching electrophysiological
data.

Computer reconstructions are commonly used to provide cell-type specific morphologies
as input to neural simulations. In this process, an expert controls a microscope to analyse a
set of brain slices that have been stained in order to enhance visibility of cellular structures
such as the soma, dendrites and axons. Unfortunately, during staining an error due to tissue
shrinkage can be introduced; [18], for example, observed a shrinkage of approximately 10%
in the X and Y directions and 25% in slice thickness. The work of Blackman et al. [1] inves-
tigated the effects of shrinkage and other reconstruction artefacts on the results of computer
simulations conducted using the NEURON software. They consider two popular reconstruction
techniques: biocytin histology and two-photon imaging. The authors identify some systematic
defects introduced by both techniques. They note, however, that clustering of morphological
types was successful with both techniques, and that electrophysiological parameters that could
be affected by morphological properties of the dendrite, such as length constants, did not seem
to be affected significantly by the uncertainty introduced by the two methods. Although recent
techniques allow 3-D imaging of intact brains [4], many computer reconstruction techniques
in use today require the reduction of the three dimensional brain to a set of two-dimensional
slices. This process carries an intrinsic source of error: not only may some branches may be
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severed, distorted or deformed during the slicing process; the human expert or image recon-
struction software may also make mistakes while connecting multiple two dimensional slices
into a three dimensional shape. It is important to consider these sources of error even if they are
extremely difficult to quantify, as a neuron’s morphology plays an important role in determining
its electrophysiological properties [11].

Just as the different components of a computer chip give rise to meaningful emergent be-
haviour by exploiting differences in their electrical behaviours, it is thought that the ability of
a neuron to integrate in a very specific way the synaptic input from other cells is at the core of
the brain’s ability to perform computations. As such, the main goal of developing a detailed
neuron model is to be able to reproduce with high fidelity its experimentally measured electro-
physiological behaviour, thus distinguishing it from other cells. Often this requires a two step
process, which begins by obtaining valid experimental data. In this phase, errors may come
from measurement sensitivity and noise. The comprehensive guide on patch clamp experiment
setups [19] estimates that a realistic value for noise in patch clamp experiments is around 0.2 pA
rms, which considering a typical cell resistance of 100 MΩ leads to a negligible noise amplitude
of around 20 µV. Moreover, a typical value of the resolution of such experimental setups is in
the order of 0.01 pA to 1 pA, which leads again to a resolution on the membrane potential of
roughly 1 µV to 100 µV.

Once the experimental data has been obtained, computational neuroscientists often use an
optimization algorithm to find the best set of model parameters to fit such data. Recently the
community has shown interest in the use of evolutionary algorithms (see e.g. [5]). As fitting the
raw experimental observations can be difficult or overwhelmingly costly in some cases, more
and more focus is being placed on feature-based fitting, which consists of trying to replicate a
set of secondary measures that can be computed from the experimental data (e.g. a neuron’s
firing rate under a certain stimulation protocol) rather than replicating the raw data directly
(see [20] for a review). These optimization algorithms can suffer from intrinsic uncertainties and
errors: they may get stuck in local minima, produce results that are not biologically plausible,
incorrectly overfit the data or fail to replicate certain aspects of a neuron’s electrophysiology
due to a poor choice of the features. In addition, it is hard to quantify the degree of uncertainty
in the raw experimental data that will affect the final uncertainty of the input parameters.

3 MATHEMATICAL MODEL

Before discussing numerical recipes for the simulation of neural circuits and error estimation,
we need to clearly state the mathematical expression of the biological model. In this section we
present the complete formulation of the equations typically solved by NEURON.

The behaviour of electrical signals in neurites is described by cable theory, which is derived
from an electrical model with a constant axial resistivity and a leaky capacitive membrane.
While a great variety of ion channel models are supported by NEURON, we restrict ourselves
to the Hodgkin–Huxley model of voltage-gated sodium and potassium ion channels [10].

The model is defined over a domain Ω, comprising a disjoint collection of closed intervals of
the real line; each interval corresponds to an unbranched section of dendrite, and the branching
structure will be captured by additional boundary conditions applied at the interval end-points.
Within the cable theory model, the membrane potential v(x, t) is described by a variable de-
pending only on time t and position x on the axis. In addition to these variables, we have to
consider some quantities regulating the behaviour of the ion channels. The ion channel states
in the Hodgin–Huxley model are described by dimensionless quantities n(x, t), m(x, t), and
h(x, t) with a voltage-dependent evolution in time. Finally, we consider the contribution of
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discrete synaptic receptors on the surface of a section, which are governed by a dimensionless
per-synapse state y(t).

3.1 Differential equations

The governing equations for the systems are obtained through a balancing of trans-membrane
currents and axial currents. The resulting system is the cable equation with additional terms
capturing the ion channel currents,

10−3cm
∂v

∂t
=

104

2aR

∂

∂x

(
a2 ∂

∂x
v

)
− gKn

4(v − eK)− gNam
3h(v − eNa)− gl(v − el)

− 102gsyn(y, v)

2πa
δsyn(x)(v − esyn),

(1)

where: the membrane potential v is expressed in mV; a is the dendrite radius [µm]; cm is the
membrane specific capacitance [µF·cm-2]; R is the cytoplasmic resistivity [Ω·cm]; gK, gNa, gl,
and gsyn(y, v) are specific conductances [S·cm-2] (the latter depending on other variables); eK,
eNa, el, and esyn are reversal potentials [mV]; and δsyn(x) is a Dirac delta centred on the synaptic
receptor location xsyn.

The evolution of the ion channels states is described by nonlinear functions α×(v) and β×(v)
derived by Hodgin and Huxley [10],

dn

dt
= αn(v)(1− n)− βn(v)n,

dm

dt
= αm(v)(1−m)− βm(v)m,

dh

dt
= αh(v)(1− h)− βh(v)h.

(2)

The evolution of the synaptic receptor state can be described by an ordinary differential
equation (ODE) of the form

dy

dt
= γ(y) (3)

where both the function γ(y) and the behaviour of the specific conductance gsyn depend on the
kind of synapse to be modelled. We consider here two different kinds of synaptic receptors:

• Alpha-synapses (see [3]) are simplified models, where the conductance gsyn(y) is only
dependent on the synapse state y.

• Deterministic AMPA/NMDA-synapses (described in [14]) are more realistic models, in
which the conductance gsyn(y, v) depends as well on the membrane potential to account
for magnesium blocking of the NMDA receptor.

3.2 Initial and boundary conditions

The system of differential equations formed by (1), (2), and (3) are to be combined with
initial and boundary conditions. For given initial conditions on the membrane potential

v|t=t0 = v0 (4)
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we recover the initial values for the ion channels states by considering the steady state solution
of Equation (2),

n|t=t0 =
αn(v0)

αn(v0) + βn(v0)
, m|t=t0 =

αm(v0)

αm(v0) + βm(v0)
, h|t=t0 =

αh(v
0)

αh(v0) + βh(v0)
. (5)

As for the boundary conditions for the membrane potential, we impose the balance of the
axial current to obtain natural boundary conditions on the boundary points of each unbranched
section Ωi of the dendrite. We have to distinguish different cases depending on the position of
the boundary point xb within the dendritic tree, that is whether the boundary of the section is
a terminal end of the dendrite or if it communicates with other sections through a branching
(see [9]).

• On a terminal point xb of the dendrite we have homogeneous conditions

∂v

∂x

∣∣∣∣
x=xb

= 0. (6)

• On a branching point xb (see Figure 1a) the boundary conditions link together the gra-
dients of the membrane potentials on the section ΩA preceding the branching and on the
sections ΩB1 and ΩB2 following it,(

a2 ∂v

∂x

)∣∣∣∣A
x=xb

=

(
a2 ∂v

∂x

)∣∣∣∣B1

x=xb

+

(
a2 ∂v

∂x

)∣∣∣∣B2

x=xb

. (7)
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(b) Space discretization and node ordering

Figure 1: Branched dendrite and its space discretization with an example of the node ordering
used in NEURON to avoid fill-in during Gaussian elimination.

4 DISCRETIZATION IN SPACE

The strategy implemented in NEURON to solve (1) numerically is known as the method
of lines (see [7]), which transforms the partial differential equation (PDE) into a system of
ODEs through a suitable space discretization and then integrates the latter in time using some
numerical scheme. In this section we discuss the discretization in space, while the integration
in time is analysed in Section 5.
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4.1 Numerical methods

The differential equations (1) constituting the mathematical model are discretized by finite
differences to form a system of ODEs. On a given unbranched section, the nodes xj of the mesh
are chosen with an equal spacing h except for the boundary nodes where the spacing is h/2, as
shown in Figure 1b.

It is important to mention that the numbering of the nodes of the dendrite has a critical role
in the structure of the linear system to be solved after space discretization. NEURON adopts
the node ordering scheme described in [9], such that branches that are further away from the
soma have lower node indexes (see Figure 1b). This gives rise to a global stiffness matrix for
the dendrite which is almost tridiagonal and which can be efficiently solved using an ad hoc
version of Thomas algorithm with linear complexity, as the Gaussian elimination step requires
the same number of arithmetic operation for a tree of N nodes as for a cable with N nodes.

Particular care must be paid to the second order term and to the Dirac delta when applying
the finite differences discretization. Among the different finite difference approximations that
are possible for the second order term, NEURON uses the discretization

∂

∂x

(
a2(x)

∂v

∂x
(x)

)∣∣∣∣
x=xj

≈ 1

h

(
a2
j+1/2

vj+1 − vj
h

+ a2
j−1/2

vj+1 − vj
h

)
. (8)

As for the Dirac delta term, NEURON uses the discretization

δsyn(x)v(x)|x=xj
≈
δj,jsyn
h

vj, (9)

where δj,jsyn is the Kronecker delta and jsyn is the index of the node of the synaptic receptor.
Note that the finite difference scheme as described above coincides, up to higher order terms,

with a finite element scheme with piecewise linear elements (see [17]). As a consequence, the
order of convergence in the L2(Ω) norm for the numerical solution vh and its gradient ∇vh can
be expected to be quadratic and linear respectively. In addition, the equivalence of this finite
difference scheme to the finite element method allows us to use error estimation techniques
suited to finite element algorithms.

4.2 Error estimation

By interpreting the finite difference discretization used in NEURON as a variant of the finite
element method, we can consider applying classical error estimation techniques for finite ele-
ment methods. Residual-based estimators cannot be used, however, as the PDE (1) contains a
non-integrable Dirac function. Instead, we use a Zienkiewicz–Zhu (ZZ) post-processing esti-
mator based on a superconvergent patch recovery, as described in [21]. This method has been
proved to be amongst the most robust error estimators available.

In our case, the superconvergent patch recovery technique is used to compute, from the nu-
merical solution vh of the finite difference scheme, a better gradient Gvh converging quadrat-
ically to the exact gradient ∇v in the L2(Ω) norm. The exact error in the gradient is thus
approximated using

‖Gvh −∇vh‖L2(Ω) = ‖∇v −∇vh‖L2(Ω) +O(h2). (10)

The better gradient is a piecewise linear function computed locally using the values of the
discrete solution vh on triples of consecutive nodes xj−1, xj , and xj+1. It is then clear that
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this procedure provides worse estimates on boundary elements. Furthermore, we remark that
this patch recovery fails where the exact solution contains a singularity (see Figure 2a). In
order to adapt the method to our case, we split each section containing a synaptic receptor into
subsections where the solution is smooth and then apply ZZ post-processing on each subsection.
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(a) Singularity in space.
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Figure 2: Singularities in the system: (a) membrane potential on a unbranched section of the
dendrite with a singularity on the synaptic receptor (xsyn = 125 µm); (b) synaptic state over
time with a singularity at spike arrival (trec = 10 ms).

5 INTEGRATION IN TIME

After the space discretization performed with the finite difference method described in Sec-
tion 4, we obtain from (1) a system of ODEs that can be written together with (2) and (3) in the
form 

dv

dt
= A(n,v, y)v + a(n,v, y),

dn

dt
= B(v)n + b(v),

dy

dt
= γ(y).

(11)

where v is the vector of the approximated membrane potential values vj , and n is the vector of
the gate states values nj ,mj , and hj at the mesh nodes xj . We now discuss how to integrate (11)
numerically and estimate the error in time. More specifically, we firstly present the numerical
methods currently implemented in NEURON and we then suggest some techniques to improve
their order of convergence and speed.

5.1 Numerical methods: current NEURON implementation

The structure of the system of ODEs (11) is particularly important for the choice of the nu-
merical integration method. As mentioned in Section 4, the matrix A(n,v, y) has a particularly
convenient almost tridiagonal form, while it is easy to see that B(v) is purely diagonal.

Another important consideration for the choice of the method is the stiffness of the system.
The matrix A(n,v, y) is obtained from the space discretization of the parabolic PDE (1) using
the method of lines and thus it has a very large negative eigenvalue whose magnitude scales as
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1/h2 (see [7]), so that the ODE for v is highly stiff. For the particular form of the Hodgin–
Huxley model’s functions α×(v) and β×(v) in (2) it can be shown that the matrix B(v) has a
spectral radius smaller than 10, so that the ODE for n non-stiff.

The system of ODEs (11) is highly nonlinear but is amenable to being split into two subsys-
tems for v and for n and y respectively, to simplify its numerical integration. The idea of split-
ting methods (see [7]) is to approximate the exact flow ϕτ of an ODE dz/dt = fA(z) + fB(z)
using a composition of the flows of the partial ODEs as

ϕτ ≈ ϕAa1τ ◦ ϕ
B
b1τ
◦ · · · ◦ ϕAaJτ ◦ ϕ

B
bJτ
. (12)

Goldman and Kaper [6] proved that for every splitting method of the form of (12) with order
p > 2 there exist two indices 1 ≤ j1, j2 ≤ J such that aj1 , bj2 < 0 and thus the resulting method
in unstable for stiff systems. Due to this order barrier, the second order Strang splitting

ϕτ = ϕAτ/2 ◦ ϕBτ ◦ ϕAτ/2 +O(τ 3) (13)

is optimal. This is the splitting adopted in NEURON for the integration in time of the system of
ODEs.

Let us now firstly assume that the synaptic receptor is modelled with a conductance gsyn(y)
independent from the membrane potential. Then we can drop the dependence on v of the
terms on the right-hand side of the ODE for v and at each time step we have to compute
vk+1 ≈ v(tk+1) and nk+1/2 ≈ n(tk+1/2), yk+1/2 ≈ y(tk+1/2) by solving

dn

dt
= B(vk)n + b(vk), t ∈ [tk−1/2, tk+1/2],

dy

dt
= γ(y), t ∈ [tk−1/2, tk+1/2],

dv

dt
= A(nk+1/2, yk+1/2)v + a(nk+1/2, yk+1/2), t ∈ [tk, tk+1].

(14)

The value of yk+1 can be often computed exactly, since y(t) is typically a damped exponential or
a similar function. The values of vk+1 and nk+1/2 could be computed by solving exactly (14),
since after the splitting their ODEs are fully linearized. However the exact solution requires
the computation of the exponential of A and B—the matrix A has a tridiagonal pattern, so its
exponential is dense and its computation would be particularly expansive; on the other hand, the
matrix B is diagonal so it is possible to compute its exponential with little effort. In NEURON,
therefore, exp(τB) is computed exactly, whilst a Padé approximation (see [8]) is used to avoid
the computation of exp(τA). Strang splitting introduces a second order error in time, therefore
only Padé approximations of order p ≤ 2 are convenient. Moreover, a stable approximation
has to be chosen due to the stiffness of the ODE. In NEURON the exponential is approximated
using the second order approximation equivalent to the Crank–Nicolson method

RCN(τA) =
(
I − τ

2
A
)−1 (

I + τ
2
A
)

= exp(τA) +O(τ 3). (15)

This second order approximation is obtained in NEURON by computing a half step of the first
order Padé approximation RBE(τA) = (I − τA)−1 corresponding to backward Euler, and then
recovers the Crank–Nicolson approximation through the relationship

RCN(τA) = 2RBE( τ
2
A)− I. (16)

1374



F. Casalegno, F. Cremonesi, S. Yates, M. L. Hines, F. Schürmann, and F. Delalondre

The resolution of an almost tridiagonal system (which can be solved using a modified Thomas
algorithm with linear complexity) is thereby performed only once while maintaining a second
order method.

Let us now consider the case of the more realistic AMPA/NMDA synapse model, where the
conductance gsyn(y,v) depends as well on the membrane potential. In this case the ODE for v
contains a nonlinear term

dv

dt
= A(nk+1/2, yk+1/2,v)v + a(nk+1/2, yk+1/2,v), t ∈ [tk, tk+1]. (17)

The current implementation in NEURON uses the value vk (which is known) to simplify (17)
and avoid nonlinearities, obtaining

dv

dt
= A(nk+1/2, yk+1/2,vk)v + a(nk+1/2, yk+1/2,vk), t ∈ [tk, tk+1]. (18)

In Section 6 we see that this technique unfortunately has the drawback of reducing the order of
convergence of the numerical integration scheme from quadratic to linear.

5.2 Numerical methods: suggested improvements

We now want to present some numerical integration techniques to improve the results ob-
tained using the aforementioned current implementation of NEURON. Our suggestions are
aimed at enhancing both the speed of the integration in time and the accuracy of the results.

We mentioned above that NEURON, in its current implementation, integrates the ODE for
n in (14), by computing the matrix exponential exp(τB) exactly. Such a high precision com-
putation is however unnecessary, since the global accuracy of the method cannot exceed second
order in time. As a consequence we can consider using a cheaper Padé approximation for the
exponential of B. In this case the ODE is non-stiff, so we can choose an explicit approxima-
tion. The explicit second order Padé approximation of the exponential corresponds to the Heun
method

RH(τA) = I + τA+ τ
2
A2 = exp(τA) +O(τ 3). (19)

This strategy does not reduce the order of convergence of the numerical method and at the same
time avoids the computation of exponential functions performed in NEURON, resulting in a
more efficient integration scheme.

Regarding the integration of realistic model of synapses with a conductance gsyn(y,v) de-
pendent on the potential, such as for the AMPA/NMDA model, we observed that the current
implementation of NEURON simplifies the system of ODEs by eliminating the nonlinear terms
with a technique that destroys the second-order accuracy of the numerical integration (see Sec-
tion 6). We suggest here a different approach that allows us to preserve the quadratic order of
convergence even in case of voltage dependent synaptic conductances. The idea is to use one
Newton–Raphson iteration to solve the nonlinear equations corresponding to backward Euler
with step size τ/2; a second order method corresponding to Crank–Nicolson) is hence obtained
by applying the formula (16) to the result. We point out that this strategy still requires only the
solution of an almost tridiagonal system, so that no additional computational cost is required,
while the accuracy of the method is significantly improved, as we show in Section 6.

Finally, a critical point is represented by the discontinuity in the ODE dy/dt = γ(y). Indeed,
γ(y) = 0 in the intervals between inter-spike intervals; when a spike is received at time t = trec
from a presynaptic neuron, γ(y) presents then a discontinuity, generating a singularity in y (see
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Figure 2b) and hence in the other variables of the system. It has been largely observed (see [7])
that crossing a discontinuity without some specific handling can introduce significant errors.
In our simulations we observed (as we show in Section 6) that the current implementation of
NEURON produces a global error which is O(τ) instead of O(τ 2) in every simulation that
includes spike arrivals, as a result of this lack of adequate discontinuity handling. As shown by
Hairer [7], the best way to compute a solution crossing a discontinuity consists in implementing
an integrator that stops the computation at the point of discontinuity and restarts it with the new
value of the right-hand side of the ODE. This technique is considerably more accurate than even
a variable step size integrator with automatic error control. We therefore adopted this method
for the handling of discontinuity, and the numerical results discussed in Section 6 demonstrate
the recovery of a global O(τ 2) convergence.

5.3 Error estimation

Both local error (i.e. after one time step) and global error (i.e. at the end of the simulation
time T ) can be estimated using Richardson extrapolation. Given a step size τ , the global error
in the numerical solution vτ (T ) can be estimated from the numerical solution vλτ (T ) computed
with a step size λ times larger (in our simulations we use λ = 2). These calculations, being
independent, can be computed efficiently in parallel. A superconvergent approximation is then
obtained using Richardson extrapolation

vR(τ)(T ) =
λ2vτ (T )− vλτ (T )

m2 − 1
, (20)

and the exact global error is then approximated by

‖vR(τ)(T )− vτ (T )‖2 = ‖v(T )− vτ (T )‖2 +O(τ 3). (21)

6 NUMERICAL RESULTS

To test the validity of the different numerical methods discussed in Section 4 and 5 we
considered a simple model of a branched dendrite with uniform space discretization, such as
the one shown in Figure 1b. The codes have been implemented in GNU Octave to replicate the
results obtained in the current implementation of NEURON and to test the new ideas proposed
here.

We first checked the order of convergence in space of the method, given the particular bound-
ary condition at branching nodes (connecting the values of v on different sections) and the
synapse point processes that produce singularities in the solution. The numerical results (see
Figure 3) confirm that with respect to the L2 norm, quadratic convergence in vh and linear
convergence in ∇vh is preserved.

Regarding the order of convergence in time, we tested the different techniques presented
in Section 5 first with alpha-synapses (where gsyn = gsyn(y)) and then with AMPA/NMDA
synapses (where gsyn = gsyn(y, v)), and measured empirically the order of convergence of the
global error in vτ (T ).

In Figure 4a we show the results obtained for alpha-synapses. In particular, we see that
without discontinuity handling, such as in the current NEURON implementation, the order of
convergence is severely degraded. Our technique of discontinuity detection with stopping and
restarting of the integration at the spike arrival time trec allows us to recover a full order 2
convergence.
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Figure 3: Convergence in space looking at the errors ‖v − vh‖L2 and ‖∇v −∇vh‖L2 .

10−3 10−2.5 10−2 10−1.5

10−4

10−3

10−2

1
1

1
2

timestep size τ [ms]

er
ro

ra
tfi

na
lt

im
e
T

no detection
with detection

(a) Alpha-synapse

10−3 10−2.5 10−2 10−1.5

10−5

10−4

10−3

1
1

1
2

timestep size τ [ms]

er
ro

ra
tfi

na
lt

im
e
T

no Newton
with Newton

(b) AMPA/NMDA synapse

Figure 4: Convergence in time looking at the global error ‖v(T )− vτ (T )‖2 for different kinds
of synapses and different numerical methods.

Figure 4b presents the results for the more realistic AMPA/NMDA synapse model. In this
case we only considered methods incorporating the discontinuity detection technique. The
simple technique adopted in NEURON (see Section 5.1) to resolve the nonlinearity still present
after Strang splitting is shown to fail, reducing the method’s convergence to order 1. However,
the method we proposed based on performing only one step of Newton iteration to solve the
nonlinear equation proves to be effective and restores quadratic convergence.

To summarise, the quadratic convergence in time is maintained through the use of the in-
tegration methods described in Section 5.2 that more effectively handle discontinuities and
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nonlinearities in the system of ODEs, and is preserved when the computationally expensive
exponential of τB is replaced by the much cheaper Heun method (19).
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Figure 5: Superconvergence for error estimator in space (Zienkiewicz–Zhu patch recovered
gradient) and in time (Richardson extrapolation).

Finally, we tested the validity of the post-processing methods for the estimation of the errors
in space and time. In general, we define the efficiency index of an error estimator err∗ for the
true error err as the ratio

θ =
err∗

err
. (22)

It is desirable that the efficiency index θ → 1 at least linearly as the discretization is more
and more refined. A sufficient condition to attain this goal is that the post-processed better
solution is superconvergent with respect to the bare numerical solution itself. In Figure 5 we
can can see that the better gradient obtained using Zienkiewicz–Zhu patch recovery and the
better trajectory obtained using Richardson extrapolation are superconvergent with order O(h2)
andO(τ 3), respectively, while the bare numerical solution converge with orderO(h) andO(τ 2),
respectively. This validates our choice of error estimator.

7 CONCLUSIONS

NEURON is one of the most popular tools in the field of computational neuroscience for
the simulation of morphologically detailed neural networks. We presented here an analysis
of the diverse sources of error that can affect the results of NEURON simulations. Particular
attention has been devoted to the numerical error arising from space and time discretization of
the differential equations representing the mathematical model of the evolution of the membrane
potential in a dendrite.

We examined the finite difference scheme and the numerical integration methods used in the
current implementation of NEURON, and performed numerical experiments to investigate the
orders of convergence of these schemes. In particular, for the time integration method we ob-
served that the expected second order convergence was spoiled by the presence of singularities
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in the solution and due to the simplifications introduced to eliminate the nonlinearities arising
from the AMPA/NMDA synapse model.

We have presented here some techniques for handling the discontinuities in the system of
ordinary differential equations and for addressing the nonlinearity in the AMPA/NMDA synapse
model. These techniques allow the recovery of quadratic convergence without introducing extra
computational cost. Moreover, we proposed the use of a second order Padé approximation for
the computation of the ion channel gate states which reduces the computational cost without
loss of precision.

Error estimators based on Zienkiewicz–Zhu patch recovery and Richardson extrapolation
were presented, allowing a posteriori estimations of the errors introduced in space and time.

These methods have been validated numerically on a simple branched neuron model, demon-
strating the gains in convergence order over the existing NEURON implementation. We plan to
incorporate these methods into a future release of the NEURON simulator.
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Abstract. The performance of numerous scientific libraries and applications depends heavily 

on efficiency of sparse linear algebra operations. In this paper, we survey the performance of 

several parallel sparse vector and matrix kernels provided in the Trilinos framework on super-

computer systems Cray XC30/40 and IBM Blue Gene/Q. The linear algebra operations in Tri-

linos are handled by one of the two packages Epetra or Tpetra. While the former is the most-

used, the latter is the target of future developments and supports larger scale problems as well 

as shared memory parallelism. We compare the results obtained from both packages together 

with the MPI only and hybrid solutions. The hybrid parallelism is managed by the package 

Kokkos, which aims for performance portability among different architectures. We report the 

efficiency of a single node of the system and demonstrate the scalability behavior of the bench-

marks up to 38,400 cores of the HLRN-III systems. Furthermore, for the Intel processors used 

in the Cray system we present measurements of the energy consumption of the kernels and 

compare the Energy-to-Solution between different compilers and parallel programing para-

digms. In addition, we discuss the effect on the performance and the energy consumption by 

linking the vendor provided libraries compared to the user-compiled versions. These extensive 

comparisons obtained on the top most performant supercomputer systems help users and de-

velopers as a starting point for determining an optimal development strategy.
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1 INTRODUCTION 

Mathematical libraries contribute at the core level to any scientific application and compose 

a basic framework for scientific computing. Many complex but well-known and often-used 

algorithms have been already implemented, tested and are ready to be incorporated in user ap-

plications. With an increasing number and coverage, a key question is to determine the im-

portance and effectiveness of any library. Developers often carefully consider the functionality 

of the libraries regarding the desired capability besides their performance on their target hard-

ware architecture. In many cases, the latter point can be important and even is the decisive 

factor. For example, quantum chemistry and molecular dynamics packages benefit much from 

GPUs, since most of their calculations are in essence stream processing. Furthermore, great 

efforts are being made to optimize the essential and low-level libraries needed for general ap-

plications. Examples are the BLAS and LAPACK libraries, of which many HPC vendors (such 

as IBM, Intel, Cray, AMD, Nvidia and Intel) are providing highly tuned versions for their hard-

ware. Moreover, the dependency as well as cooperation between related libraries is constantly 

increasing. With a growing number of options (in both software and hardware terms), evalua-

tion of libraries is becoming more and more relevant in the lifetime of scientific applications. 

Such evaluations should help developers to make informed decisions about the value of a par-

ticular library in regard to their objectives.  

Sparse linear algebra calculations play a significant role in many algorithms in large-scale 

computational codes. The sparse matrix-vector and matrix-matrix multiplications arise in many 

contexts such as iterative solvers, eigenvalue problems and graph algorithms. These two key 

kernels dominate the performance of many solvers and may easily correspond to the most of 

the total run time. Thus studying the behavior of the implementations on top of the hardware 

(such as many-core, many-node and hybrid systems) is highly influential concerning the per-

formance of the application. Numerous efforts [1-6] have been made to implement these kernels 

with optimized algorithms and tuned to specific memory and processor architectures.  

In this paper, we have evaluated several sparse vector and matrix operations provided from 

the Trilinos library. The Trilinos project [7,8] from Sandia National Laboratories aims to  

develop and implement robust algorithms and software packages within an object-oriented 

framework for the solution of large-scale, complex multi-physics engineering and scientific 

problems in parallel. It consists of many self-contained packages each designed for specific 

objectives. The project also helps leveraging the well-established libraries such as BLAS and 

LAPACK with emphasizing abstract interfaces for maximum flexibility of component inter-

changing. Furthermore, many applications are standardizing on the Trilinos APIs, resulting to 

access of all Trilinos solver components as well as underlying libraries without unnecessary 

interface modifications. Several supercomputing facilities provide an installed version of  

Trilinos for their users. For example, Cray supercomputers come with Trilinos installed as part 

of the Cray Scientific and Math Libraries [9]. This release includes the Cray Adaptive Sparse 

Kernels (CASK) which are tuned for the Cray environment, and provide improved performance 

over native installation under most circumstances especially for operations with very sparse 

matrices [10].  

Trilinos relies on two of its packages which implement most of the linear algebra capabilities, 

namely Epetra and Tpetra. The package Epetra has been the core linear algebra package, but 

due to its limitations in design and lack of support for large systems and new architectures, the 

package Tpetra is the target of future developments. In summary, their features can be compared 

by the following criteria: 
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 Data-type: Epetra supports only double-precision floating-point operations (of C++ type 

double). Other types such as complex numbers or higher precision floating-points are  

exclusively in the scope of Tpetra. 

 Very large problems: Initially, Epetra used the C++ int data-type for storing global and 

local indices (32 bits), therefore limiting the maximum number of degrees-of-freedom in 

the problem to less than 2 billion. Needless to say, this limit is undesirable for high perfor-

mance applications and the current systems can go beyond this limit. A workaround has 

been introduced [11] for the support for 64-bit global indices (C++ data-type long long) in 

Epetra and other depending packages. Tpetra has also optional support for 64-bit local 

indices, which allows that many entities within a single MPI process. 

 Shared Memory Parallelism: While supporting MPI parallelism, Epetra only supports 

OpenMP shared memory parallelism for a few kernels but usable up to a few threads per 

MPI rank. Tpetra has a more general “MPI+X” approach, where X stands for various 

shared memory parallel programming models. Tpetra implements this in a performance-

portable way by using the Kokkos shared memory parallel programming package. 

The standalone package Kokkos [12] is the Trilinos foundation for thread-scalable parallel-

ization. It implements a C++ template library for writing performance-portable applications 

targeting major HPC platforms. For that purpose, Kokkos provides abstractions for both parallel 

execution of code and data management. The goal of the package is to implement a perfor-

mance-portable shared memory parallel programming model and data containers, in  

order to let users to write an algorithm once, and then just change a template parameter to get 

the optimal data layout for a particular hardware.  

2 BENCHMARKS 

In this paper, we have surveyed parallel sparse linear algebra kernels provided by both pack-

ages Epetra and Tpetra. For the Epetra benchmark, we have used the Epetra Kernels Benchmark 

driver from the Mantevo project [13]. Mantevo proxy applications are open source software 

and the Epetra benchmarks is available for download under a GNU Lesser General Public Li-

cense (LGPL). This driver executes key performance-impacting Epetra kernels for sparse ma-

trix-vector and sparse matrix-multivector kernels. Additionally, we have refactored a version 

of this benchmark to use Tpetra. The operations performed are calculation of sparse vector 2-

norm (NORM), dot product of two vectors (DOT), generalized sparse vector addition of the 

form αx + y (AXPY), and sparse matrix-vector (SpMV) as well as sparse matrix-matrix (SpMM, 

with 2, 4, and 8 columns) products (with same global dimensions for vectors and matrices). 

Among these, SpMV product is by far the most computationally expensive component of sparse 

iterative linear solvers [3]. SpMV is a memory bandwidth bound problem and its performance 

changes highly with respect to matrix characteristics. One should note that there is no “General 

Purpose” SpMV code, since the applicability of an optimization applies only to types of matri-

ces obtained in different problem or set of problems. For our benchmarks, we have constructed 

a two dimensional 25-point finite difference stencil matrix, which is stored in the Compressed 

Row Storage (CSR) format. 

2.1 Hardware resources 

We have evaluated the performance of the two aforementioned benchmarks and compared 

the results in two supercomputing centers HLRN-III and JUQUEEN, ranked 83rd and 11th in 

the Top 500 list of November 2015, respectively [14]. The former system is operated by North-

German Supercomputing Alliance (Norddeutscher Verbund zur Förderung des Hoch- und 
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Höchstleistungsrechnens – HLRN) and is a distributed supercomputer system hosted at two 

locations Konrad-Zuse-Zentrum für Informationstechnik Berlin (ZIB) and Leibniz Universität 

IT Services (LUIS, formerly RRZN) at University of Hannover. The HLRN-III system consists 

of two almost identical complexes based on Cray XC30/XC40 supercomputers and the total 

system comprises about 87,500 cores with a total peak performance of 2.7 PFLOP/s. The latter 

system is an IBM Blue Gene/Q system built for the Jülich Research Centre  

(Forschungszentrum Jülich – FZJ) with 458,752 cores and overall peak performance of 5.9 

PFLOP/s.  

The benchmarking on the Cray system is performed at the Hannover complex, which com-

poses of two Cray systems with Intel processors and Cray Aries interconnect [15]. The nodes 

of the Cray XC30 system contain two Intel Xeon Ivy Bridge CPUs (E5-2695v2) operated at 2.6 

GHz while in the Cray XC40 system the Intel Xeon Haswell CPUs (E5-2680v3) operated at 

2.5 GHz are used. The IBM Blue Gene/Q system at Jülich uses IBM PowerPC A2 processors 

at 1.6 GHz with 16 cores per node [16]. The energy usage of each rack (1024 nodes, 16384 

cores) without jobs running is about 30 kW and on load on average 60-70 kW [16]. The peak 

consumption of each A2 processor is about 55 W. This is more or less half the TDP value of 

the Intel Xeon CPUs installed at HLRN-III systems (with 12 cores per CPU). In comparison, 

the theoretical peak performance for the A2 processor is 204.8 GFLOP/s, and 230 GFLOP/s for 

the Intel Xeon Ivy Bridge CPUs at HLRN. For the comparison between two systems, we exe-

cuted the benchmarks on subset of two systems with similar number of physical cores, remark-

ing that the PowerPC A2 cores are capable of four-way multithreading.  

2.2 Details of execution 

For the Cray system, both benchmark compiled against a local installation of Trillions as 

well as the Cray provided library. The Trilinos library provided from Cray has the version 11.12 

and supports only MPI parallelism. This is the latest version of Trilinos without the explicit 

requirement of C++11, which the Cray compiler (at the time of writing) does not support. For 

the local installation we used Trilinos version 12.2.1 linked against the Cray LibSci library [9] 

for BLAS and LAPACK functions, which includes the tuned CASK library. The codes have 

been compiled on Cray systems using Intel compiler version 15.0.1 and GNU compiler version 

4.9.1. The architecture dependent instruction sets were enabled (i.e. AVX for Ivy Bridge and 

AVX2 and FMA for Haswell) and optimization flag –Ofast was used in all compilers. Addi-

tionally, 8 MB huge pages were also allocated. The effect of using such larger memory pages 

was found to be substantial (e.g. more than 60% increase in performance using 6,000 MPI  

processes).  

For the Epetra Benchmark, we have compiled both serial (MPI only, without the OpenMP 

flag) and hybrid (MPI+OpenMP) versions. Cray MPI library uses MPICH2 distribution from 

Argonne, enhanced by tunings for the Aries interconnect. For the Tpetra benchmark, similar 

versions were produced as well as another hybrid option using POSIX threads (MPI+Pthreads). 

For the hybrid versions, we ran the benchmarks on a single node with varying number of threads 

from one to the number of cores (enabling hyper-threading did not lead to any improvement in 

performance). In case of hybrid parallelism, a single MPI process per node (with no core bind-

ing) has been assigned. For the MPI only case, one core has been reserved for one MPI rank. 

For comparison of the performance of different benchmarks with different programming model 

(MPI, OpenMP, Pthreads), the matrix size per node has been kept constant (i.e. solving pre-

cisely the same equation with same number of FLOPs in each node). The FLOP/s is calculated 

by 2 n m N 
2 / t, in which n is the number of point in the stencil (in our case 25), m the number 

of trials (on average 100), N the size of the global matrix and t the time of the calculation of the 

kernel. The local matrix size per node kept constant and of the order 103. 
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We compiled Trilinos as well as both benchmarks on the JUQUEEN system using GNU 

compiler version 4.8.1 linking to the ESSL library for BLAS and LAPACK functions. Each 

JUQUEEN node (16 physical cores) is capable of running 64 threads at the same time (since 

each core is 4-way simultaneously multithreaded). For the hybrid MPI+OpenMP case, we have 

used all those 64 threads, but for the MPI only version, due to the resulting limited amount of 

memory per process, we have used only 16 MPI ranks per node. 

2.3 Energy consumption  

The Cray supercomputer operated by HLRN provides users and system administrators with 

extensive tools to comprehensively measure and monitor the energy consumed by the programs 

and the system [17]. Power consumption is sampled periodically and is monitored at the blade 

level with each blade reporting usage of the nodes and the network. Data is aggregated by the 

cabinet controllers and reported out-of-band to the system management workstation where it is 

logged for subsequent processing. Information on the allocation of nodes to jobs and the CPU 

time is logged at the same time, enabling energy consumption to be added to the data collected 

for each job. This enables the system administrators to measure and account for the energy 

efficiency of the system on production workload and the project partners to make power con-

sumption measurements and optimizing for both performance and power consumption. With 

the help of power management enabled compute nodes, users are also able to easily access the 

per-node power and energy data in real-time in a set of virtual files. These counters are updated 

at 10 Hz frequency, however polling them causes a system interrupt that may affect the user 

code, so their use is not recommended for high-frequency performance monitoring. We have 

used the same approach for measuring the energy measurement of the sparse kernels as in Refs. 

[18,19], and recorded the total energy used per node before and after each calculation. 

3 RESULTS 

In the following we present the measurements for the performance and energy consumption 

of the sparse linear algebra kernels.  

3.1 Single Node of Cray XC30/40 

The results of the execution of the benchmarks for several sparse kernels on a single node of 

both Cray XC30 and XC40 systems using Epetra and Tpetra packages are shown in Figure 1. 

Performance from using all 24 cores of both MPI and OpenMP only versions compiled by 

different compilers have been shown in the plots. The GNU compiler surprisingly outperforms 

other compilers, with Cray compiler catching up in a few cases. Furthermore, the MPI only 

version performs the best. Tpetra (with help of Kokkos) incorporates better use of cache locality 

leading to remarkably better performances compared to Epetra. For the shared memory case, 

Kokkos is also able to manage POSIX threads directly, and achieving better performance in 

some cases compared to OpenMP.  

Figure 2 corresponds to the same calculation but from the point of view of the energy con-

sumed. MPI only version of Tpetra wins regarding the lowest energy consumption (mostly due 

to having less total run time). GNU and Cray compiled executables also consume the lowest 

power, signifying that the Cray compiler is heavily optimized for low-energy consumption for 

the CPUs used for the Cray systems. 
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Figure 1. The performance of various sparse linear algebra kernels on one node of Cray XC30 (left) and  

Cray XC40 (right) using the Epetra (top) and Tpetra (bottom) packages. 

  

  

Figure 2. The energy consumption of kernels. The legend and the order of plots are the same as Figure 1. 
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To see the performance using the shared memory parallelism, we have also run the bench-

marks with varying number of threads. Figure 3 demonstrates the scalability of the sparse ma-

trix-multivector (of length 8) multiplication kernel on a single node of both Cray XC systems. 

The code uses threads from 1 to 24 (maximum per node). 

 

  

  

 

Figure 3. The performance of SPMM8. The order of plots is the same as Figure 1. 

The Tpetra version of the benchmark compiled with GNU compiler using only MPI on the 

Haswell CPU is the winner in overall performance, with the Cray provided library being a close 

second. This is a hint to show that migrating from Epetra to Tpetra (even in case of not using 

shared memory parallelism) improves the performance. In the case of Epetra benchmark, the 

intrinsic support of CASK (included in Cray LibSci) leads to better performance.  

It is also interesting to look at the energy consumption of the same operation in Figure 4. 

MPI only version of Tpetra again wins regarding the lowest energy consumption. Obviously 

allocating more cores decreases the energy consumption of the node, but with using more than 

half the cores, the total energy consumed by the node does not change considerably.  

3.2 Many nodes 

Here we present the performance results of running the benchmarks in parallel on the Cray 

XC30 system in Hannover. We have used the Cray provided library as well as our own instal-

lation, and using MPI only and MPI+OpenMP for both benchmarks. In the former case, all the 

cores within a (single) node have been assigned one MPI rank, and in the latter, one MPI rank 

is used per node with 24 OpenMP threads. Based on the results from single node performance, 

we omitted using the Intel compiler. The results of the weak scaling is presented in Figure 5. 
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(38,400 cores), which is the largest partition in the Hannover system combining both Cray 

XC30 and XC40 systems. For that, the executable compiled for the Ivy Bridge CPUs has been 

used for all the nodes. As expected and also similar to the single node performance results, the 

MPI+OpenMP hybrid parallel benchmark is falling behind. 

  

  

 

Figure 4. The energy consumption of SPMM8. The order of plots are the same as Figure 1.  

 
Figure 5. The weak scaling plot of SPMM8 using the Epetra (left) and Tpetra (right).  

The solid (dashed) line belongs to the results from the Cray XC30 (XC40) system. 
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The MPI only Epetra version scales well and behaves in accordance with a single-node per-

formance model. However, Tpetra performs remarkably better than Epetra, therefore, this can 

be seen as practically enough reason to suggest the migration from Epetra to Tpetra. With this 

move, support for shared memory parallelism also comes for free. 

3.3 Comparison of Cray XC30 and IBM Blue Gene/Q 

We have compared the performance of the Ivy Bridge CPUs with the PowerPC A2 proces-

sors for the exact same calculation on a similar number of physical cores on both systems.  

Table 1 contains the details of the execution of benchmarks.  

 

Parallelism 
# 

Nodes 

# MPI 

Ranks  

per 

Node 

# 

Threads       

per MPI 

Rank 

# Cores Epetra 
Eff. 

% 
Tpetra 

Eff. 

% 

 

IBM Blue Gene/Q 
  

MPI 64 16 1 256 72.2 0.6 193 1.5 

MPI+OpenMP 

64 16 4 1024 216 1.6 460  3.5 

64 8 8 1024 206 1.6 438 3.3 

64 4 16 1024 190 1.4 414 3.2 

64 1 64 1024 131 1.0 295 2.3 

 

Cray XC30 
  

MPI 64 16 1 1024 1,470 5.0 2,210 7.5 

MPI+OpenMP 

48 6 4 1152 756 3.4 1,060 4.8 

48 3 8 1152 744 3.4 921 4.2 

64 1 16 1024 603 2.0 590 2.0 

64 1 24 1536 614 2.1 558 1.9 

Table 1: Comparison of Cray XC30 and IBM Blue Gene/Q benchmarks. Performance is in GFLOP/s and the  

efficiency percentage is the ratio to the peak performance. The topmost performance is shown in boldface. 

The results are from the same matrix problem on both systems using different parallelization 

techniques. The topmost FLOP/s in each system is denoted in bold. The same data has been 

shown in Figure 6, with the percentages displaying the ratio of the performance of the Blue 

Gene/Q to the Cray XC30 system (for a comparable total number of cores). We have observed 

that the Intel CPUs are more efficient and outperform PowerPC A2s for sparse matrix vector 

operations (despite consuming more power). Unlike the Cray system, hybrid parallelization 

leads to much better performance compared to the MPI only case. In practice, it is possible to 

fill up all four threads of each core of the A2 processor with MPI processors but the memory 

overhead from the MPI library limits the performance of the benchmark. On the other hand, the 

thread management overhead from using only OpenMP per node decreases the performance. 

Also, the Blue Gene/Q chip is able to use idle threads for asynchronous progress on MPI. We 

have found that one MPI rank per core and four OpenMP threads gives the best performance. 

Also the performance improvement of Tpetra over Epetra kernels is significantly larger com-

pared to the Cray system.  
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Figure 6. The comparison between the performance of SPMM8 kernel in IBM Blue Gene/Q and Cray XC30. 

The percentage show relative ratio of performance between two platforms. Number of MPI ranks per node is  

displayed in parenthesis. 

4 CONCLUSIONS 

In this article, we have surveyed the fundamental packages of Trillions for linear algebra 

operations, namely Epetra and Tpetra, regarding their real-life performance. We performed sev-

eral sparse linear algebra operations using two packages on leading supercomputing systems, 

Cray XC30/40 and IBM Blue Gene/Q. The results from different compilers with tuned libraries 

have been compared suggesting that the MPI only Tpetra benchmark on the Cray XC system is 

getting better performance and efficiency. We have also reported results for actual energy con-

sumed by the processors of the Cray system during the run time of the sparse algebra  

calculations.  

Using different hardware architectures and software parallelism models, our results present 

examples in order to help decision making in incorporation of Trilinos in other scientific appli-

cations. The Tpetra package and its underlying package Kokkos show much improved perfor-

mance and functionality over its counterpart standard linear algebra package, Epetra. We 

strongly advise the developers to plan accordingly in order to refactor their code base into 

Tpetra as well using other packages of Trilinos which are going through the same path. By 

migrating from Epetra to Tpetra and from internal OpenMP development (or similar program-

ming models) to Kokkos, one can expect short term benefits (such as increase in performance) 

as well as opening the path for using extended set of architectures. Kokkos can also help in 

reaching more portability (along with performance portability) in shared memory parallelism. 
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Abstract. Visualization of numerical simulation data has become a cornerstone for many in-
dustries and research areas today. There exists a large amount of software support, which is
usually tied to specific problem domains or simulation platforms. However, numerical simula-
tions have commonalities in the building blocks of their descriptions (e. g., dimensionality, range
constraints, sample frequency). Instead of encoding these descriptions and their meaning into
software architecures we propose to base their interpretation and evaluation on a data-centric
model. This approach draws much inspiration from work of the IEEE Simulation Interoperabil-
ity Standards Group as currently applied in distributed (military) training and simulation sce-
narios and seeks to extend those ideas. By using an extensible self-describing protocol format,
simulation users as well as simulation-code providers would be able to express the meaning of
their data even if no access to the underlying source code was available or if new and unforseen
use cases emerge.

A protocol definition will allow simulation-domain experts to describe constraints that can
be used for automatically creating appropriate visualizations of simulation data and control
interfaces. Potentially, this will enable leveraging innovations on both the simulation and visu-
alization side of the problem continuum.

We envision the design and development of algorithms and software tools for the automatic
visualization of complex data from numerical simulations executed on a wide variety of plat-
forms (e. g., remote HPC systems, local many-core or GPU-based systems). We also envisage
using this automatically gathered information to control (or steer) the simulation while it is
running, as well as providing the ability for fine-tuning representational aspects of the visual-
izations produced.
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1 Introduction

Simulation and visualization of phenomena and processes has become an integral part in our
approach to understand and manipulate the world around us. We increasingly rely on computer-
based modelling and simulation in such diverse areas as engineering, fundamental research,
economics, or even politics. For some time such simulations have been augmented by our ability
to provide diverse visual representations based on simulation results improving comprehension
of the underlying model, data, or processes. In some cases visualization is the crucial, enabling
factor for comprehension and decision making. While for many problems simulation and just
visualizing the results works fine, there are also problem domains where it is beneficial to change
aspects of the simulation parameters while the simulation is running, likely based on an expert’s
analysis of visualized simulation results. In essence the unidirectional process of providing
simulation results for visualization ideally should be complemented by the ability to control (or
steer) the simulation, providing a bidirectional (or even multidirectional) flow of data.

The general approach to computational steering provides software infrastructure or an envi-
ronment where simulations can be embedded to run experiments. Usually interfaces are provided
that allow for transporting control or steering information to a simulation as well as returning
results to the visualization component. The visualization component also contains encoded
knowledge of how to represent steering controls. Past as well as current approaches for compu-
tation steering frameworks are based solely on software architectures and often tied to specific
pieces of technology.

We are interested in how the connection between a simulation, its steering mechanism, and
its visualization can be decoupled. We argue that software-interface approaches result in an
unnecessary dependency between the intent of a simulation, its possible visualization(s), and
the actual technology, i. e. the particular software API, used for realizing that coupling. We
aim instead towards a flexible interface that is self-contained, platform-agnostic, and allows for
longevity of simulation codes for future use. This can be seen as a generalized glue between the
simulation and the visualization provider(s).

Our approach is motivated by the Distributed Interactive Simulation (DIS) protocol, devel-
oped since the late 1980s and standardized in IEEE:1278.1:2012 [14], which allows participation
of independently developed software in a running simulation as well as the replay of captured
events from a simulation session. Because DIS provides a well-defined protocol, including
specification of extensions without breaking applications not enabled for specific extensions, it
remains the standard of choice for large-scale training simulation. However, DIS does not allow
to discover extensions without developing software for their appropriate evaluation. We argue
that this difficulty can be circumvented by combining a data-based approach similar to DIS with
a markup-language infrastructure. An approach based on XML Schema definitions [28, 29]
provides for self-describing schemas and auto-generated data binding and in summary it offers
all the advantages of a DIS-like approach with none of its fixed-format disadvantages.

The remainder of this paper is organized as follows. In section 2 we summarize the important
role of software-oriented solutions in computational steering. Section 3 illustrates the idea be-
hind a data-centric approach with an artificial example of a simplistic but generic computational-
fluid dynamics application. In sections 4 and 5 we discuss the merits of our proposal, including
comparing it with other recent work utilising XML, before summarising and offering suggestions
for future work.
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2 Related Work

Computational steering has a long and distinguished record in the wider computational science
literature. Steering a computation interactively necessarily involves visualization, and the focus
of early attempts at computational steering was on how to achieve the interworking of potentially
diverse tools. For example, GRASPARC [4] linked computational and graphical elements via
a data management system based on a tree structure (a history tree) that captured both the
results of the calculation and the progress of the investigation. The user interface reflected this
same structure: branches of the tree recorded snapshots of parameters and data that could be
used to pause, modify, and restart the calculation without having to re-run the simulation from
the beginning. Different visualization components could be connected and demonstrators of
the system utilised both in-house developments and off-the-shelf commercial products in this
regard. In CSE [23], a steering interface was built from 2d and 3d graphics objects whose
properties were used both to control parameters of the simulation and furnish a visualization
of results. Parameters were accessed in the simulation code using a data I/O library designed
to be minimally invasive. As in GRASPARC, a data manager was central to the architecture,
but in CSE it orchestrated steering by issuing event notifications to subscribed visualization,
transformation, and calculation processes. An emerging theme of this and other steering research
was the need to instrument the application source code which led in turn to the development of
a number of steering libraries for this purpose. Notable contributions that particularly addressed
steering in grid-computing environments were the gViz library [5] and the RealityGrid library
[19].

While the aim of the majority of such steering frameworks and libraries was to enable in-
teraction with existing computational codes, in contrast SCIRun [18] provided an environment
to make combined compute-and-visualization ensembles from scratch. The architecture was
based on the dataflow paradigm combined with visual programming, which had hitherto seen
application in modular visualization environments (MVEs) such as AVS [8], IRIS Explorer [24],
and DX (IBM Visualization Data Explorer, later OpenDX) [1]. Such systems allow the user to
build a visualization application, dragging-and-dropping pre-packaged modules to accomplish
the constituent steps of first reading in the data, then mapping to some graphical representation
and finally rendering this to the screen. Whereas these latter supported steering by adding ex-
isting simulation codes into the system as new modules, the SCIRun module set [22] included
algorithmic and mathematical elements as standard. As such it is as much a software workbench
for building integrated computational and visualization applications, as it is a system for simply
visualizing results.

The difficulty that besets all computational steering applications, whether based explicitly on
the dataflow paradigm or not, is how to transmit control information upstream from the display to
the simulation. The user and their interaction tools (e. g., panels hosting sliders, menu selections)
are logically found at the output end of the pipeline, but the recipients of these tools’ outputs (e. g.,
changes to parameters, pause and restart commands) are at the input end, all the while producing
data. This becomes especially problematic when the steering-visualization pipeline is distributed
[31]. The solution adopted depends on the architecture of the steering framework: GRASPARC
[4] evolved a system of control structures, separate from its data pathways; CSE [23] adopted
an event-based model; MVE-based systems generally abandoned strict adherence to dataflow
principles in favour of architectures incorporating feedback mechanisms for implementing loop
constructs, and sometimes caching data to preserve state (q. v. [1]). A novel approach described
in [6], which also targeted an MVE, was to implement an input-oriented pipeline in parallel
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with the more usual results-bearing pipeline. This allowed a description of the simulation’s
exposed parameters to be automatically searched and the correct scalar, vector, or positional
interactor to be placed in the image of the output, with the correct position and appropriate
value constraints already applied. Dubbed multi-purpose image interaction, the idea is closely
allied to that described in the present paper, except the aim now is to capture the essence of both
simulation parameters and results, independently of the software used. Using a self-describing,
data-centric protocol, we assert that essential knowledge about a steering application can be
preserved, for example in the absence of the original source code or, provided its outputs have
been appropriately curated, potentially even after the binary can no longer be run.

3 Example

In the following we develop an artificial example for a simplistic but generic computational-fluid
dynamics (CFD) simulation using XML Schema to define control and result types and derive
possible source code based on those definitions.

3.1 Requirements for a Generic CFD

Computational steering of a generic CFD simulation can be separated into two elements: firstly,
how to control the simulation and, secondly, what kind of results are returned. In the simplest
case we assume that the simulation will be based on computing particles per simulation time
step. Listing 1 shows pseudo code to encode this.

struct particle {
unsigned id;
float3 position;
float3 velocity;

};

struct result {
double timestamp;
list<particle> particles;

};

Listing 1: Result structure for a generic CFD simulation returning a simulation result for a
particular time step and the computed particles placed in a list.

The timestamp attribute in the result structure contains the time in (local) simulation time
for which the particle properties have been computed. The actual particle properties are returned
in the particles attribute of the result structure. The particle structure contains the
position and velocity as 3-component floating-point values and a unique id for each
particle instance. This id maybe used to create traces for particles of interest. To control the
simulation a control structure can be used as shown in listing 2.

struct control {
enum etype { start, stop, update, };

etype type;
float3 gravity;
float3 force;

}

Listing 2: Control structure for a generic CFD simulation allowing for specification of starting,
stopping, or updating the simulation.
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The control structure allows for specifying if the simulation should start, stop, or if the
control structure contains an update to the parameter set. This is encoded by the type
attribute and expressed as an enumeration. In our example the simulation-control parameters are
simply gravity and force expressed as 3-component floating-point values. These parame-
ters can be set for the initial setup of the simulation, i. e. type == start, or when updating
simulation conditions, i. e. type == update. In case the type attribute is set to stop
the simulation should simply shutdown, though for more sophisticated simulations shutdown
parameters might be used as well.

Separating the result description returned by a simulation from its possible control allows
for using these structures for both communication between the simulation and visualization as
well as within the visualization to represent their content. However, this is tightly coupled to
a specific example. Any changes to accommodate different simulations or even just variants
with slightly different control parameters will require some software-development effort for
both the actual simulation as well as the visualization. Additionally, parameter sizes, intended
meaning, or problem-domain-specific constraints are usually hard to express and to document
for automated extraction.

3.2 XML Schema Definitions

An XML Schema definition (XSD) [28, 29] allows to define content structure to be instantiated
in an actual XML document. While this could be any kind of document we will use the notion
of an XML document here as a way of transporting data between interested parties, i. e. the
simulation and visualization provider. XSDs use standard XML notation and can be evaluated
using existing XML support infrastructure. An XSD can be interpreted as a class description
from the view point of an object-oriented software approach. XML documents then play the role
of objects, i. e. actual instances of a class at run time, although this comparison is only partially
correct because XSDs only allow the definition of member attributes but not member functions.

XSDs support a variety of built-in data types, e. g., string, int, float, as well as creat-
ing compound structures, e. g., simpleType, complexType. Within a compound structure
element definitions based on primitive or user-defined types may appear. These elements can
be constrained to restrict their range or to represent a discontinuous range such as an enumer-
ation. XSD also supports extending existing structures as shown in appendix A, listings 3–6.
Listing 3 shows an XSD for n-component floating-point values which can be used to represent
n-dimensional vectors. These n-component floating-point types are used in listing 4 to define
a particle having position and velocity in 3d similar to the pseudo code in listing 1. XSD also
allows including other XSDs, which enables sharing of definitions between separate XSD files.
Listing 4 also provides an example for defining a list of particles. In addition aliases in the form
of root elements to the actual compound definitions are provided, which are necessary to allow
the automatic generation of serialization code. In listing 5 base types for the control and result
structures are defined, which are independent of any specific simulation. The control structure
contains an enumeration to express its three possible states, i. e. start, update, and stop, while
the result structure contains a time stamp. Listing 6 shows the definition of the control and result
structures for the generic CFD example in turn extending the general definition of control and
result structures in listing 5, essentially expressing the same content as in listing 2.

XSDs provide a template for actual instances in the form of XML documents as shown in
appendix B, listings 7–10. Listings 7–9 show sample control-structure instances for controlling
start, update, and stop of the simulation, respectively. In the XSD for the cfd_control
structure, the gravity and force properties are defined withinin an xs:sequence. This
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necessitates that these properties appear in the XML document even if they are not required
(e. g., in case of submitting a cfd_control instance of type stop). To make properties
such as gravity optional the minOccurs attribute can be set to zero, which, for larger
aggregations of properties, allows for reducing the actual size of the XML document. Listing 10
shows a sample cfd_result structure returned by the simulation for each simulation step.
The timestamp property provides the local simulation time at which the result was produced
while the particle_list property contains the list of particles and their state at that time.
The timestamp property is defined as a xs:time, which is expressed in hours, minutes,
and seconds format. Note that the seconds part of xs:time is based on a double-precision
floating-point type and allows for arbitrary precise resolution in the sub-second range.

XSDs as well as XML in general are a complex topic and cannot be treated in full detail in
the context of this paper. We refer the interested reader to one of the many books on this topic
such as [12] or the standard specifications [26, 28, 29].

3.3 Code Generation

XML-based documents provide much flexibility. However, the actual processing of XML doc-
uments requires infrastructure for parsing and validation. Fortunately, there is a plethora of
software available to accomplish this. Any programming language in use today provides XML
processing capabilities either as part of the language (e. g., Groovy [11]) or as a library ser-
vice. XML processing requires the use of a parser, which can be roughly categorized into
stream-oriented (e. g., SAX [21]), tree-traversal or pull-parsing (e. g., DOM [30]), declarative
transformation (e. g., XSLT [25, 27]), and data-binding parsing (e. g., for C++ [32]). The data-
binding parser category is of interest here because it allows to automatically create API bindings
based on XSDs.

Similar to XML document processing, XML data binding using XSDs is also available for
many programming languages and environments. However, we will concentrate on how to
auto-generate C++ source code from XSDs using [32]. A compiler is used to parse an XSD and
produce language-dependent definitions. The structure of XSDs is easily transferable into object-
oriented technology where XSD types, built-in or user-defined, are expressed as classes and XSD
properties or attributes are expressed as class attributes. These auto-generated classes usually
contain class-attribute access functions for getting or setting a specific attribute as well as for
serialization of class instances. The XSD-to-C++ compiler at [32] is also capable of extracting
documentation and annotations as well as transforming this information for processing with
documentation processing software such as doxygen [7]. Listing 11 in appendix C shows test
driver code in C++ for creating the XML documents in listings 7–9 and listing 10, respectively.
Listing 12 in appendix C shows a test driver that reads XML documents created by listing 11 or
manually constructed XML documents adhering to the XSDs in listings 3–6. It is worth noting
that both test drivers are relatively small, support standard C++ idioms for object creation and
manipulation, and show that such auto-generated source code can be integrated into existing
software with relatively little effort.

XML data binding also supports generation of parser mappings. The auto-generated source
code using [32] is usually generated by setting the XSD-to-C++ compiler into a tree mode.
However, it also possible to run the XSD-to-C++ compiler in a parser mode which allows
for creating interfaces that connect to stream-oriented XML parsing infrastructure. The main
difference here is that instead of using class abstractions to handle complex data types the
stream-oriented interfaces allow for reflection on the data types usually by providing callback
mechanisms to client code. This would allow for inspection of unknown entities and potentially
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retrieving their definitions from URIs embedded in the XSDs itself. It could also be used
to interpret the structure of an XSD to derive representational aspects such as building GUI
elements on the fly.

4 Discussion

XSDs allow for describing complex data-structure types. These structure types are built from a
rich set of built-in primitives as well as by introducing user-defined types by extending existing
types. This is very similar to building abstract data types in the object-oriented paradigm. How-
ever, XSDs are independent from specific object-oriented programming languages, development
environments, or execution platforms. Mature tools for many programming languages and envi-
ronments exist to automatically generate source code for processing, serialization, etc. as well as
documentation for a chosen target platform. This allows for using XML documents as instances
of XSDs to exchange data in a truly platform-independent way. The relationship between an
XSD and XML instances is similar to the class-and-its-objects relationship in the object-oriented
paradigm with the restriction that XSDs do not support methods or messages between objects.
However, this restriction is of little consequence because XSDs allow for encoding behavior
using the command software-design pattern [9].

We acknowledge that our example in section 3, including the source code in appendices A–C,
is rather simplistic. However, the example already captures the essence of computational steering
at a high level, at least for particle-based simulations, and was developed in a very short amount
of time. XSDs are already successfully used for defining structure in complex problem domains
such as computer graphics (X3D [16, 17]) or geographic-information processing (GML [15]).
In addition to automatic source-code generation XSDs also allow for interoperability between
different sets of XSDs as well as run-time reflection of XML instances. Using the namespace
feature of XSD it is possible to encapsulate and disambiguate which types are intended for use in
a schema file. The namespace xmlns:xs="http://www.w3.org/2001/XMLSchema"
introduces a short-hand prefix for the XSD namespace itself; in our example this is set to
xs but could be any other unique string. A custom namespace can be built by providing a
targetNamespace attribute. This allows reusing of already existing XSDs without the need
for reinvention. Serialized XML instances from an XSD also provide information about their
original definitions. By using the schemaLocation attribute, run-time parsing of some
unknown element can be resolved by fetching the (missing) schema definition to be used for
interpreting the XSD instance of the formerly unknown element.

We believe that our approach has the potential for resolving problems inherent to traditional
approaches to computational steering, introducing greater flexibility for both the simulation
provider as well as the visualization provider or improving the maintainability of infrastructure.
We are aware that a large amount of computational-steering software is in existence and we do
not propose to replace it by starting from scratch. However, there already seems to be awareness
in the community that a more general and flexible approach to controlling (numerical) simu-
lations in general is desirable. For example Biddiscombe et al. [2, 3] describe an approach
where the virtual-file driver interface in HDF5 [13] was used to exchange information between
a simulation and its desired visual representation. While rather application-specific in its so-
lution Biddiscombe et al. [3] also propose a generic software API, embedded into the HDF5
customization, that would allow to transfer steering-control information from the visual interface
to the simulation. Using our approach a simulation provider could simply add an XSD of the
control elements and the structure of the simulation’s result to existing software. Advertising the
simulation-specific XSD would allow the development of independent visualization software
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even in the event of not being able to recompile the simulation software or if no appropriate exe-
cution platform is available. The same is true for the visualization side. Experiments in finding
new, useful, or problem-domain specific solutions could be carried out by concentrating on the
data descriptions (and their meaning) while at the same time pseudo-simulators could generate
randomized dummy data adhering to the simulation constraints to evaluate such visualization
experiments under a variety of conditions. In addition, because XSD instances are communi-
cated by serialized XML documents a large variety of simulation-visualization connection types
are supported (e. g., within the same process and between processes on the same or separate
machines).

Automatic source-code generation from XSDs provides a tight coupling between a simulation
type and possible visualization and control interfaces. The alternative approach of XML data
binding using parser mapping has the potential to automate this. Because the parser reports
elements back to client code (via callbacks) not only unknown elements can be resolved (by
fetching and evaluating their XSDs) but also automated transformations are possible based on
the element types found. This is probably easiest to see in the case of automatically creating
a GUI layout from some XSD. All built-in XSD types can be directly transferred to standard
GUI elements for display or manipulation. Restricted elements such as enumerations can be
easily expressed as selection elements in a GUI (e. g., pull-down list, list boxes). Compound
structures may trigger grouping mechanisms usually also allowing collapsing or inflating their
content. Assuming that some simulation-specific types are known a priori relevant visualization
elements can be selected. The result structure in our example consists of a continuous value
(timestamp) and a list of particles. This information could be used to provide a two-element
layout containing a continuous slider for selecting a time step and a widget capable of processing
and visualizing 3d data in a (cartesian) coordinate system. Similar approaches have been already
explored in the gViz library [5] and the eViz framework [20] and may serve as a valuable starting
point for experimentation as well as baselines for comparison. Intuitively, it seems that the more
elements relevant to computational steering are known (and/or agreed upon) the more general
such on-the-fly visualization-interface building might become. However, it would be naı̈ve to
suggest we can provide a full solution to this problem without deeper insights into the problem
domain and its requirements. The only definite advantage our approach provides here is the
potential for flexible run-time inspection of complex data types in contrast to traditional software
APIs.

5 Conclusions and Future Work

We have presented a data-centric approach based on extensible self-describing protocols for
communication between simulation and visualization providers in computational steering. Using
XML Schema definitions we developed a protocol for the control and result elements of a simple
generic CFD simulation. Such XSDs allow for automatic source-code generation in many
programming languages and environments as well as the extraction of documentation. This in
turn provides simulation providers with the ability to communicate how a specific simulation can
be controlled as well as how its results should be interpreted. Visualization providers also benefit
by being able to choose the most appropriate visualization and interaction techniques. XSD also
enables decoupling of support infrastructure because only the XSD needs to be transformed into
code for use in software while the XSD itself is completely independent from specific software
APIs, technologies, or execution environments.

Our approach has the potential to describe and use computational steering in a much more
flexible way than hitherto. This flexibility reaches into topics as varied as long-term maintain-
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ability, connectivity, execution-platform improvements, or innovative approaches to simulation
and visualization itself.

Our simple example is exactly that: simplistic. While we believe that the high-level separation
into a control and a result structure is valid for a large number of (numerical) simulations, we
are unable to provide a formalization here. In part this stems from the fact that computational
steering does not have a formalized definition or standards document. We are aware of the efforts
of the working group for a simple API for grid applications (SAGA) to define a core API [10]
for general grid computing. However, while valuable in providing problem-domain analysis and
terminology, SAGA only advocates a software-API approach. We believe that our approach is
more suitable to standardizing communication in computational steering and suggest that the
development of such a consensus includes discussion and experimentation within the whole
community.

The increased use of GPU architectures provides a challenge for our approach. GPU-based
simulations do have a great appeal in that they provide faster evaluation per time step below cer-
tain problem sizes as well as that the simulation results are already available for further graphics
processing on the GPU. Essentially, the simulation provider and visualization component are the
same and the use of a generic data-centric communication approach will require further in-depth
contemplation.

Manual deduction of appropriate visualization techniques from numerical simulations re-
quires a high degree of expert knowledge in both the specific problem domain of a simulation
as well as in the domain of visualization techniques. The ideal solution would be to be able to
automatically deduce the inherent structure of a simulation, for both the set of control parameters
and the result(s), and to select appropriate visualization techniques. Our data-centric protocol
already provides a general approach to the structure-deduction problem for simulation control
and its results and we are interested in further investigating this problem domain with respect to
automatic deduction of appropriate visualizations techniques.

We believe that our data-centric approach using a structured and self-describing format for
communication in computational steering provides a good starting point for further development
that enables true platform independence as well as future-proof reusability.

A Example XML Schemas

In this section we provide the XSD sources for n-component floating-point types (n ∈ {1, 2, 3, 4})
using simple inheritance (listing 3), a generic particle type providing position and velocity in
3d as well as a unique id and a type for a list of such particles (listing 4), base types for control
and result structures suitable in the context of computational steering (listing 5), and specializa-
tions of the control and result types for a generic CFD simulation (listing 6), which extend the
previously defined base types for control and result structures.

<?xml version="1.0" encoding="ISO-8859-1" ?>
<xs:schema xmlns:xs="http://www.w3.org/2001/XMLSchema">

<xs:complexType name="float1">
<xs:sequence>

<xs:element name="x" type="xs:float" />
</xs:sequence>

</xs:complexType>

<xs:complexType name="float2">
<xs:complexContent>
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<xs:extension base="float1">
<xs:sequence>

<xs:element name="y" type="xs:float" />
</xs:sequence>

</xs:extension>
</xs:complexContent>

</xs:complexType>

<xs:complexType name="float3">
<xs:complexContent>

<xs:extension base="float2">
<xs:sequence>

<xs:element name="z" type="xs:float" />
</xs:sequence>

</xs:extension>
</xs:complexContent>

</xs:complexType>

<xs:complexType name="float4">
<xs:complexContent>

<xs:extension base="float3">
<xs:sequence>

<xs:element name="w" type="xs:float" />
</xs:sequence>

</xs:extension>
</xs:complexContent>

</xs:complexType>

</xs:schema>

Listing 3: An XML schema definition for one-, two-, three-, and four-component floating-point
types, which is stored in floats.xsd.

<?xml version="1.0" encoding="ISO-8859-1" ?>
<xs:schema xmlns:xs="http://www.w3.org/2001/XMLSchema">

<xs:include schemaLocation="floats.xsd" />

<xs:complexType name="particle_t">
<xs:sequence>

<xs:element name="position" type="float3" />
<xs:element name="velocity" type="float3" />

</xs:sequence>
<xs:attribute name="id" type="xs:unsignedInt"

use="required" />
</xs:complexType>

<xs:element name="particle" type="particle_t" />

<xs:complexType name="particle_list_t">
<xs:sequence>

<xs:element name="particle" type="particle_t"
minOccurs="0"
maxOccurs="unbounded" />

</xs:sequence>
</xs:complexType>

<xs:element name="particle_list" type="particle_list_t" />

</xs:schema>

Listing 4: An XML schema definition for a generic particle and a list of particles, which is
stored in particle.xsd.

<?xml version="1.0" encoding="ISO-8859-1" ?>
<xs:schema xmlns:xs="http://www.w3.org/2001/XMLSchema">
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<xs:complexType name="control_t">
<xs:sequence>

<xs:element name="type">
<xs:simpleType>

<xs:restriction base="xs:string">
<xs:enumeration value="start" />
<xs:enumeration value="stop" />
<xs:enumeration value="update" />

</xs:restriction>
</xs:simpleType>

</xs:element>
</xs:sequence>

</xs:complexType>

<xs:element name="control" type="control_t"/>

<xs:complexType name="result_t">
<xs:sequence>

<xs:element name="time" type="xs:time" />
</xs:sequence>

</xs:complexType>

<xs:element name="result" type="result_t" />

</xs:schema>

Listing 5: An XML schema definition for steering control and result base types, which is
stored in steering.xsd. The base control type always contains an enumeration for starting,
stopping, or updating the simulation. The base result type always includes a time stamp with
respect to the simulation time.

<?xml version="1.0" encoding="ISO-8859-1" ?>
<xs:schema xmlns:xs="http://www.w3.org/2001/XMLSchema">

<xs:include schemaLocation="particle.xsd" />
<xs:include schemaLocation="steering.xsd" />

<xs:complexType name="cfd_control_t">
<xs:complexContent>

<xs:extension base="control_t">
<xs:sequence>
<xs:element name="gravity" type="float3" />
<xs:element name="force" type="float3" />

</xs:sequence>
</xs:extension>

</xs:complexContent>
</xs:complexType>

<xs:element name="cfd_control" type="cfd_control_t"/>

<xs:complexType name="cfd_result_t">
<xs:complexContent>

<xs:extension base="result_t">
<xs:sequence>
<xs:element name="particle_list"

type="particle_list_t" />
</xs:sequence>

</xs:extension>
</xs:complexContent>

</xs:complexType>

<xs:element name="cfd_result" type="cfd_result_t"/>

</xs:schema>

Listing 6: An XML schema definition for steering a generic CFD, which is stored in cfd.xsd.
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B Example XML Documents

In this section we provide the XML sources for XSD instances of control structures of type start
(listing 7), update (listing 8), and stop (listing 9), and a result structure (listing 10).

<?xml version="1.0" encoding="UTF-8" standalone="no" ?>
<cfd_control xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"

xsi:noNamespaceSchemaLocation="cfd.xsd">
<type>start</type>
<gravity>

<x>0</x>
<y>0</y>
<z>-9.81</z>

</gravity>
<force>

<x>0</x>
<y>0</y>
<z>0</z>

</force>
</cfd_control>

Listing 7: An XML document representing a control structure of type start as defined by the
XSD in listing 6 and produced by the program in listing 11.

<?xml version="1.0" encoding="UTF-8" standalone="no" ?>
<cfd_control xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"

xsi:noNamespaceSchemaLocation="cfd.xsd">
<type>update</type>
<gravity>

<x>0</x>
<y>0</y>
<z>-9.81</z>

</gravity>
<force>

<x>0</x>
<y>1</y>
<z>0</z>

</force>
</cfd_control>

Listing 8: An XML document representing a control structure of type update as defined by
the XSD in listing 6 and produced by the program in listing 11.

<?xml version="1.0" encoding="UTF-8" standalone="no" ?>
<cfd_control xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"

xsi:noNamespaceSchemaLocation="cfd.xsd">
<type>stop</type>
<gravity>

<x>0</x>
<y>0</y>
<z>0</z>

</gravity>
<force>

<x>0</x>
<y>0</y>
<z>0</z>

</force>
</cfd_control>

Listing 9: An XML document representing a control structure of type stop as defined by the
XSD in listing 6 and produced by the program in listing 11. Note that the gravity and force
attributes may or may not be used in the shutdown process but the definition of the control
structure in listing 6 requires their appearance in the XML document.
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<?xml version="1.0" encoding="UTF-8" standalone="no" ?>
<cfd_result xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"

xsi:noNamespaceSchemaLocation="cfd.xsd">
<time>00:00:00.0005</time>
<particle_list>

<particle id="0">
<position>
<x>0</x>
<y>0</y>
<z>0</z>

</position>
<velocity>
<x>0</x>
<y>0</y>
<z>0</z>

</velocity>
</particle>

...
<particle id="9">

<position>
<x>0</x>
<y>0</y>
<z>0</z>

</position>
<velocity>
<x>0</x>
<y>0</y>
<z>0</z>

</velocity>
</particle>

</particle_list>
</cfd_result>

Listing 10: An XML document representing a result structure as defined by the XSD in
listing 6 and produced by the program in listing 11.

C Example Test Drivers

In this section we provide the C++ source code of simple test drivers (listings 11 and 12) for
creating the XSD instances serialized to XML documents in listings 7–10 and processing XML
documents based on the XSD of generic CFD simulation in listing 6.

#include <cstdlib>
#include <fstream>
#include <iostream>

#include <cfd.hpp>

int main(int, char*[])
{
int result(EXIT_SUCCESS);

try {
// required for de-serialization
xml_schema::namespace_infomap map;

map[""].name = "";
map[""].schema = "cfd.xsd";

float3 const g (0,0,-9.81);
float3 const f0(0,0, 0);
float3 const fy(0,1, 0);

{
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cfd_control_t const ctrl(type::start, g, f0);
std::ofstream ofs ("../cfd_control_start.xml");

cfd_control(ofs, ctrl, map);
}

{
cfd_control_t const ctrl(type::update, g, fy);
std::ofstream ofs ("../cfd_control_update.xml");

cfd_control(ofs, ctrl, map);
}

{
cfd_control_t const ctrl(type::stop, f0, f0);
std::ofstream ofs ("../cfd_control_stop.xml");

cfd_control(ofs, ctrl, map);
}

{
cfd_result_t::particle_list_type particles;

for (unsigned i(0); i < 10; ++i) {
particles.particle().push_back(particle_t(f0, f0, i));

}

using time_type = cfd_result_t::time_type;

cfd_result_t const result(time_type(0,0,0.0005), particles);
std::ofstream ofs ("../cfd_result.xml");

cfd_result(ofs, result, map);
}

}

catch (xml_schema::exception const& e) {
std::cerr << e << std::endl;

result = EXIT_FAILURE;
}

return result;
}

Listing 11: Test driver using auto-generated source code, provided by the include statement
for cfd.hpp, to produce the XML documents in listings 7–10.

#include <cstdlib>
#include <iostream>

#include <cfd.hpp>

int main(int argc, char* argv[])
{
int result(EXIT_SUCCESS);

try {
if (2 <= argc) {

bool processed(false);

try {
if (!processed) {

cfd_control_t const ctrl(*(cfd_control(argv[1]).get()));

std::cout << argv[0] << ": " << ctrl << std::endl;

processed = true;
}
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}

catch (xml_schema::unexpected_element const& e) {
std::cerr << e << std::endl;

}

try {
if (!processed) {

cfd_result_t const result(*(cfd_result(argv[1]).get()));

std::cout << argv[0] << ": " << result << std::endl;

processed = true;
}

}

catch (xml_schema::unexpected_element const& e) {
std::cerr << e << std::endl;

result = EXIT_FAILURE;
}

if (!processed) {
std::cout << argv[0] << ": " << "unable to process ’" << argv[1] << "’" << std::endl;

}
} else {

std::cout << argv[0] << ": " << "no file name supplied" << std::endl;
}

}

catch (xml_schema::exception const& e) {
std::cerr << e << std::endl;

result = EXIT_FAILURE;
}

return result;
}

Listing 12: Test driver using auto-generated source code, provided by the include statement
for cfd.hpp, for reading and displaying the content of XML documents containing control or
result structures as defined in listing 6.
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Abstract. Mechanical engineering systems with two or more parts of significantly different 

energy dissipation levels are encountered frequently in dynamical designs nowadays. Alt-

hough dynamic analyses of only one exponential-like damping model in independent struc-

tures are studied by authors for decades, their counterpart for nonviscous systems involving 

various damping models seems not well-developed. In this paper, a time-domain analysis of 

various damping models subjected to arbitrary initial conditions is presented. The proposed 

approach is built on an extended state-space representation of the equations of motion. The 

method can be applied in both conditions when the damping matrices are of full rank or rank 

deficient in a uniform expression. The dynamic responses of the various damping models are 

calculated only by the original system matrices without solving the eigensolutions of the sys-

tems. This advantage particularly makes this method numerically efficient. Finally, a numeri-

cal example is offered to illustrate the accuracy of the derived method.  
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1 INTRODUCTION 

Damping is longtime regarded as a significant factor in the dynamic behavior of vibration sys-

tems and is a characteristic parameter describing the energy dissipation. The viscous damping 

model which was first proposed by Lord Rayleigh [1] has been extensively used in the past 

centuries for its theoretical simplicity. However, with the development of many industrial ap-

plications (such as composite structural materials, active control in spacecraft, ships, rockets 

and railway tracks, sandwich structures), the classical viscous damping model may not 

properly reveal the dissipative forces. As a result, there has been an increasing demand in re-

cent years on nonviscous damping models with the purpose of describing dissipative forces in 

a more general and accurate manner compared to the limited scope offered by the viscous 

damping model. Majority of the nonviscous damping models, like Biot model [2, 3], Golla-

Hugher-McTavish (GHM) model [4, 5], Anelastic Displacement Field (ADF) model [6, 7], 

are presented considering the entire velocity history via convolution integrals over some ker-

nel functions.  

Classic dynamic analysis methods for linear viscous damping cannot be directly applied in the 

nonviscous damping model systems. Any modifications of nonviscous model may lead to 

some mathematical difficulties and changes for solving the corresponding dynamic equations. 

In recent years, researchers have considered the dynamic responses of nonviscous damping 

models. Some authors developed exact state-space approaches [4-12] based on internal varia-

bles. Others proposed approximated approaches [13-20] and model reduction methods [21-26] 

to solve the eigenproblem for the exponential-like damping models. The previously men-

tioned methods are devoted to efficiently solve the nonviscous eigenproblem under different 

damping models. However, the solution of this eigenproblem is time-consuming. Then, a di-

rect time-domain integration approach for exponentially damped systems was proposed by 

Adhikari and Wager [27]. The method used only original system matrices to compute the dy-

namic response which improved the efficiency significantly. Later, Cortés et al. [28] proposed 

a direct integration formulation for exponentially damped systems, which did not employ in-

ternal variables. Liu [29] proposed analysis method for non-viscously damped structures 

based on Newmark’s assumption of acceleration. Pan and Wang [30] developed a frequency-

domain method for exponentially damped systems using the Discrete Fourier Transform 

method in combination with Fast Fourier Transform which can deal with non-zero initial con-

ditions. 

The mentioned previous studies are restricted to the case of the systems with only one damp-

ing model. Nowadays, in practice, structure systems with two or more parts with remarkably 

different levels of energy dissipation are encountered frequently in mechanical engineering. 

Therefore, these damping systems often involve multiple damping models. 

Although the exponential damping model, Biot model, GHM model and ADF model are 

physically different, they can be mathematically represented by a friction formula of rational 

polynomials [31]. The uniform way to express damping models can simplify the theoretical 

analysis of dynamic responses and be applied conveniently in multiple damping models. Re-

cently, Li and Hu [32] have proposed a state-space approach for the analysis of linear systems 

with multiple damping models. The dynamic response of the system was calculated by mode-

superposition method using the state-space eigensolutions which was time-consuming.  
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Based on the problems mentioned above, a time-domain approach for various damping mod-

els is proposed. The presented time-domain approach can be applied in both conditions when 

the damping matrices are of full rank or rank deficient. The advantage of the proposed method 

over the traditional mode superposition method is that the final recurrence formulas to be 

solved contain nothing but a linear combination of the system matrices. It will be demonstrat-

ed by a numerical example that the proposed method shares the same accuracy with exact 

values but is of greater efficiency. 

The paper is organized as follows: in Section 2, we will quickly review some preliminary 

concepts and definitions of various damping models and its corresponding state-space formal-

ism. A direct time-domain approach for various damping models is proposed to calculate the 

dynamic response of the systems in Section 3. We briefly summarize the method in Section 4 

to make it convenient to be coded up. The results of a numerical example are presented in 

Section 5 in order to assess the performance of the proposed method. The paper ends with 

some conclusions in section 6. 

2 REVIEW OF THE STATE-SPACE FORMALISM 

The equations of motion of an N-degree-of-freedom linear system with various damping 

models can be expressed by  

 1
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N Nt   is the displacement vector, M
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stiffness matrix, 
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N N  is the frequency-independent damping matrix, N N
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coefficient matrices of frequency-dependent damping, ( )kg t  is the kth damping kernel func-

tion, ( )f t  is the forcing vector.  

In fact, any causal model which can make the energy dissipation function nonnegative, may 

be considered as a candidate for a damping model. So far, several physically realistic mathe-

matical forms of damping models are available in the literature. The Biot model [2, 3] can be 

given by 
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The GHM model [4, 5] and ADF model [6, 7]can be respectively expressed as 
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where 
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2 2
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The uniform way of expressing damping models including the exponential damping model, 

Biot model, GHM model and ADF model can be represented by a fraction formula of rational 

polynomials [32] 
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The previous equation can be rewritten as the following form based on the theory of minimal 

realization 
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where ,E W k kq q

k k


 and vectors ,P Q k kq q

k k


 . 

It should be noted that the coefficient of the highest order denominator can be normalized to 1, 

which has  
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The other matrices and vectors can be expressed as 
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In the actual mechanical structure, the damping materials are only a small part of the whole 

system. As a result, the coefficient matrix of frequency-dependent damping is rank deficient. 

We assume that in general  

 
( ) , 1,Ck kr rank N k n   

  (8) 

Thus, the coefficient matrix Ck  has the rank-revealing decomposition 
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k k k
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where ,L R kN r
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  are of full column rank kr .  

Eq.(1) can be represented in the first-order form as 
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1 21 1 2 2( ) , ( ) , , ( )R R I P R I P R I P
n

T T T

r r n r n
       

The symbol   in the previous expression denotes the Kronecker product. 

3 DIRECT TIME-DOMAIN APPROACH 

First, assume the displacement and the velocities vectors at random time t can be expressed by 

the linear approximations 

 
1( ) (1 )u u uj j

t t
t

h h
  

  (11) 

and 

 
1( ) (1 )v v vj j

t t
t

h h
  

  (12) 

The internal variables ( )y t  can also be written in a linear manner 

 
1( ) (1 )y y yj j

t t
t

h h
  

  (13) 

The step size / Ndh T , where T  equals the time which the response calculation is required 

and dN  is the number of divisions in the time axis. In order to simplify the calculation, in this 

paper, we only consider the constant time-steps. To get the totally discretized one-step formu-

lation which allows 1z j  to be calculated by z j , the last and the next step considers the inte-

gration of the  Eq.(10) with respect to the time interval with  / , 1t h j j  . The trapezoidal 

rule of numerical integration is used. 
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1 , ( )d

2 2
B A z B A z i i r

(j+1)h

j j r r
jh

h h
t t

   
       

   


  (14) 

where 

 0 0 0, , , ,z u v 0 0
T T T T T      (15) 

Eq.(14) can be used to compute ( )z t  at discrete time. 

Combining Eq.(10) and the second row of Eq.(14), we can get the following expression 

 
1 1

2
[ ]v u u vj j j j

h
   

  (16) 

The third row in Eq.(14) is used to express the internal variables inters of the displacements as 

 

1 1 1 1

1 1( ) [ ( ) ( ) ]
2 2

y E W I E R u u E W I y
T

j y j j y j

h h   

      
  (17) 

If we denote
1 1 1

1 2( ) , ( )
2 2

a E W I a E W Iy y

h h      , Eq.(17) can be expressed as 

 
1

1 1 1 2[ ( ) ]y a E R u u a y
T

j j j j



    
  (18) 

Substituting Eq.(16) into the first row of Eq.(14), we can receive a totally discretized one-step 

formulation of the displacements 1u j  

 3 1 3 4 4 1( ) 2a u a K u Mv a y a yj j j j jh     
  (19) 

where  

 

1

3 0

2
( )

2
a C LE R M K

T h

h

   
  (20) 

 
1

4a LE W


  (21) 

Substituting Eq.(18) into Eq.(19), we have 

 
 

1 1

3 4 1 1 3 4 1

4 4 1 2

2

( )d

a a a E R u a a a E R K u Mv

a a a a y f

T T

j j j

(j+1)h

j
jh

h

t t

 


          

   
  (22) 

Eq.(22) together with Eqs.(16), (18) allow 1u j  to be calculated by means of u j . The above 

process can be applied in both cases when Ck  matrices are rank deficient or of full rank 
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4 SUMMARY OF THE METHOD 

Based on the procedure mentioned above, the time-domain response of a various damping 

models can be obtained followed by the next steps: 

(1) Transform each various damping model into the formalism of Eq.(5) and obtain the corre-

sponding computing matrices , , , , ,P Q E W L Rk k k k k k  

(2) Compute matrices , , ,E W L R   

(3) Select a sufficiently small time step size h  and construct the computing matrices 

1 2 3 4, , ,a a a a  according to Eqs.(18)-(21) 

(4) Calculate the matrices as 

 
1

1 3 4 1S a a a E R
T      (23) 

 
1

2 3 4 1 1S a a a E R K S K
T h h         (24)

 

  3 4 4 1 2S a a a a    (25) 

(5) Solve for displacements 

 

1

1 1 2 32 ( )dS u S u Mv S y
(j+ )h

j j j j
jh

f t t     
  (26) 

Velocities 

 
1 1

2
v u u vj j j j

h
 

    
  (27) 

Auxiliary variable 

 1

1 1 1 2( )y a E R u u a y
T

j j j j



 
        (28) 

5 NUMERICAL EXAMPLE 

A four DOF system with two different damping models is considered as shown in Fig.1. 

The equations of motion of this model system can be expressed by Eq.(1). The system matri-

ces are given by 
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2

1 0

1

2

2
, , ( ) ,

2

2

M K

e e

e e e k

ke e e k

e e

k km

k k km a
G s a

k k km s b

k km



  
    
     
     
  

   

  

2

1 2 2

1

1 1 0 0 0 0 0 0

1 1 0 0 0 0 0 0
, ( ) ,

0 0 0 0 0 0 1 1

0 0 0 0 0 0 1 1

C C
j

j j

G s
s





   
   

     
   
   

   

  

Here 2 4 4

0 1 21kg, 100 N/ m, 1.497 10 , 1.0132 10 , 1.2022 10 ,m k a a a         

1 2 15.5893, 102.59, 5b b     and 2 100  . It should be noted that 1( )G s  is a Biot damping 

model and 2 ( )G s  is an exponential damping model both with two series. Obviously, both the 

damping coefficient matrices are rank deficiency with 1 1( ) 1 4Cr rank    

and 2 2( ) 1 4Cr rank   . The order of the system matrices expressed by Eq.(10) in the state-

space can be obtained as 2 4 (2 1 2 1) 12m        .  

x1

m

ke
ke

ke

x2 x3 x4

mmm

G1 G2

ke ke

 

Figure 1：A four DOF system with two different damping models 

We consider the dynamic response of the system subjected to a unit impulse excitation at the 

first DOF. The unit impulse excitation can be equally transformed into an unit initial dis-

placement according to the theorem of impulse, that is,  0 0( ) , , 1,0,0,0f 0 u 0 vi


   . The 

response of the four masses are obtained using the above proposed direct time-domain ap-

proach with time step 0.01h s .  

1416



Zhe Ding, Li Li and Yujin Hu 

 

 

Figure 2： Displacement at the first DOF. 

Fig.2 shows the response of the first DOF as a function of time. The results of the system on 

the same initial condition are obtained using the exact state-space mode superposition method 

and shown in the same figure. The eigenvalues and eigenvectors of the four DOF system are 

list in paper [32]. However, for large-scaled problems, it is often unnecessary and impossible 

to obtain all the eigenpairs of the system, the high-order mode truncation problem is frequent-

ly encountered and leads to errors [33-36]. But for the proposed direct-time domain method 

for various damping models, we need not compute the eigensolutions which will be a signifi-

cant advantage over the traditional superposition method. 

It is shown that the results obtained using both approaches match with excellent accuracy. The 

time-domain method proposed in this paper has a higher efficiency because the computation 

of state-space eigensolutions is avoided. 

6 CONCLUSIONS  

In this paper, a direct time-domain formulation of linear viscoelastic systems with various 

damping models has been presented. The various damping models described by a fraction 

formula of rational polynomials are attempting to express different damping models in a uni-

form way. The proposed method is on the base of an extended state-space formulation of var-

ious viscoelastic damping models. The method can be utilized in both conditions when the 

damping matrices Ck  are of full rank or rank deficient. The advantage of the proposed meth-

od over the traditional mode superposition method is that the final recurrence formulas to be 

solved contain noting but a linear combination of the system matrices , ,M C Kk  and time-

stepping scheme h. We do not need to compute the eigenvalues and handle the non-viscous 

modes of the viscoelastic models. Thus, although the problem is originally organized in the 

extended state-space, the final solution is in effect implemented in the original reduced physi-

cal space. Finally, a four DOF system with two different damping models is used to show the 

validity of the proposed method. 
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Abstract. Time integration is a versatile tool in transient analysis of structural systems. Con-
siderable computational cost is a weak point for time integration. To reduce the computa-
tional cost of analyses against digitized excitations, a technique is proposed in 2008. 
Experiences on the implementation of the technique in seismic analysis of frames, multistory 
buildings, silos, bridges, space structures, reservoirs, etc. implies the adequate performance 
of the technique. The objective in this paper is to study the performance in implementation in 
seismic analysis of cooling towers. The study is in progress; still the achieved results display 
the good performance of the technique, when applied to a cooling tower analysis against 
earthquake records. 
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1 INTRODUCTION 

Time integration is the most versatile tool to analyze the transient behaviors of semi-
discretized structural models. Nevertheless, the computational costs are considerable, and the 
responses are approximations. In a review on the time integration process, after discretization 
of the mathematical models in space, by methods such as finite elements, finite volumes, and 
boundary elements, we arrive at the semi-discretized models, typically stated below: 

 

                )()()( int ttt ffuM =+ ,                       endtt ≤<0  

Initial conditions:    

0intint

0

0

)0(

)0(

)0(

ff

uu

uu

==
==
==

t

t

t

  

Additional constraints:  Q 

(1)

where,  t and endt  imply the time and the duration of the dynamic behavior, M is the mass ma-

trix, ( )tintf  and )(tf  stand for the vectors of internal force and excitation, u(t), )(tu , and )(tu  

denote the vectors of displacement, velocity, and acceleration; 0u , 0u , and 
0intf  define the 

initial status of the model (regarding the essentiality of considering 
0intf  in Eqs. (1), see [1, 2]), 

and Q represents the nonlinearity restrictions, e.g. see [3, 4]. Time integration determines the 
status at discrete time instants ttt ΔΔΔ 3,2, …. ( tΔ  stands for the integration step size), ac-
cording to approximate formulations, introducing the integration method [5-8]. Because of the 
approximation, the integration step size cannot be large; and, because of the step-by-step na-
ture, and the resulting high computational cost, the step size cannot be desirably small. Con-
sidering this, and the unconditional stability of conventional time integration methods (see  
[8, 9]), the integration step size is basically being obtained from: 

 tΔ = 














impactin  involved problemsnonlinear           
1000

problemsnonlinear                                    
100

problemslinear                                             
10

T

T

T

 
(2)

where, T is the smallest period with considerable contribution in the response [5, 7, 9-11]. In 
some practical cases, e.g. time integration analysis against earthquake records, where, 

 ( ) ( )tt guMf Γ−=  (3)

and ( )tgu  denotes the vector of ground motion at some different degrees of freedom (unless in 

multi-support excitations, gu  reduces to a function of time) and Γ  is a matrix implying the 

effect of ground motion at different degree of freedom [12], )(tf  is available as a vector of 
digitized records, and Eq. (2) is being replaced with  

 ),(min
χ
T

tt f Δ=Δ  (4)
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where, tf Δ  implies the step size, by which, )(tf  is digitized, and in view of Eq. (2), 

 =χ







impact in involved problemnonlinear      0001

problemnonlinear                                     001

problemlinear                                            01

 (5)

When, tf Δ  governs Eq. (4), some additional computational cost, e.g. about 

 
0>

Δ
Δ−
t

tT

f

f

χ
χ

 (6)

for linear problems is being dictated to the analysis, specially, in order to take into account the 
total information of )(tf ; see also [13]. 

In 2008, a technique is proposed for reducing the above-mentioned additional considerable 
computational cost, while taking into account the total earthquake record, and not sacrificing 
considerable accuracy (compared to analyses with steps obtained from Eq. (4)) [13-16]. The 
past experiences on implementation of the technique were successful; see Table 1. In con-
tinuation of the different case studies reported in Table 1 and with attention to the importance  
 

System(s) analyzed The cost reduction (%) Source 
SDOF system 75 [14] 
2-DOF nonlinear system 49.27 [14] 
Eight storey shear frame 80 [17] 
Thirty-storey building 50 [18] 
3-component earthquakes 66.7 [19] 
Silo 77.65 [20, 21] 
Water tank 66.7 [16, 22] 
Building in pounding  12.7 [23] 
Bridge with linear and nonlinear behaviors 45-80 [24-26] 
Power stations > 50 [27] 
Regular residential buildings 50-87 [28, 29] 
Bridges with pre-stressed elements, subjected 
to multi-support excitation and nonlinearities 

30-70 [30] 

Residential building with irregularities in height 50-80 [31] 
Space Structures >50 [32] 
A telecommunication tower >50 [33] 

 
Table 1: Experiences on the computational cost reduction technique proposed in [14]. 

 
of cooling towers in industry as well as the considerably large and complicated structure sys-
tems (with high number of degrees of freedom) of cooling towers, in this paper, the authors 
intention is to answer to the following questions: 
1. Whether for cooing tower, tf Δ  can be the governing term in Eq. (4). 

2. Whether, if the response to the first question is positive, the performance of the technique 
proposed in [14] can be adequate, when implemented in transient analysis of cooling towers, 
against earthquake records.  
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A real cooling tower, two real ground motions and an integration method, are taken into 
account as the basis of the study. The models, and the structural behaviors, are briefly ad-
dressed in Section 2; the consequence of implementation of the computational cost reduction 
technique is reported in Section 3; the observations are briefly discussed in Section 4; and fi-
nally, the paper is closed in Section 5 with a brief set of the conclusions. 

2 THE MODELS 

The cooling tower, displayed in Fig.1, is constructed in Gazvin, Iran, with the construction 
end at about 2011, and the main structural properties as addressed in Table 2. (There is no 
special reason for the selection of this cooling tower, unless the availability of the computer 
finite foment model.) With attention to the existing recommendations regarding analysis 
methods in studies of tall structural system [35], the ground motions are considered, as dis-
played in Fig. 2, where gu  stands for the ground acceleration, and g implies the gravity con-

stant. The almost exact responses obtained from time integration with very small integration 
steps are as displayed in Fig. 3 and linear in view of the superposition principle [36]. 

 
 

 
 
 
 
 
 

 
 
 
 

 
Figure 1: The cooling tower under study: (a) 3 D appearance, (b) planer cross section from top.   

  
 

External Diameter (m) Height 
(m) 

Base Top Mid height 

Wall  
thickness (m) 

Occupancy Soil type 
Structural  

system 
Finite  

element 

146 95 59.5 49.5 3 
Power Plant 

(steam) 
III [34] 

Concrete  
Shell with  

Steel Cover 
Shell 

 

Table 2: Main structural properties of the cooling tower in Fig. 1. 
 

 
 
 
          
 
 
 
 

 

Figure 2: The ground strong motions taken into account: (a) an E1 Centro record, (b) a Kobe record. 
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Figure 3: Almost exact responses against: (a) the ground motion in Fig. 2(a), (b) the ground motion in Fig. 2(b). 
 
 
And finally for time integration analyses (numerical model), the average acceleration 

method of Newmark [37] with the formulation below [5, l2, 37]: 
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βγ
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(7)

( iM , iC , and iK  respectively represent the mass damping and stiffness matrices at the i th 
step, γ  and β  stand for the parameters of the Newmark method, and each top dot implies 
once differentiation with respect to time) is considered as the analysis tool. 

3 RESULTS OF THE NUMERICAL STUDY 

As mentioned in the ending lines of Section 2, the behaviors of the cooling tower against 
both records are linear. Accordingly, in Eq. (4), 

 10=χ  (8)
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With attention to Fig. 3, the values of T  are addressed in Table 3. Considering Table 3 and 
01.0,02.0=Δtf  respectively for the records in Figs. 2(a) and 2(b), obviously tf Δ  is smaller 

than 
χ
T

 in all cases. Therefore, the response to the first question in Section 1 is positive and 

we are to proceed to the second question. 
 

 

Response Fig. 2(a) as Earthquake record Fig. 2(b) as Earthquake record  

A top displacement 0.25 0.5 

A top acceleration - 0.5 

 
Table 3: Values of T in different cases. 

 
 

In view of the above mentioned values of tT f Δ,, χ  and the recommendations on the 

maximum values to be assigned to the enlargement values [24], n  

 
t

t
n

f Δ
Δ=  (9)

the selections below:  

 5,4,3,2=n  (10)

are considered in the numerical study. The finite element model of the cooling tower is ana-
lyzed by the average acceleration method of Newmark [5, 12, 37], with integration steps equal 
to  

 tnt f ΔΔ =
 (11)

while, for changing the records digitized at steps sized tΔ  to records digitized at tn f Δ  the 

technique proposed in [14] is implemented. The resulting responses are as displayed in 
Figs. 4-6, respectively for top displacements obtained under the effect of the El Centro 
(Fig. 2(a)) and the Kobe (Fig. 2(b)) record, and a top acceleration because of the Kobe record 
(Fig. 2(b)). The corresponding reductions of computational costs are addressed in Table 4. 
Obviously, the performance is adequate. Even, the inaccuracy in the case 5=n  and 
partly 4=n , more considerable for analysis against the record in Fig 2 (b) is acceptable, with 
attention to the fact that with a closer look to Figs. 3, 

 




≅
<

Δ 2(b) in Fig. excitation for the   3.2

2(a) in Fig. excitation for the    2

t

T

fχ
 (12)

Consequently in response to the second question in Section 1, we can claim that the perform-
ance of the computational cost reduction technique can be adequate in transient analysis of 
cooling towers’ structural system against ground motions.  
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Figure 4: A top displacement obtained from average acceleration analysis of the model introduced in Fig. 1 and 
Table 2 against the record in Fig. 2(a): (a) 2=n ,  (b) 3=n , (c) 4=n , (d) 5=n .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: A top displacement obtained from average acceleration analysis of the model introduced in 
Fig. 1 and Table 2 against the record in Fig. 2(b): (a) 2=n ,  (b) 3=n , (c) 4=n , (d) 5=n .  
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Figure 6: A top acceleration obtained from average acceleration analysis of the model introduced in Fig. 1 and 
Table 2 against the record in Fig. 2(b): (a) 2=n ,  (b) 3=n , (c) 4=n , (d) 5=n . 

 
 

n 1 2 3 4 5 

Reduction (%) 0 50 67 75 80 

 
Table 4: Reduction of computational costs in Figs. 4-6. 

 

4 BRIEF DISCUSSION 

The observations in Section 3 are evidences for adequate performance of the technique 
proposed in [14]. However, with attention to the vagueness and complexity in the notion and 
computation of T , the fact that the value of tf Δ  might become smaller in future (see [38, 

39]), and finally the less accuracy for the cases 4=n  and 5=n  when subjected to the excita-
tion in Fig. 2(b), it is reasonable to continue investigations towards advanced techniques for 
integration step size enlargement, such that the reduction of computational cost can be pro-
vided in the price of even less sacrifice of accuracy. For further extensions, it is also essential 
to study other cases of cooling towers, earthquake records and integration methods. 
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5 CLOSURE  

• In analysis of cooling towers against ground motion records, the step size needed for the 
accuracy of integration might be larger than the record step size. 

• Implementation of the technique proposed in [14] for reducing the cost of transient analy-
sis of cooling towers against earthquake records might considerably reduce the computational 
cost in the price of negligible loss of accuracy. 

• Further investigations both to enhance the performance of the technique proposed in [14] 
and also to extend the numerical study is essential and recommended. 
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Abstract. Richardson extrapolation is proposed about a century ago and broadly accepted in 
the scientific community as a mean to accelerate the convergence of approximate computa-
tions. Many implementations, generalizations, and applications, of Richardson extrapolation, 
are reported in the literature. In this paper, considering the Taylor series expansion of ap-
proximate computations with respect to the algorithmic parameters, Richardson extrapolation 
is introduced as a tool towards higher accuracies, and the higher orders of accuracy are 
achieved as by-products. On this basis, a new proposition on Richardson extrapolation is 
stated, explained, and demonstrated, in an example. 
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1 INTRODUCTION 

Richardson extrapolation [1, 2], first introduced in the starting decades of the twentieth 
century, is a technique to accelerate sequential computations approach towards exact solutions, 
i.e. increase the order of accuracy and rate of convergence [3, 4]. This is a significant achieve-
ment addressed in the literature as the most usefulness of Richardson extrapolation for practi-
cal computations or turning lead to gold [5, 6]. Some of the applications of Richardson 
extrapolation are different advanced integration methods, e.g. the Romberg method, and a re-
cent error estimation approach [4, 6]. Order of accuracy and its increase would lose its mean-
ing without convergence. However, convergence is an essentiality in approximate 
computations [4, 7, 8] (and this highlights the applicability and versatility of Richardson ex-
trapolation. Convergence implies the potential of arbitrary closeness to the exact solutions, i.e. 

 UU 


a

0
lim


 (1) 

where, aU , and U  respectively stand for the approximately computed and exact solutions, 
and   is the algorithmic parameter [4, 9, 10]. Pictorial representation of Eq. (1) is as noted in 
the convergence plot displayed in Fig. 1, where, E stands for the error [11], i.e. 

 UU  aE  (2) 

q denotes the rate of convergence, such that 

 0qq   (3) 

0q  represents the order of accuracy and the difference between 0q  and q is well studied and 

under control; e.g. see [10, 12, 13], the mid-section of the convergence plot sloped q  in 
Fig. 1 is the region of proper convergence [14], with a length that depending on the problem, 
computational method, and round-off, might even reduce to zero and vanish. The effect of 
Richardson extrapolation on convergence is as typically displayed in Fig. 2; see also [4]. As 
apparent in Fig. 2, Richardson extrapolation seems to have the potential to add the accuracy 
besides the order of accuracy. Based on this consideration, the attempt in this paper is to re-
derive the Richardson extrapolation as a technique to provide more accuracy, and to display 
the resulting higher order of accuracy, as a by-product, and finally, with attention to the essen-
tialities of a specific application, to arrive at a new proposition on Richardson extrapolation, 
present an example, and discuss the practical consequences.  
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Typical changes of solutions errors with respect to the algorithmic parameters. 
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Figure 2: Typical effect of Richardson extrapolation on solutions convergence. 

 
2 AN ACCURACY BASIS FOR RICHARDSON EXTRAPOLATION 

Almost any approximate computation can be stated as noted below: 

  nin
a ppp   ,2,121 ,,,, FU  (4) 

where, nip .2,1  introduce the actual parameters defining the mathematical model, ni  ,2,1  

define the details of the numerical method (model) and   stands for the algorithmic parame-
ter, defined, via Eq. (1). By extending the definition of   to a continuously changing parame-
ter and considering the fact that converging approximate computations are generally well 

behaved at close neighborhood of the exact solutions, we can express aU  in terms of the Tay-

lor series expansion at   0aU , to arrive at  
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also equivalent to: 
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where, 
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and even in a more detailed expression 
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and 

    210 qqq  (10) 

In view of Eqs. (6) or (8), for sufficiently small values of  , the error as introduced in Eq. (2), 
mainly depend on 0C  , not on  1C ,  2C  , . . .  In more detail, by gradually decreasing the 
value assigned to  , the role of iC  decreases starting from the higher values of i (with higher 
exponents of  ), and in some stage, it is only 0C  that contributes E (in continuation, the role 

of 0C  will also vanish at convergence; see. Eq. (1)). This is in complete consistence with 
Fig. 1 and specifically the mid-section implying proper convergence. The role of ,2,1iC  is 

never zero; however, in view of Eq. (10), is negligible, depending on the problem at hand and 
the difference between 0q  and ,2,1iq . Accordingly, if in defining a new computational 

method we can eliminate the term 0
0

qC  from the right hand side of Eq. (8), and at the same 
time, guarantee a reasonably moderate change in 1C , we would be able to expect more accu-
racy from the resultant of the elimination.  

With this idea, consider two computations for one problem by one computational method, 
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10

212022

111011
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qqaa





CCUUU

CCUUU
 (11) 

and define a new computation, aR
1U , for that problem, as stated below: 

   aaaR
211 UUU    (12) 

where,   and   are constants to be determined. In view of Eqs. (5) and (11), in order to pre-
serve convergence to the exact solution U, it is essential to be restricted to  

   1   (13) 

and since, in Eq. (8), OC 0  (see Eq. (1)), in order to omit the terms with exponent 0q , it is 
essential to satisfy  

   000
21  qq   (14) 

Consequently, from Eqs. (13) and (14), 
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and hence from Eq. (12), 
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is a candidate for more accurate solution. The resulting change in the term 1
1

qC  is as noted 

below ( 1CR  is the coefficient of second converging term in the Taylor series expansion of 
aR
1U  with respect to  ; see also Eqs. (6), (8) or (11)) :  

   
100

1010

121

1221

1

1 1
qqq

qqqqR














C

C
 (17) 

which considering  

   1,21  rr   (18) 

leads to  

   1
1

1 10

10

1

1










qq

qqR

rr

rr

C

C
 (19) 

that taking into account that   is small (at convergence) and r and 0q  are finite, implies the 

decrease of 1C , specifically in the mid-section in Fig. 1. Accordingly, for sufficiently small 

values of  , specifically in the mid-section in Fig. 1, the aR
1U  defined in Eq. (16) will be 

more accurate than a
1U . For aR

1U  the Taylor series expansion can be stated as noted below: 

    321
3211

qqqaR  CCCUU  (20) 

where, C   can be simply computed in a process such that implemented in arriving at Eq. (19), 
and it is worth noting that, in consistence with Eqs. (17)-(19), 

   i
R

i CC   (21) 

In view of Eq. (10), Eq. (20) displays the higher order of accuracy for the computation: 

    ,,1 i
RaR pFU   (22) 

Therefore, it is correct to claim that, aR
1U , being defined based on increasing accuracy (com-

pared to a
1U ), also leads to higher order of accuracy. With attention to Eq. (16), Eq. (21) coin-

cides the Richardson extrapolation addressed in the literature [1-4], herein derived using the 
Taylor series expansion of a computation (in terms of the algorithmic parameter) on the basis 
of accuracy. A more rigorous explanation, especially for higher orders of Richardson extrapo-
lation is the fact that as implied in Eqs. (12)-(16), for Richardson extrapolation of order J , J  
terms are to be omitted from the Taylor series by solving a linear    11  JJ  algebraic sys-

tem. However, with attention to the role and restrictions on   and iq , there is only one set 
of 1 , 2 , . . .  1J  to appropriately combine the solutions  1

aU ,  2
aU , . . .  1J

a U , and 

hence, any other appropriate combination of  1
aU ,  2

aU , . . .  1J
a U  should not exist, 

and consequently, the proposed approach and Richardson extrapolation lead to identical for-
mulation regardless of the order of Richardson extrapolation. 

Finally, it is worth noting that the presented derivation has also a geometrical explanation. 
In view of Fig. 1, for enhancement of accuracy in the proper convergence region of the con-
vergence plot (more valid for smaller values of  ), there is no way but to make the slope of 
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convergence trend more steep; the opposite is also correct. Albeit Richardson extrapolation is 
merely one alternative to enhance the accuracy and order of convergence; see also [15]. 

3 THE RESULTING PROPOSITION 

In Section 2, Richardson extrapolation is introduced as the process of elimination of non-
zero converging terms from the Taylor series expansion of the computation with respect to the 
algorithmic parameter, by linear combination of the computations at different values of the 
algorithmic parameters, while the elimination is started from the smallest exponents. This is 
summarized in the relations below: 
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 (23) 

where, J is a positive integer, denoting the order of Richardson extrapolation, and meanwhile, 
the original computation can be considered as the Richardson extrapolation of order zero, i.e.  

   aaR
UU 0  (24) 

all in consistence with the formulation presented for Richardson extrapolation [1-4]. In other 
words, for arriving at Richardson extrapolation of order J, the ordinary computation need to 
be considered at J+1 values of   and then the computations should be combined linearly, 
such that to preserve convergence and eliminate the J terms 1,2,1,0,  Jiiq

i C  from the 
combination. From this perspective, it seems obvious that the J terms can be eliminated in 
many ways, e.g. all together with one computation, one by one in J separate stages, etc., all 
resulting in identical results [6, 16].  Consequently, the J th order Richardson extrapolation is 
identical to the 1st order Richardson extrapolation of the J-1 th order Richardson extrapolation.  

The above idea, or to say better claim, is true, because: (1) linear combination of linearly 
combined computations is a linear combination of the starting computations, (2) linear com-
bination of 1J terms such that to preserve convergence and omit 110

110 ,, 
 Jq

J
qq  CCC  , is 

unique, and hence, there is no difference, whether to arrive at Richardson extrapolation by 

directly omitting 110
110 ,, 
 Jq

J
qq  CCC    terms using an appropriate linear combination, 

or first computing a Richardson extrapolation of order J-m 

   Jm 0  (25) 

and omit J-m  terms and then compute the Richardson extrapolation of order J, by computing 
the Richardson extrapolation of order m of the Richardson extrapolation of order J-m, i.e.  

    aRRaR mJmJ UU   (26) 

A direct extension of Eq. (26) is as stated below: 

   











































 aR

RRR

aR Nm

m
m

m

Nmmmm UU




3
2

1

321  (27) 

Equation (27) is essential in formation of a recent convergence purification method [17, 18]. 
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4 NUMERICAL STUDY 

Direct time integration is a versatile approach in analysis of structural systems against 
earthquake-induced ground motions [19, 20], and average acceleration [21], central difference 
[22], Wilson-  [23-26], HHT [27], and C-H [28] methods, are of the broadly accepted time 
integration methods [20, 29-33]. In general, the responses obtained from time integration are 
approximations, and hence, the concepts of convergence, Richardson extrapolation, and that 
stated in Sections  2 and 3, are to be applicable; see also [3, 4, 34, 35]. Considering these, the 
structural system, introduced in Fig. 3(a) and Table 1, is analyzed against the ground motion 
introduced in Fig. 3(b), once by the average acceleration method and then again by the C-H 
( 8.0 ) method. Since, in time integration analyses, the integration step size implies the al-
gorithmic parameter [10], i.e. 

   t  (28) 

the results of Richardson extrapolation of second order is first computed directly, in view of 
the relation below [4]: 

   
 
  11010

1010
2 123




 



qqqq
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U  (29) 

where, 
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 (30) 

and the values of 0q  and 1q  for the two integration methods are as noted below [36]: 

     3,2:0.8ρ CH

4,2:onaccelerati Average

10

10





qq

qq
 (31) 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 3: The structural system in the numerical study: (a) the structure, (b) the ground motion. 

Floor 1 2 3 4 5 6 7 
Mass 310 (Kg) 2068 2064 2060 2056 2052 2048 2044 

Stiffness 610  (N/m)  840 820 700 680 660 640 620 

Table 1: Main properties of the structure in Fig. 3(a). 
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and then by implementing the first order Richardson extrapolation (see Eq. (16) and [4]) to 
the resultant of first order Richardson extrapolation. The results together with the convergence 
trends are reported in Tables 2 and 3 and Figs. 4 and 5, where, the response under considera-
tion is as noted below 

   









ShearBaseFinal

ntDisplacemeTopMaximumaU  (32) 

addressed as the top and bottom values in each cell of Tables 2 and 3. By comparing the last 
two columns in each table, it becomes apparent that Eq. (26) holds for both of the two time 
integration computations. This is a simple clear evidence for the validity of Eqs. (26) and (27). 
Similarly, and besides the theoretical discussion presented in Section 2, Figs. 4 and 5 imply 
the validity of the addressed accuracy basis and indeed the equivalence between the two ap-
bases (accuracy-based and order of accuracy-based) leading to Richardson extrapolation. 

t  a
1U  a

2U  a
3U  aR

U1   aRR
U11  aR

U2  
- - 0.26570572 - - - 

0.02 
- - -6633587.8 - - - 
- 0.26570572 0.27267107 0.27499285 - - 

0.01 
- -6633587.8 -10209.648 2197583.07 - - 

0.26570572 0.27267107 0.27284983 0.27290942 0.27277053 0.27277053 
0.005 

-6633587.8 -10209.648 848092.950 1134193.82 1063301.20 1063301.20 
0.27267107 0.27284983 0.27298766 0.27303360 0.27304188 0.27304188 

0.0025 
-10209.648 848092.950 500907.284 385178.729 335244.390 335244.390 
0.27284983 0.27298766 0.27303644 0.27305270 0.27305398 0.27305398 

0.00125 
848092.950 500907.284 -929445.92 -1406230.3 -1525657.6 -1525657.6 
0.27298766 0.27303644 0.27304956 0.27305393 0.27305401 0.27305401 

0.000625 
500907.284 -929445.92 -1276705.6 -1392458.8 -1391540.7 -1391540.7 
0.27303644 0.27304956 0.27305302 0.27305417 0.27305419 0.27305419 

0.0003125 
-929445.92 -1276705.6 -1360811.4 -1388846.7 -1388605.9 -1388605.9 

Table 2: Comparison of the two approaches in computation of second order Richardson extrapolation in analysis 
of the system in Fig. (3) by the average acceleration method. 

 

 
 
 
 
 
 
 
 
 

Figure 4: Convergence plots corresponding to Table 2: (a) Maximum top displacement, (b) Final base shear. 
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t  a
1U  a

2U  a
3U  aR

U1   aRR
U11  aR

U2  
- - 0.26515318 - - - 

0.02 
- - -6602365.4 - - - 
- 0.26515318 0.27265911 0.27516110 - - 

0.01 
- -6602365.4 -1307192.0 -1307191.9 - - 

0.26515318 0.27265911 0.27284168 0.27290253 0.27257988 0.27257988 
0.005 

-6602365.4 -1307192.0 413986.707 987712.942 1315556.51 1315556.51 
0.27265911 0.27284168 0.27298421 0.27303173 0.27305018 0.27305018 

0.0025 
-1307192.0 413986.707 600791.175 663059.330 616680.243 616680.243 
0.27284168 0.27298421 0.27303546 0.27305254 0.27305551 0.27305551 

0.00125 
413986.707 600791.175 -903083.30 -1404374.8 -1699722.5 -1699722.5 
0.27298421 0.27303546 0.27304931 0.27305393 0.27305412 0.27305412 

0.000625 
600791.175 -903083.30 -1270409.8 -1392852.0 -1391205.9 -1391205.9 
0.27303546 0.27304931 0.27305296 0.27305418 0.27305421 0.27305421 

0.0003125 
-903083.30 -1270409.8 -1359262.9 423470.293 682944.905 682944.905 

Table 3: Comparison of the two approaches in computation of second order Richardson extrapolation in analysis 
of the system in Fig. (3) by the C-H ( 8.0 ) method. 

 

 

 

 

 

 

Figure 5: Convergence plots corresponding to Table 3: (a) Maximum top displacement, (b) Final base shear. 

 

5 CONCLUSION 

 Richardson extrapolation can be considered as the process of elimination of terms from 
the Taylor series expansion of the computation with respect to the algorithmic parameter, 
starting from the smallest exponents of the algorithmic parameter in the Taylor series. 
From this point of view, further accuracy in the proper convergence region as well as 
higher order of accuracy can be considered as the basis of Richardson extrapolation. 

 Richardson extrapolation of order J, where J is a positive integer larger than one, can be 
obtained either directly or by first computing the Richardson extrapolation of a positive 
integer less than J, i.e. m, and then computing the Richardson extrapolation of order 

mJ   of the resultant. This can be extended; the number of the stages of implementation 
of Richardson extrapolation can be as large as J, at which case, in view of Eq. (26), 
Richardson extrapolation will be implemented sequentially for J times. 

 

 

(a) (b)

E
 (

%
) 

E
 (

%
) 

t t

2nd order Richardson extrapolation1st order Richardson extrapolationOriginal  

1.E-07

1.E-05

1.E-03

1.E-01

1.E+01

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00
1.E-05

1.E-03

1.E-01

1.E+01

1.E+03

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00

1440



A. Sorouhian 

REFERENCES  

[1] L.F. Richardson, J.A. Gaunt, The deferred approach to the limit. Philosophical Transac-
tions of the Royal Society of London, 226, 299–361, 1927. 

[2] L.F. Richardson. The approximate arithmetical solution by finite differences of physical 
problems including differential equations, with an application to the stresses in a ma-
sonry dam. Philosophical Transactions of the Royal Society of London, 210, 307–357, 
1910. 

[3] C. Brezenski, M. Redivo Zagalia, Extrapolation methods: theory and practice. North-
Holland, 1991. 

[4] A. Soroushian, P. Wriggers, J. Farjoodi, Asymptotic upper bounds for the errors of  
Richardson extrapolation with practical application in approximate computations. Inter-
national Journal for Numerical Methods in Engineering, 80, 565-595, 2009. 

[5] G. Birkhoff, G.C. Rota, Ordinary differential equations. John Wiley & Sons, 1978. 

[6] W.H. Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery, Numerical recipes in For-
tran The Art of Scientific Computing, 4th Edition. Cambridge University Press, 1992. 

[7] P. Henrici, Discrete variable methods in ordinary differential equations, Prentice-Hall, 
1962. 

[8] J.C. Strikwerda, Finite difference schemes and partial differential equations. 
Wadsworth & Books/Cole, 1989. 

[9] C.W. Gear, Numerical initial value problems in ordinary differential equations. Pren-
tice-Hall, 1971. 

[10] A. Soroushian, A technique for time integration with steps larger than the excitation   
steps. Communications in Numerical Methods in Engineering, 24, 2087-2111, 2008. 

[11] A. Ralston, P. Rabinowitz, First course in numerical analysis. McGraw-Hill, 1978. 

[12] W.L. Wood, Practical time stepping schemes. Clarendon, 1990. 

[13] S.N. Penry, W.L. Wood, Comparison of some single-step methods for the numerical so-
lution of the structural dynamic equation. International Journal for Numerical Methods 
in Engineering, 21, 1941-1955, 1985. 

[14] A. Soroushian, Proper convergence a concept new in science and important in engineer-
ing. D. Tsahalis ed. 4th International Conference from Scientific Computing to Compu-
tational Engineering (4th IC-SCCE), Athens, Greece, July 7-10, 2010. 

[15] A. Soroushian, Convergence with non-integer rates. D. Tsahalis ed. 4th International 
Conference from Scientific Computing to Computational Engineering (4th IC-SCCE), 
Athens, Greece, July 7-10, 2010. 

[16] G.H. Golub, C.F. Van Loan, Matrix Computations, Third Edition. John Hopkins Uni-
versity Press, 1996. 

[17] A. Soroushian, Purification of convergence an approach towards reliable error evalua-
tion. E. Onate, X. Oliver, A. Huerta eds. 11th World Congress on Computational Me-
chanics (WCCM XI), Barcelona, Spain, July 20-25, 2014. 

[18] A. Soroushian, Purification of convergence: from definition to consequences. (to be 
submitted) 

1441



A. Soroushian 

[19] J. Chung, G.M. Hulbert, A family of single-step Houbolt time integration algorithms for 
structural dynamics. Computer Methods in Applied Mechanics and Engineering, 118, 1-
11, 1994. 

[20] A.K. Chopra, Dynamics of structures: theory and application to earthquake engineering. 
Prentice-Hall, 1995. 

[21] M.N. Newmark, A method of computation for structural dynamics. Journal of Engi-
neering Mechanics (ASCE), 85, 67-94, 1959. 

[22] R.W. Clough, Numerical integration of equations of motion. Lectures on Finite Element 
Methods in Continuum Mechanics, University of Alabama, pp. 525-533, 1973. 

[23] E.L. Wilson, A computer program for the dynamic stress analysis of underground struc-
tures, Report No. 68-1. University of California, Berkeley, 1968. 

[24] K.J. Bathe, E.L. Wilson, Stability and accuracy analysis of direct integration methods. 
Earthquake Engineering and Structural Dynamics, 1, 283-291, 1973. 

[25] E.L. Wilson, I. Farhoomand, K.J. Bathe, Non-linear dynamic analysis of complex struc-
tures. Earthquake Engineering and Structural Dynamics, 1, 241-252, 1973. 

[26] A. Soroushian, J. Farjoodi, K. Bargi, M. Rajabi, A. Saaed, M. Arghavani, 
M.M. Sharifpour, Two versions of the Wilson-  time integration method.  J. Náprstek, 
J. Horáček, M. Okrouhlík, B. Marvalová, F. Verhulst, J.T. Sawicki eds. 10th Interantio-
anl Conferecne on Vibration Problems. (ICoVP 2011), Prague, Czech Republic, Sep-
tember 5-8, 2011. 

[27] H.M. Hilber, T.J.R. Hughes, R.L. Taylor, Improved numerical dissipation for time inte-
gration algorithms in structural dynamics. Earthquake Engineering and Structural Dy-
namics, 5, 283-292, 1977. 

[28] J. Chung, G.M. Hulbert, A time integration algorithm for structural dynamics with im-
proved numerical dissipation: the generalized- method. Journal of Applied Mechanics 
(ASME), 60, 371-375, 1993. 

[29] T.J.R. Hughes, The finite element method: linear static and dynamic finite element 
analysis. Prentice-Hall, 1987. 

[30] K.J. Bathe, Finite element procedures. Prentice-Hall, 1996. 

[31] R.W. Clough, J. Penzien, Dynamics of structures. McGraw-Hill, 1993. 

[32] J.L. Humar, Dynamics of structures. Prentice-Hall, 1990. 

[33] R.R. Craig, Structural dynamics: an introduction to computer methods. John Wiley & 
Sons, 1981. 

[34] M.N. Bismarck-Nasr, A.M. De Oliveira, On enhancement of accuracy in direct time in-
tegration dynamic response problems. Earthquake Engineering and Structural Dynam-
ics, 20, 699-703, 1991. 

[35] Belytschko and Hughes T. Belytschko, T.J.R. Hughes, Computational methods for tran-
sient analysis, Elsevier, 1983. 

[36] A. Soroushian, Effect of Richardson extrapolation on the convergence of some time in-
tegration methods. D. Tsahalis ed. 6th International Conference from Scientific Comput-
ing to Computational Engineering (6th IC-SCCE), Athens, Greece, July 9-12, 2014. 

1442



ECCOMAS Congress 2016 
 VII European Congress on Computational Methods in Applied Sciences and Engineering 

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.) 
Crete Island, Greece, 5–10  June 2016 

ON THE FREQUENCY CONTENT OF ERRORS ORIGINATED IN A 
TIME INTEGRATION COMPUTATIONAL COST  

REDUCTION TECHNIQUE 

A. Soroushian1, M. Hosseini1, and S.M.H. Khalkhali2 

1 International Institute of Earthquake Engineering and Seismology (IIEES) 
S. Lavasani (Farmaniyeh), North Dibaji, West Arghavan, No. 21, Tehran 19537, Iran 

e-mail: {a.soroushian,Hosseini}@iiees.ac.ir, aramsoro@yahoo.com 

2 School of Engineering, Science and Research Branch of Islamic Azad University 
Hessarak, S. Satari, Tehran 14778, Iran 

e-mail: khalkhali_eng@yahoo.com  

Keywords: Time Integration, Digitized Excitation, Computational Cost, Accuracy, Fre-
quency Content.  

Abstract. The true behavior of structural systems, mainly essential in seismic analyses, is 
nonlinear and dynamic. In analysis of nonlinear dynamic behaviors of structural systems, a 
versatile tool is direct time integration. In spite of the versatility, the responses obtained from 
time integration are approximations and the computational costs are considerable. For 
analyses subjected to excitation available as digitized records, a technique to reduce the 
computational cost with negligible sacrifice of accuracy is proposed in 2008. The technique is 
successfully implemented in seismic analysis of frames, buildings structures, bridges, reser-
voirs, power stations, silos, etc., and undergone theoretical studies from different points of 
view. This is a complementary study that, with the aim of reducing the small errors because of 
the technique and reducing the computational costs even more, numerically investigates the 
frequency content of the errors originated in the computational cost reduction technique. As 
the conclusion, more errors are expectable in lower modes and/or modes with more contribu-
tion in the response. Further extensive study is essential. 
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1 INTRODUCTION 

Time integration is the most versatile approach to analyze the transient behaviors of semi-
discretized structural systems. Nevertheless, the computational efforts are considerable, and 
the responses are approximations. In a review on the time integration process, after discretiza-
tion of the mathematical models in space, by methods such as finite elements, we arrive at the 
semi-discretized models, typically stated below: 

 

                )()()( int ttt ffuM =+ ,                       endtt ≤<0  

Initial conditions:    

0intint

0

0

)0(

)0(

)0(

ff

uu

uu

==
==
==

t

t

t

  

Additional constraints:  Q 

(1)

where,  t and endt  imply the time and the duration of the dynamic behavior, M is the mass ma-

trix, ( )tintf  and )(tf  stand for the vectors of internal force and excitation, u(t), )(tu , and )(tu  

denote the vectors of displacement, velocity, and acceleration; 0u , 0u , and 
0intf , define the 

initial status of the model (regarding the essentiality of considering 
0intf  in Eqs. (1), see [1, 2]), 

and Q implies nonlinearity restrictions, e.g. see [3, 4]. Time integration determines the status 
at discrete time instants ttt ΔΔΔ 3,2, …. ( tΔ  stands for the integration step size), according to 
approximate formulations, introducing the integration method [5-8]. Because of the approxi-
mation, the step size tΔ  can not be large; however, because of the step-by-step nature, and the 
resulting high computational cost, the step size can also not be small. Considering this, and 
the unconditional stability of conventional time integration methods (see [6-9]), the integra-
tion step size recommended is basically obtained from [5, 7, 9-11]: 

 tΔ = 














involved problemnonlinear      
1000

problemnonlinear                     
100

problemlinear                          
10

T

T

T

 
(2)

where, T  is the smallest period with considerable contribution in the response. In some prac-
tical cases, e.g. time integration analysis against earthquake records, where, 

 ( ) ( )tt guMf Γ−=  (3)

(M represents the mass matrix, ( )tgu  denotes the vector of ground motion at some different 

degrees of freedom (unless in multi-support excitations, gu  reduces to a function of time) and 

Γ  is a matrix implying the effect of ground motion at different degree of freedom [12]), )(tf  
is available as a vector of digitized records, and Eq. (2) is being replaced with  

 ),min(
χ
T

tt f Δ=Δ  (4)
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where, tf Δ  implies the step size, by which, )(tf  is digitized, and in view of Eq. (2); 

 =χ







impact in involved problemnonlinear      0001

problemnonlinear                                     001

problemlinear                                            01

 (5)

When, tf Δ  governs Eq. (4), some additional computational cost, e.g. about 

 
0>

Δ
Δ−
t

tT

f

f

χ
χ

 (6)

for linear problems, is being dictated to the analyses, merely, in order to take into account the 
total information of )(tf ; see also [13]. 

 In 2008, a technique is proposed for reducing the above-mentioned additional computa-
tional cost, while taking into account the total earthquake record, and not sacrificing consider-
able accuracy (compared to analyses with steps obtained from Eq. (4)) [13-16]. The past 
experiences were successful; see Table 1. Nevertheless, with the rapid scientific improve-
ments, the value of χ , as well as the value of tf Δ  in Eqs. (4) and (5) is likely to be decreased;  

 
System(s) analyzed The cost reduction (%) Source 
SDOF system 75 [14] 
2-DOF nonlinear system 49.27 [14] 
Eight storey shear frame 80 [17] 
Thirty-storey building 50 [18] 
3-component earthquakes 66.7 [19] 
Silo 77.65 [20, 21] 
Water tank 66.7 [16, 22] 
Building in pounding  12.7 [23] 
Bridge with linear and nonlinear behaviors 45-80 [24-26] 
Power stations > 50 [27] 
Regular residential buildings 50-87 [28, 29] 
Bridges with pre-stressed elements, subjected 
to multi-support excitation and nonlinearities 

30-70 [30] 

Residential building with irregularities in height 50-80 [31] 
Space Structures >50 [32] 
A telecommunication tower >50 [33] 
A cooling tower >50 [34] 

 
Table 1. Experiences on the computational cost reduction technique proposed in [14]. 

 
see also [35]. Accordingly, in view of Eq. (6), more enlargement of digitization step size 
would be desirable, and study towards improvement of the technique proposed in 2008 [14], 
especially for decreasing the even small inaccuracy induced by the technique, can cause con-
siderable practical achievements. Considering this and in view of a recent research reported in 
[16], this paper presents an attempt to point out whether there exists any special distribution 
of the errors in different oscillatory modes. In the next section a brief theoretical discussion is 
presented. Numerical evidences, regarding the discussion in Section 2, are presented in Sec-
tion 3, and the paper is concluded in Section 4. 
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2 BRIEF THEORETICAL DISCUSSION 

In a review on the formulation of the technique proposed in 2008 [14] (for more detailed 

formulation, see [13, 15]), the replacement of the excitation f(t) with the excitation ( )tf
~

, digi-
tized at larger steps, is based on convergence and specifically on convergence of second order. 
In more detail, in view of the Eqs. (35), (38), and (39), in [14], also repeated below:  
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)
10

,min(
T

htnt f ≤Δ=Δ       for linear system 

    )
100

,min(
T

htnt f ≤Δ=Δ       for nonlinear system 

endtt ≤Δ  

 

(9)

and the derivation of this formulation, there is no consideration about the dynamic nature of 
the phenomenon. Accordingly, it sounds reasonable to simply expect more contribution in the 
additional errors because of the technique, from the oscillatory modes contributing more in 
the dynamic behaviors, e.g. the first modes for many behaviors. This is also in consistence 
with Eq. (4), and also the notions of amplitude decay and period elongation [5-9], according 
to which, the higher modes, with lower values of T, are being time integrated more inaccu-
rately and hence the additional errors because of the technique proposed in 2008 [14] are 
comparatively not considerable at the higher modes. Since, this claim is in agreement with a 
recent observations reported in [16], as a step towards profound study and clearing the distri-
bution of the additional errors caused by the technique in different natural modes, some nu-
merical examples are presented, in Section 3. 

3 NUMERICAL EXAMPLES 

3.1 2-D Frame 

The 2D frame introduced in Fig. 1(a) and Table 2 is subjected to the ground acceleration 
displayed in Fig. 1(b) and studied considering linear behavior. The histories of top displace-
ment and base shear reported in Fig. 2, together with Fig. 1(b), lead to  

 2=n     )2( tt f Δ=Δ≡  (10)
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(a) 

 
 
 
 
 
 
 
 
 

(b) 

Figure 1: Structural system in the first example: (a) 2D frame (b) Earthquake record. 
 
 

Members Profiles 
Columns BOX  8x18x1.25 
Beams IPE  360 
Braces BOX  8x8x0.6 

 

Table 2: Profiles of the structural members in Fig. 1(a). 

 

 

 

 

 

 

Figure 2: Responses for the structural system in Fig. 1. 

  
in implementation of the technique proposed in [14]. In Figs. 3 and 4, the responses obtained 
from time integration analyses with the average acceleration method [5-7, 12, 36] and steps 
satisfying Eq. (4) are compared, with the responses obtained, when changing the step sizes to 
step sizes obtained from Eq. (4) after eliminating tf Δ , i.e.  

 tΔ  = tn f Δ  (11)

where, n is to be as stated in Eq. (10). As apparent in Fig. 3, the technique has successfully 
halved the computational cost, in the price of negligible loss of accuracy. Meanwhile, though 
hardly recognizable in Fig. 4, the errors because of the technique are more in lower oscillatory 
modes (higher values of T ); in this example (and for many systems), these are the modes with 
more contribution in the response. 
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Figure 3: Responses computed for the structural system in Fig. 1 by the average acceleration method. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Frequency content of the response displayed in Fig. 3. 
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3.2 3-D Frame 

The study reported in Section 3.1 is repeated for the 3-D frame introduced in Fig. 5(a) and 
Table 2, against the earthquake records in Fig. 5(b) applied in the main directions ( 005.0=Δtf  

sec). The structural members are briefly introduced in Table 3; the structural system is dual 
(moment resisting frame plus bracings) with two-sided slabs at floors; the floors height are 3 
meters and the vertical loads are distributed uniformly on the floors, while the earthquake re-
cords are applied in the main directions, and, in separate studies, the analysis methods are the 
HHT )3.0 ,3025.0 ,6.0( −=== αβγ  and the average acceleration [36, 37]. The almost exact 
responses are as displayed in Fig. 6. In view of Figs. 5(b) and 6 (also see [24]),  

 5=n  (12)

is an appropriate selection in  implementation of the technique proposed in 2008 [14]. The 
resulting responses are as reported in Figs. 7 and 8, respectively, in time and frequency do-
mains, once again, implying the good performance of the technique and the more errors of the 
technique in lower modes. 
 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 

  
 

 

Figure 5: Structural system in the second example: (a) 3D frame, (b) Ground motion. 
 
 

Members Profiles 
Beams IPE 270, IPE 300, IPE 360, IPE 400 

Columns 
BOX 20x20x1.25, BOX 22x22x1.25, BOX 22x22x1.6, BOX 24x24x1.75, BOX 
26x26x2.22 

Braces BOX 12x12x1, BOX 14x14x1, BOX 9x9x1 
 

Table 3: Profiles of the structural members in Fig. 5(a). 
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Figure 6: Top displacement and base shear histories for the second example. 
 
   ——   Ordinary analysis (                  sec) 
   -----     Ordinary analysis after implementation of the technique (                   sec) 
 

 
 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 

 

 
 

 

Figure 7: Time histories of the responses computed for the structural system introduced in Fig. 5 and Table 3 by:  
(a) Average acceleration, (b) HHT. 

  
   ——  Ordinary analysis (                    sec) 
   -----   Ordinary analysis after implementation of the technique (                   sec) 
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Figure 8: Frequency content of the response reported in Fig 7: (a) Average acceleration, (b) HHT. 
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The study is repeated taking into account the nonlinear behavior of the joints as well as the  
P-∆ effect. Merely the P-∆ actually affected the behavior and that only slightly. Accordingly, 
considering the difference between the linear and nonlinear cases in Eq. (2), 

 25.1=n  (13)

is an appropriate selection in the implementation of the technique, proposed in [14], in analy-
sis of the system introduced in Fig. 5 and Table 3 (see also [38]). The results reported in 
Figs. 9 and 10, once again, are evidences for the claim in Section 2. 

 
   ——  Ordinary analysis (                    sec) 
   -----   Ordinary analysis after implementation of the technique (                        sec)  
 

 
 

 
 
 
 
 
 
 
 

 

  
  

 
 
 
 

Figure 9: Time history of the response computed for the nonlinear case of the structural system introduced in 
Fig. 5 and Table 2 by: (a) Average acceleration, (b) HHT.  
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   -----   Ordinary analysis after implementation of the technique (                       sec) 
 

  
 
 
 
 
 
 

  
  
  

 
 
 
 
 
 

Figure 10: Frequency content of the response reported in Fig 9: (a) Average acceleration, (b) HHT. 
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4 CONCLUSIONS 

The performance of a time integration computational cost reduction technique in frequency 
domain is studied via brief theoretical discussion and three examples. Accordingly, it sounds 
reasonable to expect more errors either in lower modes or in modes with high contribution in 
the response; this is not restricted to a specific time integration method and to linear behaviors. 
Towards more efficiency for the technique proposed in [14], further study is essential and 
highly recommended. 
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NUMERICAL SIMULATION OF TRANSONIC BUFFET AND ITS 
CONTROL USING TANGENTIAL JET BLOWING 

Ksenia Abramova1, Kamil Khairullin1, Alexander Ryzhov1, Vitaly Soudakov1 

1 Central Aerohydrodynamic Institute named after prof. N.E. Zhukovsky (TsAGI) 
Russia, Zhukovsky, Zhukovsky str. 1  

{aleksandr.ryzhov, vit_soudakov}@tsagi.ru 

Keywords: buffet, URANS, flow control, tangential jet blowing, transonic flow. 

Abstract. The unsteady interaction between a shock wave and boundary layer over a tran-
sonic wing can lead to the generation of considerable separation zones and periodical shock 
wave motion along the airfoil chord. The phenomenon is called transonic buffet. In the pre-
sent work the buffet phenomenon on a transonic airfoil is simulated numerically using second 
order finite-volume method. Unsteady Reynolds Averaged Navier-Stokes (URANS) equations 
with different turbulence models are integrated. Transonic airfoil P-184-15SR of TsAGI is 
used as a reference geometry with Reynolds number ~2.6×106. The buffet onset boundary is 
calculated for different free-stream Mach numbers. Active flow control method is proposed to 
alleviate the buffet onset. In this method, jet is blown tangentially near the shock wave on the 
upper airfoil surface. Parametric studies are performed. In all cases tangential blowing leads 
to significant lift growth and buffet alleviation. 
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1 INTRODUCTION 

Airfoils at transonic speeds are subjected to the buffet phenomenon, associated with un-
steady shock-boundary layer interaction inducing self-sustained oscillations of separation 
zone under the shock foot on the upper surface of the wing. That leads to significant changes 
of the airfoil performance, i.e. lift, drag and moments. This phenomenon can further lead to 
structural vibrations called buffeting. Wing design standards impose margins between the buf-
feting onset and the cruise condition. As a consequence, a delay in buffeting onset could lead 
to improved aerodynamic performance characteristics that can result in the reduction of wing 
area and hence the friction part of drag. One of the ways of buffet alleviation is flow control. 

The buffet is associated with the shock-boundary layer interaction (SBLI). Up to date a 
number of methods of SBLI control are developed. One of them is a passive method, in which 
a cavity covered with a perforated plate is placed under the shock foot [1]. Grooves and 
stream-wise slots are also well-known passive devices [2]. In all the methods the shock is 
weakened and wave drag is reduced. 2D bumps also lead to the wave drag reduction, but also 
result in too high penalty under off-design conditions [3]. 3D bumps are thoroughly investi-
gated to diminish the penalty [4]. 

Another group of methods is based on the boundary layer energizing to prevent its separa-
tion. Among the most popular are mechanical and fluidic vortex generators (VGs). Mechani-
cal VGs were investigated in [5-6] and proved their efficiency. The main drawback of the 
method is drag increase under cruise condition. Fluidic air-jet VGs and tangential jet blowing 
with position at 15% of the chord length to control SBLI were also considered in [5]. Bounda-
ry layer suction [7] and application of plasma actuators [8-9] were also considered. These 
concepts have multiple advantages, such as optional turning on during cruise regime and op-
eration in a closed-loop strategy to optimize flow control. However, they require additional 
equipment resulting in a weight growth. 

The concepts outlined can be used for buffet control. Mechanical trailing edge device 
(TED) which can change rear loading of an airfoil was considered in [10]. Fluidic VGs with 
air jets along with fluidic TED, where jet was blown on the pressure side, were studied in [11]. 
VGs are shown to be able to delay the buffet onset in the angle of attack domain by suppres-
sion of a separation zone downstream of the shock. In the case of fluidic TED, the separation 
was not suppressed and buffet was alleviated in the lift domain only. 

In the present study buffet is simulated on the transonic supercritical airfoil P-184-15SR of 
TsAGI with the Reynolds number based on the chord Re=2.6×106. Steady and unsteady 
Reynolds averaged Navier-Stokes equations are used with Spalart-Allmaras (SA) and shear 
stress transport (SST) turbulence models. The buffet onset boundary is calculated in a range 
of free-stream Mach numbers from 0.72 to 0.75. Flow control method based on fluidic air-jet 
blowing is proposed to alleviate the buffet onset. The jet is blown tangentially near the shock 
wave on the upper airfoil surface. Buffet alleviation is obtained for these cases.  

2 PROBLEM STATEMENT 

2D geometry investigated is a supercritical airfoil P-184-15SR developed at TsAGI with 
thickness 15% and chord length c=0.2 m. Reynolds number based on free-stream parameters 
and chord length is Re=2.6×106. The baseline geometry corresponds to the smooth airfoil 
(figure 1).  

To simulate the jet blowing, slot is added at x-coordinate Xj=60% of the chord with height 
h=0.15 mm (figure 2). The global mesh (figure 3) is not changed. The only grid nodes down-
stream of slot nozzle are added (figure 4). Computational grid consists of approximately 
200 000 cells. Grid nodes are clustered normal to the surface inside the boundary layer so that 
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Y+
1<1. Grid convergence study showed that the grid size is sufficient for numerical simula-

tions [12]. 

 
 

Figure 1: Smooth airfoil P-184-15SR. 

 

 
 

Figure 2: Slot geometry at Xj=0.6. 

 
 

Figure 3: Grid near the airfoil. 

 
 

Figure 4: Grid near slot nozzle. 

  
RANS and URANS equations are used for simulations. The calculations are carried out for 

the ideal compressible gas with laminar Prandtl number Pr=0.72. Laminar viscosity-
temperature dependence is approximated by Sutherland law with Sutherland constant 110.4 K. 

Numerical solutions are obtained using an implicit finite-volume method. The equations 
are approximated by a second-order shock-capturing scheme. The flux vector is evaluated by 
an upwind flux-difference splitting of Roe. Second order upwind scheme is used for spatial 
discretization of convective terms. Central-differencing scheme is used for diffusion terms. 
The second order time discretization is used for transient simulations. Dual time stepping 
scheme is used. Time step equals to t=2x10-6 s with internal iterations converging up to the 
error ~10-6. Further time steps and error decreasing showed no impact on solutions. 

Two turbulence models were used: Spalart-Allmaras and SST. In RANS simulations, the 
difference between the models for pressure coefficient Ср is relatively small (figure 5). For 
these simulations, free-stream Mach number is M=0.73, angle of attack AoA=4 degrees, lam-
inar-turbulent transition was fixed at x/c=0.15. In URANS simulations, SST model showed no 
buffet at all considered regimes so that SA model was used for further simulations. 
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Figure 5: Cp distribution: M=0.73, AoA=4o, geometry with a slot. 
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Some preliminary RANS calculations were also done to compare the flowfield over the 
baseline geometry and the airfoil with a slot without a jet for M=0.77 and AoA=6 deg. Slot 
was placed at x/c=60% and its height was of the order of magnitude less than the boundary 
layer thickness h=0.15 mm. The difference was small enough (figure 6).  

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1.0

0.8

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

-1.2

-1.4
jet

Cp

X

 baseline geometry
 airfoil with a slot

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
-0.002

-0.001

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.010

 baseline geometry
 airfoil with a slot

jet

Cf
x

X  
Figure 6: Cp and x-component of Cf distributions: M=0.77, AoA=6o, baseline geometry and airfoil with a slot. 

3 BUFFET SIMULATION: BASELINE GEOMETRY 

Buffet characterization on the P-184-15SR airfoil on the base of 2D URANS studies are 
carried out for the cases without jet blowing for the baseline geometry. Summary of these re-
sults on (M, α) plane is shown in Figure 7. Regimes below solid line correspond to regimes 
without buffet, while regimes under solid line correspond to buffet onset. Lift coefficient CL 
convergence history for the case without and with buffet are shown in Figure 8. Buffet fre-
quency was calculated using fast Fourier transformation. It varies from 99 Hz for M=0.72 and 
AoA=5o to 118 for M=0.74 and AoA=4.5o. 

 3

 3.2

 3.4

 3.6

 3.8

 4

 4.2

 4.4

 4.6

 0.72  0.725  0.73  0.735  0.74  0.745

A
o

A

M

Есть бафтинг

Нет бафтинга

 
Figure 7: Buffet onset on (AoA, M) plane: baseline geometry. 
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Figure 8: CL convergence history for regimes without (a, M=0.73, AoA=4o) and with  buffet (b, M=0.73, 
AoA=4.5o). 

 
During the buffet period shock reaches its most upstream and downstream locations (fig-

ure 9). Figure 10a shows Cp distributions on airfoil surface. Blue curve corresponds to the 
mean Cp distribution where Cp is averaged for several periods of shock oscillation. In this case 
the shock is smoothed between the most upstream and downstream locations. Red curve cor-
responds to Cp distribution at time moment in which lift coefficient equals to the mean value. 
It is seen that there is a sufficient difference between these curves. 

It should be noted that the shock motion also leads to the local maximum of the root mean 
square (RMS) of Cp in the region of shock oscillation (figure 10b). 

 
Figure 9: Mach number field evolution during the buffet period: M=0.73, AoA=5°. 

CL CL
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Figure 10: Mean and instantaneous Cp distributions (a) and RMS of Cp (b), M=0.73, AoA=5o. 

 

4 TANGENTIAL JET BLOWING EFFECT 

To control the buffet supersonic jet is blown out of the slot (figure 11) with momentum co-
efficient Cµ=0.0066. The mechanism of buffet alleviation and lift increase is associated with 
the separation zone elimination. As seen in figure 12, longitudinal component of wall friction 
coefficient is above zero downstream the shock for the case with jet blowing, while being 
negative for the baseline geometry. 

 

 
Figure 11: Mach number field near the slot nozzle, M=0.74, AoA=2°, Xj=60%, Cµ=0.0066. 
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Figure 12: X-component of skin friction coefficient: smooth airfoil and airfoil with jet blowing: M=0.73, 

AoA=4.2°. 

 
The mean values of CL and standard deviations of CL are plotted in figure 13. Both for the 

baseline geometry and for the jet blowing, RANS results close to URANS mean values. For 
the baseline case, deviation of lift curve from the linear regime is near AoA=2° while buffet 
onset regimes in URANS begin from AoA=4.2°. For the jet blowing with Cµ=0.0086, there is 
no buffet at all. The CL increase reaches 0.2 on the linear stage and increases up to 0.4 at 
AoA=6o. 
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Figure 13: Lift curve for M=0.73 with and without tangential jet blowing. 

 
Additional calculations were performed for low-momentum jet with Cµ=0.00069 (figure 

14). In this case, there is no impact on CL but AoA of buffet onset is delayed to 0.5-0.8o rela-
tive to the baseline geometry. 
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Figure 14:Lift curve for M=0.73, URANS,  red curve – low momentum jet with Cµ=0.00069. 

 

5 CONCLUSIONS 

 Two-dimensional numerical simulations are carried out to characterize the buffet phe-
nomenon on transonic supercritical airfoil P-184-15SR. The buffet boundary in AoA – 
Mach number is calculated. 

 SST model showed no buffet while SA model was used for URANS simulations. 

 Tangential jet blowing in the shock region is investigated to delay buffet. Numerical 
simulations showed that tangential jet blowing suppresses shock-induced separation and 
significantly increases lift coefficient. 

 URANS results showed buffet onset delay both in the AoA and CL domain. 
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Abstract:  This paper is mainly focused on selected interaction phenomena occurring in the 
root, middle and tip section of the last stage rotor blading consisting of titanium blades 
Doosan Skoda 1375mm (54") and steel blades Doosan Skoda 1220mm (48"). Measurements 
and CFD simulations of the flow in selected sections along the blading radius show different 
types of interaction. Typically for the parts of the blade closer to the hub, only interaction of 
internal branch of exit shock wave with the suction side boundary layer takes place. At the 
blade tip where the flow is supersonic at both inlet and outlet, interaction of internal branch 
of inlet shock wave with the pressure side boundary layer occurs. The "reflected", additional 
shock wave arising from this interaction affect the flow field close to the suction side of the 
adjacent profile. The structure of interaction often depends on the flow conditions (nominal 
conditions and off-design conditions of flow, incl. different inlet flow angles). 
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1 INTRODUCTION 

Major part of modern, ultra long turbine rotor blades, which are designed for the last stages 
of low pressure cylinder in steam turbines of large output, operate in transonic and supersonic 
regimes of flow. The shock wave/ boundary layer interaction takes place along the major part 
of the blade (or even along the whole blade). The situation of Mach number distribution in the 
last stage of the low pressure cylinder of large output steam turbine is shown the Fig. 1. The 
inlet relative velocity for the titanium blade 54" reaches sonic condition approximately at the 
85% of the blade height and relative exit velocities downstream the titanium blade are 
supersonic along the whole blade. The whole interblade channel is under nominal conditions 
aerodynamically choked. A small closed local region of supersonic velocity in the interblade 
channel, which occurs at the root section, extends upstream progressively along the blade 
height and covers larger part of interblade channel (see Fig. 2). 

 

  
Figure 1:  Mach number distribution along the blades in 
the last stage of low pressure cylinder with rotor titanium 

blade 1375mm (54"). 

Figure 2:  Proportion of supersonic and subsonic 
parts of flow field in long rotor turbine blade 54" 

(hub  - a, midsection - b , tip - c). 
 

In the tip region, the flow field is completely supersonic (except a small subsonic region 
near the leading edge downstream the inlet shock wave). Typical shock wave/boundary layer 
interaction, which occurs approximately along the whole blade height (considering the blade 
root), is interaction of internal branch of exit shock wave with boundary layer on the suction 
side of neighbouring blade (first interaction region) - see sign 1 in Fig. 3. Situation is much 
more complex in the tip region. In addition to this interaction, the interaction of internal 
branch of inlet shock wave upstream the profile leading edge with boundary layer on pressure 
side of previous profile often takes place. It is typical for this second interaction region, that 
new "reflected" shock wave arises which interacts with boundary layer on the opposite side of 
interblade channel, i.e. with boundary layer on the suction side of the blade (third interaction 
region). In some cases of the tip profile cascades (for higher inlet Mach numbers), the oblique 
internal branch of inlet shock is so significantly bent, that it misses suction side of the 
previous profile and propagates through the wake downstream the blade row and thus only the 
interaction of internal branch of exit shock wave with boundary layer on the suction side of 
neighbouring blade occurs. 

Interaction with turbulent boundary layer in the first interaction region is often observed in 
experiments. However, the character of the interaction can be changed under different off-
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design flow conditions. This is mainly due to changes of inlet flow angle, which generate not 
only different boundary layer formation and development on the suction side of the blade, but 
- logically - also different position of the boundary layer transition. Characteristic for the 
second interaction region in investigated tip cascades is the interaction with laminar or 
transitional boundary layer. It is therefore very useful to apply proper transitional models of 
turbulence in the CFD simulations. These models predict the situation in the flow field, which 
is observed at optical and pneumatic experiments in aerodynamic wind tunnel in 
Aerodynamic laboratory of Institute of Thermomechanics in Nový Knín significantly better. 
Finally, in the third region, interaction with turbulent boundary layer appears in 
interferograms and schlieren pictures. 

Parallel application of both 
different methods of measurements 
and commercial and in-house 
developed codes of CFD effectively 
leads not only to significantly more 
complex information regarding the 
transonic complex flow field in 
closed curved channel but also to 
rapid development of numerical and 
experimental techniques. 

 

2 INTERACTION WITH THE BOUNDARY LAYER ON THE SUCTION SIDE 

Interaction of a shock wave with the boundary layer on suction side of the blade occurs 
usually along the whole rotor blade in the last stage. The cambering of central lines of 
particular profiles of the blade changes along the blade height. This cambering depends on the 
changes of velocity triangles. Therefore, the surface of the suction side at hub or at the mid 
section is formed as convex and at the blade tip as concave. 

 
Figure 3:  Three regions of shock wave - boundary layer 
interaction in the tip section of long turbine blade with 

supersonic inlet velocity 

  
Figure 4: Interferogram showing shock 

wave/boundary layer interaction in the mid section of 
rotor turbine blade 48´´ long at isentropic exit Mach 

number M2is = 1.348, incidence angle ι = + 30°. 

Figure 5: Schlieren picture showing shock 
wave/boundary layer interaction in the mid section of 
rotor turbine blade 48´´ long at isentropic exit Mach 

number M2is = 1.354, incidence angle ι = - 20°. 
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The first example of shock wave/boundary layer interaction on the convex suction side of 
the profile is shown in Figures 4 and 5. Both photographs were taken under off-design 
condition of the flow in the tested cascade. The interferometric visualisation of the flow field 
in the mid section of the blade shows typical structure of interaction without flow separation 
when the boundary layer is most probably turbulent (see Fig. 4) [1]. Completely different 
situation regarding the structure of interaction is shown in the schlieren picture in Fig. 5. This 
interaction results in local flow separation and according to the length of the separated flow 
region, the boundary layer prior to interaction is probably laminar. During the interaction, the 
boundary layer changes to turbulent. These phenomena have impact on overall flow structure 
and the blade cascade losses. The difference between these two observed regimes lies in the 
great difference of the angle of incidence (∆ι = 50°). Detail of the recompression area 
downstream the sonic fringe in interferograms in Figures 6 and 7 show stronger compression 
near the boundary layer in case of the overloaded blade (ι = +30°, Fig. 6) in comparison with 
the situation in the Figure 7, where we can see situation in the flow field near the suction side 
at large negative incidence angle. The difference between these two situations in the 
recompression area is better apparent from the distribution of the Mach number on the suction 
side (Fig. 8) evaluated from the two interferograms (Figs. 6 and 7). This phenomenon 
together with both the different situation in the process of boundary layer forming at the 
leading edge area and the different length of stream line on the suction side upstream the 
interaction with shock wave might be the reasons for the position of transition and so for 
different behaviour of the boundary layer in the process of interaction with the internal branch 
of the exit shock wave. 
 

  
Figure 6: Detail of the Figure 4: the recompression 
area on the suction side, mid section of rotor turbine 

blade 48´´, isentropic exit Mach number M2is = 1.348, 
incidence angle ι = + 30°. 

Figure 7: Interferogram related to schlieren picture in 
the Fig. 5: the recompression area on the suction side, 
mid section of rotor turbine blade 48´´, isentropic exit 
Mach number M2is = 1.354, incidence angle ι = - 20°. 

 
 

The numerical simulations of flow 
through the mid section of turbine blade 
48" were carried out by Rudas [2] or by 
Vachová [3]. In publication [3], the 
numerical simulations were carried out by 
the commercial code NUMECA using γ-Re 
transition model connected with the SST k-
ω/k-ε turbulence model. Simulations of 
laminar and fully turbulent flow were also 
carried out for comparison. The calculated 
distribution of the skin friction coefficient 
along the profile chord with application of 
transition model is depicted in the diagram in Figure 9. The calculation shows the local 
boundary layer separation in the area of boundary layer interaction with shock wave, 
x/c ~ (0.65 ÷ 0.7). Although CFD predicted local flow separation, extent of the separated flow 

 
Figure 8: Isentropic Mach number distribution along 

the suction side near the recompression region at 
regimes shown in Figures 6 and 7. 
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region is under predicted (see Fig. 10 and [3]). Not even laminar calculation provided 
comparable extent of the separated flow region [3]. 

 

  
Figure 9: Distribution of skin friction 

coefficient along the blade profile - CFD 
simulation,  transitional flow (Váchová [3]) 

Figure 10: Schlieren picture, laminar boundary 
layer interaction with shock wave, incidence 

angle i = 0°, M2is = 1.206 
 

 
Completely different situation occurs in 

case of the shock wave/boundary layer 
interaction on concave suction side in the tip 
section of the long turbine blade. The 
boundary layer is turbulent in the interaction 
area, nevertheless, the local separation 
bubble often occurs in the flow field near the 
point of interactions under off design 
conditions. Very strong expansion near the 
leading edge on suction side is followed by 
stagnation region in which the interaction 
takes place. Insufficient or negative gradient 
of static pressure along the suction side in 
the point just upstream of the interaction is typical for studied geometries of these tip profiles. 
According to the CFD simulations that were carried out by Straka and Příhoda [4], the 
boundary layer transition takes place commonly upstream the point of interaction (see Fig.11). 
The numerical simulation was carried out by means of the EARSM turbulence model 
according to Hellsten [5] completed by the bypass transition model with the algebraic 
equation for the intermittency coefficient proposed by Straka and Příhoda [6] and 
implemented into the in-house numerical code. The bypass transition on the suction side is 

  
Figure 11: Distribution of friction coefficient Cf along 

the tip profile (long rotor blade 54"), M1 = 1.45, 
M2is = 2.0, CFD simulation (Straka, Přihoda [4]). 

Figure 12: Interaction of internal branch of exit shock 
wave with boundary layer on suction side of 
neighbouring profile, (long rotor blade 60"), 

M1 = 1.886, M2is = 2.096. 

 
Figure 13: Interaction of internal branch of exit shock 

wave with boundary layer on suction side of 
neighbouring profile with separation bubble, (long rotor 

blade 60´´) , M1 = 2.012, M2is = 2.149. 
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evident from the distribution of Cf in the Fig. 11 (x/c ~ 0.15). The interaction of the boundary 
layer with inner branch of the exit shock wave can be seen in the Cf distribution at the 
distance x/c ~ 0.5 from the leading edge. The interferogram in the Figure 12 shows typical 
situation in the interaction area. In this region, thickness of the boundary layer (a) grows due 
to the adverse pressure gradient, the interaction with turbulent boundary layer (b) is more 
complex, and downstream the interaction, relatively very thick viscous shear layer (c) occurs. 
Transonic structures appearing in flow field in cascades representing tip sections of long 
turbine blades are generally extremely sensitive to changes of inlet and outlet parameters of 
flow. The schlieren picture in the Figure 13 shows situation in flow field at different inlet 
Mach number (or different incidence angle - unique incidence rule [7]) and different back 
pressure (in comparison with the flow parameters in Fig. 12). Local boundary layer separation 
(a) takes place in the area of interaction and very thick viscous shear layer develops 
downstream the interaction (b). 
 

   
Schlieren picture Interferogram  

Figure 14: Interaction of internal branch of detached 
inlet normal shock wave with boundary layer on 

pressure side of neighbouring profile (tip section of 
long rotor blade 60") , M1 = 1.124, M2is = 1.592. 

Figure 15: Complex interaction of internal branch of 
oblique inlet shock wave with boundary layer on 

pressure side of neighbouring profile (tip section of 
long rotor titanium blade 54") , M1 = 1.416, 

M2is = 1.746. 

3 INTERACTION WITH THE BOUNDARY LAYER ON THE PRESSURE SIDE 

This type of interaction appears commonly only in the tip region of ultra long turbine rotor 
blades (48", 54", 60"), where both the proper supersonic inlet velocity and suitable back 
pressure occurs. Interaction of internal branch of inlet shock wave with boundary layer on the 
pressure side in the tip section of rotor turbine blade 54" is described for example in [8]. It is 
typical for the pressure sides of investigated tip profiles, that the laminar/turbulent boundary 
layer transition takes place in the region of interaction with the inlet shock wave. An example 
of calculated distribution of friction coefficient along the pressure side is depicted in Fig. 11. 

The interaction of detached normal inlet shock wave with boundary layer is shown in 
Fig. 14. These photographs were taken under off design condition at the cascade inlet and 
outlet. Both the schlieren picture and interferogram show local boundary layer separation and 
thick dissipative shear layer downstream the interaction. Increasing of the inlet Mach number 
leads to the attaching of inlet shock wave closely to leading edge and (by sufficiently low 
value of back pressure) to the bending of its inner branch. The point of interaction moves 
towards the trailing edge. The test results show that the interaction is more complex and local 
separation takes place once again (see Fig. 15). Impact of this complex interaction is that it 
suppresses the expansion area on the suction side of the neighbouring profile. Strong unsteady 
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behaviour of the flow field in the area of the interaction has been also observed. The sequence 
of interferograms, which were obtained by application of high speed CCD camera during 
interferometric measurement of tip cascade designed for blade 60" long, is shown in the 
Figure 16. Pictures were taken with frame frequency 6 kHz. The base of the shock wave 
moves cyclically upstream and downstream and the thickness of the shear layer downstream 
the interaction grows and decreases. This unsteady behaviour affects not only the cyclical 
changes of pressure distribution on pressure side but also the cyclical changes in the 
expansion in the region downstream the leading edge of the neighbouring profile (see the next 
chapter). As a result, cyclical torsion can occur in the region of the tip section of ultra long 
blade. 

 
 

 

 

 

 

 

 

 

 

Figure 16: Unsteady 
interaction  on pressure 
side (tip section of long 

rotor  blade 60"), 
M1 = 1.124, M2is = 1.797, 
frame frequency 6 kHz. 

Figure 17: Complex interaction on the 
pressure and suction side (tip section of 
long rotor titanium blade 54"), schlieren 

picture , M1 = 1.45, M2is = 2.0. 

Figure 18: Distribution along the tip 
profile (tip section of long rotor titanium 
blade 54") obtained from experiment and 
by turbulent CFD simulation, M1 = 1.45, 

M2is = 2.0. 

4 THE THIRD REGION OF THE INTERACTION 

The possibility of the interaction of “reflected” shock wave (which arises from the 
interaction of the inner oblique part of inlet shock wave with the boundary layer on the 
pressure side) with boundary layer on the suction side (the third region of interaction – see 
Fig.3) is limited to the flow regimes in the tip region of long turbine blades with such an inlet 
Mach number and back pressure, which guarantees this interaction on the pressure side (or in 
the near wake area downstream the profile), and subsequently the formation of reflected wave. 

Simple interaction without flow separation on the pressure side would guarantee expected 
additional supersonic expansion upstream the point (sign "a" in Fig. 17) where internal branch 
of exit shock wave interacts with boundary layer on the suction side. This solution (obtained 
by application of turbulent CFD procedure) is described by Rudas [2]. The additional 
supersonic expansion in experiment is suppressed, because the interaction of oblique part of 
inner branch of inlet shock wave with the laminar boundary layer on pressure side of 
neighbouring profile is much more complex [4] - see interferogram in Figure 15. Therefore, 
downstream the interaction of the inner branch of exit shock wave with boundary layer on 
suction side, the values of Mach number up to the trailing edge are significantly lower than in 
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the case of turbulent interaction on the pressure side (Fig. 18). This is also reason why the 
interaction of exit shock with the suction side boundary layer is located further upstream in 
experiment (sign "b" in Fig. 18). This fact has an essential negative influence on the 
aerodynamic loading of the studied profile. The interactions in the schlieren picture (sign "a" 
in the Figure 17) are interactions with turbulent boundary layer. Downstream the second 
interaction (and upstream the interaction with internal branch of exit shock wave) relatively 
thick dissipative layer develops. The region of the boundary layer transition is located next to 
the very strong supersonic expansion (sign "b" in Fig. 17) in the area (see "c" in Fig. 17) with 
practically neutral pressure gradient. This is in very good agreement with the result of 
numerical simulation (Straka, Příhoda [4]), where the transitional model was applied (see 
Fig. 11 in the paragraph 2). The distribution of the pressure coefficient Cp along the suction 
side of the profile obtained from experiment, turbulent CFD simulation (Fluent) and 
simulation, which was carried out by the in-house numerical code, are compared in the 
Fig. 19. Used in house code was based on the finite-volume solver for the RANS equations 
closed by the explicit algebraic model of Reynolds stresses completed by the modified 
algebraic transition model. The experimental data are evaluated from interferometric 
measurement, so the values of pressure coefficient are calculated from isoentropic values of 
static pressure distribution on the profile. Although boundary conditions were not identical in 
these three cases, the differences between particular approaches show conclusively the 
complexity of the processes in the transonic flow field in investigated tip sections of ultra 
long turbine blades. 
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Figure 19: Distribution of the pressure coefficient along the suction side of 

tip profile obtained by in house code, commercial code and experiment, tip 
section of long rotor titanium blade 54". 

5 CONCLUSIONS 

The paper summarizes particular problems of boundary layer/shock wave interaction that 
is typical for modern ultra long rotor turbine blades and plays important role in case of recent 
designs of these blades. 

Three basic situations have been shown, which appear in the inter blade channel: the 
interaction of internal branch of exit shock wave with boundary layer on suction side of the 
neighbouring profile; the interaction of internal branch of inlet shock wave with boundary 
layer on pressure side of the neighbouring profile; finally the interaction of "reflected" oblique 

M1 = 1.453, M2is = 2.008 
M1 = 1.470, M2is = 2.040 
M1 = 1.485, M2is = 1.920 
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internal branch of inlet shock with boundary layer on suction side of the profile that generates 
the inlet shock wave. 

Experimental data obtained from measurements on models of mid and tip section under 
design and off design conditions provide important information regarding complex and 
unsteady structures appearing in the transonic flow field within the boundary layer – shock 
wave interaction. 

The application of different CFD procedures - commercial or developed “in house” proved 
the to predict the flow through such blade cascades correctly, it is necessary to employ 
transitional turbulence model when RANS is to be used. Results published in the paper show 
that the EARSM model performs reasonably well. The application of different experimental 
and numerical methods helps not only to validate numerical models and procedures but also 
to better understand physical phenomena, which appear in the measured flow fields as 
information provided by experiments is limited. 
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Abstract. The paper describes the numerical simulations of a new passive flow control device 

(Rod Vortex Generator - RVG) and the possibilities to induce streamwise vortices for control-

ling of a shock wave boundary layer interaction. Firstly, a row of rods were placed at the 

lower wall of a curved wall nozzle with negative pressure gradient. The lower wall is de-

signed in order to mimic similar flow conditions as for wings or helicopter rotor blades. The 

severe flow conditions (M = 1.43) result in a strong reverse flow which is controlled by the 

proposed vortex generators. On the other hand, the application of RVGs on helicopter rotor 

blades was analyzed. In the case of forward flight conditions, flow separation is usually pre-

sent at the advancing side due to shock wave boundary layer interaction while dynamic stall 

appears at the retreating side. The numerical results of the flow past the AH-1G helicopter 

rotor blade were validated against flight test data and the flow separation on the advancing 

side was reduced by the proposed technology improving the aerodynamic performance (ratio 

thrust / torque). 

. 
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1 INTRODUCTION 

Nowadays it is required to design devices of the highest efficiency leading to minimum 

emissions. For this reason, flow control devices are becoming more popular over the last 

years. For example, for energy consuming applications (e.g. rotorcrafts), the use of a proper 

flow control system might reduce the fuel consumption, thus limiting the CO2 emissions. 

The main feature of the aerodynamic of a helicopter is the unsteadiness of the flow due to 

the rotating parts (i.e. main and tail rotors). There have been several investigations concerning 

the flow separation reduction at the rear of the helicopter fuselage (non-rotating) which is the 

major component of the parasitic drag of the helicopter [1]. On the other hand, several flow 

control devices might be suitable at the rotating parts of the helicopter. It is important to re-

mark that in forward flight conditions, the forward velocity is added to the blade’s rotating 

velocity on the advancing side (0˚< ψ < 180˚), while the forward velocity is subtracted from 

the blade rotation on the retreating side (180˚< ψ < 360˚). This unsteadiness of the flow pass-

ing the rotor blade leads with compressibility effects on the advancing side due to severe 

Mach number and dynamic stall on the retreating side caused by high inflow angles. For this 

reason, a list of different flow control devices suitable for the rotating parts of the helicopter 

have been identified: vortex generators, gurney flaps, movable flaps, synthetic jets, surface 

suction, passive porous surfaces, riblets, etc. Working principle of each device, with the main 

benefits for rotorcraft application was recently published by Kenning et al. [2].  

This paper presents the numerical investigation of separation reduction on helicopter rotor 

blades by Rod Vortex Generators (RVGs). As a previous step, a basic configuration of a 

curved wall nozzle with a strong shock wave (M  = 1.43) which induces flow separation was 

studied. The application of RVGs induced streamwise vortices, limiting the reverse flow. Be-

sides, their implementation on a wing configuration suggested that the ratio lift/drag was also 

possible to improve with this passive system [3]. RVGs are capable to induce streamwise vor-

tices which enforce an exchange of momentum in the direction normal to the wall. High-

momentum is transferred to the low-momentum area close to the wall, becoming fuller the 

boundary layer profile at the low-momentum area (separation control). Several parameters 

play an important role in the effectiveness of RVGs: diameter (ϕ), height (h), and pitch (Θ) 

and skew (a) angles, see Fig. 1. For all simulations presented in this paper, the RVGs were 

designed according to the boundary layer thickness (δ) of each case. According to previous 

investigations, the rods were designed with the following parameters: ϕ = 0.5·δ and h = 0.25·δ. 

In the case of pitch and skew angles, it was concluded during an optimization investigation 

that the strongest streamwise vortices are created for 30˚ and 45˚, respectively. 

 

 
Figure 1. Schematic view of the Rod Vortex Generators 
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2 PHYSICAL AND NUMERICAL MODELLING 

The numerical investigation was carried out with the FLOWer solver from DLR [4]. It is a 

modern, block-structured, aviation oriented, cell-centered code with different turbulent mod-

els closures. The ROT version of the code allows the usage of the chimera overlapping grids 

technique [5] and moving meshes. This approach allows to easily create grids for complex 

configurations (e.g. rotor blades). Besides, the implementation of RVGs on the rotor blade is 

solved with a single grid (RVG grid) which is added to the reference chimera set-up. Due to 

the capabilities of separation prediction, the two equations, low-Reynolds k-w turbulence 

model LEA (Linear Explicit Algebraic Stress Model) [6] was chosen. The numerical algo-

rithm uses a finite-volume, central scheme of 2nd order for the spatial discretization.  The 

same explicit, Runge-Kutta method (CFL  = 2.5) of time integration, was used for the steady 

simulations of the curved wall nozzle, as for the internal iterations of the implicit dual-time-

stepping scheme of 2nd order applied for the helicopter rotor blade in forward flight conditions.  

3 CURVED WALL NOZZLE 

The experimental investigations of supersonic nozzles were carried out in flat and curved 

test sections. Previously, both nozzles were investigated within the UFAST project (Unsteady 

Effects in Shock Wave Induced Separation) [7] providing the largest available database con-

cerning unsteady shock wave boundary layer interaction. The present numerical investigation 

is only focused in the curved wall nozzle (negative pressure gradient which mimics flow con-

ditions around airfoils/wings or helicopter rotor blades). Its main feature is that in the curved 

duct the supersonic area is generated at the convex wall. The Mach number upstream of the 

shock wave increases with the increasing mass flow rate in the nozzle, until it is choked.   

Prediction of the flow separation, its location and reattachment lines or size of the separa-

tion bubble is very important for accurate prediction of aerodynamic performance. In the case 

of channel flows, the proper prediction of flow structure is highly dependent on the appropri-

ately resolved corner flows. The CFD results were compared with the measurements gathered 

during UFAST project: boundary layer profiles, static pressure on the wall, oil visualization 

and schlieren picture. 

Figure 2 presents the Mach number contour map for the curved wall nozzle. The strong 

shock wave at the lower wall induces flow separation. 

 

Figure 2. 2D view of the curved wall nozzle 

In total, 16 RVGs are placed in spanwise direction covering the full span of the nozzle. 

Each rod is embedded in a rectangular box and a butterfly topology within the box is applied 

(see Fig. 3). The application of the RVGs increases significantly the number of mesh cells: 
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from 4.86·106 for the reference case to 21.7·106 for the flow control case. For all simulations 

the non-dimensional of the first layer of cells from the wall is of the order of y+ = 1 (sufficient 

for resolving the laminar part of the turbulent boundary layer). 

 

 

Figure 3. RVG detail and grid topology 

Figure 4 presents the boundary layer comparison for the reference case at three cross sec-

tions: X = 15 mm (upstream of the flow separation), 67 mm (area of reverse flow) and 145 

mm (downstream of the flow reattachment). It is noticeable that the predicted incoming 

boundary layer is overpredicted in reference to the measurements which results in an overpre-

diction of the separation bubble. The separation bubble height is slightly larger in the simula-

tion than in the experimental data. Lastly, the last cross section allows for a comparison of the 

boundary layer thickness for the reattached flow, showing its overestimation by the CFD sim-

ulations. 

 

 

Figure 4. Boundary layer comparison – Reference case 
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Figure 5 presents the boundary layer comparison when the RVGs are applied. Both cross-

sections are located downstream of the shock wave. It is visible that some differences of the 

boundary layer thickness and triple point location exist. More detailed results with different 

CFD solvers (Ansys – Fluent and Numeca Fine/Turbo) and turbulence models (Spalart-

Allmaras and SST) can be found in [8]. 

 

 

Figure 5. Boundary layer comparison – RVG case 

Comparison of the separation bubbles size for the reference and flow control cases is 

shown in Figure 6. Although the reverse flow is not fully eliminated, the large separation 

bubble seen in the reference case is reduced and splitted into smaller bubbles, proving the ef-

fectiveness of this proposed passive flow control device. 

 

 

Figure 6. Separation control by RVGs on the curved wall nozzle 

4 AIRFOIL CONFIGURATION 

The aerodynamic enhancement by RVGs on an airfoil/wing configuration was investigated 

as previous step to helicopter rotor blades. For this reason, the flow around the NACA 0012 

for severe conditions was studied. The Mach number was set to M = 0.8 and Reynolds num-

ber Re = 9·106. These flow conditions are representative at the advancing side of the flow 

passing the helicopter rotor blade in high-speed forward flight. Due to the severe inflow con-

ditions, supersonic areas with strong shock waves induce flow separation. The angle of attack 

was increased to intensify the shock wave and therefore the reverse flow. The numerical vali-
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dation of the reference case can be found in [3] as well as more detailed information concern-

ing the geometry. 

The onset of the reverse flow for the studied conditions is AoA = 1.4˚ (the flow is reat-

tached) and above AoA = 2.0˚ the flow separation is strong enough to prevent the reattach-

ment. The figure 7 presents an exemplary picture (AoA = 4.0˚) of the suction side of the 

airfoil with an array of four rod vortex generators. The shock wave induces flow separation at 

40% of the chord. The application of RVGs leads to the increment of the skin friction down-

stream of the rods (due to the formation of streamwise vortices) and a delay of the separation 

line to 44% of the chord. 

 

Figure 7. Friction coefficient and streamlines (M = 0.8, Re = 9·106, AoA = 4.0˚) 

Figure 8 presents the effect of the RVGs on the normal force (Cn), drag (Cd) and pitching 

moment (Cm) coefficient. Below AoA = 1.4˚ for the polar graphs of the flow control device, 

no data is shown since the flow is fully attached to the profile, therefore it cannot be expected 

a positive effect of the RVGs. With increasing angles of attack, the reverse flow is stronger 

and the positive effect on terms of Cn appears. Besides, the stall angle of the airfoil is in-

creased by 2.0˚ with the flow control system. The increment of Cn results in a drag penalty 

which is acceptable if the ratio Cn / Cd is compared. For the same drag, the application of the 

RVGs provides a higher Cn (better aerodynamic performance). Only a slight difference ap-

pears for high angles of attack when the Cm is compared. Therefore, it can be concluded that 

the application of RVGs on airfoils lead with a separation control which is related to the aero-

dynamic enhancement presented here. 

5 HELICOPTER ROTOR BLADE IN FORWARD FLIGHT 

The application of the passive rod vortex generators on the helicopter rotor blades was in-

vestigated for two different states of flight: hover and forward flight. In the case of hover con-

ditions, the model helicopter rotor blade of Caradonna – Tung [9] was chosen due to the 
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availability of experimental data for severe conditions which induced flow separation and 

could be controlled by the proposed flow control system. For validation purposes, the transon-

ic case with a tip Mach number of 0.87, collective angle equal to 8˚ and tip Reynolds number 

of 3.9·106 was chosen. A review of previous RANS simulations for this severe test case re-

veals a significant scatter with the measurements [10, 11]. The implementation of 14 RVGs at 

the tip of the blade lead to a separation control and aerodynamic enhancement (thrust coeffi-

cient was increased by 2.2% with a power consumption penalty of 1.2%) [12, 13]. 

 

 

Figure 8. Comparison of Cn, Cd and Cm (M = 0.8, Re = 9·106, AoA = 4.0˚) 

On the other hand, the numerical model for the AH-1G helicopter rotor blade in forward 

flight was validated against the flight test data gathered during the Tip Aerodynamics and 

Acoustics Test (TAAT)[14]. The AH-1G is a two person, single-engine, 2-bladed, teetering 

rotor with a 540 symmetrical airfoil section and a linear twist of -10˚ from the shaft to the tip. 

During the TAAT test different forward speeds were investigated and reported. The numerical 

model for three different markers (low-[15, 16], medium- and high-speed) was recently pub-

lished in [17, 18] where it is also possible to find a detailed description of the geometrical 

model applied (chimera overlapping grids technique). Only the high-speed case reveals signif-

icant flow separation which might be controlled by the proposed flow control system. The re-

verse flow is caused by the severe flow conditions passing the rotor blade: tip Mach number 

of 0.63 and advance ratio equal to 0.38. Figure 9 presents the change of normal force coeffi-

cient (Cn) with the azimuthal position at the cross section r/R = 0.99 for different speed mark-

ers. The agreement with flight test data is acceptable despite of the numerical model 

simplifications (e.g. the influence of the fuselage is neglected and the blades are considered as 

rigid).  

The rod vortex generators were designed according to the previous investigations (nozzle 

flows and airfoils) and the flow properties (boundary layer thickness) present at the advancing 

side. The application of this passive flow control device on helicopter rotor blades in high-

speed forward flight leads with two different behaviors. Firstly, the shock wave boundary lay-
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er interaction at the advancing side is controlled which is reflected in an enhancement of the 

normal force coefficient. Secondly, the dynamic stall present at the retreating side is not con-

trolled by the RVGs due to the flow is separated already from the leading edge (rods are lo-

cated in the reverse flow area and streamwise vortices are not created). 

 

 

Figure 9. Instantaneous normal force coefficient Cn at r/R = 0.99 [17] 

Figure 10 presents the rotor disk colored with the difference of the normal force coefficient 

(Cn) of the flow control configuration respect the reference case [18]. It is noticeable how the 

majority of the disk is colored with green (value of 0) due to the local influence of the rods in 

the global performance. Only their effects are present between the inner and outer rods with 

red color (positive effect) on the advancing side and blue color (negative effect) on the retreat-

ing side. The other azimuthal positions show a positive effect due to the low skin friction pre-

sent for these positions. 

 
Figure 10. Normal force coefficient difference (flow control - reference) for the AH-1G 

helicopter rotor blade in high-speed forward flight 
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The flow separation induced by the strong shock wave is controlled by the proposed flow 

control device (see fig. 11). As shown at the selected cross-section and azimuthal positions for 

which reversed flow exists in case of the reference case, the flow is attached to the blade sur-

face for the RVG configuration. 

The positive effect of the RVGs on the advancing side leads with an increment of the thrust 

coefficient by 2.6% with a power consumption penalty of 1.1%. 

 

 

Figure 11. Contour map of Mach number at r/R = 0.92 

6 CONCLUSIONS 

The paper presents the numerical investigation of a passive flow control device (Rod Vor-

tex Generators - RVGs) and the application on helicopter rotor blades. First of all, the flow 

separation control was investigated in more simple configurations as channel flows or airfoils. 

In both cases, the flow separation was reduced by means of streamwise vortices. Besides, the 

possibilities of aerodynamic enhancement on airfoils were studied with success. 

The numerical simulations confirmed that the application of RVGs on helicopter rotor 

blades leads with a separation control which is reflected in an increment of thrust coefficient 

with a minor power consumption penalty.  
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Abstract. Tripping of laminar boundary layer on V2C laminar airfoil designed by Dassault 

Aviation was investigated computationally using two types of turbulators: simulated array of 

delta-shaped, counter-rotating vurtex generators producing chordwise-oriented vortices and 

by vanes perpendicular to airfoil surface and to flow producing spanwise-oriented vortices. 

Unsteady Reynolds-Averaged Navier-Stokes equations were solved using as a closure the 

four-equation Transition SST turbulence model implemented in ANSYS Fluent solver. The as-

sumed flow conditions involved strong shockwave producing flow separation at Mach number 

of 0.70. Both types of turbulators produced their specific effects when tripping laminar 

boundary layer, which varied, depending on their placement in different chordwise positions. 

Both solutions for tripping laminar boundary layer have reduced flow unsteadines, resulting 

from oscillations of shockwave. Using delta-shaped vortex generators it was possible to ob-

tain slightly improved lift-to-drag ratio for one combination of angle of attack and Mach 

number and the turbulator composed of parallel perpendicular-vane turbulator has shown 

strong buffet-damping properties. 
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1 INTRODUCTION 

Interaction of laminar boundary layer with shockwave leads to occurrence of laminar sepa-

ration bubble at the foot of the shockwave and of subsequent transition of the boundary layer 

to turbulent over the separation bubble when flow is crossing the shockwave. This phenome-

non occurs for internal and external flows, with oblique and normal shockwaves. Interaction 

of laminar boundary layer with shockwave on aircraft wing with laminar airfoil in transonic 

flow may lead to separation of the flow behind shockwave, large drag increase and also to 

buffet phenomenon - oscillations of shockwave, resulting from pressure waves reflected from 

wake behind wing. In FP7 TFAST project different methods of tripping of laminar boundary 

layer in front of the shockwave were tested with the aim of preventing the laminar boundary 

layer being penetrated by shockwave. One of questions in the project is how close to shock-

wave tripping of laminar boundary.layer may be conducted in order to obtain turbulent 

shockwave-boundary layer interactions (SWBLI) . Another question, investigated by the au-

thors of the paper is how to obtain improvement of aerodynamic characteristics of the laminar 

airfoil in transonic flow with shockwave terminating the supersonic region. 

2 CONDITIONS AND METHODS OF INVESTIGATIONS 

The object of investigations was V2C laminar airfoil designed by Dassault Aviations espe-

cially for investigatuions of SWBLI in the TFAST project. The conditions of investigations 

were defined as Mach number Ma=0.7 and Reynolds number Re=2.67, resulting from the 

chord length c=0.2m, being equal to chord of the airfoil model investigated in the transonic 

wind tunnel at Institute of Aviation. In these conditions, depending on the value of angle of 

attack the flow is either steady, with stationary shockwave, or unsteady, with low-amplitude 

buffet oscillations of shockwave. The flow analysis was conducted by solution of Unsteady 

Reynolds-Averaged Navier-Stokes Equations (URANS) using ANSYS Fluent solver [1]. As a 

closure of the system of equations the four-equation Transition SST turbulence model was 

applied having as variables k – turbulent energy,  - specific dissipation rate of k,  - intermit-

tency (probability of boundary layer being turbulent) and Re - Reynolds number based on 

boundary layer momentum thickness. Second-order spatial and temporal discretisation of 

URANS equations was applied. In conditions of transonic flow with shockwave on the upper 

surface two methods of tripping of laminar boundary layer were investigated, one involving 

delta-shaped vortex generators producing vortices with chordwise-oriented rotation axes and 

with another type of vortex generators – micro-vanes, perpendicular to flow and airfoil sur-

face, generating vortices with spanwise-oriented rotation axes. 

3 MODELLING OF TRIPPING OF LAMINAR BOUNDARY LAYER 

Tripping of laminar boundary layer (b.l.) was simulated by resolving in the computational 

grid  two technical solutions submerged in the laminar b.l., generating vortices: delta-shaped 

vortex generators and micro-vanes, perpendicular to airfoil surface and to flow, shown in Fig-

ure 1. The first concept is classical vortex generator inclined to flow at an angle of 14, simi-

lar to inclination used by other researchers in transonic flow  [2], [3]. Its height was chosen 

according to an experimentally obtained criterion for minimum Reynolds number, based on 

turbulator height, capable of tripping laminar boundary layer [4].  The other concept may be 

considered as a series of micro-Gurney tabs generating vortices in the internal locations on 

airfoil chord, as opposed to classical Gurney tab, which is located at airfoil trailing edge. The 

first concept was investigated in computational domain involving lower and upper wind-

tunnel walls in order to make easier comparisons with results of wind-tunnel investigations in 

test section of 0.6m height. On the side walls of the computational domain, located at the dis-
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tance from generators’ side vertices equal 10% of the width of span fragment occupied by the 

device, the boundary condition of symmetry was applied. This  solution was applied for mod-

elling of an array of counter-rotating vortex generators. Inlet boundary condition was located 

approximately six airfoil chords in front of it, as a distance where physical inlet to test section 

of wind tunnel was located. On the inlet surface the pressure inlet boundary condition was 

imposed, and on the outlet surface, located also approximately six airfoil chords behind airfoil 

pressure outlet boundary condition was imposed. The values of static and dynamic pressure 

on inlet and outlet surfaces were chosen based on tests in the wind-tunnel. The other concept 

of turbulator was investigated using open-space boundary conditions, pressure far-field and 

pressure outlet, located approximately 50 airfoil  chords in front of and behind the airfoil. This 

decision was taken because of the planned test case for this turbulator – buffet oscillations of 

shockwave which proved easier to simulate in open-space flow than in simulated conditions 

of solid-wall test section of wind tunnel. 

 

 
 

Figure 1. General ideas of concepts of proposed laminar boundary-layer tripping devices: delta-shaped vortex 

generators on upper part and perpendicular micro-vanes on lower part. 

 

 

4 INVESTIGATED CASES 

 

4.1 Baseline case – V2C airfoil with natural laminar-turbulent transition  

Before simulating laminar-turbulent transition induced by the tripping devices, flow simu-

lations were conducted for the clean airfoil in order to obtain numerical solution of natural 
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transition with the applied computational methods. Figures Figure 3 - Figure 5 show the sub-

sequent   stages of laminar-turbulent transition determined by the flow solver. The transition 

takes place in front of the shockwave, in the region of pressure plateau at 40% – 45% chord 

shown in Figure 2. In Figure 3 is shown rise of intermittency in the boundary layer  in this re-

gion, and in plot of tangential stress on airfoil surface in Figure 4 it can be seen that rise of 

intermittency is preceded by the separation of laminar boundary layer visible as change of 

sign of tangential stress. 

 

 

  
 

Figure 2. Plots of pressure coefficient over the complete airfoil surface (left) and for the region of plateau in 

front of the shockwave where laminar-turbulent transition takes place (right). α=7, Ma=0.70, Re=2.67. 

 

  
 

Figure 3. Plot of intermittency at control height of 

0.2mm in transition region  α=7, Ma=0.70, Re=2.67. 

 

Figure 4.  Plot of tangential stress on airfoil sur-

face in transition region α=7, Ma=0.70, Re=2.67. 

In Figure 5 is presented contour of intermittency in boundary layer in the symmetry plane 

of the computational domain. On the left side of the contour flow in the boundary layer is 

laminar with intermittency approachning zero. Outside boundary layer intermittency is set to 
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unity, in order to model flow in wind-tunnel with prescribed turbulence intensity. Start of 

transition is visible as increase of intermittency at a distance of approximately 0.2mm from 

the surface, at which height it grows to unity in a distance shown in Figure 3. 

 
Figure 5. Contour of intermittency in the region of natural laminar-turbulent transition. Black line above airfoil 

surface represents the control height of 0.2mm applied in Figure 3. α=7, Ma=0.70, Re=2.67. 

 

4.2 Transition produced by delta-shaped vortex generators 

Simulations of forced transition were conducted for two values of angle of attack: 4 and 

7.  At an angle of 4 in flow with natural transition there occur low-intensity oscillation of 

shockwave with Strouhal number of 0.08, characteristic for buffet  phenomenon. For this rea-

son the chordwise comparisons of distributions of flow quantities such as pressure coefficient 

are done for median position of oscillating shockwave. In cases with tripped laminar bounda-

ry layer the flow was steady. Tripping of laminar boundary.layer was simulated for height of 

delta-shaped vortex-generators equal to 0.10mm. Length of the vortex.generator was equal to 

1mm. For both heights of vortex generator their alternative locations in 20%c, 30%c, 40%c 

and 50%c (c standing for airfoil chord) were simulated. As it can be seen in Figure 6 the effects 

of vortex generators are very local and are visible only in the area of interaction of shockwave 

with boundary layer. The details of these effects, are shown in greater scale exclusively for 

this region in Figure 7. It can be seen that moving vortex generators closer to the shockwave 

extends the region of rising suction, where for clean airfoil the laminar separation formed, 

creating the pressure plateau shown with black line. On the other hand, for vortex generators 

located close to the shockwave, at 50%c, in the region of rising pressure a smaller plateau 

starts to form. This, as it can be seen in the plots of intermittency in Figure 8, may be linked 

to lower effectiveness of the vortex generators in thicker boundary layer in the central region 

of the airfoil. In Figure 9 is shown comparison of tangential stress on airfoil surface for the 

analysed cases. It can be seen that for vortex generators (vgs) located in 50%c there is no rise 

of tangential stress behind the vortex generator, characteristic for turbulized boundary layer. 

On the other hand, the increase of suction peak is the greatest of all investigated cases, which 

suggests that the increase of suction peak is an effect of vorticity added by the vortex genera-

tors and not the effect of tripping laminar boundary layer. 
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Figure 6.  Comparison of distribution of pressure coefficient for clean airfoil case and for cases with simulated 

arrays of counter-rotating vortex generators 0.10mm-height in different positions of airfoil chord. α=4, Ma=0.70, 

Re=2.67. 

 

 
Figure 7. Details of distribution of pressure coefficient for clean airfoil and cases with vortex generators 

0.10mm-height in region of shockwave-bundary layer interactions. α=4, Ma=0.70, Re=2.67. 
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Figure 8. Comparison of distribution of intermittency in the boundary layer for clean airfoil case and for cas-

es with simulated arrays of counter-rotating vortex generators of 0.10mm-height in different positions of airfoil 

chord. α=4, Ma=0.70, Re=2.67. 

 

 
 

Figure 9.  Comparison of distribution of tangential stress on airfoil surface for clean airfoil case and for cases 

with simulated arrays of counter-rotating vortex generators of 0.10mm-height in different positions of airfoil 

chord. α=4, Ma=0.70, Re=2.67. 
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The most important effects of tripping laminar boundary layer by the delta-shaped vortex 

generators consist in stabilising flow, which is shown in Figure 10 to Figure 12 as solution 

converging to a steady-state value with stationary shockwave. Such stabilization of shock-

wave was observed also in earlier work [6], where BAY methods was used for modelling of 

vortex generators.  Other effects found at angle of attack α=4 were small increase of drag and 

reduction of lift-to-drag ratio, shown in Figure 11 and in Figure 12. Changes in lift depend on 

the chordwise position of the vgs which has influence on shape of suction peak in front of the 

shockwave. For vgs located in the frontal region of the airfoil, which tend to shift shockwave 

upstream, there occurs reduction of lift, and for the vgs located closest to the shockwave 

which create larger suction peak, lift slightly increases over the average value for clean airfoil. 

Increase of drag is also positive, and, contrary to expectations,  

 

 
 

Figure 10. Effects of tripping laminar boundary layer with delta-shaped vortex generators located in 20%c, 

30%c, 40%c and 50%c on lift coefficient. 

 

 
 

Figure 11. Effects of tripping laminar boundary layer with delta-shaped vortex generators located in 20%c, 

30%c, 40%c and 50%c on drag coefficient. 
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drag increase is the highest for vgs located closest to the shockwave,in spite of shorter length 

of turbulised region with increased tangential stress.This is due to bild-up of suction peak in 

location behind 50%c, where negative slope of surface leads to increase of pressure drag. 

When analysing the changes of lift-to-drag ratio (L/D) due to presence of vortex generators it 

can be seen that although for all locations of vgs there occurs reduction of L/D with respect to 

average value for clean configuration, this reduction is the lowest for rearward-placed vortex 

generators. This is due to increased lift for rearward-placed vgs which compensates rising 

drag. This indicates that possible gains in aerodynamic characteristics may be expected when 

laminar boundary layer is tripped in a region close to shockwave and these gains are more 

likely to occur as increase of lift-to drag ratio than as reduction of drag. Reduction of drag is 

difficult to achieve because elimination of laminar separation bubble is done at the cost of in-

crease of friction in the newly-formed turbulent-flow region, however short, and  particularly 

difficult when using mechanical turbulators which themselves are an obstacle for the flow and 

a source of drag. 

 

 
 

Figure 12. Effects of tripping laminar boundary layer with delta-shaped vortex generators located in 20%c, 

30%c, 40%c and 50%c on lift-to-drag ratio. 

 

A confirmation of the previously mentioned hypothesis is the case of tripping laminar 

boundary layer at an angle of attack of 7 degrees. The physical phenomena created by the vor-

tex generators, as increased suction peak and elimination of separartion bubble at the foot of 

the shockwave, are very similar to case of flow at an angle of attack of 4 degrees.. An im-

portant difference in flow conditions is that at α=7 the shockwave is located closer to leading 

edge, at approximately 45% chord, in contrast to approximately 53%c at α=4. In these new 

flow conditions the combination of increased suction, forward shift of shockwave and lower 

negative surface slope lead to a very low increase of pressure drag due to increased suction on 

the negative-slope side of airfoil. In effect slight increase of lift-to-drag ratio over the values 

for clean airfoil was obtained for vortex generator located in 30% chord,, shown in Figure 14. 
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Figure 13. Comparison of distribution of pressure coefficient for clean airfoil case and for cases with simu-

lated arreys of counter-rotating vortex generators 0.10mm-height in different positions of airfoil chord. α=7, 

Ma=0.70, Re=2.67. 

 

 

 
 

Figure 14.. Effects of tripping laminar boundary layer with delta-shaped vortex generators located in 30%c 

and 40%c on lift-to-drag ratio compared with results for clean V2C airfoil. 
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4.3 Transition produced by perpendicular micro-vanes  

As it was found that effects of tripping laminar boundary layer include stabilisation of po-

sition of shockwave, this particular effect was studied further with another type of vortex gen-

erators, consisting of micro vanes, perpendicular to airfoil surface and to the flow, presented 

already in Figure 1. This choice was based on results of analyses showing that this turbulator 

was more effective at tripping laminar boundary layer then delta-shaped vgs when turbulator 

height was being increased [7]. The specific effects of tripping laminar boundary layer with 

this turbulators on distributions of intermittency in the boundary layer and tangential stress 

and pressure coefficient on the V2C airfoil are shown in Figure 15 and in Figure 16. In Figure 

15 it can also be seen that for properly chosen height of micro-vanes intermittency rises to 

unity and stays constant until reaching shockwave, while increased positive tangential stress 

on airfoil surface is an indication of turbulised boundary layer and attached flow behind the 

turbulator. In Figure 16 it can be seen that in contrast to delta-shaped vortex generators which 

produce vortices of chordwise-oriented rotation axes, there is no increased suction in the re-

gion of  pressure plateau on clean airfoil. Instead, the shockwave shifts to the front of airfoil 

more than for delta-shaped vortex generators and sharper rise of pressure over the shockwave, 

than for delta shaped vgs takes place. The sharp rise of pressure is, however, characteristic for 

shockwave appearing in turbulent flow region and was reported by other researchers analys-

ing turbulent boundary layer – shockwave interactions [4]. In this respect the obtained solu-

tion is similar to that obtained for delta-shaped vgs.  These features of the perpendicular-

micro-vanes turbulator were taken advantage of in analysis of its effectiveness in damping 

buffet oscillations of shockwave. The analysis consisted in continuously increasing of free-

stream Mach number from low pre-buffet value and passing through the buffet zone for clean 

airfoil. The results of this procedure are shown in Figure 17 where changes of moment coeffi-

cient are presented and in Figure 18 where changes of lift-to-drag ratio are presented for dif-

ferent values of vane height. 

 

 
 

Figure 15. Intermittency at the height of 0.15mm above the airfoil surface for vanes of 0.25mm-height located in 

20% chord and tangential stress in X direction on airfoil surface. Ma=0.68, α=6. 
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Figure 16. Comparison of distributions of pressure coefficient of clean airfoil and configurations with perpendic-

ular vane turbulators of different height, placed in 20% airfoil chord. Ma=0.681, AoA=6. 
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Figure 17. Effects of tripping of laminar boundary layer with perpendicular vane turbulators of different height, 

placed in 20% airfoil chord on pitching moment oscillations due to buffet phenomenon compared with results for 

clean V2C airfoil. 
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Figure 18. Effects of tripping of laminar boundary layer with perpendicular vane turbulators of different 

height, placed in 20% airfoil chord, on lift-to-drag ratio in transonic flow regime including buffet zone, com-

pared with results for clean V2C airfoil. 

 

5 CONCLUSIONS  

 Improvement of aerodynamic characteristics of laminar airfoil in transonic flow with 

strong shockwave is more likely to occur as increase of lift-to-drag ratio, than as reduc-

tion of drag. 

 Conditions when delta-shaped, counter-rotating vortex generators may improve aerody-

namic characteristics of laminar airfoil in investigated conditions with strong shockwave 

include position of the vortex generator of height of 25% - 50% of boundary layer thick-

ness, located approximately 5-10% of chord in front of the shockwave. 

 Favourable effects of investigated delta-shaped vortex generators include, beside elimi-

nation of laminar separation at the shockwave foot, also increase of suction in front of 

shockwave which has positive effect on lift-to-drag ratio, compensating increased drag 

due to higher friction in turbulent boundary layer and due to presence of the vgs them-

selves. 

 Both tested turbulators – the delta-shaped vortex generators and micro-vanes perpendicu-

lar to flow and to airfoil surface had positive effects on buffet phenomenon, damping os-

cillations of shockwave. 

 The results obtained for the second type of turbulator – micro-vanes perpendicular to air-

foil surface and flow have shown that for vane height equal 50% of thickness of laminar 

boundary layer buffet phenomenon was eliminated from Mach range where it existed on 

clean airfoil. 
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Abstract. We report on an international effort to develop an open-source computational en-
vironment for high-fidelity fluid-structure interaction analysis. In particular, we will focus on
verification of the implementation for application in computational aeroelasticity. The capabil-
ities of the SU2 code for aeroelastic analysis have been further enhanced both by developing
natively embedded tools for the study of largely deformable solids, and by wrapping it using
Python tools for an improved communication with external solvers. Both capabilities will be
demonstrated on relevant test cases, including rigid-airfoil solutions with indicial functions,
the Isogai Wing Section, test cases from the AIAA 2nd Aeroelastic Prediction Workshop, and
the vortex-induced vibrations of a flexible cantilever in the wake of a square cylinder. Results
show very good performance both in terms of accuracy and computational efficiency. The mod-
ularity and versatility of the baseline suite allows for a flexible framework for multidisciplinary
computational analysis. The software libraries have been freely shared with the community to
encourage further engagement in the improvement, validation and further development of this
open-source project.
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1 INTRODUCTION

The interaction between fluids and structures on complex geometries is a challenging compu-
tational problem that has attracted substantial interest due to its relevance across disciplines, in-
cluding aeronautical and civil engineering, biomechanics, and turbomachinery. In this work, we
will focus on aeronautical applications, and particularly on computational aeroelasticity [1–3].
Due to the complexity of the constitutive equations and the strongly non-linear coupling effects
between fluid and structure, the development of accurate and efficient solvers able to be run
in highly-parallel environments becomes a determining factor, specially when addressing large
problems that require refined discretisations.

With this in mind, the open-source software suite SU2 [4–6] has been used as the basic
infrastructure for the development of a set of tools for Fluid-Structure Interaction (FSI). Due
to its modularity and versatility, it has been possible to develop natively embedded tools for
non-linear structural analysis in SU2, thus allowing for a self-contained, open-source suite ca-
pable to deal with FSI problems involving largely deformable solids [7]. At the same time, the
suite has been wrapped using Python tools for improved communication with external solvers,
which increases the flexibility for the user when aiming to solve problems using other in-house
or commercial platforms. In this paper we will detail the modular implementations we have
included in SU2 in the context of FSI, and we will assess the validity of these methods.

The paper is organized as follows. Section 2 briefly describes the governing equations for
fluid and structural mechanics, and establishes the interface coupling conditions. Section 3
sketches the structure of the code for the fluid and structural solver, and the architecture that per-
mits the coupling of the independent solvers with each other or with external tools via Python.
Section 4 presents the first set of results obtained using the different approaches described. Fi-
nally, section 5 summarizes the current state of the project and outlines some of the planned
future developments.

2 BACKGROUND

2.1 Fluid mechanics

2.1.1 Governing equations

We are concerned with compressible, turbulent fluid flows governed by the Reynolds-averaged
Navier-Stokes (RANS) equations, which can be expressed in arbitrary Lagrangian-Eulerian
(ALE) [8] differential form as

∂U

∂t
+∇ · Fc −∇ · Fv −Q = 0 in Ω× [0, t] (1)

where the conservative variables are given by U = {ρ, ρv, ρE}T, and the convective fluxes,
viscous fluxes, and generic source term are

Fc =

 ρ(v − u̇Ω)

ρv ⊗ (v − u̇Ω) + ¯̄Ip
ρE(v − u̇Ω) + pv

 , Fv =

 ·
¯̄τ

¯̄τ · v + µ∗totcp∇T

 , (2)

and Q = {qρ,qρv, qρE}T, where ρ is the fluid density, v = {v1, v2, v3}T ∈ R3 is the flow speed
in a Cartesian system of reference, u̇Ω is the velocity vector at a point for a domain in motion
(mesh velocity after discretization), E is the total energy per unit mass, p is the static pressure,
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cp is the specific heat at constant pressure, T is the temperature, and the viscous stress tensor
can be written in vector notation as

¯̄τ = µtot

(
∇v +∇vT − 2

3
¯̄I(∇ · v)

)
. (3)

In 3D, Eqn. 1 is a set of five coupled, nonlinear partial differential equations (PDEs) that
are statements of mass (1), momentum (3), and energy (1) conservation in a fluid. Additional
boundary and temporal conditions will be required and are problem dependent. Most com-
monly, no-slip conditions (v = u̇Ω) are applied to solid surfaces, and far-field approximations
that mimic the fluid behavior at infinity [9] are applied to outer boundaries.

Assuming a perfect gas with a ratio of specific heats γ and gas constantR, one can determine
the pressure from p = (γ − 1)ρ

[
E − 1

2
(v · v)

]
, the temperature is given by T = p/(ρR), and

cp = γR/(γ − 1). In accord with the standard approach to turbulence modeling based upon
the Boussinesq hypothesis [10], which states that the effect of turbulence can be represented as
an increased viscosity, the total viscosity is divided into laminar and turbulent components, or
µdyn and µtur, respectively. In order to close the system of equations, the dynamic viscosity
µdyn is assumed to satisfy Sutherland’s law [11] (a function of temperature alone), the turbulent
viscosity µtur is computed via a turbulence model, and

µtot = µdyn + µtur, µ∗tot =
µdyn
Prd

+
µtur
Prt

, (4)

where Prd and Prt are the dynamic and turbulent Prandtl numbers, respectively.
The turbulent viscosity µtur is obtained from a suitable turbulence model. The Shear Stress

Transport (SST) model of Menter [12] and the Spalart-Allmaras (S-A) [13] model are two of
the most common and widely used turbulence models. For treating purely laminar or inviscid
problems, note that the laminar Navier-Stokes equations and the Euler equations can be recov-
ered from Eqn. 1 by removing the contribution of the turbulence model to the viscosity and by
eliminating all viscous terms, respectively, when appropriate. With the Euler equations, flow
tangency boundary conditions are applied to solid surfaces in the place of a no-slip condition.

2.1.2 Numerical implementation

The governing fluid equations are spatially discretized on unstructured meshes via the Finite
Volume Method (FVM) using a median-dual, vertex-based scheme with a standard edge-based
structure. Instances of the state vector U are stored at the nodes of the primal mesh, and the dual
mesh is constructed by connecting the primal cell centroids, face centroids, and edge midpoints
surrounding a particular node.

Convective fluxes are discretized using either a centered scheme, such as the Jameson-
Schmidt-Turkel (JST) [14] method, or an upwind scheme, such as the Roe [15] method. For
upwind methods, second-order accuracy is easily achieved via reconstruction of variables on the
cell interfaces by using a MUSCL approach with gradient limiters. The convection of the turbu-
lence variables is discretized using an upwind scheme (typically first-order). Viscous fluxes are
computed with the node-gradient-based approach due to Weiss et al. [16]. The Green-Gauss or
weighted least-squares methods are available for approximating the spatial gradients of the flow
variables. Source terms are approximated via piece-wise reconstruction in the finite-volume
cells.

For unsteady flows, a dual time-stepping strategy [17, 18] has been implemented for obtain-
ing a specified accuracy in time. In this method, the unsteady problem is transformed into a

1500



Sanchez, Kline, Thomas, Variyar, Righi, Economon, Alonso, Palacios, Dimitriadis, Terrapon

series of steady problems at each physical time step that can then be solved using all of the
well-known convergence acceleration techniques for steady problems. Each physical time step
is relaxed in pseudo time using implicit integration.

During time-accurate calculations on dynamic meshes, the coordinates and velocities of the
grid nodes must be updated at each physical time step using suitable methods for displacing
the nodes of the volume mesh and computing the resulting grid node velocities. Two typical
strategies involve rigid mesh transformations or dynamically deforming meshes. In the former,
the grid node coordinates and velocities are often computed analytically based on a prescribed
motion of the mesh as a rigid body. The dynamically deforming case, which is typically nec-
essary for FSI problems, requires an additional technique to deform the fluid volume mesh to
conform to specified changes in the positions of solid boundaries. After updating the position
of all nodes in the fluid mesh, the local grid velocity at a node can be computed by storing the
node coordinates at prior time instances and using a finite differencing approximation that is
consistent with the chosen dual time-stepping scheme.

Finally, when computing unsteady flows on dynamic meshes with the ALE form of the
equations, a Geometric Conservation Law (GCL) should be satisfied. First introduced by
Thomas and Lombard [19], it has been shown mathematically and through numerical exper-
iment [20–22] that satisfying the GCL can improve the accuracy and stability of the chosen
scheme. A straightforward technique for the numerical implementation of the GCL [23,24] has
been included as part of the dual-time stepping approach.

2.2 Structural mechanics

2.2.1 Rigid body models

The following model can be considered for the constrained displacement of non-deformable
bodies. The kinematics can be described by a finite set of degrees of freedom corresponding
to a translation of body-attached point O and a rotation around this point. This is illustrated in
Fig. 1 where both an absolute frame of reference and a relative frame of reference attached to
the solid body (denoted by the ’ symbol) are considered. Initially, these two referential frames
are superposed. After a displacement, the absolute position s of any point P within the solid can
thus be written as [25]:

sP = sO + r′ = sO + Rr (5)

where sO is the translation of the reference point, r′ is the relative position of P in the body-
attached frame of reference, r is the position of P before the displacement and R is a rotation
matrix.

The rotation matrix is based on the choice of the parametrization for the rotation and de-
scribes the rotation of the relative frame of reference O’ in the absolute referential frame. In
the case of a three-dimensional rotation, it can be separated into ordered rotations of angles θ,
φ and ψ around the x, y and z-axis respectively, which gives the following rotation matrix:

R(θ,φ,ψ) =

 cosφ cosψ sin θ sinφ cosψ − cos θ sinψ cos θ sinφ cosψ + sin θ sinψ
cosφ sinψ sin θ sinφ sinψ + cos θ cosψ cos θ sinφ sinψ − sin θ cosψ
− sinφ sin θ cosφ cos θ cosφ


In the case where the rigid body displacement is dynamically constrained by some constant

stiffness or damping, Lagrange’s equation [26,27] can be used to build the equations of motion
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Figure 1: Vectorial description of a rigid body displacement, before (blue) and after (red) the
displacement.

for an arbitrary number n (from one to six) of degrees of freedom uj:

d

dt

(
∂T

∂u̇j

)
−
(
∂T

∂uj

)
+

(
∂V

∂uj

)
+

(
∂D

∂u̇j

)
= Fj(t) j = 1, · · · , n (6)

where T is the kinetic energy related to the mass and the inertia, V the potential energy related
to the stiffness, D is the dissipation function related to the damping and Fj is the generalized
time-dependent force associated to the j th degree of freedom. This can be expressed in matrix
form as:

Mü + Cu̇ + Ku = F(t) (7)

where u is the vector containing the uj .

2.2.2 Solid mechanics

In the context of geometrically non-linear, solid mechanics problems, the governing equation
may be written [28] as

ρs
∂2u

∂t2
= ∇(F · S) + ρsf in Ω× [0, t] (8)

where ρs is the structural density, u are the displacements of the solid, F the material deforma-
tion gradient, f the volume forces on the structural domain, and S the second Piola-Kirchhoff
stress tensor, which are related to the Cauchy Stress tensor σ by means of a Piola transforma-
tion [29]. The mechanical response of the continuum is addressed by means of a Lagrangian
(spatial) description, where the displacements, velocities and accelerations of the structure at
the nodes are tracked by following material particles [29, 30].

The current implementation of a solid structural solver within SU2 accounts both for lin-
ear elastic problems, and also for geometrically non-linear problems with a hyperelastic, Neo-
Hookean material model. In a linear setting, and assuming no structural damping, Eq. 8 may
be discretized in space using the Finite Element Method (FEM), resulting in

Mü + KLu = F(t) (9)
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where F(t) is the vector of externally applied forces, M the mass matrix and KL the linear
stiffness matrix, which multiply, respectively, the acceleration and displacement terms of the
solution [31]. In a non-linear setting, on the other hand, we linearise the principle of virtual
work and reformulate the problem in an incremental, implicit Newton-Raphson way [29,31], as

Müt+1 + KNL∆u(k = −Rt+1

u
(k
t+1 = u

(k−1
t+1 + ∆u(k (10)

Rt+1 = T
(k−1
t+1 − Ft+1

where the tangent matrix KNL accounts for the constitutive and stress terms of the equations
and R is the residual vector which is computed as the difference between internal equivalent
nodal forces T and the external forces F. In order to obtain time-accurate solutions on solid
structural analysis, both the Newmark [32] and the Generalized-α [33] integration methods have
been implemented in SU2.

2.3 Coupling

2.3.1 Coupling conditions

It is necessary to impose appropriate boundary conditions on the interface in order to fully
define the coupled problem. First of all, continuity of displacements may be imposed over the
Fluid-Structure interface Γ as

uΓf
= uΓs = uΓ. (11)

Second, assuming a viscous flow with no-slip boundary conditions, the tractions on the fluid
interface are defined as tf = −pnf + ¯̄τ fnf , where p is the pressure of the fluid on the interface,
¯̄τ the viscous stress tensor and nf the dimensional, fluid normal outwards from the surface. On
the other hand, the tractions on the structural interface are defined as ts,n = ¯̄σsns, where ns is
the dimensional, structural normal pointing away from the surface.

We can now define a Dirichlet-to-Neumann [34, 35] non-linear operator that maps the dis-
placements on the fluid interface into the fluid tractions, tΓf

= F (uΓf
) on Γf . Analogously for

the structural side, tΓs = S (uΓs) on Γs. Imposing equilibrium of tractions, and combining it
with the continuity condition in Eqn. (11), we obtain a Steklov-Poincaré equation [34, 35]

F (uΓ) + S (uΓ) = 0. (12)

This equation can be rewritten in the form of a fixed-point equation [35] using an inverse
Neumann-to-Dirichlet operator on the structural side, uΓs = S −1(λΓs), resulting in the inter-
face condition

S −1(−F (uΓ)) = uΓ. (13)

2.3.2 Time coupling

A partitioned approach has been adopted in this work, which permits the employment of
an adequate solver for each subproblem [35] while maintaining the modularity of SU2. Two
possible strategies are available for the integration in time of the coupled problem: an explicit,
loosely-coupled method, and an implicit, strongly-coupled method. The choice of the scheme
will depend on the particularities of the problem to be solved.

The explicit procedure runs sequentially one single solution of the the fluid and structure
solvers and advances the solver in time without enforcing the coupling conditions at the end of
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each time step. Due to its simple and modular implementation, this is widely used in computa-
tional aeroelasticity, where the coupled dynamics are often mostly determined by the vibrations
characteristics of the structure [3, 36–38]. However, this scheme may be unstable or inaccurate
in certain cases, due to its high dependency on the density ratio ρs/ρf and the compressibility
of the flow [35, 39, 40].

An implicit scheme improves the quality of the solution for cases in which explicit algorithms
are inadequate. Implicit schemes require both solvers to meet the coupling conditions defined
in section 2.3.1 at the end of each time step. In particular, our implementation uses the Block
Gauss-Seidel (BGS) method, which iteratively solves the fluid and structural problems within
the time step until a tolerance criterion is met in the continuity condition (11).

However, low convergence and even divergence has been reported when density ratios are
low, the flow is incompressible or the structural deformations are large [40–42]. One common
strategy to improve the convergence of the scheme is the use of high-order displacement predic-
tors combined with the employment of relaxation techniques [35,40,43,44]. The definition of a
fixed relaxation parameter ω generally results on a large number of iterations [43]; however, the
use of the Aitken’s ∆2 dynamic relaxation parameter [45], which has also been included in SU2,
is a simple and efficient option [40, 43, 44] to improve the convergence of implicit schemes.

2.3.3 Spatial coupling

The computational study of a Fluid-Structure Interaction problem using a partitioned ap-
proach requires the transfer of the coupling conditions defined in 2.3.1 between the fluid and
structural discretizations in an appropriate way. Due to differences in the physical behavior and
the possibility of local effects on one, or both, of the domains, matching discretizations will
often either over- or under-refine one of the domains. This motivates the implementation of
interpolation between non-matching discretizations. It should be noted that the interpolation
of fields on the non-matching interface may compromise the accuracy of the whole simula-
tion [46], and several authors have addressed the problem of coupling two non-matching dis-
cretizations [1, 46–51]. The general criteria for choosing the appropriate interpolator relates to
its efficiency, robustness, accuracy, and conservation of momentum and energy [1, 46, 49, 52].

It is a common approach in the literature to apply the principle of virtual work [1,46,49,53]
to define a conservative transfer scheme. Brown [52] and Farhat [1] have introduced projection
methods that apply the conservation of virtual work to the problem of transferring load and
deformations in FSI problems on non-matching meshes. By requiring the interpolation method
to conserve virtual work across the displacements and forces on the two meshes, the resulting
distributions are physically consistent and result in the same integrated forces. Following their
work an expression for the virtual work performed by the forces applied to the structure F,
moved through a virtual nodal displacement δuΓ,s is:

δWE = FT · δuΓ,s (14)

The virtual work must equal the similar expression using the forces of the fluid solution and
the virtual displacements of the fluid mesh:

δWE =

∫
Γ,f

(−p~nf + ¯̄τ f~nf )
T · δuΓ,fdSf (15)

where ~nf is the unit normal on the fluid side of the problem and Sf the curvilinear coordinate
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along the fluid interface. Equating Equations (14) and (15):

FT · δuΓ,s =

∫
Γ,f

(−p~nf + ¯̄τ f~nf )
T · δuΓ,fdSf (16)

In the discrete interface, the displacements on the fluid side may be mapped using the dis-
placements on the structural side through the use of a matrix H which will need to be defined
for each problem and method used, thus resulting in uf = Hus. For the common case of
a finer fluid mesh we have a set of distributed forces λf including both surface pressure and
traction. According to the previously described principle of virtual work, the tractions at the
structural interface may be mapped from the fluid domain as λs = HTλf . Therefore, it is
possible to define a full space-coupling scheme that would meet the criteria of conservation of
work by adequately defining a transformation matrix H. Global conservation of forces can also
be achieved by imposing that the rowsum of H is equal to one [49].

3 IMPLEMENTATION

The SU2 software suite was conceived as a common infrastructure for solving multi-physics
PDE-based problems on unstructured meshes. The full suite is composed of compiled C++
executables and high-level Python scripts that perform a wide range of tasks related to PDE
analysis, PDE-constrained optimization, or coupled multi-physics problems. Below, we will
describe some of the key implementation details for the various FSI approaches for both C++
and Python. A more complete description of the suite can be found in Economon et al. [54].

3.1 Fluid solver

Much of the C++ class design in SU2 is shared by all of the core modules. In particular,
this includes the geometry (i.e., grids), integration, configuration (input file), and output class
structures. Only specific numerical methods for the convective, viscous, and source terms are
re-implemented for different physical models where necessary. There is no fundamental limita-
tion on the number of state variables or governing equations that can be solved simultaneously
in a coupled or segregated way (other than the physical memory available on a given computer
architecture), and the more complicated algorithms and numerical methods (including paral-
lelization, multigrid, and linear solvers) have been implemented in such a way that they can be
applied without special consideration during the implementation of a new physical model.

The schematic in Fig. 2 shows the structure of the fluid solver in SU2. A similar structure
would arise for other single-physics solvers, as will be seen below for the structural solver. The
main SU2 loop drives the iterations of the particular physics, and in this example, the iteration
class for the flow problem is executed. Within that iteration, some classes that are shared among
all solvers are leveraged, such as the geometry and integration classes, while others have been
specialized to the flow problem, such as the solver, numerics, and variable classes. The solver,
numerics, and variable classes contain the routines that are specific to a chosen physical model.

3.2 Structural solver

The structural solver has been designed based on the original fluid solver, and follows its
main structure, as shown in Fig. 3. However, some modifications have been carried out in
order to account for the specific characteristics of solid mechanics problems. In particular,
two layers of abstraction have been included that deal, independently, with geometrical and
material nonlinear effects. The Finite Element analysis is performed at the solver level and
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OutputInput

Space & Time Integration

Geometry: Dual Grid FV Mesh Euler / NS / RANS Solver
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CFD Numerical Methods

SU2

Flow Iteration 

Single Physics Driver

Figure 2: Structure of the fluid solver.

relies on a C++ class common for any kind of element. This structure has been designed with
the philosophy of maintaining the flexibility of the code while easing and encouraging further
contributions. Further details may be found in Sanchez et al. [7].

OutputInput

Space & Time Integrator

Geometry: FEM Mesh Solid Mechanics Solver

Variable: Node

FEM: Structural Analysis

SU2

Structural Iteration 

Single Physics Driver

Element Geometrical model

Material modelGaussian Point

Figure 3: Structure of the Solid Mechanics solver.

3.3 Multizone solver

The solution process in SU2 has been redesigned to improve its ability to run several solvers
with a single instance of the software. With this objective, a so-called driver structure has been
introduced, in which the developer can make use of the different parts of the code as if they
were black-boxes. When different solvers are used and need to interact with each other, it is
necessary to introduce mechanisms to communicate information at their interface. This is a
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complex task, specially when the solution process is run in multiple processors.
This situation is illustrated in Fig. 4 for an example in which a solid wall is immersed in

a flow in a channel and run in two processors. A multi-core, multi-physics problem run on
a distributed memory computer requires the MPI communication of information to be done
not only within each independent solver, but also across the different solvers. Moreover, an
optimal partition of the discretization of each zone of the physical domain, which reduces to
a minimum the number of edges cut by the partitions, may result in non-compliant regions
across zones. This fact forces the transfer mechanisms to be able to efficiently distribute the
information from processor i in the fluid domain to processor j in the structural domain. This
issue has been resolved by abstracting the physics of the information to be transferred from the
MPI transfer routines, thus allowing for different and specialized teams to develop and improve
each particular part of the problem independently. More specifically, and for Fluid-Structure
Interaction applications, the resulting code structure is shown in Fig. 5.

FSI Interface

(Processor 1) (Processor 2)(MPI Communication)

(MPI Communication)

(Processor 2)
(Processor 1)

(MPI Communication

Fluid halo region

Structural halo region

Fluid domain Fluid domain

Structural domain Structural domain

across different
physical problems)

Figure 4: Sample FSI problem run in multiple cores.

OutputInput

SU2

Flow Iteration 

Fluid-Structure Interaction Driver

Structural Iteration 

MPI-Compliant Transfer Methods

Fluid Tractions 

Structural Displacements 

I II 

I II 

Figure 5: Transfer structure for Fluid-Structure Interaction problems.
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3.3.1 Time-accurate solver

The self-contained FSI solver implemented within SU2 includes a Block Gauss-Seidel (BGS),
partitioned, strongly-coupled, implicit solution method in order to advance the fluid and struc-
tural solvers in time, as described in section 2.3.1. This solver takes advantage of the modular
implementation of SU2, in particular of the driver and iteration methods which allow to use
each solver as a black-box, together with the transfer methods described in section 3.3. The
code subiterates within each time step according to the diagram shown in Fig. 6, until the con-
vergence criteria that has been established over the interface displacements is met.

Interface

Equilibrium

t f,Γ ts,Γ+ = 0

Fluid Solver Structural Solver

S ( ts,Γ )=us,Γ

Continuity

uf,Γ us,Γ= =uΓ

(t f,Γ )= u f,ΓF ,um
.

Mesh Morpher

( )= u f,ΓMum
.

-1

Figure 6: Block Gauss-Seidel subiterations for strong coupling.

3.3.2 Interpolation methods

It is rarely the case that the separate fluid and structure problems will require the same mesh
distributions. For this reason the capability to interpolate between non-matching meshes has
been implemented in SU2. The location of interpolation within the problem is shown in Fig. 7.

Interpolation is implemented as a class (CInterpolator) which locates the ’donor’ nodes and
calculates weighting coefficients. These values are evaluated once in a preprocessing step of the
multi-zone problem, and stored such that the transfer structure will continue as described in sec-
tion 3.3 with the only difference that the transferred information originates from a weighted sum
of nodes rather than being restricted to a single node. The particular weighting and selection
of nodes is determined by which interpolation method is chosen. Each interpolation method is
implemented as a child class of CInterpolator, inheriting the data structures and methods needed
by most interpolation routines.

The implemented interpolation methods include a Nearest-Neighbor approach which identi-
fies the closest point and uses a weighting value of 1.0, and an Isoparametric approach which
computes isoparametric coefficients for the nodes of the closest surface element. A ’Conserva-
tive’ approach is also implemented, which re-uses the computation of isoparametric coefficients,
but rather than re-computing the coefficients in either direction it computes the coefficients from
the coarser mesh to the finer mesh and mirrors these values for the transfer in the opposite direc-
tion, such that the transfer matrix is the same in both directions. This is consistent with methods
described in literature [52] and section 2.3.3.
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Figure 7: Interpolation structure for Fluid-Structure Interaction problems.

3.4 Python wrapper

SU2 can also be used for FSI computations when it is externally coupled with a third-party
structural solver. This particular type of coupling is achieved through a Python wrapper de-
signed to synchronize the solvers within one single Python environment. The implementation
of the wrapper is detailed first, and the coupling mechanisms are illustrated after that.

3.4.1 Implementation of the wrapper

The flexibility of the Python language is used to couple SU2 with other third-party structural
solvers in order to perform externally-coupled FSI simulations. Some specific functions imple-
mented in SU2, such as those performing CFD iterations or mesh deformation, are rearranged
in a new C++/API object representing the SU2 solver as the fluid part of the FSI algorithm.
The SU2 code with the API object are then compiled as a dynamic library using any C++ com-
piler. An additional compilation using SWIG is required to translate the API into a wrapping
Python module that is linked with the library and importable in any Python script where the
FSI algorithm is built. In this way, the SU2 solver, through the Python-wrapped API, can be
managed in an intuitive language but the critical and computationally intensive calculations are
performed with the same C++ routines as in the basic source code. This wrapping methodology
is illustrated in the left (black) part of Fig. 8.

3.4.2 Coupling with a third party solver

The coupling with external structural solvers is achieved within the Python script itself, pro-
viding the considered solver also has a Python-translated API that can be imported as a Python
module representing the solid part of the computation. This is illustrated in the right (gray) part
of Fig. 8. For modularity purposes, the methods of the API object of any structural solver to be
coupled with the Python wrapper should be built on a template that covers the main steps of an
FSI algorithm.

The communications between the fluid and solid modules can be directly performed through
memory by explicitly exchanging memory addresses as input/output to/from the specific API
functions. For example, when an update of the solid displacement is needed, the solid part
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Figure 8: Python wrapping of SU2, from source code to FSI script (black). A symmetric
architecture can then be applied to the structural solver (gray).

sends the memory address of the array where the new position of the fluid-solid interface is
stored. These values can thus be interpolated from the solid to the fluid mesh and processed
before deforming the fluid mesh. The same mechanism is used for communicating fluid loads
acting on the solid. This leads to an intuitive and flexible way for synchronizing the solvers,
since they are not considered as independent codes anymore but as Python objects within the
FSI script. Another advantage of the wrapper is that all of the methodologies for FSI that were
described in section 3.3 are also available in this approach. This implementation is also fully
compatible with code parallelization using MPI thanks to appropriate MPI Python modules so
that the MPI communication pattern within the solvers is kept. Third party structural solvers of
various complexity can be coupled through the wrapper. In this paper, two different cases are
presented. The first is one where the wrapper is used to couple SU2 to a spring-analogy solver
and in the second, SU2 is coupled with an external finite element solver capable of handling 2d
and 3d structural meshes for linear and non-linear structural analysis.

In the case of rigid body aeroelastic applications, the wrapper is used to couple an external
in-house spring analogy solver. This solver is used to predict the dynamically constrained
rigid body motion that was previously described in section 2.2.1 by integrating the equations of
motion, Eq. 7, in time for a six-DOF rigid body system with the Generalized-α method. The
solver itself takes the structural parameters, such as the mass, moment of inertia, stiffness or
damping as inputs.

The surface tractions on each node of the interface are communicated to the spring analogy
solver through the wrapper. The global aerodynamic loads, such as the lift and drag forces or
the aerodynamic moments, are then computed in order to solve Eq. 7 and get the new positions
of each node of the solid interface with Eq. 5. The interface displacement is then communicated
from the spring analogy solver to SU2 as inputs for the dynamic mesh deformation.

For this particular case, only the fluid part is parallelized since the structural part can be
almost instantaneously solved without any significant computational cost. The absence of mesh
discretisation in the solid part enables the coupled simulation to get rid of the interpolation of
fields at the interface. The amount of data needed to be exchanged is also small so that the
communication between the fluid and the solid is performed on the master process, then the
data are broadcasted/gathered to/from the other processes if needed.

For the second case, SU2 is coupled with the Toolkit for Analysis of Composite Structures
(TACS) [55], a finite element based structural analysis solver. TACS has a python interface that
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allows it to be coupled easily with SU2. The load transfer between the fluid and structure solvers
is performed using an in-house python module developed for finite element based structural
weight estimation for aircraft configurations [56]. The python based FSI framework comprising
SU2, TACS and the load transfer module permits the solution of different FSI problems (steady
and unsteady) in two and three dimensions. Different fluid structure coupling architectures like
the Conventional Staggered or Block Gauss Seidel can be formulated without recompiling SU2
or TACS simply by rearranging the function calls to the fluid and structural modules in the
Python driver scripts. A test case for the unsteady solution of an elastic beam behind a square
cylinder (shown in in Section 4.2.3) is used to demonstrate the capabilities of the framework.

4 RESULTS

4.1 Fluid-Structure Interaction solver for rigid body applications

A typical aeroelastic reference model is the two-dimensional pitching-plunging airfoil [57]
(2 DOF) with a chord c in a free-stream flow of velocity U∞ (or Mach number M∞). This
model is illustrated in Fig. 9. The displacement h of the elastic axis is positive downwards and
the pitch angle α is positive clockwise. The positions along the chord of the center of gravity
xCG and the elastic axis xf are considered from the nose of the airfoil. The product between
the distance (xCG − xf) and the airfoil mass m is the static unbalance S. The spring analogy
controls the motion of the airfoil with a stiffness Kh (or Kα) and a damping Ch (or Cα) for the
plunging (or pitching) mode.

xf
xCG cc/2

h t( )

α t( )

Kh

Kα

C
α

Ch

CG

U

x

y

Figure 9: Schematic of a two degrees of freedom pitching-plunging airfoil aeroelastic model.

The equations of motion, Eq. 7, for this aeroelastic system can be written as:

mḧ+ Sα̈ + Chḣ+Khh = −L
Sḧ+ If α̈ + Cαα̇ +Kαα = M

(17)

where If is the inertia of the airfoil around the elastic axis, L the lift and M the aerodynamic
moment around the elastic axis. The lift is positive upwards and the aerodynamic moment
around the elastic axis is considered positive clockwise, as the pitch angle. This model can also
be described by a set of non-dimensional parameters, i.e., the normalized static unbalance χ
and inertia rα, the uncoupled natural frequency ratio ω and the mass ratio µ:

χ =
S

mb
, rα =

If

mb2
, ω =

ωh
ωα

, µ =
m

πρ∞b2
(18)
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In these expressions b is the half-chord, ωh =
√
Kh/m (ωα =

√
Kα/If) is the uncoupled

plunging (pitching) natural frequency and ρ∞ is the free-stream density of the fluid.

4.1.1 Two-dimensional pitching-plunging NACA 0012 airfoil

The Python wrapper is used here to couple SU2 with the basic spring analogy integrator
described in section 3.4.2 to solve the basic two-dimensional aeroelastic problem involving a
pitching-plunging NACA 0012 airfoil in a free-stream flow. The unsteady RANS solver of SU2
is used with the k − ω SST turbulence model and the FSI simulation is based on a strongly-
coupled scheme with a tolerance on the solid displacement of 10−6 (leading to about 4 FSI
iterations).

The case is set with the non-dimensional parameters χ = 0.25, rα = 0.5, ω = 0.3185
and µ = 100. The elastic axis is placed at the quarter-chord point. Several free-stream Mach
numbers are considered in order to capture both sub- and post-critical conditions. The chord-
based Reynolds number is fixed at a value Rec = 4 · 106 for a chord c = 1 m. The natural
pitching frequency is set to ωα = 45 rad/s. A pitch angle for the airfoil of α = 0.872 rad (5o)
is used as initial condition. These parameters are chosen in order to predict a subsonic flutter
Mach number that allows the comparison with incompressible theoretical models (see below).
The calculations are performed with 139 time steps per period of the pitch mode for accuracy
purposes.

The sub-critical response of the system for M∞ = 0.1 is compared with theoretical pre-
dictions using the thin airfoil theory [58] for aerodynamic load predictions and Wagner func-
tion [59] for dynamic fluid-solid coupling. Fig. 10 shows the normalized plunge displacement
and pitch angle as a function of a non-dimensional time τ = ωαt. At this sub-critical Mach
number the system is strongly damped. The coupled computation is in good agreement with the
theoretical expectations, particularly for the pitch mode.
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h
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Wagner model
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(a) Plunge displacement
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0
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[r
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d
]

(b) Pitch angle

Figure 10: Aeroelastic response as a function of time at sub-critical conditions (M∞ = 0.1).

The Python wrapper is thus able to capture the response at flow conditions being quite far
from critical conditions (flutter). Fig. 11 shows the computed responses of the plunging and
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pitching modes at three different free-stream Mach numbers corresponding to sub-critical, crit-
ical and post-critical conditions. The flutter Mach number, M∞ = 0.357, obtained from the
computation differs only slightly from the theoretical prediction based on Wagner model, i.e.,
M th
∞ = 0.371. As expected, the response at M∞ = 0.3 is strongly damped. An increase of

the Mach number reduces the damping ratio until critical conditions are reached, at which the
amplitude of the response remains constant in time. Finally, at post-critical conditions (e.g.,
M∞ = 0.364), the response becomes unstable.
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Figure 11: Aeroelastic response as a function of time at sub- and post-critical conditions.

Fig. 12 shows the computed dimensionless frequencies of the two airfoil modes as a funcion
of the free-stream Mach number. The evolution of the frequencies is in good agreement with
the theoretical model. In particular, the two frequencies converge with increasingM∞ until they
coincide at the flutter Mach number and beyond it.

At the post-critical conditions the amplitude of the response is strongly amplified during
the first 6 cycles, but then reaches a limit-cycle oscillation (LCO). This is due to the nonlinear
effects of boundary layer separation and stall that appear for large displacements and angles
of attack. Fig. 13 shows the temporal response of the system over a longer time period. The
red bullets correspond to instants when significant flow separation occurs alternatively on the
extrados or intrados of the airfoil. A sudden drop of the amplitude is systematically observed
after each separation. Subsequently, the amplitude increases again due to flutter instabilities
before reaching another separation point. This mechanism allows the aeroelastic response to
remain bounded in time and explains the development of a LCO mode.

A visualization of this flow dynamics is shown in Fig. 14 for times corresponding to the
second set of red bullets in Fig. 13. The separation occurs when the two airfoil modes reach
their local maximum values. On the suction side, the local Mach number becomes very large
(close to 1.6) [Fig. 13 (a) and (b)]. Then a massive flow separation event is observed while the
airfoil moves back towards its neutral position (α = h = 0) [Fig. 13 (c) and (d)]. Finally, the
flow progressively reattaches until the instantaneous displacement (both modes) of the airfoil is
close to zero [Fig. 13 (e) and (f)]. A similar dynamics takes place for negative pitching angles.
This highlights the capabilities of the wrapper coupling method to predict complex and non-
linear dynamics that can be observed in aeroelastic systems beyond the linear coupled mode
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Figure 12: Dimensionless frequencies of the aeroelastic response as a function of the free-
stream Mach number.
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Figure 13: LCO response of the system at M∞ = 0.364 under non-linear aerodynamic phe-
nomena. The times when massive boundary layer separation occurs are marked by the red
bullets.

flutter, keeping in mind the loss of accuracy for separated flows due to the RANS model.

4.1.2 Isogai wing section

The Python wrapper coupling SU2 and the spring-analogy integrator is also applied to the
classical Isogai wing section aeroelastic case (case A) [60,61]. This test case represents the dy-
namics of the outboard portion of a swept back wing in the transonic regime. The corresponding
parameters are χ = 1.8, rα = 1.865, ω̄ = 1, µ = 60. The elastic axis is placed in front of the
airfoil at a distance xf = −b from the leading edge and the natural pitching frequency is here
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Figure 14: Visualization of the flow separation mechanism leading to a LCO response of the
system beyond the flutter point.

set to ωα = 100 rad/s.
The Euler equations are considered in the transonic regime (M∞ = 0.7− 0.9) with an initial

pitch angle for the airfoil of α0 = 0.0174 rad (1o) and the FSI simulation is again performed
with a strong-coupling scheme with the same tolerance than the previous test case. For this
case, the number of time steps per period of the pitch mode is reduced to 39.

Several FSI simulations at different transonic Mach numbers are performed with variable
speed index

V ∗ =
U∞

bωα
√
µ

(19)

in order to predict the flutter point. This state is reached when the damping extracted from
the dynamic response of the system is close to zero. The results are illustrated in Fig. 15 that
shows a comparison of the computed flutter speed indices with those found in other references
[62–65]. The best approximation curve (spline) is a representation of the limit between stable
and unstable regions. It can be seen that the ”transonic dip” and the typical ”S-shape” flutter
boundary for M∞ between 0.7 and 0.9 are both well predicted.

4.1.3 Test cases from the 2nd AIAA Aeroelastic Prediction Workshop

The second AIAA Aeroelastic Prediction Workshop [66] was officially launched in January
2015 and took place in January 2016 (both events at Scitech) with the aim of assessing the
accuracy of the predictions provided by the available numerical approaches. The planned test
cases include the investigation of forced and unforced wing oscillations as well as the study
of wing flutter with a pitch-and-plunge kinematics. All measurements were carried out by
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Figure 15: Flutter speed index as a function of the free-stream Mach number. Comparison
between current computations and numerical results from the literature.

NASA in Langley’s TDT wind tunnel. The wing model is the Benchmark Supercritical Wing
(BSCW) [67–69]. All test cases are transonic and supercritical for the BSCW wing. Mach
number ranges between 0.70 and 0.84, Reynolds number (based on chord) is around 5 million.
The fluids used for the experiments are heavy gases (R12 and R134a depending on the test
case). The angle of attack is chosen in order to position the shock wave differently in each test
case. The boundary layer is tripped at 7% of the chord. The three dimensionality of the flow in
the tip region – the BSCW wing has an aspect ratio of 4 – contributes to the complexity of the
case.

Pre-requisites for a physically consistent simulation include the full resolution of the bound-
ary layer, and an acceptable prediction of the steady-state shock-boundary layer interaction,
hence a correct positioning of the shock on the upper and lower side of the wing.

The fluid solver in SU2 has been used to simulate test case 1, which includes forced pitch os-
cillations around the axis at 30% of the chord at frequency 10 Hz with an amplitude of±1◦. The
median angle of attack of 3◦ is sufficient to generate a small supersonic region around the upper
side of the nose of the wing and a shock at approximately 10% of the chord. The distribution
of the pressure, obtained from SU2, is shown in Fig. 16. A time-accurate simulation with rigid
grid motion was conducted with the second order dual-time stepping, following a steady-state
solution, also obtained with SU2. Both simulations were run with the central scheme (JST). The
Spalart-Allmaras one-equation turbulence model [13] was used. For the steady-state simulation
and for the subiterations in the time-accurate run, a CFL of 4.0 was used with the Euler implicit
time stepping (iterations limited to 5).

Time-accurate pressure measurements - static data and first harmonic - are available in a
number of points at the section at 60% of the span. The results obtained with SU2 are compared
with experimental data, whenever available, and with those obtained with Edge [70], a well-
known CFD package developed by the Swedish Defence Research Centre (FOI) for aeroelastic
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problems.

Figure 16: Steady state solution, pressure coefficient distribution over upper and lower wing
sides
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Figure 17: Pressure coefficient distribution averaged over ten periods

The agreement with the experimental data in terms of average pressure coefficient, presented
in Fig. 16, may be considered as good despite a difference of a few percentage points of chord
in shock position. The agreement between SU2 and Edge is excellent. The comparison of the
first harmonic (10 Hz), which is presented in Fig. 18 (magnitude of oscillations) and Fig. 19
(phase delay with respect to pitch signal) shows again a very good agreement between SU2
and Edge and larger deviations, but still acceptable to engineering standards, between CFD
and experiments. The most noticeable differences concern the recovery area, downstream of

1517



Sanchez, Kline, Thomas, Variyar, Righi, Economon, Alonso, Palacios, Dimitriadis, Terrapon

x/c

0 0.2 0.4 0.6 0.8 1

C
p

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

SU2

Edge

Exp

x/c

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
p

0.02

0.04

0.06

0.08

0.1

0.12
SU2

Edge

Exp

Figure 18: First harmonic of response, magnitude, pressure coefficient, upper (lhs) and lower
(rhs) wing side
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Figure 19: First harmonic of response, phase delay in degrees, pressure coefficient, upper (lhs)
and lower (rhs) wing side

the shock, where the predicted phase angle is overestimated, and the shock area, where the
experimental data show much lower value in correspondence of sensor 5. The most likely cause
- according to the researchers and organizers of the Workshop - is some local deformation
effect which is not being taken into consideration in CFD simulation. Two effects are expected
to play a major role in the evolution of static pressure on the upper wing side as a function of
the oscillating pitch angle; on the one hand, the motion of the stagnation point causes a first
pressure peak to grow in phase with pitch angle, on the other hand, the shock wave moves up
and downstream also in phase with the pitch angle. The two effects generate a “double peak”,
which is clearly visible in Fig. 18, in both CFD and experimental data.

The flow being strongly non-linear, the response of the aerodynamics contains several non-
negligible harmonics; the Fourier expansion of the pressure coefficients has a non negligible
amplitude at the reference frequency f = 10Hz and also at 2× f , 3× f and 4× f . This is pre-
sented in Fig. 20. Again, the agreement between SU2 and Edge is very good. No experimental
data is available for frequencies higher than 10 Hz.
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Figure 20: Second, third and fourth harmonics of response, magnitude, pressure coefficient

4.2 Fluid-Structure Interaction solver with deformable solids

4.2.1 Benchmark problem for native FSI solver in SU2

In order to test our native implementation of the FSI solver for deformable solids within SU2,
we focus on a well-known benchmark test case first proposed by Wall and Ramm [71] (see, for
example, [35, 44, 72–75]). They investigated the dynamics of a flexible cantilever attached to
the downwind side of a square cylinder in a low-speed flow, as described in Fig. 21.
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Figure 21: Benchmark for FSI solver with deformable solids.

The physics that lie behind this problem may be briefly described as follows. The square
cylinder, rigid and static, generates vortical structures in the low-Reynolds number flow. These
vortices generate an alternating pressure in the wake, that induces motions of the flexible can-
tilever attached to the downwind side of the square, as shown in Fig. 22.

Figure 22: Pressure contours and structural displacements for the benchmark test cases for a
full cycle of oscillation. From left to right, T=0, T=π/2, T= π, T=3π/2.
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The two parameters that have been used in the literature to assess the validity of different
FSI implementations are the frequency and amplitude of the vertical displacement at the tip of
the cantilever. With regards to the frequency, published values range from 2.78 to 3.25 Hz, this
is, in the surroundings of the first natural frequency of the cantilever, equal to 3.03 Hz. The
maximum tip displacement has been found to be within the range 1-1.4 cm, thus a 25-35% of
the cantilever length, which results in geometrically-nonlinear effects on the structure.

We have tested this problem using SU2 and several different time and space discretisations.
In these tests, we have obtained values of frequency ranging from 3.05 to 3.15 Hz and maximum
tip displacements in the range of 1.05 - 1.15 cm, showing a very good agreement with the liter-
ature. In a previous work, see [7], we have also shown the ability of the solver to capture some
modulations in the amplitude due to the complex physics involved, and the different behaviour
of the coupled problem when modifying some relevant parameters, such as the structural density
and first natural frequency.

In order to reduce the computational time, we have also tested in this work the ability of the
Aitken’s dynamic parameter and the first order displacement predictor to reduce the number of
BGS subiterations. In Fig. 23, we compare different configurations against a BGS strongly-
coupled strategy in which we use a fixed relaxation parameter ωfixed = 0.5. This approach
converges slowly to the solution, in about 8-10 iterations per time step.
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Figure 23: Time histories of the vertical tip displacements for different values of the relaxation
parameter for the BGS FSI solver. The base solution (in grey) is obtained with ωfixed = 0.5, and
no predictor.

By increasing the fixed relaxation parameter to ωfixed = 0.7, we reduce the computational
time in a 33%. However, as it may be seen in Figure 23, a higher relaxation parameter introduces
some deviations in the solution, that we believe are closely related to the value of ω being too
large in the first subiteration, ω0. This effect becomes more clear when we increase the fixed
relaxation parameter to ωfixed = 0.9, when both the frequency and the amplitude are affected
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and the amplitude modulation is almost damped out.
On the other hand, the use of the Aitken’s dynamic relaxation parameter (ωAitken,dyn) clearly

improves the convergence of the scheme. In particular, the number of BGS subiterations is
reduced to 4-5 per time step, resulting in the computational time being a 38% shorter. By
using a first order predictor on the first BGS subiteration, we can further reduce the number of
iterations to 3-4 and the computational time by a 56% with respect to the baseline case, while
obtaining effectively the same solution. It is important to note that, in these two cases, we have
limited the value of the relaxation parameter in the first BGS iteration to ω0 = 0.5, then allowing
it to adapt dynamically in the remaining subiterations.

4.2.2 Interpolation framework for non-matching discretizations

To test the implementation of the interpolation routines, the case of a solid wall immersed in
a flow in a channel case is used. The geometry is shown in Fig. 24, and the flow conditions were
set as Mach 0.15 viscous unsteady flow with adiabatic no-slip walls on the flexible vertical wall
within the channel, and slip wall conditions on the upper and lower surfaces. The Reynolds
number is 300 per meter. The ratio of densities between the structure and the fluid is 1 : 0.0106.
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Figure 24: Test case used for interpolation routines.

Several meshes were generated with varying refinement. The results shown are from a ’fine’
mesh with 100 elements on the upwind surface of the vertical wall, and a ’coarser’ mesh with
90 elements on that same wall. Fig. 25 illustrates the results of simulating the coupled dy-
namics with either matching ’fine’ discretizations, matching ’coarser’ discretizations, or a non-
matching discretization with the ’coarser’ mesh used for the structural dynamics. This plot il-
lustrates the effect of using these methods on the accuracy of the solution. Figure 26 illustrates
the deformed geometry at time step 25. We can see from these plots that the nearest-neighbor
interpolation results in discontinuous values. Using isoparametric weighting coefficients results
in a smoother deformation, however when examining the accuracy of this deformation in Fig-
ure 25, we can see that a smoother interpolation has not resulted in more accurate results as
compared to the nearest neighbor approach. Both of these methods use a transformation ma-
trix H that has been calculated separately for the two transfer directions. The combination of
this smoother interpolation and the use of a single H results in the most accurate interpolated
results.

4.2.3 Python-wrapped FSI with interface to external solvers

In order to test/demonstrate the flexibility of the python interface of SU2, the FSI problem
of a flexible cantilever attached to the downwind side of a square cylinder (described in Section
4.2.1) is solved by coupling the flow and structural solvers using the python interface. The
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Figure 25: Time history of horizontal displacement of the upper right-hand corner of the de-
flecting beam. The geometry has been held static until time step 18.

(a) Matching discretiza-
tion.

(b) Unmatched dis-
cretization with Nearest-
Neighbor interpolation.
Discontinuities can be
seen in the deformed
shape.

(c) Unmatched discretiza-
tion with Isoparametric
weights used in interpo-
lation. The deformation
is smooth, but does not
agree with matched dis-
cretization results.

(d) Unmatched dis-
cretization with ’Con-
servative’ method as in
Section 2.3.3. The defor-
mation agrees with the
matched discretization,
and is smooth.

Figure 26: Deformed geometry after 25 time steps

geometry of the problem is the same as Section 4.2.1 but the conditions are slightly different
corresponding to those specified in Dettmer et al. [73]. These are stated again in Fig. 27. The
results shown in Figs. 28, 29 were computed using a conventional staggered (CS) coupling
approach. We see that the maximum tip displacement of the beam, not including the transient
region, is 1.03 and the average frequency is 2.93 Hz showing a good agreement with [73] and
the results in Section 4.2.1. Simulations with the Block Gauss Seidel (BGS) coupling approach
give similar results but these have not been shown here.
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Figure 27: Geometry, flow and structural properties used for the 2d simulation using the python
interface

Figure 28: Time history of vertical tip displacements obtained using the python based coupling

Figure 29: Convective flux contours and structural displacements for the benchmark test cases
(using the python based framework) for a full cycle of oscillation. From left to right, T=0,
T=π/2, T= π, T=3π/2.

5 CONCLUSION

We have introduced a new open-source Fluid-Structure Interaction solution framework tai-
lored to high-fidelity analysis in computational aeroelasticity. It includes a natively embedded
FSI solver and a code wrapper methodology that simplify the communication of the code with
other external commercial and in-house solvers. We have carried out some relevant tests of the
methodology and the different capabilities that have been implemented. We have compared the
results obtained using this software with some relevant benchmark test cases, obtaining results
that agree well with the open literature.

This infrastructure has been implemented by an international group of researchers with dif-
ferent backgrounds and expertise, and is publicly available in a github repository that can be
accessed through the SU2 project website, http://su2.stanford.edu/. The main goal of this col-
laborative work is to progressively incorporate new capabilities into the platform while main-
taining its modularity, thus encouraging for further developments of state-of-the-art techniques
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within the different disciplines that conform the study of the interaction between fluids and
structures.
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Abstract. We analyze the convergence rate of the Dirichlet-Neumann iteration for the fully
discretized one dimensional unsteady transmission problem. Specifically, we consider the cou-
pling of two linear heat equations on two identical non overlapping intervals. The Laplacian is
discretized using finite differences on one interval and finite elements on the other and the im-
plicit Euler method is used for the time discretization. Following previous analysis where finite
elements where used on both subdomains, we provide an exact formula for the spectral radius
of the iteration matrix for this specific mixed discretizations. We then show that these tend to
the ratio of heat conductivities in the semidiscrete spatial limit, but to a factor of the ratio of the
products of density and specific heat capacity in the semidiscrete temporal one. In the previous
finite element analysis, the same result was obtained in the semidiscrete spatial limit but the
factor in the temporal limit was lower. This explains the fast convergence previously observed
for cases with strong jumps in the material coefficients. Numerical results confirm the analysis.
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1 INTRODUCTION

Thermal fluid structure interaction occurs when a heat flux from a fluid leads to temperature
changes in a structure or vice versa. Examples for this are cooling of gas-turbine blades, cool-
ing of rocket thrust chambers [11, 12], thermal anti-icing systems of airplanes [4], supersonic
reentry of vehicles from space [10, 14] or gas quenching [8, 19].
Unsteady thermal fluid structure interaction is modelled using two partial differential equations
describing a fluid and a structure on different domains. The equations are coupled at an interface
to model the heat transfer between fluid and structure. The standard algorithm to find solutions
of the coupled problem is the Dirichlet-Neumann iteration, where the PDEs are solved sepa-
rately using Dirichlet-, respectively Neumann boundary conditions with data given from the
solution of the other problem. The convergence rate of the method has been analyzed in any
standard book on domain decomposition method, e.g. [18, 20]. There, the iteration matrix is
derived in terms of the spatial discretization matrices and the convergence rate is the spectral
radius of that. However, this does not provide a quantitative answer, since the spectral radius is
unknown.
We consider the transmission problem because it is a basic building block in fluid structure in-
teraction. For this case, a one dimensional stability analysis was presented by Giles [7]. There,
an explicit time integration method was chosen with respect to the interface unknowns. Hen-
shaw and Chand provided in [9] a method to analyze stability and convergence speed of the
Dirichlet-Neumann iteration in 2D based on applying the continuous Fourier transform to the
semi-discretized equations. Their result depends on ratios of thermal conductivities and diffu-
sivities of the materials. This is similar to the situation in [1, 5] where the performance of the
coupling for incompressible fluids is affected by the added mass effect. However, in the fully
discrete case we observe that the iteration converges much faster for some choices of materials
[3], and that the speed of the iteration does not depend on the thermal diffusivities in some
cases. In [16] the discrete case was analyzed for finite element discretizations. In this paper, we
present a similar one dimensional analysis in the case of specific mixed discretizations.
Thus, we consider a complete discretization of the coupled problem using finite differences on
one domain and finite elements on the other (in space) and the implicit Euler method in time.
Then, we compute the spectral radius of the iteration matrix exactly in terms of the eigende-
composition of the resulting matrices for the one dimensional case. The asymptotics of the
convergence rates when approaching the continuous case in either time or space are also com-
puted resulting in the ratio of the thermal conductivities in space and a factor of the ratio of the
heat capacities in time. These results are consistent with our numerical experiments.
An outline of the paper now follows. In Section 2, we define the problem to be solved in terms
of the partial differential equations, boundary conditions and interface conditions. We also give
a description of the discretization. In Section 3, we explain the Dirichlet-Neumann model. Our
analysis for the discrete case of the model problem using Dirichlet-Neumann interface condi-
tions for mixed discretizations is presented in Section 4. In Section 5, we present numerical
results that show the theoretical stability analysis.

2 MODEL PROBLEM

The unsteady transmission problem is as follows, where we consider a domainΩ ⊂ Rd which is
cut into two subdomainsΩ = Ω1∪Ω2 with transmission conditions at the interfaceΓ = Ω1∩Ω2:
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αm
∂um(x, t)

∂t
+ λm∆um(x, t) = f(x), t ∈ [t0, tf ], x ∈ Ωm ⊂ R

d, m = 1, 2,

um(x, y) = 0, t ∈ [t0, tf ] x ∈ ∂Ωm\Γ,

u1(x, y) = u2(x, y), x ∈ Γ, (1)

λ1∂xu1(x, y) · n = λ2∂xu2(x, y) · n, x ∈ Γ,

um(x, 0) = u0m(x), x ∈ Ωm.

wheren denotes the normal vector and we considerd = 1, 2.
The constantsλ1 andλ2 describe the thermal conductivities of the materials onΩ1 andΩ2

respectively.αm = ρmCm whereρm respresents the density andCm the heat capacity of the
material placed inΩm,m = 1, 2. D1 andD2 represent the thermal diffusivities of the materials
and they are defined by

Dm =
λm
αm

. (2)

We consider a constant mesh width of∆x = 1/(N + 1) with N being the number of interior
space discretization points in bothΩ1 andΩ2. Moreover, we discretize this problem using a
finite difference method (FDM) onΩ1 and a finite element method (FEM) onΩ2. The implicit
Euler method is used for the time discretization.

2.1 Space Discretization

First of all, we focus on the FDM formulation onΩ1 of problem (1). For this, letu(1)

I correspond
to the unknowns onΩ1 anduΓ correspond to the unknows at the interfaceΓ. From now on we
assume thatf1 = 0 in order to simplify the analysis.
Then, applying second order central differences

∆u1(xi, t) ≈
1

∆x2
(u1(xi+1, t)− 2u1(xi, t) + u1(xi−1, t)), for i = 1, .., N, (3)

to approximate the second order spatial derivative of (1) form = 1, we can write the resulting
discrete system as:

α1u̇(1)

I + A1u
(1)

I + A(1)

IΓuΓ = 0. (4)

A1 corresponds to the discretization of the Laplacian operator onΩ1 and the required data from
the interface is inserted in the equation by the matrixA(1)

IΓ .
On the other hand, we also need to discretize the problem onΩ2 using FEM formulation. For
this, we choose an approximationU2 of u2 in a finite-dimensional subspaceSN of H1 having
the form

U2(x, t) =
N−1∑

j=1

cj(t)φj(x). (5)
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whereN is the number of interior spatial discretization points onΩ2, cj are the coefficient
functions andφj the test functions. Then, the Galerkin finite element problem is to determine
U2 ∈ SN such that

α2

∫

Ω2

∂U2

∂t
φjdV + λ2

∫

Ω2

∆U2φjdV =

∫

Ω2

f2φjdV t ∈ [t0, tf ], (6)
∫

Ω2

U2φjdV =

∫

Ω2

U0
2φjdV, t = 0, j = 1, 2, ..., N − 1.

As before, letu(2)

I correspond to the unknowns onΩ2 and assume thatf2 = 0 in order to simplify
the analysis. Then, applying Green’s formula to (6) in order to remove the Laplacian operator
and lettingj run over the interior nodes onΩ2, we can write the resulting discrete system as:

M2u̇(2)

I + M(2)

IΓ u̇Γ + A2u
(2)

I + A(2)

IΓuΓ = 0. (7)

A2 andM2 are the stiffness and the mass matrix for the interior nodes onΩ2 and they are defined
as

(A2)ij = λ2

∫

Ω2

∇φi∇φjdV, i, j = 1, 2, ..., N − 1,

(M2)ij = α2

∫

Ω2

φiφjdV, i, j = 1, 2, ..., N − 1.

The required data from the interface is inserted in the equations by the matricesA(2)

IΓ andM(2)

IΓ .
However, the system (4)-(7) is not enough to describe (1). Extending the approach (4)-(7) for
the unsteady transmission problem, we will look for an approximation of the normal derivatives
onΓ. For this, we consider the interface discretization pointuΓ to be discretized with FDM with
respect to the first equation in (1) form = 1 and with FEM with respect to the first equation in
(1) form = 2.
On one hand, we use centered finite differences to discretizeuΓ for both first and second order
derivatives because this choice forces second order accuracy at the interface point [13, pp. 31].
For this, we need to introduce another unknownu2(x1, t) to get

λ1
∂u1
∂n1

≈
λ1
2∆x

(u1(xN , t)− u2(x1, t)),

α1u̇Γ +
λ1
∆x2

(u1(xN , t)− 2uΓ + u2(x1, t)) = 0.

(8)

Removingu2(x1, t) from (8) we get for the following approximation for the normal derivative:

µFDM = M(1)

ΓΓ
u̇Γ + A(1)

ΓΓ
uΓ + A(1)

ΓI u(1)

I . (9)

On the other hand, given the local exact solutionu2, its normal derivative can be written as a
linear functional by using Green’s formula [20]. Thus,
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λ2

∫

Γ

∂u2
∂n2

φjdS = λ2

∫

Ω2

(∆u2φj +∇u2 · ∇φj)dV (10)

=

∫

Ω2

(−α2

∂u2
∂t

φj + λ2∇u2 · ∇φj)dV.

And now, lettingj run over the nodes onΓ we obtain the following expressions for the normal
derivative:

µFEM = M(2)

ΓΓ
u̇Γ + M(2)

ΓI u̇(2)

I + A(2)

ΓΓ
uΓ + A(2)

ΓI u(2)

I . (11)

Consequently, the equation

µFDM + µFEM = 0 (12)

completes the system (4)-(7).
Now, we reformulate the coupled equations (4), (7) and (12) into an ODE for the vector of
unknownsu = (u(1)

I , u(2)

I , uΓ)
T

M̃u̇ + Ãu = 0 (13)

where

M̃ =




α1I 0 0
0 M2 M(2)

IΓ

0 M(2)

ΓI M(1)

ΓΓ
+ M(2)

ΓΓ


 , Ã =




A1 0 A(1)

IΓ

0 A2 A(2)

IΓ

A(1)

ΓI A(2)

ΓI A(1)

ΓΓ
+ A(2)

ΓΓ


 .

2.2 Time Discretization

Applying the implicit Euler method with time step∆t to the system (13), we get for the vector
of unknownsun+1 = (u(1),n+1

I , u(2),n+1

I , un+1

Γ
)T

Aun+1 = un (14)

whereun = (α1u
(1),n
I , M2u(2),n

I + M(2)

IΓun
Γ, M(2)

ΓI u(2),n
I + MΓΓun

Γ)
T and

A = M̃ −∆tÃ =




α1I −∆tA1 0 −∆tA(1)

IΓ

0 M2 −∆tA2 M(2)

IΓ −∆tA(2)

IΓ

−∆tA(1)

ΓI M(2)

ΓI −∆tA(2)

ΓI MΓΓ −∆tAΓΓ


 ,

with MΓΓ = M(1)

ΓΓ
+ M(2)

ΓΓ
andAΓΓ = A(1)

ΓΓ
+ A(2)

ΓΓ
.
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3 FIXED POINT ITERATION

Wenow employ a standard Dirichlet-Neumann iteration to solve the discrete system (14). This
corresponds to alternatively solving the discretized equations of the transmission problem (1)
on Ω1 with Dirichlet data onΓ and the discretization of (1) onΩ2 with Neumann data onΓ.
Due to the Dirichlet boundary condition, we can compute the solution of (1) onΩ1 explicitly.
However, a system of two equations is needed to find the solution onΩ2 andΓ simultaneously
due to the Neumann boundary condition.
Applying this to (14), one gets for thek-th iteration the two equation systems

(α1I −∆tA1)u
(1),n+1,k+1

I = ∆tA(1)

IΓun+1,k
Γ

+ α1u
(1),n
I , (15)

Âûk+1 = ûk, (16)

to be solved in succession. Here,

Â =

(
M2 −∆tA2 M(2)

IΓ −∆tA(2)

IΓ

M(2)

ΓI −∆tA(2)

ΓI M(2)

ΓΓ
−∆tA(2)

ΓΓ

)
, ûk+1 =

(
u(2),n+1,k+1

I

un+1,k+1

Γ

)

and

ûk =

(
M2u

(2),n
I + M(2)

IΓ un
Γ

∆tA(1)

ΓI u(1),n+1,k+1

I − (M(1)

ΓΓ
−∆tA(1)

ΓΓ
)un+1,k

Γ
+ M(2)

ΓI u(2),n
I + MΓΓun

Γ

)

with some initial condition, hereun+1,0
Γ

= un
Γ. The iteration is terminated according to the

standard criterion‖uk+1

Γ
− uk

Γ‖ ≤ τ whereτ is a user defined tolerance [2].
We now rewrite (15)-(16) as an iteration forun+1

Γ
. To this end, we isolate the termu(1),n+1,k+1

I

from (15) andu(2),n+1,k+1

I from the first equation in (16):

u(1),n+1,k+1

I = (α1I −∆tA1)
−1(∆tA(1)

IΓun+1,k
Γ

+ α1u(1),n
I ), (17)

u(2),n+1,k+1

I = (M2 −∆tA2)
−1(−(M(2)

IΓ −∆tA(2)

IΓ )u
n+1,k+1

Γ
+ M2u

(2),n
I + M(2)

IΓ un
Γ). (18)

Inserting (17) and (18) into the second equation of (16) one obtains the iterationun+1,k+1

Γ
=

Σun+1,k
Γ

+ ψ, with iteration matrix

Σ = −S(2)−1
S(1), (19)

where

S(1) = (M(1)

ΓΓ
−∆tA(1)

ΓΓ
)−∆t2A(1)

ΓI (α1I −∆tA1)
−1A(1)

IΓ , (20)

S(2) = (M(2)

ΓΓ
−∆tA(2)

ΓΓ
)− (M(2)

ΓI −∆tA(2)

ΓI )(M2 −∆tA2)
−1(M(2)

IΓ −∆tA(2)

IΓ ), (21)

andψ are other terms non dependent onun+1,k
Γ

.
Thus, the Dirichlet-Neumann iteration is a linear iteration and the rate of convergence is de-
scribed by the spectral radius of the iteration matrix.
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4 ANALYSIS

In this section, we study the iteration matrixΣ for an specific FDM-FEM discretizations. We
will give an exact formula which computes the convergence rates. The behavior of the rates
when approaching both the continuous case in time and space are also given.
Specifically, we considerΩ1 = [0, 1],Ω2 = [1, 2] and the standard piecewise-linear polynomials

φk(x) :=





x−xk−1

xk−xk−1
, if xk−1 < x ≤ xk

xk+1−x

xk+1−xk

, if xk < x ≤ xk+1

0, otherwise





(22)

as test functions onΩ2.
If we considerej =

(
0 · · · 0 1 0 · · · 0

)T
∈ RN where the only nonzero entry is

located at thej-th position, the discretization matrices are given by

Am =
λm
∆x2




−2 1 0

1 −2
. . .

. . . . . . 1
0 1 −2


 , M2 =

α2

6




4 1 0

1 4
. . .

. . . . . . 1
0 1 4


 ,

M(1)

ΓΓ
=
α1

2
, M(2)

ΓΓ
=

2α2

6
, A(m)

ΓΓ
= −

λm
∆x2

, m = 1, 2.

A(1)

IΓ =
λ1
∆x2

eN , A(2)

IΓ =
λ2
∆x2

e1, M(2)

IΓ =
α2

6
e1,

A(1)

ΓI =
λ1
∆x2

eTN , A(2)

ΓI =
λ2
∆x2

eT1 , M(2)

ΓI =
α2

6
eT1 .

where∆x = 1/(N + 1) andAm, M2 ∈ RN×N , A(m)

IΓ , M(2)

IΓ ∈ RN×1 andA(m)

ΓI , M(2)

ΓI ∈ R1×N

for m = 1, 2.
Note that the iteration matrixΣ is just a real number in this case and thus its spectral radius is
its modulus. The goal now is to computeS(1) andS(2). Inserting the corresponding matrices
specified in (19) we have

S(1) =

(
α1

2
+ ∆t

λ1
∆x2

)
−∆t2

λ21
∆x4

eTN (α1I −∆tA1)
−1eN

=

(
α1

2
+ ∆t

λ1
∆x2

)
−∆t2

λ21
∆x4

α1
NN ,

(23)

S(2) =

(
α2

3
+ ∆t

λ2
∆x2

)
−

(
α2

6
−∆t

λ2
∆x2

)2

eT1 (M2 −∆tA2)
−1e1

=

(
α2

3
+ ∆t

λ2
∆x2

)
−

(
α2

6
−∆t

λ2
∆x2

)2

α2
11,

(24)
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whereα1
ij represent the entries of the matrix(α1I − ∆tA1)

−1 andα2
ij the entries of the matrix

(Mm−∆tAm)
−1 for i, j = 1, ..., N . Observe that the matrices(α1I−∆tA1) and(M2−∆tA2)

are tridiagonal Toeplitz matrices but their inverses are full matrices. The computation of the
exact inverses is based on a recursive formula which runs over the entries [6] and consequently,
it is not trivial how to findα1

NN andα2
11 this way.

Due to these difficulties, we propose to rewrite the matrices(α1I − ∆tA1)
−1 and (Mm −

∆tAm)
−1 in terms of their eigendecomposition:

(α1I −∆tA1)
−1 =

[
tridiag

(
−
λ1∆t

∆x2
,
α1∆x

2 + 2λ1∆t

∆x2
,−

λ1∆t

∆x2

)]−1

= VΛ−1
1 V, (25)

(M2 −∆tA2)
−1 =

[
tridiag

(
α2∆x

2 − 6λ2∆t

6∆x2
,
2α2∆x

2 + 6λ2∆t

3∆x2
,
α2∆x

2 − 6λ2∆t

6∆x2

)]−1

= VΛ−1
2 V,(26)

where the matrixV has the eigenvectors of any symmetric tridiagonal matrix as a columns
and the matricesΛ1, Λ2 are a diagonal matrices having the eigenvalues ofα1I − ∆tA1 and
M2 −∆tA2 as entries. These are known and given e.g. in [15, pp. 514-516]

vij =
1

∑N
k=1

sin2
(

kπ
N+1

) sin
(

ijπ

N + 1

)
for i, j = 1, ..., N,

λ1j =
1

∆x2

(
α1∆x

2 + 2λ1∆t− 2λ1∆t cos

(
jπ

N + 1

))
,

λ2j =
1

3∆x2

(
2α2∆x

2 + 6λ2∆t + (α2∆x
2 − 6λ2∆t) cos

(
jπ

N + 1

))

for j = 1, ..., N m = 1, 2.

(27)

The entriesα1
NN andα2

11 of the matrices(α1I−∆tA1)
−1 and(M2−∆tA2)

−1, respectively, are
now computed through their eigendecomposition resulting in

α1
NN =

∑N
i=1

1

λ1
i

sin2
(

iπN
N+1

)

∑N
i=1

sin2
(

iπ
N+1

) =
s1∑N

i=1
sin2(iπ∆x)

, (28)

α2
11 =

∑N
i=1

1

λ2
i

sin2
(

iπ
N+1

)
∑N

i=1
sin2

(
iπ

N+1

) =
s2∑N

i=1
sin2(iπ∆x)

, (29)

with

s1 =
N∑

i=1

∆x2 sin2(iπ∆x)

α1∆x2 + 2λ1∆t(1− cos(iπ∆x))
, (30)

s2 =

N∑

i=1

3∆x2 sin2(iπ∆x)

2α2∆x2 + 6λ2∆t+ (α2∆x2 − 6λ2∆t) cos(iπ∆x)
. (31)

1537



Azahar Monge and Philipp Birken

Now, inserting (28) and (29) into (23) and (24) we get forS(1) andS(2),

S(1) =
α1∆x

2 + 2λ1∆t

2∆x2
−
λ21∆t

2

∆x4
s1∑N

i=1
sin2(iπ∆x)

, (32)

S(2) =
α2∆x

2 + 3λ2∆t

3∆x2
−

(α2∆x
2 − 6λ2∆t)

2

36∆x4
s2∑N

i=1
sin2(iπ∆x)

. (33)

With this we obtain an explicit formula for the spectral radius of the iteration matrixΣ as a
function of∆x and∆t:

ρ(Σ) = |Σ| = |S(2)−1
S(1)|

=

(
α2∆x

2 + 3λ2∆t

3∆x2
−

(α2∆x
2 − 6λ2∆t)

2

36∆x4
s1∑N

i=1
sin2(iπ∆x)

)−1

·

(
α1∆x

2 + 2λ1∆t

2∆x2
−
λ21∆t

2

∆x4
s2∑N

i=1
sin2(iπ∆x)

)
.

(34)

To simplify this, the finite sum
∑N

i=1
sin2(iπ∆x) can be computed. We first rewrite the sum of

squared sinus into a sum of cosinus using the identitysin2(x/2) = (1 − cos(x))/2. Then, the
resulting sum can be converted into a geometric sum using Euler’s formula:

N∑

j=1

sin2(jπ∆x) =
1−∆x

2∆x
−

1

2

N∑

j=1

cos(2jπ∆x)

=
1−∆x

2∆x
−

1

2
Re

(
N∑

j=1

e2ijπ∆x

)

=
1−∆x

2∆x
−

1

2
Re

(
e2iπ∆x

(
1− e2iNπ∆x

)

1− e2iπ∆x

)

=
2∆x cos2(π∆x)− 2∆x+ 1

2∆x

(35)

Inserting (35) into (34) we get after some manipulations

|Σ| =
9∆x(α1∆x

2 + 2λ1∆t)(2∆x cos
2(π∆x)− 2∆x+ 1)− 36λ21∆t

2s1
3∆x(2α2∆x2 + 6λ2∆t)(2∆x cos2(π∆x)− 2∆x+ 1)− (α2∆x2 − 6λ2∆t)2s2

. (36)

This is a computable formula that gives exactly the convergence rates of the Dirichlet-Neumann
iteration for given∆x, ∆t, αm andλm,m = 1, 2.
We are now interested in the asymptotics of (36). In particular, we want to know the behaviour
of (36) when∆t or ∆x tend to 0. However, the denominators of (30) and (31) become zero
when∆x tends to 0. To solve this problem, we reformulate (36) in terms ofc = ∆t/∆x2. To
get that, we multiply (36) by1/∆x2 both in the numerator and denominator getting
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|Σ| =
9∆x(α1 + 2λ1c)(2∆x cos

2(π∆x)− 2∆x+ 1)− 36∆xλ21c
2s′1

3(2α2 + 6λ2c)(2∆x cos2(π∆x)− 2∆x+ 1)−∆x(α2 − 6λ2c)2s
′
2

(37)

where

s′1 =

N∑

i=1

sin2(iπ∆x)

α1 + 2λ1c(1− cos(iπ∆x))
, (38)

s′2 =
N∑

i=1

3 sin2(iπ∆x)

2α2 + 6λ2c+ (α2 − 6λ2c) cos(iπ∆x)
. (39)

for m = 1, 2.
Computing the limits of (37) whenc→ 0 andc→ ∞ we get

lim
c→0

|Σ| =
9α1(2∆x cos

2(π∆x)− 2∆x+ 1)

6α2(2∆x cos2(π∆x)− 2∆x+ 1)−∆xα2
2

∑N
i=1

3 sin2(iπ∆x)
α2(2+cos(iπ∆x))

=
3α1(2∆x cos

2(π∆x)− 2∆x+ 1)

α2

(
2(2∆x cos2(π∆x)− 2∆x+ 1)−∆x

∑N
i=1

sin2(iπ∆x)
2+cos(iπ∆x)

) =: γ,

(40)

lim
c→∞

|Σ| = lim
c→∞

18λ1c(2∆x cos
2(π∆x)− 2∆x+ 1)− 36(λ1c)

2
∑N

i=1

sin2(iπ∆x)
2λ1c(1−cos(iπ∆x))

18λ2c(2∆x cos2(π∆x)− 2∆x+ 1)− 36(λ2c)2
∑N

i=1

3 sin2(iπ∆x)
6λ2c(1−cos(iπ∆x))

=
λ1

(
(2∆x cos2(π∆x)− 2∆x+ 1) + ∆x− 1−∆x

∑N
i=1

cos(iπ∆x)
)

λ2

(
(2∆x cos2(π∆x)− 2∆x+ 1) + ∆x− 1−∆x

∑N
i=1

cos(iπ∆x)
) =

λ1
λ2

=: δ.

(41)

The result obtained in (41) matches with [16] and strong jumps in the thermal conductivities of
the materials placed inΩ1 andΩ2 will imply fast convergence. This is the case when modelling
thermal fluid structure interaction, where usually a compressible fluid with low thermal conduc-
tivity and density is coupled with a structure having higher thermal conductivity and density.
However, the result in (40) does not only depend on the ratio ofαm, m = 1, 2. It also depends
on∆x, and therefore, in the case of mixed discretizations more factors affect the rates. We will
compare (40) with the results obtained in [16] in more details in the next section.

5 NUMERICAL RESULTS

In this section we present a set of numerical experiments designed to show how (36) computes
the convergence rates. We also show that the theoretical asymptotics deduced both in (40) and
(41) match with the numerical experiments.
Figure 1 shows the cases 1 and 2 specified in table 1. The circles correspond toρ(Σ), the crosses
to the experimental convergence rates and the dashed line to the corresponding asymptotic (γ
when∆t→ 0 andδ when∆x→ 0). Notice that the method does not converge for some cases.
Nevertheless|Σ| describes the convergence rate andγ andδ their asymptotics.
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Case D1 D2 λ1 λ2 δ γ γFEM 1.74 · γFEM
1 1 0.3 0.3 1 0.3 0.26 0.15 0.16
2 0.3 1 0.3 1 0.3 1.04 0.6 1.04
3 1 0.5 0.3 1 0.3 0.16 0.09 0.16
4 0.5 1 0.3 1 0.3 1.73 1 1.74

Table 1: The first four columns contain the input parameters forthe different one dimensional test cases.γ andδ
are the resulting limits when approaching the continuous case in time and space of the discrete estimator.γFEM is
the semidiscrete limit in time specified in [16] and the last column corresponds to the relation betweenγFEM and
γ.
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γ

(a) Case 1.
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log(∆t)

lo
g

|Σ|
Conv. Rate
γ

(b) Case 2.

Figure 1: Cases 1 and 2 from table 1. The circles correspond to|Σ|, the crosses to the experimental convergence
rates and the dashed line toγ. The curves are restricted to the discrete values∆t = 1e−4/50, 2 ·1e−4/50, ..., 50 ·
1e−4/50 and∆x = 1/20. One observes howγ describes the behaviour of the convergence rates when we enforce
the condition∆t/∆x2 << 1.

Even though a 2D analysis has not been done, one can expect that a similar analysis will hold
due to the results shown in figure 2. To illustrate this, figure 2 shows the experimental conver-
gence rates for cases 1 and 2 in 2D. One observes that the rates in the 2D case have a similar
behavior than in the 1D case (figure 1).

−6 −5.5 −5 −4.5 −4
−0.828

−0.826

−0.824

−0.822

−0.82
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log(∆t)

lo
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(a) Case 1.
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0.16
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g
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Figure 2: The experimental convergence rates in 2D for cases 1 and 2 in table 1. The curves are restricted to the
discrete values∆t = 1e− 4/50, 2 · 1e− 4/50, ..., 50 · 1e− 4/50 and∆x = 1/20. A similar behaviour to the 1D
case is observed here.

Now we want to test if the convergence rates when approaching the continuous case in space
have dependency on the thermal diffusivitiesD1 andD2 as predicted in [9] or they do not as
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in our analysis. For that, figure 3 shows the cases 1 and 2 from table 1. Here, the thermal
conductivitiesλ1 andλ2 are the same in both plots but the thermal diffusivities are switched
(meaning thatD1 in case 1 corresponds toD2 in case 2 andD2 in case 1 corresponds toD1

in case 2). We can observe that the asymptotics of the convergence rates do not vary in both
plots. This result is consistent with [17] where a similar behaviour was observed for the 2D
version of the coupled unsteady transmission problem discretized with finite differences and
also with [16] where a 1D and 2D convergence analysis for the unsteady transmission problem
discretized with finite elements was performed. Finally, observe that the convergence rate does
not vary a lot when we decrease∆x. For a fairly large choice of∆x (for instance∆x = 1/10),
the convergence rates are already quite close toδ.
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(a) Case 1.
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Figure 3: Cases 1 and 2 from table 1. The curves are restricted to the discrete values∆x = 1/3, 1/4, ..., 1/30 and
∆t = 100. One observes howδ describes the behaviour of the convergence rates when we enforce the condition
∆t/∆x2 >> 1.

Before ending this section, we want to present a comparison between the semidiscrete limit in
time presented in this paper (γ) and the one computed in [16] when both subdomainsΩ1 and
Ω2 are discretized with finite elements (γFEM) which was defined as

γFEM :=
α1

α2

. (42)

Figure 4 and 5 show the comparison betweenγ andγFEM for the cases 3 and 4 specified in
table 1. One can observe thatγ > γFEM, and therefore, the method will be slower using
mixed discretizations (FDM - FEM) than using pure FEM discretization when approaching the
continuous case in time. More in general, from the numerical experiments is possible to observe
that

γ ≈
c1α1

c2α2

=
c1
c2
γFEM (43)

with constantsc1 = 9 andc2 = 5.18. This phenomena can also been checked in table 1 where
this approximation has been included in the last column.

6 CONCLUSIONS AND FURTHER WORK

We have described the Dirichlet-Neumann iteration for the coupling of two heat equations on
two identical domains. In particular, the coupled PDE were discretized into a system of alge-
braic equations using finite differences onΩ1 and finite elements onΩ2. Afterwards, a fixed
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(a) Mixed discretizations
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Figure 4: Case 3 from table 1. Comparison betweenγ (left) andγFEM (right). The curves are restricted to the
discrete values∆t = 1e − 4/50, 2 · 1e− 4/50, ..., 50 · 1e− 4/50 and∆x = 1/20. Observe thatγ > γFEM and
in particular,γ ≈ 1.74γFEM.
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Figure 5: Case 4 from table 1. Comparison betweenγ (left) andγFEM (right). The curves are restricted to the
discrete values∆t = 1e − 4/50, 2 · 1e− 4/50, ..., 50 · 1e− 4/50 and∆x = 1/20. Observe thatγ > γFEM and
in particular,γ ≈ 1.74γFEM.

point iteration was performed and the iteration matrix was found. An exact formula describing
the convergence rates is derived. Finally, the limits of the convergence rates when approaching
the continuous case either in space (δ := λ1/λ2) or time (γ) are computed. In the numerical
results, we have presented four different test cases which show how the computed asymptotics
predict the behaviour of the convergence rates and a comparison with the results of the pure
finite element discretization of the problem in [16].
From the first four test cases we conclude that∆x does not strongly affect the convergence
rates. However, they are affected by∆t. Moreover, our results show that when approaching
the continuous case in space (∆x → 0) the convergence rates do not depend on the thermal
diffusivitiesD1 andD2 as predicted in [9] for the semidiscrete case. We found the analysis in
[9] to be correct and are not sure where the discrepancy comes from, this is subject of further
investigation.
From the comparison betweenγ andγFEM we can observe thatγ > γFEM and more specifi-
cally,γ ≈ 9α1/5.18α2 = 1.74 · γFEM. This explains why the convergence of the method when
approaching the continuous case in time is slower when using the mixed discretizations FDM -
FEM with respect to the pure FEM discretization.
There are a variety of future directions for this work. A 2D analysis of this mixed discretization
can be done. Another goal would be to analyze the convergence rates of the method using finite
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volumes on one domain and finite elements on the other. This is very interesting in the context
of fluid structure interaction where the fluid is usually discretized using finite volumes and the
structure with finite elements. Another future direction will be to study the convergence speed
of an actual non linear application.
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Abstract. In this work the development of a partitioned FSI coupling procedure is reported, 
aiming to facilitate interaction between an open-source CSD (Computational Structural Dy-
namics) and an in-house academic CFD (Computational Fluid Dynamics) code. Attention is 
mainly directed towards the efficient and accurate transfer of predicted displacements, veloci-
ties (by CSD) and loads (by CFD). More precisely, spatial coupling is achieved using Radial 
Basis Functions (RBFs) interpolation, which enables point-based interaction, needing there-
fore no information for connectivities and, consequently, allowing for the utilization of different 
type or even intersecting structural and flow grids. Although RBFs method seems to be partic-
ularly attractive for both data transfer and mesh deformation, it suffers from a significant draw-
back; it calls for relatively excessive memory and computation time requirements (in its initial 
formulation). In case of data transfer the Partition of Unity (PoU) approach is adopted as a 
remedy of the aforementioned deficiency, which regards the decomposition of the examined 
problem into several smaller ones, to be solved independently and hence more efficiently. In 
mesh deformation though, improvement of computational performance is succeeded with a sur-
face point reduction technique, based on the agglomeration of the adjacent boundary nodes, 
i.e., on the fusion of the RBFs centers. Despite the notable reduction of RBFs base points, the 
proposed method preserves sufficiently the quality of the initial grid. The proposed algorithm 
is evaluated against a benchmark (for FSI solvers) test case, considering the analysis of the 
wind action over a standard tall building model. The obtained numerical results confirm its 
potential for such simulations, highlighting additionally the radically improved computational 
performance of data transfer and grid deformation procedures.  
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1 INTRODUCTION 

During the past decades the analysis of Fluid-Structure-Interaction (FSI) with numerical 
methods gained significant popularity, mainly due to the broad range of its applications, e.g., 
in aerodynamic shape optimization, aeroelastic analysis, etc. Although several FSI solvers, 
commercial, industrial or academic, have already been developed, the need for more accurate 
and more efficient methodologies is still on the run, making FSI a continuously evolving sci-
entific field. One of the most widely applied techniques to deal with this kind of problems is 
the partitioned coupling approach. According to this method the fluid and structural physical 
systems are solved independently, while interaction between them is obtained via the exchange 
of appropriate variables on boundary surfaces [1, 2]; as a result, it allows for the integration of 
separately developed CSD (Computational Structural Dynamics) and CFD (Computational 
Fluid Dynamics) applications. Nevertheless, the aforementioned solvers’ combination is raising 
several issues in terms of information transfer, considering the main task of accurate as well as 
efficient FSI simulations. 

For the numerical solution of FSI problems, the Dirichlet-Neumann domain decomposition 
coupling approach is usually followed [3]. It begins with the flow prediction, while at next the 
obtained pressure field at the flow side of the CFD/CSD interface is transferred to the corre-
sponding structural one. Subsequently, a CSD analysis is performed, deriving the deflections 
of the structure and a new flow grid is generated incorporating the new interface location. In-
formation transfer across the fluid-structure interface has to be performed with respect to a 
kinematic condition (Dirichlet), assuring the continuity of the velocity field, and a dynamic 
condition (Neumann) satisfying the requirement for conservation of normal stresses [4]. Hence, 
the most important criteria to be fulfilled over the interface, concern the consistency between 
the structural and the flow solver and the instabilities that may occur due to the partitioning 
process as well as the strategy followed for the data transfer. Similarly to stresses’ conservation, 
an energy one has to be succeeded at the common interface [1] to ensure the stability of the 
whole numerical solution, i.e., the virtual work of the flow forces and this of the structural ones 
must be equal. The aforementioned conservation requirements across the fluid-structure inter-
face depend strongly on both the employed temporal and spatial coupling schemes [5]. 

This study focus is mainly towards the spatial coupling and information transfer between the 
CFD and CSD solvers. The computational nodes of the structural and flow grids do not coincide 
usually at their interfaces, since their underlying resolutions can significantly differ. This non-
matching interface may lead to gaps and intersections between them, necessitating thus for an 
extra interpolation step to enable information transfer. Numerous methods can be found in the 
literature to deal with this problem, varying from the simplistic neighbor interpolation method 
[6] to more sophisticated approaches, such as the weighting ones [7, 8]. More elaborate attempts 
include the use of projections and integrations of elements from one mesh to the other [9], while 
popular among researchers are the Constant Volume Tetrahedra [10, 11] and the Boundary 
Element (BEM) [12] methods. In this work information transfer is achieved via an interpolation 
scheme based on Radial Basis Functions (RBF) [13, 14], the appealing properties of which have 
been extensively analyzed by Beckert and Wendland in [15], e.g., the ability to inherently con-
serve total force and moment. RBFs methodology has another significant advantage; it does not 
require any connectivity information, as it relies only on arbitrary point data. As a result, it can 
cope both with structured and unstructured grids.  

Apart from the data transfer, in FSI problems a new volume flow mesh has to be generated, 
depending on the boundary displacements and, consequently, on the new interface location; this 
procedure is typically implemented several times during an FSI simulation, necessitating thus 
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to be versatile, efficient, and accurate, as well as to sufficiently preserve the initial mesh topol-
ogy [16]. A considerably appealing method for mesh deformation is based on the extension of 
RBFs interpolation, used to transfer data across the interface, in the context of mesh motion 
[16]. Nevertheless, the method, in its initial formulation, calls for relatively excessive memory 
and computation time requirements. For the alleviation of the aforementioned shortcoming the 
Partition of Unity (PoU) [17] approach is adopted in data transfer, which regards the decompo-
sition of the interfacing boundary into several smaller regions, where local interpolations are 
performed independently and hence more efficiently. Although this method ensures energy 
conservation and offers physical distribution of the forces on the interfacing area [17, 18], it is 
revealed to be inappropriate for mesh deformation, as the dependence matrix takes into account 
all the flow mesh nodes, entailing significantly increased computational cost . In order to miti-
gate this inadequacy, a relatively recently developed by the authors methodology is followed, 
considering agglomeration of the surface nodes, and as such reduction of the dimensions of the 
pre-mentioned matrix [19]; it is based on the fusion strategy, developed for a corresponding 
CFD agglomeration multigrid method [20]. The method achieves significant acceleration of the 
deformation procedure, without downgrading the quality of the derived meshes [19]. 

In this work a partitioned FSI coupling procedure was developed to facilitate interaction 
between an open-source CSD [21] and an in-house academic CFD [20] code. Attention is 
mainly directed toward the efficient and accurate transfer of predicted displacements (by CSD) 
and forces (by CFD). Therefore, spatial coupling is obtained by a RBFs interpolation scheme, 
employing the aforementioned PoU approach [18] to accelerate the exchange procedure. For 
mesh deformation a corresponding RBFs interpolation process is applied; its efficiency is sig-
nificantly improved with a surface point reduction technique, based on the agglomeration of 
adjacent boundary nodes. The proposed algorithm is evaluated against a benchmark (for FSI 
solvers) test case, considering the analysis of the wind action over a standard tall building model 
[22, 23]. The obtained numerical results confirm its potential for such simulations, highlighting 
additionally the radically improved computational performance of data transfer and grid defor-
mation procedures. 

The rest of the paper is organized as follows: In Section 2 the coupling procedure, concerning 
exchange of displacements and forces, is described in detail, while in Section 3 the incorporated 
mesh deformation process is outlined. Section 4 includes a brief description of the flow and 
structural models. In Section 5 the validation results of the proposed methodology over a bench-
mark test case are presented, while Section 6 contains some conclusions, based on the afore-
mentioned results. 

2 COUPLING PROCEDURE 

The spatial coupling procedure can be mainly divided in two stages, namely, (a) the transfer 
of the displacement vectors from the structural to the flow grid and (b) the transfer of nodal 
forces from the flow mesh back to the structural one. The coupling scheme, for both aforemen-
tioned steps, can be expressed in a unified fashion by defining a coupling matrix H, which 
associates the interface boundary nodes of the two grids (flow and structural). Then, interpola-
tion of the displacements can be performed according to: 

 = 	 	, (1) 

where, ds and df denote the displacements at the structural and flow interface side, respectively. 
For forces' association, the transpose matrix HT is used as 

 =	 	, (2) 
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where fs and ff are the forces acting on the structural and flow sides of the interface, respectively. 
With the adoption of this scheme the virtual work can be effectively conserved over the inter-
face [24, 25]; nevertheless, the conservation of total force and moment depends mainly on the 
choice of the coupling matrix H, and hence on the corresponding method applied to obtain it. 

2.1 Radial Basis Functions (RBFs) interpolation 

In this work, the RBFs technique is implemented to construct the interpolation matrix, which 
is used for exchanging information between the structural and the flow solver. According to the 
RBFs theory [15], the interpolation function is defined as a weighted sum of the evaluations of 
the basis functions: 

 ( ) = ∑ ( − ) + ( ) ,  (3) 

where i  are the weight coefficients, p(x) a polynomial, and = [ , , ] the RBFs centers, 
e.g., the coordinates of the boundary mesh nodes; nc is the number of those centers and Φ is the 
basis function. The use of the linear polynomial term ensures the exact recovery of translations 
and rotations [15]. The polynomial term in x direction can be expressed as follows 

 = + + +  ,  (4) 

while the coefficients  and  are computed by interpolation conditions, fulfilling Equation 
(3) requirements at the centers of the basis functions, along with an additional condition, de-
scribed as 

 = = , , 	  ,  (5) 

 ∑ ( ) = 0	,  (6) 

where  are the known boundary displacements of the structural side of the interface.  
Several examples of different basis functions can be found in the literature [13, 15, 26], 

which can be broadly classified to functions with global and local support. In the first case the 
functions influence the whole domain, while in the latter ones the variable to be interpolated is 
scaled with a support radius R (ξ=x/R), indicating the region of influence of the function from 
each center [26]. Moreover, it should be noted that smoother basis functions result in more 
realistic deformations, which in turn provoke dense matrix systems entailing numerical insta-
bility. In this work Wendland's C2 basis function with local support radius was adopted, due to 
its robustness and accuracy [16]. 

To construct the coupling matrix H, the structural mesh displacements of the boundary sur-
faces are used; combining Equations (5) and (6), the coefficient vectors	 , , and , ,  can be 
evaluated by solving the following linear system in each spatial direction (expressed in matrix 
notation in the x direction) 

 0 = 0 =  , (7) 

where 

 = ⋮ , =  , (8) 

and 
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 =	 11⋮ ⋮1 ⋮ ⋮ 	 , = ⋯⋯⋮ ⋮ ⋮ ⋮⋯ 	,   (9) 

with = − . 
The required approximation of displacements at the flow side of the interface are calculated 

by applying the following equation for each spatial direction: 

 ( ) = = ,  (10) 

where  

 =	 11⋮ ⋮1 ⋮ ⋮ ⋯⋯⋮ ⋮ ⋮ ⋮⋯  ,  (11) 

with ai being the i-th flow mesh node of the boundary and Nα the total number of  boundary 
nodes of the same grid. If the following term is additionally set 

 = ( ) ,  (12) 

then the coupling matrix H can be expressed as: 

 = − .  (13) 

Following the coupling process described above, it is evident that the computation of the 
coupling matrix is obtained by solving the linear systems described in Equation (7), while the 
interpolation of displacements and forces from the one mesh to the other involve only matrix-
vector multiplications. However, the method suffers from excessive computational and memory 
requirements, especially when large-scale problems are encountered, since the coupling matrix 
H is of size Ns x Nα, where Ns denotes the number of the structural mesh surface nodes and Nα 
the number of the flow mesh surface nodes. Computational efficiency is further degraded due 
to the necessity to invert the (nc+4)x(nc+4) matrix Ccc. A thorough literature review of methods 
that deal with the aforementioned deficiency can be found in [19]; the boundary node coarsen-
ing [19, 27, 28] technique seems to be particularly attractive for the mesh deformation process 
(as it will be analyzed in the next section). However, it is considered inappropriate for the data 
transfer one, as it might result in loss of information and, as such, jeopardize the requirement 
of force conservation over the interface.  

Another approach, also focusing on the efficiency improvement of the method, is the Parti-
tion of Unity (PoU) scheme, according to which the initial problem is divided into several 
smaller ones by grouping base points into sets to be processed separately; it resembles the do-
main decomposition approach, employed for the parallelization of complex numerical methods. 
It has been successfully implemented against FSI problems in [17, 18] with very promising 
results. Besides reducing computational cost, it avoids the undesirable influence of support ra-
dius into the interpolation process.  

2.2 Partition Of Unity (PoU) 

The basic concept of the PoU method regards the degradation of the initial problem into 
several smaller ones to be solved independently, while the global solution arises by a weighted 
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combination of the local ones. Given this condition, the term “unity” refers to the summation 
of the weighting coefficients of the entire domain that must be equal to one. The process begins 
by dividing the set Ω of the boundary nodes, including the nodes of the interface of both com-
putational meshes (structural and flow) into a K number of mutually overlapping regions, in a 
way to ensure that each Ωj patch includes only a small number of points. For each of these 
patches a local displacement is computed by solving a local interpolation problem with the 
RBFs method. Subsequently, the global interpolation is obtained by summing all local interpo-
lations, weighted by their respective coefficients, as 

 ( ) = ∑ ( ) ( ),					∑ ( ) = 1,  (14) 

where ( ) represents a non-negative weighting function, which comes into effect only for its 
associated patches Ωj, while it is zeroed for the rest. Using the transpose of the global matrix, 
formed by the local interpolants, assures that the conservation criteria are also met in the PoU 
approach [17]. 

A variation of the pre-described method, proposed by Rendall and Allen [18], concerns the 
application of the PoU method on each boundary flow node separately, instead of decomposing 
the set of nodes into overlapping patches. Following this strategy, the complex step of decom-
posing the structural grid into overlapping regions is evaded, and thus the possibility of facing 
discontinuities between the patches due to the partitioning process is diminished. In order to 
calculate the local interpolants, an association of each flow mesh node with a pre-defined num-
ber of its closest structural boundary ones has to be defined. Therefore, the use of sophisticated 
data structures appears to be mandatory in order to link the boundary nodes of the two grids 
(flow and structural) in an efficient manner. Octree data structures are a common tactic for 
addressing these kind of problems. After the definition of the local interpolants, their merging 
back to a global one is essential in order to avoid distortion and non-realistic deformations, 
which may occur in applications involving computational meshes with different resolutions. In 
addition, the implementation of such a local strategy ameliorates the force distribution over the 
interface; the area of influence of each flow node is limited only to its nearby ones of the struc-
tural grid, unlike the corresponding area used with the complete method. 

3 MESH DEFORMATION 

The formulation of RBFs in case of mesh motion is different from this of data transfer, since 
the two problems have different requirements. In case of data transfer the inclusion of polyno-
mial terms of at least first order is mandatory to ensure conservation of total force and moment, 
while for mesh deformation these functions are omitted to avoid its undesirable global coverage, 
which can cause the whole domain to move rather than deform. Hence, the dependence matrix 

 is reduced to , and the weighting coefficients are obtained via the following expression 

 =  ,  (15) 

with , ,  denoting the vector containing the scalar coefficients in each direction and  the 
matrix defined in Equation (9). 

The required displacements of the volume mesh nodes are calculated according to those of 
the boundary points. As such, the deformation of the volume mesh can be computed as follows 

 ( ) = = 	,  (16) 

where index v represents the volume nodes of the flow grid, and  a nv × nc matrix, described 
as: 
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 = ⋯⋯⋮ ⋮ ⋮ ⋮⋯  .  (17) 

In order to overcome the increased computational cost of the method, a relatively recently 
developed by the authors methodology is followed, which considers the agglomeration of the 
adjacent boundary nodes [19]. The idea behind this strategy is the generation of successively 
coarser grids via the fusion of adjacent control volumes of the finer ones. The construction of 
the control areas of the boundary nodes is based on a node-centered scheme, where each node’s 
control area is defined by connecting the barycenters of surrounding triangles with the mid-
points of triangle edges. It is this fusion process that can be implemented on the deformed solid 
boundary control cells, along with an RBFs-based mesh deformation technique, to successively 
reduce the set of surface points and, consequently, the dimensions of equation systems to be 
solved. 

4 COMPUTATIONAL METHODS 

4.1 Flow Solver 

The simulation of unsteady incompressible flow phenomena is performed with the use of a 
recently developed academic code, named Galatea-I [20, 29, 30], which employs the Navier-
Stokes equations, coupled with the artificial compressibility method [31-33]. The discretization 
of the governing equations is succeeded with a node-centered finite-volume scheme on unstruc-
tured hybrid computational grids, comprised of tetrahedra, prisms and pyramids [20, 29]. The 
calculation of the inviscid fluxes is performed with the Roe’s approximate Riemann solver [34], 
along with a second-order spatial accurate scheme based on the MUSCL approach [35]. For the 
calculation of the viscous fluxes the gradients of velocity components have to be evaluated at 
the interfaces of the control cells. Two methodologies have been incorporated in Galatea-I; an 
element-based approach, utilizing the edge-dual control volume scheme and a simpler nodal-
averaging one [20, 29]. For turbulence prediction the RANS (Reynolds-Averaged Navier-
stokes) approach is implemented, along with the SST (Shear Stress Transport) turbulence model 
[36]. At the inlet and outlet regions characteristics-based boundary conditions are applied [30], 
while at the solid walls free-slip or no-slip conditions can be applied depending on the type of 
the encountered flow (inviscid or viscous). For the time accurate computation a dual-time step-
ping scheme has been included [31]. According to this scheme the relaxation of the governing 
equations is achieved with a four-stage Runge-Kutta (RK(4)) method over pseudo-time [37], 
while the time accurate solution is obtained with the use of a second-order finite-difference 
scheme over real-time [31]. Besides using edge-based data structures and a local time-stepping 
technique [35], Galatea-I solver has incorporated the capability of parallel processing, based 
on the domain decomposition approach [20], and the implementation of an agglomeration mul-
tigrid scheme, based on the FAS (Full Approximation Scheme) approach [20], for the acceler-
ation of the solution procedure. With the first method the initial computational grid is divided 
into smaller sub-domains, each of which is attributed on a single computer core [20]. Interaction 
between neighboring partitions is achieved with the MPI (Message Passing Interface) library 
functions. With the latter methodology successively coarser grids are generated, derived by the 
fusion of adjacent control volumes. The relaxation of the governing equations is performed on 
all meshes in a V-cycle type that accelerates solution convergence [20]. 
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4.2 Structural Solver 

As far as the structural computations are concerned, the open-source software package Cal-
culix [21] is utilized, which employs Finite-Element Method (FEM) for linear or non-linear 
calculations on structured or unstructured three-dimensional computational grids. The solver 
has the capability to encounter a variety of mechanical, thermal, coupled thermo-mechanical 
and contact problems in a serial or parallel computational environment; for the latter one either 
MPI (Message Passing Interface) or OpenMP library functions can be used. 

5 NUMERICAL RESULTS 

The assessment of the pre-described methodologies was performed with the Commonwealth 
Advisory Aeronautical Research Council (CAARC) Standard Tall Building Model, which is in 
fact a specification for wind tunnel experiments on tall building geometries [22, 38]. The full-
scale geometry of the building is specified as a rectangular shaped prism with base size equal 
to 100ft (30.8m) by 150ft (45.72m) and height 600ft (183.88m). It is described as a flat-topped 
building without parapets; its external walls are flat without any geometric disturbances [22]. 
The case has been encountered by several researchers, who have performed numerical tests of 
wind flow around the building, as well as FSI simulations [23, 39-41]; the proposed geometry 
has been tested in wind tunnel experiments too [22, 42]. A sketch of the geometric model that 
was prepared for use with the Galatea-I solver is shown in Figure 1. 

 
Figure 1: Sketch of CAARC test case setup. 

 
 Figure 2: Computational mesh around the CAARC standard tall building model. 

The computational mesh, generated for the simulation of wind flow around the CAARC 
building, is presented in Figure 2. As the flow around the building develops in three-dimen-
sional fashion and is unsteady in nature, the whole building geometry had to be meshed. In 
order to reduce computation time a relatively coarse mesh was generated that consisted of 
434,082 nodes, 623,801 tetrahedra and 640,685 prisms. Prismatic inflation was applied on the 
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building walls, as well as at the base of the geometry that represents the ground around the 
building, in order no slip boundary conditions to be applied at these areas and the corresponding 
boundary layer to be effectively predicted. The prismatic inflation consisted of 20 layers with 
the first layer height equal to W/2500. At the top and side walls of the geometry free slip con-
ditions were imposed. 

The Reynolds number was set equal to 380,000, based on the building height H and the 
velocity cH at height z=H [40]. In order to simulate wind flow at such a low height, the velocity 
profile at the inlet was defined by the following relation 

| | =  ,                                                             (18) 

where α is the power law exponent, which in this case was set equal to 0.3. Moreover, the 
turbulence boundary conditions had to be calculated, based on the turbulence intensity in the 
approaching flow, as it has a significant effect on the accuracy of the numerical results [23, 39, 
40]. In Figure 3 the velocity profile at the inlet, as well as the turbulence intensity profile are 
presented. The values of turbulence intensity at the inlet of the computational domain were 
interpolated from those presented in Figure 3 [39]. Finally, all values were normalized with H 
and cH for use with the dimensionless solver. 

 
Figure 3: Inlet velocity profile (left) and turbulence intensity profile (right). 

The simulation was performed on a workstation with an AMD FX™ 8150 Eight-Core pro-
cessor at 3.62 Ghz. Acceleration via parallel processing was applied by partitioning the initial 
mesh into six sub-domains, while due to the small size of the computational mesh the multigrid 
method was not used. The time-accurate equations were solved over a total of 1300 real time 
iterations, with a dimensionless real time step equal to 0.05. In each real time step 50 pseudo-
time iterations were performed, with a CFL number equal to 0.5. The artificial compressibility 
parameter was set equal to 10.0. For the quantitative evaluation of the extracted results the 
mean-pressure coefficient on the wall of the building was calculated from the obtained time-
accurate results. In Figure 4 the distribution of the mean-pressure coefficient along the building 
wall at height z=2/3H is compared with the corresponding ones found in the literature [39, 40]. 
While a very good agreement is achieved between the current and reference data at the wind-
ward and leeward sides of the building, there seems to be some disagreement between numeri-
cal and experimental results at the side of the building. This is attributed to the method of 
turbulence evaluation; a more accurate method (e.g., LES-Large Eddy Simulation) could pro-
vide more accurate results at these regions. 
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Figure 4: Mean pressure coefficient on the CAARC building wall at z=3/2H. 

In Figure 5 the mean pressure coefficient distribution on the building walls and the “ground” 
around it is presented. The maximum pressure value is located near the building top at the 
windward side, while under-pressure is developed at the leeward side of the building. 

  
Figure 5: Mean pressure coefficient distribution on the CAARC building walls and surrounding “ground”. 

The force field around the CAARC standard tall building model was then calculated from 
the dimensionless results provided by the Galatea-I solver with regard to the flow conditions, 
reported by Braun et al. [23]. These properties of the flow can be found in Table 1. In order to 
use them with the CSD code, the exported force field had to be interpolated between the two 
different grids, i.e., the unstructured and the structural one. For the coupling of the two grids 
with the RBFs PoU method, the nearest nodes of the structural mesh have to be identified for 
each aerodynamic grid point at the building wall surface. Nevertheless, such an identification 
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is not a straightforward procedure; a brutal linear search method would require an enormous 
amount of time to perform, especially in the case of very dense meshes. Therefore, custom 
Octree data structures were developed to find the nearest structural grid point to each aerody-
namic one, while at next the remaining nodes required by the proposed methodology were gath-
ered with the aid of the structural mesh topology. Applying this approach, whereby the number 
of structural points is given a priori, ensures the sparseness of the coupling matrix, as the user 
can specify the number of these points according to the problem needs. Due to this PoU method, 
a support radius needs not be defined; it is set equal to the distance of each aerodynamic grid 
point from the uttermost in the specific patch.  

Specific mass – ρ [Kgr/m3] 1.25 
Dynamic viscosity – μ [N·s/m2] 7.03·10-2  
Reference velocity – cH [m/s]  100 
Reference length – H  180 

Table 1: Flow field properties. 

 
 

 
Figure 6: Comparison of force component distribution between CFD (left) and CSD (right) meshes. 

The utilized structural grid is composed of 38,675 nodes and 43,048 hexahedral eight-node 
brick elements, fully integrated (2x2x2 integration points). For each boundary node of the CFD 
mesh the 20 closest points of the CSD mesh, were used, while for each set of CSD nodes a 
RBFs problem was set deriving the corresponding required coefficients. While the coupling of 
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the CFD with the CSD mesh may be a rather tedious procedure, it only has to be completed 
once (at the beginning of the FSI simulation) even for a dynamic problem. The computational 
cost of the coupling procedure is slightly affected by the size of the structural mesh, as the 
number of RBFs problems to be solved remains the same; only the nearest nodes identification 
process will differ. Comparisons between the force components distributions over the boundary 
surfaces, for the flow and structural computational grids, are illustrated in Figure 6. 

These qualitative results reveal the ability of the proposed methodology to provide accurate 
transfer of the force field in an efficient manner though. As it can be observed, the PoU approach 
offers the advantage of physical distribution of forces over the interface, as opposed to the full 
method, where the transpose of the coupling matrix would destroy the local character of the 
force distribution [17]. 

With the loading (i.e., the force distribution) provided by the CFD code, a modal analysis 
was performed with the CalculiX open source software. The structural properties of the model 
were based on the CAARC standard tall building specifications [22], while the Young’s mod-
ulus was set equal to that reported by Braun et al. [23]. All the employed structural properties 
are given in Table 2.  

Specific mass – ρ  160 Kg/m3 
Natural frequency – n  0.2 Hz 
Young’s modulus – E  2.3 ·108 N/m2 
Poisson’s ratio - m  0.25 
Structural damping - ξ 1% 

Table 2: Mechanical properties of the structure. 

In Figure 7 the von Mises stresses and the stresses at the three main axes are presented, while 
in Figure 8(a) the deformation of the structural mesh according to the results of the aforemen-
tioned analysis is illustrated (magnified x10) along with the un-deformed boundary surface of 
the fluid mesh. The maximum displacement was 46.9 cm on the y axis (as expected) because 
of the influence of the first bending mode. Moreover, in Figure 8(b) the deformed boundary 
surface of the CFD mesh obtained by transferring the displacement field from the CSD one, is 
depicted; no distortion was observed on the boundary surface of the flow grid, resulting in a 
smooth deformed surface. The normalized along-wind displacement ( ⁄ ) as a function of the 
reduced velocity ( / ), obtained with the proposed methodology, is compared to the corre-
sponding results of other reference works in Table 3; a satisfactory agreement is observed. 

 
Current 0.015633
Braun et al. [23] 0.011595
Thepmongkorn et al. [43] 0.013835
Melbourne [22] 0.048892

Table 3: Comparison of normalized maximum displacement as a function of reduced velocity. 
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Figure 7: Von Misses, SXX, SYY, SZZ stresses of the CAARC standard tall building model. 
 

      
                                 (a)      (b) 

Figure 8: Deformation of the structural grid (a) and corresponding deformation of the CFD boundary grid (b). 

          
Initial (9,724 nodes)       Level 1 (3,494 nodes)  Level 2 (2,199 nodes) Level 3 (1,995 nodes) 

Figure 9: Fine and coarser grids generated with the agglomeration procedure. 

Since this stage was accomplished, the deformation of the flow grid had to be performed, 
according to the deflections of the boundary. For the acceleration of the procedure four coarser 
grids were obtained, implementing the proposed agglomeration process on the surface nodes 
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[19]. In Figure 9 the boundary control areas of each level are depicted. For all of them the node 
with the minimum distance from their area-weighted centers is selected to be used as the base 
point for the RBFs method [19].  These basis points form the interpolant, required for the final 
deformation of the volume grid. In Figure 10, the flow grid prior and after the implementation 
of the deformation procedure is illustrated.  

          
                                       (a)                  (b) 

Figure 10: Before (a) and after (b) deformation states of the CFD grid. 

The deformed CFD grid was subsequently used with the Galatea-I solver for a new flow 
simulation with the same flow conditions as with the original one. The derived mean pressure 
coefficient distribution around the CAARC standard tall building, along with the velocity 
streamlines are illustrated in Figure 11. The successfully performed simulation demonstrates 
the deformation methodology capabilities in providing quality grids. 

 
Figure 11: Mean pressure coefficient and velocity streamlines around the deformed CFD grid. 
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The aforementioned analysis was based on a specification for a tall building model which 
however differs a lot from a realistic one. For the completion of the current work, the results 
from a dynamic analysis of a similar 45-storey building are presented. The building has the 
same external geometry as the CAARC standard tall building model, but the interior is not solid. 
It is consisted of beams, slabs, columns, walls, and a lift core. Moreover, two different materials, 
steel for the structural members (green color), and glass for all the outer walls (red color) were 
used (Figure 12). Table 4 presents the properties of the steel and glass material.  

 
 Glass Steel 

Specific mass – ρ  2500 Kg/m3 7850 Kg/m3 
Natural frequency – n  0.2 Hz 0.2 Hz 
Young’s modulus – E  7·1010  N/m2 2.1·1011  N/m2 
Poisson’s ratio - m  0.25 0.25 
Structural damping - ξ 1% 1% 

Table 4: Mechanical properties of the structure. 

 
 

Figure 12: Realistic CAARC building model (structural members: green color, walls: red color). 
 
In this case a dynamic analysis takes place, in which the wind loading is considered the same 

to the previous one (Figure 6). The deformation is also similar to the previous case but the 
displacements are much smaller, an expected, taking into account that the elements properties 
are stiffer. Figure 13 presents the extracted von Mises stresses as well as the three main stresses. 
Additionally, comparing to the previous problem, the stresses appear to be more realistic. The 
columns produce larger stresses than the walls, because of their larger stiffness, while as the 
height increases the stresses get smaller. In general, larger stresses were extracted (comparing 
to the previous case) as the same force was imposed at a smaller surface though.  
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Figure 13: Von Misses, SXX, SYY, SZZ stresses of the CAARC realistic building model. 

6 CONCLUSIONS  

In this paper a recently developed partitioned FSI methodology was reported. The whole 
procedure involved the coupling of an in-house academic CFD code, named Galatea-I [20], 
with the Calculix open source CSD software [21], which was succeeded employing the Radial 
Basis Functions (RBFs) based Partition of Unity (PoU). With this approach the conservation of 
energy, momentum and force is ensured over the interface of the flow and structural mesh as a 
result of the radial functions properties. The use of the PoU methodology improves the effi-
ciency of the data transfer procedure providing simultaneously a physical formulation of the 
force distribution. The FSI methodology was applied on the CAARC standard tall building 
model, which was specified for similar procedures [22, 23]. The effect of the obtained pressure 
field around the building was successfully transferred to the structural mesh with the PoU pro-
cedure, deriving subsequently the desired deformation; the latter agreed sufficiently with the 
corresponding experimental and numerical results, being available in the literature. As a result, 
the capabilities of the proposed methodology for such test cases in terms of accuracy and effi-
ciency were demonstrated. A mesh deformation approach, based on the RBFs methodology but 
improved though by a fusion procedure, resembling the agglomeration procedure used in ag-
glomeration multigrid methodology [19], was applied on the initial CFD mesh. The resulting 
deformed mesh, was subsequently imported in the Galatea-I solver, successfully providing a 
new flow field and hence demonstrating the deformation method’s capabilities of generating 
quality meshes. 
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Abstract. A monolithic FSI method is presented. A standard piston problem is considered as
test case. The piston problem’s fluid domain is represented by a closed tube filled with air. One
end of the fluid tube is formed by a piston connected to a spring. We use the Euler equations
of gas dynamics as well as a linear simplification of these, the acoustic equations, to model the
gas dynamics in the tube. A Discontinuous Galerkin method is applied to discretize the fluid-
flow equations, together with an immersed-boundary method to account for the moving piston.
A monolithic formulation of the coupled system is derived and analyzed. It is proven that the
semidiscrete formulation is stable, if two correction terms are used at the coupling interface. We
use Lyapunov functions to prove stability of the semi-discrete monolithic formulation. Further,
different time-integration methods are considered, analyzed and tested. The numerical results
are very accurate; they correspond very well to analytical approximations. The theoretical
prediction of the eigenfrequency can be reproduced very accurately. Moreover, the amplitude
of the spring oscillation is conserved very well.
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1 INTRODUCTION

The computer simulation of Fluid-Structure Interaction (FSI) has become a major research
topic over the last two decades and is of interest to many applications. There are two main FSI
approaches, the partitioned and the monolithic approach. The idea of the partitioned approach
is to calculate the fluid flow and the structural movement separately. This has the advantage
that already existing and specialized simulation tools can be used to calculate the dynamics of
each system. The solvers are then applied alternatingly in time. The boundary conditions for
one system are given by the state of the other system. Therefore, there is a time lag between
the boundary conditions and the system. To avoid the time lag, monolithic methods are to be
preferred over partitioned methods. In monolithic methods, the fluid and the structural part
are evolved simultaneously in time. The challenge for monolithic methods lies in the correct
mathematical formulation of the system. Both systems and the coupling between them have to
be formulated in a single expression.

Another challenge in FSI computations is the numerical tracking of moving boundaries.
In the Arbitrary-Lagrangian-Eulerian (ALE) approach, the computational grid is adapted at
every time step to fit the geometry of the modeled problem. This may become computationally
expensive. In contrast, there are Immersed Boundary (IB) methods, introduced by Peskin [1].
Over the last decades a lot of modifications were proposed for IB methods. The main idea is to
use a non-deforming grid, which does not necessarily fit with the model geometry. IB methods
are very well suited for complex geometries and large deformations. Furthermore, using an IB
method can save a lot of computational time, because the computational grid does not have to
be adapted at every time step. In this work, we use an IB method.

As a fluid-structure interaction problem we consider the piston problem from [2]. The model
consists of a closed tube filled with air. The right end of the tube is closed by a piston that
is attached to a spring and hence is movable (Figure 1). The pressure outside the tube is set
constant to p0 > 0. The left end of the tube is at xLB ∈ R and the piston wall is at position
xwall ∈ R. The equilibrium position of the spring is denoted as l0 ∈ R. The velocity of the
piston is ẋwall = uwall ∈ R.

p0
xLB xwall

air
piston

Figure 1: Sketch of the piston problem.

Some publications addressed the piston problem with an ALE approach. In [2] and [3]
partitioned approaches are introduced. A first order accurate monolithic implicit scheme is
proposed in [4]. Further work is presented in [5], [6] and [7]. In these publications, a time-
discontinuous Galerkin method is used for the discretization of the fluid equations. This is
related to an ALE approach. As mentioned, we will address the piston problem with an IB
method.

The structural part of the FSI problem, the spring and the piston, is described by Newton’s
law. Two forces act on the piston, a restoring force Fr which is determined by Hooke’s law and
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a force Fp resulting from the pressure difference over the piston, i.e.

mẍwall(t) = Fp − Fr = A (pwall − p0)− k (xwall − l0) , (1)

with m the mass of the piston, A the cross sectional area of the piston, pwall the pressure in the
fluid at the left of the moving wall and k the stiffness of the spring. (1) can be rewritten into a
system of first order ordinary differential equations:

d

dt

(
xwall

uwall

)
=

(
0 1
− k
m

0

)(
xwall

uwall

)
+

(
0

k
m
l0 + A

m
(pwall − p0)

)
. (2)

The air flow in the tube is modeled with a strictly hyperbolic system of conservation laws. We
use the Euler equations and a linear simplification, the acoustic equations. The Euler equations
describe the conservation of mass, momentum and energy of the gas. In one spatial dimension
they read

∂

∂t

 ρ
ρu
E

+
∂

∂x

 ρu
ρu2 + p
u (E + p)

 =

0
0
0

 . (3)

ρ denotes the density, u denotes the velocity in x-direction and E is the total energy per unit
volume. p is the pressure. An equation of state is necessary to close the system. For an ideal
gas this is

p =

(
E − 1

2
u2ρ

)
(γ − 1) , (4)

with the ratio of specific heats γ = 1.4. The Euler equations can also be written in quasi-linear
form:

∂

∂t
u+ F (u)

∂

∂x
u = 0, (5)

with the Jacobian of the flux F

F (u) =
df (u)

du
=


0 1 0

−1
2

(γ − 1)u2 (3− γ)u γ − 1

−γρuE
ρ2

+ (γ − 1) (u)3 γE
ρ
− 3

2
(γ − 1)u2 γu

 . (6)

The acoustic equations are a linear simplification of the Euler equations. In fluids, acoustics
is defined as small, isentropic perturbations. Therefore, perturbations ρ̃ around a constant den-
sity ρ̄ (we choose ρ̄ = 1.3kg/m3) and perturbations ũ around a constant velocity ū are considered.
The gas is assumed to be at rest (ū = 0m/s). This gives the expressions ρ = ρ̃+ ρ̄ and u = ũ.

The isentropic speed of sound is given by

c =

√(
∂p

∂ρ

)∣∣∣∣
s

, (7)

the square root of the derivative of the pressure with respect to the density at constant entropy
s.

Substituting the expressions for density and velocity, as well as the isentropic speed of sound
into the Euler equations and neglecting higher order terms gives

∂

∂t

(
ρ
ρ̄u

)
+

(
0 1
c2 0

)
∂

∂x

(
ρ
ρ̄u

)
=

(
0
0

)
. (8)
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The quasi-linear formulation can also be transformed into characteristic variables ξ with the
help of diagonalization matricesRf :

R−1
f

∂

∂t
u+R−1

f FRfR
−1
f

∂

∂x
u = 0 (9)

⇔ ∂

∂t
ξ + Λ

∂

∂x
ξ = 0. (10)

The diagonalization matrix for the Euler equations is denoted as Rf,Euler and for the acoustic
equations as Rf,ac. The matrix Λ contains the eigenvalues λj of the Jacobian matrix F . The
characteristic variables and the diagonalization matrices will appear later on for the numerical
flux calculation and the stability analysis.

In [4] an analytical approach is introduced to predict the eigenfrequency of the piston prob-
lem when the acoustic equations are used. In contrast to the referred work, we do not neglect
the cross sectional area A of the piston and get the equation

−mω2 + k + Aρ̄ωc
1

tan
(
ω
c
L
) = 0. (11)

ω describes the eigenfrequency of the coupled piston system. L is the mean length of the
tube and defined as L = l0−xLB. (11) can now be made dimensionless. We introduce the three
dimensionless numbers

X =
ρ̄AL

m
, Y =

√
k

m

L

c
, Z =

ωL

c
. (12)

(11) then reads

−Z2 + Y 2 +XZ
1

tan(Z)
= 0. (13)

X describes the mass ratios between the mass of the air in the tube (ρ̄AL) and the mass of the
piston (m). If the mass of the piston dominates the mass of the air inside the fluid tube, X
becomes small and can eventually be assumed to be zero. (13) can then be rewritten into an
explicit formulation for ω:

ω2 =
k

m
. (14)

This is just the eigenfrequency of a simple mass-spring system. We conclude that if the piston
mass is dominating the mass of the air, then the eigenfrequency of the system is only determined
by the spring and the fluid tube does not have any influence. Therefore, it could be reasonable
for small values of X to make the FSI coupling only in one direction, from the spring onto the
fluid. In this case it is assumed that the fluid does not have any influence on the spring.

We choose the parameters for our test problem as m = 0.8kg, k = 0.8 · 100kg/s2, c =
328.17m/s, L = 1m and A = 1m2. This results in an angular frequency of ω ≈ 341.60681/s, re-
spectively an eigenfrequency of f = ω

2π
≈ 54.36841/s. Further, we getX = 1.625, thus a strong

interplay between the fluid and the structure. Therefore a monolithic coupling is advisable.

2 NUMERICAL SCHEME

2.1 Notation

First we need to introduce some notation. For the piston problem, it is necessary to define
some special notation. Two domains are defined. The first one is called the enclosing domain
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xwall

xLB xRB xRB

~

Δx

Cell Ωi

Figure 2: Sketch of the two domains. The computational domain Ω is drawn with solid lines. The enclosing
domain Ωtot is defined by all cells, indicated by the solid and dashed lines together.

Ωtotal and represents the largest possible domain for the fluid. The second one is called Ω and
it is a subset of the enclosing domain Ω ⊆ Ωtotal. Ω is the computational domain. The left
boundary of Ωtotal and Ω is always the same as this end is immovable. It has the coordinate
xLB. The right boundary of the enclosing domain Ωtotal is also fixed. It has the coordinate x̃RB.
It is required that the right boundary of Ω is always within the enclosing domain Ωtotal, that is
xwall ≤ x̃RB. The right boundary of the computational domain is called xRB.

For the numerical discretization the enclosing domain Ωtotal is split into Ntotal ∈ N cells Ωi

with equal lengths ∆x. Therefore, the spatial discretization size becomes ∆x := x̃RB−xLB
Ntotal

. The
boundaries of a cell i have the coordinates xi,L for the left cell boundary and xi,R for the right
one. The number of cells in the computational domain is N ≤ Ntotal.

The i-th cell is called Ωi. Every cell contains p+1 integration points xi,k where i = 1, . . . , N
is the index of the cell number and k = 1, . . . , p + 1 indicates the integration point on which
the solution of the Discontinuous Galerkin method is represented. p ∈ N0 is the polynomial
degree of the solution. A Discontinuous Galerkin method with p = 0 may be interpreted as a
Finite-Volume method.

2.2 Discontinuous Galerkin method

The general expression for the Euler and the acoustic equations is

∂

∂t
u(x, t) +

∂

∂x
f (u(x, t)) = 0. (15)

The numerical solution of the DG method to approximate u(x, t) consists of N polynomials
of order p for each conserved variable, referred to asU i (x, t) ∈ (Pp (Ωi))

d with i indicating the
respective cell Ωi and Pp (Ωi) the space of polynomials of order p on Ωi. For the Euler equations,
a system of three equations,U i(x, t) is a vector of three polynomials Ui,j(x, t), representing the
conserved variables ρ, ρu and E. At each cell interface the solution is not unique but defined
twice for each variable, because the cells are closed intervals. A detailed derivation and analysis
of the Discontinuous Galerkin method can be found in [8].

We are using the nodal Discontinuous Galerkin approach. This means that the solution for
one variable j on one cell i has the structure

Ui,j(x, t) =

p+1∑
k=1

Ui,j (xk, t) lk(x) =

p+1∑
k=1

Ui,j,klk(x). (16)

The Legendre-Gauß-Lobatto points are used as integration points xi,k. They have the advantage
that they always lie on the boundaries of the cells which will be helpful for the flux calculations.
lk(x) are the Lagrange polynomials defined on cell Ωi. They are defined with the help of the
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integration points:

lk(x) =

p+1∏
m=1
m6=k

x− xi,m
xi,k − xi,m

, for x ∈ Ωi. (17)

Ui,j,k are the integration coefficients and can be written more compactly in the vector U ∈
RNd(p+1). This vector contains values for every integration point, every unknown variable and
every cell. In total, the solution vector of the nodal DG method looks as follows:

U =

U 1
...
UN

 =



U 1,1
...

U 1,d
...
...

UN,d


=



U1,1,1
...

U1,1,p+1
...
...

UN,d,p+1


. (18)

For the Discontinuous Galerkin discretization, we replace the exact solution in (15) by the
nodal approach, multiply with test functions from Pp (Ωi) and integrate over cell Ωi. The flux
term is simply approximated by

f (U i)j ≈
p+1∑
k=1

f (Ui,j,k (t))j lk (x) =:

p+1∑
k=1

Fi,j,k (t) lk (x) . (19)

Using integration by parts, we get∫
Ωi

∂

∂t

(
p+1∑
k=1

Ui,j,k(t)lk(x)

)
lm(x)dΩi −

∫
Ωi

(
p+1∑
k=1

Fi,j,k(t)lk(x)

)
∂

∂x
lm(x)dΩi

= δ1,m [gj (U i−1,U i)] + δp+1,m [−gj (U i−1,U i)] , m = 1, . . . , p+ 1. (20)

The flux at the right-hand side, that is evaluated at the boundary of the cell, is approximated with
a numerical flux gj , known from the Finite-Volume methods. As the Legendre-Gauss-Lobatto
points are used, the cell boundaries are interpolation points. Therefore, as li (xj) = δij , the
value at the cell interface is exclusively defined by the outer interpolation points. δij denotes
the Kronecker delta. We use a flux-splitting approach to calculate the numerical fluxes:

gj (U i−1,U i) =
(
F+U i−1 + F−U i

)
j
. (21)

The positive and negative fluxes are defined as

F± := RfΛ
±R−1

f = Rf

(
λ±1

. . .

)
R−1
f = Rf

(
1
2

(λ1 ± |λ1|)
. . .

)
R−1
f . (22)

(20) is called the weak formulation of the DG method. After one more integration by parts,
using the assumption that the values only depend on values from inside the cell, we get to the
strong formulation of the DG scheme:∫

Ωi

∂

∂t

(
p+1∑
k=1

Ui,j,klk(x)

)
lm(x) +

(
∂

∂x

p+1∑
k=1

Fi,j,klk(x)

)
lm(x)dΩi

= δ1,m (−Fi,j,1 + gj (U i−1,U i)) + δp+1,m [Fi,j,p+1 − gj (U i,U i+1)] . (23)
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In the remainder of this work we consider the strong formulation only. Next, the integrals will
be projected on the reference cell I = [−1, 1] and we call the reference variable r ∈ I . The
interpolation points on I are called rk. The following mapping from the reference variable r to
the actual variable x is used:

x (r) = xi,L +
1 + r

2
∆x, −1 ≤ r ≤ 1, for x ∈ Ωi. (24)

The transformation between r and x for some function f under the integral is∫ xi,R

xi,L

f (x) dx =

∫ 1

−1

f(x(r))
dx(r)

dr
dr =

∆x

2

∫ 1

−1

f(r)dr. (25)

The transformation introduces a scaling factor dx(r)
dr

with x(r) from (24). For the second
integral, this scaling factor is compensated by the change of the derivative d

dx
to d

dr
. The trans-

formation becomes especially useful if the cells do not have the same size.
The integration of the multiplied Lagrange polynomials can be summarized in a mass matrix

M with entries

Mpq =

∫ 1

−1

lp(x(r))lq(x(r))dr =

∫ 1

−1

p+1∏
m=1
m6=p

r − rm
rp − rm

p+1∏
m=1
m6=p

r − rm
rq − rm

dr. (26)

The same holds for the stiffness matrix S:

Spq =

∫ 1

−1

lp(x(r))
d

dr
lq(x(r))dr. (27)

The strong formulation of the DG scheme can then be written very compactly for every cell:

d

dt
U i,j =

2

∆x
M−1

(
−SF i,j + F i,j|∂Ωi

+ gj
)
. (28)

The inner boundary fluxes from the second integration by parts is represented in the vector
F i,j|∂Ωi

and the numerical fluxes over the cell boundaries are summarized in the vector gj . The
first entry contains the flux of the j-th variable between cell i − 1 and i and the last entry the
numerical flux between i and i + 1. The other entries are zero. Note that the mass matrix is in
M ∈ R(p+1)2 and thus can be inverted with reasonable computational cost.

2.3 Limiter

Numerical schemes with order higher than one in the spatial discretization produce unphys-
ical oscillations at steep gradients and discontinuities in the solution. These must be eliminated
or at least controlled, because they might cause breakdowns in the computation (e.g. negative
densities). The solution to this problem is to introduce limiters to make the numerical solu-
tion total variation bounded (TVB). This is done for every variable separately and therefore the
subscript j is dropped in this section.

We will make use of the modified minmod function. In its general form this is

m̄ (a1, . . . , am) := minmod
(
a1, a2 +M∆xsign(a2), . . . , am +M∆x2sign(am)

)
. (29)
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The numberM ≥ 0 depends on the problem and is not known a-priori. IfM is chosen too small,
the local dissipation and order reduction are increased. If, on the other hand, M is chosen too
large, oscillations occur [8].

The first step in the limiting procedure is to look for cells in which oscillations might occur
and mark them as so-called troubled cells. The high order accuracy of the DG method should
not be limited in smooth regions of the solution. This is done with the generalized limiter

U lim,L
i = Ūi −minmod(Ūi − Ui,·,1, Ūi+1 − Ūi, Ūi − Ūi−1), (30)

U lim,R
i = Ūi + minmod(Ui,·,p+1 − Ūi, Ūi − Ūi+1, Ūi−1 − Ūi). (31)

Then, if U lim,L
i = Ui,·,1 and U lim,R

i = Ui,·,p+1 the cell is not marked as a troubled cell. In this
case, all three input arguments of the minmod function have the same sign and the jump from
the average solution in cell i to its boundary value has the smallest absolute value.

The second step is the actual limiting of the troubled cells. The problem that the limiter
destroys high order accuracy in regions of smooth extrema remains present, since local extrema
are detected as oscillations. In order to improve this, we limit the solution with a so-called
modified minmod limiter. We use the Monotone Upstream-centered Scheme for Conservation
Laws (MUSCL) limiter [8]

ΠUi(x) = Ūi + (x− xi,c) minmod
(

(Ui)x,
Ūi+1 − Ūi

∆x
,
Ūi − Ūi−1

∆x

)
. (32)

Using the limited solution ΠUi(x) at every numerical time integration step guarantees a total
variation bounded solution.

2.4 Fluid boundaries

Boundary conditions for the Discontinuous Galerkin scheme are modeled with so-called
ghost cells. These are artificial cells at the ends of the computational domain Ω. The left end of
the tube (xLB) does not move. Static reflective boundary conditions are used to model this. For
the acoustic equations, this is modeled with the ghost cell state values

U ac
0 =

(
ρ1

−ρ̄u1

)
. (33)

The left boundary treatment for the Euler equations is correctly modeled with the ghost cell
values

ρ0 = ρ1, u0 = −u1, p0 = p1, (34)

respectively for the conservative variables

UEuler
0 =

 ρ1

−ρ1u1

E1

 . (35)

It can be shown that solving a Riemann problem between the left inner cell of the domain and
the ghost cell gives exactly the desired zero velocity [9].

The right end of the tube is defined by the position of the piston. Therefore, a boundary
condition for moving reflective boundaries must be introduced. We interpret this as the limit of
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a subsonic outflow boundary condition. This reads [9]

U ac
N+1 =

(
ρN

−ρ̄uN + 2ρNuwall

)
, UEuler

N+1 =

 ρN
−(ρu)N + 2ρNuwall

EN

 . (36)

The computational mesh is not changed, so at some point, the moving wall will reach a new
cell. If a new cell has to be added, it gets the initial values

U ac
new =

(
ρN
ρ̄uwall

)
, UEuler

new =

 ρ?
ρ?u?

1
2
ρ?u

2
? + p?

(γ−1)ρ?

 (37)

for the acoustic equations and the Euler equations, respectively. The star values are the exact
solution values of the boundary Riemann problem defined in [9].

2.5 Monolithic formulation

In this section, we introduce the monolithic formulation for the piston problem using the
acoustic equations. In its general semi-discrete formulation it has the structure

d

dt
X = MX + F ext, (38)

with the vector of unknowns

X =

(
U
V

)
. (39)

U represents the fluid variables and V the spring variables. M is the system matrix. The
system matrix is a block matrix describing the fluid and the spring discretization as well as the
coupling between the two systems.

First of all, we need to introduce some general matrices. We write the identity matrix as IN .
The superscript indicates the dimension as N ×N . The matrices IN−1 and IN+1 have ones on the
sub- and superdiagonal respectively. Ip+1|∂Ωi

has the entries −1 in the top left corner and 1 in
the bottom right corner. Finally, we use the Kronecker product ⊗ to define the matrices

I11 =
(
0 · · · 0 1

)
⊗


1
0
...
0

 , I12 =
(
1 0 · · · 0

)
⊗


1
0
...
0

 ,

I21 =
(
0 · · · 0 1

)
⊗


0
...
0
1

 , I22 =
(
1 0 · · · 0

)
⊗


0
...
0
1

 .
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The DG discretization for the single cells is defined with the following matrices:

Ac =
2

∆x

(
Id ⊗M−1

) [
−
(
Id ⊗ S

) (
F ⊗ Ip+1

)
+
(
F ⊗ Ip+1|∂Ωi

)]
, (40)

Gl+ =
2

∆x

(
Id ⊗M−1

) [
F+ ⊗ I11

]
, (41)

Gl− =
2

∆x

(
Id ⊗M−1

) [
F− ⊗ I12

]
, (42)

Gr+ =
2

∆x

(
Id ⊗M−1

) [
F+ ⊗ I21

]
, (43)

Gr− =
2

∆x

(
Id ⊗M−1

) [
F− ⊗ I22

]
. (44)

Together, they define the matrix for the fluid flow discretization. However, the boundary treat-
ment is not included yet:

A :=
(
IN ⊗Ac

)
+
(
IN−1 ⊗Gl+

)
+
(
IN ⊗Gl−

)
−
(
IN ⊗Gr+

)
−
(
IN+1 ⊗Gr−

)
(45)

=


Ac +Gl− −Gr+ −Gr−

Gl+ Ac +Gl− −Gr+ −Gr−
Gl+ Ac +Gl− −Gr+ −Gr−

. . . . . . . . .

 . (46)

The static boundary at the left end, as described in (33), becomes the matrix

GLB :=


1 0 · · · 0
0 · · · · · · 0
...

...
0 · · · · · · 0

⊗
[

2

∆x

(
Id ⊗M−1

) [( c
2
−1

2
c2

2
− c

2

)
⊗ I12

]]
. (47)

The numerical modeling for the right, movable wall was described in (36). It is split into two
parts. The first one is

GRB :=


0 · · · · · · 0
...

...
0 · · · · · · 0
0 · · · 0 1

⊗
[

2

∆x

(
Id ⊗M−1

) [(− c
2
−1

2
c2

2
c
2

)
⊗ I21

]]
, (48)

and models the reflections that are independent of the spring. The second part models the
coupling from the spring to the fluid. It is

B =


0
...
0
1

⊗


(
Id ⊗ 2

∆x
M−1

)


0 0
...

...
0 0
0 −ρ̄
0 0
...

...
0 0
0 cρ̄




. (49)
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The matrix for the spring is defined as

D :=

(
0 1
− k
m

0

)
. (50)

The coupling from the fluid to the spring is done with the matrix C ∈ R2×Nd(p+1). Remem-
ber that ρ actually is a disturbance in the mean density and is denoted as ρ̃. For the coupling,
this must be taken into account and the contribution of the mean density has to be added. The
total contribution must be 1

m
c2ρN,p+1 + 1

m
c2ρ̄. Thus, the coupling matrix is

C :=

(
0 · · · · · · · · · · · · · · · 0

0 · · · 0 c2

m
0 · · · 0

)
, (51)

where the non-zero entry is in row 2 and in column Nd(p + 1) − (p + 1). The contribution of
the mean density goes into the term F ext ∈ RNd(p+1)+2. Besides this, the external pressure p0

and the position of rest of the spring l0 are taken into account:

F ext =


0
...
0

− k
m
l0 − 1

m
p0 + c2

m
ρ̄

 . (52)

For reasons that will become clear in the stability analysis, we introduce two correction terms
C1 and C2. They account for the difference between the velocity of the piston uwall and the last
inner velocity of the gas in the tube uN,p+1, which introduces instabilities in the system. They
are defined as

C1 =


0 · · · · · · 0
...

...
0 · · · · · · 0
0 · · · 0 1

⊗
[
Id ⊗ 2

∆x
M−1

[(
0 0
0 −c

)
⊗ I21

]]
, (53)

and

C2 :=


0
...
0
1

⊗
Id ⊗ 2

∆x
M−1


0 0
...

...
0 0
0 −cρ̄


 . (54)

The stability analysis and a more detailed motivation for this choice of correction can be found
in the next section.

We conclude with the monolithic formulation, using the above derived matrices to assemble
the system matrixM :

d

dt

(
U
V

)
=

(
A+GLB −GRB + C1 B + C2

C D

)(
U
V

)
+ F ext. (55)

3 STABILITY ANALYSIS

We now want to address the subject of numerical stability, thus the response of the system to
small perturbations. This is of interest, because during numerical simulations, there will always
be a truncation error due to the limited computer precision. Roughly speaking, a system is
stable, if small perturbations only have a small impact on the results. For the analysis we use
Lyapunov’s concept, which can be found in e.g. [10] in more detail.
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3.1 Lyapunov’s stability concept

Let us first consider the ordinary differential equation

ẋ = f (x (t)) , x ∈ Rn. (56)

xe ∈ Rn is an equilibrium point of (56), if

f (xe) = 0, ∀t ≥ 0. (57)

The equilibrium point xe is said to be (Lyapunov) stable, if

∀ε > 0,∃δ > 0 : ||x (0)− xe|| < δ ⇒ ||x(t)− xe|| < ε, ∀t > 0. (58)

Let xe be an equilibrium point of (56). Further, if there exists a C1-function E : U → R
defined on a neighborhood U of xe with the properties

i) E (xe) = 0 and E(x) > 0, ∀x ∈ U \ {xe},

ii) Ė (x(t)) ≤ 0, ∀x ∈ U \ {xe},

then E (x) is called a Lyapunov function and the equilibrium point xe is stable.

3.2 Stability of the semi-discrete piston problem

Lyapunov’s stability concept can be simplified for the piston problem with acoustic equa-
tions. We consider the evolution of an error δ in the initial condition. Using the monolithic
formulation (55), this becomes

d

dt
err(t) = Merr(t), err(0) = δ. (59)

We choose the Lyapunov function candidate E (X) = 1
2
XTEX and investigate the equilibrium

point err(t) = Xe = 0. E is called the energy matrix of the system and X =
(
U , V

)T is
the vector of unknowns. Inspired by [2] we choose the energy matrix to be

E =

(
Ef

Es

)
=

IN ⊗ ((R−Tf,acR
−1
f,ac +R−Tf,acR

−1
f,ac

)
⊗ 1

ρ̄
∆x
2 M

)
m
(
R
−T
s R−1

s +R−Ts Rs
−1
) .

(60)
Then,E is a real symmetric positive definite matrix and the criteria E (Xe) = 0 and E (X) > 0
are fulfilled. It is left to show that Ė (X(t)) ≤ 0, which turns out to consist of three subprob-
lems:

XTEMX =

(
U
V

)T (
Ef

Es

)(
A+GLB −GRB + C1 B + C2

C D

)(
U
V

)
= UTEfAU +UTEfGLBU −UTEfGRBU︸ ︷︷ ︸

1

+

UTEfC1U +UTEfBV +UTEfC2V + V TEsCU︸ ︷︷ ︸
2

+V TEsDV︸ ︷︷ ︸
3

. (61)

The single terms have the following interpretation:
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1. The DG discretization with two reflecting walls has to be stable. It can be proven that

UTEfAU +UTEfGLBU −UTEfGRBU ≤ 0. (62)

2. The coupling between the fluid and the spring has to be stable:

UTEfC1U +UTEfBV +UTEfC2V + V TEsCU − ρ̄cu2
N,p+1 = 0. (63)

The last term is a left-over from the inner DG discretization. The stability is only guaran-
teed with a correction.

3. The spring system has to be stable, i.e.

V TEsDV = 0. (64)

In total, we get
d

dt
E = XTEMX ≤ 0. (65)

Therefore, the coupled system is (Lyapunov) stable.
Without the use of the correction terms C1 and C2, the energy analysis results in

V TEsCU +UTEfBV − ρ̄cu2
N,p+1

= ρN,p+1c
2uwall − ρN,p+1c

2uwall + ρ̄cuN,p+1uwall − ρ̄cu2
N,p+1

= ρ̄cuN,p+1 (uwall − uN,p+1) . (66)

The velocity of the wall uwall and the velocity in the last cell uN,p+1 are very close to each
other. The difference between them will become smaller, if the spatial discretization length
∆x is reduced. Nevertheless, the difference might be positive and introduce instabilities to the
system. By introducing the two correction terms C1 and C2 it is possible to eliminate this error.

4 RESULTS

We will compare different time integration methods for the piston problem. The Forward
Euler method with time step ∆t for the monolithic formulation simply reads

Xn+1 = Xn + ∆tMXn + ∆tF add. (67)

Further, we will use a Runge-Kutta 2 and a Runge-Kutta 3 method:

X(1) = Xn + ∆tMXn + ∆tF add,

Xn+1 =
1

2

(
Xn +X(1) + ∆tMX(1) + ∆tF add

)
, (68)

and

X(1) = Xn + ∆tMXn + ∆tF add,

X(2) =
1

4

(
3Xn +X(1) + ∆tMX(1) + ∆tF add

)
, (69)

Xn+1 =
1

3

(
Xn + 2X(2) + 2∆tMX(2) + 2∆tF add

)
.

Besides, we also test the Backward Euler method:(
INd(p+1) −∆tM

)
Xn+1 = Xn + ∆tF add. (70)

The last time integration method tested is a simple partitioned method. It consists of two steps:
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1. The fluid system is evolved in time:

Un+1 = Un + ∆t [(A+GLB −GRB + C1)Un + (B + C2)V n] . (71)

2. The spring system is evolved in time:

V n+1 = V n + ∆t
(
CUn+1 +DV n

)
+ F̂ ext. (72)

Unless stated otherwise, a Runge-Kutta 3 method is used for the computations. We use the
parameters chosen in Section 1 for the following simulations. The initial conditions are chosen
to be

ρi,j,k = ρ̄, ρ̄i,j,k = 0kg/m3, xwall = 0m, uwall = 20m/s.

The oscillation of the piston is depicted in Figure 3. Since there is no damping in the system,
no energy should dissipate at all. This means that the oscillation amplitude should remain
constant in the mean over time. It can be clearly seen that in Figure 3 the amplitude of the
oscillation is conserved quite well.
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Figure 3: Position of the piston xwall over time.

The eigenfrequency of the simulated system is fsim ≈ 54.37631/s. This is very close to
the eigenfrequency of the analytical approach in Section 1, which gives an eigenfrequency of
f ≈ 54.36841/s.

The results look different when the correction terms C1 and C2 are not used. Then, the
amplitude of the oscillation is increasing (Figure 4). The more cells are used, the less the
impact of the instability is. Nevertheless, the amplitude keeps increasing.

In the left plot of Figure 5, the Lyapunov function of the monolithic formulation is plotted
over time. The red line represents the case in which no new cells are added and removed when
the piston is moving. In the other case (blue line), the computational domain is adapted to
fit the piston position. Even though, the wall is moving, the domain is not adapted. This is
an assumption in the analytical approach. In the right plot, the Lyapunov functions for the
separated fluid (blue line) and solid (red line) parts as well as their sum (yellow line) are plotted
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Figure 4: Position of the piston xwall without the use of the correction terms C1 and C2.

over time. Even though, the Lyapunov functions of the separated regions look rather irregular,
their sum has a smooth shape. The decline of the Lyapunov functions over time comes from
numerical dissipation during the computation and also manifests itself in a decrease of the
amplitude of the piston oscillation.
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Figure 5: Left: Lyapunov functions E when cells are added and removed (blue line) and when the computational
domain is set constant (red line). Right: Lyapunov functions for the fluid part (blue) and the structural part (red).

This (unphysical) decrease of the amplitude is small when the Discontinuous Galerkin method
is used. In Figure 6 the results of a Discontinuous Galerkin method and a Finite-Volume method
are compared. The Finite-Volume method can be interpreted as a Discontinuous Galerkin
method with polynomial degree p = 0. It can be seen that the higher polynomial order gives
much better results as the numerical dissipation is reduced considerably.

We now want to compare the different time integration schemes introduced in the beginning
of this chapter. As can be seen in Figure 7, and as expected, the simple partitioned and the
Forward Euler method are unstable. The Lyapunov functions increase rapidly in the very be-
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Figure 6: Position of the piston xwall using the Discontinuous Galerkin method (p = 1; blue line) and the Finite-
Volume method (p = 0; red line).

ginning. This effect goes along with a strongly increasing amplitude of the piston oscillation.
In [2] some stable partitioned methods are presented. The Backward Euler, the Runge-Kutta 2
and the Runge-Kutta 3 methods can be numerically stable. They distinguish themselves by the
amount of energy that is dissipated. We see in Figure 7 that the Runge-Kutta 3 method causes
the least numerical dissipation.
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Figure 7: Lyapunov functions E for different time integration methods.

In the last plot, Figure 8, the oscillation of the piston is plotted over time, using the acoustic
equations (blue line) and the Euler equations (red line). Especially in the beginning, the results
are very much alike.
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Figure 8: Position of the piston over time using the acoustic equations (blue line) and the Euler equations (red line)

5 CONCLUSION

We finish this work with a short summary:

• We successfully developed a monolithic simulation code for the piston problem.

• An analytical approximation of the frequency of the oscillation could be reproduced very
well with our code.

• We introduced two correction terms C1 and C2 in order to achieve numerical stability for
the coupling between the fluid and the structural part.

• The Discontinuous Galerkin method shows clear improvements towards the Finite-Volume
method in terms of numerical dissipation.

• We tested different time integration methods on stability and numerical dissipation. In
our tests, the Runge-Kutta 3 method shows the best results.

For the future, a more sophisticated boundary treatment and an extension to higher dimensions
are desirable.
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Abstract. Slamming impact is considered important factor for ship design engineers to pre-

dict the structural reliability under maximum pressure and hydrodynamic forces in a small 

duration of time. In this paper, we deal with rigid bodies by simulated 2D water entry prob-

lem based on Arbitrary Lagrangian Eulerian (ALE) built-in explicit finite element in Abaqus 

software. To validate the efficiency of models, various deadrise angles are applied from 4° to 

80° for wedge. The prediction of maximum pressure and hydrodynamic forces are compared 

with the analytical formulations of the rigid body. Many factors are affecting on slamming 

phenomenon due to high deformation in the fluid. Therefore we have delineated the effect of 

the contact stiffness factor between the fluid and structure in penalty contact method, which 

influences on the results. Fluid domain mesh sizes convergence are applied with take in con-

sideration the hourglass control effect, showed that the effect of the density of the mesh has 

high influence on the amplitudes stability for both pressure and force.   
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1 INTRODUCTION 

Slamming is the water impact loads that considered important in the structural design of all 

high-speed vessels and can cause both local and global effects in the ship structure, the global 

effect is often called whipping. Hydrodynamic may be important for global loads but also for 

local loads in the case of very high slamming pressure with very short duration [1]. 

The loads occur during the slamming of the body onto a water surface have relevance for 

the design of many vessels, unfortunately, the analysis of this scenario is challenging for sev-

eral reasons. During impact, the free surface is characterized by a thin jet with velocities that 

are much larger that the body velocity. This means that free surface undergoes stretching and 

its topology becomes extremely complex [2]. 

The major interesting of the ship engineers is to find the analytical solution capable to pro-

vide the hydrodynamic load and the impact pressure distribution when the slamming event 

happens, since these pressures can be used during the design process [3]. The slamming pres-

sure distribution and hydrodynamic forces can be used in the static structure analysis that lo-

cates the local impact induced stresses. This done when the local deadrise impact angle 

between the fluid and the structure is not very small at the impact position, and suppose that 

hydrodynamic calculations for a rigid body [1]. Several assumptions are adapted to calculate 

the pressure for the rigid body such as the airflow. Usually, these methods assume that the 

fluid is incompressible and irrotational. Von Karman was considered the first author attempt-

ed to calculate analytically the slamming phenomenon based on the mass conservation, but is 

not accounted the effect of the jet up-rise flow [4]. The method based on Wagner theory al-

lowed taking in account the effect of the jet up-rise flow of the fluid, which assume the impact 

of the blunt body [5].  

Kaushik et al [6] studied the water slamming of deformable sandwich panels using the 

commercial FE software LS-DYNA with the ALE formulation. All geometric nonlinearities 

are considered when studying deformations of the composite panel, assumed the fluid to be 

compressible. However, the authors have accounted inertia effects in the fluid and the solid, 

and examined delamination between the core and the face sheets. The pressure distribution on 

the wetted panel surface was found to be oscillatory. Peseux et al [7] have solved numerically 

two and three dimensional Wagner theory using finite element method for the rigid and de-

formable structures. A series of tests were performed experimentally for different deadrise 

angles and thickness, and analysis the distribution and evolution of hydrodynamic pressure. 

Stenius et al. [8] used numerical simulations of the hydroelastic problem related to panel-

water impacts for high-speed craft, by applying different deadrise angles and velocities and 

different boundary conditions and panel properties. Siyauan & Mahfuz [9] used the finite el-

ement analysis to study the fluid structure interaction (FSI) for the sandwich structure. This 

performs by coupling between the finite element analysis (FEA) model with the computation-

al fluid dynamic (CFD) model. The global model was used to construct the composite and the 

foam of the sandwich structure, then transporting the force and displacement for this model to 

the sub-model with refine mesh. The interlaminar and the shear stress distribution are deter-

mined at the core and faces. Yang and Qiu [10] has been computed slamming forces on two 

and three dimensional bodies entering the calm water with constant velocity, employing the 

Constrained Interpolation Profile (CIP) method. The nonlinear water entry problem is gov-

erned by the Navier-Stokes equations and solved by a CIP-based finite difference method on a 

fixed Cartesian grid. Wang and Soares [11] have investigated the water impact problem for 

three-dimensional buoys (hemisphere and cones) using ALE solver based on Eulerian formu-

lation in LS-DYNA software. They concluded that the mesh density of the fluid is very influ-
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ence factor on determine the hydrodynamic pressures. Furthermore, they noted that the influ-

ence of the constant impact velocity is larger than ones from the drop velocity when compared 

its total impact force and hydrodynamic pressure. 

In this paper, a parametric study is carried out to provide the hydrodynamic load and the 

impact pressure distribution when the slamming event is happened with constant velocity. In-

deed, the response of the structure will depend on the parameters of the numerical calculation 

inputs for describing the fluid-structure coupling. 

 

2 MATHEMATICAL FORMULATION FOR ALE MODEL  

ALE model consists of both the Lagrangian and Eulerian model, materials arbitrary coor-

dinates are defined corresponding to the reference or global coordinate system. The relation-

ship between these coordinates and the reference coordinate relative with the time are 

constructed the ALE model as described by equation (1) [12] 

 

 

(1) 

 

Where , xi and  are the Lagrangian coordinate, Eulerian coordinate and rel-

ative velocity respectively. From definition of relative velocity as a difference between the 

material velocity ( ) and the mesh velocity (  , formulations of the model are depended on 

the conservation equations as followed: 

2.1    Conservation of the mass 

For point of view of the conservation of the mass which means that the material density is 

constant relative with time and can be described as:  

 

(2) 

 Where  is the density of the fluid. 

2.2    Conservation of momentum 

In conservation of the energy, the governing equation must be specified the appropriated 

initial boundary conditions to represent the ALE description corresponding to Navier-stock 

equations: 

 

 

(3) 

 

The stress tensor  is described as follows: 
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 (4) 

Where , is the dynamic viscosity and  is the Kronecker delta function and  is the pres-

sure. 

Define the initial boundary conditions for the fluid and the body domain as shown in figure 

(1), the equations can be solved. 

 

  

  

 on t = 0 

 

Where  

Г1 is the boundary of the body, 

Г2  is the boundary of the fluid, 

nj is the outer unit normal vector on the boundary of Г2, 

 is the Kronecker’s delta function. 

 

Figure 1: Initial boundary conditions for fluid and body domain 

2.3    Energy equation  

 

 

(5) 

 

The velocity of reference coordinate is assumed zero in Eulerian equation, while the rela-

tive velocity are computed in advection phase to transfer from previous mesh to the new ma-
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terial mesh. For this reason,   ALE equations are considered much more difficult numerically 

than the Lagrangian equations, where the relative velocity is zero. 

ALE governing equations are implemented in two phases: the first is applied to the La-

grangian phase that changes of the velocity in the mesh moves with the material. Consequent-

ly an internal energy due to the internal and external forces is calculated. The equilibrium 

equations are: 

 

(6) 

 

 

(7) 

Mass is conserved in the Lagrangian phase, since no material flows across the element 

boundaries. The advection phase is followed to determine a transport of mass, internal energy 

and momentum across cell boundaries. This may be thought of as remapping the displaced 

mesh at the Lagrangian phase back to its initial or arbitrary position. 

3 NUMERICAL INVESTIGATION OF THE SLAMMING PHENOMENON 

 For the slamming event with small period duration, large deformations of the fluid are 

happening, which caused the mesh distortion. Therefore, an automatic re-mesh method re-

quires for the fluid domain, which consumes a high computational time. For this reason the 

suitable simulation of the interaction between the fluid and the structure is implemented. Ar-

bitrary Lagrangian Eulerian (ALE) solver in ABAQUS software are used to allow the mesh to 

move and back to reference position during translating to another step. The material in the 

ALE region flowed with the mesh move. Hence, to prevent the element mesh destroy, a 

remap of the mesh are adapted using an advection phase to update fluid velocity and material 

variables for the new mesh. 

ALE is a mixture of Lagrangian and Eulerian discretization. The region in the fluid that 

close to the impact area has a refine meshes size to govern the large deformation of the fluid 

in this position. While the outer region of this domain used another mesh size because the de-

formation in the outer domain of impact position is still moderate. Figure 2 illustrates the 

boundary conditions and the mesh part model for the water entry problem, which are tested to 

reduce the computational time as reason of high time consuming of coupling between the flu-

id and structure. 

               

Figure 2: Boundary conditions and mesh regions for the slamming of two-dimensional wedge model. 
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For the slamming of the symmetric wedge, symmetrical boundary condition is applied 

about the symmetric plane with breadth of section 0.25 m and length 0.4 m. To prevent re-

flected waves effect from external boundaries, fluid domain length is specified as [13]: 

 

 

(8) 

Where L is the distance between the impact position and the external surface of the water 

domain, T is the time of the slamming event and c0 is the speed of the sound in the fluid. In 

Abaqus explicit, EOS can be defined by linear Us - Up formulation of the Mie-Gruneisen 

equation of state which can be exploited in water entry problem. Pressure can be determined 

as a function of the density and the internal energy as: 

 

 (9) 

 

 

 

(10) 

Where PH, , 𝜂 =  and  is the Hugoniot pressure, material constant, nominal 

volumetric compressive strain and fluid reference density respectively. 

 

 

(11) 

Where s is represented the linear relationship between shock velocity Us and particle ve-

locity Up (Us= c0 + s Up). 

 Then the pressure of the fluid can be calculated as: 
 

 

(12) 

The water parameters are illustrated in table (1). For the modelling of the contact sol-

id/fluid, the exponential soft contact with frictionless tangential behavior has been adopted. 

The mesh convergence is investigated in the region close to the impact position with element 

size 0.5mm for the fluid domain. 

 
C0 (m/sec) µ  ( - ) s ( - ) Г0 ( - ) ρ(kg/m

3
) 

1420 0.001 0 0 1000 

Table 1: Parameters of the water in the model. 

3.1    Effect of the hourglass control  

The mesh of Lagrangian domain deforms with the material, while the Eulerian mesh is 

fixed in the space, add the material flows from one cell to another. Lagrangian is easier to 

handle (particularly the definition of boundary conditions), but with large mesh deformation 

and highly distorted leading to inaccurate calculations, or even failure.  
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Hourglassing is essentially a spurious deformation mode of a Finite Element Mesh, result-

ing from the excitation of zero-energy degrees of freedom. It typically manifests as a patch-

work of zig-zag or hourglass like element shapes (Figure 3), where individual elements are 

severely deformed, while the overall mesh section is non-deformed. 

 

Figure 3: Hourglass behaviour for a single first-order reduced-integration element with no strain. 

In this section the hourglass effect is investigated, built in artificial stiffness of the ele-

ments to prevent this kind of deformation. There are five element controls (combine, En-

hanced, relax-stiffness, stiffness and viscous) that are added as artificial stiffness for the 

elements. By verify the total artificial energy that used to control hourglass is small (<1) rela-

tive to the total internal energy, as shown in table (2). 

contact Hourglass control 
Artificial energy 

(ALLAE) 

Internal energy 

(ALLIE) 

Relative difference 

<1 

K
in

em
at

ic
  

m
et

h
o

d
 

Combine 19,288 46,878 0,588 

Enhanced 0,006 14,288 0,999 

Relax-stiffness 0,006 14,356 0,999 

stiffness 0,007 14,277 0,999 

viscous 43,809 67,109 0,347 

P
en

al
ty

 m
et

h
o

d
 

(s
ca

le
 f

ac
to

r 
=

 

0
.0

5
) 

Combine 37,138 56,518 0,342 

Enhanced 0,017 15,571 0,998 

Relax-stiffness 0,017 15,571 0,998 

stiffness 0,004 15,795 0,999 

viscous 44,559 59,940 0,256 

Table 2: Comparison of the energy histories of hourglass element controls. 

By comparison, values of the energy histories (artificial and internal energy) for two types 

of the contact methods with different hourglass controls are illustrated in table (2). Total hy-

drodynamic forces and the hydrodynamic pressure along the length of the body contact sur-

face are also compared for their amplitude values and oscillation as shown in figure 4. From 

these results, we can conclude that the suitable contact coupling is penalty contact method 

with two best hourglass controls (combine and viscos). As a result, they have minimum dif-

ference of energy and minimum vibration for both hydrodynamic pressure and hydrodynamic 

force. The simulation results have a good agreement with analytical approaches.  
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Figure 4: Total Force and Pressure distribution due to the contact pressure on the wedge surface with penalty 

contact method with deadrise angle 10°, impact velocity 8 m/s. 

3.2    Effect of the penalty stiffness factor (PFAC) 

The penalty stiffness factor (PFAC) is a factor for scaling the contact stiffness of the two 

pairs of the contact surfaces, which applies to nodes of the water-wedge interface to estimate 

the coupling force. The penalty coupling method is working as a spring system in each of 

both ends that attached to the structure and fluid nodes. The coupling force calculates relative 

with the penetration rate. 

 

 (13) 

Where K and d are representing the spring system stiffness and penetration respectively. 

The spring stiffness is depended on the scaling factor, bulk modulus of the fluid and the 

mesh size of the fluid as descripted in equation (14):   

 

 

(14) 

Where  , A and V are penalty scale factor, the average area of the structure element and 

the volume of the fluid element, which are in the coupling state.  

 By applying a range of penalty scale factor (1, 0.2, 0.1 and 0.05), a comparison study on 

slamming force and pressure distributions is performed. In this model, the default value 0.05 

is applied as optimum value according to amplitude and profile of total force and pressure dis-

tribution as shown in figure 5. Notes this factor has small influence on results compared with 

mesh size density effect. When used a high value of scale factor, coupling stiffness has been 

increased between nodes of fluid-structure interface. Consequently, it causes a high oscillation 

in pressure and the force without penetration. In the other hand, low value of scale factor 

leads to decreasing stiffness. In this situation, a non-physical penetration appears and leakage 

will be done. The free water surface elevation and pressure histories for 10° deadrise angles is 

illustrated in figure 6. 
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Figure 5: Total Force and Pressure on the wedge surface with different stiffness scale factors of penalty contact 

method with deadrise angle 10°, impact velocity 8 m/s. 

 

      

   

    
 

Figure 6: Free water surface and pressure histories for deadrise angle 10°, impact velocity 8 m/s. 
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3.3    Deadrise angles effect on the hydrodynamic pressure 

Slamming phenomena happens in short time duration. For this situation, a high magnitude 

peak pressure occurs, which is considered very important for the ships design in the naval ap-

plications. This phenomenon can be cause global and local damages in the structure due the 

interaction between the structure and the fluid. The pressure is travelling along the panel 

width that largely dependent on the velocity impact and the angle between the structure and 

the fluid. Hydrodynamic effects are important when the deadrise angle between the body and 

the water surface is small [3].  

The kinematic boundary of the fluid-structure is changing when the structure responds to 

the dynamic pressure, this kinematic coupling between the fluid and the structure is a type of 

hydroelastic effects. For the rigid body, the pressure decreases relatively with increasing of 

the deadrise angle under constant velocity. Indeed, that the wedge cuts more easily through 

the water, which is shown in figures 7 and 8. In these figures, a good agreement is observed 

with the analytical methods [14], obviously that the coefficient pressure is decreasing accord-

ing to increase the deadrise angle. In equation (15), the non-dimensional pressure correspond-

ing to the deadrise angles has been calculated as: 

 

 

 

(15) 

 

 

Figure 7: Non-dimensional coefficient pressure Cpmax according the deadrise angles 

  
(a) 7.5° (b) 20° 
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(c) 25° (d) 30° 

  
(e) 45° (f) 60° 

Figure 8: Coefficient pressure distribution for arrange of deadrise angles with constant velocity 13 m/s. 

4       CONCLUSIONS 

In this study we are simulated the water entry for 2D rigid structure by using ALE (Arbi-

trary Lagrangian-Eulerian) solver, which can be represented the solid deformation as fluid 

with water properties. ALE combines the properties of Lagrangian and pure Eulerian using 

the adaptive mesh technique, and can be remap the mesh with each step increment to prevent 

the distortions of the mesh due to high deformations. This technique is depending on the cou-

pling contact, therefore, penalty contact method have been used. By defining the appropriate 

parameters for this method such as stiffness scaling factor and mesh density, it can be satis-

fied the stability and prevented the penetration between the rigid body and the water. When 

compared these simulations with previous methods, a good agreement can be observed be-

tween the measured impact pressures for deadrise angles large than 30° and the analytical 

methods. Noted that high pressure peak close to move to the keel of the wedge, and it was 

dropped with increase the deadrise angle. For the deadrise angles less than 10°, some differ-

ence are happen compared with the analytical methods, and pressure with sharply peak occurs 

close to the jet flow region. The pressure peak for a wedge body is stay unchanged approxi-

mately along the wedge-water interface with time histories and it is reducing after the flow 

separation happens. 
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Abstract. In this paper a fast and efficient mesh morphing based technique to perform FSI 

analyses for aeroelastic design and optimization applications is presented. The procedure is 

based on the finite volume CFD solver (OpenFOAM® and SU2) coupled with the RBF 

Morph™ tool capable of deforming the surface and volume mesh of the computational do-

main according to the mode superposition method. Structural vibration modes of the geome-

try of interest are calculated in a pre-processing stage by means of a FEM solver and later 

imported into the RBF Morph™ tool to create a set of individual basic deformations. Aerody-

namic loads calculated with a CFD solver are then projected onto the accounted structural 

modes to get modal loads and modal coordinates which are applied to the computational 

model in order to obtain the deformed configuration. An FSI cycle incorporating a CFD 

simulation and morphing of its mesh can be iteratively repeated upon convergence to the final 

deformed shape. Since the modal parameterization and the mesh calculation have to be pre-

pared only once per FSI analysis, its computation time is drastically reduced compared to a 

standard two-way coupling method in which a structural analysis has to be done at each cy-

cle. Present procedure was applied to two geometries, HIRENASD fuselage-wing geometry 

for the purpose of testing the procedure and a Pipistrel’s electric aircraft propeller for the 

purpose of optimization of its shape. By utilizing a DoE and a response surface method an 

increase of four percent of propeller efficiency was obtained by converging to a most favour-

able propeller pitch and twist configuration incorporating also FSI deformation. The above-

mentioned procedure was developed in the framework of the EU-funded RBF4AERO project 

(Grant Agreement No: 605396) and is available through the RBF4AERO platform. 
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1 INTRODUCTION  

An increasing demand for a faster design phase, optimized final product and reduction of 

the cost of production in today’s world requires a constant development of high fidelity com-

puter-aided engineering (CAE) tools and embedded numerical methods. Multidisciplinary 

numerical optimization procedures, where multiple physical phenomena are treated at the 

same time, are therefore desired because they let the engineers to determine their combined 

effect with a single analysis. 

Fluid-structure interaction (FSI) is an example of such multi-physics phenomena where an 

interaction of a surrounding or internal fluid flow with the movable or deformable structures 

occurs [1]. FSI is in particular important in aeronautical design, since the safety issue is of the 

most important concern. All aerodynamic surfaces deform to some extend under aerodynamic 

forces. Putting aside large scale deformations that cause a malfunction of an airplane, even 

smaller deformations can cause the airplane to fly at non-optimal configuration. These defor-

mations therefore shouldn’t be neglected during the design phase. 

In general, all FSI approaches can be grouped according to their governing equations onto 

monolithic approaches (equations governing the flow and the displacement of the structure 

are coupled and solved simultaneously) and partitioned approaches (equations are solved 

separately with two distinct solvers), and according to the treatment of the meshes onto 

matching and non-matching mesh approaches [2]. For a strong interaction between the fluid 

and the structure monolithic approaches should be used [3], whereas in cases when the inter-

action is week a simpler partitioned approach, with a typical two-way approach example [4], 

can be used. In order to tackle FSI problems of small deformations the FSI strategy can be 

simplified even further by incorporating a modal approach and thus avoiding the iteration be-

tween the computational fluid dynamics (CFD) and finite element method (FEM) solver [5].  

The idea behind the modal approach is that the geometry of interest deforms according to a 

combination of a limited number of structural mode shapes. FEM calculation therefore has to 

be performed only once, which leads to a faster overall FSI analysis. Structural deformations 

are then taken into account directly by morphing the shape of the geometry and the volume 

mesh surrounding it. Since radial basis functions (RBFs) have been proven in the past as a 

robust choice for mesh morphing [6-8], they are used as an interpolation basis also in the pre-

sent work. Morphing is done by exploitation of RBF Morph™ software that has been shown 

as a powerful and effective tool for solving challenging aerospace [9-12] and non-aerospace 

[13, 14] engineering applications. 

A mode-superposition based FSI strategy is presented in this paper. The strategy is applied 

to a real engineering problem and thus proven as a robust and effective optimization method. 

The theory behind the modal analysis and RBF-based morphing is presented in Section 2 and 

3, respectively. Overall FSI strategy with three distinctive stages is presented in Section 4. 

The strategy is validated in Section 5 and exploited in an aeronautical optimization applica-

tion in Section 6.  

2 MODE-SUPERPOSITION METHOD  

Mode-superposition method is a powerful and well-established theory in structural engi-

neering. It is applicable to both free vibration and forced vibration dynamic problems, regard-

less of the type of the system (continuum or discrete) being treated. 

The basic idea of the theory is to use undamped free vibration modes of a structure in order 

to uncouple the equations of motion. Each vibration mode consists of a natural mode shape, 

characterizing one of the displacement patterns, and its associated natural frequency. Modal 
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analysis is therefore a linear theory that enables a determination of the structural static and 

dynamic response of a discretized system. 

The method basically consists of three steps. First, mode shapes and frequencies of a sys-

tem need to be found performing a modal analysis on the FEM model. The response of each 

mode under aerodynamic loading is then calculated in the second step. The third step con-

cludes with a superposition of a chosen number of responses to find the full modal response to 

a given loading. 

General equations of motion of an undamped discrete system with � degrees of freedom 

(DOF) can be written as 

 ��� + �� = �	
�, (1) 

where � represents a displacement vector, � is the mass matrix of the system, � is its stiff-

ness matrix and �	
� is external excitation vector or loading vector. Assuming an exponential 

solution � = �	���� Eq. (1) can be rewritten into the following eigenvalue problem [15]  

 �� = ����, (2) 

where no external forces were considered. By solving Eq. (2) a complete set of eigenvectors �, 

that represent mode shapes, and eigenvalues ��, that lead to natural frequencies � as � =2��, for all DOF can be obtained. Eq. (2) therefore states that a vibration mode is a configura-

tion in which a balance between elastic resistance and inertial loads occurs. 

According to the eigendecomposition operation all eigenvectors, i.e. mode shapes, are or-

thogonal and form a basis of the eigenvalue problem [16]. The dynamic response of a me-

chanical system can therefore be represented by a superposition of all mode shapes as 

 � = ��, (3) 

where matrix � and vector � represent a complete set of modal shapes and modal coordinates, 

respectively. Mode superposition is therefore a weighted sum of all mode shapes, where mo-

dal coordinates represent the weights.  

A convenient normalization can be obtained by imposing a unit modal mass for each mode 

shape ��, which, taking into account also the orthogonality of the basis, results into 

 ��� ��� = 1, � = 1,2, … , �. (4) 

By inserting Eq. (4) into Eq. (2) an additional simplification can be obtained as 

 ��� ��� = ��� . (5) 

Equations of motion (Eq. (1)) can be, using Eqs. (3), (4) and (5), finally rewritten into � un-

coupled and independent single DOF systems [17] 

  �� + ���  � = ��� �	
� (6) 

that can be solved one at the time in order to obtain all needed modal coordinates  � . Each 

nodal force defined as 

 !�	
� = ��� �	
� (7) 

can be therefore obtained by multiplying mode eigenvector ���  by a real physical force distri-

bution �(t). The complete response of a system to a given loading can finally be obtained us-

ing Eq. (3), with all entities known. 

The number of mode shapes of a structure is in reality equal to its total number of DOF, i.e. 

infinite for a continuum system. In practice it is not necessary to employ all mode shapes in 

order to describe the system. Since the energy associated with each mode decreases with in-
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creasing frequency, a good approximation can be obtained by superimposing only first few 

most energetic mode shapes ��"#$% that tend to provide the greatest contribution to structural 

response [15].                     

Modal approach is typically exploited in dynamic analyses in which the number of modes 

retained is defined on the basis of excited frequencies. Nevertheless, it can be used even for 

approximating a static solution. In this case, Eq. (6) can be simplified to 

 ���  � = !�. (8) 

3 RBF-BASED MORPHING 

Proposed FSI strategy employs mesh morphing done in RBF Morph™ tool. The morphing 

is based on the RBFs defined at discrete points (source points) that are in this way able to in-

terpolate an � dimensional scattered data. The interpolation ensures a smooth morphing of the 

computational CFD mesh and at the same time, an exactly prescribed displacement of the 

source points. 

After defining a set of source points, whether on the surface of the geometry of interest or 

in the volume space surrounding it, with their displacement, the solution of the RBF mathe-

matical problem is sought by the computation of the scalar parameters of a linear system of 

the order equal to the number of considered source points. Once the RBF system coefficients 

have been computed, the displacement of an arbitrary node of the mesh, either inside or out-

side of the domain, can be expressed as a sum of the radial contribution of each source point. 

In such a way, a desired modification of the mesh nodes position can be rapidly applied pre-

serving mesh topology. 

RBFs can be classified on the basis of the type of the support (global or compact) they 

have, meaning the domain where the chosen RBF is non zero-valued. The behaviour and the 

quality of the interpolation therefore depend on the chosen RBF. 

An interpolation function composed of an RBF & and a polynomial ' of order ℎ	 − 	1 (ℎ is 

the order of &), introduced with the aim to guarantee the compatibility with the rigid motion, 

is defined as 

 

*	+� = ,-�
.

�/0
&12+ − +3425 + '	+�, (9) 

where + is a vector identifying the position of a generic node belonging to the surface or vol-

ume mesh, +3� is the 6-th source point position vector (7 is their total number) and ‖∙‖ is the 

Euclidean norm, namely the distance between two points. The minimal degree of polynomial ' depends on the choice of the RBF. A unique interpolant exists if the RBF is conditionally 

positive definite function [18]. In that case a linear polynomial  

 '	+� = :0 + :�; + :<= + :>? (10) 

can be used with RBFs of order ℎ ≤ 2 [19]. A radial basis fit exists if the coefficients -� of the 

RBF and the weights of the linear polynomial vector :� can be found such that the desired 

values of displacement A� are obtained at source points and the polynomial terms give no con-

tributions at source points, i.e. 

 

*1+3�5 = A�, 1 ≤ 6 ≤ 7;		,-�C1+D�5 = 0
.

�/0
 (11) 
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for all polynomials C with a degree less or equal to that of polynomial '. Coefficients -� and :� can be obtained by solving the system 

 F G HH� IJ F-:J = FKIJ, (12) 

where G is the interpolation matrix defined by calculating all the radial interactions between 

source points 

 L�M = & FN+3� − +3ONJ , 1 ≤ 6 ≤ 7, 1 ≤ P ≤ 7 (13) 

and H is a constraint matrix that arises to balance the polynomial contribution and contains a 

column of ”1” and the ;, =, ? positions of the source points in the other three columns 

 

H =
Q
R
1 ;301 ;3�

=30 ?30=3� ?3�⋮ ⋮1 ;3T
⋮ ⋮=3T ?3TU

V. 
 

(14) 

RBF interpolation works for scalar fields, hence a system of the form of Eq. (12) has to be 

solved for each of the three spatial directions. 

Using RBF method for interpolation purposes has several advantages that makes it very at-

tractive for mesh morphing. Since it is a meshless method only grid points are moved regard-

less of the type of the volume cells they belong to. This makes the method suitable for parallel 

implementation that can potentially handle meshes with large number of cells [20]. In fact, 

once the solution is known and shared in the memory, each computer core has the ability to 

morph the nodes on its own mesh partition without knowing what is happening outside. The 

reason for that lies in a global range of the interpolation function where the continuity at inter-

faces is implicitly guaranteed. The method is, in spite of its meshless nature, able to exactly 

prescribe desired deformations of the geometry of interest. This is achieved by using all the 

surface mesh nodes as RBF source points with prescribed displacements, including the simple 

zero displacement condition at the surface that should be left by the morphing tool as unde-

formed. 

4 FSI STRATEGY 

FSI strategy proposed in the present paper is composed out of three sequential stages: vi-

bration modes calculation, RBF solution generation using RBF Morph™ tool and at the end 

an iterative FSI cycle employing CFD solver and mesh morphing through RBF solutions.  

At the first stage, structural mode shapes and associated natural frequencies of deformable 

parts, that are utilized in the mode superposition phase, are calculated by means of a FEM 

solver. For the present paper, Ansys® APDL solver was used in the validation test case (Sec-

tion 5), whereas Abaqus™ FEA software was adopted in the propeller optimization test case 

(Section 6). The number of physically most prominent mode shapes that are used in the sub-

sequent stages has to be chosen at this point. It should be mentioned here that the FEM mesh 

doesn’t have to be conformal to the CFD mesh (used at the third stage) at the geometry sur-

face. For a typical industrial problem, CFD simulation needs a few times finer mesh at the 

surface (in order to simulate or model boundary layer effects) compared to the mesh used at 

the FEM calculation. FEM mesh nodes therefore in general don’t coincide with CFD nodes. 

Because of this reason an interpolation step between both meshes is introduced at the third 

stage that leads to as universal FSI strategy as possible. 
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RBF solution for each mode shape is calculated at the second stage. This is done by the 

means of the deformable surface displacement distribution of the corresponding mode shape 

obtained in previous stage. Parts of the geometry that are considered as rigid are kept con-

strained. In order to obtain an adequate level of CFD mesh quality after each FSI cycle 

morphing iteration, a special attention should be given to each RBF solution. For this reason a 

proper source point’s density and morphing domain dimensions should be used. 

The third stage of the proposed strategy employs an FSI cycle composed out of CFD simu-

lation, modal coordinates calculation and mesh morphing steps. FSI cycle is basically an itera-

tive process which deforms the baseline geometry in such a way that the internal tension 

forces of the structure counteracts the aerodynamic loads on the geometry surface. Since it is 

an iterative process the cycle is finished when the resultant force on the surface converges be-

low a certain threshold, defined by the user. 

A surface distribution of aerodynamic forces � that act on the geometry of interest, as a 

consequence of the airflow passing by, is calculated via a CFD simulation. This aerodynamic 

load, comprised out of two contributions (pressure force and viscous force), deforms the ge-

ometry. In order to apply the deformation in a modal space, a modal force for each mode � 

can be calculated using Eq. (7) as 

 

!� = , W�4�
XYZ[\

�/0
]� . (15) 

Each modal force is therefore a scalar obtained by integrating the external load field over the 

entire structure (all surface nodes) weighted by the �-th mode eigenvector. According to Eq. 

(8) each modal coordinate can then be calculated as 

  � = !���� . (16) 

The last step of the FSI cycle represents the morphing of the mesh and the geometry. A 

linear superposition of all chosen mode shapes (RBF solutions) weighted by the modal coor-

dinates is applied to the CFD mesh in order to deform it. This crucial step is in the modal 

space represented by the following relation 

 

+^_` = +^_`a + ,  �W�
XbcdeY

�/0
, (17) 

where +^_`a and +^_` represent the position of CFD mesh nodes before and after the defor-

mation, respectively. As a consequence of this very same geometry deformation, the aerody-

namic loads are altered at the same time. Next FSI cycle iteration therefore requires another 

CFD simulation on altered geometry that calculates new force distribution and the FSI cycle 

can continue upon convergence. The proposed FSI approach bypasses several complexities 

related to the implementation of the alternative two-way FSI procedures. Its advantage is that 

after the first stage, no further iteration with the structural solver is required, which drastically 

reduces the time of the analysis. 

5 HIRENASD TEST CASE 

A model employed to accomplish a validation of the present FSI approach is one of the 

configurations supplied at the 1
st
 Aeroelastic Prediction Workshop (AePW) [21] launched by 

NASA. In particular, the wind tunnel model of this HIgh REynolds Number Aero-Structural 

1599



Dynamics (HIRENASD) configuration 

tunnel (Figure 1), consists of a tapered 34° aft

critical airfoil profile and a wing span of 1.286m. The numerical 

tions of the test case have been performed under 

reference wing root chord), air density 

conditions (ETW132 data point 

Figure 

5.1 Mode shapes and RBF solutions

Mode shapes and natural frequencies have been calculated using the ANSYS

solver from the FEM model, consisted of the wing,

NASTRAN format made available by the AeWP committee 

first six vibration modes were chosen; their shapes, 

frequencies, are depicted in Fig. 

6 at the bottom right. According to the AePW classification, label B is assigned to the out

plane bending and label Fa to the in

In the second stage, an RBF solution 

the RBF Morph™ tool. Since in both the wind tunnel and the FEM model the fuselage aer

dynamic fairing is mechanically uncoupled from the wing root, a slight deformation of the 

fairing is allowed. This is achieved

fuselage near the wing root (Fig. 3 left) leaving the rest of the fuselage undeformable. Add

tional box-shaped encapsulation domain, presented in Fig. 3 right, is utilized to limit the 

morphing action to the CFD mesh volume close to t

5.2 FSI cycle 

FSI analysis was divided in two subsequent simulation phases that ran on a mixed 1.5 mi

lion cell SOLAR unstructured grid made available by the AePW committee [21]. Both phases 

employed a steady CFD simulation using a compre

Reynolds Spalart-Allmaras turbulence model. A fully developed airflow passing a stiff g

ometry (baseline) was obtained in the first phase, whereas the elastic behaviour of the geom

try was taken into account in the second 

4. Since the baseline flow field is not far from the final deformed one, the proposed two

approach accelerated the FSI cycle convergence through smaller number of CFD iterations in 

the second phase. Aerodynamic load distribution, integrated to obtain all modal forces 
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s (HIRENASD) configuration [22] tested in the Cologne European Transonic Wind 

), consists of a tapered 34° aft-swept wing with a BAC3-11/RES/30/21 supe

nd a wing span of 1.286m. The numerical and experimental 

tions of the test case have been performed under Mach = 0.8, Re = 7·10
6 

(based on the 0.345m 

air density f = 1.22kg/m
3
 and angle of attack (AoA) = 1.5° flow 

ETW132 data point [22]). 

 

Figure 1: HIRENASD wind tunnel model. 

Mode shapes and RBF solutions 

Mode shapes and natural frequencies have been calculated using the ANSYS

solver from the FEM model, consisted of the wing, the excitation system and the balance, in 

NASTRAN format made available by the AeWP committee [21]. For the FSI analysis the 

first six vibration modes were chosen; their shapes, together with the corresponding natural 

are depicted in Fig. 2, starting with Mode 1 at the top left and ending with Mode 

6 at the bottom right. According to the AePW classification, label B is assigned to the out

plane bending and label Fa to the in-plane fore-and-aft bending.  

In the second stage, an RBF solution has been generated for each of the six 

the RBF Morph™ tool. Since in both the wind tunnel and the FEM model the fuselage aer

dynamic fairing is mechanically uncoupled from the wing root, a slight deformation of the 

achieved by removing fixed source points from the portion of the 

fuselage near the wing root (Fig. 3 left) leaving the rest of the fuselage undeformable. Add

shaped encapsulation domain, presented in Fig. 3 right, is utilized to limit the 

morphing action to the CFD mesh volume close to the HIRENASD geometry.

FSI analysis was divided in two subsequent simulation phases that ran on a mixed 1.5 mi

ed grid made available by the AePW committee [21]. Both phases 

employed a steady CFD simulation using a compressible flow SU2 solver with a low

Allmaras turbulence model. A fully developed airflow passing a stiff g

ometry (baseline) was obtained in the first phase, whereas the elastic behaviour of the geom

t in the second phase through the FSI cycle described in the Section 

4. Since the baseline flow field is not far from the final deformed one, the proposed two

approach accelerated the FSI cycle convergence through smaller number of CFD iterations in 

. Aerodynamic load distribution, integrated to obtain all modal forces 

tested in the Cologne European Transonic Wind 

11/RES/30/21 super-

and experimental investiga-

(based on the 0.345m 

and angle of attack (AoA) = 1.5° flow 

Mode shapes and natural frequencies have been calculated using the ANSYS® APDL 

the excitation system and the balance, in 

For the FSI analysis the 

together with the corresponding natural 

starting with Mode 1 at the top left and ending with Mode 

6 at the bottom right. According to the AePW classification, label B is assigned to the out-of-

of the six modes through 

the RBF Morph™ tool. Since in both the wind tunnel and the FEM model the fuselage aero-

dynamic fairing is mechanically uncoupled from the wing root, a slight deformation of the 

om the portion of the 

fuselage near the wing root (Fig. 3 left) leaving the rest of the fuselage undeformable. Addi-

shaped encapsulation domain, presented in Fig. 3 right, is utilized to limit the 

he HIRENASD geometry. 

FSI analysis was divided in two subsequent simulation phases that ran on a mixed 1.5 mil-

ed grid made available by the AePW committee [21]. Both phases 

ssible flow SU2 solver with a low-

Allmaras turbulence model. A fully developed airflow passing a stiff ge-

ometry (baseline) was obtained in the first phase, whereas the elastic behaviour of the geome-

phase through the FSI cycle described in the Section 

4. Since the baseline flow field is not far from the final deformed one, the proposed two-phase 

approach accelerated the FSI cycle convergence through smaller number of CFD iterations in 

. Aerodynamic load distribution, integrated to obtain all modal forces 
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through Eq. (15), was composed only out of pressure force contribution. Shear stresses were 

neglected.  

 

Mode 1 (1B) - 25.6 Hz

Mode 3 (1FA) - 106.1 Hz

Mode 5 (4B) - 243.1 Hz

Figure 2: First six mode shapes and natural frequencies 

Figure 3: Fixed 

The surface pressure distribution for the baseline configuration is visualised in Fig. 4 left, 

with the position of the shock wave quickly noticeable along the wing span. The 

distribution with values under 1, can be seen in Fi

The validation of the proposed FSI strategy was performed by comparing t

calculation outputs with respect to 

in [23]. The first output was the vertical displacement of the 

wing (deformed) with respect to the baseline. A comparison of the baseline geometry (grey 
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was composed only out of pressure force contribution. Shear stresses were 

 
25.6 Hz                 Mode 2 (2B) - 80.3 Hz 

 
106.1 Hz                 Mode 4 (3B) - 160.4 Hz

 
243.1 Hz                Mode 6 (2FA) - 252.3 Hz

First six mode shapes and natural frequencies of the HIRENASD model

 

Fixed (left) and encap domain (right) source points.  

The surface pressure distribution for the baseline configuration is visualised in Fig. 4 left, 

with the position of the shock wave quickly noticeable along the wing span. The 

distribution with values under 1, can be seen in Fig. 4 right. 

The validation of the proposed FSI strategy was performed by comparing t

calculation outputs with respect to either numerical or experimental data, which can be found 

was the vertical displacement of the wing tip of the fully converged 

wing (deformed) with respect to the baseline. A comparison of the baseline geometry (grey 

was composed only out of pressure force contribution. Shear stresses were 

 
 

 
160.4 Hz 

 
252.3 Hz 

of the HIRENASD model. 

The surface pressure distribution for the baseline configuration is visualised in Fig. 4 left, 

with the position of the shock wave quickly noticeable along the wing span. The =g surface 

The validation of the proposed FSI strategy was performed by comparing three different 

, which can be found 

wing tip of the fully converged 

wing (deformed) with respect to the baseline. A comparison of the baseline geometry (grey 
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colour at the bottom) and the deformed one (green colour on top) can be seen in Fig. 5 left. A 

zoom-in on the wing tip is added in ord

iterations. As the wing’s shape of the third and fourth cycle almost coincides, the convergence 

of the static aeroelastic solution can be judged as reached. The convergence of the vertical 

displacement value at the trailing edge 

ure 5 right. The converged value is 14.6

found in [23] for two different grid setups (13.74 mm for Grid A and 14.02 mm for

Figure 4: Steady state pressure (left)

 

Figure 5: Comparison of wing baseline 

in detail (left). Wing tip vertical displacement at consecutive FSI cycle iterations (right).

The second FSI strategy validation was performed by comparing the pressure coefficient 

distribution with respect to the experimental data

The comparison at four different wing

depicted in Fig. 6. Even though some deviations of the numerical results from the experime

tal measurements can be observed on the pressure suction side the comparison can be

treated as satisfactory. 

Furthermore, a good agreement between the p

cal results [23] of the lift and the drag aerodynamic coefficients for the baseline and the d

formed geometry can be observed in Table 1. 

deformation at both lift and drag coefficient

tion criteria the proposed FSI strategy validation can be considered as positively acco

plished. 

M. Andrejašič et al. 

colour at the bottom) and the deformed one (green colour on top) can be seen in Fig. 5 left. A 

in on the wing tip is added in order to easily compare its position at different FSI cycle 

iterations. As the wing’s shape of the third and fourth cycle almost coincides, the convergence 

of the static aeroelastic solution can be judged as reached. The convergence of the vertical 

trailing edge wing tip point during the FSI study is depicted in

right. The converged value is 14.60 mm, which is very close to the numerical results 

found in [23] for two different grid setups (13.74 mm for Grid A and 14.02 mm for

Steady state pressure (left) and =g (right) distribution on the HIRENASD baseline configuration

 

 

 

 

Comparison of wing baseline (grey) and its deformed geometry (green) together with a 

Wing tip vertical displacement at consecutive FSI cycle iterations (right).

The second FSI strategy validation was performed by comparing the pressure coefficient 

distribution with respect to the experimental data presented in [23] for a deformed geomet

The comparison at four different wing-span locations (in percentage of the wing span 

. Even though some deviations of the numerical results from the experime

tal measurements can be observed on the pressure suction side the comparison can be

good agreement between the proposed approach and the literature numer

cal results [23] of the lift and the drag aerodynamic coefficients for the baseline and the d

formed geometry can be observed in Table 1. The results also show a strong influence of the 

drag coefficient. Based on the presented results of all three valid

tion criteria the proposed FSI strategy validation can be considered as positively acco

colour at the bottom) and the deformed one (green colour on top) can be seen in Fig. 5 left. A 

er to easily compare its position at different FSI cycle 

iterations. As the wing’s shape of the third and fourth cycle almost coincides, the convergence 

of the static aeroelastic solution can be judged as reached. The convergence of the vertical 

wing tip point during the FSI study is depicted in Fig-

the numerical results 

found in [23] for two different grid setups (13.74 mm for Grid A and 14.02 mm for Grid B). 

 

baseline configuration. 

together with a wing tip zoom-

Wing tip vertical displacement at consecutive FSI cycle iterations (right). 

The second FSI strategy validation was performed by comparing the pressure coefficient 

] for a deformed geometry. 

span locations (in percentage of the wing span h) is 

. Even though some deviations of the numerical results from the experimen-

tal measurements can be observed on the pressure suction side the comparison can be still 

roposed approach and the literature numeri-

cal results [23] of the lift and the drag aerodynamic coefficients for the baseline and the de-

strong influence of the 

. Based on the presented results of all three valida-

tion criteria the proposed FSI strategy validation can be considered as positively accom-
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Section 1 (14.5% of 

Section 5 (65.5% of 

Figure 6: Comparison of numerical 

 
Aerodynamic 

coefficient 
 

Proposed 
approach 

Cl 0.3593 

Cd 0.0151 

Table 1: Aerodynamic coefficients comparison between the proposed approach and documented numerical 

results for two different grid s

6 PROPELLER OPTIMIZATI

In this case, spinning aircraft propeller deformations due to aerodynamic loads are invest

gated. As a consequence of the deformation

with respect to the ones calculated on the initial geometry. Since the power needed to spin the 

propeller and the thrust the propeller is capable of differ from the expected ones, the propeller 

designer must take into account such deformations. The obj

to increase the efficiency of the chosen propeller taking into account its deformed shape by 

means of the proposed FSI strategy through design of experiments (DoE) analysis.

Test case employs a two-bladed fixed pitch pro

left). The propeller is a result of an 

trel’s electric aircraft - WATTsUP 

ner, extended into a water drop like shape, was used substituting the complete aircraft. All 

CFD simulations including the calculations of the aerodynamic loads were done using finite 
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Section 1 (14.5% of b) Section 2 (32.3% of 

 

(65.5% of b) Section 7 (95.3% of 

numerical (RBF4AERO-MS) and experimental (EXP) pressure distribution

ferent wing section locations. 

Baseline Deformed

 
 

Grid A 
(NASA) 

Grid B 
(NASA) 

Proposed 
approach 

Grid A
(NASA)

0.3542 0.3544 0.3407 0.3373

0.0173 0.0154 0.0144 0.0166

Aerodynamic coefficients comparison between the proposed approach and documented numerical 

results for two different grid set-ups [23] for the baseline and the deformed geometry.

PROPELLER OPTIMIZATION 

In this case, spinning aircraft propeller deformations due to aerodynamic loads are invest

As a consequence of the deformation propeller’s aerodynamic characteristics cha

with respect to the ones calculated on the initial geometry. Since the power needed to spin the 

propeller and the thrust the propeller is capable of differ from the expected ones, the propeller 

designer must take into account such deformations. The objective of the present test case was 

to increase the efficiency of the chosen propeller taking into account its deformed shape by 

means of the proposed FSI strategy through design of experiments (DoE) analysis.

bladed fixed pitch propeller measuring 1.6m in diamete

left). The propeller is a result of an in-house design and it is intended for a particular Pipi

WATTsUP (Fig. 7 right). In order to simplify the analysis only a spi

ater drop like shape, was used substituting the complete aircraft. All 

CFD simulations including the calculations of the aerodynamic loads were done using finite 

 
Section 2 (32.3% of b) 

 

(95.3% of b) 

pressure distribution at four dif-

Deformed 

Grid A 
(NASA) 

Grid B 
(NASA) 

0.3373 0.3366 

0.0166 0.0147 

Aerodynamic coefficients comparison between the proposed approach and documented numerical 

ups [23] for the baseline and the deformed geometry. 

In this case, spinning aircraft propeller deformations due to aerodynamic loads are investi-

aerodynamic characteristics change 

with respect to the ones calculated on the initial geometry. Since the power needed to spin the 

propeller and the thrust the propeller is capable of differ from the expected ones, the propeller 

ective of the present test case was 

to increase the efficiency of the chosen propeller taking into account its deformed shape by 

means of the proposed FSI strategy through design of experiments (DoE) analysis. 

peller measuring 1.6m in diameter (Fig. 7 

for a particular Pipis-

. In order to simplify the analysis only a spin-

ater drop like shape, was used substituting the complete aircraft. All 

CFD simulations including the calculations of the aerodynamic loads were done using finite 

1603



M. Andrejašič et al. 

volume open source software OpenFOAM® where a multi reference frame (MRF) approach 

was used. In this way an absolute velocity field is calculated in a rotating frame of reference 

and the problem reduces to a steady-state calculation. With introduction of cyclic boundary 

conditions only a half of the propeller had to be simulated, which simplified the problem even 

further. 

The mesh, prepared by the snappyHexMesh utility, consists of 1.6 million cells in a cylin-

drical volume domain (Fig. 8 left). MRF zone occupies only a small portion of the complete 

volume and with its cylindrical shape it tightly embraces the propeller and the spinner (Fig. 8 

right). The propeller has been simulated and later optimized in a take-off and cruise flight re-

gimes. During take-off the propeller spins at 2300RPM and the inflow velocity is 30m/s, 

which results in a tip Mach number of 0.57. During cruise on the other hand the propeller 

spins at 2550RPM. The inflow velocity is 51.4m/s which results in a tip Mach number of 0.65. 

Even though the Mach numbers are quite high the effects of compressibility were not taken 

into consideration in order to simplify the CFD simulation. Instead an incompressible RANS 

solver simpleFoam was used employing high-turbulence Spalart-Allmaras turbulence model. 

Densities of 1.19kg/m
3
 and 1.11kg/m

3
, and kinematic viscosities of 1.5·10

-5
 m

2
/s and 1.58·10

-5
 

m
2
/s were used as airflow properties at the take-off and cruise simulations, respectively. =g 

and pressure surface distributions of a converged baseline simulation at take-off condition can 

be seen in Fig. 9. =granges on average from a value of 10 to a satisfactory maximum of 130.  

According to the CFD simulation the propeller baseline produces approximately 1070 N of 

thrust force and needs 53511 W of power in order to overcome the aerodynamic drag. 

 

 

Figure 7: CAD model of the propeller geometry (left), physical propeller mounted on Pipistrel’s electric air-

craft – WATTsUP (right). 

6.1 Mode shapes and RBF solutions 

The propeller with its internal structure was analyzed with the Abaqus™ FEA software 

where its mode shapes and natural frequencies were calculated in a rotated frame of reference. 

A subset of first five physically most prominent modes has been chosen for the mode-

superposition FSI approach. Emphasized mode shapes together with the corresponding fre-

quencies are presented in Fig. 10, starting with Mode 1 at the top left and ending with Mode 5 

at the bottom right. First four modes represent first four bending deformation modes, whereas 

the fifth mode represents the first order of twist deformation. 

Individual eigenvectors are then used as inputs for the RBF Morph™ tool where RBF solu-

tions for the CFD mesh morphing are computed. In order to reduce the morphing time, a 

morphing domain is set in a form of a cylinder around the propeller blade (Fig. 11). Mesh 
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morphing is therefore limited only to this domain volume thus leaving the major portion of 

the CFD mesh undeformed. Since the propeller is mechanically not connected to the spinner, 

a small portion of the spinner around the propeller root is allowed to modify, leaving most of 

the spinner undeformed. 

   

Figure 8: A half of the total CFD volume mesh (left) and a slice through a mesh (right). MRF zone is denoted 

in green colour. 

 

Figure 9: =g (left) and pressure surface distribution on the upper (middle) and bottom (right) side of a fully 

converged baseline simulation at take-off flight conditions. 

6.2 FSI baseline results 

First an FSI analysis was run on propeller baseline geometry at take-off conditions. An ab-

solute value of a relative difference of each modal coordinate with respect to its converged 

value (fifth iteration) over first four FSI cycle iterations is depicted in Fig. 12 left. All modal 

coordinates vary for less than 0.2% already after the second iteration. Other representatives of 

fast convergence of proposed FSI strategy are the characteristic properties of the propeller, 

thrust and power, collected at each iteration (Fig. 12 right). Here, the left and the right ordi-
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nate axes represent propeller thrust in Newtons and its power in Watts, respectively. It can be 

seen that both propeller characteristics practically don’t change after the second iteration. 

Mode 1 (74.5 Hz) Mode 2 (188.3 Hz) Mode 3 (237.7 Hz) 

  
Mode 4 (466.0 Hz)                            Mode 5 (720.3 Hz) 

Figure 10: First five propeller blade mode shapes with corresponding natural frequencies. Amplitudes are 

emphasized for better presentation. 

 

Figure 11: Morphing domain around the propeller blade depicted in blue colour. 

Deformation of the propeller geometry during the FSI analysis can be observed in Fig. 13. 

Geometry comparison was done in software ParaView. The baseline geometry is depicted in 

grey colour, the first FSI iteration in green colour and the fifth FSI iteration (final and con-

verged geometry) in red colour. The most obvious deformation is blade root bending being 

also the first and also the most dominant eigenmode. Such deformation results as a conse-

quence of the large suction region (low pressure) on the outer portion of upper side of the 

blade seen in the middle Fig. 9. Slight blade tip twist can also be noticed in Fig. 13. The 

source of such deformation can be assigned to the high pressure region located on the outer 

and aft portion of lower side of the blade seen on the right hand side of Fig. 9.  

Results of the FSI analysis on the baseline configuration at the take-off conditions and at 

cruise conditions are presented in numbers in Table 2 and Table 3, respectively. From both 

tables it can be seen that the thrust and the power do not change significantly in spite of a 
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quite perceivable geometry change between the baseline and the deformed geometry. Conver-

gence of all modal weights, propeller thrust and power (Fig. 12) as well as the geometry de-

formation (Fig. 13) indicate a very rapid FSI procedure converge which drastically 

accelerated the optimization presented in the following section. 

Figure 12: Convergence of a relative difference (absolute value) of each modal coordinate (with respect to its 

converged value) (left) and propeller thrust and power (right) during FSI analysis for the propeller baseline at 

take-off conditions. 

 

Figure 13: Comparison of propeller blade geometry at different FSI iterations at take-off flight conditions. Base-

line (grey), the first iteration (green) and the fifth and final iteration (red). 

Parameter 0. iteration/baseline 5. iteration relative difference 

Thrust force (N) 1070 1086 +1.5% 

Power (W) 53511 54395 +1.6% 

Table 2: Results of an FSI analysis on baseline configuration at take-off conditions. 

Parameter 0. iteration/baseline 5. iteration relative difference 

Thrust force (N) 223 220 -1.4% 

Power (W) 28941 28820 -0.4% 

Table 3: Results of an FSI analysis on baseline configuration at cruise conditions. 
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6.3 Propeller optimization 

The main objective of the present test case, propeller optimization, was met through DoE 

analysis employing proposed FSI strategy. Optimization variables, chosen to find the optimal 

propeller geometry in the vicinity of the baseline shap
. Both deformations were applied using RBF Morph

ing was needed in order to run CFD simulations. Propeller was optimized with respect to two 

flight regimes (take-off and cru

The optimization objective function used was a weighted sum of propeller efficiencies at 

cruise and take-off flight condition

 

with the propeller efficiency defined as

 

where i denotes the velocity of the aircraft (cruise or take

(18), both contributions were equally weighted. By varying optimization variables, propeller 

pitch and twist angle, a maximal combined efficiency

ometry was sought. A positive pitch angle change is defined as an increase of the angle of a

tack of the airflow incidenting on the propel

other hand reduces the local pitch angle of attack (Fig.

Pitch and twist variations were introduced to the geometry via morphing procedure by a

plying additional artificial morphing

Since the fifth propeller mode shape

mode was used to apply the additional twist to the propeller shape. On the other hand, the 

pitch variation had to be applied

moving domain in a shape of a cylinder and a bigger morphing domain were set 

right). All mesh cells, located inside the moving domain

wise axis for a prescribed pitch angle. T

located outside of the moving domain, were morphed in such a way that a smooth transition 

from rotated to stationary cells (outside of the morphing domain) was made.

assumption has been made that the change of mode shapes and natural frequencies caused by 

the deformation (of small extend) 

Figure 14: The pitch (left) and twist

ing domain (blue cylinder) and the moving domain (red cylinder)

At each of two flight conditions a separate DoE table was filled with 8 times 9 different 

combinations of pitch and twist deformations around the baseline configurat
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The main objective of the present test case, propeller optimization, was met through DoE 

analysis employing proposed FSI strategy. Optimization variables, chosen to find the optimal 

propeller geometry in the vicinity of the baseline shape, were propeller pitch 

. Both deformations were applied using RBF Morph™ tool. As a result, no additional mes

ing was needed in order to run CFD simulations. Propeller was optimized with respect to two 

off and cruise conditions) for as large propeller efficiency as possible. 

The optimization objective function used was a weighted sum of propeller efficiencies at 

off flight condition 

j	
, k� = 12 �^lmn.o + 12��pqors__, 
with the propeller efficiency defined as 

� = tiu , 
denotes the velocity of the aircraft (cruise or take-off). As it can be seen from Eq. 

), both contributions were equally weighted. By varying optimization variables, propeller 

imal combined efficiency and therefore an optimal propeller g

ometry was sought. A positive pitch angle change is defined as an increase of the angle of a

tack of the airflow incidenting on the propeller blade (Fig. 14 left). Positive

al pitch angle of attack (Fig. 14 middle). 

Pitch and twist variations were introduced to the geometry via morphing procedure by a

plying additional artificial morphing RBF solutions at the morphing step of the 

mode shape represents a twist-like deformation by itself, the said 

mode was used to apply the additional twist to the propeller shape. On the other hand, the 

pitch variation had to be applied by calculating additional RBF solution. For the latter, a new 

moving domain in a shape of a cylinder and a bigger morphing domain were set 

. All mesh cells, located inside the moving domain (red), rotated around the blade span

wise axis for a prescribed pitch angle. The cells embraced in the morphing domain

located outside of the moving domain, were morphed in such a way that a smooth transition 

from rotated to stationary cells (outside of the morphing domain) was made.

that the change of mode shapes and natural frequencies caused by 

(of small extend) of the geometry (pitch and twist angle) is negligible.

and twist (middle) positive direction deformation indicated by a

ing domain (blue cylinder) and the moving domain (red cylinder) (right).

At each of two flight conditions a separate DoE table was filled with 8 times 9 different 

combinations of pitch and twist deformations around the baseline configurat

The main objective of the present test case, propeller optimization, was met through DoE 

analysis employing proposed FSI strategy. Optimization variables, chosen to find the optimal 

e, were propeller pitch k and twist angle 

tool. As a result, no additional mesh-

ing was needed in order to run CFD simulations. Propeller was optimized with respect to two 

ise conditions) for as large propeller efficiency as possible. 

The optimization objective function used was a weighted sum of propeller efficiencies at 

(18) 

(19) 

off). As it can be seen from Eq. 

), both contributions were equally weighted. By varying optimization variables, propeller 

and therefore an optimal propeller ge-

ometry was sought. A positive pitch angle change is defined as an increase of the angle of at-

Positive twist angle on the 

Pitch and twist variations were introduced to the geometry via morphing procedure by ap-

solutions at the morphing step of the FSI cycle. 

like deformation by itself, the said 

mode was used to apply the additional twist to the propeller shape. On the other hand, the 

solution. For the latter, a new 

moving domain in a shape of a cylinder and a bigger morphing domain were set (Fig. 14 

, rotated around the blade span-

he cells embraced in the morphing domain (blue), but 

located outside of the moving domain, were morphed in such a way that a smooth transition 

from rotated to stationary cells (outside of the morphing domain) was made. At this point an 

that the change of mode shapes and natural frequencies caused by 

is negligible.  

 

positive direction deformation indicated by an arrow. The morph-

(right). 

At each of two flight conditions a separate DoE table was filled with 8 times 9 different 

combinations of pitch and twist deformations around the baseline configuration. Each point in 
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the DoE table is calculated using a proposed FSI cycle strategy, combining CFD simulations 

and mesh morphing. The whole procedure was performed automatically using bash script. 

The script chose a combination of the optimization parameter

the results for each set of parameters. The results of both DoE pr

Fig. 15. Each blue dot represents a single DoE point, where the efficiency is calculated from 

the thrust and power of the deformed p

DoE results were in a postprocessing phase interpolated using a third degree polynomial 

surface (coloured surfaces in Fig

formed a surrogate model that was later used in order to pe

Constraints used were take-off and cruise engine power i.e. 55

The output of the optimization was a pitch and twist pair

objective function i.e. the maximal

gether with the baseline configuration (green point) and optimal configuration (blue 

presented in Fig. 16.  

Pitch and twist angles in the optimal point are 1.045° and 1.482°, respectively. The

weighted sum of both efficiencies increased by

two global degrees of freedom were used in order to optimize the propeller and that the bas

line geometry already presents an optimized design (done in the past by

house software), such an increase of efficiency can be considered as a satisfactory result. 

Figure 15: DoE results at 72 different pitch and twist pairs for take

Figure 16: Surrogate model with the
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the DoE table is calculated using a proposed FSI cycle strategy, combining CFD simulations 

and mesh morphing. The whole procedure was performed automatically using bash script. 

The script chose a combination of the optimization parameters, started FSI cycle and stored 

the results for each set of parameters. The results of both DoE procedures are presented in 

Each blue dot represents a single DoE point, where the efficiency is calculated from 

the thrust and power of the deformed propeller geometry. 

DoE results were in a postprocessing phase interpolated using a third degree polynomial 

ce (coloured surfaces in Fig 15). A summation of both surfaces according to Eq. (1

formed a surrogate model that was later used in order to perform a constrained optimization. 

off and cruise engine power i.e. 55 kW and 41.3

The output of the optimization was a pitch and twist pair (k, 
), that produced the maximal 

objective function i.e. the maximal weighted sum of both efficiencies. Surrogate model is t

gether with the baseline configuration (green point) and optimal configuration (blue 

Pitch and twist angles in the optimal point are 1.045° and 1.482°, respectively. The

both efficiencies increased by 4.0%. Taking into account the fact that only 

two global degrees of freedom were used in order to optimize the propeller and that the bas

line geometry already presents an optimized design (done in the past by

house software), such an increase of efficiency can be considered as a satisfactory result. 

: DoE results at 72 different pitch and twist pairs for take-off (left) and cruise (right) 

 

model with the baseline configuration denoted with a green point and optimal configuration 

with blue point. 

the DoE table is calculated using a proposed FSI cycle strategy, combining CFD simulations 

and mesh morphing. The whole procedure was performed automatically using bash script. 

s, started FSI cycle and stored 

ocedures are presented in 

Each blue dot represents a single DoE point, where the efficiency is calculated from 

DoE results were in a postprocessing phase interpolated using a third degree polynomial 

). A summation of both surfaces according to Eq. (18) 

rform a constrained optimization. 

kW and 41.3 kW, respectively. 

, that produced the maximal 

weighted sum of both efficiencies. Surrogate model is to-

gether with the baseline configuration (green point) and optimal configuration (blue point) 

Pitch and twist angles in the optimal point are 1.045° and 1.482°, respectively. The 

Taking into account the fact that only 

two global degrees of freedom were used in order to optimize the propeller and that the base-

line geometry already presents an optimized design (done in the past by other Pipistrel in-

house software), such an increase of efficiency can be considered as a satisfactory result.  

 

(left) and cruise (right) flight conditions. 

green point and optimal configuration 
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A comparison of the deformed optimized (red) and the deformed baseline geometry (grey) 

can be seen in Fig. 17. From the figure it can be seen how did the local angle of attack at the 

blade inner section increase by the positive pitch angle yet decrease at the blade outer section 

by the positive twist angle. Thrust force and power of the optimized propeller are for the base-

line (0th iteration) and deformed configuration (5
th

 iteration), together with their relative dif-

ference, presented in Table 4 for the take-off flight condition and in Table 5 for the cruise 

condition. The order of magnitude of relative differences didn’t change from the baseline 

analysis (Tables 1 and 2).  

   

Figure 17: Geometry comparison of deformed optimized propeller blade (red) and deformed baseline configura-

tion (grey). 

Parameter 0. iteration/baseline 5. iteration relative difference 

Thrust force (N) 1089 1102 +1.2% 

Power (W) 54140 55004 +1.6% 

Table 4: Main results of the FSI analysis at optimal pitch and twist at take-off conditions. 

Parameter 0. iteration/baseline 5. iteration relative difference 

Thrust force (N) 251.2 247.4 -1.5% 

Power (W) 30049 29901 -0.5% 

Table 5: Main results of the FSI analysis at optimal pitch and twist at cruise conditions. 

7 CONCLUSIONS 

A mesh morphing based FSI strategy was proposed that, connecting the modal analysis of 

the structure of interest, transformation of calculated mode shapes directly to the CFD envi-

ronment using radial basis functions, and iterative calculation of aerodynamic loads and CFD 

mesh morphing, presents an efficient and reliable analysis of engineering problems.  

FSI strategy was first validated by analyzing a well-tested wind tunnel case in transonic 

flow conditions. The results obtained have been favourably compared to those measured dur-

ing the referenced experimental campaign. The strategy was then used in a real world engi-

neering application as the main component of the overall propeller optimization problem, 

where a surrogate method based on the DoE method was used in order to increase the 

weighted sum of efficiencies at two different flight regimes by 4.0%. 
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The main advantage of the proposed technique with respect to other standard approaches is 

that the modal parameterization has to be built only once. Embedding the structural modes of 

deformable parts directly into the computational model enables an immediate application of 

deformation to the CFD grid during the calculation stage.  

Finally, the proposed FSI approach represents a universal procedure that can be exploited 

regardless of the CFD and FEM solver choice, it can be extended to very large models where 

RBF Morph™ has already proven its computational time efficiency and it is applicable to 

both steady and unsteady aeroelastic studies. 
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Abstract. In industrial applications there exist numerous hydraulic devices, as for example the
fuel injection system in modern combustion engines, or hydraulic braking systems. These de-
vices become more and more complex, and also the requirements concerning their efficiency are
continuously increasing. Therefore, it is necessary to understand these systems well in order to
optimize them already at the design stage. For that purpose, it is important to have a numerical
simulation tool available that is able to calculate a solution for a given configuration quickly
and accurately. In hydraulic devices, the different components, like pumps, valves or vessels,
are usually connected via flexible tubes. Thus, the relevant physical effects of such compliant
tubes must be considered in the numerical simulation, especially at high frequencies. In typi-
cal industrial applications, pressures can reach several thousand bar, hence the flow has to be
usually considered as compressible, and at the same time also the visco-elastic behavior of the
tube wall needs to be properly accounted for. Then, a suitable numerical method needs to be
developed in order to solve the resulting partial differential equations (PDE) of this coupled
fluid-structure interaction (FSI) problem accurately and efficiently.
In our talk, the equations of an axially symmetric flow of a compressible barotropic fluid are
considered for flows through flexible elastic and visco-elastic tubes, so that the dominant phys-
ical effects can be reproduced according to the composition of the tube wall. To calculate the
numerical solution of the derived PDE, a path-conservative Osher-type solver - the so-called
Dumbser-Osher-Toro (DOT)- is applied. This solver can deal with hyperbolic conservation
laws that may also contain non-conservative products. To validate the proposed mathematical
model and the numerical scheme, the numerical solutions are compared with analytical results
derived in the frequency domain, as well as with experimental measurements. In both cases, the
proposed path-conservative finite volume scheme based on the DOT Riemann solver produces
very good results.
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1 Introduction

Many industrial applications involve complex hydraulic systems. Their behavior needs to
be understood already while designing and constructing the different components. Therefore,
we need accurate mathematical models for the simulation of the dynamic behavior of the in-
dividual components of such hydraulic systems, which can be, for example, the fuel injection
system into the combustion engine or the braking system in a car. Very often, flexible tubes are
an important part of these complex systems, in order to connect the different components with
each other. Hence, they have a very important influence on the overall behavior of the entire
system. That is why in this paper we introduce a new mathematical model and provide a novel
numerical solver in order to simulate the dynamic behavior of flexible tubes. The mathematical
model represents the combined effects of the flow of a compressible barotropic fluid inside a
flexible tube of circular cross section. Thus, the model accounts for the fluid-structure inter-
action (FSI) problem between a compressible fluid and the elastic behavior of the surrounding
structure of the tube wall.
For the fluid we use the one-dimensional cross-sectionally averaged compressible Euler equa-
tions in a duct with variable circular cross section. For the material of the tube wall there exist
various models [14]. For example, the Hooke’s law can be applied to reproduce the elastic be-
havior of the tube in a rather simple way (see [11]). Another model is the so called Maxwell
model. This model is built form springs and dash pots and can therefore reproduce the visco-
elastic behavior of polymer material ([13]). Finally, we derive a system of non-conservative
hyperbolic partial differential equations.
For solving the non conservative PDE system we apply the successful family of path-conservative
schemes developed by Castro & Parés and co-workers [3, 20, 1, 12, 2, 18, 4, 5, 6], which are
based on the theory of Dal Maso, Le Floch and Murat [17] on weak solutions for hyperbolic
PDE with non-conservative products. In particular, we use an extension of the Riemann solver
of Osher and Solomon [19] that was recently proposed by Dumbser and Toro in order to solve
general conservative and non-conservative hyperbolic PDE systems [10, 9] (DOT). We combine
these two solvers and apply them to our PDE system that describes the coupled fluid-structure
interaction problem.
To verify the solver, some one-dimensional Riemann problems are solved, and the numerical
solution is compared with a quasi-exact solution provided in [7], where also the fluid-structure-
interaction is taken into account. To show that we are able to reproduce the visco-elastic behav-
ior of real tubes with the Maxwell model, we compare it to an analytical solution derived in the
frequency domain and to available experimental data [16].

2 The governing PDE system of the coupled FSI problem

To simulate the dynamic behavior of compressible fluids in flexible tubes we need to model
the unsteady flow of a barotopic fluid through a tube with variable cross sectional area, as well
as the elasticity of the tube wall. This results in a system of PDEs with a conservative and a
non-conservative part.

2.1 The cross-sectionally averaged Euler equations for the fluid

The axially symmetric flow through a tube with variable cross-sectional area is described by
the one dimensional cross sectionally averaged compressible Euler equations
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∂

∂t
(Aρ) +

∂

∂x
(Aρu) = 0, (1)

∂

∂t
(Aρu) +

∂

∂x
(Aρu2 + Ap)− p∂A

∂x
= FR. (2)

In these equations A(x, t) represents the variable cross sectional area, ρ the cross sectionally
averaged density inside the tube, p the cross sectionally averaged pressure, u is the average
velocity of the fluid and the term FR accounts for the friction between fluid and wall (see for
example [21]).
To characterize the dependency between pressure and density we assume a barotropic fluid.
In this model, the pressure p(ρ) only depends on the density. This so-called equation of state
(EOS) also considers a two phase flow caused by cavitation, which appears, when the pressure
drops below the vapor pressure pv:

ρ(p) =

 ρ0 + 1
c20

(p− pv), if p ≥ pv,

1
µ(p)
ρv(p)

+
1−µ(p)
ρ0

, if 0 < p < pv,
, (3)

where ρ0 is the density at standard conditions and µ is the mass fraction of vapor µ(p) =
−K(p − pv), with a cavitaion constant K, the speed of sound c0 of the fluid and the vapor
density ρv(p) calculated by the ideal gas law.

So far we only described the fluid, i.e. we still need an equation for the cross sectional area
A(x, t). In the next chapter we describe two models for the tube wall.

2.2 Material model for the visco-elastic tube wall

In this chapter we briefly describe two material models: first, a rather simple one, namely the
Laplace law, where the cross sectional area only depends on the pressure and second, a more
intricate one, the Maxwell model, where the time dependent visco-elastic behavior of the tube
material is also taken into account.

2.2.1 The Laplace law

With the Laplace law, a linear Hooke-like behavior is described. In the so derived model the
cross sectional area is only affected by the current local pressure inside the tube,

A = A0 +
1

β
(p− pext), (4)

with the equilibrium cross sectional area A0, the elasticity constant β and the external pres-
sure pext.

2.2.2 The Maxwell model

The previously described Laplace law has only a limited validity for real materials. For
polymer tubes we also need to consider the time dependent behavior of the material. There-
fore a Maxwell model composed of springs and dash pots is applied. In Figure 1 a schematic
representation of such a model is shown.
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Figure 1: Schematic representation of a 3-parameter Maxwell model.

From this combination of springs and dash pots the following PDE results

∂φ

∂t
= − 1

E0φ
2Wc2

+ ρ

∂(φρu)

∂x
+

(2W (p− pext)− (φ− 1)E∞)φ

τ1(2Wc2ρ+ E0φ)
, (5)

with φ = A
A0

the normalized cross sectional area, the elasticity constants E∞ and E0 =

E∞ + E, the relaxation parameter τ1 = E
η

, the fluid density ρ, the fluid velocity u, the fluid
pressure p and the speed of sound c of the fluid. W is a geometry factor that represents the wall
thickness and is defined as follows:

W = 2

(
ra
ri

)
(1 + ν) + 1− 2ν(

ra
ri

)2
− 1

, (6)

with the inner and outer radius ri and ra and the Poisson ratio ν. For a more detailed description
of the material models, see [13, 15]

3 The DOT Riemann solver

The equations described in the previous chapter need to be solved. We derive a system of
PDEs with a conservative and non-conservative part. Such equations read as follows:

∂Q

∂t
+

∂

∂x
f(Q) + B(Q)

∂Q

∂x
= S(Q). (7)

Here, Q(x, t) ∈ Rn is the state vector, f(Q) is a nonlinear flux that contains the conservative
part and B(Q) is an n× n matrix that includes the purely non-conservative part of the system.
S(Q) is a nonlinear algebraic source term which results from the friction model FR and the
Maxwell model.
To solve the equations we unify two solvers in order to get a new solver that can handle both, a
conservative an non-conservative part. The basic ideas of both solvers is the Riemann solver of
Osher an Solomon and its extension to general hyperbolic systems described in [10, 9]. To get
the combined solver the equation (7) needs to be reformulated as follows

∂Q

∂t
+ A(Q)

∂Q

∂x
= S(Q), (8)
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with the new system matrix A(Q) = ∂f/∂Q+B(Q). Now the finite volume scheme is written
like

Qn+1
i = Qn

i −
∆t

∆x

(
fi+ 1

2
− fi− 1

2

)
− ∆t

∆x

(
Di+ 1

2
+ Di− 1

2

)
−∆tB(Q

n+ 1
2

i )
∆Qn

i

∆x
+ ∆tS(Q

n+ 1
2

i ).

(9)
In this equation the numerical flux is defined by

fi+ 1
2

=
1

2

(
f(Q+

i+ 1
2

) + f(Q−
i+ 1

2

)
)
− 1

2

1∫
0

∣∣∣A(Ψ(Q−
i+ 1

2

,Q+
i+ 1

2

, s)
)∣∣∣ ∂Ψ

∂s
ds (10)

and the so called jump terms by

Di+ 1
2

=
1

2

∫ 1

0

B
(

Ψ(Q−
i+ 1

2

,Q+
i+ 1

2

, s)
) ∂Ψ

∂s
ds. (11)

The path Ψ is connecting the left state Q−
i+ 1

2

with the right state Q+
i+ 1

2

. In our calculation we
use a simple linear path and the path integrals are computed numerically via a simple Gauss-
Legendre quadrature rule, so we get the final formulations

fi+ 1
2

=
1

2

(
f(Q+

i+ 1
2

) + f(Q−
i+ 1

2

)
)
− 1

2

(
NG∑
j=1

ωj

∣∣∣A(Ψ(Q−
i+ 1

2

,Q+
i+ 1

2

, sj)
)∣∣∣)(Q+

i+ 1
2

−Q−
i+ 1

2

)
(12)

and

Di+ 1
2

=
1

2

(
NG∑
j=1

ωjB
(

Ψ(Q−
i+ 1

2

,Q+
i+ 1

2

, sj)
))(

Q+
i+ 1

2

−Q−
i+ 1

2

)
. (13)

For a more detailed description of the solver see [15].

4 Numerical results

We verify the solver by comparing it to a quasi-exact solution ([7, 8]) by solving the Riemann
problems defined in Table 1. An exact solution can only be obtained for the Laplace law, since
the Maxwell model is time dependent, which introduces a source term on the right hand side
of the PDE system. To validate the physical behavior of the Maxwell model, we compare it to
analytical and experimental results in the frequency domain.

4.1 Riemann problems

We present the solution of two Riemann problems. The Riemann problem one remains in
the fluid domain whereas the second Riemann problem results in two phase flow. The results
for the calculations with the Laplace law and the comparison with the quasi-exact solution are
shown in Figs. 2 and 3 for the time tend = 4 · 10−4. The agreement between both solutions is
good.
Additionally, Figs. 4 and 5 illustrate the solutions of the Maxwell model for the time tend =
8 ·10−4 for the same initial condition. The parameters for the Maxwell model are E0 = 109 and
E∞ = 0.9 · 10

9 ant η = 2 · 104. The time dependency of the model can be clearly seen, when
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we compare the results to the one obtained with the Laplace law, where the wave profiles are
sharper.

case pL uL pR uR β number of cells

RP1 8 · 105 0 2 · 105 0 4.38 · 1013 200
RP2 2 · 104 0 2 · 102 0 4.38 · 1013 500

Table 1: Initial states for Riemann problems (p[Pa], u[m/s])
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Figure 2: Riemann problem for the Maxwell model with in liquid domain and comparison to quasi-exact solution.

4.2 Comparison with experimental results

To show that the Maxwell model can actually reproduce the behavior of real tube materials,
the numerical results are compared to experimental ones and to analytical solutions obtained in
the frequency domain. In the experimental setup, the test object was excited with frequencies
between 0 and 2000 Hz, then volumetric flow rate and the pressure were measured at the in- and
outlet. The exact method is described in [16]. In Fig. 6 one can see the results. The green dotted
lines are the experimental results, the dashed lines are the analytical reference solution obtained
in the frequency domain and the solid lines are the solutions obtained from the numerical simu-
lations obtained with the previously described numerical method and mathematical model. The
calculations are done with and without friction model. For frequencies up to 800 Hz one can
see a good agreement. Beyond 800 Hz, the agreement with experiments is worse. This could
have two possible reasons: first, the quality of the experimental results seems to deteriorate,
which is visible from the unphysical jumps in the experimental results beyond 800 Hz. Second,
a higher order Maxwell model, which means a Maxwell model with more springs and dash pots
in parallel could improve the accuracy of the numerical simulation.

5 Conclusion

We presented a nonconservative system of nonlinear hyperbolic PDEs in one space dimen-
sion for the simulation of compressible fluid flow in flexible tubes. We showed that we can
reproduce experimental results with the Maxwell model. The numerical solver introduced for
solving the governing PDE system (DOT) was also validated with a quasi-exact solution.
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Figure 3: Riemann problem for the Laplace law with two phase flow and comparison to quasi-exact solution.
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Figure 4: Riemann problem for the Maxwell model with in liquid domain.

Future work will also consider the modelling of more complex tubes, like multi-layered hy-
draulic tubes. These tubes have shown a different dynamic behavior in experiments and this
behavior could not be well reproduced with the equations explained in this paper. Therefore the
equations need to be modified and the numerical solver needs to be adapted to solve these new
equations.
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Figure 5: Riemann problem for the Maxwell model with two phase flow.
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[3] M. CASTRO, J. GALLARDO, AND C. PARÉS, High-order finite volume schemes based on
reconstruction of states for solving hyperbolic systems with nonconservative products. ap-
plications to shallow-water systems, Mathematics of Computation, 75 (2006), pp. 1103–
1134.
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Abstract. Flow curves of typical lubricants show a reduction of lubricant viscosity with in-
creasing shear rate (non-Newtonian fluid behavior). Moreover, measurements of flow curves 
in pressurized viscometers as well as measurements of friction curves of highly loaded lubri-
cated contacts reveal a limiting value for the shear stress that the lubricant can transmit. This 
is referred to as the limiting shear stress, at which point visualization of shear bands suggests 
that internal slip occurs in the lubricant film. It has been shown that the limiting shear stress 
is not a constant lubricant property, but varies with pressure and temperature. Furthermore, 
a dependency on the entrainment velocity of the lubricant has been suggested in the literature. 

Many TEHL (thermal elastohydrodynamic lubrication) simulation models have used the vis-
cous Eyring model to describe the non-Newtonian fluid behavior. As the model is not based 
on a limiting shear stress, the Eyring shear stress and other lubricant property dependencies 
(e.g. pressure-viscosity) were adjusted to recalculate the measured friction data. However, 
since this approach appears to be lacking in physical background, visco-plastic models in-
cluding a limiting shear stress have been introduced. For this, knowledge of the dependencies 
of the limiting shear stress is required. 

This study suggests an expression for the limiting shear stress of lubricants derived from 
measurements of friction curves at the twin disk test rig. The contact-integral nature of the 
measurements is adjusted for local use in TEHL simulation models. The limiting shear stress 
formulation is applied to a finite element (FE) based TEHL simulation model and tested. The 
non-Newtonian fluid model considered is the simplified Bair/Winer model. 

TEHL simulation results achieve very high levels of agreement between the measured and 
simulated friction curves for a large variety of operating conditions and different lubricants 
including mineral and synthetic oils. If the sliding velocity is increased further once the max-
imal friction is reached, it is also possible to quantify the portion of friction reduction that is 
due to decreasing lubricant viscosity and the portion that is due to the temperature dependen-
cy of the limiting shear stress. 
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1 INTRODUCTION 

Newton’s law of shear stress for fluid flow describes a linear dependency of shear stress on 
shear rate with the dynamic viscosity as constant of proportionality. However, flow curves of 
typical lubricants measured under high pressure exhibit a reduction of lubricant viscosity with 
increasing shear rate and hence non-Newtonian fluid behavior. Bair [2] [3] measures flow 
curves in high-pressure rotational viscometers at constant temperature and shows, with in-
creasing shear rate: a linear (Newtonian) regime, a non-linear (shear thinning) regime and a 
regime of shear-rate-independent shear stress (interpreted as limiting shear stress). A physical 
interpretation of the latter regime is given by Bair and McCabe [2] [4] observing shear bands 
with internal slip in fluid flow under high pressure. Thereby, wall slip was not observed. 
Glass transition is not necessarily accompanied by an occurrence of limiting shear stress (Bair 
and Winer [8]). 

It has been shown that the limiting shear stress is not a constant lubricant property. It is of-
ten reported to be a linear function of pressure (Bair [2], Bair and Winer [7], Beilicke et al. 
[10], Habchi, Bair and Vergne [17]). Bair und Winer [8] show an additional dependency on 
temperature. Mayer [22] proposes that the limiting shear stress is also subject to variations of 
entrainment velocity of highly loaded contacts.  

The limiting shear stress can either be determined from high-pressure viscometers (primary 
data measurement) or derived from friction curves measured at tribometers. The former can 
be limited or very elaborate, particularly at high pressures. For pressures of up to 1000𝑁/𝑚𝑚², 
Evans and Johnson [13] show strong correlation between values for the limiting shear stress 
obtained from a viscometer and values obtained from measured friction curves at the twin 
disk test rig. The results of a recent research project [24] confirm this for pressures of 
> 1000𝑁/𝑚𝑚². Due to cross-influences between viscous heating and the contact-integral na-
ture of friction curves, the correct interpretation is crucial when deriving limiting shear stress-
es (Bair [2], Evans and Johnson [13]). 

In order to describe the non-Newtonian fluid behavior, functional relationships have been 
fitted to measured flow curves. A widely used model that does not take into account limiting 
shear stress, but which presents good numerical practicability (Bartel [9]) has been proposed 
by Eyring [14]. Bair et al. [5] show that the Eyring model cannot provide a good representa-
tion of the shear thinning behavior of lubricants. Furthermore, shear stresses are not limited 
and can become infinitely large. Models with limiting shear stress have been proposed, e.g. by 
Bair and Winer [6], Wolff and Kubo [28], and Beilicke et al. [10]. 

Towards a physically based calculation of highly loaded lubricated contacts, nowadays de-
tailed TEHL simulation programs are used. These programs describe lubricant properties as 
functions of pressure and temperature as well as of shear rate in terms of viscosity. In this 
context, Bair et al. [5] notes that the simulation of friction has sometimes turned into a “curve 
fitting contest” with little consideration of primary measured data.  

Wolff and Kubo [28] investigate the influence of different non-Newtonian fluid models by 
means of isothermal EHL simulations. They recommend the use of limiting-shear-stress-
based models and the consideration of thermal effects. Habchi [16] also emphasizes the im-
portance of taking into account thermal effects, based on TEHL simulations with a modified 
Carreau-Yasuda model [1]. As the Carreau-Yasuda model does not limit the shear stress, it 
has been truncated numerically based on a linear pressure dependency of the limiting shear 
stress. Based on the Eyring model, Bobach et al. [11] obtain very strong correlation between 
TEHL simulation results and measured friction curves from the FZG twin disk test rig. Based 
on the same TEHL simulation model and a combined Eyring and simplified Bair/Winer mod-
el, Beilicke et al. [10] again achieve very strong correlation between simulated and measured 
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friction curves. In these studies, the limiting shear stress is described as linearly dependent on 
pressure and derived from measurements at a twin disk test rig. 

This paper suggests an expression for the limiting shear stress of lubricants derived from 
measurements of friction curves at the FZG twin disk test rig. One mineral oil (MIN100), two 
polyalphaolefine oils (PAO10 and PAO100) and one polyglycol oil (PG100) are considered. 
The contact-integral nature of the measurements is adjusted for local use in TEHL simulation 
models. The limiting shear stress formulation is applied to a finite element (FE) based TEHL 
simulation model as described by Lohner et al. [21] and tested by means of a non-Newtonian 
fluid model based on the simplified Bair/Winer model (Wolff and Kubo [28]). TEHL simula-
tion results show very high levels of agreement between measured and simulated friction 
curves for a large variety of operating conditions and for the different types of lubricants con-
sidered. If the sliding velocity is increased further once the maximal friction is reached, it is 
also possible to quantify the portion of friction reduction that is due to decreasing lubricant 
viscosity and the portion that is due to the temperature dependency of the limiting shear stress. 

2 LIMITING SHEAR STRESS FORMULATION 

The proposed limiting shear stress formulation for implementation in TEHL simulation 
models has its origin in a contact-integral approach, which is further developed to a contact-
local approach. The work in this section is supported by student coursework by Paschold [23], 
performed with guidance from the author.  

The contact-integral approach 𝜏lim |𝑒𝑒𝑒 is derived from measurements of friction curves at 
the FZG twin disk test rig and consists of the sum of three terms as given by Eq. (1). The lub-
ricant-specific parameters 𝐸�̇�1, 𝐸�̇�2, 𝐸�̇�3 und 𝐸�̇�4 are obtained from regression analysis. 𝜏lim |𝑒𝑒𝑒 
is then transferred to a contact-local approach 𝜏lim |𝑠𝑠𝑠 acc. to Eq. (2). 

𝜏𝑙𝑠𝑠|𝑒𝑒𝑒�𝑝𝑠,𝑣Σ,𝑇𝑟𝑒𝑟� = 𝐸�̇�1 ∙ pm + �𝐸�̇�2 + 𝐸�̇�3 ∙ ln �vΣ ∙ 1
𝑠
𝑚
�� + 𝐸�̇�4 ∙ 𝑇𝑟𝑒𝑟   (1) 

𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠�𝑝, 𝑣Σ,𝑇𝑟𝑒𝑟 ,𝑇�

= �
       𝜏𝑙𝑠𝑠,𝑠                                                                  𝑓ü𝑟 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 ≤ 𝜏𝑙𝑠𝑠,𝑠 
4
𝜋
∙ 𝜏lim |𝑒𝑒𝑒�𝑝𝑠 = 𝑝, 𝑣Σ,𝑇𝑟𝑒𝑟� ∙ 𝑠𝑠𝑠ℎ �

𝑇𝑟𝑒𝑟
𝑇
�   𝑓ü𝑟 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 > 𝜏𝑙𝑠𝑠,𝑠

 
(2) 

The workflow for deriving 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 and the lubricant-specific parameters 𝐸�̇�1, 𝐸�̇�2, 𝐸�̇�3 and 
𝐸�̇�4 is schematically shown in Figure 1. The starting point features measured friction curves, 
whose behavior resembles that of flow curves obtained from high pressure viscometers (see 
section 1). They typically present a linear (Newtonian) regime, a non-linear (shear thinning) 
regime and a regime of maximal or rather decreasing friction (see a and b in Figure 1). For 
mild operating conditions, no maximum of friction may be observed for the considered range 
of sliding velocity 𝑣𝑔 (see c in Figure 1). Due to the increasing bulk (𝑇𝑀) and TEHL contact 
temperature as 𝑣𝑔 increases, the friction curves become dominated by thermal effects.  

2.1 Contact-integral approach 

A maximum of the measured friction curves is interpreted as some integral value 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 
for the limiting shear stress. Therefore, for all friction curves featuring a maximum, the values 
of 𝑝𝑠, 𝑣Σ, 𝑇𝑀, 𝑇𝑂𝑠𝑙 and 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 are evaluated (see Figure 1 left), whereby 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 is obtained 
from the ratio of friction force 𝐹𝑅 and Hertzian contact area 𝐴𝐻. Mayer [22] measured friction 
curves for different lubricants in the fluid film lubrication regime over a large range of operat-
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ing conditions ( 𝑝𝐻 = {600|1200}𝑁/𝑚𝑚2 , 𝜗𝑂𝑠𝑙 = {40|100}°𝐶 , 𝑣Σ = {1 … 16}𝑚/𝑠 , 𝑣𝑔 =
{0 … 5.33}𝑚/𝑠) at the FZG twin disk test rig with cylindrical disks with polished surfaces. 
Four selected lubricants from Mayer [22] - MIN100, PAO100, PAO10 and PG100 - are con-
sidered in this study. The measured kinematic viscosities 𝜈 at 40°𝐶 und 100°𝐶 are shown in 
Table 1. Further lubricant data is documented by Mayer [22] and ITR Clausthal [19]. 

 

 

Figure 1: Workflow for determination of contact-integral limiting shear stress 𝝉𝒍𝒍𝒍 |𝒆𝒆𝒆 and its scaling and trans-
fer to a contact-local approach 𝝉𝒍𝒍𝒍 |𝒔𝒍𝒍 

 

 
Kinematic viscosity MIN 100 PAO100 PAO10 PG100 

𝜈(40°𝐶) 𝑠𝑠 𝑚𝑚²/𝑠 95.0 104.6 63.7 99.4 

𝜈(100°𝐶) 𝑠𝑠 𝑚𝑚²/𝑠 10.0 15.5 9.9 18.0 

Table 1: Measured kinematic viscosities of the considered lubricants (Mayer [22]) 

Figure 2 exemplifies the measured friction curves for MIN100 and PG100, with two oper-
ating conditions (low and high load).  

 

 

Figure 2: Measured friction curves at the FZG twin disk test rig (exemplarily, measured data acc. to Mayer [22]) 
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Based on the measured friction curves of Mayer [22], Figure 3 shows the evaluated values 
of 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒  plotted over 𝑝𝑠 , 𝑣Σ  und 𝑇𝑀  for the four selected lubricants MIN100, PAO100, 
PAO10 and PG100. 

 

 

Figure 3: Contact-integral limiting shear stress values 𝝉𝒍𝒍𝒍 |𝒆𝒆𝒆 derived from measured friction curves at the FZG 
twin disk test rig plotted over 𝒆𝒍, 𝒗𝜮 and 𝑻𝑴 (measurement data acc. to Mayer [22]) 

 

Thereby, the following functional relationships of 𝜏lim |𝑒𝑒𝑒 with respect to 𝑝𝑠 , 𝑣Σ and 𝑇𝑀 
can be employed: 
• 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒(𝑝𝑠) = 𝐸�̇�1 ∙ 𝑝𝑠 (see Bair [2], Bair und Winer [7], Beilicke et al. [10] and Habchi, 

Bair und Vergne [17]) 

• 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒(𝑣𝛴) = 𝐸�̇�2 + 𝐸�̇�3 ∙ 𝑙𝑠 (𝑣𝛴) (see Mayer [22]) 

• 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒(𝑇𝑟𝑒𝑟 = 𝑇𝑀) = 𝐸�̇�4 ∙ 𝑇𝑟𝑒𝑟 

As no useable relationship for 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒(𝑇𝑟𝑒𝑟 = 𝑇𝑀) has been found in the literature and as 
only two measurement levels specified by 𝑇𝑂𝑠𝑙 are available, a simplified linear function is 
chosen. The bulk temperature 𝑇𝑀 is a system-related quantity of the FZG twin disk test rig and 
increases depending on the operating condition more or less with increasing sliding velocity 
𝑣𝑔. Therefore, only 𝑇𝑀 at maximal friction (see Figure 1 left) is considered and denoted as ref-
erence temperature 𝑇𝑟𝑒𝑟. Strictly speaking, 𝑇𝑟𝑒𝑟  (and 𝑇𝑀) is not a contact-integral value but 
more a “boundary condition” of the temperature level of the TEHL contact. However, for al-
most all derived limiting shear stresses 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 the amount by which the TEHL contact tem-
perature exceeds 𝑇𝑀  is low and comparable, so that 𝑇𝑟𝑒𝑟  can be interpreted as a contact-
integral quantity. For the FZG twin disk test rig, it was found that 𝑇𝑟𝑒𝑟  can be well-
approximated by a function of  𝑝𝑠, 𝑣Σ and 𝑇𝑂𝑠𝑙. This however is not representative of other 
tribological systems. For gears, 𝑇𝑀  is approximately constant over the path of contact, i.e. 
𝑇𝑟𝑒𝑟 = 𝑇𝑀 ≠ 𝑓( 𝑝𝑠, 𝑣Σ). 

The simple operation of adding together the single functional relationships of 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 in 
Eq. (1) yields very strong correlation with measured 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 values (Figure 4 left). Thereby, 
the lubricant-specific parameters 𝐸�̇�1, 𝐸�̇�2, 𝐸�̇�3 und 𝐸�̇�4 shown in Table 2 are obtained from 
regression analysis based on Eq. (1). A comparison of the regression quality of the proposed 
relationship (𝜏𝑙𝑠𝑠|𝑒𝑒𝑒�𝑝𝑠,𝑣Σ,𝑇𝑀,𝑠𝑠𝑠�, Figure 4 left) with a frequently used linear pressure-
dependent relationship (𝜏𝑙𝑠𝑠|𝑒𝑒𝑒(𝑝𝑠), Figure 4 right) illustrates that the latter is not sufficient.  

0 250 500 750 1000
0

10

20

30

40

50

60

p
m

 in N/mm2

τ lim
|e

xp
  

ge
m

es
se

n 
in

 N
/m

m
2

 

 
MIN100
PAO100
PAO10
PG100

0 5 10 15 20
0

10

20

30

40

50

60

v
Σ
 in m/s

 

0 25 50 75 100 125 150
0

10

20

30

40

50

60

T
M

 in °C

 

pm=const.
vΣ=const.

pm=const.
TOil=const.

vΣ=const.
TOil=const.

lim
|e

xp
in

 N
/m

m
²

1627



T. Lohner, K. Michaelis and K. Stahl 

 

Figure 4: Regression quality of contact-integral limiting shear stress for the proposed relationship 
𝝉𝒍𝒍𝒍|𝒆𝒆𝒆�𝒆𝒍,𝒗𝚺,𝑻𝑴,𝒔𝒔𝒔� (left) and the relationship 𝝉𝒍𝒍𝒍|𝒆𝒆𝒆(𝒆𝒍) (right) frequently used in the literature 

 

 MIN 100 PAO100 PAO10 PG100 

𝐸�̇�1 0.0588 0.0376 0.0351 0.0287 

𝐸�̇�2 𝑠𝑠 𝑁/𝑚2 32.08 50.21 48.94 70.41 

𝐸�̇�3 𝑠𝑠 𝑁/𝑚2 −3.352 −4.770 −4.876 −5.136 

𝐸�̇�4 𝑠𝑠 𝑁/𝑚2/𝐾 −0.1195 −0.1564 −0.1455 −0.2005 

Table 2: Lubricant-specific parameters of contact-integral limiting shear stress 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 derived from friction 
curves 

2.2 Contact-local approach 

The contact-integral approach 𝜏𝑙𝑠𝑠|𝑒𝑒𝑒�𝑝𝑠,𝑣Σ,𝑇𝑀,𝑠𝑠𝑠� presented in Eq. (1) is so far only 
based on evaluated friction curve measurements. In the next step, it is further developed to the 
contact-local approach 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠�𝑝, 𝑣Σ,𝑇𝑟𝑒𝑟 ,𝑇� in Eq. (2) (see Figure 1 right). 

First, 𝑝𝑠 is replaced by the local pressure 𝑝 in the TEHL contact and 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 is scaled by a 
factor of 4/𝜋. The latter is required due to the contact-integral nature of 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 and may be 
somehow related to the relation 𝑝𝐻 = 4/𝜋 · 𝑝𝑠. Example TEHL simulations have shown that 
the scaling factor of 4/𝜋 provides a very good match for the level of measured friction coeffi-
cients for different types of lubricants. Second, a relative temperature dependency of the limit-
ing shear stress is introduced by relating the reference temperature 𝑇𝑟𝑒𝑟  to the local 
temperature 𝑇 in the TEHL contact. Hence, 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠�𝑝, 𝑣Σ,𝑇𝑟𝑒𝑟 ,𝑇� becomes a non-linear quan-
tity that varies over the film thickness length (𝑧) and height direction (𝑥). It will be shown that 
the decrease of friction curves after the maximal friction (see a and b in Figure 1) is partly due 
to decreasing viscosity and partly due to decreasing limiting shear stress. The 𝑠𝑠𝑠ℎ function 
provides very good match for the temperature-dependent decrease of the limiting shear stress1.  
                                                 
1 The Eyring model is also based on the 𝑠𝑠𝑠ℎ function. As Eyring [14] derived his model from measurements at 
a capillary viscometer where a proper separation of shear thinning and thermal effects is not possible (Bair et al. 
[5]), some relation between the temperature dependency of 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠  and primary measured data may be assumed. 
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A limiting shear stress less than or equal to zero is meaningless. Hence, the minimal value 
of 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠�𝑝, 𝑣Σ,𝑇𝑟𝑒𝑟 ,𝑇� is generally set to 𝜏𝑙𝑠𝑠,𝑠 = 5𝑁/𝑚𝑚2. 

2.3 Assumptions 

The proposed limiting shear stress formulation for implementation in TEHL simulation 
models is subject to some assumptions: 
• The derived and assumed functional relationships of 𝜏lim |𝑒𝑒𝑒 with respect to 𝑝𝑠, 𝑣Σ and 
𝑇𝑟𝑒𝑟 are representative. 

• The dependency of 𝜏𝑙𝑠𝑠|𝑒𝑒𝑒 on the contact-integral quantity 𝑝𝑠 is representative for the 
contact-local quantity 𝑝. 

• 𝑇𝑟𝑒𝑟 is an appropriate reference value for the temperature dependency of 𝜏𝑙𝑠𝑠|𝑠𝑠𝑠. The 
(inevitable) error when calculating 𝑇𝑟𝑒𝑟/𝑇 (𝑇𝑟𝑒𝑟 represents a bulk temperature) is small 
and similar for different operating conditions.  

• The sum velocity 𝑣Σ influences 𝜏𝑙𝑠𝑠|𝑒𝑒𝑒 1F

2 directly.  

3 TEHL CALCULATION 

The TEHL simulation model used is based on a complete FE implementation and de-
scribed in detail by Lohner et al. [21]. Only the main characteristics of the model and lubri-
cant properties are repeated here. For simplification, a line contact model is considered.  

3.1 TEHL simulation model 

The fluid flow is described by the transient generalized Reynolds equation, whereas the 
elastic deformation of the equivalent body is obtained by solving the linear elasticity equation. 
For constant temperature, Reynolds, elasticity and load balance equations are solved within a 
FEM-model(𝑃,𝐻) based on the full-system approach of Habchi [16] achieving very high con-
vergence rates without requiring underrelaxation. For constant pressure and film thickness, 
the temperature distribution in lubricant and solids is calculated within a FEM-model(𝑇�) by 
solving the corresponding energy equations, which are also based on FE discretization. An 
iterative procedure is established between the FEM-model(𝑃,𝐻) and FEM-model(𝑇�) until the 
maximum absolute difference of two consecutive solutions of pressure and temperature is 
smaller than 10−3. The coefficient of friction 𝜇𝑟|𝑠𝑠𝑠 of the TEHL contact is evaluated by inte-
grating the shear stress in the middle of the lubricant film: 

𝜇𝑟|𝑠𝑠𝑠 =
∫ 𝜏𝑟𝑓𝑒�𝑓=ℎ2

𝑑𝑥𝑒𝑒𝑒
𝑒𝑖𝑖

𝐹𝑁 𝑙𝑒𝑟𝑟⁄  (3) 

3.2 Temperature and pressure dependency of lubricant properties 

The temperature and pressure dependency of the viscosity is defined as suggested by 
Hepermann et al. [18]. The temperature dependency of the dynamic viscosity at ambient pres-
sure 𝜂(𝑇) is described acc. to Vogel [27], Fulcher [15] and Tammann and Hesse [26]: 

                                                 
2 It is also conceivable that 𝑣Σ is only a quantity representing the influence of relaxation time (contact time) or 
the influence of lubricant film formation on the formation of shear bands. 
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𝜂(𝑇) = 𝐴𝜂 ∙ 𝑒𝑥𝑝�
𝐵𝜂

𝐶𝜂 + (𝑇 − 273.15𝐾)� (4) 

The pressure dependency of the viscosity at a given temperature 𝜂(𝑇,𝑝) is modelled acc. to 
Roelands [25] 

𝜂(𝑇,𝑝) = 𝜂(𝑇) ∙ 𝑒𝑥𝑝 �(𝑙𝑠(𝜂(𝑇)) + 9.67) ∙ �−1 + �1 +
𝑝
𝑝𝜂0

�
𝑓𝜂(𝑇)

�� (5) 

with a temperature-dependent pressure exponent 𝑧𝜂(𝑇) acc. to 

𝑧𝜂(𝑇) =
𝛼𝑒(𝑇) ∙ 𝑝𝜂0

ln(𝜂(𝑇)) + 9.67
 (6) 

and a temperature-dependent pressure-viscosity coefficient 𝛼𝑒(𝑇) acc. to 

𝛼𝑒(𝑇)  = 𝐸𝛼𝑝1 ∙ 𝑒𝑥𝑝 �𝐸𝛼𝑝2 ∙ 𝑇�. (7) 

The temperature and pressure dependency of lubricant density 𝜌𝑟(𝑇,𝑝) is modelled follow-
ing the Bode model [12]: 

𝜌𝑟(𝑇,𝑝) =
𝜌𝑠 ∙ (1 − 𝛼𝑠 ∙ 𝑇)

1 − 𝐷𝜌0 ∙ 𝑙𝑠 �
𝐷𝜌1 + 𝐷𝜌2 ∙ 𝑇 + 𝐷𝜌3 ∙ 𝑇2 + 𝑝
𝐷𝜌1 + 𝐷𝜌2 ∙ 𝑇+𝐷𝜌3 ∙ 𝑇2

�
 

(8) 

All model constants of the lubricant models above have been obtained from regression of 
measurements provided by ITR Clausthal [19]. The temperature and pressure dependency of 
the thermal conductivity 𝜆𝑟(𝑝) and heat capacity per volume (𝑐𝑒,𝑟 ∙ 𝜌𝑟)(𝑇,𝑝) are based on the 
models of Larsson and Andersson [20]. Thereby, different parameters are available for differ-
ent types of lubricant.  

3.3 Non-Newtonian fluid behavior 

The non-Newtonian fluid behavior is based on the simplified Bair/Winer model (Wolff and 
Kubo [28]), which can generally be written as: 

�̇�fzx =
1
𝐺
∙
𝑑𝜏𝑟𝑓𝑒
𝑑𝑑

+
𝜏𝑟𝑓𝑒
𝜂(𝑇,𝑝) ∙

1

�1 − �
𝜏𝑟𝑓𝑒

𝜏lim |𝑠𝑠𝑠
��

  𝑤𝑠𝑑ℎ  𝜏𝑟𝑓𝑒(𝑇,𝑝, �̇�𝑟𝑓𝑒) = 𝜂(𝑇,𝑝, �̇�𝑟𝑓𝑒) ∙ �̇�𝑟𝑓𝑒 (9) 

Wolff and Kubo [28] show that the visco-elastic term mainly influences friction for very 
small slip ratios. Therefore and due to unknown values of the shear modulus, the visco-elastic 
term is neglected (𝐺 = ∞) for the sake of simplicity. 

4 RESULTS AND DISCUSSION 

In the following, simulated values for the coefficients of friction 𝜇𝑟|𝑠𝑠𝑠 are compared with 
measured values 𝜇𝑒𝑒𝑒 given by Mayer [22] (see section 2.1) for a large variety of operating 
conditions and for the lubricants MIN100, PAO100, PAO10 and PG100. 

Figure 5 exemplifies the simulated and measured friction curves for MIN100 and PG100, 
with two different operating conditions (see also Figure 2). The measured coefficients of fric-
tion very strongly agree with the full-potential TEHL simulation results (thermal, sinh (𝑇𝑟𝑒𝑟/
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𝑇) acc. to Eq. (2), solid lines)3. Deviations can in particular be recognized at the beginning of 
the friction curves at the non-linear (shear thinning) transition regime. Even though these 
zones of the friction curves require a higher measurement resolution for systematic compari-
sons, these deviations could possibly be due to neglected visco-elastic effects (𝐺 = ∞  in 
Eq. (9)) and an inaccurate representation of shear thinning by Eq. (9). Furthermore, the over-
estimation of the coefficient of friction at beginning of the friction curves for MIN100 appears 
to be correlated with the strong increase of the viscosity of MIN100 with pressure measured 
by ITR Clausthal [19]. In this context, stationary viscosity measurements at high pressure vis-
cometers may be not simply transferable to TEHL contacts featuring very low contact times.  

 

 

Figure 5: Comparison of simulated (𝝁𝒇|𝒔𝒍𝒍) and measured (𝝁𝒆𝒆𝒆) coefficients of friction for two different operat-
ing conditions and for lubricants MIN100 and PG100 (measured data acc. to Mayer [22]) 

 

In order to quantify the complex relationship of the influences on the simulated coeffi-
cients of friction, simulation results with decreasing level of detail are provided in Figure 5. 
As its effects are best recognizable for the operating condition with 𝑝𝐻 = 1200𝑁/𝑚𝑚2 , 
𝜗Ö𝑙 = 40°𝐶 and 𝑣Σ = 8𝑚/𝑠, the following explanations are focused on that. 

When thermal effects and the relative temperature dependency of 𝜏lim |𝑠𝑠𝑠  (isothermal, 
𝑠𝑠𝑠ℎ (1) in Eq. (2), dotted lines) are deactivated, the friction curves are almost constant as the 
sliding velocity 𝑣𝑔 increases. Despite 𝜏lim |𝑠𝑠𝑠�𝑣𝑔� = 𝑐𝑐𝑠𝑠𝑑, there is a small decrease at high 
values of 𝑣𝑔 caused by shear thinning effects (Habchi, Bair und Vergne [17]). When thermal 
effects (thermal, sinh (1) in Eq. (2), dashed lines) are activated, a comparatively large decrease 
in 𝜇𝑟|𝑠𝑠𝑠 can be observed. This is mainly due to viscous heating and the corresponding reduc-
tion of integral viscosity. The remaining difference in 𝜇𝑒𝑒𝑒 is a result of the temperature de-

                                                 
3 The simulations are exclusively conducted for the measurement points of Mayer [22] (nine measurement points 
for each friction curve, in-between interpolated for the sake of presentation). The measured bulk temperature of 
each measurement point serves as boundary condition of the TEHL simulation model. 
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pendency of 𝜏𝑙𝑠𝑠|𝑠𝑠𝑠 (isothermal, sinh (𝑇𝑟𝑒𝑟/𝑇) in Eq. (2), dot-dashed lines). The effects of the 
individual influences depend significantly on the bulk and TEHL contact temperatures, inter-
act mutually and cannot simply be summed together.  
 

 

Figure 6: Contact-local shear stress (𝝉𝒇𝒇𝒆|𝒔𝒍𝒍) and limiting shear stress (𝝉𝒍𝒍𝒍 |𝒔𝒍𝒍) distributions in the middle of 
the lubricant film thickness (𝒇 = 𝒉/𝟐) for MIN100 and selected operating conditions in Figure 5 

 

Figure 6 exemplifies the contact-local distributions of the shear stress 𝜏𝑟𝑓𝑒|𝑠𝑠𝑠 and limiting 
shear stress 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 at the midpoint of the lubricant film thickness (𝑧 = ℎ/2) for MIN100, 
with the operating conditions selected in Figure 5 (full-potential TEHL simulation results). 
The contact-local behavior of 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 is acc. to Eq. (2) determined by its dependency on the 
local quantities 𝑝 and 𝑇. This also means that 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 may only be achieved at specific loca-
tions in the TEHL contact. Figure 6 (right) demonstrates again on a contact-local basis that 
the decrease of the friction curves after a maximal friction value is partly due to decreasing 
limiting shear stress and partly due to decreasing viscosity with increasing TEHL contact 
temperature: For the low and medium sliding velocity of 𝑣𝑔 = {0.42|1.41}𝑚/𝑠 , 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠  is 
reached for almost the whole contact area, whereas for the high sliding velocity of 𝑣𝑔 =
2.67𝑚/𝑠, 𝜏𝑟𝑓𝑒|𝑠𝑠𝑠 is significantly lower than 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠. For the low load operating condition in 
Figure 6 (left), 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 is not reached at all for the whole contact area. Moreover, 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 is 
almost equal for all sliding velocities, because its relative temperature dependency has almost 
no influence, due to the low TEHL contact temperatures. Nevertheless, 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 determines 
the level of the coefficient of friction.  

In summary, Figure 7 shows a comparison of the simulated (𝜇𝑟|𝑠𝑠𝑠) and measured (𝜇𝑒𝑒𝑒) 
coefficients of friction for all investigated operating conditions of Mayer [22]. It can be seen 
that the simulated values for the coefficients of friction based on the introduced limiting shear 
stress formula in section 2 and the non-Newtonian fluid behavior in section 3.3 correlate very 
strongly with the measured values over a large spread of operating conditions and different 
types of lubricants. In order to assign the symbols in Figure 7 to the “position” on the friction 
curves, the symbols are colored proportionally to the slip ratio. Most of the symbols with poor 
correlation between 𝜇𝑟|𝑠𝑠𝑠 and 𝜇𝑒𝑒𝑒 show very low slip ratios and are therefore located at the 
beginning of the friction curves. Reasons for this have already been discussed above. It should 
be mentioned that for some friction curves of PAO10 small solid load portions and therefore 
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mixed lubrication regimes are not precluded. This has however so far not been considered in 
the presented TEHL simulation model. 
 

 

Figure 7: Comparison of simulated (𝝁𝒇|𝒔𝒍𝒍) and measured (𝝁𝒆𝒆𝒆) coefficients of friction for all operating condi-
tions and for lubricants MIN100, PAO10, PAO100 and PG100 (measured data acc. to Mayer [22]) 

5 CONCLUSION 

This paper focuses on a limiting shear stress formulation for use in TEHL simulation mod-
els. The main conclusions drawn from this work are: 
• Non-Newtonian fluid models based on limiting shear stress are currently probably the 

most physical and suitable way to calculate the friction of TEHL contacts. 

• The limiting shear stress is not a constant lubricant property but depends on pressure, 
temperature, entrainment velocity and type of lubricant.  

• The contact-integral nature of limiting shear stresses derived from friction measurements 
at tribometers has been successfully adjusted for local use in TEHL simulation models.  
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• The presented contact-local limiting shear stress formulation is transferable to other 
tribological systems apart from the twin disk test rig e.g. gear contacts. 

• TEHL simulation results show very good agreement between measured and simulated 
coefficients of friction for a large variety of operating conditions and lubricants.  

• When the sliding velocity is increased further once the maximal friction is reached, the 
portion of friction reduction due to decreasing lubricant viscosity and the portion due to 
temperature dependency of the limiting shear stress have been quantified. 

Further work might focus (i) on even extending the data basis for the contact-integral limit-
ing shear stress equation, (ii) on accurate modelling of the beginning of the friction curves at 
the non-linear (shear thinning) transition regime, and (iii) on the transition of the calculated 
contact-local limiting shear stress 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 to the minimum limiting shear stress 𝜏𝑙𝑠𝑠,𝑠. 

NOMENCLATURE 

𝐴𝐻 Hertzian flattening area 𝑥 Film thickness length direction 
𝑐𝑒,𝑟 Specific heat capacity of lubricant 𝑧 Film thickness height direction 

𝐸�̇�1, 𝐸�̇�2, 
𝐸�̇�3, 𝐸�̇�4 

Lubricant specific parameters of 
𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 

𝑧𝜂 Pressure exponent of Roelands equation 

𝐹𝑁 Normal force 𝛼𝑒 Pressure-viscosity exponent 
𝐹𝑅 Friction force �̇�𝑟𝑓𝑒 Simulated shear rate 
𝐺 Shear modulus of lubricant 𝜂 Dynamic viscosity 
ℎ Lubricant film thickness 𝜗𝑀 Bulk temperature in °C 
𝑙𝑒𝑟𝑟  Effective contact width 𝜗𝑂𝑠𝑙  Oil inlet temperature in °C 
𝑝 Pressure 𝜆𝑟 Thermal conductivity of lubricant 
𝑝𝐻  Hertzian pressure 𝜇𝑒𝑒𝑒 Measured coefficient of friction 
𝑝𝑠 Mean Hertzian pressure (= 𝜋/4 ∙ 𝑝𝐻) 𝜇𝑟|𝑠𝑠𝑠 Simulated coefficient of friction 
𝑠 Slip ratio (= 100% · 𝑣𝑔/𝑣1) 𝜈 Kinematic viscosity 
𝑇 Temperature in K 𝜌𝑟 Density of lubricant 
𝑇𝑀 Bulk temperature in K 𝜏𝑟𝑓𝑒 Simulated shear stress 
𝑇𝑂𝑠𝑙  Oil inlet temperature in K 𝜏𝑙𝑠𝑠 |𝑒𝑒𝑒 Contact-integral limiting shear stress 
𝑇𝑟𝑒𝑟  Reference temperature in K 𝜏𝑙𝑠𝑠 |𝑠𝑠𝑠 Contact-local limiting shear stress 
𝑣g Sliding velocity (= 𝑣1 − 𝑣2) 𝜏𝑙𝑠𝑠 |𝑠 Minimum limiting shear stress 
𝑣Σ Sum velocity (= 𝑣1 + 𝑣2)   
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Abstract. Hydraulic fracturing is an important branch in geomechanics, where a fracture
initiates and propagates in the host rock due to the induced hydraulic loading. The pressure
exerted by the fracking fluid onto the surrounding solid, typically is obtained by a Reynolds
equation which relates the crack width with the pressure. This poses severe difficulties for the
numerical treatment, also in terms of robustness. In the presented work, the Reynolds equation
is replaced by pre-defined pressure distributions which leads to a much simpler and robust
coupled problem. For each assumed distribution, the critical pressure is determined where
the critical energy release rate Gc is exceeded. The influence of the different distributions is
investigated in a separate example. The energy release rates are determined based on stress
intensity factors with the XFEM by using crack opening displacements. This happens by a
comparison of an approximated state which represents the computed displacements in the solid,
and a reference state which represents the expected openings for a pure mode I, II and III. This
method is intuitive, computationally cheap and has the advantage that only displacements are
fitted, wherefore no additional consideration of pressurized crack surfaces is required.

The critical pressure is determined based on the superposition principle in linear elastic
fracture mechanics. Herein, a separate observation of the external loadings by means of volume
forces and tractions at the boundary, and the internal loadings by means of the pressure exerted
by the fracking fluid is done. Based on a scaling factor of the internal state, the critical pressure
is extracted from the energy release rate.
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1 Introduction

Hydraulic fracturing is a standard procedure for the stimulation of petroleum and geothermal
reservoirs. A fluid is pumped into the solid until a fracture initiates and propagates. For the
modelling, three important factors have to be considered: (i) the pressure exerted by the fracking
fluid onto the surrounding solid, (ii) the deformation of the solid and the associated fracture
volume, and (iii) the propagation of crack surfaces.

In general, the pressure induced by the fracking fluid is obtained by a Reynolds equation
[1] which relates the pressure with the crack width. That is, several iterations between field
(i) and (ii) are necessary, which is not always robust and leads to a complex behaviour at the
crack tip/front (toughness or viscous regimes [2]). This contribution deals with a simplified
model where the Reynolds equation is replaced by pre-defined pressure distributions which are
scaled by only few parameters. This assumption leads to a much simpler and robust coupled
problem. It is noted that only polynomial pressure distributions, depending on the distance r to
the crack tip/front and an initial pressure value p0 are considered in this contribution as shown
in Section 4.2. The introduced method is not limited on this restricted group of functions and
treats all pressure distributions in the same manner.

Many numerical methods exist for solving the linear elastic fracture problem, however, most
of them such as the standard finite element method (FEM) and the boundary element method
(BEM) have a limited efficiency due to the

√
r behaviour of the displacements in the vicinity of

the crack tip/front. The use of special elements, like ’quarter-point’ elements [3, 4, 5], improves
the approach, but a suitable mesh has to be provided for each crack geometry during propaga-
tion which frequently requires a remeshing. An optimal accuracy on fixed meshes is possible
with the extended finite element method (XFEM) [6] which treats non-smooth solution fea-
tures within elements by additional enrichment functions. In this method, the localisation of the
non-smooth features or in the context of linear elastic fracture mechanics the localisation of the
crack path/surface is often done by the use of level-set functions [7, 8]. However, the update
of these functions after a propagation step can be cumbersome [8], wherefore in [9] a hybrid
explicit-implicit crack description is used which combines the advantages of the level-set func-
tions with those of an explicit crack description, e.g. by means of straight line segments or flat
triangles. This crack representation allows a simple update of the crack geometry during the
crack propagation, wherefore it is used in this work.

In the third field (iii), it is determined whether the crack propagates and in which direction.
The maximum circumferential stress criterion is often employed, where the crack propagates
in direction of the maximum circumferential stresses when a critical energy release rate Gc is
reached [6]. In linear elastic fracture mechanics, the current energy release rate G is often eval-
uated by the J-integral [10] as they are equivalent [11]. The direction of the propagation is often
determined by stress intensity factors (SIFs) which are also related to G [12].The interaction
integral is one of the most important technique for the computation of SIFs, however the eval-
uation of this integral can be cumbersome for complex three-dimensional crack configurations.
In this work, SIFs are determined by observing the displacement field, particularly the crack
opening displacements (CODs), in the vicinity of the crack tip/front and their comparison with
the expected openings for a pure mode I, II and III crack.

The focus of this contribution is the evaluation of critical pressure values pc for assumed
pressure distributions on mixed-mode loaded crack configurations. This examination is the first
step towards a simplified hydraulic fracturing model.
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2 Computation of SIFs by using CODs in XFEM

In this section, the XFEM approach in linear elastic fracture mechanics with a hybrid explicit-
implicit crack description and the computation of stress intensity factors (SIFs) by crack open-
ing displacements is shortly recalled.

The XFEM extends the standard finite element method (FEM) approach by additional en-
richment functions which involve non-smooth features within elements with optimal accuracy.
A priori knowledge about the non-smooth solution characteristics is essential for the enrich-
ment functions. In linear elastic fracture mechanics, a domain Ω is cracked by the (curved)
crack path/surface Γc. The displacements are discontinuous along Γc and the stresses are sin-
gular at the crack tip/surface and the following enriched approximation has proven useful [6]

uh(x) = ∑
I

Ni(x)ui +∑
I∗

Ni(x)ψstep(x)ai +
4

∑
j=1

∑
J∗

Ni(x)ψ
j

tip(r,θ)b
j
i . (1)

Herein, ψstep considers discontinuous displacements along the crack path/surface and ψtip

the singular stresses at the crack tip/front. Ni are the finite element shape functions, ai and b j
i

additional degrees of freedom at the enriched nodes I∗ and J∗. It is standard to use the Heaviside
function for the step enrichment ψstep [6] and

ψ
j

tip(r,θ) =
[√

rsin
θ

2
,
√

rcos
θ

2
,
√

rsin
θ

2
sinθ ,

√
rcos

θ

2
sinθ

]
(2)

for the crack tip/front enrichment. These enrichment functions are based on a polar coordi-
nate system (r,θ ) which has its origin at the crack tip/front and is aligned with the tangent at
the crack tip/front. Typically, the localisation of the crack geometry and the determination of
the polar coordinate system is based on level-set functions. In [9] a hybrid explicit-implicit
crack description has been introduced which allows a simple update of the level-sets during
propagation. Herein, three level-set functions are defined as follows:

• φ1(x) is the (unsigned) distance function to the crack path/surface.

• φ2(x) is the (unsigned) distance function to the crack tip/front.

• φ3(x) is a signed distance function to the extended crack path/surface.

These definitions extend straightforward also to three dimensions and imply the polar coordinate
system (r,θ ) which is used for the enrichment functions, and a local coordinate system (a,b)
which is used for the computation of SIFs. Further details of the different coordinate systems are
given in [9]. In the following, the evaluation of SIFs by crack opening displacements (CODs)
is discussed.

2.1 Computation of SIFs

The proposed method offers an intuitive and computationally cheap technique for the eval-
uation of SIFs which treats three dimensional crack configurations in the same manner as two
dimensional ones. Furthermore, no modification is necessary for curved and loaded crack sur-
faces. The use of CODs has the advantage that translations by means of rigid body motions are
considered automatically. SIFs are computed by a comparison of CODs of an approximated
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state by means of the XFEM solution and a reference state which represents the expected open-
ings for a pure mode I, II and III crack. The following paragraph shows the main idea of the
proposed method.

The approximated CODs are determined by Eq. 1 as a post-process step. The difficulty
here is that the enrichment and shape functions have to be evaluated in a special setting so that
CODs are obtained. For that, in a first step a point has to be found on the implicitly defined
crack path/surface. As level-set values are only given in the nodes and are interpolated within
the elements by the corresponding shape functions, curved zero level-sets are present in general.
This complicates the finding of points with zero level-set values within the elements. Therefore,
each potentially cut element, identified by the condition

max[φ3(xi)] ·min[φ3(xi)]< 0, (3)

is subdivided into two linear triangular elements in two dimensions or six linear tetrahedral
elements in three dimensions, which enable a simple detection of zero level-sets as they are
piecewise linear/planar within these simplex elements. A similar setting is used for linear el-
ements in [13, 14] and for higher order elements in [15]. As the enrichment functions and
displacements are discontinuous along the zero level-sets the point has to be splitted into two
opposite but infinitesimally close points of the crack path/surface. This splitting is done in
the simplex elements based on the normal vector of the zero level-set. Then the global crack
opening displacement ∆uh

x(S) by means of the global coordinate system (x,y,z) of the point S is
evaluated by Eq. 1.

The expected crack opening displacement ∆um
a (S) of the point S and mode m is evaluated

in the (a,b,c)-coordinate system by the governing equations of linear elastic fracture mechanics
based on stress intensity factors [16] where, successively, one SIF km is set to 1 and the others
to 0.

A comparison of these two states leads to the SIFs. As both CODs have to be in the same
coordinate system, the approximated CODs are transformed into the (a,b,c)-coordinate system
based on the Jacobi-matrix J as shown in Eq. 4. Herein, the partial derivatives of the third
function c are determined by the cross product of ∇a and ∇b.

∆uh
a = J ·∆uh

x with J =

a,x a,y a,z
b,x b,y b,z
c,x c,y c,z

 , i = 1,2,3. (4)

It has been shown, for example, in [16] that each stress intensity factor km has a preferred
direction with the highest impact on the associated displacements. Taking these directions into
account, the SIFs can be directly computed by

kI = ∆uh
b/∆uI

b, kII = ∆uh
a/∆uII

a , kIII = ∆uh
c/∆uIII

c . (5)

This fitting method is the basis for the further work, as all needed SIFs are evaluated by it.
In the following section, the evaluation of critical pressure values for a general mixed-mode
loaded crack configuration is discussed.

3 Evaluation of critical pressure values

In hydraulic fracturing, a fluid is pumped into the solid until a fracture initiates and prop-
agates. The fracture propagates when a critical value of the energy release rate G is reached.
That is, the crack propagates if the following equation is fulfilled

G≥ Gc. (6)
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The current energy release rate G is obtained by the associated SIFs which are evaluated
by the proposed method presented in Section 2.1 and their relation to G. For a general three
dimensional mixed-mode loading and the assumption that mode II and III are small compared
to mode I which leads to a quasi planar crack propagation, the energy release rate is given by
[12] as follows:

G(km) =

(
1−ν2)

E

(
k2

I + k2
II
)
+

1
2µ

k2
III. (7)

Herein, km are the current SIFs, ν the Poisson’s ratio and µ the second Lamé-Constant. It is
noted that this representation of G is used for simplicity. The proposed method is not limited to
it, wherefore also formulations of infinitesimally kinked crack extensions [16, 17] are possible
which will be considered in future works.

In general, the pressure exerted by the fracking fluid onto the surrounding solid is obtained
by a Reynolds equation which relates the crack width with the pressure. In this contribution, the
model is simplified as the Reynolds equation is replaced by pre-defined pressure distributions
which are scaled by the initial value p0 and the crack length lc as shown in Section 4.2. One may
distinguish two different types of loadings in hydraulic fracturing. The first is called ’external’
and contains body forces, prescribed tractions at the boundary Γt and prescribed displacements
at the boundary Γu. The second type of forces is called ’internal’ and contains the pressure
exerted by the fracking fluid onto the surrounding solid. For the second type it is also demanded
that the displacements at Γu are zero. An illustration of a cracked domain, where both loading
types are shown is given in Fig. 1(a).

In most practical applications of hydraulic fracturing, the interest is based on the computation
of a critical pressure pc which causes a propagation of the crack. Hence, this contribution deals
with the evaluation of critical pressures for pre-defined distributions. In linear elastic fracture
mechanics, there holds for a unit prescribed pressure distribution p0 without external loadings
that their associated SIFs scale proportionally with

kp
m(λ · p0) = λ · kp

m(p0). (8)

Herein, the index p indicates that the SIFs are obtained due to pure internal loadings. A
differentiation of the SIFs due to internal and external loadings is needed at a later point of this
work. Eq. 8 plugged into Eq. 7 and Eq. 6 leads to the critical pressure pc as

pc = λ · p0 with : λ =

√
Gc

G
(
kp

m(p0)
) . (9)

Eq. 9 is only valid for pure internal loadings, as an increase of the pressure level does not
influence the crack behaviour or energy release rate G caused by the external loadings. There-
fore, a separate observation of the crack behaviour caused by the external and internal loadings
is necessary. In linear elastic fracture mechanics, this is achieved by using the superposition
principle as shown in Fig. 1. Herein, the crack configuration is decoupled into a part with only
external loadings and a part with only internal loadings. The associated SIFs are denoted by
kext

m for the external case, kp
m for the internal case and ktotal

m for the combined case. If a λ -scaled
unit pressure distribution p0 is assumed, Eq. 8 holds for the internal part. The total SIFs ktotal

m
are given by the sum of the external and internal case.

ktotal
m = kext

m +λkp
m. (10)
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p =

Γu

Γt
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+

Γu

Γt

(b)

p

Γu

(c)

Figure 1: Superposition of an externally and internally loaded crack by means of the principle of superposition.
(a) Totally loaded, (b) externally loaded and (c) internally loaded.

Eq. 10 plugged into Eq. 7 and Eq. 6 leads to a quadratic equation of λ as it holds for the
principle of superposition applied to the energy release rate Gm of mode m

Gm =
(√

Gext
m +

√
Gp

m

)2
. (11)

That is, for the computation of λ , coupled terms of the external and internal state are involved.
The quadratic equation for λ can be expressed as follows:

0 = aλ
2 +bλ + c with a = G(kp

m), (12)

b =
2(1−ν2)

E

(
kext

I kp
I + kext

II kp
II
)
+

1
µ

kext
III kp

III,

c = G(kext
m )−Gc.

It is noted that only one value of λ (λ ≥ 0) leads to a physically reasonable critical pressure.
This is checked by the criterion

λ1λ2 > 0 for λ1 6= λ2. (13)

The evaluated λ leads to the critical pressure pc by Eq. 9. In the following section, first results
of the proposed simplified model for hydraulic fracturing are presented in two dimensions.

4 Numerical examples

In this section two different things are investigated in two dimensions. Firstly, how the crit-
ical pressure value due to a constant pressure distribution is changed for a given mixed-loaded
crack configuration relating to the crack length. Furthermore, how the crack propagates by the
presented critical pressure and external loading. Secondly, how the pressure distribution influ-
ences the critical pressure. For the investigation of these two points an edge cracked rectangular
plate with the extent of h = 7m, l = 16m and an initial crack length lc = 3.5m is used as shown
in Fig. 2(a). The plate is clamped on the left side and is described by 4-node bilinear quadrilat-
eral elements with different mesh sizes. A brittle and isotropic material is used with a Youngs
modulus E = 35GPa, a Poissons ratio ν = 0.3 and a critical energy release rate Gc = 1 J/m2.
Furthermore, plane stress conditions are assumed. Obviously, the chosen setup is not really re-
lated to a problem in geomechanics. Nevertheless, the approach is general enough that it is also
working in the context of plates where we find more general loading conditions such as those
dominated by shear. The interest is only based on the computation of critical pressure values
for a given pressure distribution, wherefore no dynamic effectes [18], cohesive models [19] or
viscosity-dominated regimes [20] are considered.
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4.1 Mixed-mode loaded crack configuration

At first the change of the critical pressure during a crack propagation of a mixed-mode loaded
crack configuration is investigated. For that, the plate is loaded by a shear traction τ = 1 kN/m

on the right side and a constant pressure within the fracture as shown in Fig. 2(a). Herein, the

τpc

l
2

l
2

h

l c

(a) (b)

Figure 2: Mixed-loaded crack configuration: (a) Situation and (b) crack propagation.

external loading τ leads to a mixed-mode behaviour at the crack tip, whereas the internal loading
only represents a mode I crack. For each propagation step the critical pressure is evaluated
by the introduced method, which leads to a propagation of the crack. Based on the maximum
circumferential stress criterion, the propagation angle θc can be expressed by the SIFs as follows
[6]:

θc = 2arctan
1
4

 kI

kII
±

√(
kI

kII

)2

+8

 , (14)

where the sign depends on the sign of kII . For the considered example, it is assumed that the
crack propagates with the increment ∆a = 0.35m in direction of θc. The required pressure for
the propagation is illustrated in Fig. 3, where the critical pressure is plotted over the current
crack length. Herein, seven different meshes are used with an element number from 9,401 to
46,025.

lc

3.5 4 4.5 5 5.5 6 6.5 7

p
c
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critical pressure pc

nElem = 9,401

nElem = 13,585

nElem = 18,537

nElem = 24,257

nElem = 30,745

nElem = 38,001

nElem = 46,025

Figure 3: Critical pressures during the crack propagations.

As expected the pressure which is needed for the propagation decreases with an increasing
crack length and becomes zero if a critical crack length is reached, which means that the crack
propagates only by the external loading. The results also show a convergence to a fixed value.
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The resulting crack path is illustrated in Fig. 2(b). At the beginning the crack propagates almost
straight as the internal loading is dominant. However, at the end very low or zero pressures
already leads to a propagation, wherefore the influence of the external loading increases which
leads to a deviation of the straight crack path.

4.2 Different pressure distributions

In this example the influence of different pressure distributions are investigated. Herein, the
plate of Section 4.1 is used again. The focus is based on the influence of the pressure distribu-
tion, wherefore only a static crack configuration without any external loadings is investigated.
Three different distributions are considered which only depend on the distance r to the crack tip
and the initial pressure p0 as shown in Fig. 4.

r

p

0 lc

p0

(a)

r

p

0 lc

p0

(b)

r

p

0 lc

p0

(c)

Figure 4: Different pressure distributions: (a) Constant, (b) linear and (c) quadratic.

It is noted that the introduced method is not limited on these distributions, however they allow
an easy introduction into the complex topic of hydraulic fracturing. These distributions are used
as internal loading of the rectangular plate which was introduced in Section each distribution on
different meshes. The results are illustrated in Fig. 5 where the relation of the resulting pressure
force Rc and the crack length lc is plotted over the element number. Rc is illustrated instead of
p0 to take account of the fact that linear or quadratic distributions have a lower resulting force.
The results show as expected that concentrations of the pressure at the crack tip lead to a higher

nElem ×10
5

0.5 1 1.5 2 2.5 3 3.5 4

R
c

l c

15

20

25

30
critical pressure pc due to different pressure distributions

const

lin

quad

Figure 5: Critical pressures for different pressure distributions.

loading of the fracture, wherefore a lower pressure is needed for the propagation. All results of
the considered pressure distributions converge similar.

1644



M. Schätzer1, T.P. Fries1

5 Conclusion

In the presented work, a simplified hydraulic fracturing model by means of pre-defined pres-
sure distributions instead of using the Reynolds equation is investigated. These distributions
are scaled by only a few parameters, which results in a much simpler and robust coupled prob-
lem. The influence of the distributions is investigated in a numerical study. Critical pressure
values are evaluated based on the superposition principle of linear elastic fracture mechanics,
where the influence of the external and internal loadings is observed separately and scaled by
a factor. This critical pressure leads to a propagation of the crack in direction of the maximum
circumferential stresses.

The deformations of the solid are solved by an XFEM simulation with a hybrid explicit-
implicit crack description which allows a simple update of the crack geometry during a propa-
gation. Based on the deformations, particularly crack opening displacements (CODs), SIFs and
energy release rates are computed by a comparison of the approximated and reference states.
This method provides an intuitive, computationally cheap and robust method, which works in
two dimensions as well as in three dimensions in a consistent manner.

Numerical results show the relation of the critical pressure value and the crack length. The
influence of the pressure distributions is investigated in an own example. As all considered
examples are in good agreement with the expected solutions and converge to a fixed value it is
concluded that the proposed simplified hydraulic fracturing model provides a simple and robust
basis for further investigations.
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[15] T.P. Fries, S. Omerović, Higher-order accurate integration of implicit geometries. Internat.
J. Numer. Methods Engrg., early view.

[16] T.L Anderson, Fracture mechanics: fundamentals and applications. CRC Press, 2005.

[17] H. Awaji, T. Kato, S. Honda, and T. Nishikawa, Criterion for combined mode I-II of brittle
fracture. J. Ceram. Soc. Japan, 107, 918–924, 1999.
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Abstract. Hydraulic fracturing is a process that is surrounded by uncertainty, as available data
on e.g. rock formations is scant and available models are still rudimentary. In this contribution
sensitivity analysis is carried out as first step in studying the uncertainties in the model. This
is done to assess which of the parameters are key drivers to the model’s results. As a baseline
model for hydraulic fracturing, the classical PKN model of hydraulic fracturing by Perkins and
Kern (J. Pet. Tech. Trans. AIME, 222:937949 (1961)) and Nordgren (J. Pet. Tech. 253:306314
(1972)) which is widely used in the Oil and Gas industry to assist in the design of the hydraulic
fracturing treatment is considered. The problem under consideration is characterized by a mov-
ing boundary, strong non-linearities and a singularity at the moving tip due to vanishing of the
fracture aperture. Sufficient accuracy for such problems is required to obtain a high quality
parametric sensitivity analysis and uncertainty quantification. In order to achieve this, various
advanced numerical methods are studied. An XFEM approach is adopted to simulate the frac-
ture initiation, propagation and opening of the fracture profile. Using this method, the sensitivity
analysis of parameters such as fracturing fluid viscosity, fracture geometry characteristics, soil
or rock formations properties via plain strain modulus and leak off coefficient (of the soil) are
presented. The impact of these input parameters with respect to the output parameters such as
the fracture length and width are discussed.
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1 INTRODUCTION

Hydraulic fracturing is the process of fracturing rock formations by a pressurized liquid to re-
lease hydrocarbon resources. This technique is essential for accessing vast new unconventional
natural hydrocarbon reserves, which are otherwise inaccessible. Hydraulic fracturing processes
are surrounded by uncertainty, as available data on e.g. rock formations is limited. The develop-
ment of models and simulation tools to quantify the risks associated with hydraulic fracturing
processes is indispensable. In this contribution, we study the influence of various sources of
uncertainty on the hydraulic fracturing process, including characteristics of the fracturing fluid,
rock properties, and leakoff parameters. The parameteric sensitivity analysis presented herein
is an important first step in the development of an uncertainty quantification framework for
hydraulic fracturing.

In order to perform a sensitivity analysis, it is preferable to use a deterministic model which
is capable of mimicking the essential aspects of the process, yet remains sufficiently simple to
allow for efficient numerical evaluation. In general, the ability to quickly evaluate the determin-
istic model is critical for many stochastic methods (e.g. Monte-Carlo simulations). Herein we
consider the PKN model (Perkins-Kern-Nordgren) [1], [4] for hydraulically-stimulated vertical
fractures, which computes the fracture aperture and length – two key quantities of interest in
hydraulic fracturing– for a fixed fracture height (Figure 1). The PKN model is applicable when
the vertical hydraulic fracture is bound within a horizontal permeable layer, and when its length
is much larger than the height [2].

Although studied extensively, consideration of the PKN model in an uncertainty quantifica-
tion framework remains an open research challenge. Attaining sufficiently accurate numerical
results to perform a reliable sensitivity analysis (or, more generally, uncertainty quantification)
is challenging due to the nature of the problem, which involves strong non-linearities and a mov-
ing boundary that degenerates at the tip [3]. The prevailing numerical techniques for the PKN
model, which are based on explicit finite difference formulations [6], do not meet the accuracy
requirements at acceptable computational costs. For this reason we employ the eXtended Finite
Element Method (XFEM) to discretize the model. This numerical technique enables us to con-
duct a quantitative sensitivity study of the impact of various sources of uncertainty in hydraulic
fracturing process.

This paper is organized as follows. In Section 2 we present the governing equations for
the PKN model. In Section 3 we describe the XFEM discretization. The sensitivity analysis
performed using the PKN model is presented in Section 4, where the effect of the various input
parameters on the output of the process is studied. Finally, in Section 5 we draw conclusions
and discuss future research directions.

2 FORMULATION

The problem setup for the PKN model [4] considered herein is schematically shown in Figure
1, where the coordinate system is chosen such that x-axis coincides with the (horizontal) direc-
tion of crack propagation. The shape of the fracture in the yz-plane is assumed to be elliptical,
with the axis in vertical direction fixed at the fracture height hf , and the axis in the horizontal
direction equal to the fracture aperture, w(x, t), which is defined on the one-dimensional time-
dependent domain Ω(t) = [0, l(t)]. The evolution in time of the fracture tip position, l(t), and
fracture aperture, w(x, t), is driven by injection (at x = 0 with flow rate i) of an incompressible
Newtonian fluid with dynamic viscosity µ. The considered model includes fluid loss effects,
governed by the leakoff coefficient cl, and fracture volume changes [4]. Plane strain behavior

1648



Hasini Garikapati, Clemens V. Verhoosel, E. Harald van Brummelen and Pedro Diez

Figure 1: Schematic diagram of PKN fracture

in the vertical direction is assumed with plane strain modulus E ′ = E/(1− ν2), where E and ν
denote the Young’s modulus and Poisson’s ratio of the rock formation, respectively.

The PKN model is based on the conservation of mass of the fracturing fluid,

−∂q
∂x

= CL +
∂Ac
∂t

, (1)

where q(x, t) is the volume rate of flow through the fracture cross-section, CL is the rate of
fluid loss per unit length of the fracture, and Ac = 1

4
πhfw is the cross-sectionional area of the

fracture. The fracture is assumed to be in an ellipitical shape [1]. And for the laminar flow of a
Newtonian (fracturing) fluid, the flow rate is related to the pressure gradient by

∂p

∂x
=

64µq

πw3hf
(2)

Under the plane strain assumption the fracture aperture can be related to the pressure by

p =
E ′

2hf
w (3)

The fluid leakoff is governed by the empirical Carter model [10],

CL =
2hfcl√
t− τ

(4)

where cl is the leakoff coefficient and τ is the arrival time of the fracture tip at location x, i.e.
τ(x) = l−1(x). Substituting of equation (2), (3) and (4) in the balance equation (1) then yields
the nonlinear partial differential equation

πE′
4× 128µ

(
∂2w4

∂x2

)
=

2hfcl√
t− τ

+
πhf

4

(
∂w

∂t

)
(5)

subject to the following intitial and boundary conditions:
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• Initial condition:
w(x, 0) = q(x, 0) = 0 (6)

• The inlet condition – The fluid flow rate i at well-bore (x = 0) is constant in time and
can, in view of (2) and (3), be expressed as

∂w4

∂x
(0, t) = −512µ

πE′
i. (7)

• Tip condition – The conditions at the crack tip at x = l(t) is

w(l(t), t) = 0. (8)

The evolution of the domain Ω(t) = [x, l(t)] follows from [5]

πE′
512µ

∂w4

∂x
+
π

4
ufhfw + 2ufhfSp = 0 at x = l, (9)

where the tip propagation velocity, uf , is the growth rate of the fracture length, i.e. uf = l̇. This
equation conveys that the flow rate at the tip equals the sum of volume growth rate at the tip
plus the rate of the spurt due to creating new surface. After rearrangement the tip velocity can
be written as:

uf = − πE′w3

32µhf (πw + 8Sp)

∂w

∂x
. (10)

In our analysis we consider the special case formulated by Nordgren [4] fow which there are no
spurt losses (Sp = 0) and the net pressure is zero at the tip (hence the width at the moving fluid
front is zero).

We note that the nonlinearity of Equation (9) results in a weak singularity of the fracture
aperture at the tip. It is important to note, however, that although the derivative ∂w

∂x
is infinite, the

tip velocity is finite by virtue of the fact that w itself goes to zero at the tip. From the perspective
of numerical approximation it is essential to appropriately capture this tip singularity, as it
governs the evolution of the fracture front. In the next Section 3 we discuss how we employ the
eXtended Finite Element Method to adequately capture this singular behavior.

3 NUMERICAL APPROXIMATE METHOD

3.1 XFEM Discretization

Since the introduction of XFEM by Belytschko and Black, it has been employed in various
settings to model fracture and propagation of cracks. XFEM can help to overcome imposed
challenges and simplify the problems posed by traditional finite elements [7] in material model-
ing. In our present PKN model, the idea behind using XFEM is to enrich the usual finite element
spaces with additional degrees of freedom, which incorporate the physics of the tip behaviour
explained in Section 2. To include the singularity at the tip, we define a special enrichment
function. The approximation of the fracture width wh is given by

wh =
n∑
i=1

Ni(x)wi + ψ(x)ŵ (11)

where the first part of the right hand side are the standard FEM shape functions with wi are the
nodal degrees of freedom and the second part represents the enrichment function, most often
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based on asymptotic solutions. In case of the PKN model, the asymptotic expansion for crack
opening is given by [12]

w(t, x) ≈ w0(t)(1− x)1/3 (12)

The enrichment function used in our case is of the form ψ = â(l−x)1/3 , where l is the fracture
length and â is a constant. This special function is chosen because it satisfies the properties at
the tip. The function becomes zero at the tip, x = l and its derivative goes to minus infinity at
x = l. When the spurt losses are zero Sp = 0, the propagation velocity becomes

uf = − E′
96µhf

(
∂w3

∂x

)
(13)

Thus, the derivative of the function ψ3(x) is a finite value. To compute an approximate solution
to the strong form of the equations discussed in Section 2, the weak form of the problem with a
test function v is given by∫ L

0

−∂q
∂x
vdx =

∫ L

0

2hfcl√
t− τ

vdx+

∫ L

0

πhf
4

(
∂w0

∂t

)
vdx ∀v (14)

Integrating by parts, results in the weak formulation:

iv(0)− L(w, v) = M(w, v)
∂w

∂t
+K(w, v)w (15)

where i (= q(0)) is the inflow rate.
.

K(w, v) =
∫ L

0

πw3hf
128µ

(
∂w
∂x

) (
∂v
∂x

)
dx

M(w, v) =
πhf

4

∫ L
0
wvdx

L(w, v) =
∫ L

0

2hf cl√
t−τ vdx

(16)

Note that the function τ(x) in the leakoff term is interpolated at the corresponding nodes of the
mesh at time t for each step. The weak form (14) is discretized using the XFEM discretization
(11). This leads to the non-linear system of equations:

iv(0)− L(wh, vh) = M(wh, vh)
∂wh

∂t
+K(wh, vh)wh ∀vh (17)

To solve this system of equations, we either use Picard or Newton iterations. For the sake of
simplicity, we restrict our discussion to Picard iterations in the next section.
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3.2 The incremental-iterative solution procedure

#Parameters

Input : µ, i, h, E′
, DX,DT ,nsteps

#Fracture geometry along with the pressure
Output : (w1, l1, p1),(w2, l2, p2)...(wnstep, lnstep, pnstep)

#(1)Initialization
l0, w0

#Time loop starts
for k in range(nsteps):

#(2)Propogation velocity and fracture length at current time
utip

lk = lk−1 + utip ∗DT
#(3) Define new domain, mesh
domain, nodes(1, 2, ...j, j + 1, ..)
funcsp = FEMfuncsp+XFEMfuncsp

#(4) Interpolate τ, wk−1
j for every point on current mesh

τ(x) = (lk)(−1)

τkj = Intepolate(τ(x))

woldj = Interpolate(wk−1(x))

#solve for the width at the current step

pk, wk = nonlinearsolver(wold, points, geometry)
end

#To solve the resulting non linear equations

def nonlinearsolver(wold, points, geometry):
#Define solver parameters, relaxation factor for picard as α
tol,maxiter, α
while tol < toliter and iter < maxiter:

iter + = 1
n = iter #n subscript denote the values at current iteration
Kfunc , Mfunc, Lfunc #see equation (15)
f #inflow condition

(wj)n = (Kfunc ∗DT +M).solve(f ∗DT − L ∗DT + (M.(woldj )))

#Picard Iteration
(wkj )n = (wkj )n−1 + α((wkj )n − (wkj )n−1)

#tolerance of iteration
toliter = f ∗DT − L ∗DT + (M.(wold))− (K ∗DT +M).(wkn)

end
pk = E

′
wk/2h

return pk, wk

end
Algorithm 1: Psuedo code of XFEM PKN model

The incremental-iterative solution procedure with which we compute the solution to the model
presented above is described in Algorithm 1. With this algorithm it has to be noted that:

1. To avoid degeneracy as t → 0, an initial approximation of l0 and w0 is considered. For
instance, we consider a wedge shaped profile w0 = ww(1− x

l0
), where ww can be a very
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small number.

2. With this initial approximation, we advance to next time steps (k). We compute tip ve-
locity, uk using equation (13).

3. With the new fracture length (lk), we define the new domain, nodes and the basis functions
as explained in equation (11).

4. We need to compute the values of τj , wk−1
j (j representing node number). For this, we

interpolate the function τ(x) = l−1(x) to each node, τj . By projecting wk−1, the width
from the previous time step, onto the current mesh, we obtain wk−1

i

5. The new wkj , pkj obtained by solving the nonlinear system of equations (17).

4 NUMERICAL SIMULATIONS

In this section we present the results obtained based on the XFEM formulation outlined in
the previous section. We investigate the results using the data used in the comparative study by
Warpinski et al. [8]. We study mesh convergence of the method. In Section 4.2, we present the
sensitivity analysis for the various input parameters of the model.

4.1 Benchmark Result

The input data for our benchmark simulation is from [8] and all parameters are given in
Table 1. The Figure 2(a), shows the width profile of the crack at different time steps. It can be
observed from the width profile that the crack is widened after every time step. We validate the
results with the test cases in [8] and observe that the results to be in good agreement.

cl 9.84 ∗ 10−6 m/s1/2

Sp 0 m
hf 51.8 m
E ′ 6.13 x 1010 Pa
µ 0.2 Pa.s
i 0.0662 m3/s

Table 1: Input data

Figure 2: (a) Moving boundary at different times (b) Length of the fracture vs time
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Studying mesh independence is important to assess the convergence of the method and to know
the mesh size to obtain accurate results. We present the discretization aspects for both space and
time steps in Table 2. We perform the simulations for time T = 100 seconds. These results are
taken into consideration to perform sensitivity studies. Table 2 shows the length and maximum
width of the fracture obtained after 100 seconds for corresponding space and time step. We take
into consideration the Courant-Friedrichs-Levy condition (in our case, utip∆t

∆x
) to set the limit

for ∆t. In order to keep the discretization error low, we take ∆x ≤ ∆t. We therefore have,
0.1∆x ≤ 0.1∆t ≤ ∆x in the Table 2. We compute the relative error for the length taking the
mesh independent value as reference.

Time step Space step Fracture length Relative error Maximum
(∆t) (∆x) (m) for the length (%) width (m)
0.5 0.4 32.805 3.61 0.0054
0.5 0.2 33.151 2.59 0.0054
0.5 0.1 33.264 2.26 0.0054

0.25 0.2 33.303 2.14 0.0054
0.25 0.1 33.626 1.20 0.0054
0.25 0.05 33.712 0.95 0.0054

0.125 0.05 33.034 0.00 0.0054
0.125 0.025 34.034 0.00 0.0054
0.125 0.0125 34.034 0.00 0.0054

Table 2: Step size dependence

It can be seen that after ∆x = 0.05 and ∆t = 0.125, the results become mesh independent for the
length. For the meshes smaller than this the relative error is less than 0.001%. So we consider
the step size ∆x = 0.05 and ∆t = 0.125 for the simulations in the next Section 4.2. In case of the
width, we observe a change in the value between different step size is less than 10−3. Note that
these results are obtained using an adaptive mesh refinement startegy which refines the mesh as
we get closer to the tip. These convergence results may vary on a different mesh.

4.2 Sensitivity analysis

The idea behind this section is to find the potentially important factors that influence a model.
This is to identify the input factors that drive most of the variation in the output [9]. We choose
independent input factors and perform numerical experiments to identify the impact on the out-
put parameters. This screening exercise is often the first step to apply uncertainty quantification
techniques on a model. It is to be noted that this method provides the qualitative sensitivity
measure of the input factors, but does not quantify the importance of the factor on the output.
So, in this section, the sensitivity of the process with respect to the properties of the fluid and
the rock to the fracture geometry and fracturing pressure is analyzed for the PKN model with
the formulation discussed in the previous section 3. The effects of fluid viscosity, Young’s mod-
ulus of the rock, and the fluid leak-off coefficient on fracture geometry are studied. We do not
consider the effect on the pressure in this case, as the width of the fracture and pressure are
linearly related (3).
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4.2.1 Viscosity of the fluid

For the numerical experiments, we consider the variation of the viscosity in the range of 0.05
Pa.s to 5 Pa.s and the values of the other parameters are the same as in Table 1. Figure 3 (a)
shows that crack width increases with the increase in the fracturing fluid viscosity and Figure
3 (b) shows that the fracture length decreases with the increase in fluid viscosity. We can see
from Figure 3 (c) that with a higher viscous fluid, a wider and shorter fracture is produced when
compared to a lower viscous fluid which produces narrower and longer fractures.

(a) Fracture maximum width changes with different fluid
viscosities

(b) Fracture length changes with different fluid
viscosities

(c) Fracture geometry changes with different fluid viscosities

Figure 3: Effects of viscosity on the fracturing geometry

4.2.2 Plane strain modulus

We now consider the effect of plane strain modulus on the fracture geometry, while keeping
the fluid and operation conditions unchanged. Inputting the plane strain modulus with values
between 103 MPa and 104 MPa and running these cases, we get the following results. Figure
4 (a), (b), (c) express that a shorter and wider fracture will be generated when the formation
is soft with a low plane strain modulus, while a longer and narrower fracture will be produced
when the formation is hard with a high plane strain modulus, using the same fracturing fluid and
operation conditions. When interpolated to pressure, the results indicate that higher fracturing
pressure is required to fracture harder reservoirs which is inline with the experimental results
[8].
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(a) Fracture maximum width changes with different
plane strain moduli

(b) Fracture length changes with different plane strain
moduli

(c) Fracture geometry changes with different plane strain moduli

Figure 4: Effects of plane strain modulus on the fracturing geometry

4.2.3 Leakoff coefficient

The leakoff coefficient is a parameter which is dependent on both fluid and formation proper-
ties. By keeping the other parameters unchanged, the effect of the leakoff coefficient is studied.
Figures 5 (a), (b), (c) show that the fracture length and width decrease when the leakoff coeffi-
cient is decreased.The leakoff coefficient has a different effect when compared to fluid viscosity
and the plane strain modulus. When the leakoff coefficient is higher, smaller and narrower frac-
tures are obtained.

(a) Fracture maximum width changes with different
leakoff coefficients

(b) Fracture length changes with different leakoff
coefficients
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(c) Fracture geometry changes with different leakoff coefficients

Figure 5: Effects of leakoff coefficient on the fracturing geometry

5 CONCLUSIONS AND FUTURE WORK

In the PKN model we considered the three independent input parameters of the model and
varied these independently to observe the change in the fracture geometry. The results obtained
by the parameter change can be summarized in Figure 6. The parameter change is taken from
the base values of Table 1.

(a) length vs parameter change (b) width vs parameter change
Figure 6: Effects of multiple parameters on fracture geometry

The following conclusions are drawn from the numerical experiments of the sensitivity analysis:

• Fracture length: Both viscosity and the leakoff coefficient have the same effect on frac-
ture length when they are changed, yet we notice that fracture length is more sensitive
to the viscosity than to the leakoff coefficient. The plane strain modulus has a different
effect, as the fracture length increases with an increase of its value.

• Fracture width: Width decreases with an increase of leakoff coefficient or plane strain
modulus. However, fracture width is less sensitive to the leakoff coefficient than the plane
strain modulus. Although the effect of viscosity on the width is opposite when compared
to the other parameters, it can be seen that the width is more sensitive to it.

Note that similar conclusions can be drawn from analytical solution or from dimensional
analysis. However, our idea is to apply stochastic methods in the framework of hydraulic frac-
turing which requires high accuracy. To accomplish this, we applied XFEM to the PKN model.
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The sensitivity analysis presented herein serves as the basis for the development of an uncer-
tainty quantification framework based on Bayesian inference.
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Abstract. This paper presents an application of the finite element method (FEM) in modelling 
coupled, hydro-thermal (HT) processes of the Soultz heterogeneous geothermal system, using 
different working fluids. A two-dimensional (2-D) model of the geothermal system was 
developed in the Multiphysics FEM application solver (COMSOL), and the geometry comprises 
of three wells with five geological layers. Also, two discrete fractures were incorporated in the 
geometry, each with a 2mm thickness. The model mesh consists of various types of elements, 
including triangular elements, edge elements and vertex elements. The working fluids used in 
the study were water (H2O) and supercritical carbon dioxide (SCCO2), using constant density 
and viscosity. Moreover, other field variables employed in the work were those available in the 
literature of the geothermal site considered. A long-term simulation of 30 years was applied, 
and the temperature, pressure, and enthalpy distribution in the production well were studied. 
The results obtained showed the superiority of water, concerning energy production, when 
constant density was used. On the other hand, the pressure of the supercritical carbon dioxide 
in the production wellbore is far superior to that of water. Therefore, supercritical carbon 
dioxide can serve as a surrogate to water in the future because of its lower pumping cost in 
comparison to water. Further studies of other parameters are required to affirm the 
practicability of the scheme. 
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1. INTRODUCTION 

The thermal energy generated and stored in the earth is called geothermal; the earth’s volume 
has temperatures greater than (>) 1000°C, with only 0.1% at temperatures less than (<) 100°C 
[1]. The internal structure of our planet and physical processes occurring there are linked with 
the origin of this heat [2] and also the decay of naturally occurring radioactive isotopes [3]. In 
the globe, it is estimated that there is 1.45×1026 J of geothermal energy, which is equal to 
4.95×106 billion tons of standardised coal [4]. The concept of extracting geothermal energy 
from hot dry rock (HDR) or engineered geothermal system (EGS) is achieved by force 
circulating fluid between injection and production wells through a naturally fractured rock mass 
to create a reservoir by hydraulic fracturing [5, 6]. The in situ stress state in the reservoir will 
perturb as a result of injection/extraction stimulation, which in turn can lead to fracture 
initiation/propagation and activation of joints and faults [7]. Also, during reservoir stimulation, 
the interaction between the working fluids and the host rock may result in mineral 
dissolution/precipitation in the fractures, faults and the wells. Therefore, engineering design is 
vital to understanding the response of the fractures, faults, and bedding planes to external 
stresses in HDR reservoirs [8]. 
 Furthermore, projects on this system to date use either water (H2O) or brine (NaCl) for 
the reservoir creation and extraction. These substances when dissolved transports mineral 
species from the system to some parameters such as permeability, porosity, and the wells. For 
example, calcite and amorphous silica precipitation have caused obstacles in current operating 
geothermal system at extraction and injection wells, respectively [9]. Water losses in a 
geothermal reservoir were also part of the critical issues experienced in Rosemanowes site 
(UK), European geothermal site (France), and many other projects in the Europe and Asia.   
 Further to the problems mentioned above experienced using those working fluid in the 
systems, a novel approach was proposed by Brown [10] to replace H2O with supercritical 
carbon dioxide (SCCO2) for both reservoir creation and heat extraction. The study, reported by 
Pruess [11], reveals that SCCO2 offers larger compressibility and expansivity compared to 
water. Also using SCCO2 in a closed-loop geothermal reservoir as a substitute for water offers 
three significant advantages as mentioned by Brown  [9] . If SCCO2 is utilised as the circulating 
fluid in HDR reservoirs, the fluid losses experienced will serve as geological storage of the 
CO2. Previous research conducted on this topic were on homogenous hot dry rock (HDR) 
system, but, however, the systems were heterogeneous in nature. This paper compared the use 
of SCCO2 and H2O as working fluid in the heterogeneous geothermal system located at Soultz 
(France) using the finite element method (FEM). 

1.1 Overview of the Soultz Geothermal System  

The Soultz site in France was initiated by the European Commission after a detailed surveyed 
conducted on the three most foremost geothermal projects in Europe that include 
Rosemanowes, Bad Urach and Soultz to get a commercialised geothermal site within the 
Europe. A decision was made in 1987 to locate the site in the Soultz, France, due to volcanic 
activities experienced in the vicinity of a petroleum reservoir site. The project received its initial 
funding from the European Commission and the relevant energy ministries of France, Germany, 
and the United Kingdom. Scientist and engineers of these countries established a permanent 
base on the site to coordinate the activities of various research teams from the participating 
countries and also to plan the work [12]. Other nations also joined the project later; these 
countries include Italy, Switzerland and most recently Norway. The United States and Japan 
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have also made their contributions from the research. The project has undergone four different 
stages, but only the last phase will be considered here. 

 

Figure 1: Geological Formation of Geothermal Reservoir at Soultz-Site (France) [13].   

Figure 1 represents the geological formation of the entire system and Figure 2 
characterises the temperature gradient of the system. The temperature profile is divided into 
three core zones. The upper zone has a geothermal gradient of 110ºC/Km. The intermediate and 
the lower zone attribute geothermal gradient of 5ºC/Km and 30ºC/Km, respectively. 

 

Figure 2: Equilibrium Temperature Profile Obtained from GPK-2 [14].  
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Moreover, the system wells arrangements are also depicted in Figure 3. GPK3 is the 
injection well, GPK2 and GPK4 are the production wells. EPS1 and GPK1 are the previous 
wells used in the earlier stage of the project. 

 

Figure 3: Well Arrangements at Soultz Site (South-North Vertical Cross-Section) [15]. 

 

2. MATHEMATICAL AND FINITE ELEMENT FORMULATION OF THE PROBLEM 

2.1 Mathematical Formulations 

This section gives an exposition of the equations applied in the study. The first set of the 
equation is based on the law of conservation of mass and is used for the hydraulic process with 
the assumption that the flow obeys Darcy’s law for free movement and is given here as,   

( ) MQgP
t

P
S =







 +∇−⋅∇+
∂
∂ ρ

μ
κρρ       (1) 

where ρ is the density, S represents the storativity, P is the pressure, ∇ is the shorthand for the 
first derivatives with respect to the dimensions of the problem, κ denotes the permeability, µ is 
the dynamic viscosity, g represents the acceleration of gravity, t is the time and QM  represent 
the source term. The second set of the equation is the energy balance equation for heat transport 
in porous media by considering the Fourier’s law of heat flux is expressed as, 

( ) QTTvC
t

T
C pP +∇⋅∇=∇⋅+

∂
∂ λρρ      (2) 

where Cp is the specific heat capacity, T represents the temperature, v is the convective term for 
the velocity, λ denotes the thermal conductivity and Q is the heat source term. The permeability 
model in the equation (1) can also be replaced by hydraulic conductivity model, and the 
relationship between the two are: 
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g

K
      or     

g
K

ρ
μκ

μ
κρ ==          (3) 

in which K represents the hydraulic conductivity. The third set of the equation deals with the 
fracture properties. Equation (4) is the fracture permeability equation govern by the cubic law 
with the assumption of laminar flow between two parallel plates which is given as, 

12

2a
fr =κ         (4) 

where Κfr denotes the fracture permeability, a represents the fracture aperture. Blöcher [16] 
relates the fracture transmissibility to the aperture and permeability, expressed as, 

3 12 frfrfr TRa   or    aTR == κ      (5) 

where TRfr denotes the fracture transmissibility, and by substituting left-hand side of (5) into 
(4) yields the right-hand side of (5), which is referred as the fracture aperture. The Darcy’s and 
Fourier’s flux in equations (1) and (2) can also be expressed as, 

[ ] Tq      and      gP
k

q Th ∇−=+∇−= λρ
μ

    (6) 

2.2 Finite Element Method 
This section presents the application of finite element method (FEM) to coupled thermo-
hydraulic (TH) problems in discretely fractured porous media. The partial differential equations 
(PDE) used were already described in the previous section.  

2.2.1 Weak Formulation 
The Green’s theorem and the Method of Weighted Residuals (MWR) were applied to the 
governing equations provided in the previous section to derive weak formulation of the 
problem. The weak forms for the mass conservation equation (1) and the energy balance 
equation (2) are expressed as, 

( ) 0=Ω−Γ⋅+Ω⋅∇−Ω
∂
∂


ΩΓΩΩ

dwQdnqwdqwd
t

P
Sw mhh

T

q
h

ρρρ   (7) 

( ) 
ΩΓΩΩ

=Ω−Γ⋅−Ω∇⋅+Ω
∂
∂

0QdwdnqwTdvCwd
t

T
Cw T

TpP
q
T

ρρ     (8) 

where Ω and г represents the model domain and boundary, w is the weighting function, n is the 
normal to the boundary, subscript and superscript T denotes the thermal and transpose, 
respectively. The boundary conditions are specified for all field functions P and T.  

2.2.2 Galerkin FEM Formulations 
The weak forms (7) and (8) of the TH balance equations were spatially discretised using the 
standard Galerkin Method. Primary variables were fluid flow pressure P and temperature T, 
which were approximated by interpolation functions 

PNP P
y =                   (9) 

1663



Musa D. Aliyu and Hua-Peng Chen 

TNT T
y =            (10) 

where P and T were the scalars of the nodal values of the unknowns. NP and NT were the shape 
functions for P and T, respectively. The finite element formulation of the governing equations 
were given in a matrix form as,  

0' =−+ m
h

mm
h

mm
h qPKPM                  (11) 

0' =−+ m
T

mm
T

mm
T qTKTM                  (12) 

where M and K were process-specific mass and stiffness, respectively. The term q contained 
the contributions of the coupled processes. The process-specific matrices for the fluid flow and 
thermal are given in equations (13), (14), (15), (16), (17), and (18) and same can be written as, 

 

Ω= 
Ω

dSNNM P
T
P

m
h ρ                (13) 

Ω∇∇= 
Ω

dNNK P
T
P

m
h μ

κ
              (14) 

Γ−−= 
Γ

qdNgKq
q

T
P

m
h

m
h ρ                  (15) 

Ω= 
Ω

dNCNM TP
T
T

m
T ρ                       (16) 

Ω∇∇+Ω∇⋅= 
ΩΩ

dNNdNvCNK T
T
TTP

T
T

m
T λρ             (17) 

    Ω+Γ⋅= 
ΩΓ

QdNndqNq T
TT

T
T

m
T                   (18) 

3. PROBLEM DESCRIPTION AND IMPLEMENTATION 

3.1 Geometry, Mesh and System Properties 
A two-dimensional model of the geothermal system is developed based on the above FEM 
procedures. The model geometry is depicted in Figure 4; it is comprised of three wells with five 
geological layers as discussed earlier in the previous section. Also, two discrete fractures are 
inputted in the geometry with 2 mm thickness each. The model mesh is shown in Figure 5, 
consisting of 1,973 triangular elements, 409 edge elements, and 48 vertex elements. 
Furthermore, geological properties and densities of the system are also presented in Table 1 
[17]. Other field variables applied in the model are provided in Table 2 as determined by [18]. 
Other parameters used are given in the literature of Brown [10] and Pruess [11]. 
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Figure 4: Model Geometry 

 

 

Figure 5: Model Mesh 

 
Formation Depth (km) Density 

(kg/m3) 
Tertiary 0 - 0.75  2350 
Jurassic 0 - 0.75  2550 
Keuper 0.75 - 0.85  2700 
Muschelkalk 0.85 - 1.0 2700 
Bunstsandstein 1.0 - 1.4 2500 
Basement 1.4 - 5.5  2600 

 

Table 1: Geological Properties and Densities at Soultz (France) 

 

1665



Musa D. Aliyu and Hua-Peng Chen 

Depth  
(km) 

Permeability  
(m2) 

Porosity  
(%) 

Thermal Conductivity 
(W/m/K) 

0 - 0.8 10-17 15 1.4 
0.8 - 1.0 10-16 15 2.1 
1.0 - 1.4 5×10-15 - 10-14 15 2.5 
1.4 - 3.7 3×10-15 9 3.0 
3.7 - 5.0 10-18 1 3.0 
Faults 10-17 - 3×10-14 15 2.5 

 

Table 2: The Petro-Physical Properties of Main Lithological Formations at Soultz EGS. 

3.2 Initial and Boundary Conditions  

The initial temperature of the system is given as, 

)(0 zbTT surf −−=       (19)       

where T0 is the initial temperature, Tsurf denotes the surface temperature, and a value of 10ºC is 
applied in this study, b is the geothermal gradient, an average gradient of 30ºC/km is used, and 
z is the depth of the system from the surface. The initial pressure is taken as a constant 
hydrostatic pressure of 51 MPa. On the other hand, the boundary condition applied is the 
Dirichlet type (i.e. fixed boundary condition) on well GPK3, in other words, injection well and 
it corresponds to the temperature and the pressure of 50ºC and 45 MPa respectively.     

The simulation was for 30 years, because of the relatively long simulation time and the 
stability afforded by the constant pressure and temperature conditions. A time-dependent solver 
BDF (Backward Difference Formula) was employed in COMSOL, and the number of degrees 
of freedom (DOF) adopted was 5050 (plus 870 internal DOFs). The scheme has an advantage 
of limiting time step. In this case, it took only 34-time steps to model the 30-year production. 
The physical computer memory used for the solution is 963 MB and a virtual memory of 1042 
MB. 

4. RESULTS AND DISCUSSIONS 
In this study, a finite element model is developed for the Soultz heterogeneous 

geothermal system using different working fluids. The first sets of the results presented are the 
pressure distribution along the geothermal system as shown in Figure 6. Figure 6a presents the 
pressure distribution in the system after one year of simulation. As can be seen from the 
illustration, part of the sedimentary layers has a significant drop in the pressure due to the nature 
of binding between the grains, which leads to an earlier formation of hydraulic fractures within 
the layers. After additional pumping for 10 years, a total drop in the pressure of the sedimentary 
layers is observed, as shown in Figure 6b. 

Furthermore, Figures 6c and 6d presents the distribution of the pressure for 20 and 30 
years of simulation. As seen from both figures the pressure drawdown has less effect on the 
sedimentary layers due to complete formation of hydraulic fractures in the entire system.  
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Figure 6: (a) Pressure (MPa) Distribution after 1 Year, (b) Pressure (MPa) Distribution after 
10 Years, (c) Pressure (MPa) Distribution after 20 Years, and (d) Pressure (MPa) Distribution 

after 30 Years  

 
The second set of results analysed in this study includes the production temperature, 

enthalpy, and pressures at the wellhead of the system. Figure 7 presents the temperature 
produced at the wellhead, and as can be observed, a drawdown from the initial system 
temperature of 200°C to 198.8°C is observed after six years of simulation for the SCCO2. On 
the other hand, a drawdown from 200°C to 198.9°C is observed after seven years of simulation 
for the H2O.  Also, after 30 years of simulation, the wellhead temperatures for the H2O at wells, 
GPK2 and GPK4, are 168.6°C and 165.8°C, respectively. However, in the case of the SCCO2, 
the wellhead temperatures are 162.9°C and 160°C, respectively.  

Figure 8 presents the production pressure of the system under 30 years of simulation. 
As it can be observed, the pressure produced at the wellhead after one year of simulation is 46 
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MPa for the H2O and 50.8 MPa for the SCCO2. Also, the least produced pressure by the SCCO2, 
at 30 years, is 46.7 MPa, which is greater than the highest produced pressure by the H2O. 
  
 

 

Figure 7: Temperature at the Production Wells 

 

 

Figure 8: Pressure at the Production Wells 

 
 Figure 9 presents the enthalpy produced at the wellhead. As seen, the drawdown pattern 
is similar to that of the temperature scenario, but the difference in the values obtained for both 
the working fluids is higher. The maximum produced enthalpy for the H2O is 748.4 kJ/kg at 
three years of simulation while that of the SCCO2 is 570.3 kJ/kg at two years of simulation. The 
least produced enthalpy by the H2O, which is 590.5 kJ/kg at 30 years, is greater than the 
maximum produced by the SCCO2. However, the same is observed in the pressure results but 
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in the reverse order. This occurs because of the relationship between the two parameters, which 
is expressed as 

pVUH +=        (19) 

where H, U, p, and V are the total enthalpy, energy of the work done in the system, pressure, 
and volume of the system, respectively. The above expression, from system thermodynamics, 
confirms the analysis performed on these parameters to be true. 

 

 

 

Figure 9: Enthalpy at the Production Wells 

5. CONCLUSIONS  
A coupled, thermo-hydraulic solution of a heterogeneous, geothermal system is presented, 
using water and supercritical carbon dioxide as the working fluids. The model takes into 
account non-isothermal, single-phase flow in porous media connected to discrete fractures. 
The results of present study show that H2O is superior to SCCO2, regarding energy extraction 
(i.e., in cases of temperature and enthalpy), but SCCO2 is produced at a higher pressure at the 
production wells and reaches larger overall flow rates than H2O. The difference concerning 
temperature is of less significance than that of enthalpy, which is quite substantial. On the other 
hand, the pressure of SCCO2 at the production wells is higher than water because the buoyancy 
properties of SCCO2 is greater than that of H2O. The study also affirms the possibility of 
replacing the SCCO2 with H2O in the future. 
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Abstract. We present a work realized in the framework of the R&D program on the Hy-
drogen combustion of the I3P Project ”accidents graves parc actuel”. It is a sequel to recent
publications (Tang et al., 2014) where high-order and low diffusive approaches (e.g. a multi-
dimensional anti-diffusive approach) and an original Upwind Downwind-Controlled Splitting
method (UDCS) were combined with the 1D and multi-dimensional formulations of DEM (Dis-
crete Equation Method, Abgrall and Saurel 2003) and RDEM (Reactive Discrete Equation
Method, Le Ḿetayer et al., 2005).

On one hand, the UDCS limited second-order method has already been combined with the
explicit two-step Runge-Kutta scheme for time discretization and represents a significant im-
provement of the previous limited second-order RDEM approach in terms of robustness (it is
now implemented in the fast dynamic fluid-structure interaction code EUROPLEXUS to com-
pute reacting flows in 3D large geometries like the containment of a nuclear power plant).

On the other hand, as observed on the final 2D combustion problem presented in (Tang et al.,
2014), it was necessary to improve the approach used to compute the normal vector at the flame
interface so as to avoid that the computation of this normal spoils the accuracy improvement
brought by the anti-diffusive UDCS/RDEM.

In this work a modification of the anti-diffusive approach has been realized using a hyper-
bolic tangent approximation of the phase function (or color function) to correctly compute its
gradient and then normals to the flame interface. On one hand, numerical experiments have
shown that this approach is more accurate than the limited second-order method. On the other
hand, the problem of flame wrinkling (which also affects the limited second-order method) is not
completely solved (as expected since numerical diffusion of the new approach is less important
than in the limited second-order method), but it can be reduced if gradients are computed not
directly to the phase function but on a field obtained by solving a diffusion problem having the
phase function as initial condition.
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1 Introduction

This work is a sequel to recent publications [1, 2, 3, 4] where high-order and low diffusive ap-
proaches (e.g. a multi-dimensional anti-diffusive approach) and an original Upwind Downwind-
Controlled Splitting method (UDCS) were combined with the 1D and multi-dimensional for-
mulations of DEM [5] and RDEM [6, 7]. First, the method was successfully developed in
1D for computing inert interfaces (e.g. impermeable water-gas shock tube problem) and flame
interfaces (e.g. Chapman-Jouguet deflagration and strong detonation wave) with excellent ro-
bustness and accuracy properties. Secondly, it has been successfully extended to the multi-
dimensional case for the modeling of multi-fluid flows on unstructured grids.

The limited second-order UDCS method has already been combined with the explicit two-
step Runge-Kutta scheme for time discretization. This allow us to work with large enough CFL
numbers when using a limited second-order reconstruction on all primitive variables (achieving
quasi second-order accuracy in space and time). As shown in [4], this approach represents a
significant improvement of the classical second-order RDEM approach in terms of robustness
and is now implemented in the fast dynamic fluid-structure interaction code EUROPLEXUS [8]
to compute reacting flows in 3D large geometries (e.g. the containment of a nuclear power
plant). Details can be found in [9, 10, 11].

As shown in [3, 4], the anti-diffusive UDCS is much more accurate than the limited second-
order UDCS. For instance, when computing a 1D flame acceleration with the latter approach,
the flame region can become too large, thus weakening the precursor shock wave. On the oppo-
site the anti-diffusive UDCS method keeps the flame region over one or two cells, thus avoiding
the weakening of the precursor shock wave; however, in multi-dimensional computation, since
the flame region is crisped, it is impossible to define a normal to the flame surface. For this
reason we propose here a new approach, in which the the flame region is diffused over a region
of fixed width; this is obtained by using the properties of the hyperbolic tangent function (tanh)
to decide whether to add numerical diffusion to the antidiffusive approach. We point out that
the idea of using an hyperbolic tangent function to represent a color function (or a phase func-
tion) has already been used in the THINC (tangent of hyperbola interface capturing) scheme of
Xiao and coworkers, presented for the first time in [12]; some improvements on Cartesian grids
are proposed in [13, 14, 15]; and extensions to unstructured meshes can be found in [16, 17].
However our approach, which is also devoted for computation in unstructured meshes, is quite
different and does not require the reconstruction of tahn: the smoothing of the color function is
obtained by adding numerical diffusion to the antidiffusive approach when necessary.

2 Numerical approach

This section is organized as follows. First of all we briefly introduce the hyperbolic tangent
(Section 2.1). Since the smoothing of the color function is obtained by the modification of the
anti-diffusive approach, for the sake of simplicity we first present the anti-diffusive approach
of Lagoutière [18] and its tanh modification in 1D, in the particular case of monotone color
function (respectively in Section 2.2 and Section 2.3). Then we present the 1D general case in
Section 2.4. Finally Section 2.5 is devoted to the multi-dimensional case.
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2.1 The hyperbolic tangent and the smoothed color function

The hyperbolic tangenttanh(x/l), with

tanh (x) =
sinh (x)

cosh (x)
=

1

2
(exp (x)− exp (−x))

1

2
(exp (x) + exp (−x))

,

can be considered as a smoothed Heaviside function varying from−1 to 1. As shown in Fig-
ure 1, it coincides with the Heaviside function asl → 0, l being a length scale which determines
the smoothness of the function.

A smoothed color functionα, αmin < α < αmax can be described by the function

α (x, l, αmin, αmax) =
1

2
αmin

(
1− tanh

(
x

l

))
+

1

2
αmax

(
1 + tanh

(
x

l

))

=
αmin + αmax

2
+

αmax − αmin

2
tanh

(
x

l

) (1)

The reciprocal function of the color functionx(φ) is

x(φ) = l tanh−1

(
φ− αmin+αmax

2
αmax−αmin

2

)
, αmin < φ < αmax.

Figure 2 represents the color functionα (equation (1)) in the particular caseαmin = 0.1,
αmax = 0.9 (l = 1 andl = 0.1).

2.2 The 1D anti-diffusive approach for a monotone color function

Let us illustrate form a qualitative point of view how the anti-diffusive approach works on
the equation
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Figure 1: The hyperbolic tangenttanh(x/l).
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with D > 0 andα monotone decreasing function

∂α

∂x
≤ 0,

(see for instance Figure3). With a conservative finite volume discretisation explicit in time we
can write in thei-th cell

αn+1
i − αn

i

∆t
=

D

∆x

(
αn
i−1/2 − αn

i+1/2

)
, (2)

αi being value inside thei-th cell andαi±1/2 intercell values (see Figure 4).
According to the monotone condition forα, we supposeαn

i−1 ≥ αn
i ≥ αn

i+1.
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Figure 2: The color function (1) whenαmin = 0.1, αmax = 0.9 (l = 1 andl = 0.1).
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Figure 3: Example of translation of a monotone decreasing color functionα(x) with speed1, namely plot of
α(x − t) with t = 0 andt = 2.
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The choice of the intercell valueαi+1/2 depends on the approach we use.

• αn
i+1/2 = αn

i corresponds to theupwind scheme(the speed D being positive), first order
accurate and conditionally stable, which diffuses the Heaviside function.

• αn
i+1/2 = αn

i+1 corresponds to thedownwind scheme, first order accurate and uncondi-
tionally unstable, which “anti-diffuses” the Heaviside function.

• The purpose of thecontrolled anti-diffusive scheme is the combination of both ap-
proaches to prevent the diffusion of the Heaviside function. We look forαn

i+1/2 such
that

αn
i+1/2 ∈ (αn

i+1, α
n
i )

More in particular we look for the closest value to the downwind one which does not cre-
ate a new extremum, namelywe look for the minimum value ofαn

i+1/2 which provides
the maximum value ofαn+1

i with

αn+1
i ≤ Mn

i = max
(
αn
i , α

n
i−1

)
= αn

i−1. (3)

From equation (2) we can write

αn
i+1/2 = αn

i−1/2 −
∆x

D∆t

(
αn+1
i − αn

i

)
.

In order to avoid a condition which couples all the intercell faces, we take forαn
i−1/2 its most

conservative value, the one which maximizesαn+1
i , namely we suppose thatαn

i−1/2 = Mn
i . It

follows that condition (3) is satisfied ifαn
i+1/2 ≥ bni with

bni = Mn
i −

∆x

D∆t
(Mn

i − αn
i )

= αn
i −

(
∆x

D∆t
− 1

)
(Mn

i − αn
i )

(4)

independently from the choice ofαn
i−1/2 (indeed we have supposed that it assumes its worst

value for condition (3)).
bni is lower than the upwind value (αn

i ) providing that a CFL condition is respected. At the end
we choose

αn
i+1/2 = max(αn

i+1, b
n
i ).

In this wayαn
i+1/2 ∈ (αn

i+1, α
n
i ); namely its value is between the upwind and is the closest to

the downwind one which does not create new extrema.

From a mathematical point of view one can show that using this scheme the 1D solution of
Heaviside function presents zero, one or two intermediate regions at each time step, i.e. as the
time increases the solution is not numerically diffused.

x
i−1/2 i+1/2

i−1 i i+1

Figure 4: Conservative finite volume discretisation.x axis. Indexesi − 1, i, i + 1 refer to cell value. Indexes
i− 1/2, andi+ 1/2 refer to intercell values.
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2.3 The tanh modification for a monotone color function

As in Section 2.2, we present the approach in the case

∂α

∂x
≤ 0,

and αn
i−1 ≥ αn

i ≥ αn
i+1.

We suppose that in thei-th cell the color function has the shape

αtanh (x− xi) =
1

2
−

1

2
tanh

(
β(x− xi)

∆xi

+ x̃i

)

where∆xi is the cell dimension,β is a parameter which controls the steepness ofαtanh (the
characteristic lengthl is ∆xi/β), x̃i is a parameter we have to determine. Instead of using a
condition over the integral, as in the THINC approach, we prefer considering a condition over
the value. Namely we computẽxi such that

αtanh (0) = αn
i

i.e.
x̃i = tanh−1 (1− 2αn

i ) , 0 < αn
i < 1.

Once determined̃xi, sinceβ is given, we increase the numerical diffusion of the anti-diffusive
approach by imposing a constraint on the downwind-closest value forαn

i+1/2, namely we require
that

αn
i+1/2 > αtanh(xi+1/2 − xi︸ ︷︷ ︸

0.5∆x

). (5)

We define
˜̃bni = max(αn

i+1, αtanh(0.5∆x))

and we want now that
αn
i+1/2 ∈ (

˜̃
bni , α

n
i )

which is more restrictive thanαn
i+1/2 ∈ (αn+1

i , αn
i ).

Finally, conditions (4) and (5) are satisfied if

αn
i+1/2 = max(

˜̃
bni , b

n
i ).

wherebni is defined via equation (4).

The following properties hold.

• Since ˜̃bni ≥ αn+1
i , the scheme is more diffusive than the anti-diffusive approach presented

in Section 2.2.

• If the tanh restriction is not so important (i.e.αtanh(0.5∆x) ≤ αn+1
i , which implies

˜̃
bni = αn+1

i ), the scheme degenerates to the anti-diffusive approach.
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2.4 The tanh modification in the 1D general case

First of all, let us present the general formula for the anti-diffusive scheme. We define

mn
i = min

(
αn
i−1, α

n
i

)

Mn
i = max

(
αn
i−1, α

n
i

)
.

We suppose that speedsDi−1/2 ≥ 0, Di+1/2 > 0.
We want to find intercell boundaries values forα such that

mn
i ≤ αn+1

i ≤ Mn
i (6)

mn
i+1 ≤ αn

i+1/2 ≤ Mn
i+1 (7)

Condition (6) is satisfied if




Mn
i ≥ αn

i

+
Di−1/2∆t

∆xi
(Mn

i − αn
i )

−
Di+1/2∆t

∆xi
(αn

i+1/2 − αn
i )

mn
i ≤ αn

i

+
Di−1/2∆t

∆xi

(mn
i − αn

i )

+
Di+1/2∆t

∆xi
(αn

i − αn
i+1/2)

or 



αn
i+1/2 ≥ bni = αn

i

−
∆xi

Di+1/2∆t
(Mn

i − αn
i )

+
Di−1/2

Di+1/2

(Mn
i − αn

i )

αn
i+1/2 ≤ Bn

i = αn
i

+
∆xi

Di+1/2∆t
(αn

i −mn
i )

−
Di−1/2

Di+1/2

(αn
i −mn

i )

(8)

It is difficult to show thatbni ≤ αi ≤ Bn
i . Then we define

li = max(mn
i+1,min(bni , α

n
i )))

Li = min(Mn
i+1,max(Bn

i , α
n
i ))
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with bni andBn
i defined in (8). Sinceli ≤ αi ≤ Li, the value ofαn

i+1/2 defined as

αn
i+1/2 =





Li if αn
i+1 > Li,

αn
i+1 if Li ≥ αn

i+1 ≥ li,
li if li > αn

i+1

(9)

satisfies conditions (6) and (7).

We introduce numerical diffusion when the downwind value is too strong with respect to the
tanh representation ofα.

• If |αn
i−1 − αn

i+1| ≤ 10−3 we do not modify formulae.

• If αn
i−1 > αn

i+1 (negative centered gradient forα), then

αtanh (x− xi) =
1

2
−

1

2
tanh

(
β(x− xi)

∆xi
+ x̃i

)

x̃i = tanh−1 (1− 2αn
i ) , 0 < αn

i < 1.

˜̃bni = max(αn
i+1, αtanh(0.5∆xi))

We redefine
mn

i+1 = min(αn
i ,

˜̃
bni )

and then we proceed like in classical downwind approach.

li = max(mn
i+1,min(bni , α

n
i )))

Li = min(Mn
i+1,max(Bn

i , α
n
i ))

wherebni andBn
i are defined via formulae (8).

Finally

αn
i+1/2 =





Li if αn
i+1 > Li,

αn
i+1 if Li ≥ αn

i+1 ≥ li,
li if li > αn

i+1

• If αn
i−1 < αn

i+1 (positive centered gradient forα), then

αtanh (x− xi) =
1

2
+

1

2
tanh

(
β(x− xi)

∆xi
− x̃i

)

x̃i = tanh−1 (1− 2αn
i ) , 0 < αn

i < 1.

˜̃Bn
i = min(αn

i+1, αtanh(0.5∆xi))

We redefine
Mn

i+1 = max(αn
i ,

˜̃Bn
i )

and then we proceed like in classical downwind approach.

li = max(mn
i+1,min(bni , α

n
i )))

Li = min(Mn
i+1,max(Bn

i , α
n
i ))
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wherebni andBn
i are defined via formulae (8).

Finally

αn
i+1/2 =





Li if αn
i+1 > Li,

αn
i+1 if Li ≥ αn

i+1 ≥ li,
li if li > αn

i+1

At the beginning of this section we have supposed thatDi−1/2 > 0, Di+1/2 > 0. If we
suppose that speedDi−1/2 < 0, Di+1/2 < 0, we proceed in the same manner. Finally, if
Di−1/2.Di+1/2 < 0 or if Di+1/2 = 0, we take the upwind value.

2.5 Extension to unstructured grids

The anti-diffusive approach for unstructured meshes we consider here is the one presented
in [4]. Let us describe it from a qualitative point of view (see [4] for details).
As shown in Figure 5 in thei-th cell we have to distinguish between inlet and outlet interfaces,
according to the scalar product of the velocityD and the normal vector pointing outside. At the
outlet interfaces we define

mn
i,out,j = min{αn

i , α
n
i,out,j},

Mn
i,out,j = max{αn

i , α
n
i,out,j},

mn
i,out = minj{m

n
i,out,j},

Mn
i,out = maxj{M

n
i,out,j},

where index′′i, out, j′′ refers to the neighbor of thei-th cell sharing thej-th outlet interface.
At the outlet interfaces we compute the quantity∆upni,out, which is the amount ofα transmitted
in the upwind case from thei-th cell to the neighbors sharing outlet interfaces. We also define
the so-called downwind factor, which is the fraction of∆upni,out retained inside thei-th cell. A
downwind factor equal to 0 means that∆upni,out is totally transmitted to its neighbors while a
downwind factor equal to 1 means that all∆upni,out is totally kept inside thei-th cell.

Ci,in,1

Ci,in,2 Ci,in,3

Ci,out,4

Ci,out,5

Ci

∂Ci,in,2

∂Ci,out,4

D
n
i,in,2

D
n
i,out,4

ni,in,2

ni,out,4

Figure 5: Two dimensional finite volume cell. Illustration for numerical resolution of the transport equation forα.
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As in the 1D case, the tanh modification of the anti-diffusive scheme introduces a constraint
to the downwind factor. First of all, we compute

~n = −
~∇α

| ~∇α|

~n is directed versus the region of decreasingα. Then we suppose that, in the same direction as
~n, α has the shape

αtanh (s) =
1

2
−

1

2
tanh

(
βs

∆xi
+ x̃i

)
(10)

wheres is the curvilinear abscissa starting from the center of the cell and

x̃i = tanh−1 (1− 2αn
i ) .

We also define
smax = max

j∈face
(|ri,j · n|),

• If ∆upni,out > 0, the functionαtanh(s) (which is 1 ats = −∞ and0 ats = +∞) is moving
in the same direction as~n (namely versus positive value ofs). As in 1D, we enforce that
the tanh modification should limit the value ofmn

i,out. We know that

αtanh (smax) < αn
i .

We compute
˜̃
bni = max

(
αtanh (smax) , m

n
i,out

)

We define

˜̃Λ
n

i =
αn
i −

˜̃
bni

αn
i −mn

i,out

and we enforce that the downwind factor cannot be larger than˜̃Λ
n

i .

• If ∆upni,out < 0, the functionαtanh(s) (which is 1 ats = −∞ and0 at s = +∞) is
moving versus the negative value ofs. As in 1D, we enforce that the tanh modification
should limit the value ofMn

i,out. We know that

αtanh (−smax) > αn
i .

We compute
˜̃Bn
i = min

(
αtanh (−smax) ,M

n
i,out

)

We define

˜̃Λ
n

i =
˜̃Bn
i − αn

i

Mn
i,out − αn

i

and we enforce that the downwind factor cannot be larger than˜̃Λ
n

i .

Concluding, the principle of the approach is the same as in the 1D case: we introduce a
constraint which involves a space scalel to increase the numerical diffusion when the space
scale in thei-cell at timetn is lower thanl.
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3 Numerical results

Wehave computed several test cases with the new approaches, which are not presented here.
For instance we have verified that both approaches degenerate to the upwind one asβ tends to
zero (l = ∆x/β tends to infinity). Similarly, both approaches degenerate to the anti-diffusive
one asβ tends to infinity (l = ∆x/β tends to zero).

The first test case we present here is the propagation of a reactive shock wave. It is a good
example to see the behavior of the different approaches.

The second test case is the Chapman-Jouguet deflagration shock tube previously proposed
in [7]. This test case is interesting because it allows observing how the poor accuracy on the
flame region can affect the accuracy on the flame-generated shock wave. Here we show that the
the anti-diffusive approach with tanh modification gives results more accurate that the classical
limited second order approach. In particular the number of intermediate cells does not increase
with time for the former.

The third test case is a non-reactive test case and consists in the expansion of a cylindrical
high-pressure region. It confirms that even in multi-dimensional computations the different
approaches behave in the same manner as in 1D computations. In particular the anti-diffusive
approach with tanh modification shows to be more accurate than the one involving the Barth-
Jespersen reconstruction.

3.1 Moving reactive shock wave

We compute a moving reactive shock wave for a stoichiometric mixture of hydrogen-air. For
the unburnt mixture

(ρ, v, P ) = (1.069100549993681, 545.2, 139000.0)

SI units. For the burnt mixture

(ρ, v, P ) = (0.1468254285125072, 829.1210885558426, 125279.9833247705)

SI units. The fundamental speed of the shock isK0 = 45.2 m/s, which gives a visible speed
of D = (545.2 − 45.2) = 500 m/s. Specific heats are computed as fourth degree polynomial
regressions of JANAF data.

Let us now investigate the behavior of different approaches (the anti-diffusive ones with tanh
presentβ = 0.5). We take a mesh0 < x < 20 m with 100 cells, a CFL equal to 0.5 and we
suppose that at the beginning the reactive shock is inx = 10 m.

In Figure 6 we represent the volume fraction of the burnt gasesα obtained using the classical
first order upwind (top) and the minmod limited second-order reconstruction (bottom). As ex-
pected the result obtained with the former approach is less accurate than the one obtained with
the latter one. However in both approaches the number of intermediate regions increases with
time.

In Figure 7 we represent the volume fraction of the burnt gasesα obtained using the anti-
diffusive approach (top) the anti-diffusive approach with tanh modification. As one can see,
the anti-diffusive approach presents only one intermediate region while the other one presents a
number of intermediate regions (10) which does not vary with time (as expected).
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Figure 6: Propagation of a moving reactive shock wave.α, volume fraction of the burnt gases. On the top, first
order upwind scheme. On the bottom, minmod limited second-order reconstruction
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Figure 7: Propagation of a moving reactive shock wave.α, volume fraction of the burnt gases. On the bottom,
anti-diffusive approach with tanh modification (case 2, limitation on the downwind-closest value).
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3.2 Chapman-Jouguet deflagration shock tube

Let us consider the Chapman-Jouguet deflagration shock tube previously proposed in [7].
The20 meter long shock tube involves on the right (0 m ≤ x ≤ 10 m) a stoichiometric mix-
ture of hydrogen-air, with pressure and temperature equal to1.013 bar and290 K respectively.
On the left (−10 m ≤ x ≤ 0 m), the burnt gas (due to the complete combustion of the stoi-
chiometric mixture of hydrogen-air) is found with pressure and temperature equal to2.013 bar
and2800 K. The specific heats are computed as fourth degree polynomials of the temperature,
obtained by interpolating data in JANAF tables. For the modeling and numerical reasons al-
ready explained in [5], the right part contains a very small volume of burnt gas (volume fraction
is ε = 10−8) and the left part contains a very small volume of unburnt gas (volume fraction
is ε = 10−8). The gases are initially at rest and the fundamental flame speed is set equal to
200 m/s.

Let us now investigate the behavior of different approaches (the anti-diffusive one with tanh
modification presentβ = 0.5). We take 1000 cells and a CFL equal to 0.75; second-order
in time is achieved using an explicit Runge-Kutta scheme and we perform a minmod lim-
ited second-order reconstruction on primitive variables. Different approaches are tested on the
volume fraction: minmod limited second-order reconstruction, anti-diffusive approach, anti-
diffusive approach with tanh modification.

In Figure 8 we represent the burnt gas volume fractionα as function ofx at different times.
As usual, the minmod limited second-order reconstruction ofα generates a numerical diffusion
region dimension which increases with time. The anti-diffusive approach onα generates one
intermediate region only. Finally the anti-diffusive approach with tanh modification generates
a numerical diffusion region with about 10 cells which does not increase with time.
In Figure 9 we present the computed pressure close to the reactive front. As usual the anti-
diffusive approach gives the most accurate results but the anti-diffusive approach with tanh
modification also gives a correct representation of the flame region thanks to the fact that the
numerical diffusion region does not increase with time.

3.3 2D Expansion of a cylindrical high-pressure high-density region

We have a quadrangular domain with 121x121 element with∆x = 1 (non-dimensional
units), namely−60.5 ≤ x ≤ 60.5, −60.5 ≤ y ≤ 60.5. At the center we have a cylinder with
r = 6 and we suppose that in the elements having their center inside this cylinder we have
P = 102 andρ = 1.4 · 102 (and color function equal to 1). Outside we haveP = 1 andρ = 1.4
(and color function equal to 0). We suppose that we are dealing with a calorically perfect gas,
with γ = 1.4.

Computations are realized with EUROPLEXUS using the DEMS material [8], the Euler
explicit scheme for time integration, CFL = 0.25 and four different approaches:

• the upwind approach;

• UDCS combined with the Barth-Jespersen (limited second-order) reconstruction;

• UDCS combined with anti-diffusive approach;

• UDCS combined with anti-diffusive approach with tanh modification.

Because of the high-density high-pressure region, the cylindrical region expands in the low-
density low-pressure region. In Figure 10 we represent the color functionα at t = 1 and at
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Figure 8: Chapman-Jouguet deflagration shock tube. Volume fraction of the burnt gasesα as function ofx (SI
units). On the top, minmod limited second-order reconstruction onα. On the center anti-diffusive approach onα.
On the bottom, anti-diffusive approach with tanh modification onα (the whole domain is -10 m≤ x ≤ 10 m).
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Figure 9: Chapman-Jouguet deflagration shock tube. PressureP as function ofx (SI units). On the top, minmod
limited second-order reconstruction onα. On the center anti-diffusive approach onα. On the bottom, anti-diffusive
approach with tanh modification onα (the whole domain is -10 m≤ x ≤ 10 m).
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t = 10 obtained with the anti-diffusive approach.

Figure 10: Expansion of a cylindrical high-pressure high-density region. Anti-diffusive approach.α at t = 1 (top)
and att = 10 (bottom).
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In Figure 11 we represent the solution on the cell centers withy = 0 (the curvilinear abscissa
involving centers begins atx = 0 and ends atx = 120). As one can see, for the anti-diffusive
approach we have only one or two intermediate zones betweenα equal to 1 and 0. Solution
for the anti-diffusive approach with tanh modification is obtained withβ = 0.75. As one can
see, att = 1 this solution is as accurate as the one obtained with the Barth-Jespersen approach.
At t = 10 the number of intermediate regions keeps the same for the former while increase for
the latter one, as expected, namely the anti-diffusive approach with tanh modification becomes
more accurate than the one involving the Barth-Jespersen reconstruction.
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Figure 11: Expansion of a cylindrical high-pressure high-density region.α at t = 1 (top) andt = 10 (bottom)
using different approaches.y = 0 (the curvilinear abscissa involving centers begins atx = 0 and ends atx = 120).
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4 Conclusion and perspectives

A modification of the anti-diffusive approach is here proposed in 1D and multi-dimensional
cases. This approach uses the hyperbolic tangent function to introduce a space scale for the
diffusion region of the color functionα. The existence of this diffusion region with a finite
width allows a correct computation of gradient ofα and then a correct computation of normals
to the flame surface. Moreover, as shown by several numerical experiments here considered
in reactive and non-reactive cases, the number of intermediate regions (i.e. its width) remains
constant in time, making this approach more accurate than the ones which use a classical limited
second order reconstruction.

Of course this way of computing normals does not resolve the problem of flame wrinkling,
which in the case of the new approach is even more important than in case of approaches
involving a limited second order reconstruction (as expected, since numerical diffusion is less
important in the former case).

A way of reducing the flame wrinkling is to compute normals to the flame interface using a
field obtained by the diffusion of the color functionα. If the elimination of the flame wrinkling
is a must, further studies should be done in this direction.

REFERENCES

[1] K. Tang, A. Beccantini, and C. Corre, “Combining Discrete Equations Method and upwind
downwind-controlled splitting for non-reacting and reacting two-fluid computations,” in
Seventh International Conference on Computational Fluid Dynamics (ICCFD7), Big Is-
land, Hawaii, July 9-13, 2012.

[2] K. Tang,Combining Discrete Equations Method and Upwind Downwind-Controlled Split-
ting for Non-Reacting and Reacting Two-Fluid Computations. PhD thesis, Université de
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Abstract. We consider a large time step (LTS) Roe scheme, originally suggested by LeVeque
[Comm. Pure Appl. Math., 37 (1984), pp. 463–477] which has attained increased popularity
in recent years. The scheme is based on a wave formulation of the ordinary Roe scheme, and
the assumption that waves interact linearly. This assumption lets us propagate waves over more
than one cell, thereby violating the ordinary CFL condition requiring the Courant number to be
less than one. The LTS Roe scheme is applied to a two-phase flow model with phase transfer,
modelled using the stiffened-gas equation of state. Results from various test cases show that
the LTS Roe scheme with moderate Courant numbers is significantly more efficient than the
ordinary Roe scheme, measured by an error-to-runtime ratio. The optimal Courant number is
mainly a trade-off between reduced runtime due to fewer time steps, and increased error due to
the assumption of linear wave interactions.
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1 INTRODUCTION

The motivation for our paper is solving hyperbolic conservation laws of the form

ut + f(u)x = 0, (1a)
u(x, 0) = u0(x). (1b)

Here u ∈ RN is a vector of N unknowns, f : RN → RN is a hyperbolic flux function, and
u0 some initial condition. Numerical methods for solving such problems often fit into the finite
volume framework, which solves eq. (1) in the integral form,

d

dt
U i =

F i−1/2 − F i+1/2

∆x
, (2)

where U i approximates the average of u over volume i. The numerical flux function F i−1/2
approximates the flux between cells i− 1 and i, using only the cell averages {U i}.

Standard explicit finite volume methods typically use a three-point stencil which limits the
time steps to prevent waves from travelling more than one cell. Large time step (LTS) schemes
seek to circumvent this restriction by using a larger stencil, to allow longer time steps and there-
fore more efficient numerical simulations. Explicit LTS schemes also have the advantage of
being easily parallelizable, in contrast to implicit schemes, as pointed out by e.g. Norman et al.
[20]. One of the first large time step schemes for scalar conservation laws was presented by
LeVeque [9] in 1982. This scheme represents all waves as shocks, and handles the merging of
shocks explicitly. LeVeque later introduced an LTS scheme for systems of conservation laws
[11] using an exact Riemann solver, and proposed one using the Roe approximate Riemann
solver [10]. The wave interactions are assumed to be linear, which removes the need to han-
dle wave interactions explicitly. More recently, Qian and Lee [21] extended this scheme by
taking wave interactions into account. Norman et al. [20] developed a LTS scheme similar to
LeVeque’s approach, based on a WENO discretization.

Harten [4] developed a class of LTS schemes of second order with 2K + 3 stencils, where
K is the Courant number. He proves that the scheme is total-variation diminishing (TVD) for
linearized systems, and introduces an entropy fix. This scheme was later picked up by Qian and
Lee [22] and slightly modified to improve its stability. They also constructed an LTS scheme
for Yee’s upwind TVD scheme [27]. Other approaches to LTS schemes outside the framework
of Godunov methods have also been presented, such as the front-tracking scheme of Holden
et al. [6].

Murillo et al. [19] and Morales-Hernández et al. [17] picked up on LeVeque’s ideas and
applied an LTS Roe scheme to the shallow water equations. Recently, Thompson and Moeller
[26] introduced their wave-in-cell numerical scheme for hyperbolic conservation laws. The
scheme has many similarities with front-tracking schemes, and tracks the waves from each
Riemann problem explicitly, assuming they interact linearly. For nonlinear systems, the solution
is projected onto a grid after each time step. Both these schemes are equivalent to the LTS Roe
scheme we present in this paper, although applied to a different system of equations.

The LTS Roe scheme presented in the current paper is built on the general framework of
TVD LTS schemes described by Lindqvist et al. [13]. This work derived TVD requirements for
a class of LTS schemes, and discusses how existing schemes like LTS Godunov and LTS Roe fit
into this TVD LTS framework. They prove that an LTS extension of the Lax-Friedrichs scheme
is the most diffusive scheme, and that the LTS Roe scheme is the least diffusive scheme.
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In this paper, we apply the LTS Roe scheme to a two-phase flow model for CO2 pipelines,
with thermodynamics described by the stiffened-gas equation of state. CO2 capture and storage
(CCS) is expected to play a crucial role in reducing the world’s emissions of greenhouse gases.
In the International Energy Agency’s two-degree scenario (2DS), CCS will contribute to reduc-
ing the global CO2 emissions by about seven gigatonnes per year in 2050 [7]. CO2 pipelines will
be one of the key elements in a CCS infrastructure, and accurate models and efficient numerical
methods are necessary to predict their operation.

1.1 Paper outline

Our paper is organized as follows: In section 2, we give a short introduction to the ordinary
Roe scheme and its large time step (LTS) extension. Section 3 describes the homogeneous
equilibrium model for two-phase flow, which we will use in our numerical test cases. The
model is applied to two-phase flow of CO2, the thermodynamics of which is described by the
stiffened-gas equation of state. Results from various test cases relevant to compressible two-
phase flow are presented in section 4, where we investigate how the LTS Roe scheme performs
for Courant numbers greater than 1. The different Courant numbers are compared in terms of
error versus runtime. Finally, section 5 summarizes our findings and outlines how the scheme
can be improved and extended to higher order.

2 NUMERICAL SCHEME

To solve the hyperbolic equation system (1) numerically, we divide the x and t axes into
finite volumes of size (∆x,∆t), and integrate over one such cell,

Un+1
i = Un

i +
∆t

∆x
(F n

i−1/2 − F n
i+1/2), (3)

where Un
i is the average of u over cell i at time tn, and F n

i−1/2 approximates the flux at the cell
interface between cells i− 1 and i.

In the classical Roe scheme [24], the numerical flux F n
i−1/2 is given by

F n
i−1/2 =

1

2
(F (Un

i ) + F (Un
i−1))−

1

2
|Â(Un

i−1,U
n
i )|(Un

i −Un
i−1), (4)

where Â is the Roe matrix, which must satisfy three properties:

1. Conserving: Â(UL,UR)(UR −UL) = F (UR)− F (UL)

2. Hyperbolic: Â(UL,UR) is diagonalizable with real eigenvalues

3. Consistent: Â(UL,UR)→ ∂F
∂U

smoothly as UL,UR → U

Here, UL/UR are the states to the immediate left/right of the cell interface.
If Â = R̂Λ̂R̂

−1
is a diagonalization of the Roe matrix, the absolute Roe matrix is |Â| =

R̂|Λ̂|R̂−1. Here |Λ̂| = diag(|λ̂1|, . . . , |λ̂N |) is the diagonal matrix with the absolute eigenvalues
of Â. It is instructive for our further derivations to rewrite the scheme in terms of waves, as

Un+1
i = Un

i −
∆t

∆x
(Â

+

i−1/2∆i−1/2 + Â
−
i+1/2∆i+1/2), (5)

where ∆i−1/2 = U i−U i−1, Â
±

= R̂Λ̂
±
R̂
−1

, and Λ̂
±

= ±diag(max(±λ̂1, 0), . . . ,max(±λ̂N , 0)).
This formulation illustrates how the fluctuations Â

+

i−1/2∆i−1/2 (right-going) and Â
−
i+1/2∆i+1/2

(left-going) propagate as waves in each direction.
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2.1 Large time step (LTS) Roe scheme

In this section, we present the most important aspects of the LTS Roe scheme, which was
first proposed by Leveque [10]. For more details, the reader is referred to Lindqvist et al. [13].
The time step ∆t in the ordinary Roe scheme in eq. (5) is limited by the CFL condition [2],
which requires the Courant number C to be less than one,

C =
∆t

∆x
max
k,i

(|λk,i|) < 1. (6)

Here λk,i is the kth eigenvalue of ∂F /∂U in the ith cell. This condition ensures that no waves
travel more than one cell in a single time step, or equivalently that the numerical domain of
dependence includes the mathematical domain of dependence. The motivation behind the LTS
Roe scheme (or any LTS scheme, for that matter) is to enable larger time steps by extending the
numerical domain of dependence.

If we assume that all wave interactions are linear, a natural extension of the Roe scheme is

Un+1
j = Un

j −
∆t

∆x

∞∑
i=0

(
Â
i+

j−1/2−i∆j−1/2−i + Â
i−
j+1/2+i∆j+1/2+i

)
, (7)

where
Â
i±

= R̂Λ̂
i±
R̂
−1
, (8a)

Λ̂
i±

= diag(λ̂i±), (8b)

λ̂i+ = max

(
0,min

(
λ̂− i∆x

∆t
,
∆x

∆t

))
, (8c)

λ̂i− = min

(
0,max

(
λ̂+ i

∆x

∆t
,−∆x

∆t

))
. (8d)

Although the sum in eq. (7) appears to be infinite, Â
i±

will be zero for sufficiently large i.
This reduces to the ordinary Roe scheme for Courant numbers less than 1. More importantly,
it allows arbitrarily large Courant numbers while still respecting the condition that the numer-
ical domain of dependence include the mathematical one. For scalar equations, we also know
that the scheme is TVD [13]. For a Courant number of C, the scheme’s stencil will include a
maximum of 2dCe+ 1 cells.

2.2 Entropy fix

Lindqvist et al. [13] show that the scheme is unconditionally total-variation diminishing for
scalar equations for all Courant numbers. From the Lax-Wendroff theorem [8] we know that
TVD schemes converge to a weak solution for scalar equations, but not necessarily the correct
entropy solution [5]. In [13], it is suggested to vary the time step slightly, which ensures that
entropy-violating shocks are eliminated. In this work, we employ this entropy fix, by using a
modified Courant number Ĉ given by

Ĉ = C − r, (9)

where r is sampled randomly and uniformly from the interval (0, 1).
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Lindqvist et al. [13] also prove an extension of Harten’s lemma [3]: All unconditionally TVD
schemes have numerical viscosities that are bounded by the LTS Lax-Friedrichs and the LTS
Roe schemes. The related work of Qui and Shu [23] also concerns the entropy properties of
TVD LTS schemes.

3 TWO-PHASE FLOW MODEL

For our numerical test cases, we model the two-phase (gas-liquid) flow of CO2 using the one-
dimensional homogeneous equilibrium model (HEM) [25], in which the two phases have the
same pressure, temperature, chemical potential and velocity. The advantage of this model is that
it does not require explicit modelling of the interaction between the phases, such as interfacial
friction, heat and mass. It can nevertheless describe two-phase flow reasonably well in cases
where the two phases are tightly coupled, such as in bubbly flow or in small diameter pipes.
This model has been used for simulation of two-phase flow by e.g. Clerc [1], Lund et al. [14].

The homogeneous equilibrium model can be expressed using the Euler equations,

∂ρ

∂t
+
∂(ρv)

∂x
= 0, (10a)

∂ρv

∂t
+
∂(ρv2 + p)

∂x
= 0, (10b)

∂E

∂t
+
∂ [v(E + p)]

∂x
= 0, (10c)

where ρ is the mixture density, v is the velocity, p is the pressure and E is the mixture energy
density. The latter can be expressed as

E = ρ

(
e+

1

2
v2
)
, (11)

where e is the mixture internal energy density.
To close the equation system (10), we need an equation of state (EOS) to relate the pressure

p to the mixture density ρ and the mixture internal energy density e. In this work, we construct
a mixture EOS by describing each phase using the stiffened-gas EOS, as described by e.g.
Menikoff [15], Menikoff and Plohr [16]. For each phase, this can be viewed as a linearization
of a reference EOS, and has the advantage of being simple and highly efficient, while still giving
relatively accurate results close to a chosen reference point. The two stiffened-gas equations of
state are combined into a mixture EOS by requiring that both phases have the same pressure,
temperature and chemical potential.

The pressure, internal energy and chemical potential (for each phase) are given by

pk(ρk, T ) = ρk(γk − 1)cv,kT − p∞,k, (12)

ek(ρk, T ) = cv,kT +
p∞,k
ρk

+ e∗,k, (13)

µk(ρk, T ) = γkcv,kT + e∗,k − cv,kT ln

(
T

T0,k

(
ρ0,k
ρ

)γk−1)
− s0,kT, (14)

where γk, cv,k, p∞,k, e∗,k, T0,k, ρ0,k and s0,k are parameters specific for phase k = {g, `} where
g denotes gas and ` denotes liquid. These parameters can be fitted using experimental data or a
reference EOS for a given fluid.
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The pressure p must be expressed as a function of mixture density ρ ≡ αgρg +α`ρ` and mix-
ture energy e ≡ (αgρgeg + α`ρ`e`)/ρ, with the condition that the phase pressures, temperatures
and chemical potentials be equal, pg = p` = p, Tg = T` = T and µg = µ`. This leads to a
transcendental equation system that is solved numerically using a Newton method, as in Lund
et al. [14].

In the LTS Roe scheme for the homogeneous equilibrium model (10), we use the Roe matrix
described by Morin et al. [18]. The Roe matrix is diagonalized numerically.

4 RESULTS

In this section, we will present results from various test cases relevant to compressible flow.
We will compare the LTS Roe scheme to an ordinary Roe scheme with a Courant number less
than one. The performance of the two methods will be measured by the error achieved for a
certain runtime, which in this case is more relevant than the error on a certain grid, as long as we
are not limited by memory. The error is measured in the L2 norm by comparing the numerical
solutions to reference solutions calculated with a Roe method with minmod flux limiter on a
6000 cell grid. More precisely, the error E can be expressed as

E =

√∑n
i=1(Ui − Uref,i)2

n
, (15)

where Ui and Uref,i are the numerical and the reference solution at point i, respectively.
The properties used for the stiffened gas equation of state are listed in table 1. These prop-

erties are fitted to match the real properties of carbon dioxide at p = 45 bar and saturation
conditions (T = 283.13 K).

Table 1: Stiffened gas parameters, fitted to CO2 at 45 bar and saturation conditions.

Symbol Unit Gas value Liquid value

γ – 1.06 1.23
p∞ Pa 8.86× 105 1.32× 108

cv J/(kg K) 2411 2436
e∗ J/kg −3.00× 105 −6.23× 105

T0 K 283.13 283.13
ρ0 kg/m3 135 861.27
s0 J/(kg K) 1784 1088

4.1 Advected volume fraction discontinuity

In this case, there is an initial discontinuity in the volume fraction which is advected in the
positive x direction at a constant speed. The initial conditions are

p = 20 bar, (16a)
u = 10 m/s, (16b)

α` =

{
0.1 if x ≤ 2500 m,

0.9 if x > 2500 m,
(16c)

T = Teq(p), (16d)
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Figure 1: Liquid volume fraction discontinuity at time t = 500 s on a grid with 100 cells for initial conditions
given in eq. (16).

where Teq(p) denotes the equilibrium (boiling) temperature at the pressure p.
Figure 1 shows the liquid volume fraction at time t = 500 s for four different Courant num-

bers, compared to the reference solution. Since each time step introduces some diffusion, the
LTS Roe scheme has a significant advantage over the ordinary Roe scheme for this case. As
an example, Roe with C = 0.9 will need roughly 56 times more time steps than LTS Roe with
C = 50, leading to more diffusion and a less accurate solution. In addition, fewer time steps
means a shorter computational time, which adds to the advantages of using LTS Roe for this
case. This seems to indicate that it is beneficial to increase the Courant number indefinitely,
however this is not the case for all initial conditions, as we will see in the following sections.

4.2 Rarefaction and shock

This case starts with a discontinuity in both volume fraction and pressure, which leads to
both a rarefaction wave and a shock wave. The initial condition is given by

u = 0, (17a)

α` =

{
0.1 if x < 5000 m,

0.9 if x > 5000 m,
(17b)

p =

{
20 bar if x < 5000 m,

60 bar if x > 5000 m,
(17c)

T = Teq(p). (17d)

Figures 2 and 3 show the pressure and liquid volume fraction, respectively, at t = 25 s. In
this case, it is clear that a Courant number of 50 is far too high, and also C = 10.0 leads to
some oscillations. C = 3.0 seems more appropriate and gives a solution similar to that achieved
with C = 0.9, although some oscillations are present. However, since C = 0.9 requires about 3
times as many time steps, C = 3.0 might well be the most appropriate choice when it comes to
runtime per error.
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Figure 2: Pressure for at time t = 25 s on a grid with 100 cells for initial conditions given in eq. (17).
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Figure 3: Pressure for at time t = 25 s on a grid with 100 cells for initial conditions given in eq. (17).
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Figure 4: Errors plotted against runtime for initial conditions given in eq. (17).
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Figure 4 shows the error in the three conservative variables as function of runtime, for the
four different Courant numbers considered. It is apparent that a Courant number of 3 gives
a significantly lower error for a given runtime compared to C = 0.9. This picture seems to
be consistent for all the three conserved variables. Even C = 50.0 achieves runtimes that are
comparable to that of C = 0.9 for a given error, although this requires a grid with about 7 times
more cells.

4.3 Liquid-gas shock tube

In this case, the left part of the domain contains liquid at 60 bar, whereas the right contains
gas at 20 bar. This is expected to be more challenging than the previous cases, since it requires
handling both single-phase and two-phase regions. More precisely, the initial state is given by

u = 0, (18a)

α` =

{
1 if x < 5000 m,

0 if x > 5000 m,
(18b)

p =

{
60 bar if x < 5000 m,

20 bar if x > 5000 m,
(18c)

T = Teq(p). (18d)
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Figure 5: Pressure at time t = 7 s on a grid with 100 cells for initial conditions given by eq. (18).

Figure 5 shows the pressure at t = 7 s on a grid with 100 cells, compared to the reference
solution. Both C = 10.0 and C = 50.0 lead to some significant oscillations, whereas C = 3.0
performs quite well. However, it is apparent that the speed of the left-moving rarefaction wave
(around x = 2000 m) is not resolved correctly and is notably different from the exact one.

Figure 6 shows the errors in the three conserved variables as function of runtimes. Also
for this rather challenging case, the LTS Roe scheme outperforms the ordinary Roe scheme for
moderate Courant numbers. Even a Courant number as high as 10 seems to be the best choice
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Figure 6: Errors plotted against runtime for initial conditions given in eq. (18).
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for this case when it comes to runtime, somewhat contrary to what one would expect when only
considering fig. 5.

4.4 Smooth initial state

As a final test of how LTS Roe handles smoother initial states, we consider the following
initial state:

α` = 0.6 sin
(
π

x

10 000 m

)
+ 0.2 (19a)

u =
(

2.0 cos
(

4π
x

10 000 m

)
+ 2
)

m/s (19b)

p =
(

20 + sin
(

1 + 4
x

10 000 m

))
bar (19c)

T = Teq(p) (19d)

Figure 7 shows the errors and runtimes for the three conserved variables. For this case, with
rather smooth solutions, the LTS Roe scheme performs very well, and seems able to handle very
large Courant numbers.

4.5 Discussion

From the results presented above, the main impression is that the LTS Roe scheme with mod-
erate Courant numbers works well for a variety of different cases. For smooth solutions, very
high Courant numbers can be tolerated and still produce results with a lower error-to-runtime
ratio. The presence of shocks and strong nonlinearities seems to reduce the maximal suitable
Courant number, which is to be expected since we assume all waves interact linearly. Neverthe-
less a Courant number of around 3 proved to be a good choice in all cases. Interestingly, this is
very similar to what was reported by LeVeque [11] in his related scheme.

We have presented the dependence of the error on runtime and Courant number for the
various cases. It is important to note that the time needed for different steps of the solution
procedure might vary significantly depending on the application. In our case, a large portion of
the simulation time is spent solving the two-phase equilibrium problem, mentioned in section 3.
This makes it especially beneficial to increase the Courant number, since this leads to fewer ex-
ecutions of the two-phase equilibrium solver. The same considerations are likely to be relevant
for other applications that involve computationally expensive thermodynamics.

Simply put, the solution procedure for a single time step consists of three parts:

1. Calculating the waves emanating from each cell interface by solving the Riemann prob-
lems,

2. propagating the waves over one or more cells (depending on the Courant number),

3. and projecting the resulting solution back onto the grid.

Each step involves a certain cost and introduces a certain error. In a typical application, step
1 incurs the highest costs, whereas steps 2 and 3 introduce the most errors. In step 2, the LTS
Roe scheme is based on the assumption that the waves interact linearly, which leads to some
errors. In addition, each projection in step 3 leads to projection errors. When increasing the
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Figure 7: Errors plotted against runtime for initial conditions given in eq. (19).
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Courant number, we make a trade-off between increased error in step 2, reduced error (due to
fewer executions) in step 3, and reduced cost (fewer executions) of step 1. The Courant number
that gives the optimal trade-off (error versus runtime) will depend on the application.

5 SUMMARY

We have presented a two-phase flow model using the stiffened gas equation of state to de-
scribe the gas and liquid phases. The model was solved numerically with a novel large time
step (LTS) Roe scheme. The LTS Roe scheme is based on the ordinary Roe scheme, but has a
larger stencil which allows longer time steps while still being total-variation diminishing (TVD).
Waves emanating from the Riemann problems are assumed to interact linearly, and propagated
over one or more cells depending on the wave speed.

The LTS Roe scheme was applied to a number of test cases relevant to two-phase flow. It was
shown that increasing the Courant number above 1 can give more accurate results for a certain
runtime. For most cases, there is an optimal, finite Courant number that gives the optimal trade-
off between runtime and error. Since the scheme is fully explicit, it is easily parallelizable,
which is an advantage over implicit schemes.

As presented, the LTS Roe scheme is of first order, but we expect the scheme to be easily
extendable to second order. Harten [4] expanded his similar scheme to second-order by applying
to a modified flux using a minmod flux limiter. Furthermore, it is not straightforward to include
source terms in a LTS scheme. A possibility is to use a fractional-step method such as Godunov
or Strang splitting (see e.g. LeVeque [12, Ch. 17]), or to integrate the calculation of source
terms directly with the wave propagation. This work verifies that the LTS Roe scheme, already
successfully applied to shallow water flow [17, 19], aerodynamics [22] and Maxwell’s equations
[26], can be extended to more general equation systems.
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for invaluable advice and discussions.

References

[1] S. Clerc. Numerical simulation of the homogeneous equilibrium model for two-phase
flows. Journal of Computational Physics, 161(1):354–375, June 2000. doi: 10.1006/jcph.
2000.6515.

[2] R. Courant, K. Friedrichs, and H. Lewy. On the partial difference equations of mathe-
matical physics. IBM Journal of Research and Development, 11(2):215–234, 1967. doi:
10.1147/rd.112.0215.

1706



Sofia Lindqvist and Halvor Lund

[3] A. Harten. High resolution schemes for hyperbolic conservation laws. Journal of Compu-
tational Physics, 49(3):357–393, Mar. 1983. doi: 10.1016/0021-9991(83)90136-5.

[4] A. Harten. On a large time-step high resolution scheme. Mathematics of Computation, 46
(174):379–399, 1986. doi: 10.2307/2007983.

[5] A. Harten, J. M. Hyman, P. D. Lax, and B. Keyfitz. On finite-difference approximations
and entropy conditions for shocks. Communications on Pure and Applied Mathematics,
XXIX:297–322, 1976. doi: 10.1002/cpa.3160290305.

[6] H. Holden, K.-A. Lie, and N. H. Risebro. An unconditionally stable method for the Euler
equations. Journal of Computational Physics, 150:76–96, 1999. doi: 10.1006/jcph.1998.
6164.

[7] IEA. Energy Technology Perspectives. 2014. ISBN 978-92-64-20801-8. doi: 10.1787/
energy\ tech-2014-en.

[8] P. Lax and B. Wendroff. Systems of conservation laws. Communications on Pure and
Applied Mathematics, 2:217–237, 1960. doi: 10.1002/cpa.3160130205.

[9] R. J. LeVeque. Large time step shock-capturing techniques for scalar conservation laws.
SIAM Journal on Numerical Analysis, 19(6):1091–1109, 1982. doi: 10.1137/0719080.

[10] R. J. Leveque. Convergence of a large time step generalization of Godunov’s method for
conservation laws. Communications on Pure and Applied Mathematics, 37(4):463–477,
1984. ISSN 1097-0312. doi: 10.1002/cpa.3160370405.

[11] R. J. LeVeque. A large time step generalization of Godunov’s method for systems of
conservation laws. SIAM Journal on Numerical Analysis, 22(6):1051–1073, 1985. doi:
10.1137/0722063.

[12] R. J. LeVeque. Finite Volume Methods for Hyperbolic Problems. Cambridge University
Press, New York, 2002.
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Abstract. Often, Lagrange’s formalism based on the Lagrangian is the preferred way in order
to derive equations of motion for a mechanical system. Therefore, the first step is the formula-
tion of the total kinetic and total potential energy. In this formalism, holonomic constraints can
be taken into account by using the Lagrange multiplier method, and external and dissipative
forces can be included variationally consistently by means of the Lagrange-D’Alembert princi-
ple. In this way, we are directly arrive at a weak formulation of the equations of motion without
using a strong form and integration by parts. The variational time integration method is now
based on the discretization of the action functional and the discrete variational calculus. This
method leads to time stepping schemes called variational integrators.
In this paper, we show that variational integrators based on higher-order shape functions and
quadrature rules leads to a higher-order time approximation, which preserve the total linear
and total angular momentum of the mechanical system. A further topic of the paper is a new im-
plementation of the Lagrange multiplier method for holonomic constraints in the higher-order
variational integrator, in order to compute bearing forces by means of Lagrange multipliers.
Usually, variational integrators show an excellent long time behavior and bind the total energy
error per time step, but are not able to preserve the total energy exactly. Therefore, we introduce
a discrete gradient of the total potential energy in the variational integrator to preserve the total
energy. We show different discrete gradients with different results for numerical stability. We
can show that these time stepping schemes preserve the total linear momentum, total angular
momentum as well as the total energy for every time step size.
As numerical examples, we show motions of three-dimensional continua, which are discretized
in space by the finite element method. We start with a free flying hyper-elastic rotor to show
the preservation of total linear and total angular momentum in combination with higher-order
accuracy in time. In the second example, we consider a hyper-elastic beam and apply the La-
grange multiplier method in order to calculate the bearing forces at fixed nodes. In the last
example, the energy conservation is shown for different discrete gradients.
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1 INTRODUCTION

This paper shows the application of a variational formulation in time to create an energy-
conserving variational integrator of higher order accuracy for finite element models. A three-
dimensional body will be discretized with linear finite elements in space. We also apply DIRICH-
LET boundaries and show how these can be included in the variational principle. For this, we
use LAGRANGE multiplier with a special NEWTON-COTÊS approximation. The calculation of
the bearing forces will be described, which is needed for the calculation of the balance of total
angular momentum. A standard variational integrator is total linear and total angular momen-
tum conserving, however does not preserve the total energy of a discrete conservative system.
But, the introduction of the enhanced derivative or gradient, respectively, in Reference [1] in the
variational integrator leads to a variational based time integration algorithm, which preserves
the discrete balance of total energy.

First of all, the introduction of the enhanced gradient is consistent with the LAGRANGE-
D’ALEMBERT principle and therefore generates an extended variational integrator. This knowl-
edge can be derived from the generalization of the discrete derivative or gradient, respectively,
in Reference [8] to higher order schemes [1]. For higher order schemes, the discrete gradient
of the total energy is always split into two terms of a sum. The first term is a conservative
part, which arises in a variational integrator from the discretized Lagrangian of the dynamical
system. The second term as extension of the conservative part can be considered as a special
non-conservative extension of the dynamical system. The special feature of this term is, that
it does not lead to a physically based energy dissipation or a physically based external work,
but rather to an algorithmic energy conservation in the discrete variational system and to a zero
term in the continuous variational system. In Reference [1] is also shown, that both parts can
be derived from a separate constraint variational problem, which can be concatenated with the
variational formulation of the dynamical system.

Another interesting point of view is to recognize in the second term of the enhanced gradient
an energy error controller. In Reference [11], there is described a so-called affine Hamiltonian
control system with an extended Hamiltonian

H(q,p,u) = H0(q,p)−
ncon∑
j=1

Hj(q,p)uj (1)

which depends only linearly or affine on the control variables uj , j = 1, . . . , ncon. The function
H0 is called the internal Hamiltonian of the dynamical system, and the functions Hj are called
coupling Hamiltonians. Accordingly, the natural outputs yj , j = 1, . . . , ncon of the Hamiltonian
system are given by

yj =
∂H

∂uj
(2)

Taking into account Hamilton’s principle, we arrive in the continuous setting at the affine Hamil-
tonian control system

q̇ =
∂H0

∂p
−

ncon∑
j=1

∂Hj

∂p
uj (3)

ṗ = −∂H0

∂q
+

ncon∑
j=1

∂Hj

∂q
uj (4)
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u y

Hamiltonian System

Discrete gradient

Figure 1: Discrete gradient as energy error controller of a time integrator

with the corresponding total energy balance

dH0

dt
=

ncon∑
j=1

ẏj uj (5)

Hence, in the continuous setting the input variables have to vanish for total energy conservation,
but in the discrete setting the sum balance the energy error of the time integrator. Comparing this
Hamiltonian formulation with that in Reference [1], it is obvious that the control inputs uj are
the components of the second term of the enhanced gradient, following from a costoptimized
constraint optimization problem and leading to an energy consistent algorithmic closed loop
control problem.

Consequently, the enhanced gradient as higher order accurate discrete gradient can be seen
at least in two ways as a consistent extension of a variational based time integrator. In this work,
the first method of using the LAGRANGE-D’ALEMBERT principle is shown in a continuous as
well as discrete setting.

2 FINITE ELEMENT APPROXIMATION

We choose a standard spatial finite element discretization for the solid continuum. First we
define a model in the reference configuration B0 at time t = 0. The deformed model is denoted
by the configurations Bt for t > 0. The postion vector in configuration B0 is described by
the vector X ∈ Rn. For the configuration Bt, the new position vector depends on time t with
x(t) ∈ Rn. The index n means the number of degrees of freedom for the three-dimensional
discretized continuum.

X ∈ Rn in B0 and x(t) ∈ Rn in Bt (6)

With an application of the isoparametric concept [3], we define a function ϕ. This makes it
possible to calculate the actual postion from the reference configuration and the actual time t.
The actual position depends on a linear mapping

x(t) = ϕ(X, t). (7)

The position vectors are approximated in space with linear LAGRANGE-polynomials NA on the
reference element with coordination vector ξ. This finite element is also known as C3D8 cube.

Xe,h =
ns∑
A=1

NA(ξ)Xe,A (8)
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xe,h =
ns∑
A=1

NA(ξ)qe,A (9)

The deformation gradient is defined by the derivative of the function ϕ with respect to X,

F(X, t) = ∇Xϕ(X, t) (10)

with

Fe =
ns∑
A=1

qe,A ⊗
(

(Je)−T · ∂N
A(ξ)

∂ξ

)
. (11)

and

Je =
ns∑
A=1

Xe,A ⊗ ∂NA(ξ)

∂ξ
(12)

The deformation gradient F provides a relationship between tangent vectors in the reference
and actual configuration of a continuum. For the description of the deformation measurement
we choose the right-CAUCHY-GREEN tensor

C = FTF (13)

The third invariant of F can also be defined in C as

I3(F) =
√

det(C). (14)

We also define the derivative of the tensor C with respect to q as the linearized strain operator

Be,A = 2
∂Ce

∂qe
= 2∇XN

A ⊗ FeT . (15)

2.1 MATERIAL FORMULATION

The used material model is described by the following free energy function see also [5] and
[10].

ψ =
µ

2
[tr(C)− ndim − 2 ln(I3(C))] + ψvol (16)

ψvol =
λ

2

[
ln(I3(C))2 + (I3(C)− 1)2

]
(17)

The constants λ and µ are called LAMÉ-parameters. In the three-dimensional case, ndim is set
to three. This matrial model, in combination with the formulation of the right-CAUCHY-GREEN

tensor, allows us to decribe large deformations for the physical model.

3 THE LAGRANGIAN

The LAGRANGE function, defined by the kinetic energy T kin and potential energy V int, is
given by

L = T kin − V int (18)

1712



Matthias Bartelt and Michael Groß

As potential energy V int,e, we define the integral over free energy function ψe for every element
and the gravity with respect to the reference configuration B0. The kinetic energy T kin,e for one
element depends on the mass matrix Me and the velocity q̇e.

V int,e =

∫
Be0

ρ0ψ
e(Ce(qe)) + ρ0g

e · qedV (19)

T kin =
1

2

∫
Be0

ρ0q̇ · q̇ (20)

T kin,e =
1

2
q̇e ·Me · q̇e (21)

The gravitational vector ge is defined by ge = g[0,− ey,0]T with g as the gravitational constant.

3.1 APPROXIMATION IN TIME

The postion vector q and velocity vector q̇ are discretized in the following way:

qh =

np∑
i=0

Mi(α)q i
np

qd =

np∑
i=0

M
′

i (α)q i
np

i = 0 . . . np (22)

np is the number of polynomial degree and M represents the LAGRANGE polynomials in the
interval from zero to one. For this approximation, we need specific quadrature points αj, j =
1, . . . , nq. In this paper, we only use GAUSSIAN quadrature points and LAGRANGE polynomials
with equidistant points in the interval from zero to one. Note that, it is also possible to choose
other quadrature points or other shape functions in time. The approximated velocity vector q̇ is
defined by the derivative of the position vector with respect to the time t. This derivative will
be replaced by a derivative of M(α) with respect to α.

q̇(t) =

np∑
i=0

dM(α(t))

dt
q i

np
=

np∑
i=0

1

hn

∂M(α)

∂α
q i

np
=

np∑
i=0

1

hn
M
′

i (α)q i
np

=
1

hn
qd (23)

3.2 THE DISCRETE STATE SPACE DEFINITION

We divide one time interval with the size hn into different micro time steps. The number
of micro time steps depends on the polynomial degree of approximation in time. This will be
applied to the position vector q̄k+1 and the LAGRANGE-multiplier vector λ̄k+1.

q̄k+1 =

[
qk,qk+ 1

np
,qk+ 2

np
, . . . ,q

k+
np−1

np
,qk+1

]T

(24)

λ̄k+1 =

[
λk,λk+ 1

np
,λk+ 2

np
, . . . ,λ

k+
np−1

np
,λk+1

]T

The total number of all state variables is summarized in q̄tot and λ̄tot. The number of all macro
time steps is equal to nt.

q̄tot =

[
q0+ 0

np
,q0+ 1

np
,q0+ 2

np
, . . . ,q

0+
np−1

np
,q1+ 0

np
, . . . ,q

nt−1+
np−1

np
,qnt

]T

(25)

λ̄
tot

=

[
λ0+ 0

np
,λ0+ 1

np
,λ0+ 2

np
, . . . ,λ

0+
np−1

np
,λ1+ 0

np
, . . . ,λ

nt−1+
np−1

np
,λnt

]T

The continuous LAGRANGIAN will be approximated with discretized variables, see below.
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3.3 THE DISCRETE LAGRANGIAN

L̃d =

tk+1∫
tk

1

2
q̇h ·M · q̇hdt−

tk+1∫
tk

∫
B0

ρ0ψ(C(qh)) + ρ0g · qhdV dt−
tk+1∫
tk

λ ·Φ (q) dt (26)

First we define a discrete functional Ld,k+1 without the LAGRANGE multiplier vector λ.

Ld,k+1(q̄k+1) = hn

nq∑
m=1

wmL(qk+1, q̇k+1) (27)

The reason is, we want to fulfill constraints at the micro time steps and not at the quadrature
points. Therefore we apply a NEWTON-COTÊS quadrature for the constraint terms. The ap-
plication of the NEWTON-COTÊS quadrature, with an equidistant choice of quadrature points,
decouples the following equations and defines the LAGRANGE multiplier at the micro time
steps.

L̃d,k+1(q̄k+1, λ̄k+1) = Ld,k+1(q̄k+1)− hn
nq∑
i=0

wcMc,i(αc)λ̃k+ i
np
·Φ
(
qk+ i

np

)
(28)

The shape functions in time for the NEWTON-COTÊS quadrature are always one for the quadra-
ture points and zero for all other shape functions.

nq∑
i=0

wcMc,i(αc)λ̃k+ i
np

=

nq∑
i=0

wcλ̃k+ i
np

(29)

We also define a new LAGRANGE multiplier vector λk+ i
np

which includes the weight from the
quadrature.

L̃d,k+1(q̄k+1, λ̄k+1) = Ld,k+1(q̄k+1)− hn
nq∑
i=0

λk+ i
np
·Φ
(
qk+ i

np

)
(30)

We build the discrete action sum Sd as a sum over all time steps.

δSd = δ

nt−1∑
k=0

L̃d,k+1 (31)

=
∂

∂q̄tot

(
nt−1∑
k=0

L̃d,k+1

)
· δq̄tot +

∂

∂λ̄
tot

(
nt−1∑
k=0

L̃d,k+1

)
· δλ̄tot

The first variation with respect to q̄tot gives us:

∂

∂q̄tot

(
nt−1∑
k=0

L̃d,k+1

)
· δq̄tot (32)

=
nt−1∑
k=0

[
D1L̃d,k+1 · δqk +

np−1∑
i=1

(
D1+iL̃d,k+1 · δqk+ i

np

)
+ D1+npL̃d,k+1 · δqk+1

]

=
nt−1∑
k=0

np−1∑
i=1

(
D1+iL̃d,k+1 · δqk+ i

np

)
+

nt−1∑
k=1

(
D1L̃d,k+1 + D1+npL̃d,k

)
· δqk

+ D1L̃d,1 · δq0 + D1+npL̃d,nt · δqnt
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By definition, δq0 = δqnt = 0 are always zero. We also define the derivative D1+iL̃d,k+1 in the
following way:

D1+iL̃d,k+1 =
∂L̃d,k+1

∂qk+ i
np

with i ∈ {0, . . . np} (33)

We collect the terms for similar variations and get:

0 = D1+npL̃d,k + D1L̃d,k+1 (34)

0 = D1+iL̃d,k+1 ∀ i = 1, . . . , np − 1 (35)

In the same way, we define the vector of linear momentum. The vector of linear momentum
only exists at every macro time step.

p̄tot = [p0,p1,p2, . . . ,pnt−1,pnt ]
T (36)

The discrete EULER-LAGRANGE equations are invariant up to rigid body motions. Therefore,
we can reformulate the EULER-LAGRANGE equations in the so called position-momentum form
[7].

pk = D1+npL̃d,k = −D1L̃d,k+1 (37)

−pk = D1L̃d,k+1 (38)

pk+1 = D1+npL̃d,k+1 (39)

The variation with respect to λ̄tot gives:

∂

∂λ̄
tot

(
nt−1∑
k=0

L̃d,k+1

)
· δλ̄tot

= −
nt−1∑
k=0

hn

np∑
i=0

Φ
(
qk+ i

np

)
· δλ̄k+ i

np
(40)

As a result, the constraints have to be fulfilled at every micro time step.

Φ
(
qk+ i

np

)∣∣∣np−1

i=0
= 0 (41)

In order to guarantee the symplecticity construction for our time step scheme, the following
condition has to be implemented to fulfill the constraints on velocity level at the last micro time
step in every macro time step [2], [7].

dΦ (qk+1)

dt
= Ψ (qk+1,pk+1) = 0 (42)

With the equations below we get the discrete EULER-LAGRANGE equations in the position-
momentum form. In these equations we first calculate implicitly the unknown values of the
postion vector for every micro time step and the unknown LAGRANGE multiplier in Equa-
tion (43). In the ”update” step we calculate also implicitly the unknown LAGRANGE multiplier
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and the linear momentum vector at the end of the micro time step, Equation (44) [6], [9].

−pk =
∂Ld,k+1

∂qk
− hn

(
∂Φ(qk)

∂qk

)T

· λk (43)

0 =
∂Ld,k+1

∂qk+ i
np

− hn

∂Φ
(
qk+ i

np

)
∂qk+ i

np


T

· λk+ i
np

∣∣∣∣∣∣∣
np−1

i=1

0 = Φ(qk+ i
np

)
∣∣∣np−1

i=1

pk+1 =
∂Ld,k+1

∂qk+1

− hn
(
∂Φ(qk+1)

∂qk+1

)T

· λk+1 (44)

0 = Ψ (qk+1,pk+1)

The derivative of the discrete LAGRANGE function with respect to q for every element can be
written as

∂Ld,k+1

∂q̄ek+1

=

nq∑
i=1

wi

∂

(
1

2
qde(αi) ·Me · qde(αi)

)
∂q̄ek+1

(45)

−
nq∑
i=1

wi

∂

∫
Be0

[
ρ0ψ

e
(
C̃e(qhe(αi))

)
+ ρ0g

e · qhe
]

dV


∂q̄ek+1

.

4 CONSERVATION PROPERTIES

Every variational integrator conserves the balance of total linear momentum and the balance
of total angular momentum. Without any constrains and no gravitational force, it is easy to
calculate these conservation properties, but we want to show how these properties can be calcu-
lated and show that they are preserved, and hence constraints and a gravity force are included
in the simulation.

4.1 BALANCE OF TOTAL LINEAR MOMENTUM

In the case without a DIRICHLET boundary, the conservation of the balance of total linear
momentum in the x, y, z-direction can be calculated by the sum over all nnodes nodes:

nnodes∑
i=1

[
pj,ik+1 − pj,ik

]
︸ ︷︷ ︸

Pi+1−Pi

= 0 ∀j = [x, y, z] (46)

In the case with boundary nodes, the conservation of the balance of total linear momentum in
the x, y, z-direction can be calculated by the sum over all nnodes nodes and the sum over the
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LAGRANGE multiplier vector:

nnodes∑
i=1

[
pj,ik+1 − pj,ik

]
+ hn

nnodes∑
i=1

np∑
m=0

λj,ik+ m
np

= 0 ∀j = [x, y, z] (47)

nnodes∑
i=1

[
pj,ik+1 − pj,ik

]
︸ ︷︷ ︸

Pi+1−Pi

+hn

nnodes∑
i=1

np∑
m=0

wcMc,m(αc)λ̃j,ik+ m
np︸ ︷︷ ︸

F̄ ext

= 0 ∀j = [x, y, z] (48)

4.2 BALANCE OF TOTAL ANGULAR MOMENTUM

Without a DIRICHLET boundary and external forces, the conservation of the balance of total
angular momentum can be easily calculated by

nnodes∑
i=1

[
qik+1

× pik+1
− qik × pik

]
︸ ︷︷ ︸

Li+1−Li

= 0 (49)

In the case of DIRICHLET boundary conditions, the bearing forces at the boundary nodes have
to be calculated. Also the gravity force has to be included in the calculation to show the conser-
vation of the balance of the balance of total angular momentum.

nnodes∑
i=1

[
qik+1

× pik+1
− qik × pik

]
︸ ︷︷ ︸

Li+1−Li

+

nnodes∑
i=1

[
np∑
m=0

Mm(α)qi,mk+ m
np
× Fext,h

ik+ m
np

]
︸ ︷︷ ︸

M̄ ext

= 0 (50)

Then the approximated external forces Fext,h
ik+ m

np
only depends on the gravitational force Fg, and

the external forces are equal to the gravity force.

Fext,h
ik+ m

np
= Fg (51)

In the case with boundary nodes the bearing forces at the boundary nodes have to be calculated.
Therefore, we introduce a force Fλ which is theoretically approximated at the GAUSSIAN points
in time and the force Fλc. Now we project Fλc onto Fλ with the following relation.

M̄gwgMgFλ = M̄cwcMcFλc (52)

M̄gwg
(
Mn

gF
n
λ + M1

gF
1
λ

)
= M̄cwcMcFλc (53)

M̄gwgM
n
gF

n
λ = M̄cwcMcFλc − M̄gwgM

1
gF

1
λ (54)

Fn
λ =

(
M̄gwgM

n
g

)−1

M̄c wcMcFλc︸ ︷︷ ︸
λ̃F

−M̄gwgM
1
gF

1
λ

 (55)

Fn
λ =

(
M̄gwgM

n
g

)−1
[
M̄cλ̃F − M̄gwgM

1
gF

1
λ

]
(56)

M̄g and M̄c are trial functions for a GAUSSIAN and NEWTON-COTÊS quadrature. Mg and Mc

are also shape functions for a GAUSSIAN and NEWTON-COTÊS quadrature at all quadrature
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points and the corresponding quadrature weights wg and wc. Fn
λ represents the unknown vector

of the forces in one macro time step.
Furthermore, a non-diagonal mass matrix is used and presented in the time step scheme, because
it is essential to calculate the terms from nondiagonal entries in the mass matrix multiplied with
the approximated velocity. We subtract the linear momentum values pbc

kin from the calculated
LAGRANGE multiplier vector λ.

hnλ̃F = hnλ− pbc
kin (57)

λ̃F = λ− pbc
kin

hn
(58)

pnd
kin = M · q̇ =

nq∑
i=1

M ′(αi)wi
[M− diag(M)] · qd(αi)

hn
(59)

For the calculation of the force vector λ̃F only the values at boundary nodes pbc
kin are needed.

pbc
kin = pnd

kin

∣∣
boundary (60)

λ̃F = λ− pbc
kin

hn
= λ− Fbc

kin (61)

Now we use Equation (56) and calculate for every macro time step the unknown forces at the
nodes Fn

λ for every micro time step.
The calculated forces can now be used for the calculation of balance of the total angular mo-
mentum in Equation (50). We now define Fext,h

ik+ m
np

as

Fext,h
ik+ m

np
= Fg +

np∑
m=0

wMm(α)Fλ,ik+ m
np

(62)

Hence, it is possible to show the conservation of the balance of total angular momentum in the
x, y, z-direction for a system with homolonic constraints.

4.3 THE DISCRETE GRADIENT

We start analogous to [1] with two functionals F e and Ge.

F e(DGWe(α)) =
1

2

1∫
0

∥∥DGWe(α)−DWe(α)
∥∥2

dα (63)

Ge(DGWe(α)) =We(1)−We(0)−
1∫

0

DGWe(α):
∂C

∂α
dα (64)

We choose the functional Ge as a constraint for every element with a LAGRANGE multiplier γe.
The new functionalHe should only depend on DGWe(α) and γe

He(DGWe(α), γe) = F e(DGWe(α)) + γeGe(DGWe(α)) (65)
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The variation ofHe with respect to DGWe(α) gives us the first equation

∂He

∂DGWe(α)
=

1∫
0

[(
DGWe(α)−DWe(α)

)
− γe

∂C(α)

∂α

]
dαδDGWe(α) = 0 (66)

0 =
(
DGWe(α)−DWe(α)

)
− γe

∂C(α)

∂α
(67)

DGWe(α) = DWe(α) + γe
∂C(α)

∂α
(68)

The variation ofHe with respect to γe gives us the second equation

∂He

∂γe
=

We(1)−We(0)−
1∫

0

DGWe(α):
∂C(α)

∂α
dα

 δγe = 0 (69)

0 = We(1)−We(0)−
1∫

0

DGWe(α):
∂C(α)

∂α
dα (70)

Now we replace the DGWe(α) term in the Equation (70) with DGWe(α) from Equation (68).

DGWe(α) = DWe(α) + γe
∂C(α)

∂α
(71)

We(1)−We(0) =

1∫
0

DWe(α):
∂C(α)

∂α
dα + γe

1∫
0

∂C(α)

∂α
:
∂C(α)

∂α
dα (72)

Rearranging the equation with respect to γe and replacing it in Equation (68) we obtain

γe =

We(1)−We(0)−
1∫

0

DWe(α):
∂C(α)

∂α
dα

1∫
0

∂C(α)

∂α
:
∂C(α)

∂α
dα

(73)

DGWe(α) = DWe(α) +

We(1)−We(0)−
1∫

0

DWe(α):
∂C(α)

∂α
dα

1∫
0

∂C(α)

∂α
:
∂C(α)

∂α
dα

∂C(α)

∂α
(74)

Until now, the approximation of C(α) and DWe(α) are not fixed. So we take a look at which
kind of possiblities we have to choose an approximation. To fulfill the balance of energy in
every time step, we define integral over one time step as

1∫
0

dWe(α)

dα
dα =

1∫
0

S̃(α):
1

2

∂C(α)

∂α
dα =

1∫
0

S̃(α):
1

2

∂C(α)

∂qh

∂qh

∂α
dα = We(1)−We(0). (75)
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To fulfill Equation (75), a special S̃(α) is needed. We define S̃(α) ≡ 2DGWe(α) and test the
relation.

We(1)−We(0) =

1∫
0

S̃(α):
1

2

∂C(α)

∂α
dα (76)

=

1∫
0

DWe(α):
∂C(α)

∂α
dα

+

We(1)−We(0)−
1∫

0

DWe(α):
∂C(α)

∂α
dα

1∫
0

∂C(α)

∂α
:
∂C(α)

∂α
dα

1∫
0

∂C(α)

∂α
:
∂C(α)

∂α
dα

We(1)−We(0) = We(1)−We(0)

It is possible to choose a different approximation of C and also fulfill Equation (75).

1∫
0

DWe(α):
∂Ca

∂α
dα +

We(1)−We(0)−
1∫

0

DWe(α):
∂Ca

∂α
dα

1∫
0

∂Cb

∂α
:
∂Ca

∂α
dα

1∫
0

∂Cb

∂α
:
∂Ca

∂α
dα (77)

One possible case is:

Ca ≡ C(qh) (78)
Cb = Ca and DWe(α) = DWe(Ca)

One other case is:

Ca ≡ C(qh) (79)
Cb = Ch 6= Ca and DWe(α) = DWe(Cb)

This special choice of Ca and Cb is also known as assumed strain formulation [1].

4.4 ENERGY CONSERVING

A variational integrator only bind the energy error in every time step, but not under the
NEWTON tolerance. We implement a discrete gradient to correct energy error [8], [1]. The
variational integrator loses its symplecticity, but the absolute value of the energy error in every
time step is bounded by the NEWTON tolerance. Splitting Equation (74) in two parts allows
us to put one part in potential energy and the other part can be introduced by the LAGRANGE-
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D’ALEMBERT principle.∫
Be0

∂ρ0ψ
e
(
Che

)
∂q̄ek+1

dV =

∫
Be0

Se
(
Che

)
:Be

(
qhe(α)

)
dV (80)

=

∫
Be0

2DWe(C
he):Be

(
qhe(α)

)
dV

The second part will be placed in the LAGRANGE-D’ALEMBERT principle.

KDG (C(α)) = 2

We(1)−We(0)−
1∫

0

DWe(α):
∂C(α)

∂α
dα

1∫
0

∂C(α)

∂α
:
∂C(α)

∂α
dα

∂C(α)

∂α
(81)

The virtual work can be written as

δWd,k+1(q̄ek+1) = −hn
nq∑
i=1

wiKDG(Che):Be
(
qhe(αi)

)
δqhe(αi) (82)

= −
nq∑
i=0

ΓDG
k+ i

np

(
Che,qhe

)
δqe

k+ i
np

The new time step scheme leads to

−pk =
∂Ld,k+1

∂qk
− hn

(
∂Φ(qk)

∂qk

)T

· λk + ΓDG
k

(
Che,qhe

)
(83)

0 =
∂Ld,k+1

∂qk+ i
np

− hn

∂Φ
(
qk+ i

np

)
∂qk+ i

np


T

· λk+ i
np

+ ΓDG
k+ i

np

(
Che,qhe

)∣∣∣∣∣∣∣
np−1

i=1

0 = Φ(qk+ i
np

)
∣∣∣np

i=1

pk+1 =
∂Ld,k+1

∂qk+1

− hn
(
∂Φ(qk+1)

∂qk+1

)T

· λk+1 + ΓDG
k+1

(
Che,qhe

)
(84)

0 = Ψ (qk+1,pk+1)

With respect to Equation (77), we define the time step scheme with the following approximation
of the right CAUCHY-GREEN tensor as VDG1:

Che ≡ Ce
(
qhe
)

and DWe

(
Che

)
= DWe

(
Ce
(
qhe
))

(85)

This approximation of the right CAUCHY-GREEN tensor in the time step scheme will be named
as VDG2:

Che ≡
nq∑
i=0

Mi(α)Ce
i (qi) and DWe

(
Che

)
= DWe (Ce

i ) (86)

The difference with respect to the energy error and the stability will be shown for the numerical
examples.
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5 NUMERICAL EXAMPLES

First we show the convergence for a higher order accuracy in position and linear momentum
for a free flying rotor. In the next numerical example we also proof the balance of linear mo-
mentum, the balance of angular momentum and the balance of energy for the free flying rotor
and the vibration of a cantilever beam.

5.1 CONVERGENCE STUDY FOR THE FREE FLYING HYPERELASTIC ROTOR

The convergence was calculated for a simulation time t = 1 s. After this time, the values
of position and linear momentum vectors were used as qend and pend. The reference solution
for qref and pref for every polynomial degree np was calculated with the smallest time step size
hn ≈ 5 · 10−4. A convergence study is preformed with the following simulation parameters:

nel 560 ndof 3156 · np

hn 2−1,...,−9 s Tend 1 s
np 1, . . . , 4 ρ0 8.93
ρ0λ 66.25 ρ0µ 650
ε 1 · 10−8 r0 [0, 0, 0.3]T

ω [1, 0, 1]T v [10, 0, 15]T

Table 1: Simulation parameters for the convergence study

The free flying rotor in the reference configuartion is printed in the Figure 2. The motion is
subject to a gravitational force field g, and initiated by an initial translational velocity field v
and an intial angular velocity field ω with the corresponding position vector r0.
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Figure 2: Reference configuration for the free flying hyperelastic rotor for the time t = 0 s
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As error criterion, the relative error in position and linear momentum is defined using the
EUCLIDIAN norm. Theoretically, convergence order for position vector and linear momentum
vector should be identical; in fact, they are almost identical in dependence of the stiffness of the
material. The theoretical values were reached until np = 3. For np = 4, the theoretical values
are not obtained, but we assume that with more calculation points it would be possible to show
the theoretical convergence order.
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Figure 3: Convergence in position without discrete
gradient
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Figure 4: Convergence in linear momentum without
discrete gradient
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Figure 5: Convergence in position with VDG2
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Figure 6: Convergence in linear momentum with
VDG2
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5.2 FREE FLYING HYPERELASTIC ROTOR

In the Figure 7 the reference configuration of the free flying rotor is shown with a finer mesh.
In this example the rotor gets an initial linear velocity v and an initial angular velocity ω around
the point r0. The simulation parameters can be found in the Table 2. The printed total CPU-time

nel 18639 ndof 74136 · np = 222408
hn 0.02 s Tend 4 s
np 3 ρ0 8.93
ρ0λ 66.25 · 103 ρ0µ 65 · 105

ε 1 · 10−7 r0 [0, 0, 0.3]T

ω [1, 0, 1]T v [10, 0, 15]T

VI without discrete gradient
tcpu 14790 s tsolver 11660 s

VDG2
tcpu 17660 s tsolver 12380 s

Table 2: Simulation parameters for the free flying rotor

and SOLVER-time in the table both are measured for a parallelization of the element calculation
in CUDA. For a large number of degrees of freedom ndof resulting from the polynomial degree
np for the selected approximation, the CPU-time tcpu more and more depends on the SOLVER-
time tsolver.
The overhead for a calculation with a higher order approximation and the effort of using a
discrete gradient in the element routine can be compensated by a parallelization of the element
routine with CUDA.
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Figure 7: Reference configuration for the free flying hyperelastic rotor for the time t = 0 s
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The Figures 8-11 show the parabolic free fly of the rotor in the gravitational field for different
time points. The color bar at the right-hand side of each figure marks the VON MISES stress at
the spatial nodes.
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Figure 8: Actual configuration for the free flying hy-
perelastic rotor for the time t = 1 s
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Figure 9: Actual configuration for the free flying hy-
perelastic rotor for the time t = 2 s
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Figure 10: Actual configuration for the free flying hy-
perelastic rotor for the time t = 3 s
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Figure 11: Actual configuration for the free flying hy-
perelastic rotor for the time t = 4 s
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For this simulation, we calculated the balance of total linear momentum, the balance of total
angular momentum, and the balance of total energy for a higher order variational integrator
without using a discrete gradient. All balances were also divided by the NEWTON criterion ε,
see Table 2. The balances of total linear momentum and balance of total angular momentum
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Figure 12: Balance of total linear momentum without
discrete gradient for free flying rotor with np = 2
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Figure 13: Balance of total linear momentum without
discrete gradient for free flying rotor with np = 3
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Figure 14: Balance of total angular momentum with-
out discrete gradient for free flying rotor with np = 2
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Figure 15: Balance of total angular momentum with-
out discrete gradient for free flying rotor with np = 3
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Figure 16: Balance of total energy without discrete
gradient for free flying rotor with np = 2
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Figure 17: Balance of total energy without discrete
gradient for free flying rotor with np = 3

are met, but not the balance of total energy. The balance of the total angular momentum is
calculated under influence of the gravitational force, see Equation (50).
The same kind of calculations are preformed with the discrete gradient for the time step scheme
VDG2. The balance of total linear momentum and balance of total angular momentum are also
met.
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Figure 18: Balance of total linear momentum with
VDG2 for free flying rotor with np = 2
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Figure 19: Balance of total linear momentum with
VDG2 for free flying rotor with np = 3
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Figure 20: Balance of total angular momentum with
VDG2 for free flying rotor with np = 2
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Figure 21: Balance of total angular momentum with
VDG2 for free flying rotor with np = 3
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Figure 22: Balance of total energy with VDG2 for
free flying rotor with np = 2
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Figure 23: Balance of total energy with VDG2 for
free flying rotor with np = 3

Importanted are the Figures 22-23 showing the balances of the total energy for VDG2 time
step scheme. The absolute value of the error in the balance of total energy for every time step is
below the chosen NEWTON criterion ε. Hence, the VDG2 time step scheme preserves the total
energy over the total simulation time. Another interesting point is the balance of total angular
momentum for VDG2 with np = 2 Figure 20, here a no peaks over the NEWTON criterion arise.
This simulation was calculated with the same parameters like the simulation in Figure 14, but
the discrete gradient shows a better fulfillment of the balance of total angular momentum.
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5.3 VIBRATION OF HYPERELASTIC CANTILEVER BEAM

The second numerical example is a vibration of a hyperelastic cantilever beam. We used the
rotor once more, but now we fixed the degrees of freedom nq,fix in all directions in the hub of the
rotor, see Figure 24. Under influence of the gravitational force, every blade of the rotor starts to
swing around the static equilibrium position.

nel 18639 ndof 74136 · np = 222408
hn 0.025 s Tend 4 s
np 3 ρ0 8.93
ρ0λ 16.25 · 104 ρ0µ 15 · 106

ε 1 · 10−7 nq,fix 360 · np = 1080
VI without discrete gradient

tcpu 14560 s tsolver 11620 s
VDG2

tcpu 17850 s tsolver 12730 s

Table 3: Simulation parameters for the vibration of the hyperelastic cantilever beam
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Figure 24: Reference configuration for the hyperelastic cantilever beam for the time t = 0 s
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The Figures 25-30 show the vibration around the static idle position for every blade of the
rotor. With the fixed hub, every blade shows the same vibration behavior as the cantilever beam
in four directions due to the symmetry. At the time t = 1.925 s, the blades reach the maximum
elongation. After t = 3.775 s, the vibration of the rotor is again in the initial state.
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Figure 25: Actual configuration for the hyperelastic
cantilever beam for the time t = 0.625 s
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Figure 26: Actual configuration for the hyperelastic
cantilever beam for the time t = 1.25 s
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Figure 27: Actual configuration for the hyperelastic
cantilever beam for the time t = 1.925 s
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Figure 28: Actual configuration for the hyperelastic
cantilever beam for the time t = 3.25 s
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Figure 29: Actual configuration for the hyperelastic
cantilever beam for the time t = 4.25 s
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Figure 30: Actual configuration for the hyperelastic
cantilever beam for the time t = 5 s
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The balance of total linear momentum is for the variational integrator without a discrete
gradient and with the VDG2 preserved. The same behavior is calculated for the balance of
total angular momentum. For the calculation of the balance of total linear momentum we use
Equation (48) and for the balance of total angular momentum we use once more Equation (50).
However, before this we have to calculate the bearing forces with respect to Equation (62). The
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Figure 31: Balance of total linear momentum with
VDG2 for hyperelastic cantilever beam with np = 3
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Figure 32: Balance of total angular momentum with
VDG2 for hyperelastic cantilever beam with np = 3
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Figure 33: Angular momentum with VDG2 for hy-
perelastic cantilever beam with np = 3
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Figure 34: energy with VDG2 for hyperelastic can-
tilever beam with np = 3
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Figure 35: Balance of total energy without discrete
gradient for hyperelastic cantilever beam with np = 3
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Figure 36: Balance of total energy with VDG2 for
hyperelastic cantilever beam with np = 3

total angular momentum with the momentum term L̃ is printed in Figure 33. The values of
the different energies over the simulation time are shown in Figure 34. Again, the variational
integrator without a discrete gradient cannot preserve the balance of total energy, but the VDG2
is able to do it. In Figure 36 the complete balance is met for every time step, but not in the first
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time step. Here the simulation starts in the first time step with a very small change in values for
the strains. Therefore, for the time step scheme VDG2 it is difficult to handle elements which
are nearly undeformed. This means that the NEWTON criterion will not be reached. This brings
a little error in the balance of total energy for the first time step. For all the other time steps the
balance of total energy is preserved.

5.4 VIBRATION OF HYPERELASTIC CANTILEVER BEAM WITH VDG1

The last numerical example is also the vibration of a cantilever beam. It is almost the same
simulation as before, but now we want to use VDG1 time step scheme. We change the number
of elements nel to a smaller number and set a smaller time step size hn = 0.01 s, see Table 4.

nel 560 ndof 3156 · np = 9468
hn 0.01 s Tend 5 s
np 3 ρ0 8.93
ρ0λ 16.25 · 104 ρ0µ 15 · 106

ε 1 · 10−7 nq,fix 72 · np = 216

Table 4: Simulation parameters for the vibration of the hyperelastic cantilever beam with VDG1

The reference configuartion is shown in the Figure 37. The single blades of the rotor also
swing around their static equilibrium positions, but the vibration do not reach large values be-
cause the smaller number of elements makes the material more stiff.
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Figure 37: Reference configuration for the hyperelastic cantilever beam with VDG1 for the time t = 0 s

This behavior can also be seen in the Figures 38-41 that show the vibration of the rotor for
different time steps. The smaller values in the VON MISES stress can also be seen in the color
bar at the right-hand side of every figure.
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Figure 38: Actual configuration for the hyperelastic
cantilever beam with VDG1 for the time t = 1.45 s
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Figure 39: Actual configuration for the hyperelastic
cantilever beam with VDG1 for the time t = 2.3 s
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Figure 40: Actual configuration for the hyperelastic
cantilever beam with VDG1 for the time t = 3.8 s
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Figure 41: Actual configuration for the hyperelastic
cantilever beam with VDG1 for the time t = 5.0 s
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Figure 42: Balance of total linear momentum with
VDG1 for hyperelastic cantilever beam with np = 3
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Figure 43: Balance of total angular momentum with
VDG1 for hyperelastic cantilever beam with np = 3

For these simulation parameters, the balance of total linear momentum and the balance of
total angular momentum is met for every time step.
The Figures 44-45 show the different energies and the balance of the total total energy. Almost
all values in the balance of total energy are preserved for all time steps. There is only a small
number of peaks in which the balance is not met. This behavior can only be shown in the case
of a very good choice of simulation parameters because the VDG1 method is numerically very
instable, compare [4]. The simulation starts with normal results but, sometimes the NEWTON

method cannot find a solution that fulfills the NEWTON criterion for the residual. In this case,
the simulation finishes the time step with incorrect values. If this happened too often within the
simulation, the entire simulation would diverge.

1732



Matthias Bartelt and Michael Groß

0 1 2 3 4 5
−1.5

−1

−0.5

0

0.5

1

1.5x 10
4

E
total

E
kin

E
grav

E
int

time in [s]

E
i

Figure 44: Energy with VDG1 for hyperelastic can-
tilever beam with np = 3
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Figure 45: Balance of total energy with VDG1 for
hyperelastic cantilever beam with np = 3

6 CONCLUSION

We have shown how a variational integrator of higher order accuracy can be consistently for-
mulated for a hyperelastic continuum, and that this integrator meets the balance of total linear
momentum and total angular momentum. The order of accuracy in position and momentum
reaches the theoretical values if using the GAUSSIAN quadrature rule for the approximation of
the position vector.
The inclusion of a LAGRANGE multiplier vector is also possible in the variational principle.
The application of the NEWTON-COTÊS quadrature allows to decouple the equations in the
position-momentum form. We have also shown how the bearing forces can be calculated from
the LAGRANGE multiplier vector for the fixed nodes.
The split of the discrete gradient into two terms one in the LAGRANGIAN and one in a D’ALEMBERT

term makes it also possible to create an integrator which meets the balance of total energy for ev-
ery time step in the simulation. It is true that the integrator loses the symplecticity, but achieves
the importanted total energy conservation for continuum problems.
However, it should be noted that an approximation of the right CAUCHY-GREEN tensor C with
the position vector q is numerically instable, see VDG1. But, with an assumed strain approxi-
mation in the discrete gradient, the instabilities can be solved.
Further, the ongoing development of the computer hardware opens new possiblities for numer-
ical simulations, like the parallelization of element routines on graphic cards with CUDA. That
can save a lot of CPU time and makes time step schemes with better physical properties more
attractive for further application.
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A SHAPE FUNCTIONS IN TIME

The following matricies are time shape functions for the GAUSSIAN quadrature Mg and for
the NEWTON-COTÊS quadrature Mc. M̄g and M̄c are the shape functions one polynomial
degree lower but with same quadrature points. wg and wc are the weights of the quadrature rule
and αg and αc are the quadrature points.

Mc =


Mc1,1 Mc1,2 . . .Mc1,nc+1

Mc2,1 Mc2,2 . . .Mc2,nc+1
...

...
...

Mcnc+1,1 Mcnc+1,2 . . .Mcnc+1,nc+1

 M̄c =


M̄c1,1 M̄c1,2 . . . M̄c1,nc+1

M̄c2,1 M̄c2,2 . . . M̄c2,nc+1
...

...
...

M̄cnc,1 M̄cnc,2 . . . M̄cnc,nc+1



Mg =


Mg1,1

Mg1,2
. . .Mg1,nq+1

Mg2,1
Mg2,2

. . .Mg2,nq+1
...

...
...

Mgnq,1
Mgnq,2

. . .Mgnq,nq+1

 M̄g =


M̄g1,1

M̄g1,2
. . . M̄g1,nq

M̄g2,1
M̄g2,2

. . . M̄g2,nq
...

...
...

M̄gnq,1
M̄gnq,2

. . . M̄gnq,nq



M1
g =


Mg1,1

Mg2,1
...

Mgnq,1

 Mn
g =


Mg1,2

. . .Mg1,nq+1

Mg2,2
. . .Mg2,nq+1

...
...

Mgnq,2
. . .Mgnq,nq+1



wc =


wc1 0 . . . 0
0 wc2 . . . 0
...

...
...

0 0 . . . wcnq+1

 wg =


wg1 0 . . . 0
0 wg2 . . . 0
...

...
...

0 0 . . . wgnq


np = 1

Mc =

[
1 0
0 1

]
M̄c =

[
1 1

]
Mg =

[
0.5 0.5

]
M̄g =

[
1
]

wg =
[
1
]

wc =

[
0.5 0
0 0.5

]
αg =

[
0.5
]

αc =
[
0 1

]
np = 2

Mc =

1 0 0
0 1 0
0 0 1

 M̄c =

[
1 0.5 0
0 0.5 1

]

Mg ≈
[

0.4553 0.6666 −0.1220
−0.1220 0.6666 0.4553

]
M̄g ≈

[
0.7887 0.2113
0.2113 0.7887

]

wg =
[
0.5 0.5

]
wc ≈

0.1666 0 0
0 0.6666 0
0 0 0.1666


αg ≈

[
0.2113 0.7887

]
αc =

[
0 0.5 1

]
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Abstract. The present work deals with the design of structure-preserving numerical

methods in the field of nonlinear elastodynamics and structural dynamics. Structure-

preserving schemes such as energy-momentum consistent (EMC) methods are known to

exhibit superior numerical stability and robustness. Most of the previously developed

schemes are relying on a displacement-based variational formulation of the underlying

mechanical model. In contrast to that we present a mixed variational framework for the

systematic design of EMC schemes. The newly proposed mixed approach accomodates

high-performance mixed finite elements such as the brick element due to Kasper & Tay-

lor [15]. Accordingly, the proposed approach makes possible the structure-preserving

extension to the dynamic regime of mixed high-performance elements. Numerical exam-

ples demonstrate the advantageous properties of the newly developed numerical meth-

ods resulting from the structure-preserving discretization in space and time.
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1 Introduction

Energy-momentum consistent (EMC) time-stepping schemes and their energy-de-

caying variants have been primarily developed in the framework of nonlinear structural

dynamics. This type of structure-preserving integrators is known to exhibit superior

numerical stability and robustness [12]. Previous developments of EMC schemes have

been essentially confined to displacement-based finite elements. We refer to [30, 9, 24,

6, 2, 19, 18, 25],[29, 32, 16, 20, 7, 23, 8, 4] and [28, 11, 17, 5, 1, 13] for representative

developments in the framework of nonlinear beams, shells and continua, respectively.

In this connection we remark that often applied finite element techniques such as

selectively reduced integration, assumed natural strain interpolations and enhanced as-

sumed strain approximations based on incompatible displacement modes essentially do

not affect the design of EMC schemes1. In fact, second-order accurate EMC integra-

tors typically rely on a mid-point type discretization of the weak form of the balance of

linear momentum in conjunction with the introduction of an algorithmic stress formula

[22].

To the best of our knowledge, a general framework for the design of EMC schemes

for truly mixed nonlinear finite elements has not been accomplished so far. We refer to

[3] for a mixed variational formulation for nonlinear structural dynamics which provides

a natural framework for the EMC discretization in time. The EMC scheme in [3] is

restricted to mixed finite elements, based on a Hu-Washizu type variational formulation

in terms of displacements, Green-Lagrangian strains and conjugated stresses.

In the present work we newly present a Hu-Washizu type mixed variational formula-

tion along with its EMC temporal discretization. Our developments start from a 6-field

extension of Hamilton’s principle that relies on the displacements, velocities, deforma-

tion gradient, right Cauchy-Green deformation tensor and the components of both the

1st and 2nd Piola-Kirchhoff stress tensor. The proposed 6-field variational principle can

be linked to Liven’s theorem [21, Sec. 26.2] and the Hu-Washizu principle [31]. The

corresponding Euler-Lagrange equations provide the mixed variational formulation for

the EMC discretization in time. The resulting mixed semi-discrete formulation can be

used to develop EMC schemes for mixed finite elements relying on independent inter-

polations as named above.

We apply the newly developed mixed framework for the design of EMC integra-

tors to the high-performance mixed-enhanced element developed by Kasper & Taylor

[15]. This element exhibits superior coarse mesh accuracy along with a locking-free re-

sponse in the incompressible limit. We refer to [14, 15] for further investigations in this

direction. Given the commonly observed numerical stability and robustness of EMC

1This remark excludes the broader class of assumed strain methods for nearly incompressible prob-

lems in nonlinear elastodynamics investigated in [1], see also [11]

1737



Alexander Janz, Peter Betsch and Christian Hesch

integrators, the mixed-enhanced element [15] can be regarded as ideal candidate for the

EMC extension to the transient regime. The resulting structure-preserving numerical

method can be expected to allow stable simulations on coarser space-time grids com-

pared to standard methods. Furthermore we even obtain physically meaningful results

for quasi incompressible material.

An outline of the rest of the paper is as follows. In Section 2 we present the ba-

sic notation and introduce our six-field formulation which provides the Euler-Lagrange

equations needed for the subsequent discretization process. The design of a structure-

preserving time-stepping scheme is treated in Section 3. The present approach to the

design of EMC integrators is then further developed in the framework of the mixed-

enhanced formulation in Section 4. After the presentation of numerical examples in

Section 5, conclusions are drawn in Section 6.

2 Continuum Mechanics

We start our developments by an introduction of the notation of the applied contin-

uum approach. After that, we introduce our mixed framework for the design of EMC

integrators. At the end of this section, the conservation properties will be shown.

2.1 Notation

We consider a motion of a continuum body from the reference configuration B ∈ R3

to the current configuration ϕ(B). This motion can be identified as a time-dependent

continuous differentiable function ϕ ∈ U , where

U := {ϕ : B × [t0, te] → R
3 : ϕ ∈ H1(B) andϕ

∣∣
∂Bϕ

= ϕ̄} (1)

with the time-interval [t0, te] during the motion. We label material points by X ∈ B and

the material velocity is labeled by V ∈ V , with

V := {δϕ : B × [t0, te] → R
3 : δϕ ∈ H1(B) and δϕ

∣∣
∂Bϕ

= 0} (2)

Furthermore, the smooth boundary of the body can be partitioned into two parts, where

ϕ = ϕ̄ on ∂Bϕ and P̃N = t̄ on ∂Bσ (3)

with the prescribed motion of the body ϕ̄, the first non-symmetric Piola-Kirchhoff stress

tensor P̃ ∈ M, the unit outward normal field N and the traction vector t̄. The space of

P̃ is defined as

M = {P̃ : B × [t0, te] → R
3×3 : P̃iI ∈ L2(B)} (4)

We assume, that

∂B = ∂Bϕ ∪ ∂Bσ and ∂Bϕ ∩ ∂Bσ = ∅ (5)
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To describe the deformation of the body, we introduce the deformation gradient

F̃ = Gradϕ(X, t) =
∂ϕ(X, t)

X
= Dϕ (6)

and its determinant as j = detF̃ > 0, where F̃ ∈ M. The right Cauchy-Green defor-

mation tensor defines a measure of strain and can be written as

C̃ = F̃
T

F̃ (7)

where C̃ ∈ M. Next we introduce the stress tensors that are work conjugate to the

deformation gradient F̃ and the right Cauchy-Green deformation tensor C̃. We use the

stored energy function Ŵ (F̃) or W̄ (C̃) to define the stress and strain relations by

P̃ =
∂Ŵ (F̃)

∂F̃
and S̃ = 2

∂W̄ (C̃)

∂C̃
(8)

with the first Piola-Kirchhoff stress tensor P̃ as introduced above and the symmetric

second Piola-Kirchhoff stress tensor S̃ ∈ M.

The equations of motion can be derived by imposing the condition of stationarity to

S(ϕ,V) =

∫ te

t0

(L(ϕ,V) + (ϕ̇−V) · ∂V L(ϕ,V)) dt (9)

for arbitrary variations of the state-space coordinates (ϕ,V) ∈ R3 × R3 in the time

interval [t0, te]. Note that in (9), Hamiltons principle is linked to Livens theorem (see,

for example, Pars [21, Sec. 26.2 Liven’s theorem]). The aforementioned Lagrangian

is defined as the difference between the kinetic and potential energy as L(ϕ,V) =
T (V)− V (ϕ). The kinetic energy of the body is given by

T (V) =

∫

B

1

2
V · ρ0VdV (10)

where ρ0 : B → R is the reference density. We admit the decomposition of the potential

energies in an internal and external part as

V (ϕ) = Vint(C̃(ϕ)) + Vext(ϕ) (11)

The external potential energy can be written as

Vext = −

∫

B

b̄ ·ϕ dV −

∫

∂Bσ

t̄ ·ϕ dA (12)

where b̄ : B → R3 is the reference body force. In the following we focus on body forces

only, so that the second term in (12) will not be considered in the sequel. For a stored

energy function W̄ (C̃), the potential of the internal energy is assumed to be given by

Vint =

∫

B

W̄ (C̃(ϕ)) dV (13)
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2.2 Hu-Wahizu type formulation

Instead of a two-field functional (9), we now consider an extension of the original

Hu-Washizu variational [31] to a six-field formulation given by

SHW(ϕ,V,F,P,C,S) =

∫ te

t0

[
T (V)−

(
Vint(C) + Vext(ϕ)

)
+ (ϕ̇−V) ·DT (V)

−

∫

B

(
P : gP (ϕ,F) + S : gS(F,C)

)
dV

]
dt

=

∫ te

t0

∫

B

(
(ϕ̇−

1

2
V) ρ0V

)
dV dt−

∫ te

t0

Vext(ϕ) dt

−

∫ te

t0

∫

B

(
W (C) +P : gP (ϕ,F) + S : gS(F,C)

)
dV dt

(14)

where the energies are defined by (10), (12) and (13), respectively. The algebraic con-

straints in (14) can be written as

g
P (ϕ,F) = Dϕ− F = 0

g
S(F,C) =

1

2
(FT

F−C) = 0
(15)

Next to the motion ϕ and velocity field V, the independent quantities are the defor-

mation gradient F ∈ M, the first Piola-Kirchhoff stress tensor P ∈ M, the right

Cauchy-Green deformations tensor C ∈ M and the second Piola-Kirchoff stress tensor

S ∈ M. The stored energy function W (C) depends on C only. Note that the stress

fields P and S play the role of Lagrange multipliers for the enforcement of the algebraic

constraints in (15). With the condition of stationarity subjected to the end-point condi-

tions, the variational principle in (14) yields the Euler-Lagrange equations. We obtain

the stationarity of (14) step-by-step for each independent fields, where the directional

derivative is defined by

δ•SHW = D•SHW(δ•) (16)

For the variation of the velocity field follows

δV SHW = δV

∫ te

t0

∫

B

(
ρ0V·ϕ̇−

1

2
ρ0V·V

)
dV dt =

∫ te

t0

∫

B

δV ·
(
ϕ̇−V

)
ρ0 dV dt (17)

The variation of the motion is given by

δϕSHW = δϕ

∫ te

t0

∫

B

(
V · ϕ̇ ρ0 −P : gP (ϕ,F) dV − Vext(ϕ)

)
dt (18)

= −

∫ te

t0

∫

B

((
δϕ ρ0 · V̇ −P : Dδϕ

)
dV − δVext(ϕ)

)
dt+

∫

B

[
V · δϕ

]te
t0
dV

(19)
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where we consider

∫ te

t0

∫

B

V ·
d

dt
δϕ ρ0 dV dt = −

∫ te

t0

∫

B

δϕ · ρ0 V̇ dV dt +

∫

B

[
V · δϕ

]te
t0
dV (20)

The last term vanishes, because δϕ(t0) = 0 and δϕ(te) = 0. Next, we obtain the

variation with respect to the deformation gradient as

δFSHW = δF

∫ te

t0

∫

B

(
P : gP (ϕ,F) + S : gS(F,C)

)
dV dt

=

∫ te

t0

∫

B

(
P : (−δF) + S :

1

2
(δFT

F+ F
TδF)

)
dV dt

=

∫ te

t0

∫

B

δF : (−P+ FS) dV dt

(21)

The variation with respect to the right Cauchy-Green deformation tensor leads to

δCSHW = −δC

∫ te

t0

∫

B

(
S : gS(F,C) +W (C)

)
dV dt

= −

∫ te

t0

∫

B

(
DW (C) : δC−

1

2
S : δC

)
dV dt

= −

∫ te

t0

∫

B

δC :
(
DW (C)−

1

2
S
)
dV dt

(22)

For the sake of completeness, the variation with respect to the stress tensors are given

by

δPSHW = δP

∫ te

t0

∫

B

P : gP (ϕ,F) dV dt =

∫ te

t0

∫

B

δP : gP (ϕ,F) dV dt

δSSHW = δS

∫ te

t0

∫

B

S : gS(F,C) dV dt =

∫ te

t0

∫

B

δS : gS(F,C) dV dt

(23)
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The variations can also be written in the form of

δSHW(ϕ,V,F,C,P,S) =−

∫ te

t0

∫

B

(
ρ0 (V̇ − b̄) · δϕ+P : Dδϕ

)
dV dt

+

∫ te

t0

∫

B

(ϕ̇−V) · ρ0 δV dV dt

−

∫ te

t0

∫

B

(
δP : gP (ϕ,F) + δS : gS(F,C)

)
dV dt

+

∫ te

t0

∫

B

(P− FS) : δF dV dt

+

∫ te

t0

∫

B

(
1

2
S−DW (C)

)
: δCdV dt = 0

(24)

where the external potential energy includes the body forces only. This procedure yields

the corresponding Euler-Lagrange equations which can be written as

∫

B

δV ·
(
ϕ̇−V

)
ρ0 dV = 0

∫

B

(
δϕ · ρ0 (V̇ − b̄) +P : Dδϕ

)
dV = 0

∫

B

δF :
(
P− FS

)
dV = 0

∫

B

δC :
(
S− 2DW (C)

)
dV = 0

∫

B

δP :
(
Dϕ− F

)
dV = 0

∫

B

δS :

(
1

2
(FT

F−C)

)
dV = 0

(25)

for all admissible variations δϕ ∈ V, δV ∈ V, δF ∈ M, δP ∈ M, δC ∈ M and

δS ∈ M. The aforementioned variational equations are supplemented by the initial

conditions ϕ
∣∣
t=t0

= ϕ0, V
∣∣
t=t0

= V0 and the consistent initial conditions F
∣∣
t=t0

= F0,

P
∣∣
t=t0

= P0, C
∣∣
t=t0

= C0 and S
∣∣
t=t0

= S0. Differentiating (25)5,6 with respect to

time, we obtain

d

dt

∫

B

δP : gP (ϕ,F) dV =

∫

B

δP :
d

dt
g
P (ϕ,F) dV = 0

d

dt

∫

B

δS : gS(F,C) dV =

∫

B

δS :
d

dt
g
S(F,C) dV = 0

(26)
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Thus the consistency conditions of the mechanical system are defined by
∫

B

δP :
(
Dϕ̇− Ḟ

)
dV = 0

∫

B

δS :

(
Ḟ

T
F−

1

2
Ċ

)
dV = 0

(27)

Equation (25) along with initial conditions define the weak form of the initial-boundary

value problem (IBVP) governing the motion of the considered body. The present IBVP

determines solutions (ϕ,V,F,P,C,S) : [t0, te] 7→ U ×V ×M×M×M×M 7→ R.

2.3 Balance laws of the continuum

In this section we summarize the important conservation laws in the continuous form

which should be preserved in the time and space discrete form. Especially if the investi-

gated problem satisfied specific symmetry conditions, the total linear momentum,L(V),
the total angular momentum, J(ϕ,V), and the total mechanical energy, E(ϕ,V,C), are

first integrals of the motion. The quantities of interest are defined by

L(V) =

∫

B

ρ0 V dV

J(ϕ,V) =

∫

B

ρ0ϕ×V dV

E(ϕ,V,C) =

∫

B

(
1

2
V · ρ0V +W (C)

)
dV + Vext(ϕ)

(28)

Alternatively, the total mechanical energy can be written in the form

E(ϕ,V,C) = T (V) + Vint(ϕ,V,C) + Vext(ϕ) (29)

where use has been made of (10), (12) and (13).

2.3.1 Balance of energy

At first we proof the balance of energy by choosing δV = V̇ in (25)1 to obtain
∫

B

ϕ̇ · V̇ ρ0 dV =

∫

B

V · V̇ ρ0 dV =
d

dt

∫

B

1

2
V ·V ρ0 dV (30)

Next, choose δϕ = ϕ̇ in (25)2 and along with (30) we get
∫

B

(
ϕ̇ · ρ0 (V̇ − b̄) +Dϕ̇ : P

)
dV

=

∫

B

V · ρ0 V̇ dV −

∫

B

V · ρ0 b̄ dV +

∫

B

Dϕ̇ : P dV

=

∫

B

1

2

d

dt
(ρ0V ·V) dV − Pext +

∫

B

Dϕ̇ : P dV = 0

(31)
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The external power can be evaluated by choosing δV = b̄ in (25)1, so that
∫

B

b̄ · ϕ̇ ρ0 dV =

∫

B

b̄ ·V ρ0 dV =
d

dt
Vext = Pext (32)

Subsequently we set δP = P in (27)1 to obtain
∫

B

P : Dϕ̇ dV =

∫

B

P : Ḟ dV (33)

Choosing δF = Ḟ in (25)3 leads to
∫

B

Ḟ : P dV =

∫

B

Ḟ : (FS) dV =

∫

B

S :
(
Ḟ

T
F

)
dV (34)

For the next step, set δS = S in (27)2 to get
∫

B

S :
(
Ḟ

T
F

)
dV =

∫

B

S :
1

2
Ċ dV (35)

Eventually, for the choice of δC = Ċ in (25)4 we obtain the result
∫

B

1

2
Ċ : S dV =

∫

B

Ċ : DW (C) dV =
d

dt

∫

B

W (C) dV (36)

and insert the equations (33)-(36) in (31). Accordingly, the total energy is conserved.

2.3.2 Balance of linear momentum

Define δϕ = ζ, where ζ ∈ R
3 is a constant vector, so that Dζ = 0. Note that this

corresponds to a rigid translation of the body. Next, with (25)2 we obtain
∫

B

ζ · ρ0
(
V̇ − b̄

)
dV = 0 (37)

The last equation can be recast in the form

ζ ·
d

dt

∫

B

ρ0 V dV − ζ · Fext = 0 (38)

where

Fext =

∫

B

ρ0 b̄ dV (39)

is the external body force. If we consider (28)1, equation (38) yields

ζ ·
(
L̇− Fext

)
= 0 (40)

This corresponds to the balance law of linear momentum.
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2.3.3 Balance of angular momentum

Next, we choose δϕ = ζ × ϕ = ζ̂ϕ in (25)2. This leads to

∫

B

(
(ζ ×ϕ) · ρ0 (V̇ − b̄) + (ζ̂Dϕ) : P

)
dV

= ζ ·
(∫

B

ϕ× V̇ ρ0 dV −

∫

B

ϕ× b̄ ρ0 dV
)
+

∫

B

ζ̂Dϕ : P dV = 0

(41)

where ζ ∈ R3 is a constant. Setting δV = ζ ×V in (25)1, it follows that

∫

B

(ζ ×V) · (ϕ̇−V) ρ0 dV = ζ ·

(∫

B

V × ϕ̇ ρ0 dV −

∫

B

V ×V ρ0 dV

)
= 0 (42)

Furthermore, it can be observed that

ζ ·
d

dt

∫

B

ϕ×V ρ0 dV = ζ ·

∫

B

(ϕ̇×V +ϕ× V̇) ρ0 dV = ζ ·

∫

B

ϕ× V̇ dV (43)

holds. Then we set δP = ζ̂P in (25)5 to get

∫

B

(ζ̂P) : Dϕ dV =

∫

B

(ζ̂ P) : F dV or

∫

B

P : (ζ̂Dϕ) dV =

∫

B

P : (ζ̂F) dV

(44)

Eventually, choose δF = ζ̂ F in (25)3 and note that ζ̂ = −ζ̂
T

to obtain

∫

B

P : (ζ̂ F) dV =

∫

B

ζ̂ F : (FS) dV =

∫

B

S : (FT
ζ̂ F) dV = 0 (45)

As a result, we recast equation (25)2 under consideration of (41)-(45) to

ζ ·
d

dt

∫

B

ϕ×Vρ0 dV − ζ ·Mext = 0 (46)

Associated with (28)2, it follows

ζ ·
(
J̇−Mext

)
= 0 (47)

where the external moment Mext depends on the body forces only and can be written as

Mext =

∫

B

ϕ× b̄ ρ0 dV (48)

Because (47) holds for all ζ ∈ R
3, the angular momentum is a conserved quantity if

Mext = 0.
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3 Discretization in time

We next focus on the design of a structure-preserving discretization in time of the

underlying variational formulation (25). In particular, we aim at time-stepping scheme

which inherit the important conservation properties described above.

3.1 Energy-momentum consistent time-stepping scheme

Consider a representative time interval [t0, te] with time-step size ∆t = tn+1 − tn,

given state space coordinates (ϕn,Vn) ∈ R3 × R3, consistent deformation states Fn ∈
M, Cn ∈ M and stresses Pn ∈ M, Sn ∈ M at tn. We show below, that a mid-point

type discretization of the IBVP results in an energy-momentum scheme, which inherits

the important balance laws from the continuous case. The energy-momentum consistent

scheme may be formulated as

∫

B

δV ·
1

∆t

(
ϕn+1 − ϕn

)
ρ0 dV =

∫

B

δV ·Vn+ 1

2

ρ0 dV
∫

B

δϕ ·
1

∆t
ρ0 (Vn+1 −Vn) dV = −

∫

B

Pn+1 : Dδϕ dV +

∫

B

δϕ · ρ0 b̄ dV
∫

B

δF :
(
Pn+1 − Fn+ 1

2

Sn+1

)
dV = 0

∫

B

δC :
(
Sn+1 − 2DW (Cn+ 1

2

)
)
dV = 0

∫

B

δP :
(
Dϕn+1 − Fn+1

)
dV = 0

∫

B

δS :

(
1

2

(
F

T
n+1Fn+1 −Cn+1

))
dV = 0

(49)

for all δϕ, δV ∈ V, δF ∈ M, δP ∈ M, δC ∈ M, δS ∈ M. The mid-point value of the

quantity (•) is evaluated by (•) = 1

2
((•)n + (•)n+1). Then the energy-momentum con-

sistent scheme in (49) determines the state-space coordinates (ϕn+1,Vn+1) ∈ R3×R3,

consistent deformation states Fn+1 ∈ M, Cn+1 ∈ M at tn+1 and the consistent stresses

Pn+1 ∈ M, Sn+1 ∈ M in the time interval [t0, te]. As mentioned above, our algorithm

is based on the mid-point discretization, however, the constraints are evaluated at the

end of each time step. The time discrete counterpart of the condition of consistency

(27)1 is given by

∫

B

δP :
(
Dϕn+1 −Dϕn

)
dV =

∫

B

δP : (Fn+1 − Fn) dV (50)
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and (27)2 can be written in the time-discrete form as
∫

B

δS :

(
1

2

(
F

T
n+1Fn+1 −Cn+1 −

(
F

T
nFn −Cn

)))
dV

=

∫

B

δS :

(
F

T

n+ 1

2

(Fn+1 − Fn)−
1

2
(Cn+1 −Cn)

)
dV

= 0

(51)

The specific temporal discretization of the IBVP results in the algorithm (49) which

defines an energy momentum consistent scheme. Consequently the physical quantities

in (28) are consistently approximated independent of the time-step size.

Remark 1 In the present work we focus on St. Venant-Kirchhoff type material models.

It can be easily verified, that

DW (Cn+ 1

2

) : (Cn+1 −Cn) = W (Cn+1)−W (Cn) (52)

In case of material models suitable for finite elasticity, DW (Cn+ 1

2

) in (49) has to be

replaced by an appropriate discrete derivative D̄W (Cn+ 1

2

) in the sense of Gonzalez

[10, 11].

3.2 Discrete balance laws

In this section, we show that the EMC scheme exactly inherited the significant con-

sistency (and conservation) properties from the underlying continuous formulation pre-

sented in section 2.3.

3.2.1 Discrete conservation of energy

We start with the proof of the energy conservation by choosing δV = Vn+1 −Vn in

(49)1 to obtain
∫

B

(Vn+1 −Vn) ·
1

∆t
ρ0 (ϕn+1 − ϕn) =

∫

B

(Vn+1 −Vn) ·Vn+ 1

2

ρ0 dV

=
1

2

∫

B

(Vn+1 ·Vn+1 −Vn ·Vn) ρ0 dV

= T (Vn+1)− T (Vn)

(53)

Next we choose δϕ = ϕn+1 − ϕn in (49)2 and observe that
∫

B

(ϕn+1 −ϕn) ·
1

∆t
ρ0 (Vn+1 −Vn) dV

= −

∫

B

Pn+1 : (Dϕn+1 −Dϕn) dV +

∫

B

(ϕn+1 − ϕn) · ρ0 b̄dV

(54)
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We notice, that for the discrete form of the external potential energy
∫

B

(ϕn+1 − ϕn) · ρ0 b̄ dV = Vext(ϕn+1)− Vext(ϕn) (55)

holds. Then we use δP = Pn+1 in (50) to get

∫

B

Pn+1 : (Dϕn+1 −Dϕn) dV =

∫

B

Pn+1 : (Fn+1 − Fn) dV (56)

After that, set δF = Fn+1 − Fn in (49)3 to obtain

∫

B

Pn+1 : (Fn+1 − Fn) dV =

∫

B

(Fn+1 − Fn) : Fn+ 1

2

Sn+1 dV

=

∫

B

Sn+1 : F
T

n+ 1

2

(Fn+1 − Fn) dV

(57)

For the variation of the second Piola-Kichhoff stress tensor we choose δS = Sn+1 in

(51) and as a result, we get

∫

B

Sn+1 : F
T

n+ 1

2

(Fn+1 − Fn) dV =

∫

B

Sn+1 :
1

2
(Cn+1 −Cn) dV (58)

Accordingly, choosing δC = Cn+1 −Cn in (49)4 leads to

∫

B

Sn+1 :
1

2
(Cn+1 −Cn) dV =

∫

B

DW (Cn+ 1

2

) : (Cn+1 −Cn) dV (59)

As a result, for (54) along with (53), (55) and (56)-(59) we obtain

T (Vn+1) + Vint(Cn+1) + Vext(ϕn+1) = T (Vn) + Vint(Cn) + Vext(ϕn) (60)

Thus, the EMC scheme reproduces the total mechanical energy exactly, independent of

the time-step size. Note that in the last equation the relationship (52) has been used.

3.2.2 Discrete balance of linear momentum

We next choose δϕ = ζ where ζ ∈ R
3 is constant so that, Dζ = 0. Now, its

straightforward to show that (49)2 yields the result

∫

B

ζ · ρ0

(
1

∆t
(Vn+1 −Vn)− b̄

)
dV = 0 (61)

which we can recast by (28)1 in the form

ζ ·

(
L(Vn+1)− L(Vn) + ∆tFext

∣∣∣
n+α

)
= 0 (62)
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where

Fext

∣∣∣
n+α

=

∫

B

ρ0 b̄ dV (63)

are the external body forces in the time interval [tn, tn+1]. This is the discrete version of

the linear momentum balance corresponding to (28)1. Hence, the linear momentum is a

conserved quantity in [tn, tn+1] for any α ∈ [0, 1] if no external forces are acting on the

body.

3.2.3 Discrete balance of angular momentum

We now choose δϕ = (ζ × ϕn+ 1

2

) = ζ̂ ϕn+ 1

2

in (49)2. We conclude that

∫

B

(ζ × ϕn+ 1

2

) ·
1

∆t
ρ0 (Vn+1 −Vn) dV

+

∫

B

Pn+1 : (ζ̂Dϕn+ 1

2

) dV −

∫

B

(ζ × ϕn+ 1

2

) · ρ0 b̄ dV

= ζ ·

(∫

B

ϕn+ 1

2

× (Vn+1 −Vn)
1

∆t
ρ0 dV −

∫

B

ϕn+ 1

2

× b̄ ρ0 dV

)

+

∫

B

ζ̂Pn+1 : Dϕn+ 1

2

dV

= 0

(64)

Then we choose δPn+1 = ζ̂Pn+1 in (49)5 to obtain

∫

B

(ζ̂ Pn+1) : Dϕn+1 dV =

∫

B

ζ̂Pn+1 : Fn+1 dV (65)

or equally ∫

B

Pn+1 : (ζ̂Dϕn+1) dV =

∫

B

Pn+1 : (ζ̂ Fn+1) dV (66)

Similarly, for the constraints at tn with δP = ζ̂ Pn+1 we get

∫

B

Pn+1 : (ζ̂Dϕ) dV =

∫

B

Pn+1(ζ̂ Fn) dV (67)

We take the average of the equations from above as 1

2
[(66) + (67)] to get

∫

B

Pn+1 : (ζ̂Dϕn+ 1

2

) dV =

∫

B

Pn+1 :

(
ζ̂
1

2
(Fn + Fn+1)

)
dV

=

∫

B

Pn+1 :
(
ζ̂ Fn+ 1

2

)
dV

(68)
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Now let δF = ζ̂
1

2
(F

n
+ Fn+1) in (49)3 to verify that

∫

B

Pn+1 :

(
ζ̂
1

2
(Fn + Fn+1)

)
dV =

∫

B

Fn+ 1

2

Sn+1 :

(
ζ̂
1

2
(Fn + Fn+1)

)
dV

=

∫

B

Sn+1 : F
T

n+ 1

2

(
ζ̂
1

2
(Fn + Fn+1)

)
dV

= 0

(69)

Consider equation (64) along with (65) - (69) to get:

ζ ·

(
J(ϕ

n+1
,Vn+1)− J(ϕn,Vn) + ∆tMext

∣∣∣
n+ 1

2

)
= 0 (70)

This is the discrete version of the angular momentum balance corresponding to (28)2.

Note, that the external moment is evaluated at the mid-point configuration as

Mext

∣∣∣
n+ 1

2

=

∫

B

ϕn+ 1

2

× ρ0 b̄dV (71)

4 Discretization in space

In this section, we deal with the finite element method to accomplish a numerical

solution for the semi-discrete mechanical system. We start our developments by the

approximation of the body in its reference configuration by

B ≈ Bh =

nel⋃

e

Ωe (72)

Accordingly the boundaries are approximated by ∂B ≈ ∂Bh =
⋃nel

e ∂Ωe. Next, we

make use of standard isoparametric finite elements for the finite dimensional approxi-

mation of ϕ, and the velocity V as

ϕ
h(X, t) =

ne
node∑

A=1

NA(X)ϕA and V
h(X, t) =

ne
node∑

A=1

NA(X)VA (73)

where ne
node are the nodes of the element Ωe and NA(X) : B → R are the standard

isoparametric shape functions associated with node A. Note that the nodal vectors of

an element are denoted by ϕ
A ∈ R3 and V

A ∈ R3. In the present work we deal with

trilinear shapefunctions with the property that NA(XB) = δBA . The finite element spaces

are given due to the approximation in (73) by Uh ⊂ U and Vh ⊂ V .

By inserting the spatial interpolations in (6), the approximation of the deformation

gradient is given by

F̃ =
∂ϕ(X, t)

∂X
=

ne
node∑

A=1

ϕ
A ⊗∇XNA(X) (74)
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Next, we define the kinetic energy of an element by (10) with (73) as

T =
1

2

ne
node∑

A,B=1

V
A ·MAB

ρ V
B with M

AB
ρ =

∫

Ωe

ρ0 NANB dV I (75)

where I ∈ R3×3 represents the identity matrix. The external potential energy, given in

(12) can be expresses in the discrete form as

Vext = −

ne
node∑

A=1

ϕ
A · FA

ext where F
A
ext =

∫

Ωe

NA
b̄ dV +

∫

∂Ωe

NA
t̄ dA (76)

where F
A
ext ∈ R3 denotes the external forces associated with node A.

4.1 Mixed approximation

In the present work the discretization of the mixed quantities follows the approach

by Kasper & Taylor [15]. They developed a mixed-enhanced finite element with mixed

stress field P and an mixed-enhanced strain field F. The other independent quantities,

namely the right Cauchy-Green deformation tensor C and the second Piola-Kirchhoff

stress tensor S are calculated by the constraints given in (14)5,6. Accordingly, we are

very flexible in the design of an EMC algorithm as we show below.

Consider a mixed stress and strain field, formulated in the isoparametric space and

then use a standard transform to define the approximations in the physical space. The

approximation of the deformation gradient is defined by

F = γ0 +
1

j(ξ)
F0T[E1(ξ,γ)− E2(ξ,α)]TT (77)

For the approximation of the first Piola-Kirchhoff stress tensor we obtain

P = β0 + F
−T
0 T

−T[E1(ξ,β)]T
−1 (78)

where F ∈ Mh, P ∈ Mh with Mh ⊂ M. On element level we have 26 additional

local parameters for the mixed stress, where β0 ∈ R
3×3 ensures constant stress states

within the element and β ∈ R15 reflects the varying stress field. In contrast, the mixed-

enhanced deformation gradient is approximated by 35 local parameters. Similar to the

mixed stress we have γ0 ∈ R3×3 parameters for the constant part and γ ∈ R15 param-

eters for the varying part. In addition, the enhanced parameters α ∈ R9 were added

to improve the element performance. The interpolations E1(ξ, •) and E2(ξ,α) can be

found in Appendix A.1. The approximation of the mixed quantities contains T and F0

to ensure constant states, minimize the order of quadrature and reduce the sensitivity to
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Matrix
i 1 2 3 1 2 1 2 3 3

j 1 2 3 2 3 3 1 2 1

Vector i 1 2 3 4 5 6 7 8 9

Table 1: Matrix-vector notation

initially distorted elements. Note that F0 ensures an objective formulation to a super-

posed rigid body motion. Theses quantities are evaluated at the center of the element as

F0 = Gradϕh
∣∣
ξ=0

=

ne
node∑

A=1

ϕ
A ⊗∇0NA(X) (79)

and

T = J
∣∣
ξ=0

where J = GradξX
h, j(ξ) = detJ (80)

Remark 2 Alternatively, T and F0 can be calculated as the average over the element

by

T =
1

Ωe

∫

Ωe

J(ξ) dV, F0 =
1

Ωe

∫

Ωe

F̃ dV (81)

Note that in the two dimensional case both formulations are identical.

4.2 Efficient formulation and variation

We start this section with an matrix-vector transformation to make use of the linearity

of the element parameters. Then we apply the variation of the mixed quantities.

4.2.1 Efficient formulation of the approximations

Since the local parameters are linear within the element, an efficient reformulation is

possible. Therefore we may write

F̃ =

ne
node∑

A=1

ϕ
A ⊗∇XNA(X)

i,j→i
−−−→ F̃

v

= Bϕ
v

F = γ0 +
1

j(ξ)
F0T[E1(ξ,γ)− E2(ξ,α)]TT i,j→i

−−−→ F
v = γ

v
0 +Bγ(ϕ)γ −Bα(ϕ)α

P = β0 + F
−T
0 T

−T[E1(ξ,β)]T
−1 i,j→i

−−−→ P
v = β

v
0 +Bβ(ϕ)β

(82)

where the ordering for the matrix-vector notation is given in Table 1. Due to the formula-

tion in (82), the approximations can be written in a vectorial form as F̃
v
∈ R9,Fv ∈ R9
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or Pv ∈ R
9, respectively. Then we can calculate them along with the element operator-

matrices B ∈ R9×24, Bγ(ϕ) ∈ R9×15, Bα(ϕ) ∈ R9×9 or Bβ(ϕ) ∈ R9×15 and the local

element parameters γ
v
0 ∈ R9 and β

v
0 ∈ R9 in the vectorial form. Note, that the nodal

vectors are summarized to ϕ
v = [ϕ1T...ϕ8T]T.

4.2.2 Variations

Consider the variations of the equation given in (82) with respect to both the local

element parameters and nodal parameters. For the variation to the one mentioned first

we obtain

δγ0F
v = δγv

0 δβ0
P

v = δβv
0

δγF
v = Bγ(ϕ) δγ, δβP

v = Bβ(ϕ) δβ (83)

δαF
v = −Bα(ϕ) δα

For the variation with respect to the nodal parameters we get

δqF̃ =

ne
node∑

A=1

δϕA ⊗∇XNA(X)

δqF =
( ne

node∑

A=1

δϕA ⊗∇0NA

)
T (E1(ξ,γ)− E2(ξ,α))TT

δqP = −F
−T
0

( ne
node∑

A=1

δϕA ⊗∇0NA

)T
F

−T
0 T

−T
E1(ξ,β)T

−1

(84)

4.3 Fully discrete system

The present implementation differs from the original approach by Kasper & Taylor

since the mixed strain parameters γ0,γ are not solved by the nodal parameters directly.

Thus, we facilitate the implementation and further improve the clarity of the underlying

formulation as we see below. Furthermore, a direct variational stress recovery for post-

processing is available. Since a static condensation process is still possible, the number

of global unknowns are identical and thus, the computational effort is quiet similar.

Next, we insert the approximated quantities in (49) and taking the temporal evaluation
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into account to get the fully discrete system given by

δVA · MAB
[
(ϕBn+1

− ϕBn)−∆tVBn+ 1

2

]
= 0

δϕA ·
[
M

AB
ρ

1

∆t
(VBn+1 −VBn)− F

A
ext +

∫

Ωe

Pn+1∇NA dV

+

∫

Ωe

(Pn+1 − Fn+ 1

2

2DW (Cn+ 1

2

))
1

j(ξ)
T (E(ξ,γn+ 1

2

))T TT∇0N
A dV

−

∫

Ωe

(Pn+1 − Fn+ 1

2

2DW (Cn+ 1

2

))
1

j(ξ)
T (E2(ξ,αn+ 1

2

))T TT∇0N
A dV

−

∫

Ωe

F0
−T

n+ 1

2

T−T
E(ξ,βn+1) T

−1 (F̃n+ 1

2

− Fn+ 1

2

)T F0
−T

n+ 1

2

∇0N
A dV

]
= 0

δγv
0 ·

[ ∫

Ωe

P
v
n+1 − F

v

n+ 1

2

2DW (Cv

n+ 1

2

) dV
]
= 0

δγ ·
[ ∫

Ωe

Bγn+ 1

2

(
P

v
n+1 − F

v

n+ 1

2

2DW (Cv

n+ 1

2

)
)
dV

]
= 0

δα ·
[ ∫

Ωe

−Bαn+ 1

2

(
P

v
n+1 − F

v

n+ 1

2

2DW (Cv

n+ 1

2

)
)
dV

]
= 0

δβv
0 ·

[ ∫

Ωe

(
F̃

v

n+1 − F
v
n+1

)
dV

]
= 0

δβ ·
[ ∫

Ωe

Bβn+1

(
F̃

v

n+1 − F
v
n+1

)
dV

]
= 0

(85)

with

MAB =

∫

Ωe

NA NB dV (86)

Due to the sophisticated element formulation, we have to go into detail with the

temporal evaluation of the mixed quantities. As mentioned above, the mixed stress is

assumed to be constant within a time-step. In the present formulation the mixed stress

depends on the nodal quantities too, since we use the average deformation gradient. To

avoid a violation of the angular momentum balance, we have to calculate the mixed

stress by

Pn+1 = P(ϕn+ 1

2

,β0n+1
,βn+1) (87)

The other quantities in (85) can be calculate as expected, such that

Fn+1 = F(ϕn+1,γ0n+1
,γn+1,αn+1) F0n+ 1

2

= F0(ϕn+ 1

2

)

Fn+ 1

2

= F(ϕn+ 1

2

,γ0n+ 1

2

,γn+ 1

2

,αn+ 1

2

) F̃n+1 = F̃(ϕn+1) (88)

F̃n+ 1

2

= F̃(ϕn+ 1

2

)
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Note that the temporal evaluation of the mixed quantities formulated in tensor nota-

tion are similar to (87)-(88).

Subsequently, we linearize the non-linear system of equations (85) in a straightfor-

ward way. After a standard assembly operation, a static condensation process is possi-

ble. This reduces the computational effort drastically. Further details can be found in

[26, 27].

Finally we point out that the conservation properties from the time discrete case are

inherited by the present finite element method.

5 Numerical examples

In the following section we would like to point out the performance of the proposed

mixed-enhanced finite element along with the newly developed EMC scheme.

5.1 Static investigation

The first numerical example deals with a static benchmark problem for nonlinear

finite elements to demonstrate the performance in the nearly incompressible limit. We

consider a 3d version of the so called Cook’s membrane as depicted in Figure 1. The de-

formed configuration of the problem is shown in Figure 2. The tapered panel is clamped

on the left and loaded by a shear load p on the right side, where

p =
[
0 0 3

]T
(89)

A St. Venant-Kirchhoff material model with material parameters E = 100 and ν =
0.4999 has been used. To demonstrate the superior performance we compare the Kasper

& Taylor element (H1/ME9) with a standard displacement element (H1) and an en-

hanced element (H1/E9) by Simo & Armero [26]. As illustrated in Figure 3, the con-

vergence with mesh refinement of the three elements under consideration is investi-

gated. We consider the displacement of the top corner versus the number of elements

per side. While the H1 elements locks drastically, the H1/E9 and H1/ME9 are in a good

agreement. Thus we conclude, that the present formulation performs well, even in the

incompressible limit and in bending dominated problems.

Further investigations about objectivity and plasticity and an Eigenvalue analysis can

be found in [14, 15].

5.2 Dynamic investigation

The second example can be considered as a classical benchmark for the transient

simulation of solids. According to Simo & Tarnow [28] we verify the algorithmic con-

sistency of the developed EMC scheme along with its superior performance as shown

in section 5.1.
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Figure 1: Cooks membrane problem. Geome-

try and boundary conditions

Figure 2: Cooks membrane problem. De-

formed configuration
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Figure 3: Study of convergence in static case. Quasi incompressible limit

Consider a flying L-shaped block with a constitutive behavior governed by a St.

Venant-Kirchhoff material model. The material parameters are the Young Modulus E =
2100, the Poisson ratios ν = 0.4 and the density ρ0 = 100. Both, the initial geometry

and the finite element mesh are illustrated in Figure 4. The L-shaped block has no

Dirichlet boundary and pressure loads are acting on the block as shown in Figure 4. The

time history of the external loads is illustrated in Figure 5. In this connection, the nodal
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dead loads are given by

p1(t) = f(t)×
[
−50 −50 −100

]

p2(t) = f(t)×
[
50 50 100

] (90)

The results of the EMC scheme are compared to those of the mid-point rule. All

numerical simulation have been performed with a time-step size of ∆t = 0.25. Note

that after the loading phase the discrete system under consideration can be classified

as autonomous Hamiltonian system with symmetry. Correspondingly, after t ≥ 1, the

total linear momentum, angular momentum and energy are conserved quantities. This

is correctly reproduced by the EMC integrator (within the computational accuracy),

whereas the mid-point rule exhibits numerical instabilities accompanied by an energy

blow-up (see Figure 6). As depicted in Figure 7, the EMC scheme conserves the angular

momentum exactly.

Eventually, the motion of the L-shape is illustrated in Figure 8 with a sequence of

subsequent snapshots.

e1

e2

e3

t = 1.2

1.2

2.4

2.4

3.6

p1(t) p2(t)

Figure 4: Flying L-Shape problem. Initial mesh

configuration and dimensions

f
(
t)

time t

1

0

0 2

Figure 5: Time history of the external pressure

6 Conclusions

We developed a mixed variational formulation for nonlinear solid and structural dy-

namics which provides a natural framework for the EMC discretization in time. The

underlying mixed variational equations were obtained as Euler-Lagrange equations of

a mixed extension of Hamiltons principle. The Hu-Washizu type extension accommo-

dates mixed finite elements based on independent interpolations of the displacements,

1757



Alexander Janz, Peter Betsch and Christian Hesch

0

600

100

T

E

V

Emid

time

E
t
o
t

Figure 6: Time history of the total energy
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Figure 7: Time history of the angular momentum

the velocities, the deformation gradient, the right Cauchy-Green deformation tensor and

both the first and the second Piola-Kirchhoff stresses.

We demonstrated, that the present framework is suitable even for more complicated

formulations, like the mixed-enhanced element proposed by [15].

We show in Section 5.1, that the mixed-enhanced element performs well particularly
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Figure 8: Snapshots of configurations at t ∈ 0, 1, 2, 3, 4, 5, 6, 7, 8

in the quasi-incompressible limit. The second numerical example, presented in sec-

tion 5.2, shows that the EMC scheme leads to superior numerical stability properties

compared to the common mid-point rule. While the conservation properties have been

proven in the semi-discrete case and shown numerically, we still require a proof for the

fully discrete system.

Accordingly, combining mixed finite element discretization in space with EMC dis-

cretization in time shows great promise for the design of numerical methods with supe-

rior coarse mesh accuracy in space and time. Thus, we obtain the possibility to use large

time steps while still producing physically meaningful results, since the combination of

EMC methods and mixed finite elements shows locking free response in non-linear dy-

namics.

Finally, we emphasize that many semidiscrete formulations of flexible bodies such as

nonlinear continua, beams, and shells perfectly fit into the present framework, see [3].

Moreover, the present approach can be directly extended to flexible multibody dynamics

as shown in [4].
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A Appendix

A.1 Interpolation of mixed quantities

The maps for the three dimensional case are given by

E1(ξ,γ) =



ξ2γ1 + ξ3γ2 + ξ2ξ3γ3 ξ3γ10 ξ2γ14

ξ3γ11 ξ1γ4 + ξ3γ5 + ξ1ξ3γ6 ξ1γ12
ξ2γ15 ξ1γ13 ξ1γ7 + ξ2γ8 + ξ1ξ2γ9




E2(ξ,α) =



ξ1α1 + ξ1ξ2α2 + ξ1ξ3α3 0 0

0 ξ2α4 + ξ2ξ3α5 + ξ1ξ2α6 0
0 0 ξ3γ7 + ξ2ξ3γ8 + ξ1ξ3γ9




E1(ξ,β) =



ξ2β1 + ξ3β2 + ξ2ξ3β3 ξ3β10 ξ2β14

ξ3β11 ξ1β4 + ξ3β5 + ξ1ξ3β6 ξ1β12

ξ2β15 ξ1β13 ξ1β7 + ξ2β8 + ξ1ξ2β9




(91)

or equivalent, the interpolations in tensor form

E1(ξ,γ)
i,j→i
−−−→ E1(ξ)γ

E2(ξ,α)
i,j→i
−−−→ E1(ξ)α

E1(ξ,β)
i,j→i
−−−→ E1(ξ)β

(92)
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E1(ξ) =




η ζ ηζ 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 ξ ζ ξζ 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 ξ η ξη 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 ζ 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 ξ 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 η 0
0 0 0 0 0 0 0 0 0 0 ζ 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 ξ 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 η




E2(ξ) =




ξ ξη ξζ 0 0 0 0 0 0
0 0 0 η ηζ ξη 0 0 0
0 0 0 0 0 0 ζ ηζ ξζ
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0




(93)
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Abstract. For many years, the importance of fiber-reinforced polymers is steadily increasing
in mechanical engineering. According to the high strength in fiber direction, these composites
replace more and more traditional homogeneous materials, especially in lightweight structures.
Fiber-reinforced material parts are often manufactured from carbon fibers as pure attachment
parts, or from steel for transmitting forces. Whereas attachment parts are mostly subjected to
small deformations, force transmission parts usually suffer large deformations in at least one
direction. For the latter, a geometrically non-linear formulation of these anisotropic continua is
indispensable [1]. A familar example is a rotor blade, in which the fibers possess the function of
stabilizing the structure in order to counteract large centrifugal forces. For long-run numerical
analyses of rotor blade motions, we have to apply numerically stable and robust time integration
schemes for anisotropic continua.

This paper is an extension of Reference [2], which is in turn an extension of Reference [3]
to a special anisotropic material class, namely a transversely isotropic hyperelastic material
based on the wellknown concept of structural tensors. In Reference [3], higher-order accu-
rate time-stepping schemes are developed systematically with the focus on numerical stability
and robustness in the presence of stiffness combined with large rotations for computing large
motions. In the former work, these advantages over conventional time stepping schemes are
combined with highly non-linear anisotropic material formulated with polyconvex free energy
density functions [4]. The corresponding time integrators preserve all conservation laws of a
free motion of a hyperelastic continuum, which means the total linear and the total angular
momentum conservation law as well as the total energy conservation law. Both are numerically
advantageous, because it guarantees that the discrete configuration vector is embedded in the
physically consistent solution space. In order to guarantee the preservation of the total energy,
the transient approximation of the anisotropic stress tensor is superimposed with an algorithmic
stress field based on an assumed ’strain’ field.

The presented numerical examples show the behaviour of the non-linear anisotropic material
in Reference [4] under static and transient loads, their conservation laws and the higher-order
accuracy of the variational based time approximation.
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1 INTRODUCTION

We begin by summarizing the kinematical aspects of the considered transversely isotropic
continuum. In Fig. 1 on the right-hand side, we show the reference configuration B0 of the
considered fiber-reinforced continuum body B. The configuration B0 = BM

0 ∪BF
0 is defined

B0

X

u

F

a0

Bt

x1

x2

x3

Figure 1: Reference and current configuration of a transversely isotropic continuum.

as the homogenized union of the set BM
0 for the matrix and the set BF

0 for the fibers. The
imaginary fiber at any point X ∈ B0 is directed along the normalized vector a0. Since we
assume that both subsets are perfectly connected, the corresponding stretched vector a in the
deformed configuration Bt is given by

a = F a0 (1)

where
F := ∇u + I (2)

denotes the deformation gradient of B0 and u the displacement vector field. The tensor I desig-
nates the second-order unit tensor. The symbol ∇ denotes the partial derivative with respect to
the material point X ∈ B0. The deformation gradient FF of the fiber continuum BF

0 then takes
the form

FF := a⊗ a0 = F a0 ⊗ a0 = F A0 (3)

where
A0 := a0 ⊗ a0 (4)

designates the structural tensor of the fiber reference configuration BF
0 . The corresponding

right CAUCHY-GREEN tensor CF then reads

CF := FTF FF = [F a0 ⊗ a0]
T [F a0 ⊗ a0] = [a0 ⊗ a0] C [a0 ⊗ a0] = A0 C A0 = [C : A0] A0

(5)
where C := FT F denotes the right CAUCHY-GREEN tensor of B0. Based on these deformation
measures, we consider the strain energy function W of the considered transversely isotropic
elastic continuum on the one hand (i) as the unpartitioned function W (C; A0,κ0), where the
semicolon in the argument separates the parameter A0 and κ0, acting at any X ∈ B0, from the
variable C, and on the other hand (ii) as the partitioned function

W (C; A0,κ0) = WM(C;κ0M
) +WF (CF ;κ0F

) (6)
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The parameter κ0, κ0M
and κ0F

are vectors including material constants with respect to B0.
The second PIOLA-KIRCHHOFF stress tensor S corresponding to Eq. (6) is given by

S ≡ 2
∂W (C; A0,κ0)

∂C
= SM + SF (7)

= 2 DWM(C;κ0M
) + 2 DWF (CF ;κ0M

) :
∂CF

∂C
= 2 DWM(C;κ0M

) + 2 A0 DWF (CF ;κ0M
) A0 (8)

S = 2 DWM(C;κ0M
) + 2 [DWF (CF ;κ0M

) : A0] A0 (9)

The notation D(•) denotes the FRÉCHET derivative of a volume density with respect to its
argument. The strain energy functions W of B0, WM of BM

0 or WF of BF
0 , respectively,

directly depends on the invariants of the corresponding right CAUCHY-GREEN tensors. We
assume (i) the unpartitioned case

W (C; A0,κ0) = Ŵ (I1, I2, I3, I4;κ0) (10)

and (ii) the partitioned case

WM = ŴM(I1, I2, I3;κ0M
) WF = ŴF (I4;κ0F

) (11)

where

I1 := C : I I2 := 1
2

[
(I1)

2 − C2 : I
]

I3 := det C (12)

denotes the tensor invariants of the right CAUCHY-GREEN tensors C, and

I4 ≡ CF : A0 = A0 C A0 : A0 = [a0 · C a0] a0 · a0 = a0 · C a0 = C : A0 = a · a =: CF (13)

the squared fiber stretch CF ≡ λ2
F . Using the fourth invariant I4 =: CF , the right CAUCHY-

GREEN tensor CF and the second PIOLA-KIRCHHOFF stress tensor SF of the partitioned strain
energy function, respectively, can be simply written as

CF = CF A0 SF = 2

[
DŴF (CF ;κ0F

)
∂CF
∂CF

: A0

]
A0 = 2 DŴF (CF ;κ0F

) A0 (14)

Hence, the directions of the fiber deformation tensor CF and fiber stress tensor SF are uniquely
prescribed by the structure tensor A0, as expected.

2 EULER-LAGRANGE EQUATIONS

With regard to the numerical time integration, we now introduce variationally consistent

• temporally continuous assumed ’strains’ C̃ and C̃F , as well as

• temporally discontinuous superimposed stresses S̃ and S̃F , respectively.

The former are necessary for an exact analytical time integration of approximated strain energy
functions [6], and the later for their exact numerical time integration [8]. Hence, the super-
imposed stresses S̃ and S̃F are responsible for the energy consistency of the discrete EULER-
LAGRANGE equations, but they have to vanish identically for guaranteeing energy consistency
of the continuous EULER-LAGRANGE equations. We consider the strain energy function
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1. W (C; A0,κ0) on B0 (unpartitioned strain energy), or

2. WM(C;κ0M
) and WF (CF ;κ0F

) separately (partitioned strain energy).

We derive the continuous equations of motion by using a mixed principle of virtual power
or principle of Jourdain, respectively, a differential variational principle [9]. The modivation
for applying this principle from the outset is to satisfy the total energy balance in both the
continuous as well as the discrete setting. Denoting by a superimposed dot the partial time
derivative, in the unpartitioned case, this balance takes the form

Ṫ (u̇, v̇, ṗ; ρ0) + Π̇int(u̇, ˙̃C,S; A0,κ0, S̃) =

∫
B0

ρ0b · u̇ dV +

∫
∂tB0

t · u̇ dA+

∫
∂uB0

h · (u̇− ˙̄u
)

dA

(15)
with the kinetic power

Ṫ (u̇, v̇, ṗ; ρ0) :=

∫
B0

[ρ0v− p] · v̇ dV −
∫

B0

ṗ · [v− u̇] dV +

∫
B0

p · ü dV (16)

where

p = ρ0v and v = u̇ (17)

denotes the linear momentum vector and the material velocity vector, respectively. The scalar
ρ0 denotes the mass density field in B0. The stress power Π̇int is written in dependence on the
second PIOLA-KIRCHHOFF stress tensor S, the superimposed stress tensor S̃ and the assumed
’strain’ tensor C̃ as

Π̇int(u̇, ˙̃C,S; A0,κ0, S̃) :=
1

2

∫
B0

[
2 DW (C̃; A0,κ0) + S̃− S

]
: ˙̃C dV

− 1

2

∫
B0

Ṡ :
[
C̃− C(u)

]
dV +

1

2

∫
B0

S : Ċ(u̇) dV

=

∫
B0

Ẇ dV (18)

where

S = 2 DW (C̃; A0,κ0) + S̃ C̃ = C(u) := (∇u + I)T (∇u + I) (19)

The superimposed stress tensor S̃ = O, with the zero tensor O, has to vanish for energy con-
sistency. On the right-hand side of Eq. (15), there is the external power depending on the body
force vector b per unit mass on B0, the traction force vector t per unit area on the NEUMANN

boundary ∂tB0 and the LAGRANGE multiplier vector h enforcing the constraint

u− ū = 0 on ∂uB0 (20)

of a prescribed displacement ū on the DIRICHLET boundary ∂uB0. Both boundary sets satisfy
the conditions ∂B0 = ∂tB0∪∂uB0 and ∂tB0∩∂uB0 = ∅, where ∂B0 designates the boundary
of the reference configuration.
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2.1 The unpartitioned strain energy function

In the unpartitioned case, we introduce the assumed ’strain’ field C̃ and the superimposed
stress field S̃ for the entire reference configuration variationally consistent by considering the
virtual power principle

δ∗Ḣ(u̇, v̇, ṗ, ˙̃C,S; ρ0,A0,κ0,b, t, ˙̄u, S̃) :=

δ∗Ṫ (u̇, v̇, ṗ; ρ0) + δ∗Π̇
int(u̇, ˙̃C,S; A0,κ0, S̃) + δ∗Π̇

ext(u̇; ρ0,b, t, ˙̄u) = 0 (21)

with the virtual kinetic power

δ∗Ṫ (u̇, v̇, ṗ; ρ0) :=

∫
B0

[ρ0v− p] · δ∗v̇ dV −
∫

B0

δ∗ṗ · [v− u̇] dV +

∫
B0

ṗ · δ∗u̇ dV (22)

the virtual external power

δ∗Π̇
ext(u̇; ρ0,b, t, ˙̄u) := −

∫
B0

ρ0 b · δ∗u̇ dV −
∫
∂tB0

t · δ∗u̇ dA−
∫
∂uB0

h · δ∗u̇ dA (23)

and the virtual internal power

δ∗Π̇
int(u̇, ˙̃C,S; A0,κ0, S̃) :=

1

2

∫
B0

[
2DW (C̃; A0,κ0) + S̃− S

]
: δ∗

˙̃C dV

−1

2

∫
B0

δ∗S :
[

˙̃C− Ċ(u̇)
]

dV +
1

2

∫
B0

S : δ∗Ċ(u̇) dV (24)

The symbol δ∗ denotes the variation with respect to the variables (not the parameter behind the
semicolon) in the function argument. Integration by parts in the last term of Eq. (24) furnishes

1

2

∫
B0

S : δ∗Ċ(u̇) dV =

∫
B0

FS : ∇(δ∗u̇) dV =

∫
∂tB0

FSN · δ∗u̇ dA−
∫

B0

DIV[FS] · δ∗u̇ dV (25)

The vector N denotes the normal field on the NEUMANN boundary ∂tB0, and DIV[•] the di-
vergence operator with respect to X ∈ B0. Rearranging termes in Eq. (21) according to the
variations δ∗ṗ, δ∗v̇, δ∗S, δ∗

˙̃C and δ∗u̇, we obtain the variational form

0 =

∫
B0

[ρ0v− p] · δ∗v̇ dV −
∫

B0

δ∗ṗ · [v− u̇] dV −
∫

B0

[DIV[FS] + ρ0b− ṗ] · δ∗u̇ dV

− 1

2

∫
B0

[
S− 2 DW (C̃; A0,κ0)− S̃

]
: δ∗

˙̃C dV − 1

2

∫
B0

δ∗S :
[

˙̃C− Ċ(u̇)
]

dV

−
∫
∂tB0

[t− FSN] · δ∗u̇ dA−
∫
∂uB0

h · δ∗u̇ dA (26)

Owing to the fundamental theorem of variational calculus, the corresponding continuous EU-
LER-LAGRANGE equations read

v = u̇ with u(t0) = u0 (27)
ρ0v = p ∀t > t0 (28)

DIV[FS] + ρ0b = ṗ with p(t0) = p0 ≡ ρ0v0 (29)

Ċ(u̇) = ˙̃C with C̃(t0) = C(u0) ≡ (∇u0 + I)T (∇u0 + I) (30)

2 DW (C̃; A0,κ0) + S̃ = S ∀t > t0 (31)
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with the corresponding inital conditions in B0 as well as the boundary conditions

FSN = t ∀t > t0 on ∂tB0 (32)
δ∗u̇ = 0⇐⇒ u̇ = ˙̄u with u(t0) = ū(t0) on ∂uB0 (33)

Consequently, the PIOLA-KIRCHHOFF stress tensor field S is temporally discontinuous, but the
displacement vector field u, the material velocity field v, the linear momentum field p as well
as the assumed ’strain’ field C̃ are temporally continuous. The superimposed stress tensor S̃
has to vanish in these EULER-LAGRANGE equations for satisfying the total energy balance in
Eq. (15).

2.2 The partitioned strain energy function

In the partitioned formulation, we introduce the assumed ’strain’ tensor C̃ and the superim-
posed stress tensor S̃M on BM

0 and the assumed ’strain’ C̃F and the superimposed fiber stress
S̃F on BF

0 by considering the virtual power principle

δ∗Ḣ(u̇, v̇, ṗ, ˙̃C,SM , ˙̃CF ,SF ; ρ0,κ0M
,κ0F

,A0,b, t, ˙̄u, S̃M , S̃F ) := (34)

δ∗Ṫ (u̇, v̇, ṗ; ρ0) + δ∗Π̇
ext(u̇; ρ0,b, t, ˙̄u) + δ∗Π̇

int(u̇, ˙̃C,SM , ˙̃CF ,SF ;κ0M
,κ0F

,A0, S̃M , S̃F ) = 0

The virtual kinetic power is identical to Eq. (22) and the virtual external power is identical to
Eq. (23). But the virtual internal power is now given by

δ∗Π̇
int(u̇, ˙̃C,SM , ˙̃CF ,SF ;κ0M

,κ0F
,A0, S̃M , S̃F ) :=

1

2

∫
B0

[
2 DWM(C̃;κ0M

) + S̃M − SM
]

: δ∗
˙̃C dV

1

2

∫
B0

[
2 DŴF (C̃F ;κ0F

) + S̃F − SF : A0

]
δ∗

˙̃CF dV

−1

2

∫
B0

δ∗SM :
[

˙̃C− Ċ(u̇)
]
dV +

1

2

∫
B0

SM : δ∗Ċ(u̇) dV

−1

2

∫
B0

δ∗SF :
[

˙̃CF A0 − ĊF (u̇)
]

dV +
1

2

∫
B0

SF : δ∗ĊF (u̇) dV (35)

with
CF (u) := [(∇u + I) A0]

T [∇u + I] A0 = A0(∇u + I)T (∇u + I) A0 (36)

Bearing in mind the identity

1

2
SF : δ∗ĊF (u̇) =

1

2
SF : A0 δ∗Ċ(u̇) A0 =

1

2
F A0 SF A0 : ∇u̇ = FF [SF : A0] : ∇u̇ (37)

integration by parts leads to

1

2

∫
B0

SF : δ∗ĊF (u̇) dV =

∫
∂tB0

FF [SF : A0] N · δ∗u̇ dA−
∫

B0

DIV [FF (SF : A0)] · δ∗u̇ dV (38)
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Again, by rearranging the terms in Eq. (34) due to the independent variations δ∗ṗ, δ∗v̇, δ∗SM ,
δ∗

˙̃C, δ∗SF , δ∗
˙̃CF and δ∗u̇, we obtain the variational form

0 =

∫
B0

[ρ0v− p] · δ∗v̇ dV −
∫

B0

δ∗ṗ · [v− u̇] dV

−
∫

B0

[DIV[FSM + FF (SF : A0)] + ρ0b− ṗ] · δ∗u̇ dV

−
∫
∂tB0

[t− (FSM + FF (SF : A0)) N] · δ∗u̇ dA−
∫
∂uB0

h · δ∗u̇ dA

− 1

2

∫
B0

[
SM − 2 DWM(C̃;κ0M

)− S̃M
]

: δ∗
˙̃C dV − 1

2

∫
B0

[
˙̃C− Ċ(u̇)

]
: δ∗SM dV

−
∫

B0

[
SF : A0 − 2 DŴF (C̃F ;κ0F

)− S̃F
] δ∗ ˙̃CF

2
dV − 1

2

∫
B0

[
˙̃CF A0 − ĊF (u̇)

]
: δ∗SF dV (39)

Taking the fundamental theorem of variational calculus into account, we arrive at the EULER-
LAGRANGE equations

v = u̇ with u(t0) = u0 (40)
ρ0v = p ∀t > t0 (41)

DIV [FSM + FF (SF : A0)] + ρ0b = ṗ with p(t0) = p0 ≡ ρ0v0 (42)

Ċ(u̇) = ˙̃C with C̃(t0) = C(u0) (43)

ĊF (u̇) : A0 = ˙̃CF with C̃F (t0) = CF (u0) : A0 (44)

2 DWM(C̃;κ0M
) + S̃M = SM ∀t > t0 (45)[

2 DŴF (C̃F ;κ0F
) + S̃F

]
A0 = SF ∀t > t0 (46)

with S̃M := O and S̃F := 0 for satisfying the total energy balance, and the boundary conditions

[FSM + FF (SF : A0)] N = t ∀t > t0 on ∂tB0 (47)
δ∗u̇ = 0⇐⇒ u̇ = ˙̄u with u(t0) = ū(t0) on ∂uB0 (48)

Consequently, the PIOLA-KIRCHHOFF stress fields SM and SF are temporally discontinuous,
but the assumed ’strain’ fields C̃ and C̃F are again temporally continuous.

3 FULLY-DISCRETE WEAK FORMULATION

Next, we derive the temporally and spatially discrete weak variational formulation. In this
section, we restrict ourselves to a linear piecewise continuous time approximation in u, v, p
(compare Reference [5]) as well as C̃ and C̃F , in order to demonstrate the consistency of the
variational derivation of the assumed ’strain’ approximations and the superimposed stress ten-
sors S̃ and S̃F with Reference [8]. But note that in the unpartitioned case both approximations
are new for higher-order time approximations.
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3.1 The unpartitioned strain energy function

The time integrator presented here follows from considering the virtual power principle at
collocation points ξi of the time interval [t0, tN ] of interest, introduced by a time integration∫ tN

t0

δ∗Ḣ(u̇(t), v̇(t), ṗ(t), ˙̃C(t),S(t); ρ0,A0,κ0,b(t), t(t), ˙̄u(t), S̃(t)) dt =

N−1∑
n=0

∫ tn+1

tn

δ∗Ḣ(u̇n(t), v̇n(t), ṗn(t), ˙̃Cn(t),Sn(t); ρ0,A0,κ0,bn(t), tn(t), ˙̄un(t), S̃
n
(t)) dt ≈

N−1∑
n=0

∫ 1

0

δ∗Ḣ(u̇nh(α), v̇nh(α), ṗnh(α), ˙̃Cn
h(α),Snh(α); ρ0,A0,κ0,bnh(α), tnh(α), ˙̄unh(α), S̃

n

h(α))hndα ≈
N−1∑
n=0

δ∗Ḣ(u̇nh(ξ1), v̇nh(ξ1), ṗnh(ξ1),
˙̃Cn
h(ξ1),Snh(ξ1); ρ0,A0,κ0,bnh(ξ1), tnh(ξ1), ˙̄unh(ξ1), S̃

n

h(ξ1))hn

N−1∑
n=0

δ∗Ḣd(un+1, vn+1,pn+1, C̃n+1,Sn+ 1
2
; ρ0,A0,κ0,bn+ 1

2
, tn+ 1

2
, ūn+1, S̃n+ 1

2
)hn

.
= 0 (49)

and the normalized time α ∈ [0, 1] via the linear transformation

τ : [tn, tn+1] 3 t 7→ tn + α (tn+1 − tn) = tn + αhn (50)

with respect to the time step size hn, and after applying the midpoint rule with the one Gauss
point ξ1 = 1

2
to the mentioned piecewise linear time approximations

unh(α) := un + α (un+1 − un) vnh(α) := vn + α (vn+1 − vn) (51)
pnh(α) := pn + α

(
pn+1 − pn

)
C̃
n

h(α) := Cn + α (Cn+1 − Cn) (52)

In the following, we use the common finite difference notation (•)n+ 1
2

for symbols (•)nh(1
2
).

Without integrating by parts but rearranging termes in Eq. (49) according to the independent
variations, we obtain the semi-discrete variational form

0 =

∫
B0

[
ρ0vn+ 1

2
− pn+ 1

2

]
· δ∗vn+1 dV −

∫
B0

δ∗pn+1 ·
[

vn+ 1
2
− un+1 − un

hn

]
dV

− 1

2

∫
B0

[
Sn+ 1

2
− 2 DW (C̃n+ 1

2
; A0,κ0)− S̃n+ 1

2

]
: δ∗Cn+1 dV

−1

2

∫
B0

[
Cn+1 − Cn − (Fn+1 + Fn)T (Fn+1 − Fn)

]
: δ∗Sn+ 1

2
dV

+

∫
B0

[
pn+1 − pn

hn
+ BT

n+ 1
2

Sn+ 1
2
− ρ0bn+ 1

2

]
· δ∗un+1 dV

−
∫
∂tB0

tn+ 1
2
· δ∗un+1 dA−

∫
∂uB0

hn+ 1
2
· δ∗un+1 dA (53)

with the linearized strain operator Bn+ 1
2

defined by [8]

2 Bn+ 1
2
δ∗un+1 := FT

n+ 1
2
∇(δ∗un+1) +∇(δ∗un+1)

TFn+ 1
2

(54)
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and bearing in mind the differentiation rule

˙
(•) =

d(•)
dα

dα

dt
=

d(•)
dα

1

hn
(55)

as well as the vanishing variations δ∗un, δ∗vn, δ∗pn and δ∗Cn due to the initial conditions

u(t0) = u0 p(t0) = ρ0v0 (56)
v(t0) = v0 C̃(t0) = (∇u0 + I)T (∇u0 + I) (57)

in the first time step [t0, t1]. At this point, we are able to derive spatially local relations of tensor
fields at each point X ∈ B0, which can be used to eliminate variables in the discrete system
of equations of motion without taking spatial integrals. On the other hand, we may keep all
the variables and solve a multifield formulation if we are interested in these variables for post-
processing purposes, or we may eliminate the variables after the spatial integrals have been
taken. The first line of Eq. (53) leads to

pn = ρ0vn pn+1 = ρ0vn+1 hn vn+ 1
2

= un+1 − un (58)

where Eq. (58.1) is obvious from the initial condition in Eq. (56.2), and Eq. (58.3) can be seen
as first equation of motion [2]. The second line of Eq. (58) furnishes the discrete constitutive
relation

Sn+ 1
2

= 2 DW (C̃n+ 1
2
; A0,κ0) + S̃n+ 1

2
(59)

But note that the superimposed second PIOLA-KIRCHHOFF stress tensor S̃n+ 1
2

must not van-
ish for energy consistency as in the continuous setting (compare Reference [7]). We derive it
below in a separate variational problem. In the third line of Eq. (53), we take into account the
symmetry of δ∗Sn+ 1

2
, leading to the identity[

FTn+1Fn − FTnFn+1

]
: δ∗Sn+ 1

2
= 0 (60)

and consequently to the local relation

Cn+1 − Cn = FTn+1Fn+1 − FTnFn ⇐⇒ Cn+1 = FTn+1Fn+1 (61)

according to the initial condition in Eq. (57.2). Hence, we arrive at the following variation-
ally consistent assumed ’strain’ approximation, which is proposed for energy consistent time
stepping schemes at least since the publication of Reference [6]:

C̃n+ 1
2

:=
1

2
[Cn + Cn+1] (62)

The spatial approximation in the variational formulation is based on trilinear shape functions
for an eight-node brick element for the volume and bilinear shape functions for an four-node
quadrilateral element for the boundaries, which approximate the geometry in B0, the displace-
ment vector u and the material velocity vector v at the considered discrete time points tn. Hence,
following the notation in Reference [10], we apply the approximations

u = N u δ∗u = N δ∗u (63)
v = N v δ∗v = N δ∗v (64)
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where N denotes the matrix of the trilinear shape functions and the vector u combines the nodal
displacements. An analogous notation is used for the nodal velocities and nodal variations,
respectively. On the boundary ∂B0, we apply the approximations

u = N̄ u δ∗u = N̄ δ∗u (65)

where N̄ denotes the matrix of the bilinear shape functions. The last two lines of Eq. (53) then
leads to the discrete variational formulation

δ∗uTn+1

[
M

vn+1 − vn
hn

+

∫
B0

BT
n+ 1

2
Sn+ 1

2
dV

]
= δ∗uTn+1

[
Ht tn+ 1

2
+ Hu hn+ 1

2
+ M bn+ 1

2

]
(66)

with the system matrices

M :=

∫
B0

ρ0 NTN dV Ht :=

∫
∂tB0

N̄T N̄ dV Hu :=

∫
∂uB0

N̄T N̄ dV (67)

as well as the matrix representations Bn+ 1
2

and Sn+ 1
2

of the linearized strain operator and the
second PIOLA-KIRCHHOFF stress tensor, respectively. Finally, we apply the fundamental theo-
rem of variational calculus and arrive at the discrete system of equations of motion

M
vn+1 − vn

hn
+

∫
B0

BT
n+ 1

2
Sn+ 1

2
= Ht tn+ 1

2
+ Hu hn+ 1

2
+ M bn+ 1

2
(68)

If we now multiply Eq. (68) on both sides from the left by the velocity vector

vn+ 1
2

=
1

2
[vn+1 + vn] (69)

the first term on the left hand side takes the form

vT
n+ 1

2
M

vn+1 − vn
hn

=
1

2hn

[
vTn+1M vn+1 − vTnM vn

]
=
Tn+1 − Tn

hn
(70)

which denotes the discrete time derivative of the total kinetic energy. On the righthand side of
Eq. (68), we obtain the discrete external power

vT
n+ 1

2

[
Ht tn+ 1

2
+ Hu hn+ 1

2
+ M bn+ 1

2

]
=

uTn+1 − uTn
hn

[
Ht tn+ 1

2
+ Hu hn+ 1

2
+ M bn+ 1

2

]
= −Πext

n+1 − Πext
n

hn
(71)

where Eq. (58.3) have been taken into account. Accordingly, we arrive at the discrete total
energy balance if the relation∫

B0

vn+ 1
2
· BT

n+ 1
2

[
2 DW (C̃n+ 1

2
; A0,κ0) + S̃n+ 1

2

]
dV =∫

B0

un+1 − un
hn

· BT
n+ 1

2

[
2 DW (C̃n+ 1

2
; A0,κ0) + S̃n+ 1

2

]
dV =

Πint
n+1 − Πint

n

hn
(72)



Michael Groß, Rajesh Ramesh and Julian Dietzsch

or

Wn+1 −Wn =

[
DW (C̃n+ 1

2
; A0,κ0) +

1

2
S̃n+ 1

2

]
: 2 Bn+ 1

2
[un+1 − un] (73)

is fulfilled. On the other hand, employing the assumed ’strain’ tensor in Eq. (61) in the definition
of the linearized strain operator in Eq. (54), we obtain the identity

2 Bn+ 1
2

[un+1 − un] = FT
n+ 1

2
[Fn+1 − Fn] + Fn+ 1

2
[Fn+1 − Fn]T

=
1

2

[
Cn+1 − Cn + CT

n+1 − CT
n

]
= Cn+1 − Cn (74)

which in the end leads to the scalar-valued constraint G(S̃n+ 1
2
) on the superimposed stress field

S̃n+ 1
2

at each point X ∈ B0, given by

G(S̃n+ 1
2
) := Wn+1 −Wn −

[
DW (C̃n+ 1

2
; A0,κ0) +

1

2
S̃n+ 1

2

]
: [Cn+1 − Cn] = 0 (75)

As the superimposed stress tensor is symmetric, ndim(ndim + 1)/2 components of the tensor
S̃n+ 1

2
has to be uniquely determined such that the scalar-valued constraint in Eq. (75) is satisfied.

Therefore, we solve the separate constraint variational problem

δ∗L(µ, S̃n+ 1
2
) = 0 (76)

with
L(µ, S̃n+ 1

2
) :=

1

2
C̃n+ 1

2
S̃n+ 1

2
: S̃n+ 1

2
C̃n+ 1

2
+ µG(S̃n+ 1

2
) (77)

using the corresponding discrete EULER-LAGRANGE equations

∂L
∂S̃n+ 1

2

≡ C̃n+ 1
2

S̃n+ 1
2

C̃n+ 1
2
− µ

2
[Cn+1 − Cn] = O

∂L
∂µ
≡ G(S̃n+ 1

2
) = 0 (78)

Note that in Eq. (77) the right CAUCHY-GREEN tensor C̃n+ 1
2

operates as metric tensor as in
the physically consistent deviator stress in Reference [12]. Therefore, this constraint variational
problem could be also pushed forward to the current configuration Bt, and formulated with the
KIRCHHOFF stress tensor τ and the metric g in Bt. After inserting Eq. (78.1) in Eq. (78.2),
we arrive at the two spatially local discrete EULER-LAGRANGE equations for the superimposed
stress field S̃n+ 1

2
and the scaling factor µ at each point X ∈ B0, given by

S̃n+ 1
2

=
µ

2
C̃
−1

n+ 1
2

[Cn+1 − Cn] C̃
−1

n+ 1
2

(79)

2G(O) =
µ

2
C̃
−1

n+ 1
2

[Cn+1 − Cn] : [Cn+1 − Cn] C̃
−1

n+ 1
2

(80)

We are able to search numerically for the LAGRANGE multiplier µ, but usually it is eliminated
analytically. This leads to the stress tensor [8]

S̃n+ 1
2

= 2
G(O)

C̃
−1

n+ 1
2

[Cn+1 − Cn] : [Cn+1 − Cn] C̃
−1

n+ 1
2

C̃
−1

n+ 1
2

[Cn+1 − Cn] C̃
−1

n+ 1
2

(81)



Michael Groß, Rajesh Ramesh and Julian Dietzsch

Consequently, using the superimposed discrete stress tensor in Eq. (81), the discrete equation
of motion in Eq. (68) leads, by design, to the discrete energy balance

Tn+1 − Tn + Πint
n+1 − Πint

n + Πext
n+1 − Πext

n = 0 ⇐⇒ Hn+1 = Hn (82)

which indicates exact algorithmic total energy conservation. But note that in a numerical im-
plementation, the exact algorithmic total energy conservation is indicated by

|Hn+1 −Hn| < tol (83)

where tol denotes the tolerance of the applied NEWTON-RAPHSON method for solving the non-
linear discrete EULER-LAGRANGE equations [11]. Further, you should be careful with solution
steps where Cn+1 ≈ Cn when applying the stress formula in Eq. (81). You should generally
implement a prestep formula for the displacements un+1 taking into account all applied loads
and initial conditions [13]. If the tensor S̃n+ 1

2
is neglected then a TAYLOR series expansion of

the strain energies Wn and Wn+1 at the assumed ’strain’ tensor C̃n+ 1
2
, given by

DW (C̃n+ 1
2
; A0,κ0) : [Cn+1 − Cn] = Wn+1 −Wn +O (‖Cn+1 − Cn‖3

)
(84)

shows that Eq. (83) can be guaranteed only for ‖Cn+1−Cn‖ < tol. Therefore, we conclude that
energy consistency of the discrete EULER-LAGRANGE equations is only given if the discrete
superimposed stress tensor S̃n+ 1

2
is non-vanishing.

3.2 The partitioned strain energy function

The time stepping scheme for the partitioned strain energy also follows from a time integra-
tion of the corresponding virtual power principle on the time interval [t0, tN ] of interest. Thus,
we obtain a discrete variational condition at the collocation point ξ1, given by

δ∗Ḣd(un+1, vn+1,pn+1, C̃n+1,SM
n+1

2

, C̃Fn+1 ,SFn+1
2

;

ρ0,κ0F
,κ0M

,A0,bn+ 1
2
, tn+ 1

2
, ūn+1, S̃M

n+1
2

, S̃F
n+1

2

)hn = 0 (85)

The assumed squared fiber stretch C̃F is also linear piecewise continuous approximated by

C̃n
Fh

(α) := CFn + α
(
CFn+1 − CFn

)
(86)

with the ’initial’ condition on the time step [tn, tn+1], given by

CFn = CFn : A0 = FTFn
FFn : A0 (87)
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Rearranging termes in Eq. (85) according to the independent variations δ∗pn+1, δ∗vn+1, δ∗un+1,
δ∗SM

n+1
2

, δ∗Cn+1, δ∗SF
n+1

2

and δ∗CFn+1 , we obtain the semi-discrete variational form

0 =

∫
B0

[
ρ0vn+ 1

2
− pn+ 1

2

]
· δ∗vn+1 dV −

∫
B0

δ∗pn+1 ·
[

vn+ 1
2
− un+1 − un

hn

]
dV

− 1

2

∫
B0

[
SM

n+1
2

− 2 DWM(C̃n+ 1
2
;κ0M

)− S̃M
n+1

2

]
: δ∗Cn+1 dV

− 1

2

∫
B0

[
SF

n+1
2

: A0 − 2 DŴF (C̃F
n+1

2

;κ0F
)− S̃F

n+1
2

]
: δ∗CFn+1 dV

−1

2

∫
B0

[
Cn+1 − Cn − (Fn+1 + Fn)T (Fn+1 − Fn)

]
: δ∗Sn+ 1

2
dV

−1

2

∫
B0

[
CFn+1 A0 − CFn A0 −

(
FFn+1 + FFn

)T (FFn+1 − FFn

)]
: δ∗SF

n+1
2

dV

+

∫
B0

[
pn+1 − pn

hn
+ BT

n+ 1
2

[
SM

n+1
2

+
(

SF
n+1

2

: A0

)
A0

]
− ρ0bn+ 1

2

]
· δ∗un+1 dV

−
∫
∂tB0

tn+ 1
2
· δ∗un+1 dA−

∫
∂uB0

hn+ 1
2
· δ∗un+1 dA (88)

The first line of Eq. (88) also furnishes the Eqs. (58). The second and third line leads to the
discrete constitutive stress relations

SM
n+1

2

= 2 DWM(C̃n+ 1
2
;κ0M

) + S̃M
n+1

2

(89)

SF
n+1

2

=
[
2 DŴF (C̃F

n+1
2

;κ0F
) + S̃F

n+1
2

]
A0 (90)

The fourth and fivth line of Eq. (88) determines the right CAUCHY-GREEN ’strains’ at the time
point tn+1 by the equations

Cn+1 = FTn+1Fn+1 CFn+1 = CFn+1 : A0 = FTFn+1
FFn+1 : A0 (91)

leading to the approximations

C̃n+ 1
2

:=
1

2
[Cn + Cn+1] C̃F

n+1
2

:=
1

2

[
CFn + CFn+1

]
(92)

Hence, the full symmetric tensor CF has not to be stored at the midpoint tn+ 1
2
, but merely the

scalar ’strain’ C̃F
n+1

2

. Analogous to the unpartitioned case, the last lines of Eq. (88) gives the
discrete system of equations of motion

M
vn+1 − vn

hn
+

∫
B0

BT
n+ 1

2

[
2 DWM(C̃n+ 1

2
;κ0M

) + 2 DŴF (C̃F
n+1

2

;κ0F
) A0 (93)

+ S̃M
n+1

2

+ S̃F
n+1

2

A0

]
dV = Ht tn+ 1

2
+ Hu hn+ 1

2
+ M bn+ 1

2

by taking into account the Eq. (89) and (90). Accordingly, we arrive at exact algorithmic total
energy conservation in the sense of Eq. (82), if for the matrix continuum BM

0 the constraint

GM(S̃M
n+1

2

) := WMn+1 −WMn −
[
DWM(C̃n+ 1

2
;κ0M

) +
1

2
S̃M

n+1
2

]
: [Cn+1 − Cn] = 0 (94)
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is fulfilled, and if the relation∫
B0

vn+ 1
2
· BT

n+ 1
2

[
2 DŴF (C̃n+ 1

2
; A0,κ0F

) + S̃n+ 1
2

]
A0 dV =∫

B0

un+1 − un
hn

· BT
n+ 1

2

[
2 DŴF (C̃n+ 1

2
; A0,κ0F

) + S̃n+ 1
2

]
A0 dV =

∫
B0

[
DŴF (C̃n+ 1

2
; A0,κ0F

) +
S̃n+ 1

2

2

]
A0 : 2 Bn+ 1

2
[un+1 − un] dV =

∫
B0

[
ŴFn+1 − ŴFn

]
dV[

DŴF (C̃n+ 1
2
; A0,κ0F

) +
S̃n+ 1

2

2

]
A0 : [Cn+1 − Cn] = ŴFn+1 − ŴFn (95)

or

GF (S̃F
n+1

2

) := ŴFn+1 − ŴFn −
DŴF (C̃F

n+1
2

;κ0F
) +

S̃F
n+1

2

2

 [CFn+1 − CFn

]
= 0 (96)

is fulfilled. According to Eq. (81), the superimposed stress tensor SM for the matrix continuum
is given by

S̃M
n+1

2

= 2
GM(O)

C̃
−1

n+ 1
2

[Cn+1 − Cn] : [Cn+1 − Cn] C̃
−1

n+ 1
2

C̃
−1

n+ 1
2

[Cn+1 − Cn] C̃
−1

n+ 1
2

(97)

The superimposed scalar stress field S̃F in the equation of motion is defined such that we have
to take into account the identity

ŴFn+1 − ŴFn

CFn+1 − CFn

A0 =

DŴF (C̃F
n+1

2

;κ0F
) +

S̃F
n+1

2

2

A0 (98)

which eliminates completely a FRÉCHET derivative DŴF of the strain energy ŴF in the equa-
tion of motion.

4 NUMERICAL EXAMPLE

As numerical example, we consider a transversely isotropic blade discretized in space by
eight-node brick elements. In the initial configuration, the center of the blade’s hub is positioned
in the origin of the three-dimensional EUCLIDEAN space (see Fig. 2). The material is described
by the unpartitioned strain energy function

Ŵ (I1, I2, I3, I4;κ0) = Ŵ isotr(I1, I2, I3; c1, c2, c3) + Ŵ aniso(I3, I4; c3, c4) (99)

with the functions

Ŵ isotr(I1, I2, I3; c1, c2, c3) =
c1
2

(I
− 1

3
3 I1 − 3) + c2(I3 − 1)2 (100)

Ŵ aniso(I3, I4; c3, c4) =
c3
2c4

exp

[
c4

(
I
−1/3
3 I4 − 1

)2

− 1

]
(101)

14
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Simulation parameter
spatial mesh Eight-node bricks
element number nel 100
node number nno 238
mass density ρ0 1

strain energy W = W isotr +W aniso

soft material c1 300
c2 100
c3 240
c4 80

stiff material c1 3000
c2 1000
c3 2400
c4 800

fiber vector a0 [1, 1, 1]T/
√

3

initial velocity vA0 = vT + ω0 × qA0
velocity vector vT [2, 0,−0.1]T

angular velocity ω0 [0, 0.7, 0.7]T

NEWTON tolerance tol 10−8

Figure 2: Left: Initital configuration B0 of the fiber-reinforced blade. The colours indicate the VON MISES stress
at the temporal Gauss point t0+1/2 determined by the cG(1) method in the non-stiff case. The arrows show the
initial velocity field of the free flight. Right: Simulation parameter of the motion and of the algorithm.

the parameters c1, c2, c3 and the dimensionless parameter c4 (compare Reference [14]). The
applied material parameter values are summarized in Fig. 2 on the right. We distinguish between
soft and stiff material. The blade are in free flight due to its initial translational velocity field
and its initial angular velocity field (see Fig. 2). We compare two numerical methods:

(i) the variational consistent discrete method presented above, referred to as eG(1) method
in the following, and

(ii) the continuous Galerkin cG(1) method or midpoint rule, respectively, given by Eq. (68)
and the corresponding second PIOLA-KIRCHHOFF stress tensor

Smid
n+ 1

2
= 2 DW (FT

n+ 1
2
Fn+ 1

2
; A0,κ0) (102)

based on a temporally discontinuous ’strain’ approximation.

Considering soft material, both methods show similar current configurations for a moderate
constant time step size. Therefore, we show only the motion of the cG(1) method in Fig. 3. But,
by changing the time step size during the simulation, the NEWTON-RAPHSON method in the
time loop of the cG(1) method aborts after some time steps. This can be shown by plotting the
total energy of the blade versus time (see Fig. 4 on the left). In contrast to the eG(1) method,
the cG(1) method shows an oscillating total energy with an energy blow-up after the time step
size change. Considering stiff material, no time step size change is necessary for illustrating
the unstable behaviour of the cG(1) method in contrast to the eG(1) method (see Fig. 4 on the
right).
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Figure 3: Current configurations Btn of the blade with the non-stiff material determined by the cG(1) method,
starting at t0 = 0 on the left. The colour indicates the VON MISES stress at the temporal Gauss point tn+1/2. The
arrows shows the current Lagrangian velocity field.
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Figure 4: Comparison of the total energy Hn of the cG(1)-method and the eG(1)-method, respectively, using the
soft material (left) and stiff material (right). The time step size is 0.1 for t ≤ 10 and 0.2 for t > 10.

5 SUMMARY

In this paper, we consider transversely isotropic materials from two perspectives. We exam-
ine

1. the general case of formally one free energy function with no separation of tensor invari-
ants (unpartitioned free energy function), and

2. a partition of the free energy function into two separate terms corresponding to isotropic
and anisotropic invariants, respectively (partitioned free energy function).

The reason is that the fundamental theorem of calculus corresponding to partitioned free energy
functions can be split into separate equations as it is well-known from the kinetic and potential
energy of natural systems with respect to inertial reference frames. As the fundamental theo-
rem of calculus serves as a design criterion for energy consistent time stepping algorithms, a
separation into two criteria therefore allows to modify the algorithm in a more targeted manner.
Further, already implemented energy consistent time stepping algorithms for isotropic materials
could be extented rather than modified to transversely isotropic materials or composite materials
with more than one family of fibers.

In this work, we start the design of energy consistent time stepping algorithms by discretizing
a mixed variational principle, because we aim at a unified design procedure for these important
algorithms. Such an unified procedure already exists for momentum consistent time stepping
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algorithms leading to the so-called variational integrators [5]. In this variational framework,
the consistency with the momentum balances does not depend on the numerical quadrature
as in usual finite difference or GALERKIN-based schemes. Energy consistent time stepping
algorithms, however, are hitherto designed for specific mechanical problems [2, 3, 8, 11, 13],
although the corresponding design procedures exhibit many common features. In each of these
references, the discrete total energy balance is satisfied by introducing

• temporally continuous approximations of the independent argument tensors of the total
energy, together with

• temporally discontinuous superimposed work conjugate tensor fields emanating from spa-
tially local formulations of the fundamental theorem of calculus in time.

But, the application of this concept for designing higher-order accurate time stepping schemes
as generalisation of existing second-order accurate schemes raises questions in the details [2, 3],
starting with the temporally continuous approximation of the independent argument tensors
of the strain energy. In these references, a mixture of ’strain’ tensor approximations has to
be used for satisfying energy consistency, which is not obvious from a physical perspective.
These problems and the need of a unified framework have led to the herewith presented idea of
discretizing a mixed variational principle, providing

1. a proof of existing adhoc time approximations, and

2. new higher-order accurate energy consistent time approximations (see Appendix).

The first adhoc time approximation is the midpoint evaluation of the GREEN-LAGRANGE

strain tensor in Reference [6], or later called assumed ’strain’ approximation in Reference [15],
respectively. This approximation is often used as a physically modivated assumption (frame-
invariance of discrete strains), or as an inherent part of energy consistent discrete gradients of
strain energy functions in finite difference schemes [8]. In Reference [6], this temporally contin-
uous approximation of the GREEN-LAGRANGE strain tensor is modivated by the exact quadra-
ture of the approximated strain energy function pertaining to the quadratic SAINT-VENANT

KIRCHHOFF model. The discrete total energy balance corresponding to this strain energy func-
tion is therefore fulfilled without a superimposed stress field, or in other words, a superimposed
stress field vanish for this strain energy function as in the temporally continuous equations of
motion. Hence, inspired by three-field variational functionals of EAS methods [16], we here
introduce a temporally continuous strain tensor with the corresponding natural ordinary differ-
ential equation in time by means of a mixed variational principle. In this way, we actually prove
the variational consistency of the assumed ’strain’ approximation for well-known second-order
accurate methods, and derive a new assumed ’strain’ approximation for higher-order accurate
schemes which avoids unphysical approximation mixtures as in Reference [3] (see Appendix).

The second adhoc time approximation is the superimposed stress tensor in References [2, 3],
based on the well-known discrete gradient in Reference [17]. This superimposed stress tensor
is derived from a constraint variational problem at each point X ∈ B0 in References [3], which
therefore provides a proof of the uniqueness of this superimposed stress tensor. However, this
variational problem is not physically modivated and therefore not invariant with respect to a
push-forward in the spatial configuration Bt. This problem has been caused by not using a
coordinate free and metric independent geometric formulation of continuum mechanics. In fact,
the Euclidean metric δAB is assumed in the reference configuration from the outset. Therefore,
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in this paper, we arrive at the right CAUCHY-GREEN tensor as metric tensor by using a covariant
tensor formulation. The obtained constraint variational problem is therefore invariant under a
push-forward in the spatial configuration Bt, and leads to an equivalent variational problem
with respect to the KIRCHHOFF stress tensor. As special case for a linear approximation in
time, we obtain the superimposed stress field in Reference [8]. Note, however, that a further
improvement of the computational performance in comparison to the superimposed stress tensor
in References [3] is not recognized by considering free flights of stiff materials. But if the
algorithm has to be pushed forward in a computational more efficient spatial setting, the new
superimposed stress field is necessary. Further note that the constraint variational problems are
still separate variational problems of parameters of the mixed variational principle.

A APPENDIX

In this appendix, we show an interesting consequence of the above theory for the new as-
sumed ’strain’ approximation of higher-order accurate time integration schemes, i.e. schemes
which take into account inner time points tn+αi

, αi ∈]0, 1[, beside the time step boundary points
tn and tn+1. This inner time points are usually equidistant distributed over the time step (see
Table 1). Here, we have to start in the unpartitioned case with the discrete principle

N−1∑
n=0

k∑
i=1

δ∗Ḣ(u̇nh(ξi), v̇nh(ξi), ṗnh(ξi),
˙̃Cn
h(ξi),Snh(ξi);

ρ0,A0,κ0,bnh(ξi), tnh(ξi), ˙̄unh(ξi), S̃
n

h(ξi))wi hn = 0 (103)

where ξi, wi, i = 1, . . . , k, denote the quadrature points and weights, respectively, and k the
degree of the shape functions Mj(α), j = 1, . . . , k + 1 in time. Usually, the Lagrangian shape
functions and the Gaussian quadrature rules are used (see Table 1 and Table 2, respectively).
According to this principle, we obtain the weak equation

k∑
i=1

∫
B0

δ∗Snh(ξi) :

[
dC̃

n

h(ξi)

dα
−
◦
C(
◦
u
n

h (ξi))

]
wi dV = 0 (104)

with the assumed ’strain’ approximation

dC̃
n

h(α)

dα
=

k+1∑
j=1

◦
M j+1 (α) Cn

j ≡
k∑
i=1

M̃i(α) C̃
n

i (105)

and the shorthand notation
◦

(•) for the differentiation with respect to α. The tensors Cn
j and C̃

n

i

designate the independend nodal values of the assumed ’strain’ approximation and its deriva-
tive, respectively, at the corresponding time points αi and α̃i (see Table 1). Having again an
elimination of the assumed ’strain’ field in mind, we arrive at the spatially local relation

k+1∑
j=1

◦
M j+1 (ξi) Cn

j−
◦
C(
◦
u
n

h (ξi)) = O (i = 1, . . . , k) (106)

After further algebraic transformations, the unkonwn nodal values Cn
l , l = 2, . . . , k, becomes

Cn
l :=

k∑
i=1

mli

◦
C(
◦
u
n

h (ξi)) + Cn
1 (107)
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by taking into account the initial condition Cn
1 := (Fn1 )TFn1 ≡ Cn. The coefficients Ali are the

components of the k × k matrix

m =


◦
M2 (ξ1) . . .

◦
Mk+1 (ξ1)

... · · · ...
◦
M2 (ξk) . . .

◦
Mk+1 (ξk)


−1

(108)

In the case of linear time approximations (k = 1), these relations lead to the nodal values

Cn ≡ Cn
1 = (Fn1 )TFn1 Cn+1 ≡ Cn

2 = (Fn2 )TFn2 (109)

(compare Eq. (61). For quadratic time approximations (k = 2), we arrive at the nodal values

Cn ≡ Cn
1 := (Fn1 )TFn1 (110)

Cn
2 :=

1

3

[
Fn1 + Fn3

2
− Fn2

]T [Fn1 + Fn3
2

− Fn2

]
+ (Fn2 )TFn2 (111)

Cn+1 ≡ Cn
3 := (Fn3 )TFn3 (112)

For higher degrees of shape functions, we obtain analogous results. Accordingly, the nodal val-
ues at the time step boundaries tn and tn+1 are solely determined by un and un+1, respectively,
but the nodal values at the inner time points depends on the displacements of all time points.
This is in contrast to the (frame-indifferent) assumed ’strain’ approximation C̄n

h(α) defined in
Reference [3] by the extrapolation

C̄n
h(α) =

k+1∑
j=1

Mj(α) (Fnj )TFnj (113)

of the formula C̃
n

h(α) for linear time approximations (k = 1) known from Reference [15]. As
the first term in Eq. (111) is unknowingly neglected in Eq. (113), the authors of Reference [3]
have to introduce a mixture of time approximations in the superimposed stress tensor for energy
consistency.

On the other hand, looking at Eq. (111), we may recognize a possibility to simplify the
relations for the nodal values C2, . . .Ck−1 by introducing an assumed deformation gradient
field, which for k = 2 takes the form

F̃nh(α) = M1(α) Fn1 +M2(α) F̂
n

2 +M3(α) Fn3 (114)

with the nodal value
F̂
n

2 :=
Fn1 + Fn3

2
6= ∇un2 + I ≡ ∇un+ 1

2
+ I (115)

Thus, the approximated displacement field unh(α) is here connected to the deformation gradient
field only at the boundaries of the time step [tn, tn+1] with the linear approximation

F̃nh(α) = M̃1(α) Fn1 + M̃2(α) Fn3 (116)

The corresponding assumed ’strain’ field reads

C̃
n

h(α) = M1(α) (Fn1 )TFn1 +M2(α) (F̂
n

2 )T F̂
n

2 +M3(α) (Fn3 )TFn3 (117)
= (α− 1)2 (Fn1 )TFn1 + α(α− 1)

[
(Fn1 )TFn3 + (Fn3 )TFn1

]
+ α2 (Fn3 )TFn3 (118)
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However, we have to examine this possibility with respect to the accuracy order of the result-
ing time integration scheme. Further, a linear time approximation of the deformation gradient
field and a quadratic time approximation of the displacement field seems to be inconsistent, in
contrast to an analogous space approximation [14].

Nevertheless, the accuracy order of the time integration scheme corresponding to the approx-
imation C̃

n

h(α) with the nodal values in Eq. (107) is guaranteed for shape functions of degree
up to four (k = 4). We have even implemented this approximation in the finite element code
associated with the thermo-mechanical problem in Reference [13], and obtained the numerical
results in Fig. 5. This approximation is therefore even recommended for mechanically coupled
problems. The higher-order approximation of the superimposed stress tensor of the unparti-
tioned strain energy function at the temporal Gauss point is given by

S̃
n

h(ξi) := 2
G(O)

k∑
l=1

[C̃
n

h(ξl)]
−1

◦

C̃
n

h (ξl) :

◦

C̃
n

h (ξl) [C̃
n

h(ξl)]
−1wl

[C̃
n

h(ξi)]
−1

◦

C̃
n

h (ξi) [C̃
n

h(ξi)]
−1 (119)

with

G(O) := Wn+1 −Wn −
k∑
l=1

DW (C̃
n

h(ξl); A0,κ0) :

◦

C̃
n

h (ξl)wl = 0 (120)

The superimposed stress S̃F corresponding to the partitioned strain energy is due to the scalar-
valued argument C̃F analogous to the dynamical problem of a particle system in Reference [3]
(compare Eq. (98) with the case k = 1). Hence, we obtain the relation

S̃nFh
(ξi) := 2

GF (0)
k∑
l=1

◦

C̃n
Fh

(ξl)

◦

C̃n
Fh

(ξl)wl

◦

C̃n
Fh

(ξi) (121)

with

GF (0) := ŴFn+1 − ŴFn −
k∑
l=1

DŴF (C̃n
Fh

(ξl);κ0F
)

◦

C̃n
Fh

(ξl)wl = 0 (122)

and the fiber assumed strain approximation

C̃n
Fh

(α) =
k+1∑
j=1

Mj+1(α)Cn
Fj

(123)

where the nodal values Cn
Fl

, l = 2, . . . , k, take the form

Cn
Fl

:=
k∑
i=1

Ali
◦
C(
◦
u
n

h (ξi)) : A0 + Cn
1 : A0 (124)
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Figure 5: Accuracy orders of the energy consistent time stepping scheme presented above using the new assumed
’strain’ approximation, determined with a flying stiff square discretized by four four-node quadrilateral elements.
We investigated the thermo-mechanically problem in Reference [13]. The plots show the relative L2 errors at the
final simulation time T = 1. For shape functions of degree k in the mechanical and thermal fields (labels ’kkk’),
we obtain the accuracy order 2k. The order of the total energy has the order 2k + 1, because the temperature is
calculated with an energy consistent discontinuous GALERKIN method. Through the strong thermo-mechanical
coupling, the temperature shows the same order as the displacements or current positions, respectively.
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Table 1: Lagrangian shape functions in time of degree k and k − 1 with respect to the parent domain [0, 1].

k Mj(α) αj M̃i(α) α̃i

1 1− α 0 1 1

α 1

2 (2α− 1)(α− 1) 0 1− α 0

−4α (α− 1) 1
2

α 1

(2α− 1)α 1

3 −9
2

(α− 1
3
)(α− 2

3
)(α− 1) 0 (2α− 1)(α− 1) 0

27
2

(α− 2
3
)(α− 1)α 1

3
−4α (α− 1) 1

2

−27
2

(α− 1
3
)(α− 1)α 2

3
(2α− 1)α 1

9
2

(α− 1
3
)(α− 2

3
)α 1

4 32
3

(α− 1
4
)(α− 1

2
)(α− 3

4
)(α− 1) 0 −9

2
(α− 1

3
)(α− 2

3
)(α− 1) 0

−128
3

(α− 1
2
)(α− 3

4
)(α− 1)α 1

4
27
2

(α− 2
3
)(α− 1)α 1

3

64 (α− 1
4
)(α− 3

4
)(α− 1)α 1

2
−27

2
(α− 1

3
)(α− 1)α 2

3

−128
3

(α− 1
4
)(α− 1

2
)(α− 1)α 3

4
9
2

(α− 1
3
)(α− 2

3
)α 1

32
3

(α− 1
4
)(α− 1

2
)(α− 3

4
)α 1

Table 2: Gaussian quadrature with Nqp Gauss points with respect to the temporal parent domain [0, 1].

Nqp ξl wl

1 1/2 1

2 (1− 1/
√

3)/2 1/2

(1 + 1/
√

3)/2 1/2

3 (1−√3/5)/2 5/18
1/2 4/9

(1 +
√

3/5)/2 5/18

4 (1−
√

3/7 + 2
√

6/5/7)/2 (3−√5/6)/12

(1−
√

3/7− 2
√

6/5/7)/2 1/2− (3−√5/6)/12

(1 +
√

3/7− 2
√

6/5/7)/2 1/2− (3−√5/6)/12

(1 +
√

3/7 + 2
√

6/5/7)/2 (3−√5/6)/12
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Abstract. In this paper a structure-preserving direct method for the optimal control of mechan-
ical systems is developed. The new method accommodates a large class of one-step integrators
for the underlying state equations. The state equations under consideration govern the motion
of affine Hamiltonian control systems. If the optimal control problem has symmetry, associated
generalized momentum maps are conserved along an optimal path. This is in accordance with
an extension of Noether’s theorem to the realm of optimal control problems. In the present
work we focus on optimal control problems with rotational symmetries. The newly proposed
direct approach is capable of exactly conserving generalized momentum maps associated with
rotational symmetries of the optimal control problem. This is true for a variety of one-step
integrators used for the discretization of the state equations. Examples are the one-step theta
method, a partitioned variant of the theta method, and energy-momentum consistent integrators.
Numerical investigations confirm the theoretical findings.

1789



Peter Betsch and Christian Becker

1 INTRODUCTION

The present work deals with the design of structure-preserving numerical methods for the
solution of optimal control problems in mechanics. Although there exist many alternative nu-
merical methods for the solution of optimal control problems (see, for example, the books by
Agrawal & Fabien [1], Betts [4], Biegler [5] and Gerdts [14], and the survey articles by Binder
et al. [6] und Diehl et al. [11]), little attention has been paid to structure-preservation on the
level of the optimal control problem.

It is well-known that the Hamiltonian of autonomous optimal control problems is conserved
along an optimal path (see, for example, Little & Pinch [23]). In addition to that, the optimal
control problem may inherit symmetries from the underlying control system. Typically, in the
context of mechanical control systems rotational symmetries are of paramount importance. Due
to a generalization of Noether’s theorem to optimal control (see Djukić [12] and Torres [28, 29]),
symmetries of the optimal control problem lead to associated generalized momentum maps that
are conserved along an optimal path. In the case of mechanical systems these symmetries
have been explored to reduce the dimension of the optimal control problem (see Grizzle &
Marcus [16] and van der Schaft [30]). However, to the best of our knowledge, symmetries and
associated momentum maps have not been taken into account in the development of structure-
preserving numerical methods for optimal control.

In contrast to that, structure-preserving numerical integrators originally developed in the
framework of Hamiltonian systems with symmetry have been recently employed in the op-
timal control of mechanical systems. These integrators are capable of conserving important
mechanical quantities in the forward dynamics of mechanical systems. In particular, energy-
momentum integrators yield algorithmic conservation of energy and angular momentum in the
case of Hamiltonian systems with rotational symmetry. Similarly, symplectic-momentum inte-
grators are capable of conserving angular momentum and preserve the symplectic transforma-
tion property in phase space.

Structure-preserving numerical integrators can be directly used in optimal control problems
by applying the direct transcription approach. For example, energy-momentum integrators have
been used in the solution of optimal control problems by Bottasso & Croce [9], Betsch et al. [3]
and Koch & Leyendecker [21]. Similarly, symplectic-momentum integrators have been applied
in the framework of the direct approach to optimal control problems by Leyendecker et al. [22],
Ober-Blöbaum et al. [26] and Bloch et al. [8].

In the present work we focus on mechanical optimal control problems with rotational sym-
metries. We propose a new direct approach to the design of structure-preserving schemes that
are capable of conserving generalized momentum maps associated with rotational symmetries
on the level of the optimal control problem. The newly proposed method accommodates a whole
family of one-step integrators for the underlying state equations. Among those one-step inte-
grators are the symplectic Euler methods, the implicit mid-point rule and 2nd-order accurate
energy-momentum schemes. By design, the proposed method exactly conserves the general-
ized momentum maps associated with rotational symmetries of the optimal control problem,
independent of the underlying integrator and the number of time steps used to resolve the time
interval of interest.

An outline of the rest of the paper is as follows. In Section 2 we summarize the equations
governing both the mechanical control systems and the optimal control problems under inves-
tigation. In particular, conditions for the presence of rotational symmetries are provided, the
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form of the associated generalized momentum maps is addressed, and a proof of the Noether-
type conservation law on the level of the optimal control problem is given. Section 3 contains
the newly proposed structure-preserving method. The generation of specific optimal control
schemes based on the choice of specific one-step integrators for the state equations is presented
in Section 4. These schemes are further investigated in Section 5 with the numerical example
of a nonlinear spring pendulum. Eventually, conclusions are drawn in Section 6.

2 GOVERNING EQUATIONS

In the present work we consider finite-dimensional mechanical control systems whose mo-
tion is governed by state equations of the form

ẋ = f(x,u) (1)

Here, the vector of state coordinatesx = (q,p) ∈ P ≡ R2n contains the configuration co-
ordinatesq ∈ Q ≡ Rn and the momentap ∈ Rn. Accordingly, the configuration spaceQ is
assumed to be linear and the state spaceP coincides with the canonical phase space(P = T ∗Q).
The momentum vector can be written in the formp =Mq̇, whereM ∈ Rn×n is a non-singular
mass matrix anḋq = d

dt
q ∈ Rn(= TqQ) denotes the velocity vector. On the right-hand side

of (1), f : P × U 7→ R2n is a continuously differentiable function andu ∈ U ⊂ Rm are the
controls. In the present work we restrict ourselves toaffine Hamiltonian control systems(see,
for example, Bloch [7]), so that a more detailed form of the state equations (1) is given by

q̇ = ∂pH(q,p)

ṗ = −∂qH(q,p) +B(q)u
(2)

Here,H : P 7→ R is the Hamiltonian of the mechanical system andB(q) ∈ Rn×m is a control
distribution matrix. In the uncontrolled case (i.e. ifu = 0), the Hamiltonian control system (2)
reduces to a standard Hamiltonian system which we call theunderlying Hamiltonian system.
In the sequel we focus on natural mechanical systems withseparableHamiltonians of the form

H(q,p) =
1

2
p ·M−1

p+ V(q) (3)

whereV : Q 7→ R is the potential energy. In the following it often proofs convenient to use
‘nodal’ configuration vectorsqI ∈ R3 and associated nodal momentum vectorsp

I ∈ R3, so that
the state coordinates of the system are comprised of partitioned configuration and momentum
vectors

q =
(
q1, q2, . . . , qnn

)
∈ R

3nn

p =
(
p
1,p2, . . . ,pnn

)
∈ R

3nn
(4)

wherenn denotes the number of nodes. To summarize, in the present work we focus on me-
chanical control systems whose state equations are given by

q̇ = f
q(p) =M−1

p

ṗ = f p(q,u)
or

q̇I = f
q
I(p) = (M−1)IJp

J

ṗ
I = f

I
p(q,u) = −∂q

I
V(q) + f Iext(q,u)

(5)

Note that the control forces are contained in

f
I
ext(q,u) = B

I
j (q)u

j
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In this connection(M−1)IJ denotes the components ofM−1 corresponding to the nodesI
andJ . Throughout this work the summation convention applies to repeated lower case and
upper case letters. The state equations (5) govern, for example, the controlled motion of (i)
nn particles in 3-space, (ii) semi-discrete systems arising from the discretization in space of
nonlinear elastodynamics, and (iii) elastic Cosserat points.

2.1 Optimal control problem

Assume that on a time intervalI = [0, T ], the mechanical system under consideration is to
be steered from an initial statex(0) = x0 ∈ P to a terminal state specified by the terminal
constraintgT (x(T )) = 0, gT : P 7→ RnT , nT ≤ 2n, such that a specific cost functional is
minimized. The correspondingoptimal control problem is given by

J [x(·),u(·)] = K(x(T )) +

∫ T

0

L(x(t),u(t))dt −→ min

subject to

ẋ = f (x,u)

x(0) = x0

0 = gT (x(T ))

u ∈ U

Here,L : P × U 7→ R denotes the density cost function andK : P 7→ R is the final cost
function. Since we focus on structural properties of the optimal control problem, we make the
simplifying assumptionU ≡ Rm, that is, there are no constraints on the controls. In accordance
with the Pontryagin maximum principle we introduce the Hamiltonian of the optimal control
problemH : P ×R2n × U 7→ R given by

H(x,ψ,u) = ψ · f (x,u)− L(x,u) (6)

Now necessary conditions for the optimality of a solution(x∗(t),u∗(t)) to the optimal control
problem are given by

ẋ = ∂
ψ
H(x,ψ,u) = f (x,u) (7a)

ψ̇ = −∂xH(x,ψ,u) = ∂xL(x,u)−ψ · ∂xf (x,u) (7b)

0 = ∂uH(x,ψ,u) = −∂uL(x,u) +ψ · ∂uf (x,u) (7c)

together with the endpoint conditions

x(0) = x0 (8a)

0 = gT (x(T )) (8b)

ψ(T ) = −DK(x(T ))−DgT (x(T ))
T
η (8c)

Accordingly, in addition to the state equations (7a), the necessary conditions consist of the
adjoint equations (7b) along with the control equations (7c). The variablesψ ∈ R2n in (7b)
are termed adjoint (or costate) variables. Moreover,η ∈ RnT in (8c) are Lagrange multipliers
associated with the terminal constraints (8b). Note that the endpoint conditions (8) consist of
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a mixed set of initial and terminal conditions. Altogether thesystem of differential algebraic
equations (7) together with the endpoint conditions (8) constitute a two-point boundary value
problem.

In analogy to the partitioning of the state coordinates the adjoint variables can be arranged
in partitioned formψ = (ψq,ψ

p). Then the adjoint equations (7b) can be written as

ψ̇q = ∂qL
(
(q,p),u

)
−ψp · ∂qfp(q,u)

ψ̇
p
= ∂pL

(
(q,p),u

)
−ψq · ∂pf

q(p)
(9)

In addition to that, the control equations (7c) can be recast in the form

0 = ∂uL
(
(q,p),u

)
−ψp · ∂uf p(q,u) (10)

Moreover, using the partitioned form of the state and adjoint variables, the optimal control
Hamiltonian (6) may also be written in the form

H
(
(q,p), (ψq,ψ

p),u
)
= ψq · f

q(p) +ψp · fp(q,u)− L((q,p),u) (11a)

= ψI
q · f

q
I(p) +ψ

p
I · f

I
p(q,u)− L((q,p),u) (11b)

Note that this notation is consistent with the partitioned form of the state equations (5). In (11b)
nodal quantities consistent with (4) have been used. In what follows these alternative partitioned
forms will be employed occasionally.

2.2 Symmetries of the optimal control problem

We focus on rotational symmetries of a mechanical system related to a one-parameter family
of rotation matricesRs ∈ SO(3), the special orthogonal group in 3-space. In particular, we
consider superposed rotations of the form

q
s
I = R

s
qI

(pI)s = Rs
p
I

(12)

for I = 1, . . . , nn, andRs = exp(sξ̂) ∈ SO(3), where the exponential map is given by the
Rodrigues formula (see, for example, [25])

exp(sξ̂) = I +
sin(s‖ξ‖)

‖ξ‖
ξ̂ +

1

2

[
sin(s‖ξ‖/2)

‖ξ/2‖

]2
ξ̂
2

(13)

Here, ξ̂ ∈ so(3) is a skew-symmetric tensor with associated axial vectorξ ∈ R
3. That is,

ξ̂a = ξ × a for anya ∈ R3. In the present contextξ is a fixed non-zero vector inR3. It can be
easily verified thatRs = exp(sξ̂) satisfies

R
s=0 = I and

d

ds

∣∣∣∣
s=0

R
s = ξ̂

Thus we haveq0I = qI , (p
I)0 = pI , along with the infinitesimal generators

d

ds

∣∣∣∣
s=0

q
s
I = ξ × qI

d

ds

∣∣∣∣
s=0

(pI)s = ξ × pI
(14)
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2.2.1 Symmetry of the mechanical control system

Let a one-parameter family of maps onP be given by (12). The mechanical control system
(5) has rotational symmetry if there exist controlsus(t) ∈ U , whereu0(t) = u(t), such that

R
s
f
q
I(p) = f

q
I (R

s ◦ p)

R
s
f
I
p(q,u) = f

I
p (R

s ◦ q,us)
(15)

where the shorthand notation

R
s ◦ q =

(
R
s
q1, . . . ,R

s
qnn

)

R
s ◦ p =

(
R
s
p
1, . . . ,Rs

p
nn
)

has been introduced.

2.2.2 Symmetry of the optimal control problem

The optimal control problem has symmetry if, in addition to the symmetry of the mechanical
control system, (15), the density cost function is invariant under superposed rotations. That is,

L (Rs ◦ q,Rs ◦ p,us) = L (q,p,u) (16)

According to the generalization of Noether’s theorem to optimal control, the symmetry of an
optimal control problem implies the conservation of a generalized momentum map. In the
present case, the rotational symmetry of the optimal control problem under consideration is
associated with a generalized momentum map of the form

Jξ(q,p,ψq,ψ
p) = ξ ·

(
qI ×ψ

I
q + p

I ×ψp
I

)
(17)

The generalized momentum map (65) is conserved provided that conditions (15) and (16) are
satisfied. This can be shown by a direct calculation along the lines of Torres [29]. We start with
the infinitesimal version of the symmetry condition (16) given by

d

ds

∣∣∣∣
s=0

L (Rs ◦ q,Rs ◦ p,us) = 0

∂q
I
L(q,p,u) · ξ̂qI + ∂pIL(q,p,u) · ξ̂pI + ∂uL(q,p,u) ·

d

ds

∣∣∣∣
s=0

u
s = 0

(18)

where use has been made of (14). Inserting from the adjoint equations (9) and the control
equations (10) into the last equation yields
(
ψ̇
I

q +ψ
p · ∂q

I
f p(q,u)

)
·ξ̂qI+

(
ψ̇
p

I +ψq · ∂pIf
q(p)

)
·ξ̂pI+ψp ·∂ufp(q,u)

d

ds

∣∣∣∣
s=0

u
s = 0

The last equation can be recast in the form

ψ̇
I

q ·ξ̂qI+ψ̇
p

I ·ξ̂p
I+ψI

q ·∂pJf
q
I(p)ξ̂p

J+ψp
I ·

(
∂q

J
f
I
p(q,u)ξ̂qJ + ∂uf

I
p(q,u)

d

ds

∣∣∣∣
s=0

u
s

)
= 0

Performing the derivatived/ds|s=0 of (15) and taking into account the state equations (5), we
obtain

∂pJf
q
I(p)ξ̂p

J = ξ̂f
q
I(p) = ξ̂q̇I

∂q
J
f
I
p(q,u)ξ̂qJ + ∂uf

I
p(q,u)

d
ds

∣∣
s=0
u
s = ξ̂f

I
p(q,u) = ξ̂ṗ

I
(19)
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Taking into account the last two equations, we arrive at

ψ̇
I

q · ξ̂qI + ψ̇
p

I · ξ̂p
I +ψI

q · ξ̂q̇I +ψ
p
I · ξ̂ṗ

I = 0

The last equation is equivalent to

d

dt

(
ψ
I
q · ξ̂qI +ψ

p
I · ξ̂p

I
)
= 0

or

ξ ·
d

dt

(
qI ×ψ

I
q + p

I ×ψp
I

)
= 0

Accordingly, the generalized momentum map (65) is a conserved quantity of the optimal control
problem.

Remark 1. If condition (15) holds for the special caseus = u (i.e. for anys ∈ R), the
mechanical control system has state-space symmetry in the sense of Grizzle & Marcus [16, 17].
Then symmetry condition (15) can be recast in the form

DΦg(x)f (x,u) = f (Φg(x),u) (20)

where the mapΦg : P 7→ P corresponds to the Lie group action ofg ∈ SO(3) onx ∈ P. Using
the nodal configuration and momentum vectors this map coincides with (12). If the system is
uncontrolled, that is, ifu = 0, the state equations (2) can also be written in the form

ẋ = XH(x)

If the underlying Hamiltonian system at hand has rotational symmetry, the Hamiltonian vector
fieldXH is SO(3)-equivariant in the sense that

DΦg(x)XH(x) = XH(Φg(x)) (21)

By comparing the last equation with (20), it is obvious that for mechanical control systems with
state-space symmetry the symmetry of the uncontrolled system is a prerequisite for the sym-
metry of the mechanical control system. In general, the rotational symmetry of the underlying
(uncontrolled) Hamiltonian system is passed on to the mechanical control system providedu

s

exists such that symmetry condition (15) is satisfied.

3 STRUCTURE-PRESERVING DISCRETIZATION

We next devise a direct approach to the solution of the optimal control problem at hand that
is capable to exactly conserve generalized momentum maps of the form (65) for mechanical
optimal control systems with rotational symmetry. Our newly proposed approach accommo-
dates a large class of one-step schemes for the integration of the state equations (1). To this end,
the time interval of interest,I = [0, T ], is devided intoN non-overlapping sub-intervals whose
lengthh = tn+1 − tn coincides with the time-step of the underlying one-step integrator.

Our approach relies on the introduction of a functionf
d
: P × P × U 7→ R2n, which can

be viewed as algorithmic approximation to the vector-valued functionhf : P × U 7→ R
2n.

Depending on the choice off
d

alternative one-step schemes of the form

xn+1 − xn = f
d
(xn,xn+1,un) (22)
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are generated. Similarly, the density cost functionL : P×U 7→ R is approximated on each time
interval by the expressionLd(xn,xn+1,un)/h. We refer to Section 4 for specific examples.

The newly proposed direct method is based on the introduction of the following discrete
optimal control Lagrangian

Jd = ψ0 · (x0 − x0) + η · gT (xN) +K(xN )

+

N−1∑

n=0

[
Ld(xn,an,un) +ψn+1 · (xn+1 − xn − f

d
(xn,an,un))

]

+
N−1∑

n=0

[αn · (an − xn − f
d
(xn,an,un))]

(23)

The necessary optimality conditions are derived by imposing the stationary of (23). Accord-
ingly, the following algebraic system of equations need be satisfied for arbitrary variations of
xn,ψn (n = 0, . . . , N), an,un,αn (n = 0, . . . , N − 1) andη:

N−1∑

n=0

δψn+1 · (xn+1 − xn − f
d
(xn,an,un)) = 0

(24a)
N−1∑

n=0

δαn · (an − xn − f
d
(xn,an,un)) = 0

(24b)
N−1∑

n=0

δxn ·
(
ψn+1 −ψn +αn −D1Ld(xn,an,un) + (ψn+1 +αn) ·D1fd(xn,an,un)

)
= 0

(24c)
N−1∑

n=0

δan ·
(
αn +D2Ld(xn,an,un)− (ψn+1 +αn) ·D2fd(xn,an,un)

)
= 0

(24d)
N−1∑

n=0

δun ·
(
D3Ld(xn,an,un)− (ψn+1 +αn) ·D3fd(xn,an,un)

)
= 0

(24e)

for n = 0, . . . , N − 1 along with

δψ0 · (x0 − x0) = 0 (25a)

δη · gT (xN) = 0 (25b)

δxN ·
(
ψN +DgT (xN)

T
η +DK(xN)

)
= 0 (25c)

Due to the independence ofδψn+1, δαn (n = 0, . . . , N − 1), equations (24a) and (24b) yield
an = xn+1 (n = 0, . . . , N − 1) along with the discrete state equations (22). Altogether, the
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present approach leads to the following system of algebraic equations:

xn+1 − xn = f
d
(xn,xn+1,un) (26a)

ψn+1 −ψn +αn = D1Ld(xn,xn+1,un)− (ψn+1 +αn) ·D1fd(xn,xn+1,un) (26b)

−αn = D2Ld(xn,xn+1,un)− (ψn+1 +αn) ·D2fd(xn,xn+1,un) (26c)

0 = D3Ld(xn,xn+1,un)− (ψn+1 +αn) ·D3fd(xn,xn+1,un) (26d)

along with

x0 = x0 (27a)

0 = gT (xN ) (27b)

ψN = −DK(xN)−DgT (xN)
T
η (27c)

The above equations provide the general formulation of the necessary optimality conditions
for the optimal control problem at hand. Specific schemes emanate from (26) by choosing
appropriate expressions forf

d
andLd. This will be further investigated in Section 4. First,

however, we show that the general method (26) always generates schemes that are capable of
conserving generalized momentum maps of the form (65).

3.1 Algorithmic conservation of the generalized momentum map

With regard to the partitioned form of the state equations, (5), the right-hand side of the
discrete state equations introduced in (22) can be written in the form

f
d
(xn,xn+1,un) =

[
f
d

q(pn,pn+1)
f
dp(qn, qn+1,un)

]
(28)

Similarly, the discrete version of the density cost function can be written as

Ld(xn,xn+1,un) = Ld

(
(qn,pn), (qn+1,pn+1),un

)
(29)

The partitioned form of the necessary optimality conditions (26) for the optimal control problem
is given by

qn+1 − qn = f
d

q(pn,pn+1) (30a)

pn+1 − pn = f
dp(qn, qn+1,un) (30b)

ψqn+1
−ψqn +αqn = ∂q

n
Ld − (ψp

n+1 +α
p
n) · ∂qn

f
dp(qn, qn+1,un) (30c)

ψ
p
n+1 −ψ

p
n +α

p
n = ∂p

n
Ld − (ψqn+1

+αqn) · ∂pn
f
d

q(pn,pn+1) (30d)

−αqn = ∂q
n+1

Ld − (ψp
n+1 +α

p
n) · ∂qn+1

f
dp(qn, qn+1,un) (30e)

−αpn = ∂p
n+1

Ld − (ψqn+1
+αqn) · ∂pn+1

f
d

q(pn,pn+1) (30f)

0 = ∂un
Ld − (ψp

n+1 +α
p
n) · ∂un

f
dp(qn, qn+1,un) (30g)

for n = 0, . . . , N − 1. In the above equationsLd stands forLd

(
(qn,pn), (qn+1,pn+1),un

)
.

Now assume that the optimal control problem under consideration has rotational symmetry.
That is, conditions (15) and (16) are satisfied. Then viable discrete versions of the state equa-
tions and the density cost function will inherit these symmetry properties (see Section 4 for
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specific examples). In particular, the following two conditions will be fulfilled on the discrete
level:

R
s
f
d

q
I(pn,pn+1) = f

d

q
I

(
R
s ◦ pn,R

s ◦ pn+1

)

R
s
f
d

I
p(qn, qn+1,un) = f

d

I
p

(
R
s ◦ qn,R

s ◦ qn+1,u
s
n

) (31)

and

Ld

(
(Rs ◦ qn,R

s ◦ pn), (R
s ◦ qn+1,R

s ◦ pn+1),u
s
n

)
= Ld

(
(qn,pn), (qn+1,pn+1),un

)

(32)
If these conditions hold the present method does conserve the generalized momentum map (65)
in the sense that

Jξ(qn+1,pn+1,ψqn+1
,ψp

n+1) = Jξ(qn,pn,ψqn,ψ
p
n) (33)

for n = 0, . . . , N − 1. To prove this we start with the infinitesimal version of the discrete
symmetry condition (32). Similar to (18) we calculate

d

ds

∣∣∣∣
s=0

Ld

(
(Rs ◦ qn,R

s ◦ pn), (R
s ◦ qn+1,R

s ◦ pn+1),u
s
n

)
= 0

∂q
In
Ld · ξ̂qIn + ∂pI

n
Ld · ξ̂p

I
n + ∂q

In+1

Ld · ξ̂qIn+1
+ ∂pI

n+1

Ld · ξ̂p
I
n+1 + ∂un

Ld ·
d

ds

∣∣∣∣
s=0

u
s
n = 0

Inserting from (30c) through (30g) into the last equation yields

[
ψ
I
qn+1

−ψI
qn +α

I
qn + (ψp

n+1 +α
p
n) · ∂qn

f
d

I
p

]
· ξ̂qIn

+
[
ψ
p
In+1

−ψp
In

+αpIn + (ψqn+1
+αqn) · ∂pn

f
d

q
I

]
· ξ̂pIn

+
[
−αIqn + (ψp

n+1 +α
p
n) · ∂qn+1

f
d

I
p

]
· ξ̂qIn+1

+
[
−αpIn + (ψqn+1

+αqn) · ∂pn+1
f
d

q
I

]
· ξ̂pIn+1

+
(
ψ
p
n+1 +α

p
n

)
· ∂un

f
dp ·

d

ds

∣∣∣∣
s=0

u
s
n = 0

(34)

On the other hand, the infinitesimal version of the discrete symmetry condition (31) can be
derived in analogy to (19) and is given by

∂pI
n
f
d

q
J · ξ̂p

I
n + ∂pI

n+1

f
d

q
J · ξ̂p

I
n+1 = ξ̂f

d

q
J = ξ̂

(
qJn+1

− qJn+1

)

∂q
In
f
d

J
p · ξ̂qIn + ∂q

In+1

f
d

J
p · ξ̂qIn+1

+ ∂un
f
d

J
p ·

d
ds

∣∣
s=0
u
s
n = ξ̂f

d

J
p = ξ̂

(
p
J
n+1 − p

J
n

)

(35)
On the right-hand side of (35) the discrete state equations (30a) and (30b) have been taken into
account. Substituting (35) into (34) yields

ψ
I
qn+1

· ξ̂qIn+1
−ψI

qn · ξ̂qIn +ψ
p
In+1

· ξ̂pIn+1 −ψ
p
In

· ξ̂pIn = 0

or
ξ ·

(
qIn+1

×ψI
qn+1

+ pIn+1 ×ψ
p
In+1

− qIn ×ψ
I
qn − p

I
n ×ψ

p
In

)
= 0

This result confirms algorithmic conservation of the generalized momentum map as stated in
(33).
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4 SPECIFIC SCHEMES

According to the direct approach to the solution of optimal control problems devised in the
last section, the specific choice of one-step method for the integration of the state equations to-
gether with the specific discretization of the density cost function leads to a structure-preserving
optimal control method that is capable of conserving the generalized momentum map. The pur-
pose of this section is to further investigate and illustrate the design of specific schemes.

4.1 One-stage theta method

The discretization of the state equations by means of the one-stage theta method (see, for
example, Stuart & Humphries [27]) relies on the specific choice

f
d
(xn,xn+1,un) = hf(xn+θ,un) (36)

in the discrete state equations (22). Here,

xn+θ = (1− θ)xn + θxn+1 (37)

for θ ∈ [0, 1]. In the special case of uncontrolled Hamiltonian systems, the one-stage theta
method comprises, for example, both forward (θ = 0) and backward (θ = 1) Euler methods and
the implicit mid-point rule (θ = 1/2). Similar to (36), for the discretization of the density cost
function we chooseLd(xn,xn+1,un) = hL(xn+θ,un). Before we substitute (36) into (26a)
through (26d), we recast (26b) and (26c) in the form

ψn+1 −ψn = D1Ld +D2Ld − (ψn+1 +αn) · (D1fd +D2fd) (38a)

ψn+1 −ψn + 2αn = D1Ld −D2Ld − (ψn+1 +αn) · (D1fd −D2fd) (38b)

With regard to (36) we have

D1fd(xn,xn+1,un) = h(1− θ)∂xf (xn+θ,un)

D2fd(xn,xn+1,un) = hθ∂xf(xn+θ,un)

Similarly, we get

D1Ld(xn,xn+1,un) = h(1− θ)∂xL(xn+θ,un)

D2Ld(xn,xn+1,un) = hθ∂xL(xn+θ,un)

Inserting these relationships into (38a) and (38b), a straightforward calculation yields

αn = −θ
(
ψn+1 −ψn

)
(39)

together with

ψn+1 −ψn = h∂xL(xn+θ,un)− hψn+(1−θ) · ∂xf(xn+θ,un) (40)

Eventually, (26d) yields the control equations

0 = ∂uL(xn+θ,un)−ψn+(1−θ) · ∂uf(xn+θ,un) (41)

Note that (40) and (41) can be viewed as discrete counterparts of the adjoint equations (7b)
and the control equations (7c), respectively. Box 1 contains a summary of the theta family of
structure-preserving optimal control schemes just derived.

Remark 2. For θ =∈ {0, 1
2
} the method summarized in Box 1 can be directly linked to the

discrete maximum principle proposed by Guibout & Bloch [18] (see, respectively,Sẗormer’s
rule and themidpoint schemein [18]).

1799



Peter Betsch and Christian Becker

Box 1: The structure-preserving theta method for optimal control.

Using the optimal control Hamiltonian (6), the structure-preserving
theta method for optimal control can be written in the form

xn+1 − xn = h∂
ψ
H(xn+θ,ψn+(1−θ),un)

ψn+1 −ψn = −h∂xH(xn+θ,ψn+(1−θ),un)

0 = ∂uH(xn+θ,ψn+(1−θ),un)

or

xn+1 − xn = hf (xn+θ,un)

ψn+1 −ψn = h∂xL(xn+θ,un)− hψn+(1−θ) · ∂xf(xn+θ,un)

0 = ∂uL(xn+θ,un)−ψn+(1−θ) · ∂uf(xn+θ,un)

together with

x0 = x0

0 = gT (xN )

ψN = −DK(xN)−DgT (xN)
T
η

4.2 Partitioned theta method

We next consider a variant of the one-stage theta method which takes into account the parti-
tioned form of the state equations (5). In particular, we choose

f
d
(xn,xn+1,un) =

[
f
d

q(pn,pn+1)
f
dp(qn, qn+1,un)

]
=

[
hf q(pn+(1−θ))

hf p(qn+θ,un)

]
(42)

for θ ∈ [0, 1]. In the case of uncontrolled Hamiltonian systems the present choice embraces
the symplectic Euler methods (cf. Hairer et al. [20]) which are obtained forθ = 0 andθ = 1,
respectively. As before, the implicit mid-point rule is obtained forθ = 1/2. Concerning the
discrete version of the density cost function we further choose

Ld(xn,xn+1,un) = Ld

(
(qn,pn), (qn+1,pn+1),un

)

= hL(qn+θ,pn+(1−θ),un)
(43)

In analogy to the last section we start with (38) to derive the resulting optimal control scheme.
For completeness, we consider a more general version of (42) which is also valid for non-
separable Hamiltonians. Accordingly, instead of (38) we consider

f
d
(xn,xn+1,un) =

[
hf q(qn+θ,pn+(1−θ))

hf p(qn+θ,pn+(1−θ),un)

]
(44)

Performing the derivatives needed in (38), we obtain

D1fd(xn,xn+1,un) = h

[
(1− θ)∂qf

q(qn+θ,pn+(1−θ)) θ∂pf
q(qn+θ,pn+(1−θ))

(1− θ)∂qfp(qn+θ,pn+(1−θ),un) θ∂pfp(qn+θ,pn+(1−θ),un)

]

D2fd(xn,xn+1,un) = h

[
θ∂qf

q(qn+θ,pn+(1−θ)) (1− θ)∂pf
q(qn+θ,pn+(1−θ))

θ∂qf p(qn+θ,pn+(1−θ),un) (1− θ)∂pfp(qn+θ,pn+(1−θ),un)

]
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Furthermore,

D1Ld(xn,xn+1,un) = h

[
(1− θ)∂qL(qn+θ,pn+(1−θ),un)
θ∂pL(qn+θ,pn+(1−θ),un)

]

D2Ld(xn,xn+1,un) = h

[
θ∂qL(qn+θ,pn+(1−θ),un)

θ(1− θ)∂pL(qn+θ,pn+(1−θ),un)

]

Now, inserting these relationships into (38a) and (38b), a straightforward calculation along the
lines of the last section yields

αqn =− θ
(
ψqn+1

−ψqn

)

α
p
n =(θ − 1)

(
ψ
p
n+1 −ψ

p
n

) (45)

along with
[
ψqn+1

−ψqn

ψ
p
n+1 −ψ

p
n

]
=h

[
∂qL(qn+θ,pn+(1−θ),un)

∂pL(qn+θ,pn+(1−θ),un)

]

−h

[
∂qf

qT (qn+θ,pn+(1−θ)) ∂qf
T
p (qn+θ,pn+(1−θ),un)

∂pf
qT (qn+θ,pn+(1−θ)) ∂pf

T
p (qn+θ,pn+(1−θ),un)

] [
ψqn+(1−θ)

ψ
p
n+θ

] (46)

Eventually, (26d) yields the control equations

0 = ∂uL(qn+θ,pn+(1−θ),un)− ∂uf
T
p (qn+θ,pn+(1−θ),un)ψ

p
n+θ (47)

To summarize, the newly derived structure-preserving partitioned theta method for optimal con-
trol problems consists of the discrete state equations resulting from (44) (or (42) for separable
Hamiltonians associated with the mechanical control system), the discrete adjoint equations
(46) and the discrete control equations (47). A compact form of this scheme is given in terms
of the optimal control Hamiltonian and can be found in Box 2. Note that the special case of a
separable Hamiltonian associated with the underlying mechanical control system results if the
optimal control Hamiltonian (11) is used in Box 2.

Remark 3. Forθ = 1 the method summarized in Box 2 coincides with the symplectic discrete-
time state-adjoint system developed by Flaßkamp & Murphey [13] in the context of a linear
optimal control problem (LQR).

4.3 Energy-momentum schemes

In the forward dynamics of Hamiltonian systems energy-momentum (EM) integrators pre-
serve both the total mechanical energy and momentum maps associated with symmetries of
the mechanical system. EM schemes (and energy-dissipative variants thereof, see, for example
Armero & Romero [2]) can also be used for the discretization of the underlying Hamiltonian
system related to the mechanical control systems under consideration. For this purpose we now
choose in the discrete state equations (22)

f
d
(xn,xn+1,un) =

[
f
d

q(pn,pn+1)
f
dp(qn, qn+1,un)

]
=

[
hM−1

pn+ 1

2

−h∇V(qn, qn+1) + hB(qn+ 1

2

)un

]
(48)

Here,∇V(qn, qn+1) denotes a discrete derivative of the potential functionV in the sense of
Gonzalez [15]. The control extension of EM schemes yields energy-momentum consistent
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Box 2: The structure-preserving partitioned theta method foroptimal control.

qn+1 − qn = h∂
ψ

q

H(qn+θ,pn+(1−θ),ψqn+(1−θ)
,ψp

n+θ,un)

pn+1 − pn = h∂
ψ

pH(qn+θ,pn+(1−θ),ψqn+(1−θ)
,ψp

n+θ,un)

ψqn+1
−ψqn = −h∂qH(qn+θ,pn+(1−θ),ψqn+(1−θ)

,ψp
n+θ,un)

ψ
p
n+1 −ψ

p
n = −h∂pH(qn+θ,pn+(1−θ),ψqn+(1−θ)

,ψp
n+θ,un)

0 = ∂uH(qn+θ,pn+(1−θ),ψqn+(1−θ)
,ψp

n+θ,un)

together with

q0 = q0
p0 = p0
0 = gT (qN ,pN)

ψqN
= −∂qK(qN ,pN)− η · ∂qgT (qN ,pN)

ψ
p
N = −∂pK(qN ,pN)− η · ∂pgT (qN ,pN)

schemes which are capable of exactly reproducing the balance laws for energy and angular
momentum in the discrete setting. We refer to Betsch & Sänger for further investigations in this
direction. Concerning the discrete version of the density cost function we choose

Ld(xn,xn+1,un) = hL(xn+ 1

2

,un) (49)

which corresponds to the choiceθ = 1
2

in the last two sections. Again, inserting (48) and (49)
into (26) yields a direct method for the optimal control problem which is capable of conserving
the generalized momentum map (65). We refer to Section 5 for a sample application of an EM
scheme.

4.4 Structure-preservation on two levels

This section provides a summary of the structure-preserving properties of the numerical
methods dealt with in this paper. First of all we recall the specific form of the affine Hamiltonian
control systems under consideration. With regard to (5) the state equations can be written in the
form

q̇I = f
q
I(p) = (M−1)IJp

J

ṗ
I = f

I
p(q,u) = −∂q

I
V(q) + f Iext(q,u)

(50)

Note that the underlying Hamiltonian system is given by

q̇I = (M−1)IJp
J

ṗ
I = −∂q

I
V(q)

(51)

Suppose that the underlying Hamiltonian system has rotational symmetry. This implies that the
potential energy function is invariant under superposed rotations. That is, using the notation
introduced in Section 2.2,

V(Rs ◦ q) = V(q) (52)
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Performing the time derivative of (52) yields

d
dt
V(Rs ◦ q) = d

dt
V(q)

∂q
I
V(Rs ◦ q) ·Rs

q̇I = ∂q
I
V(q) ·Rs

q̇I

A straightforward calculation leads to the result
(
R
s∂q

I
V(q)− ∂q

I
V(Rs ◦ q)

)
·Rs

q̇I = 0

which has to hold for arbitrary nodal velocitiesq̇I . Due to the non-singularity of the rotation
matrixRs, the last equation implies

R
s∂q

I
V(q) = ∂q

I
V(Rs ◦ q) (53)

Moreover, in view of (50)1 and (51)1, we get

f
q
I(R

s ◦ p) = (M−1)IJR
s
p
J = Rs

f
q
I(p) (54)

Note that (54) and (53) corroborateSO(3)-equivariance of the Hamiltonian vector field as stated
in (21) (see Remark 1). We further calculate the infinitesimal version of invariance property
(52):

d

ds

∣∣∣∣
s=0

V(Rs ◦ q) = ∂q
I
V(q) · ξ̂qI = 0

The last equation can be recast in the form

ξ ·
(
qI × ∂q

I
V(q)

)
= 0 (55)

We remark that a similar calculation based on (53) yields the same result.

4.4.1 Mechanical control system

It is well-known that a mechanical control system satisfies fundamental mechanical balance
laws. In the present work we focus on the balance laws for angular momentum and energy,
respectively. A time-stepping scheme for the numerical integration of the state equations shall
be called structure-preserving mechanical integrator1 if these balance laws are exactly repro-
duced. Correspondingly, the specific integrator applied to the mechanical control system can be
associated with the first level of structure preservation. The angular momentum of a mechanical
system relative to the origin of an inertial frame is defined by

j = qI × p
I (56)

It can be verified by a straightforward calculation that the following relationship holds:

jn+1 − jn = qIn+θ
×

(
p
I
n+1 − p

I
n

)
− pIn+(1−θ) ×

(
qIn+1

− qIn
)

for θ ∈ [0, 1]. If we now apply the partitioned theta method (see (42) in Section 4.2), the last
equation yields

jn+1 − jn = hqIn+θ
× ∂q

I
V(qn+θ)− h(M−1)IJp

I
n+(1−θ) × p

J
n+(1−θ) + hqIn+θ

× f I(qn+θ,un)

1The term mechanical integrator has originally been coined by Marsden [24] in the context of conservative
mechanical systems with symmetry.
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Taking into account the symmetry properties (55) and(M−1)IJ = (M−1)JI , the last equation
leads to the result

ξ ·
(
jn+1 − jn

)
= hξ ·

(
qIn+θ

× f I(qn+θ,un)
)

(57)

Accordingly, all members of the theta method are capable of conserving angular momentum
in the case of vanishing controls (i.e.f I = 0). Moreover, for mechanical control systems the
balance law for angular momentum will be consistently reproduced according to the discrete
balance law (57). Analogous conclusions can be drawn in the case of the energy-momentum
scheme outlined in Section 4.3. Moreover, concerning the theta method dealt with in Section
4.1, the only angular momentum consistent method is the implicit mid-point rule (θ = 1

2
). Note

that a time-stepping scheme that is not capable to conserve angular momentum in the purely
Hamiltonian case will in general fail to correctly reproduce balance of angular momentum for
finite time steps.

Of the one-step schemes considered herein, the energy-momentum integrator is the only energy
consistent method. Taking into account the properties of the discrete derivative in (48), it can
be verified that, similar to (57), the discrete balance law for the energy is satisfied for arbitrary
time steps according to

H(qn+1,pn+1)−H(qn,pn) =
(
qIn+1

− qIn
)
· f I(qn+ 1

2

,un) (58)

Here, the HamiltonianH(qn+1,pn+1) has been defined in (3) and corresponds to the total me-
chanical energy of the system. Note that in the case of vanishing controls, i.e. iff

I = 0, the
energy-momentum integrator conserves the total energy.

4.4.2 Optimal control problem

The second level of structure preservation is associated with the optimal control problem.
Indeed, as has been proven in Section 3.1, by design the present approach yields numerical
methods capable of conserving generalized momentum maps related to rotational symmetries
of the optimal control problem. This 2nd level conservation property holds, irrespective of the
one-step scheme used for the integration of the state equations. That is, the two levels of struc-
ture preservation turn out to be independent of each other.

Since the optimal control problem itself has an intrinsic Hamiltonian structure, the optimal con-
trol Hamiltonian defined in (6) is also a conserved quantity. Note however, that the numerical
methods developed in this work are not capable of conserving the Hamiltonian of the optimal
control problem for a finite number of time steps. This issue will be further investigated in the
context of the numerical example presented in Section 5.

5 NUMERICAL EXAMPLE

5.1 Nonlinear spring pendulum

The numerical example deals with the nonlinear spring pendulum depicted in Fig. 1. The
motion of the controlled mechanical system at hand is governed by state equations of the form
(5). In particular, we have

q̇ =M−1
p

ṗ = −DV(q) +B(q)u
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e1
e2

e3

g
k

m

u
q

Figure 1: The nonlinear spring pendulum

Here,q ∈ R3 is the position vector of the particle with massm. Relative to the inertial Cartesian
basis{ei} (see Fig.1) we haveq(t) = qi(t)ei. The mass matrix is diagonal and given by
M = mI. The potential energy function assumes the form

V(q) = −g ·Mq︸ ︷︷ ︸
=Vext(q)

+
1

2
kl20ε(q)

2

︸ ︷︷ ︸
=Vint(q)

(59)

where
g = −ge3 (60)

is the gravitational acceleration and

ε(q) =
1

2 l20

(
q · q − l20

)
(61)

is a scalar Green-Lagrangian-type strain measure. Note that the potential energy can be split
into an external partVext due to gravity and an internal partVint due to deformation of the
spring. In (61),l0 =

√
q0 · q0 defines the strain-free state of the spring. The motion of the

spring pendulum is controlled by a force acting on particlem. That is, in the state equations
B(q) = I such that the actuating force coincides withu ∈ R3.

5.1.1 Symmetry properties

It can be easily verified that the potential energy is invariant under superposed rotations about
thee3-axis. That is, settingRs

3 = exp(sê3) and taking into account the identityRs
3e3 = e3, it

can be deduced from (59) that
V(Rs

3q) = V(q) (62)

The last equation corresponds to symmetry property (52). Consequently, corresponding to (53),
the identity

R
s
3DV(q) = DV(Rs

3q)
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holds. It can now be easily checked that symmetry condition (15) is satisfied provided that

u
s = Rs

3u (63)

Accordingly, the present mechanical control system has rotational symmetry about thee3-axis.
Moreover, we choose the density cost function

L(u) =
1

2
u · u (64)

such that L(us) = L(u) and symmetry condition (16) is also satisfied. Accordingly, the optimal
control problem under consideration has rotational symmetry about thee3-axis. Consequently,
the associated generalized momentum map

J3 = e3 ·
(
q ×ψq + p ×ψp

)
(65)

is a conserved quantity.

5.1.2 Specific schemes under investigation

Of the newly developed structure-preserving schemes dealt with in Section 4 we apply the
theta method (Section 4.1) withθ ∈ {0, 1

2
, 1}, the partitioned theta method (Section 4.2) with

θ ∈ {0, 1
2
, 1}, and the energy-momentum scheme outlined in Section 4.3. Note that both the

theta method and the partitioned theta method rely on

f
dp(qn, qn+1,un) = −hDV(qn+θ) + hun

= −hmge3 − hkε(qn+θ)qn+θ + hun
(66)

in the discrete state equations. In contrast to that, the energy-momentum integrator is based on

f
dp(qn, qn+1,un) = −h∇V(qn, qn+1) + hun

= −hmge3 −
hk

2

(
ε(qn) + ε(qn+1

)
qn+ 1

2

+ hun
(67)

where use has been made of the discrete derivative of the internal potential function given by

∇Vint(qn, qn+1) =
k

2

(
ε(qn) + ε(qn+1

)
qn+ 1

2

(68)

The methods under investigation are summarized in Table 1. Note that the schemestheta-1
2

and
ptheta-1

2
coincide.

5.1.3 Numerical results

In the optimal control problem under investigation both the initial and the terminal state
of the spring pendulum are prescribed. The goal is to determine the maneuver of the spring
pendulum between the prescribed start and end points such that the control effort is minimized.
The data used in the numerical example is summarized in Table 2.

First of all, the converged numerical solution obtained with a high resolution ofN = 10000
time steps is depicted in Figs. 2, 3 and 4. In particular, Fig. 2 contains the time evolution
of the state coordinatesq(t) = qi(t)e

i, p(t) = pi(t)ei and the associated adjoint variables
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denomination method

theta-0 theta method

theta-1
2

(Section 4.1)

theta-1 θ ∈ {0, 1
2
, 1}

ptheta-0 partitioned theta method

ptheta-1
2

(Section 4.2)

ptheta-1 θ ∈ {0, 1
2
, 1}

EM energy-momentum method

(Section 4.3)

Table 1: Nonlinear spring pendulum: Methods under investigation

m (mass) 1

k (spring constant) 0.6

g (gravity) 9.8

l0 5

q0 (initial) (−2,−5,−5)

p0 (−3, 0, 0)

qN (terminal) (2,−10,−4)

pN (0, 0, 0)

T 5

εNewton 10−9

Table 2: Nonlinear spring pendulum: Data used in the numericalexample

ψq(t) = ψiq(t)ei, ψ
p(t) = ψpi (t)e

i. Fig. 3 depicts the controlsu = uiei and Fig. 4 shows the
evolution of mechanical energies and angular momentum.

In Fig. 5 the fulfillment of the balance law for the mechanical energy is checked for a
comparatively rough resolution ofN = 50 time steps. Specifically, formula (58) for the discrete
balance of energy is applied to the present problem and yields

REn
n+1 = H(qn+1,pn+1)−H(qn,pn)−

(
qn+1 − qn

)
· un (69)

As expected, the only energy consistent method which exactly satisfies the discrete balance of
energy in the sense thatRn+1 = 0 (up to numerical round-off errors) forn = 0, . . . , N − 1
is the schemeEM. Of course, forN → ∞ (or h → 0), Rn+1 → 0 for all schemes under
consideration.

The discrete fulfillment of the balance law for angular momentum can be checked by adapt-
ing (57) to the present problem. Accordingly, in Fig. 6 we consider the residual

RAM
n+1 = e3 ·

(
jn+1 − jn − hqIn+θ

× un

)
(70)

for n = 0, . . . , N − 1. Note that for the schemeEM, θ = 1
2

has to be used in (70). It can
be observed from Fig. 6 that the schemesptheta-0, theta-1

2
, ptheta-1 and EM are indeed
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Figure 2: Nonlinear spring pendulum: State coordinates(q,p) and adjoint coordinates(ψq,ψ
p
) obtained with a

high resolution ofN = 10000 time steps
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t
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Figure 3: Nonlinear spring pendulum: Controlsu obtained with a high resolution ofN = 10000 time steps

consistently reproducing balance of angular momentum up to numerical round-off errors. This
is in sharp contrast to the schemestheta-0 and theta-1. Again this type of consistency error
decreases when numberN is increased.

Next the structure-preserving properties related to the second level (cf. Section 4.4.2) are
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T
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Figure 4: Nonlinear spring pendulum: Kinetic energyT =
1

2
p ·M−1

p, gravitational potential energyVext, strain
energyVint of the nonlinear spring and componentsji = ei · (q × p) of angular momentum obtained with a high
resolution ofN = 10000 time steps

considered. By design all schemes under investigation exactly preserve the generalized momen-
tum map (65) associated with the rotational symmetry of the present optimal control problem.
For completeness this conservation property is corroborated by Fig. 7 for the schemesptheta-0,
theta-1

2
, ptheta-1andEM. Similarly, this conservation property holds (again up to numerical

round-off errors) for the remaining schemestheta-0andtheta-1.

As has been mentioned in Section 4.4.2, the optimal control Hamiltonian is also a 2nd level
conserved quantity. However, as expected, none of the schemes under investigation exactly
reproduces this conservation property. This can be observed from Figs. 8 through 10. The ref-
erence value of the constant optimal control Hamiltonian is equal to−0.37. All of the schemes
under investigation converge to this reference value. However, for low resolutions of the opti-
mal control problem significant deviations from the reference value can be observed (Figs. 8
through 10).

The errors in the state variablesx and the adjoint variablesψ have been calculated via

εx =
1

N + 1

N∑

n=0

||x(tn)− xref(tn)||2
||xref||2

εψ =
1

N + 1

N∑

n=0

||ψ(tn)−ψref(tn)||2
||ψref||2

(71)

The corresponding plots are depicted in Figs. 11 and 12. It can be seen that the schemestheta-1
2

and EM are second-order accurate whereas the schemestheta-0, theta-1, ptheta-0andptheta-
1 are first-order accurate.

Eventually, to illustrate the calculated optimal solution, Fig. 13 shows a sequence of snap-
shots at successive points in time. In addition to the trajectory of particlem, the arrows indicate
both magnitude (corresponding to the lengths of the arrows) and direction of the control force
acting on particlem.
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Figure 5: Nonlinear spring pendulum: Balance of energy for a low resolution ofN = 50 time steps. The non-
fulfillment of the balance of energy is measured by the residualREn

n+1
defined in (69)
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Figure 6: Nonlinear spring pendulum: Balance of angular momentum for a low resolution ofN = 50 time steps.
The non-fulfillment of the balance of angular momentum is measured by the residualRAM

n+1
defined in (70)
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Figure 7: Nonlinear spring pendulum: Algorithmic conservation of the generalized momentum mapJ3, cf. (65),
up to numerical round-off errors. The optimal control problem has been solved with a low resolution ofN = 50

time steps
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Figure 8: Nonlinear spring pendulum: Optimal control Hamiltonian obtained with the schemestheta-1
2

and EM
for N = 50 time steps. The (constant) reference value equals−0.37
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Figure 9: Nonlinear spring pendulum: Optimal control Hamiltonian obtained with the schemesptheta-0 and
ptheta-1 for N = 50 time steps. The (constant) reference value equals−0.37

 

Ref

theta-1

theta-0

0.0 0.50 1.0 1.50 2.0 2.50 3.0 3.50 4.0 4.50 5.0
-1.0

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

t

H

Figure 10: Nonlinear spring pendulum: Optimal control Hamiltonian obtained with the schemestheta-0 and
theta-1 for N = 50 time steps. The (constant) reference value equals−0.37
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Figure 11: Nonlinear spring pendulum: Errorεx in the state variables
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Figure 12: Nonlinear spring pendulum: Errorεψ in the adjoint variables
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Figure 13: Nonlinear spring pendulum: Snapshots of the motion at timest ∈ {0, 1, 2, 3, 4, 5}
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6 CONCLUSIONS

We devised a new structure-preserving direct approach to the numerical solution of optimal
control problems in the framework of finite-dimensional mechanical systems. We may distin-
guish between two levels of structure-preservation. The first level of structure-preservation is
linked to the forward dynamics of the underlying mechanical control system. That is, structure-
preserving integrators such as momentum-symplectic or energy-momentum schemes can be
applied to the numerical integration of the state equations. The second level of structure-
preservation is connected to the optimal control problem itself. We saw that under specific
symmetry conditions generalized momentum maps are conserved along an optimal path.

The newly devised direct method for the solution of the optimal control problem in Section 3
generates a family of schemes that by design conserve generalized momentum maps associated
with rotational symmetries of the optimal control problem. To some extend our approach is
related to previous work of Hager [19], Ober-Blöbaum et al. [26], Flaßkamp & Murphey [13]
and Campos et al. [10]. Although those works do not consider symmetries and associated
generalized momentum maps, the design of the discrete optimal control Lagrangian (23) hinges
heavily on theState Uniqueness Propertyof the discrete control problem considered in Hager
[19, Sec. 2].
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tors,Dynamics, Bifurcations, and Control, volume 273 ofLecture Notes in Control and
Information Sciences, pages 287–296. Springer-Verlag, 2002.

[29] D.F.M. Torres. On the Noether theorem for optimal control.European Journal of Control,
8(1):56–63, 2002.

[30] A.J. van der Schaft. Symmetries in optimal control.SIAM J. Control and Optimization,
25(2):245–259, 1987.

1817



ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

VARIATIONAL INTEGRATORS OF MIXED ORDER FOR DYNAMICAL
SYSTEMS WITH MULTIPLE TIME SCALES AND SPLIT POTENTIALS

Theresa Wenger1, Sina Ober-Blöbaum2, and Sigrid Leyendecker1
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Abstract. The simulation of mechanical systems that act on multiple time scales, caused e.g. by
different types or stiffnesses in potentials, is challenging as a stable integration of the fast dy-
namics requires a highly accurate approximation whereas for the simulation of the slow part a
coarser approximation is accurate enough. With regard to the general goals of any numerical
method, high accuracy and low computational costs, the presented variational integrators of
mixed order couple coarse and fine approximations. The idea builds up on the higher order
Galerkin variational integrators in [9] that are derived via Hamilton’s variational principle
with a polynomial to approximate the configuration and an appropriate quadrature formula for
the approximation of the integral of the Lagrangian. For the variational integration of systems
with dynamics on multiple time scales, we use polynomials of different degrees to approximate
the components that act on different time scales. Furthermore, quadrature formulas of differ-
ent order approximate the integrals of the single energy contributions of the Lagrangian. This
approach provides great flexibility in the design of the integrators. Their performance is in-
vestigated numerically by means of the Fermi-Pasta-Ulam problem and a numerical analysis
regarding accuracy versus efficiency is carried out, where we focus on the integrators most
promising to resolve the mentioned trade-off.

1818



Theresa Wenger, Sina Ober-Blöbaum and Sigrid Leyendecker

1 INTRODUCTION

Many systems in Lagrangian mechanics exhibit dynamics on multiple time scales caused by
different types and stiffnesses in potentials, e.g. highly oscillatory problems with a potential that
can be split in a fast quadratic part and a slow nonlinear part. The fast dynamics require a highly
accurate approximation whereas for the slow motion a coarser approximation is sufficient. This
contrast leads to a conflict of the general goals, high accuracy and low computational costs, and
thus is challenging for numerical methods. For the simulation of Lagrangian mechanical sys-
tems, variational integrators are convenient as they inherit specific properties of the underlying
system by construction. The variational integrators base on a discrete version of Hamilton’s
principle inducing symplectic and momentum preserving integration schemes with excellent
long time behaviour [8].
Multirate integrators resolve the mentioned trade-off by separating the degrees of freedom into
fast and slow components and integrating them on different time grids, e.g. [5], [3], [1], [2]. A
rather large time step is chosen for the integration of the slow components and a fine grid for the
fast components. In [4], multirate schemes that base on partitioned Runge-Kutta methods are
introduced. The multirate integrators in [7] base on variational mechanics allowing flexibility in
design as the use of different quadrature rules for the approximation of the appearing integrals is
enabled. Another approach is the splitting method that does not tend to actually resolve the fast
motion, but to capture the multiscale phenomena of slow energy exchange and adiabatic invari-
ants, e.g. implicit-explicit (IMEX) methods. The IMEX methods integrate the expensive slow
forces explicitly and the cheap fast forces implicitly, see e.g. [5], [6]. A derivation of the IMEX
numerical integration from a Lagrangian variational point of view is given in [10]. Another
efficient framework for simulating systems with dynamics on multiple time scales is provided
by averaging methods. The fast motion is not resolved, only an estimation is fed into the slow
equations of motion. A powerful concept is known as HMM (heterogeneous multiscale meth-
ods [12]) with a wide range of applications in multiscale and multiphysics problems. Based
on a top-down strategy, the motion of the microscale model is estimated through averaging and
supplies the incomplete macroscale model with the missing information. Another example of
averaging methods are FLAVORS (flow averaging integrators [11]). These structure preserving
integrators base on variational methods and use a splitting and resynchronisation technique to
average the flow.
However, the idea of the presented integrators here is different. The underlying approach origi-
nates from the higher order Galerkin variational integrator in [9], where a polynomial is used to
approximate the configuration together with an appropriate quadrature formula to approximate
the integral of the Lagrangian. Let the configuration be split in components acting on various
time-scales. Instead of multiple time grids, only one time grid is used and the components that
act on different time scales are approximated via polynomials of different degrees. For the ap-
proximation of the integral of the Lagrangian, different quadrature formulas for its contributions
(the kinetic energy, the slow and the fast potential) are considered. This yields a high number
of possibilities to construct the variational integrators. With regard to save computational run-
time, low degree polynomials to approximate the slow configuration and quadrature formulas of
low order for the approximation of the slow integral are of particular interest as the former has
a direct influence on the number of unknowns and the latter on the number of costly function
evaluations of the slow potential in one time step. Higher accuracy, however, can be achieved by
increasing the degree of the polynomial approximating the fast configuration. The performance
and the computational efficiency of the variational integrators of mixed order are investigated
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numerically by means of a standard benchmark problem, the Fermi-Pasta-Ulam problem.

2 VARIATIONAL INTEGRATORS OF MIXED ORDER

2.1 Lagrangian dynamics

Consider an n-dimensional mechanical system on a configuration manifold Q ⊆ Rn with
configuration vector q(t) ∈ Q and velocity vector q̇(t) ∈ Tq(t)Q in the tangent space. The
variable t denotes the time bounded on the interval [0, T ] ⊂ R. The Lagrangian L : TQ → R
of the mechanical system consists of the difference of the kinetic energy T (q̇) and the potential
U(q). Let the potential U = V + W be composed of different parts with strongly varying
dynamics acting on different time scales such that it can be split in a slow potential V and a fast
potential W . Furthermore, suppose that the n-dimensional variable q can be separated into ns

slow variables qs ∈ Qs and nf fast variables qf ∈ Qf such that Qs ×Qf = Q and q = (qs, qf )
with ns + nf = n. It is assumed that the fast potential W = W (qf ) depends on the fast degrees
of freedom only whereas the slow potential depends on the complete configuration variable q,
i.e. V = V (q). Under these assumptions the Lagrangian L : TQ→ R reads

L(q, q̇) = T (q̇)− V (q)−W (qf )

The action S : C2([0, T ], Qs ×Qf )→ R is the integral in [0, T ] of the Lagrangian

S(q) =

∫ T

0

L(q, q̇) dt (1)

depending on the smooth curves qs ∈ C2([0, T ], Qs) and qf ∈ C2([0, T ], Qf ) with fixed initial
value q(0) = (qs(0), qf (0)) and fixed final value q(T ) = (qs(T ), qf (T )). Hamilton’s principle
requires that the first variation of the action S vanishes and yields the Euler-Lagrange equations
of motion

d

dt

∂T

∂q̇s
+
∂V

∂qs
= 0

d

dt

∂T

∂q̇f
+
∂V

∂qf
+
∂W

∂qf
= 0

The Legendre-transform FL : TQ→ T ∗Q reading in coordinate form

FL(q, q̇) = (q, p) =

(
q,
∂L

∂q̇
(q, q̇)

)
relates (q, q̇) ∈ TQ to (q, p) ∈ T ∗Q in the cotangent space, where p ∈ T ∗qQ denotes the
conjugate momentum.

2.2 Discrete variational principle

The variational integrators of mixed order base on the higher order Galerkin variational inte-
grators presented in [9], where a polynomial is used to approximate the continuous curve q on
one time step and the integral of the Lagrangian is approximated via an appropriate quadrature
formula. The approach here allows for the dynamics acting on different time scales. For the ap-
proximation of the slow variables qs and the fast variables qf , polynomials of different degrees
are considered. With the splitting of the potential in a fast and a slow one different quadrature
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formulas for the approximation of each can be used.

The space of trajectories C([0, h], Qs) = {qs : [0, h] → Qs|qs(0) = q0,sk , qs(h) = q0,sk+1}
and C([0, h], Qf ) = {qf : [0, h] → Qf |qf (0) = q0,fk , qf (h) = q0,fk+1} reduces to the finite-
dimensional space of trajectories Cps([0, h], Qs) = {qs ∈ C([0, h], Qs) | qs ∈ Πps} and
Cpf ([0, h], Qf ) = {qf ∈ C([0, h], Qf ) | qf ∈ Πpf}, whereby Πps and Πpf denote the space of
polynomials of degree ps respectively pf . With ps + 1 configurations
qsk = (q0,sk , . . . , qps,sk ) ∈ (Qs)ps+1 at ps+1 control points 0 = ds0 < ds1 < . . . < dsps−1 < dsps = 1,
the ps degree polynomial qsd is uniquely defined such that it passes through each qν,sk at the time
dsνh, ν = 0, . . . , ps. The polynomial qfd of degree pf is uniquely defined by the pf + 1 con-
figurations qfk = (q0,fk , . . . , qpf,fk ) ∈ (Qf )pf+1 at pf + 1 control points 0 = df0 < df1 < . . . <

dfpf−1 < dfpf = 1 passing through each qν,fk at the time dfνh, ν = 0, . . . , pf . Using the Lagrange
polynomials lν,ps : [0, 1]→ R, ν = 0, . . . , ps respectively lν,pf : [0, 1]→ R, ν = 0, . . . , pf , the
polynomial qsd approximating the slow variables and the polynomial qfd approximating the fast
variables on [0, h] can be written in the form

qsd(t; q
s
k, h) =

ps∑
ν=0

qν,sk lν,ps

(
t

h

)
qfd (t; qfk , h) =

pf∑
ν=0

qν,fk lν,pf

(
t

h

)

Differentiating qsd and qfd w.r.t. t provides approximations of q̇s and q̇f on [0, h]

q̇sd(t; q
s
k, h) =

1

h

ps∑
ν=0

qν,sk l̇ν,ps

(
t

h

)
q̇fd (t; qfk , h) =

1

h

pf∑
ν=0

qν,fk l̇ν,pf

(
t

h

)
Let the time interval [0, T ] be divided into N = T/h subintervals of lengths h. On each subin-
terval, the continuous curves of the slow and fast configurations are approximated piecewisely
via the polynomials qsd : [kh, (k+ 1)h]→ Qs and qfd : [kh, (k+ 1)h]→ Qf , k = 0, . . . , N − 1.
To guarantee continuity on [0, T ] the conditions qps,sk = q0,sk+1 and qpf,fk = q0,fk+1 for all k =
0, . . . , N − 2 must hold.

Replacing the continuous curves piecewisely by the corresponding polynomials and approxi-
mating the integral of the Lagrangian via appropriate quadrature formulas yield an approxima-
tion of the action S on each subinterval [kh, (k+1)h], k = 0, . . . , N−1. In particular, different
quadrature formulas for the approximation of the integral of the contributions of the Lagrangian
are considered. The quadrature rule (bti, c

t
i)
rt

i=1 is chosen for the integral of the kinetic energy,
(bvi , c

v
i )
rv

i=1 for the integral of the slow potential and (bwi , c
w
i )r

w

i=1 for the integral of the fast poten-
tial. The quadrature rules are all w.r.t. the time interval [0, 1] with quadrature points cji ∈ [0, 1]
and weights bji ∈ R i = 1, . . . , rj , j = v, w, t. The discrete action then reads

Sd(q0, . . . , qN−1) =
N−1∑
k=0

Ld(qk)
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with qk = (qsk, q
f
k ) and the discrete Lagrangian

Ld(qk) = h
rt∑
i=1

btiT
(

(q̇sd(c
t
ih; qsk, h), q̇fd (ctih; qfk , h))

)
− h

rv∑
i=1

bviV
(

(qsd(c
v
i h; qsk, h), qfd (cvi h; qfk , h))

)
− h

rw∑
i=1

bwi W
(

(qfd (cwi h; qfk , h))
)

providing an approximation of the action (1). The discrete version of Hamilton’s principle
implies the discrete action Sd to be stationary. Hence the derivatives of the discrete action Sd
w.r.t. qν,sk , ν = 0, . . . , ps and qν,fk , ν = 0, . . . , pf have to vanish ∀k = 0, . . . , N − 1, with
δq0,s0 = δq0,f0 = δq0,sN = δq0,fN = 0. This leads to the discrete Euler-Lagrange equations

0 =Dps+1Ld(q
0,s
k , . . . , qps,sk , q0,fk , . . . , qpf,fk ) +D1Ld(q

0,s
k+1, . . . , q

ps,s
k+1, q

0,f
k+1, . . . , q

pf,f
k+1 )

k = 0, . . . , N − 2

0 =DiLd(q
0,s
k , . . . , qps,sk , q0,fk , . . . , qpf,fk ) i = 2, . . . , ps k = 0, . . . , N − 1

0 =D(ps+1)+pf+1Ld(q
0,s
k , . . . , qps,sk , q0,fk , . . . , qpf,fk ) (2)

+D(ps+1)+1Ld(q
0,s
k+1, . . . , q

ps,s
k+1, q

0,f
k+1, . . . , q

pf,f
k+1 ) k = 0, . . . , N − 2

0 =D(ps+1)+iLd(q
0,s
k , . . . , qps,sk , q0,fk , . . . , qpf,fk ) i = 2, . . . , pf k = 0, . . . , N − 1

with Dα being the partial derivative of the discrete Lagrangian w.r.t. the α-th argument.
The discrete Legendre transforms F±Ld

: Q×Q→ T ∗Q read

F+
Ld

:

(
(q0,sk−1, q

ps,s
k−1) 7→ (qps,sk−1, p

ps,s
k−1) = (qps,sk−1, Dps+1Ld(qk−1))

(q0,fk−1, q
pf,f
k−1 ) 7→ (qpf,fk−1 , p

pf,f
k−1) = (qpf,fk−1 , D(ps+1)+pf+1Ld(qk−1))

)

F−Ld
:

(
(q0,sk , qps,sk ) 7→ (q0,sk , p0,sk ) = (q0,sk ,−D1Ld(qk))

(q0,fk , qpf,fk ) 7→ (q0,fk , p0,fk ) = (q0,fk ,−D(ps+1)+1Ld(qk))

)

Note that along the solution of the discrete Euler-Lagrange equations (2) it holds that
(pps,sk−1, p

pf,f
k−1) = (p0,sk , p0,fk ) = p0k and therefore the conjugate momentum p0k is uniquely de-

fined.
For given configurations qk = (qsk, q

f
k ) = (q0,sk , . . . , qps,sk , q0,fk , . . . , qpf,fk ) the unknown configu-

rations qi,sk+1, i = 1, . . . , ps and qi,fk+1, i = 1, . . . , pf in qk+1 = (qsk+1, q
f
k+1) = (q0,sk+1, . . . , q

ps,s
k+1,

q0,fk+1, . . . , q
pf,f
k+1 ) are obtained by solving the discrete Euler-Lagrange equations (2). Replacing

the first and the third equation in (2) by the discrete Legendre transforms

p0,s0 = −D1Ld(q0)

p0,f0 = −D(ps+1)+1Ld(q0)

provides a set of equations to determine the unknown configurations in q0 in the first time step
for given initial configuration q(0) = q00 = (q0,s0 , q0,f0 ) and momentum p(0) = p00 = (p0,s0 , p0,f0 ).

Varying the quadrature formulas (in this work the Gauss and the Lobatto quadrature are used)
and its orders and varying the degrees ps and pf of the polynomials, provides a high number
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of possibilities to construct the integrators. The abbreviations ordT , ordV , ordW are intro-
duced to denote the order of the quadrature formula that approximates the integral of the kinetic
energy T , of the slow potential V and of the fast potential W , respectively. Furthermore, if
ordT = ordV = ordW , the notation ordTVW is used, respectively if ordT = ordW the nota-
tion ordTW . Finally, an integrator is indicated as [ps pf ordT (Gau / Lob)ordV (Gau / Lob)
ordW (Gau / Lob)] with the abbreviations Lob for Lobatto and Gau for Gauss quadrature.

Examples

• [ps2pf5ordTW10(Gau)ordV 4(Lob)] denotes the integrator that is obtained when the
polynomial approximating the slow variables is of degree 2, the polynomial approximat-
ing the fast variables is of degree 5. For the approximation of the integral of the kinetic
energy T and the fast potential W , the same quadrature formula is used, i.e. the Gauss
quadrature of order 10, whereas the integral of the slow potential is approximated via the
Lobatto quadrature of order 4.

• [ps1pf1ordTW2(Gau)ordV 2(Lob)] yields an integrator treating the slow potential ex-
plicitly and the fast potential implicitly. This integrator is called the IMEX (implicit-
explicit) method, introduced and analyzed in [10].

• Consider a linear polynomial qsd and a polynomial qfd of degree pf to approximate the slow
variable qs and the fast variable qf , respectively. Suppose the kinetic energy T and the
fast potentialW are both approximated via the Gauss quadrature of order 2pf . For the ap-
proximation of the slow potential, different quadrature formulas are considered. Using the
Lobatto quadrature of order 2 yields the integrator [ps1pf ordTW12(Gau)ordV 2(Lob)]
with the discrete slow potential

Vd

(
qsk, q

f
k

)
=
h

2

[
V
(
q0,sk , q0,fk

)
+ V

(
q1,sk , qpf,fk

)]
The corresponding discrete conservative slow forces in the discrete Euler-Lagrange equa-
tions are explicit, i.e. they only depend on known configurations. When the Gauss quadra-
ture of order 2 is applied, the integrator is [ps1pf ordTW12(Gau)ordV 2(Gau)]. The
discrete slow potential then reads

Vd

(
qsk, q

f
k

)
= hV

(
q0,sk + q1,sk

2
, qfd

(
h

2
; qfk , h

))
and the corresponding discrete conservative slow forces in the discrete Euler-Lagrange
equations are implicit, meaning they depend on known and unknown configurations.

3 NUMERICAL EXAMPLE

3.1 Fermi-Pasta-Ulam problem

The performance of the variational integrators of mixed order is investigated numerically
by means of the Fermi-Pasta-Ulam (FPU) problem (see e.g. [5]). The FPU model consists of
2l unit masses that are chained together by alternating soft nonlinear and stiff linear springs
with fixed end points. Appropriate coordinates are chosen that enable the separation of the
multirate system in slow and fast variables. The scaled displacement of the i-th stiff spring’s
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center is described by the slow variables qsi , i = 1, . . . , l, while the fast variables qfi , i = 1, . . . , l
represent the scaled length of the i-th stiff spring. The Lagrangian reads

L(q, q̇) =
1

2

l∑
i=1

(
(q̇si )

2 + (q̇fi )2
)

+

− 1

4

[
(qs1 − q

f
1 )4 +

l−1∑
i=1

(qsi+1 − q
f
i+1 − qsi − q

f
i )4 + (qsl + qfl )4

]
− ω2

2

l∑
i=1

(qfi )2

The first two terms in the Lagrangian, the kinetic energy and the slow potential V , are both
depending on the complete configuration variable, whereas the fast potential W , i.e. the third
term, depends on the fast variable only. The stiffness ω ∈ R in W is supposed to be large. The
FPU problem is a multirate system because it shows different behaviour on different time scales
[5]. The vibration of the stiff springs happens on the time scale ω−1. On the time scale ω0, the
motion of the soft nonlinear springs takes place and over intervals exponentially long in ω, an
energy exchange among the stiff springs occurs. For the simulations, the FPU model consists
of 6 point masses, i.e. l = 3, with mass m = 1 and the stiffness of the stiff springs is ω = 50.
All initial values are zero despite the displacement and the extension of the first stiff spring and
their velocities with qs1(0) = 1, qf1 (0) = ω−1, q̇s1(0) = 1, q̇f1 (0) = 1.
The performance of the variational integrators of mixed order is demonstrated by means of the
motion of the first stiff spring and the energy exchange between the stiff springs over a long
term simulation. The solution of the standard variational integrator [ps1pf1ordTVW2(Gau)],
i.e. the midpoint-rule, with time step h = 10−5 serves as a reference. Moreover, a numerical
analysis regarding efficiency versus accuracy is carried out.
In Fig. 1, the motion of the first stiff spring’s center qs1 and the oscillation of the first stiff
spring’s extensions qf1 are shown. The reference solutions are always plotted in solid turquoise.
In the left hand side plots in Fig. 1, one can see in purple dashed the simulation results of the
standard variational integrator [ps1pf1ordTVW2(Gau)] with time step h = 0.1. Increasing
the degree of the polynomial for the fast part from one to six, while the approximation of the
slow variable is still linear and using a quadrature formula of order 12 for T and W , yields the
integrator [ps1pf6ordTW12(Gau)ordV 2(Gau)]. Using the time step h = 0.1, the right hand
side of Fig. 1 shows its discrete solution for the slow and fast configuration in purple dashed.
With h = 0.1, both integrators resolve the motion of the slow variable qs1 quite well, see top
plots in Fig. 1 a) and b). The high degree of 6 of the polynomial approximating the fast con-
figuration causes that the simulated fast motion nicely coincides with the reference solution,
cf. lower plot in Fig. 1 b). Whereas, when using the linear polynomial for the fast part, the fast
motion is not captured as can be seen in the lower plot in Fig. 1 a). Note that the integrator
[ps1pf6ordTW12(Gau)ordV 2(Gau)] provides the fast configurations qfk = (q0,fk , . . . , q6,fk ) for
one time step [kh, (k + 1)h] such that with equidistant control points dfν , ν = 0, . . . , 6 the con-
figurations qi,fk at the time points kh+ ih/6, i = 0, . . . , 6 are determined. Moreover, to resolve
the high oscillations of the first stiff spring with a standard variational integrator, a smaller time
step is needed. Compare Fig. 1 c) where the fast configuration qf simulated via the standard
variational integrator [ps1pf1ordTVW2(Gau)] with time step h = 0.01 is plotted. The high
oscillation of qf1 is captured, however the solution is shifted compared to the reference solution
as typically seen for the standard variational integrators. This shifting-effect amplifies with in-
creasing simulation time. No phase shifting occurs in the lower plot of Fig. 1 b), where the
simulation results of the integrator [ps1pf6ordTW12(Gau)ordV 2(Gau)] are depicted, even af-
ter a long simulation time e.g. of 30 seconds (Fig. 1 d)).
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The energies of the stiff springs (red/purple/green) exchange over the time, while the sum
of the stiff springs’ energy (blue) remains close to a constant value, which is called an adi-
abatic invariant of the Hamiltonian system [5]. Fig. 2 is the reference solution. The plots
in Fig. 3 show the simulation results of the integrators [ps1pf6ordTW12(Gau)ordV 2(Gau)],
[ps1pf6ordTW12(Gau)ordV 2(Lob)] and [ps1pf6ordTVW12(Gau)]. In the left hand side
plots of Fig. 3, the time step h = 0.1 is used for the simulations. The use of a quadrature
formula of order 2 for the approximation of the slow potential, regardless of being the Gauss or
the Lobatto quadrature, leads to high deviations in the oscillatory energies and their sum (Fig. 3
a) c)). However, both methods give qualitatively the correct rate of energy exchange and the
total energy shows oscillations but no numerical drift. Increasing the order of ordV to 12, the
deviations of the oscillatory energies decrease and have the same magnitude as in the reference
solution. The exchange of the stiff springs’ energies is captured and the total oscillatory energy
is nearly constant, see Fig. 3 e). Choosing h = 0.2 as time step, the performance of the integra-
tors degrades, but the qualitative structure of the energy exchange behaviour is still maintained,
see Fig. 3 b) d) f).
The computational efficiency of the variational integrators of mixed order is investigated numer-
ically. The plots in Fig. 4 show the global errors of the slow configuration qs (left) and of the
fast configuration qf (right) for the time steps [0.2, 0.1, 0.05, 0.01, 0.005] against the run-times.
The global errors of the configurations are determined by

max
k∈{0,...,N}

∥∥q0,sk − qsref (kh)
∥∥ max

k∈{0,...,N}

∥∥∥q0,fk − qfref (kh)
∥∥∥

where qsref and qfref are the configurations of the reference solution. Due to the limited accuracy
of the reference solution itself, the global errors of the slow and the fast configuration can only
be determined to a magnitude of approximately 10−8 and 10−7, respectively. The simulation
time is T = 6 seconds. Starting with the integrator [ps6pf6ordTVW12(Gau)] (blue dashed)
in Fig. 4 a), the degree of the polynomial qsd approximating the slow variable is decreased suc-
cessively from 6 to 1, while the degree of qfd is still 6 and the orders of the quadrature formulas
remain 12. Reducing the degree ps of qsd decreases the number of unknowns in the Euler-
Lagrange equations and thus the run-time decreases. Though, the accuracy of the solutions
of the integrators with a lower degree ps remains nearly the same, which is nicely visible in
both plots in Fig. 4 a) for the polynomial degrees ps = 3, 4 and 5. This result demonstrates
the improved efficiency of the proposed mixed order integrators. However, decreasing ps even
more causes a loss of accuracy of the simulation results, which becomes obvious for the degrees
ps = 1 and ps = 2 in Fig. 4 a). To assess the computational efficiency of the integrators, the
desired accuracy is crucial. For instance, when the focus lies on the fast configuration only
with a lower accuracy being sufficient, the integrator [ps1pf6ordTVW12(Gau)] (red dashed)
is the fastest in our implementation, see right plot in Fig. 4 a). More accurate results of the fast
and the slow configuration in conjunction with shortest run-times are achieved by the integra-
tor [ps3pf6ordTVW12(Gau)] (green dashed) in Fig. 4 a). Further savings in run-time can be
reached, when the order ordV decreases, as a low order ordV means less quadrature nodes and
therefore less costly function evaluations of the non-linear slow potential. Thus, successively
reducing the order ordV of the integrator [ps1pf6ordTVW12(Gau)] (Fig. 4 b)), respectively
[ps3pf6ordTVW12(Gau)] (Fig. 4 c)), shortens the run-time even more with negligible influ-
ence on the accuracy, see Fig. 4 b) and c), where the errors for ordV = 6, 8, 10, 12 for ps = 1
(ordV = 8, 10, 12 for ps = 3, respectively) are of the same magnitude. However, decreasing
the order ordV too far leads to loss of accuracy in the configuration. First investigations indi-
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cate that the loss is a result of convergence order reductions.
Fig. 5 shows the savings in run-time compared to [ps6pf6ordTVW12(Gau)] at a glance. If a
lower accuracy of the fast configuration is sufficient, a decreased degree ps of 1 (red dashed) and
in addition a low quadrature order ordV = 4 (yellow dash-dotted) bring shortest run-times in
our implementation. A more accurate result can be gained cheaply with a decreased degree ps =
3 (green dashed) and most cheaply together with order ordV = 8 (purple dash-dotted). Further-
more, the run-time compared with the global error of qf for the integrators [ps1pf6ordTW12
(Gau)ordV 2 (Gau)] (blue dash-dotted) and [ps1pf6ordTW12 (Gau)ordV 2 (Lob)] (blue dot-
ted) and for the standard variational integrator [ps1pf1ordTWV 2(Gau)] (turquoise dashed) are
plotted in Fig. 5. It is nicely visible that treating the slow force explicitly (blue dotted) saves
run-time compared to the implicit treatment of the slow force (blue dash-dotted). In comparison
to the standard variational integrator, great improvements regarding efficiency versus accuracy
are achieved with the presented integrators. The global error of the fast configuration simu-
lated with the standard variational integrator [ps1pf1ordTWV 2(Gau)] does not get smaller
for the tested time steps between h = 0.2 and h = 0.01. The reason is the phase shifting
that proceeds so far that the reference solution and the solution of the standard variational in-
tegrator are phase shifted by half a period causing a global error of two times the amplitude
of the first spring’s oscillation. Hence, the global error of the standard variational integrator
[ps1pf1ordTWV 2(Gau)] must be regarded in relation to the simulation time, as the shifting-
effect amplifies with it.
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Figure 1: FPU problem. Simulation results of the first slow qs1 and first fast qf1 configuration
using a standard variational integrator (left) with time step h = 0.1 in a) and h = 0.01 in c) and
using the integrator [ps1pf6ordTW12(Gau)ordV 2(Gau)] (right) with time step h = 0.1 in b)
and d) in dashed purple, reference solution in solid turquoise.
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Figure 2: FPU problem. Energy of the three stiff springs (red dashed, purple dash-dotted, green
dashed) and the total oscillatory energy (blue solid) of the reference solution.
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Figure 3: FPU problem. Energy of the three stiff springs (red dashed, purple dash-
dotted, green dashed) and the total oscillatory energy (blue solid). Simulation results of the
integrators [ps1pf6ordTW12(Gau)ordV 2(Gau)], [ps1pf6ordTW12(Gau)ordV 2(Lob)] and
[ps1pf6ordTVW12(Gau)] with time step h = 0.1 (left) and h = 0.2 (right).
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Figure 4: FPU problem. Global error of the slow configuration qs (left) and the fast con-
figuration qf (right) against run-time for the simulation time of T = 6 seconds for the in-
tegrators [ps1 . . . 6pf6ordTVW12(Gau)] in a), [ps1pf6ordTW12(Gau)ordV 2 . . . 12(Gau)]
in b) and [ps3pf6ordTW12(Gau)ordV 2 . . . 12(Gau)] in c) with time steps sizes
h ∈ {0.2, 0.1, 0.05, 0.01, 0.005}.
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Figure 5: FPU problem. Global error of the fast configuration against run-time for the simula-
tion time of T = 6 seconds for different integrators [ps pf ordTW12(Gau)ordV (Gau / Lob)]
with time steps sizes h ∈ {0.2, 0.1, 0.05, 0.01, 0.005}.

4 CONCLUSION

The integrators of mixed order feature a great flexibility in design and thus in application.
In this work, particular attention is paid to mechanical systems that act on different time scales
caused by slow nonlinear and fast quadratic potentials. The trade-off between high accuracy
and low computational costs, when simulating such mechanical systems, is resolved via a low
degree polynomial for approximating the slow and a high degree polynomial for approximat-
ing the fast motion. The degrees of the polynomials have a direct impact on the number of
unknowns in one time step and thus on run-time. Furthermore, due to its approximation via a
high degree polynomial, the fast motion is captured and the typical phase shifting observed for
the standard variational integrator is prevented. Considering the approximation of the integrals
of the contributions of the Lagrangian separately enables the use of different quadrature for-
mulas for each part and especially a low order quadrature formula for the integral of the slow
potential reduces the number of costly function evaluations. This approach offers a possibility
to decrease run-time with negligible loss in accuracy at once. However, higher savings in run-
time come at a cost, as the accuracy suffers then. Therefore, the computational efficiency of the
integrators has to be assessed with regard to the desired accuracy. The numerical investigation
reveals that the multiscale phenomena of slow energy exchange and the conservation of adia-
batic invariants are captured. However, the order of the quadrature formula approximating the
integral of the slow energy influences the magnitude of the deviations of the oscillatory energies
such that with increasing the order, the deviations decrease. The presented integrators base on
a discrete version of Hamilton’s principle. A detailed analysis of the inherited properties such
as symplecticity and momentum preservation has to be done in the future, as well as a stability
analysis. The convergence order of the integrators of mixed order are of interest, inter alia with
regard to the observed losses in accuracy. Furthermore, a next step is to extend the approach to
mechanical systems acting on multiple time scales with holonomic constraints. A comparison
of the multirate variational integrators based on multiple time grids to the approach presented
here is also subject of future works.
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Abstract. An extension to an existing co-simulation algorithm [1] is presented. The original 

algorithm allows co-simulation of a large multibody dynamics (MBD) system with a large 

finite elements analysis (FEA) model; the present extension consists of a force-displacement 

co-simulation with a discrete element method (DEM) system. 

The proposed algorithm implements a force-displacement approach where the MBD system 

steps first using approximations for the forces provided by the DEM model. The DEM model 

later simulates its model using prescribed displacements provided by the MBD system. 

As implemented in [1], there is no fixed communication interval. Each code (MBS, FEA and 

DEM) are free to take a simulation steps that fits well the current status of the numerical 

solution. The glue (master) code holds data at every step the co-simulationg codes take. 

Implementation details and discussion follow. 
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1 INTRODUCTION 

Co-simulation of large Multibody Systems (MBD) with both Finite Element models (FEA) 

and Discrete Element models (DEM) is nowadays a requirement from diverse industrial sec-

tors which relay on simulation to speed up the design and development of vehicle, machinery 

and other devices. The present work is an extension of a recent development [1] where one 

large MBD system co-simulates with one or more FEA models. The extension consists of al-

lowing the co-simulation with a DEM model. 

The present work implements a basic force-displacement algorithm with the additional fea-

ture of computing a tangent stiffness matrix from the FEA models. The MBD model runs first 

with instantaneous forces provided by the FEA model and corresponding stiffness matrix. Af-

ter the MBD system has advanced in time, the FEA model takes turn and advances in time 

with prescribed displacements at the points of interaction between the codes. Similarly, the 

co-simulation with the DEM model is implemented by requesting current forces at the interac-

tion points. The MBD system simulates first using extrapolated values for the forces. Later, 

the DEM model simulates using prescribed motion at the interaction points. Currently, the 

DEM model does not support the computation of a tangent stiffness matrix at the interaction 

points. 

2 ALGORITHM SPECIFICATIONS 

As described in reference [1], the algorithm is based on a force-displacement interaction 

between the codes. Technical details of the case of co-simulation between an MBD model and 

multiple FEA models can be found in [1]. Here only main findings are presented as well as 

some details of the implementation to support a DEM model. 

 

2.1 Interaction forces acting on the MBD system 

The case of co-simulating with a FEA model is handled by applying a force on the MBD 

system given by the following equation: 
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Equation (1) assumes there are two interaction points between the FEA model and the 

MBD model. The case of arbitrary number of interaction is similar. Forces Fi and Fj given by 

Equation (1) are applied on the MBD model to simulate the MBD system first. Here Fio and 

Fjo stand for the current value of the interaction forces (provided by the FEA model), Uio and 

Ujo stand for the displacements at the starting time step, Ui and Uj stand for the displacements 

at the interaction points i, and j respectively. Finally, Kij stands for the tangent stiffness matrix 

provided by the FEA code. 

 

For the case of co-simulating with a DEM model, the interaction forces have the following 

expression (assuming two interaction points with the DEM model): 
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Functions Fie(t) and Fje(t) are continuous functions built with extrapolated forces obtained 

using the history of applied forces computed by the DEM model. The DEM model does not 

compute a stiffness matrix. The implementation allows selecting different extrapolation algo-

rithms. 

2.2 Variable communication algorithm 

The original algorithm implements a variable communication algorithm (see reference [1]) 

between the co-simulating codes. The same implementation applies for the case of co-

simulating with a DEM model. The basic idea is to allow all codes simulate using their best 

simulation setting (error settings, particular simulation options, etc.) without imposing a fixed 

communication interval. The master controller code keeps a history of the forces and dis-

placements of all codes and communicates interpolated/extrapolated values to the co-

simulating codes as needed. 

2.3 Other features 

The implemented algorithm permits all co-simulating codes run in parallel and execute in 

hosts across the network. Setup is relatively easy through the use of a configuration script. 

The configuration script is created by the user to define the topology of the co-simulating 

models and permits setting diverse options to tune the co-simulation. Options allow users to 

set different Newtonian reference frames for each model and set conversion factors when 

units are not consistent. 

2.4 Limitations 

The main limitation of the implemented algorithm is that it does not implement corrective 

measures when the relative error between computed forces by the MBD code (using either 

Equation (1) or Equation(2)) at the end of a simulation step, is greater than the actual forces 

computed by the FEA and DEM co-simulating models.  

A second limitation is related to the topology of the co-simulating codes. Only co-

simulation between the MBD model and the other models is supported. No FEA-FEA, nor 

FEA-DEM co-simulation is supported. 

A third limitation is that users need to setup the simulation algorithms for each model in-

dependently. For instance, a simulation script is need for the MBD code, simulation data 

needs to be prepared in the FEA models, and simulation data needs to be included in the DEM 

model independently. Simulation data includes end time of simulation, error settings, etc. The 

end simulation must be consistent otherwise the co-simulation may be interrupted when a 

code finishes at an earlier time. 

 

3 NUMERICAL EXAMPLES 

The proposed algorithm has been successfully implemented in MSC Adams to co-simulate 

with MSC Marc and EDEM (flagship software from DEM Solutions). The following numeri-

cal examples show both prototype and industrial strength results obtained using the tool. 
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3.1 Oil pan damage 

Figure 1 shows a co-simulation of full MBD model and a nonlinear FEA code. The box on 

the base of the car models a simple oil pan while the light-blue sphere simulates a stiff spheri-

cal rock hit during driving. The co-simulation is limited to low speed impact. The MBD mod-

el has no modelling limitations. 

 

 

 

Figure 1: Oil pan damage. 

 

3.2 Moderate misuse scenario 

Figure 2 shows a co-simulation of a front suspension and tire MBD model hitting a curb. 

The control arm in dark blue is modelled in a FEA code and undergoes large nonlinear defor-

mation and plasticity. Forces and displacements have been validated using a different ap-

proach showing excellent correlation. 

 

 

Figure 2: Moderate misuse scenario. 

 

3.3 Torque modulator 

Figure 3 shows the results of the simulations using the presented co-simulation algorithm 

(in red) versus the results using a full FEA model (in light blue). The results shown corre-

spond to a torque modulator forces at a given control point. The full FEA model consists of a 

set of highly nonlinear coils inside a circular casing. The co-simulation model consists of the 

just the coils modelled in the FEA code while the casing and gadgets are modelled in the 

MBD code. 
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Figure 3: Torque modulator results. 

 

3.4 Vehicle on granular terrain 

Figure 4 shows a full ATV MBD model running on a bed of granular material. The MBD 

model co-simulation consisted of a static analysis to set the model on the ground followed by 

a dynamic simulation. Figure 5 shows a detail of one tire at time t=1 s.; notice some particles 

remained attached to the tire threads. The simulation lasted for 10 s and took approximately 

20 hours to finish in a standard desktop computer. 

 

Figure 4: Vehicle on granular terrain. 

 

 

Figure 5: Detail of tire. 
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4 CONCLUSIONS  

 Force-displacement co-simulation algorithms provide useful co-simulation results. 

 Variable communication steps among co-simulating codes permits all codes run using 

their best simulation settings. Co-simulating codes constantly send their interaction data 

to the controller code. 
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Abstract. We are going to introduce the concept of stochastic 3D modeling of geometrically
complex (disordered) microstructures as a tool for virtual materials testing, including applica-
tions to battery electrodes as well as to electrodes of fuel cells, and solar cells. Using stochastic
3D models, one can generate a large variety of stochastically simulated micrsotructures with
little computational effort. These virtual microstructures can be used as data basis to elucidate
microstructure-property relationships. In this way, for example, effective conductivity can be
expressed by microstructural characteristics such as volume fraction, tortuosity (windedness of
transport paths) and costrictivity (bottleneck criterion) of the considered material phase. In an-
other recent simulation study, we analysed more than 8000 virtual microstructures for various
microstructural scenarios. Using data mining techniques like artificial neural networks and
random forests, we were able to accurately predict effective conductivities given microstructure
properties like volume fraction, tortuosity and constrictivity.
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1 INTRODUCTION

In many applications the functionality of materials strongly depends on their - mostly amor-
phous - microstructure. This is the case for, e.g. anodes in lithium-ion (Li-ion) batteries, which
are a key technology for electric vehicles. The microstructure of these electrodes, consisting
mainly of graphite particles and pores, strongly influences both, the transport of ions and elec-
trons as well as degradation processes within the electrode, which are in turn important for the
performance and lifetime of the battery. For microstructure effects in Li-ion batteries, see e.g.
[1] and the references therein. Porous microstructures appear also in electrodes of solid oxide
fuel cells (SOFC), a technology for electricity generation, which is more efficient, more reliable
and has less environmental impact compared to conventional energy generation. Like in Li-ion
batteries the porous microstructures in SOFC are of high relevance for the performance of these
fuel cells as well as for their degradation processes. See e.g. [2] for the microstructure influence
in SOFC electrodes where the solid phase consists of nickel (Ni) and yttria-stabilized zirconia
(YSZ).

Due to this microstructural influence on the functionality of Li-ion batteries and SOFC, two
issues have to be clarified in order to improve the functionality of these materials. At first, it is
important to understand how the microstructure of the electrode is quantitatively related to the
corresponding effective properties. The second issue is how the production parameters of the
electrodes influence the microstructure.

The progress in tomographic 3D imaging during the last decades has enabled detailed mi-
crostructure analysis, see [3] for a methodological overview. For microstructure analysis in the
context of Li-ion batteries and SOFC we refer, e.g., to [4] and [5]. By the aid of numerical
modeling it is possible to simulate the corresponding effective properties, like effective conduc-
tivity. Although this combination of image analysis and numerical simulation allows a direct
investigation of the relationship between well-defined microstructure characteristics and effec-
tive transport properties ([6] to [9]), it is strongly limited by the high costs of tomographic 3D
imaging.

An alternative approach which combines image analysis and numerical simulations with
stochastic 3D modeling of amorphous microstructures solves this problem. Tools from spatial
statistics and stochastic geometry, see e.g. [10], are used to develop parametric stochastic 3D
models for the generation of virtual but realistic microstructures on the basis of image data from
real microstructures. Once developed, a stochastic 3D model can be used to approach both of
the above mentioned issues. On the one hand, the parameters of the stochastic 3D model can
be varied to obtain virtual microstructures within a wide range of microstructure characteris-
tics. Then, numerical simulations can be applied to these virtual microstructures to simulate the
corresponding effective properties, such that the quantitative relationship between microstruc-
ture characteristics and effective properties can be efficiently investigated, see e.g. [11] and
[12]. On the other hand, in case that there is image data of microstructures available, where
the microstructures are produced under different conditions (e.g. under different sinter temper-
atures like in [13]), the parameters of the stochastic 3D model might be fit to microstructures
generated with different production parameters. An interpolation between model parameters
and production parameters allows to predict virtual microstructures for production parameters
where no 3D images are available. This was succesfully done for solar cells produced with
different spin coating velocities in [14]. Once the relationship between production parame-
ters and microstructure is understood one can find optimal production parameters by numerical
simulations of effective properties.
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Summarizing the above, stochastic 3D modeling can be used for investigating the relation-
ship between microstructure characteristics and effective properties as well as the relationship
between microstructure characteristics and production parameters. Where we test the func-
tionality of virtual microstructures by simulating their effective properties, the combination of
mathematical image analysis, stochastic 3D modeling of amorphous microstructures, and nu-
merical modeling of (spatially resolved) effective properties on complex geometries is, what we
refer to as virtual materials testing.

In the present paper we give an overview of stochastic 3D modeling of amorphous mi-
crostructures, which is essential for virtual materials testing. The paper is organized as follows.
Models for electrode materials in Li-ion batteries ([15], [16]), and for SOFC ([13], [17]) are
reviewed in Sections 2 and 3, respectively. In Section 4 we present a method to derive empirical
formulas that describe the quantitative relationship between microstructure characteristics and
effective conductivity in porous microstructures ([11], [12]). Section 5 concludes the paper.

2 LITHIUM-ION BATTERIES

In [16] a stochastic 3D model for the anode microstructure of so-called energy cells in Li-ion
batteries has been developed on the basis of experimental image data obtained by X-ray tomog-
raphy, see Figure 1. The anode mainly consists of a connected network of graphite particles and
pores between the particles.

Figure 1: 2D slice of experimental image data: Grayscale image obtained by X-ray tomography (left) has been
binarized (center). The application of the watershed transform has led to an extraction of single particles (right).2

2.1 Stochastic modeling of particle shapes

Since the shape of graphite particles observed in data is neither spherical nor ellipsoidal, the
single particles in the considered anode material have been modeled by the so-called spher-
ical harmonics expansion, see [15] and [18]. This approach is based on the fact that any
(star-shaped) particle in 3D is completely determined by its barycenter and a function r :
[0, π] × [0, 2π) −→ [0,∞), where r(θ, φ) denotes the elongation of the particle in direc-
tion (sin θ cosφ, sin θ sinφ, cos θ). By the aid of the so-called spherical harmonics functions
{Y m

l : [0, π]× [0, 2π) −→ [0,∞) : l,m ≥ 0}, the radius function r can be represented as

r(θ, φ) =
∞∑
l=0

l∑
m=−l

cml Y
m
l (θ, φ) ≈

L∑
l=0

l∑
m=−l

cml Y
m
l (θ, φ) (1)

2Reprinted from [16], Figure 1, with permission from Elsevier.

1840



Matthias Neumann and Volker Schmidt

for L ≥ 1 large enough and spherical harmonics coefficients cml ∈ R with 0 ≤ l and −l ≤ m ≤
l. For details and the definition of the spherical harmonics functions Y m

l the reader is referred
to [15].

Figure 2: 3D voxel representation of graphite particles (left) and their spherical harmonics representation (right).3

Equation (1) implies that each (star-shaped) particle is completely determined by its spheri-
cal harmonics coefficients and, therefore, the particle can be approximated by a finite number of
coefficients. In [15] a method for estimating L and the spherical harmonics coefficients cml ∈ R
with 0 ≤ l ≤ L and −l ≤ m ≤ l from image data is described. This method has been suc-
cessfully applied to experimental image data showing particles in battery anodes, see Figure 2.
The single particles have been extracted from grayscale images with well-known methods from
image analysis, to be more precise the watershed transform, see e.g. [19], has been used after
binarization of the grayscale images, see Figure 1.

Since the shape of each graphite particle is appropriately described by a finite number of real-
valued coefficients, the spherical harmonics representation leads to an enormous compression
of information contained in the original (grayscale) image data.

2.2 Stochastic modeling of anode microstructure

In total, a parametric representation of image data is obtained by the method proposed in [15].
The anode material is completely described by the barycenters of particles and their spherical
harmonics coefficients. In [16] statistical analysis of this parametric representation is the basis
for stochastic 3D modeling of anode microstructures in Li-ion batteries.

Figure 3: 2D sketch of the modeling idea: Random tesselation model determines the locations of particles (1).
Connections between particles have been modeled by a random graph (2). Particle shapes have been modeled
using spherical harmonics (3). Connected particle system before (4) and after morphological closing (5).4

3Reprinted from [15], Figure 11, with permission from Elsevier.
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The model idea, sketched in Figure 3, is the following. At first the locations, at which the
single particles are placed, have been modeled by a random Laguerre tessellation, see [20].
That is to say that the 3D space is partitioned into polytopes, the size distribution of which
can be controlled by model parameters. In a second step, connections between single particles
have been modeled by a completely connected random graph, i.e., edges are put between neigh-
boring polytopes according to a certain probabilistic rule. Within each polytope a particle is
placed using spherical harmonics, such that particles overlap if they are connected by an edge
in the random graph. This graph model ensures that the modeled particle system is completely
connected. Finally, morphological closing is applied to the particle system in order to smooth
the sharp edges at the contacts between particles. Note that the volume fraction of the particle
system can be adjusted by model parameters, which have been fitted to experimental image
data.

Besides a visual comparison between virtual microstructures generated by the fitted model
and experimental image data, see Figure 4, an extensive quantitative validation regarding cer-
tain microstructure characteristics has been performed and discussed in [16]. Exemplarily, the
spherical contact distribution functions [10] of the particle phase, which are nearly identical for
virtual and experimental microstructures, are shown in Figure 4.

Figure 4: 2D slice of experimental image data from anode material (left) compared to a 2D slice of a virtual 3D
microstructure generated by the stochastic model (center). Spherical contact distribution functions computed for
experimental (red) and simulated (blue) microstructures are nearly identical (right).5

Thus, in [15] and [16] flexible modeling techniques have been developed for 3D microstruc-
tures in Li-ion batteries. In particular, a stochastic 3D model has been established which is able
to generate virtual microstructures that are statistically similar to experimental microstructures.
In a forthcoming paper, the model is further validated by numerical 3D electrochemical sim-
ulations, which are applied to experimental and virtual anodes [21]. Additionally, extensions
of the stochastic microstructure model, which overcome small differences in electrochemical
behaviour, are proposed. The model will be used for investigating the relationship between
microstructure characteristics and the functionality of Li-ion batteries, i.e. for virtual materials
testing.

3 SOLID OXIDE FUEL CELLS

In this section we summarize the modeling approaches proposed in [13] and [17]. While
in [13] a stochastic microstructure model has been fitted to three cathode materials produced

4Reprinted from [16], Figure 2, with permission from Elsevier.
5Reprinted from [16], Figures 10 and 11, with permission from Elsevier.
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with different sinter temperatures, the model in [17] is able to generate virtual, but realistic
three-phase microstructures, where all three phases are completely connected.

3.1 Stochastic 3D modeling of La0.6Sr0.4CoO3−δ cathodes

The considered La0.6Sr0.4CoO3−δ(LSC) cathodes consist of sintered spherical LSC particles,
which form a connected particle system, and pores, see Figure 6. Thus the microstructure has
been modeled by a completely connected union of slightly overlapping spheres. To begin with,
a structural segmentation of the binarized image data, obtained by FIB-SEM tomography, has
been performed to represent the LSC phase by a union of overlapping spheres. For this purpose,
tools from image analysis like the watershed algorithm [19] and the Hough transform [22] are
used.

Figure 5: Modeling idea for the midpoints of the sphere system sketched in 2D: Non-overlapping large spheres are
randomly distributed (1), where pore former (red circles) is modeled in the remaining space (2). Cluster centers of
small spheres (3) determine regions (4) in which the midpoints of small spheres are distributed (5).

Like in the case of battery anodes considered in Section 2, this kind of structural segmen-
tation can be understood as a compression of image data, since the microstructure has been
appropriately represented by the midpoints and radii of the spheres. In a second step a model
for random sphere systems, a so-called germ-grain model [10], is developed which generates
sphere systems that are similar to those extracted from image data.

Figure 6: 3D images of real (top) and virtual microstructures (bottom). The structures correspond to different
sinter temperatures (from left to right: 750◦C, 850◦C, 950◦C).6
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The modeling of sphere midpoints takes into account that small particles are accumulated
around large spheres and that large void regions occur due to pore former. The sphere midpoints
have been modeled in three steps using random point processes, see e.g. [10]. At first large
spheres are distributed completely at random under the condition that they do not overlap each
other. Then, the void regions are determined according to a Boolean model [23] with spherical
grains in the remaining space. Finally the midpoints of small spheres are clustered around the
large spheres, see Figure 5. The radii of the small spheres are determined such that volume
fraction and connectivity properties of the sphere systems extracted from experimental image
data are statistically matched. Similar as in [16] a graph model is used for this purpose. For
further details we refer to [13].

The model has been fitted to three cathodes, produced with three different sinter temperatures
of 750◦C, 850◦C and 950◦C. Figure 6 shows a good visual accordance between image data and
virtual structures generated by the model. Furthermore, in [13] a quantitative comparison of
microstructure characteristics is performed and, in combination with numerical modeling, the
influence of different sinter temperatures on the electrode performance can be investigated. The
achieved goodness-of-fit shows a high flexibility of the model since all three microstructures
produced with different sinter temperatures can be described by one and the same model type,
although their microstructure characteristics differ strongly from each other.

3.2 Stochastic 3D modeling of three-phase Ni-YSZ anodes

In Sections 2.2 and 3.1 the material to be modeled consists of pores and mainly one single
(homogeneous) solid phase. In this section a model for three-phase microstructures with two
different solid (sub-) phases is described, which has been introduced in [17]. The model exhibits
the desirable property that it reproduces microstructures where all three phases are completely
connected. Three-phase microstructure modeling is important since not only the geometry of
single phases influences the functionality of Ni-YSZ anodes, but also the length and the geom-
etry of the triple phase boundary (TPB), at which chemical reactions take place.

Figure 7: Modeling idea: Three random point patterns (consisting of blue, gray and red points, respectively) are
distributed completely at random in the three-dimensional space (left). On each of these point patterns a geometric
graph is modeled (right).

A parametric random graph in the three-dimensional space has been modeled for each phase,
the vertices of which are distributed completely at random, see Figure 7. These graphs build
the backbones of the three phases, which are Voronoi tessellations with respect to the edge set

6Reprinted from [13], Figure 15, with permission from Elsevier.
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of the three graphs, i.e. each point x ∈ R3 is allocated to the phase the corresponding graph of
which is closer to x than the other two graphs.

By this approach the model is able to mimic connectivity properties of experimental image
data gained by FIB-tomography. It is even possible to simulate virtual microstructures with
arbitrary volume fractions and completely connected phases. A slight generalization of the
model has enabled a good fit to the experimental image data recently discussed in [24], see
Figure 8.

Figure 8: Image data of real (left) and virtual (right) Ni-YSZ anodes.

Simulations of the effective conductivity σeff for image data of real and virtual Ni-YSZ an-
odes by means of the finite element method (FEM) has shown that the model is close to the
real microstructures with respect to effective properties. Besides the development of new tech-
niques for stochastic 3D modeling of three-phase microstructures, the model proposed in [17]
is the basis of virtual materials testing for Ni-YSZ anodes. In a further work the area specific
resistance (ASR) of virtual Ni-YSZ microstructures with systematically varied microstructure
characteristics is simulated by a FE model for the anode reaction mechanism that takes into
account the specific microstructure characteristics, in particular the length of TPB. Performing
this kind of virtual materials testing we expect new insights about the microstructure influence
on the ASR.

4 VIRTUAL MATERIALS TESTING

In the previous sections stochastic 3D models have been presented, which are fitted to image
data of real microstructures in order to study the microstructure of various energy materials.
Moreover, it is of general interest to investigate quantitative relationships between microstruc-
ture characteristics and effective properties. In this section we focus on the so-called M -factor,
a normed measure for the microstructure influence on effective conductivity. It is defined by

M =
σeff

σ0

, (2)

where σ0 denotes the intrinsic conductivity of the material. Virtual materials testing contributes
to find an expression of the M -factor in terms of microstructure characteristics ([11], [12]).

Leaned on [25] the investigations in [11] and [12] assumed that volume fraction ε, tortuosity
τ measuring the length of (shortest) transport paths and a constriction factor β measuring the
strength of bottleneck effects are the most important characteristics for effective conductivity
in porous microstructures. For tortuosity, two different approaches, i.e., mean geometric and
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mean geodesic tortuosity denoted by τgeom and τgeod have been taken into account [12]. The
definition of β is based on the concept of continuous phase size distribution and a geometric
simulation of mercury intrusion porosimetry [26].

The idea was to develop a stochastic 3D model which is flexible regarding the microstructure
characteristics ε, τgeom, τgeod and β. Then, σeff , and thus theM -factor, of virtual microstructures
with different constellations for ε, τgeom, τgeod and β can be simulated by FEM. The generated
database has enabled an efficient investigation of the quantitative microstructure influence on
the M -factor.

Figure 9: Modeling idea: Vertices are distributed completely at random (left), before edges are put (center).
Random dilation of edges leads to virtual microstructures (right).7

The stochastic 3D model is based on an anisotropic random graph model, where the anisotropy
can be controlled by model parameters. The vertices of the graph are distributed completely at
random in the three-dimensional space. The edges of the graph are randomly dilated, where
the variance of the dilation radii influences the constrictivity of the microstructure strongly.
Note that the model graph is completely connected which ensures complete connectivity of the
conducting phase. The modeling idea is visualized in Figure 9.

By means of the stochastic 3D model 49 virtual microstructures for a wide range of ε, τgeom,
τgeod and β have been generated and the corresponding effective conductivites are simulated by
FEM. Using error-minimization the relationship

M = min

{
1, 2.03

ε1.57β0.72

τ 2
geom

}
(3)

has been established in [11] and further refined in [12] using the concept of geodesic tortuosity
instead of geometric tortuosity. This has led to

M =
ε1.15β0.37

τ 4.39
geod

. (4)

Both relationships fit better to the virtual microstructures than the existing ones from literature.
Furthermore, validation with experimental image data has been performed in [12], which shows
that Equation (4) derived by virtual materials testing is able to predict the M -factor of real
microstructures quite well by the microstructure characteristics ε, τgeod and β.

A forthcoming paper [27] is under preparation in which an extensive simulation study with
around 8000 virtual microstructures is performed. In this work methods from statistical learn-
ing [28] are combined with virtual materials testing for further improvement of quantitative
relationships between microstructure characteristics and the M -factor.

7Reprinted from [11], Figure 3, with permission from J. Wiley & Sons.

1846



Matthias Neumann and Volker Schmidt

5 CONCLUSION

In the present survey paper the concept of virtual materials testing is presented. It is a
method, which combines mathematical image analysis, stochastic 3D modeling of amorphous
microstructures, and numerical modeling of (spatially resolved) effective properties on complex
geometries for an efficient investigation of the relationship between microstructure characteris-
tics of functional materials and their effective properties.

The focus of the present paper is on stochastic 3D modeling of microstructures in Li-ion
batteries and SOFC. In Section 4 it is described how quantitative relationships between the
microstructure characteristics volume fraction, tortuosity, constrictivity on the one hand and
effective conductivity on the other hand can be established. Virtual materials testing is neither
restricted to Li-ion batteries and SOFC nor to effective conductivity. Virtual materials testing
opens the possibility to investigate amorphous structures of various further materials, e.g., in
polymers solar cells [12] or aluminium alloys [29] as well as various further effective properties
like e.g. exciton quenching efficiency [14] or mechanical stress-strain curves [30].
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Abstract. The mechanism of fluid leakage trough the free volume between rough surfaces in
contact is relevant in physics and in many engineering applications. In the present study, the
normal contact problem between randomly generated fractal rough surfaces is solved using the
boundary element method. Then, an algorithm for the evaluation of the network involved in
the percolation of fluid is proposed. Numerical results are synthetically collected in diagrams
relating the free volume involved in the percolation to the dimensionless statistical parameters
of the rough surface.

1 INTRODUCTION

The mechanism of percolation in seals or simply between two rough surfaces in contact is
an interesting topic for physics and engineering [1, 2, 3]. This topic is relevant for many ap-
plications such as hydraulic fracturing and sealing of mechanical components in contact. Also,
the percolation of fluid in photovoltaic modules can lead to electrical power losses due to the
oxidation of the grid line deposited on the solar cell caused by moisture. The free volume and
the related network of channels is due to the fact that surfaces are never ideally flat and the
actual area in contact is determined by the elastic interactions between asperities. Since the
full contact solution could be attained only in case of very high contact pressures, in most of
the cases only a small percentage of the nominal contact area is in contact and a significant
amount of free volume is present. In this context, a line of research regards the discovery of the
relation between the contact mechanics results to the statistical properties of the undeformed
parent rough surface with a power-law power spectral density (PSD) function [4]. Yastrebov
investigated the role of the lower and upper cut-offs to the PSD function in different contact
regimes [5], while Paggi and Ciavarella [6] highlighted the effect of the bandwidth parameter
α. Similarly, the features of the leakage domain by considering the statistical proprieties of the
surface height distribution were investigated in the literature. As highlighted by Dapp [7], the
role of the finite size length and the lower cut-off frequency of the rough surface mainly affect
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the topology of the free volume and, consequently, leakage characteristics [1]. All of those stud-
ies pinpoint the fact that, below the full contact limit, morphological proprieties of the surface
affect percolation of a fluid between two rough surfaces. However, during contact, the initial
statistics of the deformed surface change as well as consequence of the elastic interactions.

The present study aims at investigating the dependency of the leakage characteristics of
free volume on the variation of statistical parameters describing the evolution of the contact
domain between rough surfaces. To this purpose, a single rough surface with fractal dimension
D = 2.1 has been generated and the contact problem has been solved for a series of mean plane
separations using the boundary element method (BEM). Afterwards, the free volume has been
evaluated and its portion involved in the percolation has been computed, under the assumption
of a laminar fluid flow. In Section 2, the numerical framework is briefly summarized. Results
are presented in Section 3, in form of diagrams relating the variation of the statistical parameters
of the contact domain for decreasing mean plane separations and the relation with the variation
of the percolating volume.

2 COMPUTATIONAL METHOD

A single rough surfaces with fractal properties is numerically generated according to the
random midpoint displacement (RMD) algorithm detailed in [8]. With this method, it is possible
to obtain a detailed square surface by refining an initial square mesh, adding recursively in
the mid point an intermediate height. The value of this height is equal to the mean value of
the neighboring heights, plus a random number extracted from a Gaussian distribution with
zero mean and variance σ2

1 = σ2
0/2

(3−D)/2, where σ2
0 = 1/

√
0.09 and D is the surface fractal

dimension ranging from 2 to 3. The refinement algorithm depends upon the parameterm, which
is related to the number of heights per side of the squared generated grid, viz. 2m + 1.

Once the surface is generated, the contact problem between an elastically deformable rough
surface and a rigid half space is solved using BEM [9] for different values of the far-field closing
displacement ∆. For each imposed ∆, the contact problem is solved using the Non-Negative
Least Squares (NNLS) algorithm, without warm starting, as detailed in [9].

After solving the frictionless contact problem, the grid points in contact are determined and
the contact mechanics results and the statistical parameters of the deformed surface are com-
puted for each imposed displacement. The total free volume V is evaluated by summing up the
corresponding contributions of the boundary elements not in contact. The complete procedure
is described in [10]. Next, the percolating volume Vpg is computed as the sum of all the bound-
ary element volumes involved in the leakage phenomena. Those elements are evaluated with an
algorithm examining all the available paths for the fluid and retaining in the computation only
the free channels connecting one side of the surface to the opposite. Statistical parameters of the
deformed surface are evaluated according to Nayak’s theory [4]. Nayak investigated the effect
of some characteristic moments which are related do the r.m.s. values of roughness (σ =

√
m0),

the r.m.s slope (σm =
√
m2) and the r.m.s. curvature (σk =

√
m4), and the bandwidth parame-

ter α =
m0m2

4

m2
. Here, this computation is repeated for each imposed contact displacement, using

the algorithm published in [11].

3 RESULTS

A rough surface with fractal dimension D = 2.1 has been generated using the RMD algo-
rithm with a refinement corresponding to m = 7, see also [10] for more details. The surface
lateral size is L = 0.1 mm, and the undeformed surface presents a maximum height equal to
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hs = 6.72 µm. Moreover, the mean surface elevation is equal to h̄ = 2.78 µm and the r.m.s.
of heights is σ = 0.95 µ m2, the r.m.s. of the profile slopes is σm ∼= 0.004, and the r.m.s. of
curvatures is σk = 0.16 µm−2. The bandwidth parameter is α0 = 921.

The explored values of the far-field displacement ∆ are in the range between ∆ = 0 (in-
finitesimal contact) and the maximum asperity height ∆ = hs computed in relation to the
undeformed surface. This range is subdivided in twenty equal levels. The value of ∆ is made
dimensionless by dividing it for hs, i.e, ∆∗ = ∆

hs
. In this way, it is possible to the define the

contact level from ∆∗ = 0 (infinitesimal contact regime) to ∆∗ = 1 (full contact regime). As
detailed in [6], the dimensionless free volume V ∗ = V

L2σ
is introduced, where L is the surface

lateral size and σ is the r.m.s. value of height distribution. Therefore, the percolating volume
Vpg is made dimensionless using its value when only one spot is in contact for ∆∗ = 0. The
spectral moments are also made dimensionless by dividing them for their initial values, i.e.,
m∗
n = mn

mn0
, where mn0 is the value of the n−th moment corresponding the undeformed surface.

The undeformed surface topography is shown in Fig.1(a), while Fig.1(b) shows the variation
of the statistical parameters during contact. By increasing the contact interference ∆∗, statistical
parameters diminish in value since the surface becomes flatter and flatter and the related r.m.s.
becomes smaller and smaller. More specifically, m0 presents small variations for infinitesimal
contact, before significantly reducing its value for medium and full contact regimes. The same
trend is noted for the variance of slopes, m2. This transitional regime takes place for ∆∗ & 0.4.
The parameter m4, for low values of ∆∗, tends to be almost constant with variations of about
10% up to ∆∗ ∼= 0.6, while it significantly reduces afterwards. The variability of α vs. ∆∗ is in
line with the trend of m0 and m2, mitigated by the trend of m4.

The dependencies of Vpg on the free volume V ∗ and on the dimensionless mean height h̄∗ =
hs
h̄

are shown in Fig.2. It is important to notice that, for this surface, Vpg varies almost linearly
with Vpt. This might be due by the morphology of the surface, which has the tallest asperity
in the center. Moreover, the initial percolating volume Vpg is equal to the total free volume
V ∗. Examining Fig.2(b), the dependency of Vpg on the surface mean height presents a highly
nonlinear trend, especially in the low contact regime (h̄∗ = 1). On the other hand, near the full
contact limit (h̄∗ = 0), Vpg tends asymptotically to a constant value. Finally, Vpg is correlated
to m∗

0 and m∗
2 during contact in Fig.3. In both cases, for an infinitesimal far-field displacement,
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Figure 1: Topography of the surface and variation of its Nayak’s moments for different contact levels.
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pg on the

dimensionless mean height of the deformed rough surface.

a strong dependency of Vpg on the moments of the PSD is reported. On the opposite, the
percolating volume tends to be almost independent of the statistical proprieties of the surface
near full contact. This could be connected directly with Persson theory of leakage [2, 3], which
asserts that leakage phenomena do not depend on surface statistic in the full contact regime.

4 CONCLUSIONS

In this work, the free volume generated by two fractal rough surfaces in contact has been
computed, determining also its percolating part, which is its portion through which a lami-
nar fluid flow can cross the entire surface from on side to the opposite. A single surface has
been generated with the RMD algorithm, and the contact problem has been solved with a BEM
method for different far-field displacements, from the infinitesimal to the full contact regimes.

m
0

*

0 0.2 0.4 0.6 0.8 1

V
pg

*

0

0.2

0.4

0.6

0.8

1

(a) V ∗
p vs m0

; m
2

*

0.5 0.6 0.7 0.8 0.9 1

V
pg

*

0

0.2

0.4

0.6

0.8

1

(b) V ∗
p vs m2

Figure 3: Variation of the leakage volume during contact. Fig.3(a) shows the dependency of the dimensionless
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0. Fig.3(b) shows the dependency on m∗

2.
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Then, the percolating volume has been evaluated, considering its dependency on the statistical
parameters of the surface computed according to Nayak’s theory of roughness. Results shows
that there is a linear dependency between the free volume V∗ and the percolating one Vpg. More-
over, examining the height and slope r.m.s. values, it is possible to notice that the percolating
volume strongly depends on their variation for small imposed far-field displacements. On the
other hand, the percolating volume nearby the full contact limit appears to be almost indepen-
dent of the statistical parameters variation, in agreement with the Persson’s theory of leakage in
seals. Future developments of the present study will regard a statistical analysis of the obtained
results based on a wider population of numerically generated contact surfaces. Moreover, the
computation of the portion of the free volume which is involved in leakage is also an important
result, and its dependency on the statistics of the rough surfaces is also a crucial issue to deepen.
This knowledge could be helpful to avoid surface configurations implying trapped fluid.
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Abstract. We implement an original Boundary Element methodology to study the reciprocating

contact mechanics between linear viscoelastic materials. Results are shown for the case of a

rigid sphere sinusoidally driven in sliding contact with a viscoelastic half-space. We observe the

presence of multi-peaked pressure and displacement distributions; the hysteric friction curve is

finally shown for different values of the frequency.
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1 Introduction

In modern engineering research, wide research efforts are dedicated to analyze and determine

the mechanics and physics of soft linearly viscoelastic materials. The complexity of the topic is

related to the strongly time-dependent and usually non-linear constitutive stress-strain relations

that mark this class of materials. In particular, further complexity is added when soft bodies are

brought into contact and the problem is exacerbated by the geometry of the intimately mating

surfaces. As a matter of fact, a variety of publications has been dedicated to shed light on

the contact mechanics of rough viscoelastic solids. Given the importance of the applications

related to these issues[1, 2, 3], investigations performed across the scales, from macroscopic to

atomistic levels, include analytical [4, 5] numerical [6, 7, 8, 9] and experimental [10, 11, 12, 13]

studies.

In this paper, we focus on an issue that has been systematically ignored but has a particu-

lar importance: the reciprocating contact of viscoelastic materials, where the relative motion

between the contacting bodies is periodically inverted. There is a countless number of engi-

neering applications, ranging from the macro- to the nano- scales, where a periodic inversion of

the motion direction is present. Earthquake viscoelastic dampers are a classic example [15, 15]:

the design of these devices mostly relies on practical and empirical guidelines, and no tool

for quantitative predictions is available. This lack of a robust theoretical framework affect dif-

ferent components, like all the sealing systems in mechanical applications with an alternate

motion [14]. Indeed, enhancing performances and efficiency is infeasible without an accurate

knowledge of the interfacial stresses and, consequently, of the dissipated power. Finally, recip-

rocating contacts have prominence also at different scales and in different contexts, like biology

and biotechnology ([17],[18]). Skin, ocular system, joints, spine and vertebrae are some of the

examples where viscoelastic soft contact occurs in the human body.

In this work, we present a Boundary Element Methodology that, for the first time, allow

studying reciprocating contact mechanics between linearly viscoelastic solids and provide pre-

dictions of the response of the contacting surfaces in terms of stresses, strain and friction. The

paper is outlined as follows. Section II describes the mathematical formulation which the nu-

merical methodology relies on. Section III focuses on the reciprocating sliding contact of a

sphere over a viscoelastic layer. Final remarks are included to comment on the relevance of the

theory and of the results.

2 Formulation

We implement a Boundary Element Methodology to determine the contact solution and,

specifically, stresses, strains and dissipation. It is well known that the general contact problem

between a rigid indenter and a linearly viscoelastic slab may be formulated as:

u (x, t) =
∫ t

−∞

dτ
∫

d2xJ (t− τ)G (x− x
′) σ̇ (x′, τ) , (1)

where x is the in-plane position vector, t is the time, u (x, t) is the normal surface dis-

placement of the viscoelastic slab, σ (x, t) is the normal interfacial stress, G (x) and J (t) are

respectively the elastic Green’s function and the creep material function. The relevance of such

an approach is related to its generality: no assumption is made a priori on the shape of the

contact domain and on the specific form of the linear viscoelastic response. As a consequence,

the method can be employed for any kind of contact punch (conditions, like periodic boundaries

and finite values of contacting layers thickness, can be easily managed [22, 8] ) and for any kind
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of linear viscoelastic material, spanning from skin tissues to rubber-based composites.

However, tackling directly Eq. (1) is extremely challenging: because of the necessity of

performing discretization both in time and space, the computational cost is huge, thus result-

ing infeasible with the computational technologies currently available. Consequently, when

focusing our attention on the reciprocating contacts, we want to reduce the computational com-

plexity of Eq. (1) without loosing its generality in terms of contact geometry and material

properties. To this end, we assume that the interfacial normal stress distribution obeys the law

σ (x, t) = σ [x− ξ0 sin (ωt)], i.e. that the shape of normal stress distribution is fixed but moves

on the viscoelastic half-space with a sinusoidal law of amplitude |ξ0| and angular frequency ω.

This enables us to rewrite Equation (1) as :

u (x, t) =
∫

d2x′G (x− x
′, t)σ (x′) . (2)

where, as shown in detail in Ref. [23], G (x, t) is equal to:

G (x, t) =
+∞∑

k=−∞

Ak (x)

E (kω)
eikωt. (3)

where Ak (x) can be written as

Ak (x) = (2π)−1

∫
1

−1

dsG (x−sξ0)Bk (s) (4)

with Bk (s) being equal to Bk (s) = (−i)k Tk (s)B0 (s) . Tk (s) is the Chebyshev polynomial

of the first kind and B0 (s) = 2 (1− s2)
−1/2

, for |s| ≤ 1 and 0 otherwise.

As mentioned above, the function G (x, t) relies on a precise assumption : we assume that the

shape of the stress field at the interface, whose general form is σ (x, t) = σ [x− ξ0 sin (ωt) , t],
does not change during the reciprocating motion, i.e. σ (x, t) = σ [x− ξ0 sin (ωt)]. Such a

condition holds true whenever a0/ |ξ0| ≪ 1, where a0 the characteristic dimension of the contact

region, and is equivalent to require that |∂σ/∂t| /(|ξ0 · ∇σ|ω) ≪ 1 (the reader is referred to Ref.

[23] for more details).

The solution of Eq. (2) can be pursued by employing the iterative technique developed in

Ref. [21] for elastic contacts, thus providing contact areas, stresses, strains and, ultimately, the

dissipated energy.

3 Results and discussion

In order to demonstrate the main features of the reciprocating contact, we study the contact

of a rigid sphere of radius R undergoing reciprocating sliding against a viscoelastic material

characterized by one relaxation time ( being the ratio between the high frequency modulus and

the low frequency E∞/E0 = 11 and the Poisson ratio ν = 0.5). We assume that the center x(t)
of the sphere moves on the viscoelastic half-space following the law x(t) = [ξ0 sin (ωt) , 0]. The

dimensionless angular frequency of the reciprocating motion is ωτ = 5 , being τ the relaxation

time of the viscoelastic material.

For different values of ωt ∈ [−π/2, π/2] , Figure 2 shows the evolution of the dimensionless

displacements, u(x)/R, at the centre of the contact as a function of x/ξ0 and for a specific

dimensionless applied normal load Fn/R
2E∗

0 = 0.014, and ξ0/R = 1. An arrow refers, in

each case, to the current position of the sphere. At ωt = −π/2 the sphere has just reached

the left dead-point and starts moving from left to right. Upon reversal of the sliding direction,
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Figure 1: The dimensionless normal displacements u(x, y = 0)/R as a function of the dimensionless abscissa

x/ξ0 for a constant dimensionless normal force Fn/R
2E∗

0 = 0.014, for an amplitude ξ0/R = 1 and for several

values of the dimensionless time ωt ∈ [−π/2, π/2] .

a marked increase of the dimensionless penetration at the center of the sphere is observed:

although the speed is increasing, it is still too low to provoke a significant stiffening of the

material, and the sphere is moving over a region of the viscoelastic half-space that has not yet

had the time to relax after the previous contact of the rigid body. As the sliding speed increases,

a non negligible stiffening of the material and a marked decrease of the penetration are observed

(see displacement in correspondence to the arrow). Furthermore, additional deformation peaks

appear: this is the result of the interplay between the deformations, induced by the indenter as it

moves to the right, and the original not yet fully relaxed footprints left by the sphere at preceding

times. For 0 < ωt < π/2, the sliding speed begins to decrease and the material softens again,

thus leading to an increase of penetration. It is now possible to justify the occurrence of three

different deformations peaks within the track when the sphere is moving between the two dead-

ends: one corresponds to the current position of the sphere and the other two are located close

to the left and right dead-points respectively, and are the result of the material inability to fully

recover the viscoelastic deformations during a period of time comparable to the period T =
2π/ω = 6.28 s of the reciprocating motion (recall that the relaxation time is τ = 5 s).

The interplay of the sphere footprints, which occur at the dead-points of the reciprocating

motion, has a significant effect on the interfacial normal stress distribution. This is clear in

Figure 2, where contour plots of the pressure distribution are shown. Let us first notice that

at ωt = −π/2, i.e. when the sliding speed is equal to zero, the contact area as well as the

interfacial normal stress distribution are characterized by an asymmetric shape. This is due to

the viscoelastic time-delay which prevents the material to relax immediately when the sliding

speed vanishes. As the sphere starts moving to the right, such a peak cannot disappear suddenly

but has to show a gradual decrease. At the same time, since the punch is travelling towards the

right, as already observed in steady-state viscoelastic contacts moving at constant velocity [7],

a peak in the pressure distribution has to be originated also at the leading edge . Finally, at the

center of the distribution, where we have the maximum of the displacement field in the contact

area, the pressure must still resemble the classical elastic Hertzian solution. All this process

strongly affects the evolution of the pressure distribution at the interface with the presence of
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Figure 2: The shape of the contact area and the contour plots of the normalised contact pressure distributions,

p/E∗

0 , for several values of ωt .

multiple pressure peaks shown by the snapshots taken at ωt = −0.40π,−0.38π,−0.36π .

Finally, in Figure 3, the reduced tangential force, Ft/Fn, easily calculated once pressures and

displacements are known [7], is plotted as a function of the dimensionless abscissa x/ξ0, which

identifies the position of the sphere along the path, for different values of the parameter Ξ = ωτ
. In detail, fixed the parameter Π = τ/t0 with t0 being equal to t0 = a0/ωτ -a0 is the Hertzian

radius-, for Ξ = 0.1 the material has the possibility to relax before a single reciprocating cycle

is completed; consequently, the solution resembles the steady-state viscoelastic sliding contact

and the tangential force Ft/Fn always opposes the sphere speed at each point along the path.

However, as Ξ is increased the relaxation of the material involves time scales comparable to

the time period of the reciprocating motion; in this case, there exist regions on the sphere track,

specifically those close to the dead-points, where Ft/Fn has the same direction as the sliding

speed. This is perfectly consistent with the results presented in Figure 2.
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Figure 3: The ratio between the tangential and the normal force Ft/Fn as a function of the dimensionless abscissa

x/ξ0 for different values of Ξ . Arrows refer to the hysteresis cycle direction.

4 Conclusion

In this work, we present a Boundary Element Methodology capable of providing the full so-

lution of the reciprocating contact problem between a rigid punch and a linear viscoelastic solid.

The periodic features, intrinsically marking the problem, enables the parametric calculation of

the contact solution for each time step without any necessity of employing the solution in the

previous time interval. By implementing such a parametrically time-dependent approach, we

obtain the full numerical convergence in each moment of the cycle and, interestingly, also when

the punch inverts its motion.

For the simple case of a sphere in contact with a viscoelastic layer, we show that the behavior

of the system is characterized by three peaks in the displacement distribution and, consequently,

by multi-peaked pressure distributions. Finally, when calculating the dissipated energy, we

observe that, for large values of the parameter Ξ, the tangential force Ft may have the same

direction of the sliding speed.
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Abstract. Over the last decades, it has been established that rough surfaces of technological 

materials can be described by means of random processes with fractal character.  This means 

that the numerical simulation of contact mechanics will depend on the size of the simulated 

surface or the lower cut-of distance (i.e. mesh size) of the simulation; moreover, each simula-

tion only presents a single case out of an infinite spectrum of possible results. This work ex-

plores the problem of statistical convergence by focusing on the surface characteristics which 

are relevant for contact mechanics applications, i.e. the amount of simulations required to 

obtain a reasonable estimate of the surface characteristics as a function of the size of the sim-

ulated surface.  This analysis is applied to three classical methods for the generation of frac-

tal surfaces, i.e. the Midpoint Displacement algorithm, the generalised Weierstrass-

Mandelbrot function and a Random Spectral method.  Apart from geometrical characteristics, 

the simulated surfaces will be evaluated by means of a numerical modification of the Green-

wood-Williamson model.  It will be seen that the Weierstrass-Mandelbrot function has several 

shortcomings which may affect advanced contact simulations.  More generally, the statistical 

variation between individual surface simulations introduces a considerable spread on the re-

sults, as seen in the distribution of calculated fractal dimensions or load-contact area curves. 
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1 INTRODUCTION 

The random nature of the roughness of engineering surfaces and its role in the determina-

tion of contact problems has been recognised since the middle of the 20
th

 century.  Archard [1] 

postulated a model consisting of superimposed elastic spheres of decreasing size to approxi-

mate a rough elastic surface.  Greenwood and Williamson (GW) [2] in 1966 formulated their 

contact model in which randomly distributed asperities were modelled as spherical caps.  

Their model was random but not fractal.  Likewise, in 1969, Whitehouse and Archard [3] 

provided an advanced statistical analysis of the asperity distribution for a randomly rough sur-

face modelled as white noise. 

Independently, Longuet-Higgins [4] in 1957 analysed the random superposition of waves 

of different frequencies as a model for the sea surface and provided an analysis of most of the 

important statistical properties of such a surface, which are still of interest in the field of con-

tact mechanics.  Reference to fractals was not made in this early research, as the concept of 

fractal dimensions was brought to the attention of a broader public only in 1967 [5].  The 

recognition of the fact that many engineering surfaces show fractal characteristics affects the 

aforementioned analyses in several ways.  Greenwood concluded that for a fractal surface, 

one point out of three would become an asperity [6] (this effect is seriously mitigated if two-

dimensional height maps are considered instead of linear roughness profiles).  The model by 

Archard, on the other hand, is fractal but not stochastic.  Finally, the statistical analysis by 

Longuet-Higgins relies on the existence of the image moments of the power spectrum of the 

surface.  For fractal surfaces, which are non-stationary random processes, these moments do 

not exist, corresponding to the fact that statistical parameters such as the root mean square 

(RMS) roughness depend on the size of the measured area (for a finite measured or simulated 

area, this inconvenience does not generate any practical problems). 

While the fractal nature of surfaces may affect classical models to some degree, the known 

properties of the statistical functions describing them, such as the power spectrum and auto-

correlation function open the possibilities for formulating mathematical models which take 

this aspect into account, as was done by Majumdar and Bhushan [7,8] for elasto-plastic mate-

rials and by Persson for viscoelastic materials [9,10].  However, such models often include 

additional assumptions in the calculations which affects their mathematical soundness and to 

some degree their precision [11].  An exception is the mathematical analysis of the contact of 

the Weierstrass profile [12], but this result is limited to the two-dimensional case. 

As a consequence, most researchers try to incorporate the fractal nature of surfaces through 

numerical simulation of both the fractal surface and the contact problem [7,13,14].  It shall be 

noted that often, such simulations are based on surface profiles obtained along a line and not 

on the entire measured or simulated surface, which is the topic treated in this paper.  In some 

occasions, complete surfaces are generated, but only to extract a large number of linear scans 

for statistical analysis [15-17]. Taking into account the widespread availability of fully 3D 

optical profilers which provide complete height maps, such approaches are becoming more 

and more anachronistic. 

Full 3-D analysis has received more attention in recent times.  On the one hand, there are 

improved versions of the original GW-model [18,19], on the other hand, large-scale numerical 

methods are used by means of finite elements [20,21], boundary elements [22-24], and com-

binations of various techniques in a multiscale approach [24,25].  The main complication as-

sociated to these simulations is the elevated computational cost associated to the solution of 

large systems of equations or to the iterations required for incremental solutions.  Very specif-

ically, Putignano et al. [22-24] describe the need for mesh refinement to acquire numerical 
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convergence, i.e. they investigate the point to which the mesh must be locally refined beyond 

which no significant increase in precision is obtained. 

The present work takes an entirely different approach to the problem of convergence.  

While some finite element results will be presented to illustrate the problems to be addressed, 

the focus of the text is on the statistical aspects introduced by the measurement or simulation 

of random surfaces.  A single example of a measured surface will be compared by simulated 

surfaces produced by the midpoint algorithm (MP), the random spectral method (RS) and the 

generalised Weierstrass-Mandelbrot (WM) function, as explained in section 2.  The geomet-

rical characteristics used to analyse these surfaces will be outlined and illustrated by an exam-

ple of each of the techniques proposed.  Then, a statistical analysis will be presented of some 

of these characteristics made on 100 repetitions for the MP and RS methods.  To clearly ex-

emplify the importance of such analysis in contact mechanics, a numerical version of the GW-

model is applied to each of the simulated surfaces and the statistics of the results will be ana-

lysed. 

2 METHODS 

Three methods were considered to create the randomly rough surfaces.  The first one is the 

random midpoint algorithm with random additions only to the midpoints, as described by 

Saupe [26] and used in contact simulations by Hyun et al. [20,21].  The second method (RS) 

is based on the analysis of random surfaces by Longuet-Higgins [4], who analised surfaces 

produced by an infinite cosine series where the amplitude of the terms in the series scales as a 

known function (the power spectrum) of the wavelength and the phase angles are randomly 

distributed in the interval [-,].  The method is described by the following formula: 

𝑧(𝑥, 𝑦) =
2𝜋(𝑏 − 𝑎)

𝑁
∑ 𝑐(𝑟) cos[𝑟(2𝜋𝑥 cos 𝜃 + 2𝜋𝑦 sin 𝜃 + 𝜑)]

𝑁

𝑛=1

 

where z is the surface height, N the number of terms in the series, r the length of the wave 

vector, a and b the lower and upper cut-of length for the wave vector,  the angle between the 

wave vector and the X-axis and  a random phase angle. The amplitude c(r) obeys the follow-

ing law: 

𝑐(𝑟) = 𝑟−7+2𝐷 

The angles  and  are randomly chosen in the interval [-,]. The value of r is randomly 

chosen in the interval [a,b] in such a way that the wave vectors are uniformly distributed in 

frequency space.  D is the fractal dimension. All results in the present work correspond to 

N=1000. 

For the WM-surface, the following formula is used [13,14,27]: 

𝑧(𝑥, 𝑦) = 𝐿 (
𝐺

𝐿
)

𝐷−2

√
log 𝛾

𝑀
∑ ∑ 𝛾(𝐷−3)𝑛 cos [𝜑

𝑁

𝑛=0

𝑀

𝑚=1

− cos (2𝜋𝛾𝑛√𝑥2 + 𝑦2 cos (arctan (
𝑦

𝑥
) −

𝜋 𝑚

𝑀
)) + 𝜑] 

L is the length of the simulated surface, which is taken equal to 1 in this work.  G is called 

the fractal roughness.  The lacunarity  [26] was set equal to 1.5 as suggested in literature [7].  

The random angle  is chosen from a uniform distribution on [-,].  M is taken equal to 9 

and N=14. 

All surfaces were calculated on a unit square with 256×256 subdivisions.  The upper and 

lower cut-off for the RS method were taken equal to 1 and 2
8
 respectively.  The mean value of 

the simulated height was subtracted from the height values in each point and the height values 

1866



Rafael Schouwenaars, Carlos G. Figueroa, Víctor H. Jacobo and Armando Ortiz 

divided by the standard deviation.  Therefore, all surfaces have the same RMS roughness of 1.  

The power spectra were calculated as the absolute value of the Fourier transform of the sur-

face.  In each point, the derivatives were determined by fitting the following polynomial to the 

point and 8 surrounding points (neighbours and corners): 

𝑓(𝑥, 𝑦) = 𝑓(𝑥0, 𝑦0) + 𝑓10(𝑥 − 𝑥0) + 𝑓01(𝑦 − 𝑦0) +
𝑓20

2
(𝑥 − 𝑥0)2 + 𝑓11(𝑥 − 𝑥0)(𝑦 − 𝑦0)

+
𝑓02

2
(𝑦 − 𝑦0)2 

The fij in this formula evidently are the first and second partial derivatives of the function 

in the neighbourhood of the point (x0,y0).  Asperities were determined as points which were 

higher than the eight surrounding points.  The asperity radius was calculated as the geometric 

mean of the eigenvalues of the Hessian at the corresponding point.  The fractal dimension of 

the surface was calculated by the triangular prism method [28,29]. 

To illustrate the relevance of statistical variations in the field of contact mechanics, a nu-

merical version of the GW-model (nGW) was used for each simulated surface.  Load and con-

tact area are calculated for each individual asperity by first defining the impression depth of 

an asperity: 

ℎ𝑖(𝑧) = {
𝑧0 − 𝑧    𝑧 < 𝑧0

0             𝑧 ≥ 𝑧0
 

where z0 is the original vertical position of the asperity and z the actual position of the con-

tacting plane.  Then the load and contact area of an individual asperity are given by: 

𝑝𝑖(𝑧) =
4

3
𝑟𝑖

1/2
ℎ𝑖

3/2
 

𝑎𝑖(𝑧) = 𝜋𝑟𝑖ℎ𝑖  
and the evolution of the total load and area are simply obtained by summing the above 

formulas for all asperities at a given number of discrete values for z.  In the results, non-

dimensional areas (contact area / total area) and non-dimensional loads (total load × total area 

/ Young’s modulus) are used.  As a consequence of setting the standard deviation of the 

roughness to 1 (for an area of 1×1), the roughness studied here is very high as compared to 

what is found on engineering surfaces, but this artefact is not relevant for the results. 

Although the main topic of this paper relates to the statistics of surfaces generated by nu-

merical algorithms, a brief reference will be made to a measured surface and to the finite ele-

ment modelling of contact problems to provide a reference and justification for the study.  

The measured surface was arbitrarily chosen from a set of available results obtained in a 

NANOVEA white light achromatic optical profiler and corresponds to a cold-rolled and re-

crystallised AA6016T4 aluminium alloy.  This material is intended for deep-drawing applica-

tions in the automotive industry but is not subject to a specific surface modification process 

and therefore shows a fractal roughness pattern, inherited from the roughness of the rolls. 

A finite element mesh was generated in ABAQUS which has 244×244 (3
5
+1) surface 

nodes.  Three layers of uniform cube elements are used underneath the surface before the 

mesh is allowed to coarsen with a factor of 3 in each subsequent two layers of elements below 

the surface.  All the important stress concentrations during the simulations are limited to the 

upper three, fine-meshed layers of the model.  The simulations were performed under an ex-

plicit integration scheme; care was taken to maintain the kinetic energy of the model below 5% 

of the total energy and to avoid dynamic effects at the moment of first contact between the 

bodies. 

Roughness was introduced on the surfaces of both contacting bodies by means of the MP-

method with a RMS roughness equal to 1/10 of the element height in the upper three layers of 

the model.  The upper contacting body was modelled as an elastic solid with a Young’s 
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modulus of 210 GPa and Poisson coefficient of 0.3, the lower body had the same elastic prop-

erties but was assigned a yield stress of 210 MPa and a strain hardening exponent of 0.2, us-

ing Hollomon’s equation for the elastoplastic contact simulations.  The friction coefficient 

between both surfaces was set equal to 0 in one set of simulations and to 0.1 in a second one, 

to study the interaction between this effect and the effect of plastic deformation of the asperi-

ties.  Simulations were executed by approaching both surfaces to a distance equivalent to a 

bearing area of 40% and then sliding horizontally at a fixed vertical distance. 

3 FINITE ELEMENT RESULTS 

 
Fig. 1.  a) contact area for a fractal surface generated by the midpoint algorithm at 40% 

bearing area for an elastic and b) elastoplastic strain hardening medium. c) presents the load-

displacement curve, d) gives the friction coefficient for movement in the horizontal direction 

for the elastic and elasto-plastic models at 40% bearing area.  The friction coefficients used 

between the contacting surfaces in the FEM were 0 and 0.1; for the elasto-plastic contact, the 

resulting friction coefficient is increased due to energy dissipation in the plastic asperities.  

  

The finite element results are discussed first because they illustrate the reason why the sta-

tistical simulations are essential.  Elastic simulations take approximately four hours on a on a 

workstation with an Intel® Xeon® CPU E5-2687W processor at 3.40GHz and 64 GB RAM, 

plastic simulations twice that time, with the horizontal sliding portion representing the main 

portion of the calculations.  The difference in contact area between the elastic (Fig 1a) and 

elasto-plastic simulations is evident in the load-contact area curves as well (Fig. 1c), with the 

area increasing more rapidly for the latter case.  The effect of the statistical nature of the 

simulations is clearly visualised in the spread on the curves in Fig. 1c. 

One of the long-term goals of the authors is to research the interaction between the friction 

coefficient  used in the finite element model (which can be considered as a micro-friction 

coefficient at the level of the individual asperities) and the one obtained by dividing the hori-

zontal force during sliding by the vertical force (a macro-friction coefficient at the level of the 

entire body).  This is illustrated in Fig. 1d.  Here, a very large dispersion is observed in the 

individual points of the distinct simulations, as the interaction between individual asperities is 

visualised during the sliding process.  The average values differ relatively less but show clear 
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variation from simulation to simulation.  It is also clear that anisotropy of the surfaces would 

affect the results in sliding, even though its effect in normal contact may be minor. 

4 SURFACE SIMULATIONS 

Fig. 2 presents graphical examples for individual surfaces.  The standard deviations for the 

height distributions have been scaled to 1 and the fractal dimension of the simulated surfaces 

was set equal to the measured one, i.e. D=2.8.  As a consequence, the topography of the four 

examples looks very similar (left hand column). With respect to the power spectra (central 

column), the “grainy” appearance of the spectrum of the measured surface is important to no-

tice.  This appears to be a characteristic of “real” surfaces and is very well reproduced by the 

MP-spectrum and to a lesser degree by RS.  In the latter case, an increase of N increases the 

similarity with the measured data.  The spectrum of the WM-surface shows a deterministic 

pattern of individual peaks and can therefore not be considered as a realistic simulation of 

measured data.  Finally, referring to the autocorrelation functions, it is seen that the measured 

surface presents a complex pattern which is not found in the simulated ones.  This topic has to 

be researched further. 

 
Fig. 2.  Graphical representation of the functions describing the surfaces, from left to right 

the surface topography, the power spectrum and the autocorrelation function for a) a meas-

ured surface, b) a surface simulated by the random midpoint algorithm, c) by the random 

spectral method and d) by the modified Weierstrass-Mandelbrot function. 

 

The statistical characteristics of the four surfaces presented in fig. 2 are analysed in figs. 3-

6.  Only some of the many possible surface metrics determined during simulation are present-

ed.  With respect to the height distributions, height distributions of the asperities and distribu-
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tion of the partial derivatives of the surfaces, it is seen that the simulated surfaces follow a 

Gaussian distribution as predicted by theory [4], while the measured ones do not.  Only a 

slight correlation between asperity radius and height is seen in the measured data, which is 

almost absent in the simulated ones.  In any case, this correlation is probably too weak to be 

taken into account expressly in contact models.  The measured surface is anisotropic, as 

demonstrated by the difference in the distribution of the partial derivatives and the orientation 

distribution of the surface gradients.  This is a logical result for a cold-rolled and recrystal-

lised material. 

 
Fig. 3.  Statistical parameters of measured surface.  a) gives the cumulative distribution 

function (cdf) of the surface height (all points) and asperity height as well as the ideal cumula-

tive Gaussian distribution with the same mean and standard deviation. b) shows the cdf of the 

partial derivatives, c) plots asperity heights vs. asperity radius and d) shows the porbability 

density function (pdf) of the directions of the gradients. 

 
Fig. 4.  Statistical parameters of a surface generated by the midpoint algorithm.  a) gives 

the cdf of the surface height (all points) and asperity height as well as the ideal cumulative 

Gaussian distribution with the same mean and standard deviation. b) shows the cdf of the par-
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tial derivatives, c) plots asperity heights vs. asperity radius and d) shows the pdf of the direc-

tions of the gradients. 

 
Fig. 5.  Statistical parameters of a surface generated by the random spectral method.  a) 

gives the cdf of the surface height (all points) and asperity height as well as the ideal cumula-

tive Gaussian distribution with the same mean and standard deviation. b) shows the cdf of the 

partial derivatives, c) plots asperity heights vs. asperity radius and d) shows the pdf of the di-

rections of the gradients. 

 
Fig. 6.  Statistical parameters of a surface generated by the generalised Weierstrass-

Mandelbrot function.  a) gives the cdf of the surface height (all points) and asperity height as 

well as the ideal cumulative Gaussian distribution with the same mean and standard deviation. 

b) shows the cdf of the partial derivatives, c) plots asperity heights vs. asperity radius and d) 

shows the pdf of the directions of the gradients. 
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5 STATISTICAL RESULTS 

Results for the statistical simulation of 100 surfaces by the MP and RS methods are ana-

lysed here, using a fractal dimension D=2.5. Both the algorithms used for the calculation of 

the surface as the triangular prism method for the determination of its fractal dimension can 

induce systematic or statistic variations of the fractal dimension D, as illustrated in fig. 7.  The 

results are biased toward higher values of D and show some variation with respect to the av-

erage value.  It would certainly be interesting to research the origin of the bias, but the statisti-

cal spread is probably a natural result caused by the random nature of the processes involved.  

It must be compared in future research to the variation observed on real surfaces. 

 

 
Fig. 7.  a) Distribution of the fractal dimension for 100 simulations by the MP-method and 

b) for the RS-method.  The Gaussian distribution is superimposed as a reference. 

 

To illustrate the effect of random variation in the field of contact mechanics, 20 simulation 

points obtained by the nGW-model for each of the 100 surfaces are plotted in fig. 8.  Consid-

erable spread is observed around the average curves.  Differences between the average curves 

are small; to identify such differences quantitatively, more simulations are required to allow 

determining confidence intervals as a function of the number of simulations. 

 

 
Fig. 8.  Results of the nGW-calculations on 100 surfaces simulated by a) the MP-method 

and b) the RS-method.  The red line provides the average of all simulations. 

 

6 SUMMARY AND CONCLUSIONS  

 Based on the observation of simulated surfaces alone, the three surface generation algo-

rithms studied here cannot be distinguished and produce isotropic surfaces with a Gauss-

ian distribution of heights and asperity heights.  It shall be noted that the experimental 

measurement used as an example in this paper was anisotropic and showed non-Gaussian 

distributions, indicating that the fact that the simulated surfaces follow predicted theoret-

ical behaviour does not mean that they are a realistic representation of physical surfaces. 

 The random midpoint algorithm produces a power spectrum which closely resembles the 

power spectrum of measured surfaces and does not show individual frequency peaks.  

The random spectral method is capable of producing similar spectra if a sufficiently high 
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number of harmonic components is used.  The power spectrum of the bivariate general-

ised Weierstrass-Mandelbrot surfaces is unrealistic.  This is not a problem for contact 

models which neglect the spatial correlation of the contact areas, such as the Greenwood-

Williamson model but may severely affect more advanced models.  Moreover, the calcu-

lation of the Weierstrass-Mandelbrot function is numerically inefficient: with only 126 

harmonics, it requires three times more computation time than the random spectral meth-

od with 1000 harmonics.  This function should therefore not be used in contact simula-

tions.  The midpoint algorithm is more efficient than the spectral method, but may 

introduce anisotropy effects which have to be further investigated before final conclu-

sions can be reached. 

 Although the numerical Greenwood-Williamson model used in this paper is primitive as 

compared to the standards of modern contact mechanics, it allows identifying the essen-

tial phenomena with respect to the problem of statistical variation.  Considering the 

spread on the results, one may consider using less precise methods for contact simula-

tions and instead focus on a higher number of simulations, as long as these are unbiased 

with respect to the average values obtained.  Alternatively, one may increase the size of 

the simulated surface to capture a wider range of random features and therefore obtain a 

better average.  However, considering that the surfaces studied are non-stationary random 

processes, increasing the size will also increase statistical variation, while computational 

cost may increase in a non-proportional manner.  This is a topic which has received very 

little attention and must be addressed in future research. 
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Abstract. The contribution deals with the numerical simulation of the influence of near-road
vegetation barriers on the dustiness along the highway. Vegetation barrier close to the road has
been proposed to reduce the amount of PM10 and PM75 in nearby areas.

The flow in the Atmospheric Boundary Layer (ABL) is assumed to be incompressible, yet the
density is not constant due to the gravity. The flow is described by the RANS equation for viscous
incompressible flow with variable density. The two equations turbulence model is used for the
closure of this set of equations. Three effects of the vegetation should be considered: effect on
the air flow, i.e. slowdown or deflection of the flow, influence on the turbulence levels inside and
near the vegetation, and filtering of the particles present in the flow. Deposition velocity reflects
four main processes by which particles depose on the leaves: Brownian diffusion, interception,
impaction and gravitational settling.

The numerical scheme is based on the finite volume method and artificial compressibility
method. For the convective terms the AUSM+up scheme is used. Second order accuracy is
achieved via the linear reconstruction, where gradients are calculated using least squares ap-
proach. For the viscous fluxes diamond type scheme is used. Resulting set of ODE equations is
integrated using BDF2 method.

49 variants of the vegetation differ in the density, width and height were simulated. The
influence of the mentioned parameters were examinated. Main processes affecting the dustiness
in modeled cases are emphasized.
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1 Introduction

Increasing level of dustiness is one of the major problems mainly in the populated areas. The
atmospheric particulate matter (PM) has a significant negative impact on the human health, as
was demonstrated in the numerous studies. Apart from industry and local heating, vehicular
traffic is one of the major sources of particulates. Near road vegetation barriers were proposed
as a means of the reduction of a harmful PM in the atmosphere. Their effectivity is influenced
by a number of parameters: atmospheric conditions, properties of the particulates, vegetation
type or its position. Experimental studies of this flow both on-site and in wind tunnels are
complicated and expensive. One of the appropriate ways how to understand the phenomena of
vegetation flows and particle transport are the numerical simulations.

The effect of the vegetation on the air flow alone has been subject of the research for a long
time. Although number of studies dealing with near-road flow field, vegetation and pollutant
dispersion have been published, research on deposition of the particulate matter on the vege-
tation is still ongoing. Computationally efficient RANS models of horizontally homogeneous
canopy are often used in studies of vegetation barriers [1]. To capture detailed temporal evo-
lution of the flow field, LES models of horizontally homogeneous canopy were also used [2].
Advances in high-performance computing allowed to simulate complex models of detailed 3D
canopy architecture resolved to the level of stems and branches [3]. Problems connected with
the modeling of the stratified fluid are solved in [4, 5].

Several reviews on related topics are available, dealing with dry deposition on canopies [15]
or focusing on a relation between air pollution and vegetation in an urban setting [13, 10].
Among modeling studies on particle dispersion through vegetation barrier are those investigat-
ing in 2D and 3D computational domains [17, 22, 19]. Problem of dust transport in real-world
situations has been numerically investigated in [7, 8].

In this paper we investigate influence of the vegetation block over the highway notch. Aim of
this study is to determine effects of the near-road barrier under varying vegetation parameters,
namely width and height of the block and its density. We use simplified 2D model of a horizon-
tally homogeneous vegetation block with original LAD profile. Main objective is to investigate
influence of the barrier on pollutant concentration behind the barrier.

2 Numerical model

2.1 Physical and mathematical model

We are interested in the modeling of the flow in the lowest part of ABL, approximately 200
meters over the ground. Velocities here vary in the order of ones or tenth m/s, the flow can
be modeled as incompressible, but due to the gravity force the density isn’t constant, the fluid
is stratified. The second significant problem is the presence and modeling of the vegetation
(forest or bushes), which has a major influence on the air flow. Three effects of its should be
considered: effect on the air flow, i.e. slowdown or deflection of the flow, influence on the
turbulence levels inside and near the vegetation, and the filtering of the particles present in the
flow.

2.1.1 Equations for the fluid motion

This type of flow can be described by the Reynolds-averaged Navier-Stokes (RANS) for
viscous, incompressible, stratified fluid. These equations are rewritten using Boussinesque hy-
pothesis. The pressure p and potential temperature θ are split into background component in
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hydrostatic balance and fluctuations, p = p0 + p′ and θ = θ0 + θ′. Boussinesq approximation
stating that changes in density are negligible everywhere except in the gravity term is utilized.
Resulting set of equations is written here

∇ · u = 0, (1)
∂u

∂t
+ (u · ∇)u+∇(p′/ρground) = νE∇2u+ g + Su, (2)

∂θ

∂t
+∇ · (θu) =

νE
Pr

(∇ · (∇θ)) . (3)

Vector u stands for velocity, ρground is the air density ρ at the ground level, νE = νL + νT is
the sum of the laminar and turbulent kinematic viscosity, g = (0, g θ

′

θ0
, 0) is the gravity term, Su

represent the momentum sink due to the vegetation and Pr = 0.75 is the Prandtl number.

2.1.2 Turbulence

For the closure of previous equations, standard k− ε model is used. Equations for turbulence
kinetic energy k and dissipation ε are as follows:

∂ρk

∂t
+∇ · (ρku) = ∇ ·

((
µL +

µT
σk

)
∇k

)
+ Pk − ρε+ ρSk, (4)

∂ρε

∂t
+∇ · (ρεu) = ∇ ·

((
µL +

µT
σε

)
∇ε

)
+ Cε1

ε

k
Pk − Cε2ρ

ε2

k
+ ρSε. (5)

The model is completed by a relation between k, ε and the turbulent dynamic viscosity µT ,
µT = Cµρ

k2

ε
. In the equations above µL is the laminar dynamic viscosity, Pk is the production

of the turbulence kinetic energy, and Sk and Sε are sources of k and ε respectively. Both could
be written as the sum of a road traffic part and a part due to the vegetation, Sk = Srk +Svk , Sε =
Srε + Svε . Sources due to the road traffic are modeled by the model from [6]. Sinks and sources
caused to the vegetation are described in the next section.

Following constants of the model are used: σk = 1.0, σε = 1.167, Cε1 = 1.44, Cε2 = 1.92
and Cµ = 0.09.

2.1.3 Particle transport

Pollution dispersion is calculated using transport equation for non dimensional mass fraction
w,

∂ρw

∂t
+∇ · (ρwu)− (ρwus)y = ∇ ·

(νE
Sc
∇ρw

)
+ ρfc + Sw. (6)

Here fc is the source term and Sw is the vegetation deposition term. Based on the review
and the discussion in [23], the Schmidt number Sc = 0.72 was used. The settling velocity
us of a spherical particle with the diameter d and density ρp is given by the Stokes’ equation,
us = (d2ρpgCc)/(18µ), with the correction factor Cc = 1 + λ

d
(2.34 + 1.05 exp(−0.39d/λ)),

where λ = 0.066 µm is the mean free path of the particle in the air [9].
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2.1.4 Vegetation

Vegetation model plays an important role. We suppose vegetation as horizontally homoge-
nous, its properties are described by vertical Leaf area density (LAD) profile - foliage surface
area per unit volume - and a leaf type and size. We have used original LAD profile shown in
Figure 1. This basic LAD profile is multiplied by the coefficient representing the density of
vegetation.

 0

 2

 4

 6

 8

 10

 12

 0  0.2  0.4  0.6  0.8  1  1.2
LAD

3m7m11m

Figure 1: LAD profile

The effects of the vegetation can be divided into three parts: first, it is drag induced by the
vegetation and this caused sink in the momentum equation, (2)

Su = −CdLAD|u|u

Here Cd = 0.3 is the drag coefficient [11].
Secondly, it is the influence on the turbulence levels. Following [11], we model this term as

Svk = CdLAD(βp|u|3 − βd|u|k), Svε = Cε4
ε

k
Svk ,

in Eqs. (4) and (5) with constants βp = 1.0, βd = 5.1 and Cε4 = 0.9.
And lastly, it is a particle sink term in Eq. (6), Sw = −LADudρw. The term is proportional to

the deposition velocity ud. Deposition velocity reflects four main processes by which particles
depose on the leaves: Brownian diffusion, interception, impaction and gravitational settling. Its
value generally depends on wind speed, particle size and vegetation properties. In this study,
the model from [16] derived for broadleaf trees was used.

2.2 Numerical method

For the numerical solution the finite volume method in connection with artificial compress-
ibility method were used. The continuity equation (1) is rewritten in the next form,

1

β

∂p′

∂t
+∇ · u = 0. (7)

The choice of the parameter β is discussed e.g. in [14], here we have used β = 1000.
Transformed set of equations is discretized using the finite volume method on unstructured

grid. For the convective terms the AUSM+up scheme [12], designed for all speed flows, is used.
Second order accuracy is achieved via the linear reconstruction, where gradients are calculated
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using least squares approach. To prevent artificial overshooting, Venkatakrishan limiter [24] is
utilized. For discretization of viscous terms a dual mesh is used (diamond type scheme).

The resulting set of ordinary differential equations is solved using an implicit BDF2 method
of the second order. In every time step, first the system of the Navier-Stokes equations (2, 3,
7) is solved, followed by the system of the k − ε equations (4, 5) and then by the system of
the passive scalar equations (6). Values of turbulent viscosity, coupling together turbulence
equations with the Navier-Stokes equations, are taken from the previous time step.

Each of these nonlinear systems is solved by the Newton method. Inner linear systems are
solved using matrix-free GMRES solver. The linear systems are preconditioned by ILU(3) pre-
conditioner. To construct the preconditioner matrices, Jacobian of the system is needed. Its
evaluation via finite differences is a costly operation, which we reduce by two complementing
approaches: via matrix coloring, which exploit the sparseness of the Jacobian, and by calculat-
ing the preconditioner matrices (as well as the Jacobians) only every 20 iterations.

3 Numerical results

Large number of parameters play role in model presented above. Sensitivity analysis were
performed in our previous studies [20], [21], where the influence of various types of meteo-
rological conditions and geometrical configurations were tested. Based on this computations,
following test case was chosen as a representative.

3.1 Case settings

The computational domain is 350 m long (x ∈< −50, 300 > m) and 100 m high and
represents highway notch. Schematic sketch of the domain is shown in Figure 2. Road is
situated between 20 m and 45 m, side slopes in the angle 45◦ are 4 m heigh and are placed
on both sides of the highway in x ∈< 16, 20 > m and x ∈< 50, 54 > m. Four sources of
pollutant, representing the road, are placed between 23 m and 42 m from the inlet at the height
of 0.8 m. Vegetation block is placed downstream from the road above the notch and starts in
x = 55m.

Figure 2: Sketch of the domain (not to scale)

We model the particles of diameter 10 µm and 75 µm with density 1000 kg/m3. Each source
of the pollutant has the intensity 1 µg/s. No resuspension of the particles fallen on the ground is
allowed. Density of the traffic is set to 16 passenger cars and 4 heavy duty vehicles per minute
in each of the four lanes.

The ABL is supposed as weakly stable stratified (∂T/∂y = 0 K/m). As was shown in [20], the
stratification plays a minor role in this type of computation. Computational domain is relatively
short and the mechanical turbulence caused by passing cars plays the dominant role in the initial
mixing of pollutants.

49 different geometrical configuration were simulated. We have tested all combinations of
following parameters of vegetation plus case without the vegetation.

1880
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•Width: 50m, 80m, 110m, 140m.
• Hight: 3m, 7m, 11m.
• Density 0.25, 0.5, 1.0, 1.5.

3.2 Boundary conditions

• Inlet: logarithmic wind profile is prescribed at the inlet with uref = 5 m/s at height yref = 10 m,
v = 0. Roughness parameter z0 is set to 0.1 m. Homogeneous Dirichlet b.c. for concentration
is satisfied. Pressure is extrapolated from the domain, temperature is set to the T = 20◦.
• Top: velocity on the top is given by the Dirichlet b.c., pressure is extrapolated from the do-
main, concentration C = 0 and temperature T = 20◦.
• Bottom: on the ground, the non–slip boundary conditions for velocity component are pre-
scribed. Homogeneous Neumann b.c. for pressure and temperature are supposed, all particles
fallen on the ground stay here for all time.
• Outlet: Homogeneous b.c. for velocity components, temperature and concentration are sup-
posed. Pressure is prescribed by the barometric formula.

For the turbulence equations, boundary conditions and wall functions according to [18] are
used.

3.3 Computational mesh

Computational domain consist of app. 34103 cells and it’s generated by the snappyHexMesh.
The mesh is exponentially refined. While on the top of the domain the cell size is app. 2x3 m,
close to the ground and forest it is app. 0.3x0.45 m. On the ground the boundary layer is made
from 3 cells, the first cell is 0.06 m thick.

3.4 Computational results

Typical flow fields are demonstrated in Figure 3. On the left hand side the situation with
relatively sparse forest is shown, the flow is decelerated without recirculation. On the other
hand, in the case of dense vegetation, massive recirculation zone was developed behind the
block.

Figure 3: Streamlines for the case of forest 80m wide and 11m high. Density factor 0.5 left and 1.5 right.

The PM concentration in the fixed point x = 250m and 3m above the ground is shown in
Fig.4 (PM10) and Fig.5 (PM75). In both cases the dependency on the width of vegetation is
significant for low vegetation, for high is close to the constant and short forest is sufficient.
Unsurprisingly, efficiency is higher for heavier particles, where concentration reduces to 1/9,
whereas to 7/10 for lighter ones.

Different processes and behavior we can study in Figures 6 - 9, where the horizontal and
vertical distributions of pollutant are shown. The horizontal concentrations are drown along the
line 3m above the ground, the vertical along the line at x = 250m. For the heavier particles
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Figure 4: Concentration at x = 250m, 3m above the ground for d = 10µm
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Figure 5: Concentration at x = 250m, 3m above the ground for d = 75µm

the reduction of concentration is monotonous, see Fig.7. The reduction significantly depends
on forest heights, Fig. 9, for low vegetation it is insignificant, for height 11m the reduction
for sparse forest is close to the 50%, for dense 80 − 90%, for wider forest is close to 90%
independently on the density of vegetation. The main effect is the deceleration of the flow
inside the vegetation and the consequent longer time for deposition of particles.

The case of lighter, PM10 particles, is more complex, Figs. 6, 8. The monotonical decreasing
of concentration is visible for low or sparse vegetation only. The overall effect is however small
in those cases. The profile of concentration inside the forest in the case of higher and dense
vegetation is different. The recirculation zone close to the forest, the deposition velocity is small
(5.5mm/s in comparison to 300mm/s for PM75), the particles accumulate inside the forest. On
the other hand the deflection of the flow by the obstacle and increase of the turbulence which
leads to spread of the particles to the higher parts of the atmosphere play the major role here.
As it is well illustrates in Fig. 8, the reduction of the concentration close to the ground is caused
mainly by the transportation of the dust at higher altitudes.

4 Discussion

A method for evaluation of the effects of vegetation barriers on pollution dispersion was de-
veloped and used for modeling of the PM10 and PM75 concentration emitted from the highway.
In this study effects of height, width and density of leafy vegetation were examined.

Basic processes playing important roles in the deposition and transportation of the particles
were identified and shown. The height of vegetation is more important then its length, for higher
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Figure 6: Horizontal profiles of concentration 3m above the ground for d = 10µm and block width 110m
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Figure 7: Horizontal profiles of concentration 3m above the ground for d = 75µm and block width 110m

forest the dependence on length is insignificant, the low forest is ineffective. The deposition
plays significant role for heavier PM75 particles and the vegetation is very efficient due to
deceleration of the flow. In the case of lighter PM10 particles, the significant effect is deflection
of the flow and increasing of turbulence by the vegetation, which leads to the spreading of
pollutant to the higher parts of atmosphere.

It is necessary to say, the results are very sensitive to exact capture of the fluid flow and
parametrisation of the vegetation plays significant role.
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[10] S. JANHÄLL, Review on urban vegetation and particle air pollution - deposition and dis-
persion, Atmos. Environ. 105 (2015), 130–137.

[11] G. KATUL, L. MAHRT, D. POGGI, AND C. SANZ, One- and two-equation models for
canopy turbulence, Bound. Layer Meteor. 113 (2004), 81–109.

[12] M.-S. LIOU, A sequel to AUSM, part II: AUSM+-up for all speeds, J. Comput. Phys. 214
(2006), 137–170.

[13] T. LITSCHKE AND W. KUTTLER, On the reduction of urban particle concentration by
vegetation - a review, Meteorol. Z. 17 (2008), 229–240.

[14] F. MULDOON AND S. ACHARYA, A modification of the artificial compressibility algo-
rithm with improved convergence characteristics, Int. J. Numer. Meth. Fl. 55:4 (2007),
307–345.

[15] A. PETROFF, A. MAILLIAT, M. AMIELH, AND F. ANSELMET, Aerosol dry deposition
on vegetative canopies. Part I: Review of present knowledge, Atmos. Environ. 42 (2008),
3625–3653.

[16] A. PETROFF, L. ZHANG, S. PRYOR, AND Y. BELOT, An extended dry deposition model
for aerosols onto broadleaf canopies, J. Aerosol Sci. 40:3 (2009), 218–240.

[17] M. RAUPACH, N. WOODS, G. DORR, J. LEYS, AND H. CLEUGH, The entrapment of
particles by windbreaks, Atmos. Environ. 35 (2001), 3373–3383.

[18] P. RICHARDS AND R. HOXEY, Appropriate boundary conditions for computational wind
engineering models using the k-ε turbulence model, J. Wind Eng. Ind. Aerodyn. 46 & 47
(1993), 145–153.

[19] J. STEFFENS, Y. WANG, AND K. ZHANG, Exploration of effects of a vegetation barrier
on particle size distributions in a near-road environment, Atmos. Environ. 50 (2012), 120–
128.
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Abstract. Numerical simulation of magnetohydrodynamic turbulent duct flow is important in 
the application of liquid metal fusion blanket. We develop a large eddy simulation magneto-
hydrodynamic turbulent flow solver based on finite volume method and dynamic Smagorinsky 
subgrid model in OpenFOAM environment. The induced magnetic field is negligible as the 
magnetic Reynolds number is small. The electric potential Poisson equation has been used to 
solve the electromagnetic field. The consistent and conservative method has been used to 
solve the electric potential, the electric current and the Lorentz force. Periodic boundary 
condition has been used at the inlet and outlet. We investigate the effects of applied magnetic 
field on mean velocity field, fluctuation velocity, and turbulent kinetic energy of the liquid 
metal fluid flow. The secondary flow generated by the anisotropic turbulence stress has been 
shown obviously. As the Hartmann number increases the turbulent kinetic energy decreases, 
which shows the turbulence suppression effects of the external magnetic field.  
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1 INTRODUCTION 

The study of magnetohydrodynamic (MHD) turbulent flow is essential in the application of 
liquid metal pumps, MHD power generators, and liquid metal blankets of thermal nuclear fu-
sion reactors[1]. Turbulent MHD duct flows have been investigated extensively by numerical 
simulation and experiment in these years [2-8]. Zikanov [9] reviewed the laminar-turbulent 
transition of MHD flows in duct, pipe, and channel.  

Numerical investigation of MHD duct flow has been implemented by direct numerical si-
mulation (DNS) [2], large eddy simulation (LES) [5, 7, 10] and Reynolds-averaged Navier-
Stokes (RANS) method [11]. Researchers concerned the effects of the external magnetic field, 
wall conductance ratio, the cross-section of the duct on the MHD turbulent flow. Large eddy 
simulation is a promising method to investigate the MHD turbulent flow with limited grid and 
calculation time. There are different subgrid-scale(SGS) models in the simulation of MHD 
turbulent flow such as Smagorinsky model (SM), coherent structure Smagorinsky model 
(CSM) and dynamic Smagorinsky model (DSM) [6, 7]. The study of Kobayshi [6] and 
Kransnov [4] shows that the DSM can predict the MHD flow transformation accurately. 

We have developed MHD solver with dynamic Smagorinsky model in OpenFOAM envi-
ronment. MHD turbulent flow in a insulating square duct has been simulated to investigate 
the effect of the external magnetic field on the turbulent flow. 

2 GOVERNING EQUATIONS AND NUMBERICAL METHODS 

2.1 Governing equations 

The incompressible MHD duct flow subject to an uniform magnetic field parallel to insu-
lated walls is governed by the mass conservative equation, the Navier-Stokes equation with 
Lorentz force, the Ohm’s law, electric current conservation and the electric potential Poisson 
equation, 

 u 0  ,  (1) 

1
p

t





       


u
u u u j B , (2) 

j ( u B)     , (3) 

j 0  , (4) 

2 ( )  u B . (5) 

Here u  is the velocity vector, t  is the time, p  is the pressure divided by the density,   is 

the kinematic viscosity, j  is the electric current density,   is the density, B  is the applied 

external magnetic field,   is the electrical conductivity and   is the electric potential. 

In the magnetohydrodynamic flow, there are several important dimensionless parameters. 
The magnetic Reynolds number 0mRe Lv ,   is the magnetic permeability. In fusion 

blanket application, the magnetic Reynolds number is less than 1. Therefore, we could neglect 
the induced magnetic field in the Ohm’s law. The Reynolds number 0 /Re v D  , D  is 

hydrodynamic diameter, 0v  is character velocity, which in general is the mean velocity of the 
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flow. The interaction parameter or Stuart number 2
0N LB v  . The Hartmann number is 

defined as Ha BL Re N    . 

 The spatial filtering of unsteady Navier-Stokes equation is: 

   
2 1iji

i j i
j i j j j
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x x x x x
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u u

t









    

  
     


j B , (6) 

where ij  is the subgrid-scale stresses, 

* 1

3
ij i j i j ij ij kku u u u       . (7) 

2.2 Dynamic Smagorinsky SGS model 

In LES, the SGS stress is modeled as a single SGS turbulence model. Germano [12] pro-

posed the dynamic Smagorinsky SGS model. In the DSM, *
ij is modeled with the filter width 

 as: 

 
2*

12 2ij t ij SGS ijS C S S      . (8) 

Here, SGSC  is the Smagorinsky constant, the velocity-strain tensor for the resolved compo-

nent ijS  and its magnitude S  are defined by 

1

2

j i
ij

i j

u u
S

x x

  
  

   
, (9) 

2 ij ijS S S . (10) 

The model parameter of the DSM is determined using a least square procedure proposed by 
Lilly [13] with an average in homogeneous directions, 

2 1

2

ij ij

SGS

ij ij

L M
C

M M
 . (11) 

The angular brackets  indicate an average procedure over the cell face. ijL and ijM  are 

given by: 

 ˆ ˆ
ij i j i jL u u u u 

(12) 

2 2
1 2

ˆ ˆ
ij ij ijM S S S S   (13) 

3
1 2 1, 2x y z        . (14) 

Here, ,  , x y z    are element sizes in ,  , x y z  directions, respectively. 

 The Van Driest function is used for the wall damping corrections, which is expressed as: 

1 exp( / 26)f y   . (15) 

1888



2.3 Numerical model and boundary conditions 

An incompressible electric conducting flow in a square duct subject to external uniform 
magnetic field has been simulated. The duct is electric insulating. The magnetic field is ap-
plied in y  direction. The ,  x y  and z  are streamwise, Hartmann layer and side layer direc-

tions, respectively. The calculation domain is  2 ,1,1 . The Reynolds number is Re 6400 , 

where 1D  . The Hartmann number equals 8, 20 and 25.6. Therefore, the corresponding ra-
tios of /R Re Ha  are 800, 320 and 220 respectively.  

At the wall, no-slip boundary condition is applied: 

0u . (16) 

As the wall is electric insulating, no electric current penetrates the wall, 

0n   , (17) 

here n  is the normal direction of the wall. 
At the inlet and outlet, periodic boundary condition is used for the velocity, the pressure 

and the electric potential. 
The domain is divided by 256 96 96   grids. A uniform grid is used along the streamwise 

direction and nouniform grids are used along ,  y z  direction. The spatial resolutions of 

,  y z    are ranged from 1.03 ~ 8.224  with stretching 3%. The time step is 31.0 10  

seconds, and the statistic properties are obtained by averaging 500 seconds data after the flow 
reaches a statistically steady state. 

Consistent and conservative methods on a rectangular collocated grid [14] have been used 
to solve the electric current, the electric Potential equation and Lorentz force. The the mass 
conservative equation and the momentum equation are solved by the PISO algorithm in 
OpenFOAM. 

In order to keep a constant flow rate, a constant pressure gradient corrected by the flow 
rate at the cross section is added in the Navier-Stokes equation. 

The initial field is perturbed by adding 2% random fluctuation of the average velocity in 
three directions. 

3 RESULTS AND DISCUSSION 

The instantaneous axial velocity contours with transverse velocity vectors and the time-
averaged axial velocity with transverse velocity vectors at the cross section at the middle of 
the duct are presented in Figure 1 and Figure 2 for 20Ha  . Figure 1 shows that there is a 
high speed axial velocity core in the centre of the duct. The secondary velocities are generated 
especially near the parallel duct wall, which accompanies the reduction of the axial velocity. 
Figure 2 shows the time statistical information of the velocity. It shows that the secondary ve-
locities direct from centre to the four corners and form eight vortexes at the corners. As the 
external magnetic field is along y  direction, the velocity component along z  is reduced re-

markably because of the Lorentz force. The vortex formed by the secondary flow is bigger 
near the Hartmann walls than that near the side walls. 

Figure 3 shows the mean axial velocity along horizontal bisector. With the same Reynolds 
number, when the Hartmann number is small, the MHD effect is not apparently, the differ-
ence of the mean velocity distributions along ,  y z  is quite small. With the external magnetic 

field increasing, the MHD effect results that the distribution of the mean axial velocity along 
the parallel external magnetic field is more circular than that along the vertical magnetic field 
direction. 
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Figure 1 Instantaneous axial velocity contours and secondary velocity vectors for Re=6400, Ha=20. 

 

 Figure 2 Mean axial velocity contours and secondary velocity vectors for Re=6400, Ha=20. 

 

Figure 3 Mean axial velocity along horizontal bisector. 
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Figure 4 shows the turbulent kinetic energy along horizontal bisector. As 8Ha  , the tur-
bulent kinetic energy is almost the same along ,  y z . The effect of the magnetic field is not 

obvious. As Hartmann number increases, the turbulent kinetic energy decreases obviously. 
Furthermore, the turbulent kinetic energy along y  is remarkably small than that along z  di-

rections. This is caused by the MHD effects. The main induced electric current returns 
through the Hartmann layer, while the main induced electric current parallel to the external 
magnetic field in the side layers. The MHD effect results that the fluctuations of the velocity 
are suppressed by the Lorentz force. 

Figure 4 Turbulent Kinetic energy along horizontal bisector. 

4 CONCLUSIONS  

 A MHD turbulent LES solver has been developed in OpenFOAM environment.

 Dynamic Smagorinsky model has been used to simulate the MHD square duct flow with
electric insulating walls.

 MHD duct flows with the same Reynolds number and different Hartmann numbers have
been numerically simulated to investigate the effect of the external magnetic field on the
turbulent flow.

 External magnetic field depresses the turbulent fluctuation especially on the Hartmann
layer direction.

ACKNOWLEDGEMENTS 

The authors are grateful to Ville Vuorinen at Aalto University, Humberto Medina at Co-
ventry University for the helpful discussion and comments. 

1891



Jie Mao, Kunlei Zhang, Zhongquan Tan and Ke Liu 

This work is supported by the National Nature Science Foundation of China (NSFC) under 
Grant No. 11375049 and the National Magnetic Confinement Fusion Science Program of 
China under Grant No. 2014GB125003. 

REFERENCES  

[1] U. Müller and L. Bühler, Magnetofluiddynamics in channels and containers. Springer 
Verlag,2001. 

[2] D. Krasnov, O. Zikanov, and T. Boeck, Numerical study of magnetohydrodynamic 
duct flow at high reynolds and hartmann numbers. Journal of Fluid Mechanics, 704, 
421-446, 2012. 

[3] D. Krasnov, P. Parepalli, O. Zikanov, and T. Boeck, Effect of wall conductivity on 
current distribution and turbulence in a channel flow with spanwise magnetic field. 
European Journal of Mechanics - B/Fluids, 30(4), 421-427, 2011. 

[4] D. Krasnov, O. Zikanov, J. Schumacher, and T. Boeck, Magnetohydrodynamic 
turbulence in a channel with spanwise magnetic field. Physics of Fluids, 20(9)2008. 

[5] H. Kobayashi, Large eddy simulation of magnetohydrodynamic turbulent duct flows. 
Physics of Fluids, 20(1), 015102, 2008. 

[6] H. Kobayashi, Large eddy simulation of magnetohydrodynamic turbulent channel 
flows with local subgrid-scale model based on coherent structures. Physics of Fluids, 
18(4), 045107, 2006. 

[7] H. Kobayashi, The subgrid-scale models based on coherent structures for rotating 
homogeneous turbulence and turbulent channel flow. Physics of Fluids 17(4), 045104, 
2005. 

[8] R. Chaudhary, S. P. Vanka, and B. G. Thomas, Direct numerical simulations of 
magnetic field effects on turbulent flow in a square duct. Physics of Fluids, 22(7), 
075102, 2010. 

[9] O. Zikanov, D. Krasnov, T. Boeck, A. Thess, and M. Rossi, Laminar-turbulent 
transition in magnetohydrodynamic duct, pipe, and channel flows. Applied Mechanics 
Reviews, 66(3), 030802, 2014. 

[10] B. Knaepen and P. Moin, Large-eddy simulation of conductive flows at low magnetic 
reynolds number. Physics of Fluids, 16, 1255, 2004. 

[11] S. Smolentsev, M. Abdou, and N. Morley, Application of the ‘‘ k – ε ’’ model to open 
channel flows in a magnetic field. International Journal of Engineering Science, 40, 
693-711, 2002. 

[12] M. Germano, U. Piomelli, P. Moin, and W. H. Cabot, A dynamic subgrid‐scale eddy 
viscosity model. Physics of Fluids A: Fluid Dynamics (1989-1993), 3(7), 1760-1765, 
1991. 

[13] D. K. Lilly, A proposed modification of the germano subgrid‐scale closure method. 
Physics of Fluids A: Fluid Dynamics (1989-1993), 4(3), 633-635, 1992. 

[14] M.-J. Ni, R. Munipalli, N. B. Morley, P. Huang, and M. a. Abdou, A current density 
conservative scheme for incompressible mhd flows at a low magnetic reynolds 
number. Part i: On a rectangular collocated grid system. Journal of Computational 
Physics, 227(1), 174-204, 2007. 

1892



ECCOMAS Congress 2016 
 VII European Congress on Computational Methods in Applied Sciences and Engineering 

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.) 
Crete Island, Greece, 5–10  June 2016 

OPTIMAL DESIGN AND ADDITIVE MANUFACTURING OF NOVEL 
REINFORCING ELEMENTS FOR COMPOSITE MATERIALS  

F. Fabbrocino1, I. Farina1,2, A. Amendola3, L Feo3, F.Fraternali3 

1Pegaso University 
Department of Engineering 

Piazza Trieste e Trento, 48, 80132 Naples, Italy 
francesco.fabbrocino@unipegaso.it 

2University of Naples Parthenope 
Department of Engineering 

Centro Direzionale di Napoli, isola C4, 80143- Naples, Italy 
ylenia.farina@gmail.com 

 
3University of Salerno 

Department of Civil Engineering 
Via Giovanni Paolo II, 132, 84084 Fisciano, SA, Italy 

adamendola@gmail.com, l.feo@unisa.it, f.fraternali@unisa.it 

Keywords: Fibres, Fibre/matrix bond, Fracture toughness, Surface analysis, Additive manu-
facturing 

Abstract. We experimentally investigate on the use of additive manufacturing technologies 
for the design and fabrication of innovative reinforcing elements of novel composite materials. 
We perform short-beam shear tests on cement mortar specimens reinforced with additively 
manufactured reinforcing fibers made of photopolymers or a titanium alloy. The fracture 
toughness, shear capacity and first crack strength of the examined materials are estimated 
based on the provisions of different international standards for construction materials. We 
also characterize the surface morphology of the examined fibers through microscopy analyses 
before and after testing. The given results highlight that the microscopic or macroscopic na-
ture of the surface roughness of the analyzed fibers greatly influences the energy absorption 
capacity of the final materials, while the nature of the fibers’ material (metallic/polymeric) is 
of central importance in terms of strength properties. The present study represents a first step 
in the direction of designing reinforcing elements with hierarchical structure to form fabrics, 
fibers and coatings of groundbreaking reinforcements for next generation composites, profit-
ing from the rapid prototyping capabilities of additive manufacturing technologies at different 
scales. 
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1 INTRODUCTION 
The nascent field of  structural “metamaterials”, i.e. artificial materials showing unconven-

tional properties mainly derived by their geometric design is growing rapidly and attracting 
increasing attention from many research areas (refer, e.g., to [1] and references therein). In 
recent years, additive manufacturing (AM) has become the most common technique for fabri-
cating materials that exhibit unusual behaviors, which are not found in natural materials. Sev-
eral additive manufacturing methods have been proposed in this field, with resolution ranging 
from the centimeter- to the nanometer-scale. Worth mentioning here are: polyjet 3D printing 
technologies; electron beam melting; x-ray lithography; deep ultraviolet lithography; soft li-
thography; two-photon polymerization; atomic layer deposition; and projection micro-
stereolithography, among other available methods (refer to [2][3][4][5][6] and references 
therein). However, the potential of rapid prototyping in the design of novel mechanical met-
amaterials is not completely understood at present, and there is an urgent need for research 
exploring the suitability of such techniques for the manufacture of real life engineering mate-
rials. 
Most natural shapes exhibit hierarchical organization of matter and fractal geometries, which 
provide increased surface area for the same volume of material. Recent studies have shown 
that hierarchical composites showing multiscale fibers coated with carbon nanotubes feature 
enhanced interlaminar shear strength (ILSS), a key property of composite materials, which 
can be weak in the presence of smooth matrix-fiber interfaces [7][8]. In such materials, the 
development of rough fracture surfaces near to the surface of the reinforcing elements, along 
with crack deflection mechanisms, enhances matrix toughness. The increase in the surface 
roughness of the reinforcing elements, as compared to smooth interfaces, delays the matrix 
failure and improves surface energy dissipation [7]. In addition, the pull-out of fine-scale fea-
tures of the reinforcements bridges the matrix, significantly contributing to the enhancement 
of composite strength and toughness [8].   
The present study investigates the use of additively manufactured reinforcing elements with 
multiscale geometry for the reinforcement of cementitious mortars. Fibers with structural hi-
erarchy originating from their geometric design are manufactured from computer-aided de-
sign (CAD) data, employing additive manufacturing techniques based on polymeric and 
metallic materials. A first source of hierarchical architecture arises from using fibers covered 
by lattices on a smaller scale [9]. A second strategy employs meshes with fractal geometry 
(Figure 1) [10]. Reinforcements with hierarchical structure are combined with a cement mor-
tar, in order to obtain advanced composites with enhanced ILSS, and enhanced first-crack 
strength and fracture toughness.  

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 1: Lattices with fractal geometry used to form reinforcements of composite materials: (a) fiber coating; 
(b) fabric; (c) fiber cross-section; (d) junction element/fiber embossment (Apollonian sphere packing) [10]. 
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We begin in Sect. 2 by describing the preparation of the mortar and fibers analyzed in the pre-
sent study. Next, we analyze the first-crack strength and toughness of fiber-reinforced mortar 
specimens through three point bending tests (Sect. 3). We continue by analyzing the morphol-
ogy of the fibers’ surface in the virgin state and after their pull-out from the matrix (Sect. 4). 
We end in Sect. 5 with concluding remarks and an outline of future work to be carried out to 
deepen the potential of AM for the optimal design of novel composite materials. 

2 CEMENT MORTAR REINFORCEMENT WITH 3D PRINTED FIBERS 
Let us examine the fiber reinforcement of a pre-mixed cement-based mortar matrix of class 

M5 [11] with mechanical properties shown in Table 1. We employ reinforcing fibers fabricat-
ed through two different AM technologies: PolyJet 3D printing of liquid photopolymers 
through the Objet500 Connex commercial printer by Stratasys®, and electron beam melting 
(EBM) of high-strength metallic materials through the Arcam EBM S12 facility available at 
the Department of Materials Science and Engineering of the University of Sheffield. 
We printed six polymeric fibers in the photopolymer transparent resin Fullcure 720 (see Table 
1 for mechanical properties), with 7.5 mm diameter and 100 mm length, Three of these fibers 
show smooth lateral surface (hereafter denoted as “Pol_S” fibers, see Figure 2a), while anoth-
er three are coated on the lateral surface with a fractal lattice based on the Koch snowflake 
(“Pol_R” fibers, see Figure 1a and  Figure 2b).  
Metallic fibers were also produced, employing EBM to manufacture four cylindrical fibers in 
the titanium alloy Ti6Al4V [6], with 7.5 mm diameter, 160 mm length, and smooth lateral sur-
face (“Ti_S” fibers, see Figure 3a,c and ). We also employed EBM to produce four 7.0 mm 
diameter Ti6Al4V fibers, coated with a 0.75 mm × 0.75 mm grid of cylindrical embossments. 
These cylinders exhibit 0.20 mm diameter and 0.50 mm length (“Ti_R” fibers, see Figure 
3b,d and Figure 4: Cross-section (a) and 3D view (b) of a portion of the Ti_R fiber). 
A microscope characterization of the surface morphology of the examined fibers is given in 
Sect. 4. Such fibers were employed to reinforce prismatic specimens of a cement mortar with 
square cross-section, 40 mm width and 160 mm length. Mortar specimens were manufactured 
by adding 180 cc of water for each kg of the pre-mixed cement mortar, according to manufac-
turer’s recommendations.  We set the mortar cover of Pol_S and Pol_2 fibers equal to 20 mm 
(effective depth equal to 200 mm: fibers placed at mid-height), and that of Ti_S and Ti_R fi-
bers equal to 7 mm (effective depth equal to 33 mm). The above fiber placements were aimed 
at reproducing pure crack-bridging reinforcement in the case of the low modulus Pol_S and 
Pol_R fibers, and combined shear-flexure reinforcement in the case of the high modulus Ti_S 
and Ti_R fibers (see Table 1). All the specimens were cured at room temperature for 28 days 
before testing. We use the nomenclature Pol_R, Pol_S, Ti_R, and Ti_S to denote the mortar 
specimens reinforced with the corresponding 3D printed fibers, and unreinforced mortar spec-
imens by the symbol UNR. We manufactured three Pol_R, Pol_S, Ti_R and Ti_S specimens 
each, and four UNR specimens. 
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(a) 

  
(b) 

Figure 2: Photographs of Pol_S (a) and Pol_R (b) fibers. 

  

(a) (b) 

  

(c) (d) 

Figure 3: Top and side views of Ti_S (a,c) and Ti_R (b,d) fibers. 

(a) (b) 

Figure 4: Cross-section (a) and 3D view (b) of a portion of the Ti_R fiber.  
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Table 1: Mechanical properties of mortar and fibers. 

3 THREE POINT BENDING TESTS  
We studied the mechanical response of the examined fiber-reinforced mortars by carrying 

out three- point bending (TPB) tests in displacements control, with 0.25 mm/min loading rate. 
For each examined specimen, we first determined the applied load versus mid-span deflection 
curve, and next we computed the first crack strength, shear capacity and material toughness 
according to the methods specified in the international standards for construction materials.  
The load-deflection curves obtained for Pol_S and Pol_R specimens are illustrated in Figure 5 
and Figure 6, respectively, while the analogous curves competing to Ti_S and Ti_R speci-
mens are given in Figure 7 and Figure 8, respectively. Figure 9- Figure 11 illustrate the syn-
chronization of frames taken from in-situ videos of the TPB tests and the load-deflection 
curve of some Pol_R, Ti_S and Ti_S specimens [12]. Finally, Figure 12 provides pictures of 
the configurations after TPB testing of selected specimens. 

 
Figure 5: Force vs. deflection curves of Pol_S specimens (UNR: averaged response of UNR specimens). 

Class M5 mortar 
mass density [kg/m3] 1515 

compressive strength [MPa] 5 
flexural strength [MPa] 1 

Fullcure 720  Stratasys® photopolymer 
mass density [kg/m3] 1.18-1.19 
tensile strength [MPa] 50-65 

modulus of elasticity [MPa] 2000-3000 

Ti6Al4V titanium alloy 
mass density [kg/m3] 4430 
tensile strength [MPa] 950 

modulus of elasticity [GPa] 120 
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Figure 6: Force vs. deflection of Pol_R specimens (UNR: averaged response of UNR specimens). 

The results in Figure 5 and Figure 6 highlight that the maximum load carried by UNR speci-
mens is approximatively equal to 0.6 kN, and is reached just before crack onset. Such speci-
mens exhibit brittle failure, and fast snapping to a collapsed configuration with zero residual 
strength after crack onset (see Fig. 12a). In contrast to this, Pol_S specimens exhibit residual 
load carrying capacity approximately constant and equal to 0.25 kN in the post-cracking re-
gime (Figure 5). The load-deflection curves of Pol_R specimens show a marked load drop 
after crack onset, which is followed by a hardening branch, and next by a second load drop 
and a softening branch leading to specimen failure (Figure 6). In such specimens, we ob-
served a shear-type failure affected by diagonal cracks propagating from the point of applica-
tion of the vertical load (see Figure 9 and Fig. 12c), while in Pol_S specimens we observed a 
flexural-type failure due to the vertical propagation of the central crack up to failure (no diag-
onal cracks, see Fig. 12b). 
Figure 7 and Figure 8 illustrate the results of TPB tests on Ti_S and Ti_R specimens, respec-
tively. Both Ti_S and Ti_R specimens show force-deflection response characterized by a load 
drop at crack onset; a slightly hardening response after such a load drop; a second load drop 
and a final plateau or softening branch leading to specimen failure. 

 
Figure 7: Force vs. deflection curves of Ti_S specimens. 
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Figure 8: Force vs. deflection curves of Ti_R specimens. 
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Figure 9: Synchronization between frames from an in-situ video of a TPB on the Pol_R specimen #3 (left) and the 

load-deflection curve of the same specimen (right). 
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The maximum load carried by Ti_S specimen (at crack opening) is about equal to 1.1 kN on av-
erage (Figure 7), while the maximum load carried by Ti_R specimens is about equal to 1.6 kN on 
average (Figure 8). It is worth noting that both Ti_S and Ti_R specimens exhibit maximum load 
carrying capacity that is more than twice that of Pol_S (0.45 kN, cf. Figure 5), Pol_R (0.55 kN, 
cf. Figure 6)  and UNR (0.60 kN, cf. Figure 5-Figure 6) specimens. Both Ti_S and Ti_R speci-
mens exhibited shear-type failure, as shown in Figure 10, Figure 11, and Figure 12d-e. The opti-
cal microscopy analyses presented in Sect. 4 show that Ti_S fibers exhibit considerable surface 
roughness (not included in the CAD design), as well as Ti_R fibers, due to material processing 
defects (like, e.g., internal porosity) common in the EBM process [6].  
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Figure 10: Synchronization of frames from in-situ videos of a TPB on the Ti_S specimen #1 (left: front view, center: 

back view) and the load-deflection curve of the same specimen (right). 
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Figure 11: Synchronization of frames from in-situ videos of a TPB on the Ti_R specimen #1 (left: front view, center: 

back view) and the load-deflection curve of the same specimen (right). 

 

   
(a): UNR #4 (b): Pol_S #2 (c): Pol_R #3 

  
(d): Ti_S #2 (e): Ti_R # 4 

Figure 12:Pictures of different specimens taken after the completion of TPB tests. 
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3.1 Fracture toughness 
By extending the provisions of ASTM C1018 [13] to the current materials, we characterize 
the fracture toughness of the fiber-reinforced mortars examined in the present study through 
the following index: 

 
 

 


UNRA
AI 3

 ,  (1) 

where   denotes the mid-span deflection in correspondence with the first crack load of the 
generic specimen;    3A   denotes the area under the load-deflection curve from the 
origin up to  3 ; and  UNRA   denotes the mean value of the area under the load-
deflection curve of UNR specimens up to crack opening. The above index represents a meas-
ure of the relative energy absorption capacity of the fiber-reinforced materials against the un-
reinforced mortar.  Table 2 gives the toughness index I of the examined mortar specimens, 
and the mean values of such a quantity that we recorded for each different material.   

 

specimen I mean value  specimen I mean value 
Pol_S_1 3.12  

3.12 

Ti_S_1 39.08  
41.63 Pol_S_2 3.24 Ti_S_2 51.59 

Pol_S_3 3.01 Ti_S_3 34.23 
Pol_R_1 2.36 2.87 

 

Ti_R_1   68.15  
51.15 Pol_R_2 3.13 Ti_R_2 52.87 

Pol_R_3 3.12 Ti_R_3 32.44 
Table 2: Fracture toughness indices of the examined specimens. 

The results in Table 2 show that Pol_S and Pol_R specimens exhibit a considerable energy 
absorption capacity, as compared to unreinforced specimens, while Ti_S and Ti_R specimens 
exhibit extremely large values of I , as compared both to the unreinforced mortar analyzed in 
the present study, and the fiber reinforced mortars and concretes analyzed in 
[14][15][16][17][18][19][20]. It is worth noting, however, that most of specimens analyzed in 
the present work exhibit flexural collapse  under deflections lower than 5.5 , which make it 
impossible to compute the toughness index  10I  and the residual strength factor 10,5R  [14][15] 
for such materials. In other words, the materials examined in the present study exhibit large 
toughness and residual strength in the first post-crack regime [16][17], but brittle response for 
very large deflections (increased brittleness in additively manufactured Ti6Al4V is frequently 
observed at high strains, due to the low defect tolerance of the alloy [21]). We remark, how-
ever, that the deflection regime  3  characterizes a wide range of real-life applications 
dealing with small or moderately large strains of construction materials. 

3.2 Shear capacity and first crack strength 
As we already noticed, Pol_R, Ti_S and Ti_R specimens  exhibited shear failure under 

TPB tests, with propagation of diagonal cracks from the point of application of the external 
load down to the hinge supports (cf. Figure 9-12) [22][23]. On extending results for rein-
forced concretes without shear reinforcements [22][23] to the present mortars, we hereafter 
analyze the provisions of different international standards for the shear capacity of such mate-
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rials. The shear capacities predicted by ACI 318 [24], BS 8110-1[25], and EC2 [26] are re-
spectively given by the following formulas 
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where: sA and d  are the fiber cross sectional area and the effective depth of the cross-section 
(cross-section height minus the mortar cover), respectively; ckf  denotes the characteristic 
compressive strength of the mortar declared by the manufacturer ( 00.5ckf MPa, cf. Table 1); 
and it results: 25.1M , 85.0c , 5.1c .  

Table 3 compares the predictions of the shear capacities of the examined materials with the 
mean values of the experimental capacities expV  corresponding to one half of the peak loads 
observed in Figure 5 - Figure 8 (averaged among all specimens). The results in Table 3 show 
that ACI 318 [24] best matches experimental results for Pol_R and Pol_S specimens (0.26 kN 
vs 0.27-0,.30  kN), while EC2 [26] instead best matches the experimental shear capacity of 
Ti_S and Ti_R specimens (0.67 kN vs 0.65-0.83 kN). It should be remarked that the above 
codes do not account for the surface microstructure and roughness of the reinforcing elements.  

specimens 
d  sA  expV  BS

RdV  ACI
RdV  2EC

RdV  crf  

 mm   2mm   kN   kN   kN   kN   MPa  
Pol_S 20 44.18 0.27 0.79 0.26 0.53 1.25 
Pol_R 20 44.18 0.30 0.79 0.26 0.53 1.42 
Ti_S 33 38.48 0.65 1.15 0.42 0.67 1.45 
Ti_R 33 38.48 0.83 1.15 0.42 0.67 1.97 

Table 3: Comparison between experimental and theoretical predictions of shear capacity and first crack strength. 

We now investigate on the first crack strength of the analyzed materials by computing the 
maximum tensile stress  crf  carried by the mortar in correspondence with the load  crF  that 
produces crack initiation. The bending moment associated with such a load is trivially equal 
to 4/LFM crcr   , L  denoting the clear length of the specimen ( mmL 100 ). On assuming 
linear elastic behavior of the material up to crack initiation and homogenized properties for 
the fiber-reinforced cross-section [26], we obtain the mean values of crf  given in Table 3. 
Such results correspond to assuming the fiber-mortar homogenization factor equal to mf EE / , 
where fE  is the Young modulus of the fiber material (see Table 1), and mE  is the Young 
modulus of the mortar. The latter has been computed as ckm fE 1000  [27], obtaining: 

mE 5000 MPa. The results in Table 3 show that all the fiber reinforced specimens exhibit 
first crack strength greater than the flexural strength of the mortar declared by the manufac-
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turer (1.0 MPa, cf. cf. Table 1). The maximum value of such a property is exhibited by Ti_R 
specimens, (1.97 MPa), which is considerably larger than the first crack strength of Ti_S 
(1.45 MPa), Pol_S (1.25 MPa) and Pol_R (1.42 MPa) specimens. 

4 SURFACE MORPHOLOGY OF 3D PRINTED FIBERS BEFORE AND AFTER 
TESTING 

Optical microscopy was employed to investigate on the morphology of the fiber surface at 
the virgin state and after their pull-out from the matrix. Figure 12 shows optimal microscope 
images of the examined fibers taken with the optical microscope Olympus SZ-PT using 
1500× magnification, before their insertion into the matrix (a), and after fiber pull-out (b). 
Grayscale versions of the images in Figure 12 were obtained through ImageJ 
(http://imagej.nih.gov/ij/), a public domain Java image processing software. Each image in 
Figure 12 was captured and converted from color to grayscale, by application of a grey value 
threshold and elliptical fit (Figure 13).  

    
Pol_S (a) Pol_S (b) Pol_R (a) Pol_R (b) 

    
Ti_S (a) Ti_S (b) Ti_R (a) Ti_R (b) 

Figure 12: Optical microscope images (1500× magnification).of the examined fibers before test (a) and after pull-out (b). 

    
Pol_S (a) Pol_S (b) Pol_R (a) Pol_R (b) 

    
Ti_S (a) Ti_S (b) Ti_R (a) Ti_R (b) 

Figure 13: Grayscale images of the examined fibers before test (a) and after pull-out (b). 

The images provided in Figure 12-Figure 13 show the presence of mortar particles attached to 
the pulled-out fibers. Large size mortar particles (with maximum features up to 1.0 mm) are 
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visible on the surface of Ti_R and Pol_R fibers, while finer scale particles are visible on the 
surface of the Ti_S fiber. Small size mortar particles are also visible on the surface of the 
Pol_S fiber after pull-out. The presence of large size mortar particles attached to the pulled-
out fibers is an indicator of high roughness of the fracture surface at the fiber-matrix interface. 
Such a phenomenon proves that a layer of matrix covers the fiber during the pull-out, causing 
enhanced interfacial bonding. The development of a rough fracture surface within such a 
layer, and the crack-deflection mechanisms observed in Figure 9-Figure 11 indicate 
improvement of matrix toughness in presence of shear failure. Overall, we observe significant 
increases in the interlaminar shear strength of mortars reinforced with Pol_R, Ti_S and Ti_R 
fibers, as compared to the unreinforced material. 

5 CONCLUDING REMARKS 
We have investigated the use of 3D printed fibers for the flexural reinforcement of a ce-

ment mortar, employing polymeric (Fullcure 720 Stratasys® photopolymer) and metallic 
(Ti6Al4V titanium alloy) fibers manufactured with different technologies and surface mor-
phologies. 
Three point bending tests on fiber-reinforced mortar specimens have highlighted crack pat-
terns indicating shear failure in the case of reinforcements with high surface roughness fibers 
(Pol_R, Ti_S and Ti_R fibers), and flexural failure in the case of reinforcements with smooth 
(Pol_S) fibers, as well as in the case of unreinforced specimens (Sect. 3). The results of Sect. 
4 show that the fiber surface geometry strongly influences interfacial bonding, while the 
chemical nature of the fiber and mortar materials markedly affects the shear capacity and the 
flexural strength of the fiber-reinforced material (cf. Sect. 3.2). 
All the results presented in this study indicate that an optimized fiber surface design may sig-
nificantly increase the energy absorption capacity of fiber-reinforced mortars. They represent 
a first step in the direction of designing reinforcing elements with hierarchical structure to 
form fabrics, fibers and coatings of groundbreaking reinforcements for next generation com-
posites, profiting from the rapid prototyping capabilities of AM technologies at different 
scales. 
Future extensions of the present study (see, e.g., [28]) will focus on nano-, micro- and macro-
scale lattice reinforcements for a wide range composite materials, through a closed-loop ap-
proach including the computational design and the additive manufacturing of physical models 
via innovative, multimaterial deposition techniques. Such materials will be used, e.g., for the 
fabrication of innovative materials, and the structural retrofitting of existing buildings and his-
torical constructions [29][30][31][32]. 
An experimental characterization phase will implement and verify the theoretical predictions. 
The design phase will employ multiscale approaches to the toughness and strength of compo-
site materials reinforced with multiscale fibers and/or fabrics, as a function of the microstruc-
ture [33][34]. Mechanical models of the composite material will be formulated at the meso-
scale, through discrete and/or finite element approaches, assuming different constitutive equa-
tions for the bulk phases and the reinforcement-matrix interface (via variational fracture 
[34][35]). The optimal topologies of the reinforcing elements will be researched using struc-
tural optimization procedures [36][37][38], on employing minimum weight, maximum com-
posite strength, and/or maximum fracture toughness as goal functions.  
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Abstract. Intermetallic TiAl alloys for aero-engine turbine blade applications show good 
thermomechanical properties and excellent creep resistance. These alloys consist of multi-
phase intermetallic constituents, mainly of γ-TiAl and α2-Ti3Al intermetallic phases, which 
are arranged in the form of lamellar colonies and globular grains. Characterizing these al-
loys for room and high temperature behaviour is an ongoing issue that needs to be solved by 
using a synergic approach of experimental and numerical methods. 

In the recent progress of numerical approaches for the analysis of TiAl alloys, physically mo-
tivated crystal plasticity finite element models (CPFEM) have been successfully used to de-
scribe room temperature mechanical behaviour and to predict microstructure-property 
correlations. Unfortunately, not much progress in numerical modelling that is able to charac-
terize this alloy with respect to high temperature mechanical behaviour has been reported. To 
overcome this lacking, in the present work we propose a temperature sensitive CPFEM model, 
where the temperature-dependent slip rates of the crystallographic deformation modes are 
described as a function of history variable and physical material parameters. This model has 
been verified and validated for multi-phase TiAl lamellar microstructure using the experi-
mental results of fully lamellar PST-TiAl single crystal as published in the literature. Further, 
for the computational analysis, unit cell based FE models are constructed with representative 
lamellar microstructure consisting of γ-TiAl and α2-Ti3Al lamellar plates. Constitutive behav-
iour of the phases is described by the proposed crystal plasticity model. A multiscale local-
global FE approach has been used to obtain macro-scale homogenized mechanical behaviour 
of the local microstructure. In this presentation, we will show that our model is able to predict 
high temperature deformation behaviour of TiAl alloy as observed in the PST-TiAl experi-
ments quite satisfactory. The model successfully captures the temperature sensitive yield be-
haviour, anisotropic response related to morphological and crystallographic orientation, and 
rate sensitivity of the slip deformation. Further, we will demonstrate that the activity of crys-
tallographic slip systems can explain the local plasticity in both room and high temperature. 
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1 INTRODUCTION 

Multi-phase TiAl alloys are used in low-pressure turbine blades of aircraft engines where 
the operating temperature does not exceed 700°C. Recently, considerable amount of research 
activity is involved in developing new generation of TiAl alloys that may show enhanced 
thermomechanical properties beyond 700°C temperature. Today, understanding the pro-
cessing-microstructure-property correlations has become vital to the development of new ma-
terial with enhanced properties. 

For TiAl alloys, the microstructure-property correlations have been explored so far using 
detailed experiments and microstructure analysis. The experimental results and additional mi-
crostructural analysis give somewhat a qualitative picture how the microstructure and proper-
ties are correlated. However, the underlying mechanisms of deformation influenced by the 
local microstructure and available intermetallic phases that influence the macroscopic behav-
iour remain mostly unknown. Today’s material design concepts are based on detail under-
standing of microstructure-property relationships in a quantitative manner. This requires 
physics based understanding of the materials deformation mechanisms, which can be obtained 
by advanced experimental techniques (FIB, nanoindentation) as well as can be explored by 
advanced numerical modelling techniques incorporating physically motivated materials con-
stitutive behaviour. 

To this goal, in past years only limited computational analysis approaches have been pro-
posed for the investigation of TiAl alloy’s deformation behaviour. The available models are 
based on materials micromechanics and micro-macro relationship where the crystal plasticity 
constitutive models have become a key numerical tool to explore the materials deformation 
behaviour considering physical microstructural quantities. Only room temperature defor-
mation behaviour was focused. The deformation behaviour at high temperature, which is 
more relevant for TiAl alloys, has not been systematically investigated so far. Literary study 
also reveals a lack of proper crystal plasticity models to predict the high temperature defor-
mation behaviour of TiAl alloys. 

To overcome this lacking, we propose an extension of crystal plasticity constitutive model 
applicable to high temperature deformation behaviour. This was done by incorporating the 
rate sensitivity of the slip deformation as a function of temperature and physical quantities of 
TiAl alloy, such as, burgers vector, shear modulus of the crystal systems. 

In the present work, we have conducted an exploratory numerical investigation to assess 
the proposed temperature sensitive crystal plasticity model for the room and high temperature 
behaviour of TiAl alloy. This model will be validated using a single crystal TiAl alloy con-
sisting of multi-phase lamellar microstructure. This type of multi-phase single crystal is 
known as PST-crystal. For model validation, use of PST-TiAl alloy is ideal, as the fundamen-
tal micromechanisms of deformation for various lamellar configurations under various load-
ing histories have been explored through extensive experimental work in past decades.  

2 MATERIAL AND METHODS 

2.1 Microstructure  

The lamellar microstructure of TiAl alloy consists of two intermetallic phases: γ-TiAl with 
tetragonal crystal structure and α2-Ti3Al with hexagonal crystal structure (Figure 1a, b). 
These phases are arranged parallel to each other in the form of lamellar plates. Between two 
α2-lamellar plates many γ-lamellae can be situated. The orientation relationship between these 
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two phases is as follows: ( )
2

0001
α

and { }111
γ planes and the closely packed directions, 

2
1120

α
and 110

γ
 are parallel. 

The γ-phases contribute to the overall deformation of the macroscopic samples, while, α2-
lamellae is hard to deform. In γ-phases, ordinary, twin, and super dislocations are active 
which are operative at {111}γ-planes. With respect to available deformation modes of the γ-
lamellae, they are divided into γ -matrix and γ -twin lamellae (Figure 1c). 

For modelling purpose, the lamellar microstructure is described in a unit cell taking only 
three representative lamellae phases: α2, γ-twin and γ-matrix, as shown in Figure 1d. The 
crystallographic orientation and vol. % of the phases are maintained in the unit cell. In FE 
model, each phase is defined by 3D linear element. Setting the unit cell periodically side by 
side, a fully lamellar microstructure is constructed. 

 
Figure 1: a) Two-phase lamellar microstructure of a PST-TiAl, b) crystal structure of intermetallic TiAl phases, c) 
simplified lamellar structure with regularly arranged lamellae phases (α2, γ-matix, γ-twin), d) unit cell of lamel-

lar structure consisting of representative volumes of a γ-matix, a γ-twin and a α2-lamellae 

To understand the mechanical behaviour of the lamellar microstructure, the deformation 
micro-mechanisms of the intermetallic phases with respect to lamellar orientation have been 
investigated in detail by many researchers. A clear understanding of these mechanisms has 
been obtained by analysis of PST-TiAl single crystal (Figure 1a) consisting of various lamel-
lar configurations. Investigating the PST single crystal, very fundamentals of the alloy defor-
mation under room and high temperature behaviour can be obtained. The alloy constituents, 
microstructural details and the mechanical test data can be used to develop and validate any 
numerical model and the model parameters influencing the elementary micro-mechanisms can 
be separately justified, as it will be done in the present work. 

2.2 Constitutive behaviour  

The constitutive behaviour of the intermetallic TiAl phases is described in a classical crys-
tal plasticity model. In crystal plasticity model the crystallographic slip is taken as the only 
mechanism for plastic deformation, which occurs due to shearing of slip planes in slip direc-
tions. In this model, the shear strain rate αγ  of the slip system α  is formulated in terms of 

resolved shear stress ατ  and current strength of the slip systems g α [1, 2]: 

 ( ),f gα α αγ τ=   

 

1
1

0

m

g g

α α
α

α α

τ τγ γ
−

=   (1) 
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where,  is the initial shear strain rate and m is the rate sensitivity parameter that controls 
the rate dependent constitutive behaviour of the material.  

The rate sensitivity parameter for the shear strain rate is phenomenological. It generally 
lies between 0 and 1. Higher values of m, i.e. equal to or closer to one, induce viscoplastic re-
sponse of the material. Lower values results in rate independent deformation of the material.  

The evolution equation for the slip system resistance is described by a linear hardening law: 

 0g h qα α β
αβ

β

γ= ∑    (2) 

where, 0hα  is the hardening modulus, qαβ  is the slip-plane hardening matrix, which de-

scribes the effect of self- and latent hardening. In literature, the values of qαβ  for fcc crystals 

are in the range of 1.0–1.4. Since qαβ values for the particular cases of the α2- and γ-phase 

have not yet been experimentally estimated, we assume qαβ = 1.0 for all slip combinations, and 

do not distinguish between self- and latent hardening. 
Twinning is implemented in the UMAT as a unidirectional glide of the partial dislocation 

and is activated by a set of parameters same as for slip activation.  
This classical description of crystal plasticity does not show much sensitivity to strain rate 

and temperature [3]. As an improvement, Kothari and Anand [3] proposed a physically moti-
vated kinetic equation of shear strain rate on slip systems based on thermally activated dislo-
cation motion [4]. In this approach, the shear strain rate takes the form: 
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α
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   ∆ = − −   
     

  ∆    = −     =         
 

 




 (3) 

Here, kB is Boltzmann constant, T is temperature, 0γ  is the initial strain rate, and γ  is the 

current strain rate. Tc is the limit temperature beyond which enough thermal energy is present 
for the barriers to be overcome only by the thermal activation, without the aid of external 
stresses. 

The values of p and q control the shape of the glide profile. Their values are typically 0 ≤ 𝑝𝑝 
≤ 1 and 1 ≤ 𝑞𝑞 ≤ 2. ΔF is the activation energy, which is the free energy required to overcome 
the thermal obstacles during slip deformation without the help of applied stress. 

A connection between the physically based formulation of Kothari [3] and the classical 
power law can be established by defining a physically modified rate sensitivity parameter, m, 
in terms of temperature and activation energy as follows: 
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The power law equation can be now modified as follows: 
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    (5) 

Where in classical power law the rate sensitivity parameter is purely phenomenological, in 
current modification the evolution of shear strain rate depends on materials physical parame-
ter via the rate sensitivity parameter m, which is now sensitive to slip strain rate and tempera-
ture. 

The ΔF should be representative to the investigated material. The activation energy can be 
written in terms of shear modulus µ  of the material and its burgers vector b as follows [3]: 

 3F A bµ∆ =   (6) 

Depending on the strength of the obstacle, the pre-factor A varies from 0.05 to 2.0. Frost 
and Ashby [5] suggested the range of A depending upon the strength of the material obstacles 
as shown in Table 1.  In other words, this pre-factor describes the strength of the material ob-
stacles. 

 
Obstacle 
Strength 

A Description 

Strong 2.0 Strong Precipitates, Dispersions 
Medium 0.2 - 1.0 Weak Precipitates, Forest Dislocations 

Weak < 0.2 Lattice Resistance, Solution Hardening 
 

Table 1: Characteristics of obstacles 

In γ-TiAl alloys, the dislocations glide on {111} planes with the Burgers vectors, 0.283nm, 
0.566nm, 0.4905nm [6]. For current calculations, the Burger’s vector of 0.283nm is used. The 
shear modulus, μ for γ-TiAl alloys varies with temperature T as follows [6]: 

 μ = 70.30-0.0141(T) (7) 

For glide profile, the values of p and q can be taken as 1 for simplicity which yields the m 
equation to the following: 
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This modified power law form of viscoplastic formulation taking a physically motivated m 
parameter for temperature sensitivity has not been pursued in any published work. One ad-
vantage of using this model is that the framework of the crystal plasticity model need not be 
changed rigorously but can be easily implemented in the existing code. 

This model has been verified for room and high temperature behaviour of PST-lamellar al-
loy. 

2.3 Micro-macro two-scale Model  

While the constitutive behaviour of the phases is obtained by the temperature sensitive 
CPFEM model, the overall mechanical behaviour is calculated from the numerical averaging 
of stresses and strains over the whole unit cell consisting of intermetallic phases. To obtain 
the macroscopic behaviour, for example, load vs displacement or stress vs strain curves, as a 
response to the local deformation micromechanics of the microstructure; a two-scale micro-
macro approach is implemented. In this two-scale approach, deformation localization is done 
via transforming nodal deformation gradient from the macroscopic boundary to the micro-
scale unit cell boundary (known as FE2 approach for micro-macro coupling). After getting 
stresses on each intermetallic phase due to boundary loading, a volumetric average is per-
formed to obtain overall stress values. At the boundary nodes a reaction force can be derived, 
which is used to re calculate the macroscopic load-displacement curve (converted to stress-
strain curve). The approach is schematically shown in Figure 2, and a detail of this model can 
be found elsewhere [7,8]. 

 
Figure 2: Micro-macro approach for homogenized multi-phase behaviour (a) discretized FE model of a PST-

TiAl, (b) a macro-scale subdomain where a micro-scale unit cell is defined, (c) deformation localization at the 
subdomain, (d) localized deformation is transferred to the unit cell to act as boundary conditions.   

In the present case, the microstructure details, e.g. presence of phases, vol. % of the crys-
tallographic orientations or texture, are defined in the unit cell. Further, correlation of the 
macroscopic sample and the oriented lamellar microstructure is defined by a rotation matrix. 
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3 SIMULATION AND RESULTS 

3.1 Parameter estimation and deformation behaviour  

The fundamental parameter set has been adjusted for experimentally obtained room tem-
perature behaviour for three basic orientations of the PST lamellar, e.g. 0°, 45° and 90°. For 
the numerical stress-strain response, the crystal plasticity model as proposed in section 2.3 is 
used. The microstructural descriptions of the multi-phase alloys with their anisotropy are de-
fined by a unit cell as described in section 2.1 and 2.3.  

To estimate the crystallographic strength and hardening parameters of the slip systems, a 
morphological description of all the slip systems as defined by Lebensohn et al. [9] is used as 
listed in Table 2. This description allows one to estimate crystallographic viscoplastic parame-
ters with only a minimum set of experiments performed on 0°, 45° and 90° orientated lamellar 
PST-TiAl alloy. Details of the parameter estimation are given elsewhere [10]. In Table 2, the 
strength of the slip systems at a particular deformation mode is denoted as g0, and Qso is a 
strengthening factor for super dislocations.  

 
Slip type Lamellar deformation modes 

Longitudinal Mixed Transverse 
Ordinary g0

long g0
mixed g0

trans 
Super g0

long.QSO g0
mixed.QSO g0

trans. QSO 
Twin g0

long g0
mixed g0

trans 
 

Table 2: Morphological classification of slip systems with respect to the lamellar deformation modes 

According to the experimental evidence of slip system activity and stress analysis of Ki-
shida et al. [11], we assume that for all slip systems the ordinary and twinning stresses are the 
same, super dislocation strength is higher. Now a series of numerical simulations has been 
performed for fitting the experimental stress-strain behaviour of 0°, 45° and 90° oriented la-
mellae. The experimental curves are taken from the work of Uhlenhut [12]. 

In Figure 3a the stress-strain behaviour obtained via simulation fitting is shown along with 
the experimental curves. Both yield and hardening behaviour have been captured very well 
with the proposed CPFEM model. Even the anisotropic yield for 0°, 45° and 90° lamellar ori-
entation is satisfied very well, see Figure 3b.  

 
Figure 3: (a) Room temperature compression stress-strain curves for oriented PST crystal, (b) Yield anisotropy 

of PST-TiAl lamellar alloy 
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The crystal strengths, g0 are obtained from these fitted curves, which are listed in Table 3. 
These parameters will be taken as the fundamental crystal plasticity parameters for TiAl la-
mellar structure and will be used to predict high temperature behaviour. 

 
Slip type Lamellar deformation modes 

Longitudinal Mixed Transverse 
Ordinary 75 235 260 

Super 75 235 260 
Twin 75 -- 260 

 

Table 3: Strength parameters for the crystal plasticity model. 

3.2 Anisotropic yield at high temperature 

To examine the temperature sensitivity of the proposed CPFEM model, the load-
deformation behaviour is simulated for 27, 200, 400, 600, 800 and 1000°C. For the PST-TiAl, 
Inui et al. [13] have performed a series of experiments for high temperature behaviour with 
different oriented lamellar microstructure. He uses 31° lamellar orientation for ‘soft defor-
mation’ of lamellae and 0° and 90° for ‘hard deformation’. For numerical modelling we have 
used 45° lamellar orientation for ‘soft deformation’ as the model parameters for this lamellar 
arrangement has already been verified for room temperature. For hard deformation 0° and 90° 
lamellar orientation is considered as before.  

In Figure 4, the simulated results for yield anisotropy depending on temperature and lamel-
lar orientation have been plotted together with the experimental results from Inui et al. [12]. A 
very good prediction of yield anisotropy with respect to the lamellar orientation and tempera-
ture has been obtained. An overall reduction of yield stress with the increase of temperature 
has been seen for both experimental and numerical results. At low temperatures, the yield 
stress decreases quickly with the increase in temperature. At intermediate temperature range, 
the decrease is gradual for all orientations. At high temperature range, the yield stress de-
creases rapidly with increases in temperature. 

For 0° oriented lamellae, an anomaly has been identified at 800°C. At this temperature 
range an increase in yield stress is observed, which was however not trivial for 45° and 90° 
orientation. This anomalous behaviour of high yield stress is associated with the lamellar 
boundaries of PST TiAl, which impose additional obstacles during dislocation movements 
crossing the lamellar boundaries [13].  

 
Figure 4: (a) Temperature dependency of yield behaviour for oriented lamellar grains, (b) Temperature depend-

ency of the CRSS ratio of ordinary and super dislocation (Qso) as predicted from numerical analysis 
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3.3 Activity of slips at room and high temperature 

The CPFEM model also allows us to study the activation of different slip modes, which are 
important for deformation behaviour in individual phases at different temperatures and differ-
ently oriented lamellae configurations. Following, we have calculated the relative activity of 
the slips at room (27°C) and 800°C temperature, and for 0°, 45°, and 90° oriented lamellae. 
The activity of slips has been calculated at the onset of yield. The predictions are shown in 
Figure 5. 

 
Figure 5: Activity of slips for 0°, 45° and 90° oriented lamellae at room temperature and 800°C 

 For 0° lamellar orientation, we observe that the super dislocations are dominant for plastic 
deformation at both room (27°C) and high temperature (800°C). For 45° lamellar orientation, 
the deformation occurs mainly due to twinning at room temperature. But at high temperature 
some super dislocations are also active in addition to the twinning. For the 90° lamellar orien-
tation, both super and ordinary dislocations are dominant for slip deformation. For 45° and 
90° lamellar orientation, at high temperature these slip modes are activated earlier compared 
to room temperature, which allows an early softening of the material. For 0° lamellar orienta-
tion, the super dislocation slips are activated later at 800°C than at room temperature, which is 
responsible for the anomalous behaviour of 0° oriented lamellae. The results seem consistent 
with the experimental observations of Kishida [11] for room temperature and Inui [13] for 
high temperature behaviour. 

4 SUMMARY AND CONCLUSION  

The crystal plasticity model proposed in this work incorporates the rate sensitivity of indi-
vidual slips systems by a temperature dependent function proposed by Kothari and Anand [3]. 
In classical analysis of high temperature behaviour using crystal plasticity model the tempera-
ture sensitivity is obtained only by using a phenomenological parameter m, which was insen-
sitive to slip rates and temperature sensitive. The main objective in this work was to show an 
alternative formulation of power law equation of crystal plasticity to predict the temperature 
sensitivity, which is more physics based. 

This model has been validated using available data from the literature. We have validated 
the model for room temperature deformation behaviour capturing anisotropy due to oriented 
lamellar configurations. Further, high temperature yield anisotropy as well as temperature de-
pendent yield behaviour has been predicted, which matches the experiments very well. The 
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model also explains the high temperature deformation behaviour with respect to the activity of 
slips systems for different oriented lamellar configuration. 

Further, we have determined slip strength parameters for PST-TiAl alloy from the experi-
mental fitting of room temperature deformation behaviour. Due to temperature sensitive rate 
equation in the crystal plasticity model, the strength parameters become temperature sensitive. 
Using this temperature sensitive strength parameter set the model is able to predict the high 
temperature behaviour of PST-TiAl as determined experimentally in [13]. 

The results presented in this work clearly state that this new formulation of CPFEM can be 
successfully used to predict room and high temperature deformation behaviour of fully lamel-
lar PST-TiAl alloy. This model also shows huge potentials to understand the microstructure 
property correlations of the intermetallic systems. In future, further analysis will be conducted 
to validate this model for a wide range of TiAl alloy microstructure subjected to different 
temperatures. 
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Abstract. The presence of the elements, which work as sensors or actuators, is one of the 
main features of smart-constructions. These elements are commonly made of piezoelectric 
materials, the main feature of which is a direct and inverse piezoelectric effect, which allows 
its functioning as a sensor and actuator. In addition, one and the same element can combine 
both functions. Moreover electroding of surfaces of the piezoelectric elements provides an 
additional means of controlling the dynamic processes due to application of different electric 
circuits connected to piezoelectric elements. The location of the piezoelectric element, its size 
and geometry play a significant role in damping the vibration of structures containing ele-
ments made of piezoelectric materials. In this paper, a comparative analysis of different poss-
ible options of smart-function realization is made by comparing the patterns of strains and 
electric potentials generated on the piezoelectric element surface. The numerical results of 
determining the optimal piezoelectric element location, which will provide the generation of 
maximal electric potential at certain resonant frequencies, are presented. The numerical im-
plementation is carried out by the finite element method using the commercial ANSYS soft-
ware package. 
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1 INTRODUCTION 

In the last few years the method of damping the structure vibrations based on converting 
the energy of mechanical vibrations into the electrical energy via piezoelectric elements em-
bedded in the structure and connected to the external electric circuits has been the area of ex-
tensive research in mechanics. The piezoeletric effect provides a transformation of part of the 
mechanical vibration energy into the electrical energy, which is then dissipated through the 
external electric shunt circuit operating as a mechanism of passive vibration damping [1]. 
Changing the parameters of the external circuit one can suppress the vibrations at the speci-
fied frequency.  

Piezoelectric elements should provide the best execution of the ultimate purpose of their 
application in smart-structures, that is, damping of structure vibrations, controlling the shape 
of structures subject to external impacts of different nature, detecting the structural defects, 
etc. The efficiency of peizoelement performance depends not only on the control parameters 
(the corresponding schemes of external electric circuit connection) but also on the arrange-
ment of piezoelectric elements serving as sensors and actuators [2].  

Depending on the criterion, the optimal schemes for location of sensors (actuators) can dif-
fer from one another. The optimization criterion can use as a basis different factors: maximi-
zation of forces, moments or deformations transferred by a peizoelement playing the role of 
the actuator, slight variation of dynamic characteristics of the original structure, selection of 
desired dynamic characteristics for the original structure, minimization of control function, 
maximal damping of original structure vibrations, etc.  

Traditionally, the passive vibration dampers are located in the regions of the structure, in 
which the strain energy is maximal [3]. As a rule, these zones are found based on the analysis 
of structure deformation patterns. Nevertheless, the problem of optimal arrangement of pie-
zoelectric elements is in the center of attention of many researchers, whose studies in this area 
are devoted to the development of both the optimization algorithms and criteria for optimal 
arrangement of piezoelectric elements.  

It should be noted that thus far no universal approach to the examined problem has been 
developed due to the necessity of taking into account a variety of factors: characteristics and 
geometry of piezoelements, their arrangement in the structure, the number of piezoelements, 
etc. In work [4], which is a survey of more than 100 papers and in work [5], which makes ref-
erence to about 50 papers devoted to the problem of piezoelement arrangement in structures, 
the authors advance an opinion that despite the abundance of methods and approaches to this 
problem, the appropriate location of a sensitive element has long been a matter of skill that 
relies on researcher’s intuition. Such an approach contradicts the intention of design engineers 
to reduce the number of intuitive solutions. In view of this fact, work [4] presents and syste-
mizes all previously developed criteria for optimal arrangement of peizoelements in from the 
viewpoint of minimization of intuitive approaches to this problem.   

As mentioned in [4], an advanced approach to the problem of appropriate arrangement  of 
sensors (actuators) in the structure is based on the six optimization criteria: maximization of 
modal forces or moment transferred through the actuators; maximization of strains in the orig-
inal structure; minimization of control forces or maximization of dissipated energy; maximi-
zation of the degree of controllability; maximization of the degree of observability and 
minimization of side effects. The most general recommendations on the optimal location ob-
tained on the basis of these criteria are systemized in the review paper [4] for beam and plate 
smart-structures.  
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The application of voltage to the piezoelectric element placed on the structure surface 
causes transverse deformations (deflection) of the structure. The transverse deformation of the 
initial structure is thus the function of the sensor (actuator) position. Hence, as it was shown 
in works [6-8], the transverse deformation of the initial structure can be used as a criterion for 
selection of the optimal location of sensors or actuators.  

In work [9] the authors offer the strategy, which is based on the mathematical analysis of 
the deformation fields under structure vibrations and pursues the aim of finding the regions 
of maximal deformation which are equal in size to a piezoelement. This strategy was applied 
to a structure of complex geometry made of anisotropic material with locally varying proper-
ties and a small value of the internal material damping ratio. 

In what follows, we restrict the discussion to the problem of piezoelement location only as 
a means of damping  the vibration in the original structure.  

The distribution of damping energy over the volume of the examined structure gives a ra-
ther clear idea of the best location for a passive damping element. However, it should be 
noted that the modal analysis of the electroviscoelastic bodies composed of structural mate-
rials with the embedded piezoelectric element allows us to obtain information on the relative 
electric potential generated on the electroded surfaces of piezoelements, which can be also 
used for identification of optimal variants of piezoelement location.    

In works [10-12] it has been noted that the location of piezoelements operating as sensors 
in the zones, which are unsuitable for generation of considerable electric potential, can even 
impair the rate of vibration damping.  

In paper [3], the optimal location of a piezoelement is determined by taking into account 
both the electromechanical coupling coefficient and the value of the electric potential generat-
ed on the piezoelement surface. However, the authors of this paper restrict their consideration 
to the case when the selected location of the piezoelement is optimal only for suppressing the 
first mode of beam vibration.   

The objective of this paper is to construct an algorithm, which will allow us to determine 
the piezoelement location such that provides generation of the maximal relative electric po-
tential in the structure experiencing deformation at the prescribed frequency. This is essential 
for the purpose of providing maximal damping of vibrations at this particular frequency using 
the external shunt circuits. A search for an optimal location of the piezoelement is carried out 
in the framework of the natural vibration problem, which is formulated for electrovicoelastic 
body with the external electric circuits.  

2 MATHEMATICAL STATEMENT OF THE NATURAL VIBRATION PROBLEM 

Consider a piecewise-homogeneous body of volume 1V V V2= +

2

, where the volume  con-
sists of homogeneous elastic parts and the volume, the volume 

1V
V  - consists of piezoelectric 

elements. The piezoelectric elements are connected through the electroded surfaces to RLC-
circuit of arbitrary structure comprising a resistance, capacitance and inductance elements. 

For the problem of natural vibration we seek a solution written as 

( ) ( ) ( ) ( ), , ,i t i t
i i i iu x t u x e x t x eω ωϕ ϕ− −= =   (1) 

where ω  - is the eigenfrequency of vibrations, ( ) ( ),i iu x xϕ  - are the eigenmodes of dis-
placements and electric potential for the  elastic sub-regions  and 21V V . 

A detailed mathematical formulation of the problem is given in works [13-14].   
The numerical implementation of the stated variational problem was carried out by the fi-

nite element method using the commercial ANSYS software package.  
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In the finite element formulation the variational problem reduces to the algebraic eigenva-
lue problem 

[ ] [ ]( ){ }2 0K M uω− = (2) 

The condition of the existence of nontrivial solution to equation (2) is 

[ ] [ ]( )2( ) det 0D Mω ω K= − + = (3) 

Here, we accepted the following notation: { }u  - is the vector of nodal displacements, ω  - is 

the eigenfrequency, [ ]K – is the stiffness matrix, [ ]M  – is the mass matrix.
In the problem of electroviscoous elasticity each point of the body is associated with the 

vector of state { } { }1 2 3, , , Tu u u u ϕ= , where  are the components of the displacement vector, iu
ϕ  is the electric potential. 

Out of other factors, determining the effectiveness of piezoelement performance in smart 
structures, we used the value of the electric potential generated on the electroded surfaces of 
piezoelements during the dynamic processes.  

The results obtained from the solution of the natural vibration problem formulated for elec-
troelastic bodies allow us to estimate the value of the electric potential generated on the sur-
face of the piezoelement undergoing deformation.   

The relative value of the electric potential can be estimated using the relative value of the 
strain energy in the zone of piezoelement location. The optimal values of the relative strain 
energy can be also obtained from the modal analysis.  

At small dimensions of piezoelements, the attachment of which to the structure does not 
cause essential changes in the character of natural vibrations, the relative values of the strain 
energy in the zone of piezoelement location can be estimated using the eigenmodes of the 
structure including no piezoelements. i.e., based on the results of solving the problem of natu-
ral vibrations of elastic or viscoelastic bodies.  

The value of the relative strain energy J  in the zone of piezoelement location is defined by 
the strain distribution rε  over the structure surface under the piezoelement  

n

r
S

J ds= ε∫ (4)

where  is the area of the piezoelement, nS rε  is the deformation in the direction perpendicular 
to the structure surface. 

The application of voltage to a piezoelement attached to the surface of the structure induc-
es a transverse deformation (deflection) of the structure. Note that the arising transverse de-
formation of the original structure depends on the location of the piezoelement. Hence, as was 
stated in review paper[4], the transverse deformation of the original structure can be used as a 
criterion for the optimal location of the piezoelement. 

In work [14], it was stressed that from the viewpoint of computational costs the problem of 
natural vibrations is most efficient for determining the relative values of the electric potential 
generated on the surface of the piezoelement. The described approach was applied to plane 
objects in the form of plates. It has been shown that in this case, to provide a proper work of 
the piezoelement, it is necessary to locate it asymmetrically about the structure axis (if there is 
any). 

From the analysis of literature it follows that the efficiency of peiezoelement performance 
in the smart-structures is often estimated in terms of the electromechanical coupling coeffi-
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cient, which reflects the efficiency of converting the mechanical energy of vibrations into the 
electrical energy [1, 3, 15].  

The coefficient of electromechanical coupling can be determined based on the eigenfre-
quencies of the structure with piezoelement in the open circuit regime (termed as o/c regime) 
and in the short-circuit regime (s/c regime). The o/c regime is realized in the case when the 
lower surface of the piezoelement is grounded (the lower surface potential is equal to zero) 
and the upper surface is free of load. In the s/c regime the potential prescribed on the elec-
troded surfaces is equal to zero. As a result, the electromechanical coupling coefficient is eva-
luated by formula (5) [1]  

2 2
/ /

2
/

o c s c

s c

K ω ω
ω
−

= (5) 

The larger is the coefficient, the more effective is the energy conversion and thus the larger 
is the quantity of energy that can be dissipated by the elements of the external circuit.  

As it was shown in works [1, 3, 15], the location of the piezoelement can be considered op-
timal in the case when the electromechanical coupling coefficient determined by formula (5) 
takes a maximum value.   

At the same time, the larger is the value of the relative electric potential generated on the 
surface of the piezoelement undergoing deformation, the more effective is its performance in 
the structure. Hence, the location of the piezoelement on the surface of the structure, provid-
ing the generation of the maximal electric potential, is considered to be optimal.  

In turn, as the value of the relative electric potential is specified by the degree of the pie-
zoelement deformation, it should correlate with the value of the relative strain energy in the 
zone of piezoelement location. This observation has been supported in work [14] for plane 
objects in the form of plates.   

In the present work, we have calculated the electromechanical coupling coefficient and de-
termined the value of the relative electric potential and the value of the integral J , which cha-
racterizes the damping energy in the zone of peizoelement location defined by the distribution 
of the strain   over the surface of the structure under the piezoelement.  rε

The coefficient of the electromechanical coupling is the absolute quantity in contrast to the 
electric potential and strain energy, which are the relative quantities. This allows us to make a 
qualitative comparison of the obtained results. 

3 NUMERICAL RESULTS 

In this study we investigate a thin-walled shell in the form of a half cylinder having the fol-
lowing dimensions: 76 , 300 , 0.25R mm L mm h mm= = =

30.3; 7700 /

 (fig.1). The shell was made of the 
elastic isotropic material displaying the following physic-mechanical characteristics: 

111.96 10 ;E Pa= ⋅ kg mν ρ= = . The piezoelement was made of PZT-4 ceramics in 
the form of a ring segment, the physic-mechanical characteristics of which are given below in 
the cylindrical coordinates   

10 2
11 13 5 10.C N= ⋅ m 10 2

12 13 7 43 10.C C N m= = ⋅ 10 2
23 7 78 10.C N= ⋅ m

10 2
22 33 13 9 10.C C N m= = ⋅ 10 2

44 66 2 56 10.C C N m= = ⋅ 10 2
55 3 06 10.C N= ⋅ m

2
21 31 5 2. C mβ β= = − 2

11 15 2. C mβ = 2
42 63 12 7. C mβ β= =

9
22 33 6 45 10.э э F m−= = ⋅ 9

11 5 62 10.э F m−= ⋅  37500 Kg mρ =
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and has dimensions: r =76.25 mm, ϕ =15.080, h=1.2 mm. 
The upper and lower surfaces of the piezoelement are electroded and the polarization axis 

is aligned with the r -axis. The shell is rigidly clamped at the ends and freely supported at the 
generating line. (fig.1). 

piezoelement 

Figure 1: Schematics of the  connected piezoelement 

Let us estimate the efficiency of piezoelement performance using only two parameters: the 
value of the relative electric potential generated on the surface of the piezoelement under de-
formation and the value of the electromechanical coupling coefficient.  

The optimal location of the piezoelement was determined by the scanning method using 
the previously proposed approach [13-14], which is based on solving the natural vibration 
problem.  

Figure 2: The directions of angular (φ ) and length-wise (z.) variations in the coordinates of the piezoelement 
mass center. 

To this end, a series of computations was performed for different variants of piezoelement 
location, which was determined by the angular and transverse coordinates of its mass center 
(fig.2). The range of angular variation of the coordinate is [10 ,170 ]ϕ ∈ ° °  with a step of 
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10˚.The range of length-wise variation of the coordinate is [25,275]z∈  mm with a step of 
25mm. 

Figure 3 presents the shape of the first eigenmode of the system. 

(а) (b) 
Figure 3: The first vibrational eigenmode. 

(а) (b) 

Figure 4: Distribution of the values of the relative electric potential values (a) and electromechanical coupling 
coefficient (b) for the first vibrational mode of the shell. 

Figure 4 presents images of the distributions of the computed relative electric potential 
(fig.4, a) and electromechanical coupling coefficient (fig.4,b) for the first vibration mode, 
which are used as the criteria of finding regions for the optimal location  of the piezoelement 
on the shell surface.  

To demonstrate this more clearly, the surface of the shell is unrolled onto a plane- the an-
gular coordinate φ is laid off along the x-axis, and longitudinal coordinate z is laid off along 
the y-axis.  

The analysis of the relative electric potential distribution (fig.4,а) allows us to conclude 
that the piezoelement performs at its best in the case when its mass center is located at the 
point with coordinates φ = 90˚, z = 150 mm. 

Figures 4(a) and 4(b) demonstrate a complete qualitative agreement between the results of 
calculation with respect to two different parameters - electric potential and electromechanical 
coupling coefficient, which allows us to draw a conclusion about the equivalency of both pa-
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rameters for deciding the question of optimal location of the piezoelement on the structure 
surface.  

It should also be emphasized that the images of the distribution of the above parameters 
(the relative electric potential and electromechanical coupling coefficient) qualitatively corre-
late with the vibration mode: the points, at which the relative electric potential has the highest 
values coincide with the convexity points (points of maximal displacement amplitudes) of the 
vibration mode. 

Note that for the shell frequencies from the second to the fourth order one can observe the 
same picture of distributions of the relative electric potential and electromechanical coupling 
coefficient, which determine the regions of optimal location of the piezoelement on the shell 
surface.   

(а) (b) 
Figure 5: The eighth vibrational eigenmode of the shell. 

(а) (b) 

Figure 6: The distribution of the values of the relative electric potential (a) and the electromechanical coupling 
coefficient (b) for the eighth vibrational eigenmode of the shell. 

As another constitutive parameter we used the eighth mode of the shell, which is shown in 
fig.5. It also presents the results of computation of the relative electric potential (fig.6,a) and 
the electromechanical coupling coefficient (fig.6,b) for the mode of vibration  which specifies 
the regions of optimal location of the piezoelement. As is evident from the figure, the correla-
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tion between the distributions of the above parameters and vibrational mode of the shell is ra-
ther good.      

According to the results displayed in fig. 6 (a, b) for the eighth vibrational mode, there are 
4 optimal zones for the location of the piezoelement. For these zones the coordinates of the 
piezoelement mass center are as follows: φ=50˚, z=87.5mm; φ=50˚, z=212.5 mm; φ=130˚, 
z=87.5mm; φ=130˚, z=212.5 mm. At the same time the situation, similar to the one in fig. 6, 
is observed for the vibration frequencies of the shell from the fifth to the eighth one. 

From the comparison of the results of computation presented in fig. 4and 6 it can be in-
ferred that the location of the piezoelement such that its subsequent connection to the external 
electric circuit can provide effective damping of the vibrations at the first frequency, proves to 
be improper for damping vibrations at the eighth frequency and vice versa, the piezoelement 
location being optimal for damping of the vibration at the eighth frequency will fail to provide 
good performance of the piezoelement at the first frequency.     

4 CONCLUSIONS 

• In this paper, we have considered and verified the possibility of applying the natural vi-
bration problem for electroviscoelastic bodies for optimization of smart structures based
on the identification of appropriate zones for piesoelement location such that ensures the
generation of the maximal relative electric potential at the corresponding vibrational
mode.

• It has been shown that the results  of determining the best location of the piezoelement on
the structure surface providing a maximum increase in the efficiency of its performance
based on the values of the relative electric potential generated at the electroded surfaces
of the piezoelement and the electromechnical coupling coefficient are equally applicable
for this particular optimization problem.  The advantage of using the electromechanical
coupling coefficient is that the computation yields its true values compared to the electric
potential, the values of which are evaluated up to a factor. However, the latter criterion
has one essential disadvantage - the necessity of performing two times as many calcula-
tions  because  of the need to  determine the eigenfrequencies for two regimes - open cir-
cuit and short circuit regimes.  In contrast, the value of the electric potential for each
location can be obtained from a single computation run, namely in the open circuit re-
gime.

The work supported by RFBR (projects № 15-01-03976, 14-01-96003 r-ural_a,) and UB 
RAS complex program (project 15-10-1-18). 

REFERENCES 

[1] N.W. Hagood, A. von Flotow, Damping of structural vibrations with piezoelectric mate-
rials and passive electrical networks. Journal of Sound and Vibration 146(2), 243–268, 
(1991). 

[2] Crawley E.F., de Luis J. Use of Piezoelectric Actuators as Elements of Intelligent Struc-
tures// AIAA Journal, 25(10), 1373–1385, 1985. 

[3] S. Venna, Y.-J. Lin. An Effective Approach for Optimal PZT Vibration Absorber 
Placement on Composite Structures, Modern Mechanical Engineering 3, 21-26, 2013. 

1928



Nataliya A. Iurlova, Valerii P. Matveenko, Dmitriy A. Oshmarin at all 

[4] V. Gupta, M. Sharma, N. Thakur. Optimization Criteria for Optimal Placement of Pie-
zoelectric Sensors and Actuators on a Smart Structure: A Technical Review, Journal of 
Intelligent Material Systems and Structures, 21(8), 1227-1243, 2010. 

[5] F. Bachmann, A.E. Bergamini, P. Ermanni. Optimal piezoelectric positioning a strain-
energy based finite element approach, Journal of Intelligent Material Systems and 
Structures, 23(14), 1575–1591, 2012. 

[6] J.C. Bruch Jr., J.M. Sloss, S. Adali and I.S. Sadek, Optimal piezo-actuator loca-
tions/lengths and applied voltage for shape control of beams. Smart Mater. Struct. 9, 
205-211, 2000. 

[7]  V.M.F. Correia, M.A.A Gomes, A. Suleman, C.M.M. Soares, C.А.M. Soares, Model-
ling and design of adaptive composite structures. Computer Methods in Applied Me-
chanics and Engineering, 185(2-4), 325-346, 2000. 

[8]  V.M.F. Correia, C.M.M. Soares, C.А.M. Soares, Refined models for the optimal design 
of adaptive structures using simulated annealing. Composite Structures, 54(2-3), 161-
167, 2000. 

[9] P. Kostka, K. Holeczek, W. Hufenbach, Structure-integrated Active Damping System: 
Integral Strain-based Design Strategy for the Optimal Placement of Functional Ele-
ments. International Journal of Composite Materials. 3(6B), 53-58, 2013. 

[10] R.E. Holman, S.M. Spencer, E.M. Austin, C.D. Johnson, Passive damping technology 
demonstration, SPIE, 3045(1), 51-59, 1997. 

[11] J.J. Hollkamp, R.W. Gordon, An experimental comparison of piezoelectric and con-
strained layer damping, Smart Mater. Struct., 5, 715–722, 1996. 

[12] S. Wu, T.L. Turner, S.A. Rizzi, Piezoelectric shunt vibration damping of F-iS panel un-
der high acoustic excitation, SPIE, 3989(2), 276-287, 2010. 

[13] V.P. Matveenko, E.P.Kligman, N.A. Yurlova, M.A. Yurlov, Simulation and optimiza-
tion of dynamic characteristics of piezoelectric smart structures. Physical Mesomechan-
ics, 15(3–4), 190-199, 2012. 

[14] N.V. Sevodina, N.A. Yurlova, D.A. Oshmarin, The optimal placement of the piezoelec-
tric element in a structure based on the solution of the problem of natural vibrations. 
Solid State Phenomena, 243, 67-74, 2015. 

[15] M. A. Trinidade, A. Benjeddou, Effective electromechanical coupling coefficients of 
piezoelectric adaptive structures: critical evaluation and optimization. Mechanics of 
Advanced Materials and Structures, 16(3), 210-223, 2009. 

1929



 

ECCOMAS Congress 2016 
 VII European Congress on Computational Methods in Applied Sciences and Engineering 

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.) 
Crete Island, Greece, 5–10  June 2016 

DETERMINATION OF OPTIMAL PARAMETERS FOR A PASSIVE 
RL-CIRCUIT BY SOLVING THE PROBLEM ON NATURAL 

VIBRATIONS OF ELECTROELASTIC BODIES 

Maksim A. Yurlov 1, Valerii P. Matveenko2, Dmitriy A. Oshmarin2,  
Nataliya V. Sevodina2, Nataliya A. Iurlova2 

1 Institute of Continuous Media Mechanics of the Ural Branch of RAS 
Acad. Korolev str., 1, Perm, 613013 Russia 

e-mail: yurlovm@icmm.ru 

2 Institute of Continuous Media Mechanics of the Ural Branch of RAS 
Acad. Korolev str., 1, Perm, 613013 Russia 

e-mail: mvp@icmm.ru, oshmarin@icmm.ru, natsev@icmm.ru, yurlova@icmm.ru 

Keywords: Electoelasticity, External electrical circuit, Piezoelement, Natural vibrations, 
Damping, Numerical modeling. 

Abstract. The use of  elements made of piezoelectric materials and connected to external 
passive electric RLC-circuits is one of the effective ways of damping the vibrations of struc-
ture elements. The key problem for this technique  is identification of optimal parameters for 
the elements of the external circuits, which can provide  maximal damping of a single mode 
or simultaneous damping of several modes. In this study, based on the mathematical formula-
tion of the natural vibration problem for electroelastic bodies with external electric circuits 
we have developed an approach for evaluating the parameters of the external RL-circuit 
which can provide maximal damping of the particular vibration modes. A criterion for deter-
mining  the external circuit parameters has been proposed based on the analysis of the ob-
tained vibrational complex eigenfrequencies. For implementation of the proposed approach a 
finite-element algorithm has been constructed using the commercial ANSYS software package. 
A series of numerical experiments have been carried out for e few objects to test the perfor-
mance of the developed technique. 
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1 INTRODUCTION 

Damping capacity of materials, namely their ability to absorb vibrations, plays an im-
portant role in the dynamic behavior of structures [1]. A qualitative estimate of dissipative 
properties of structures generally relies on the results of solving two problems. The first prob-
lem deals with consideration of natural vibrations. Here the system dissipation manifests itself 
as vibration damping and the rate of damping qualitatively evaluates the dissipative properties 
of the system. The second problem is concerned with the forced steady-state vibrations. In 
this case, the dissipative properties of the system reveal themselves in the restriction of reso-
nance amplitudes. 

A search for optimal structures with maximal damping capacity using the numerical simu-
lation methods requires heavy computation. On the one hand, it is necessary to investigate the 
influence of parameters on the damping properties of the system in the examined range of vi-
brations. On the other hand, one needs to analyze the behavior of the structure in a certain 
range of dynamic actions for each combination of these parameters. In the case of natural vi-
bration this implies finding solution to the dynamic problem under different initial conditions, 
whereas in the forced vibration problem it is necessary to find solution to the examined prob-
lem for different loading regimes in the specified frequency range of vibrations.  

An alternative to the above approaches, including the method of solving the optimization 
problem is the problem of natural vibrations allowing us to estimate damping properties of 
the system, irrespective of external force impacts, kinematic and other actions. In this case the 
eigenfrequencies are the complex quantities. Their real parts are the frequency and the imagi-
nary parts are the damping ratio (the damping rate) of natural vibrations.  

The object of investigations is a piece-wise homogeneous body composed of elastic and 
viscoelastic elements. The dissipative properties and resonance frequencies of the system can 
be controlled by the mechanical properties of the material, geometrical parameters of the sys-
tem and boundary conditions. The employment of new materials in structure, for example 
functionally graded materials (smart-structures) makes it possible to extend the list of control 
parameters. 

In the present paper, we consider complex structures, the elements of which are made of 
piezoelectric material. A distinctive feature of the structure is that the electroded surfaces of 
piezoelectric elements are located at certain points of the structure and connected via external 
electric circuits, comprising a resistor, (resistance), inductor (inductance) and capacitor (ca-
pacitance),  to zero potential point.  

The piezoelectric elements coupled with a shunt circuit and connected to a mechanical 
structure serve as the devices that provide energy dissipation provoking thus additional damp-
ing of vibrations [2].  

The available literature gives a comprehensive description of the applications of shunt 
technique for damping vibrations of space structures and helicopter blades, suppressing the 
nonlinear supersonic panel flutter, controlling the mode shapes, damping the telescope vibra-
tions, turbomachinery blade vibrations, reducing the level of noise in vehicles, suppressing 
the echo reflected from submarines  and vibrations of computer disc drives, etc.  

The use of shunt circuits offers some advantages over the traditional methods of damping 
the mechanical vibrations. Among these is the ease of arranging the external electric circuits 
generated by a set of standard electronic elements. Sometimes installation of additional elec-
tronic elements or power sources is not required at all and, in a few particular cases there is 
no need in feedback sensors. Furthermore, from the viewpoint of stability and reliability the 
proposed approach compares favorably with other techniques because it does not require the 
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incorporation of complicated digital processors and in many situations the development of 
parametric models for designing new vibration damping systems is not necessary either [1].   

The simplest shunt circuit is the connection of a resistive element (resistor) via the elec-
trodes. Although the first reference to this method was made in work [3], the idea of vibration 
damping with the aid of shunting by external electric circuits was attributed to Hagood and 
von Flotow [4], who showed that a series -connected RL-circuit can essentially weaken a sin-
gle vibration mode [5].  

From a mechanical standpoint it can be said that the RLC-circuits play the part of external 
elastic and viscoelastic elements. In the context of such formulation the calculated complex 
eigenvalues  determine the frequencies of natural vibrations and damping ratios. The complex 
frequencies and eigenmodes depend not only on the structural and engineering characteristics 
of shell systems but also on the parameters of piezoelectric elements, their arrangement 
schemes and characteristics of the external circuits comprising a resistors, inductor and capac-
itors. Targeted variation of these parameters  allows one to optimize the resonance frequen-
cies and damping ratios    

2 MATHEMATICAL STATEMENT OF THE PROBLEM  

A complete mathematical statement of the problem for electroviscous piecewise-
homogeneous bodies is given in work [6].  

The variational equation of motion for a body consisting of elastic and piezoelectric 
elements is formulated using the relations of the linear elasticity theory and quasi-static 
Maxwell equations [1, 7-8]:   

( ) ( )
1 2

0
i

el

ij ij i ij ij i i i i i i e
V V

u u dV D E u u dV u Pd q d
σ

σ δε ρ δ σ δε δ ρ δ δ δϕ
Ω Ω

+ + − + − Ω− Ω =∫ ∫ ∫ ∫   (1) 

Here, 
el

eq dδϕ
Ω

Ω∫  - is the work done by the external electric circuit, D , E  – are the vectors 

of the electric inductance and electric field strength; ijσ  – the components of a symmetric 

Cauchy stress tensor, ( ); ;
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2i j i j j iu uε = +  – are the components of the tensor of linear defor-

mations, iu  – are the components of the displacement vector, iP  - are the components of the 

load vector, eq  and ϕ  are the surface charge density and electric potential, 1V  is the volume 

of the elastic and viscoelastic parts of the body, elΩ  is the surface that bounds the body of 

volume 2V .  Equation (1) is written in terms of the rectangular Cartesian coordinates.  

For the electric field the condition of equipotentiality is fulfilled: ,i iEϕ = − . 

For isothermal processes in linear electroelastic media the following physical relations 
hold true: 
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Here ijklC  is the tensor of elastic constants, ijkβ  and kie  are the tensors of piezoelectric and 

dielectric coefficients. For viscoelastic materials the tensor of elastic constants ijklC  in rela-

tion (2) can be replaced by the corresponding viscoelastic operator [9-11]. 
In the electroelastic problems the boundary conditions can be divided into two groups: me-

chanical and electrical conditions. In the natural vibration problem the mechanical boundary 
conditions are written as  

: 0ij jS nσ σ = , : 0n iS u = ,     (4) 

where nS S Sσ= +  is the surface that bounds the volume V  of the examined body. 

The formulation of the physically realizable electrical boundary conditions depends on the 
way of electrical energy supply to a piezoelectic element. Both, the supply and release of en-
ergy from the deformed piezoelectric element is carried out via the electroded coatings ap-
plied to some parts of the body surface. They are assumed to be ideal conductors having 
negligible mass. Coating of the body surface elΩ  with a thin current conducting layer 

( electroding) ensures its equipotentiality.   

el el

el
e eq d q d Qδϕ δϕ δϕ

Ω Ω

Ω = Ω =∫ ∫    (5) 

Here elQ  is the total electrode  charge. 
The numerical implementation of the stated variational problem  is carried out by the finite 

element method using the commercial ANSYS software package. 

3 NUMERICAL RESULTS 

The object of our investigation is a cantilevered plate, the surface of which is coupled with 
a piezoelement and external series-connected RL-circuit shunting its electroded surfaces 
(fig.1). The plate measures 210x26x0.6 mm and the piezoelectric element measures  
50x20x0.36 mm. The piezoelement is located 12mm away from the edge of the plate and 
symmetrically about its axis of symmetry.  

The plate is made of viscoelastic material with the following mechanical characteristics: 
bulk modulus – B =167.7 GPa, instantaneous shear modulus – G =76.923 GPa, loss tangent 
for the shear modulus G - 0 01.δ = , specific density - 7800ρ =  kG/m3. The piezoelement is 
made from piezoceramics PZT-4-z [1] and polarized along the z-axis. The plate and 
piezoelement are perfectly bonded. 

The numerical analysis was carried out for the following structures: the plate taken alone, 
the plate with the piezoelement connected to its surface, the plate with the piezoelement and 
external series-connected RL-circuit (fig.1,a), the pezoelement by itself with the external elec-
tric circuit connected to its electroded surfaces (fig.1,b).   

Table 1 presents the values of the first eight eigenfrequencies of the plate with the 
piezoelement Rω  and the values of the damping ratio Iω . Note that that column 2 includes 

the values of eigenfrequencies obtained in the open circuit (o/c) regime and the column 3 in-
cludes the values obtained in the short circuit ((s/c) regime. 

The developed software package for computing the vibrational eigenfrequencies of 
electroviscoelastic structures connected to the external electric circuit was used to calculate 
eigenfrequencies of the examined objects at different values of the resistance  R and induct-
ance L of the external electric circuit. 
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  a       b 

Figure1: Computational scheme; (a) the plate with piezoelement and external series-connected RL- circuit 
(system), (b) the peizoelement with external electric circuit connected to its electroded surfaces (electric circuit). 

 
 
 
№  

Eigenfrequencies  of vibrations 

Plate 

R Iiω ω ω= +  

Plate with 
piezoelement in 

o/c regime 

R Iiω ω ω= +  

Plate with 
piezoelement in s/c 

regime 

R Iiω ω ω= +  

Plate with 
piezoelement and ex-
ternal electric circuit  

(R=100 ohm, L=1000 
(H) 

R Iiω ω ω= +  

 1 2 3 4 
1 11.239 - 0.0473i 13.860 - 0.0490i 13.576 - 0.0467i 13.548 - 0.0464i 
    47.347 - 0.04089i 
2 70.396 - 0.297i 72.334 - 0. 290i 72.149 - 0.2895i 72.472 - 0.2889i 
3 177.707 - 0.879i 198.325 - 0. 795i 197.899 - 0.7906i 198.351 - 0.7951i 
4 197.271 - 0.830i 204.451 - 0. 874i 204.451 - 0. 8737i 204.451 - 0. 8737i 
5 387.268 - 1.622i 404.159 - 1.542i 399.795 - 1.5119i 404.220 - 1.5421i 
6 477.558 - 2.064i 489.406 - 2.021i 489.406 - 2.0215i 489.406 - 2.0214i 
7 537.424 - 2.649i 584.108 - 2.472i 584.108 - 2.4717i 584.108 - 2.4717i 
8 641.704 - 2.672i 674.968 - 2.509i 665.456 - 2.4730i 675.018 - 2.5088 i 

Table 1: Spectrum of the system eigenfrequencies 

The piezoelectric element possessing the capacitance properties form together with the ex-
ternal electric circuit the electric oscillatory circuit (fig. 1,b).  

In the case when the external electric circuit is connected to the plate with piezoelement, 
this leads to the appearance of additional frequency in the spectrum of eigenfrequencies. The 
value of this frequency is determined by the values of R and L.   

Since the piezoelectric elements are the reversible mechanical- to- electric transducers, i.e., 
the devices capable of converting the mechanical energy into the electrical energy and vice 
versa, a coincidence of the structure vibration frequency with  the frequency of the electric 
oscillatory circuit causes a maximum amount of the mechanical vibration energy to convert 
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into the electrical energy and dissipate in the external electric circuit. Therefore, to provide 
effective damping of the structure vibrations it is necessary to determine such values of the 
parameters of the external RL–circuit, at which the eigenfreqiecies of the structure and elec-
tric circuit coincide.    

For our investigation we used the scanning method, which implies variation of the sought-
for optimization parameters (the values of the inductance L and resistance R) with the aim to 
find the values, which could provide the maximum damping ratio of the plate with piezoelec-
tric element and external electric circuit.  This method allowed us to investigate  the depend-
ence of the normal eigenfrequencies of the examined structure (fig.1,a) first of al on the value 
of inductance of the external electric circuit L, and then on the value of the resistance of the 
external electric circuit R for the evaluated optimal (providing close coincidence of 
eigenfrequencies of the plate with piezoelement and electric oscillatory circuit) value of the 
inductance L. 

Figure 2 shows the dependence of eigenfrequency of the plate with embedded 
piezoelement and external electric circuit in the vicinity of the first eigenfrequency of the 
plate with piezoelement on the value of the inductance L at a small constant value of the re-
sistance, for example at R=10 Ohms. In the figure, 1Rω , Reω  denote the eigenfrequencies of 

the plate with the piezoelement and electric circuit, respectively, and 1Iω , Ieω  denote the cor-

responding damping ratios.   
Figure 2 demonstrates a highly pronounced effect of convergence of frequencies 1Rω , 

Reω in the range of the inductance L=10000 ÷ 20000 H. At some value of the inductance L=Lr 

(in our calculations Lr ~ 12000 H) one can observe a maximal convergence of frequencies and 
a sharp change (in modulo) of the damping ratios: decrease of 1Iω  and increase of Ieω . 

The obtained results show that the inductance L has an essential effect on the value of 
eigenfrequency of the electric circuit Reω  in the eigenfrequency spectrum of  the system con-

sisting of the plate with piezoelement and external electric circuit. It provides a shift and con-
vergence of the eigenfrequency of the plate with piezoelement with the eigenfrequecy of the 
electric circuit. 

Figure 3 shows how the resistance R affects the eigenfreqiencies of the system comprising 
the plate with piezoelement and external electric circuit in the vicinity of the first vibrational 
eigenfrequency of the plate with piezoelement at the evaluated constant optimal value of the 
inductance Lr = 12000 H.     

As it is seen from fig.3, the frequencies of the electric circuit and the plate with 
piezoelement remain unchanged up to a certain value of the resistance R. 

A convergence of the vibration frequencies 1Rω , Reω  and a sharp increase (in modulo) of 

damping ratios 1Iω , Ieω take place in some range of resistance (R=300 ÷ 800 kOhms). In our 

calculations the closest coincidence of frequencies 1Rω , Reω  occurs when the value of the op-

timal resistance is Rr ~ 400 kOhm. 
Further, with increasing resistance the frequency of the electric circuit reduces up to zero, which 

suggests the absence of circuit vibrations  and the eigenfrequecy of the plate with piezoelement 
changes to the value of frequency in the o/c regime, which implies the absence of shorting the 
electroded surfaces of the piezoelement. 

Figure 4 illustrates the behavior of the imaginary parts of the first eigenfrequency of the 
plate with piezoelement in the vicinity of the values of parameters L and R, at which damping 
of the vivbrations occurs at the maximum rate. The values of the external circuit parameters L 
and R, at which the imaginary part of the eigenfrequencies of the plate with piezoelement 
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reaches its maximum value are just the values, which are optimal for damping the vibrations 
of the system at these frequencies. 

 
Figure 2: The influence of the value of inductance L (R=10 Ohm) on the first eigenfreqiency of the system 
consisting of the plate with piezoelement and external series-connected RL-circuit. 

 
Figure 3: The influence of the value of resistance R (L=12000 H) on the first eigenfreqiency of the system 
consisting of the plate with piezoelement and external series-connected RL-circuit. 
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Figure 4: The behavior of the imaginary part of the first eigenfrequency of the plate with piezoelement 

Figure 5: Computational scheme for determining the ampltude-frequency characteristics of the system. 

Based on the optimal values of the parameters for the external electric circuit (L=11198 H, 
R=402493 Ohm) calculated for the first resonance frequency of vibrations we constructed the 

amplitude-frequency characteristics of the displacements sU  ( 2 2 2
s x y zU U U U= + + ) of point 

A on the cantilever part of the plate (fig.6) in the range of the first four resonance frequencies 
produced by the action of external axial harmonic forces X Y ZP P P= = =0.01 N applied to the 

angular point on the simply supported end of the plate (as shown in fig.5). Here the dashed 
line shows the AF characteristics of the plate with piezoelement and without the external 
electric circuit. The difference in the AF characteristics is observed only in the vicinity of the 
first resonance. 

510R ⋅  410L ⋅  
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Figure 6: The amplitude-frequency characteristics of the plate with piezoelement and external electric cir-
cuit (fig. 5) in the range of the first 8 resonance frequencies in the case of tuning the electric circuit to the 
first resonance frequency. 

As it is seen from the fig.6, a reduction of the displacement amplitude sU  at the free angu-

lar point A on the cantilever part of the plate at the first resonance frequency is - by a factor 
of 11.47. Note that in this case there is no change in the displacement amplitude sU at other 

resonance frequencies (coincidence of the solid and dash lines in fig.6).  

4 CONCLUSIONS  

• The paper considers the problem of modeling and optimizing the dynamic characteristics, 
namely the resonance frequencies and the parameters characterizing the damping proper-
ties of the systems embedding piezoelectric elements in the presence of external electric 
circuits including resistance and inductance elements.  

• A method for determining the optimal parameters of the external electric circuit, which 
will provide the maximal suppression of particular vibration frequencies has been devel-
oped based on the solution of the natural vibration problem for electro-viscoelastic bodies 
with external electric circuits.  

• Numerical examples have been discussed to demonstrate the efficiency of using the prob-
lem of natural vibrations of electro-viscoelastic bodies with external electric circuits for 
optimization of damping properties of systems made on the basis of pizoelectric materials.   
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• It has been shown that the natural vibration problem is more effective than the problem of 
forced steady-state vibrations, since the obtained complex values of eigenfrequencies are 
the system characteristics, which do not depend on the type and method of external load 
application, which essentially reduces the computation time.  

• It has been found that the imaginary part of the complex eigenfrequencies is the parameter, 
which characterizes the vibration damping ratio at the specified parameters of the external 
electric circuit.   

The work was supported by the Russian  Foundation for Basic Research (in the framework 
of projects № 16-31-00094-young_a, 15-01-03976-a, 14-01-96003 r_ural_a).  
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Abstract. Computational modelling of biomedical applications has gained significant mo-
mentum in recent years, in part to meet demands related to recent technical advancements in 
manufacturing of personalized biomedical equipment. However, our understanding of me-
chanics of biological tissues, their properties and performance as well as their interaction 
with biomedical equipment still remains limited. This is a result of multiple factors, most im-
portant being a hierarchical and heterogeneous nature of biological tissues, non-trivial load-
ing and environmental conditions to which they are exposed as well as multi-disciplinary 
nature of the systems involved.  

This paper presents an overview of the latest research activities and achievements in the area 
of mechanics of biomaterials and tissues at Loughborough University, UK. It covers various 
types of biological materials and tissues – both hard (bones) and soft (muscles, etc.) – that 
have been studied in previous studies [1-4] at various spatial and temporal domains. These 
studies laid a foundation for development and implementation of advanced computational 
modelling of mechanics of these biological tissues at different stages (healthy, diseased and 
traumatic conditions) and for several areas of biomedical applications (injury prevention, 
wound care and rehabilitation). Performed numerical simulations, on the one hand, elucidate 
processes of deformation of biological tissues and, on the other hand, provide solutions for 
design and optimization of medical and rehabilitation procedures and devices. This work un-
derpins a unique partnership between engineers, clinics and rehabilitation centres in UK 
aiming to transfer the latest scientific and technological advancements into personalized bio-
medical applications using computational schemes and tools.  
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1 INTRODUCTION 

Every year approximately 6,000 major limb amputations are performed in England accord-
ing to the National Health System [5]. The clinical practice after an amputation involves a 
long period of physiotherapy and rehabilitation that requires the use of prosthesis. The main 
function of prosthesis for amputee is to substitute a missing part of the body with an artificial 
device that restores structure and functionality to the maimed musculoskeletal system caused 
by a limb loss.  

During the initial rehabilitation stage, routine wound-healing techniques are usually inca-
pable of achieving complete wound closure. Therefore, advanced wound-care methods are 
applied. The care of complex wounds is one of the most significant challenges for healthcare 
systems today. In an ideal scenario, residual extremity is covered with well-vascularized mus-
cles, fascia and skin. However, in the case of traumatic amputation, the remaining skin struc-
ture is not always sufficient to fully cover the operation area, and it is therefore difficult to 
dress the wounded area [6-9]. To overcome this problem, a negative-pressure wound therapy 
(NPWT) is applied to (a) protect the open-wound area from infection instead of using conven-
tional dressing and (b) promote the healing process [10].  

NPWT has become a significant part of modern wound care and is used routinely in hospi-
tals throughout the world. It involves controlled application of sub-atmospheric pressure to a 
wound bed through a wound filler (foam or gauze) placed in the wounded area [11]. The 
wound is then sealed with an adhesive drape that allows pressure to be applied and helps to 
provide a moist environment supporting the wound healing. The wound filler and drape pro-
tect the wound bed from bacteria and other contaminants and reduce a risk of friction or shear 
as well as other bodily fluids, enhancing the body’s ability to heal [12]. Sub-atmospheric 
pressure removes an exudate and promotes healing in various ways.  

After a successful wound healing, the next rehabilitation step for the amputee is to wear 
prosthesis. A typical lower-limb prosthesis is composed by four principal components: a 
socket, a suspension mechanism, a pylon providing the anchor point for a prosthetic foot. The 
socket is the most important factor for a successful prosthesis design because it acts as an in-
terface between the residual and the artificial limb. The main function of the socket is to 
transmit forces during the ambulation, assure prosthesis stability, hold and protect the residual 
limb. Currently, the socket design and manufacture still relies on an artisanal process, which 
is non-standard and non–repeatable resulting in non-predictable performance [13, 14]. From a 
patient’s point of view, the most important functionality of the socket is its usability, where a 
socket should provide the wearer at least the stability and comfort during day-to-day wearing. 

Instead of using a socked-based prosthesis approach, another method to replace the limb 
loss could be the use of an osseointegrated implant [15]. A successful use of such an implant 
relies on structural integrity of tissues surrounding the bone, which is subjected to a continu-
ous remodelling process [16]. The investigation of this process is important to predict and im-
prove bone adaptation after amputation. Human bone, as one of the most functional tissues in 
the body, exhibits the ability of restructure itself in responding to mechanical as well as meta-
bolic stimuli, adjusting its internal structure and external shape. Although numerous computa-
tional models have focused on a fracture healing process, few studies have investigated the 
bone-remodelling process after lower limb amputation. [16].   

In the past decade computational modelling has become increasingly popular in the field of 
biomechanics thanks to exponentially growing computer power [17]. In order to reach the 
goal of an individualised model, a set of tools including medical imaging, image acquisition 
and processing, mesh generation, material modelling and finite-element simulation becomes a 
necessity. The field of biomechanics suffers from one very severe restriction: in general, it is 
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not possible for ethical reasons to measure forces and pressure within the human body. Thus, 
a typical measurement technology in biomechanics works on the interface between a body 
and its environment. The only possible way to address this challenge is to develop realistic 
biomechanical models of the human body, which can adequately predict mechanical behav-
iours of the tissues [17]. For this purpose, the developed computational models are provided 
as a framework allowing an insight into the analysis of mechanical interaction between tissues, 
wounded area and biomedical devices. 

The aim of this paper is to give a better understanding of healing, recovery and remodel-
ling processes at various stages of rehabilitation period after a lower limb amputation. 

2 MATERIALS AND METHOD 

Three finite-element models were developed in order to observe (i) the effects of negative 
pressure healing therapy after trans-femoral amputation, (ii) pressure distribution acting on 
transtibial residuum during daily activities, and (iii) prediction of a bone-remodelling process 
that occurs after the transtibial amputation. For the purpose of creating more realistic geome-
try in the three models, CT-scan-based image data for human legs containing bones and soft 
issues (including skin, fat, muscle, tendon and ligament) were obtained. The acquired geome-
tries were imported into ABAQUS 6.14 software for individual finite-element analysis of 
each model.  

2.1 Model of negative pressure wound therapy  

NPWT involves a controlled application of sub-atmospheric pressure to a wound bed 
through a wound filler (foam or gauze), placed in the wound. The developed model contains 
three main domains: a rigid bone structure, a soft tissue with a wounded area (12 mm in depth) 
located at the distal region of the residual limb and wound filler modelled as polyurethane 
foam. The soft tissue including muscles, fat and skin was modelled as a single bulk elastic 
material.  

In a human anatomic structure, all layers appear more or less tied to their neighbours by 
network of infiltrating collagen fibres (although some can be identified more easily than oth-
ers). Hence, epidermis, dermis, hypodermis, muscles, tendons and bones are all embedded in 
a same continuous collagenous network. Therefore, a tie constraint was defined between a 
lateral surface of the bone and muscles. However, a lower part of the bone was not tied to the 
muscle to present a result of the amputation process. Meanwhile, the filler and the soft tissue 
were tied to each other in order to obtain integrity between them during the negative pressure 
application. A drape on top of the filler is neglected to simplify the geometry.  

A choice of the element type for finite-element meshing procedure depends on a type of 
analysis to be performed and an expected level of precision [18].Nodes of the model were ar-
ranged according with the most stressed regions expected. A 10-node quadratic tetrahedron 
(C3D10) element type was defined, as shown in Figure 1. 

The model aims to simulate application of the negative pressure wound therapy in a trans-
femoral amputee. At this stage, a fluid removal process was neglected in order to create a 
more simple approach. Different negative pressure levels of 70 mmHg, 110 mmHg, 125 
mmHg and 150 mmHg were applied within the wounded tissue area and the top of the filler.  

2.2 Model of pressure distribution in residuum 

The finite element model was composed by four parts: resected bones (tibia and fibula), 
soft tissue, liner and prosthetic socket. While the residuum geometry came from segmentation 
process, the prosthetic components were designed individually. The liner was modelled with a 
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digital wrapping technique resulting in a constant wall thickness equal to 6 mm to simulate a 
market available product [Iceross Comfort - Össur's Reykjavik Iceland]. 

 

 
Figure 1: Top, bottom and front views of meshed geometry used in NPWT model 

The same approach was followed in prosthetic socket modelling. The bottom end of the 
socket was combined with a disk having 50 mm height and 60 mm diameter aligned with tibi-
al axis for socket/prosthetic limb adapter. Bones and socket parts were assumed to be linear-
elastic, homogeneous and isotropic having Young’s moduli of 15GPa and 1.3GPa respectively 
and Poisson ratio of 0.3. Residuum soft tissues and liner materials used in the analysis were 
assumed to be hyper-elastic, homogeneous and isotropic. An Ogden’s strain-energy-function 
model was applied to the soft tissues and the liner in order to model the nonlinear behaviour 
of isotropic rubber-like material behaviour [19]. 

Coefficients of the Ogden’s model describing hyper-elastic mechanical behaviour of the 
soft tissues were evaluated by fitting the experimental stress-strain curve of passive muscle 
behaviour investigated by Calvo et al. [20]. The prosthetic liner was assumed made of silicon 
rubber according with the manufacturer’s description. The Ogden’s model was then applied 
fitting the stress-strain curve based on experimental data shown in Sanders et al. [21]. 

All the domains were free-meshed with 10-node quadratic tetrahedral elements type 
(C3D10). A pin encastre boundary condition (U1=U2=U3=0) was applied on the tibia plate, 
while a single vertical force equal to a half body weight (370 N) was applied on the lower sur-
face of the socket/prosthetic limb adapter simulating a stance scenario. The main features of 
the model are graphically summarised in Figure 2. 

2.3 Model of bone-adaptation process 

A 2D finite-element model of a transtibial amputation was developed based on the geome-
try obtained from the CT scan. The bone-remodelling process was simulated caused by an os-
seointegrated prosthetic implant. There are three main components in the model: a cortical-
bone region modelled as elastic materials, an osseointegrated implant and a bone-remodelling 
region, which permits the adaptation of the materials as a result of mechanical loading (Figure 
3). The shape and dimensions of the model were based on the cross-sectional area obtained 
from the previous model (see Section 2.2). An osseointegrated implant was fitted in a tibia’s 
medullary cavity and modelled as analytical rigid body. The material properties of cortical 
bone such as its Young’s modulus and Poisson’s ratio were taken from the literature [22]. 
Both cortical- and virtual-bone domains were meshed with a CPS4R element type. 
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Figure 2: Finite-element model of transtibial limb and prosthesis:(a) model mesh; (b) loading condition; (c) 

boundary condition 
 

In order to investigate the effect of different loading conditions on the process of bone re-
modelling related to osseointegration, three loading conditions were simulated: (a) a normal 
walking condition, with the load applied in both transverse and vertical directions; (b) a trans-
verse loading condition, and (c) a transverse loading condition with 40% load reduction. The 
data were obtain from the work of Kutzner et al. [23]. 1/8 of the peak load was applied in the 
current model, in order to convert the force obtained from 3D to 2D model. The forces were 
applied on the bottom of the prosthesis. The tibia’s top surface was fixed.  

 

 

Figure 3: Two-dimensional FE model of transtibial osseointegration with implant and virtual bone-growth do-
main 

In this study, a cubic relationship between the Young’s modulus and bone density was in-
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troduced for the bone-remodelling region according to the theory of Carter and Hayes [24]. 
Furthermore, based on the remodelling theory of Weinans et al. [25], the density change in the 
bone tissue was in accordance with the strain-energy density. An ABAQUS user subroutine 
USDFLD was developed to implement the remodelling algorithm. After completing the bone-
adaptation algorithm, elements with zero density were removed from the region. 

 

3 RESULTS AND DISCUSSION 

In this section the results of three different models are presented and discussed separately.   

3.1 NPWT model 

The main goal of this model was to advance our understanding of the mechanical effects of 
NPWT on healing and investigate a soft-tissue response to these effects propagating thorough 
the wounded tissue during the therapeutic application. The obtained results indicated that an 
increasing magnitude of negative pressure in the therapy increased levels of stresses and de-
formations inside the muscle tissue. Figure 4 shows the computed stress distributions inside 
the tissue for a selected sagittal plane of the model. To facilitate visualization of the soft tissue 
area, the bone and the filler were removed from the graph. Maximum stresses were localised 
at the interface between the filler and the foam. Unsurprisingly, increasing the level of nega-
tive pressure had an increasing effect on the interface between the bottom part of the ampu-
tee’s bone and the soft tissue. Maximum deformation occurred around the interface between 
the filler and the tissue (Fig. 5) and increasing negative-pressure levels caused higher defor-
mation around the tissue-filler interface. 

 

 
Figure 4: Comparison of distributions of von-Mises stress in sagittal plane of soft tissue for different levels of 

negative pressure  
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Figure 5: Comparison of deformations in sagittal plane of soft tissue for different levels of negative pressure 

 

3.2 Model of pressure distribution in residuum 

Numerical analysis of distribution of pressure (normal stress) was performed for the 
stump’s internal soft tissue and at the interface between the residuum and the liner. A peak of 
pressure of 65 kPa was found deep in the soft tissues surrounding the inferior-anterior part of 
the tibia bone (Figure 6a). On the interface between the residuum and the liner 50 kPa maxi-
mum pressure was observed at the inferior-anterior part of the soft tissue (Figure 6b) as a re-
sult of the same loading condition. The results obtained are in agreement with a previous 
study [26] showing that stresses were concentrated in the flap tissue under the tibia’s end and, 
therefore, a further study is needed on the clinical relevance in identifying risk factors of de-
veloping a deep-tissue injury (DTI) and other complications. 

 
Figure 6: Pressure distribution in residuum: (a) cross-section view of residuum deep tissue; (b) anterior view of 

residuum-prosthesis interface. 
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3.3 Model of bone-adaptation process 

Three different shapes of bone-growth patterns were predicted for different loading condi-
tions: normal walking, transverse loading and reduced transverse loading (by 40%) (Figure 7). 
For the first conditions, the bone growth was predicted mostly for the top area of the left edge 
and the inner surface of the medullary cavity of the tibia. For the transverse loading condition, 
the bone growth on the left edge decreased significantly compared with the normal walking 
condition, with the shape of growth on the upper surface of the medullary cavity shifted as 
well. In case of reduced transverse loading, after the bone adaptation process, bone formed 
only at the top surface of the medullary cavity. 

Strain-energy distributions for the normal walking condition before and after the remodel-
ling process were also investigated in this study (Figure 8). The peak value of strain energy 
was 0.23 mJ, located near the osseointegrated implant before the bone-remodelling process. 
After the process, the peak strain energy reduced to 0.11 mJ. Comparison of strain energy be-
fore and after the remodelling process at the top corner of the medullary cavity demonstrted a 
reduction of strain energy from 0.187 mJ to 0.017 mJ.  

 

Figure 7: Predicted bone formation patterns for different loading conditions: (a) normal walking (load in both 
axial and transverse directions); (b) transverse loading; (c) reduced transverse loading  

 
Figure 8: Strain-energy distribution for normal walking condition before (a) and after (b) remodelling process 
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4 CONCLUSIONS  

Three developed models provided initial understanding of biomechanical processes within 
the residual limb that is often not possible to achieve otherwise. The major advantage of this 
study is that advanced computational models provided intuitive interpretation of detailed me-
chanical behaviour of the biological tissues at various stages (healthy, diseased and traumatic 
conditions) and for several areas of biomedical applications (injury prevention, wound care 
and rehabilitation). With a repeated use of the model, various potential scenarios can be ana-
lysed, making it much easier to optimize the studied processes.   
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Abstract. Composite materials are widely used in a broad field of applications due to their 

unique properties. However, development and propagation of inherent microstructural de-

fects occurred in composites during their manufacturing or exploitation can be critical for 

overall performance of structural elements. Failure of composite structures can be predicted 

by creation of advanced monitoring systems utilizing sensor elements. One of the promising 

technologies is based on the optical fibre sensors with Bragg gratings, which are being em-

bedded between the plies and can measure the changes of internal mechanical state as well as 

some physical properties. In order to be able to capture the growth of the defects, it is neces-

sary to evaluate the distance between a defect and the sensor at which the latter can measure 

the respective state changes. This can be done by preliminary numerical modelling of defects 

behaviour. The scope of this work is numerical studies of the delamination growth in GFRP 

composite plate subjected to compression load using finite element analysis. Virtual crack 

closure technique was used as a computational instrument for delamination modelling. Eval-

uation of the damage effect on the internal strain fields was performed. Recommendation for 

FBG sensors positions were developed basing on specifics of strain field changes in the plies.
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1 INTRODUCTION 

Over the past decades, the aircraft industry has significantly expanded the scope of compo-

site materials, including polymer-based composites.  The advantages of composites over tradi-

tional materials are high strength to weight ratio, high stability against fatigue loads and 

corrosion, possibility of manufacturing of complex-shaped parts with tailored properties. On 

the other hand, compared to traditional materials (aluminium and titanium alloys) applied in 

aircrafts, one of the factors restricting the application of composites in this area is a rather 

high sensitivity of these materials to microstructure damage including delamination, fibre rup-

ture, fluid absorption, impact damage, matrix fracture, decrease in strength and stiffness at 

high temperatures, etc., produced by operational factors. The necessity of early detection of 

such defects leads to the requirement of the efficient control of the current state of structures 

and further maintenance for extension of their operational life. 

The prospective approach for monitoring of composite structures during exploitation is 

connected with creation of smart-materials and smart-systems with the sensor elements, 

which can significantly improve the safety and reduce the maintenance costs [1]. The solution 

was found with the development of the technologies based on the optical fibre sensors with 

Bragg gratings (fibre Bragg gratings, or FBG sensors) [2-4]. Such sensors can be embedded 

between the layers of the material during its manufacturing and are able to measure changes 

of magnetic, strain and temperature fields. The sensors allow to obtain data, which, subject to 

the further analysis, can be used for diagnostics of damage initiation as well as for prediction 

of damage progression and residual life of structures.  

One of the main questions is how the FBG sensors should be placed in composite struc-

tures in order to be able to register changes in mechanical and physical parameters in critical 

zones.  Within this scope, the important task is to develop configurations of the FBG sensors 

network for specific composite structures under operating loading conditions.  

The aim of this work is to develop recommendations concerning optimal placement of 

FBG sensors basing on numerical modelling of mechanical behaviour of composite laminates. 

2 MONITORING OF COMPOSITES USING FBG SENSORS 

2.1 Optical fibres with Bragg gratings sensors 

One of the important challenges in non-destructive testing of composite structures nowa-

days is development of instruments which would allow continuous monitoring of structures’ 

conditions during exploitation for timely detection of occurred damage and prevention of its 

propagation. The popular solution is to construct a structural health monitoring (SHM) system 

based on optical fibres with Bragg gratings. Fibre Bragg grating is formed by inducing a peri-

odic modulation of the refractive index in the core of a single mode optical fibre [5, 6]. Thus, 

FBG filters a broadband light, which is transmitted into the fibre core, reflecting light at a sin-

gle wavelength [7, 8]. The form of FBG is changing subject to external micro-mechanical 

loads and so does the grating spectral response. The direct application of such feature is strain 

measurement. The relations for transformation of the light spectrum data into mechanical 

characteristics are presented, for instance, in [8].  

As a rule, optical fibre carries several Bragg gratings. This gives an opportunity to arrange 

a combination of sensing points with a single fibre, what is major advantage for creation of 

monitoring systems, integrated into materials. 

 By now, many works were devoted to investigation of possibilities of employing FBG 

sensors for detection of strain and temperature changes in laminate composite parts and struc-

tures [9]. Technological solutions allow the optical fibres to be embedded between the plies or 
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to be attached on the surface. The questions of operability of such embedded fibres were also 

discussed – it has been proved, that fibres can stand different regimes of composite manufac-

turing, including autoclave forming [10]. 

Recent computational and experimental studies showed that embedded fibres effect on ini-

tial mechanical properties of laminate composites can be considered negligible [10, 11], what 

is important conclusion for the further development of SHM systems for composite structures 

based on FBG sensors. 

2.2 Detecting damage using FBG sensors 

The important and high-promising field of FBG sensors application is prediction of dam-

age and failure. One of the major failure mechanisms in laminated composite structures is de-

lamination. There are many factors that can stimulate the delamination growth, both induced 

during manufacturing process and appeared during exploitation, such as impact damage. De-

lamination is often difficult to reveal since it occurs inside the structure. Thus, the promising 

solution is to detect such kind of damage using the internal sensor systems. 

There is a large number of research works were devoted to studying possibility of delami-

nation and other defects detection using embedded FBG sensors [12-16]. However, due to 

limited sensibility of sensors, the results strongly depend on the distance between the defect 

and the sensor. It is necessary to understand where exactly the optical fibres as well as Bragg 

gratings should be positioned in the structure in order to be able to capture the critical changes 

of mechanical state, caused by propagating damage. This is also important for development of 

cost-reducing practical solutions for implementation of the sensors scheme, which gives the 

accurate measurement results with less number of gratings.  

Preliminary numerical modelling can be performed in order to assess the non-uniform 

strain field near defects as well as their growth. The purpose is to study the delamination 

growth between the skin layers to see if the modelled defect will cause any changes in the 

strain field, which could be directly measured by FBG sensors. 

3 DELAMINATION MODELLING 

3.1 Geometrical and material properties 

The subject investigated in this work was laminate composite plate made of GFRP, which 

represents skins of sandwich panels. It had dimensions of 50x50mm and consisted of 14 plies 

with 0.3mm thickness, each oriented 0 degree. The normalized mechanical properties of plies 

are presented in Table 1.  

Initial delamination was modelled as a centred circular section with 6mm radius. An addi-

tional layer with 2mm thickness and significantly reduced mechanical properties was intro-

duced between 5
th

 and 6
th

 ply of this section. 

 

Ex/Ez,,, 

GPа 

Ey/Ez, 

GPа 

Ez/Ez, 

GPа 
xy yz xz 

Gxy/Ez, 

GPа 

Gyz/Ez, 

GPа 

Gxz/Ez, 

GPа 

4.1 3.1 1 0.15 0.18 0.42 0.6 0.5 0.5 

 

Table 1: Normalized mechanical properties of glass fibre/epoxy material. 
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The critical strain energy release rates were taken as presented in Table 2. The overall di-

mensions of the studied plate are schematically presented on Fig. 1. Compression load, equal 

to 45kN has been applied to the top edge of the panel.  

 

ICG , N/mm IICG , N/mm 
IIICG , N/mm 

0.07 0.45 0.45 

 

Table 2: Critical strain energy release rates. 

 

 

Figure 1: Graphical dimensions of the laminate panel. 

3.2 Virtual crack closure technique 

Delamination behaviour of laminated composites can be modelled using different concepts. 

One of the most commonly used approaches is the virtual crack closure technique (VCCT) 

[17], which assumes that the energy released when a crack is extended by a certain amount is 

the same as the energy required to close the crack. According to VCCT, the strain energy re-

lease rate can be calculated using the following relation [17]: 

   
0

1

2

l

G u r r l dr
l




 
  ,    (1) 

where l  is length at which crack is extended, r  is a distance from the crack tip,  u r  is cor-

responding displacements,   is the stress. In general case, the crack will open when 1
C

G
G

 , 

where G   is calculated equivalent strain energy release rate, CG  is critical equivalent strain 

energy release rate based on strength properties of the interface. The mixed-mode criteria can 
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be used for calculation of critical equivalent release rate CG . The Benzeggagh-Kenane model 

was used, which involves values for modes I, II, and III: 

 
n

II III
C IC IIC IC

I II III

G G
G G G G

G G G

 
    

  
,   (2) 

where , ,IC IIC IIICG  and , ,I II IIIG  are, respectively, calculated and critical equivalent strain energy 

release rate for modes I, II and III. 

4 NUMERICAL RESULTS AND DISCUSSION 

The 3D finite element analysis was performed using shell elements. Compression loading 

leads to buckling of the laminate, which expedite the delamination process. The growth of the 

delamination between 5
th

 and 6
th

 layer is shown on Fig. 2. 

 

  

a b 

Figure 2: Growth of delamination under compression. 

Each ply was analysed in order to assess the delamination effect on the strain fields. The 

modelled components Y  of strain fields on the top of the plies are presented on Fig. 3 for the 

plies, closest to delamination.  

The analysis has shown that induced delamination affect only strain fields of the nearest 

plies. With distancing from the delamination, the correlation between delamination and strain 

is becoming much less obvious due to contribution of interaction of plies between each other. 

This means that to detect the growing defect using direct strain field measurement, the FBG 

sensors need to be positioned in the vicinity of defect, not farther than 2 or 3 plies distance 

from the delamination.  
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3

rd
 ply 4

th
 ply 5

th
 ply (next to delam.) 

   
6

th
 ply (next to delam.) 7

th
 ply 8

th
 ply 

Figure 3: Strain fields in plies on the different distance of delamination. The maximum Y  logarithmic strain 

value is 
419 10 , the minimum is 

4-15 10 . 

The changing of strain field in the nearest to delamination ply in dependence of growing 

compression load is shown on Fig. 4. For the studied case, the strain field homogeneity was 

influenced on the distance of approximately three radius of the initial delamination. At the 

same time, the delamination brings inhomogeneity to the strain field of the nearest ply at load-

ing values between 20 and 30 kN, which means that correctly placed FBG sensors can detect 

the early stage of its growth. It should be noted that Bragg gratings can output the incorrect 

data if they will be affected by debonding process. 

In order to avoid dense sensor network, monitoring of delamination in complex composite 

structures using mechanical characteristics, interpreted from FBG sensors data, can be reliable 

only for preliminarily determined critical zones, where possibility of defect emergence is pre-

dicted. Further studies are required for developing of effective FBG sensors-based monitoring 

system, which would be able to response on accidentally caused damage or manufacturing-

induced defects.  

There are also several other approaches, connected with damage detection irrelatively of 

direct displacements and strain measurement. For instance, Takeda et al. [18], proposed ap-

proach that is aimed to find a correlation between the obtained form of spectrum, reflected 

from Bragg gratings, as well as the intensity ratio of spectrum peaks to the delamination 

length. In practical implementation, the difficulty of such method is distortion of the spectrum 

caused by inhomogeneity of the strain field near the defect. This could be tackled by using 

multiplexed short FBG sensors, which allow to restore quasi-continuous strain profiles along 

the sensor [18, 19]. 
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F=30kN F=34kN F=38kN 

  

F=42kN F=45kN 

Figure 4: Strain field changing in the 6
th

 ply, in dependence on applied compression force F. The maximum Y  

logarithmic strain value is 
419 10  , the minimum is 

4-15 10 . 

5 CONCLUSIONS  

 The problem of the delamination detection in composite laminate structures using the 

embedded optical fibres sensors with Bragg gratings was examined. 

 Modelling of delamination in composite laminate panel was performed using VCCT in 

order to analyse the effect of defect growth on the strain field in the internal plies. 

 Some conclusions were made regarding the optimal placement of the fibres which would 

allow to detect the damage propagation using the mechanical data interpreted from FBG 

sensors. 

 The obtained numerical results can be used further to control the adequacy of experi-

mental data collected from embedded FBG sensors. 
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Abstract. Seven different approaches to the phenomenological finite-strain viscoelasticity are
analyzed. The focus of the analysis is put on the Maxwell fluid, due to its paramount importance
for phenomenological material modeling. The first modeling approach to the Maxwell fluid is
based on the multiplicative decomposition of the deformation gradient, combined with hyper-
elastic relations between stresses and elastic strains. The second approach employs the additive
decomposition of the strain rate tensor in combination with hypoelastic relations. The third
approach makes use of the additive decomposition of the material Hencky strain. The fourth
and fifth models are the covariant and contravaraint models of the Maxwell fluid, proposed by
Haupt and Lion (2002). Finally, the sixth and the seventh approaches are the modifications of
these two models, introduced here to enforce a pure volumetric-isochoric split. The approaches
are analyzed with respect to their objectivity, thermodynamic consistency, fading memory, weak
invariance under isochoric change of the reference configuration, and a possibility of a pure
volumetric-iscohoric split.
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1 INTRODUCTION

Various phenomenological approaches to large strain viscoelasticity are analyzed in this talk.
We put the main focus on the constitutive relations of the Maxwell body, since these relations
act as the backbone for many advanced models of technical materials. Apart from viscoelas-
tic applications, the generalization of the discussed phenomenological ideas to viscoplasticity
is in many cases obvious and straightforward. Nowadays, the small-strain formulation of the
Maxwell body which is based on the classical Prandtl-Reuss decomposition of the infinitesi-
mal strain tensor is widely accepted by the modeling community [1]. Within this model, the
infinitesimal strain tensorε is decomposed into the inelastic partεi and the elastic partεe

ε = εi + εe. (1)

The infinitesimal stress tensorσ is computed using the isotropic Hooke law

σ = k tr(εe) 1+ 2 µ(εe)
D, (2)

wherek ≥ 0 andµ > 0 are the bulk and shear moduli of the material, respectively;1 stands for
the identity tensor;(·)D is the deviatoric part of a tensor.. The evolution of the inelastic strain is
given by the flow rule with an initial condition att = t0

ε̇i =
1

η
σ

D, εi|t=t0 = ε
0

i , tr(ε0i ) = 0. (3)

Here, tr(·) denotes the trace of a tensor,η > 0 is the viscosity of the material.
At the same time, there is a big variety of different generalizations of this model to the

geometrically exact setting of large deformations. Seven different generalizations of these equa-
tions are considered in the paper. The generalizations differ in the way how the total deformation
is decomposed into the elastic and inelastic parts (multiplicative decomposition of the deforma-
tion gradient vs. additive decomposition of a generalized strain or strain rate), how the elastic
properties are modeled (hyperelasticity vs. hypoelasticity), which stress tensors determine the
evolution of the inelastic deformations (Mandel stress vs. weighted Cauchy stress or others).
Other generalizations of the Maxwell body employ material or objective time derivatives.

Interestingly, a number of approaches was discovered and then rediscovered by other re-
searchers. The situation is even more complicated since for several large strain approaches there
is a number of equivalent formulations, and different authors were not aware of that equivalence.
Thus, it is very important to analyze the links between these formulations, since for some of
the formulations, simple, robust, and efficient numerical algorithms are already available. After
the links are established, these algorithms can be easily adjusted to cover the equivalent for-
mulations (as was carried out in [2] for the multiplicative inelasticity). In this paper, the seven
different approaches are classified with respect to the following criteria: objectivity, thermody-
namic consistency, w-invariance [3], pure decomposition of the stress response in the volumetric
and the isochoric parts. New modifications of covariant and contravariant Maxwell models are
proposed in order to enforce the desired volumetric-isochoric split.

2 SOME GENERAL CLASSIFICATION CRITERIA

Apart from the well-known properties like objectivity and thermodynamic consistency, some
other classification criteria will be considered in this paper.
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K̃

K̃new

KF0

F
new

F

Figure 1: Commutative diagram, illustrating a change of the local reference configuration:̃K is replaced by a new
referenceK̃new.

2.1 Weak invariance under isochoric reference change

Let us consider a material model in the following form: The current value of the Kirchhoff
stress tensorS depends on the local history of the deformation gradientF and a set of initial
conditionsZ0

S(t) = S
t0≤t′≤t

(
F(t′),Z0

)
. (4)

Here, a general response functional of a simple material appears on the right-hand side;t0 is the
initial time instance.

Next, we consider a second-rank tensorF0, such thatdet(F0) = 1. Let K̃ be the original
reference configuration and̃Knew := F0K̃ be a new reference (cf. Figure 1). The corresponding
new deformation gradient (also known as the relative deformation gradient) is obtained by the
following push-forward

F
new(t) := F(t) F−1

0 . (5)

We say that the material model (4) is weakly invariant under the transformation (5) if there is a
new set of initial data

Znew
0 = Znew

0 (Z0,F0) (6)

such that the same stress response is predicted:

S
t0≤t′≤t

(
F(t′),Z0

)
= S

t0≤t′≤t

(
F

new(t′),Znew
0

)
. (7)

If a certain model is invariant under arbitrary isochoric changes of the reference configuration,
we say that the model isweakly invariantor, shortly,w-invariant. From the mathematical stand-
point, this w-invariance constitutes a certain (generalized) symmetry of the governing equations.
As any other symmetry property, w-invariance provides additional insights into the structure of
the constitutive equation.

2.2 Pure volumetric-iscohoric split

Suppose that (4) holds true. LetF(t) := det(F(t))−1/3
F(t) be the isochoric part of the de-

formation historyF(t). We say that the material model (4) exhibits a pure volumetric-isochoric
split (v-i split) with elastic volume changes, if the following three conditions are satisfied:

i:
tr
(

S
t0≤t′≤t

(
F(t′),Z0

))
≡ 0, whenever trS|t=t0 = 0;

ii: there isZdev
0 = Zdev

0 (Z0) such that
(

S
t0≤t′≤t

(
F(t′),Z0

))D
≡ S

t0≤t′≤t

(
F(t′),Zdev

0

)
;
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iii: tr
(
S(t)

)
is a function of the instant valuedet

(
F(t)

)
.

Remark 1: The essential part in obtaining a pure volumetric-iscohoric split is the condition i.
Indeed, consider, for example, a model where the initial conditions are formulated with respect
to the Kirchhoff stresses:Z0 = {S|t=t0}. If the property i is satisfied for a certain model, then
the properties ii and iii can be enforced by putting

S
t0≤t′≤t

(
F(t′),S|t=t0

)
:= S

t0≤t′≤t

(
F(t′), (S|t=t0)

D
)
+ p

(
det(F(t))

)
1, (8)

wherep = tr S is a suitable function of the currentdetF.
Remark 2: Condition ii takes the simple form thanks to the appropriate choice of the stress

measure. If the Kirchhoff stressS is replaced by the Cauchy (true) stressT, condition ii can be
recast in the equivalent form:

(
T

t0≤t′≤t

(
F(t′),Z0

))D
≡

1

det(F(t))
T

t0≤t′≤t

(
F(t′),Zdev

0

)
. (9)

3 MULTIPLICATIVE DECOMPOSITION OF THE DEFORMATION GRADIENT COM-
BINED WITH HYPERELASTICITY

In this section we discuss the Maxwell model which is covered by general constitutive equa-
tions of Simo and Miehe [4]. The model is based on the multiplicative decomposition of the
deformation gradientF into the viscous (dissipative) partFi and the elastic (conservative or
energetic) partFe

F = Fe Fi . (10)

This constitutive assumption generalizes (1) to the case of finite strains. Another important
ingredient of the model is that the elastic properties are modeled using hyperelastic relations
between stresses and elastic strains.

3.1 Formulation on the reference configuration

Let us summarize the constitutive equations of this model, formulated on the reference con-
figuration (here we follow the presentation of Lion [5]). The total strain can be described with
the right Cauchy-Green tensorC := F

T
F. Its inelastic part is captured using the inelastic right

Cauchy-Green tensor
Ci := F

T
i Fi . (11)

Let T̃ be the second Piola-Kirchhoff stress tensor;ρR stands for the mass density in the reference
configuration;ψ(CC

−1

i ) stands for the free energy per unit mass. The functionψ(·) is assumed
to be an isotropic function of its argument. Moreover, we assume the following volumetric-
isochoric split

ψ(CCi) = ψiso(C C
−1

i ) + ψvol(det(C C
−1

i )). (12)

The closed system of constitutive equations is given by

T̃ = 2ρR

∂ψ(CCi
−1)

∂C

∣∣
Ci=const

, Ċi =
2

η

(
CT̃

)D
Ci, Ci|t=t0 = C

0

i . (13)

Here, the superimposed dot denotes the material time derivative.
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3.2 Formulation on the current configuration

The elastic strains can be characterized by the elastic left Cauchy-Green tensor

Be := Fe F
T
e. (14)

The velocity gradient tensor is defined as

L := Ḟ F
−1. (15)

Using this operator, the following objective derivative, known as Lee derivative or contravariant
Oldroyd rate, is introduced

Lv(A) := Ocontravar(A) := F
d

dt
(F−1

AF
−T)FT = Ȧ− LA−AL

T. (16)

The system of constitutive equations on the current configuration takes the following form

S = 2ρR

∂ψ(Be)

∂Be
Be, −Lv(Be)B

−1

e =
2

η
S

D, Be|t=0 = B
0

e. (17)

3.3 Properties of the model

Constitutive equations (13) and (17) are equivalent (cf. [2]). The material model is objective
and thermodynamically consistent [5]. The inelastic flow is incompressible:det(Ci) ≡ 1
anddet(Be) ≡ (det(F))2. The model exhibits a pure volumetric-iscohoric split in the sense
of properties i, ii, iii. Moreover, as shown in [6], this model is w-invariant under arbitrary
isochoric changes of the reference configuration. In particular, the w-invariance implies that
the form of the constitutive equations (13)1 and (13)2 does not change if a new reference is
considered; only the initial conditions (13)3 have to be adjusted to match the new reference.
In case of a very fast loading (as viscosityη → ∞) the inelastic flow becomes frozen and
the material response converges to pure hyperelasticity. Another important property of the
model is the fading memory. More precisely: the model exhibits the so-called exponential
stability of the solution with respect to small perturbations of the initial values [6]. The model
is free from spurious oscillations of shear stresses under simple shear. Concerning the numerical
implementation of the model, this exponential stability allows one to suppress the accumulation
of the integration error [6], both for implicit and explicit time-stepping procedures. A simple
explicit update formula for implicit time integration is available for neo-Hookean potentials
[2]. Its generalization for Yeoh potential is presented in [7]. Some generalizations of this
multiplicative Maxwell model are possible to capture a nonlinear kinematic hardening [8, 9, 10]
and even a nonlinear distortional hardening [11, 12].

4 ADDITIVE DECOMPOSITION OF THE STRAIN RATE WITH HYPOELASTICI-
TY

4.1 Constitutive equations

Another class of Maxwell models is based on the additive decomposition of the strain rate
tensorD := 1

2(L + L
T) into the inelastic partDi and the elastic partDe (cf. [13, 14] ).

D = Di +De. (18)
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The elastic strain rateDe is related to a certain objective rate of the stress tensorS via grade-zero
hypoelasticity

De = H :
o

S, (19)

whereH is a constant fourth rank tensor (compliance tensor). Here we suppose that elastic
properties are isotropic. Therefore, for the inverseH−1 (stiffness tensor) we have

H
−1 : X =

E

3(1− 2ν)
tr(X) 1+

E

1 + ν
X

D, for allX ∈ Sym, (20)

whereE andν are elastic constants. Note that (20) naturally implies the volumetric-isochoric
split. In this section we consider corotational rates only:

o

S = Ṡ+ SΩ−ΩS, Ω ∈ Skew, (21)

where Skew is the set of skew-symmetric second-rank tensors, the tensorΩ is the so-called
spin tensor, which is a kinematic quantity (it depends on the deformation process only). The
inelastic flow rule takes the form

Di =
1

η
S

D. (22)

Combining (19) with (22) and introducing appropriate initial condition for the Kirchhoff stress,
we obtain the following local initial value problem

o

S = H
−1 : (D−

1

η
S

D), S|t=t0 = S0. (23)

To close the system of constitutive equations, it remains to define the spin tensorΩ. In case
of the classical Zaremba-Jaumann rate, we have

Ω
ZJ := W :=

1

2
(L− L

T). (24)

Another popular choice is the Green-Naghdi rate, also known as Green-Naghdi-Dienes rate,
Green-McInnis rate or polar rate, defined by the spin

Ω
GN := ṘR

T, R := (FFT)−1/2
F = F(FT

F)−1/2. (25)

A common drawback of these corotational rates is that the constitutive equations are not in-
tegrable even for a frozen inelastic flow (which corresponds toη = ∞): Even forD ≡ De

the stress state depends on the loading path, which contradicts the notion of path-independent
elasticity.

Considereing the models of type (23) withH = const, Ω ∈ Skew andη = ∞, only the
so-called logarithmic spinΩlog allows one to obtain path-independent stress-strain relations (cf.
[15]). According to (21), the corotational logarithmic rate is given by

o

S
log := Ṡ+ SΩ

log −Ω
log
S, (26)

whereΩlog stands for the so-called log-spin [16]. The logarithmic spin is defined implicitly
through the following property

D =
o

(lnV)log, where V := (FFT)1/2. (27)

An explicit expression forΩlog can be found in [16].
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4.2 Properties of the models

Let us summarize the basic properties of the models described by (23). The models are objec-
tive and the inelastic flow is incompressible. The material response exhibits a pure volumetric-
iscohoric split in the sense of conditions i, ii, iii. In particular, tr(S) = k ln(det(F)). Among
the considered spinsΩZJ, ΩGN, andΩlog, only the logarithmic spinΩlog allows one to obtain
a thermodynamically consistent stress response. For this spin, in case of a very fast loading
(asη → ∞), the stress response converges to a certain hyperelastic response (with a quadratic
logarithmic strain energy function). The model (23) is w-invariant iff the corresponding spin is
independent of the choice of the reference configuration [3]. The Zaremba-Jaumann spinΩ

ZJ

yields a weakly invariant model, wherebyΩGN andΩlog depend on the choice of the reference
[3]. Thus, dealing with relations of type (23), it is impossible to combine thermodynamic con-
sistency and the w-invariance in a single model. Finally, it is well known that the spinΩ

ZJ

yields unphysical oscillatory stress response under simple shear.

5 MODEL BASED ON THE ADDITIVE DECOMPOSITION OF THE LOGARITH-
MIC STRAIN

5.1 Constitutive equations

Following [17, 18, 19], we consider an approach which employs the structure of the the
small-strain relations (1) – (3). In order to use these relations in the large strain case, the
linearized strain tensorε(t) is replaced by the referential logarithmic strain (Hencky strain)

H(t) :=
1

2
ln(C(t)). (28)

The stress responseσ, resulting from (1) – (3) withε(t) = H(t), is a stress measure operating
on the reference configuration which has to be power conjugate toH

σ : Ḣ = T̃ :
(1
2
Ċ

)
for all Ċ ∈ Sym. (29)

In order to obtain the relation betweenσ and the second Piola-Kirchhoff stress, we recust (29)
in the form

σ :
(1
2

∂ ln(C)

∂C
: Ċ

)
= T̃ :

(1
2
Ċ

)
for all Ċ ∈ Sym. (30)

Thus, we arrive at (∂ ln(C)

∂C
: σ

)
: Ċ = T̃ : Ċ for all Ċ ∈ Sym. (31)

Therefore,

T̃ =
∂ ln(C)

∂C
: σ, T =

1

detF
F

(∂ ln(C)

∂C
: σ

)
F

T. (32)

The entire model is subdivided into three modules (or computation steps) [18]:

• equation (28) as a geometric preprocessor (C 7→ H)

• equations (1) – (3) as a constitutive model (H ≡ ε 7→ σ)

• equation (32)1 as a geometric postprocessor (σ 7→ T̃)
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5.2 Properties of the model

The considered material model is objective and thermodynamically consistent. For a given
deformation process, the model exhibits exponential stability of the solution with respect to
small perturbations of initial data. The inelastic flow is incompressible. Through some compu-
tations, it can be shown that the model exhibits a pure volumetric-iscohoric split in the sense
of restrictions i, ii, iii. In particular, tr(CT̃) = tr S = tr σ = k ln(det(F)). The model is
not w-invariant: Even forη = ∞, the elastic response depends on the choice of the reference
configuration [3]. The model is free from spurious oscillations of shear stresses under simple
shear. Some well-established numerical procedures of small-strain theory can be applied for the
numerical integration of the evolution equations.

6 COVARIANT MAXWELL MODEL

6.1 Constitutive equations

Let us denote the covaraint Oldroyd derivative byOcovar:

Ocovar(S) := Ṡ+ L
T
S+ S L. (33)

The so-called covariant Maxwell fluid, as proposed by Haupt and Lion to model incompressible
materials [20], is given by the following local initial value problem

Ocovar(S) +
2µ

η
S = 2µD, S|t=t0 = S0. (34)

Contravariant pull-back of (34) to the reference configuration yields its equivalent formulation
in terms of the convected stress tensort̃ := F

T
S F and Green’s strain tensorE := 1

2(C− 1)

˙̃t +
2µ

η
t̃ = 2µĖ, t̃|t=t0 = t̃0. (35)

Since the model (33) was originally developed for incompressible materials, the bulk modulus
k does not enter this constitutive formulation.

In order to incorporate the volumetric response in case of a general compressible material,
one may consider the following generalization: The stresses predicted by (34) are now in-
terpreted as auxiliary stressesSaux, used to determine the deviatoric part of the overall stress
response

S(t) = (Saux(t))
D + p(det(F(t)))1, (36)

Ṡaux+ (LD)T
Saux+ Saux L

D +
2µ

η
Saux = 2µDD, Saux|t=t0 = S0. (37)

Here, p(det(F(t))) is a suitable function. In analogy to the previous models, discussed in
Sections 4 and 5, one may putp(det(F(t))) = k ln(det(F(t))).

6.2 Properties of the model

The model (34) is objective and thermodynamically consistent (cf. [20]). It follows imme-
diately from (35) that for a given (local) deformation process, the solution exhibits exponential
stability with respect to small perturbations of the initial data. Equations (34) are w-invariant,

1966



Alexey V. Shutov

since all quantities which appear in (34) are invariant under the change of the reference config-
uration. For that reason, equations (35) are w-invariant as well. In case of a very fast loading
(asη → ∞), the stress response converges to a pure hyperelasticity. Thanks to the very simple
structure of equations (35), efficient and robust time-stepping algorithms are available. Unfortu-
nately, the covariant model (34)does not exhibita pure volumetric-iscohoric split: the condition
i is violated. Indeed, for arbitrary incompressible process (withdet(F) ≡ 1), taking the trace
of (33), we arrive at

d

dt
(trS) + 2 S : D+

2µ

η
trS = 0. (38)

In general, the stress power is not equal to zero:S : D 6= 0. Thus, according to (38), trS 6= 0
even if trS|t=t0 = 0. According to (38), even for incompressible processes, the deviatoric part
of the stress influences the evolution of the volumetric part.

7 MODIFIED COVARIANT MODEL WITH A PURE V-I SPLIT

7.1 Constitutive equations

In this paper we modify the model (34) in order to enforce the property i: For arbitrary
incompressible deformations we consider

Ocovar(S) +
2µ

η
S = 2µD+

2

3
(S : D)1, S|t=t0 = S0. (39)

The covariant pull-back of these relations yields

˙̃t +
2µ

η
t̃ = 2µĖ−

1

3

(̃
t :

d

dt
(C−1)

)
C, t̃|t=t0 = t̃0. (40)

In order to model the stress response of a compressible Maxwell fluid, in analogy to (36)-(37),
we may consider the following generalization

S(t) = Saux(t) + p(det(F(t)))1, (41)

Ṡaux+ (LD)T
Saux+ Saux L

D +
2µ

η
Saux = 2µDD +

2

3
(Saux : D

D)1, Saux|t=t0 = S0. (42)

7.2 Properties of the model

The suggested model is objective and w-invariant. The condition i is satisfied. Indeed, let
det(F) ≡ 1. Then, taking the trace of (39), we obtain

d

dt
(trS) +

2µ

η
trS = 0, trS(t) = exp

(
−

2µ

η
(t− t0)

)
trS|t=t0 . (43)

If trS|t=t0 = 0, then trS ≡ 0, which is exactly the required property i. Next, for the model
(41)-(42), the properties i, ii, and iii are satisfied.

8 CONTRAVARIANT MAXWELL MODEL

8.1 Constitutive equations

Recall the contravaraint Oldroyd derivativeOcontravar:

Ocontravar(S) := Ṡ− LS− SL
T. (44)
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The so-called contravariant Maxwell fluid was proposed by Haupt and Lion in the incompress-
ible case [20]:

Ocontravar(S) +
2µ

η
S = 2µD, S|t=t0 = S0. (45)

Contravariant pull-back of (45) to the reference configuration yields the following equivalent
formulation in terms of the second Piola-Kirchhoff stress

˙̃T +
2µ

η
T̃ = −2µ

d

dt
C

−1, T̃|t=t0 = T̃0. (46)

Analogously to the previous section, we generalize the model to cover arbitrary deformations:
The stresses predicted by (45) are, again, auxiliary stressesSaux, used to determine the deviatoric
part of the overall stress response

S(t) = (Saux(t))
D + p(det(F(t)))1, (47)

Ṡaux− L
D
Saux− Saux (L

D)T +
2µ

η
Saux = 2µDD, Saux|t=t0 = S0. (48)

8.2 Properties of the model

Just as the covaraint model, the model (45) is objective and thermodynamically consistent
(cf. [20]). It follows from (46) that the solution is exponentially stable with respect to small per-
turbations of the initial conditions. Equations (45) are w-invariant. In case of a very fast loading
(asη → ∞), the stress response converges to a pure hyperelasticity.1 Due to the simple linear
structure of equations (46), efficient and robust numerical algorithms are available. Just as the
covaraint model, its contravariant counterpart (45)does not exhibita pure volumetric-iscohoric
split, since the condition i is again violated. To demonstrate this, consider an incompressible
deformation process withdet(F) ≡ 1. Taking the trace of (45), we have

d

dt
(trS) + 2 S : D+

2µ

η
trS = 0. (49)

Again, generally, the stress powerS : D is not equal to zero. Thus, according to (49), trS 6= 0
even if trS|t=t0 = 0.

9 MODIFIED CONTRAVARIANT MODEL WITH A PURE V-I SPLIT

9.1 Constitutive equations

In order to enforce the property i, we modify the equations of the contravariant Maxwell
fluid. For incompressible material we consider

Ocontravar(S) +
2µ

η
S = 2µD−

2

3
(S : D)1, S|t=t0 = S0. (50)

An equivalent formulation is obtained by the contravariant pull-back to the reference configu-
ration

˙̃T +
2µ

η
T̃ = −2µ

d

dt
C

−1 −
1

3
(T̃ : Ċ) C−1, T̃|t=t0 = T̃0. (51)

1A linear combination of the covariant and contravariant models allows one to obtain a model, which general-
izes Monney-Rivlin hyperelasticity to finite-strain viscoelasticity.
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In a general compressible case we put

S(t) = Saux(t) + p(det(F(t)))1, (52)

Ṡaux− L
D
Saux− Saux (L

D)T +
2µ

η
Saux = 2µDD −

2

3
(Saux : D

D)1, Saux|t=t0 = S0. (53)

9.2 Properties of the model

This modified contravarinat model is objective and w-invariant. The condition i is identically
satisfied. To check this property, we consider an incompressible deformation withdet(F) ≡ 1.
Then, taking the trace of (50), we arrive at

d

dt
(trS) +

2µ

η
trS = 0, trS(t) = exp

(
−

2µ

η
(t− t0)

)
trS|t=t0 . (54)

Thus, for trS|t=t0 = 0, we have trS ≡ 0 and the property i holds true. Finally, for the generalized
model (52)-(53), the properties i, ii, and iii are satisfied.

10 CONCLUSIONS

Seven different approaches to finite strain Maxwell fluid are considered in this paper. The
approaches are compared qualitatively, using a number of criteria. In particular, the models are
analyzed with respect to the w-invariance under the isochoric change of the reference config-
uration and the possibility of a pure volumetric-iscohoric split.Two new models are proposed
here, basing on the covariant and contravariant Maxwell models, previously proposed by Haupt
and Lion. In contrast to the original formulations, the modified models exhibit the pure i-v split.
In the follow-up paper, some other commonly used approaches to the phenomenological elasto-
plasticity will be analyzed and the links between the similar frameworks will be established.
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Abstract. Nanoparticles show a great potential in improving especially the matrix-dominated 

mechanical properties of fiber reinforced plastics, like compressive strength or impact toler-

ance. The composition of the interphase between nanoparticles and the surrounding matrix is 

assumed to be of vital importance for the mechanical properties of the composite material. 

Characterizing nanoparticle-matrix interphases with experimental methods, e.g. using atomic 

force microscopy (AFM), is highly complex and time consuming. Therefore an AFM-

simulation technique based on the Molecular Dynamic Finite Element Method (MDFEM) is 

introduced. The MDFEM provides a powerful method for simulating molecular dynamic 

problems within the finite element framework, perspectively allowing for the efficient simula-

tion of multi-scale models and pure FE-models in order to reduce the numerical cost for big-

ger problems. With the presented method, the elastic properties of pure boehmite particles as 

well as pure epoxy resin have been determined and are in good agreement with experimental-

ly obtained values. The influence of different particle-matrix interactions on the elastic prop-

erties of the interphase has been studied for unmodified boehmite particles. Supporting 

virtual tensile tests on cubic unit cells show outstanding accordance with experimental results. 

The presented method can contribute to the optimization of nanocomposite materials and at 

the same time reduce the need for experimental effort. 
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1 INTRODUCTION 

Carbon fiber composites are regarded as one of the most important lightweight construc-

tion materials for the future. By incorporating nanoparticles, it is possible to improve the 

properties of the weak constituent of the composite material, i.e. the matrix material. Arlt [1] 

shows that unmodified and taurine modified boehmite particles are able to improve matrix-

dominated properties of carbon fiber/epoxy composites, like shear strength, shear modulus, 

compressive strength or compression after impact strength by 10 to 25 %. Other studies show 

similar results. Uddin & Sun [2] investigate silica particles in a glass/epoxy composite and 

report significant improvements regarding the compressive strength and modulus as well as 

the tensile strength perpendicular to the fiber direction. Subramaniyan & Sun [3] obtain simi-

lar results for a nanoclay/glass/epoxy composite.  

In contrast, there are studies that report negative effects, especially for higher particle 

weight fractions. Shahid et al. [4] investigate boehmite particles with two surface modifica-

tions (lysine and para-hydroxybenzoate) in a carbon fiber/epoxy composite and report an in-

crease of tensile and flexural properties for very small particle fractions. For weight fractions 

above approximately 5 %, the properties decrease compared to the unfilled composite. 

Siddiqui et al. [5] observe partly increased properties for  nanoclay composites, like flexural 

modulus and fracture toughness and partly decreased properties, like flexural strength and im-

pact toughness. 

Comparing the results of these investigations, it can be concluded that the composition of 

the interphase between nanoparticles and matrix is of vital importance for the mechanical 

properties of the composite. This becomes especially obvious, when considering that Arlt and 

Shahid et al. investigate a similar boehmite/epoxy material combination, but with different 

particle surface modifications and achieved completely different results. Following the argu-

mentation of Arlt, nanoparticles and their surface modifications highly influence the mor-

phology of the surrounding matrix by impeding the cross-linking reaction and thus forming a 

soft interphase around the particles. Thereby two mechanisms may occur. Firstly, hydroxyl 

groups on the particle surface are assumed to be able to react with epoxy groups of the matrix 

during the curing reaction instead of hydroxyl groups of the matrix. This should lead to ap-

proximately the same amount of cross-links as compared to the undisturbed matrix. However, 

some of those cross-links are formed between particle and matrix instead of between 

prepolymer chains, resulting in an improved particle matrix interaction and in a softer matrix 

material. As a second possibility, the hydroxyl groups on the particle surface are assumed to 

be able to react with the prepolymer chains through etherification even before the hardener is 

added to the uncured matrix. Thus, many epoxy groups in the matrix near the particle surfaces 

are already occupied and no longer available for further reactions during the curing reaction, 

leading to a lower cross-linking density between prepolymer chains in this area. This should 

again lead to an improved particle matrix interaction at the cost of a soft matrix material 

around the particles. These phenomena have been substantiated in the work of Arlt by Atomic 

Force Microscopy experiments. It has been found that unmodified boehmite particles exhibit 

the aforementioned surrounding ring of soft material in the ambient matrix. 

AFM is often used to validate molecular dynamics simulations but rather less literature on 

molecular dynamics AFM simulations of the indentation behavior is available. Many studies 

focus on characterizing the adhesion and separation behavior. Landman et al. [6] for example 

simulate adhesion and separation during the indentation of a nickel tip in a gold sample. Other 

studies, like Fang et al. [7], apply molecular dynamics AFM simulations to the investigation 

of the lithography process, in this case of crystalline copper with good agreement with exper-

imental results. Still other studies investigate pull out processes, e.g. Heymann and 
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Grubmüller [8] perform single molecule atomic force microscopy simulations by pulling out a 

hapten molecule of a ANO2 binding pocket. In the present study, atomic force microscopy 

simulations in order to investigate the elastic properties of particle-matrix interphases are pre-

sented.  The specific goal is to gain evidence for the discussed mechanisms and to validate the 

assumptions in the generation process of the models in a scale specific manner. 

This paper is structured as follows: Starting with a short summary of the chosen simulation 

method (MDFEM), the generation process and the AFM simulation model is introduced in 

section 3. The numerical investigations presented in section 4 comprise two steps. The first 

step of the work presented includes AFM simulations, in which particle and matrix are ana-

lyzed separately. These preliminary investigations are used for the calibration and optimiza-

tion of the AFM models. Different parameters like tip and sample size or boundary effects are 

analyzed. The second part deals with the actual characterization of the particle-matrix inter-

phase. AFM simulations on samples consisting of both particles and matrix material as well 

as particle-matrix interphases are performed for a composite material comprising an anhy-

dride-cured epoxy matrix and unmodified boehmite particles. The effect of three different par-

ticle-matrix interactions on the mechanical properties of the interphase is investigated and 

evaluated on the basis of intensive parametric studies. The results are discussed in the context 

of simulated tensile tests of the material combinations mentioned earlier. 

2 THE MOLECULAR DYNAMIC FINITE ELEMENT METHOD 

In this chapter, a brief overview of the Molecular Dynamic Finite Element Method 

(MDFEM) is given. For a more detailed presentation, the reader is referred to earlier work of 

the senior authors of the present paper [9, 10].  

The MDFEM can be regarded as a framework to perform classical molecular dynamics 

(MD) simulations by means of the well-established finite element method (FEM). The main 

motivation for this approach is the simplification of multi-scale techniques, as for example the 

coupling of atomistic and continuum mechanics simulations can be performed in a very effi-

cient way within one software package. Additionally, the need for special in-house developed 

software is reduced, since FEM software mostly comes with highly efficient solvers and pre- 

and post-processing tools. 

When thinking of molecular structures as multi-body systems, where atoms are point 

masses and bonds are springs, the FEM seems to provide an appropriate framework for MD 

simulations, since structural elements such as trusses, beams and springs are an integral part 

of FE codes. A variety of such MD-FE models has been proposed for the simulation of 

graphene, see for example Wang [11], Zhang et al. [12] and Zhu et al. [13]. Nevertheless, 

there are some challenges or problems when applying standard truss or beam elements to gen-

eral MD problems. The use of truss elements seems to be reasonable at the first glance, since 

nodes of truss elements similarly to atoms only have translational degrees of freedom. How-

ever, usual MD bending potentials require the introduction of either rotational springs and 

truss angles between two truss elements or normal springs between two connected outer 

nodes of the angle. Normal springs in turn, can only reproduce the bending potentials through 

very complex geometric relations for large deformations. Additionally, truss elements cannot 

reproduce torsion or inversion MD potentials, which makes truss elements only applicable for 

planar structures or special spatial structures, where torsion and inversion do not occur. Due 

to the lack of torsional stiffness, those models are also relatively instable. 

An alternative approach is the approximation of bonds by means of standard beam ele-

ments. Many different models have been made proposed, like using e.g. rigidly connected 

beams or joints and constrained rotational degrees of freedom. Examples can be found in Li 

[14], Chwal et al. [15] and Flores et al. [16]. The main problem when using these models is 
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the determination of the beam constants. While normal stiffnesses can be calculated directly 

from the bond stretch potentials, bending stiffnesses can only be derived unambiguously for 

special cases, like planar structures, where torsion can be neglected. The reason for this be-

havior stems from the fact that torsion between two planes can also be expressed through 

bending of elements. Even for planar structures the beam element method can lead to wrong 

results, since beam rotations are transferred from beam to beam through the structure. 

Even though it is possible to obtain the correct behavior with a certain superposition of rig-

idly and flexibly connected beam elements, as shown in [10], the MDFEM provides a more 

elegant method, using special 2-, 3- and 4-node elements for bond stretch and physical inter-

actions, bending and torsion. By superposing those elements, various atomistic problems can 

be modeled. Advantages of the MDFEM, compared to the aforementioned approaches include 

automatic model relaxation due to intrinsic equilibrium parameters, the possibility of easily 

calculating large deformations and reproducing multiple equilibrium positions as well as a 

reduced numerical effort due to the elimination of the rotational degrees of freedom. Disad-

vantageous is the comparatively high effort to generate simulation models. Sample applica-

tions of the MDFEM include carbon nanotubes [9] as well as elastomers [17]. 

3 MATERIALS AND MODELS 

The studies presented in the following chapters focus on boehmite nanoparticle-reinforced 

epoxy composites. The chemical structure of boehmite (γ–AlO(OH)) is assumed to be of the 

cmcm unit cell (see Figure 1 a)), as reported by Bokhimi et al. [18] and experimentally con-

firmed through X-ray diffraction carried out at the Institute for Particle Technology of the TU 

Braunschweig [19]. The primary particle size of the particles is in the range of 14 Å and the 

particles have an orthorhombic shape, as shown in Figure 1 b). The AFM tip material is sili-

con with an Fd3m (diamond) unit cell. 

The matrix material is an epoxy resin based on Bisphenol-A-diglycidylether (DGEBPA) 

prepolymer chains and a Methyl-Tetrahydrophthalic Anhydride (MTHPA) hardener. Both 

chemical structures are shown in Figure 1 c) and d) respectively. 

 

Figure 1: a) Crystallographic unit cell of cmcm boehmite; b) Orthorhombic shape of the boehmite particles; c) 

Chemical structure of DGEBPA prepolymer chains; d) Chemical structure of MTHPA hardener. 
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All models are generated with in-house software using Open Babel [20] and Packmol [21]. 

In a first step, the particle is created by duplicating the boehmite unit cell and cutting out the 

shape of the particle. Afterwards, prepolymer chains are randomly packed into the simulation 

box around the particle. Subsequently, the ester cross-links are created. The algorithm ran-

domly iterates over all hydroxyl groups. If an epoxy group within a specified search radius is 

found, a hardener molecule is placed and connected. If multiple epoxy groups are found, the 

algorithm always uses the closest one. If all hardener molecules are placed or no more reac-

tion partners are found, the same process is executed for the etherification reaction. Finally, 

the AFM-tip is created and placed, again by duplicating the silicon unit cell and cutting out 

the hemispherical shape. 

Concerning the particle-matrix-interphase, three different variations are compared. All 

three variations are based on an unmodified boehmite particle. As a first variation, the particle 

is assumed to interact with the matrix only by physical interactions. In the second variation, 

the particle is bonded both physically and chemically. The surface hydroxyl groups of the 

boehmite (highlighted in Figure 1 a)) are enabled to develop covalent bonds to the epoxy 

groups of the matrix material by joining the cross-linking reaction. The third variation follows 

the argumentation of Arlt [1], that interphases around the particles can develop even before 

the epoxy is cured. To take this into account, a preliminary etherification step only for particle 

hydroxyl groups is inserted. Afterwards, the ester and ether connections for the remaining re-

active sites are created. The three variations in the mentioned order are denoted as variation 1, 

2 and 3 in the following. 

All simulations presented in this study are performed using the MDFEM in combination 

with the Dreiding force field [22]. Even though it is possible to apply different cutoff radii for 

the physical interactions within the sample and between sample and tip, a cutoff of 15 Å has 

proven to be suitable for both cases by parametric studies. The tip itself is considered to be 

rigid, meaning that all chemical and physical interactions within the tip are eliminated, by re-

moving the corresponding elements. Since real AFM tips are deformable, this has to be con-

sidered in the calculation of the elastic modulus of the sample (see chapter 4). The first step in 

the simulations is, as usual in molecular dynamics calculations, the determination of the equi-

librium state of the system. Therefore, the whole model including the AFM tip is relaxed over 

a varying period of time ranging from 50 to 200 ps, depending on the model size. In the relax-

ation step, the equilibrium position of the tip (in the sense of the tip lying on the sample sur-

face without cantilever forces) is obtained automatically. Subsequently, the load is applied in 

terms of a displacement of the tip by 0.5 to 1.5 nm, depending on the sample and tip size. A 

simulation time of 300 ps has proven to be suitable by parametric studies. All samples are 

constrained on all surfaces in a border region of 0.2 nm, except for the top surface, where the 

tip indents the material. A schematic representation of the used models can be seen in Figure 

2. 

 

Figure 2: Schematic representation of the AFM models. 
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Due to the comparatively high numerical effort of MD simulations as well as MDFEM 

simulations, it is necessary to reduce the model size. The calculations for determining the in-

terphase properties are performed on a 5 nm particle, which is considerably smaller than the 

primary particle size of approximately 14 nm observed in experiments. Minimum tip and 

sample sizes are obtained in preliminary simulations shown in the following section. To ex-

tract the interphase stiffnesses, the tip is shifted to the desired position in the global model af-

ter the relaxation step and subsequently the global model is reduced to a smaller submodel for 

each AFM-indent, as illustrated in Figure 3 a). After each shifting and reducing step, the 2 

node elements representing the physical interactions are renewed and a short relaxation is per-

formed. Then the actual load step is performed. 

4 RESULTS AND DISCUSSION 

As a result of the simulations, force-deformation curves are obtained. The Young’s Modu-

lus is then calculated through a Hertz fit similar to AFM experiments: 
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where D is the deformation, F is the force acting on the cantilever beam (corresponding to 

Dc∙kc in the experiment, with the cantilever deflection Dc and  the stiffness kc of the cantilever 

beam), R is the tip radius and Etot is the reduced elastic modulus of the series connection of tip 

and sample. If a rigid AFM tip is assumed, Etip becomes infinite and the first term in the pa-

renthesis in equation (2) vanishes. Combining Equation (1) and the reduced form of Equation 

(2) leads to 

   
 

 
 
       

   
 

 
 

  (3) 

With E being the unknown parameter, Equation (3) is then fitted to the simulated curve apply-

ing a least square fit with MATLAB, as can be seen exemplarily in Figure 3 b). 

The red dashed line in Figure 3 b) indicates the onset of a deviation between the fitted and 

simulated curve. This effect is caused by boundary effects (at a certain penetration the rigid 

boundaries start influencing the curve), indicating that the sample size in this example is cho-

sen too small. To bypass this, either the sample size has to be increased or the range in which 

the Hertz fit is calculated has to be truncated (in this example the latter was already per-

formed). 

4.1  Preliminary Investigations 

In preliminary investigations, AFM simulations on pure boehmite crystals and epoxy resin 

are performed in order to reexamine the assumptions like e.g. the crystal structure or the cho-

sen force field. Additionally, the goal is to find the minimum model sizes (tip size, sample 

size), since model sizes have to be reduced due to the numerical limitations. Furthermore, the 

effect of the boundary conditions on the calculated elastic modulus is analyzed. 
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a)  b)  

Figure 3: a) Example model of an AFM simulation (3 nm tip radius, 17.5 x 7.2 x 12 nm sample, approx. 90000 

atoms, the black box indicates the minimum sample size, that is cut out prior to the loading step); b) Least square 

Hertz fit to simulated curve for the pure boehmite sample (red dashed line indicates onset of deviation between 

fitted and simulated curve caused by boundary effects). 

To determine the minimum tip size, simulations with increasing tip radius (1 – 5 nm in 

steps of 1 nm) are performed for both materials. The boehmite is modeled with a sample size 

four times as big as the tip radius and the epoxy with a sample size of 15 x 9 x 15 nm. Both 

sample sizes are assumed to be large enough, not to impose any boundary effects on the 

measured modulus, which is shown to be valid in the following. The results concerning the 

effect of the tip radius on the calculated elastic modulus are depicted in Figure 4 a) for pure 

boehmite and Figure 4 b) for pure epoxy respectively. 

 

Figure 4: a) Influence of the AFM tip size on the calculated elastic modulus of pure boehmite crystals; b) Influ-

ence of the AFM tip size on the calculated elastic modulus of pure epoxy resin. 

It is apparent, that with increasing tip radius the calculated moduli converge for both mate-

rials. Small tips underestimate the moduli, but already for 2 nm in case of the boehmite and 

for 3 nm in case of the epoxy the deviations between smaller and bigger tip sizes are smaller 

than 4 %. It can also be seen that the presented values are slightly above the displayed refer-

ence values from experimental investigations (13 % for the pure boehmite and 7 % for the 

pure epoxy). However, comparatively little literature on AFM tests on boehmite or the elastic 

properties of boehmite is available, making the comparison rather less reliable. The results for 

the pure epoxy are compared with results from macroscopic tensile tests. 

a)                  b) 
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The minimum sample size is determined using a similar approach. Starting with the full 

model size of 8 x 4.8 x 8 nm for boehmite and 15 x 9 x 15 nm for the epoxy resin, the sample 

size is gradually reduced to a minimum of 5 x 3 x 5 nm (boehmite) and 9 x 5.4 x 9 nm 

(epoxy). The aspect ratio remains the same for all samples. The simulations are performed 

with a 2 nm tip for the boehmite and a 3 nm tip for the epoxy. Figure 5 a) displays the result-

ing force-deformation curves for boehmite. As expected, with decreasing sample size, the 

point where the simulated curves start deviating from the Hertz curve is shifted to a lower de-

formation (marked by the straight lines in Figure 5 a)). Interestingly, reducing the model size 

from 8 to 6.5 nm and from 6.5 to 5 nm leads to an almost equal deformation shift of about 

0.15 nm. The dashed simulation curve line in Figure 5 a) (denoted with Simulation “5x3 nm 

rcb”, rcb = remove constrained bonds) represents a model, where some of the elements in the 

boundary region are deleted, as it is often done in MD simulations to soften the boundary 

conditions. All bond stretch elements and all angle bend and torsion elements with at least 

two nodes lying in the boundary region are deleted. With this model the deviation point can 

be shifted by approximately 0.09 nm, showing a good opportunity for model size reduction. 

The results for pure epoxy in Figure 5 b) show significantly greater fluctuations, particular-

ly the small models, which makes fitting the Hertz curve more difficult, especially for very 

small deformations. Thus, the deviation point is not as obvious as it is for boehmite. Therefore, 

simulations with greater tip displacements of 1.5 nm have been performed. The straight lines 

again represent the mark the onset of deviation from the Hertz curve. The line for the 9x5.4 

nm variation is not displayed because it behaves too stiff from the beginning, whereas varia-

tion 15x9 nm shows good agreement in the whole range examined. A sample size of 12 x 7.2 

x 12 nm is chosen to be the reference size for further investigations as a compromise between 

accuracy and efficiency. The “rcb” version has due to the fluctuations not been regarded dur-

ing the following. 

 

Figure 5: a) Influence of the sample size on the calculated elastic modulus of the pure boehmite crystal; b) Influ-

ence of the sample size on the calculated elastic modulus of the pure epoxy. 

4.2  Nanocomposite AFM Simulation Results 

Based on the findings of the previous chapter, in the following, the simulation results are 

shown for the combined particle-matrix samples. The tip size for the following models is cho-

sen to be 3 nm and the sample size is 12 x 7.2 x 12 nm. The corresponding results are dis-

played in Figure 6. For each of the curves presented, 15 virtual AFM experiments are 

performed in a line in radial direction between 0 and 40 Å originating on the particle surface 

as illustrated in Figure 6 a). The region close to the particle surface can, as in real AFM exper-

a)                  b) 
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iments, not be characterized, since depending on the tip size, tip flank and particle overlap. 

Thus a mix of particle and interphase modulus is measured in this case. Therefore, the particle 

surface appears to be shifted outward. Hence, in Figure 6 b) the region of 15 Å around the 

particle is neglected. Comparing the obtained curves of the interphase stiffnesses, the differ-

ences are clearly visible. The reference configuration, where the particle is not chemically but 

only physically bonded to the matrix, exhibits a constant stiffness and thus no visible inter-

phase in the examinable region. This leads to the conclusion, that the particle does not influ-

ence the cross-linking in the surrounding matrix. Figure 6 c) shows the aforementioned 

behavior more demonstratively. It displays a stiffness plot, for which not the complete surface 

is screened, as in real AFM experiments, but the curve depicted in Figure 6 b) is rotated 

around the center of the particle. The coloring indicates the stiffness, with brighter regions 

being stiffer as darker regions. The red dashed circle displays the real particle surface. For the 

reference configuration, no interphase is visible. Variation 2 (hydroxyl groups on the particle 

surface are enabled to react during curing reaction, see Figure 6 d)) in contrast shows a clearly 

visible interphase. The region between 18 and 38 Å originating on the particle surface exhibits 

reduced stiffnesses by an amount of approximately 1 GPa (corresponding to a reduction of 

about 30 %). Further away from the particle surface the stiffness reaches the magnitude of the 

undisturbed matrix material. Variation 3 (with the pre-etherification step, see Figure 6 e)) ex-

hibits an even more distinct interphase. The average reduction of the matrix stiffness is about 

1.5 to 2 GPa (approximately 50 %). At the border of the used models the interphase stiffness 

is still reduced and thus the size of the interphase could not be determined. 

 

Figure 6: a) AFM measuring points; b) distribution of the interphase stiffness in dependency of the particle dis-

tance; c) stiffness plot without chemical interactions; d) stiffness plot with chemical interactions; e) stiffness plot 

with pre-etherification step (the red dashed circle indicates the real particle surface). 

These results and their origins become more distinct in the context of the curing statistics 

of the underlying models (see Table 1). All models contain the same amount of epoxy groups 

and the same amount of hardener molecules is available for the cross-linking reaction. This 

results from the same particle geometry and weight fraction, leading to an equal amount of 

packed prepolymer chains. The values presented in Table 1 generally differ only by small 
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amounts, because the statistics refer to the complete model, not just to the interphase. Howev-

er, the change of the values results mainly from the changed morphology of the interphase. 

All models have an almost equal amount of etherified connections. Interestingly the remain-

ing curing statistics of the models of variation 2 and 3 show an opposite trend compared to the 

reference variation. This indicates different underlying mechanisms. For variation 2 (with 

chemical bonds but without a pre-etherification step), more hardener molecules are placed, 

leading to fewer monoesters. This is caused by the bigger amount of available hydroxyl 

groups, since particle surface hydroxyls are available additionally to the epoxy hydroxyls. 

Therefore in total more cross-links are created, but some cross-links are created between par-

ticle and matrix instead of within the matrix. This leads to a reduction of the matrix stiffness 

in the vicinity of the particle. In case of the pre-etherification step, the amount of hardeners 

used in the esterification step is significantly reduced. At the same time the number of mo-

noesters and the number of epoxy molecules used show the highest value of the three varia-

tions. This is caused by the effect that many hydroxyl and epoxy groups are already occupied 

and no longer available for reaction. This leads to the conclusion, that in this case the cross-

linking is really impeded, not just shifted to other reaction sites. 

variation  

Agent mole-

cules used in 

esterification 

step [%] 

Number of 

etherified con-

nections 

Number of 

Monoesters 

Number of 

epoxy mole-

cules used [%] 

1: No chemical bonds  93.81 197 705 97.45 

2: With chemical bonds  93.98 196 686 97.52 

3: pre-etherification 93.45 196 746 97.67 

Table 1: Curing statistics of the three compared variations. 

4.3  Validation of Nanocomposite Materials 

Since up to now the experimental results for a one-to-one comparison to the simulated 

AFM curves are not available yet, a statement about the variation that most likely fits the real-

ity is made on the basis of simulated tensile tests. Therefore, cubic unit cells with 10 wt-% 

boehmite particles of 3 nm particle size are created and calculated (see Figure 7 a)). For each 

variation, three simulations with displacement boundary conditions in the three spatial direc-

tions have been performed and averaged. The results are shown and compared to the experi-

mental result in Figure 7. It is obvious, that variation 2 matches the experimental result best. 

Variation 1 and 3 however, show good agreement among each other, but yield in a softer be-

havior than variation 2 and the experimental curve. The Young’s modulus is extracted by fit-

ting a straight line to the simulated curves in the strain range of 0.0002 to 0.01, leading to 

values of 3644 MPa, 3786 MPa and 3652 MPa for the variations 1, 2 and 3. The resulting 

Young’s modulus of the experiment is calculated in the usual way between 0.0005 and 0.0025 

with a value of 3806 MPa. Variation 2 shows an excellent agreement with the experimentally 

measured results.  

The remaining question, why variation 3 does not show an even stiffer behavior than varia-

tion 3, but behaves almost similar to variation 1 can be answered as follows. In case of no 

chemical interactions, the particle is bonded to the matrix in a very weak way. This prevents 

an appropriate load transfer from the matrix into the particle. As can be seen from the curves 

in Figure 6 as well as from the curing statistics, variation 3 produces a very soft interphase. 

This leads to the conclusion, that in this variation in fact the particle-matrix interactions are 
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quiet strong, but at the cost of a very weak interphase, that, analogously to the weak bonding 

in case of variation 1, causes an unfavorable load transfer and thus a softer elastic behavior. 

  

Figure 7: a) Example model for simulation of tensile test (3 nm particle, 8 nm boxsize, approx. 26000 atoms); b) 

Averaged stress-strain curves of a simulated tensile tests of an epoxy with 10 wt-% unmodified boehmite parti-

cles with 3 nm particle size in comparison with the experimentally obtained stress-strain curve. 

5 CONCLUSION 

The pure boehmite crystal and the pure epoxy have been investigated by atomic force mi-

croscopy simulations. The elastic moduli have been determined with 135 GPa for the 

boehmite and 3.6 GPa for the epoxy respectively. Both results show a good agreement with 

experimentally obtained values. 

Furthermore, the influence of different particle-matrix interactions on the development of 

the mechanical properties in the particle matrix interphase has been studied. Three different 

variations were examined. Firstly, the particle was bonded by physical interactions only, sec-

ondly the surface hydroxyl groups of the boehmite particle were able to develop dative bonds 

during the curing reaction of the matrix. As a third variation, the surface hydroxyl groups 

were allowed to react with the epoxy groups of the matrix through etherification prior to the 

actual curing reaction. The first variation shows no visible interphase, leading to the conclu-

sion that in this case the particle does not influence the cross-linking in the surrounding ma-

trix. For the second variation, an interphase with a radius of approximately 38 Å and a mean 

stiffness reduction of approximately 30 % compared to the undisturbed matrix was obtained. 

Variation three shows an even more distinct interphase with a stiffness reduction of about 50% 

and an even bigger interphase size. 

Since up to now no experimental data for the comparison to the simulated curves is availa-

ble, numerical tensile test have been performed. The simulated tensile test of the variation 

containing chemical interactions between particle and matrix but no pre-etherification step 

yields in a quiet accurate prediction of the elastic behavior, whereas the variation with the pre-

etherification step does not. Therefore in general the goal should be to find a balance between 

a good particle matrix interaction and the weakening of the interphase. Otherwise the problem 

of a poor load transfer is simply shifted away from the particle surface into the matrix. 

The presented method can provide insight in the underlying mechanisms of nanoparticle 

reinforcements and significantly contribute to the optimization of nanocomposite materials, 

e.g. by investigating the influence of different particle surface modifications on the interphase 

properties. At the same time, in long term perspective, the technique is able to adequately re-

place AFM experiments and thus reduce the need of experimental effort. The goal of ongoing 

a)                     b) 
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studies is the investigation of varying surface modifications with varying parameters, like e.g. 

surface loading. Through parallel simulations of tensile tests, the influence of the composition 

and the developed mechanical properties within the interphase on the mechanical properties 

of the whole composite can be studied systematically. Furthermore, a direct comparison with 

real AFM experiments is pursued. 
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Abstract. This paper presents a multi-scale, multi-physics finite element model (FEM) 

simulating the electrical performance of single layer graphene/insulator under DC loading, 

which would be easily applied to most cases, extended to a more sophisticated material archi-

tecture in respect of being scientifically structured and proven. The approach consists of the 

creation of a unit cell and a representative volume element (RVE) micro-scale nanocomposite 

model on a commercially available FE package. The implementation of these models has 

been considered satisfactory and successful, as the variation of nanocomposite’s electrical 

conductivity in respect to the volume content was in accordance with experimental data. 

Moreover, the numerical simulation was in accordance with the classical percolation law 

predictions, while the obtained percolation thresholds in terms of aspect ratio obey the Ex-

cluded Volume Theory. The graphene shape was considered in the analysis as a geometric 

parameter, being proved that the shape does not exhibit any profound effect on the electrical 

performance of the graphene/insulator nanocomposite. Finally, this model is capable to pre-

dict the full percolation response of the nanocomposite and can be applied to any nanocom-

posite architecture in contrast to general theories that can only estimate the percolation 

threshold rather than the full response. 
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1 INTRODUCTION 

Conductive polymers have been extensively studied for their potential applications in light 

emitting devices, batteries, electromagnetic shielding, and piezoresistive sensors. At first, car-

bon black [1], [2], metallic powder [3–5], polyaniline [6] and graphite [7]  were used as elec-

trical reinforcement in polymer, but high concentration was necessary to achieve the 

percolation threshold which endangered the mechanical properties of the nanocomposites due 

to the formation of agglomerations. Later, several researchers proposed polymer nanocompo-

sites reinforced with graphene nanoparticles and its derivatives (expanded graphite, graphene 

nanoplatelets, graphite oxide, functionalized graphene/expanded graphite), which are able to 

form more stable 3D conductive networks in lower volume content as a consequence of their 

high aspect ratio (AR-ratio of main particle dimension to minor one) [8–15]. 

However, despite the high financial and time cost of material preparation and experimental 

work, there are a few computational models predicting the electrical response of gra-

phene/polymer nanocomposites. Most of them are based on molecular dynamics and geomet-

rical programming routines, being able mainly to predict the percolation threshold of the 

nanocomposites with high computational cost. Oskouyi et al. [16] appeared to be the first to 

apply the method of Monte Carlo model to study the percolation threshold for disk-shaped 

fillers, simulating the conductive network formed by inclusions like graphene nanoplatelets. 

Later, Hicks et al. [17] developed a tunnelling-percolation model to investigate electrical 

transport in graphene-based nanocomposites, covering the need of a suitable model able to 

predict the full electrical response of semiconducting 2D element reinforced materials. This 

model, however, is applicable only to rectangle shaped nanoparticles forming 2D networks, 

while in common graphene reinforced nanocomposites, fillers exhibit a wide range of shapes, 

mainly circular-ellipsoid ones, and the conductive network formed is considered to be a 3D 

one. In simulation work [18], the percolation threshold for circular and ellipsoid fillers was 

investigated for a 2D network, while in [19] the percolation threshold of composites filled 

with intersecting circular disks and particles of various morphology was studied under a 3D 

Monte-Carlo simulation. Otten et al. [20] developed an analytical approach to investigate the 

percolation behaviour of polydisperse nanofillers, specifically focusing on the percolation 

threshold’s sensitivity on the polydispersity in length, diameter and the level of conductivity 

of mainly needle-like filler nanocomposites. After the work of Hicks et al. [17] on the varia-

tion of electrical conductivity in respect of the volume fraction, Ambrosetti et al. [21] ap-

proached the electrical conductivity of an insulating matrix reinforced with conductive 

ellipsoids of revolution by assuming that an expected curve of electrical conductivity varia-

tion would be applied and finally being reduced in a geometrical form taking into account the 

inter-particle distance and the tunnelling distance. Mathew et al.  [22] studied the percolation 

threshold of hard platelets in a 3D continuum system in terms of isotropic-nematic transition, 

while Hashemi et al. [23] proposed a continuum model developed, which embodied the most 

fundamental characteristics of the graphene nanocomposites (percolation threshold, interface 

effects and additional contribution of electron hopping, microcapacitor structures to interfacial 

properties) to determine the effective AC and DC electrical properties of graphene nanocom-

posites.  

Knowing that, such numerical models are not easily applicable on industrial and engineer-

ing case study, as their employment is complicated and their results are limited to certain case, 

in this paper it is presented a multi-scale multi-physics finite element model (FEM) which 

would be easily applied to most cases, extended to more sophisticated material architecture in 

respect of being scientifically structured and proven. The current approach on multi scale 

modelling consists of the creation of a unit cell and a micro-scale nanocomposite model 
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(MSNM - Representative Volume Element RVE) on a commercial finite element modelling 

environment. The unit cell consists of a single rectangle graphene plate surrounded by a thin 

layer of polymer. This polymer layer represents the inter-plate volume between successive 

graphene reinforcements, in which conduction phenomena (tunnelling effect, electron hop-

ping etc.) take place. The unit cell is loaded with a constant electric potential to compute the 

resistance matrix representing this system. The MSNM is a rectangle block, on whose re-

sistance matrix elements previously obtained through the unit cell is randomly distributed. 

This distribution represents the random position of graphene on the bulk volume of polymer 

nanocomposites. The orientation of graphene is simulated by the 3D random orientation of the 

corresponding element local coordinate system.   

2 FINITE ELEMENT MODELLING 

2.1 Unit Cell 

In similar terms with the approach of hard core-penetrable shell has been assumed on sev-

eral studies predicting the percolation threshold [17], [24], the unit cell consists of a single-

layer graphene plate surrounded by a thin layer of polymer. From this description, three main 

geometrical parameters could be derived-graphene’s plate shape and size (expressed by the 

Aspect Ratio defined as the ratio of the length to the width) and the polymer layer thickness dt.  

Graphene is modelled as an isotropic electrical conductive material with electrical conductivi-

ty of σ=10
7
S/m, while the polymer layer represents the polymer volume between consecutive 

graphene, where the effect and the electron hoping phenomenon takes place. As a conse-

quence, the conduction mechanism on polymer volume would be simulated by applying an 

exponentially varied resistivity ρtunnel expressed by the equation (1) in accordance to the find-

ings of [25] for the electric tunnel effect between similar electrodes separated by a thin insu-

lating film.  
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Since it has been assumed that the conductive phenomena taking place between two suc-

cessive graphene plates would be taking into account in the unit cell analysis, it is necessary 

to modify the application of the tunnelling resistivity in the unit cell, so as to simulate the con-

tribution of a single plate to the conduction. In many studies the cut-off distance, otherwise 

the maximum inter-particle distance above this the tunnelling effect is eliminated, was con-

sidered around 2 nm [17], [21], [26], leading to the polymer thickness range between 0 and 

1.0 nm. In addition to this, it is crucial to note that the architecture of graphene plates forms 

conductive paths inside the insulating polymer, which could be represented as a typical 2D or 

even 3D resistor network. As a consequence, if the resistance of each unit cell was used to 

from a network, the result would be to add the resistance of two graphene plates and the tun-

nelling resistance assigned to each plate for every pair of plates. However, due to the fact that 

the tunnelling resistance is an exponential function of tunnelling distance, the sum of assigned 

tunnelling resistance of each plate would not be equal to the actual resistance. This observa-

tion implied the need to modify the equation (1) by multiplying it with the equation (2), so as 

to be able to simulate the actual tunnelling resistance when formed in a 3D real nanocompo-

site structure. In the proposed function (2), it is noticeable that the definition of the tunnelling 

resistivity applied on the unit cell would not be a deterministic variable but a stochastic one. 

This statistical feature, then, should be transferred to the next scale and be applied on the rep-

resentative volume implying complicated distributions on material properties. In order to 
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eliminate this effect, it is proposed to use an equivalent constant C in combination with the 

modified equation (3) of tunnelling resistivity. The constant C would be given by the equation 

(4), depicted in Figure 1 and its equivalent value would be the result of the equation (5). The 

equivalent value of C for each case is presented in Table 2, where it is possible to conclude 

that assuming C being equal to 0.3 would be reasonable to represent each case. 
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     dCddC

d

d

equivalent 
max

min

minmax  (5) 

 

Plank’s constant h m
2
kg/s 6.62607004∙10

-34
 

Electron charge e Coulomb 1.60217662∙10
-19

 

Electron mass m kg 9.10938356∙10
-31

 

Height of barrier λ eV 0.5-2.5 

Polymer layer thickness/Tunnelling distance dt nm 0.0-1.0 

Table 1: Tunnelling resistivity variables and parameters 
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Figure 1: Variation of constant C in function of polymer thickness surrounding graphene layer. 

d2 (nm) Cequivalent 

0.2 0.37 

0.4 0.37 

0.6 0.38 

0.8 0.34 

1.0 0.20 

Table 2: Cequivalent in function of d2. 

In terms of finite element analysis, the proposed model was built in commercial FEA pro-

gram ANSYS 16.2.  A 3D 20-Node Hex couple-field solid element was used with its piezore-

sistive behaviour activated through the available key-option 101, while both for graphene and 

polymer isotropic electrical behaviour was assumed. It is important to mention that the piezo-

resistive coupling induced by this key-option was neglected by not defining the piezoresistive 

matrix. The values of the parameters used on the analysis of the unit cell are presented on the 

Table 3 and Table 4. Unit cell is loaded in the longitudinal, transverse and through thickness 

direction by a constant voltage, simulating DC loading and resulting to the calculation of the 

resistance matrix by the use of Ohm’s law. 

 

Graphene Shape  Rectangular Ellipse 

Graphene plate thickness t (nm) 0.45 0.45 

Graphene minor side dimension a (nm) 10 2∙5.64 

Aspect Ratio AR (-) 1,5,10,50 1,2,5,7,10 

Graphene major side dimension  b (nm) AR∙a AR∙a 

Table 3: Graphene geometrical parameters 
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Material Electrical behaviour   

Graphene Electrical conductivity S/m 10
7
 

Polymer Tunnelling resistivity Ωm Equation (3) 

 Cequivalent - 0.3 

 Height of  barrier (λ) eV 0.5-2.5 

 Tunnelling distance (d) nm 0.2-1.0 

Table 4: Unit cell material properties 

 

Figure 2: Unit Cell finite element model. 

2.2 Representative Volume Element (RVE) 

The nanocomposite structure was approached by a square block of side equal to multiplied 

b (k∙b) and thickness of multiplied a (k∙a). The number of graphene seeds on the block is de-

fined by equations (6) and (7) as a function of nanocomposites volume fraction and gra-

phene’s geometry. The number of elements representing each graphene layer (γ) would equal 

to the number of division in the direction of loading (eix) divided by the factor k. As a conse-

quence the number of elements representing graphene reinforcement in total in the volume (ng) 

would be given by the equation (8). The number of elements in the perpendicular to loading 

direction (eiz) would be given by the equations (9) and (10), while the number of elements 

through the block’s thickness (eiy) would be 
AR

eiz .   
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Number of graphene seeds in respect of the graphene shape 

Square - Rectangle 
t

ARak
Vn f

3

  (6) 

Circle - Ellipse 
t

ARak
Vn f



3

  (7) 

Table 5: Equations describing the number of graphene seeds in respect of the graphene shape. 

 

k

eix
nnng    (8) 

 

Number of element on perpendicular to loading direction in respect of graphene shape 

Square - Rectangle 
t

a
kAReiz   (9) 

Circle - Ellipse 
t

a
kAReiz


  (10) 

Table 6: Equations describing the number of elements on perpendicular to loading direction in respect of the 

graphene shape. 

The nanocomposite’s architecture is approached by the distribution of the graphene plates 

being enforced by choosing ng non-repeatable integer numbers. Each number indicates the 

element ID number in the FE model. Each selected element has the electrical properties re-

sulted by the analysis of the unit cell. Especially, assuming DC linear electrical behaviour, the 

electrical response of the unit cell in each element is introduced in accordance to equations 

presented in Table 7. The tunnelling distance between two successive graphene particles is 

assigned by random choice of material types obtained by unit cell and related to a specific 

tunnelling distance. Finally, the orientation of graphene layers in the volume is approached by 

the orientation of the element local coordinate system with rotation angles of 𝑇𝐻𝑋𝑌 ∈ [0,90], 
 90,0THZY  and  90,0THXZ . The elements, which have not been chosen to represent 

graphene sheets, are simulated as pure insulating matrix with electrical resistivity of 10
16

Ωm. 

The RVE model was built up under the same principles as the unit cell one. The volume is 

loaded with constant voltage, while the result of the analysis is the reaction current. With the 

use of the Ohm’s law and under the conduction of 50 separate analysis per case, the variation 

of electrical conductivity in respect of volume fraction is created, while in the probability 

function of percolation the inflection point is calculated to be the percolation threshold in ac-

cordance to the suggested procedure of [22].   
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Electrical resistivity distributed in the RVE in respect of the direction 

x-axis 
2

2

eiz

ARak
Runitcell

xx   (11) 

y-axis 
2

2

eix

ARak
Runitcell

yy   (12) 

z-axis 
2

2

eix

ARak
Runitcell

zz   (13) 

Table 7: Equations for the electrical resistivity introduced to the elements representing graphene particles in 

respect of the direction. 

 

Figure 3: Representative Volume Element finite element model. 

3 RESULTS 

3.1 Unit cell analysis 

After the analysis of the unit cell in respect of all the parameters mentioned on Table 3 and 

Table 4, it is possible to make some notes on the effect of these feature on the unit cell re-

sistance, which could be assumed to represent the local resistance shown on a nanocomposite 

structure. As far as the effect of the aspect ratio is concerned, in Figure 4 this effect is depict-

ed in respect of the loading direction and tunnelling distance for rectangle shaped graphene 

and height of barrier of 0.5eV. It could be noted that the rise of the aspect ratio leads to signif-

icant decrease in the resistance, as the resistance of the graphene has been the dominant con-

duction mean in the unit cell. Especially in the case of aspect ratio being greater than 50, in 

the longitudinal direction of the unit cell (x-direction) the resistance saturates to a constant 

value in function of the tunnelling distance.  
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Figure 4: Effect of aspect ratio on unit cell resistance for the case of rectangular shaped graphene and height 

of barrier of 0.5eV in respect of the direction and the tunnelling resistance. 

Polymer and all the features controlling its response under any excitation (degree of 

polymerization, voids, humidity, temperature etc.) have serious effect on the electrical con-

ductivity of a nanocomposite through the energy quantity of height of barrier appearing on the 

tunnelling resistivity. As it is thoroughly explained in [25], when two conductive particles are 

separated by an insulating film (polymer film in this case), the equilibrium conditions require 

that the top of the energy gap of the insulator to be positioned above the Fermi level of the 

conductive particles. As a result, the action of the insulating film is to introduce a potential 

barrier between the electrodes which impedes the flow of the electron between the conductive 

particles. This description of the physical system of conductive particles separated by an insu-

lator suggests that electronic current would flow through the insulating region between the 

conductive particles if the electron had enough thermal energy to overcome the potential bar-

rier and flow in the conduction band or even if the barrier was that low to permit its penetra-

tion by the electric tunnel effect. This potential barrier is described in this study as height of 

barrier and usually takes values of a few electron volts (0.5-2.5eV). In this part of our study, 

the effect of height barrier on the unit cell resistance in respect of tunnelling distance and for 

the case of rectangle shaped graphene with aspect ratio of 1 and 5 is depicted in Figure 5. The 

rise of the height of barrier has as a consequence the rise of the local resistance even in orders 

of magnitude. This increasing trend is common for every case of unit cell studied, while be-

comes more evident with the increase of tunnelling distance. 
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Figure 5: Effect of height of barrier on unit cell resistance for the case of rectangular shaped graphene filler 

and aspect ratio of 1 & 5 in respect of the direction and the tunnelling resistance. 

Finally, the shape of the graphene layer is considered. In Figure 6, the effect of graphene 

shape on the unit cell resistance in respect of the direction and the tunnelling distance is de-

picted for all examined aspect ratios and height of barrier of 0.5eV. It could be stated that el-

lipse shaped graphene sheets exhibit higher local resistance in the main axis directions than 

the rectangle shaped ones. However, for the case of the through thickness resistance, for the 

common aspect ratios ellipse and rectangle shaped graphene plates show the same electrical 

resistance. It is important to mention that for the purposes of comparison, the area of the rec-

tangle shaped graphene layers is equal to that of the elliptical shaped graphene layers for each 

aspect ratio.     
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Figure 6: Effect of graphene shape on the unit cell resistance for all examined aspect ratios, height of barrier 

of 0.5eV in respect of the direction and the tunnelling resistance.  

3.2 RVE analysis 

Since it is not reasonable to model infinite material and in order to eliminate the edge ef-

fect, it is important to conduct a convergence study on the size of the square block. Having 

considered as value identical to the nanocomposite structure the ratio of the average of the 

electrical conductivity of the sample to its standard deviation, as it could be noticed in the 

Figure 7, for k=5 the structure of the nanocomposite has converged.    
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Figure 7: Convergence study on the size of the representative volume for the case of the graphene filler with 

aspect ratio=1 and Vf=0.4. 

As it has been already stated the percolation probability, in accordance to the procedure 

suggested by the [22], is fitted by the function (14) and the inflection point of this function is 

considered to be the percolation threshold. In Figure 8, the percolation probability in respect 

of the volume fraction is depicted for the case of rectangle graphene sheets and λ=0.5eV. As it 

could be noted, the proposed fitting function is suitable for describing this kind of data set 

achieving 99.999% accuracy on fitting process.    

     BVAVP ff  tanh1
2

1
 (14) 

 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.0

0.2

0.4

0.6

0.8

1.0

 AR=1: 0.5(1+tanh(49.98505(V
f
-0.18851)))

 AR=5: 0.5(1+tanh(53.87462(V
f
-0.0.06896)))

 AR=10: 0.5(1+tanh(73.00548(V
f
-0.0536)))

 AR=50: 0.5(1+tanh(1873.68956(V
f
-0.03012)))

P
ro

b
a
b

il
it

y
 o

f 
P

e
rc

o
la

ti
o

n

V
f

 

Figure 8: Percolation probability in respect of volume fraction for studied graphene aspect ratios for the case 

of λ=0.5eV and the corresponding functions.  
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In Figure 9, the effect of aspect ratio on the variation of electrical conductivity in respect of 

the graphene volume fraction for the case of rectangle shaped filler. It is notable that, the rise 

in aspect ratio leads to decrease on the volume fraction on which the onset of conductance 

occurs. In addition to this, for a constant value of volume fraction, nanocomposite’s electrical 

conductivity increases with rising aspect ratio. These results suggest that fillers with high as-

pect ratio are able to form more stable and efficient conductive network in the volume of 

nanocomposite in lower volume fraction. The above conclusion is supported also by the fact 

that with the rise of volume fraction the deviation on the statistical sample is significantly re-

duced leading to more uniform sample close to uniquely defined electrical conductivity for a 

nanocomposite of a specific volume fraction. 

In Figure 10, the effect of height of barrier on nanocomposite’s electrical conductivity is 

depicted for the case of rectangle shaped graphene with aspect ratio equal to 1 and 5. Alt-

hough, the percolation threshold seems no to be affected by the height of barrier, since the 

onset of percolation is mainly geometrically oriented as it has been proven by [23], for the 

case of constant volume fraction the rise of height of barrier causes rapid decrease on the 

nanocomposite’s electrical conductivity even by a decrease of an order of magnitude in the 

case of increasing the height of barrier by 0.5eV. 
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Figure 9: Effect of aspect ratio on the electrical conductivity in respect of volume fraction Vf for rectangle 

shaped graphene and height of barrier λ=0.5eV. 
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Figure 10: Effect of height of barrier on the electrical conductivity in respect of volume fraction Vf for rec-

tangle shaped graphene and aspect ratios of 1 &5. 

In Figure 11 the effect of the graphene shape is depicted in respect of the volume fraction 

for the case of height of barrier being 0.5eV.  The graphene shape does not affect the trend of 

the nanocomposite electrical response in function of the Vf, although for graphene particles of 

the same aspect ratio and volume, the nanocomposite reinforced with rectangle shaped exhib-

its higher electrical conductivity than that of a nanocomposite reinforced with ellipse shaped 

graphene particles, while the rectangle shaped graphene particles show lower percolation 

threshold than that obtained for the ellipse graphene. [27] suggested that this observation 

could be explained as the corner angles of squares and rectangles make it easier for the plates 

to touch each other, therefore enhancing the current passing from the one particle to another.   
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Figure 11: Effect of graphene shape on the electrical conductivity in respect of the volume fraction Vf for 

height of barrier of 0.5eV. 

3.3 Percolation model 

For the description of the percolation behaviour of the nanocomposites, several theories 

have been suggested with more popular the percolation law, which describes the variation of 
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the electrical conductivity of the nanocomposite in respect of the volume fraction after the 

percolation threshold having being obtained, and the excluded volume theory, which is able to 

predict the percolation threshold of a nanocomposite in respect of the geometrical features of 

the reinforcement (dimensions, shape, 2D-3D conductive networks). 

Taking into consideration the excluded volume theory and assuming that the each particle 

could be considered equivalent to a circular one, the excluded volume theory for the circular 

disk [28] could be modified so as to define the upper and lower boundaries of the volume 

fraction in which the percolation threshold should be expected (15). In Figure 12, it could be 

obvious that the percolation threshold is reduced with increasing aspect ratio, the values were 

successfully found to lie between the assumed percolation bounds. In addition to this, the 

shape of the graphene seems not to show any effect on the percolation threshold, since the 

corresponding values for each case are in good agreement. 
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Figure 12: Percolation Threshold in respect of the graphene shape and boundary functions (15). 

 

The percolation law is a power equation (16) introduced in [29], which is able to describe 

to electrical behaviour of an insulating material reinforced with conductive particles after the 

percolation threshold. In the equation (16) σc is the electrical conductivity of the composite, 

Vf is the volume fraction, Vp is the percolation threshold, σo is a factor with value close the 

electrical conductivity of the conductive phase measured in units of electrical conductivity 

and t is the critical exponent. For a three dimensional conductive network, t usually takes val-

ue between 1.65 and 2.0, which is accepted as a universal value. Higher values of t indicate 
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the presence of tunnelling phenomena and the filler having extreme geometries (i.e. high as-

pect ratio). In Figure 13, the fitting of the finite element model results in accordance to the 

percolation law is presented, showing a good correlation, while in Figure 14 the effect of the 

geometry of the filler and the height of barrier on the percolation law variables is depicted. As 

far as the σo is concerned, it is increased with rising aspect ratio converging to the filler elec-

trical conductivity, while it is fallen with increasing height of barrier. The increase on aspect 

ratio leads to more stable electrical networks which are mainly governed by the fillers con-

ductance and not the tunnelling resistance formed in the interparticle region, leading σo to 

converge to the electrical conductivity of the filler. On the other hand, the rise of height of 

barrier which induces a rise on the tunnelling resistance in the interparticle volume, has as a 

consequence the decrease of the σo for the case of low aspect ratios. One of the most signifi-

cant findings related to the percolation law is the agreement of the observation to the general 

law regarding the critical exponent. An increase on the aspect ratio (defining an extreme ge-

ometry) or even any rise of the height of barrier (defining a more intense tunnelling phenome-

non) has a result an important increase of the value of the critical exponent far above the 

prediction for a common three dimensional conductive network. 

 

  t
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Figure 13: Percolation Law in respect of the aspect ratio and the shape of the graphene particle for the case of 

height of barrier of 0.5eV. 
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Figure 14: Variation of the percolation law variables in respect of the aspect ratio, the shape of graphene and 

the height of barrier. 

4 CONCLUDING REMARKS 

 The finite element model has been shown to effectively simulate the electrical re-

sponse of the selected graphene/polymer composite under DC loading. 

 The results are in accordance to theoretical predictions. 

 Increasing the Aspect Ratio reduces the percolation threshold and increases the elec-

trical conductivity of the nanocomposite for a given value of volume fraction. 

 The tunnelling resistance exhibited in the inter-particle volume affects the overall per-

formance of the nanocomposite, especially due to the height of barrier, whose rise in-

creases the inter-particle resistance and decreases the electrical conductivity of the 

nanocomposite. 

 The shape of the graphene fillers do not show any significant effect in terms of perco-

lation, but the formation of sufficient contact between particles for the charge transfer 

is enhanced for the case of rectangular shaped graphene.  
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Abstract. Since G.E.P. Box introduced central composite designs in early fifties of 20th cen-
tury, the classic design of experiments (DoE) utilizes response surface models (RSM), howev-
er usually only in the simple form of low-degree polynomials. The typical procedure assumes 
the normal distribution of the noise and uses the least square method (LSQ) to identify pa-
rameters of the model with a priori assumed structure. The terms of model are repeatedly 
eliminated in the specific backward stepwise regression, while three indicators (the least sig-
nificance of parameters, the significance of the lack of fit and the conformity of residuals with 
the normal distribution) are simultaneously observed to make decision to stop or to continue 
elimination procedure. 
Practically, in the case of small size datasets, the conformity with the normal distribution has 
very weak reliability and it leads to very uncertain assessment of  parameters statistical sig-
nificance. The bootstrap approach with simulation-based identification of parameters confi-
dence intervals (CI) appears to be better solution than theoretically proved but only 
asymptotically equal t-distribution based evaluations. 
The case study presented in this paper utilizes data obtained during investigation on com-
pression vertebral fractures prediction based on computer tomography (CT) and micro-
tomography (µCT) images. The significant difference in a resolution between these two class 
of images leaded to different prediction models. The small sample size (23 compressed and 
scanned vertebraes) and the high dimensionality of detected properties imposed the necessity 
of an alternative approach to the analysis, other than classic one derived with a requirement 
of the normality.  
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1 INTRODUCTION 

The research investigation in a materials science always leads to the datasets. The large (or 
even huge) datasets should be analyzed to obtain summary results expressed in qualitative or 
quantitative forms. Such conclusions should be semi-proved by a statistical analysis.  

Methods of approximation and prediction rapidly evolved in recent years. New approaches 
came from the artificial intelligence area: non-parametric, data-driven, stochastic. Apart from 
this, the classic approach of the response surface methodology (RSM) is still very useful and 
popular. The significance analytical improvements have appeared in the background of RSM 
in recent decades: statistics based on widespread strict requirements of the normal distribution 
have been replaced by so-called robust statistics based on the weak requirement of the contin-
uous distribution or even on the statistics based on numerical simulation like e.g. bootstrap 
approach. 

The recognized phenomenon may be studied in two possible ways: 
• a priori selected treatments are imposed to the phenomenon (through a set of controlled 

factors) to observe changes in phenomenon behavior – such kind of study is especially 
specific to engineering research and usually coordinated by the design of experiments 
(DoE) methodology, 

• the phenomenon (one or more objects) is observed passively and its properties are col-
lected to dataset to study regressions between them however potential cause-and-effect 
relationship may be unknown – such kind of study is especially specific for research on 
live organisms, which individual properties may vary widely. 

The models typically used in the first kind of research approaches are fixed-effects or re-
sponse surface [1]. The second approaches usually used random-effects or response surface 
[1]. Additionally, Runkler [2] distinguished three aspects of models:  
(a) parametric, which structure is a priori known and invariant through identification process, 
(b) nonparametric, which structure is a priori unknown and it is constructed during identifica-

tion process (other name: data-driven), 
(c) semiparametric [3], which is sequential combination of parametric and nonparametric 

models. 
The identification of a model is only the first step of analysis. The second one is a statistical 
estimation of uncertainty to determine the sensitivity of the model and statistical significance 
of its terms. However this definition is intuitively clear, it requires some quantitative measure 
and its evaluation. Typical procedure requires some important assumptions about mutual in-
dependence of observations, a normality of residuals and so on. If these conditions are met 
then algorithm leads simultaneously to the analysis of variance (ANOVA) [1] and tests of 
significance [1] – both result in the same conclusions. 

The typical test of significance checks if the tested parameter may be treated as zero. The 
null hypothesis H0 states that the parameter is zero against the alternative hypothesis H1 that 
the parameter is not zero. If previously mentioned assumptions are met and the least squares 
method was used to identification then the ratio of the parameter divided by its standard devi-
ation is tested against t-Student distribution [1]. But the problem arises if the assumptions are 
not met or the reliability of tests is very weak due to small size of a sample. 

The proposed solution is the replacement of the classic test of parameters significance with 
the equivalent bootstrap-based checking of zero existence inside the parameter confidence 
intervals. This solution is more practical for datasets with the unknown distribution because it 
does not require to meet the mentioned assumptions.  
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Authors have been tried [4] previously to combine a bootstrap approach with an artificial 
neural network approximator to analyze materials science data processed by image analysis 
however they have with many numerical artifacts. Such approach was more successfully for 
processing non-parametric statistical analysis for surface layer [5] and analysis of human ver-
tebraes scannings [6]. 

The bootstrap approach appears to be a promising solution for some aspects of fuzzy statis-
tics which is developed mainly by Buckley [7, 8]. The general workflow for such implemen-
tations has been proposed by Grzegorzewski [9]. Some preliminary investigations in the field 
of a design of experiments (DoE) have been made by Pietraszek [10, 11].  

2 COMPUTATIONAL METHODS 

Two main methods were used: the response surface model (RSM) [12] and the bootstrap 
method [13]. The RSM model is used to construct prediction model to fit observed strength of 
vertebrae with the crushing force. The bootstrap method is used to evaluate confidence inter-
vals for effects. Finally, the existence of zero inside the intervals is inspected. If any of inter-
vals contains zero, the null hypothesis of is rejected. 

2.1 RSM model  

The RSM model consist of three terms [14]: 

/c const BV TV branches JunctionsR b b BVTV b Branches b Junctions= + ⋅ + ⋅ + ⋅   (1) 

where: 
Rc – observed strength of a vertebrae 
bconst – constant term, 
bBV/TV – coefficient of relative density of a trabecular bone, 
bbranches– coefficient of a average number of branches in trabecular bone, 
bjunctions – coefficient of a average number of junctions on the branches in trabecular bone. 
All coefficients were evaluated using the ordinary least squares (OLS) [1]. 

2.2 Bootstrap 

The bootstrap approach [13] to RSM model (Eq.1) is described by the following workflow. 
The original dataset D is a source for iteratively made drawing with replacement which results 

in the bootstrapped dataset DBoot. Then, the parameters ibɵ  of the model are identified from the 
dataset DBoot using the least squares criterion L 

min ( ) ( )iiL b L b= ɵ   (2) 

and obtained parameters are collected until large number of iterations will be reached. Finally, 
the quantiles are evaluated (typically 2.5% and 97.5%) for datasets of parameters as a range of 
confidence intervals and at last zero existence inside confidence intervals is checked. 

3 MATERIALS AND DATASET 

The data (Table 1) were obtained during investigation on the development and the optimi-
zation of diagnosis methods for the estimation risk of fractures in osteoporosis based on a 
three-dimensional images of trabecular bones obtained in vivo [14]. 
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No BV/TV 
Branches 

[mm-3] 
Junctions 

[mm-3] 
Rc 

[MPa] 
1 0.1166 5.8627 3.4724 8.08 
2 0.2341 10.2597 5.9767 18.81 
3 0.1603 11.1857 6.5363 7.31 
4 0.2495 9.4670 5.5925 18.61 
5 0.1704 9.3460 5.5847 12.27 
6 0.1959 7.8127 4.5305 16.21 
7 0.0727 3.1667 1.8487 6.50 
8 0.2181 8.0648 4.7760 14.76 
9 0.1156 2.4981 1.4564 10.87 
10 0.1459 6.0010 3.5627 8.91 
11 0.1392 8.3790 4.8488 10.52 
12 0.0956 3.2275 1.9075 7.13 
13 0.2139 9.8098 5.8136 14.10 
14 0.1061 5.2762 3.1694 6.01 
15 0.1022 4.0528 2.4041 6.36 
16 0.1065 7.8878 4.5475 7.11 
17 0.0837 6.7055 3.8857 6.26 
18 0.1546 4.7831 2.8448 10.92 
19 0.1957 9.6873 5.6839 16.32 
20 0.0938 5.8117 3.4954 6.48 
21 0.1410 9.2607 5.4136 9.55 
22 0.1407 6.8481 4.0794 9.21 
23 0.1220 6.0651 3.6250 8.57 

Table 1: Raw data (source [14]) 

4 ANALYSIS 

The model was identified from the equation (1) and the dataset (Table 1). The obtained pa-
rameters and their statistics evaluated classically are presented in Table 2. 

 

Term Value SE t p 
CI 

-95% +95% 

bconst 0.34 0.91 0.39 0.701 -1.55 2.26 
bBV/TV 92.61 8.08 11.45 0.000 75.69 109.53 
bBranches 7.26 3.27 2.22 0.039 0.42 14.10 
bJunctions -13.16 5.64 -2.33 0.031 -24.98 -1.35 

Table 2: Descriptive statistics of transformed data (source [14]) 

The ANOVA protocol leads to the classic ANOVA table which decomposes the total vari-
ation into part assigned to grouping factor and the remain assigned to all other factors grouped 
under name ‘error’ which should be treated rather as ‘unexplained’ than only ‘random error’. 
For the mentioned data, the ANOVA table (Table 3) revealed that critical p-Value is less than 
significance level α = 0.05 for all terms, what means that all terms (except constant) are statis-
tically significant. 
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Effect SS df MS F p 

bBV/TV 222.04 1 222.04 131.2 0.000 
bBranches 8.34 1 8.34 4.93 0.039 
bJunctions 9.21 1 9.21 5.44 0.031 
Error 32.15 19 1.69 – – 
Total 271.74 22  – – 

Table 3: ANOVA table for transformed data (source [14]) 

Now, the approach was switched to the bootstrap. The number of draw iterations was set to 
10.000 to easy selection of quantiles from the bootstrapped dataset. After the full bootstrap 
procedure, the descriptive statistics were evaluated for model parameters (Table 4). 

The bounds of the confidence intervals were easy identified due to the selected number of 
bootstrap iterations. They were values found at positions 250 and 9750 in the sorted boot-
strapped results. Similarly, the bootstrapped p-Value was evaluated as relative position of sign 
switching inside the sorted bootstrapped results. 
 

Effect 
Parameter 

mean 
SE p-Valuebootstrapped 1) / 

p-Valuetheoretical 
2) -95 CI +95 CI 

bconst 0.29 0.82 0.682 / 0.729 -1.42 1.84 
bBV/TV 91.98 8.93 0.000 / 0.000 74.46 109.42 
bBranches 7.60 3.27 0.016 / 0.031 1.57 14.57 
bJunctions -13.72 5.66 0.010 / 0.026 -25.79 -3.39 

Table 4: Parameters of fixed-effects model for transformed data 
1) bootstrapped p-Value was evaluated from relative position of sign switching inside a bootstrap table 

2) theoretical p-Value was evaluated from ratio (mean/SE) and t-Student distribution at d.o.f. = 19 

The analysis of confidence intervals bounds revealed that an asymmetric exists between left 
and right side relative to means (Table 5). The coefficients were evaluated as studentized i.e. a 
quotient of a deviation and standard error, where deviation was difference between confidence 
interval bound and respective mean: 

95CI mean
cf

SE

± −= . (3) 

 

Coefficient 
Parameters intervals coefficients 

-95 CI +95 CI 
bconst -2.09 1.89 

bBV/TV -1.96 1.95 
bBranches -1.84 2.13 
bJunctions -2.13 1.83 

Table 5: Studentized coefficients of confidence intervals for the bootstrap model 
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5 CONCLUSIONS  

• Bootstrap approach appears to be effective computational method to identify parameters 
of RSM effects model and their statistical properties. 

• Bootstrap approach does not require to make a priori inconvenient assumptions. 

• Bootstrap approach is very convenient to automatize in computational workflow and fur-
ther statistical postprocessing. 
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Abstract. The evaluation of the mesh opening stiffness of fishing nets is an important issue in
assessing the selectivity of trawls. It appeared that a larger bending rigidity of twines decreases
the mesh opening and could reduce the escapement of fish. Nevertheless, netting structure is
complex. A netting is made up of braided twines made of polyethylene or polyamide. These
twines are tied with non-symmetrical knots. Thus, these assemblies develop contact-friction
interactions. Moreover, the netting can be subject to large deformation. In this study, we inves-
tigate the responses of netting samples to different types of solicitations. Samples are loaded
and unloaded with creep and relaxation stages, with different boundary conditions. Then, two
models have been developed: an analytical model and a finite element model. The last one was
used to assess, with an inverse identification algorithm, the bending stiffness of twines. In this
paper, experimental results and a model for netting structures made up of braided twines are
presented. During dry forming of a composite, for example, the matrix is not present or not
active, and relative sliding can occur between constitutive fibres. So an accurate modelling of
the mechanical behaviour of fibrous material is necessary. This study offers experimental data
which could permit to improve current models of contact-friction interactions [4], to validate
models for large deformation analysis of fibrous materials [1] on a new experimental case, then
to improve the evaluation of the mesh opening stiffness of a fishing net.
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1 INTRODUCTION

Twines used in the manufacture of netting materials for trawl codends tend to be stiffer.
This increased stiffness affects the mesh opening in fishing gears, and thus the ability of fish
to escape. The strong influence of the codend on trawl selectivity has been demonstrated [15].
Moreover, previous studies have shown how mesh rigidity to opening affects the mechanical
behaviour, and thus the selectivity of codends ([5], [16]). However, the mesh opening stiffness
is quite difficult to evaluate. In fact, it depends on its definition and on the theoretical model
of the netting. Generally, to assess the mesh opening stiffness, we consider that a mesh side
must have the same behaviour as a beam ([16], [9], [12], [13]). With this theoretical model, it
appears that the bending rigidity EI of the beam represents the mesh opening stiffness. O´ Neill
demonstrated how an increase in twine bending stiffness reduces the diameter of the codend
and so the mesh opening. In addition, Herrmann [5] reported that an increase in twine bending
stiffness could lead to a reduction in selectivity. Likewise, Moderhak [7] theoretically demon-
strated how changes in mesh size and mesh opening stiffness can impact the shape of a codend
and its selectivity.

As far as the authors know, the first method implemented so far for the assessment of this
stiffness was presented by Sala [16]. The method uses a prototype on which netting panels are
mounted and deformed. It incorporates four tension load cells and four stepping motors and
it is designed so that all twines of the netting panel have the same deformation. The bending
stiffness of the netting twine is estimated from the data of forces and deformation using the
beam theory. However, the prototype uses a relatively expensive and high-tech device to ensure
the uniform deformation of the netting panel.

Alternative methods exist: Priour and Cognard [14] assumed that the twine bending stiff-
ness could be given by the stiffness of a simple cantilever beam whose deformation equals the
observed deformation of a netting panel subject to out-of-plan bending. However, the method
does not take into account the effect of knots and requires a sample of close mesh netting. De la
Prada and Gonzalez [12] offered a simple uniaxial experimental set-up, which stretches a netting
sample in the T-direction of the meshes while leaving free its deformation in the N-direction.
Nevertheless, they assumed that the deformation is identical in all meshes of the sample. This
assumption is probably too strong because the panel is held in the vertical position during the
experiment, so forces and deformation supported by meshes at the top of the panel are higher
than those supported at the bottom due to gravity.

The final aim of this study is to propose a simple methodology to assess the mesh opening
stiffness of fishing nets. This methodology has to be based on a simple experimental plan,
which does not require expensive devices, to be easily used in laboratories and in the fishing
industry.

In this paper, we investigate the responses of netting samples to different types of solici-
tations; samples are loaded and unloaded with creep and relaxation stages, with two different
boundary conditions. Then, two models have been developed: an analytical model and a finite
element model. The last one allows the simulation of the netting without uniform deformation.
These models were used to assess, with an inverse identification algorithm, the bending stiffness
of mesh sides. In this paper, experimental results and models for netting structures made up of
braided twines are presented.
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2 MATERIAL AND EXPERIMENTAL METHOD

2.1 Netting

The netting materials specifications (fibre type, twine construction) were selected according
to the netting commonly used in trawl codends.

In this paper, we investigate a single twine netting made up of polyethylene (PE). This twine
is made up of a core and a sheath (Fig. 1). The core and the sheath are composed of 20 and 64
fibres respectively. In the core, fibres are twisted, whereas in the sheath 16 threads made up of
4 fibres are braided. The linear density of the twine is 5590.4 10−6 ± 10.6 10−6 kg.m−1, that
is 5590.4 ± 10.6 tex. The diameter of the fibres, measured with a digital microscope, is 302.1
µm. The diameter of the twine is 3.14± 0.01mm. The pitch of the braided sheath, which is the
longitudinal distance required for one revolution of a thread around the twine, is 26.12 ±0.62
mm.

Figure 1: Left: single twine netting made up of polyethylene. Right: the braided sheath.

Figure 2: Left: mesh side in a single twine netting made up of polyethylene braided twines. Right: scheme of the
knot.

Each 4x10 mesh netting panel was subject to a pretension step: each sample was loaded in
tensile with 392.4 kg in the N-direction during 30 minutes.

In order to define the input data of models, the sample characteristics are obtained:

• The mass m of the netting panel is measured using electronic scale.

• The characteristic length of the netting mesh sides is obtained from the mean value of
some mesh side lengths measured with a caliper. The length of the mesh side is 40 mm.

• The diameter of the beam elements is calculated so that the mass of the model of the
netting panel is equal to the mass of the real one. The material density of high-density
polyethylene used for the calculation of the diameter is 950 kg.m−3.

2012



B. Morvan, G. Bles, N. Dumergue and D. Priour

• The initial position of the netting panel (i.e. the position at rest) is derived from the length
and the width of the panel at rest. The panel position at rest is performed by vibrating a
horizontal plane where the netting panel is put down free of load, until a stable position
is reached. Then, the dimensions (width Wpanel0, length Lpanel0) of the netting panel
are measured and the mesh angle α0 (angle between a mesh side and the N-direction) is
derived with a simple cosinus equation using the characteristic length of the mesh sides
(Fig. 3).

Figure 3: The dimensionsWpanel0 andLpanel0 of the netting panel allow the mesh angle α0 at rest to be calculated.

For the study, it is convenient to define some parameters. First, the T-direction and the N-
direction in a mesh of the netting have been defined in [6]. The two directions are defined
relatively to the knot orientation (Fig. 2 and 4).

Figure 4: Definition of the N-direction and of the T-direction, and definition of the parameters LN , LT and Lms

in a diamond netting mesh.
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Then, we can define, in one mesh, the distances LN and LT between opposite knots, in the
N-direction and the T-direction respectively. Lms is the length of the mesh side at rest.

To work with dimensionless parameters which do not depend on the mesh side length, we
introduce the openings oN and oT in the N-direction and the T-direction respectively. The
opening oi, in the direction i, is the ratio of the distance Li by the mesh side length Lms (Eq. 1).

oi =
Li
Lms

(1)

2.2 Evaluation of the axial stiffness

Tensile tests have been performed on a LR5Kplus tensile testing machine to evaluate the axial
stiffness of twines constituting the studied fishing nets. Because of the complex visco-elasto-
plastic behaviour of the polyethylene, it is not straightforward to evaluate the axial stiffness
of the instantaneous elasticity. We proposed to assess this stiffness by measuring the moduli of
short-time behaviour according to [2]. G. Bles [2] noted that the measurements after relaxations
and creeps and those of the initial modulus were in agreement and provided a characteristic
evolution of the modulus. In our study, the strain rate was 2.10−4 s−1 and the load at the
beginning of the relaxation stages increased from 100 to 900 N , by 100 N . The duration of the
eight relaxation stages was 15 minutes.

We calculated the moduli of short-time behaviour by calculating the slope at the beginning
of each load step, just after a relaxation stage (Fig. 5). The evolution of the moduli with the
logarithmic strain in the case of the studied braided twine is shown in figure 5. For a small
logarithmic strain (< 0.055), we will suppose that the modulus of short-time behaviour, which
means the axial stiffness, is inferior to 14000 N .

Figure 5: Left: the black line presents the load as a function of the logarithmic strain, and the blue segments
indicate the slope (short-time modulus) just after each relaxation stage. Right: evolution of the short-time modulus,
obtained with the slopes in the figure on the left.

2.3 Experiments

Two types of experiments were performed: a tensile test, on a classical testing machine, and
a suspending test of the same type as [11].
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2.3.1 Tensile test

In the first type, measurements were performed on a LR5Kplus tensile testing machine,
with a 250 N load cell, of the company Lloyd instruments. The uniaxial tension tests were
controlled by the jaw displacement. The relaxation stages were performed by blocking the jaw
movement. A LASERSCAN 200 non-contacting extensometer (Lloyd instruments) allowed the
measurement of the height of the mesh in the middle of the sample (Fig 6).

Concerning the load, we measured the sum of the effects of the displacement, the weight
of the netting panel and the weight of the device which allowed the fixation of the sample. We
defined the loads FmN and FmT as the loads applied on one mesh in the N-direction and the T-
direction respectively. So, knowing the load F applied on the netting panel, the weight Ppanel of
the sample and the weight Pdevice of the device, we calculated the force by mesh FmT applied
on the mesh in the middle of the netting sample:

FmT =
F − Ppanel

2
− Pdevice

4
(2)

Figure 6: Plan (left) and photograph (right) of the experimental set up of the tensile test.
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2.3.2 Suspending test

In the second type of experiment, the panel was suspended from one of its ends and was
subject to its own weight and to forces applied on the four nodes at the bottom (Fig. 7).

Figure 7: Experimental set up plan of the suspending test. A panel is suspended from one of its ends and is subject
to its own weight and to forces applied on its bottom end.

Because of the possible variation in the results, 10 samples of 4 x 10 mesh netting panels
were tested in the same conditions and loadings.

When a panel was suspended, the positions of all the nodes of the netting panel were mea-
sured. The use of a camera with a software designed and implemented in the laboratory allowed
the recording of pictures with a chosen frequency. Note that the software allowed the applica-
tion of optical corrections. Then, targets defined by the user on the first picture were identified
in all the pictures. So the displacements of all these targets were measured during the recording.
The height of the netting panel Lpanel is measured using the position of the uppermost knot and
the position of the lowermost knot.

3 EXPERIMENTAL RESULTS

3.1 Tensile test

Results of a tensile test are shown on figures 8 and 9. A load and unload cycle inter-
rupted by several relaxation stages was imposed. The controlled jaw displacement rate was
100 mm.min−1. The duration of the 9 relaxation stages was 15 minutes.

Figure 10 presents the result of a cyclic tensile test on a double twine netting sample.
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Figure 8: Result of a tensile test including relaxation stages of 15 minutes. Above: evolution of the opening in the
T-direction of the mesh in the middle of the netting panel. Below: evolution of the force by mesh FmT applied on
the mesh in the middle of the panel.

3.2 Suspending test

During suspending tests, different steps were performed: netting panels were submitted to
forces added at the bottom, one after another, of 1.3, 3.257, 7.18 and 11.1 N . For each different
level of solicitation, there was a creep period of 30 min. Figure 11 shows the mean value (±
standard deviation) of the heights Lpanel measured on the 10 suspended netting samples.
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Figure 9: Result of a tensile test including relaxation stages.

Figure 10: Result of a cyclic tensile test on a double twine netting sample.

4 NUMERICAL METHODS

4.1 Analytical model

An analytical model based on the beam theory and allowing large rotations is proposed to
simulate the tensile test, assuming that the load applied on the mesh in the middle of the netting
panel is supposed to be uniaxial, only in the T-direction. The notations used are defined in figure
12.

First, the bending moment M is related to the curvature as follows:
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Figure 11: Evolution of the mean value (± standard deviation) of the heights Lpanel measured on the 10 suspended
netting samples.

Figure 12: Left: application of a load FmT on a mesh. Right: kinematic of the twine between the points E and I .

M = EI
dα

ds
(3)

where EI is the bending stiffness, s is the curvilinear abscissa, α is the mesh angle, and dα
ds

is the curvature.
The bending moment is given by:

M =
FmT

2
(xI − x) (4)
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along the center line of the beam.
The curvature is a function of y(x) as follows:

(
dα

ds
) = cos2(α)y′′(x)

1√
1 + [y′(x)]2

=
y′′(x)

[1 + [y′(x)]2]3/2
(5)

By using relations 3, 4 and 5, the following expression is obtained:

∀x ∈ [0;xI ]
FmT

2
(xI − x) = EI

y′′(x)

[1 + [y′(x)]2]3/2
(6)

The boundary conditions are:

y(x = 0) = 0 (7)

α(x = 0) = α0 ⇔ y′(x = 0) = tan(α0) (8)

The length of the mesh sides is assumed to be constant:

∀t ∈ R+ Lms = Lms0 (9)

∫ I

E
ds =

∫ I0

E0

ds =
Lms0

2
(10)

Lms0
2

=
∫ xI

0

δs

δx
dx =

∫ xI

0

√
1 + [y′(x)]2 dx (11)

To work with dimensionless parameters, x̄ and ȳ are defined by:

x̄ =
2x

Lms0
ȳ =

2y

Lms0
(12)

And u is defined by:

∀x ∈ [0;xI ] u(x̄) = y′(x) (13)

Using equations 12 and 13, relations 6, 8 and 11 become 14, 15 and 16 respectively.

∀x̄ ∈ [0; x̄I ]
FmT

2
(
Lms0

2
)2(x̄I − x̄) = EI

u′(x̄)

[1 + [u(x̄)]2]3/2
(14)
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u(x̄ = 0) = tan(α0) (15)

∫ x̄I

0

√
1 + [u(x̄)]2 dx̄ = 1 (16)

The solutions of the differential equation 14 are:

∀x̄ ∈ [0; x̄I ]
FmT

2EI

Lms0
2

4
x̄[x̄I −

x̄

2
] =

u(x̄)√
1 + [u(x̄)]2

+K (17)

where K ∈ R.
Using relation 15 with relation 17, we obtain:

∀x̄ ∈ [0; x̄I ]
FmT

2EI

Lms0
2

4
x̄[x̄I −

x̄

2
] =

u(x̄)√
1 + [u(x̄)]2

− tan(α0)√
1 + tan2(α0)

(18)

To simplify the equation, we defined v by:

∀x̄ ∈ [0; x̄I ] v(x̄) =
u(x̄)√

1 + [u(x̄)]2
(19)

So u can also be defined by:

∀x̄ ∈ [0; x̄I ] u(x̄) =
v(x̄)√

1− [v(x̄)]2
(20)

where v ∈]− 1; 1[.
Then relation 18 leads to:

∀x̄ ∈ [0; x̄I ] v(x̄) =
FmT

2EI

Lms0
2

4
x̄[x̄I −

x̄

2
] + sin(α0) (21)

By using relations 20, 21 and 16, the value of x̄I can be evaluated by an iterative algorithm
(e.g. dichotomy algorithm).

Using the relations 12 and 13, ȳ becomes:

∀x̄ ∈ [0; x̄I ] ȳ(x̄) =
∫ x̄

0
u(x̄) dx̄ (22)

So ȳI can be calculated by:

ȳI =
∫ x̄I

0
u(x̄) dx̄ (23)

Finally, the displacement of the half mesh side, and so the opening of the mesh in the middle
of the netting panel during the tensile test, submitted to a tensile force FmT , can be calculated
by relations 20, 21 and 23.
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4.2 Finite element model

The mechanical behaviour of the studied netting was modeled using the Abaqus Standard
finite element code. A mesh side was assumed to behave like a Timoshenko beam. In Abaqus,
we model a mesh side with a planar beam that uses linear interpolation and a 2D hybrid formu-
lation (B21H type in Abaqus). Timoshenko beams allow for transverse shear deformation and
can be subject to large axial strains. Hybrid beam element types are used for geometrically non-
linear analysis when the beam undergoes large rotations. In this study, we modeled a mesh side
with 20 B21H elements. The shear modulus was supposed to be very high so that the transverse
shear deformation was not taken into account. The axial stiffness EA of the beam elements was
determined using the results presented in figure 5.

4.3 Inverse identification methods

The global scheme for the identification of one mechanical parameter, here the bending
stiffness, is presented on Fig. 13.

In case of the tensile test, the objective function was the difference between the experimen-
tal and the numerical height of the mesh in the middle of the netting panel. In case of the
suspending tests, the objective function was calculated by using two different methods: first,
the objective function was the mean distance between the coordinates of the experimental and
the numerical knots; then, the objective function was the difference between the experimental
and the simulated suspended sample height. There was a difference of 3.5 per cent between
the bending stiffness identified using the measured coordinates of all the knots and the bending
stiffness evaluated using the height of the netting panel. Thus, it was decided to identify the
parameter with only the height of the netting sample.

The optimization of the search of the parameter EI is performed with the Nelder-Mead (or
downhill simplex) algorithm proposed by John Nelder and Roger Mead ([8]).

This algorithm is used within the Python library SciPy, which contains an optimization mod-
ule. The convergence is usually reached after about ten loop iterations of the Nelder-Mead
algorithm.

5 NUMERICAL RESULTS

5.1 Tensile test

Using the experimental results and the identification method presented previously, we iden-
tified the bending stiffness EI of braided twines constituting the netting sample. The evolution
of the bending stiffness EI is presented on figure 14. The evolutions of this parameter dur-
ing the whole test, including relaxation stages, identified with the finite element model and the
analytical model, are presented.

Figures 15 and 16 show, respectively, the influence of the force by mesh in the T-direction
and the influence of the opening oT on the bending stiffness. For these two figures, the bending
stiffness was identified using the finite element model at the begining (0 min) and at the end (15
min) of the relaxation stages.

5.2 Suspending tests

The identified evolution of the bending stiffness, in the case of suspending tests, is presented
on figure 17. As previously described, the identifications of the bending stiffness have been
carried out using results of suspending tests on 10 netting samples.
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Figure 13: Inverse analysis strategy.

6 DISCUSSION

The tensile test provides results which reveal the viscosity of the material (Fig. 8 and 9).
Figure 14 shows the importance of taking into account the viscosity of the material, which
influences greatly the identified bending stiffness. Thus, with the assumption of a viscoelastic
behaviour, the relaxation stages permit to reduce the effect of viscosity and to improve the
evaluation of the bending stiffness; indeed, the higher the relaxation duration is, the less the
rate dEI/dt is, then the less the effect of the time on the value of EI is. Figure 16 shows that
the opening oT was still high during the unload (with relaxation stages of 15 minutes). So the
mesh did not come back to its initial state. The structure presented a permanent deformation or
a long-term viscosity.

Figure 14 shows that the bending stiffness identified with the analytical model is lower than
the one evaluated with the finite element model. The relative difference between the two curves
ranges from 4.40 % for a force by mesh value of 1.59N to 12.77 % for a force by mesh value
of 12.38N . According to the finite element model of tensile test, the mesh in the middle is sub-
mitted to a tensile force in the T-direction and a compression force in the N-direction. However,
the analytical model only takes into account the tensile force. We can assume that to obtain
the same mesh opening in T-directon without compression force in the N-direction, a lower
bending stiffness is necessary. We can note that for a low force level, in case of a tensile test,
the bending stiffness identified with the analytical model is close to the one evaluated with the
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Figure 14: Tensile test. Evolution of the bending stiffness EI , identified with the finite element model (’⊕’, black
line) and the analytical model (’×’, blue line).

Figure 15: Tensile test. Evolution of the bending stiffnessEI , identified using the finite element model at 0 minute
(’⊕’, black line) and at 15 minutes (’×’, blue line) of each relaxation stage, as a function of the applied load FmT .

finite element model.
Figures 15 and 16 show the evolution of the identified bending stiffness as a function of the

force applied on the mesh FmT and as a function of the opening oT respectively. We can note
that the variation of the parameter EI during the test is smaller when it has been calculated
at the end of each relaxation step. However, the evolution of FmT (Fig. 8) indicates that the
contribution of the viscosity is not completely relaxed after a relaxation stage of 15 minutes.

When the opening increases (and so the force), the tensile force in mesh sides increases so
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Figure 16: Tensile test. Evolution of the bending stiffnessEI , identified using the finite element model at 0 minute
(’⊕’, black line) and at 15 minutes (’×’, blue line) of each relaxation stage, as a function of the opening in the
T-direction, oT .

we could suspect that the twine diameter decreases. And a smaller diameter means a smaller
moment of inertia I . Thus, we could suspect a decrease of EI when the opening increases. But
figure 16 shows that EI increases when the opening oT of the mesh increases. It is necessary
to take into account the complexity of the twine structure. When the twine diameter decreases,
interactions between fibres (directions) and interactions between the core and the sheath become
different. The complexity of the behaviour was already revealed on figure 5 which showed that
it was not possible to identify a constant Young modulus E.

During the tensile test, the force by mesh at the beginning of relaxation stages ranged from
2.40 N to 12.38 N . During suspending tests, netting panels were submitted to forces by mesh
added at the bottom ranging from 0.3235 N to 2.775 N . The force by mesh applied on the
uppermost meshes was higher and ranged from 0.46 N to 2.91 N due to the effect of gravity.
The load applied on meshes during suspending tests were only around a quarter of the load
applied during the tensile test. With this loading level, a smaller opening oT of the mesh is
observed during the suspending test than during the tensile test, therefore a smaller variation of
the identified bending as presented on figure 17. We can note that the bending stiffness identified
for the smallest value of force by mesh with the tensile test is close to the ones identified with
the suspending tests.

The suspending tests on 10 netting samples allow us to calculate the first and third quartiles,
and the standard deviation of the bending stiffness (Fig. 17). The standard deviation of the
bending stiffness decreases when the load increases, so when the opening of meshes increases.
We can remember that each sample was subject to a pretension step (loaded in tensile with
392.4 N in the N-direction during 30 minutes). Thus, we can suppose that the decrease of the
standard deviation is not caused by the tightening of knots.
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Figure 17: Suspending test. Medians of the bending stiffness EI with first and third quartiles (above) and standard
deviation (below) of EI at the begining (20 s) and at the end (30 min) of each creep stage.

7 CONCLUSION

A simple method to evaluate the bending stiffness of braided twines, so the mesh opening
stiffness of fishing nets, is presented. In this study, twines were made up of polyethylene.

Two different tests were performed: a tensile test and a suspending test. In case of a tensile
test, a load and unload cycle interrupted by several relaxation stages was imposed. In case
of suspending test, netting panels were submitted to forces added at the bottom, with creep
stages. The experimental results show the importance of taking into account the viscosity of the
material.

Two models based on the beam assumption were developped: an analytical model and a finite
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element model. The results obtained with these models are close, even if the bending stiffness
identified with the analytical model, in case of the tensile test, is lower than the bending stiffness
evaluated with the finite element model. The finite element model is more accurate because it
models the compression force in the N-direction.

The results of the identifications show an evolution of the bending stiffness as a function
of time (viscosity), of the load level and of the mesh opening. To take into account the effect
of the structure of the braided twine, one could model the fibres constituting the core and the
sheath of each twine, and the interactions between the fibres. This work provides experimental
results that could be used to study the contact-friction interactions, to develop a model for large
deformation analysis of fibrous material.

Finally, the identification of the bending stiffness EI on suspending test, proposed here, could
be used as a simple methodology to evaluate the mesh opening stiffness of fishing nets.
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Abstract. The internal geometry of textile composites is subjected to a significant amount of
variability. An improved assessment of the quality of any composite material is achieved by
identification and simulation of the inherent uncertainty in the reinforcement geometry. By fol-
lowing this strategy, many random realistic representations of the textile reinforcement can be
generated based on experimental data of only a few textile samples. This work presents such
a roadmap with its successive steps to characterise the spatial scatter in the internal structure
of any textile composite (short- and long-range) and simulate random models possessing the
measured statistical information on average. Three main steps can be distinguished: (1) col-
lection of experimental data and statistical analysis, (2) stochastic multi-scale modelling of the
reinforcement, and (3) construction of virtual specimens in a geometrical pre-processor such as
WiseTex. The methodology is demonstrated for a typical carbon-epoxy 2/2 twill woven compos-
ite produced by resin transfer moulding, but is applicable to any woven textile or other topology
with minor modifications.
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1 INTRODUCTION

Theinternal geometry of fibre-based composites is subjected to a significant amount of scat-
ter. Variability in the macroscopic performance is dominated by the spatial randomness in the
geometrical characteristics at the lower scale, especially for textile composites. By identifying
the irregularity in the tow reinforcement, an improved assessment of the quality of a composite
can be obtained and a virtual model with a more realistic representation of the reinforcement
can be constructed. Among the different strategies for simulating variability in composites us-
ing appropriate scaling techniques [1, 2], those that will lead to the most accurate predictions of
the statistical distributions of composite properties are calibrated by experimental quantification
of the reinforcement variability. However, an inadequacy of experimental data on textile geom-
etry is exists, while methods are lacking for reliable modelling of the effects of geometrical
scatter on the randomness in the mechanical properties.

This article presents a stochastic modelling procedure for textile composites that enables to
generate as many random virtual specimens as desired based on the statistical analysis of the
reinforcement of only one or a few samples. The ensemble of virtual specimens possess the
same statistical information on average as measured from the physical samples. The methodol-
ogy consists of three steps: (1) collection of experimental data about reinforcement geometry,
(2) multi-scale modelling of the reinforcement using advanced simulation strategies, and (3)
creation of virtual specimens in a geometrical pre-processor such as WiseTex [3]. While step
1 is essential in replicating the real geometry, it is often omitted and researchers are forced to
make assumptions about the input information for step 2 and 3.

Next sections describe the general approach and successive steps to build random virtual
specimens, starting from the collection of experimental data till the generation of random sam-
ples. The methodology is applied on a carbon-epoxy 2/2 twill woven textile composite.

2 MULTI-SCALE FRAMEWORK

Scatter in the reinforcement is considered at the meso-scale (or the unit-cell scale) and
macro-level (or the sub-component scale); variation in the matrix and fibre properties is not
considered. The variability of each tow path is expressed in terms of its centroid coordinates
(x, y, z), tow cross-sectional aspect ratioAR, tow cross-sectional areaA and tow cross-sectional
orientationθ. Three main steps can be distinguished in obtaining realistic descriptions of the
internal geometry of textile composites:

1. Collection of experimental data with statistical analysis

(a) Quantification of the short-range variation

(b) Quantification of the long-range variation

(c) Statistical analysis in terms of average trends, standard deviation and correlation
information

2. Stochastic multi-scale modelling of the reinforcement

(a) Combination of systematic and handling trends from the experimental data

(b) Monte Carlo Markov Chain method for simulating auto-correlated deviations

(c) Cross-correlated Series Expansion for simulating auto- & cross-correlated devia-
tions
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3. Construction of virtual specimens in WiseTex

(a) Construction of the nominal model with manufacturer’s data

(b) Update tow path descriptions with generated instances

3 COLLECTION OF EXPERIMENTAL DATA WITH STATISTICAL ANALYSIS (STEP
1)

3.1 Methodology

Non-destructive inspection techniques are applied to measure the fabric architecture in a
reliable and efficient way across the composite volume. Scatter in geometry is inspected on the
short-range (meso-scale) and the long-range (macro-scale).

It is recommended to acquire short-range data on uncertain tow path parameters using X-ray
micro-computed tomography (micro-CT). A three-dimensional (3-D) reconstructed volume is
obtained, where from two-dimensional (2-D) slices are extracted in warp and weft direction.
Tow cross-sectional shapes can be fitted with ellipses to extract data that fully describe the
reinforcement: centroid coordinates(x, y, z), tow cross-sectional aspect ratioAR, tow cross-
sectional areaA and tow orientationθ in cross-section. After the collection of geometrical data,
the reference period collation method [5] is applied. This approach groups tows that should
be identical given the nominal periodicity of the textile, with such a representative tow named
genus. Each tow parameter of each genus is decomposed in a non-stochastic, average trend and
non-periodic stochastic fluctuations. These stochastic deviations are further quantified in terms
of standard deviation and correlation length.

In addition to the short-range data, the collection of long-range can be advised when one
or more tow path parameters have a correlation lengthξ that exceeds the unit cell dimensions.
Depending on the tow path parameter(s) that need such long-range quantification, additional
micro-CT scans, optical imaging techniques or digital image correlation need to be performed.

The statistical information of all tow path parameters, from short- and long-range character-
isation, are used as input to the next step for calibrating the reconstruction algorithms.

3.2 Application to a 2/2 twill composite

The methodology is applied to a 2/2 twill woven composite. The dry reinforcement is a
fabric from Hexcel (G0986) [4] which is impregnated with epoxy in a Resin Transfer Moulding
(RTM) process. It is a balanced textile with four warp (x-axis) and four weft (y-axis) tows. A
virtual representation of the unit cell is given in figure 1 withλx=11.43 mm andλy=11.43 mm,
respectively the periodic lengths of warp and weft tows. Considering the manufacturing of the
2/2 twill woven fabric, warp tows can be represented by onegenus, and similar for the weft
tows.

All tow parameters, with exception of the in-plane centroid position, vary within the unit cell
dimensions. The latter centroid position is also subjected to the largest variability, indicated
by the high standard deviationσ. The micro-CT procedure and derived statistical information
is described in [6]. Additional long-range information is acquired for the in-plane centroid
positions. An optical scan of the in-plane dimension of a single-ply composite, spanning a
region of interest of 10 by 10 unit cells, is performed. A detailed discussion of the procedure
and results are given in [8].

Figure 2 present the average reinforcement of the 2/2 twill woven composite. Deviations for
all tow path parameters are approximately represented by a normal distribution, with a summary
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Figure 1: WiseTex model of a 2/2 twill woven reinforcement. Thex-axis and y-axis of the coordinate system are
respectively parallel to the warp and weft direction. The z-direction refers to the tickness direction.

of the statistical data given in table 3.2. Only the in-plane centroid position is cross-correlated
between neighbouring tows.
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Figure 2: The average reinforcement description presented forthe centroid coordinates of a 2/2 twill woven com-
posite.

x [mm] y [mm] z [mm] AR [-] A [mm2]
σwarp [mm] - 0.106 0.014 1.774 0.023
ξwarp
auto [mm] - 114.89 1.78 7.26 2.53
ξwarp
cross [mm] - 4.49 - - -
σweft [mm] 0.615 - 0.015 1.440 0.024
ξweft
auto [mm] 52.89 - 1.62 5.48 1.01
ξweft
cross [mm] 13.16 - - - -

Table 1: Statistical information of all tow path parameters: standarddeviation, auto- and cross-correlation length.

4 STOCHASTIC MULTI-SCALE MODELLING OF THE REINFORCEMENT (STEP
2)

4.1 Methodology

A stochastic multi-scale modelling approach is developed to reproduce the measured varia-
tion in the tow reinforcement within the unit cell and between neighbouring unit cells. Random
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instances of tow paths are acquired by following successive steps:

1. Construct a 2-D lattice of straight tows, with rows representing the warp tows and columns
representing the weft tows (other definition could be required for non-woven textiles).

2. On each row or column, define an equidistant grid consisting of locationsi′ and with a
lengthNi′ of which (1) the grid spacing is smaller than the shortest correlation length and
(2) the length at least approximates the largest correlation length.

3. Interpolate the average trends of all tow path parameters to match the grid locations.
Periodicity is exploited for the repetitive systematic trend of the short-range parameters.

4. Generate and add a set of zero-mean deviations{ǫ̃sri′ , i
′ = 1..Ni′} along the grid of a

single tow for each tow path property that exhibits a short-range trend. This step is per-
formed continuously along an entire tow path spanning multiple unit cells and does not
need to be limited per unit cell length.

5. Generate and add a set of zero-mean deviations{ǫ̃lrj′ , j
′ = 1..Nj′} along a second grid

with locationsj′ of the same length but with a considerably larger grid spacing, with at
least one point per periodic length. Afterwards interpolate the produced values to the
short-range grid with locationsi′.

A necessary condition for superposition of the short-range deviations onto the long-range devi-
ations is that the short-and long-range deviations are not correlated with each other.

Zero-mean deviations which are only correlated along the tow path are produced by the
Monte Carlo Markov Chain for textile structures [10], while uncertain quantities that are de-
pendent along and between tow paths are generated using a cross-correlated Series Expansion
method [11].

4.2 Monte Carlo Markov Chain algorithm

Tow path parameters which vary without any type of cross-correlation are generated using
the Markov Chain algorithm for textile structures [10]. Deviations of a single tow path param-
eter are produced independently from other tow parameters in a single process. The Markovian
operation is the core computation within the Monte Carlo based scheme and generates the distri-
bution vectorP ǫ

i+1 of the particular parameterǫ at the next grid locationi+1 using a probability
transition matrixAǫ

trans:
P ǫ
i+1 = Aǫ

transP
ǫ
i (1)

Each tow parameter has a different transition matrixAǫ
trans that is calibrated with the experimen-

tal standard deviation and nearest-neighbour correlation information to reproduce the statistical
information. A post-processing smoothing operation is required to reduce low-amplitude short-
range spikes present in the discretized tow path. More details on this algorithm can be found in
[10, 7].

4.3 Cross-correlated Series Expansion

A methodology proposed by Vor̆echovsḱy [11] based on Series Expansion simulates tow
path parameters that share the same auto-correlation and of which the cross-correlation can be
represented by a single scalar, called cross-correlation coefficient. Each uncertain parameter is
represented by a Gaussian random fieldHi. The method is calibrated with the experimental
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standard deviation, auto-correlation and cross-correlationdata, of which the correlation infor-
mation is summarised in correlation matrices. A single realisation of tow parameter deviations
for a certain tow pathHj, represented bỹHj, is acquired using the Karhunen-Loève (K-L) Series
Expansion [12], withλ andφ respectively the eigenvalues and -vectors of the auto-correlation
matrix:

H̃j(x) =
NKL∑

i=1

√
λA
i χ

D
j,iφ

A
i (x) (2)

The random variables ofχD are uncorrelated for each set of random variables that describe a
single tow and at the same time cross-correlated between all sets of random variables belonging
to different tows. Random fields of the in-plane centroids of warp and weft tows are simulated as
a truncated series withNKL terms. Only the largest eigenvalues and corresponding eigenvectors
are considered in the procedure. A detailed discussion of the method is given in [9].

4.4 Application to a 2/2 twill composite

Stochastic instances of the 2/2 twill reinforcement are generated for a region spanning ten
by ten unit cells, which is sufficiently large to represent the short- and long-range variation
quantified in this composite. Each tow is discretised in 320 points, corresponding to 32 points
per unit cell. The model is representative for one ply within a laminate which is stacked with
2/2 twill carbon fabrics on each ply.

The Monte Carlo Markov Chain method is employed for the generation of zero-mean de-
viations of the out-of-plane centroidz, areaA and aspect ratioAR deviations. Smoothing
is applied using information of±2 neighbouring grid points to obtain a realistic tow path, as
demonstrated for the warp out-of-plane centroid for one periodic length in figure 3.
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Figure3: Warp out-of-plane centroid deviations trend for 28 warp tows: (a) experimental vs. (b) smoothed devia-
tions obtained from simulations.

Tow path deviations for thousand virtual specimens are generated with the Markov Chain to
verify if the experimental statistics are reproduced. The standard deviations and auto-correlation
lengths of single unit cells are centred around the experimental target values. Figure 4 shows
the histogram of the unit cell statistics for the z-centroid of the warp tows. Smoothing has
a limited effect on the standard deviation, while the correlation lengths are slightly shifted to
higher values. Similar conclusions are made for the other tow parameters of the warp and weft
genus.
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Figure 4: Unit cell standard deviations and correlation lengthsof the out-of-plane warp centroid after smoothing.

All cross-correlated in-plane centroid deviations of the 2/2 twill woven composite are gen-
erated with the cross-correlated Series Expansion technique over a grid of 41 points. A good
resemblance is found for the deviations pattern of the measured in-plane deviations and the pro-
duced deviation patterns, as demonstrated in figure 5 for the warp tows. The short wavelength
of the experimental warp fluctuations and long wavelength of the measured weft deviations are
reproduced without the need of an additional smoothing operation. As post-processing step, the
generated deviations are interpolated over the grid of 320 points which is used for the short-
range variations.

Comparison of the produced and target statistical information using the Series Expansion is
demonstrated at the level of individual specimens. In figure 6, the histogram is presented of
the generated auto- and cross-correlation lengths for the warp tows. The mean of the generated
correlation lengths achieve the target statistics on average.
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Figure5: Warp in-plane centroid deviations trend for 80 warp tows: (a) experimental vs. (b) simulated deviations.

5 CONSTRUCTION OF VIRTUAL SPECIMENS IN WISETEX (STEP 3)

5.1 Methodology

The last step of the multi-scale framework creates virtual textiles with random geometry. A
virtual representation of the textile composite is obtained in WiseTex [3], which is a commer-
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Figure 6: Auto- (left) and cross-correlation (right) lengthsof produced warp in-plane positions.

cially available pre-processor for textile geometry. To obtain a random model, nominal tow path
descriptions are overwritten with realistic tow representations obtained from the previous step,
while preserving the original fibre mechanics and matrix properties.

5.2 Application to a 2/2 twill composite

A virtual specimen of the 2/2 twill woven composite is presented in figure 7, with warp
and weft tows oriented respectively along the horizontal and vertical direction. The in-plane
centroid position varies on the long-range with bundling behaviour appearing for the weft tows.
The unit cell image demonstrates the variation in the out-of-plane centroid position and tow
cross-sectional parameters.

Figure 7: Virtual specimen in the WiseTex format. The in-planedimension and a single unit cell is presented to
demonstrate the short- and long-range variability.
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6 CONCLUSIONS

A stochasticmulti-scale strategy is presented to quantify and simulate the geometrical vari-
ability present in a textile composite. Three general steps are followed to acquire virtual spec-
imens that possess the same statistical information on average as measured from experimental
samples. In step 1, experimental data are collected on the centroid positions and cross-sectional
dimensions over the short- and long-range distance. Step 2 continues with the construction of
virtual tow paths as a combination of a mean trend with zero-mean deviations. If a tow path pa-
rameter is not cross-correlated with its adjacent tows, deviations for that parameter are produced
with the Monte Carlo Markov Chain method. If cross-correlation is present, a cross-correlated
Series Expansion technique is applied to generated the tow path properties. In the final step,
random virtual specimens are created in the WiseTex software. These geometrical models will
support material design in predicting a more realistic range in which the mechanical properties
vary.

The methodology is demonstrated on a carbon-epoxy 2/2 twill woven composite. The in-
plane centroid positions show the largest standard deviation of all tow properties with a cor-
relation length exceeding the unit cell dimensions. Therefore, additional data are gathered by
optical imaging of the in-plane dimension of multiple unit cell one-ply composites to inspect
the in-plane positions over a larger distance. Virtual reinforcements are simulated that span a
region of ten by ten unit cells and are representative for a ply within a laminate. Deviations
of the out-of-plane centroid coordinate, aspect ratio and area are produced using the Markov
Chain method, while the cross-correlated in-plane centroid position is generated by the Series
Expansion procedure. A good comparison in terms of wavelengths and extreme values is ob-
tained between the experimental and simulated deviations trends for all properties. Further, all
simulated tow deviations achieve the target statistics on average. The virtual WiseTex model
reflects the variation observed and quantified from the 2/2 twill composite sample.
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Abstract. A general framework able to describe the mechanical behavior of thermo-elastic
materials with microcracks is proposed. The main features of our model come from the defi-
nition of additional kinetics descriptors, both mechanical and thermal (multifield model). The
model is thermodynamically consistent and turns out to be non-local, in that it retains memory
of the fine material structure through internal lengths and dispersion properties. It is shown
that the multifield model allows us to reveal the presence of the microcracks through a disper-
sive oscillating behavior and a temperature decrease of microcracks, circumventing well known
problems related to standard wave propagation and heat conduction.
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1 Introduction.

The mechanical behavior of many materials of growing interest in materials science (such
as composites, granular materials, alloys, liquid crystals) is often strongly influenced by an
existing or emergent microstructure (such as microcracks, voids, defects, dislocations, phases
in multiphase materials). Due to the different material properties of the microstructure, the
macroscopic material turns out to be highly anisotropic and eventually inhomogeneous. Several
approaches to the modeling of such materials can be found in the literature, and for a synthetic
description the reader is referred to [30] and references therein.

A fine description of such materials often requires an excessive computational effort, oth-
erwise, a gross description within the so-called generalized continuum mechanics can be more
suitable, on extending the conventional mechanics in order to incorporate intrinsic microstruc-
tural effects in the mechanical behavior [19, 8, 10, 2]. In this contribution we fit into a general
framework of this kind, able to describe the mechanical behavior of thermo-elastic materials
with microcracks. In particular we propose a continuum model endowed with a mechanical
and thermal structure defined for predicting the macroscopic behavior of a material with dis-
tributed microcracks (due to manufacturing defects or lack of cohesion). To fix ideas, we focus
on porous metal-ceramic composites (MCC, CMC) such as tungsten or titanium/molybdenum
carbides (WC/Co, TiC/Mo2C), alumina/zirconia materials (Al2O3/ZrO2).

Our model is connected to a discrete description of the matter, with the perspective to a
proper constitutive identification. Besides the standard descriptors – displacement and temper-
ature – additional terms are introduced in an enhanced principle of virtual powers formulation.
These additional microstructural descriptors respectively represent: on the mechanical side, the
mean jump of the displacement field due to the presence of microcracks; while on the thermal
side, the nonstandard thermal state variable of the thermal displacement, firstly considered by
Helmholtz, and an additional microstructural kinetic variable, whose time derivative represents
the mean jump of the temperature field due to the presence of microcracks. This model is
non-local, in that it retains memory of the fine material structure through internal lengths and
dispersion properties, and can be considered as a continuum with microstructure according to
the definition by Capriz [8].

The continuum here described, with just reference to the mechanical structure, has been
proposed in [18] and developed in [31, 37, 30] with applications to particle/fiber reinforced
polymer/ceramic matrix and masonry-like materials. Recently, the microstructure has been
extended to the thermomechanical framework in [13], stemming from the ideas exposed in [11],
where a simple and paradigmatic example of continua with micro-structure is exposed within
the beams theory framework. An application of a two-temperatures model to rod theory can
be also found in [1]. More in general, microtemperatures have been considered in [38] and the
entropy balance postulated by Green and Naghdi [16], extensively discussed in [?, 6], is used
to obtain a new theory of heat for materials with inner structure. A more exhaustive reference
framework on this topic is reported in [13].

The PDEs governing equations obtained have been tested in a simple one–dimensional set-
ting, where we have shown the potentiality of the theory laid down. The performed numerical
tests show that the presence of microcracks has twofold effect: on one side it makes the dis-
placement and the temperature field wave-like and oscillating, what reveals the presence of the
microcracking itself; on the other side, it makes the final temperature lower than in the case
without microcracks, as one would expect.
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2 Discrete–to–scale–dependent continuum model: towards a constitutive identification

A model of generalized continuum, as the one we propose, may be computationally efficient
provided that a proper physical meaning of the additional fields is provided and a constitutive
identification for the internal and the external actions is performed [31, 37, 27, 33, 28, 3, 14, 20,
4, 12, 2, 36]. In [36, 29] it has been shown that the Principle of Virtual Powers (PVP) can be
expedient to perform coarse-graining procedures in the framework of the homogenization tech-
niques. These corpuscular-continuous approaches are based on the assumption that a selected
microscopic level structure of matter can be described as discontinuous, and that the transition
from the coarse scale is governed by an a priori map between the large set of degrees of freedom
of discrete systems and the deformation fields of the continuum. In this sense the procedure we
propose can be connected to homogenization techniques adopted to derive constitutive models
with internal variables; nevertheless an important difference has to be pointed out: when dealing
with these techniques an effective stiffness of the material is obtained, depending on the prop-
erties and the distribution of the microcracks (see for instance [7, 17, 23]); analogous results
can be obtained for the effective thermal conductivity [24]. In our approach, both the classi-
cal mechanical and thermal properties are unaltered, while self-actions (both mechanical and
thermal), related to additional material properties, are added. The results of the two different
approaches can be compared in terms of macroscopic displacement [29] and temperature.

Here below a synthetic and revisited version of the developments in [13], is reported. For
further details the reader is referred to the quoted article.

At the microscopic level, the material is supposed to be composed of two interacting super-
posed lattices; the former that we will call macrolattice and denote by L, is constituted of rigid
particles representing the matrix, connected in pairs by elastic and conductive links, which carry
only axial forces; the second lattice that we will call microlattice and denote by L′, is made of
interacting slits of arbitrary shape with a predominant dimension; they are thought as a device
able to transmit to the macrolattice additional forces and thermal interaction, due to crack open-
ing displacement. The two lattices are linked together by elastic and conductive bonds; in a
purely mechanical framework, this approach has already been used in [18].

LetA and B two interacting particles of the macrolattice, whose centers occupy the positions
a and b. Let us consider two slits A′ and B′, whose centers are individuated by the positions
a′ and b′. We endow both lattices with two physical structures, the one mechanical the other
thermal; for both the structures, we define the kinetic variables. Let ui the relative displacement
between two points ui = ua−ub of L. Let the crack opening displacement overA′ be indicated
by da′ , and let dj = da′ − db′ be the relative displacement jump between two interacting
slits A′ and B′. We denote by ϑi = ϑa − ϑb the difference in temperature between A and
B; the corresponding kinetic variable we consider is the difference in thermal displacement
αi = αa − αb, defined as α̇i = ϑi. Let the jump of temperature between the two sides of the
slit A′ be θa

′
, while the relative temperature jump between two interacting slits A′ and B′ be

θj = θa
′ − θb′; consistently, we define βa′ and βj , with β̇

a′

= θa
′

and β̇j = θj .
The strain measures of the L is ui, while the strain measure for L′ is dj; for each pair of

interacting particle-slit, a further strain measure is assumed as the vector ul = ua − (ua′ +
γa

′
da′), with γ a function of (|a− a′|) and of the number of the particles interacting with A′.
The mechanical interaction between two particles through the i-th bond are represented by

the vectors tai and tbi , with tai = −tbi =: ti; the corresponding thermal interaction is given
by the scalar quantities hai and hbi , with hai = −hbi =: hi. The vectors za′

j and zb′
j , with za′

j =

−zb′
j =: zj indicate the interactions between two slits along the j-th direction; the corresponding
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thermal interactions are given by the scalar quantities ha′j and hb′j , with ha′j = −hb′j =: hj . The
interacting force between the l-th bond will be denoted by ma

l = −ma′

l = −ml. The force due
to the displacement da′ is represented by the vector za′

0 ; the zero-th order thermal interaction
corresponding to the temperature of the particle A is denoted by ha0, those corresponding to
the temperature of the particles A′ is denoted by ha

′
0 . All the defined fields are considered

time-dependent.
The dynamics of the two lattices is specified by an extended notion of the internal virtual

power, defined over the collection of virtual velocities (‘primal’ variables)

(δui, δd
a′ , δdj; δα

a, δαi, δβ
a′ , δβj, ), (1)

defined as follows:

δπ[(δui, δd
a′ , δdj;δα

a, δαi, δβ
a′ , δβj, )] =

∫
T

(∑
a

ha0δα
a +

∑
i

(ti · δui + hiδαi)

+
∑
a′

(za′

0 · δda′ + ha
′

0 δβ
a′) +

∑
j

(zj · δdj + hjδβj) +
∑
l

ml · δul

)
,

(2)

where the summations are extended to all the a particles, a′ slits, i bonds between two generic
elements of L, j bonds between two generic elements of L′ and all the l links between an
element of L and an element of L′; T is the observation time interval.

Consistently with the molecular theory of elasticity [9], to account for short range interac-
tions, it is sufficient to consider homogeneous deformations by assuming that the lattice de-
scriptors are connected to continuum fields as:

ua = u(x) +∇u(x)(a− x),

da′ = d(x) +∇d(x)(a′ − x),

αa = α(x) +∇α(x) · (a− x),

βa′ = β(x) +∇β(x) · (a′ − x),

(3)

where: u is the mechanical displacement, whose time derivative v := u̇ is the velocity; d is
the mechanical micro-displacement d, whose time derivative is the micro-velocity denoted by
l := ḋ; α is the thermal displacement, whose time derivative ϑ := α̇ represents the absolute
temperature; β is the thermal micro-displacement, whose time derivative is θ := β̇, that we call
micro-temperature. The field d is the perturbation induced on the regular macroscopic displace-
ment field by the mean displacement jump which it would have over the actual microcrack; it
can be interpreted as the difference between the actual displacement field in the body with mi-
crocracks and the regular displacement field of the same body without microcracks. The origin
of this interpretation is investigated in [18] and [30]. Analogously, β is the perturbation induced
on the regular macroscopic temperature field by the mean temperature jump which it would
have over the actual microcrack as introduced in [13].

Thus, the following strain measures of the lattice system can be defined:

ui = ∇u(a− b), da′ = ∇d(a′ − b′), ul = ∇u(a− a′)− γa′
(
d(x) +∇d(a′ − x)

)
,

αi = ∇α · (a− b), βj = ∇β · (a′ − b′),
(4)

where, for sake of simplicity, we omitted the dependence on x. The above assumptions cor-
respond to the hypothesis of regularity on the influence of microcracks on the deformation of
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the body and come out from a generalized Cauchy-Born relation used to by-pass the intrinsic
limitation of local descriptions avoiding the resort to non-homogeneous deformations [32, 30].
Considering the maps (3) and after some algebra, the mean virtual power of the system can be
written as:

δΠ[(δu, δd, δα, δβ)] =
1

V
δπ[(δui, δd

a′δdj; δα
a, δαi, δβ

a′ , δβj, )]

=

∫
T

(
S · ∇δu + z · δd + Z · ∇δd + hδα + h̄ · ∇δα + kδβ + k̄ · ∇δβ

)
, (5)

where:

S =
1

V

(∑
i

ti ⊗ (a− b) +
∑
l

ml ⊗ (a− a′)
)
,

z =
1

V

(∑
a′

za′

0 −
∑
a′

γa
′
ml

)
,

Z =
1

V

(∑
a′

za′

0 ⊗ (a′ − x) +
∑
j

zj ⊗ (a′ − b′)−
∑
l

γa
′
ml ⊗ (a′ − a)

)
,

h =
1

V

∑
a

ha0,

k =
1

V

∑
a′

ha
′

0 ,

h =
1

V

∑
i

hi(a− b),

k =
1

V

(∑
a′

ha
′

0 (a′ − x) +
∑
j

hj(a
′ − b′)

)
,

(6)

are the interaction measures and V is the volume of a representative volume element (RVE),
easily to be defined if we assume a periodic microstructure but also detectable for non periodic
assemblies [34, 35]. Note that the fabric vectors a′ − x, a′ − b′ and a′ − a account for the
geometry of the microstructure, while the directions of the forces za′

0 and zj account for the
orientation of the slits. On assuming the equivalence of the mean virtual power of the lattice
system δΠ (5) with the virtual power density of a corresponding multifield continuum:

δw[(δu, δd, δα, δβ)] =

∫
T

(
S · ∇δu + z · δd + Z · ∇δd + hδα + h̄ · ∇δα + kδβ + k̄ · ∇δβ

)
, (7)

by means of the localization theorem, we can recognize that Equations (6) define the stress and
the thermodynamic measures of the equivalent continuum. S, z, Z, h, h̄, k, k̄ are measures
of the mechanical and thermal interactions that a point of the continuum body exchanges with
its adjacent part, accounting for both macro- and micro-description, dual to the macroscopic
kinetic variables.

Then, by assuming constitutive response functions for the mechanical and thermal interac-
tions and in the discrete model we can obtain the effective constitutive relations of the multifield
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continuum in the form [13]:

S = CE + D∇d + (ϑ− ϑ̄)M + (θ − θ̄)Γ,
z = Gd,

Z = R∇d + DE + (ϑ− ϑ̄)N + (θ − θ̄)Λ,
h = −χ∇α− ν∇β,
k = −λ∇β − ν∇α,

(8)

where ϑ̄ and θ̄ are given reference temperatures and C, D, M, Γ, G, R, N, Λ are the constitutive
terms, mechanical and thermal. The quantities h and k in 6 have the role of dissipation (see [13]
for details on this issue) and then, as it customarily happens in classical thermo-elasticity, we
set:

h = q · ∇ϑ, k = q̃ · ∇θ, (9)

where (q, q̃) are the heat influxes, that we set, as usually done [5, 22], proportional to the entropy
influxes through the temperature as follows:

q = ϑh, q̃ = θk. (10)

3 Balance equations

The structure of the continuum body identified is encoded in the virtual power density for-
mula (7), and it is perceived ad a continuum with local vector structure.

Following the approach described in [13], by requiring the equivalence of the virtual internal
and external power of such a continuum (generalized Principle of Virtual Power as in [21]) we
derive following local balance equations:

(i) momenta balances:
ṗ = div S + b,

ṙ = div Z− z + g;
(11)

(ii) entropies balances:
η̇ = − div h− h+ b,

ω̇ = − div k− k + g,
(12)

in P × T , P being an arbitrary part of the body, h := −h̄ and k := −k̄, together with the
boundary conditions:

Sn = s, Zn = y, h̄ · n = s, k̄ · n = y, (13)

on ∂P × T and the initial conditions:

p(x, ti) = pi(x), r(x, ti) = ri(x), η(x, ti) = ηi(x), ω(x, ti) = ωi(x) (14)

for x ∈ P , where the fields b, g, b and g account for both the macro and the micro external
at-a-distance interactions, respectively mechanical and thermal; the fields s, y, s and y account
for the contact interactions; p is interpreted as the linear momentum, r the microscopic linear
momentum, η the entropy, ω the micro-entropy, being all these fields defined per unit referential
volume. As Equations (12) reveal, h and k can be interpreted as the entropy and micro-entropy
influxes, respectively; the fields h and k are measures of internal dissipation, as anticipated in
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the previous section. The extended version of the PVL, whence (11) and (12) come out, is
based upon the introduction of: (i) a space-time integral, responsible of the appearance of time
derivatives, and (ii) those thermal kinetic variables already introduced in the discrete system.

On substituting (8), (9) in (11) and (12), we obtain a system of partial differential equations
in the unknowns u, d, α and β. It is worth noting that if, in order to have a linear system of
PDEs, we neglect the quadratic quantities [15] and, in order to have a system in terms of the
temperature where more meaningful boundary conditions can be setted, by differenting with
respect to time the heat equations (12) become:

cϑ̈ = χ∆ϑ+ ν∆θ + M · ∇ü + N · ∇d̈,

ξθ̈ = λ∆θ + ν∆ϑ+ Γ · ∇ü + Λ · ∇d̈.
(15)

4 Numerical simulations

In this Section we present some numerical results confining our attention to a one-dimensional
body C – i.e. a bar – whose typical point x lies on a line of direction e.

We focus the attention to a conductive bar without microcracks versus a conductive bar with
microcracks, referring the reader to [37] for underlying the ability of the purely mechanical
multifield model to account for the presence of distributed microcracks. In this simple setting,
the momenta balances (11) and the heat equations (15) read:

%ü− Cu′′ −Dd′′ −Mθ′ − Γθ′ = 0,

µd̈−Du′′ −Rd′′ +Gd−Nϑ′ − Λθ′ = 0,

cϑ̈ = χϑ′′ + νθ′′ +Mü′ +Nd̈′,

ξθ̈ = λθ′′ + νϑ′′ + Γü′ + Λd̈′,

(16)

where we have set p = %üe and r = µd̈e, with % and µ mass densities per unit length [37].
In order to evaluate the effects of microcracks and microtemperature in heat conduction, we

here assume the coupling terms between the purely mechanical fields and the others are null
(i.e. M = D = Γ = 0). As to the initial and boundary conditions for the temperature fields, we
set

ϑ(x, 0) = 0, ϑ(a, t) = t2, ϑ(b, t) = 0, ϑ̇(x, 0) = 0,

θ(x, 0) = 0, θ(a, t) =
t2

100
, θ(b, t) = 0, θ̇(x, 0) = 0.

(17)

The choice to set for the micro-temperature at the point a a value of 1/100 of the macro-
temperature is suggested by the physical requirement that the effects of the mean jump of the
temperature due to microcracks is much smaller than the mean temperature itself. We define as
visible temperature the field ϑ(x, t)− θ(x, t).

In Fig. 1 we plot the results of our model vs the temperature in a bar without cracks, satisfy-
ing the following heat equation, consistent with (16)4

cϑ̈ = χϑ′′. (18)

If we compare the results of (18) with the model with microtemperature, we note that the
presence of the microcracks has a double effect: on one side it makes the temperature field
wave-like and oscillating; on the other side, it makes the final temperature lower than in the
case without microcracks, as one would expect. Moreover, it is possible to show that the wave
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Figure 1: (a) and (b) Temperature in a bar without cracks (ϑ, continue blue line) and visible temperature in a bar
with microcracks (ϑ − θ, dotted red curve), at two different time steps. (c) and (d) Same simulation with higher
density of microcracks.

length is related to the microcracks density, what modifies the oscillatory behavior (see Fig. (1)
(c)-(d)).

5 Final remarks

We have proposed a multiscale approach, within the framework of the generalized continuum
thermo-mechanics, able to investigate the mechanical and thermal properties of a microcracked
solid. The model is connected to a discrete description of the matter, with a perspective to a
proper constitutive identification. Besides the standard descriptors – displacement and temper-
ature – additional terms are introduced, able to take into account the presence of microcracks.
The model proposed is non-local, in that it retains memory of the fine material structure through
internal lengths and dispersion properties. The PDEs system obtained has been tested in a sim-
ple one-dimensional setting, where we have shown the potentiality of the theory laid down.
Focusing in particular on the the thermal properties, we have shown that our model is able to
accommodate a non-standard thermal propagation; our numerical tests show that the presence
of microcracks has twofold effect: on one side it makes the temperature field wave-like and
oscillating, what reveals the presence of the microcracking itself; on the other side, it makes the
final temperature lower than in the case without microcracks, as one would expect.
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Abstract. The paper deals with homogenization of linear elastic continuum involving empty 

pores. We concern some aspects of numerical approaches and confront them with the analyti-

cal ones in case of 2D elasticity. Of course, there are some restrictions for the analytical con-

cept, because it is applicable only to few shapes of pores. Nevertheless, two or four variants 

of the analytical approach are developed in order to study the role of incorporation of inter-

action among the pores as well as the influence of outer boundary of microstructural subdo-

main and application of various physically admissible correlations between the volume 

averages for homogenized continuum and micro-structural one. In general, a numerical ap-

proach is necessary for solution of micro-structural boundary value problems in case of arbi-

trary shape and/or distribution of voids. Two approaches are proposed and mathematical 

models developed for numerical calculation of effective material coefficients for linear elastic 

continuum involving arbitrary empty pores. Appropriate micro-structural boundary value 

problems in the RVE are proposed for numerical analyses which are utilized for a posterior 

evaluation of effective material coefficients. Comparisons of results by the analytical and nu-

merical approaches are discussed for the circular and elliptical pores. Finally, the influence 

of the shape of vacant pores and porosity on bending of elastic plates is illustrated in numeri-

cal simulations. 
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1 INTRODUCTION 

In practical engineering problems, the material media are not often homogeneous. If the 

size of material defects is much smaller than the characteristic length in structural design, the 

concept of homogenization is meaningful and applicable. Since the design is mostly the mat-

ter of numerical simulations, it is important to deal well with evaluation of effective material 

coefficients. Recently also multiscale models are utilized with different physical treatment on 

different length scales. In this paper, we shall distinguish between the macro-structure and 

micro-structure with using the linear elasticity as the physical base for description of phenom-

ena on both dimensional scales. The difference consists in modelling micro-heterogeneities in 

micro-structure and characterization of macro-structure as statistically homogeneous linear 

elastic composite or defected materials based on the macroscopic or overall or equivalent 

elastic behavior. Although the subject of homogenization is classical (Voigt and Reuss mix-

ture rules, Hashin and Shtrikman upper and lower bounds [2], self-consistency method [3], 

Mori-Tanaka method [4-6, 1]), there are still some open questions [7], e.g. the unproved Hill’s 

and Mandel’s conjecture statement.  

2 HOMOGENIZATION BASED ON MICRO-STRUCTURAL MODELLING. 

EFFECTIVE MATERIAL COEFFICIENTS  

The idea of homogenization is applicable to microscopically inhomogeneous materials on-

ly if these materials are macroscopically or statistically homogeneous in considered macro-

structure. It means that there exist representative elements (RVEs) of the body under 

consideration. The RVE must obey the following requirements: (i) it is relatively small sam-

ple of the material, i.e. the constraints and loading on the surface of the macrostructure are 

uniform within the length l  which is the linear size of the RVE ( l L  where L  is the charac-

teristic dimension of the macrostructure); (ii) it is sufficiently large as compared with the line-

ar size of micro-inhomogeneity ( a ) in order the spatial wave-length ( ~ a ) of the stress and 

strain fluctuations about a mean value be small compared with l ( a l  ), and the effects of 

such fluctuations become insignificant within a few wave-lengths from the boundary of the 

RVE. Having solved micro-structural boundary value problems in RVE (the micro-

constituents are assumed to be homogeneous elastic continua; the shape and distribution of 

micro-constituents or defects are abstracted from experiment), one can get volume averages of 

micro-fields over the RVE. The transition from micro- to macro-level (where the macro-

structural problems could be solved in effective continuum which is macroscopically homo-

geneous) depends on finding the connections between suitably defined macro-variables and 

averages of micro-fields. There are two main questions: (i) how to define macro-variables and 

boundary data for the RVE in a physically meaningful way; (ii) whether and how the macro-

variables (alone or in combinations) are related to the volume averages of their micro-

counterparts.  

Let us consider a macroscopically homogeneous body and denote by B  the regular sub-

region occupied by a RVE of the same microscopically inhomogeneous 2D body composed 

of the homogeneous skeleton B and empty voids B with B   , 0 , 0  be-

ing the boundary of the RVE, skeleton and voids in the RVE, respectively. The volume aver-

age or the mean values of the field variables are   

1
( )eff eff

B B

f f d
B

  x ,           
1

( )ms msf f d
 

 


x   .                                               (1) 

where the former relationship is for the effective field variable ( )efff x defined in the whole B , 

while the latter is used for the field variable ( )msf x related to the elastic skeleton (matrix mate-
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rial) in micro-structural boundary value problems ( ms bvp ). The mean values without de-

tailed specification will be denoted as 
V

f .   

If , ,i ij iju   
   are displacements, corresponding strains and self-equilibrated stress fields 

corresponding to solution of an elastic boundary value problem in V  with boundary V  and 

tractions i ij jt n  ( n  is the outward unit normal vector on V ), then it can be shown 

ij ij i iV
V

V t u d 


                                                                                                             (2) 

i j ij ji j iV V
V V

t x d V V t x d 
 

      ,     
1

2
i j j i ij V

V

t x t x d V 


                         (3) 

,i j i j V
V

u n d V u


  ,    
1

2
i j j i ij V

V

u n u n d V 


                                                           (4) 

    ij ij ij ij i k ik i j ijVV V V V
V

V t n u x d     


                                             (5) 

Thus, the mean value of the deformation energy can be written in the separated view    

ij ij ij ijV V V
                                                                                                             (6) 

if the Hill conditions [ ] are satisfied: 

(i) kinematically uniform boundary conditions (KUBC): i j ijV
u x 


 ,  ij const  ,            (7) 

    when ij ijV
   

(ii) statically uniform boundary conditions (SUBC): i k ikV
t n 


 ,  ik const  ,                 (8) 

    when ik ikV
  .  

The constitutive relationships in the linear elastic homogenized continuum are given as 

( ) ( )
eff eff eff
ij ijkl klc x x  ,                                                                                                            (9) 

where eff
ijklc const . Hence,   

eff eff eff
ij ijkl kl

B B
c                                                                                                            (10) 

and from the symmetry the stress and strain tensors, we have the following symmetry proper-

ties 

 eff eff eff
ijkl jikl ijlkc c c                                                                                                                    (11) 

while the symmetry  
eff eff
ijkl klijc c                                                                                                                              (12) 

results from the requirement of linear elasticity. In view of Eqs. (9) and (10), we could calcu-

late the effective material coefficients eff
ijklc if we knew either ( ), ( )

eff eff
ij kl  

 
x x at a point x or 

the mean values ,
eff eff
ij kl

B B
  

  
. This would lead to an inverse problem. In order to elimi-

nate the solution of the inverse problem, we try to identify the mean values 

,
eff eff
ij kl

B B
  

  
with the some quantities obtained from the solution of ms bvp  in the 

RVE.  
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If we consider a micro-structural KUBC in the RVE, it can be found (using the Green’s 

function) that  

( ) ( )ms
ij ijkl klA x x     in B  ,                                                                                                 (13) 

where ( )ijklA x is the influence tensor function corresponding to the KUBC. According to (4) 

and (7), we have ( )ms
ij ij 


x . Hence and from (13) 

 ( )ijkl ik jlA  

x .                                                                                                             (14) 

Bearing in mind the constitutive law in the homogeneous skeleton    

( ) ( )ms s ms
ij ijkl klc x x                                                                                                              (15) 

and ( ) 0ms
ij x in  B  , we obtain from (13) and (15) 

( ) ( ) ( )ms ms
ij ij ijkl klrs rsBB

c A
B

  



 x x x  .                                                                (16) 

Since  ( )ms
rs rs 


 x , we can rewrite (16) as 

1
( ) ( ) ( )

1

ms s ms
ij ijkl klrs rsB

c A
p

 
 



x x x                                                                         (17) 

where we have introduced the porosity p defined as  

: 1
B

p
B B

  
    .                                                                                                          (18) 

If we adopted (as physically admissible) identification ,
eff eff
ij kl

B B
   

  
 

,ms ms
ij kl 

 

 
  

, we would have form (17)  

1
( )

1

eff s eff
ijkl klrs rsij B BB

c A
p

 


x                                                                                  (19) 

and finally, in view of (10), we would have 

 
1

( )
1

eff s
ijkl klrsijrs B

c c A
p




x .                                                                                                  (20) 

Similarly, if we consider a micro-structural SUBC in the RVE, it can be found that  

( ) ( )ms
ij ijkl klB x x     in B ,                                                                                                 (21) 

where ( )ijklB x is the influence tensor function corresponding to the SUBC. According to (3) 

and (8), we have ( )ms
ij ij 


x . Hence and from (21) 

( )ijkl ik jlB  

x .                                                                                                              (22) 

Bearing in mind the constitutive law in the homogeneous skeleton    

( ) ( )ms s ms
ij ijkl klM x x                                                                                                            (23)                                                                                

(where s
ijklM is the tensor of skeleton compliances) and ( ) 0ms

ij x in  B  , we obtain from 

(21) and (23) 

( ) ( ) ( )ms ms s
ij ij ijkl klrs rsBB

M B
B

  



 x x x  .                                                               (24) 
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Since  ( )ms
rs rs 


 x , we can rewrite (24) as 

1
( ) ( ) ( )

1

ms s ms
ij ijkl klrs rsB

M B
p

 
 



x x x                                                                       (25) 

If we adopted (as physically admissible) identification ,
eff eff
ij kl

B B
   

  
 

,ms ms
ij kl 

 

 
  

, we would have form (25)  

1
( ) ( ) ( )

1

eff s eff
ijkl klrs rsij B BB

M B
p

 


x x x                                (26)                                                                                 

and finally in view of eff eff eff
ij ijkl kl

B B
M  , we would have 

1
( )

1

eff s
ijkl klrsijrs B

M M B
p




x .                                                                                              (27)         

Finding of the influence functions is not as simple task, in general. In what follows, we shall 

consider a special case of elliptical pores in 2D elasticity problems, when the analytical solu-

tion can be utilized. Another considered case is the numerical approach, which is applicable to 

empty pores of arbitrary shape and randomly distributed in the RVE. We shall illustrate this 

approach on elliptical pores uniformly distributed in the body.  

2.1 Analytical approaches  

It is well known that the analytical solution is available for elasticity problem in infinite 

plane with an elliptical empty void and applied tension load 1 1ij i j     at infinity [8-10]. 

Denoting the major and minor semi-axes as a , b  and selecting the RVE as square l l  with 

l a ,  we can consider the analytical solution in infinite plane as certain approximation for 

the micro-structural boundary value problem in the RVE  with prescribed constant traction 

load on the outer boundary and traction free boundary of the elliptical hole. 

     

Fig. 1 Geometry of the quadrilateral RVE with one empty elliptical pore 

Now, in view of Fig. 1, we can write 

 , ,
1 1

: ( )
| | 2 | |

ms ms ms ms
ij ij ik j k jk i kd x x d   

  

      
 

x  
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0

, ,

1 1

2 | | 2 | |

ms ms ms ms
ik j jk i i j j i

k k
x x d t x t x d 

 

 
          

 

              1 1

2 | | | | 1

ms ms
i j j i ij ij

B
t x t x d

p
  



    
  

                                                      (28)  

   
0

, ,
1 1 1

: ( )
| | 2 | | 2 | |

ms ms ms ms ms ms
ij ij i j j i i j j id u u d u n u n d 

   

          
  

x  

             
0, ,

ms ms
ij ij 

   
                                                                                             (29) 

with  
,

1
:

2 | |

ms ms ms
ij i j j iu n u n d

  

  


,    
0

0
,

1
:

2 | |

ms ms ms
ij i j j iu n u n d

  

  


.      (30) 

Both these contributions to the mean value of micro-structural strains can be evaluated by 

using the exact solution for displacements in infinite plane. Apparently, in the linear theory of 

elasticity, both these integrals are to proportional to ij  , i.e. 

,

1

1

ms
ij ijkl klM

p
 

 



,    

0,

1

1

ms
ij ijkl klH

p
 

 



,                                                       (31) 

where  1
:

2 | |

ms ms
ijkl kl i j j iM u n u n d

B




   ,   
0

1
:

2 | |

ms ms
ijkl kl i j j iH u n u n d

B




   . 

What we need is to find certain physically meaningful correlation between the mean values 

of stresses and strains in effective medium and those found from solution of micro-structural 

bvp. First, consider the integral force compatibility and average strain compatibility 

(IF&ASC):  

IFC:  eff ms
ijij

B
B  


       (1 )

eff ms
ij ijij

B
p  


                                         (32) 

ASC:  
1

1

eff ms
ij ijkl ijkl klij

B
M H

p
  


  


    ,                                                            (33) 

where we have utilized Eqs. (28)-(31). Since eff eff eff
ij ijijkl

B B
M  , we obtain from (32)-(33) 

 
1

1

eff
ijkl ijklijklM M H

p
 


                                                                                                   (34) 

If we shifted the outer boundary of the RVE to infinity, i.e.   , then s
ijkl ijklM M , 

where s
ijklM is the tensor of compliances corresponding to the matrix material of the skeleton. 

In view of such an approximation, we shall distinguish two analytical approaches within the 

IF&ASC concept:  

(i) analytical approach I, denoted as AA(I):  1

1

eff s
ijkl ijklijklM M H

p
 


                           (35) 

(ii) analytical approach II, denoted as AA(II):  
1

1

eff
ijkl ijklijklM M H

p
 


                     (36) 
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Another concept consists in consideration of integral force compatibility and integral en-

ergy compatibility (IF&EC): 

IEC:  eff eff ms ms
ij ijij ij

B B
   

 
                                                                               (37) 

hence, in view of (32), we have 

1

1

eff ms
ijij

B p
 





 

and finally in view of (29)-(31) and IFC (Eq.(32)) 

   2 2

1 1 1

1 (1 ) (1 )

eff effms
ij ijkl ijkl kl ijkl ijklij ij

B B
M H M H

p p p
   


    

  
. 

Similar to the previous case, we shall distinguish other two analytical approaches: 

(i) analytical approach III, denoted as AA(III):  2

1

(1 )

eff s
ijkl ijklijklM M H

p
 


                 (38) 

(ii) analytical approach IV, denoted as AA(IV):  2

1

(1 )

eff
ijkl ijklijklM M H

p
 


                (39) 

In order to evaluate the integrals ijklM and ijklH , we employ the exact values for displace-

ments found from the analytical solution in infinite plane (see Fig. 2) 

 

Fig. 2 Elliptical hole in infinite plane with applied uniform stress loading in infinity 

2 2 3

1 1 3 5
0

1 2 1 1 1
( , ) ( , ) cos 2 2 2

4

ms R m m m m
u u m

E A

 
      

   

      
                   

 

             
2 2

2
0 0 3 2

2 2 1 2 2
cos( 2 ) 2 cos( 2 ) 1

m m
m

m A m A
    

    

    
           

 
    

 

             02

2
cos3 2 cos(3 2 )

m m

A A
  

 

  
      

  

                                                                (40) 
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2 2 3

2 2 3 5
0

1 2 1 1 1
( , ) ( , ) sin 2 2 2

4

ms R m m m m
u u m

E A

 
      

   

      
                   

 

              
2 2

2
0 0 3 2

2 2 2 1 2
sin( 2 ) 2 sin( 2 ) 1

m m
m

m A m A
    

    

    
           

 
    

 

              02

2
sin3 2 sin(3 2 )

m m

A A
  

 

  
      

  

                                                              (41) 

Performing the required integrations, we obtain 

11 111111 1122 1112

22 2211 2222 2212 22

1211 1222 121212 12

2

2

2

kl kl

kl kl

kl kl

H H H H

H H H H

H H HH

 

 

 

 

 

 

   
    
          

    
   

,   
1 2

3 4
0

5

0
1

0

0 0

B B

H p B B
E

B


 

  
  

 
 

                       (42) 

in which  

2
1111 1

0 0

1 1
(3 2 ) 3

4

Rb
H m m m p B

B E E

          
 

 ,        2
1

1
: (3 2 ) 3

8
B m m m

       
 

 

 2
1122 2

0 0

1 1
(1 2 ) (1 )

4

Rb
H m m m p B

B E E

          
 

 ,  2
2

1
: (1 2 ) (1 )

8
B m m m

       
 

 

 2
2211 3

0 0

1 1
(2 1) 1

4

Ra
H m m m p B

B E E

          
 

,     2
3

1
: (2 1) 1

8
B m m m





       
 

 

 2
2222 4

0 0

1 1
(3 2 ) 3

4

Ra
H m m m p B

B E E

          
 

,     2
4

1
: (3 2 ) 3

8
B m m m





       
 

 

  1212 5
0 0

( ) 1 1
2 1

2

R a b
H p B

B E E

    
    ,                 5

1 1 1
: 1 1

2 2
B 



  
      

  
      (43) 

with  

 
2

:
ab

p
l


  ,    

1

1

a b
m

a b





 
 

 
 ,     :

b

a
  ,    

3
3 4

 


 


   


,                                            (44) 

where and  , are Lame coefficients which are correlated with the Young modulus 0E and 

Poisson ratio  by 

0

2(1 )

E






,  

2

1 2


 





 ,   

/ (1 ) , for plane  stress problems

, otherwise

 





 


                                    (45) 

The matrix of compliances of the homogeneous, isotropic and linear elastic skeleton is given 

as  

1111 1122 1112

2211 2222 2212
0

1211 1222 1212

2 1 3 0
1

2 3 1 0
4

0 0 42

s s s

s s s s

s s s

M M M

M M M M
E

M M M



 
     

                
   
 

  .                                                 (46) 
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Note that in the case of elliptic void, we have not the closed form expression for the integrals 

in the matrix ijklM , though we have it in the case of circular void 

 
2

1111 1111
0

1
4 2( 2)

2

s p p
M M

E


 

 

   
       

   

,   1112 0M  ,     

 
2

1122 2211 1122
0

1
( 2) 4 2( 2)

4

s p p
M M M

E


 

 

   
         

   

,  2212 0M  ,                          (47) 

2

1212 1212
0

1
2 2 2( 2)s p
M M p

E






   
      

   

,   1211 12220M M   

Performing the limit b a , when 0m  and 1  in Eq. (43), we obtain the ijklH  matrix for 

circular pore 

 1
1

3
4

B
 

  and  1111
0

3
Q

H
E

  ,    4
1

3
4

B
 

  and  2222
0

3
Q

H
E

  ,     
1

(1 )
4

Q p 
 

   

 2
1

4
B

 
  and 1122

0

Q
H

E
  ,    3

1

4
B

 
  and  2211

0

Q
H

E
                                        (48) 

 5 1B   and  1212
0

2 4
Q

H
E

 .  

Thus, in the case of circular pore, the effective continuum is isotropic, while in the case of 

oriented elliptical pore it is anisotropic (it is neither isotropic nor orthotropic, since 2 3B B ). 

However, if we consider elliptical pore randomly oriented, we obtain the compliance matrix 

by angular averaging of the tensor of compliances for elliptical pores with sloped major axis 

with respect to the applied loading. Making use the transformation properties of tensors, 
2

0

1
:

2

eff eff
ijkl ijklM M d







   ,   O ( )O ( )O ( )O ( )

eff effT T T T
i j k lijkl ijklM M        

one can perform the angular averaging in closed form  

   1111 1111 2222 1122 2211 1212 2222

3 1
4

8 8

eff eff eff eff eff eff eff
M M M M M M M

 
       

   1122 1111 2222 1212 1122 2211 2211

1 3
4

8 8

eff eff eff eff eff eff eff
M M M M M M M

 
                                       (49) 

1112 2212 1211 12220
eff eff eff eff

M M M M
   
     

 1212 1111 2222 1122 2211 1212

1 1

8 2

eff eff eff eff eff eff
M M M M M M


      .  

Thus, the effective continuum in the case of randomly oriented elliptical pore is isotropic.  

Having known the matrices ijklM , s
ijklM , ijklH one can find the matrices of compliances for 

effective continuum in particular approaches AA(I), AA(II), AA(III) and AA(IV). Recall that 

the matrix ijklM is known in closed form only for circular pore, but not for elliptical pore. 

Thus, for the elliptical pore, we have closed form results only by AA(I) and AA(III). The ma-
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trix of stiffness coefficients for effective continuum is obtained by inversion of the matrix of 

compliances. 

2.2 Numerical approach  

If the shape of pore is arbitrary, one can solve the micro-structural bvp in the RVE numeri-

cally and get the micro-structural mean values of strains and stresses. If we consider the 

boundary of the pore to be traction-free 
0

0it 
 , we can express the mean values in terms of 

boundary integrals as 

 , ,
1 1

: ( )
| | 2 | |

ms ms ms ms
ij ij ik j k jk i kd x x d   

  

      
 

x  

                  
0

, ,

1 1

2 | | 2 | |

ms ms ms ms
ik j jk i i j j i

k k
x x d t x t x d 

 

 
          

 

              1

2 | |

ms ms
i j j it x t x d



  


                                                                                     (50) 

   
0

, ,
1 1 1

: ( )
| | 2 | | 2 | |

ms ms ms ms ms ms
ij ij i j j i i j j id u u d u n u n d 

   

          
  

x  

             
0, ,

ms ms
ij ij 

   
                                                                                             (51) 

with  
,

1
:

2 | |

ms ms ms
ij i j j iu n u n d

  

  


,     

        
0

0
,

1
:

2 | | | |

ms ms ms ms
ij i j j i ij

B
u n u n d 

  

    
 

,   
0

1
:

2 | |

ms ms ms
ij i j j iu n u n d

B




     

Since the mean values of the strains and stresses in effective continuum are not known (we 

cannot solve any direct bvp in effective medium because of absence of material coefficients), 

we should find a physically meaningful correlation between ,
eff eff
ij kl

B B
  

  
 and 

,ms ms
ij kl 

 

 
  

in order to get the stiffness coefficients in the homogenized effective con-

tinuum 

11 11 12 16 11

22 21 22 26 22

12 61 62 66 122

eff eff eff eff eff

eff eff eff eff eff

eff eff eff eff eff

c c c

c c c

c c c

 

 

 

    
    
    
    
    
    

  or 

11 11
11 12 16

22 21 22 26 22

61 62 66
12 122

eff eff
eff eff eff

B B

eff eff eff eff eff

B B
eff eff eff

eff eff

B B

c c c

c c c

c c c

 

 

 

   
    
    
    
    
    
    

   

.             (52) 

For this purpose, we shall use two approaches: 

(i) boundary densities compatibility (BDC) approach: we assume that the physically rele-

vant boundary densities on the outer boundary of the RVE are the same for both the micro-

structural bvp and the bvp in effective continuum, i.e. eff ms
iiu u


 , eff ms

iit t


 . Then, 

    , ,

1 1 1
: ( )

| | 2 | | 2 | |

eff eff eff eff eff eff
j iij ij i j j i i j

B B B

d u u d u n u n d
B B B

 


          x  
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,

1
(1 )

2 | |

ms ms ms
i j j i iju n u n d p

B


 

       ,                                            (53) 

 , ,
1 1

: ( )
| | 2 | |

eff eff eff eff
j k i kij ij ik jk

B B B

d x x d
B B

         x  

                           
, ,

1 1

2 | | 2 | |

eff eff eff eff
j i j ii jik jk

k kB

x x d t x t x d
B B

 


 
        

 
 

                       1
(1 )

2 | |

ms ms ms
i j j i ijt x t x d p

B




     .                                                   (54) 

(ii) integral force & energy compatibilities (IF&EC) approach: we consider two assump-

tions:  

 

 

1  integral force equilibrium:  

2  energy equilibrium :

eff ms
ijij

B

eff eff ms ms
ij ijij ij

B

eff eff eff eff
ij ij ij ij

B B B

B  

   

   





 



 




                      

                                                                                    

(1 )

1

1

eff ms
ijij

B

effms ms ms
ij ij ijij

B

p

p

 

   



 

  


 



          

Since 

1 1ms ms ms ms ms ms
ij ij i i i it u d t u d 

  

    
 

 

 ms ms ms ms ms ms ms ms
ij ij ij ij i i ij i jt u d t x d    

    

        

                        

0

ms ms ms ms
ik ik ik ik j kx n d   

    

      

                         ms ms ms ms
i k ik i j ijt n u x d 

 

      

                       

 

0
0

,

ms
ikjk

ms ms ms ms
ij ik j k ik ik

BB

x n d



   
    

 

     

we have  

    1
(1 2 )

1

ms ms ms ms ms ms ms ms ms
ij ij ij ij ij i k ik i j ijp t n u x d

p
      

    

      


 

The last integral is vanishing if the KUBC or SUBC are employed on the outer boundary 

of the RVE. Then, 
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 2

1
(1 2 )

(1 )

eff ms ms
ij ijij

B
p

p
  


  


   .                                                                      (55) 

The evaluation of mean values of micro-structural fields is remarkably simplified, if we 

consider KUBC (kinematic uniform b.c.) on the outer boundary of the RVE, i.e. 
ms
i iu u


 with :i ik ku x


 ,  ik const  .                                                                               (56)   

Then, 

   
,

1 1
:

2 | | 2 | |

ms ms ms
ij i j j i ik k j jk k iu n u n d x n x n d  

   

       
 

 

                    , ,
1 1

2 | | | | 1
ik k j jk k i ij ij

B

B
x x d

p
       

  
                                              (57) 

Moreover, in the case of uniform distribution of pores in the macrostructure, we can create 

identical rectangular cells around each pore with periodic boundary conditions on the bounda-

ries of cells. Then, if we create the RVE from several cells, we can see that because of the 

symmetry and consideration of rigid body motion equivalence, the solution in each cell is the 

same. Therefore it is sufficient to solve the micro-structural bvp in one cell with one pore in 

the case of uniform distribution of pores in the macrostructure. In what follows, we restrict 

our consideration to KUBC.  

Thus, we can find the mean values of strains and stresses in the effective continuum as 

(i) BDC-approach:   

      
,

(1 )
eff ms

ij ijij
B

p  
 

                                                                                          (58) 

       1
(1 )

2 | |

eff ms ms ms
ij i j j iij

B
p t x t x d

B
 

 

                                                           (59) 

where ms
it on   should be got from the solution of the micro-structural bvp. 

(ii) IF&EC-approach:  
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       1
(1 )

2 | |

eff ms ms ms
ij i j j iij

B
p t x t x d

B
 

 

                                                           (61) 

where the integrands in both the integrals over 0  and   are taken from the solution of the 

micro-structural bvp. 

 Now, we show that it is sufficient to solve three micro-structural bvp in order to get all 

material coefficients in homogenized effective elastic continuum: 
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b.v.p. (I):   ( )I I
i ik ku x


x ,  11 1 1

I I
ik i k     ;     

0

( ) 0I
it


x                                               (62) 

        

Fig. 3 The first choice of boundary conditions in quadrilateral RVE with one empty pore  

Having solved the considered ms-bvp, one can evaluate  

 ( ) ( ) ( )
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    ,      
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                 (63) 

b.v.p. (II):   ( )II II
i ik ku x


x ,  22 2 2

II II
ik i k     ;     

0

( ) 0II
it


x                                        (64)   

 

Fig. 4 The second choice of boundary conditions in quadrilateral RVE with one empty pore  

Having solved the considered ms-bvp, one can evaluate  
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B
t x t x d

l




    ,      
0

( ) ( ) ( )
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           (65) 

b.v.p. (III):  ( )III III
i ik ku x


x ,  12 1 2 2 1

III III
ik i k i k       ;    

0

( ) 0III
it


x                          (66) 
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Fig. 5 The third choice of boundary conditions in quadrilateral RVE with one empty pore  

Having solved the considered ms-bvp, one can evaluate  
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     (67) 

 According to  Eqs. (52), (58) and (59) we obtain the effective stiffness coefficients by the 

BDC-approach as: 
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In the case of IF&EC-approach we obtain the following systems of algebraic equations: 

b.v.p. (I):   

( ) ( ) ( )3
11 11 11 22 12 12 16 11(1 2 ) 2 (1 )

eff I ms eff I ms eff I effms

B
p p c p c p c p             

 
                         (71a) 

( ) ( ) ( )3
11 11 21 22 22 12 26 22(1 2 ) 2 (1 )

eff I ms eff I ms eff I effms

B
p p c p c p c p             

 
                        (71b) 

( ) ( ) ( )3
11 11 61 22 62 12 66 12(1 2 ) 2 (1 )

eff I ms eff I ms eff I effms

B
p p c p c p c p             

 
                         (71c) 

b.v.p. (II):   

( ) ( ) ( ) ( )3
2211 11 22 12 12 16 11(1 2 ) 2 (1 )

II ms eff II ms eff II ms eff II eff

B
p c p p c p c p              

 
              (72a) 

( ) ( ) ( ) ( )3
2211 21 22 22 12 26 22(1 2 ) 2 (1 )

II ms eff II ms eff II ms eff II eff

B
p c p p c p c p              

 
              (72b) 
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( ) ( ) ( ) ( )3
2211 61 22 62 12 66 12(1 2 ) 2 (1 )

II ms eff II ms eff II ms eff II eff
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p c p p c p c p              

 
              (72c) 

b.v.p. (III):   
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B
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III ms eff III ms eff III ms eff III eff

B
p c p c p p c p              

 
          (73c) 

Gathering Eqs. (71a), (72a) and (73a), we obtain the following system of equations for un-

knowns  11 12 16

T
eff eff eff

c c c  : 
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Similarly, from Eqs. (71b), (72b) and (73b), we obtain the system of algebraic equations for 

unknowns  21 22 26

T
eff eff eff

c c c : 

   

( )
22

21

3 ( )
22 22

( )26
22

1

I eff
eff

B

eff II eff

B
eff

III eff

B

c

A c p

c







 
   
   
    
   
   
   

 

                                                                                             (76) 

Finally,  from Eqs. (71c), (72c) and (73c), we obtain the system of algebraic equations for un-

knowns  61 62 66

T
eff eff eff

c c c : 
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3 NUMERICAL  EXPERIMENTS  

3.1 Circular pores 

In the case of circular pore we have results by 4 analytical and 2 numerical approaches. 

Comparison of such results for 11
eff

c  is shown if Fig.6. One pore is considered in the RVE and 

porosity is increased by increasing the radius of the pore. 

    
The effective material should be isotropic in the case of circular pores. The measure of anisot-

ropy is shown in Fig.7 

       

Fig. 6 11 ( )
eff

c p by 6 various  

           approaches 
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Only numerical results are compared in this isotropy study because the analytical approaches 

exhibit perfect isotropy.  

In numerical approaches, we have increased the porosity also by consideration of more pores 

in the RVE. Comparisons of numerical results obtained by modelling one and more pores are 

presented in Fig.8. 

   

   

Fig.7 Percentage deviations from 

isotropy for stiffness coefficients 

of homogenized continuum with 

circular pores 

Fig. 8 Study of modelling porosity by one 

and/or more pores in RVE 
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The independence of 11
eff

c and 12
eff

c on the kind of modelling the increase of porosity demon-

strates the theoretical expectation in the case of uniform distribution of pores. The interaction 

among the pores is involved into the model via the periodic boundary conditions even if only 

one pore is considered in the RVE. The deviations for 66
eff

c  can be explained by very short dis-

tance of pores from the boundary of the RVE for higher values of porosity and rather small 

value of 66
eff

c . 

3.2 Elliptical pores 

Now we have numerical results by two approaches and analytical results only by AA(I) 

approach. Fig.9 shows comparison of results for 11
eff

c coefficient in the case elliptical pores 

with 2a b   

    

Fig. 9 11 ( )
eff

c p for oriented and randomly oriented elliptical pores with 2a b   

The anisotropy in this case is verified remarkably for higher values of porosity as can be seen 

from Fig. 10 
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The disturbance of orthotropic properties ( 12 21
eff eff

c c ) is rather weak even for high values of 

porosity.   

In the case of IF&EC approach the periodicity of boundary conditions is not guaranteed for 

homogenized bvp in contrast to the BDC approach. Therefore we can observe certain devia-

tions between the results by IF&EC approaches when the one and/or more pores are used for 

modelling porosity (see Fig. 11). 

    
Fig. 11 Demonstration of dependence of results by IF&EC approach on modelling of porosity 

 

It can be seen from Fig. 12 that the solution of the micro-structural boundary value problem 

with 16 pores in the RVE exhibits the periodic symmetry. This symmetry is confirmed also by 

the BDC results, but it is not the case for homogenized problem of the IF&EC approach  

Fig. 10  Demostration of anisotro-

py in the case of oriented elliptic 

pores  
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3.3 Application to plate bending problems 

For illustration, we present numerical results for bending of circular plate with a central circu-

lar hole subjected to uniform transversal loading, for which the exact solution is also available 

within the Kirchhoff-Love theory [11].  Fig. 13 shows the dependence of the effective Young 

modulus and Poisson ratio on the porosity with consideration of two shapes of pores. 

       

Fig. 13 The effective Young modulus and Poisson ratio vs porosity for circular pores ( / 1a b  ) 

and elliptic pores ( / 2a b  ) 

From Fig. 14, we can see a strong influence of the porosity on deflections of the plate. 

The influence of the shape of pores on deflection can be seen from Fig. 15. 

 

Fig. 12  Distribution of ( )
11

I ms   
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Fig. 14 The radial distribution of deflections in circular plates with various values of porosity 

 

 

Fig. 15 Comparison of deflections in porous plates with two shapes of pores 

It can be seen from Fig. 16 that the dependence of the maximal deflections on the porosity is 

nonlinear. It can be seen that the dependence is more expressive for thick plates. For thin plate 

( 1 50r h ) all three theories give almost the same results, for the medium thickness ( 1 10r h ) 

there is coincidence only between the FSDPT (1
st
 order shear deformation plate theory) and 

the TSDPT (3
rd

 order shear deformation plate theory), and finally for the thick plate ( 1 5r h ) 

a deviation can be seen even between the FSDPT and TSDPT results. The differences be-

tween the results by various theories are increasing with increasing the porosity. 
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Fig. 16  Dependence of maximal deflections on the porosity 

4 CONCLUSIONS 

The homogenization of linear elastic media with empty pores is developed on the base of 

solution of micro-structural boundary value problems. In the case of uniformly distributed 

simple shape pores, such as circular and elliptic pores, we derived analytical formulae for 

compliances and/or stiffness coefficients of homogenized effective continuum. For the case of 

pores of arbitrary shape, we proposed two approaches for evaluation of material coefficients 

for effective homogenized continuum utilizing the solution of 3 appropriately selected bound-

ary value problems. If the pores are uniformly distributed in the macrostructure, it is sufficient 

to select the RVE with one pore only. Various aspects of evaluation of effective coefficients 

are discussed in section devoted to numerical experiments. Finally, the obtained results for 

homogenization of porous media have been applied to study the influence of porosity on 

bending of elastic porous plates.    
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Abstract. In this paper, the analysis of boundary value problems with fiber reinforced piezo-
electric representative volume elements (RVEs) containing micro cracks of arbitrary shape is
presented. Interface cracks between fiber and matrix as well as cracks inside the matrix and
fibers are investigated. For this purpose, the resulting boundary value problem is formulated as
boundary integral equations (BIEs). The symmetric Galerkin method (SGBEM) is applied for
the spatial discretization of the boundary to solve the BIEs numerically. Numerical examples
will be presented and discussed to show the efficiency of the present SGBEM, the influences
of the fiber variation, the micro cracks and the crack-face boundary condition on the effective
material properties.
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1 INTRODUCTION

Smart composite materials offer certain important performance advantages over convention-
ally used metals. Due to the capability of converting electric energy into mechanical energy and
vice versa, piezoelectric materials play an important role in smart structures. In recent years a
new class of piezoelectric composites has been developed by combining passive elastic mate-
rials as matrix and piezoelectric ceramics or polymers as active fibers. These smart materials
can be optimized by taking advantages of the most beneficial properties of each constituent
and to satisfy the high-performance requirements according to different in-service conditions.
Piezoelectric ceramics are very brittle with low fracture toughness and micro as well as macro
cracks may be induced during the manufacturing and under the in-service condition [2]. Be-
side cracks inside the homogeneous matrix and fibers, interface cracks play an important role
for the design and safety of real structures. The investigation of effective piezoelectric prop-
erties of fiber reinforced material containing micro-cracks is of special scientific significance
and engineering importance. Due to the high mathematical complexity, the analytical solution
of coupled multi-field problems is only possible to very simple geometrical configurations and
loading conditions. Therefore, the solution of general boundary value problems requires ad-
vanced numerical methods. By applying a homogenization approach the representative volume
element (RVE) is formulated and the Galerkin BEM is developed for a numerical evaluation of
the effective material properties.

2 PROBLEM FORMULATION

Let us consider a linear piezoelectric fiber matrix composite with regularly distributed fibers.
Micro-cracks of arbitrary shape can exist in the interface between fiber and matrix as well as
inside the matrix and fibers. Without body forces, free electrical charges and by applying the
generalized notation the constitutive equations are defined by

σiJ(x) = Cζ
iJKlεKl(x) = Cζ

iJKluK,l(x), (1)

where uI , σiJ , εiJ and CiJKl are the generalized displacements, stresses, straines and elasticity
tensor

uI =

{
ui, I = i, (displacements)
ϕ, I = 4, (electric potential), (2)

σiJ =

{
σij, J = j, (stresses)
Di, J = 4, (electric displacements), (3)

εiJ =

{
εij, J = j, (strains)
Ei, J = 4, (electric field), (4)

CiJKl =


cijkl, J = j; K = k, (elasticity tensor)
elij, J = j; K = 4, (piezoelectric tensor)
eikl, J = 4; K = k, (piezoelectric tensor)
−κil, J = K = 4, (electric permittivity tensor).

(5)

Lower case Latin indices take the values 1 and 2 (elastic), while capital Latin indices take the
values 1, 2 (elastic) and 4 (electric). A comma after a quantity designates spatial derivatives and
unless otherwise stated, the conventional summation rule over repeated indices is implied. The
boundary conditions

uI(x) = ūI(x), x ∈ Γu, (6)
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tI(x, t) = t̄I(x, t), x ∈ Γt, (7)

the continuity and equilibrium conditions on the interface

uII(x) = uIII (x), x ∈ Γif , (8)

tII(x) = −tIII (x), x ∈ Γif , (9)

are satisfied, with tI being the generalized tractions

tI(x) = σjI(x)ej(x). (10)

In the Eqs. (6)-(10), Γif is the interface between the homogeneous domains Ωζ (ζ = 1, 2, ..., N),
Γt is the external boundary where the generalized tractions are prescribed, Γu is the external
boundary where the generalized displacements are given and ej is the outward unit normal
vector. In the present work the crack is considered either as electrical impermeable

Di(x ∈ Γc+) = Di(x ∈ Γc−) = 0 (11)

or as electrical permeable

Di(x ∈ Γc+) = Di(x ∈ Γc−), ϕ(x ∈ Γc+)− ϕ(x ∈ Γc−) = 0. (12)

Γc+ and Γc− denote the upper and lower crack-face. The generalized crack-opening-displacements
(CODs) are defined by

∆uI(x) = uI(x ∈ Γc+)− uI(x ∈ Γc−). (13)

3 BOUNDARY INTEGRAL EQUATIONS AND FUNDAMENTAL SOLUTIONS

To solve the corresponding initial boundary value problem with a BEM it is formulated
as boundary integral equations (BIEs). In the sense of a weighted residual formulation, the
Galerkin BIEs are defined by∫

Γ

ψ(x)uJ(x)dΓx =
∫
Γ

ψ(x)
∫
Γb

[
uGIJ(x, y) tI(y)− tGIJ(x, y)uI(y)

]
dΓydΓx

+
∫
Γ

ψ(x)
∫

Γc+

tGIJ(x, y) ∆uI(y)dΓydΓx, (14)

where ψ(x) is a weighting function, Γb is the external boundary, Γ = Γb+Γif+Γc+ and uGIJ(x, y)
are the generalized displacement fundamental solutions. The generalized traction fundamental
solutions tGIJ(x, y) are obtained by substitution of the displacement fundamental solutions into
the constitutive equation (1) and Eq. (10) as

tGIJ(x, y) = CqIKreq(y)uGKJ,r(x, y). (15)

The traction BIEs are derived by substituting Eq. (14) into Eqs. (1) and (10) as∫
Γ

ψ(x)tJ(x)dΓx =
∫
Γ

ψ(x)
∫
Γb

[
vGIJ(x, y) tI(y)− wGIJ(x, y)uI(y)

]
dΓydΓx

+
∫
Γ

ψ(x)
∫

Γc+

wGIJ(x, y) ∆uI(y)dΓydΓx, (16)
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with the traction and the higher-order traction fundamental solutions

vGIJ(x, y) = −CpIKsep(x)uGKJ,s(x, y), (17)

wGIJ(x, y) = CpIKsep(x)CqJLreq(y)uGKL,sr(x, y). (18)

The fundamental solutions for homogeneous, generally anisotropic and linear piezoelectric
solids are applied [5].

4 SOLUTION ALGORITHM

For the spatial discretization, the external boundary Γb, the interface Γif and the crack-face
Γc+ of the piezoelectric solid are discretized by quadratic elements

Γ = Γb + Γif + Γc+ =
E∑
e=1

Γe, (19)

with E = Eb+Eif +Ec+ . The strongly singular and hypersingular boundary integrals are com-
puted directly with special analytical and numerical techniques [1]. The symmetry properties of
the fundamental solutions are utilized to enhance the efficiency of the present Galerkin-BEM.

After spatial discretizations the BIEs (14) and (16) lead to the following systems of linear
algebraic equations for each subdomain Ωζ (ζ = 1, 2, ..., N)

Cζuζ = US
ζ tζ − TS

ζ uζ + TS
ζ ∆uζ , (20)

Dζtζ = VS
ζ tζ −WS

ζ uζ + WS
ζ ∆uζ . (21)

By invoking the boundary conditions (6),(7), the interface conditions (8) and (9) and the crack-
face conditions (11), (12) all equations can be summarized to the system

Ax = b, (22)

where A is the system matrix, x is the vector of the unknown boundary data and the vector b
contains the prescribed boundary data

5 COMPUTATION OF EFFECTIVE MATERIAL PROPERTIES

To compute the effective material properties of a fiber reinforced piezoelectric composite a
homogenization procedure is applied. A uniform distribution of piezoelectric fibers is assumed
in the present case and the corresponding representative volume element is formulated. The
relation between the generalized average stresses and the boundary tractions is expressed as

〈σiJ〉 =
1

V

∫
Ω

σiJdΩ =


1

2V

∫
Γ

(tixj + tjxi) dΓ, i, j = 1, 2

1

V

∫
Γ

tJxi dΓ, i = 1, 2; J = 4,
(23)

where Ω is the domain of the RVE and Γ is the whole boundary of the RVE containing the
external boundary Γb, the crack-faces Γc, and the interfaces Γif . In the same sense the volume
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integral of the generalized average straines can be transformed to the boundary by

〈εiJ〉 =
1

V

∫
Ω

εiJdΩ =


1

2V

∫
Γ

(uiej + ujei) dΓ, i, j = 1, 2

1

V

∫
Γ

uJei dΓ, i = 1, 2; J = 4.
(24)

Taking into account the constitutive relationships

〈σiJ〉 = Ceff
iJKl〈εKl〉 (25)

the effective material coefficients Ceff
iJKl can be computed using the generalized average stresses

(23) and the generalized average strains obtained from the numerical solution of properly se-
lected boundary value problems in the RVE sample [3, 4].

6 NUMERICAL RESULTS

As a numerical example, we consider a square RVE of length l with a central circular fiber
of radius r. Between the fiber and the matrix a interface crack of the arc length 2α exist.

r

h

I

II

Figure 1: A square RVE with a interface crack between the central circular fiber and the matrix

As non-piezoelectric matrix (domain I) Epoxy is chosen, which has the material parameters

C11 = 8.0GPa, C12 = 4.4GPa, C22 = 8.0GPa, C66 = 1.8GPa,
κ11 = 0.0372C/(GVm), κ22 = 0.0372C/(GVm), (26)

while for the fiber (domain II) PZT7 with the following material constants

C11 = 154.8GPa, C12 = 82.7GPa, C22 = 131.4GPa, C66 = 25.7GPa,
e21 = −2.121C/m2, e22 = 9.522C/m2, e16 = 9.349C/m2,

κ11 = 4.065C/(GVm), κ22 = 2.079C/(GVm) (27)

is applied. For the numerical computations the external boundary of the RVE is discretized by
using a uniform mesh with 16 quadratic elements and the circular interface including the crack
is divided into 20 elements. The crack is assumed as impermeable for the electric field. The
normalized effective material properties for a volume fraction of 20% of the piezoelectric fiber
and different crack angles α are shown in Fig. 2.
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Figure 2: Effective material properties for different crack lengths

As depicted in Fig. 2 the interface crack has a significant influence on the effective material
properties of the composite. The elastic constants decrease drastically with increasing crack
angles α. For a crack of the arc length of 90◦ the elastic constants are only 55-80% of the un-
cracked composite. In the same sense the electric permittivities κ11 and κ22 reduce significantly
with increasing interface crack lengths. It should be mentioned that this is the consequence of
the applied electric impermeable crack-face boundary condition. This implies that the crack is
free of electric charges and the electric field lines circumvent the crack. In contrast if the crack
is considered as fully permeable for the electric field both crack-faces have equal electric po-
tentials and therefore the crack is fully penetrated by the electric field. In other words the crack
does not exist for the electric field and the application of the permeable crack modell would lead
to identical electric permittivities for the RVE with and without a crack. As well expected the
piezoelectric constants show a similar tendency and decrease with a increasing interface crack
arc length.

7 CONCLUSIONS

The analysis of effective material properties for fiber reinforced piezoelectric representative
volume elements (RVEs) containing micro cracks of arbitrary shape is presented in this paper.
Both, interface cracks between fiber and matrix as well as cracks inside the matrix and fibers
are investigated. In order to solve the resulting boundary value problem with the Galerkin BEM
it is formulated as boundary integral equations (BIEs). Analytical and numerical techniques are
used for a direct computation of the strongly singular and hypersingular boundary integrals. The
developed BEM is general without limitations of the geometry, poling direction and material
anisotropy. Numerical examples will be presented and discussed to show the efficiency of the
present Galerkin BEM, the influences of the fiber variation, the micro cracks and the crack-face
boundary condition on the effective material properties.
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Abstract. A modification of a multiscale hybrid discrete-continual approach of excitable cel-

lular automata is developed. The new version of the method is completed by taking into ac-

count porosity and nanocrystalline structure of a material and the algorithms of calculation 

of local force moments and angular velocities of microrotations. The excitable cellular au-

tomata method was used to carry out numerical experiment (NE) for heating of continuous 

and nanoporous specimens consisting of nanocrystalline TiAlC coatings. The numerical ex-

periments have shown that nanoporosity allows to substantially reducing the rate of collective 

crystallization. Nanoporosity slowed down propagation of the heat front in specimens. This 

fact can play both positive and negative roles in deposition of coating and its further use. On 

the one hand, by slowing the heat front propagation one can significantly reduce the level of 

thermal stresses in deeper layers of the material. On the other hand, such deceleration in case 

of the high value of the coefficient of thermal expansion can give rise to the formation of large 

gradients of thermal stress, which initiate nucleation and rapid growth of the main crack. 
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1 INTRODUCTION 

Currently, composite coatings on the basis of MAX phases with composite properties 

(tribological and heat-proof at the same time) become more and more relevant [1–7]. This 

new class of materials is characterized by unique properties combining the benefits of both 

metallic alloys and ceramic materials. On the one hand, such compounds demonstrate high 

heat conductivity and thermal resistance. On the other hand, they feature high elastic moduli, 

low thermal expansion coefficient, high heat resistance and extreme high-temperature strength. 

Such materials are very resistant to cycle loads and temperatures higher than 1000 °C, and in 

this temperature range their resistance to cycle loads leaves behind the majority of known 

heat-proof and heat-stable materials, including the intermetallide-based alloys [3]. 

The practical interest to such new materials is primarily connected with new requirements 

to critical units of aircraft. In combination with low density of the composite the unique char-

acteristics of MAX-phases unveil wide range of their application in rocket and aircraft engi-

neering. For instance, the implementation of heat-stable Ti-Al-based material with protective 

coating allows increasing up to 50% the relation of lift force to weight in comparison with the 

best Ni-based analogues [6]. 

However, the creation of new classes of wear resistant materials operating under extremely 

high temperature gradients (~1000 K) requires detailed study of both initial microstructure of 

created coatings and regulations of its evolution in the course of thermal and mechanical loads. 

For example, the melting temperature of γ-TiAl phase is about 1750 K, which limits the ap-

plication of such intermetallides under extreme thermocycling. 

Recent years have witnessed the works on modeling of either behavior of wear resistant 

and heat-proof coatings under mechanical loading [8, 9], or the process of their creation [10–

11]. The majority of them is dedicated to the investigation of titanium-aluminum alloys. Un-

fortunately, the authors of present work are not aware of works that aim at detailed study of 

the change in the mesostructure of Ti-Al-C coatings under thermocycling at temperatures 

close to melting temperatures of separate structural elements. The capability of collective 

crystallization as well as its impact on redistribution of internal thermal stresses in a 

mesostructure are also far from being studied thoroughly. 

Consequently, the authors of this work tried to implement computer modeling to study col-

lective crystallization of nanostructured highly porous Ti-Al-C coating, as well as the effect of 

dynamic rearrangement of the structure on distribution of thermal stresses. 

In the present work, the authors refer to the principles of physical mesomechanics on scale 

invariability assuming that a real solid body is an hierarchically organized system [12]. Such 

3D-system contains the combination of interfaces, which are independent 2D-systems, in 

which rotary wave fluxes of mass and energy propagate [13]. Fig. 1 depicts the scheme of in-

teraction of 2D planar subsystem of interface and 3D subsystem of the crystal lattice. 
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Fig. 1. Scheme of interaction of 2D planar subsystem of interface and 3D subsystem of the crystal lattice. 

 

Rotary wave fluxes are particularly distinguished under dynamic loading, for instance un-

der friction with run-out. Most distinctively the microrotations are demonstrated in experi-

ments on fragmentation during propagation of a shock wave [14]. Rotation modes of 

deformation occur after the action of local moment of force. For computer modeling of the 

initiation and consequent evolution of fields of local force moments under intense dynamic 

loads, a discrete continuum method of stochastic excitable cellular automata was developed. 

The authors were mostly referring to existing works on modeling of recrystallization pro-

cesses [15–17] and to their own previous studies [18–20]. 

2 SIMULATION METHOD 

Within the framework of present study, a new modification of the multiscale hybrid dis-

crete continuum approach of stochastic excitable cellular automata was developed. The new 

method explicitly accounts for the porosity and nanocrystalline structure of material, the algo-

rithm for computing local force moments and angular velocities of microrotations occurring 

in structurally nonuniform medium. 

In the frame of SECA method (Stochastic Excitable Cellular Automata), the modeled spec-

imen is represented as a cellular automaton, i.e. the combination of ordered active elements, 

each both imitating in part the material contained in particular volume of space and character-

ized by such numerical parameters as heat capacity and heat conductivity. The network of cel-

lular automaton elements is divided into clusters, each being the model of a separate grain 

having its own orientation of the crystal lattice characterized by Euler angles ψ, φ, η 

To determine the temperature of the elements it was necessary to introduce a discrete 

model of heat transfer of heterogeneous medium. At zero step of the numerical experiment, 

for each element, the initial values of temperature, deformation, heat conductivity, heat capac-

ity and coefficient of linear thermal expansion were assigned. Then, at each n-th time step, a 

new temperature value is calculated for an element with due consideration of heat fluxes from 

each adjacent element. 
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where 
1n

iT , 
n

iT  are temperatures of the i-th element at n-1 and n-th time steps, ci is heat 

capacity of the i-th element, ρi is the density of the i-th element, V is element volume, 
n

ikQ  is 

the flux of heat energy from neighboring k-th element into considered i-th at the n-th time step, 

N is the number of neighbors. 

The change of heat energy 
n

ikQ  is calculated using Fourier law: 

 

 ΔτΩ 1n

i

1n

k

ikn

ik TT
l

=Q  


. 
(2) 

 

Here λik is he coefficient of mutual heat conductivity, l is the distance between the centers of 

considered elements, Ω is the area of adjacent plane, Δτ is time step. The coefficient of mutu-

al heat conductivity is calculated as follows: 

 

λik=( λi+ λk)/2. (3) 

 

Here λi, λk are heat conductivity coefficients of the i-th and k-th elements, with 

 

ikj

jj e=
θφ~ 

  (j = i, k), 
(4) 

where jα
~

 is the coefficient of heat conductivity of the j-th automaton, jφ  is the coefficient 

determining the fraction of impact of phonons on the material heat conductivity, ikи  is angle 

(in degrees) determined by the difference of crystal lattice orientations of i-th and k-th autom-

ata (in current program version  kiik = ψψθ  ). 

After the calculation of new temperature values 
n

iT  using equation (1), for each i-th el-

ement the following values are calculated:   

a. change in deformation due to thermal expansion: 
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c. new values of heat energy 
n

iQ : 
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d. according to (8), a correction is made for a new temperature value: 
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i
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Δ
 . 

(9) 

Thus, the fraction of element heat energy change goes for the change in its mechanical en-

ergy due to the process of thermal expansion. As a result, internal thermal stresses accumulate, 

which transform into fluxes of mechanical energy distributed long the network of elements. 

The modeling of heat transfer in porous body should account the transfer of heat energy by 

radiation. In the frame of the considered method, a state of element is introduced that indi-

cates its belonging to a pore. If the considered i-th automaton element on the first coordina-

tion sphere has an element in pore state, then the heat inflow into the i-th element is 

calculated from the assumption of cubic packing of elements, and that the pore boundaries are 

reflective, i.e. radiated and reflected rays propagate perpendicularly to the boundary. In this 

case, the neighboring element is the elements in material state that is the closest on the way of 

propagation of rays from the i-th element. Let this element have index k. The change in heat 

energy of the i-th element after the interaction with the k-th element at current n-th time step 
n

ikQ  is determined as follows. 

In the case of radiant heat exchange, the i-th element, in addition to its generated radiation 
n

iE , partially reflects the incident energy from the k-th element. The sum of energy of gener-

ated and reflected radiation is the effective radiation of the i-th element  
eff

n

iE . For the calcu-

lation of the radiant heat exchange between elements, it is important to determine resulting 

radiation, which is the difference between the radiant flux received by an element and radiant 

flux which it radiates. To determine the flux density of the resulting radiation 
n

ikq , an energy 

balance equation is composed: 
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On the other hand, the resulting radiation is the difference between the flux radiated by an 

element and the fraction of absorbed energy: 
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where ]1;0[i  - is absorption coefficient of the i-th element. Taking into account (10) and 

(11) yields: 

 
i

n

i

i

n

ikeff

n

i

E
qE













1
1 . 

(12) 

 

To calculate the heat energy 
n

ikQ  transferred from the k-th element to the i-th one, a model 

of heat flux is used in a system of paralleled reflecting plates. In the frame of the model, using 

the principles of the law of radiant heat exchange, the equation for calculating the radiant heat 

exchange between elements can be derived. Let us derive the equation for determining heat 

flux 
n

ikq  from the k-th element to the i-th one. This value is the difference between effective 

fluxes from each of the elements: 

 
n

i

n
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n

ik EEq  . (13) 
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Thus, according to (12) and taking into account that under stabilized regime, the resulting 

fluxes for each of the elements have equal value and opposite signs (
n

ki

n

ik qq  ): 
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where μi is the absorption coefficient of material of the i-th element. Substituting (14) into (13) 

yields the expression for heat flux n

ikq : 
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According to the laws of Stefan-Boltzmann and Kirchhoff, the relation of the flux density 

of heat energy n

iE —radiated by the surface of heated i-th element containing material—to its 

absorption coefficient is calculated as follows: 
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(16) 

 

Here η = 5.67 W/(m
2
·K

4
) is the radiation coefficient of gray body, μi is absorption coefficient 

of material of the i-th element, n

iT  - temperature of the i-th element at previous time step. 

Obviously, the heat flux n

ikQ  over the time step Δτ through the element plane area Ω is ex-

pressed as: 

 

 n

ik

n

ik qQ . (17) 

 

Taking into account (15) and (16) yields the expression for heat flux 
n

ikQ : 
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Here, ]1;0[, ki   - are absorption coefficients of the i-th and k-th elements.  

Thus, the modeling of radiant heat exchange using (2) requires adding expression (18): 
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(19) 

 

Taking into account that the amount of radiated energy is known to be larger than the 

amount of energy absorbed by the walls of pores due to dissipation (connected with the ab-

sorption and dissipation coefficients), the energy dissipation during the heat transfer through 
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pores is expressed using optical thickness of gaseous filler of pores. Hence, coefficients µi and 

µk should be selected with the regard for the heat energy dissipation in the filler gas in pores. 

The chemical composition of the gas can be determined experimentally. 

Further, due to heterogeneous thermal expansion, in different structural elements, internal 

thermal stresses accumulate that transform into fluxes of mechanical energy redistributed 

along the network of a cellular automaton. The method explicitly accounted grain boundaries, 

their curvature and grain-boundary angles of the crystal lattice. The created algorithms al-

lowed calculating the value of local force moments, vorticity tensor and dissipation of torsion 

energy conditioned by the formation of new defect structures. 

 

 
 

Fig. 2. Scheme for calculation of angular velocity of material rotation in cellular automaton element 

 

Angular velocity of the i-th element in Fig. 2 under the flux of matter acting through the 

boundary of the k-th and l-th elements (each k-th element lies on the 1st coordination sphere 

of the i-th element; each l-th element lies on the intersection of 1st coordination spheres of the 

i-th and corresponding k-th elements) is calculated as follows: 

 

2

ikl

klikl
ikl

r

vr



 

 . 
(20) 

 

The velocity of matter flux at the boundary of the k-th and l-th elements is calculated using 

Newton’s viscous flow equation: 

 

klklklkl nppmv


)(  ,  (21) 

 

where pl, pk are pressures (all-way stresses) in the k-th and l-th elements, kln


 is vector of a 

normal to the boundary of the k-th and l-th elements, klm  is movability of the boundary be-

tween the k-th and l-th elements. 

The total angular velocity of the i-th element is determined as the following sum: 
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Here K is the number of elements on 1st coordination sphere of the i-th element, L is the 

number of elements at the intersection of the 1st coordination spheres of the i-th element and 

each k-th neighbor. 

Three-dimensional rotation angle of the i-th element over time τ ( i


 ) is proportional to 

the total angular velocity: 

 

 ii


 . (23) 

 

Change of the force moment of the i-th element over time τ (
iM


 ) is calculated as follows: 
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Here G is shear modulus of material, contained in the i-th element, rc is element radius. 

Vortex vector is determined as follows:  

 

vroti


 . (25) 

 

Components of vortex vector are expressed as follows: 

 

ω1 = 2Ω23,  

(26) ω2 = 2Ω31, 

ω3 = 2Ω12, 

 

where Ω is vorticity tensor, 
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The meaning of angular velocity calculated using expressions 20–22 is similar to that of 

vortex vector. Taking into account equation 24, the following expressions for vortex vector 

components are yielded: 
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Thus, vorticity tensor Ω can be expressed as follows: 
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The member responsible for accumulation of latent energy of defects is expressed in the 

following way: 
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(30) 

 

Here, torsk  is the rate of accumulation of defects (can be determined experimentally). 

It should be noted that expression (30) has general sense and, depending on formulated 

rules of switching of cellular automaton, can have the sense of energy required for reversible 

structure and phase transformation. In such a case, the coefficient torsk  can be calculated us-

ing atomic configurations of initial and final states. 

3 NUMERICAL EXPERIMENT 

In the frame of this work, theoretical study was performed of the character of structure and 

phase transformations in nanocrystalline and nanoporous specimens under thermocycling. The 

hybrid method of excitable and bistable cellular automata was used to simulate heat transfer 

with due account for the process of collective recrystallization. 

Using the method of stochastic excitable cellular automata a numerical experiment (NE) 

was performed including the heat-up of solid and nanoporous specimens consisting of nano-

crystalline TiAlC with high (12·10
-6

 K
-1

) and low (7·10
-6

 K
-1

) thermal expansion coefficient 

(TEC). The NE included the simulation of collective crystallization and thermal expansion of 

materials, as well as the explicit account for thermal transition of mechanical energy into its 

latent fraction during local rotations: at each time step, the mechanical energy of each element 

of a cellular automaton was decreasing for a value proportional to the square of absolute value 

of accumulated three-dimensional angle of rotation of this element. 

Each specimen was simulated by means of a cellular automaton with fcc arrangement of 

elements with the dimensions of 60 nm. The dimensions of each element were 2.88 × 2.4 

× 1.6 µm; the dimensions of grain and pore were set to 60 nm (Fig. 3). Initial temperature of 

each element was 300 K; initial values of deformation and stress were zero. The value of time 

step was 0.02 ns. Thermal loading consisted of two time steps of 1000 µs: at the first stage, 

heating up to upper limit of 1500 K was simulated; at the second stage, cooling to 300 K 

(Fig. 4). 
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a b 

Fig. 3. Grain structure of specimens (in three-dimensional form and at the front face) at the initial moment of 

time: a) without pores with high and low TEC; b) porous with high and low TEC. 

 

 

 

 

a b 
Fig. 4. Scheme of thermal load application (a) and time dependence of temperature at upper face (b) 

 

Fig. 5 illustrates the images of grain structure of specimens (in three-dimensional form and 

at the front face), formed after collective crystallization by specific moment of time. 

 

    

    

300 ns 300 ns 600 ns 600 ns 

a b c d 
Fig. 5. Images of grain structure of specimens (in three-dimensional form and at the front face), formed after 

collective crystallization by specific moment of time: a) without pores with high TEC; b) without pores with low 

TEC; c) porous with high TEC; d) porous with low TEC. 
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Figs. 6–9 depict the time dependencies of mean values of effective stress, specific latent 

mechanical energy, relative latent mechanical energy and modulus of force moment at the 

stage of heating of the specimens. 

 

 
Fig. 6. Time plots of mean effective stress for specimens without pores with high TEC (black), without pores 

with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 

 

 
Fig. 7. Time plots of mean specific latent mechanical energy for specimens without pores with high TEC 

(black), without pores with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 

 

 
Fig. 8. Time plots of mean relative latent mechanical energy for specimens without pores with high TEC 

(black), without pores with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 
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Fig. 9. Time plots of mean modulus of force moment for specimens without pores with high TEC (black), 

without pores with low TEC (red), porous with high TEC (green), porous with low TEC (blue). 

 

The study performed by direct numerical experiment has elucidated that the introduction 

of the nanoporosity allows appreciably reducing the rate of collective crystallization. It 

should be noted that the nanoporosity was slowing down the propagation of the heat front in 

studied modeled specimens. This fact can play both positive and negative role in the process 

of deposition and further use of a coating. On the one hand, the slowdown of heat front can 

considerably reduce the level of thermal stresses in deep layers of a material. On the other 

hand, the slowdown of heat propagation front in the case of high TEC of a material can re-

sult in the formation of sharp gradients of thermal stresses that initiate the origination and 

rapid propagation of a main crack. 

In addition, it can be noted that in porous specimens, the rate of collective crystallization 

was considerably lower than that in nanocrystalline specimens. The study results demon-

strate that the value of thermal expansion coefficient has no impact on the rate of recrystalli-

zation in nonporous specimens. This means that the driving force in the recrystallization 

process in this case is primarily the temperature gradient, rather than mechanical stresses. 

Figs. 10–13 represent the images of grain structure, distribution of effective stress, modu-

lus of force moment and relative latent mechanical energy in studied specimens at different 

moments of time. 
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Fig. 10. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in specimen without pores and with high TEC at different moments of time. 
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Fig. 11. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in specimen without pores and with low TEC at different moments of time. 
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Fig. 12. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in porous specimen with high TEC at different moments of time. 

 

 

 

 

 

 

2094



Dmitry D. Moiseenko, Pavel V. Maksimov, Sergey V. Panin and Viktor E. Panin 

 
t 

[ns] 

structure effective stress modulus of force moment relative latent energy 

20 

    

40 

    

60 

    

100 

    

200 

    

300 

    

400 

    

 

Fig. 13. Images of grain structure, distribution of effective stress, modulus of force moment and relative latent 

mechanical energy in porous specimen with low TEC at different moments of time. 

 

Comparison of the dynamics of defect structure accumulation (Figs. 10–11) and the anal-

ysis of plots of relative specific torsion energies (Fig. 8) allows concluding that in nonporous 

nanocrystalline material, with the decrease of TEC, the rate of defect structure accumulation 

increases. This fact is explained by the fact that for high values of thermal expansion coeffi-

cient, material has higher possibility to relax thermal stresses via three-dimensional defor-

mation without disturbing the translational invariability of the crystal lattice, but increasing 

the interatomic distance of the latter. In the case of low TEC, the major amount of thermal 
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stresses transit into local force moments, initiating curvature and torsion of crystal lattice, 

which unavoidably is accompanied by origination of defect structures at microscale level. 

This makes particularly indicative the plots of time dependencies of total modulus of 

force moment in Fig. 9. Evidently, averaging the modulus of force moment along whole 

specimen leads at mesoscale level to considerable oscillations of force moment in specimens 

with high TEC, which testifies elastic rotations of whole conglomerates of grains, which, 

nevertheless, does not lead to appreciable formation of defect structures in them. The plots 

of time dependencies of force moments in specimens with low TEC, conversely, are smooth 

and have 2–4 times lower values.  

The comparison of images of defect structure energy distribution both in porous and non-

porous specimens shows its more dense and uniform distribution in material with low TEC, 

while in material with high values of thermal expansion coefficient, the torsion energy is dis-

tributed as large areas of its high and low concentration (Figs. 10–13). 

This confirms the idea about material with low thermal expansion coefficient achieving 

larger curvature of crystal lattice at microscale, accompanied by bigger rate of defect structure 

formation. Such systems rapidly drop stresses into moment forces at microscale impeding the 

self-organization of rotation moment in large conglomerates of grains. 

4 CONCLUSIONS 

A new modification of the multiscale hybrid discrete continuum approach of stochastic 

excitable cellular automata was developed. The new method explicitly accounts for the po-

rosity and nanocrystalline structure of material, the algorithm for computing local force mo-

ments and angular velocities of microrotations occurring in structurally nonuniform medium 

with due account for energy dissipation.  

Using the direct numerical experiment it was demonstrated that in porous specimens the 

rate of collective crystallization was considerably lower than that in nanocrystalline speci-

mens. The study results demonstrate that the value of thermal expansion coefficient has no 

impact on the rate of recrystallization in nonporous specimens. 

On the other hand, the value of thermal expansion coefficient of nanoporous and nano-

crystalline specimens significantly impacts the distribution character and rate of defect struc-

ture accumulation. For instance, it was shown that the material with low thermal expansion 

coefficient reaches higher curvature of crystal lattice at microscale. The formation of curva-

ture and torsion in the lattice is accompanied by the formation of defect structures. Such sys-

tems are more capable of relaxing moment stresses at microscale, which interferes the self-

organization of rotation moment in conglomerates of grains at mesoscale. 

Thus, in addition to accounting the local rotational modes of structural elements and ther-

mal radiation by pore walls, it is necessary to study the ability of material to reversible struc-

tural transformations in the material of pore walls. The reversible structural transformations 

will accumulate peak values of energy in elastic rotational stress fields that are knowingly in-

ertial, which will allow preventing catastrophic growth of main cracks. 
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Abstract. The FFT-based homogenization method of Moulinec-Suquet [14] has reached a
degree of sophistication and maturity, where it can be applied to microstructures of industrial
size and realistic scope. However, for non-linear or load-path-dependent problems the method
reaches its limits, in particular if variations of the geometry are considered or the determination
of the full material law on the macro-scale is required.

Time and memory considerations are primarily responsible for these limitations. This work
focuses on the composite voxel technique, where sub-voxels are merged into bigger voxels to
which an effective material law based on laminates is assigned. Due to the down-sampled
grid, both the memory requirements and the computational effort are severely reduced, while
retaining the original accuracy. We discuss the extensions of linear elastic ideas [6, 9] to incre-
mental problems at small strains. In contrast to conventional model order reduction methods,
our approach does neither rely upon a “offline phase” nor on preselected “modes”. We demon-
strate our ideas with several numerical experiments, comparing to full-resolution computations
heavily relying upon our MPI-parallel implementation FeelMath [1].
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1 Introduction

In spite of the superior computational speed of FFT-based homogenization [13], direct non-
linear elastic computations [14, 11, 3, 8] on state-of-the-art CT images consisting of appr. 80003

voxels [2] cannot be considered as currently technically feasible. Therefore, the size of the
structure has to be limited to a reasonable value by algorithmic improvements, such as the com-
posite voxel technique [6, 9, 15].

In this paper, we first extend the composite voxel technique to physically nonlinear problems
by affine linear approximation of the material laws in Section 2. Then, in Section 3 we apply
the laminate and the Voigt mixing rule to a coarsely resolved long fiber reinforced plastic (LFT)
microstructure (Fig. 2), compare the effective behavior to full resolution results and asses the
possible speedup for linear and nonlinear simulations. Finally, in in Section 4 this algorithmic
speedup is compared to the speedup due to an MPI parallelization

2 Composite voxels

Ω1

Ω2

WW

Figure 1: Voxelized geometry with composite voxels.

The numerical execution of the so-called
basic scheme of FFT-based homogenization
[13] requires the evaluation of the stress ten-
sor σ(ε, εold, . . .) in every voxel of the unit
cell. If one is working directly on a CT im-
age or, more generally, a voxelized geometry
where every voxel is occupied by precisely
one phase, the corresponding material law is
applied. However, sometimes CT images are
too large, or results are needed quickly, so
that working on a cruder resolution seems in-
evitable. Then, the question arises how vox-
els containing more than one phase, so-called
composite voxels, should be treated. In a
preliminary work [9] that covered linearized
elasticity the accuracy of various mixing rules
were compared. In the work at hand we will concentrate on the Voigt and the laminate mixing
rules.

Before we go to the nonlinear case, we first recall these mixing rules. The Voigt mixing
rule for a composite voxel W (see Fig. 1) reads CVoigt

W = 〈C〉, where 〈·〉 denotes the spatial
average according. The Voigt average CVoigt

W constitutes an upper bound on the effective elastic
tensor. For a composite voxel W containing precisely two constituents the laminate mixing rule
assumes that the interface between the phases is approximately linear with normal vector n.
Inspired by the formula for a general laminate, cf. Milton [12, Section 9.5], the elastic tensor of
the laminate mixing rule is obtained by solving the system(

P+ λ(Claminate
W − λ Id)−1

)−1
=
〈(
P+ λ(C− λ Id)−1

)−1
〉
,

where the four-tensor

Pijlm =
1

2
(niδjlnm + niδjmnl + njδilnm + njδimnl)− ninjnlnm

encodes the interface direction n and λ > 0 is chosen sufficiently large. More precisely, λ
should be larger than the largest eigenvalue of the stiffness matrices C(x) for all x.
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We extend these mixing rules to the physical nonlinear case in three steps

1. Linearization: In every loading step the (nonlinear) material laws are linearized at the
deformed state εn of the composite voxel

C(x) =
∂σ

∂ε
(x, εn, εn−1, . . .)

2. Mixing: The effective linearized stiffness CW is calculated according to the consistent
mixing rules for the linear elastic case. The nonlinear behavior of the composite voxel is
approximated by the affine linear function

σ(εn+1, εn, . . .) = σn + CW : (εn+1 − εn)

3. Internal variables: The internal variables of the constituents are updated due to the defor-
mation εn+1 of the composite voxel.

3 Long Fiber Reinforced Thermoplastic (LFT)

Figure 2: Virtually generated LFT microstructure [5]
(left). Part of the LFT microstructure used for simula-
tions (right). Sample size: 40 × 1.5 × 0.134 mm3. Dis-
cretization: 8000× 300× 27 voxels.

Long-fiber reinforced thermoplastics
(LFT) bridges the price-to-performance gap
between short fiber thermoplastic (SFT)
materials and continuous fiber composite
materials while still being processable via
efficient injection or compression molding
methods [18, 16, 7]. The investigated ma-
terial, produced by compression molding,
features an extremely high maximum fiber
length of approx. 50 mm and a corresponding
aspect ratio of approximately 3000. To in-
corporate the complete fiber length spectrum
and thereby conserve the scale separation, the size of the representative volume elements of
the LFT structure would be extremely large and outside the limits of computational resources,
if equal edge lengths of the RVE would be considered, as pointed out in the following: Glass
fibers have a diameter ranging between 5 µm and 24 µm. This enforces a minimal resolution
of 5 µm. Considering a value of 50 mm for the maximum fiber length, the RVE needs to be
discretized with 100003 voxels. To limit the size of the structure to a reasonable value, the
maximum fiber length is therefore exclusively implemented in flow direction (the longest RVE
edge), whereas the transverse directions are cropped, resulting in differing edge lengths, see
Figure 2.
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3.1 Material parameters

εpeq [%] 0 1.33697 2.37197 4.08397

σeq [MPa] 12 16 18 19

0 2 4 6 8 10

0

10

20

ε [%]
σ

[M
Pa

]

Elasto-plastic model
Measurement

Figure 3: Calibrated hardening parameters for PP (top).
Tensile tests of PP and calibrated elasto-plastic model [4]
(bottom).

The investigated LFT material consists
of a polypropylene matrix (DOW R© C711-
70RNA) and 30 wt% glass fibers (TufRov R©

4575). As specified by the manufacturer,
in the linear elastic regime the glass fibers
are characterized by a Young’s modulus of
Eglass = 72 GPa and Poisson’s ratio of
νglass = 0.2, whereas for the polypropy-
lene (PP) matrix we have a Young’s modu-
lus EPP = 1.25 GPa and a Poisson’s ratio of
νPP = 0.35.

For uniaxial tension of polypropylene
Fig. 3 contains the measured stress-strain
curve as determined by Fliegener [4]. The be-
havior is linear initially, followed by a plastic
phase, roughly up to 5% strain. For higher
strains, a strain softening effect is observed,
which is commonly attributed to fracture or
damage effects. However, as the regime of
5% strain and higher usually demands a de-
scription by large deformations, we neglect this strain-softening effect, and rely upon an incre-
mental elastic-plastic material law at small strains governed by a J2-flow theory with isotropic
hardening. To approximate the nonlinear curve of Fig. 3 we rely upon a piecewise linear hard-
ening curve. The fitting is reasonably accurate up to a relative strain of 5%.

3.2 Numerical results

Figure 4: Slice of the LFT microstructure at full resolu-
tion (top), half resolution (middle) and quarter resolution
(bottom) which contain PP (white), Glass (dark gray) and
composite voxels (light gray)

All simulation were performed on the part
of the virtual microstructure shown in Fig. 2
(right) consisting of 8000× 300× 27 voxels,
which is discretized on a staggered grid [17].
Therefore, the resulting discretized problems
have 194.4 million (displacement) degrees of
freedom. By downsampling the geometry
by a factor of 2 resp. 4 we obtain two al-
ternative discretizations with composite vox-
els, see Fig. 4. Technical details concerning
the downsampling procedure with composite
voxels can be found in [9].

In the linear elastic case 6 loading cases
were performed which allow to calculate the
effective stiffnessCeff of the LFT. To compare
the effective stiffnesses for different numeri-
cal methods, the direction-dependent Young’s
moduli in the fiber plane are evaluated, see
Fig. 5. The direction-dependent Young’s
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modulus is defined by
1

E(d)
= (d⊗ d) · C−1

eff : (d⊗ d)

with

d =

 cos(α)
sin(α)

0


The relative error of the numerical solutions using composite voxels on downsampled geome-
tries exhibits the following behavior

• Laminate mixing: The effective stiffness is underestimated. At both half and quarter
resolution the relative error has its maximum at appr. 40◦. The relative error stays below
7% and 24% respectively. Orthogonal to the main fiber direction the relative error is
below 1% for both resolutions. In main fiber direction the relative error is appr. 4% and
17% respectively

• Voigt mixing: The effective stiffness is overestimated. At both half and quarter resolution
the relative error has its maximum at appr. 10◦. The relative error stays below 8% and 20%
respectively. Orthogonal to the main fiber direction the relative error is below 3% and 8%
respectively. In main fiber direction the relative error is appr. 8% and 19% respectively

In light of to the fluctuations of the three measurements in 0◦ and 90◦-direction [4] it is reason-
able to perform linear elastic simulations on the half resolution even if the original geometry
resolves the fibers only with 3 voxels over the diameter.

Due to the results for the linear elastic case we decided to perform the nonlinear simulations
only at full and half resolutions. In Fig. 5 we compare the results of simulated uniaxial tensile
tests with measurements and investigate the evolution of the relative error for increasing loading.
At the beginning both mixing rules start with a relative error slightly below 20%. While the
relative error for the Voigt mixing rapidly increases and reaches 37% at the end of the loading,
the error decreases monotonously for laminate mixing. Taking into account the variance of
the experimental results for the uniaxial tensile tests in main fiber direction, the error due to
downsampling by a factor of 2 is acceptable if laminate composite voxels are used.

3.3 Computational effort

Resolution Mixing rule # Iterations

Full - 1049

Half Laminate 1007
Voigt 1054

Quarter Laminate 954
Voigt 1076

Table 1: Number of iterations for 6 loadcases.

After assessing the quality of the nu-
merical solution we study the speedup on
for downsampled geometries with composite
voxels. For the linear elastic case we apply
the conjugate gradient method (CG) to accel-
erate the convergence speed of FFT-based ho-
mogenization [19]. Since composite voxels
lead to a smoothing of the material contrast at
the interfaces, one could expect less iterations
for the problems on the downsampled geome-
tries. As observed by Kabel et al. [9] this is
not the case, see Tab. 1. For linear elastic problems composite voxels do not influence the
convergence speed. According to Tab. 3 using half resolution with composite voxels reduces
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Figure 5: Young’s modulus body [GPa] in x-y-plane (top left) and relative error (bottom left). Simulated tensile
test in main fiber direction (top right) and relative error of the results with using composite voxels (bottom right).
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Laminate Voigt
Resolution Total [s] FFT [s] Material [s] Total [s] FFT [s] Material [s]

Full 8423 6706 1643 8423 6706 1643
Half 4691 2316 2316 3540 2421 1080
Quarter 3511 1034 2433 1974 1165 787

Full 59452 17593 38519 59452 17593 38519
Half 8416 682 7409 6493 699 5568

Table 3: Computational effort of 10 cores for composite voxels on half (24.3 million DOFs) and quarter (3.0375
million DOFs) resolution in comparison to the effort of full-resolution (194.4 million DOFs) computations. Linear
elasticity (top). Von Mises plasticity (bottom)

the computational time by 45% for laminate mixing and 58% for Voigt mixing compared to full
resolution simulations.

Resolution PP Glass Composite

Full 86.77 13.23 0.00
Half 57.78 2.61 39.61
Quarter 27.51 0.00 72.49

Table 2: Volume fractions [vol%] for the LFT microstruc-
ture

Since the volume fraction of the composite
voxels increases dramatically at quarter reso-
lution, see Tab. 2, and the evaluation of the
stress response for composite voxels is com-
putationally more expensive than evaluating
linear elastic material laws, no further signif-
icant speedup can be obtained on coarser ge-
ometries. To be more precise, using quarter
resolution with laminate composite voxels re-
duces the runtime by 58% and is approximately as fast as Voigt mixing at half resolution. Quar-
ter resolution with Voigt mixing reduces the runtime by 76%.

0 1 2
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300

ε [%]

#
It

er
at

io
ns

[-
]

Full resolution
Laminate mixing
Voigt mixing

Figure 6: Number of iterations needed for convergence
for the tensile tests in main fiber direction at full and half
resolution.

The physically nonlinear case we use the
basic scheme developed by Moulinec-Suquet
[14]. In contrast to the linear case, the number
of iterations needed for convergence is sig-
nificantly reduced by using composite voxels,
see Fig. 6. This effect is due to the lineariza-
tion of the composite voxels. As a side effect
also the repeated application of the material
law in the composite voxels is less expensive
than applying the original nonlinear material
law, see Tab. 3. At half resolution using lami-
nate mixing decreases the total runtime by 85
% and using Voigt mixing even decreases it
by 90 %.

4 Parallel efficiency

If highly accurate results are needed it is possible to accelerate the simulations by paral-
lelization of the algorithm. In this section we will study the possible speedup for an MPI
parallelization of the basic scheme. Since all operations of the basic scheme except for the
fast Fourier transform (FFT) are local operations, the parallel efficiency depends crucially on
the implementation of FFT. For computing the discrete Fourier transform we are using the C
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Cores Total [s] Efficiency [%] FFT [s] Efficiency [%] Material [s] Efficiency [%]

10 8423 100 6706 100 1643 100
20 4243 99 3332 101 871 94
40 2653 79 2134 79 494 83
80 1485 71 1214 69 242 85
160 876 60 727 58 121 84
320 584 45 455 46 65 78

10 59451 100 17593 100 38519 100
20 32332 92 12351 71 18408 105
40 14785 100 4876 90 9129 105
80 7481 99 4609 48 4609 104
160 3931 95 2307 48 2307 104
320 2280 81 1124 49 1124 107

Table 4: Parallel efficiency for full-resolution (194.4 million DOFs) simulations. Linear elasticity (top). Von Mises
plasticity (bottom).

(subroutine) library FFTW1.
All simulations have been performed on the Beehive cluster at Fraunhofer ITWM, which

consists of 192 nodes (Dell Power Edge M620) each having a dual Intel Xeon E5-2670 (”Sandy
Bridge”) processor, i.e 16 CPU Cores per node. The nodes are connected by FDR Infiniband.

4.1 Strong scaling

In the linear elastic case FFT runtime dominates the numerical effort, see Tab. 4 and Fig.
7. Therefore, also the parallel effiency of the FFT-based scheme almost coincides with the
parallel efficiency of FFT. In comparison to composite voxels the runtime on 2 nodes is similar
to solving the problem at half resolution on 1 node and the runtime on 4 nodes is similar to that
on 1 node at quarter resolution.

In the physically nonlinear case the material law dominates the numerical effort. Since the
parallel efficiency of applying the material law is perfect in our example, the total parallel effi-
ciency is greater than 82 % for up to 32 nodes and 320 MPI processes, see Tab. 4. Nonetheless
using the composite voxel technique with half resolution, 8 times more nodes are required to
have comparable runtimes.

5 Conclusion

Previous studies on the composite voxel technique always assumed highly resolved objects.
In many application it is currently not possible to obtain CT-images (or virtually generated
microstructures) that are representative and additionally resolve all objects well. For LFT it
is a rule of thumb to make CT-Images with a resolution that correspond to 3 - 4 voxels over
the diameter of the fibers. Therefore, at first glance the application of the composite voxels
technique to LFT microstructures seemed to be questionable. Nonetheless it tuned out, that
for both linear and nonlinear material modelling of LFT, simulations at half resolution with
laminate composite voxels give reasonable results from an engineering point of view and lead
to a significant speedup.

1www.fftw.org
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Figure 7: Strong scaling for 10 MPI processes per node.

Concerning the relative error of the effective linear elastic behaviour, the laminate mixing
rule consistently outperforms the Voigt mixing rule at half resolution but fails at quarter res-
olution when the interface directions calculated in the downsampling process are no longer
meaningful (the complete cross section of a fiber can be contained in a composite voxel). More
strikingly, the relative error of the effective stress-strain curve considered as a function of the
applied load decreases when using composite voxels with laminate mixing whereas it grows lin-
early for Voigt mixing. Thus, working on a coarser resolution for physically nonlinear problems
is only acceptable in combination with laminate mixing.

To further increase the precision of laminate mixing in the physically nonlinear case we will
consider direct laminate mixing of nonlinear material laws in a future work [10].
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R. Ostwald1, T. Bartel1, and A. Menzel1,2

1Institute of Mechanics, TU Dortmund University
Leonhard-Euler-Str. 5, D-44227 Dortmund, Germany

e-mail: richard.ostwald@udo.edu / thorsten.bartel@udo.edu / andreas.menzel@udo.edu

2 Division of Solid Mechanics, Lund University
P.O. Box 118, SE-22100 Lund, Sweden

e-mail: andreas.menzel@solid.lth.se

Keywords: Finite strain, Micro-sphere, Phase-transformation

Abstract. We extend a thermodynamically consistent finite strain micro-sphere framework elab-
orated by Carol et al. towards the modelling of phase-transformations to allow for the simula-
tion of polycrystalline solids such as, e.g., shape memory alloys and shape memory polymers
undergoing large deformations. The considered phase-transformation mechanism is based on
statistical physics and allows the consideration of an arbitrary number of solid material phases.
The specifically constructed, non-quadratic Helmholtz free energy functions considered in ev-
ery micro-plane of the micro-sphere framework are extended to include individual Bain-type
transformation strains for each of the phases. The total strains acting in each material phase
are multiplicatively decomposed into elastic strains and transformation strains.
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1 INTRODUCTION

The physical mechanisms and effects accompanied by phase-transformations in solids
present a large potential for industrial applications. For example, NiTi-based shape memory
alloys (SMA) are used in medical applications [1], aerospace technology [2] and other indus-
trial fields, cf., e.g., [3, 4].

During tensile deformation of such material—after exceeding the purely elastic regime of
the, e.g. austenitic, parent phase—the onset of phase-transformations is accompanied by a
plateau-type stress-strain relation, finally followed by a sharp rise in the specimen stress. The
latter indicates the completion of the transformation process, resulting again in an elastic be-
haviour of the now completely transformed material. Considering a polycrystalline material at
the meso-scale, however, it is important to note that an initially purely austenitic crystal will
not transform to100% martensite. Unfavourably oriented grains within the polycrystalline
arrangement might not transform at all—furthermore, experimental observations suggest that
even favourably oriented grains usually only transform to a certain extent as elaborated in,
e.g., [5].

This so-called grain locking effect within a crystal is related to the sequential transformation
behaviour of individual grains. In other words, the initial onset of transformation in the most
favourably oriented grain is accompanied by a change of the elastic stress state in its surround-
ing area, i.e. in its neighboured grains. This change of stress state can hinder transformation in
a neighboured grain, especially if a formerly favourable stress state within a particular neigh-
bouring grain turns into an unfavourable stress state.

Taking into account complex interactions at the micro-scale—such as specific microstructure
arrangements and twin formations—leads to reliable micromechanical material models, such as
the ones presented in, e.g., [6, 7, 8, 9, 10, 11, 12, 13, 14]. However, a possible disadvantage
of such precise modelling approaches might be the high computational costs that usually ac-
company the detailed capturing of microstructural material effects. On the other hand, purely
phenomenological models facilitate the solution of complex macroscopic initial boundary value
problems (IBVPs) via finite element simulations. Typical phenomenological approaches such
as the ones presented in [15, 16, 17], are usually derived within thermodynamical frameworks.
Besides the application of the first and second law of thermodynamics, generalised irreversible
forces and fluxes, cf. [18] amongst others, are considered in view of a consistent derivation of
evolution equations for the inelastic constitutive variables. For the application of phenomeno-
logical models in view of efficient macro-scale simulations, the underlying specific modelling
parameters need to be fitted to experimentally observed material behaviour for different, rep-
resentative loading paths [19, 20, 21]. Such phase-transformation models are usually based
on classic plasticity-type approaches regarding the onset of the transformation process. While
early models were formulated in a one-dimensional setting with restriction to states of tensile
stress [22], more sophisticated frameworks are established in, e.g., [16, 15, 23]. Constitutive
frameworks that focus on the simulation of single crystals are provided in [24, 25, 26] amongst
others.

Another class of thermodynamical models makes use of statistical considerations, capturing
transformation probabilities that are derived based on statistical physics. In this context, energy
barriers related to the Gibbs potentials of the individual phases need to be determined for the
computation of the desired transformation probabilities [27, 28]. Such models have recently
been implemented in small strain affine and non-affine micro-sphere frameworks, [29, 30]
and [31, 32], respectively. The goal of this contribution is to provide an ansatz for a finite
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strain micro-sphere phase-transformation model based on statistical physics, where we use a
thermodynamically consistent microsphere framework established in [33] as a basis. For the
sake of conceptual clarity, we restrict the subsequent formulation to two phases—one austenitic
parent phase and a single martensite variant.

2 MICRO-PLANE CONSTITUTIVE FORMULATION

This section presents a finite strain generalisation of previous phase-transformation models
by the authors, cf. [29, 30]. To this end, we consider a finite strain micro-plane constitutive
formulation for Neo-Hookean-type elasticity introduced in [33] as a basis, which is extended
towards phase-transformations. The micro-plane constitutive relation for phase-transformations
is then embedded into a corresponding micro-sphere framework in view of the solution of three-
dimensional initial boundary value problems.

2.1 DEFINITION OF VOLUME FRACTIONS

The volume fractionξαN associated to a particular phaseα ∈ {A,M}, where A represents
austenite and M represents martensite, associated to the micro-plane with orientationN is de-
fined as

ξαN := lim
vN→0

(
vαN
vN

)
(1)

and must at any time obey the restrictions

ξαN ∈ [0, 1] ⊂ R ,
∑

α

ξαN = 1 ,
∑

α

ξ̇αN = 0 , (2)

as both the austenite and the martensite phase are assumed to possess identical time-independent
referential mass densitiesρα = ρ0 = const.

2.2 MICRO-PLANE STRAIN MEASURE

Generally speaking, different micro-plane strain measures can be considered within a micro-
sphere framework. However, in view of capturing a macroscopic Neo-Hookean type material
response for the individual phases—and in line with [33]—we restrict the formulation to a
certain normal strain measure. Specifically, we characterise the normal strain acting on the
micro-plane as

λN = ||F ·N || =
√
N ·C ·N (3)

with F representing the deformation gradient andC = F
t · F being the right Cauchy-Green

deformation tensor. Note that the restriction to this strain measure induces a macroscopic Pois-
son’s ratio ofνP = 0.25.

2.3 MULTIPLICATIVE MICRO-STRAIN DECOMPOSITION

For the consideration of Bain-type transformation strains associated to the martensite phase,
the total micro-plane strain measure (3) is multiplicatively decomposed into an elastic strain
contributionλαN and a transformation related contributionλαtr via

λN = λαN λ
α
tr , (4)

so that the elastic strain contributionλαN that enters the free energy potentials of the respective
material phaseα takes the form

λαN = λN [λαtr]
−1 (5)
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with the total strain measureλN defined in (3) and with an individual material constantλαtr for
both austenite and martensite.

2.4 MICRO-PLANE HELMHOLTZ FREE ENERGY POTENTIALS

For each phaseα situated within a micro-plane with orientationN we consider a micro-plane
Helmholtz free energyψα

N = ψ̂α
N (λN) of the form

ψ̂α
N(λN) = Eα

[[
λN [λαtr]

−1]2

2
+

[
λN [λαtr]

−1]−3

3
−

5

6

]
, (6)

with Eα denoting the scalar-valued micro-plane elasticity coefficent of phaseα, λαtr being the
corresponding transformation strain, andλN representing the micro-plane strain measure de-
fined in (3). Note that this format of the Helmholtz free energy represents a natural extension of
the energy term proposed in [33] towards the consideration of transformation strainsλαtr within
the individual phasesα. For the transformation strain in the austenitic parent phase we have
λAtr = [λAtr]

−1 = 1, thus for austenite the Helmholtz free energy potential (6) simplifies to

ψ̂A
N (λN) = EA

[
λ2N
2

+
λ−3
N

3
−

5

6

]
, (7)

which is directly related to the format proposed in [33] for the compressible extension of a
micro-sphere model with vanishing initial microstresses.

Accordingly, the material micro-plane stressSα
N = Ŝα(λN) corresponding to each phaseα

takes the form

Ŝα
N (λN) =

∂ψ̂α
N (λN)

∂λN
(8)

= Eα [λαtr]
−1

[[
λN [λαtr]

−1]−
[
λN [λαtr]

−1]−4
]
. (9)

The overall Helmholtz free energyΨN = Ψ̂N(λN) of the considered multi-phase mixture
associated to the micro-plane with spatial orientationN is obtained from the contributions of
the respective constituents, i.e.

Ψ̂N(λN) =
∑

α

ξαN ψ̂
α
N(λN) (10)

=
∑

α

ξαN Eα

[[
λN [λαtr]

−1]2

2
+

[
λN [λαtr]

−1]−3

3
−

5

6

]
, (11)

whereξαN is the volume fraction of phaseα as defined in (1). The resulting overall material
micro-plane stress measureSN = ŜN (λN) of the mixture follows from the combination of (8)
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and (10), namely

ŜN(λN) =
∂Ψ̂N (λN)

∂λN
(12)

=
∂

∂λN

[
∑

α

ξαN ψ̂
α
N(λN)

]
(13)

=
∑

α

∂

∂λN

[
ξαN ψ̂

α
N(λN)

]
(14)

=
∑

α

ξαN
∂ψ̂α

N (λN)

∂λN
(15)

=
∑

α

ξαN Ŝ
α
N(λN) (16)

=
∑

α

ξαN Eα [λαtr]
−1

[[
λN [λαtr]

−1]−
[
λN [λαtr]

−1]−4
]
. (17)

2.5 MICRO-PLANE GIBBS FREE ENERGY POTENTIALS

The individual micro-plane Helmholtz free energy potentialsψN specified in Section 2.4,
cf. (6), are transformed to a Gibbs potentialgαN = ĝαN(λ

∗
N) using a Legendre transformation.

Note thatλ∗N corresponds to a parametrisation of the micro-plane strain space, whereasλN re-
flects the actual, physical micro-plane strain that the considered material mixture is subjected to.
With the considered micro-plane strain measureλN as the functional variable of the Helmholtz
free energy of phaseα, the Legendre transformation of the latter energy is accomplished by
means of

ĝαN(λ
∗

N) = ψ̂α
N (λ

∗

N)− λ∗N
∂ψ̂α(λN)

∂λN

∣∣∣∣∣
λN

(18)

= ψ̂α
N (λ

∗

N)− λ∗N Ŝα
N(λN )

∣∣∣
λN

(19)

= ψ̂α
N (λ

∗

N)− λ∗N S
α
N , (20)

where use has been made of (8). Note that the partial derivative in (18) reflects the material
stress contribution corresponding to phaseα of the mixture, the evaluation of which according
to (9) for the current stretch stateλN yields the specific stress contributionSα

N of phaseα present
in the considered micro-plane.

For the evolution of volume fractions provided in Section 2.6, the Gibbs potential (25) that
is parameterised in terms of a fictitious stretchλ∗N takes the specific form

ĝαN(λ
∗

N) = ψ̂α
N (λ

∗

N)− λ∗N S
α
N (21)

= Eα

[[
λ∗N [λαtr]

−1]2

2
+

[
λ∗N [λαtr]

−1]−3

3
−

5

6

]
− λ∗N S

α
N (22)

where use has been made of (6).
In a similar fashion, the overall micro-plane Helmholtz free energy potentialΨN of the mix-

ture specified in Section 2.4 is transformed to an overall Gibbs potentialGN = ĜN(λ
∗
N) using
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a Legendre transformation, specifically

ĜN(λ
∗

N) = Ψ̂N(λ
∗

N)− λ∗N
∂Ψ̂N (λN)

∂λN

∣∣∣∣∣
λN

(23)

= Ψ̂N(λ
∗

N)− λ∗N ŜN(λN )
∣∣∣
λN

(24)

= Ψ̂N(λ
∗

N)− λ∗N SN . (25)

Note that the partial derivative in (23) reflects the material stress currently acting within the
mixture due to the externally applied material stretchλN , the evaluation of which according to
(17) for the current stretch stateλN yields the overall stress valueSN acting on the micro-plane
under consideration.

The combination of (23) with (10) and (15) yields

ĜN(λ
∗

N) =
∑

α

ξαN ψ̂
α
N (λ

∗

N)− λ∗N

[
∑

α

ξαN
∂ψ̂α

N (λN)

∂λN

∣∣∣∣∣
λN

]
(26)

=
∑

α

ξαN

[
ψ̂α
N(λ

∗

N)− λ∗N Ŝα
N(λN)

∣∣∣
λN

]
(27)

=
∑

α

ξαN ĝ
α
N(λ

∗

N) , (28)

i.e. the overall Gibbs potential̂GN(λ
∗
N) is obtained from the contributions of the individual

constituents, which is consistent to the relation obtained for the overall Helmholtz free energy
potential, cf. (10).

2.6 EVOLUTION OF VOLUME FRACTIONS

The approach used for the derivation of the differential equations governing the evolution
of volume fractions is based on statistical physics, cf. [27]. In this context, a transformation
probability matrixQ = Q̂(ξ) ∈ R2×2 corresponding to an infinitesimal generator of a Markov
process is introduced, see also [28]. The transformation probability matrix drives the evolution
of volume fractions via

ξ̇ = Q̂(ξ) · ξ , (29)

wherein the notatioṅ• denotes the material time derivative. For the two-phase transformation
between austenite A and martensite M considered in the contribution at hand, the transformation
probability matrix takes the form

Q = ω

[
−PA→M PM→A

PA→M −PM→A

]
6= Q

t (30)

with ω being a material parameter denoted as transition attempt frequency and

PA→M = P̂A→M(bA→M) ∈ [0, 1] ⊂ R (31)

as well as
PM→A = P̂M→A(bM→A) ∈ [0, 1] ⊂ R (32)
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representing the probability for the transformation of austenite A to martensite M and vice versa,
respectively. Note that the sum of elements in each column ofQ is zero, i.e.

∑
iQij = 0 ∀ j

holds, inducing a so-called conservative Markov process. It can be shown that this special
structure of the system of evolution equations ensures that the physical restrictions (2) regarding
the volume fractionsξA andξM are fulfilled without the need to enforce any additional algebraic
inequality constraints on the system of evolution equations, cf. also [27].

In particular, according to [27], the probability for the transformation from one phaseα into
another phaseβ follows from

Pα→β = exp

(
−∆v bα→β

k θ

)
, (33)

with k being Boltzmann’s constant,∆v denoting the (constant) transformation region’s volume,
θ representing the current temperature andbα→β being the energy barrier for the transformation
under consideration, i.e. from phaseα to phaseβ. Note thatbα→β 6= bβ→α and thusPα→β 6=
Pβ→α holds in general. The energy barriers follow from the evaluation of certain Gibbs energy
states as elaborated in detail in Section 2.7.

2.7 COMPUTATION OF GIBBS ENERGY BARRIERS

For the computation of Gibbs energy barriers that need to be overcome for the transforma-
tion from one phase into another, the minima of the individual Gibbs energy functionsĝαN(λ

∗
N)

specified in (22) as well as the Gibbs energy value at the intersection point of the two involved
potentials need to be determined. To this end, in the context of the considered two-phase setup,
we determine the minima of the austenite and martensite Gibbs free energies in theλ∗N param-
eter space via

λAmin = argmin ĝAN(λ
∗

N) (34)

and
λMmin = argmin ĝMN (λ∗N) , (35)

respectively. The associated minimal Gibbs free energy values for both phases are then evalu-
ated as

gAmin = ĝAN(λ
A
min) (36)

and
gMmin = ĝMN (λMmin) . (37)

Moreover, the intersection point of both potentials in the fictitious strain space parameterised
by λ∗N yields

ĝAN(λ
∗

N) = ĝMN (λ∗N ) (38)

⇒ ĝAN(λ
∗

N)− ĝMN (λ∗N) = 0 , (39)

which is solved using a minimisation procedure in terms of

λiscmin = argmin | ĝAN(λ
∗

N)− ĝMN (λ∗N) | , (40)

where the superscript ’isc’ stands for ’intersection’. The obtained solutionλiscmin therefore cor-
responds to the specific point in the fictitious strain space at which the Gibbs energy potentials
of both phases take the same value, i.e.

ĝAN(λ
isc
min) = ĝMN (λiscmin) . (41)

2116



R. Ostwald, T. Bartel, and A. Menzel

̂SN (λN )

σ̂N (λN )

λN

m
ic
ro
−
p
la
n
e
st
re
ss

[G
P
a
]

1.02 1.04 1.06 1.08 1.1

0

−1

−0.5

0.5

1

1

1.5

2

2.5

3

3.5

(a) Stress-stretch response.

austenite ξA

martensite ξM

λN

m
ic
ro
−
p
la
n
e
v
o
lu
m
e
fr
a
ct
io
n
[−

]

1.02 1.04 1.06 1.08 1.1

0

0.2

0.4

0.6

0.8

1

1

(b) Micro-plane evolution of volume fractions.

Figure 1: Micro-plane results: evolution of stress and volume fractions due to an artificially prescribed time-
proportional ramp-type micro-plane normal stretchλN (t) up to a maximum stretch ofλN (t = 1 s) = 1.1. The
load is then reversed to a state of zero stretch,λN (t = 2 s) = λN (t = 0) = 1.

The Gibbs energy barrierbA→M for the transformation from austenite A to martensite M then
follows from

bA→M = ĝAN(λ
isc
min)− gAmin , (42)

whereas the Gibbs energy barrierbM→A for the reverse transformation, i.e. from martensite M
to austenite A, follows in a similar way according to

bM→A = ĝMN (λiscmin)− gMmin . (43)

With the aforementioned quantities at hand, the system of evolution equations (29) is fully
specified and can thus be solved with the help of standard numerical time-integration schemes.

2.8 NUMERICAL EXAMPLE ON THE MICRO-PLANE LEVEL

For the numerical example on the micro-plane level, we consider a stretch-driven deforma-
tion and evaluate the stress response (17) as well as the deformation-driven evolution of internal
variables, i.e. volume fractionsξA andξM, cf. (29). Given the two-phase setup considered in
the contribution at hand, for the transformation strain of the austenitic parent phase A we set
λAtr = 1 and for the martensite phase M we chooseλMtr = 1.04. Further parameters are chosen
asω = 16 s−1, ∆v = 2.71× 10−8mm3, andθ = 273K, see Section 2.6.

The numerical results obtained for a prescribed micro-plane stretchλN with time-
proportional quasi-static loading are depicted in Fig. 1. The stress-stretch relation shows a
plateau-type stress evolution within the material as soon as the martensite transformation is ac-
tivated at approximatelyλN ≈ 1.01. At this deformation state, the austenitic parent phase starts
to decrease, while at the same time the martensite volume fraction increases, cf. Fig. 1(b). As
the martensitic transformation is completed, i.e. atξM → 1 asλN → 1.08, further stretch of
the material induces a linear increase in elastic martensite stress, cf. Fig. 1(a). In addition to
the micro-plane material stress measureSN = ŜN(λN ), cf. (17), we compute the micro-plane
Cauchy stressσN = σ̂N (λN) via σ̂N (λN) = λ4N ŜN(λN)/J

2, see [33], whereJ = det(F )
denotes the determinant of the macroscopic deformation gradientF . In the context of the arti-
ficially applied micro-plane strain, however, we chooseJ = λN .
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Figure 2: Micro-plane Gibbs potentials for austenite and martensite,gA
N

andgM
N

, respectively, at two selected
material stretch statesλN . Note thatλN = 1 refers to the initial, undeformed configuration and thatλ∗

N
is a

fictitious stretch used for parameterisation ofgN , cf. Section 2.5.

The Gibbs energy potentials of the individual phases as derived in (22) are provided in Fig. 2
for both the initial material state and the state of maximum stretch, i.e. for states ofλN(t =
0) = 0 andλN(t = 1 s) = 1.1, respectively. The non-quadratic nature of both micro-plane
Gibbs energy potentials—as resulting from the specific form of the underlying Helmholtz free
energy definition (6)—is shown in Figs. 2(a) and 2(c).

A closer look at the intersection points of the individual phase potentials—cf. Figs. 2(b)
and 2(d)—reveals the location of the Gibbs energy minima in relation to the Gibbs energy value
at the intersection point. The minimum-related Gibbs energy values, (36) and (37), as well as
the Gibbs energy value at the intersection point (41) need to be computed in order to obtain the
Gibbs energy barriers, (42) and (43), which define the transformation probabilites (33) and thus
drive the evolution of volume fractions (29).

3 MICRO-SPHERE APPLICATION

Following [33], the macroscopic Piola-Kirchhoff stress tensorS is computed based on the
individual material micro-plane stress measuresŜ(λN) via integration over the unit hemisphere
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in terms of

S =
3

2 π

∫

H2

Ŝ(λN) λ
−1
N N ⊗N dω . (44)

For the macroscopic Cauchy stress responseσ depicted in Fig. 3, we apply the standard push-
forward ofS viz.

σ =
1

J
F · S · F t . (45)

The quasi-static application of a macroscopic non-isochoric homogeneous state of tensile
deformation

F (t) = I + κ(t) e1 ⊗ e1 (46)

with κ(t) ∈ [0, 0.2] ⊂ R introduced as a time-proportional load scaling parameter results in
the macroscopic material response provided in Fig. 3. The obtained Cauchy stress response,
Fig. 3(a), shows a plateau-type stress characteristic that is related to the deformation-induced
onset of martensitic transformation within the polycrystal. The macroscopic volume fractions
Ξ•—homogenised in terms of a moment of zeroth order—show a saturation-type evolution, i.e.
even for very large deformations the polycrystal will not transform to100% martensite.
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Figure 3: Application of the micro-sphere framework: evolution of stress and volume fractions due to a quasi-
statically applied macroscopic non-isochoric homogeneous state of tensile deformation in terms ofF (t) = I +
κ(t) e1 ⊗ e1.

4 CONCLUSIONS

The contribution at hand introduces a constitutive formulation that extends an established
finite strain micro-sphere framework for the simulation of Neo-Hookean-type materials towards
phase-transformations between austenite and martensite. Individual micro-plane free energy
terms are assigned to both phases, where the Helmholtz free energy of martensite is consistently
extended to include a Bain-type transformation strain which is multiplicatively coupled to the
overall micro-plane strain measure of the martensite fraction.

The numerical examples obtained at both the micro-plane level, see Section 2.8, and at the
micro-sphere level, see Section 3, show that the proposed modelling framework—even though
not yet fitted to experimental data—is able to capture the typical, experimentally observed
stress-strain behaviour of, e.g., shape memory alloys. Moreover, the proposed micro-sphere
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formulation naturally captures the polycrystalline transformation behaviour that is related to
the so-called grain-locking effect as introduced in Section 1.

In conclusion, the proposed micro-sphere based finite strain modelling framework for phase-
transformations can be considered as a promising foundation in view of later extensions towards
coupled plasticity and temperature effects in polycrystals.
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Abstract. An efficient strategy for calculation of delaminations in composite beams and intel-

ligent structures is used in order to quantify structural uncertainties within a finite element 

model of a piezocomposite (multilayered plate theory). Furthermore the dynamical system is 

connected with robust and neurofuzzy control. The problem of positioning of actuators and 

sensors has been investigated. Model based simulations of increasing complexity illustrate 

some of the attractive features of the strategy in terms of accuracy as well as computational 

cost. This shows the possibility of using such strategies for the development of smart structur-

al and systems. 
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1 INTRODUCTION 

Piezoelectric sensors and actuators are extensively employed in many practical applications 

such as intelligent structures due to their lightness and their capability of coupling strain and 

electric fields. In order to control structural vibrations, piezoelectric sensors and actuators can 

be easily bonded on the vibrating structure. In active vibration control, the patches are sym-

metrically bonded on top and bottom surfaces [1,2, 3]. An Hinfinity [4,5] controller, a fuzzy 

controller [20,21,26] or a hybrid neuro-fuzzy control [22,23,24,25]  can be designed and op-

timally tuned [27, 28] to suppress the vibrations of the intelligent structure even when delam-

ination phenomena occur [32, 33]. The position and the size of the actuators influence the 

response of the smart structure and determine the maximum admissible piezoelectric actuation 

voltage. The optimal sensor locations can be found, using genetic algorithms and multicriteria 

optimization [6,13]. In addition the numerical results can be compared with analytical ones 

obtained by the Laplace transform method [7,8]. Satisfactory vibration reduction has been ob-

served for control cases under sinusoidal, random disturbances, confirming the reliability and 

validity of such algorithms. The results are very satisfactory since the vibration suppression is 

achieved. 

2 FINITE ELEMENT FORMULATION 

 

We base our model on the layerwise approach which takes into account the adhesive layer 

derived earlier in Refs [32, 33]. The structure consists of an elastic core bonded with  piezoe-

lectric sensor and actuator layers and adhesive layers between them. Delamination between 

the layers may appear and influences the effectiveness of active vibration control. Using a 

special adhesive finite element we are leading to the following equation of motion in terms of 

nodal variable q, 

( ) ( ) ( ) ( ) ( )   m eMq t Dq t Kq t f t f t        (1) 

where M is the generalized mass matrix, D the viscous damping matrix, K the generalized 

stiffness matrix, 
mf  the external loading vector and 

ef  the generalized control force vector 

produced by electromechanical coupling effects. The exact form of these matrices are given in 

[32], [33]. 

To transform to state-space control representation, let (in the usual manner),  

( )
( )

( )

q t
x t

q t

 
  
 

          (2) 

Furthermore to express ( )ef t  as ( )Bu t  we write it as *

ef u where *

ef the piezoelectric force is for 

a unit applied on the corresponding actuator, and u represents the voltages on the actuators. 

Furthermore, ( ) ( )md t f t  is the disturbance vector [9, 10]. 

Then,  

2 22 2 2 2 2 2

1 *1 1 1
( ) ( ) ( )

  

  

    
           

n nn n n n n n

e

OO I O
x t x t u t

M fM K M D M
    (3) 
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( )

( ) ( ) ( ) ( ) ( ) ( )
( )

 
       

 

u t
Ax t Bu t Gd t Ax t B D Ax t Bu t

d t
    (5) 

The previous description of the dynamical system will be augmented with the output equation 

(some displacements or velocities are measured) [10, 11, 12],  

 1 3 1( ) ( ) ( ) ( ) ( ) 
T

ny t x t x t x t Cx t       (6) 

 

3 ROBUST CONTROL PROBLEM 

Two control laws for the composite beam are designed in order to suppress the vibrations. Be-

cause of its linearity and easy implementation, the linear quadratic regulator (LQR)[12,13] is 

presented first. The response of the controlled nominal and damaged beams is investigated. In 

order to take into account the incompleteness of the information about the eventual damages 

and external additional influences a robust H
 controller is designed [14, 15]. A system analy-

sis is made on condition that the system is not accurate but includes uncertainty that may be 

related to some kind of damage [9] 

For practical applications both algorithms need several trial-and-error design iterations in 

order to provide appropriate control voltages, since the piezoelectric actuators can be depolled 

by high oscillating voltages. The effectiveness of the proposed control strategies is investigated 

with the help of numerical simulations [7, 9].   

 The following three steps are taken in the robustness analysis [16, 17]: 

 
Figure 1 Uncertainty modelling 

 

1. Expression of an uncertainty set by a mathematical model. 

2. Robust stability (RS): check if the system remains stable for all plants within the 

uncertainty set. 

3. Robust performance (RP): if the system is robustly stable, check whether perfor-

mance specifications are met for all plants within the uncertainty set.  

 

To perform the robustness analysis, the interconnection of Figure 1 will be used.  

Δ define the uncertainty, Μ define the nominal system, w are the inputs (the mechanical 

force and the noise of the system), z are the outputs (the state vector and the control vector).  

The uncertainty included in Δ satisfies 1


  .  

The system (M, Δ) is robustly stable if,  

11
ˆ

sup ( ( )) 1
nI

j


                        (7) 
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The system (M, Δ) exhibits robust performance if,  

ˆ

sup ( ( )) 1
nI

j




                   (8) 

 where, 

0

0




 
    

 

and   has the same structure as Δ but dimensions corresponding to (w,z). Unfortunately, 

only bounds on μ can be estimated.  

To proceed let us assume uncertainty in the M, D and K matrices of the form,  

0 0

0

( ) ( )

( )

up M p D

p

m D D I d

K K I k

 



   

 
            (9) 

with, 

1
def

D













 
    
  

                (10) 

This means that we are allowing a percentage deviation from the nominal values [6,9]. 

With these definitions Eq. (1) becomes, 

0 0 0( ) ( ) ( ) ( ) ( ) ( )u m eq t D q t K q t Dq t f t f t             (11) 

Where, 

( )

( ) ( )

( )

def

u

q t

q t q t

q t

 
   
  

 

2 2

0 0 0 2 2

2 2

n n

p p p n n

n n

I

D M m D d K k I

I







 

 

 

 
      
  

                (12) 

Writing [5]in state space form, gives, 
2 22 2 2 2 2 2 2 6

1 *1 1 1 1
( ) ( ) ( ) ( ) ( )

n nn n n n n n n n

u

e

OO I O O
x t x t u t d t q t

M fM K M D M M D

   

   

      
                

 

( ) ( ) ( ) ( ) ( )u ux t Ax t Bu t Gd t G q t                 (13) 

  In this way we treat uncertainty in the original matrices as an extra uncertainty term.  

 

4 FUZZY AND NEURO-FUZZY CONTROL 

 

A fuzzy inference system can be developed within MALAB using the fuzzy toolbox. The 

control scheme usually consists of a Mamdani [20,21] or a Sugeno-type controller 

[22,23,24]. This system can be used for the study of smart structures such as smart beams 

[21,24,25], plates [26,27], etc.The controllers usually consist of two inputs and one output. 

As for inputs, the controller can take displacement and velocity or the electric potential and 

current and returns the control force. The membership functions have triangular, trapezoi-

dal, Gaussian or sigmoid both for inputs and output. An example of triangular and trape-

zoidal functions is shown in Fig. 2. The inference system involves membership functions 

combined with use of logical operations. Namely, the decision is based on a set of if -then 

rules, thus the recurring system is a rule-based system. A set of rules as this one shown in 

Table 1, can be considered. The graphic representation of rules is given by the fuzzy sur-

face shown in Fig. 2.  
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1. Displacement 

2. Velocity 

3. Far 

up 

4. Close 

up 

5. Equilibrium 6. Close 

down 

7. Far 

down 

8. Up 9. Max 10. Med+ 11. Low+ 12. Null 13. Low- 

14. Null 15. Med+ 16. Low+ 17. Null 18. Low- 19. Med- 

20. Down 21. High+ 22. Null 23. Low+ 24. Med- 25. Min 

Table 1. Fuzzy inference rules 

 

 

Figure 2: Membership functions prior optimization and fuzzy surface 

 

5. OPTIMIZATION OF CONTROL 

The results given solely by fuzzy control in previous investigations of our team [21, 24, 26], 

were very satisfactory in terms of displacement. However, the results regarding the veloci-

ty and the acceleration were not acceptable. 

Thus, the need of optimization some of the parameters of the fuzzy controller arose. This 

fine tuning is a really exacting process, thus a simple, effective and well known procedure 

has to be chosen. 

For example, a genetic algorithm can be used due to its simplicity and smooth behavior in 

such problems [27]. The algorithm was used in order to optimize the membership functions 

of the variables (inputs/outputs) or other characteristics of the fuzzy controller. In this case, 

a population of different solutions try to reach total optima via a stochastic iterative pro-

cess. 
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Another method that may be useful for the fine tuning of the parameters of a controller, 

used for vibration suppression of smart structures, is the particle swarm optimization meth-

od [28, 29, 30] and the differential evolution [31]. These methods are similar to the genetic 

approach, however they can provide more accurate results. 

6. DELAMINATION MODELING 

For the simulation of delamination, a non-linear delamination law can be considered to the 

structural model investigated, as shown in Fig. 3: 

 

Figure 3: Stress-strain behavior in the adhesive 

The above law leads to appropriate modification of the existing stiffness matrix of the 

structure in order to take into account the differences in the behavior before and after the 

delamination [32]. 

For each finite element, the element average strain εzzcan be calculated as follows: 

 
   

 

1

i

i

i i
a

zz a

w w

h





   (14) 

where w is the vertical displacement of layers, whose behavior in delamination is invest i-

gated, and h(a) is the thickness of the adhesive layer. If the strain is less than εo, no delam-

ination appears in the element. Otherwise, delamination takes place. In this case, the 

delamination can occur between the lower-middle and the middle-upper plate layer. 

For the implementation of the non-linear delamination law, the Newton-Raphson incre-

mental-iterative procedure has been used, as follows [33]: 

 

Incremental step 

Load enforcement 

  Start iterations 

 -Loop to the whole of elements 

 -Calculate the mean strain of each element 

 -Compare with εo 
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 -Appropriate estimation of the tangential stiffness matrix  

 -Estimation of the internal force vector 

 -Solving equilibrium equs and finding incremental  

    and global displacements 

 -Error control and continuation iteration  

    orcontinue the incrementalstep 

 

7. RESULTS AND DISCUSSION 

 

For the numerical simulations a cantilever composite beam with piezoelectric layers bonded 

on its top and bottom and discretized with finite elements, is used. Periodic sinusoidal loading 

pressure acting on the side of the structure simulating a strong wind. A sinusoidal load with 

an amplitude of 15N and frequency of 6.5 rad/sec, has been considered.  Fig 4 shows the dy-

namical response for the displacements of the uncontrolled and controlled beam with LQR 

control [12] and H
 control [18], for the four nodes of the beam. Fig 5shows the dynamical 

response for the rotations of the uncontrolled and controlled beam with LQR control and H
 

control strategy, for the four nodes of the beam. The beam with H
control keeps in equilibri-

um and we have zero ddisplacements, complete vibration reduction is achieved. The compari-

son of the open and closed loop frequency response of the system are shown in Figure 6, as 

shown in figure, there is a significant improvement in the effect of disturbance on error up to 

the frequency of 1000 Hz. Figure 7 shows the control voltages for the four nodes of the beam. 

The control voltages for the disturbance rejections of the beam are less than 500 volt. 

Results are very good, and the beam remains in equilibrium. Reduction of vibrations is ob-

served, while piezoelectric add-ons produce voltage within their tolerance limits (±500volt). 

 

 

Figure 4: Response of the four nodes for the displacement with LQR and H  control and re-

sponse without control. 
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Figure 5: Response of the four nodes on the vibrating beam for the rotation with LQR and 
H control and without control. 

 

 

Figure 7: Singular Value for H control strategy. 

 

 
Figure 8: Response of the four nodes for the displacement with LQR and   control and re-

sponse without control. 

 

As a conclusion one can say that structural uncertainty in smart piezocomposites can be quan-

tified by using techniques of computational mechanics. This gives rise to more accurate de-

sign and optimal tuning of robust controllers, either following classical or soft computing 

techniques. Further investigation includes the optimal positioning of sensors and actuators and 

the incorporation of other uncertainties (crack initiation and propagation, fatigue). 

 

. 
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Abstract Pentamode materials consist of diamond-like lattices featuring five soft modes of 
deformation. Such materials have been proposed for transformation acoustics and elasto-
mechanical cloak, but their potential in different engineering fields is still only partially ex-
plored. One characteristic in particular appears very appealing in this type of lattices: the 
dependency of the mechanical properties of the structure on the microstructure of the lattice 
rather than on the chemical nature of the employed materials. This characteristic implies the 
possibility to easily tune the effective mechanical properties of pentamode lattices to comply 
with the specific demands of the material at the meso- and macro-scales, with the aim of de-
signing novel engineering devices, such as, e.g., innovative seismic isolators. The present 
work includes numerical and experimental studies investigating the dependence of the me-
chanical properties of pentamode materials on aspect parameters at the microscopic and 
macroscopic scales. It is shown that such materials exhibit elastic and post-elastic responses 
similar to those of elastomeric bearings alternating rigid layers and soft rubber layers. 
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1 INTRODUCTION 

Extremal materials that are receiving increasing interest are the so-called pentamode lattic-
es, which consist of  diamond-like lattices featuring five soft modes of deformation (unit cell 
with four rods meeting at a point) [1]. Such lattices exhibit very low shear moduli (theoreti-
cally equal to zero) [1], and may be able to stop or dramatically attenuate shear waves [2]. 
Physical models of pentamode materials have been fabricated through additive manufacturing 
(AM) techniques over the last few years, both at the macro- [3] and at the micro-scale [4]. 
Schittny et al. [3] have studied the experimental behavior of macroscopic, polymeric samples 
of pentamode lattices in the elastic regime: the results obtained by such authors prove that the 
elastic moduli of pentamode materials are strongly related to the geometry of the lattice mi-
cro-structure, being markedly affected by the dimensions of the rods forming the lattice, and 
particularly sensitive to the ratio between the diameter d  of the connections between the rods 
and the lattice constant a . The experimental Young’s modulus E  of the lattice has been 
found approximately three times stiffer than the experimental shear modulus G . The results 
presented in [3] also show that the ratio between the bulk modulus B  and the shear modulus 
G  strongly increases by reducing the contact area between the rods. Similar results have been 
found at the microscale by Kadic et al. [4]. Polymeric samples of pentamode lattices have 
been fabricated by such authors using dip-in direct-laser-writing (DLW) optical lithography, a 
technique well suited to build three-dimensional structures across a range of scales from mi-
cro to small [5]. Experimental and numerical results given in [3] and [4] demonstrate that the 
mechanical behavior of pentamode lattices replicates that of fluids in the limit of 0d , 
when the shear modulus G  tends  to zero. For finite, nonzero values of d , it has been found 
that the GB  ratio is extremely high, even if G  is positive and nonzero [3][4]. Because of 
their unusual mechanical features, pentamode materials have been proposed for transfor-
mation acoustics and elasto-mechanical cloak (refer, e.g., to the recent paper [6] and the refer-
ences therein), but their potential in different engineering fields is still only partially explored. 

The present study investigates the elastic and post-elastic responses of additively manufac-
tured pentamode lattices confined between stiffening plates. We analyze metallic samples ob-
tained through additive manufacturing by Electron Beam Melting (EBM) of a powder of the 
titanium alloy Ti-6Al-4V [7][8][10], for different aspect ratios of the unit-cell, and two mac-
roscale aspect ratios (slender and thick samples). We find that the confinement of pentamode 
lattices between stiffening plates greatly affects the elastic response of the overall structure, 
compared with the case of unconfined, infinite pentamode lattices [11]. The obtained results 
highlight several similarities between the elastic response of confined pentamode materials 
and the analogous response of elastomeric bearings composed of rigid steel or fiber-
reinforced composite layers and soft layers of natural or synthetic rubber [12]-[18]. Concern-
ing the post-elastic response, we observe that the examined pentamode materials feature ac-
ceptable energy dissipation capacity, and ranges of supplemental damping in line with values 
of common isolation devices. The remainder of the paper is structured as follows.  

We begin in Sect. 2.1 by illustrating the EBM-manufactured pentamode materials analyzed 
in the present study. Next, we provide a description of the in-house experimental setup em-
ployed to subject such materials to lateral and vertical force-displacement tests (Sect. 2.2). 
Section 3 presents the results of laboratory tests aimed at determining the elastic moduli (Sect. 
3.1) and the post-elastic energy dissipation properties (Sect. 3.2) of the analyzed materials. 
Concluding remarks and directions for future research are presented in Sect. 4. 
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2 MATERIALS AND METHODS 

2.1 Physical models of confined pentamode materials 

We manufactured pentamode lattices confined by stiffening plates and made by the titani-
um alloy Ti-6Al-4V (hereafter simply denoted by Ti6Al4V) through the Arcam S12 EBM fa-
cility at the Department of Materials Science and Engineering, University of Sheffield. Such 
an additive manufacturing (AM) technology allows the manufacture of features with size 
down to 0.4 mm by progressively depositing, heating and melting  layers  of Ti6Al4V pow-
der, with the melted regions in each layer defined according to a CAD model of the specimen 
to be manufactured [7][8].  It is worth noting that the size of the specimen designed by CAD 
does not correspond perfectly to the built object. The beam scan strategies and the surface 
roughness will result in larger (in diameter) printed members [10]. The main properties of the 
employed titanium alloy, when in the fully dense state, are given in Table 1 [19]. 

mass density [g/cm3] 4.42 
yield strength [MPa] 910.00
Young’s modulus  [GPa] 120.00
Poisson’s ratio 0.342 

Table 1. Main physical and mechanical properties of the fully dense isotropic polycrystalline Ti6Al4V titanium 
alloy [19]. 

Figure 1 shows the extended face-centered-cubic (fcc) unit cell of a pentamode lattice 
formed by sixteen rods that are composed of two truncated bi-cones featuring large diameter 
D  at the mid-span and small diameter d  at the extremities  [2][3][4][5][6]. Upon  selecting  
the lattice constant a  30 mm and 72.2D mm  ( %9aD ), we manufactured pentamode 
specimens with the unit cell shown in Figure 1, using three different values of :d  

49.01 d mm %)6.1( 1 ad ; 04.12 d mm %)5.3( 2 ad ; and 43.13 d mm ( %,8.43 ad cf. 

Table 2). It is worth remarking that the limit 0ad  corresponds to a perfectly pin-jointed 

lattice (stretching-dominated response), while the case with 0ad  corresponds to a lattice 
featuring nonzero bending rigidities of nodal junctions and rods, which deforms through both 
stretching of rods and bending of rods and nodes [11]. 

Figure 1: Extended fcc unit cell of the pentamode lattices analyzed in the present study. 
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a [mm] D [mm] d1 [mm] d2 [mm] d3 [mm] 

Built size 
(CAD size) 

30 
(30) 

2.72 
(2.71) 

0.49 
(0.45) 

1.04 
(0.90) 

1.43 
(1.35) 

Table 2: Geometrical parameters of the EBM built pentamode materials (CAD sizes in brackets). 

We additively manufactured two different sets of pentamode specimens:  
(a) “Slender Pentamode Materials” (SPM):  obtained by replicating the  extended fcc 

unit cell of Figure 1 22 x  times in the horizontal plane , 4  times along the vertical ax-
is,  and confining the 422 xx  lattice between Ti6Al4V plates with  80 mm edge and 

1pt   mm thickness (see Figure 2); 

(b) “Thick Pentamode Materials” (TPM):  obtained by replicating the  extended fcc unit 
cell of Figure 1 22 x times in the horizontal plane, 2  times along the vertical axis,  and 
confining the 222 xx  lattice between the above mentioned plates (see Figure 3). 

(a) (b) 

Figure 2: CAD (a) and EBM (b) models of slender (SPM) specimens ( 422 xx  extended unit cells). 

(a) (b) 

Figure 3: CAD (a) and EBM (b) models of thick (TPM) specimens ( 222 xx extended unit cells). 

Hereafter, we name SPM1, SPM2 and SPM3 the SPM-specimens with 1dd  , 2dd  , 

and 3dd  , respectively. Similarly, TPM1, TPM2 and TPM3 1dd  , 2dd  , and 3dd  , 

respectively. We built three different SPM specimens and one TPM specimen for each ana-
lyzed ad ratio.  

It is well known that the EBM manufacturing process creates solid material with some 
level of porosity (typically below 0.2% if suitable parameters for the alloy are used in the 
machine) instead of fully dense materials for both solid structures [9] and those intended to 
contain free space [8]. Based on a recent, detailed study of porosity in EBM titanium made 
with the same conditions used for the current material [9], we hereafter assume the internal 
porosity of such a material is of the order of 0.2%, and its Young modulus mE  is therefore 
approximately equal to that of the fully dense Ti6Al4V alloy (Table 1).
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2.2 Experimental setup 

An in-house experimental setup was assembled to apply lateral force-displacement histo-
ries under constant vertical load on the pentamode specimens described in the previous sec-
tion (Figure 4).  

Figure 4: Left: overall view of the experimental setup. Right: counter balancing system introduced to remove 
platen self-weight. 

An L-shaped plate, sliding vertically over linear bearings, allows the application of the ver-
tical load through calibrated weights. The selfweight of the plate is removed with a counter 
balancing system of pulley and weights (Figure 4). The top base of the specimen is firmly 
connected to the plate by clamping strips located all around the base edges. The same clamp-
ing mechanism is applied to the bottom base of the specimen that is connected to the horizon-
tally sliding table (Figure 5). Horizontal displacements are applied through an actuator 
connected to the sliding table and reacting against a solid metal block. The force rating of the 
actuator is 300 lb (1.3 kN), with a displacement range of +/-100 mm. Forces are acquired by a 
load cell installed between the back of the actuator and the reaction block. Vertical and lateral 
displacements are measured with rotary motion sensors. 

Figure 5: Connection of the specimen to the sliding table. 

The same setup allows the application of the vertical load through calibrated weights while 
no horizontal motion is applied. With this procedure compression tests were completed by 
manual application of weights and automatic recording of vertical displacements of the plate.  
Preliminary to any actual test, the setup was subjected to a shakedown phase to assess the fric-
tional force components and to verify alignments and parallelisms. The test data were consist-
ently processed with the removal of friction from the testing equipment. 

2138



3 EXPERIMENTAL RESULTS 

The present section illustrates the results of the laboratory tests that we conducted to char-
acterize the mechanical response of the pentamode materials illustrated in Sect. 2.1. We begin 
by estimating the elastic moduli of slender and thick pentamode materials through cyclic lat-
eral force-displacement tests at constant vertical loading, and monotonic vertical force-
displacement tests under zero horizontal force (Sect.3.1). Next, we investigate the inelastic 
response of the analyzed materials via (cyclic and monotonic) lateral force-displacement tests 
conducted up to specimen’s failure (Sect. 3.2). Figure 6 illustrates pictures of selected slender 
and thick specimens extracted from in-situ videos of lateral force-displacement tests. 

(a): SPM1 (b): SPM2 (c): SPM3 

(d): TPM1 (e): TPM2 (f): TPM3 

Figure 6: Frames from in-situ videos of lateral displacement tests on SPM and TPM specimens. 

3.1 Estimation of the elastic moduli 

The estimation of the elastic moduli of slender and thick specimens was conducted through 
cyclic lateral force ( hF ) vs. lateral displacement ( h ) tests in displacement control at the dis-

placement rate 8.0


h  mm/sec (hereafter also referred to as “shear tests”). Such a study 

considered three different (constant) values of the applied vertical load: vF  22.67 N, 

vF 45.34 N, and vF  68.00 N, and one specimen for each examined ad  ratio (cf. Figure 

7-Figure 10; Table 3-Table 5). The analyzed values of the vertical load were accurately cho-
sen so that to not cause permanent deformation of the specimens. We also conducted cyclic 

hF - h  tests at the strain rates of 0.8 mm/sec and 2.4 mm/sec on the specimen SPM3 (Table 

4), and vertical force ( vF ) vs. vertical displacement ( v ) compression tests on SPM and TPM 

specimens, on considering one specimen for each examined ad  ratio (“compression tests”, 
cf. Table 3 and Table 5).  
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3.1.1 Slender specimens 

Figure 7 illustrates the results of cyclic tests conducted on slender specimens for constant 
vF  45.34 N, and lateral displacements mmh 3  (three cycles for each specimen at 

8.0


h  mm/sec). The results in Figure 7 highlight an albeit limited hysteretic response of 
the SPM specimens in the examined rage of lateral displacements (especially in the case of 
the SPM3 specimen). Such a phenomenon is explained by internal stress intensification ef-
fects causing pseudo-elastic response, due to micro-plasticity events, before macro-yielding 
[23]. This effect would be increased in lattice samples as the structure results in areas of stress 
concentration being present in the sample, with the potential for the stress to reach high levels 
locally, while the specimen is macroscopically not highly loaded. Comparing the results in 
Figure 7 and the envelopes of cyclic and monotonic tests provided in Sect. 3.2 (cf. Figure 11 

and Table 6), we note lateral displacements in the range mmh 3  reached in Figure 7 are 

well below the deflection points of the hF - h  curves in in Figure 11. Hereafter, we refer to 

such points where there is large scale departure from linearity in the force-displacement be-
havior as “macro-yield” points [23]. Very similar results were obtained for vF  22.67 N and  

vF 68.02 N.  We refer to the line connecting the extreme points of the cyclic lateral force 

displacements curves as the “effective” secant response of the specimen [12]. Similarly, we 
let effhK ,  denote the effective (secant) stiffness defined as follows  










ll

hh

effh

FF
K


, (1)

where the symbols + and – denote the maximum and minimum value, respectively. 
Table 3 shows the mean values and standard deviations of the experimental values of the se-
cant stiffness effhK , , which were obtained for the SPM specimens under the analyzed values 

of the vertical load vF , and the strain rate 8.0


h  mm/sec. The same table also shows the 

values of the effective shear modulus defined as follows 

A

h
KG effheff  ,

(2)

where effhK ,  denotes the mean value of effhK , ; ptah  4  denotes the total height of the 

specimen (including the heights of the pentamode lattice and the terminal bases); and 
aaA 22   denotes the lattice covered area of the terminal plates. The results in Figure 7 and 

Table 3 highlight a marked increase of effhK ,  with increasing values of the “microstructure” 

aspect ratio ad . Such a phenomenon can be ascribed to the higher bending stiffness of the 

lattice with larger nodal junctions [11].  A small dispersion of effhK ,  with the vertical load vF  

is observed in the displacement regime mmh 3 .  
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Figure 7: Lateral force-displacement curves under constant vertical load ( 34.45vF N) for slender specimens 

(dashed lines: effective secant responses). 

Table 3 includes data extracted from compression tests, which refers to the effective vertical 
stiffness effvK ,   defined as follows  

max

max

,
v

v
effv

F
K


 (4)

where max
vF denotes the maximum applied vertical load, and max

v  denotes the corresponding 

vertical displacement. Table 3 shows statistics of the experimental values of the vertical se-
cant stiffness effvK ,   obtained for each SPM specimen through three different measurements, 

and the values of the effective compression modulus defined as follows 

A

h
KE effveff  , (5)

where effvK ,  denotes the mean value of effvK , . By examining the results of shear and com-

pression tests for current specimens, we find that the effeff GE  ratio is equal to 7.12 in SPM1, 

7.61 in SPM2 and 7.90 in SPM3. It is worth observing that such a ratio is approximately equal 
to one for (unconfined) many-cells pentamode lattices, according to the theory of elastic net-
works presented in Ref. [11]. It is also interesting comparing our current findings with the 
numerical and experimental results presented by Schittny et al. in [3] for 3D printed pen-
tamode lattices in polymeric materials with the same macroscopic aspect ratio 422( xx  ex-
tended unit cells). Such lattices feature 15a  mm, and exhibit similar microscopic aspect 
ratios, as compared to the current specimen, i.e.: %9aD , and ad  varying between 1.5% 
and 9.0%. Schittny et al. experimentally observe the following ratios between the Young 
modulus E  and the shear modulus G : 67.3/ GE  for lattices with %6.1ad  (lattices with 
microscopic aspect ratios similar to SPM1 specimens); 52.5/ GE  for %5.3ad  (similar to 
SPM2), and 21.5/ GE  for %8.4ad  (similar to SPM3). Numerical results obtained by 
such authors through 3D finite element simulations [3][4] instead predict GE /  ratios ranging 
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between 4.29 and 4.97 for the same lattices. The significant increase of the effeff GE ratio of 

SPM specimens over the GE /  ratio predicted by the theory presented in [11] )0.1/( GE  is 
explained by the stiffening effect played by the terminal bases that confine such specimens.    
For what concerns the increase of effeff GE over the GE /  ratios given in [3], it is worth not-

ing that the current metallic specimens feature larger and stiffer bases, as compared to the 
polymeric specimens studied Schittny et al. in [3].   

We now pass to study the dependence of the effective moduli effG  and effE  on the solid 

volume fraction   of the lattice (defined as the volume of rods per unit volume of material). 
We construct linear and quadratic fitting models of the experimental data presented in Table 
3, via the NonlinearModelFit function of Mathematica® 10 (models of the form 1k  and 

2
2k , respectively). The results in Figure 8 show that quadratic models better fit the scaling 

laws of meff EG /  and meff EE /  with  , featuring remarkably lower Root Mean Square Errors 

(RMSE) than linear models. Such an observation leads us to conclude that SPM specimens 
exhibit bending-dominated response under the examined tests [20][21][22].   

SPM1 SPM2 SPM3 
310   8.14 11.75 15.04 

effhK ,  (N/mm) mean 
(std Dev)

2.10 
(0.159)

13.23 
(0.237) 

31.38 
(0.598) 

effG  (kPa)  70.43 444.77 1054.69 

effvK ,  (N/mm) mean 
(std Dev)

14.92 
(0.278)

100.69 
( 0 ) 

242.95 
( 0 ) 

effE  (kPa)  501.49 3384.47 8165.70 

Table 3: Solid volume fraction   and experimental values of the effective horizontal stiffness effhK , ; effective 

shear modulus effG ; effective vertical stiffness effvK , ; and effective compression modulus effE   of SPM spec-

imens.  

Let us now investigate the influence of strain rate effects on the shear response of a SPM3 
specimen, by comparing experimental values of effhK ,  under cyclic shear tests featuring 

8.0


h mm/sec and 4.2


h  mm/sec. The results in Table 4 show that such values of effhK ,  

differ each other only by 2.6%, which suggests that the examined strain rates play a limited 
role of on the elastic lateral response of the current specimen. 

8.0


h mm/sec 4.2


h  mm/sec 

effhK ,  (N/mm) 30.73 29.95 

Table 4: Experimental values of effhK ,  for specimen SPM3 under different strain rates ).34.45( NFv   
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Figure 8: Linear and quadratic fitting models of the scaling laws of meff EG /  and meff EE /  with the solid vol-

ume fraction   for SPM specimens. 

3.1.2 Thick specimens 

Figure 9  shows the results of cyclic lateral force-displacement tests performed on thick 

specimens at  8.0


h   mm/sec, for vF  45.34 N (cf. also Table 5, which includes mean val-

ues and standard deviations of effhK ,  for vF  22.67 N, vF  45.34 N, and vF  68.02 N). 

 

Figure 9: Lateral force-displacement curves under constant vertical load ( 34.45vF N) for thick specimens 

(dashed lines: effective secant responses). 

The results in Figure 9 confirm the presence of the micro-scale hysteresis before macro-
yielding already observed in slender specimens. Such a phenomenon is more pronounced in 
TPM specimens than slender specimens, especially in presence of large-size nodal junctions 
(TPM2 and TPM3). From the plots in Fig. 8 and the results in Table 5 we observe marked in-
creases of effhK ,  with increasing ad  ratios (i.e., when passing from TPM1 to TPM3), and  

small dispersions of such a quantity with the examined values of the vertical load vF  , as in 

the case of slender specimens. Estimates of the effective vertical stiffness effvK ,   and the ef-

fective compression modulus effE  for TPM specimens were obtained through vertical force-

displacement tests performed as in the case of slender specimens (cf. Table 5).  
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TPM1 TPM2 TPM3 
310   8.14 11.75 15.04 

effhK ,  (N/mm) mean 
(std Dev)

13.10 
(0.117)

62.67 
(0.270) 

115.54 
(0.662) 

effG  (kPa)  222.04 1061.90 1957.77 

effvK ,  (N/mm) mean 
(std Dev)

38.83 
(0.605)

175.37 
(0.602) 

503.89 
(0.001) 

effE  (kPa)  657.98 2971.50 8538.12 

Table 5: Solid volume fraction   and experimental values of the effective horizontal stiffness effhK , ; effective 

shear modulus effG ; effective vertical stiffness effvK , ; and effective compression modulus effE   of TPM 

specimens. 

The effeff GE  ratio for thick specimens is equal to 2.96 in TPM1, 2.80 in TPM2 and 4.36 

in TPM3. For what concerns the scaling laws of effG  and effE  with  , the results in Figure 10 

show that quadratic models better fit experimental data of TPM specimens than linear models, 
as we already observed in Sect. 3.1.1 (bending-dominated response [20][21][22]). 

Figure 10: Linear and quadratic fitting models of the scaling laws of meff EG /  and meff EE /  with the solid 

volume fraction for TPM specimens. 

3.2 Post-elastic response 

We investigated the post-elastic response of SPM and TPM specimens by conducting cy-
clic lateral force - displacement tests in displacement control up to specimen’s failure (under 

the vertical load 45.44vF N, and the strain rate 8.0


h  mm/sec, cf. Figure 11-Figure 12). 

In the case of SPM specimens, we also performed monotonic lateral force-displacement tests 
up to specimen’s failure (Figure 11). All such tests were carried out starting from the virgin 
state, for a single specimen of each microstructure aspect ratio ad  (cf. Sect. 2.1). Figure 11 

shows the measured envelope force– displacement hF - h  curves, where the labels a,b and c 

indicate the final point of the initial linear branch, the peak of horizontal force and the failure 
point, respectively. For these specimens, point c corresponds to the ultimate vertical bearing 
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capacity. The actual  hF - h  curves of the monotonic tests on SPM specimens showed marked 

oscillations in the unstable phase characterized by a decrease of hF  for increasing values of 

h , due to progressive joint failure. The final collapse of the specimen occurred due to the 
rupture of several terminal nodes placed along the stretched diagonals (Figure 13). The results 
in Figure 11 highlight an initial hardening branch of the post-elastic response of each exam-
ined specimen. Such a branch is followed by a second post-elastic branch with negative tan-
gent stiffness, which progressively leads the specimen to collapse. The coordinates of the 
above a-b-c points are provided in Table 6, together with the ductility values computed as fol-
lows 

 
elh

elhh

,

,







  (6)

where h  is the current value of the lateral displacement, and elh ,  is the lateral displace-

ment in correspondence to point a.   

Figure 11: Measured envelops of cyclic (solid lines) and monotonic (dashed lines) lateral force-displacement tests. 

 
aF a a  bF  b  b  

cF c c

  [N] [mm]   [N] [mm]   [N] [mm]  

SPM1 
monotonic 15.92 5.85 1.00 32.93 26.74 4.57 16.20 32.67 5.58

cyclic 12.70 5.02 1.00 20.19 10.29 2.06 17.67 12.35 2.47

SPM2 
monotonic 152.38 10.98 1.00 206.83 22.97 2.09 100.01 35.03 3.19

cyclic 143.10 10.23 1.00 195.12 15.75 1.54 157.03 21.26 2.07

SPM3 
monotonic 485.01 15.79 1.00 545.56 29.92 1.89 268.5 40.64 2.57

cyclic 480.12 15.70 1.00 514.00 21.70 1.38 280.00 28.65 1.82
TPM1 cyclic 25.22 2.00 1.00 40.20 4.17 2.08 40.20 4.17 2.08
TPM2 cyclic 262.18 4.11 1.00 407.34 8.53 2.07 357.45 9.76 2.37
TPM3 cyclic 467.93 4.55 1.00 899.02 16.88 2.70 899.02 16.88 2.70

 

Table 6: Coordinates and ductility values of noticeable points of the curves in Figure 11. 

The cyclic tests in Figure 12 where performed at controlled ductility on a SPM1 and a TPM3 
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specimen, by letting the maximum lateral displacement to grow progressively in such a way that 
it results 25.0   in the first cycle;    grows with step 0.25 in the next cycles up to 00.1 ; 

and, finally,   grows with step 0.50 in the post-elastic cycles up to specimen’s failure. Figure 11-

left shows a comparison between the measured envelopes of cyclic tests and monotonic tests on 
SPM specimens, which highlights the fact that the envelopes of the monotonic tests always lie 
above those of the cyclic tests in the post-elastic range, due to (low-cycle) fatigue-damage [13]. 

Post-yield stiffness degradation is a common observation in a range of different tests and lat-
tice designs of EBM manufactured Ti6Al4V porous structures (e.g [8][10]), due to progressive 
brittle fracture of individual struts of the lattice from the point of first macroscopic yield [7]. 

 

(a) (b) 

Figure 12: Lateral force - displacement responses of a SPM1 (a) and a TPM3 (b) specimen under cyclic tests at constant 

vertical load 34.45vF  N (solid curves: measured envelope curves; numbers indicate ductility). 

 
(a) SPM1 – 3rd elastic cycle 

12.5h mm, 0.1  
(b) SPM1 - 1st inelastic cycle 

40.6h mm, 5.1  
(c) SPM1 - 2nd inelastic cycle 

29.10h , 0.2  

   

(d) TPM3 - 4th elastic cycle 
25.6h mm, 0.1  

(e) TPM3 - 1st inelastic cycle 
74.8h mm, 5.1  

(f) TPM3 - 2nd inelastic cycle 
45.11h  mm, 0.2  
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Figure 13. Frames from in-situ videos of lateral displacement tests on a SPM1 (a-b-c) and a TPM3 (d-e-f) specimen. 
The circled struts are affected by fracture damage.  

 

Table 7 shows the Energy Dissipated per Cycle EDC  the effective viscous damping eff ; the 

post-yield )( dK  vs. elastic ( eK ) stiffness ratio ;eed KKK   and characteristic strength dQ  

defined as force at zero horizontal displacement (cf. point 8.2.1.2.2 of [25]).  

  EDC  
( mmkN 310 )

eff  

(%) 
eed KKK 

(%) 
dQ  

(N) 

SPM1 
5.1max   191.44 25.11 25.73 1.52 

0.2max   406.27 31.12 57.44 5.27 

TPM3 
5.1max   12.97  103 28.02 10.07 93.12 

0.2max   18.86  103 30.12 88.73 95.01 
 

Table 7: Energy dissipation per cycle ( dissE ); effective viscous damping ( eff ); post-yield vs. elastic stiffness 

ratio ( eed KKK  ); and characteristic strength ( dQ ) at different post-elastic cycles of lateral force – dis-

placement test on SPM1 and TPM3 specimens. 

The effective damping in Table 7 is defined in line with the European standard on anti-
seismic devices EN 15129:2009 [25], and corresponds to the energy dissipated dissE  through 

the following formula 

 2
max,,2 heffh

diss
eff

K

E


   (5)

where effhK ,  is the effective secant stiffness, and max,h  is the maximum lateral displacement 

of the current cycle (see point 3.1.10 of [25]).  The results in Table 7 highlight progressive 

increases of eff , eed KKK  , and dQ  with the amplitude of the maximum lateral dis-

placement (i.e., with max ), due to progressive fracture of lattice struts [8] (cf. Figure 13). The 

results in terms of  energy dissipated per cycle (and effective damping) while indicating a 
progressive increase with displacement show also values of supplemental damping (25% to 
30%) that are suitable for seismic isolation applications. The failure mechanisms in Figure 13 
indicate a quite symmetric pattern of broken elements between top and bottom of the speci-
men. It was also observed that during the tests the failure of struts happened in a rather 
smooth progression and in expected locations. This performance new configurations that can 
significantly increase the required structural ductility to be forseen. 

4 CONCLUSIONS 

We have experimentally investigated the response of EBM printed Ti6Al4V specimens of 
pentamode materials confined between stiffening plates, under lateral and vertical force-
displacement tests. The examined tests were aimed at researching the effective shear and 
compression properties of such systems, and their inelastic response under cyclic and mono-
tonic loading histories. We have examined a collection of specimens that differ in microstruc-
tural and macrostructural aspect ratios, which are related to the size of the nodal junctions 
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(microstructure aspect ratio) and the ratio between the number of unit cells placed in the verti-
cal and horizontal directions (macrostructure aspect ratio). 

Several results of the present study highlight analogies between the mechanical response of 
the analyzed systems and that of elastomeric bearings consisting of alternating layers of syn-
thetic or natural rubber and stiffening layers made of steel plates or fiber-reinforced compo-
sites, which are commonly used as bridge support devices or seismic or vibration isolators for 
buildings [12]-[18]. We have observed that the ratio between the effective compression modu-
lus and the effective shear modulus of the analyzed pentamode materials is markedly affected 
by the presence of the stiffening plates, as compared to available theoretical predictions of the 
ratio of unconfined pentamode lattices [11]. Such a stiffening effect is larger in the case of 
slender specimens and large-size nodal junctions, since the above ratio varies between 7.93, in 
case of the SPM3 specimen, and 2.96, in case of the TPM1 specimen (cf. Sect. 3.1). It repli-
cates the stiffening role played by steel layers in elastomeric bearings. It is worth noting, 
however, that the absolute vertical and lateral stiffness coefficients of the examined pen-
tamode materials increase when passing from slender to thick specimens (cf. Sect. 3.1).  

Despite the very preliminary nature of this study on feasibility for base isolation applica-
tions, some observations support the potential of pentamode structures for use in anti-seismic 
system development and/or as shear-wave band gap systems [2]. The strict dependency of the 
response by the geometry of the lattice allows the design of structures of controlled perfor-
mance. The ranges of supplemental damping observed for the specimens are well in line with 
values of common isolation devices. The levels of energy dissipated is acceptable and could 
be significantly improved by reducing material porosity, using different construction tech-
niques, materials, and/or through the insertion of dissipative lead-cores within the pentamode 
isolator [12][15]. Additional horizontal ductility and vertical stiffness is expected to be devel-
oped also using different configurations that will provide more confinement to the single lay-
ers of the pentamode structure.  

We address the design and modeling of highly dissipative pentamode bearings to future 
work, on employing either manual assembling procedures [26], layered structures showing 
different materials, prestressed members and/or lattice geometries in different layers [27][28], 
and additive manufacturing techniques in polymeric and metallic materials [3][4][7][29][30]. 
Additional directions of future work include the modeling of fracture damage of rods, via var-
iational fracture [31], as well as numerical and experimental studies on the use of pentamode 
bearings for the seismic isolation of buildings, bridges, and historical constructions [32]-[36]. 
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Abstract. Based on the coupling between brittle fracture mechanics and homogenization tech-
niques, either analytical or finite elements homogenization, this work provides accurate (up to
numerical errors) and approximate overall estimates for masonries accounting for their creep
behaviour and a certain level of damage as it is the case for instance for refractory linings
serving at high temperatures or middle-ages masonry building.
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1 INTRODUCTION

It is well known that creep phenomenon has a noticeable effects not only on new structures
but also on historical monuments [20, 3, 17]. To model the creep behaviour of traditional mortar,
various rheological models namely the USBR, Feng, Ross, typical and modified versions of the
Burgers and Modified-Maxwell models may be investigated [5, 11]. On the other hand, there
exist several approaches accounting for damage in viscoelastic materials [11, 12]. Indeed, the
approach presented in [12] is based on a coupling between continuum damage mechanics and
viscoelasticity through the generalized Kelvin-Voigt model. Accordingly, a three-dimensional
phenomenological model was developed to describe the long-term creep of gypsum rock. The
main disadvantage of this model is that it requires experimental investigation [11] or computa-
tional efforts to resolve nonlinear equation [12] function of internal damage variables.

In the literature, little attention is devoted to the prediction of the macroscopic creep be-
haviour of masonry. In this context, Brooks, Cecchi& Tralli, Cecchi& Taliercio and Taliercio
[4, 7, 8, 22] proposed models to predict creep coefficients according to the properties of each
masonry constituent. These models are based on analytical or numerical homogenization us-
ing the finite elements method (FEM) in order to deduce the macroscopic creep of undamaged
(without cracks) masonry.

The objective of this study is to evaluate the effective and local behaviour of masonries
exhibiting nonlinear behaviours mainly viscoelastic at short and/or long times especially when
they are subjected to severe or long term loading such as historical monuments or refractory
masonry linings working under high temperatures. More details about this analysis are provided
in the references [13, 18].

2 METHODOLOGY AND HYPOTHESIS

In the present study, the coupling between the Griffith’s theory and the dilute scheme [2] will
be applied to provide the effective behaviour of a micro-cracked mortar.

As a first approach and for the sake of simplicity, only the mortar is assumed to be viscoelas-
tic and microcracked. The distribution of microcracks is assumed to be isotropic. The overall
creep behaviour of the mortar is obtained due to the coupling between the Griffiths theory [1]
and mean-field homogenization [2]. At short and long terms, this procedure allows fast and
easy approximation of elastic and viscous properties of the mortar assumed to follow the Gen-
eralized Maxwell rheological model. These properties which are explicit function of time and
crack density parameter are determined without recourse to a heavy numerical inversion of the
Laplace-Carson transform.

The second step of this work consists to carry out either a ’direct’ (analytical or numerical)
homogenization modeling of the periodic masonry or ’indirect’ method based on two steps:
(i) the differentiating of the mortar’s constitutive law defining thus a thermo-elastic incremental
behaviour and (ii) finite elements homogenization of the masonry periodic cell. The last step, as
the ’direct’ homogenization method, relies on the computation of the localization strain tensors
in each brick and mortar in order to define overall stiffness and prestress in the periodic cell.
More details about principles and results of these models are provided in [13, 18, 19].

For concision reason, this paper deals only with direct homogenization model coupling be-
tween brittle fracture theory in order to assess the effective microcracked mortar’s behaviour
and periodic homogenization. Basic steps followed by this model are summarized in Figure
(2).
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Figure 1: Main steps of the proposed model.

2.1 Microcracked mortar’s effective behaviour

Let us firstly recall that the effective stiffness of an elastic porous medium with a homoge-
neous solid phase tensorCs is:

C̃ = Cs : (I − φAp) (1)

whereAp is the average of the strain localisation tensorA(z) over the pore spaceΩp andφ is the
porosity volume fraction. For a flat spheroid - usual3D crack model - of aspect ratiow << 1,
the Eshelby tensorSE is a function ofw. Accordingly the componentsAp

iikl andAp
ikik of the

dilute localization tensorAp = (I − SE)−1 in the pore are of the order of1/w and therefore is
the ratio of the normal strainεnn to the macroscopic strainE. Possible none negligible varia-
tions of1/w is in contradiction with the assumption of linearity of the localization relationship.
To overcome this difficulty, it was proposed [9] to consider the rate-type formulation of the
problem i.e. the strain localization tensor should be replaced by a strain rate localization as in
the following ε̇(z) = A(z) : Ė. Similarly, the rate-type formulation of the Eshelby problem for
a spheroidal cavity reads:

ε̇p = (I − SE(w))−1 : Ė (2)

Such hypothesis implies that the use ofAp in the homogenized stiffness (1) leads to an estimate
of the tangent effective stiffness. Moreover, since the crack porosityφ is proportional tow [10],
the tangent effective stiffness is mathematically independent ofw. This renders the effective
behaviour linear elastic. Note that the rate-type hypothesis is indispensable [10] to also avoid
troubles related to possible large strain in the direction normal to the crack.
On the other hand, the extension of the linear homogenization schemes to non-aging viscoelas-
ticity is based on the Laplace-Carson (LC) transform [21]. The effective stiffnessC̃ =< C :
A > becomes

C̃∗ =< C∗ : A > (3)

in the LC space whereC∗ is the apparent elastic stiffness. The presence of microcracks implies
the existence of nonlinearity at the local scale in the relationship between the crack strain and the
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macroscopic strain. Accordingly the homogenization of a viscoelasticcracked medium is not
as straightforward as (3). The basic idea consists in anticipating that both the microscopic strain
field and the displacement discontinuity vectors[u]i linearly depend on the macroscopic stress.
Such hypothesis, confirmed by [15], justifies the use of the LC transform which can be applied
to the macroscopic strain related to the microscopic strain and the displacement discontinuity
vectors[u]i between two lips of crack. In the framework of the stress-based dilute scheme [10],
the displacement jump[u]i is linearly related toΣ. Indeed, the normal displacement jump (mode
I) at the lips of a crack in an infinite matrix submitted to an isotropic asymptotic macroscopic
stressΣ∗ = Σ∗ i can be written:

[un]
∗ =

4(1− ν∗
s )

π

Σ∗

µ∗
s

√
l2 − ρ2. (4)

wherel is the crack’s radius andρ is the position of a pointM pertaining to the crack’s plane.
The tangential displacement jump (modeII) under an asymptotic shear stressΣ∗ = Σ∗ n⊗s t
wheret is parallel to the crack’s plane reads:

[ut]
∗ =

4(1− ν∗
s )

π(2− ν∗
s )

Σ∗

µ∗
s

√
l2 − ρ2. (5)

Under respectively an isotropic and deviatoric loading and assuming that all cracks have the
same radiusl, an integration over all orientations on the unit sphere yields the total crack contri-
bution and allows the determination of the apparent effective bulk’s and shear moduli as follows

1

k̃∗
DL

=
1 + dcQ

∗

k∗
s

where Q∗ =
16

9

(1− ν∗2
s )

(1− 2ν∗
s )

1

µ̃∗
DL

=
1 + dcM

∗

2µ∗
s

where M∗ =
32

45

(1− ν∗
s )(5− ν∗

s )

2− ν∗
s

(6)

in which the crack density parameter and the symbolic Poisson’s ratio of the safe matrix reads
respectively: dc = Nl3 and ν∗

s = 3k∗s−2µ∗

s

6k∗s+2µ∗

s

. Since the expressions (6) can not be satisfied
rigorously, it was proposed in [15] to identify the best approximation of the effective behaviour
in the class of Burgers’ (Modified Maxwell’s) model if the mortar in its safe state follows the
Burgers’ (Modified Maxwell’s) model. The idea is to satisfy the series expansion of the dilute
estimates of the bulk’s (6)-a and shear (6)-b moduli to the first order atp = 0 andp → ∞ such
that

lim
t→∞

f(t) = lim
p→0

f ∗(p) et lim
t→0

f(t) = lim
p→∞

f ∗(p) (7)

The dilute symbolic moduli of a non-aging linear viscoelastic (n.a.l.v.) microcracked mor-
tar following the MM’s model can be approached by expressions similar respectively to those
available for a safe mortar following the MM’s rheological model

k∗

MM = kR(dc) +
pkM(dc)η

s
M(dc)/3

kM(dc) + pηsM(dc)/3
µ∗

MM = µR(dc) +
pµM(dc)η

d
M(dc)/2

µM(dc) + pηdM(dc)/2
(8)

Following idea (7), it is possible to identify the MM’s six parameters [14] and accordingly to
determine an approximate creep function of a microcracked mortar which matrix follows the
MM’s model reads

Japp
MM(t, dc) = 1

9kR(dc)

(
1− kM (dc)

(kR(dc)+kM (dc))
e−t/τs

MM
(dc)

)

+ 1
3µR(dc)

(
1− µM (dc)

(µR(dc)+µM (dc))
e−t/τd

MM
(dc)

) (9)
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in which the characteristic times of the spherical and deviatoricparts are respectively

τ sMM(dc) =
ηsM(dc)(kR(dc) + kM(dc))

3kR(dc)kM(dc)
τ dMM =

ηdM(dc)(µR(dc) + µM(dc))

2µR(dc)µM(dc)
. (10)

2.2 Masonry’s periodic cell global behaviour

For the viscoelastic periodic problem, the auxiliary problem reads




Ė + ε(u̇per) = ε(u̇)
div(σ(t)) = 0
σ(t).n anti-periodic on ∂Y
uper periodic on ∂Y
〈σ(t)〉 = Σ(t)

(11)

whereσ(t) is the microscopic stress tensor state,ε(u̇(y)) is the microscopic strain tensor state,
uper is the periodic displacement field anḋE is the macroscopic in-plane strain tensor rate.
Following the procedure of Cecchi and Tralli [7] accounting for the joint thickness, the ex-
pression of the homogenized tensorÃR of the periodic cell is provided in the same quoted
reference. If only the mortar is assumed to be viscoelastic such that its stiffness tensor reads
Am(t) = Am(1 + φm(t)), the main idea consists to substitute the Young’s modulusEm by
J−1
m (t) = Em(1 + φm(t)).

Recently, based on the works of Cecchi& Sab, Cecchi& Barbieri [6] and Cecchi& Tralli,
Cecchi& Taliercio [8] have proposed a homogenized compliance for viscoelastic undamaged
masonry with mortar joints assimilated to interfaces. In this paper we propose to extend also
this model to microcracked masonry with finite dimensions of microcracked mortar joints. The
effective compliance of the damaged viscoelastic masonry reads then:

S̃R
1111(t, dc) =

Sb

1111

ev

a+eh
J ′

v(t,dc)+4Sb

1111

eh

b+ev
J
′

h
(t,dc)+4

eveh

(b+ev)
2
J
′

v(t,dc)J
′′

h
(t,dc)

4
eh

b+ev
J
′′

h
(t,dc)+

eh

a+eh
J
′

v(t,dc)

S̃R
1212(t, dc) = Sb

1212 +
eh

a+eh
J

′′

h (t, dc) +
ev

b+ev
J

′′

v (t, dc)−
e2v(b+ev)(a+eh)J

′′
2

v (t,dc)

4
eh

b+ev
J
′

h
(t,dc)+ ev

a+eh
J
′′

v (t,dc)

S̃R
2222(t, dc) = Sb

2222 + eha+ ehJ
′

h(t, dc),

S̃R
1122(t, dc) = Sb

1122

(12)

The damaged masonry’s orthotropic effective properties are then the following:Ẽ11(t, dc) =
1

S̃R

1111
(t,dc)

, Ẽ22(t, dc) = 1
S̃R

2222
(t,dc)

, µ̃12(t, dc) = 1
S̃R

1212
(t,dc)

, ν̃ij(t, dc) = −Ẽii(t, dc)S̃
R
iijj(t, dc)

where(i, j) ∈ {1, 2} . These moduli are explicit function of the crack density - damage param-
eter -, time and ratioseh

a+eh
, ev
b+ev

insteadof respectivelyeh
a

and ev
b

. It is worth noting, that for
the case of undamaged mortar interfaces, Cecchi& Taliercio have proven that this solution is
more consistent with a numerically homogenized solution based on the finite elements method
for ratiosEb/Em ≥ 20 when the mortar follows a Generalized Maxwell model. In the follow-
ing, we assume that this condition ensuring the accuracy of the Cecchi& Taliercio’s analytical
model with the additional assumption of finite joints dimensions is also available for damaged
mortars.

3 Results

The proposed model is applied to the case of a masonry with hybrid mortar’s joints which
material’s properties are given in table1. The properties of the safe bricks are the following:
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EM (MPa) τM (s) ER (MPa) τR (s) νm
4038 46490 2112 90866 0.22

Table 1: Elastic and viscous moduli of hybrid mortar [11]

νb = νm andEb = 100Em with dimensions55x250mm2. Mortar’s joints thicknesses areeh =
ev = 10mm. Note that the characteristic times for the spherical and deviatoric hybrid mortar’s
behaviour are assumed to be equalτ s = τ d = τ for the MM’s and Burgers’ models. The
Young’s modulusER and Poisson’s ratioνR coincide respectively withEK andνK , properties
of the Kelvin-Voigt’s spring.

3.1 Mortar’s effective creep function

Figure (2) illustrates the evolutions of normalized inverse dilute creep functions of respec-
tively the Burgers’ and MM’s models with respect to the damage parameterdc and the time
t.

For a given crack density parameterdc = 0, 0.1 or 0.2, Figure (2)-b demonstrates that
the MM’s model yields to a constant functionJ−1(t, dc)/J

−1(0, 0) with variation of the time
beyondt = 106(s) (i.e. almost11 days). As expected, the increase ofdc decreases the level
of the asymptotic limits reached by this function. The difference between the MM’s curves for
differentdc is not negligible (around15%) unlike that observed for the Burgers curves which
are very close especially at short and long terms. Figure (2)-a shows that the Burgers model
leads to vanishing inverse creep functions fort ≥ 3108 (s) i.e.1157 days for every crack density
valuedc ≥ 0.

Figure 2: Variation ofJ−1
MM (t, dc)/J

−1
MM (0, 0) versus time for safe mortar (dc = 0) and microcracked mortars

(dc = 0.1, dc = 0.2). Mortar following (a) the Burgers’s and (b) MM’s model.

3.2 Case of a compressed masonry panel

We study the case of a masonry panel of dimensionsL = 1560 mm (length) andH =
1040mm (height) studied in [7] subjected to boundary conditions BC−1 with three distributed
loads at the top and two lateral edges (see Figure (3)). Bricks are assumed to be elastic or rigid.
The mortar inside the joints is assumed to be microcracked with a matrix which obeys to linear
viscoelastic behaviour following the Burgers or Modified Maxwell’s model. As the arrangement
of the bricks is regular, the effective behaviour of the panel is assumed to be well estimated by
that of a periodic cell (see Figure 2-a). The panel can then be modeled as a homogeneous
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material which properties coincide with those of the equivalentmaterial MHE−2 (see Figure
(1)-e). For the sake of simplicity, it is assumed that the crack densitydc is set equal to zero at
the initial timet0 = 0 and evolves linearly with timet as follows

dc = ḋc t (13)

where, here, the rate of the crack densityḋc is assumed to be a positive constant lower than
0.002/day (i.e. ift = 100 days, thendc reaches a maximum of0.2). Indeed, beyond this limit,
the dilute estimate will not be appropriate. Of course, as well known, the increase of the damage
rate reduces the stiffness of the masonry cell. Under boundary conditions BC−1, the stress

Figure 3: Boundary conditions BC−1 appliedto the masonry panel [7]

(strain) fieldsσyy andσxy (εyy andεxy) are concentrated at both left and right superior corners
of the compressed wall. The magnitude of the stress fieldσyy is similar for both the MM’s and
Burgers’ models. However, the Burgers estimates of the stress fieldsσxx andσxy are superior to
those predicted by the MM’s model. These trends are confirmed by the evolutions of the stress

(a) (b)

Figure 4: BC−1 boundaryconditions: MM’s model predictions ofσxy (a) andσyy (b) maps fordc = 0.15 at
t = 1000 days. Here crack densitydc = ḋct whereḋc = 1.5 10−4/day.

components with respect to the axisx as shown on figure (6). Note that unlike the stress (strain)
fieldsσyy andσxx (εyy andεxx) which are symmetric by reference to the axis of symmetry of the
panel (x= L/2), the shear stressσxy (shear strainεxy) is anti-symmetric. For the MM’s model,
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(a) (b)

Figure 5:BC−2boundaryconditions: MM’s model predictions for the maps of stressesσxy (a) andσyy (b) for(a)
dc = 0 at t = 0 and (b)dc = 0.15 at t = 1000 days. Here crack densitydc = ḋct whereḋc = 1.5 10−4/day.

Figure 6: Boundary conditionBC − 1 or BC−2: trends inσxy (a) andσyy (b) at the panel section A-A for the
Burgers’ (a) and Modified Maxwell’s model at timet = 0 with dc = 0 andt = 1000 days withdc = 0.15. Here
crack densitydc = ḋct whereḋc = 1.5 10−4/day.
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it is observed [18] that the strain fields increase slightly withtime and damage. Moreover, this
model predicts small strains unlike the Burgers model. This rheological model predicts for the
masonry large strains similarly to the case of polymer materials. This quantitative aspect for the
Burgers predictions is available att ≥ 25 days in a safe or damaged state. This result violates
the hypothesis of small strains adopted in this study. These results motivate to avoid the use
of a mortar following the Burgers model in masonries since such a model leads to vanishing
masonry’s stiffnesses and large strains increasing thus the risk of failure. Such results motivate
to avoid modeling traditional mortars with short-term gathered properties using the Burgers
model since it leads to vanishing masonry’s stiffnesses and large strains increasing thus the
risk of failure. These trends for the Burgers model are not valid if the Maxwell’s relaxation
time of the mortar is too high (τM ≥ 107(s)) as it is the case f hybrid mortar with long-term
characteristic times (Table-12). In the later case, the Burgers model is expected to provide local
fields predictions similar to the MM’s estimates. The boundary conditions BC−1 are preferable
to BC−2 since the later increases the stress and strain levels throughout the wall. Owing to
Figures (4) and (5), att = 1000 days, while failure occurs in the wall’s area located around
the application’s point of the concentrated loadF under BC-2, there is no failure in the wall
submitted to conditions BC-1.

4 CONCLUSION

This paper proposes ’direct’ (analytical and numerical) homogenization models for non-
aging viscoelastic microcracked masonries based on the extensions of the Cecchi& Barbieri
[6], Cecchi& Tralli [7] and Cecchi& Taliercio [8] models which are available for uncracked
masonries. The herein proposed models rely on the coupling between the Griffith’s theory and
the periodic homogenization (analytical and numerical) schemes in order to derive easily and
with low computational effort - without recourse to numerical inversion of the Laplace trans-
form - the effective creep function of a microcracked non-aging viscoelastic mortar. Notice that
this ’direct’ homogenization model is preffered to the ’indirect’ incremental homogenization
which requires the additional computation of prestress in the masonry and is dependent of the
time increment. The main result of this study dealing with microcracked mortars following the
Modified Maxwell and Burgers models, is that unlike the MM’s model which estimates well
the creep of masonry at short to long terms, the relevance of this version of the Burgers model
is limited to mortars with too high Maxwell’s relaxation times (τM ≥ 107(s)) otherwise it pre-
dicts vanishing stiffness at short and medium terms and exaggerated local strains. In addition,
the effects of the damage parameter - crack densitydc - and the ratio between the mortar’s and
bricks stiffness at short and long terms have been assessed [18].
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University of Orĺeans, France (2015).

[15] S. T. Nguyen, Propagation de fissures et endommagement par microfissures dans un milieu
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Abstract. Polar elasticity theory is employed to derive exact solution for the pure bending 

problem of the transversely isotropic plate. It is then compared to the conventional elasticity 

solution and the corresponding composite plate solution. The material parameters of the po-

lar model are chosen so that it represents the effective behaviour of the composite plate. The 

influence of the additional material constant related to the fibre size effect and affecting bend-

ing stiffness of the plate is illustrated. 
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1 INTRODUCTION 

The recently developed polar elasticity theory [1, 2] deals with fibre-reinforced materials 

containing fibres that possess bending stiffness. The contribution of the fibre bending stiffness 

is accounted for by employing couple stresses and introducing additional elastic parameters to 

the constitutive equations. To gain a better understanding of the additional constant and the 

role of couple stress in polar theory [2] we focus on exact analytical (polar elasticity) solu-

tions for the pure bending of thick infinite plates. 

 

The paper is organized in the following manner: in Section 2 the displacement solution is 

derived for the transversely isotropic thick plate under pure bending (and the conventional – 

Cauchy theory of elasticity); in Section 3 the solution is derived for the case of longitudinal 

modulus being a periodic function of position; in Section 4 the first problem is analysed from 

the standpoint of couple stress theory. In Section 5 solutions of all the three models, taken 

with the matching effective properties and the same effective loading, are compared.  

 

2 TRANSVERSELY ISOTROPIC MATERIAL (CONVENTIONAL THEORY OF 

ELASTICITY) 

Let us consider a rectangular plate subjected to a known bending moment M3 [Fig. 1]. The 

material is transversely isotropic and characterized by the following constants: E1, E2, ν12, 

ν23= ν32, G21. 

 

Fig.1: A thick plate with infinite length in X3 direction. 

The following boundary conditions have to hold for the tractions t1 and t2 on the specified 

faces: 

X2= h => t2=0                                                  (1a) 

X2 

X1 

M
3
 

2L 

2h 
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X1= L => 
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Mdxxt

dxt

h

h

h
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                                             (1b)                                              

Equilibrium equations (with negligible volume loads) must be satisfied as well: 

,0
x

σ

j

ji





                                                            (2) 

The following stress distribution satisfies both (1) and (2): 

022  ,  211 x  ,  012  .                                     (3) 

The stress distribution throughout the plate is the same at any cross-section (Fig.2). 

 
Fig.2: The stress distribution at any cross-section. 

Under plane strain conditions (ε3=0) and for stresses in the form (3) the constitutive equa-

tions yield:                                                                             
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By integrating (4) we obtain 
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With the additional condition of zero shear strain 
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we find that 
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where the constants c1, c2, c  are set to zero ( c1, c2 refers to rigid body translation, c to the rig-

id body rotation). The final solution in displacements then acquires the form 
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3 HETEROGENEOUS MATERIAL WITH PERIODIC PROPERTIES 

We still consider a plate subjected to a known bending moment M3 [Fig. 1]. The material is 

now characterized by the following parameters: ),cos(
~

201 x
h
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E ν12, ν23, G21.  

      The same boundary conditions (1) and equilibrium equations (2) must be satisfied. In 

order to ensure pure bending, the applied normal stress at the ends of the plate must accom-

modate to the strain distribution ε1=kx2, where the curvature is introduced as k=-u2,11. The 

curvature can be defined in relation to the load as follows: 
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Thus the stresses are  
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Following the logics of the previous section and the Hooke’s law relations for plane strain 

(4) we arrive to the displacement solution  
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4 TRANSVERSELY ISOTROPIC MATERIAL (POLAR THEORY OF 

ELASTICITY) 

Now let us consider the pure bending of the plate with the additional elastic constant d31 

indicative of the bending stiffness of the substructure. The loading conditions stay the same as 

on the Fig. (1). 

The boundary conditions on the faces in this case are as follows: 

                                             x2= h :   t2=0                                                                      (15a) 

                                       x1= L : 

3213221
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                               (15b) 

                                                

where the couple stress [1] m13 is introduced. 

The stress components are divided into the symmetric and antisymmetric parts  

   .ijijij                                                           (16) 

Equilibrium equations in the polar theory for the present case are augmented by the equa-

tion connecting the antisymmetric shear stress and the couple stress: 
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                                                      (17) 

The following stress and couple stress distribution satisfies both (15) and (17) (also see 

Fig.3): 

022  ,  021  , 

21 x  ,  012  ,                                          (18) 

 constm13 . 
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Fig.3: Distribution of the non-zero stress and couple stress components in a section of the plate. 

The strain-stress relations hold in the form of (4) with the additional equation [1]: 

11,23113 udm                                                (19) 

which can be rewritten here as 

.
31

2
2

2

1

dx

u 





                                              (20) 

From the integration of (4) and zero shear condition (7) we obtain the displacement solu-

tion identical to (11): 
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If we now insert the second equation of (21) into (20) we see that this solution is valid only 

if  

311

12211

dE








  .                                       (22) 

So (22) is the result of requirement of zero shear strain (20). It means that for the given 

material constant d31 the applied stress parameter α and the applied couple stress value β must 

relate via (22) in order to ensure pure bending. 

As this section shows, it can be concluded that the displacement solution in the form of (21) 

for the pure bending problem is valid for  

a) transversely isotropic plate (d31=0) under end  loading σ11=αx2  or 

b) transversely isotropic polar material plate  (d31≠0) under the end  loading σ11=αx2  and 

m13=const=β  under the condition that  (22) holds. 

It can be verified that the units of the elastic constant d31 correspond to Newtons [N]. 
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m13 
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5 COMPARISON AND DISCUSSION  

 

On the basis of the previous developments we compare the solutions of the three corre-

sponding models under the given value of the applied bending moment. The model from the 

Section 2 is taken as a reference model. Its periodically changing stiffness can be regarded as 

an approximation of the fibre reinforced composite. This model we refer to as the PS (period-

ical stiffness) model. If we aim to replace the PS model with a homogeneous one, we can do it 

in two ways. Firstly, the model from the Section 1, taken with the corresponding properties, 

can serve this goal. This model we refer to as the EC (effective classical) model. Secondly, 

the model from the Section 3, further called the EP (effective polar) model, can simulate the 

given problem.  The goal is to compare results from two of the alternative homogeneous 

models (ES and EP) with the PS model and to evaluate their accuracy under varying N which 

can be regarded as analogous to the nominal number of fibres per height in a unidirectional 

fibre composite. The properties of both homogeneous models are set as effective (averaged) 

properties of the PS model. In addition, the bending stiffness parameter in the EP model is set 

as 
 1221

22

2

31
1

~
2

 


N

Eh
d  and serves as a correction parameter which ensures that the overall 

bending stiffness of the plate in the EP model equals that one of the PS model. All models are 

loaded at both ends of the plate by two equilibrated couples with magnitude (per unit width) 

of M=-500 MPa∙mm
2 

inducing the same bending moment in all sections along the plate length. 

The dimensions are: 2L=200 mm (length of the plate), 2h=50 mm (thickness).  

The following properties are set in the computations: 

 PS model EC model EP model 

E1, MPa 
)cos(9991000 2x

h

N
  

1000 1000 

E2, MPa 44,71 44,71 44,71 

21  0,3 0,3 0,3 

23  0,3 0,3 0,3 

d31, MPa·mm
2
   8690  for N=4 

1390 for  N=10 

Table 1: Material constants set for different models. 
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Fig.4: Plate deflection for different models, N=4. 
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Fig.5: Plate deflection for different models, N=10. 

The motivation for such comparison sprung from chapter 4 in [1] where the authors con-

sider Euler-Bernoulli beam with the cosinusoidal Young’s modulus distribution to point out  

the inaccuracy of the conventional theory of fibre-reinforced materials [3] in cases where the 

fibres are not infinitesimally thin.  

In polar theory, the length scale can be introduced via the additional elastic constant d31. In 

the present computations, the formula for d31 contains (h/N)
2
 which is the (squared) dimension 

of a representative volume unit related to the nominal fibre thickness. (In a similar vein this 

constant is chosen in [4, 5].) Therefore the EP model gives correct results (equal to the PS 

model) for N=4 while the conventional theory of elasticity (EC model) neglects the bending 

stiffness of fibres and consequently underestimates the stiffness because the fibre thickness is 

not negligible. With increasing N the bending stiffness of fibres decreases and the correct so-

lution (obtained by both PS and EP models) becomes closer to the EC model.    

6 CONCLUSIONS  

The new pure bending elasticity solution is derived for the transversely isotropic polar ma-

terial. It is compared with the conventional theory solutions in order to demonstrate how the 

size effect can be taken into account in the homogeneous polar model. With the nominal 

number of fibres increasing their bending stiffness decreases and the polar elasticity model 

converges to the conventional elasticity model.   

In the given example, the additional elastic constant has a role of a correcting parameter. It 

corrects the error in bending stiffness resulting from the averaging of the Young’s modulus. 
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Abstract. The microstructure of low alloyed ferritic-martensitic Dual-Phase (DP) steels con-
sists of hard coarse grained martensite islands embedded in a soft ferrite matrix. Therefore,
the macroscopic mechanical properties of DP steels mostly derive from their microstructures,
such as volume fractions, morphology of martensite, phase distributions and ferrite grain size.
Recently, micromechanical approaches are used to predict ductility and failure mode of DP
steels under varying mechanical loading scenarios. In this work, an artificial microstructure
generator inspired by topology optimization was developed to construct representative volume
element (RVE) with predefined design parameters within a mofidied Voronoı̈ tessellation. Mi-
cromechanical modeling of DP steel was performed on the generated artificial RVE. The plastic
flow behavior of each single phase in DP steel were calculated by using a dislocation based the-
ory. After numerical simulation, the flow curve on macro scale can be obtained from an asymp-
totic expansion homogenization (AEH) scheme. This approach allows studying the influence
of individual microstructure features on local and global stress-strain response. To improve
the robustness of this artificial microstructure generator, a proper orthogonal decomposition
(POD) reduction was introduced to identify the optimal design parameters. This approach used
a collection of artificial microstructures (snapshots) to find the most representative one of the
real microstructure.
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1 INTRODUCTION

Advanced high strength steels (AHSSs), such as Dual-Phase (DP), Transformation Induced
Plasticity (TRIP), Complex Phase (CP) and martensitic steels, have been developed and used
in the automotive industry for the sake of reducing the weight of car body, improving passive
safety performance, and fuel efficiency. DP steel usually consists of hard martensite islands em-
bedded in a soft ferrite matrix, which makes it exhibit several mechanical characteristics, such
as relatively high ultimate tensile strength (UTS), low yield to tensile strength ratio, absence of
yield point elongation and a good balance of strength and formability [1, 2].

Recently, real microstructure based models of DP steel are created using experimental tech-
niques, e.g., scanning electron microscopy (SEM), X-ray and neutron diffraction, and electron
backscatter diffraction (EBSD), or statistical descriptions to study the influence of microstrutu-
ral featuers on the effective mechanical properties [3, 4, 5, 6]. However, highly inhomogeneous
materials are formed during industrial welding, forging and heat treatment processes. Local mi-
crostructure varies significantly within the material, and is difficult to capture experimentally. It
is comparatively easier to use a computed artificial microstructure based on local phase propor-
tions and chemical compositions, which can be obtained from metal forming and heat-treatment
simulations, e.g., SysWeld. This method particularly requires the development of an artificial
microstructure with similar statistical properties to replace the real one.

Based on statistical descriptions of DP steel, artificial microstructures are commonly gener-
ated using geometry primitives (e.g., spheres, polygons or polyhedra). Al-Abbasi and Nemes
[7] developed a micromechanical model for DP steel, which is dispersed of spherical marten-
sitic particles with two different sizes in a ferritic matrix. However, this model has other dis-
advantages such as, inexact geometric representation and no reliable data close to the interface
between different phases. Alternatively, Voronoı̈ tessellation [8] is considered as an efficient
tool for approximating the microstructure in DP steel.

In this study: firstly, a mofidied Voronoı̈ tessellaion is periodically generated from Halton
(quasi-random) sequence [9], which statistically exhibits low discrepancy, to provide adequate
grain morphology. Secondly, two design parameters are proposed to control the phase assign-
ment process in the DP steel. An algorithm related to density-based topology optimization
method is introduced to solve the phase distribution problem. Thirdly, a proper orthogonal de-
composition (POD) approach [10, 12] is applied to identify the optimal design parameters for
a DP590 steel. Finally, micromechanial modeling are performed on the generated RVE using
these optimal design parameters and the results corroborate experimental materials behavior.

2 MODIFIED VORONOI TESSELLATION

The concept of Voronoı̈ tessellation allows to generate artificial polycrystalline aggregates
with randomly distributed and oriented grains or cells for metallic or ceramic materials. This
kind of aggregate is a nearest neighbor diagram determined from a set of generating points.
Since the resulted diagram is mainly affected by the distribution of the Voronoı̈ generating
points, a modified point set has been applied to overcome the drawbacks (e.g., the inexact
estimation of grain size and nearest neighboring grain number) found in the standard tessellation
generated from a pseudo-random sequence [2]. Alternatively, the modified point set is generated
using Halton (quasi-random) sequence, which statistically exhibits low-discrepancy [9].

Since periodic microstructures have favorable numerical properties in the context of com-
putational homogenization, these seeds are repeated three times in each direction to ensure the
periodicity of the modified Voronoı̈ tessellation. In order to present the advantages of the mod-
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ified Voronoı̈ tessellation, an example has been compared with the standard one, as shown in
Fig. 1 and 2. Two sets of seeds are generated using Halton (quasi-random) and pseudo-random
sequences, as shown in Fig. 1a and b, respectively. The pairwise distance of each seed follows
the same Gaussian distribution, as shown in Fig. 1c and d, in which the average value is 0.52 µm
and the standard deviation is 0.25. These two parameters can be applied to control the average
size of the generated Voronoı̈ cells.
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Figure 1: Scatter of periodic (a) modified and (b) standard Voronoı̈ generating seeds including 900 points (30
points in each direction). Distribution of pairwise distance in each case: (c) modified and (d) standard generating
seeds.
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Figure 2: Square periodic Voronoı̈ tessellations including 900 cells generated for: (a) modified one using Halton
(quasi-random) sequence and (b) standard one using pseudo-random sequence. Distribution of cell area in each
case: (c) modified and (d) standard tessellations.
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Fig. 2a and b show the modified and standard Voronoı̈ tessellations including 900 cells
generated from the two seed sets. Fig. 2c and d also illustrate the area distribution of Voronoı̈
cells for the modified and standard tessellations, respectively. From the comparison, both of the
two generated Voronoı̈ tessellations have the average cell area of Ācell = 0.69 µm2. However,
the modified tessellation from Halton sequence shows a standard deviation of 0.17 which is less
than half of the standard one (0.38). This clearly indicates that the modified Voronoı̈ cells are
more regular than the standard one. It can effectively avoid the appearance of bad aspect ratio
and extremely small or large cells in the artificial polycrystalline aggregate, as shown in Fig. 3.
This might cause that the variability of cell size is underestimated, while the number of nearest
neighboring cells is overestimated.

Figure 3: Voronoı̈ cells with bad aspect ratio (red) and extremely small cell (green) in the standard Voronoı̈ tessel-
lation.

Usually, big martensite clusters are formed in the standard tessellation using the proposed
phase assignment algorithm, which affect the formation of shear bands along the phase in-
terface. It definitely leads to an inexact flow behavior prediction of DP steel. Moreover, the
modified Voronoı̈ tessellation is generated directly from Halton sequence, no additional com-
putational cost on iteration to control the grain size distribution and grain morphology.

3 PHASE ASSIGNMENT ALGORITHM

With the modified Voronoı̈ tessellation, an automate process need to be developed to assign
the selected cells to represent different phases. Within this automate process, the modified
Voronoı̈ tessellation can be considered as a fixed grid, which is similar in material topology
optimization design. In each modified Voronoı̈ cell, a material density function is proposed
to determine its phase property: martensite cells with density ρ = 1, the red layer in Fig. 4,
while ferrite ones with density ρ = 0, the blue layer in Fig. 4. By defining constraints and
an objective function, this process is deduced to a 0-1 decrete value optimization problem,
also known as “black-and-white” design. Therefore, the material interpolation algorithms in
topology optimization can be referred ti achieve artificial microstructures with proper phase
distribution, as shown in Fig. 4.

In order to control the phase assignment, two design parameters proposed by Fillafer et al.
[2], are utilized in this study to confine the solution space. These two parameters, the martensite
phase fraction PM and the neighboring coefficient of martensite grains CM , which consider not
only the martensite phase fraction but also the correlation of different martensite islands. The
expressions of these two parameters are given as:

PM =
AM
AT

, CM =
2LMM

2LMM + LFM
(1)
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Martensite layer: ρ=1

Modified Voronoï cells

Ferrite layer: ρ=0

Figure 4: Automate phase assignment process and final DP microstructure.

where AM and AT denote martensite phase and total area, LMM and LFM are length of specific
martensite-martensite and ferrite-martensite grain boundaries, respectively. Albeit it is identi-
fied that the value of PM can vary between 0 and 1, for a given martensite phase fraction, CM
cannot satisfy the same range [2]. In other words, these two design parameters are not mutually
independent.

According to the algorithm related to density-based topology optimization method, the de-
sign parameters can be rewritten in matrix form:

PM =
aTρ

aT I
, CM =

ρTEρ

ITEρ
(2)

where a is the grain area vocter, E is a correlation matrix of martensite islands’ neighboring
coefficient, I is uniform vector, and ρ is material density vector which only consists of 0 or 1:

ρe(x) =

{
0 if x ∈ Ω\ΩM

1 if x ∈ ΩM
(3)

Noting from the definition of ρ, a distributed and discrete value problem is formulated in the
matrix form. To solve this problem, the most commonly used approach in topology optimization
is to replace the integer by continuous variables. And then, a penality factor p is introduced
to derive the martensite density distribution same as the so-called “black-and-white” solution
[11, 13]. Therefore, a power form of the material density in each cell, also named “pseudo-
density”, can be rewritten as:

Qe = QF + ρpe(QM −QF ) (4)

where QF and QM are the material density of ferrite and martensite, respectively. Therefore, a
structural optimization problem can be given as:

Argmin J = ‖CM − Ctarget
M ‖

s.t. :
∫

Ω
Qe(x) · a dΩ ≤ P target

M · AT
Qe ∈ [QF , QM ]

(5)

where the target design parameters P target
M and Ctarget

M are predefined based on statistical de-
scriptions of DP steel. Here, a heuristic updating scheme [11, 13] is introduced to solve this
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optimization problem:

Qnew
e (x) =


max(0, Qe − δ) if QeB

η ≤ max(0, Qe − δ)
min(0, Qe + δ) if QeB

η ≥ min(0, Qe + δ)
QeB otherwise

(6)

where δ and η donate a positive move limit and a numerical damping coefficient, respectively.
And, the term B is calculated using the optimality condition:

B =

∂J

∂Qe

λ
∂PM
∂Qe

(7)

In Eq. (7), the Lagrangian multiplier λ is calculated using bisection algorithm to ensure the sat-
isfaction of phase fraction constraint. Other two terms, ∂J/∂Qe and ∂PM/∂Qe can be obtained
in matrix form.

Cell

Density-based optimization

Pseudo-density

P target
M C target

M

Martensite

Phase distribution

Figure 5: Illustration of the phase assignment algorithm inspired by topology optimization.

A schematic illustration of this phase assignment algorithm is shown in Fig. 5. In summary,
the algorithm consists of the following step:

1. the initial material density of each Voronoı̈ cell is given with the value of the target marten-
site phase fraction P target

m , the initial grayscale grids in Fig. 5 (left);

2. the discrete material density is deduced to the continuous “pseudo-density”, after the
intergration of the penalization factor in Eq. (4). Meanwhile, this discrete value problem
also becomes a continuous one;

3. iterations of the updating scheme in Eq. (6) is performed to achieve a convergent material
density in each cell. The intermediate grayscale color in Fig. 5 (middle) shows the
simultaneous material density after the first iteration;

4. a convergent solution is reached to present the optimal phase distribution. It is shown as
the final grids in Fig. 5 (right), white and black fill colors indicate ferrite and martensite
phases, respectively.
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a b

Figure 6: Example artificial microstructures with 900 grains: (a) PM = 0.22, CM = 0.29 (P target
M = 0.22,

Ctarget
M = 0.3) and (b) PM = 0.5, CM = 0.5 (P target

M = 0.5, Ctarget
M = 0.5).

Following the aforementioned steps, artificial DP microstructures are constructed with a
good convergence. That is, if the design parameters and the Voronoı̈ tessellation are fixed, our
generator will find only one unique optimal microstructure. Using the modified Voronoı̈ tessel-
lation described in Section 2 and predefined sets of design parameters, two example artificial
microstructures are constructed as shown in Fig. 6.

In Fig. 6a, the target design paratmeters are set as P target
M = 0.22 and Ctarget

M = 0.3. A fast
and stable convergence is achieved in 9 iterations, the resulted microstructure is with PM = 0.22
and CM = 0.29. As discussed previously, due to the mutual independence of the two parame-
ters, there exists a slight dissimilarity between the target and resulted parameters. While, an ex-
act microstructure is constructed with target design parameters P target

M = 0.5 and Ctarget
M = 0.5,

as shown in Fig. 6b. It only takes 158 iterations to reach the convergence. This illustrates the
flexibility of the proposed phase assignment algorithm in handling additional phase distribution
parametric variables.

4 RESULTS AND DISCUSSION

In this study, the flow behavior of ferrite and martensite is obtained from a dislocation based
theory [5], in which material parameters are calculated based on the local chemical composition.
Numerical tensile test is performed on artificial RVEs generated with various design parameters.
With the asymptotic expansion homogenization (AEH) method [14], each one can provide a
prediction of flow behavior. In order to validate the proposed artificial microstructure generator,
the generated RVE model is verified with a DP590 steel. The optimal design parameters PM =
0.22 and CM = 0.3 for the investigated DP590 steel are identified using a POD reduction
approach, which considers the experimental measurement, as a priori. Therefore, the RVE
generated by predefining the optimal design parameters within the modified Voronoı̈ tessellation
(Fig. 6a), is called as the optimal artificial RVE in the following content. Linear elements with
0.25 µm and plane strain assumption are applied in this study. Meshed FE models of the optimal
artificial RVE of DP590 is shown in Fig. 7.

Tensile test simulation is performed on the optimal artificial RVE model by prescribing a
periodic boundary condition. In the periodic boundary condition, a global plastic strain of
17% is imposed to deform the RVE models, which guarantees the material below the UTS.
The resulted flow curves is compared with the experimental measurement, as shown in Fig.
8. A small discrepancy is observed between the simulated results and the measured curve.
This can be attributed to the utilization of plane strain assumption, while the real specimen is
subjected to 3D stress states. The similar difference has also been reported by Ramazani [6],

2178



Y. Hou, A. Dumon, P. Culière and M. Rachik

Figure 7: FE model with 0.25 µm element size and 25 µm edge length of the optimal artificial RVE for DP590
steel.

Experiment
Optimal Artificial RVE

Equivalent Plastic Strain
0 0.05 0.1 0.15 0.2

V
on

 M
is

es
 S

tre
ss

 (M
Pa

)

0
100
200
300
400
500
600
700
800

Figure 8: Comparison of flow curves between the experimental measurement and the predicted result of the optimal
artificial RVE.

and it increases in the volume fraction of martensite. Nevertheless, the optimal artificial RVE
provides an accurate prediction of flow behavior for the DP590 steel.

Fig. 9 show the equivalent plastic strain distribution in the optimal artificial RVEs at vari-
ous global plastic strains. Although no material fracture or damage model is introduced, it is
clearly found that shear bands are formed in the ferrite matrix near martensite grains (Fig. 9c).
The shear bands and localized plastic strain are caused by the heterogeneous microstructure of
DP590 steel. Further details are shown in Fig. 10, which indicates the equivalent plastic strain
distribution at global strain of 15.8% in the optimal artificial RVE, and shear bands are located
in the red ellipses. The direction of these shear bands is around 45◦ to the tensile loading. In-
tegration of a ductile fracture model (e.g., GTN model) in the RVE model can be reasonably
assumed to show nucleation of voids and microcracks in the strain localization zone, with the
accumulation of plastic flow. Moreover, it is notable that, the validation of the optimal artifi-
cial microstructure is performed with the uniaxial tensile test. Due to the heterogeneity of the
DP microstructure, additional investigations can be implemented in the case of biaxial or shear
tests. This work will be performed in future studies.
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Figure 9: Equivalent plastic strain distribution in the optimal artificial RVE at global plastic strain levels of: (a)
5.09%, (b) 10.01% and (c) 15.03%
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Figure 10: Equivalent plastic strain distribution at global plastic strain of 15.8% the optimal artificial RVE, shear
bands in red ellipses.

5 CONCLUSION

In this study, we proposed a novel artificial generator inspired by topology optimization to
reconstruct the microstructure of a DP steel. A modified Voronoı̈ tessellation generated from
Halton sequence, was utilized as the polycrystalline aggregate in the generator. Two microstruc-
ture parameters were introduced to control the phase assignment process in the DP steel. The
novel phase assignment algorithm deduced the discrete value problem to a continuous one by
defining a so-called “pseudo-density” within the modified Voronoı̈ tessellation. Artificial DP
microstructures were convergently generated with the optimal design parameters.

In order to validate the novel artificial generator, comparison of overall flow behavior was
preformed between the experimental measurement and numerical simulation for a DP590 steel.
It was shown that the optimal artificial RVE simulation can provide an accurate prediction.
Moreover, shear bands were observed along the interface of different phase in each case. The
path of shear bands is around 45◦ to the loading direction. It also concurs that, with the intro-
duction of ductile fracture model, voids and microcracks can be formed in the strain localization
zones. The promising results confirm the robustness of the proposed generator.
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Abstract. Shell structures are used as primary structures of space launch vehicles. These struc-
tures are thin-walled and are thus prone to buckling when loaded in compression. Because of
the imperfection sensitivity of these structures, small deviations of the real shell from the theo-
retically perfect shell may result in a tremendous decrease in load carrying capacity. For this
reason, geometrical imperfections need to be taken into account. When designing unstiffened
composite shells, the laminate stacking sequence influences both, the buckling load of the ge-
ometrically perfect shell and the imperfection sensitivity of the shell. Consequently, to derive
laminate stacking sequences that maximize the buckling load of real shell structures, geometri-
cal imperfections need to be taken into account already in an early design phase. In this paper,
two laminate stacking sequences that were derived to maximize the buckling load of the geo-
metrically perfect and imperfect shell structure are studied using stochastic methods. To this
end, combination of non-rotational symmetric imperfections derived from measured data and
variations of the ply orientation are studied in a stochastic analysis on basis of Monte Carlo
simulations. The results of this study will be used to evaluate the influence of the stacking se-
quence as one of the essential properties dominating the structural response of geometrically
imperfect laminate composite shell structures.
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1 INTRODUCTION

The structural design of imperfection sensitive shells is one of the problems constantly ad-
dressed in the field of mechanics. Due to the imperfection sensitivity of thin walled shells,
deriving reliable design loads is a demanding task and it is mainly focused on how imperfec-
tions can be taken into account. To this end, several approaches were developed as, for example,
summarized by Hoff [1] and Bushnell [2]. Recent approaches to account for geometrical imper-
fections are summarized by Castro [3] and Friedrich [4].

When designing imperfection sensitive isotropic shell structures, the design variable is the
shell wall thickness and the shell’s dimensions, which are defined on a system level. The load
carrying capacity of laminated composite shell structures is additionally influenced by the lam-
inate stacking sequence, see Figure 1. The laminate stacking sequence influences:

• the buckling load of the geometrically perfect shell and the shell’s imperfection sensitiv-
ity, which results in a theoretical buckling load prediction

• the imperfection pattern of a manufactured shell and thus, the real buckling load is influ-
enced by the shell’s laminate stacking sequence

Consequently, it can be stated that the optimization of a laminate stacking sequence for a
shell structure with regard to the load carrying capacity of the real shell is associated with many
uncertainties. This drawback eliminates the possibility of performing structural optimizations,
especially in an early structural design phase as such optimizations are time consuming and
computationally costly and do not necessarily yield useful results because of the high number
of uncertainties involved.

Imperfection 

pattern

Laminate Stacking Sequence

Real/experimental

buckling load 

Buckling load of 

the perfect shell 

Theoretical buckling 

load prediction

Imperfection 

sensitivity 

Theoretical predictions Practical predictions

Figure 1: Influence of the laminate stacking sequence of composite shell structures on the structural response

Due to the high number of uncertainties, simplifications with regard to the imperfection pat-
tern and boundary conditions need to be accepted to maximize the buckling load of imperfection
sensitive composite shell structures. Based on these simplifications laminate stacking sequences
can be identified, which are thought to maximize the buckling load of real shell structures. Shell
structures derived based on two different approaches are further studied in this paper. One, a
shell structure identified by Zimmermann in the 1990s [5] and two, a shell structure recently
identified by Friedrich et. al. [6]. This paper is structured as follows: the study structures taken
into account are introduced in section two. Subsequently, results determined using stochastic
analyses are presented in section three and the paper closes with a summary and outlook in
section four.
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Table 1: Overview of material properties [5]

Properties Composite shells

E11 123 551 MPa
E22 8 708 MPa
G12 5 695 MPa
ν12 0.32

2 INTRODUCTION OF STUDY STRUCTURES

Two different approaches to derive the study structures here discussed were taken into ac-
count. One, the laminate stacking sequence were derived to maximize the buckling load of
geometrically perfect shell structures. The shell structures have been derived by Zimmermann
in the 1990s [5, 7] and the resulting shells were denoted Z-shells. Two, the laminate stacking
sequence were derived to maximize the buckling load of geometrically imperfect shells with ro-
tational symmetric imperfections. The shell structures have been derived by Friedrich et. al. [6]
and the resulting shells were denoted FL-shells.

The material properties used in Zimmermann [5] and Friedrich [6] are summarized in Ta-
ble 1. The geometrical properties are defined as follows: the inner radius of the shell was 250
mm and the length of the shell was 510 mm. The length to radius ratio is about two and thus,
the influence of the length of the shell and the type of boundary conditions do not affect the
buckling load of the shell structure as shown in [8].

The results of deriving laminate stacking sequences that maximize the buckling load of a
geometrically perfect and geometrically imperfect shells are summarized in Table 2 for those
shells with two and five angle plies, that is np = 2 and np = 5. Additionally, the laminate stack-
ing sequences influence on the buckling load of the geometrically perfect and geometrically
imperfect shell with rotational symmetric imperfections are given in Figures 2 and 3 for two an-
gle plies and an imperfection magnitude of 0.2 times the shell wall thickness that is w0/t = 0.2.
The buckling loads of the np = 2-shell are presented in detail since the buckling loads could be
represented with reference to the ply orientation of the inner and outer ply and this allowed a
suitable graphical evaluation of results.
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Figure 2: Buckling load of the perfect shell structure -
np = 2 according to Friedrich[6]
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Table 2: Maximum critical buckling loads for geometrical perfect and imperfect shell structures with w0/t= 0.2
according to Friedrich et. al. [6]

np Shell Stacking sequence
Fcr,perf Fcr,imp

[kN] [kN]

2
perf.∗ ±15◦/±26◦ 29.85 13.70
imp.∗∗ FL2 ±34◦/±49◦ 21.66 17.56

-27.45% +28.14%

5
perf.∗ Z17 ±30◦/90◦

2/±23◦/±38◦/±53◦ 286.74 129.18
imp.∗∗ FL5 ±38◦/±68◦/90◦

2/90◦
2/±38◦ 197.70 139.81

-31.05% +8.14%
∗stacking sequence derived to maximize the buckling load of the perfect shell
∗∗stacking sequence derived to maximize the buckling load of the imperfect shell

The following findings were made when evaluating Figures 2 and 3:
• the laminate stacking sequences maximizing the buckling load of the geometrically im-

perfect shell were fundamentally different to those derived when maximizing the buckling
load of the perfect shell in Zimmermann [5]. This finding was in contrast to the findings
made by Khot [9] where the same laminate stacking sequence of a [0◦, θ◦,−θ◦] maxi-
mized the buckling load of a geometrically perfect and imperfect shell.

• the buckling load of the geometrically perfect shells exhibited many local maxima, whereas
the imperfect shells only exhibited one global maximum buckling load. In addition, the
maxima for the imperfect shell was far more robust, that is less sensitive to small changes
in ply angles.

Similar findings as those summarized above could be made for the shell structures studied
with three to five angle plies, that is for np = 3, 4, 5. The laminate stacking sequences maximiz-
ing the buckling load of the geometrically perfect and imperfect shell differed for all number
of angle ply laminates. The results summarized in Table 2 indicated that the buckling load of
the FL5-shell of the geometrical imperfect structure with rotational symmetric imperfections
and an imperfection magnitude of w0/t = 0.2 was 8% higher than the corresponding buckling
load of the Z17-shells. Since the shell with five angle plies maximizing the buckling load of
the geometrically perfect shell, the Z17-shell is often used as reference structure, the structural
performance of the Z17-shell and the FL5-shell are studied further in this paper. To this end, ge-
ometrical imperfections other than simplified rotational symmetric imperfections, which were
used to identify the FL-shells, are taken into account in combination with deviations of the
laminate stacking sequence of their nominal value.

3 STOCHASTIC ANALYSES

Geometrically nonlinear finite element computations were performed to compare the struc-
tural performance of the Z17- and FL5-shells further. In addition to geometrical imperfections,
deviations of the stacking sequence lay up were taken into account, which may occur during
the manufacturing process. Since neither the geometrical imperfections nor deviations of the
laminate stacking sequence from the nominal stacking sequence were known, both of the in-
fluencing parameters were varied in a stochastic manner. The geometrical imperfections in a
shell were idealized as non-rotational symmetric imperfections, based on Schillinger’s method
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of separation [10] and adapted to laminated composite shell structures as done in [11]. To this
end, based on measured imperfection patterns of composite laminated shell structures studied
in a DLR-ESA study [12] and using the method of separation, stochastic imperfection pat-
terns were defined and used to model the geometrically imperfect shell structure. The laminate
stacking sequence orientations were varied in 1◦-steps within the range ±5◦ around the nominal
stacking sequence assuming a uniform distribution. The nonlinear structural response curves
were determined using dynamic implicit analyses in a displacement controlled manner and the
commercial software package Ansys [13]. Linear shell elements were used and 171 elements in
circumferential and 63 elements in axial direction were used to model the shell structure.

The structural response of 2000 different shell structures with varying combinations of ge-
ometrical imperfections and laminate stacking sequence imperfections are studied for the Z17-
and FL5-shell by evaluating the resulting load displacement curves due to an implicit dynamic
computation . The nonlinear buckling loads are plotted over the number of computations per-
formed, c.f. Figure 4. For both the Z17- and FL5-shell, 2000 nonlinear analyses were performed
for each shell configuration and evaluated subsequently.
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Figure 4: Stochastic studies - buckling load vs. number of computations - geometrical and lay-up imperfections

Since the scatter of the buckling loads of the Z17-shell were very low compared to the scatter
observed for the FL5-shell, numerical analyses were performed using an explicit dynamic solver
and the commercial software package Abaqus [14] to further evaluate the results. Because
of the high resulting numerical effort, recently only 40 configurations were studied for the
Z17- and FL5-shell each. The comparison of buckling loads of the Z17- and FL5-shell due to
explicit dynamic and implicit dynamic analyses are summarized in Figure 5. The results given
in Figure 5 are preliminary results, the resulting standard deviations and the corresponding
design loads are not converged and thus in future studies additional computations need to be
performed.

The mean values of the buckling loads, Fmean, the standard deviations σ, the resulting buck-
ling loads for 95.5 % and 99.7 % probability, F95.5% and F99.7%, are summarized in Table 3 for
the stochastic analyses performed using implicit and explicit solvers. The buckling loads F95.5%

and F99.7% are thereby determined by reducing Fmean with two times or three times the standard
deviation, σ.
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Figure 5: Stochastic studies - buckling load vs. number of computations - geometrical and lay-up imperfections -
explicit vs. implicit dynamic analyses using Abaqus [14] and Ansys [13]

Table 3: Evaluation of stochastic studies performed using a combination of geometric imperfections and stacking
sequence lay-up imperfections

Type of No. of Z17 FL5

analysis comp. Fmean σ F95.5% F99.7% Fmean σ F95.5% F99.7%

[kN] [kN] [kN] [kN] [kN] [kN] [kN] [kN]
dynamic

2000 184.41 4.47 175.47 171.00 214.23 12.12 189.99 177.87
implicit

dynamic
40 204.66 9.29 186.08 176.79 203.10 15.56 171.98 156.43

explicit

The following findings were made when evaluating the results given in Figures 4 and 5 and
those results summarized in Table 3:

• the mean value of the FL5-shell’s buckling load was higher than the mean value of the
Z17-shell’s buckling load for the dynamic implicit analyses

• the standard deviation of the FL5-shell’s buckling load was higher than the standard devi-
ation of the Z17-shell’s buckling load that is the scatter of the FL5-shell’s buckling loads
was higher than for the Z17-shell

• the preliminary results due to the explicit dynamic analyses indicated that the standard
deviation of the Z17-shell increased more significantly than the standard deviation of the
FL5 shell when changing from implicit to explicit dynamic analyses

• the design load for a 99.7% probability level of the FL5 shell were 4% higher than the
design load for a 99.7% probability level of the Z17 shell when using implicit dynamic
analyses and the commercial finite element package Ansys [13]

• the design load for a 99.7% probability level of the FL5 shell were 11.5% lower than the
design load for a 99.7% probability level of the Z17 shell when using explicit dynamic
analyses and the commercial finite element package Abaqus [14]
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In Friedrich et. al. [6], it was shown that determining the nonlinear buckling load of the
Z17-shell was computationally demanding. Due to the rather small bending stiffness, the shell
revealed a distinct rotational symmetric pre-buckling state such that determining the nonlinear
buckling load became difficult. This finding was confirmed by the studies here performed us-
ing implicit and explicit dynamic solving algorithms and using the commercial finite element
software packages Abaqus [14] and Ansys [13]. Furthermore, it was shown that evaluating the
structural performance of the two composite shell structures, Z17- and FL5-shells, is a demand-
ing task, which is influenced by the actual physical behaviour and numerical difficulties when
determining the structural response. The final numerical evaluation of the structural perfor-
mance of the Z17- and FL5-shells could not be completed in this paper; but, additional studies
are needed to allow for a final numerical evaluation.

4 SUMMARY AND OUTLOOK

In this paper, the structural performance of two shell structures, the Z17- and FL5-shell was
studied for geometrical imperfections other than rotational symmetric imperfections and stack-
ing sequence lay-up imperfections. Dynamic implicit and explicit analyses were performed
and the results were evaluated with regard to the statistical buckling load predictions. The dis-
crepancy between implicit dynamic and explicit dynamic results discussed above needs to be
readdressed and a solving algorithm leading to robust buckling load predictions needs to be
chosen for future studies. Thus, a final numerical assessment on the structural performance of
the Z17- and FL5-shell may be realized.

Additionally, it would be desirable to compare the structural performance of the Z17- and
FL5-shell in an experiment. To this end, these two shell structures need to be manufactured
using the same manufacturing process and the same mandrel. Thus, additional insight on the
structural behaviour of the Z17- and FL5-shell can be gained and serve as basis for further
discussions.
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Abstract. A general trend in the aircraft industry is to replace sandwich structures made from
fiber-polymer-composites and low-density honeycomb cores by monolithic structures entirely
made from fiber-polymer-composites. The fields of applications addressed here are primary
and secondary control surfaces of civil aircraft wings and stabilizers. However, they can be
directly extended to other applications. The main motivation for such a substitution is to reduce
manufacturing efforts. For honeycomb sandwich designs mainly resin pre-impregnated fiber
semi-finished products are applied and often the structures are built and cured in an autoclave
in one or several steps. This is cost intensive. Thus, resin infusion technology is an attractive
alternative. Dry fibers are saturated with resin during the curing process by applying vacuum.
Here, just an oven is required. Another reason is that sandwich structures used on aircraft are
exposed to large varying environmental conditions. Condensation and absorption of water can
cause an increase in the total mass and once the water is frozen, serious damages may occur.
Other advantages include ease in detection of structural damages and manufacturing defects
and reduction in repair efforts. Control surface structures are loaded by pressure distributions
over their surfaces. The sandwich design is optimal to withstand bending moments, shear
forces and torsional moments. The challenge is to keep the mass, when the design is changed
to monolithic.

This contribution presents two design alternatives, one developed on top of the other, which
allow the manufacturing of monolithic highly integrated laminated structures within one layup
and curing step. Additionally, aerodynamic properties are guaranteed on the top and the bottom
of the control surface. A reference structure is derived from a state-of-the-art spoiler, which is
equipped with a honeycomb core. This structure is then compared with the alternative design
proposed.
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1 INTRODUCTION

A general trend in the aircraft industry is to replace sandwich structures by monolithic struc-
tures. In the context to this work a sandwich structure is built by a lower and upper skin made
from layers of fiber-reinforced-polymers and a honeycomb core in between. A monolithic struc-
ture is entirely made from composite layers. The fields of applications addressed here are pri-
mary and secondary control surfaces of civil aircraft wings and stabilizers, but they can be
extended to other applications directly. There are several reasons motivating such a substitu-
tion. One is simply to reduce the manufacturing efforts. Honeycomb cores require the use of
resin pre-impregnated fiber products. The sandwich structure has to be cured in one or several
steps in an autoclave, where defined pressures and temperatures are applied in a nitrogen-filled
environment. This process is cost intensive. Another reason is their behavior during their oper-
ating life. Sandwich structures as used on an aircraft are exposed to large varying environmental
conditions, which may cause negative implications. One example is the condensation of water,
which can be absorbed by the aramid honeycomb core. Despite the mass increase, the absorbed
water may freeze and cause serious damage to the sandwich structure. Monolithic structures
will allow the application of alternative, more cost efficient manufacturing process technologies
like resin infusion. Here, dry fiber products are saturated with resin during the curing process
by applying vacuum. This approach is cheaper, because just an oven is required. An increased
level of automation is given. In addition, the service life is better controllable in respect to
maintenance and repair. Other advantages include ease in detection of structural damages and
manufacturing defects and reduction in repair efforts.

Control surface structures are loaded by pressure distributions acting on their surfaces. The
sandwich design is, from the structural point of view, optimal to withstand bending moments,
shear forces and torsional moments. The challenge is to keep the weight, when the design is
changed to monolithic. In addition, aerodynamic properties, which are needed on the top and the
bottom surfaces, increase the demand for design solutions which are simpler to manufacture.
This contribution presents and discusses two alternative design approaches, which allow the
fabrication of monolithic highly integrated laminated structures within one layup and curing
step. Compared to [1], the approaches are developed under analytic considerations on the basis
of a simplified geometry derived from an aircraft spoiler, which is equipped with a honeycomb
core. First, this sandwich reference structure is analyzed for static displacements and occurring
stresses. Its weight is calculated. Second, two design alternatives are presented and analyzed.
The latter one is derived from the drawbacks of the first one. Finally, the results are justified
with the analysis data of the sandwich reference structure and a conclusion is drawn.

2 AIRCRAFT SPOILER AS CASE EXAMPLE

An aircraft spoiler is a typical representative of control surfaces where the sandwich design
is state of the art. Spoilers are often multifunctional. Immediately after landing, or in an event
of an aborted take-off, they are deflected in an almost upright position. As a result of the inter-
rupted airflow over the flaps, the wing loses a large part of its lift, which increases the normal
force on the tires and makes breaking more effective. In addition, they create considerable
drag and these combined effects increase the deceleration up to 20%. Outboard spoilers may
be used in flight when an appreciable increment of drag is required to obtain a high rate of
descent or improved speed stability with a constant angle of decent[2]. In the present work the
design and functionality of an aircraft wing spoiler is transferred to a simplified analysis model
more suitable for the purpose of the current demonstration. However, the work presented in the
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Figure 1: Simplified geometry of an aircraft control surface.

E11 E22 ν12 ρ CPT Rt
11 Rc

11 Rt
22 Rc

22 R12

154 8.5 0.35 1.58 0.127 2610 1450 55 285 105

GPa GPa - g/cm
3

mm MPa MPa MPa MPa MPa

Table 1: Material data of the unidirectional carbon fiber epoxy resin tape.

following can be extended straightforwardly to other control surface structures and to various
applications.

2.1 A simplified sandwich structure for reference

The reference design is based on the overall dimensions, material data, loads and boundary
conditions of a state-of-the-art aircraft spoiler. Thus, a simplified problem, but of similar scale
is investigated. In Fig. 1 the simplified geometry, their components and its position in the
Cartesian coordinate system is presented. Its overall geometric dimensions are 2400 × 800 ×
120 mm. The base surface of the triangular prism is coplanar to the yz-plane of the defined
coordinate system. The structure is symmetrical about the xy-plane and the xz-plane. Unless
otherwise stated, the structure is presented in the shown position in the following. The laminate
of the lower and upper skin is produced by unidirectional tapes of epoxy resin-impregnated
carbon fibers stacked in the sequence of (45◦/−45◦/90◦)s, where the 0◦-direction points in the
x-direction. An aramid honeycomb is selected for the sandwich core. Its ribbon direction is
aligned with the y-axis. The corresponding shear strength is higher in this direction compared
to the perpendicular one. The material properties and strength allowable of the carbon epoxy
tape and the honeycomb core are provided in Tab. 1 and 2, respectively. The axes of the local
material coordinate systems are named as 11 (in fiber direction for the carbon plies or ribbon
direction of the honeycomb core), 22 (in-plane transverse fiber direction or ribbon direction) and
33 (out-of-plane transverse fiber direction or ribbon direction). Accordingly, shear directions
are defined with the indices 12, 23 and 13. The superscripts c and t indicate compression and
tension, respectively. The core and the skins are bonded together with film adhesive. However,
the structural behavior of the adhesive joint is not considered in this study, as a perfect binding
at material interfaces being assumed. For mass calculation, the adhesive density is given as
250 g/m2.

Despite the generality in practical application of the presented design approaches, the bound-
ary conditions are particularly specified. Here, air loads acting on the upper skin are transferred
to the wing structure via three stiff metal brackets located at the center and each corner. In
contrast to air suction-up loads in retracted position, pressure loads occur when the spoiler is
in extended position immediately after landing, which is the most critical loading situation. As
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E11 E22 E33 G12 G23 G13 ρ Sc
33 S13 S23

1 1 138 1 19 31 0.048 1.24 0.98 0.5

MPa MPa MPa MPa MPa MPa g/cm
3

MPa MPa MPa

Table 2: Material data of the aramid honeycomb core.

x

y

z

Edge Bracket

Center Bracket
Edge Bracket

Pressure distribution
in x-direction

Pressure distribution
in y-direction

Figure 2: Schematic sketch of the applied pressure field and the bracket locations, where the structure is con-
strained.

shown in Fig. 2, the pressure is triangular distributed in x-direction with its maximum at the
leading edge (x = 0) and rectangular in y-direction. The triangular distribution originates from
spoiler extension. The rectangular one comes from the assumption, that the neighboring spoil-
ers are in extended mode as well. Two load cases are considered. In the first case, the structure
is intact. All degrees of freedom of the nodes at the two locations named center bracket in Fig. 2
are constraint. The nodes at the edge brackets are constraint in z-direction only. A maximum
pressure of 0.0345 N/mm2, which represents the ultimate load, is applied. In the second case,
one or both of the edge brackets failed. Therefore, the constraints of the nodes at the edge
bracket locations are released. In consideration of sub-component failure only the limit loads
are applied, which are 1.5 times lower than ultimate loads. Thus, the maximum acting pressure
is 0.023 N/mm2. Details of the definition of limit load and ultimate load can be found in the
EASA Certification specifications for large airplanes in chapter 25.301 and 25.302 [3].

The Finite Element discretization of the lower skin, upper skin and the alternative design
features proposed in the following sections is utilized with standard first-order shell elements.
The mesh of the honeycomb core in the reference sandwich design is built with first-order
hexahedral elements. The average edge length of the volume and shell elements is 20 mm. For
pre- and post-processing the commercial software HyperWorks 13.0 (Altair Engineering Inc.,
Troy, MI, USA) is applied. The FEM simulations are carried out using the commercial solver
OptiStruct (Altair Engineering Inc., Troy, MI, USA).

2.2 The structural behavior of the sandwich design

The sandwich structure described above is investigated regarding its deformation and regard-
ing the stresses in the plies and the honeycomb core. Reserve factors are calculated from the
materials resistance values (strength allowables) and finally, the structural mass is calculated.
The absolute displacement plots for load cases 1 and 2 are shown in Fig. 3. To compare this de-
sign to the following ones, three, for the global displacement characteristic nodes are selected.
Their absolute displacement values can be found in Tab. 4. The maximum in-plane ply stresses
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a) Load Case 1 b) Load Case 2

18.00

12.00

15.00

9.00

6.00

3.00

0.00

1

2

3

Figure 3: Absolute displacement plot of the sandwich reference structure for a) load case 1 and b) load case 2 in
[mm], scale factor: 10, markings show the 3 characteristic nodes for further evaluation.

occurring for load cases 1 and 2 are summarized in Tab. 5. The stresses in the honeycomb core
shall be considered as well. Here, the maximum stress values are

σc
33 = 0.2MPa σ13 = 0.4MPa σ23 = 0.3MPa

σc
33 = 0.1MPa σ13 = 0.4MPa σ23 = 0.2MPa

for load cases 1 and 2, respectively, where the elements next to the constraint nodes are not
considered. Reserve factors are calculated to show the overall static strength of the structure.
For the carbon plies the maximum stress first ply failure criteria

RF
(c,t,−)
ij =

R
(c,t,−)
ij

σ
(c,t,−)
ij

(1)

is applied [4] for the maximum in-plane stresses summarized in Tab. 5. The reserve factors are
given in Tab. 6. The material allowables are taken from Tab. 1. The systematic application of
(1) yields the reserve factors for the honeycomb for load cases 1 and 2, respectively

RF c
33 = 6.2 RF13 = 3.3 RF23 = 1.3

RF c
33 = 12.4 RF13 = 4.9 RF23 = 1.3

Finally, the total mass of the sandwich reference design calculated from the individual mass
densities of the components is given in Tab. 7. The data generated from the reference design is
used to be compared with those of the alternative designs developed in the following section.

3 DESIGN ALTERNATIVES AND THEIR STRUCTURAL ANALYSES

The result of the above investigated sandwich structure reveals that the dominating global
reactions to the given loading situations are bending around the x-axis and bending around the
y-axis (see Fig. 1). The honeycomb core has the function of keeping the distance between the
bottom and top laminates. However, a further main task is to resist the acting shear stresses
with a minimum of structural mass. The substitution of the honeycomb core requires design
features that are able to carry the shear stresses. In the following, two alternative designs are
presented, which might be able to substitute the honeycomb core. In general, the same carbon
epoxy ply material and film adhesive (if needed) are applied. The standard layup of the lower
and upper skin is kept, but extended by additional layers as necessary. The load cases and
boundary conditions are identical to that of the sandwich structure.
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Upper Skin

Lower Skin

Zig-Zag Shells

Detail:

120

173

α

α ≈ 35°

a) b)

20A
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C

Figure 4: Monolithic box with a) zig-zag stiffeners and b) its local dimensions in [mm].

a) Load Case 1 b) Load Case 2

90.00

60.00

75.00

45.00

30.00

15.00

0.00

Figure 5: Absolute deformation plot of the zig-zag structure for a) load case 1 and b) load case 2 in [mm], scale
factor: 1.

3.1 Monolithic box with zig-zag stiffeners

The first concept is inspired by structures made from trusses. In such constructions, diagonal
trusses are used to produce frames with high resistance to shear forces. Here, the function of
a diagonal truss is adopted with plane stiffeners arranged in inclined positions to form a zig-
zag pattern as presented in Fig. 4a. A structure designed in this way can be manufactured in
one component and one curing process. The overall dimensions are identical to the sandwich
structure. The detail dimensions of the zig-zag pattern can be found in Fig. 4b. With α ≈ 35◦

twelve ribs are added as indicated. A distance of 20 mm between the run-out of one rib and the
onset of the next rib is defined to account for design radii needed for manufacturing purpose.
The structure is divided along the x-direction (Fig. 1) in three equidistant zones with different
ply layup sequences labeled A, B and C (Fig. 4a). The zone-based ply definition can be found
in Tab. 3.

The finite element analysis for this design shows large displacements (see Fig. 5), especially
at the upper skin and low buckling load factors at the lower skin (see Fig. 6). Regarding the
global displacement, listed in Tab. 4, the values for the characteristic nodes 1 and 2 (Fig. 3)
are approximately equal to the simplified sandwich structure. The large displacements at node
3 seem to be a result of the missing stiffness against flexural shear at the open end of the
structure. Moreover, the local displacements of the upper skin sections between the inclined
ribs caused by the externally acting air pressure are unacceptably high. Again, a main portion
is caused by the open design at the leading edge. The lower skin sections (parts of the lower
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a) Load Case 1 b) Load Case 2

LF = 0.163 LF = 0.088

Figure 6: Buckling shapes of the zig-zag structure for a) load case 1 and b) load case 2, scale factor: 100.

skin confined between two inclined ribs) are loaded by in-plane compression and in-plane shear.
Thus, this structural elements are prone to buckling and due to the free edge, the risk of buckling
is significantly increased. Therefore, the first buckling mode occurs at the leading edge location
at very low buckling load factors of 0.163 and 0.088 for load case 1 and load case 2, respectively.
These factors multiplied with the limit load show the load level at which buckling occur and
should be larger than one. One option to increase the buckling load is to apply additional layers
of carbon. However, a high number of plies is needed, because of the currently small load
factor. Also other buckling modes, at other locations might become critical. Thus, this approach
results in a non-efficient, i.e. not weight optimal structure. The same happens, when the upper
skin thickness is increased locally until the displacements caused by the air pressure are reduced
to an acceptable limit. Therefore, global design adjustments are necessary to achieve a weight-
optimized result, which is actually competitive to the sandwich structure.

3.2 Monolithic torque box with ribs

The obvious solution is to close the open structure. Thereby, the buckling load is increased
significantly and the displacements of the local upper skin sections are reduced as the flexural
and shear stiffness are increased. This design update can be realized by inserting a C-spar as
presented in Fig. 7a to the cost of a separate component needed to be manufactured. However,
the complexity of the C-spar is relatively low and the assembly procedure is simple compared to
the benefits provided. The C-spar contributes essentially to the global stiffness of the structure,
whereas the impact on the mass is low, because of the decreased length of the inclined ribs.
The increase in the global stiffness behavior is used to further improve the design regarding
buckling and local deformation. The introduced C-spar allows to change the ribs from inclined
ones to simply vertical ones as presented in Fig. 7. That means the width of the local upper and
lower skin sections are nearly reduced by half in comparison to the zig-zag structure presented
in Fig. 4, which has a major impact on buckling and local displacements. The reduced surface
of the ribs decreases the resulting mass further.

Finally, the carbon ply layup of the structure is optimized. The standard layup defined by
the sandwich structure is applied again. However, it is adjusted with additional plies locally
according to the occurring buckling modes. The number of plies and their orientations depend
on the principal normal stress. The ply layup of the structure is categorized by zones, which are
shown in Fig. 8. The layup sequences of the individual labeled zones are provided in Tab. 3.

As shown in Fig. 8a the layup of zones on the lower skin is the most complex one. These
zones are with higher number of plies, resulting in a larger laminate thickness than those on
the upper skin. The highest number of plies is needed in the center bracket area (see Fig. 2).
The number of plies decreases towards the trailing edge (from x = 0 to x = 800 mm), the
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Figure 7: Monolithic torque box with a) ribs and b) its local dimensions in [mm].
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Figure 8: Zone based definition for ply layup sequence of the torque box structure. Not labeled zones are equal to
the opposite ones.
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Zone Qty. Ply Layup
A 6 (45/-45/90/90/-45/45)
B 10 (45/-45/90/90/90/90/90/90/-45/45)
C 14 (45/-45/90/90/90/90/90/90/90/90/90/90/-45/45)
D 8 (45/-45/90/45/45/90/-45/45)
E 8 (45/-45/90/-45/-45/90/-45/45)
F 11 (45/-45/90/90/90/45/90/90/90/-45/45)
G 11 (45/-45/90/90/90/-45/90/90/90/-45/45)
H 9 (45/-45/90/45/0/45/90/-45/45)
I 9 (45/-45/90/-45/0/-45/90/-45/45)
J 12 (45/-45/90/90/90/90/45/90/90/90/-45/45)
K 12 (45/-45/90/90/90/90/-45/90/90/90/-45/45)
L 13 (45/-45/90/90/90/90/45/0/90/90/90/-45/45)
M 13 (45/-45/90/90/90/90/-45/0/90/90/90/-45/45)
N 16 (45/-45/90/90/90/90/90/90/90/90/90/90/90/90/-45/45)
O 17 (45/-45/90/90/90/90/90/90/0/90/90/90/90/90/90/-45/45)
P 24 (45/90/90/90/90/90/-45/45/-45/90/90/90/90/90/90/90/90/90/90/90/90/-45/45)
Q 24 (45/90/90/90/90/90/-45/45/-45/90/90/90/90/90/90/0/90/90/90/90/90/90/-45/45)
R 4 (45/-45/-45/45)
S 8 (45/-45/90/90/90/90/-45/45)
T 12 (45/-45/90/90/90/90/90/90/90/90/-45/45)
U 6 (45/-45/-45/-45/-45/45)
V 6 (45/-45/45/45/-45/45)
W 8 (45/-45/-45/-45/-45/-45/-45/45)
X 8 (45/-45/45/45/45/45/-45/45)
Y 10 (45/-45/-45/-45/-45/-45/-45/-45/-45/45)
Z 10 (45/-45/45/45/45/45/45/45/-45/45)
1 8 (45/-45/90/-45/-45/90/-45/45)
2 8 (45/-45/90/45/45/90/-45/45)
3 11 (45/-45/90/90/90/-45/90/90/90/-45/45)
4 11 (45/-45/90/90/90/45/90/90/90/-45/45)

Table 3: Ply layup sequence for the individual zones.

outboard edge and the inboard edge. Except the standard layup the ply sequence is mirrored
along the xz-plane of the defined coordinate system given in Fig. 1. The structural mass of the
final design is provided in Tab. 7 and is 520 g less than the sandwich structure.

The aforementioned torque box structure is analyzed with respect to displacement, buckling,
and static strength. The absolute displacements under applied load cases are shown in Fig. 9
with a scale factor of 5. The displacements of the characteristic nodes can be found in Tab. 4. In
general, the displacements are considered to be acceptable. Figures 10a and b present the first
buckling mode for load cases 1 and 2, respectively. For both load cases the reserve factors are
above 1. The reserve for load case 1 is 1.126 and is thus large enough. The reserve factor 1.001
for load case 2 yields a small margin. However, load case 2 occurs due to failed brackets and
for such failure load cases onset of buckling below limit load might be acceptable (when certain
conditions, which shall not be discussed here, are fulfilled). For the analysis of the stresses the
same procedure as for the sandwich structure is applied. In Tab. 5 the maximum occurring in-
plane ply stresses are summarized. For those, the reserve factors for first ply failure according
to the maximum stress criteria in (1) are calculated and provided in Tab. 6. As one can see all
reserve factors are greater than 1.
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a) Load Case 1 b) Load Case 2
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Figure 9: Absolute displacement plot of the torque box structure for a) load case 1 and b) load case 2 in [mm],
scale factor: 5.

a) Load Case 1 b) Load Case 2
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Figure 10: Buckling shapes of the torque box structure for a) load case 1 and b) load case 2, scale factor: 100.

4 DISCUSSION OF RESULTS

Tables 4 to 7 compare the properties of the presented designs. An overview about the global
stiffness behavior is given in Tab. 4 on behalf of the three characteristic nodes selected in Fig. 3.
The absolute node displacements of the torque box structure are only larger at node 3 for load
case 1 and at node 1 for load case 2. However, it seems reasonable to envelope both load
cases and consider the maximum displacement of each node only. Therefore, the torque box
structure is clearly the better design. The differences in the displacements between the torque
box design and the sandwich structure are considerable large. As mentioned in section 3.1, the
global stiffness of the zig-zag structure is, except at node 3, approximately in the same range as
the sandwich structure, making itself a competitive design in terms of the global stiffness. With
respect to the occurring stresses and the resulting reserve factors, the values from the sandwich
design and the torque box design are provided only. The stresses in the zig-zag structure are
not further discussed here because of the unacceptable large deflections. Table 5 presents the
maximum occurring in-plane ply stresses for load cases 1 and 2, respectively. The stress values
are approximately the same for load case 1, whereas the stress values of the torque box structure
for load case 2 are less than half of those from the sandwich structure. This result is remarkable.
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Node 1 Node 2 Node 3
Load Case 1

Sandwich Structure 10.41 17.84 1.52
Zig-Zag Structure 10.57 18.59 24.39
Torque Box Structure 8.75 15.85 2.37

Load Case 2
Sandwich Structure 1.00 17.94 17.47
Zig-Zag Structure 6.56 13.78 28.21
Torque Box Structure 5.50 11.65 5.45

Table 4: Absolute displacement of the alternative designs at the three characteristic nodes, [mm].

σt
11 σc

11 σt
22 σc

22 σ12
Load Case 1

Sandwich Structure 492.5 519.9 38.7 40.4 25.3
Torque Box Structure 546.4 518.4 39.7 40.0 23.6

Load Case 2
Sandwich Structure 795.7 821.7 34.0 35.1 32.2
Torque Box Structure 362.4 259.9 20.3 14.4 12.6

Table 5: Maximum in plane ply stresses for the alternative designs for load cases 1 and 2 in [MPa].

A conclusion with respect to the strength of the sandwich and torque box structure is made
in Tab. 6 for load cases 1 and 2. Here, the resulting reserve factors in accordance with the
maximum stress requirement given in (1) are provided. Finally, the structural mass of each
design is calculated. The results and their details are stated in Tab. 7. As one can see, the mass
of the torque box structure is 520g less than the mass of the sandwich structure. For the zig-zag
structure a mass reserve of 1.01kg to the sandwich structure exists, which could be used for
structural improvements.

5 CONCLUSION

In this work a path towards the substitution of a honeycomb core in a sandwich structure
by a structure entirely made from carbon plies was presented. Two major external (i.e. not
geometrical) requirements on the structure were considered and finally realized. These were on
the one hand, the integration of a lower skin for aerodynamic reasons and on the other hand, the
manufacturing in a single layup and curing process (with exception of an assembly step for a
pre-produced C-spar afterwards).

As expected, the critical design requirement moved from material strength to structural sta-
bility. The honeycomb core, which supports the lower and upper skin as a distributed foundation

RF t
11 RF c

11 RF t
22 RF c

22 RF12

Load Case 1
Sandwich Structure 5.3 2.8 1.4 7.1 4.2
Torque Box Structure 4.8 2.8 1.4 7.1 4.4

Load Case 2
Sandwich Structure 3.3 1.8 1.6 8.1 3.3
Torque Box Structure 7.2 5.6 2.7 19.8 8.3

Table 6: Minimum reserve factor for the alternative designs for load cases 1 and 2.

2200



Martin Meindlhumer and Martin Schagerl

Carbon Core Adhesive Total
Sandwich Structure 4.64 5.53 0.94 11.11
Zig-Zag Structure 10.10 − − 10.10
Torque Box Structure 10.52 − 0,07 10.59

Table 7: Mass calculation of the design alternatives, [kg].

was replaced by local skin supports in the form of applied ribs and a C-spar. Consequently, the
skins became critical for buckling in the sections between the supports. In addition, the need to
close the structure were justified, because this measure increased the buckling load factor and
reduced the local skin section deformations essentially. The mass equivalent (or even better, the
reduced mass) substitution of the sandwich structure was in principal realized after introduction
of closing the geometry to act as a torque box.

The presented designs are introduced on basic analytical considerations in a step-by-step
approach. First, the global layout was defined by uniformly distributed ribs. Then, the ply
numbers, orientations and layup sequences were adjusted according to iteratively calculated
results of deformation and buckling analyses. Finally a stress analysis was performed to assure
the compliance with the material allowables. However, the possibility of irregular distributed
stiffeners together with a locally optimized laminate thickness was not addressed in this article
and is part of future investigations.
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Abstract. In several research projects highly integrated composite aircraft structures have 

been design, with a strong emphasis on low cost manufacturing. At the same time the robust-

ness of the part had to be increased in order to lower direct maintenance costs for the end 

customers. Several integral aircraft part designs are shown, which allow the usage of low 

cost composite manufacturing procedures, but at the same time guarantee sufficient perfor-

mance against the occurring loads and external damages. The focus is on the integral compo-

site load introductions that withstand high loadings, even when small cracks have occurred 

due to external damages. The cracks can be stopped in areas with smaller internal strains or 

by specific ply drops and junctions. This has been shown by extensive analysis of the critical 

areas as well as the whole part and proven by coupon, subcomponent and component tests. 

This allows a light weight but also robust design in combination with low manufacturing and 

assembly. 
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1 INTRODUCTION 

Current Aircraft Structures are being made more and more of composite materials. These 

composite materials are very light combined with high strength and have very good fatigue 

characteristics. On the contrary their damage behavior is critical leading to low damage al-

lowable for the material. This limits the weight potential and leads to additional higher manu-

facturing costs by adding toughening interleave materials are thicker structures. The aim is to 

reduce manufacturing and assembly costs for future design by using out of autoclave process-

es and a higher integration of subparts in the large structure. For these highly integrated part 

designs even with included load introduction, the phenomena of crack propagation becomes 

even more critical, since a small crack can propagate through the whole structure leading to 

an early failure of the complete structure. Therefore new designs of integral load introduction 

in combination with sizing methods were developed to provide low cost, low weight but ro-

bust structures for future aircrafts. 

 

 
Figure 1: High Lift System of Commercial Aircraft 

 

2 MODULAR COMPOSITE LOAD INTRODUCTION 

In cooperation between different AIRBUS divisions, a new advanced composite load in-

troduction rib for high lift devices of future long range aircraft has been developed to mini-

mize weight and manufacturing costs.  

 

 

Figure 2: Typical wing cross section with flap and load introduction rib 
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The focus of the new integrated design of the load introduction rib is on the reduction of 

the complexity and to simplify the preform manufacturing and therefore the cost. The com-

plex loading of the load introduction structure requires a detailed numeric analysis for an ac-

curate calculation of all critical stresses. The static analysis of the new composite load 

introduction rib and drive fittings show sufficient strength. Based on prior investigations, the 

composite lugs show satisfying damage tolerance behavior leading to the conclusion that a 

second load path is not necessary. 

 

Figure 3: Design process for new composite load introduction rib 

The design was verified by subcomponent and component manufacturing by Airbus Heli-

copters. Knowledge from the prototyping went back into the design to improve the design and 

to verify to low cost approach. Afterwards the load introduction rib was assembled into an 

existing high lift device and validated in a full scale component test. 

  

 

Figure 4: Design process for new composite load introduction rib 
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3 GENERAL LOAD INTRODUCTION PROBLEM 

The partly integral high lift load introduction has shown that current metallic brackets and 

fittings used for introducing external forces into large structures can be done with composite 

design. For future aircraft a more integral design is favorable reducing assembly time and ef-

fort. This is especially critical for high production rates for singe aisle aircrafts.  

 

 

Figure 5: Complete Integral load introductions at aircraft fuselage 

 

Figure 6: Complete Integral load introductions at aircraft wing/engine junction 

For composite structures this is even more difficult than for metallic parts. New integral 

load introduction designs for composite structures were developed. Usually high bypass loads 

in the skins/panels have be transferred, while out of plane loads are need to be introduced, 

best done into frames and stiffeners on the inside.  

 

 

Figure 7: Panel/skin junction with external load bracket 

This is also referred as X cross section problem at composite structures. Some composite 

designs are on the market (3D weaves, Crucify Forms…), but either with very limited per-

formance or difficult manufacturing processes. 
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4 INTEGRATED LOAD INTRODUCTION  

4.1 Composite Cross Section Design 

Several composite cross section designs have been developed. In order to mount external 

load introduction, so called fins were developed. In general a cut in the lower skin has be 

made in order to penetrate with the fin, which is positioned interleave between the 

frames/stiffeners on the inside. Just to mount the fin to the skin/panel would lead to very high 

our of plane loads on the skin, leading to poor performance. This design allows transferring 

very high loads through the skin into the backing stiffening structures.  

  

Figure 8: Basic cross section (fin) design 

The different concepts were roughly sized with FEA, but only 1 showed high performance 

and good damage tolerant capability. A high damage tolerance capability is very important to 

highly integrated structures, hence cracks/delamination caused by external impacts, could 

grow rapidly leading to early failure of the integral load introduction. Therefore design with 

no growths or slow growths for damages were chosen 

4.2 Detailed FE Analysis 

The most promising design shown in Fig. 8, was analysed with non linear effects to deter-

mine the maximum load carrying capability. A representative cross section was chosen with a 

3 point bending load case. The edges of the skin/panel were fixed, while the fin (load intro-

duction) was loaded perpendicular to the skin with tension and compression. The stiffening 

back up structure of the skin/panel, which are usually frames, spars and ribs, were also in-

cluded. These usually carry the out of plane loads of the skin and here the external loads on 

the fin. 

 

 

Figure 9: Representative fin analysis with non linear FEA 
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Figure 10: Representative composite skin cross section design with integral fin 

 

At the non linear FE analysis, the transfer loads of the fin to the stiffening elements (trans-

versal interlaminar shear) were of most interest. These are usually tested with Mode I and 

Mode II test for different materials to determine the interlaminar material allowable. These 

allowable values were used to determine the reserve factors against the maximum static loads 

occurring at the cross sections. The FEA has shown that are these stresses are not very critical 

due to a large connection area between the fin and the backup structures (frame, ribs, spars…). 

 

 

Figure 11: Transversal shear stresses in fin to frame junction 

 

5 VERIFICATION AND VALIDATION 

5.1 Verification 

In order achieve the high cost reduction goals, out of autoclave manufacturing materials 

and processes were used as basis. The representative fin design was manufactured CFRP non 

crimped fabric and an out of autoclave VAP
® 

process.  
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Figure 12: Manufacturing of representative composite skin cross section design with integral fin 

Afterwards several prototypes were statically and fatigue tested. During the test, buckling 

of the skin was visible at the maximum static load, which is usual for very high loaded struc-

tures. This was later on reduced with additional stiffeners on the side. 

 

   

Figure 13: Testing of representative composite skin cross section design with integral fin 

In order to visualize the critical fin run out area, where cracks could occure, additional 

white paint was applied. At maximum static load small cracks did occur at the run out area. 

This was party caused by manufacturing effects (resin rich areas) and by the high corner load-

ing. This did not lead to failure, though; since the cracks were only at the surface. Fracture did 

finally occur at the backup stiffener structure were it was not reinforced close to clamping. 

Here an in plane shear fracture could be seen (Fig. 14). Therefore the fin has proven itself to 

be very damage tolerant even with cracks at the surface, the fin did not fracture, but rather the 

skin/frame backup structure outside of the load introduction area.  

 

   

Figure 14: Fracture of representative composite skin cross section design with integral fin 

5.2 Validation 

The successful testing of the load introduction elements (fins) was analyzed with nonlinear 

FEA. Here the buckling phenomena could also be shown. In the post buckling analysis an in-

creased in plane loading of the stiffening backup structure could be shown, which lead to the 

final fracture above ultimate load. The FEA showed very good conformance with the strain 

gauges in the test [Fig. 15]. Therefore the design was successfully verified in the test with 

very good validation to the non linear FEA. 

2208



Tamas Havar, Sebastian Heimbs 

Figure 15: Validation of representative composite skin cross section design with integral fin 

6 CONCLUSIONS 

This papers shows the design, verification and validation of partly integral and fully 

integral composite load introduction for future aircraft. Both design have been proven to 

be very damage tolerant, leading to a robust design and therefore low maintenance costs 

for the airliners. The manufacturing of the load introduction design has proven the high 

cost reduction potential of over 20% in regard to current bolted design. A weight reduc-

tion of over 10% could also be achieved for the new load introductions. 
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