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PREFACE 

This volume contains the full-length papers presented in the 2nd International Conference on 

Uncertainty Quantification in Computational Sciences and Engineering (UNCECOMP 2017) that 
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UNCECOMP 2017 is a Thematic Conference of ECCOMAS and a Special Interest conference of the 

International Association for Structural Safety & Reliability (IASSAR).  

The objective of UNCECOMP 2017 Conference is to act as a forum for the recent research efforts 

and progress towards analysis and design processes under uncertainty, with emphasis in 

multiscale analysis and design of complex systems. The aim of the conference is to bring together 

researchers seeking an interaction of stochastic methods and computational mechanics in order to 

obtain reliable predictions of the behavior of physical systems.  The UNCECOMP conference serves 

as a forum for facilitating the exchange of ideas and as a platform for establishing links between 

research groups with complementary activities.    

 The UNCECOMP 2017 Conference is supported by the National Technical University of Athens 
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(ECCSM) and the Greek Association for Computational Mechanics (GRACM). 
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who, with their work, contributed to the scientific quality of this e-book.  
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Abstract. This paper presents a challenging problem devoted to the probabilistic learning
on manifold for the optimization under uncertainties and a novel idea for solving it. The
methodology belongs to the class of the statistical learning methods and allows for solving
the probabilistic nonconvex constrained optimization with a fixed number of expensive function
evaluations. It is assumed that the expensive function evaluator generates samples (defining
a given dataset) that randomly fluctuate around a ”manifold”. The objective is to develop an
algorithm that uses a number of expensive function evaluations at a level essentially equal to
that of the deterministic problem. The methodology proposed consists in using an algorithm to
generate additional samples in the neighborhood of this manifold from the joint probability dis-
tribution of the design parameters and of the random quantities that defined the objective and
the constraint functions. This is achieved by using the probabilistic learning on manifold from
the given dataset generated by the optimizer without performing additional expensive function
evaluations. A statistical smoothing technique is developed for estimating the mathematical
expectations in the computation of the objective and constraint functions at any point of the ad-
missible set by using only the additional samples. Several numerical illustrations are presented
for validating the proposed approach.
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1 INTRODUCTION

The present paper addresses a novel approach for solving the probabilistic nonconvex con-
strained optimization by using only a fixed number of the expensive function evaluations. It is
assumed that the expensive function evaluator generates samples that fluctuate around a mani-
fold. An algorithm is then introduced to sample the neighborhood of this manifold from the joint
probability distribution of the random parameters and the design variables of the stochastic com-
putational model. The underlying manifold is learned from a diffusion process on the dataset
that is generated by the optimizer. This paper extends recent work by the authors [1], where
the above sampling on manifolds was first introduced, to the case where the joint probability
distribution of multiple vectors, is constructed and used to evaluate the conditional expectations
that define objective functions and constraints in optimization under uncertainties. The paper is
organized as follows. In Section 2, the problem and novel methodology proposed for solving it
is presented. Section 3 deals with the probabilistic learning on manifold. Section 4 is devoted
to the probabilistic nonconvex constrained optimization to be solved with a fixed number of
function evaluations. A numerical illustration is presented for validating the method proposed.

Notations

A lower case letter such asx, η, oru, is a real deterministic variable.
A boldface lower case letter such asx, η, or u is a real deterministic vector.
An upper case letter such asX,H, orU , is a real random variable.
A boldface upper case letter,X, H, or U, is a real random vector.
A lower case letter between brackets such as[x], [η], or [u]), is a real deterministic matrix.
A boldface upper case letter between brackets such as[X], [H], or [U], is a real random matrix.

N = {0, 1, 2, . . .}: set of all the null and positive integers.
R: set of all the real numbers.
R
n: Euclidean vector space onR of dimensionn.

‖x‖: usual Euclidean norm inRn.
Mn,N : set of all the(n×N) real matrices.
Mν : set of all the square(ν × ν) real matrices.
[x]kj : entry of matrix[x].
[x]T : transpose of matrix[x].
‖[x]‖F : Frobenius norm of matrix[x] such that‖x‖2F = tr{[x]T [x]}.
[Iν ]: identity matrix inMν .
δkk′: Kronecker’s symbol such thatδkk′ = 0 if k 6= k′ and= 1 if k = k′.
1A(a) is the indicator function of setA: 1A(a) = 1 if a ∈ A and= 0 if a /∈ A.
E: Mathematical expectation.
pdf: probability density function.
ISDE: Itô Stochastic Differential Equation.
MCMC: Markov Chain Monte Carlo.

2 PRESENTATION OF THE PROBLEM AND NOVEL METHODOLOGY PROPOSED
FOR SOLVING IT

Increasingly, the design of engineered systems that either involve complex interacting pro-
cesses or new composite materials, must rely on computational models that resolve the under-
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lying physics with great detail. The computational burden associated with such a design, in
particular in the presence of model uncertainty or parametric uncertainty, quickly becomes pro-
hibitive as it entails iterating over an already expensive function evaluation. Novel perspectives,
methodologies, and algorithms must be developed to fulfill the promise of model-assisted de-
sign for such complex systems. The probabilistic learning on manifold that is proposed in this
paper is one possible way for solving design optimization problems under uncertainties.

2.1 What is the problem that is considered?

In order to properly define the problem that is analyzed in the framework of this paper, we
first detail what we mean by the ”probabilistic learning on manifold from a dataset” and what
we mean by the ”optimization under uncertainties”.

Meaning of ”probabilistic learning on manifold from a dataset”

In the framework of this paper, ”probabilistic learning on manifold from a dataset” is related to
the novel methodology that is proposed in [1, 2]

• for identifying, from a database made up ofN samplesηℓ = (ηℓ1, . . . , η
ℓ
ν) in R

ν with ℓ =
1, . . . , N of aR

ν-valued random variableH = (H1, . . . , Hν), its non-Gaussian probability
distribution that is unknown and that is concentrated on an unknown subsetSν of R

ν .

• for generating additional samples that follow the unknown probability distribution in pre-
serving the concentration onSν and consequently, by avoiding the scattering of the gen-
erated samples.

(i) What is a dataset generated by a probability distribution that is concentrated on a subsetSν

of Rν? In Figure 1, the three figures are related to a subsetSν of R
ν with ν = 3 andN samples

ηℓ = (ηℓ1, η
ℓ
2, η

ℓ
3). In the left figure, the statistical mean line of the dataset can easily be identified

as a helical. In the central figure, the statistical mean surface of the dataset is concentrated
around a surface with a complex geometry as shown in the right figure. For instance, for such
examples, the general method proposed in this paper will allow for estimating the statistics
of the real-valued random variableH3(η1, η2) by using only dataset{ηℓ}ℓ=1,...,N . It will be
not assumed thatN ′

s ≫ 1 pointsηℓ,ℓ
′

3 are available forℓ′ = 1, . . . , N ′
s, and consequently, the

classical empirical estimation

E{H3(η
ℓ
1, η

ℓ
2)} ≃ 1

N ′

s

∑N ′

s

ℓ′=1 η
ℓ,ℓ′

3 ,

cannot be used. In addition, we want to estimate the statistics ofH3(η1, η2) at any point
(η1, η2) and not only at the points{(ηℓ1, η

ℓ
2), ℓ = 1, . . . N} of the dataset.

(ii) What is the scattering of the generated samples if a classical generator is used?Using the
nonparametric statistics for estimating the probability distribution of random vectorH with the
dataset made up ofN = 400 samples that are plotted in Figure 2 (left figure) and if a MCMC
generator is used for generating8,000 additional samples plotted in Figure 2 (right figure), then
it can be seen that a scattering of the generated samples is obtained and the concentration around
the statistical mean helical line is lost.

Meaning of ”optimization under uncertainties” in the framework of this paper

The terminology ”Optimization Under Uncertainties” (OUU) refers to as optimization algo-
rithms with underlying stochastic operators and stochastic constraints. An efficient exploration

3
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Figure 1: Data set withN = 400 for which the statistical mean line of this dataset can easily be identified as a
helical (left figure). Data set withN = 900 (central figure) for which the statistical mean surface of this dataset
has a complex geometry (right figure).
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Figure 2: Data set for which theN = 400 samples are concentrated around a statistical mean helical line (left
figure). Generation with a MCMC generator of8,000 additional samples that are scattered (right figure) and
consequently, that are not concentrated around the statistical mean helical line.

of the admissible set of the design parameters is crucial to the optimization of a problem with
expensive functions (nonconvex objective function and nonlinear constraint function). The de-
velopment of mathematical and algorithmic constructs that promote learning with successive
optimization steps continues to be a key challenge in that regard. In the framework of this
paper, ”optimization under uncertainties” is related to the novel methodology that is proposed
in [3]

• for solving a probabilistic nonconvex constrained optimization (an OUU),

• by using a dataset made up of a small number of points generated by the optimizer for
which only a small number of expensive function evaluations is carried out.

A few words about optimization under uncertainties

For solving optimization problems under uncertainties, the methods have progressed along
many directions, including gradient-based learning, adapted to convex problems [4, 5], and
global search algorithms including stochastic, genetic, and evolutionary algorithms [6, 7]. Sta-
tistical learning methods, whereby a deterministic problem is construed as the representative
from a class of stochastic problems have also been developed with the benefit of enabling statis-
tical learning [8]. The learning process is typically manifested in the form of a surrogate model
from which approximations of the expensive function can be readily evaluated [9]. The resulting
error and its repercussions on the attained optimal solution distinguish the various algorithms.

4
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The global character of the surrogate is typically achieved either through a deterministic interpo-
lation process, or a stochastic model whereby biases induced by complex dependencies between
model outputs and design parameters are captured through statistical correlations over parame-
ter space. Although Gaussian process models are most commonly used in this context [10, 11],
more robust alternatives based on Bayesian optimization [8, 12] have also proven useful. Re-
cent research in the field of uncertainty quantification [13, 14, 15, 16, 17] has underscored the
need for optimization algorithms with underlying stochastic operators and constraints. In these
situations, that we have previously referred to as OUU, the challenge is magnified since for
each design point along the optimization path, a sufficiently large statistical sample of function
outputs must be computed to evaluate the required expectations. In essence, the function output
must be characterized as a stochastic process over the set of design variables in order to facili-
tate such evaluations. For expensive function evaluations exhibiting uncertainty, computational
challenges remain currently significant enough to require simplifying assumptions in the form
of surrogate models for the stochastic function itself or approximations to relevant probabilities
[18, 19, 20].

2.2 What is the novel methodology proposed for solving the problem that is considered?

Class of the methodology, fundamental hypothesis, and objective

The methodology belongs to the class of the statistical learning methods. It allows for solving
a probabilistic nonconvex constrained optimization with a fixed number of expensive function
evaluations. It is assumed that the expensive function evaluator generates samples (the given
dataset) that randomly fluctuate around a ”manifold”. The objective is to develop an algorithm
that uses a number of expensive function evaluations at a level essentially equal to that of the
deterministic problem.

Principle of the methodology proposed

The methodology proposed [3] consists

• in using an algorithm to generate additional samples in the neighborhood of this manifold
from the joint probability distribution of the design parameters and of the random quan-
tities that defined the objective and the constraint functions. This is achieved by using
the probabilistic learning on manifold without performing additional expensive function
evaluations.

• in developing a statistical smoothing technique for estimating the mathematical expec-
tations in the computation of the objective and constraint functions at any point of the
admissible set, by using only the given dataset and the additional samples.

3 PROBABILISTIC LEARNING ON MANIFOLD

3.1 Short summary of the methodology and algorithm for a concentrated probability
distribution

In this Section, we summarize the methodology and the algorithm for generating additional
samples from a given dataset whose points are the samples of a random vector that follows an
unknown concentrated probability distribution, which allows for avoiding the scattering of the
generated samples. The details of this approach can be found in [1, 2].
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Defining the random matrix[X] and the dataset[xd] as its given sample

LetX = (X1, . . . , Xn) be aRn-valued random variable defined on a probability space(Θ, T ,P).
Let pX be the pdf ofX, which is unknown and concentrated on an unknown subsetSn of R

n.
Thedatasetis defined byN given points that are the vectorsxd,1, . . . , xd,N in R

n, which corre-
spond toN independent samples of random vectorX, and which is represented by the(n×N)
real matrix[xd] such that

[xd] = [xd,1 . . . xd,N ] ∈ Mn,N .

We define the random matrix[X] on (Θ, T ,P) with values inMn,N such that

[X] = [X1 . . .XN ] ,

in which the columns columns areN independent copiesX1, . . . ,XN of random vectorX.
Consequently, the dataset represented by matrix[xd] is a sample of[X].

Reduced normalized random matrix[H] and its sample[ηd] constructed by the principal com-
ponent analysis

Forν ≤ n, the normalized random matrix[H] = [H1, . . . ,HN ] with values inMν,N for which the
columns areN independent copies of a random vectorH = (H1, . . .Hν) defined on(Θ, T ,P)
with values inR

ν , is defined by the following equation that corresponds to a principal compo-
nent analysis,

[X] = [x] + [ϕ] [λ]1/2 [H] ,

in which [λ] is the(ν×ν) diagonal matrix of theν positive eigenvalues of the empirical estimate
[cov] ∈ Mn of the covariance matrix ofX (computed with the dataset), where[ϕ] is the(n× ν)
matrix of the associated eigenvectors such[ϕ]T [ϕ] = [Iν ], and where[x] is the matrix inMn,N

with identical columns, each equal to the empirical estimatex ∈ R
n of the mean value of

random vectorX (computed with the dataset). The sample

[ηd] = [ηd,1 . . .ηd,N ] ∈ Mν,N

of [H] (associated with the sample[xd] of [X]) is computed by

[ηd] = [λ]−1/2[ϕ]T ([xd]− [x]) .

The empirical estimates of the mean value and of the covariance matrix of random vectorH are
therefore0ν and[Iν ].

Methodology of the mathematical formulation

The methodology of the proposed mathematical formulation that is detailed in [1] can be sum-
marized by the five following steps.

Step 1. A multidimensional kernel-density estimation [21] of the pdf[η] 7→ p[H]([η]) of random
matrix [H] is constructed by using the normalized dataset represented by matrix[ηd].

Step 2. A Markov chain Monte Carlo (MCMC) generator for random matrix[H] is constructed
by using [22], which belongs to the class of Hamiltonian Monte Carlo methods [22, 23, 24]. The
samples are obtained by solving an Itô stochastic differential equation (ISDE) corresponding to
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a stochastic nonlinear dissipative Hamiltonian dynamical system, for whichpH(η) dη is the
unique invariant measure.

Step 3. A diffusion-map approach [25] is used to discover and to characterize the local geometry
structure of the normalized dataset concentrated in the neighborhood of the unknown subsetSν

of R
ν . The method consists in introducing the transition matrix[P] in MN such that

[P] = [b]−1 [K] , [b]ij = δij

N
∑

j′=1

[K]ij′ , [K]ij′ = exp(−
1

4ε
‖ηd,i − ηd,j′‖2) ,

in which ε > 0 is a real smoothing parameter. Letψ1, . . . ,ψm be the right eigenvectors as-
sociated with them positive eigenvalues1 = Λ1 > . . . ≥ Λm of the eigenvalue problem
[P]ψα = Λαψ

α. The eigenvectors are normalized such that[ψ]T [b] [ψ] = [Im]. A reduced
order diffusion-maps basis ofRN , of orderm < N , is defined by

[g] = [g1 . . .gm] ∈ MN,m .

in which g1, . . . , gm are the vectors inRν that are associated with the firstm eigenvalues of
transition matrix[P] relative to the local geometric structure of the given normalized dataset,
and that are written as

gα = Λζ
αψ

α ∈ R
N , α = 1, . . . , m ,

in which ζ is a given positive integer. Form = N , {g1, . . . , gN} is an algebraic basis ofRN .

Step 4. The following reduced-order representation of random matrixH,

[H] = [Z] [g]T ,

is constructed on the manifold in which[Z] is a random matrix with values inMν,m. The value of
m is chosen as explained in [1]. Asm < N , this equation defines a statistical reduction of ran-
dom matrix[H] with respect to data dimensionN , which allows for keeping the concentration
in Sν ⊂ R

ν and consequently, for avoiding the scattering of the generated samples.

Step 5. A reduced-order ISDE is constructed for generating additional samples concentrated in
subsetSν without scattering of the generated samples. This MCMC generator on the manifold
is obtained by projecting the ISDE introduced in Step 2 onto the diffusion manifold by using the
reduced-order diffusion-maps basis represented by matrix[g]T . The constructed reduced-order
ISDE is then used for generatingnMC additional samples,

[z1ar], . . . , [z
nMC
ar ] ∈ Mν,m

of random matrix[Z], and therefore, for deducing thenMC additional samples

[η1ar], . . . , [η
nMC
ar ] ∈ Mν,N

of random matrix[H], such that[ηℓar] = [zℓar] [g]
T for ℓ = 1, . . . , nMC. Let {([Z(r)], [Y(r)]),

r ∈ R
+} be the unique asymptotic (forr → +∞) stationary and ergodic diffusion stochastic

process with values inMν,m × Mν,m, of the following reduced-order ISDE (stochastic nonlinear
second-order dissipative Hamiltonian dynamical system [26, 22]), forr > 0,

d[Z(r)] = [Y(r)] dr , (1)

d[Y(r)] = [L([Z(r)])] dr −
1

2
f0 [Y(r)] dr +

√

f0 [dW(r)] ,

with appropriate initial conditions forr = 0, and where

7
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• [L([Z(r)])] = [L([Z(r)] [g]T )] [a] in which [η] 7→ [L(η)] is a nonlinear function from
Mν,N into Mν,N , which is expressed as a function of pdfp[H],

• [dW(r)] = [dW(r)] [a] where[dW(r)] is the normalized Wiener process with values in
Mν,N ,

• the matrix[a] belongs toMN,m and is such that[a] = [g] ([g]T [g])−1,

• the free parameterf0 > 0 allows the dissipation term of the nonlinear second-order dy-
namical system (dissipative Hamiltonian system) to be controlled in order to kill the tran-
sient part induced by the initial conditions.

We then have

[Z] = lim
r→+∞

[Z(r)] in probability distribution,,

which allows for generating the additional samples,[z1ar], . . . , [z
nMC
ar ].

Remark on the methodology proposed

The stochastic germ of the reduced-order ISDE that is used for generating the samples of[Z],
lives on the ”manifold” that is identified by the diffusion maps, that is to say, lives on a subset
of the setMν,m, which has a small dimension becausem ≪ N . The samples of[Z] are directly
generated by the reduced-order ISDE on the ”manifold”, which is the subset ofMν,m with a
small dimension.

3.2 Numerical illustration

As the numerical illustration, we present the simple one introduced in Section 2 for which
n = ν = 3 with N = 400 given points in the dataset. Another one, corresponding to a
petro-physics data base of experiments for whichn = 35, ν = 32, andN = 13, 056 given
points in the dataset, can be found in [1]. Figure 3 displays the dataset that is made up of
400 given points{ηℓ}ℓ concentrated around a statistical mean helical line (left figure), and the
eigenvaluesΛαα=1,...,20. The convergence analysis leads us a reduction orderm = 4. Figure 4
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Figure 3: Dataset of 400 given pointsηℓ concentrated around a statistical mean helical line (left figure). Eigenval-
ues inlog10-scale of the transition matrix[P] (right figure).

(left) shows the400 given points of the dataset and the8, 000 additional realizations generated
by using the reduced-order ISDE withm = 4. It can be seen that the concentration of the
additional samples is kept. Figure 4 (right) displays8, 000 additional realizations generated
by the MCMC generator without using the reduced diffusion-maps basis. In such a case the
samples are scattered and the concentration is lost.
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Figure 4: Left figure:400 given points of the dataset (blue symbols) and the8, 000 additional realizations (red
symbols) generated by using the reduced-order ISDE withm = 4. Right figure: 8, 000 additional realizations
generated by the MCMC generator without using the reduced diffusion-maps basis.

4 PROBABILISTIC NONCONVEX CONSTRAINED OPTIMIZATION TO BE SOLVED
WITH FIXED NUMBER OF FUNCTION EVALUATIONS

4.1 Definition of a probabilistic nonconvex constrained optimization problem

Algebraic form of the optimization problem

Let w ∈ Cw ⊂ R
mw be the admissible set of the vector of the design parameters. The noncon-

vex objective function is defined by the functionw 7→ f(w) from Cw into R. The nonlinear
constraints are represented by the functionw 7→ c(w) from Cw into R

mc . The Probabilistic
Nonconvex Optimization Problem with nonlinear constraints (PNOP) is written as

wopt = arg min
w∈Cw , c(w)<0

f(w) .

Probabilistic aspects of the optimization problem

The objective function and the constraint function are assumed to be written as

f(w) = E{Q(w)} , c(w) = E{B(w)} .

The stochastic process{Q(w),w ∈ Cw} and{B(w) = (B1(w), . . . ,Bmc
(w)),w ∈ Cw} are

defined on a probability space(Θ, T ,P), are indexed byCw, are with values inR and R
mc

respectively, are statistically dependent, are second-order stochastic processes. Consequently,
for all w fixed inCw, the real-valued random variableQ(w) : θ 7→ Q(w; θ) and theRmc-valued
random variableB(w) : θ 7→ B(w; θ) are such that

E{Q(w)2} =

∫

Θ

Q(w; θ)2 dP(θ) < +∞ ,

E{‖B(w)‖2} =

∫

Θ

‖B(w; θ)‖2 dP(θ) < +∞ .

4.2 Framework and objective

Framework

Forw given inCw, f(w) andc(w) are calculated by using the Stochastic Computational Model
(SCM) in which a probabilistic model of uncertainties is implemented. It is assumed that the
PNOP defined before has a unique solutionwopt in Cw.

9
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Objective

The objective is the development of a formulation that permits to solve the PNOP by using
a small number of numerical evaluations off(w) andc(w) in order to limit the calls to the
expensive SCM.

4.3 Methodology

Ingredients

The first ingredient is the probabilistic learning on manifold that has been presented in Section 3,
which allows for generating additional samples concentrated on the manifold that has been
identified by using the dataset [1, 2], without performing additional function evaluations by the
use of the SCM. The second ingredient is a smoothing technique that allows for estimating the
mathematical expectations in the computation off(w0) andc(w0) at any pointw0 in Cw, by
using only the given dataset and the additional samples [3].

What would be the consequences of the use of the classical procedure?

Let us assume that the PNOP requiresN evaluationsf(wℓ) andc(wℓ) at pointswℓ for ℓ =
1, . . . , N . For a givenwℓ, the use of the classical estimation would lead us to compute the
samplesQ(wℓ; θℓ′) andB(wℓ; θℓ′) for ℓ′ = 1, . . . , N ′

s with the SCM. ForN ′
s sufficiently large,

the following empirical estimations would be performed,

f(wℓ) ≃
1

N ′
s

N ′

s
∑

ℓ′=1

Q(wℓ; θℓ′) , c(wℓ) ≃
1

N ′
s

N ′

s
∑

ℓ′=1

B(wℓ; θℓ′) .

With such a classical approach, the SCM would be calledN ′
s× N times, which would be

prohibitive for expensive function calls.

Method proposed for avoidingN ′
s×N evaluations with the SCM and based on the use of only

N evaluations

Step 1: Construction of the dataset by using only a fixed numberN of evaluations. For ℓ =
1, . . . , N (with N fixed), let wℓ be theN values ofw, which correspond either to a training
procedure applied tow or are some values ofw generated by an optimizer as it explores the
admissible domain. Letqℓ = Q(wℓ, θℓ) andbℓ = B(wℓ, θℓ) be theN corresponding samples
that are computed by using the SCM (therefore, there are onlyN evaluations). The dataset is
made up of theN data pointsx1, . . . , xN in R

n such that,

xℓ = (wℓ, qℓ, bℓ) , ℓ = 1, . . . , N ,

with n = mw + 1 +mc.

Step 2: Construction of the diffusion-maps basis and generating additional samples with the
reduced ISDE. We introduce the random variableX = (W, Q,B) with values inR

n such that
xℓ = (wℓ, qℓ, bℓ) areN independent samples. The diffusion-maps basis is constructed by using
{xℓ}ℓ=1,...,N . We can then generateνsim ≫ N additional samples such that,

xℓ
ar = (wℓ

ar, q
ℓ
ar, b

ℓ
ar) , ℓ = 1, . . . , νsim ,

without performing additional function evaluations.
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Step 3: Introduction of a smoothing technique by using a nonparametric statistical estimation
and solving the PNOP. A smoothing technique has been developed and is written as

f(w0) ≃ E{Q |W = w0} , c(w0) ≃ E{B |W = w0} ,

in which the conditional mathematical expectations are estimated by using the kernel density
estimation method with the additional samples{xℓ

ar = (wℓ
ar, q

ℓ
ar, b

ℓ
ar)}ℓ=1,...,νsim. It should be noted

that an explicit numerical formula exists forf(w0) and forc(w0) for any value of dimensions
mw andmc. The probabilistic nonconvex optimization problem with nonlinear constraints is
therefore solved,

wopt = arg min
w0 ∈Cw , c(w0)< 0

f(w0) .

4.4 Numerical illustration

Description

The design parameterw = (w1, w2) is with values inR2 (mw = 2). The nonconvex objective
functionw 7→ f(w) = E{Q(w)} with values inR is defined on a subsetCw = [0 , 1.1]× [0 , 1.1]
of R

2. The constraint function is an affine functionw 7→ c(w) = E{B(w)} defined onCw with
values inR4 (mc = 4). Consequently, we haven = mw + 1 +mc = 7.

Solution of reference

The solution of reference is computed by using the classical procedure with a Cartesian grid
of 3,600 points uniformly distributed inCw and for whichN ′

s = 10,000 samples. The optimal
solution iswopt

r,1 = 0.74,wopt
r,2 = 0.49, f(wopt

r ) = −0.123 for which the4 constraints are active. In
Fig. 6, the six figures show the reference solution. Figure 5-(a) displays the graph of objective
function w 7→ f(w) while Figure 5-(b) corresponds to its contour plot in which the white
lozenge marks the location of the optimal solution. Figures 5-(c) to 5-(f) correspond to the
graphs of the four components of constraint functionw 7→ c(w).
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Figure 5: Reference solution: Graph ofw 7→ f(w) (up left figure), contour plot ofw 7→ f(w) (b-figure), graphs
of w 7→ c1(w) (c-figure),c2(w) (d-figure),c3(w) (e-figure), andc4(w) (f-figure). In b-figure, the white lozenge
marks the location of the optimal solution.

11



C. Soize and R. Ghanem

Dataset generated by the optimizer

The number of numerical evaluations of the objective functionf and of the constraint function
c by using the SCM isN = 900. We thus have computedxℓ = (wℓ, qℓ, bℓ) for ℓ = 1, . . . , N
with qℓ = Q(wℓ; θℓ) andbℓ = B(wℓ; θℓ). Figure 6 (left) shows theN = 900 given/computed
data pointsqℓ = Q(wℓ; θℓ) generated by the optimizer for estimating the objective function.
Figure 6 (right) gives a view of the statistical fluctuations of these900 given/computed data
points around the surface corresponding to the objective function,w 7→ f(w) = E{Q(w)}.
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Figure 6: Left figure:N = 900 given/computed data pointsqℓ = Q(wℓ; θℓ) generated by the optimizer for
estimating the objective function. Right figure: View of the statistical fluctuations of these900 given/computed
data points around the surface corresponding to the objective function,w 7→ f(w) = E{Q(w)}.

Solution given by the proposed probabilistic learning and data smoothing

The same grid of3,600 points is used for the computation. Figure 7 displays the contour plot
of the graph of objective functionw 7→ f(w) constructed with theN = 900 given/computed
data points (Figure 7-(left)), withνsim = 9,000 additional samples (Figure 7-(central)), and
with νsim = 90,000 additional samples (Figure 7-(right)). In these figures, the white lozenge
marks the location of the reference solution while the white circle marks the location of the
optimal solution computed withN = 900 given/computed data points,νsim = 9,000 addi-
tional samples, andνsim = 90,000 additional samples. Forνsim = 9,000 additional samples
{xℓ

ar = (wℓ
ar, q

ℓ
ar, b

ℓ
ar)}ℓ=1,...,νsim (Figure 7-(central)), we obtain a good approximationwopt

1 = 0.70,
wopt

2 = 0.49, f(wopt) = −0.112 of the reference solution, which is confirmed forνsim = 90,000.
It should be noted that the image of the contour plot of the objective function is really well
represented forνsim = 9,000 and forνsim = 90,000 when comparing these two figures to Fig-
ure 5-(b).

(a)   f(w) estimated with 900 data points
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(c)   f(w) estimated with 9000 additional samples
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(d)   f(w) estimated with 90 000 additional samples
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Figure 7: Contour plot of the objective function computed withN = 900 given/computed data points (left figure),
with νsim = 9,000 additional samples (central figure), and withνsim = 90,000 additional samples (right figure).
The white lozenge marks the location of the reference solution while the white circle marks the location of the
optimal solution computed in each case.
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5 CONCLUSIONS

A novel methodology has been presented for generating samples of anR
n-valued random

vector from a dataset of lengthN , for which the probability distribution is unknown and is con-
centrated on an unknown subsetSn of Rn. The method is robust and efficient for high dimension
n and for a big dataset of lengthN . A new perspective on optimization under uncertainty is
given for a nonconvex objective function with a nonlinear constraints function that are viewed
as the average of data concentrated around a manifold. For such a case, standard procedures
typically require a very large number of function evaluations at each design point. With the
method proposed, only a limited number of expensive function evaluations is used.
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Abstract. Vibration measurements are utilized in many applications, e.g. structural health
monitoring, vibration control, fatigue assessment, system identification, and model updating.
Requirements for data accuracy are often high, which can be obtained by using high-quality
sensors. However, wireless sensor networks often consist of a large number of low-cost sen-
sor nodes, the accuracy of which may not fulfill the strict requirements of the applications.

The possibility to replace high-quality vibration sensors with a larger number of low-cost
sensors is studied. In order to achieve the required accuracy with low-cost sensors, empirical
virtual sensing is introduced, which uses hardware redundancy for estimation. In empirical
virtual sensing, the signal of a single sensor can be estimated from the data acquired by the
whole sensor network. A Bayesian virtual sensor is derived, resulting in a posterior mean that
is more accurate than the actual measurement provided the sensor noise is known. Also opti-
mal sensor placement is studied to minimize the number of sensors.

Numerical simulations are performed for a structure subject to unknown random excitation.
Noisy response is measured and the accuracy of virtual sensors is evaluated. Given the origi-
nal reference sensor network with a small number of high-quality sensors, it is possible to de-
termine the number of low-cost sensors needed to achieve the same accuracy. From this
result, the cost-effectiveness can be assessed.

16



Jyrki Kullaa

1 INTRODUCTION
Vibration measurements used in many applications, such as structural health monitoring,

system identification, model updating, and vibration control, often require a sensor network
with simultaneous sampling in order to capture the mode shape information at several loca-
tions of the structure. Traditionally, expensive high-quality accelerometers are used to acquire
measurements with a high signal-to-noise ratio (SNR). A typical value of SNR in a measure-
ment system is 30 dB. Excitation is often unknown, and response is only measured. Measured
variables are usually accelerations, strains, displacements, or velocities.

With new technologies in intelligent structures and systems, digitalization, Internet of
Things (IoT), MEMS sensors, and wireless sensor networks, an increasing number of sensors
can be installed anywhere. Deployment of sensors is easy, because no cables are used, and the
configuration of the sensor network is automatic. The sensor nodes have to be low-cost due to
their large number in a single application. Therefore, the quality of the sensors may need to be
compromised, which can result in a higher measurement error than with traditional high-
quality sensors.

In the linear vibration theory, the structural response can be assumed to consist of the sum
of modal contributions, in which only a few natural modes are active. With this assumption, a
finite number of sensors is sufficient to make the sensor network redundant. The redundancy
can be utilized to decrease the measurement error using virtual sensing techniques.

Virtual sensing (VS) can be either model-based (analytical) or data-driven (empirical) [1].
In analytical virtual sensing, in addition to measurement data, a finite element model is need-
ed to estimate the unmeasured degrees of freedom. For example, full-field dynamic
stress/strain field can be estimated using a limited number of sensors [2, 3].

Empirical virtual sensing is based on data from a redundant sensor network. It can be used,
for example, to replace a temporarily installed or failed sensor [4]. Empirical virtual sensing
has also been used for damage or sensor fault detection in structural health monitoring [5].
Also, combined empirical and analytical VS has been introduced for more accurate full-field
response estimation than what can be obtained with analytical VS alone [6, 7].

In this study, empirical virtual sensing is applied to a large sensor network with low-cost
sensors. The objective is to design a sensor network resulting in the same accuracy as a small
number of high-quality sensors at the reference locations. It would then be possible to replace
the original sensor network with a higher number of low-cost sensors.  The quality of data is
preserved and the decision between the two systems can be made with other criteria, e.g.
hardware, installation, or maintenance costs.

The accuracy of the virtual sensors depends on the sensor locations. In order to minimize
the required number of sensors, the sensors must be placed in optimal positions. Some review
papers and comparisons of different optimal sensor placement (OSP) algorithms exist [8–11].
They present the most commonly applied algorithms and criteria.  The sensor placement is  a
discrete optimization problem, for which genetic algorithms have been proposed [12–14]. Al-
ternatively, a computationally efficient and widely used algorithm is to start with a large set of
candidate sensor locations and removing one sensor in each round based on the selected crite-
rion until the selected number of sensors remains. This backward sequential sensor placement
(BSSP) algorithm has been used in many studies [15–17]. Another iterative method is to start
with a small number of sensors and add one sensor in each round to the sensor network until
the required criterion is fulfilled. The algorithm is called forward sequential sensor placement
(FSSP) algorithm [13, 17, 18].

Iterative OSP algorithms are studied in this paper. First, a reference sensor configuration is
designed using a widely used EFI method [15]. Three different OSP algorithms are studied
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for  virtual  sensing.  The  cost  function  in  the  optimization  is  the  error  in  the  virtual  sensors,
which must be minimized under constrains concerning the number of sensors, types of sen-
sors, possible locations of the sensors, etc. Bayesian analysis is applied to assess the estima-
tion error. The sensor network must include the reference degrees of freedom (DOFs). The
result is an optimal sensor network with a minimum number of sensors for the required accu-
racy.

It is assumed that measurements or simulations are available at all possible sensor loca-
tions and that measurement errors are Gaussian and known. The required input parameters
include: (1) the candidate DOFs for sensors; (2) the virtual sensor DOFs (reference sensor
network); (3) sensor noise information; (4) the criterion (cost function) for sensor network
assessment; and (5) the stopping criterion, for example the desired accuracy or the number of
sensors.

The paper is organized as follows. Empirical virtual sensing using Bayesian estimation is
derived in Section 2. Optimal sensor placement for virtual sensing is discussed in Section 3.
In Section 4, the method is validated by numerical simulations of ambient vibration measure-
ments. Two types of physical and virtual sensors are studied. Concluding remarks are given in
Section 5.

2 EMPIRICAL BAYESIAN VIRTUAL SENSING
Virtual sensing (VS), or soft sensing, is used to provide an alternative to physical meas-

urement instrument. The quantity of interest is estimated using the available measurements
and the system model. Virtual sensing can be classified into empirical and analytical tech-
niques. Empirical VS is only studied in this paper.

Empirical virtual sensing is based on available current or historical measurements. Consid-
er a sensor network measuring p simultaneously sampled variables y = y(t) at time instant t.
Each measurement y includes measurement error w = w(t):

wxy += m (1)

where xm = xm(t) are the exact values of the measured (m) degrees of freedom. All vectors are
divided into predicted DOFs u and the remaining DOFs v:
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For simplicity but without loss of generality, assume zero-mean variables y. The parti-
tioned data covariance matrix Sy is
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where the precision matrix Gy is defined as the inverse of the covariance matrix Sy and is also
written in partitioned form. E(×) denotes the expectation operator.

A linear minimum mean square error (MMSE) estimate for vu yy |  (yu given yv) is obtained
by minimizing the mean-square error (MSE) and can be computed either using the covariance
or precision matrix [5, 19]. The expected value, or the conditional mean, of the predicted vari-
able is:

vuvyuuyvuu E yΓΓyyy ,
1
,)|(ˆ --== (4)
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The error covariance MSE is
1
,)|cov( -= uuyvu Γyy (5)

Although Equation 4 may give an accurate estimate, an even better estimate for xm,u can be
derived using Bayes’ rule:
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The three terms in Equation 6, the likelihood function, the prior distribution, and the evi-
dence, are derived in the following. Measurement error w is assumed to be zero mean Gaussi-
an, independent of xm, with a (known) covariance matrix
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The likelihood in (6) is, according to (1) and (7):

),()|(),|( ,,,, uuwumumuvumu Npp Σxxyyxy == (8)

Using Equation 1 and the assumed noise model, the conditional means of y and xm are
equal:

)|()|( , vuvum EE yyyx = (9)

Using Equations 1 and 7, the MMSE error covariance contains both the estimation error
and noise:

uuwvumvu ,, )|cov()|cov( Σyxyy += (10)

The prior distribution is derived using (9) and (4):

),()|( prior,, uvvum Np ΣKyyx = (11)

where uvyuuy ,
1
, ΓΓK --= , and the prior covariance is obtained from (5) and (10):

uuwuuyvumu ,
1
,,prior, )|cov( ΣΓyxΣ -== - (12)

The denominator )|( vup yy  in (6) is the normalizing factor, which does not depend on xm,u.
It is Gaussian with mean (4) and covariance (5), and could be easily evaluated. However, it is
not necessary, because it is merely a scaling factor.

The posterior distribution (6) is derived by some manipulation, resulting also in a Gaussian
distribution:
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where c1 and c2 are constants and the posterior covariance upost,Σ  is
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1-1
prior,

-1
,post, )()|cov( -+== uw,uuumu ΣΣyxΣ (14)

and the posterior mean is

)()|(ˆ -1
prior,

-1
,post,,, vuuuuwuumum E KyΣyΣΣyxx +== (15)

Notice that the posterior mean (15) is a weighted sum of the noisy measurement yu and the
MMSE estimate vKy .

Equation 15 can also be written in the following matrix form.
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ua  is
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Generally, the predicted DOFs u may include several variables. In the sequel, u is one-
dimensional including one sensor only. For each sensor u, a corresponding vector T

ua  is com-
puted. All these vectors can be assembled in a coefficient matrix A to compute all estimates
simultaneously:

Ayx =mˆ (18)

where each row u of matrix A represents the corresponding sensor. The rows corresponding to
the reference sensor DOFs are only needed in this study.

3 OPTIMAL SENSOR PLACEMENT
In order to achieve the required accuracy of virtual sensors with a minimum number of

physical sensors, the sensor locations must be optimized. The starting point is the reference
sensor network with a small  number of high-quality sensors.  The objective is  to replace this
network with low-cost sensors using empirical virtual sensing.

Three algorithms are studied for optimal sensor placement: effective independence (EFI),
backward sequential sensor placement (BSSP), and forward sequential sensor placement
(FSSP).

EFI  is  a  widely  used  algorithm,  because  no  measurement  data  are  needed  but  the  mode
shapes only.  It  has also shown to result  in good results in many applications.  However,  it  is
not directly related to the accuracy of Bayesian virtual sensors. The effective independence
vector is defined as (using a slightly modified expression from [16]):

[ ]WΦWΦΦΦ T
mm

T
mmDE 1)(diag -= (19)

where mΦ  is the truncated modal matrix including the selected modes and the candidate
measurement DOFs only. W is a weighting matrix defined as the inverse of the noise covari-
ance matrix wΣ . The values of ED represent the contributions of the corresponding sensor lo-
cations to the linear independence of the mode shape vectors in mΦ . The sensor
corresponding to the smallest value of ED is removed and the ED coefficients are then updated
using the reduced modal matrix. The process is repeated iteratively until the number of sen-
sors equals the required value.
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The BSSP algorithm is iterative like EFI and it also starts with a large initial sensor net-
work  including  all  candidate  DOFs.  A single  sensor  is  removed and  the  posterior  variances
are computed for the virtual sensors at the reference locations. The cost function is evaluated
for the reduced sensor network. The cost function is evaluated for different sensor networks of
the  same number  of  sensors  by  removing  each  sensor  in  turn.  Finally,  the  minimum cost  is
found, and the corresponding reduced sensor network is selected. The process is repeated until
the required minimum accuracy is reached. Contrary to EFI, measurement data are needed but
no mode shape information. The evaluated cost function is directly related to the accuracy of
the virtual sensors. However, the optimal sensor placement may vary with different data sets,
because the accuracy depends on the data covariance matrix yΣ  (3) that is estimated inde-
pendently for each data set.

The FSSP algorithm is also iterative, starting with a small initial sensor network including
only the reference DOFs. A single sensor is added and the posterior variances are computed
for all virtual sensors at the reference locations. The cost function is evaluated for the expand-
ed sensor network. The cost function is evaluated for different sensor networks of the same
number of sensors by adding one sensor in turn. Finally, the minimum cost is found, and the
corresponding expanded sensor network is selected. The process is repeated until the required
accuracy is reached. The FSSP algorithm is a potential alternative, because in the present ap-
plication  an  initial  small  reference  sensor  network  is  available,  and  the  algorithm  does  not
need to start from the scratch. In addition, FSSP can result in a dramatic reduction in the re-
quired computational effort [18].

The cost function used in this study is the error of the worst virtual sensor after removing
(EFI, BSSP) or adding (FSSP) one sensor. Increasing the accuracy of the worst virtual sensor
would finally result in the required accuracy of all virtual sensors.

4 NUMERICAL SIMULATIONS

4.1 Model and reference sensor network
An experiment was performed with a numerical  model of a steel  frame (Figure 1) with a

height of 4.0 m and a width of 3.0 m. Both columns were fixed at the bottom. The frame was
also supported with a horizontal spring at an elevation of 2.75 m with a spring constant of 2.0
MN/m. The frame was modelled with simple beam elements with hollow square cross section
of 100 mm ´ 100 mm ´ 5 mm. The FE model consisted of 176 beam elements 62.5 mm in
length and a single spring element.

Horizontal random loading was applied to the right column at nodes 113, 129, and 145,
corresponding to elevations of 4 m, 3 m, and 2 m, respectively (Figure 1). The loads were mu-
tually independent having standard deviations of 9 kN, 7 kN, and 5 kN, respectively. All load
signals were low-pass filtered below 50 Hz.

Seven first modes were used in the simulation together with a static correction procedure
[20]. Modal damping was assumed with a damping ratio of 0.01 for modes 1–2, 0.015 for
mode 3, and 0.02 for modes 4–7.

The reference sensor network with a minimum number (7) of sensors was designed using
the EFI method. The results are shown in Figure 1 both for acceleration and strain measure-
ments. The same positions were also included in the new sensor network for virtual sensing.

Forced vibration was simulated and the response of all DOFs was recorded. One set of data
was generated for accelerations and another for strains. Gaussian random noise was added to
each sensor.  The noise level was equal in all  sensors and it  was computed as follows. In the
low-cost sensors, the average SNR was 21 dB in the network consisting of the reference
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DOFs only. For acceleration measurements (case 1), it resulted in noise standard deviation of
9.47 m/s2. For strain measurements (case 2), the noise standard deviation was 18.2×10–6. The
same data were used with all OSP algorithms.

Define the reference sensors and reference DOFs as the sensor network with high-quality
sensors at the locations shown in Figure 1. Define the virtual sensors as the Bayesian esti-
mates at the reference DOFs. Notice that the other locations for virtual sensing were ignored
in this study.

The objective was to decrease noise in the virtual sensors by adding more sensors to the
network. Three different accuracy requirements were studied: an increase of the average SNR
by 3 dB, 6 dB, and 9 dB, which corresponded to average SNRs in the virtual sensors of 24 dB,
27 dB, and 30 dB, respectively. In acceleration measurements, they corresponded to the noise
standard deviations of 6.71 m/s2, 4.75 m/s2, and 3.36 m/s2, respectively. In strain measure-
ments, the corresponding standard deviations of the noise were 12.9×10–6, 9.10×10–6, and
6.44×10–6. These absolute standard deviations of the noise were used as the criteria for each
sensor. Therefore, the resulted average SNRs probably exceeded the aforementioned values.

Figure 1: Finite element model of the frame structure with loads and reference sensor networks. The horizontal
black line is the spring element. Left: accelerometers. Right: strain sensors.

4.2 Virtual accelerometers
In the first case, low-cost accelerometers were installed on the structure and the reference

DOFs were  estimated  using  empirical  Bayesian  VS.  The  average  SNR of  the  sensors  in  the
reference positions was 21 dB, and the objective was to study, how many sensors would be
needed to increase the value of the virtual sensors to 24 dB, 27 dB, or 30 dB.

Three OSP algorithms were studied. First, the EFI method resulted in an increasing cost
function with a decreasing number of sensors, as shown in Figure 2 left. Standard deviations
of the estimation errors in the virtual sensors are shown in Figure 2 right for different number
of sensors corresponding to the three required accuracy levels (the horizontal lines in the fig-
ure). The corresponding values of the cost function are shown with red circles in the left plot.

Starting from the top, the horizontal lines in Figure 2 right represent the physical sensors
and the three criteria: average SNRs of 21 dB, 24 dB, 27 dB, and 30 dB, or equivalently,
changes of the average SNR by 0 dB, +3 dB, +6 dB, and +9 dB of the virtual sensors com-
pared to the physical measurements.
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It can be seen that 12, 28, and 51 sensors were needed for an increase of the average SNR
by 3 dB, 6 dB, and 9 dB, respectively. The sensor networks corresponding to those require-
ments are shown in Figure 3. It can be seen that all sensors had a tendency to be located at the
reference locations. It should be noted that the same DOF was not allowed for multiple sen-
sors.
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Figure 2: Optimal sensor placement using the EFI method. Left: Cost function with different number of sensors.
Right: Standard deviations of the estimation errors in the virtual sensors with different number of sensors. The
horizontal lines represent changes of the average SNR of the virtual sensors by 0 dB, +3 dB, +6 dB, and +9 dB

compared to the physical measurements.

Figure 3: Optimal sensor placement using the EFI method. Sensor networks with 12, 28, and 51 accelerometers
corresponding to increases of the average SNR of the virtual sensors by 3 dB, 6 dB, and 9 dB compared to the

physical measurements.

In  the  BSSP  algorithm,  one  sensor  was  removed  in  each  round  by  minimizing  the  cost
function, resulting in an increasing cost function with a decreasing number of sensors shown
in Figure 4 left.

Standard  deviations  of  the  estimation  errors  in  the  virtual  sensors  are  shown  in  Figure  4
right  for  different  sensor  networks  fulfilling  the  given  criteria.  The  corresponding  values  of
the cost function are shown with red circles in the left plot. It can be seen that 10, 19, and 37
sensors were needed for an increase of the average SNR by 3 dB, 6 dB, and 9 dB, respectively.
The sensor networks corresponding to those requirements are shown in Figure 5.
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It can be seen that the sensors were more widely spread from the reference locations than
when using the EFI method. Also, the same accuracy could be obtained with a smaller num-
ber of sensors than with the EFI method.
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Figure 4: Optimal sensor placement using the BSSP algorithm. Left: Cost function with different number of sen-
sors. Right: Standard deviations of the estimation errors in the virtual sensors with different number of sensors.
The horizontal lines represent changes of the average SNR of the virtual sensors by 0 dB, +3 dB, +6 dB, and +9

dB compared to the physical measurements.

Figure 5: Optimal sensor placement using the BSSP algorithm. Sensor networks with 10, 19, and 37 accelerome-
ters corresponding to increases of the average SNR of the virtual sensors by 3 dB, 6 dB, and 9 dB compared to

the physical measurements.

In the FSSP algorithm, starting with the DOFs of the reference sensor network, one sensor
was added in each round by minimizing the cost function, resulting in a decreasing cost func-
tion with an increasing number of sensors shown in Figure 6 left. The errors of all virtual sen-
sors  were  evaluated  and  plotted  in  Figure  6  right  for  different  number  of  sensors
corresponding to the achieved criterion. The corresponding values of the cost function are
shown with red circles in the left plot.

It can be seen that 12, 24, and 52 sensors were needed for an increase of the average SNR
by 3 dB, 6 dB, and 9 dB, respectively. The sensor networks corresponding to those require-
ments are shown in Figure 7.
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It can be seen that the sensors were more widely spread from the reference locations than
when  using  the  EFI  or  BSSP  algorithms.  In  addition,  the  same  accuracy  could  be  obtained
with a similar number of sensors as with the EFI method.

As a conclusion, the BSSP algorithm resulted in the highest accuracy with the least number
of sensors. The difference between EFI and FSSP was not significant. They resulted in a simi-
lar number of sensors but placed in different positions.

Noise  reduction  of  virtual  sensor  2  in  all  algorithms was  higher  than  what  was  required.
Therefore, the resulted average SNRs of the virtual sensors were higher than the reported val-
ues.
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Figure 6: Optimal sensor placement using the FSSP algorithm. Left: Cost function with different number of sen-
sors. Right: Standard deviations of the estimation errors in the virtual sensors with different number of sensors.
The horizontal lines represent changes of the average SNR of the virtual sensors by 0 dB, +3 dB, +6 dB, and +9

dB compared to the physical measurements.

Figure 7: Optimal sensor placement using FSSP. Sensor networks with 12, 24, and 52 accelerometers corre-
sponding to increases of the average SNR of the virtual sensors by 3 dB, 6 dB, and 9 dB compared to the physi-

cal measurements.

4.3 Virtual strain sensors
In the second case, the accuracy of virtual strain sensors at the reference DOFs was in-

creased by adding more strain sensors in the network. The average SNR of the sensors in the
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reference positions was 21 dB. The reference positions are shown in Figure 1 right. These
DOFs were also included in the new sensor networks. The cost function was evaluated only at
these reference locations.

First, the EFI method resulted in an increasing cost function with a decreasing number of
sensors,  as shown in Figure 8 left.  Standard deviations of the estimation errors in the virtual
sensors are shown in Figure 8 right for different number of sensors corresponding to the three
required accuracy levels (the horizontal lines in the figure). Starting from the top, they repre-
sent the average SNRs of 21 dB, 24 dB, 27 dB, and 30 dB, or equivalently, an increase of the
average SNR of 0 dB, +3 dB, +6 dB, and +9 dB compared to the physical measurements. The
values of the cost function corresponding to the optimized sensor networks are shown with
red circles in the left plot.

It can be seen that 13, 49, and 144 sensors were needed for an increase of the average SNR
by 3 dB, 6 dB, and 9 dB, respectively. The sensor networks corresponding to those require-
ments are shown in Figure 9. It can be seen that the sensors were located in clusters. The same
DOF was not allowed for multiple sensors. A very large number of sensors was needed for an
increase of 9 dB. Sensors 1 and 7 seemed to be critical for the required accuracy (Figure 8
right).
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Figure 8: Optimal sensor placement using EFI. Left: Cost function with different number of sensors. Right:
Standard deviations of the estimation errors in the virtual sensors with different number of sensors. The horizon-

tal lines represent changes of the average SNR of the virtual sensors by 0 dB, +3 dB, +6 dB, and +9 dB com-
pared to the physical measurements.
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Figure 9: Optimal sensor placement using EFI. Sensor networks with 13, 49, and 144 strain sensors correspond-
ing to increases of the average SNR of the virtual sensors by 3 dB, 6 dB, and 9 dB compared to the physical

measurements.

The  BSSP  algorithm  was  started  with  all  candidate  sensor  positions,  and  by  removing  a
single sensor in each round resulted in increasing values of the cost function shown in Figure
10 left. Standard deviations of the estimation errors of all virtual sensors at the reference loca-
tions were computed and plotted in Figure 10 right for different sensor networks satisfying the
given criteria. The corresponding values of the cost function are shown with red circles in the
left plot.

It can be seen that 12, 27, and 78 sensors were needed for an increase of the average SNR
by 3 dB, 6 dB, and 9 dB, respectively. The sensor networks corresponding to those require-
ments are shown in Figure 11.

It can be seen that the sensors were more widely spread from the reference locations than
when using the EFI method. Also, the same accuracy could be obtained with a smaller num-
ber of sensors than with the EFI method. However, for the same increase in accuracy, the re-
quired number of strain sensors was much larger than that of accelerometers.
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Figure 10: Optimal sensor placement using BSSP. Left: Cost function with different number of sensors. Right:
Standard deviations of the estimation errors in the virtual sensors with different number of sensors. The horizon-

tal lines represent changes of the average SNR of the virtual sensors by 0 dB, +3 dB, +6 dB, and +9 dB com-
pared to the physical measurements.
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Figure 11: Optimal sensor placement using the BSSP algorithm. Sensor networks with 12, 27, and 78 strain sen-
sors corresponding to increases of the average SNR of the virtual sensors by 3 dB, 6 dB, and 9 dB compared to

the physical measurements.

The FSSP algorithm started with 7 strain sensors at the reference positions and added one
sensor in each round so that the cost function was minimized. The decreasing cost function
with an increasing number of sensors is shown in Figure 12 left.

Standard deviations of the virtual sensors at the reference DOFs are shown in Figure 12
right  for  different  sensor  networks  fulfilling  the  given  criteria.  The  corresponding  values  of
the cost function are shown with red circles in the left plot.

It can be seen that 18, 39, and 83 sensors were needed for an increase of the average SNR
by 3 dB, 6 dB, and 9 dB, respectively. The sensor networks corresponding to those require-
ments are shown in Figure 13.

It can be seen that the sensors were more widely spread from the reference locations than
when using the EFI method. Also, the same accuracy could be obtained with a larger number
of sensors than with BSSP but with a smaller number than with EFI.

As a conclusion, the BSSP algorithm resulted in the highest accuracy with the least number
of sensors. EFI resulted in a much larger network than the other two algorithms. All methods
yielded higher noise reduction in virtual sensors 2 and 4 than what was required.
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Figure 12: Optimal sensor placement using the FSSP algorithm. Left: Cost function with different number of
sensors. Right: Standard deviations of the estimation errors in the virtual sensors with different number of sen-
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sors. The horizontal lines represent changes of the average SNR of the virtual sensors by 0 dB, +3 dB, +6 dB,
and +9 dB compared to the physical measurements.

Figure 13: Optimal sensor placement using the FSSP algorithm. Sensor networks with 18, 39, and 83 strain sen-
sors corresponding to increases of the average SNR of the virtual sensors by 3 dB, 6 dB, and 9 dB compared to

the physical measurements.

As a summary, the number of sensors in the two cases using different OSP algorithms is
shown in Table 1. It can be seen that increasing the accuracy by 3 dB could be done with just
a few additional sensors, whereas the increase of 9 dB required very dense sensor networks.
Another important result was that for the same accuracy increase, a smaller number of accel-
erometers was needed than strain sensors. In both cases, the BSSP algorithm showed the best
performance.

Absolute Change Acceleration measurements Strain measurements
dB dB EFI BSSP FSSP EFI BSSP FSSP
24 +3 12 10 12 13 12 18
27 +6 28 19 24 49 27 39
30 +9 51 37 52 144 78 83

Table 1: The number of acceleration or strain sensors needed for the required increase of the average SNR of
virtual sensors using different OSP algorithms.

5 CONCLUSIONS
Empirical virtual sensing was studied in an application where low-cost sensors replace tra-

ditional high-quality sensors. The research question was that how many additional sensors
would be needed to achieve the same accuracy as with a smaller number of high-quality sen-
sors. It was shown that only a few additional sensors were needed to increase the SNR by 3
dB. However, in order to increase SNR by 9 dB, a dense sensor network would be needed.

BSSP was shown to be the best OSP algorithm in all cases. With EFI or FSSP, more sen-
sors were needed for the same accuracy. For the same increase of the average SNR, the re-
quired number of accelerometers was smaller than that of strain sensors. The measurement
error was assumed to be equal in all sensors. However, the resulting accuracy of the virtual
sensors was not uniform. The cost function in the OSP algorithm was the maximum error of
the worst sensor. Also other cost functions could be studied, e.g. the average error in the vir-
tual sensors.
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Also virtual sensors at other DOFs than the reference locations would be available. How-
ever, they were not used in this study, because the objective was to achieve the required accu-
racy only at the reference DOFs. This additional information could be useful in many
applications.

The virtual sensors were estimated using measurement data. Because the excitation was
random, different realizations would generally result in slightly different results. Therefore, it
would be important to have different data sets to investigate the effect of excitation variability.
Also the errors in the finite element model parameters were ignored. Empirical VS was based
on the assumption that the noise was Gaussian and known. If noise is unknown, it is possible
to use the MMSE estimate (4) instead, which yields accurate virtual sensors if the number of
sensors is large enough.
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Abstract. 

In this work, the effectiveness of a computational framework to handle large scale linear and 
nonlinear models is presented by calibrating a high-fidelity FE model of a steam turbine rotor 
with several millions of degrees of freedom, using experimentally identified modal parameters. 
An extensible framework for Bayesian Uncertainty Quantification and Propagation of complex 
and computationally demanding physical models, was connected in an efficient way with a 
numerical code leading to an automated determination of dynamic response of linear and 
nonlinear mechanical systems. The effect of correlation in the prediction error models 
postulated in the Bayesian model selection and parameter estimation technique is investigated. 
First, using an integrated reverse engineering strategy, the digital shape of the three sections 
of a steam turbine rotor was developed and the final parametric CAD model was created. The 
finite element model of the turbine were created using tetrahedral solid elements. Due to 
complex geometry of the structure, the developed model consists of about fifty-five million 
DOFs. The identification of modal characteristics of the frame is based on acceleration time 
histories, which are obtained through an experimental investigation of its dynamic response in 
a support-free state by imposing impulsive loading. The developed computational framework 
with appropriate substructuring methods, are used for estimating the parameters (material 
properties) of the finite element model, based on minimizing the deviations between the 
experimental and analytical modal characteristics (modal frequencies and mode shapes). 
Direct comparison of the numerical and experimental data verified the reliability and accuracy 
of the methodology applied. The identified finite element model is representative of the initial 
structural condition of the turbine and is used to develop a simplified finite element model, 
which then used for the turbine rotordynamic analysis. Also, this model can be further used for 
structural health monitoring purposes of the rotor. 

32



D. Giagopoulos, A. Arailopoulos, I. Zacharakis, E. Pipili 

1 INTRODUCTION 
Reverse engineering is a modern field of engineering, which finds application in many areas 

of industry. Current industrial design requirements, tend to have the need of improving, 
modifying and developing new and optimized versions of various mechanical parts or even 
entire structures. For many of these structures, there is no available information not only about 
their geometric and designing details, but also about their material properties and mechanical 
treatment and procedures carried out during the construction process. To address this issue, an 
integrated reverse engineering strategy is necessary to be applied [1-5]. In this process, many 
issues are taken into account, related to the development of the geometry and finite element 
model, with the experimental modal analysis procedures and the application of robust and 
effective computational model updating techniques. The main objective of the present work is 
to demonstrate the advantages of a developed computational framework to handle large scale 
linear and nonlinear models, by calibrating a high-fidelity FE model of a steam turbine rotor 
with several millions of degrees of freedom, using experimentally identified modal parameters. 

Applying classical finite element techniques, the equations of motion of mechanical systems 
with complex geometry are first set up. As the order of these models increases, the existing 
numerical and experimental methodologies for a systematic determination of their dynamic 
response become inefficient to apply. Therefore, there is a need for the development, 
improvement and application of new suitable methodologies for investigating dynamics of large 
scale mechanical models in a systematic and efficient way. Traditionally, in the area of 
structural dynamics this is done by first employing methodologies that reduce the dimensions 
of the original system. In this paper examined a time domain reduction method [1-5]. In order 
to improve the FE model of the structure, structural model updating techniques [16], have been 
proposed in order to reconcile the numerical (FE) model, with experimental data. Structural 
model parameter estimation based on measured modal data (e.g. [6-12]) are often formulated 
as weighted least-squares estimation problems in which metrics, measuring the residuals 
between measured and model predicted modal characteristics, are build up into a single 
weighted residuals metric formed as a weighted average of the multiple individual metrics using 
weighting factors. Standard gradient-based optimization techniques are then used to find the 
optimal values of the structural parameters that minimize the single weighted residuals metric 
representing an overall measure of fit between measured and model predicted modal 
characteristics.  

The accuracy of the predictions will be uncertain, on the one hand, because of the uncertainty 
of all future structural excitations and on the other hand, because the structural model will 
always involve approximations of the real dynamic behavior that affects in an uncertain manner 
the predicted responses. Uncertainties related to model-structure errors, arise from the 
assumptions made to parameterize and describe the behaviour of the physical structure, because 
of simplifications and erroneous assumptions, inexact modeling of the material constitutive 
behaviour, inexact modeling of boundary conditions, errors because of the spatial discretization 
of the distributed structural system, unmodeled features such as neglected nonstructural 
components, as well as errors introduced by numerical methods. Such uncertainties, in this work, 
are treated meticulously and are minimized to the most plausible extent according to each 
problem, as cannot be regarded and tuned by model updating methodologies. Model updating 
basically regards, erroneous assumptions of model parameters such as material parameters 
(Young’s modulus and mass density), cross section properties (moments of inertia), shell or 

plate thickness, spring stiffnesses and non-structural mass. 
The organization of this paper is as follows. First, in the following section, is presented an 

overview of the formulation for finite element model updating based on modal data. In the third 
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section, the structure examined (steam turbine) is introduced. More specifically, first presented 
the procedure followed in order to develop the digital shape of the steam turbine (rotor and 
blades), using a 3D Laser Scanner. The development of the detailed FE model of the structure 
analyzed next and finally is given a brief review of the experimental modal analysis results. 
Finally, the parametric studies on updating finite element model of the system are presented in 
the fourth section. Conclusions are summarized in the fifth section. 

2 FINITE ELEMENT MODEL UPDATING METHOD 

Let ˆˆ{ , , 1, , }oN
r rD R r m     be the measured modal data from a structure, consisting of 

modal frequencies ˆr  and mode shape components ˆr  at oN  measured DOFs, where m is the 
number of observed modes. Consider a parameterized class of linear structural models used to 
model the dynamic behavior of the structure and let NR   be the set of free structural model 
parameters to be identified using the measured modal data. The objective in a modal-based 
structural identification methodology is to estimate the values of the parameter set   so that the 
modal data 0{ ( ),  ( ) , 1, , }N

r r R r m       predicted by the linear class of models at the 
corresponding 0N  measured DOFs best matches the experimentally obtained modal data in D . 
For this, let 

2 2

2

ˆ( ) ( )ˆ( )( )  and   ( )
ˆˆr r

r r rr r

r r
 

      
   

 


  (1) 

be the measures of fit or residuals [16] between the measured modal data and the model 
predicted modal data for the r -th modal frequency and mode shape components, respectively, 
where 2 T|| ||z z z  is the usual Euclidean norm, and 

2ˆ( ) ( ) / ( )T
r r r r        is a 

normalization constant that guaranties that the measured mode shape ˆr  at the measured DOFs 
is closest to the model mode shape ( ) ( )r r     predicted by the particular value of  . To 
proceed with the model updating formulation, the measured modal properties are grouped into 
two groups. The first group contains the modal frequencies while the second group includes the 
mode shape components for all modes. For each group, a norm is introduced to measure the 
residuals of the difference between the measured values of the modal properties involved in the 
group and the corresponding modal values predicted from the model class for a particular value 
of the parameter set . For the first group, the measure of fit 1( )J  is selected to represent the 
difference between the measured and the model predicted frequencies for all modes. For the 
second group, the measure of fit 2( )J  is selected to represent the difference between the 
measured and the model predicted mode shape components for all modes. Specifically, the two 
measures of fit are given by  

2 2 2
1 2

1 1 1
( ) ( )  and   ( ) ( ) 1 ( )

r r

m m m

r
r r r

J J MAC       
  

        (2) 

where ˆ ˆ( ) ( ) /T
r rr r r rMAC        is the Modal Assurance Criterion [13] between 

experimentally identified and estimated mode shapes for the r -th mode. Alternative measures 
of fit can easily be used and found in literature [14-17]. 
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Derived from the MAC for any measured frequency point, k  a global correlation 
coefficient may be used [18, 19]: 

 
   

         

2
( ) ( )

( )
( ) ( ) ( ) ( )

H
X k A k

s k H H
X k X k A k A k

H H
x

H H H H

 


   
  (3) 

where  ( )X kH  and  ( )A kH   are the experimental (measured) and the analytical (predicted) 
response vectors at matching excitation - response locations. As the MAC value, ( )s kx   
assumes a value between zero and unity and indicates perfect correlation with ( ) 1s kx   . For 

( ) 0s kx   , no correlation exists. Similar to the MAC, ( )s kx  is unable to detect scaling errors 
and is only sensitive to discrepancies in the overall deflection shape of the structure. To 
emphasis this characteristic, ( )s kx   is accordingly called the shape correlation coefficient [19]. 
The lack of sensitivity to scaling of the shape correlation coefficient does not allow the 
identification of identical FRFs. This insufficiency becomes even more dramatic if just one 
measurement and its corresponding prediction are correlated. In this case, the column vectors 
reduce to scalars and    ( ) ( )A k X kH k H  is always satisfied (constant k may be complex), 
therefore leading to 1sx   across the full frequency spectrum for uncorrelated FRFs.  
As a result, a supplementary correlation coefficient ( )a kx   is proposed by targeting the 
discrepancies in amplitude. The amplitude correlation coefficient is defined as:  
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where the response vectors are identical to those used for ( )s kx  . As for the shape correlation 
coefficient, ( )a kx   is defined to lie between zero and unity. This time, however, the correlation 
measure is more stringent and only becomes unity if    ( ) ( )A k X kH H  . All elements of 
the response vectors must be identical in both phase and amplitude even if only one 
measurement is considered. Similarly, to modal residuals, two measures of fit are proposed 
using ˆ( )s rx   and ˆ( )a rx   which correspond to the identified resonant frequencies of the system:  

 2 2
3 4

1 1
ˆ ˆ( ) 1 ( , )   and   ( ) 1 ( , )

m m

s r a r
r r

J x J x     
 

            (5) 

Minimizing at global minimum the following single objective, traditionally solves the 
parameter estimation problem:  

 1 1 2 2 3 3 4 4( ; ) ( ) ( ) ( ) ( )J w wJ w J w J w J         (6) 

formed by the four objectives ( )iJ , using the weighting factors 0iw  , 1,2,3,4i  , with 

1 2 3 4 1w w w w    . The objective function ( ; )J w  represents an overall measure of fit 
between the measured and the model predicted characteristics. The relative importance of the 
residual errors in the selection of the optimal model is reflected in the choice of the weights. 
The results of the identification depend on the weight values used. The optimal solutions for 
the parameter set   for given w  are denoted by ˆ( )w  [6, 20, 23]. 
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3 EXPERIMENTAL APPLICATION 
In this section, the proposed computational framework is applied to update the FE model of 

the three sections of a real steam turbine, shown in Figure 1. More specifically, the turbine type 
is LMZ K-300-170 with total power 310MW, which is placed in the unit IV of the thermal 
power plant in the area of Agios Dimitrios. The turbine consists of three sections, (Low pressure 
LP, Intermediate Pressure IP, High Pressure HP), which are connected in line. The total mass 
of the turbine is approximately 76 tones and consisted of 37 stages (10 stages in Low pressure 
section, 17 stages in Intermediate pressure section and 10 stages in High pressure section) and 
of 27 different types of blades (total number of blades 4126). The low pressure section consisted 
from the same blade types used in the intermediate section. The 27 different blade types are 
presented in Figure 2.   

Figure 1: The three sections of a real steam turbine, (a) low pressure turbine, (b) intermediate pressure turbine 
and, (c) high pressure turbine. 

Figure 2: The 27 different blade types of the three sections of a real steam turbine 

Low Pressure LP 
Turbine 

Intermediate Pressure IP 
Turbine 

High Pressure HP 
Turbine 
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3.1 Digitization and CAD Model of the Steam Turbine 
Due to large size of the results of the complete steam rotor, is selected to present the basic 

idea of the applied method only for the intermediate pressure rotor. First, exploiting a 3D Laser 
Scanner, the digital shape of each blade type which used in the three turbine sections was 
developed by using the DSR (Digital Shape Reconstruction) method. In this process, four basic 
steps are being followed in order to collect, process and design the final CAD model. First, the 
geometrical data of each blade were captured, exploiting the 3D scanner’s functionalities, as 

well as its software tools in order to produce a primary stereo-lithography (STL) file. As a 
second step, compatible utilities were used to pre-process the initial raw model in order to create 
the final STL file of the digitized geometry, before designing the CAD surfaces [6, 24-26]. Next, 
in order to produce the initial CAD model, a segmentation of the triangulated STL model and 
NURBS (Non-uniform Rational B-Splines) surface fitting, were applied. The whole procedure 
is depicted in Figure 3, for one blade of the section IP15 of the intermediate pressure section. 

 

Figure 3: Digitization and final 3D CAD model of one blade of the section IP15 of the intermediate pressure 
section. 

The geometry of the rotor shaft is also unknown. The 3D CAD model of the rotor shaft was 
developed using the digital 2D drawings (Figure 4). 

 

Figure 4: Digitization and final 3D CAD model of the rotor shaft of the intermediate pressure section. 
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The complete 3D CAD assembly of the intermediate pressure section, including the rotor shaft 
and the blades of all the 17 sections is presented in Figure 5. 

Figure 5: Complete 3D CAD assembly of the intermediate pressure section, including the rotor shaft and the 
blades of all the 17 sections. 

Following the same procedure was carried out for the other two sections (low and high pressure) 
and, the final 3D CAD model of the complete steam turbine was developed (Figure 6). 

Figure 6: Final 3D CAD of the complete steam turbine. 

3.2 Finite Element Model 
The geometry of the turbine sections discretized by solid elements (tetrahedral). Due to 

complex geometry of the structure, the total number of degrees of freedom of the resulting 
complete rotor model is about fifty-five million degrees of freedom (55,000,000). The detailed 
FE Model of the frame presented in Figure 7.  For the development and solution of the finite 
element model some appropriate software was used [27, 28]. Typical eigenmodes of the three 
sections and of the complete model presented in Figure 8. 
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Figure 7: Final finite element model of the complete steam turbine. 

Figure 8: Typical eigenmodes of the three sections and of the complete model. 
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3.3 Experimental Modal Analysis 
Next, in order to quantify the dynamic characteristics of the turbine, an experimental modal 

analysis of the three turbine sections was performed. Again, due to large size of the results, is 
selected to present the results only for the intermediate pressure rotor. The rotor, was hung up 
with the help of a crane and straps, to approximate free-free boundary conditions for the test. 

First, all the necessary elements of the FRF matrix required for determining the response of 
the rotor were determined by imposing impulsive loading [6-10, 12]. The measured frequency 
range was 0-2048 Hz, which includes the analytical frequency range of interest, 0-700 Hz. A 
schematic illustration of the measurement geometry for the modal analysis of the intermediate 
pressure rotor, with the real experimental set up of this test is presented Figure 9. For instance, 
Figure 10 shows the magnitude of typical elements of the FRF matrix.  

Figure 9: Schematic illustration of the measurement geometry and real experimental set-up for the modal 
analysis of the intermediate pressure rotor. 

Figure 10: Typical elements of the experimental FRF matrix for the intermediate pressure rotor. 
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Based on the measured FR functions, the natural frequencies and the damping ratios of the 
rotor were estimated by applying the “Rational Fraction Polynomial Method” (RFPM). This

method has certain attractive merits, especially for systems with high modal density, like the 
system under consideration [11, 22, 29]. The identified mode shapes have also been recorded 
so that they can be used for updating the finite element models. As an outcome of the above 
procedure, the first column of Table 1 presents the values of the lowest 11 natural frequencies 
( )rE  of the frame, while the corresponding damping ratios are included in the fourth column. 
In the same table, the second column presents the values of the natural frequencies obtained 
from the analysis of the nominal finite element model ( )

FErN  and the third column compares 
these frequencies with the corresponding frequencies obtained by the experimental data. 

Table 1: Modal frequencies and modal damping ratios for the intermediate pressure rotor. 

4 FINITE ELEMENT MODEL UPDATING 

4.1 FE model parameterization 
The parameterization of the finite element model of the intermediate section is introduced in 

order to demonstrate the applicability of the proposed finite element model updating method. 
This model consists of about twenty-three million degrees of freedom. The parameterized 
model consisting of forty-four parts which is shown in Figure 11. At each of these parts are 
used as design variables the Young’s modulus and the density. Thus, the final number of the 

design parameters are eighty-eight (88) variables. 
The initial values of material properties for all parts was set at 37,850Kg m for the density 

and at 210GPa for the Young's modulus. The upper and lower limit, which were selected to be 
used for the optimization process was selected in 10%  of the initial values.  

The finite element model is updated using the lowest eleven identified modal frequencies 
and mode shapes shown in Table 1. The identified mode shapes include components at all 17 
sensor locations. Additionally, we define as design response and total weight of the model, in 
order to be taken into consideration during the optimization process. 

The results from the FE model updating method are shown in Table 2. In this table presented 
a comparison between identified ( )rE and optimal FE predicted modal frequencies ( )

FErO . 
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Figure 11: Parts of the parameterized FE model of the intermediate pressure rotor. 

 

  

Table 2: Comparison between identified and optimal FE predicted modal frequencies for the intermediate 
pressure rotor. 

5 SUMMARY 
The applicability and effectiveness of a computational framework namely the model 

reduction method, model updating method and experimental modal analysis, is explored by 
calibrating a high-fidelity FE model of a steam turbine rotor with fifty-five million degrees of 
freedom. First, using a reverse engineering method, the digital shape of the three sections of a 
steam turbine rotor was developed and the final parametric CAD model was created. The finite 
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element model of the turbine were created using tetrahedral solid elements. Modal analysis 
techniques were applied in order to identify the modal parameters. Direct comparison of the 
numerical and experimental data verified the reliability and accuracy of the methodology 
applied. 
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Abstract. This paper presents a full-scale ambient vibration test and modal identification of 
Brodie Tower, an eight-storey office building at the University of Liverpool. Five triaxial force-
balance accelerometers were deployed. The measurement scheme comprised seven setups cov-
ering four locations on each floor, acquiring twenty minutes of ambient data for each setup. 
The modal properties of the building are identified using a Bayesian fast Fourier transform 
modal identification method incorporating multiple setup data, which accounts for the varia-
bility and the quality of data among different setups. Besides providing the estimates of modal 
parameters through the posterior (i.e., given data) most probable values, this method can also 
quantitatively assess their identification precision through the posterior covariance. The iden-
tified modal properties and their accuracy in different setups are compared and discussed. The 
identified global mode shapes are also compared with those obtained by global least square 
method. The data quality in each setup and how they affect the identification results are inves-
tigated.
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1 INTRODUCTION 
Operational Modal Analysis (OMA) allows one to identify the modal properties (e.g., natural 

frequencies, damping ratios and mode shapes) of a structure from ambient ‘output-only’ data. 
Modal properties are often among the first few quantities to be identified in a structural vibra-
tion project. They are often examined to provide information for structural model updating, 
structural modification, damage detection, or more generally, structural health monitoring [1–

4]. 
In field vibration tests, one common situation is to measure a large number of DOFs (degrees 

of freedom) with a limited number of sensors. In order to identify the ‘global’ mode shape 
comprising a potentially large number of DOFs, a multiple-setup scheme is required where 
sensors are ‘roved’ to different DOFs in different setups to cover all DOFs of interest [5–7]. 
Conventionally, the modal parameters are identified individually using the data from each setup. 
The ‘representative’ natural frequencies and damping ratios may be taken as the averaged val-
ues from different setups. The global mode shapes need to be assembled (or ‘glued’) from the 
partial ones that only cover the DOFs measured in individual setups. Techniques such as the 
post separate estimation rescaling method [8] and the global least square (LS) method [9] can 
be used for assembling the global mode shapes. For good quality data in all setups, reported 
cases show that different methods yield practically the same results. In general, the quality of 
the global mode shape depends critically on whether the identified mode shapes of different 
setups match at the reference DOFs, which should not be taken for granted. Recently, identifi-
cation methods capable of incorporating data directly from multiple setups have been developed 
based on stochastic subspace identification method [6] and Bayesian fast Fourier transform 
(FFT) approach [10]. Reported cases show that incorporating data from multiple setups allows 
one to have reasonable identification results even when the data quality in some setups is low, 
for which methods based on analysing data in individual setups give poor or questionable re-
sults. 

Field OMA data has a variety of complications that are difficult to replicate numerically by 
synthetic data, especially for multiple setup data where environmental (e.g., excitation) and 
human (e.g., sensor alignment) factors can change over different setups. Investigation with field 
data is therefore indispensable for OMA research with multiple setups. As a contribution along 
this line, this paper presents an ambient vibration test of the Brodie Tower at the University of 
Liverpool. The modal properties of the building are identified using a recently developed fast 
Bayesian FFT method incorporating multiple setup data [10]. The identified modal properties 
and their uncertainties in different setups are compared and discussed. The data quality in each 
setup and how it affects the identification results are investigated. The identified global mode 
shapes are also investigated by comparing the results with those assembled by the global LS 
method. 

2 AMBEINT VIBRATION TEST OF BRODIE TOWER 
The Brodie Tower is an eight-storey concrete building located in the main campus of the 

University of Liverpool, UK, see Figure 1. It has a ‘T’ shape floor plan measuring 25 m (length) 
× 28 m (width) and approximately 25 m high. It hosts the civil engineering department, with a 
heavy structure laboratory in the basement. 
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Figure 1: Overview of Brodie Tower. 

An ambient vibration test with multiple setups was performed to determine the modal prop-
erties of the Brodie Tower, aiming at a mode shape that covers the T-shape of the floor plan in 
different storeys. Figure 2 shows a set of equipment used at each measurement location. Five 
triaxial force-balance accelerometers were deployed. The sensors have a noise level of approx-
imately 0.1μg/√Hz for frequencies above 1 Hz. To obtain synchronised data among all the sen-
sors, high precision clocks were used during the test. These clocks can provide accurate timing 
for the sensors so that their data can be logged locally without interconnection but still in a 
synchronous manner. Before the test, each clock was first synchronised using a GPS receiver. 
After that, the GPS receiver was removed and the clock was able to continuously provide prac-
tically synchronised time stamping for the sensor within the frequency range of interest for one 
or two days. 

Figure 2: Test equipment per location. 

Figure 3 shows the sensor location and setup plan. Four locations forming a T-shape were 
measured on each floor. With seven floors this gives 7×4=28 locations. Sensor 1 was used as a 
reference and its location remained the same in all setups. The remaining four sensors were 
roved from the top floor to the bottom, covering all locations in seven setups. The data in each 
setup was recorded for 20 minutes at a sampling rate of 50 Hz. The transition from one setup 
to another took about 5 minutes. Synchronising clocks in advance took approximately 20 
minutes. The whole test lasted for approximately 3.25 hours from 1:30 pm to 4:45 pm. 
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Figure 3: Sensor location (left) and setup scheme (right, setup number indicated). 

3 BAYESIAN MODAL IDENTIFICATION WITH MULTIPLE SETUP DATA 
The data obtained from the field test in the last section is analysed using a recently developed 

Bayesian modal identification method that is capable of incorporating data from different setups 
directly [10]. The theory is summarised in this section. Consider ambient vibration data from 

sn  setups, each covering a possibly different set of DOFs. Let θ  denote a set of modal param-
eters of a well-separated mode, which includes natural frequencies }{ if , damping ratios }{ i , 
the spectral density of modal excitations }{ iS , the spectral density of prediction errors }{ eiS  
and partial mode shapes }{ 1

 in
i Rφ  (i.e., covering the DOFs in a particular setup only), where 

in  is the number of measured DOFs in setup i . Here, the subscript i  denotes that the quantity 
refers to the one in the thi  setup. Let nn

i
iR 

L  be the selection matrix, where n  is the total num-
ber of measured DOFs. The ),( kj  entry of iL  equals to 1 for DOF k  measured at the thj channel 
in setup i , and zero for the remaining entries. The partial mode shape iφ  is related to the global 
mode shape 1 nRΦ  by: 

),...,1( sii ni  ΦLφ  (1) 

The measured acceleration data is modelled as 

),...,1(ˆ Njjjj  εxx  (2) 

where jx  denotes the theoretical modal acceleration that depends on θ ; jε  is the prediction 
error; N  is the number of samples per channel. The scaled FFT of the data is defined as 

),....,1(]}/)1)(1[(2{expˆ)/2(
1

NkNjkNt
N

j
jk  



ix F  (3) 

where t  is the time interval and 12 i . Let }{ kF  denote the collection of kF  over a selected 
band around the mode of interest. For a small t  and large N , it can be shown that }{ kF  are 
asymptotically independent and jointly ‘circularly complex Gaussian’ [11]. Applying Bayes’

theorem and assuming a non-informative prior distribution for θ , the posterior probability den-
sity function is proportional to the likelihood function, i.e., 

)}({)}{( θZZθ kk pp   (4) 

The most probable value (MPV) of the modal parameters can be determined by maximising 
)}({ θZkp , or equivalently, minimising its negative logarithm of the likelihood function (NLLF) 
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with respect to θ . As the NLLF depends on θ  in a general nonlinear manner, analytical solu-
tion for the MPV has not been sought. Rather, it can be shown that the MPV of the global mode 
shape can be determined analytically in terms of other parameters. This allows the MPV of the 
full setup of modal parameters to be determined by an iterative algorithm, where parameters of 
different groups are updated until convergence. 

4 DATA ANALYSIS 
Data analysis and modal identification are presented in this section. In section 4.1, singular 

value (SV) spectrum is first examined to locate potential modes. Modal identification results 
are presented in section 4.2. Section 4.3 investigates the identified global mode shapes by com-
paring the results with those assembled by the global LS method. 

4.1 The SV spectrum 
The SV spectrum is often used to discover potential modes in frequency domain. It is a plot 

of the eigenvalues of power spectra density matrix of data with frequency. Lines that describe 
the shape of dynamic amplification in the SV spectrum indicate potential modes. Figure 4 
shows the root SV spectrum of the data in setup 2. Six potential modes below 10 Hz are high-
lighted. The bar below each mode indicates the band whose FFT will be used for identifying 
the mode; the circle indicates the initial guess of natural frequency.  

Figure 4: The root singular value spectrum of the data in setup 2. 

4.2 The identified modal properties 
Figure 5 shows the identified natural frequencies and damping ratios in different setups. The 

blue circles represent the MPVs of the modal parameters and the error bars cover +/- 2 posterior 
standard deviation. The sample mean and sample coefficient of variation (c.o.v. = sample stand-
ard deviation / sample mean) of the modal parameters among different setups are shown in 
Table 1. The results show that the identified natural frequencies and damping ratios vary among 
the setups, but the variability of the natural frequencies is relatively small compared to the 
damping ratios. 
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  Mode 
  1 2 3 4 5 6 

Natural Frequency 
mean (Hz) 2.422 2.707 3.750 7.405 7.995 9.782 
c.o.v. (%) 0.16 0.2 0.25 0.22 0.42 1.5 

Damping Ratio 
mean (%) 1.031 0.905 0.754 2.525 2.624 6.439 
c.o.v.  (%) 14 13 12 11 15 14 

Table 1: The sample mean and sample c.o.v. of the natural frequencies and damping ratios among the setups. 
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Figure 5: The identified natural frequencies and damping ratios among the setups, the error 

bars cover +/- 2 standard deviation. 
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Based on the identification results, the modal signal-to-noise (s/n) ratio can be calculated, 
which reflects how well-excited of a mode relative to the prediction error level. It is given by 
the ratio of the spectral density of modal excitation to the spectral density of prediction error at 
the resonance peak [12], i.e., 

 24/ ieiii SS    (5) 

where i  is the modal s/n ratio of the setup i .  
Figure 6 shows the modal s/n ratio of mode 1 to 6 among different setups, where different 

colour of ‘*’ represents the modal s/n ratios in different setups. It can be seen that the modal 
s/n ratio of the first three modes are very high (over 500). The modal s/n ratio of mode 4 and 5 
are moderate (30~100), while mode 6 has the lowest modal s/n ratio, in the order of 10. The 
level of modal s/n ratio also can be predicted from the SV spectrum. The first three peaks in the 
SV spectrum (Figure 4) suggest that the modal s/n ratios are relatively high, while the same is 
not true for the mode 4 to 6. 

 
        Figure 6: The modal s/n ratio among different setups of the mode 1 to 6. 

4.3 The global mode shapes 
Figure 7 and Figure 8 show the global mode shapes obtained by the Bayesian method incor-

porating multiple setups and the global LS method, respectively. The sample mean of the nat-
ural frequencies and damping ratios are also shown in these figures. The modal assurance 
criterion (MAC) values between the global mode shapes obtained by the two methods are listed 
in Table 2.  

 
Figure 7: The global mode shapes obtained by the Bayesian method incorporating multiple setups. 
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Figure 8: The global mode shapes assembled by the global LS method. 

Mode 1 2 3 4 5 6 
MAC 0.9999 1.0000 0.9999 0.9999 0.9999 0.8244 

Table 2: The MAC values between the global mode shapes obtained by the Bayesian method incorporating mul-
tiple setups and the global LS method. 

It can be seen that the first five global mode shapes obtained by these methods are very close 
to each other and their MAC values are almost equal to 1. The mode 1 and 2 are translational 
modes in x and y direction, respectively. The mode 3 is a torsional mode with its torsional 
centre at the left side of the T-shape connection. The mode 4 and 5 are second harmonics of the 
translational modes in the x and y direction, respectively. 

Figure 9: Multiple views of the global mode shape of mode 6 obtained by the Bayesian method incorporating 
multiple setups (left) and the global LS method (right). 

For the mode 6, the global mode shape obtained by the Bayesian method incorporating mul-
tiple setups is different from the one assembled by the global LS method. The MAC value 
between the two methods is 0.8244. Figure 9 shows a detailed plot of the mode shape obtained 
by these methods. The one obtained by the Bayesian method incorporating multiple setups is a 
combination of a vertical mode and a second translational mode in the y direction. The one 
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assembled by the global LS method is not physically plausible. The result obtained by the 
Bayesian method incorporating multiple setups is more reasonable, which demonstrates the 
potential benefit of incorporating information directly from multiple setup data. 

5 CONCLUSIONS 
This paper investigates the quality of identification results based on field test data using the 

Bayesian modal identification method incorporating multiple setup data. A full-scale ambient 
vibration test of an eight-storey building has been presented. The identified modal parameters 
and their c.o.v.s in different setups are compared and discussed. The identified global mode 
shapes are investigated by comparing the results with those assembled by the global LS method. 

Based on the identification results, it can be seen that when the modal s/n ratio is high or 
moderate (e.g., > 100), the global mode shapes obtained by the Bayesian method incorporating 
multiple setups and the global LS method are very close to each other. When the modal s/n ratio 
is low (e.g., ~10), the global LS method may give questionable results, while the Bayesian 
method incorporating multiple setups still gives reasonable results.  
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Abstract. This paper describes a conceptual framework for the online monitoring of wind
turbines (WTs) relying on an object–oriented (OO), event–and–decision tree–driven platform
for information processing and propagation. To this end, a WT is viewed as a multilayered
system of objects (e.g. structure, controller, actuator, etc.) that are defined on the basis of
abstract superclasses, attributed with specific properties and methods. The former generally
provides insight about the current state of the respective object, while the latter communicates
state information and determines the interaction among objects and events. The term state
refers herein to a set of mutually exclusive “positions”, which a specific object may reach (e.g.
safe, critical, fail, etc.), while an unknown state is also included in order to take into account
possible combinations of events that have not been registered during the design phase and would
eventually be identified in the decision tree through the real–time telemetry. The envisioned
platform is purely probabilistic, e.g. a set of probabilities is initially assigned to all events and
updated accordingly, based on actual information extracted from the WT. This information may
either be acquired using sensors (through corresponding sensor objects), or may be estimated
using appropriate algorithms (through corresponding methods, such as Kalman-based filters).
A paradigm of the proposed conceptual framework focuses on the tower substructure of the
WT and indicates the potential of the proposed approach, especially in respect to the design of
specialized software for monitoring and diagnostics of both new and existing WT installations.
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1 INTRODUCTION

Despite the fact that wind turbines (WTs) constitute one of the most important, continu-
ously evolving and expensive structures in modern engineering [1, 2], their maintenance and
inspection is still succeeded using conventional methods [3], such as visual inspection (planned
and unplanned), non-destructive evaluation (i.e., crack detection using ultrasound technologies)
and post–processing of SCADA data. Specialized methods are only focused on specific compo-
nents, as for example the condition monitoring (CM) of elements of the drive train (i.e., gearbox
and main bearing) [4], while structural health monitoring (SHM) systems are deployed mostly
for research purposes, or only during the certification stage, and are far from forming part of the
actual engineering practice [5]. As a result, there exist currently no systematic, quantitative and
automated tools for monitoring, detection and diagnostics of WTs, for operation, maintenance
(O&M) and decision making within their life-cycle.

In identifying possible reasons for this discrepancy, one may argue that state–of–the–art
CM and SHM methods are still not straightforward to adopt, when O&M engineers are in fact
seeking robust and reliable decision making tools that compress data in user–friendly output
formats. They are also by default “local”, in the sense that they are configured for monitoring
only a specific WT component (e.g. the blade, the gearbox, the tower etc.), and they generally
lack cross communication and interaction capabilities. As a result, in this way, interconnecting
links or the monitoring of critical events among the components of a WT is a non-trivial task.

A remedy solution to this problem may be provided via implementation of event and deci-
sion trees. Event trees are traditionally used in quantitative risk analysis of engineering systems,
laying a path from an initiating event to an end state of a system. An initiating event may corre-
spond to a sudden increase in wind speed (gust) or an earthquake tremor, and the corresponding
end states may pertain to critical interference of a wind turbine blade with the tower surface
or a crack in the concrete foundation, respectively. For a given initiating event, multiple end
states are possible. Intermediate chronological events make up the branches leading from the
initiating event to the end state, and each event is associated with a probability of occurrence.

Under this perspective, previous studies have presented general purpose solutions that are
based on event and decision trees [6, 7, 8], as well as on Bayesian networks [9]. However,
their common feature is that they only correspond to the design phase of the system and, once
formulated, they remain static. In this work, we propose real-time updating of decision trees
as a decision-making tool for O&M that integrates live data (or estimates) from the individual
components of WTs. Decision trees are preferred over Bayesian Networks, as the former can
be easily updated from data, they are visually more appealing and simpler to interpret, while it
is easier to follow and track an event path, a way that follows the sequence and chronology of
how events are interlinked.

On the basis of our proposed supervisory platform, (i) events are classified and event prob-
abilities are updated via real time telemetry from the WT; and (ii) new initiating events and
end states are identified. In the first step, a set of condition and/or structural data samples can
be trained using decision trees, which are initially provided by engineers. Then, by running
new data through the trees, classification and prediction may be carried out. Data that does not
fit the existing decision tree structure is used to identify new initiating events and end states.
We stipulate that such a framework can be used for real-time monitoring and diagnostics of
structures, root cause analysis of future failures and quantitative risk analysis in the context of
operation and maintenance scheduling of components. The use of decision trees is motivated by
the fact that they tend to be easier to interpret than other quantitative data-driven methods such
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Figure 1: Schematic of a wind turbine and its interaction with the environment.

as Bayesian networks (Bayesian networks may link more variables in complex, direct and indi-
rect ways, rendering interpretation oftentimes problematic) [10]. Furthermore, the learning and
updating process of decision trees from real–time data is a far more mature field as compared
to the training of Bayesian Networks [11].

Our envisioned approach follows an object–oriented (OO) architecture. This implies that all
the aforementioned features are developed as corresponding properties and methods of abstract
classes and interfaces, instances of which are used to interpret a multi–layered diagram of WT
objects and the interactions among them. Decision trees are embedded locally in a specific
object (i.e., the tower, the controllers, the blade, etc), which is essentially a finite state machine.
Under this layout, possible CM and SHM tools are also locally registered and they are used to
determine the current state of an object and/or notify neighbouring objects for the occurrence
of an event or a change in state.

2 PROBLEM FORMULATION

2.1 The wind turbine

Figure 1 sketches a representative wind turbine (WT) facility and its interaction with the
environment. The WT is exposed to wind and wave loads, which act primarily on the structural
components, i.e., the foundation, the tower and the blades. While the wave motion is a typi-
cally uncontrolled (and often unmeasurable) form of structural excitation, the wind speed and
direction are essentially responsible for the production of energy. The latter is achieved via the
effective cooperation of the pitch and yaw control systems that optimally adjust the angles of
the blades and the nacelle.
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Component Function
Rotor blades Convert aerodynamic forces into rotational motion

Drive train Converts the rotational motion of the rotor blades into elec-
tric power, and consists of main bearing, main shaft, gear-
box, brake, coupling and generator

Nacelle and main frame Houses and supports the drive train and transfers the loads
from the rotor to the tower, respectively

Tower Erects the rotor up in the air, and insures that the loads are
transferred from the rotor down to the foundations

Foundation Ensures load bearing capabilities and support of the wind
turbine (resist overturn)

Controllers Ensure that the turbine operates within the structural design
limits, while maximizing power extraction from the wind

Sensors Measure quantities critical for operation and monitoring
(e.g. wind speed & direction, pitch and yaw angles, bear-
ing’s acceleration, etc.)

Actuators Transfer the control commands to the structural components
(e.g. nacelle and blade hub)

Safety systems Override control commands to ensure safety and structural
integrity of the wind turbine

Table 1: The main components of a WT and their functionality.

A modern WT is composed of several interrelated subsystems that fulfill specific tasks. The
most important of these are listed in Table 1, along with their main functionality. It must be
noted that each subsystem consists of a number of subcomponents itself, rendering the WT a
complex multi–level engineering system. Indicatively, the drivetrain consists of a frame con-
struction that supports the main bearing, main shaft, the gearbox, a brake and a high–speed
coupling, as well as the generator that transforms the mechanical motion into electrical en-
ergy. It is thus apparent that the structural and operational integrity of the facility are strongly
dependent on the constitutive sub–components of each sub–system.

2.2 The monitoring problem

Under this setting, the problem considered herein pertains to the establishment of a robust,
data–driven supervision platform for the monitoring of WTs over their whole life-cycle, which
combines three main drivers:

[D1] An effective tool attributed with the ability of tracking, identifying and classifying indi-
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vidual events based on real–time telemetry from components and propagating their im-
plications to the global state.

[D2] The integration of a probabilistic framework, aiming at projecting the current state of all
individual components to the future, and providing both short and long–term predictions
of the local and global safety margins.

[D3] Flexibility of the tool to integrate new components (e.g. new sensors, new controller, etc.)
in the context of evolving structures.

Due to the inherent complexity of the monitored system, the envisioned supervision platform
should be further attributed with adaptive tools that may create sequences of events that were
not predicted during the design stage. The conceptual framework of such a platform is outlined
in what follows.

3 THE SUPERVISORY MONITORING PLATFORM

3.1 Description

The proposed monitoring framework is based on the OBEST paradigm [6, 7] and its pre-
decessor [8], in which engineering systems and their constitutive components are represented
as objects (e.g. instances of predefined classes) that are interlinked and exchange information
with respect to their current state. OBEST is composed of four different views that describe the
functionality of a system in various levels. These are the system structure diagram, the inter-
action diagram, the state transition diagram and the data flow diagram. In our implementation
we currently focus on the first three, as the latter is strongly dependent on the availability of
measured information from the WT, rather than to an explicit scheme that is defined during the
design stage of the WT.

The system structure and interaction diagrams describe the constitutive objects of the system
and their interaction, respectively. For a WT, a merged view of both is displayed in Fig. 2,
where the boxes correspond to the individual WT components and subsystems and the arrows
to the interactions among them. In general, a piece of information received by an object results
in altering its internal state or a subset of its fundamental characteristics (attributes). This ac-
cordingly implies the transmission of another piece of information that communicates its new
condition to further objects. Thus, the behaviour or state of each component in the system is
entirely encapsulated within the confines of an object and the performance of the entire WT is
represented by combining and connecting object models for individual components or subsys-
tems.

Each component/subsystem has an internal representation that is modelled using discrete,
mutually exclusive states and corresponding state transition events (refer to Sec. 4 for a visual
interpretation of such a diagram). The initial state transition trees are herein provided by the
component engineer/designer. However, unlike in traditional quantitative risk assessment and
system reliability, the initial (a-priori) event-state transition trees are further updated by actual
measurements of the WT system; we propose to perform the updating using a decision tree
learning approach (ID3, CART, C4.5/5.0, Random forests, Naive Bayes, etc.) [12].

3.2 Data–driven probabilistic updating

A novelty of our framework is the integration of Structural Health Monitoring (SHM) data,
such as strains and accelerations, complementary to Condition Monitoring (CM) ones such as
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Figure 2: A simplified WT structure and interaction diagram (combined).

control signals, status logs, temperature, etc. when monitoring a structure and diagnosing any
faults or failure. This is observed in Fig. 2, where the Sensors object (see below) receives both
wind speed and strain measurements as inputs from the blade and subsequently forwards this
information to the pitch control algorithm object. Both condition and structural signals are then
propagated through the pitch control object internal event tree until an end state is reached and
an output message is accordingly transmitted to the pitch actuators object.

The updating aspect of the framework consists in identifying new branches in the event tree
and classifying initially unknown end states. Such end states could be, for example, operating
modes such as normal, critical, abnormal, fault, failure, and unclassified. As the continuous
stream of telemetry is propagated through the event trees of each component, classifications
and predictions are continually accomplished. Decision trees are admittedly not the the most
competitive means of classifying telemetric data or for assessing conditional probabilities in
complex systems, but they offer the benefit of straightforward interpretation by non-expert op-
erators via visualization of the chains of events following an accidental end state. Another
advantage of decision trees is related to diagnosis, which is the task of locating the source of a
system fault once it is detected by tracing the sequence of events in the tree that lead to fault or
failure [13].

Such an object oriented framework together with updating through decision tree learning
is appealing in the context of a system that is continuously evolving/ageing in time, which
is particularly true for a wind turbine system. For instance, ageing and degradation of the
blade composites or the gearbox bearings introduce new and previously unaccounted for states,
which could be captured via decision tree learning. Furthermore, wind turbines are operating
under significantly diverse environmental conditions, hence the resulting ageing process and
the faults appearing may not be identical across similar systems. The decision tree learning
offers the possibility to infer new and distinct states from each of operating turbine. Finally, a
common scenario involves renewal and replacement of components on wind turbines; for in-
stance ten years into the operation of a wind turbine, the operator may decide to introduce a
new pitch control algorithm/features for load reduction, which then introduce new operating
modes (events) and states. In the context of the proposed object oriented framework for moni-
toring and diagnostics, this can be readily achieved and seamlessly integrated with the already
existing components (objects).

The framework we propose is probabilistic in nature. The first possibility here is to use
the decision tree, where the conditional probability of an end state EndStatei depends on the
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Figure 3: Indicative classes and interfaces (in red) of the supervisory platform.

conditional probabilities of the preceeding events ei on a path such that:

P (EndStatei) = P (e1) · P (e2 | e1) · P (e3 | e2, e1) ... (1)

The limitation appears when the component displays a behaviour with feedback (i.e., after a
repair or update in the system) or for evolving systems (e.g. when new sensors are integrated or
aging of the system), which implies a need to establish several decision trees based on the pos-
sible ordering of the events or based on new initiating events. One way around this is to convert
decision tree learners to undirected Markov networks [14] or make use of hidden Markov deci-
sion trees [15, 16]. An alternative is to map the decision trees learners into Bayesian Networks
for further assessment of the conditional probabilities [17]. The conditional probabilities of the
end states are a means to predicting the likelihood of potential fault or failure occurring. Such a
probabilistic approach would inherently include uncertainties stemming from measurements.

For systems comprising several elements, the number of different combinations of inspection
and maintenance could be large [18]. The possibility to update the conditional probabilities of
end states and intermediate events based on real-time telemetry facilitates pre-posterior type
of analysis (i.e., assessment of the value of data before they become available), and allows for
optimal planning of inspection and maintenance on the structure.

3.3 Objects

An extensive outlining of the individual classes that define the objects of the WT subsystems
falls outside the aim of the current study. However, our framework relies on a number of ab-
stract class and interface definitions, which may be easily inherited to other pending subclasses.
These are illustrated in Fig. 3 and follow the conventional object oriented design pattern. In
the current stage of our conceptual interpretation, these are separated into two broad categories:
the first corresponds to classes directly related to the WT and its constituent subsystems (e.g.
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Figure 4: Interaction diagram for the tower substructure. Tower extends class structure.

windTurbine class, structure class, controller class, etc.), while the second category defines the
aspects of the supervisory platform that correspond to interactions, events and information flow
(e.g. associated interfaces and eventTree, state and observer classes).

The specified properties and methods of the definitions of Fig. 3 are indicative and may
include any individual method that is integrated into the monitoring platform. For example, an
adopted SHM method that may be used for tracking the remaining fatigue life of s structural
element can be placed within the setState() method of the structure class. Similarly, a Kalman
filter that may be established for estimating unmeasured states required for the controller class
can be registered within the readEstimators() method of the observer class.

4 EXAMPLE: THE TOWER SUBSTRUCTURE

As an indicative example of our framework, we focus on the tower component of the WT. A
tower object is an instance of the tower class, which is a child of the structure superclass and
inherits its properties and methods. Figure 4 illustrates the adopted interaction diagram. It is
assumed that both waves and wind do not contribute in a significant way to the excitation of the
tower. Thus, its structural response is only affected by the interaction forces that are developed
with its neighbouring components, the foundation and the rotor-nacelle assembly. The latter
are also instances of the corresponding foundation and nacelle classes, again children of the
structure superclass.

Fig. 5 displays an indicative event-state transition tree for the tower. The properties of the
state class of Fig. 3 are clearly indicated, along with events that have been specifically defined
for this object. Notice the presence of an Unclassified state and Unknown events in Fig. 5.
The decision tree would, based on the real–time telemetry from the tower, learn those unknown
events and the corresponding unclassified states. In a fully probabilistic framework, all the
events among the different states must be attributed with corresponding conditional probabil-
ities. The latter are initially assigned during the design stage and updated accordingly with
respect to the actual structural behaviour based on the real-time telemetry. The latter could
be achieved by combining both sensors, which provide a direct indication of the structural re-
sponse at the measurement points, and estimators, which can be utilized in order to estimate the
structural response in unmeasured spots along the tower [19]. The term estimator could refer to,
but is not restricted to, Kalman filters, surrogate models, and reduced time marching simulators
which could be run in near real-time.

62



Imad Abdallah, Vasilis K. Dertimanis, and Eleni N. Chatzi

Normal

Critical

Abnormal

Fault

Failure

Unclassified

Blade-tower
interference

Blade-tower
interference

Blade deflection
exceeds allowable
tower clearance

Damage
fixed

Yield strength
exceeded
(buckling)

1 missing,
broken
or loose bolt

Crack
&

Corrosion
initiated

Damage
not fixed

Wrong
bolts
pre-tension

Many missing,
broken or loose
bolts

Missing bolts
not replaced

Fatigue
strength
exceeded

Bolts
pre-tension
corrected

Bolts pretension
not corrected

Unknown
events

Figure 5: An event–state transition tree of the WT tower.

5 CONCLUSIONS

We provided a conceptual description of a monitoring and diagnostics framework of wind
turbines. The framework combines three main drivers:

[D1] tracking, identifying and classifying individual components’ decision trees based on real–
time telemetry and propagating their implications to the global state

[D2] real-time updating of conditional probabilities of events and end states of each component
aiming at providing both short and long–term predictions of the safety margins

[D3] flexibility to integrate new system components (e.g. new sensors, new controller, etc.) in
the context of evolving structures

The above drivers are rendered possible by the OO architecture of the framework, where each
component (object) is defined as an extension of an abstract superclass. Two broad families
of superclasses are defined, the first pertaining to the wind turbine and the second relating to
interaction, events and information flow. We illustrate the framework with an example case-
study involving the tower object.
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Abstract. This study establishes a computational framework for nonlinear finite element (FE) 
model updating of large-scale structures, through the exploration of two case studies pertaining 
to a spring-mass-damper chain model and to a laboratory vehicle with nonlinear suspensions. 
The proposed approach combines a substructuring model reduction approach with a near real-
time system identification scheme, namely the Unscented Kalman Filter (UKF). The former 
aims at isolating and locally updating individual structural subsystems of a large-scale 
structure, while the latter, in contrast to other alternatives (e.g. the Extended Kalman Filter), 
offers a number of advantages in treating nonlinear systems, such as a derivative free 
calculation and a capacity for handling higher order nonlinearities. To this end, after 
formulating a detailed large-scale FE model for the vehicle frame substructure, a lumped model 
is adopted for the description of the nonlinear suspensions. Accordingly, a joint state and 
parameter estimation (JS&PE) problem is formulated on the basis of the lumped model. The 
proposed framework uses acceleration measurements from a limited number of sensors 
attached on the structure and a UKF observer for fusing these with a nonlinear FE substructure 
model, resulting into a JS&PE problem. The results indicate the validity of the proposed 
framework and motivate further implementation in large-scale structural systems with 
nonlinear components. 
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1 INTRODUCTION 

A structural system may be often formulated as an assembly of distinct linear and nonlinear 
substructures [1]. For instance, a vehicle structure consists of the body frame, which is designed 
to behave linearly, and the four suspension-wheel substructures, which typically exhibit 
nonlinear behavior and are subjected to external excitation. In order to simulate the dynamic 
behavior of such systems it is important to develop a high fidelity finite element (FE) model, 
reducing the discrepancies between analytical predictions and the real structure. To this end, a 
model updating procedure need be put in place in order to fine-tune and adjust the parameters 
of numerical models on the basis of experimental measurements. A main challenge involved in 
the updating procedures pertains to the oftentimes large number of degrees of freedom (DOFs) 
involved. To tackle with this problem, appropriate substructuring methods in either the time or 
the frequency domain have been developed and are commonly employed [2-4]. 

Furthermore, large-scale nonlinear FE models are further characterized by uncertainties, 
which are usually represented as unknown model parameters (e.g. individual flexibility, 
material properties, etc.) [5]. The main objective of this study is to establish a computational 
framework for identifying and adjusting these parameters, while estimating the structural states, 
in a problem that is referred to as joint state and parameter estimation (JS&PE) [6-7]. To achieve 
this, the Unscented Kalman Filter (UKF) is utilized [8], due to its efficient performance of in 
real-time nonlinear system identification problems [9-13]. 

Under this setting, this study proposes a multi-stage optimization process for the nonlinear 
model updating of large-scale uncertain structures, which is based on the integration of 
substructuring and the UKF. To this end, a nonlinear and uncertain structural system is 
decomposed into linear and nonlinear uncertain substructures and the kinematic and dynamic 
constraints along the boundaries are established. The UKF is then applied to the uncertain 
and/or nonlinear substructure(s), resulting in the estimation of both the unknown structural 
states and parameters. The acceleration time histories of each local substructure are imported 
as base excitations in the linear substructures, in order to calculate the dynamic response of the 
latter. Finally, the calculated acceleration time histories at the measurement locations of the 
linear substructure are compared with the experimental measurements, in order to quantify the 
discrepancy between analytical and experimental models and define a response residual. These 
residuals are minimized to acquire a best fit model between the estimated quantities and those 
identified from the experiments. 

The organization of this paper is as follows. In the following section, a brief review of UKF 
formulation for state and parameter estimation is presented. Then, the effectiveness and 
accuracy of the developed computational framework is demonstrated by presenting numerical 
results obtained for two selected examples. The study concludes by presenting a summary of 
the results.  

2 REVIEW OF THE UNSCENTED KALMAN FILTER FORMULATION FOR 
STATE AND PARAMETER ESTIMATION 

A broad range of mechanical systems may be composed into individual structural 
components that are linearly deformable and interconnected by local elements of purely 
nonlinear behavior. In this case, the corresponding equation of motion is  

 

𝐌�̈�(𝑡) + 𝐂�̇�(𝑡) + 𝐊𝐳(𝑡) + 𝐡(𝐳, �̇�) = 𝐅(𝑡)  (1) 

where the vector 𝐳(𝑡) corresponds to the displacement of the system, 𝐌, 𝐂 and 𝐊 are the mass, 
damping and stiffness matrices, respectively, 𝐡(𝐳, �̇�) includes the nonlinear forces imposed by 
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the interconnecting elements, herein assumed to be “smooth”, and 𝐅(𝑡)  is the vector of 
externally applied forces. The prediction of the response of systems represented by Eq.(1) is a 
difficult task, since in most practical cases the number of the equations of motion is quite large 
and the nonlinearities are dominant. As a result, such systems can only be studied by applying 
special numerical methodologies. In many cases, the underlying computations are facilitated 
after applying appropriate model reduction methodologies that lead to a significant 
“compression” of the original deformable coordinates, without affecting considerably the 
accuracy of the results. 

The KF is a Bayesian approximation technique for state estimation using noise-corrupted 
measurements from a subset of the structural degrees of freedom [14]. The KF assumes 
availability of system matrices, as well as the presence of process and measurement noise, and 
in its discrete-time version is represented by a state-space model of the form  

𝐱𝑘+1 = 𝐀𝐱𝑘 + 𝐁𝐮𝑘 + 𝐰𝑘 

 𝐲𝑘 = 𝐂𝐱𝑘 + 𝐃𝐮𝑘 + 𝐯𝑘 
(2) 

where 𝐀 ∈ 𝐑𝑛×𝑛  is the state matrix, 𝐁 ∈ 𝐑𝑛×𝑙  is the input matrix, 𝐂 ∈ 𝐑𝑚×𝑛  is the output 
matrix, 𝐃 ∈ 𝐑𝑚×𝑙  is the feedforward matrix, 𝐮 ∈ 𝐑𝑙×1 is the control vector, 𝐱 ∈ 𝐑𝑛×1 is the 
state vector, comprising the system displacements and velocities, 𝐱 = [𝐳, �̇�]𝑇, 𝐲 ∈ 𝐑𝑚×1 is the 
observation vector and 𝑘 = 1,2, … are the discrete-time steps. The stochastic nature of the KF 
is introduced by the process and measurement noise vectors 𝐰 ∈ 𝐑𝑛×1 and 𝐯 ∈ 𝐑𝑚×1 , 
respectively, assumed to belong to the 𝑁(𝟎, 𝐐𝑘)  and 𝑁(𝟎, 𝐑𝑘)  Gaussian distributions, 
respectively. 

The effective performance of the KF depends on (a) how accurately the process model can 
track the actual system; (b) the assumption of additive, independent white Gaussian noise; and 
(c) the accuracy of the process and measurement noise processes. For large modeling 
uncertainties and/or unknown structural parameters, the KF is generally amenable to 
inconsistencies, or even fails at providing state estimates. To this end, the use of an alternate 
Bayesian filter is proposed herein, namely, the Unscented Kalman Filter (UKF), which is 
capable of joint parameter and state identification.  

In handling linear systems of the type of Eq.(2), where the system properties, i.e., the 
elements of matrix 𝐀, are considered as unknowns, a joint state and parameter formulation is 
adopted. This demands an augmentation of the regular state vector 𝐱, in order to include those 
properties of the system that are considered as unknowns and which can be gathered in a 
parameter vector 𝛉. The augmented state vector is defined as �̅� = [𝐱, 𝛉]𝛵. The resulting system 
is of nonlinear nature since it comprises bilinear products of the components 𝐱 & 𝛉 of �̅�. The 
UKF is chosen herein in place of the widely used nonlinear filter alternative, the extended KF 
(EKF) [15, 16], since it is able to overcome some significant shortcomings of the latter when 
dealing with higher order nonlinearities and noise contamination. The UKF models the state as 
a Gaussian random variable whose distribution can be approximated by a carefully chosen set 
of deterministic points, namely the sigma points. These points capture the prior mean and 
covariance of the state and when propagated through the nonlinear function, provide an 
improved posterior estimate of the transformed state. This process is known as the unscented 
transformation (UT) [8]. The process and observation equations are in this case reformulated 
for the general case of a nonlinear system as, 

�̅�𝑘+1 = 𝐟(𝐱𝑘, 𝐮𝑘) + �̅�𝑘 

    𝐲𝑘 = 𝐡(𝐱𝑘, 𝐮𝑘) + 𝐯𝑘 
(3) 
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where 𝐟(∙) and 𝐡(∙) are generally nonlinear functions and �̅�𝑘  is defined as previously. The 
main steps of the UKF are summarized in Tab.1. 

Initialize: 

1. Set initial values for the augmented state vector mean and covariance: �̅�0 and
�̅�0

2. Set the parameters of the UKF (𝑛𝑥 the size of the augmented state vector)
𝑎 = 1, 𝑏 = 2, 𝜅 = 0
𝜆 = 𝛼2(𝑛𝑥 + 𝜅) − 𝑛𝑥, 𝑐 = 𝛼2(𝑛𝑥 + 𝜅)

𝑊𝑚
0 =

𝜆

(𝑛𝑥 + 𝜆)
,   𝑊𝑚

𝑖 =
𝜆

2(𝑛𝑥 + 𝜆)
, 𝑖 = 1, … , 2𝑛𝑥 

𝑊𝑐
0 =

𝜆

(𝑛𝑥 + 𝜆)
+ (1 − 𝛼2 + 𝑏),   𝑊𝑐

𝑖 = 𝑊𝑚
𝑖 , 𝑖 = 1, … , 2𝑛𝑥 

𝛍𝑥 = [𝑊𝑚
0 … 𝑊𝑚

2𝑛𝑥]
𝑇

𝐌𝑥 = (𝐈 − [𝛍𝑥 … 𝛍𝑥])×𝑑𝑖𝑎𝑔(𝑊𝑐
0 … 𝑊𝑐

2𝑛𝑥)(𝐈 − [𝛍𝑥 … 𝛍𝑥])𝑇

Update:

1. Calculate Sigma points: 𝐗𝑘
− = [�̅�𝑘

− … �̅�𝑘
−] + √𝑐 [𝟎 √�̅�𝑘

− … − √�̅�𝑘
−]

2. Propagate sigma points through the output equation: 𝐘𝑘
− = 𝐡(𝐗𝑘

−, 𝑘)

3. Calculate output mean and covariance: �̂�𝑘=𝐘𝑘
−𝛍𝑥,   𝐏𝑘

𝒚𝒚
= 𝐘𝑘

−𝐌𝑥𝐘𝑘
−𝑇 + 𝐑

4. Calculate cross covariance between state and output: 𝐏𝑘
𝒙𝒚

= 𝐙𝑘
−𝐌𝑥𝐃𝑘

−𝑇

5. Calculate state gain: 𝐏𝑘
𝒚𝒚

𝐊𝑘 = 𝐏𝑘
𝒙𝒚

6. Update state mean and covariance:

𝐱𝑘 = �̅�𝑘
− + 𝐊𝑘(𝐲𝑘 − �̂�𝑘) 

Predict:

1. Calculate Sigma points: 𝐗𝑘 = [𝐱𝑘 … 𝐱𝑘] + √𝑐[𝟎 √𝐏𝑘 … − √𝐏𝑘]

2. Propagate sigma points through the state equation: �̂�𝑘 = 𝐟(𝐗𝑘, 𝑘)

3. Predict state mean and covariance for 𝑘 + 1:

�̅�𝑘+1
− = �̂�𝑘𝛍𝑥, 𝐏𝑘+1

− = �̂�𝑘𝐌𝑥�̂�𝑘
𝑇

+ 𝐐

Table 1: The general scheme of the UKF algorithm for joint state and parameter estimation 
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3 NUMERICAL APPLICATION TO VEHICLE-LIKE CASE STUDIES 

The UKF outlined in the previous section is now validated and assessed in two numerical 
case studies. The first pertains to a spring-mass-damper system, while the second corresponds 
to a complex laboratory model of a vehicle.  

3.1 A spring-mass-damper model 
Figure 1a displays a spring-mass chain-like mechanical model with 11-DOFs, which 

comprises two substructures. The lower one contains the first DOF, of mass 𝑚𝑤 , which is 
connected to the ground through a linear spring of stiffness 𝑘𝑤 and to the first mass (𝑚1) of the 
upper substructure via a nonlinear spring-damper, in which the associated restoring and 
damping forces are given by (see also Fig.1b) respectively, with 𝑥 = 𝑥1 − 𝑥𝑤. 

 

(a) 11-DOF spring-mass-damper model 

 
(b) The nonlinear restoring and damping forces. 

Figure 1: First case study. 
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𝑓𝑘 = 𝑘𝑠𝑥 + 𝜇𝑘1
𝑥

𝜇𝑘2+|𝑥|
   and  𝑓𝑐 = 𝑐𝑠�̇� + 𝜇𝑐1

�̇�

𝜇𝑐2+|�̇�|
 ,  (4) 

The upper substructure includes the remaining 10 DOFs and it is assumed linear and 
proportionally damped, with 1% modal damping ratio in every mode.Due to the presence of the 
interconnecting nonlinear spring-damper in the lower substructure, the equations of motion for 
this example are strongly nonlinear, since the values of the nonlinear terms in Eq.(4) are 
comparable to the ones of the linear terms. To this end, the simulation of the structure is 
succeeded using a variant of the Newmark’s method [2]. A random displacement base 
excitation 𝑟(𝑡) is used as an input to the system and the calculated acceleration responses of a 
subset of the DOFs (see below), noise-corrupted with 15% measurement error, are considered 
as the available output measurements. In addition, it is assumed that the values 𝜇𝑘1 and 𝜇𝑐1 of 
the nonlinear restoring and damping forces of the lower substructure are unknown, along with 
the structural states, e.g. the DOF displacements and velocities.   

Under this setting, the applied computational framework consists of the following steps: 
1. The UKF is applied to the lower (nonlinear) substructure, in order to estimate the 

acceleration at the boundary between the two substructures. 
2. The UKF-estimated acceleration time history is subsequently used as a base excitation to 

the upper substructure, which is simulated separately, in order to obtain the dynamic 
response of the trailing DOFs. 

3. The calculated acceleration time histories of steps 1-2 are compared to their counterparts 
from the simulation of the total structure.  

In order to obtain an insight about the optimal number and location of the “sensors”, several 
trials are executed revealing that four (4) sensors are capable of rendering the UKF effective. It 
is nevertheless important that the corresponding locations are distributed along the structure, 
instead of being concentrated around a specific area. Indicatively, the locations «3-5-7-11» were 
found to be a good choice. 

Figures 2-3 display indicative results of the applied method. Both unknown parameters 
converge to their actual values (Fig.2), with the one of the restoring force reaching quite rapidly. 
This efficiency is also reflected to the estimation quality of the states, as for example the 
displacement of the 4th DOF (Fig.3), verifying the efficiency of the devised JS&PE scheme. 

 

Figure 2: Convergence of the nonlinear parameters (a) 𝜇𝑘1, (b) 𝜇𝑐1. 
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Figure 3: 4th DOF’s displacement (a) total timeframe, (b) after 2s. 

3.2 Small scale vehicle-like frame structure 
The proposed computational framework is now applied to the laboratory structure of Fig.4, 

that has been designed for small-scale simulations of vehicle frames [3,4]. The frame structure 
is characterized by predominantly linear response and high modal density and it is supported to 
four “suspension” systems with strongly nonlinear behavior. They consist of a lower set of 
linear discrete spring-damper units, connected to concentrated masses that simulate the 
wheelsets, as well as of an upper set of a nonlinear discrete spring-damper units connected to 
the frame that simulate the action of the suspension. The measurement points, indicated by 1-
4, correspond to connection points between the frame and its supporting structures, while points 
5-7 correspond to available measurements along the frame. 

Figure 4: Small scale vehicle model with frame and nonlinear supports. 
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Based on the geometric details and the material properties of the structure, a detailed FE 
model of the vehicle frame is created, consisting of 45,564 DOFs. The nonlinear restoring and 
damping forces in the suspensions assume the earlier form, and the same computational steps 
are applied herein as well. That is, a nonlinear transient response analysis of the full vehicle 
model (frame and supports) is performed first, by applying four different transient displacement 
base excitation histories to the wheel subsystems in the vertical direction. The model is then 
solved by using the same direct integration scheme as in the previous example and the 
acceleration histories at the selected locations 1-7 are calculated. Again, the values 𝜇𝑘1 and 𝜇𝑐1 
of the nonlinear restoring and damping forces of the suspension subsystem which connected to 
the boundary location 2 are considered as unknown, along with the displacements and velocities.  

The results are expanded over Figs.5-6 and confirm the efficiency of the proposed UKF 
scheme. Both unknown nonlinear parameters converge rapidly to their true values, while the 
estimated displacements at the measurement locations 5, 6, 7 and 8 result almost identical to 
their counterparts, which have been calculated from the simulation of the full structure. 

 

Figure 5: Convergence of the nonlinear parameters of suspension subsystem 2 (a) 𝜇𝑘1, (b) 𝜇𝑐1. 

 

Figure 6: UKF state estimation of displacement time histories in measurement locations 5, 6, 7 and 8. 
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4 SUMMARY 
This work outlines a computational framework for the effective finite element (FE) model 

updating of large-scale nonlinear uncertain structures. The proposed approach combines a 
substructuring model reduction stage with a near real-time system identification scheme, the 
UKF. The nonlinear observer is employed herein for the JS&PE of the nonlinear substructure, 
which is successfully handled using acceleration measurements in a limited number of DOFs. 
The application of the proposed scheme to the selected numerical case studies verifies its 
efficacy, encouraging the further investigation of its performance in more complicated 
structures. 
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e-mail: tatsis@ibk.baug.ethz.ch , chatzi@ibk.baug.ethz.ch

2 Delft University of Technology, Faculty of Civil Engineering and Geosciences
Stevinweg 1, 2628 CN Delft, The Netherlands

e-mail: e.lourens@tudelft.nl

Keywords: Wind turbine, Structural monitoring, Input-state estimation, Response identifica-
tion, Fatigue damage, Reliability.

Abstract. The evaluation of fatigue damage accumulation on wind turbine support structures
under operational conditions is heavily influenced by a number of uncertainties. These uncer-
tainties may, firstly, be attributed to the highly variable and complex environmental loads, and
secondly, to the unavoidable modelling errors which mainly originate from the inherent random-
ness in both material properties and fatigue resistance of structural components. It is therefore
essential that assessment of fatigue life is carried out within a probabilistic framework; one that
accounts for the stochastic nature of the phenomenon. The present study proposes a strategy for
real-time reliability prediction of accumulated fatigue damage on wind turbine support struc-
tures by taking into account the above-mentioned uncertainties. To this end, the availability of
structural monitoring information for the identification of the global response on wind-turbine
support structures is exploited in order to address the discrepancies between actual and pre-
dicted damage accumulation. This is carried through utilization of an augmented version of the
Kalman filter, which is capable of jointly estimating the response and the unknown inputs of the
structure while relying on a limited number of noisy observations and a presumably uncertain
model of the real system. A fixed-lag smoother is further deployed for the attenuation of the
estimation error in an on-line mode and the smoothed stochastic estimates of the response are
propagated over the model at the level of stresses. The accumulated damage along with the cor-
responding reliability level is finally predicted using a stochastic nonstationary fatigue damage
model. The proposed scheme is demonstrated via implementation on the NREL 5.0 MW wind
turbine under different operational conditions, on the basis of dummy vibration data generated
via the FAST software.
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1 INTRODUCTION

Fatigue is regarded as a critical and highly-uncertain factor for wind turbine structures, where
it is essential to ensure a certain life span under irregular and constantly varying operational and
environmental conditions. Conventionally, fatigue life predictions are conducted on the basis of
numerical simulations in conjunction with the information provided from historical metocean
data. In the wake of recent advancements in Structural Health Monitoring technologies and
methodologies, significant attention has been redirected to vibration-based approaches for fa-
tigue estimation [1], particularly to what pertains to response prediction under unknown inputs.

Although fatigue has been vastly and exhaustively investigated under different perspectives
[2], not many studies have been relied on a probabilistic framework. In recent years, an attempt
has been made to approach damage accumulation due to fatigue as a stochastic process [3].
To account for the randomness in both the loading process and fatigue resistance of materials,
Shen et al. [4] established a probabilistic model of fatigue damage based on the distribution
of stress amplitudes. Despite the efficiency in obtaining the distribution of fatigue damage, the
approach in [4] is not appropriate for real-time applications. On the contrary, Rathod et al. [5]
proposed a more universal methodology for the stochastic modelling of damage accumulation
under multilevel loading, which may be easily tailored to an online framework. In a more
recent work and in the field of wind turbine structures, Thöns et al. [6] conducted a sensitivity
study for fatigue limit state on the basis on the Spearman rank coefficient. The outcome of
the study in [6] provides a useful insight into the most influential sources of uncertainty in
fatigue damage. Within the same context, Thöns et al. [7] conducted a quantitative study for the
value of structural health monitoring towards the integrity management of fatigue deteriorating
structural systems.

In what concerns the real-time state estimation of systems with unknown inputs, a variety of
methods is currently available. The primary step was taken by Kitanidis [8] through the devel-
opment of a linear state estimator in the presence of unknown inputs. Under this perspective,
Gillijns et al. [9] proposed an unbiased minimum-variance filter for the joint input-state estima-
tion of linear time invariant systems. Although optimal in terms of second order statistics, the
estimator in [9] was proven to be susceptible to numerical issues when the number of measure-
ments is larger than the order of the system. This was recently alleviated by Lourens et al. [10]
with an extension of the previously mentioned algorithm. An alternative for the dual state and
input estimation of structural systems was implemented also by Lourens et al. [11], using an
augmented version of the standard Kalman filter. To improve the poor performance of the latter
when acceleration-only measurements are employed, Naets et al. [12] proposed a stabilized
version of the augmented Kalman filter by using dummy displacement measurements. Finally,
in more recent years Azam et al. [13] suggested a dual implementation of the Kalman filter
in order to resolve the numerical issues that arise in the augmented formulation of input-state
estimation problem.

This study presents a vibration-based probabilistic framework for fatigue assessment on wind
turbine structures accounting for uncertainties in the level of the structural model, the estimated
stresses time histories and the employed fatigue model. The paper is organized as follows:
in Section 2 the mathematical formulation of the response estimation problem for systems with
unknown inputs is established. This is carried out using the augmented form of the Kalman filter
which is further enhanced with a fixed-lag smoother for the attenuation of the underlying model
uncertainty and the improvement of state estimates. In Section 3, the stochastic framework
for fatigue assessment is presented. This comprises a non-stationary fatigue model capable of
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capturing the expected value and variance of fatigue damage as well as their evolution in time
as a function of the loading history. Finally, the implementation of the proposed approach is
illustrated in Section 4 by means of an application to a wind turbine support structure on the
basis of simulated measurement data.

2 RESPONSE ESTIMATION

The starting point for the response estimation on wind turbine structures is the continuous-
time system of equations of motion

Mü(t) + Cu̇(t) + Ku(t) = Sp f(t) (1)

where u(t) ∈ Rn denotes the displacement vector, M, C, K ∈ Rn×n are the mass, damping
and stiffness matrices, f(t) ∈ Rnp is the force vector, with np designating the number of input
forces, and Sp ∈ Rn×np is the corresponding selection matrix.

Upon introduction of the state vector x(t) = vec
(

[u̇(t) u(t)]
)
∈ R2n, Eq. (1) may be

transformed into the state equation and additionally fused with a measurement process in order
to form the deterministic state-space model in the continuous-time domain. The latter can be
further transferred, through temporal discretization, to the discrete-time domain, which yields
the following stochastic state and observation equations

xk+1 = Axk + Bpk + wk (2)

yk = Gxk + Jpk + vk (3)

where it should be noted that Eqs. (2) and (3) are additionally supplemented with the zero-mean
white noise processes wk ∈ R2n and vk ∈ Rny that represent the system and measurement
noise of covariance matrices Q ∈ R2n×2n and R ∈ Rny×ny , respectively.

In the absence of knowledge with respect to the driving forces of the system, the state-
space model described in Eqs. (2) and (3) may be written in the augmented form. This is
accomplished by supplementing the initial state vector with the input force vector in order to
construct an augmented state vector as follows

zk =

[
xk

pk

]
(4)

To derive the system matrices of the augmented state-space, it is postulated that the evolution
of the input dynamics may be captured by a random-walk process

pk+1 = pk + ηk (5)

upon proper tuning of the random variable ηk ∈ Rnp which represents a zero-mean white
Gaussian process with covariance matrix S ∈ Rnp×np . The augmented state and measurement
equations may then be formulated as follows

zk+1 = Aazk + ζk (6)

yk = Gazk + vk (7)
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where the subscripta denotes the augmented state-space matrices,

Aa =

[
A B
0 I

]
, Ga =

[
G J

]
,

and ζk = vec
(

[wk ηk]
)
∈ R2n+np is the augmented noise vector with covariance matrix Qa ∈

R2n+np×2n+np . Thereafter, both input and state estimation may be accomplished recursively
through the standard Kalman filter operating on the augmented state-space formulation in two
steps

Time update

ẑk+1|k = Aa ẑk|k

Pk+1|k = AaPk|kA
T
a + Qa

(8)

Measurement update

Kk = Pk|k−1G
T
a

(
GaPk|k−1G

T
a + R

)−1
ẑk|k = ẑk|k−1 + Kk

(
yk −Ga ẑk|k−1

)
Pk|k = Pk|k−1 −KkGaPk|k−1

(9)

2.1 Smoothing and backward sampling

In the previous section, it was demonstrated how optimal a priori and a posteriori state and
input estimates may be obtained on the basis of a limited number of response measurements.
Due to the probabilistic origin of the Kalman filter, these state estimates are delivered in terms of
the first two moments of their probability distribution, which essentially reflects the uncertainty
associated with both the system dynamics and the measurement quality. An effective way
of attenuating this uncertainty and improving the performance of the estimator is to further
condition the forward results on posterior measurements via the so-called smoothing process.

Among the three basic classes of smoothers, that is fixed-point, fixed interval and fixed-
lag smoothers, the latter is considered as the optimal estimator since, apart from allowing for
processing delay, it is also tailored for on-line operation [14]. The aim of such a smoother is
to provide the optimal state estimate at time k − N conditioned on measurements up to and
including time instant k. It is therefore required that N future measurements are available for
the smoothed state estimation at time instant k −N .

Upon obtaining the state estimates at time k using the augmented Kalman filter, the fixed
interval smoother is running backwards from k up to k − N in order to provide the smoothed
estimate of each state with delays between 0 and N . This process is summarized in four steps
performed for i = 2, . . . , N + 1 at each time instant k as follows

Fixed-lag smoother

Lk,i = P0,i−1
k GT

(
GP0,0

k GT
k + Rk

)−1
ẑk+1−i|k = ẑk+2−i|k + Lk,i

(
yk −Gzk|k−1

)
P0,i
k+1 = P0,i−1

k (A− Lk,0G)T

Pi,i
k+1 = Pi−1,i−1

k −P0,i−1
k GTLT

k,iA
T

(10)
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It should be noted that for i = 1 the matrix Lk,i is equal to the Kalman gain and the above
process represents the measurement update of the standard Kalman filter. Accordingly, the
covariance matrix P0,0

k designates the a priori estimate error covariance while in the general
case the covariance matrices Pi,j

k are defined as

Pi,j
k = E

[
(zk−j − ẑk−j,k−1) (zk−i − ẑk−i,k−1)

T
]

(11)

Once the smoothed state and input estimates at time instant k − N are obtained, it may easily
be deduced from Eqs. (10) that the final state estimate is delivered as a Gaussian distribution
with mean and variance

E [zk−N |y1, . . . ,yk] = ẑk−N+1|k + Lk,N+1

(
yk −Gẑk|k−1

)
(12)

E
[
(zk−N − ẑk−N,k) (zk−N − ẑk−N,k)

T
]

= PN,N
k −P0,N

k GTLT
k,NA

T (13)

where every quantity on the right-hand side is obtained through the last step of smoothing pro-
cess. Within the context of fatigue assessment, this uncertainty in state estimates may be prop-
agated over the model at the level of stresses and subsequently quantified through the backward
sampling of the stress time histories in order to account for the modelling and measurement
uncertainties.

3 FATIGUE DAMAGE

Fatigue damage accumulation is a stochastic process characterized by several uncertainties.
These uncertainties are associated with a number of sources, such as material properties, mod-
eling errors and loading conditions among others. Under this perspective, it is essential that
damage accumulation is treated within a probabilistic framework, one that is able to account for
the stochastic nature of the phenomenon. In so doing, the present study is based on the premise
of non-stationary and normally distributed damage accumulation process

D(t) ∼ N
(
µD(t), σ2

D(t)
)

(14)

with µD(t) and σ2
D(t) denoting the time-varying mean and variance respectively. The elabora-

tion of this assumption is presented in three steps through the following sections.

3.1 Model of damage accumulation

A common practice for the evaluation of fatigue damage in steel structures is the linear
accumulation rule, also known as Palmgen-Miner rule [15, 16], whereby damage at a given
stress level is defined as the ratio of operational cycles to the number of failure cycles. For
varying stress level, this is formulated as follows

D =
k∑
j=1

Dj =
k∑
j=1

n (∆σj)

Nf (∆σj)
(15)

where n (∆σj) is the number of cycles with stress amplitude ∆σj ,Nf (∆σj) denotes the number
of cycles to failure at stress level ∆σj and k is the number of stress ranges contained in the
examined time history. In the case of directly measured or estimated strain/stress time histories,
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the number of cycles at stress amplitude ∆σj may be determined using counting techniques.
Among others, the rainflow counting algorithm, which is thoroughly described in [17] and
employed in this study as well, constitutes the most accurate and commonly used method in
fatigue analysis. Finally, the relationship between fatigue life in terms of cycles Nf and stress
range ∆σ is obtained by the well-known S −N curve [18] which is expressed by

Nf∆σ
m = A (16)

where A represents a fatigue strength constant and m denotes the slope of the curve, with both
variables being material dependent. Combining Eq. (15) and the S −N curve model described
by Eq. (16), the expression of damage accumulation for multi-stress levels may be written as

D =
k∑
j=1

C (∆σj)
m n (∆σj) (17)

with C denoting the reciprocal of fatigue strength constant A.

3.2 Distribution of fatigue damage

In establishing a probabilistic representation of damage accumulation, fatigue life is consid-
ered to be described by a probabilistic S − N curve, as illustrated in Fig. 1. In practice, this
is accomplished by treating the failure cycles Nf of each stress level as a random variable that
follows a certain distribution. Since fatigue life of components under constant or random am-
plitude stress conditions may be adequately represented via normal or log-normal distributions,
as underlined by Wu et al. [19], it is assumed that the number of cycles to failure at a certain
stress level is normally distributed

fn (Nf ) =
1

σNf

√
2π

exp

(
−1

2

(
Nf − µNf

σNf

)2
)

(18)

with mean µNf
and standard deviation σNf

. The corresponding distribution of damage accu-
mulation at the same stress level may then be derived through the one-to-one transformation of
Eq. (18). The latter requires the functional relationship Nf = h (D) between failure life Nf

and damage accumulation D, which may be obtained through evaluation of Eq. (17) at failure

Cycles nNf1 Nf2 Nf3

Δσ1

Δσ2

Δσ3

Δσ

Figure 1: Probabilistic S −N curve
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life for a single stress level. Thereafter, the probability density function of cumulative damage
D may be calculated through the differentiation of its cumulative distribution as shown below

fD(D) =
d

dD
FD(D)

=
D

dD
Fn
(
h−1(D)

)
=

D

dD

(∫ h−1(D)

−∞
fn (Nf ) dNf

)

=
dh−1(D)

dD
fn
(
h−1(D)

)
=
dNf

dD
fn (Nf ) (19)

where dNf/dD = 1/s with s = C (∆σ)m denoting the slope of the S − N curve at the stress
level ∆σ. Substituting in Eq. (19) and making use of Eq. (17) for a single stress level and Eq.
(18), the probability density function of D may be written as follows

fD(D) =
1

sσNf

√
2π

exp

(
−1

2

(
D − sµNf

sσNf

)2
)

(20)

where it may be observed that fatigue damage follows a normal distribution as well

D (Nf ) ∼ N
(
sµNf

, sσNf

)
(21)

with mean sµNf
and standard deviation sσNf

.

3.3 Evolution of variance

As illustrated in Fig. 1, fatigue life follows an increasing trend in variability as stress level
decreases, thus resulting in low variability of failure cycles at high stress conditions and higher
variability at low stress levels. Additionally, as demonstrated by Wang et al. [20], damage
accumulation at constant stress level exhibits a monotonically increasing variability as usage
cycles increase. This second source of variability is graphically depicted in Fig. 2, where it

Cycles nNf1 Nf2 Nf3

D=1

Δσ1

Δσ2 Δσ3

s1

1 1

s2

1
s3

Δσ1 > Δσ2 > Δσ3

Figure 2: Evolution of variance for different stresses
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may be inferred that the initial stage is represented by zero usage cycles and zero variability for
all stress levels. Subsequently, as the number of usage cycles at a certain stress level increases,
the variability is accordingly increasing until it reaches a certain value σNf

at failure life. This
trend may be geometrically interpreted, as elaborated by Rathod et al. [5], and captured through
the rate of change of the standard deviation rσ, given by

rσ =
σNf

Nf

(22)

Subsequently, the standard deviation of the loading cycles n may be derived from the product
of the rate of change and the number of cycles n, given by the following expression

σn = rσn =

(
σNf

Nf

)
n (23)

Considering finally that the damage index is related to the number of cycles via the slope s =
C (∆σ)m of the S − N curve, the standard deviation of cumulative damage may be written as
follows

σD =

(
σNf

Nf

)
ns = C (∆σ)m n

(
σNf

Nf

)
(24)

Although the above formula represents the variability in damage due to single stress-level
condition, it can be readily extended to account for the variability in damage accumulation
under multi-level stress conditions, as graphically presented in Fig. 3. In so doing, it is assumed
that damage accumulation at each stress level bears an independent stochastic contribution to
the total variability of damage accumulation which is given by

σD =

√√√√ k∑
j=1

(
C (∆σj)

m nj

(
σNf j

Nfj

))2

(25)

where Nf j denotes the cycles to failure at stress level ∆σj and σNf j
the corresponding standard

deviation.

Cycles nNf1 Nf2 Nf3

D=1

Δσ1

Δσ2

Δσ3

Δσ1 > Δσ2 > Δσ3

Figure 3: Damage accumulation for multi-stress loading
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3.4 Reliability prediction

Based on the above probabilistic model for fatigue damage accumulation, which relies on
the assumption of normally distributed usage and failure cycles, the reliability of a structural
component with respect to fatigue damage may be calculated through the limit state function

Z(n) = Dc −D(n) (26)

where Dc is the critical damage with E [Dc] = 1 and Z(n) = 0 describes the limit state that
separates the safe domain, for which Z(n) > 0, from the failure region where Z(n) < 0.
Thereafter, the reliability is calculated on the basis of the limit state function as follows

R = P (Z(n) > 0)

= 1− P (Z(n) ≤ 0)

= 1− Φ

− µDc − µD√
σ2
Dc

+ σ2
D

 (27)

with µD and σD denoting the mean and the standard deviation of damage accumulation while
µDc , σDc designate the mean the standard deviation of threshold damage.

Thereafter, substitution of Eqs. (17) and (25) into Eq. (27) yields the reliability index of a
structural component under multi-level stress conditions as given below

R = 1− Φ

−
µDc −

k∑
j=1

C (∆σj)
m n (∆σj)√√√√σ2

Dc
+

k∑
j=1

(
C (∆σj)

m n (∆σj)
(
σNf j

/Nfj

))2

 (28)

where it should be noted that the variability of threshold damage σDc at failure life, i.e. when
n = Nf , is equal to the variability of damage accumulation σD, given by Eq. (25). This is also
implied from Fig. 2 where it is shown that the variability of damage follows a monotonically
increasing trend until it reaches the value of threshold damage at failure level.

4 RESULTS

The demonstration of the proposed scheme for reliability prediction of fatigue damage accu-
mulation is carried out through an application to the NREL 5.0 MW land-based wind turbine,
whose features are in detail presented by Jonkman et al. [21]. To investigate the fatigue limit
state (FLS), the considered structure is modelled using the FAST v8 software platform for the
generation of artificial measurements from aero-servo-elastic simulations in operational condi-
tions. A total of two hundred simulations, each with a duration of ten minutes, is used for this
purpose. Each simulation is performed at a mean wind speed sampled from a Weibull distribu-
tion with mean equal to 10 m/s and a turbulence intensity derived from a log-normal distribution
conditioned on the previously sampled mean wind speed.

To enable the implementation of the proposed approach in a long-term period, the structural
response is assumed to be measured with sensors appropriate for continuous and permanent
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Figure 4: Overview of the sensor locations, the finite element model of the tower and the critical locations

monitoring. In this study, availability of acceleration and inclination measurements is assumed,
whose adopted configuration is depicted in Figs. 4(a) and 4(b). Their number and location on
the structure are determined by the stability and observability conditions, in accordance with the
number of inputs to be identified and their corresponding locations. These inputs are considered
to be the interface forces between the tower top and the nacelle, as illustrated in Fig. 4(c).

To additionally account for modelling errors, a stochastic Finite Element (FE) model of the
wind turbine structure is employed for the solution of the inverse problem. Namely, while
the forward process for the data generation is carried out with a perfectly known deterministic
model, the one implemented in FAST, the identification part is performed with a perturbed
FE model. This is a refined shell-element model, reduced with a component mode synthesis
technique, that involves a randomness in the material properties, introduced at the level of the
constitutive matrix C as follows

C = C0

(
α + f(x)

)
(29)

where α, equal to 0.95, is a perturbation factor for the mean value of C which is denoted by
C0 and f(x) is a zero-mean stochastic process which is herein assumed to be log-normally
distributed with standard deviation 2 · 1010 N/m2. Within this context, the stochastic stiffness
matrix of an element (e) may be expressed on the basis of the principle of virtual work as

k(e) = k
(e)
0 + ∆k(e)

s =

∫
V (e)

B(e)αC0B
(e)dV (e) +

∫
V (e)

B(e)C0f
(e)(x)B(e)dV (e) (30)

where k
(e)
0 is the perturbed deterministic part and ∆k(e)

s denotes the fluctuating part. For the
sake of completeness, it should be noted that V (e) is the volume of element (e) and B(e) repre-
sents the deformation matrix.

The simulation measurements obtained from FAST are polluted with 3% white Gaussian
noise and subsequently fed to the augmented Kalman filter which is operating along with the
fixed-lag smoother for the dual input and state estimation of the perturbed model. The algorithm
is initialized with a zero state vector, the measurement error covariance is obtained as a function
of the noise level and the system error covariance is calculated on the basis of the L-curve,
as shown in Fig. 5. The smoothed state estimates, which are delivered as Gaussian random
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Figure 5: L-curve for the optimal choice of the regularization parameter

variables with mean and variance given by Eqs. (12) and (13), are finally propagated over the
model in order to obtain the corresponding distributions of stress estimates at critical locations.

The expected value of stress time histories for locations 1 and 2 are illustrated in Fig. 6
and 7 respectively, along with their 95% confidence intervals for two different time frames of
100s and 5s. Although an erroneous model is used for the response identification, it is seen
that the stress time histories are identified with a sufficiently high degree of accuracy. This may
be primarily attributed to the capability of the filter to provide robust response estimates, when
an erroneous model is deployed, at the expense of the input predictions and secondly to the
smoothing effect which yields a substantial improvement on the peak estimates.

To quantify the uncertainty of the estimated stress time histories, which implicitly comprises
all kinds of uncertainty associated with the FE model and the response measurements, the time
histories are backwards sampled in a Monte Carlo framework and subsequently counted with
the rainflow algorithm, yielding thus a stochastic representation of the stress cycle distribution.
The latter is then processed with the fatigue model of Section 3 and produces the time-dependent
distribution of damage accumulation. It should be noted that in the context of this study, the
fatigue strength parameters are chosen such that a substantial part of the fatigue life of the
structure is wasted throughout the simulation time.

The expected value of accumulated fatigue damage with respect to the number of usage
cycles for the whole simulation time of two thousand minutes at locations 1 and 2 is depicted
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Figure 6: Actual and estimated stress time history with 95% confidence interval for location 1
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Figure 7: Actual and estimated stress time history with 95% confidence interval for location 2
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Figure 8: Expected value of fatigue damage accumulation on locations 1 and 2

in Fig. 8. As observed, the evolution of damage is identified with a high degree of accuracy, yet
there is a small drift on the estimates which mainly stems from spurious cycles due to noise on
measurements. The total damage accumulation for all five locations is presented in the bar-chart
of Fig. 9, showing the sufficiently good agreement between actual and estimated values, with a
7% maximum error.
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Figure 9: Expected value of accumulated fatigue damage on locations 1-5

Finally, the time-dependent reliability index of a structural component under the estimated
stress conditions is evaluated on the basis of Eq. (28). Figure 10 shows the evolution of relia-
bility with respect to the number of usage cycles for locations 1 and 2, where it is evident that
reliability follows a decreasing trend as the number of usage cycles increases. As underlined
in Section 3, the rate of change of the reliability index is dependent on the stress conditions,
resulting to higher rate of loss for high-low cycles and accordingly to lower one for low stress
levels. An additional information revealed from Fig. 10 pertains to the evolution of fatigue
mechanisms. Namely, it may be deduced that the initial and highly reliable period represents
the phase of crack initiation while the crack propagation period is indicated by loss of relia-
bility. This implies that high stress-level conditions result in small crack initiation periods and
faster loss of reliability during the crack propagation phase, which in turn implies faster damage
accumulation.
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Figure 10: Evolution of reliability index at locations 1 and 2
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5 CONCLUSIONS

This study presents a probabilistic framework for real-time reliability estimation of fatigue
damage accumulation on wind turbine support structures. The approach is based on output-only
measurements from wind turbine support structures and a combination of the augmented version
of the Kalman filter with a fixed-lag smoother. The smoothed uncertainty of the estimated states
is transferred through the FE model of the wind turbine substructure at the level of stresses and
subsequently propagated over a stochastic non-stationary fatigue model for the identification of
damage accumulation. The latter is finally obtained at unmeasured critical locations along with
a time-dependent reliability index. Despite the fact that a strongly perturbed numerical model
is implemented for the inverse problem, the structural quantities of interest are estimated with
sufficiently high accuracy. This is mostly due to the capability of the algorithm to provide robust
response predictions at the expense of the input estimates and partially due to the smoothing
effect. However, it is seen that even a small amount of noise can give rise to spurious stress
cycles and lead to an error accumulation on fatigue damage estimates.
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Abstract. Lifeline networks, such as water distribution and transportation networks, are the
backbone of our societies, and the study of their reliability of them is required. In this paper,
a survival signature-based reliability analysis method is proposed to analyse the complex net-
works. It allows to consider all the characters of the network instead of just analysing the most
critical path. What is more, the survival signature separates the system structure from its failure
distributions, and it only needs to be calculated once, which makes it efficient to analyse com-
plex networks. However, due to lack of data, there often exists imprecision within the network
failure time distribution parameters and hence the survival signature. An efficient algorithm
which bases on the reduced ordered binary decision diagrams (BDD) data structure for the
computation of survival signatures is presented. Numerical example shows the applicability of
the approaches.
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1 INTRODUCTION

Nowadays reliability engineering is used in a wide range of applications on complex life-
line networks, which are a series of components interconnected by communication paths. The
analysis of these networks becomes more and more important as they are the backbone of our
societies. Examples include the Internet, social networks of individuals or businesses, trans-
portation network, power plant system, aircraft and space flights, metabolic networks, and many
others. Since the breakdown of lifeline networks might have catastrophic effects, it is essential
to assess the reliability and availability of such networks.

System signatures [1] have been recognized as an important tool to quantify the reliability
of systems, however, the use of the system signature is associated with the assumption that
all components in the system are of the same type. Survival signature which does not rely
any more on the restriction to one component type has been proposed by Coolen and Coolen-
Maturi in [2]. Recent developments have opened up a pathway to perform a survival analysis
using the concept of survival signature even for complex lifeline networks. Aslett [3] developed
a Reliability Theory R package which was used to calculate the survival signature. Feng et al.
[4] considered imprecise system reliability and component importance measures. Patelli and
Feng [5] proposed efficient simulation approaches based on survival signature for reliability
analysis of large systems. Coolen and Coolen-Maturi [6] linked the (imprecise) probabilistic
structure function to the survival signature. An algorithm for exact computation of system and
survival signatures is proposed by Reed [7].

Most existing models assume that there are precise parameter values available, so the quan-
tification of uncertainty is mostly done by the use of precise probabilities [8]. However, due
to lack of perfect knowledge, imprecision often exists within component failure times or their
distribution parameters. Hence, the reliability analysis for the lifeline network is affected by the
imprecision and uncertainty.

Augustin et al. gave a detailed introduction of imprecise probability in [9]. In order to deal
with the uncertainty, Beer et al. [10] introduced fuzzy set theory in engineering analyses. An
integrated framework to deal with scarce data, aleatory and epistemic uncertainties is presented
by Patelli et al. [11], and OpenCossan is an efficient tool to perform uncertainty management
of large finite element models [12]. Also, the use of probability box in risk analysis offers many
significant advantages over a traditional probabilistic approaches because it provides conve-
nient and comprehensive ways to handle several of the most practical serious problems face by
analysts [13].

In this paper, survival signature is used perform reliability and uncertainty assessment on
complex networks. The remainder of the paper is organized as follows. Section 2 gives a
brief overview of survival signature-based reliability analysis on lifeline networks with impreci-
sion. Then, an efficient algorithm which bases on the reduced ordered binary decision diagrams
(BDD) data structure for calculating the survival signature is proposed in Section 3. In Section
4, a numerical example is analysed to show the performance and applicability of the proposed
methods. Finally, the paper is concluded in Section 5 with some discussions.

2 RELIABILITY ANALYSIS ON LIFELINE NETWORKS WITH IMPRECISION

2.1 Reliability Assessment on Lifeline Networks

Lifeline network may be represented withm components which belong toK ≥ 2 component
types, with mk components of type k ∈ {1, 2, ..., K} and

∑K
k=1mk = m. Assume that the

random failure times of components of the same type are exchangeable, while full independence
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is assumed for components belong to different types (iid), the survival signature which can be
denoted by Φ(l1, l2, ..., lK), with lk = 0, 1, ...,mk for k = 1, 2, ..., K. It defines the probability
that the system functions given that lk of its mk components of type k work, for each k ∈
{1, 2, ..., K}. There are

(
mk

lk

)
state vectors xk with

∑mk
i=1 x

k
i = lk (k = 1, 2, ..., K), where

xk = (xk1, x
k
2, ..., x

k
mk

). Let Sl1,l2,...,lK denote the set of all state vectors for the whole system,
and it can be known that all the state vectors xk ∈ Sk

lk
are equally likely to occur. Therefore, the

survival signature can be expressed as:

Φ(l1, ..., lK) = [
K∏
k=1

(
mk

lk

)−1
]×

∑
x∈Sl1,...,lK

φ(x) (1)

where φ = φ(x) : {0, 1}m → {0, 1} is the system structure function, i.e., the system status
based on all possible state vectors x. φ is 1 if the system functions for state vector x and 0 if
not.

LetCk(t) ∈ {0, 1, ...,mk} denote the number of k components working at time t, the survival
function of the system with K types of components becomes:

P (Ts > t) =
m1∑
l1=0

...
mK∑
lK=0

Φ(l1, ..., lK)P (
K⋂
k=1

{Ck(t) = lk}) (2)

If the components of type k have a known cumulative distribution function Fk(t), let make
the assumptions of independence of failure times for components of different types and of iid
given a distribution function for components of the same type, then:

P (
K⋂
k=1

{Ck(t) = lk}) =
K∏
k=1

P (Ck(t) = lk) =
K∏
k=1

(
mk

lk

)
[Fk(t)]mk−lk [1− Fk(t)]lk (3)

Equation 2 shows that the structure of the system is separated from the its components failure
times, which is the typical advantage of the survival signature. The survival signature is a
summary of structure functions and only needs to be calculated once for the same system. As a
result, it is an efficient method to perform system reliability analysis on complex systems with
multiple component types.

2.2 Uncertainty Assessment on Lifeline Networks

Uncertainty is an unavoidable component affecting the behaviour of systems and more so
with respect to their limits of operation. In spite of how much effort is dedicated into improving
the understanding of systems, components and processes through the collection of represen-
tative data, the appropriate characterization, representation, propagation and interpretation of
uncertainty will remain a fundamental element of the reliability analysis of any complex sys-
tems [14]. If only few data points are available it might be difficult to identify the parameters
of the components precisely. However, it is essential to take the uncertainty into account when
analyse the lifeline network reliability.

Considering the imprecision in the component parameters will lead to bounds of the Life-
line network survival function. The lower bound of the survival function can be got through
Equation 4.

92



Geng Feng, Sean Reed, Edoardo Patelli, Michael Beer and Frank P.A. Coolen

P (TS > t) =
m1∑
l1=0

...
mK∑
lK=0

Φ(l1, ..., lK)
K∏
k=1

D(Ck(t) = lk) (4)

=
m1∑
l1=0

...
mK∑
lK=0

Φ(l1, ..., lK)
K∏
k=1

(P (Ck(t) ≤ lk)− P (Ck(t) ≤ lk − 1))

While the corresponding upper bound of the survival function can be calculated as:

P (TS > t) =
m1∑
l1=0

...
mK∑
lk=0

Φ(l1, ..., lK)
K∏
k=1

D(Ck(t) = lk) (5)

=
m1∑
l1=0

...
mK∑
lk=0

Φ(l1, ..., lK)
K∏
k=1

(P (Ck(t) ≤ lk)− P (Ck(t) ≤ lk − 1))

3 PROPOSED ALGORITHM FOR CALCULATING SURVIVAL SIGNATURE OF LIFE-
LINE NETWORKS

The state vector count or survival signature values for a system, such as a lifeline network,
can be represented by a multidimensional array. The values stored at index (l1, ..., lK) of the ar-
ray stores the value corresponding to l1, ..., lK components of types 1 to K surviving. However,
computing these arrays using enumerative methods becomes quickly infeasible since the num-
ber of state vectors to consider is equal to 2m and therefore the computational complexity grows
exponentially with the number of components in the network. An efficient algorithm for com-
puting the multidimensional array representation of the survival signature for a system, based
on the use of the reduced ordered binary decision diagrams (BDD) data structure, is proposed.

A BDD [15] is a data structure in the form of a rooted directed acyclic graph which can
be used to compactly represent and efficiently manipulate a Boolean function. They are based
upon Shannon decomposition theory [16]. The Shannon decomposition of a Boolean function
f on Boolean variable xi is defined as f = xi ∧ fxi=1 + xi ∧ fxi=0 where fxi=v is f evaluated
with xi = v. Each BDD contains two terminal nodes that represent the Boolean constant
values 1 and 0, whilst each non-terminal node represents a subfunction g, is labelled with a
Boolean variable v and has two outgoing edges. By applying a total ordering on the m Boolean
variables for function f by mapping them to the integers x0, , xm−1, and applying the Shannon
decomposition recursively to f , it can be represented as a binary tree with m + 1 levels. Note
that the chosen ordering can have a significant influence on the size of the BDD [17]. Each
intermediate node, referred to as an if-then-else (ite) node, at level l ∈ {0, ,m − 1} (where
the root node is at level 0 and the nodes at level m − 1 are adjacent to the terminal nodes)
represents a Boolean function g on variables xl, xl+1, ..., xm−1. It is labelled with variable xl
and has two out edges called 1-edge and 0-edge linking to nodes labelled with variables higher
in the ordering. 1-edge corresponds to xl = 1 and links to the node representing gxl=1, whist 0-
edge corresponds to xl = 0 and links to the node representing gxl=0. In addition, the following
two reduction rules are applied. Firstly, the isomorphic subgraphs are merged; and secondly,
any node whose two children are isomorphic is eliminated.

Complement edges [18] are an extension to standard BDDs that reduce memory size and the
computation time. A complement edge is an ordinary edge that is marked to indicate that the
connected child node (at a higher level) has to be interpreted as the complement of its Boolean
function. The use of complement edges is limited to the 0-edges to ensure canonicity.
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The BDD representing the system structure function for a network can be computed in vari-
ous ways, e.g. from its cut-sets or network decomposition based methods [19]. In order to show
the implementation of the approach, a simple network with 4 nodes and 4 edges is considered
and shown in Figure 1.

Figure 1: A simple network with 4 nodes and 4 edges. Figure 2: BDD for the simple network from Figure 1.

The corresponding BDD representing the structure function of this network, where the dashed
edges represent 0-edges (marked with -1 if complemented) and solid edges represent 1-edges,
is shown in Figure 2. The survival signature from a BDD representation of the system struc-
ture function for a network can then be calculated through the iterative algorithm described by
Figure 3.

The number of operations performed during the execution of the algorithm grows approxi-
mately linearly with the number of nodes in the BDD. In general, the BDD representation of
the structure function for a network has far fewer nodes than 2m nodes. It is therefore far more
computationally efficient than using enumerative algorithms.

4 NUMERICAL EXAMPLE

Figure 4 shows a lifeline network of 17 nodes and 32 edges. The source is the node s and
the sink is the node t. All the nodes are assumed to be perfectly reliable in the network.

Three cases are considered. The first case is used to compare results between the former
improved recursive decomposition method and the presented survival signature-based method.
And the proposed approach is extended to analyse complex network with multiple component
types in the second case. For the last case, imprecision is taken into consideration.

4.1 Network with Single Type of Components

Reliability analysis on the network show in Figure 4 considering only one type of compo-
nents, which has been studied by Liu and Li [20]. In this Case, there has an assumption that the
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edges of the network are independent and identical distributed. All edges are undirected edges
(which means all edges are connected by nodes), let all edges reliability be 0.9 (Case I), 0.8
(Case II), 0.2 (Case III) and 0.1 (Case IV).

The network reliability calculated by the improved recursive decomposition algorithm in
[20] is 0.999930 (Case I), 0.996522 (Case II), 0.017194 (Case III) and 0.000777 (Case IV),
respectively.

By using the efficient algorithm which proposed in this paper, the survival signature of the
complex network can be calculated in 28.07 seconds, and the results can be seen in Table 1.

l Φ(l) l Φ(l) l Φ(l) l Φ(l) l Φ(l) l Φ(l)
0 0 1 0 2 0 3 0 4 0.00014 5 0.00081
6 0.00285 7 0.0077 8 0.01765 9 0.03597 10 0.06683 11 0.00014

12 0.18409 13 0.27635 14 0.38916 15 0.51445 16 0.63944 17 0.75075
18 0.18409 19 0.90414 20 0.94679 21 0.97271 22 0.98719 23 0.99458
24 0.99799 25 0.99938 26 0.99985 27 0.99998 28 1 29 1
30 1 31 1 32 1

Table 1: Survival signature of the network in Figure 4.

In all four Cases, the network reliabilities calculated through the survival signature-based
reliability method given by Equation 2 are identical to those calculated using the method from
Liu and Li [20]. However, the survival signature-based method only needs to calculate the
survival signature of the network once and store the results, so it is efficient to calculate the
network reliability for more cases. Furthermore, the proposed method is powerful at dealing
with the complex networks with multiple component types and components with time varying
distributions.

4.2 Network with Multiple Types of Components

Assume that the edges within the network are belonging to three types instead of one single
type. To be specific, edges 1, 2, 3, 4, 5, 28, 29, 30, 31 and 32 are in type one with reliability
is 0.9; edges 6, 7, 8, 9, 15, 16, 17, 18, 24, 25, 26 and 27 are in type two with reliability is 0.8;
edges 10, 11, 12, 13, 14, 19, 20, 21, 22 and 23 are in type three with reliability is 0.2.

In order to estimate the network reliability, the survival signature of this network can be
calculated by the proposed algorithm in 23.78 seconds, and then the reliability of the network
is 0.3746931 by using Equation 2.

It can be seen from the above examples that the network reliability is time independent,
because we assume the edge reliability values are stable as time goes. In the real engineering
world, however, the failure times of edges are according to different distribution types (i.e.,
Exponential, Weibull, Normal and Lognormal distribution) sometimes. All of these distribution
are time dependent, and will lead to the network reliability values are time varying.

Now let assume the failure times of edges type one are according to Exponential distri-
bution with parameter λ = 0.12. Similarly, type two ∼ Weibull(0.4,4.2) and type three ∼
Normal(0.7,0.02).

The survival signature remains the same as the network does not change its configuration.
The survival function of the network is shown in Figure 5. It can be seen that the survival
function is time varying, thus, it is easy to know the network reliability at each time.
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4.3 Imprecise Network Reliability

Due to lack of data or limited knowledge, there are not always precise data for edges failure
time distributions. For instance, Table 2 shows the failure types and imprecise distribution
parameters of edges in the network.

Edge Type Distribution Type Imprecise Parameters λ or (α, β)
1 Exponential [0.08, 0.18]
2 Weibull ([0.3, 0.6], [3.8, 4.6])
3 Normal ([0.5, 0.8], [0.01, 0.03])

Table 2: Failure types and imprecise distribution parameters of edges in the network of Figure 4.

According to Equations 4 and 5, the lower and upper bounds of survival function of the
network can be estimated by means of a double loop approach. The double loop sampling
involves two layers of sampling: the outer loop, called the parameter loop, samples values from
the set of distribution parameters; while the inner loop computes the survival function stating for
the network knowing the precise probability distribution functions. Figure 5 shows the interval
of the survival function. It can conclude that imprecision either within the components failure
time distribution parameters can lead to survival function intervals of the complex network.

5 CONCLUSIONS

Survival signature opens a new pathway for analysing complex network with multiple com-
ponent types, and it just needs to be calculated once for a specific network, which represents a
significant computational advantage. An efficient algorithm has been proposed for calculating
the survival signature of large and complex networks, and then used for reliability and uncer-
tainty assessment on lifeline networks based on the survival signature.

The proposed approach allows to include imprecision and vagueness both within the compo-
nents failure time distribution parameters and lifeline network configuration. Either analytical
approaches or simulation methods can be applied to deal with the uncertainty efficiently. The
case study presented in this paper indicates that the proposed approaches can be used to evaluate
the reliability and uncertainty of complex networks efficiently.
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Figure 3: Algorithm for computing signature from the BDD representation of a system structure function.
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Figure 4: A lifeline network with 17 nodes and 32 edges [20].
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Figure 5: Time varying precise survival function alongside with lower and upper bounds of survival function of
the network in Figure 4 (imprecise distribution parameters).
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Abstract. The random vibration analysis of aircraft structural components is often performed 
with simplified techniques, such as Miles’ Equation, which yields the root mean square of the 
acceleration response. The failure probability of the structural component is then established 
as the probability that the displacement exceeds a given threshold with a velocity in a certain 
period of time. Nonetheless, the dominant frequency of the system may be uncertain because 
of manufacturing variability, and because of variation in joints and connections of structural 
components. In this paper the conventional approach is extended in two ways: (i) firstly, the 
system parameters are taken to be uncertain rather than known, (ii) secondly, the uncertainty 
is modelled with an imprecise probability description, rather than with conventional pdfs 
(which usually are not known, due to a lack of empirical information). When the system pa-
rameters are modelled with a probability density function, the proposed approach yields: (a) 
the unconditional failure probability across an ensemble of Single Degree of Freedom (SDoF) 
systems; (b) the probability that the failure probability exceeds a specified target level across 
the ensemble of SDoFs.  By introducing uncertainty in the probabilistic assignment of the sys-
tem parameters, the bounds on these quantities are readily obtained. The feasibility of the 
proposed approaches are shown through their application to a structural panel of a space-
craft.   
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1 INTRODUCTION 

In the design of aircraft structural components is often assumed that only the randomness 
in the excitation (of mechanical and acoustic nature) is of concern, while the parameters of the 
structural components are assumed to be deterministic [1]. The random vibration analysis of 
aircraft structural components is often performed with simplified techniques, such as Miles’ 
Equation, which assumes that a structural component, or a secondary structure, has a domi-
nant natural frequency with respect to the structural response [1]. This equation yields the root 
mean square of the acceleration, as a function of the natural frequency of an equivalent Single 
Degree of Freedom (SDoF), of the quality factor and of the value of the random external force 
(expressed as a Power Spectral Density) at the natural frequency of the SDoF. The failure 
probability of the structural component is then established as the probability that the dis-
placement exceeds a given threshold with a velocity in a certain period of time, by using well 
established techniques [1-3]. Nonetheless, the dominant frequency of the system may be un-
certain because of manufacturing variability, and because of variation in joints and connec-
tions of structural components.  

In this paper the conventional approach is extended in two ways: (i) firstly, the system param-
eters are taken to be uncertain rather than known, (ii) secondly, the uncertainty is modelled 
with an imprecise probability description [4], rather than with conventional pdfs (which usual-
ly are not known, due to a lack of empirical information). When the system parameters are 
modelled with a probability density function, the proposed approach yields: (a) the uncondi-
tional failure probability across an ensemble of SDoFs; (b) the probability that the failure 
probability exceeds a specified target level across the ensemble of SDoFs.  By introducing 
uncertainty in the probabilistic assignment of the system parameters, the bounds on these 
quantities are readily obtained.  

The standard random vibration analysis of aircraft structural components is reviewed in sec-
tion 2. In section 3, the system parameters are taken to be uncertain rather than known, and 
described using a specified probability density function. Two methods are proposed: (i) 
Method A addresses the problem of estimating the probability that a deterministic limit value 
of the SDoF displacement response is exceeded by the response variable across the ensemble 
of SDoFs; (ii) Method B yields the probability that the failure probability itself exceeds a crit-
ical value. In section 4, an imprecise probability model based on a generalization of the Max-
imum Entropy distribution under uncertain statistical information is reviewed, and then 
Method A and B are extended to include this type of description to yield bounds on the two 
probability estimates.  The random vibration analysis of a Single Degree of Freedom system 
with uncertainty in the system parameters, and in the probabilistic assignment of the system 
parameters is addressed in section 5.  

2 REVIEW OF RANDOM VIBRATION ANALYSIS OF AIRCRAFT 
STRUCTURAL COMPONENTS 

Miles’ Equation [1] is a well-established technique used to assess the performance of air-
craft structural components under random vibration. In this context it is assumed that a struc-
tural component, or a secondary structure, has a dominant natural frequency with respect to 
the structural response. The random vibration analysis of aircraft structural components re-
duces to the study of a Single Degree of Freedom (SDOF), consisting of a mass m , a spring 
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k  and a damper c , subject to a random external force ( )F t which produces a displacement

of the mass ( )y t , as shown in Figure 1.

Figure 1: Damped SDoF subject to a force 

The governing equation of the problem can be written as: 

( ) ( ) ( ) ( )
2 n n

F t
y t y t y t

m
ζω ω+ + =ɺɺ ɺ (1) 

being ( )2  c k mζ =  the damping ratio, and / 2n nk m fω π= =  the SDOF natural fre-

quency corresponding to the dominant natural frequency of the structural component. 

If the input is a broadband random loading with a constant spectral density over the frequency 

range of interest, ( ) 0FFS f S=  (with units of ( )2N Hzkg ), being f  the frequency ex-

pressed in Hz, the solution of the  SDoF governing equation yields the Miles’ Equation [1]:  

( )0
3 332

n
y rms

n

QS f
y

f
σ

π
= = (2) 

This equation expresses the root mean square (rms) of the mass displacement, yσ   as a func-

tion of the natural frequency of the SDoF, nf , of the quality factor ( ) ( )1 2  Q k m cζ= =

and of the value of the excitation force spectral density at the natural frequency ( )0 nS f .

The rms of the mass displacement is then used to verify that the structure is be able to with-
stand a certain stress levels, such as the yield stress. This is achieved by defining the failure 
probability of the structural component, as the probability that the displacement ( )y t  exceeds 
a given level b  with a velocity ( )y tɺ  in a certain period of time τ . It is well known that by 
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assuming that each crossing of the barrier is independent from each other and randomly dis-
tributed along the time axis, the failure probability fP  can be expressed as [1-3]: 

 1 expf bP ν τ+ = − −   (3) 

Being bν +  the average number of positive crossing per unit of time of a barrier b, whose dis-
tribution is given by [1-3]: 

 
2

1
exp

2 2
y

b
y y

bσ
ν πσ σ

+
  = −  

   

ɺ

 (4) 

Being yσ ɺ  the mean square of the velocity which is given by [1-3]: 

 

 ( )
0

8 2y
n

S
f

σ
ζ π

=ɺ  (5) 

 
The main aim of the analysis is therefore to establish the failure probability obtained with 
Equation (3) and compare it to a failure probability target. If the failure probability obtained is 
higher than the target one, a different design of the aircraft structural component should be 
explored. Nonetheless, the dominant frequency of the system may be uncertain, leading to 
uncertainty in the failure probability estimate. This conventional approach is extended in the 
next sections to account for the effect of the uncertainties in the system parameters.  

3 RANDOM VIBRATION ANALYSIS OF AIRCRAFT STRUCTURAL 
COMPONENTS WITH UNCERTAIN SYSTEM PARAMETERS 

Let us include uncertainty in the system parameters and model this uncertainty with a 
probability density function. The problem concern with an ensemble of SDoFs, where each 
element of the ensemble has a specified value of the natural frequency. When subject to the 
random loading, each element of the ensemble is characterized by a random displacement re-
sponse. If the natural frequency of the SDOF nf  is described by a probability distribution 

( )np f , two different approaches can be considered to yield two probability estimates which 

can be very useful from the engineering point of view.  

3.1 Method A – unconditional failure probability 

Method A enables the evaluation of the unconditional failure probability across an ensem-
ble of SDoFs. This is expressed as: 

 

 ( ) ( )df f n n nP P f p f f= ∫  (6) 

 
Being ( )f nP f  the failure probability of a member n of the ensemble (for fixed nf ) which is 

computed using Equation (3). This type of integral can be evaluated numerically by consider-
ing a grid of integration points (direct integration) or by employing Monte Carlo Simulations 
[5]. 
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3.2 Method B – probability of failure probability exceeding a target level  

Method B yields the probability that the failure probability exceeds a specified target level   
across the ensemble of SDoFs. This is expressed as:  

 

 [ ] ( )d
f

f n n
P

P P p f f
θ

θ
>

> = ∫  (7) 

 
In most cases the analytical solution of this integral is not known and its approximate solution 
can be obtained by using numerical integration methods or Monte Carlo Simulations [5].  
 
While Method A addresses the problem of estimating the probability that a deterministic limit 
value of the SDoF displacement response is exceeded by the response variable across the en-
semble of SDoFs; Method B addresses a different type of problem: by specifying a critical 
value of the failure probability, it yields the probability that the failure probability itself ex-
ceeds this critical value. Therefore, these approaches yield two probability estimates which 
can be very useful from the engineering point of view.  

4 INTRODUCING UNCERTAINTY IN THE PROBABILISTIC ASSIGNMENT OF 
THE SYSTEM PARAMETERS 

4.1 Generalization of the Maximum Entropy distribution under uncertain statistical 
information  

One of the main difficulty in performing a probabilistic uncertainty analysis is to specify 
an appropriate pdf of the uncertain system parameters. This might be caused by insufficient 
data required to empirically determine the pdf, because of cost or time constraints, or because 
the structure does not yet exist. Considering a wrong pdf might lead to overestimating or un-
derestimating the system performance, therefore it is extremely important to represent the cur-
rent state of knowledge using only the available information. 

Often the only available information on the probabilistic assignment of some system pa-
rameters is that some statistical moments are known to lie in a certain domain (eg. the mean 
can take values between an upper and lower bounds, and/or there is a certain probability of 
finding the uncertain variable within certain bounds). For example, this domain can be de-
fined as a set of inequality constraints on the statistical expectation:  

 

 ( ) ( ) ( ),min ,maxE d , 2,3,...,j j j j jv v f x f x p x x v j n ≤ = = ≤ =  ∫  (8) 

  
where ,minjv  and ,maxjv  are the lower and upper bound on the thj  statistical expectation jv  

and ( )jf x  is a specified functions of x. For example, if ( )jf x x=  then the constraints are 

specified on the mean value, alternatively if ( ) 2
jf x x=  they are specified on the second 

moment. 
 
Many distributions belonging to the family of polynomial distributions, exponential distribu-
tions, maximum entropy distributions, and others can satisfy these inequality constraints. The 
principle of Maximum Entropy [6] allows the estimation of a subjective pdf ( )p x  of an un-
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certain variable x  which best represent the current state of knowledge by maximizing the rela-
tive entropy subject to constraints representing the available information [6]. However, if 
Maximum Entropy is used to find the distribution with the largest entropy whose statistical 
moments lie within the domain, the information at only a single point in the domain would be 
used and other information would be discarded. Recently a generalisation of this approach has 
been proposed [4], that first constructs a family of maximum entropy distributions consistent 
with the statistical inequality constraints, then propagates the family of pdfs through the equa-
tions describing the problem on hand in order to yield the pdf which maximizes (or equiva-
lently minimizes) a specified engineering metric [4].   

With this approach [4], the pdf of a vaguely known variable x  is expressed as the exponential 
of a linear combination of specified functions of the random variable ( )jf x  and some 

bounded variables a  (referred to here as basic variables), so that: 

( ) ( ) ( )
1

exp .
n

j j
j

p x R t x a f x
=

 
∈ =  

 
∑a  (9) 

The basic variables are contained in the vector a , which has entries ja  with 2,3...,j n=  that

lie within an admissible region R (which can be an interval, a convex region, etc.). These 
basic variables substitute the Lagrange multipliers of a standard Maximum Entropy distribu-
tion and are such that they can have any possible pdf within certain bounds, including the ex-
treme case of a delta function at any point between the bounds. Therefore, Eq. (9) represents a 
family of maximum entropy distributions defined over the set of basic variables a . If a pa-
rameter is not “basic”, then its pdf can be expressed in terms of the basic parameters, and thus 
only this type of parameter is considered in what follows. The term ( )1 1f x = , the coefficient

1a  is dependent on the basic variables ja  (with 2,3...,j n= ) and it is chosen to satisfy the

normalisation condition. The function ( )t x  is the reference pdf introduced to allow the pdf to

be frame invariant.  In the forthcoming discussions, without loss of generality, it will be as-
sumed that ( ) 1t x = .

The construction of the family of Maximum Entropy distributions consists of the following 
steps: 

1. Express the pdf of a vaguely known variable in the form of Eq. (9).
2. Convert the statistical moments domain (m-domain) into a basic variable domain (so-

called a-domain) [4].
3. Subdivide the a-domain into a sufficient number of grid of points.
4. Compute the coefficient 1a  for each point of the grid (by using the normalisation con-

dition) to derive the corresponding pdf.

The mapping of the m-domain to the a-domain (Step 2) can be very computationally demand-
ing even for a simple domain, since it requires the solution of a set of non-linear equations for 
each point that need to be mapped, and convergence problems may occur. 
In reference [4] an approach for computing an approximate mapping has been presented.  This 
approach is based on expressing the variation of the pdf over the m-domain as a Taylor series, 
centered at ∗a  which is a point of the a-domain obtained from the mapping of the mid-point 
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of the m-domain (denoted by *ν ), so that:       
    

 
( ) ( ) ( ) ( ) ( )( ) ( )1 2 3

, , ,
2 2 2

1

2

1,2,...

n n n

s s j j s j j j k k s j k
j j k

v c a a c a a a a c

s n

∗ ∗ ∗

= = =

= − − − − −

=

∑ ∑∑* * *a a a a
 (10) 

  
where ( ) ( )1 2

,,s s jc c* *a a  and ( )3
, ,s j kc *a  are the first, second and third order cumulants, respectively, 

calculated at the *a  point. The term ( )1
sc *a  corresponds to the statistical expectation calculated 

at *a , therefore it is equivalent to the term *
sν  which can be obtained directly from the m-

domain, while ( )2
,s jc *a  and ( )3

, ,s j kc *a  are calculated by numerical integration of: 

 

 ( ) ( )( ) ( )( ) ( )2 * * *
, d ,s j s s j jc f x f x p x xν ν= − −∫*a a  (11) 

 ( ) ( )( ) ( )( ) ( )( ) ( )3 * * * *
, , d .s j k s s j j k kc f x f x f x p x xν ν ν= − − −∫*a a  (12) 

 
Each point of the a-domain a  corresponding to a point ( )v a  of the m-domain can be then 

computed by solving a set of n (where n corresponds to the domain dimension) equations (in 
the form of Eq. (10)) where a linear or quadratic approximation might be considered. High 
order terms may also be included [4]. Therefore, if r points of a 3-dimensional m-domain are 
mapped into the a-domain, this would require solving r sets of 3 equations.  
By adopting this approach, the edges of the m-domain can be mapped to the a-domain in an 
efficient way, thus allowing a permissible region of the a-domain to be determined.  
 

4.2 Extension of Method A and Method B 

The uncertainty in the probabilistic assignment of the system parameters of the SDOF is now 
expressed as in Equation (9), so that the pdf of the natural frequency of the system is given by 

( )np f a  .  For fixed basic variables ( )f nP f a  is then obtained using Eq. (3), then Equation 

(6) can be generalized to yield the unconditional failure probability for fixed basic variables: 

 ( ) ( ) ( )df f n n nP P f p f f= ∫a a a  (13) 

As a result the upper and lower bounds on the failure probability are given by: 

 ( )( ) ( )( )min maxf f f
R R

P P P
∈ ∈

≤ ≤
a a

a a  (14) 

 
Similarly, Method B can be generalized to yield the probability that the failure probability ex-
ceed a certain threshold θ  for fixed basic variables a : 

 ( )[ ] ( )d
f

f n n
P

P P p f f
θ

θ
>

> = ∫a a  (15)   

To yield the following bounds: 

106



Alice Cicirello and Robin S. Langley 

 ( )( ) ( ) ( )( )min maxf f f
R R

P P P P P Pθ θ θ
∈ ∈

    > ≤ > ≤ >    a a
a a  (16)   

  

5 NUMERICAL APPLICATION 

Let us consider a structural panel of a spacecraft with fundamental frequency of nf =250 
Hz, damping ratio 0.05ζ =  (quality factor 10Q = ), subject to a white noise Power Spectral 

Density function ( )2
0 100 N HzS kg= . A displacement threshold level 7 yb σ= ×  =0.0018 

mm ( yσ  being computed with Eq. (2)) during a time interval 3τ =  hours is specified.  

Using the standard approach (Eq. (3)), the resulting failure probability is: 56.1 10fP −= × . 

 
Now, let us consider that the fundamental frequency of the panel is uncertain since the spring 
stiffness is uncertain. Specifically, let us consider the case that he following information are 
available on the spring stiffness: (i) the variable is positive  (ii) the vertices of a convex region 
of the statistical expectations [ ]E x  and ( )E ln x    are known, and as shown in Figure 2.   

 
 

Figure 2: Statistical expectation domain (m-domain). The circles indicate points along the m-domain, while the 
“x” indicates the middle point of the m-domain 

 

The vertices of the domain have the following coordinates: point 1( )518.0 10 ,14.273× ; point 5 

( )522.0 10 ,14.518× ; point 9 ( )522.0 10 ,14.498× ; and point 13 ( )518.0 10 ,14.243× . 

 
Following the procedure described in subsection 4.1, the pdf of x  is written in the same form 
of Equation (9), that is a Gamma distribution: 

 ( ) ( )[ ]1 2 3exp ln ,p x a a x a x= − −a  (17)   

where 2a  and 3a  are the two unknown basic variables, while 1a  is obtained by applying the 

normalisation condition (for [ ] [ ]2 3Re 0;Re 1a a> < ) as:  

 

 ( ) ( )( )3 1
1 2 3ln 1 ,aa a a−= − Γ −  (18)   
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where ( )Γ i  is the gamma function.

Although the m-domain is characterized by linear surfaces, the corresponding a-domain is not;  
16 points along the m-domain are mapped onto the a-domain by using the strategy summa-
rized in section 4.1. The approximate mapping strategy would consider a Taylor series expan-
sion over the whole domain, taking the mid-point of the domain as the reference point for the 
expansion. The mid-point has coordinates * 5E 20.0 10x  = ×  N/m and ( )*

E ln 14.383x  =
 

, and it is

indicated with an “x” in Figure 2, and its mapping to the a-domain corresponds to 

( )520.696 10 , 3.139∗ = × −a . Each point in the a-domain obtained with the approximate pro-

cedure has been verified by solving a set of non-linear equations showing a good agreement.  
The a-domain so obtained is shown in Figure 3.  

Figure 3: Basic variable domain (a-domain) 

A set of 430 pdfs was generated by considering the 414 point inside the a-domain (consider-
ing a grid of 50 50×  equally-spaced points overlaying the a-domain) and the 16 points along 
the a-domain.   

The Maximum Entropy distribution, which is the gamma pdf with the largest entropy that sat-
isfies the statistical moment conditions, can be computed by calculating the entropy (meas-
ured in nats) associated with each gamma distribution:  

( ) ( )3
3 3 3

2

 1
ln 1 1e

a
h a a a

a
Γ − = + Ψ − + − 

 
(19) 

and then searching in the a-domain, the combination of basic variables which maximise Eq. 
(19). For the case under investigation, the pdf with the largest entropy is the one with basic 
variables corresponding to point 10 of the a-domain.  

By performing a transformation of variables, the pdf of the natural frequency conditional on 
the basic variables,( )np f a , is obtained as: 

( ) ( )2 2
1 2 32 exp ln ,n n n np f f a a f a fγ γ γ= − −  a (20) 
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where 24 mγ π=  with m= 0.81 kg, and 1a  is obtained by applying the normalisation condi-

tion (for [ ] [ ]2 3Re 0;Re 0a a> < ) as: 

 
( )

( )
33

2 2
1

3
ln .

1

aaa a
a

a
γ γ − 

=  Γ − 
 (21)   

The maximum entropy distribution (obtained at point 10 of the domain) would yield a failure 
probability of: 

point 10
0.2935fP =  (solving Eq. (6) using direct integration), that is much 

larger than the result obtained using a deterministic value. This results can be explained by 
considering the sharp variation of the fP  close to 250 Hz, as shown in Figure 4. 

 

 
Figure 4: fP  as a function of frequency 

 
If we now set a failure probability target 0.001θ = , the probability of exceedance of this tar-
get (obtained solving Eq. (7) using numerical integration) for the MaxEnt distribution is 

( )
point 10

0.4605fP P θ > =  . 

 
By letting varying the basic variable within the a-domain (using the 430 distributions), it has 
been found that the unconditional failure probability can take values between 
0.2126 0.4303fP≤ ≤  (obtained at points 7 and 13, respectively); therefore the MaxEnt pdf 

would underestimate the upper bound.  
Similarly, the probability that the failure probability target is exceeded can vary from 

( )[ ]0.3876 0.001 0.5918fP P θ≤ > = ≤  (obtained at points 7 and 13, respectively); also in 

this case the MaxEnt pdf would underestimate the response upper bound. 
 
It can be concluded that employing the proposed uncertainty model enable an enhanced de-
scription of structural panel performance yielding the maximum and minimum values that the 
engineering metric of interest (eg the failure probability) might take based on the available 
information, rather than yielding a single value which might significantly underestimate or 
overestimate the engineering metric of interest. 
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6 CONCLUSIONS  

Two approaches for the random vibration analysis of a single degree of freedom under uncer-
tainty in the system parameters have been presented. These two approaches yield: (i) the 
probability that a deterministic limit value of the SDoF displacement response is exceeded by 
the response variable across the ensemble of SDoFs; and the (ii) probability that the failure 
probability itself exceeds a critical value. These two probability estimates can be very useful 
from the engineering point of view, and in particular for the design of aircraft structural com-
ponents which are usually performed assuming deterministic system parameters.  

These two approaches have been also extended to account for the uncertainty in the probabil-
istic assignment of the system parameters, yielding bounds on the two probability estimates. 
Through a numerical application, it has been shown that including uncertainty in the probabil-
istic assignment lead to an enhanced description of the system response that support the de-
velopment of a design solution which can be more robust with respect to the design 
constraints under uncertainties in the models parameters.   
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Abstract. Performance prediction of coastal defence structures becomes more challenging due 
to uncertainties arising from changing environments and deterioration processes; hence, re-
quiring sophisticated time-variant reliability analysis in order to manage the risk of floods and 
erosions. This paper proposes a method for assessing failure probability of coastal defences 
with respect to their present condition grade. A Markov chain model is utilised to predict the 
transition probabilities between different condition grades of a coastal defence over time with 
respect to available maintenance plans. The deterioration level is categorised into 5 stages 
(each stage for an appropriate condition grade) in relation to the initial resistance, and then 
translated into a probabilistic framework in order to consider in the performance deterioration 
evaluation. A case study of a sea dyke section, located in Portsmouth, England, is employed to 
demonstrate the effectiveness of the proposed method. Finally, the time-variant failure proba-
bility are illustrated in order to provide a clear understanding of performance evaluation in the 
future. The results show that the failure probability of the sea dyke associated with overtopping 
failure mode will increase significantly due to deterioration processes. 
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1 INTRODUCTION 

Coastal defence structures are the first lines to protect low-lying areas and their valuable 
assets against risks posed by flooding, coastal erosion and landslides. It is necessary to manage 
the risks effectively to avoid casualties and damages concerning the economic matters. How-
ever, coastal defence structures are often located in harsh and changeable environments; there-
fore, it becomes challenging to assess their future performance level accurately. It is necessary 
to inspect a coastal flood defence regularly to evaluate its current conditions including damage 
level. Environment Agency has been recording the inspection data since the 1990s and intro-
duced Condition Assessment Manual in 2006 [1] to assess coastal defence general condition 
grade in a standard framework.  

During last decades, many studies have been carried out on performance predictions of flood 
defences. Flikweert and Simm [2] have suggested estimating fragility curves for different con-
dition grades defined by Environment Agency [1] as a new approach for performance prediction 
and risk assessment of flood defences. Simm et al. [3] have developed the mentioned method 
in 2009 to analyse reliability of flood defences using a condition-grading system. Many studies 
considered the deteriorating resistance and the uncertainties associated with the operating en-
vironment as major challenges to evaluate performance deterioration in the future (e.g. [4, 5]). 
Gouldby et al. [6] developed a methodology for assessing the flood risk under different deteri-
oration scenarios in the future in a regional-scale model. However, the application of the con-
dition-based system in the most studies is deterministic, and a grade-based stochastic 
deterioration model is not developed for coastal flood defence structures.  

This paper aims to propose a stochastic performance analysis of coastal defence structures 
using a grade-based Markov model. Crest height degradation due to settlement is also consid-
ered for different condition grades. Time-dependent transition probability matrices are esti-
mated by utilising the Markov model with Weibull sojourn times. Finally, the time-dependent 
failure probability of a sea dyke for its overtopping failure mode is presented for consideration 
of the future maintenance plans.  

2 COASTAL DEFENCE CONDITION GRADING SYSTEM 

Efficient management of assets at coastal areas is one of the main objectives for Environment 
Agency in the UK. Routine inspections of these assets help authorities to have essential infor-
mation about the likely assets’ performance and condition grade in order to make decision for 
future. For this purpose, Environment Agency published Condition Assessment Manual in 2006 
in order to offer a standard framework for evaluating asset’s condition grade [1]. Table 1 shows 
the definition of the condition grades defined by Environment Agency.   

Grade Rating Description 

1 Very Good Cosmetic defects that will have no effect on performance. 
2 Good Minor defects that will not reduce the overall performance of the as-

set. 

3 Fair  Defects that could reduce performance of the asset. 
4 Poor Defects that would significantly reduce the performance of the asset. 

Further investigation needed. 
5 Very poor Severe defects result in complete performance failure. 

Table 1: Condition grades and descriptions adopted by Environment Agency [1]. 
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In 2013, Environment Agency offered a series of asset deterioration curves for different 
types of coastal defences in order to estimate the residual life of an asset or structure related to 
with the condition grading system [7]. Deterioration curves predict the condition grade of assets 
associated with time, relying on historical data and expert judgment. The curves are explicitly 
focused on condition grades and do not necessarily provide information about structural dete-
riorations such as settlement. This paper uses the deterioration curves to predict the lifecycle 
performance of coastal defenses over time. 

3 MARKOV MODEL 

A Markov model is a memoryless stochastic process that evolves over time or space, and the 
future of the process is only conditional on the current condition of the system or asset [8]. Let = { , , … , }	be a set of finite states of a flood defence asset. A Markov process on a 
flood defence is defined once its transition probability matrix and initial condition state ( ) 
at time ≥ 0 are specified, where ( ) = { , , … , }, ∑ = 1 and ≥ 0. A discrete-
time Markov property for a stochastic process  at time , ( > 0)	is expressed as [8], = Pr( | , , … , ) = Pr( = | = ) (1)

where conditional probability		 , , with constraints , ≥ 0 and ∑ , = 1, denotes 
the transition of the asset from condition grade  to  during a given period of time. It is assumed 
that the structure can deteriorate only one state at a time (with consideration of an appropriate 
transition period).  

3.1 Transition probability matrix  

As discussed earlier, coastal defence structures are categorised into 5 condition grades, where 
condition grade 1 denotes good as new and condition grade 5 denotes failure. Hence, if a struc-
ture is in condition grade 5 under no-maintenance plan, then cannot transit to a higher (worst) 
state, and always remains in condition grade 5. The one-step transition probability matrix under 
do-nothing maintenance plan is expressed here as  
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In a Markov process, a state space remains in a particular state for a given length of time, 
then transits to another state. Let { , , … , } be random variables denote the sojourn time 
in states { , , … , }, respectively. Their corresponding probability density function (PDF), 
cumulative distribution function (CDF), and survival function are denoted ( ), ( ) and ( ), 
respectively. Thus, , 	is the time from state  to state ( + 1). If the deterioration process is 
in state  at time , then the conditional probability that the structure transits to the next state in 
one time-step is expressed as [9]  

, ( ) = Pr{ = | = } = → ( )→ ( ) − →( )( ) , = {1,2,3,4} (3)
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where the transition probability , ( )	is time-dependent and non-homogenous. Assume that 
the waiting time 	follows Weibull distribution. The CDF ( ), PDF ( ), and survival  
function of Weibull distribution are expressed, respectively, as [10] 		 ( , , ) = 1 − exp(− ) , > 0; ( ( ) = 0 ≤ 0)  ( , , ) = ( ) exp−( ) 					,			 	 > 0 

  ( , , ) = 1 − ( , , ) = exp(− )  

(4a,b,c)

where  and  are scale and shape parameters, respectively. Hence, under the specification of 
Weibull parameters, the probability of the transition from state  to state ( + 1)  can be 
estimated. For example the transition probability from state 4 to state 5 at time  is expressed 
as  

, ( ) = → ( )→ ( ) − → ( ) (5)

3.2 Parameter estimation  

The scale  and shape 	parameters are estimated based on historical observations and 
condition assessments, which are available via Environment Agency publications as discussed 
in Section 2 (e.g. [7]). Deterioration curves are developed by experts to predict the condition 
grade of assets associated with time according to their environment, material, deterioration rate 
and maintenance regime. For example, a deterioration curve for a specific asset describes that 
the structure remains in condition grade  for  years. After selecting an appropriate 
deterioration curve for the case study, a two-state Markov chain is utilised to estimate the 
transition probability for condition grade	 . The one-step transition matrix is expressed here as  = 1 −0 1  (6)

where  is a discrete-time and homogenous Markov transition matrix; and  is the 
probability of being in condition grade  at time-step (year) one. Transition probability that the 
coastal defence goes from condition grade  to next condition grade in  steps is called -step 
transition probability, and is calculated from the th power of the transition matrix . Let   
be the time-step (year) that the structure remains in the same condition grade with probability 
of  = 50%. From Equation 4(c), gives exp(− τ) = =

(7)

Also, it was assumed that the survival function at condition grade  follows a Weibull survival 
function , as expressed in Equation 4. A non-linear least squares method is suggested to find 
the scale  and shape 	parameters by minimising the difference between two functions. The 
scale  and shape 	parameters can be estimated by solving the minimization, together with 
Equation 5, as  	 ∑ ( ( ) − )   ; = {1,2,3,4} (8)

where ( )= exp(− )  is the Weibull survival probability at time (year) .   
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4 SEA DYKE PERFORMANCE ASSESSMENT 

The reliability of coastal flood defence structures depends on two main factors, the hydraulic 
conditions and the structural resistance. The resistance of the structures decreases over time due 
to the deteriorating processes such as settlement. If ( ) denotes as the resistance over time, 
and ( ) denotes as the loading, then the limit state function ( ) = ( ) − ( ) describes the 
reliability of the system over time. Therefore, the structure fails if the loading is equal or more 
than the resistance [3]. The probability of failure  can be expressed as  	 ( ) = Pr{ ( ) ≤ 0} (9)

In this paper, reliability analysis is carried out for one major failure mode; the overtopping 
over the dyke crest. The limit state function for overtopping  Z  over time  is given as [4] Z ( ) = − ( ) (10) 

where  is a predefined mean overtopping discharge;  is model uncertainty coefficient 
associated with overtopping parameters; ( ) is average overtopping discharge over time and 
can be calculated by using Eurotop manual [11], given here as ( )∙ 	 = √ ∙ ∙ , ∙ exp(− , ( ), ∙ ∙ ∙ ∙ )	

(11)

with a maximum of:          
( )∙ = ∙ exp(− , ( )∙ ∙ ) 

(12)

where = 0.067 , = 4.30 , = 0.20 , and = 2.30  are empirical coefficients for 
deterministic uses, and normally distributed stochastic parameters with means of = 4.75 
and = 2.60  and standard deviations of 0.50  and 0.35 , respectively, are taken for 
probabilistic calculations;  is significant wave height at the toe of structure;  is the 
acceleration due to the gravity; ε , 	is breaker parameter;	 , 	and 	are correction factors 
for berm, roughness and oblique wave attack, respectively;  is the angle between overall 
structure slope and horizontal line; and , ( )	is crest freeboard (over still water level) of the 
structure at time  given is in condition grade ∈ {1,2,3,4,5}. The future freeboard , ( ) at 
time  is described here as , ( ) = (0)− ∆ , ( ) (13)

where (0) is initial freeboard at initial time; and	∆ , ( ) is the deterioration of crest level (  
direction) associated with certain condition grade at time . In order to characterise the 
deterioration level ∆ ,  regarding the initial freeboard, the table below is suggested (Table 2). 
Table 2 suggests the variation of the lifecycle phases according to condition grade scheme based 
on the crest level elevation loss.  

Grade Crest level loss, ∆ , , (m) Distribution of deterioration intensity 
1 0.00 ≤ ∆ , < 0.05 Lognormal 
2 0.05 ≤ ∆ , < 0.10 Normal 
3 0.10 ≤ ∆ , < 0.20 Normal 
4 0.20 ≤ ∆ , < 0.40 Normal 
5 0.40 ≤ ∆ ,  Lognormal 

Table 2: Suggested crest level loss (  direction) deterioration for a sea dyke related with condition grade system. 
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Figure 1: Sketch of numerical example of the earth sea dyke section. SWL: still water level. 

The crest level loss is defined based on the erosion at a specific condition grade, and it is 
available in Quantitative Assessment Methods [12]. To translate the condition grades into 
probabilistic parameters, it is assumed that erosion over time is linear and the deterioration 
intensity is normally distributed. The distributions are normal except the first and last condition 
grades, which are assumed to be lognormal, as the dyke will not improve due to deterioration 
(condition grade 1), and more deterioration considers as the functional failure (condition grade 
5).  

5 NUMERICAL EXAMPLE 

A case study for a simplified model of earth sea dyke (see Figure 1) at Portsmouth, England 
described by Taylor et al. [13] is employed to demonstrate the applicability of the proposed 
method for reliability assessment of coastal defence structures using condition-grading system. 
The structure has a crest height of 3.60 mOD, a seaside slope of	1: 8, and landside slope of 1: 5. 
The structure has a bermed slope and it is protected by pitched stones. The earth dyke rests on 
a layer of impermeable clay soils, and below the clay layer is 5.00 m of water conductive sand 
layer overlaying impervious bedrock.  

Figure 2: Deterioration curve for sea dykes with medium expected deterioration rate under different maintenance 
regimes [7].  

The extreme water level height during storm surges and high tides is at a level of 1.50	mOD. 
Significant wave height in deep water is 2.30 m with a return period of	1000 years. The critical 
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design value of the wave overtopping discharge is considered 2 l/s/m. It is assumed that the 
structure is in good condition with the initial condition vector of	 (0) = (1,0,0,0,0). Figure 2 
shows appropriate deterioration curves for this case study under medium deterioration rate, and 
subjected to three different maintenance regimes. Medium maintenance regime means regular 
maintenance including minor repair to sea dyke for surface cracking, rutting and erosion. High 
maintenance regime is similar to medium maintenance regime but with increased frequency 
and more stringent criteria for repair [7]. 

No maintenance Medium maintenance High maintenance 
year  year  year 

Grade    SSE    SSE    SSE 

1(→ 2) 4  3.061 0.221 2.1e-7 11 7.916 0.086 1.2e-7 13 5.774 0.072 1.8e-7 

2(→ 3) 6 4.814 0.154 2.4e-7 12 7.929 0.086 1.6e-7 13 5.774 0.072 1.8e-7

3(→ 4) 7 4.734 0.132 8.8e-8 11 4.152 0.083 1.8e-7 13 5.774 0.072 1.8e-7

4(→ 5) 4 3.061 0.221 2.1e-7 7 7.032 0.135 1.5e-7 13 5.774 0.072 1.8e-7

Table 3: Parameter estimation for three different scenarios. : years after initial date that the sea dyke is in the 
same condition grade with 50% probability. SSE: sum of squares due to error (Goodness-of-Fit test). 

The parameters of the Weibull function are estimated using Equations 7 and 8. Trust-Region 
algorithm is utilised to solve the minimisation function to estimate the parameters for different 
condition grades, and results are presented in Table 3. Figure 3 shows the cumulative survival 
distributions of the transition process and their changes over time under no maintenance plan. 
For example, the sea dyke at age of 15 is about 6% to be in condition grade 2, about 56% to be 
in condition grade 3, about 24% to be in condition grade 4, about 13% to be in condition grade 
5, and less than 1% to be in condition grade 1. The same procedure is considered to estimate 
cumulative survival functions for sea dyke under medium and high maintenance regimes. Then, 
the time-dependent transition probabilities are generated using Equation 3.  

Figure 3: Survival functions of cumulative waiting times in different condition grades (CG) subjected to no 
maintenance regime. 

Figure 4 shows the probability density distribution of crest level loss associated with 
different condition grades according to Table 2. The distributions of the loss are lognormal for 
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condition grade 1 and 5, and are normal distributions for condition grades 2, 3 and 4. The mean 
and standard deviation of the distributions are calculated using the proposed method by Ang 
and Tang [14]. It is assumed that the accuracy of distributions are 90% of all the inspection 
results, for example, the mean value for the probability distribution of condition grade 3 is 15.0 
cm with the standard deviation of 3.20, assuming 10%	of all observed values belong to another 
condition grades.   

 

 

Figure 4: Probability density distribution of the sea dyke crest level loss associated with condition grade (CG). 

A reliability analysis carried out for overtopping failure mode for the structure of the sea 
dyke section shown in Figure 1. Reduction factors for berm 	and slope roughness 	 are 
considered 0.85 and 0.90, respectively. Figure 5 shows the failure probability caused by wave 
overtopping over 80 years after the initial construction date under three maintenance regimes. 
It is demonstrated that the probability of failure increases over time due to deterioration process 
and crest level settlement. The failure risk of overtopping varys with the type of maintenance 
regime that is undertaken over time, as expected. For example, the risk of failure at age 30, is 
high (about 67%) for the sea dyke under no maintenance regime, while it is about 30% and  9% for the sea dyke under moderate and high maintenance regime, respectively.  

 
Figure 5: Overall probability of failure caused by wave overtopping with different maintenance scenarios. 
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6 CONCLUSION 

This paper proposes a method to assess failure probability for coastal defence structures by 
utilising a stochastic time-dependent Markov model with respect to condition grading scheme. 
The probability of condition grades for the sea dyke during the lifetime is determined by using 
transition probability matrices estimated from Markov process with Weibull model waiting 
time at each condition grade. Reliability analysis for overtopping failure mode is carried out, 
and the structural resistance deterioration due to crest level settlement is considered in the limit 
state equation for each condition grade. The crest level settlement is categorised into 5 lifecycle 
stages (each lifecycle for an appropriate condition grade) in relation to the initial resistance, and 
then translated into a probabilistic framework to consider in the performance deterioration eval-
uation. A case study is utilised to show the applicability of the proposed method, and the fol-
lowing conclusions are noted. 

The Markov model is useful to assess the transition of condition grades over time with re-
spect to the maintenance plans in order to predict the future performance evaluation. The Mar-
kov model can estimate distinct transition matrix at each time-step with consideration of 
undertaken maintenance regime. The deterioration of sea dyke (e.g. crest level settlement) can 
be defined into condition grading system, and then is translated into a probabilistic framework. 
Estimating deterioration level with respect to condition grading system through the time-de-
pendent transition probabilities gives a more accurate evaluation of the future performance pre-
diction. Overtopping failure probabilities largely depend on sea dyke’s resistance level; hence, 
failure risks are expected to be increased over time due to deterioration processes. The dyke 
crest level settlement increases significantly the risk of overtopping failure of the sea dyke in 
the future.   
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Abstract. Floods are one of the most common natural disasters in Europe, responsible for the 
damage and collapse of many masonry arch bridges built over rivers and canals. The accu-
rate prediction of the safety of these bridges against flood-induced loading is a task of para-
mount importance for their preservation. This paper describes the framework developed by 
the authors for the flood risk assessment of masonry arch bridges, accounting for the specific 
characteristics of the analysed structures, the most critical types of loading associated with 
floods, and the various sources of uncertainty relevant to the problem. The proposed frame-
work combines the results of flood hazard analysis and of structural vulnerability analysis to 
obtain the flood risk estimate. A case study consisting of a three-span bridge under scour is 
considered to illustrate the application of the proposed framework and to show the capabili-
ties of the advanced modelling technique developed for evaluating the effects of flood actions 
on masonry arch bridges. 
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1 INTRODUCTION 

Masonry arch bridges still constitute a significant portion of the bridge stock in Europe [1]-
[3]. These structures have proven to be very durable, with a service life extending well be-
yond the design life of modern bridges. However, the combined effects of age-
ing/deterioration, scarce maintenance as well as the increase of traffic loading and 
natural/man-made hazards have resulted in a significant growth of their risk of failure. In par-
ticular, many masonry arch bridges are built on over rivers and canals, which make them very 
vulnerable to flood effects. These include [4]: a) hydrodynamic pressure on the submerged 
surfaces exerted by the water and floating debris, b) buoyant forces on the submerged compo-
nents, and c) scour at the footings of piers and abutments, which is the most common cause of 
collapse due to the high vulnerability of arches to foundation settlements. Despite the high 
rate of failure of masonry arch bridges due to floods, studies on this topic are rather scarce, 
and cover only specific aspects of the problem [5]-[9]. To account for the joint effect of flood-
induced actions on bridges, a probabilistic approach is required given the randomness in the 
occurrence and magnitude of floods, and the uncertainty in the models employed to predict 
flood effects.  

This paper illustrates the framework developed for the flood risk assessment of masonry 
arch bridges. This framework accounts for the specific characteristics of the analyzed struc-
tures, the most critical types of loading associated with floods, and the various sources of un-
certainty relevant to the problem. It aims to overcome current approaches for flood risk 
assessment which consider only a design flood event with a given return period to estimate 
the bridge safety [10].  

In the first part of the paper, the various steps of the framework and the inherent assump-
tions are explained, together with the extension to account for the temporal accumulation of 
scour. The application of the framework to masonry arch bridges also involves the develop-
ment of accurate and efficient computational modelling strategies to evaluate the effect of 
flooding. In this regard, an accurate three-dimensional (3D) mesoscale representation [11] of 
masonry arch bridges has been developed at Imperial College [12]-[16]. The proposed model-
ling approach allows for a realistic description of the non-homogeneous components of ma-
sonry arch bridges and the three-dimensional behaviour induced by the flood-induced actions. 
In the final part of the paper, a realistic case study is considered to show the application of the 
proposed framework to the risk assessment of masonry arch bridges under scour, which is the 
most critical action due to floods. 

2 FRAMEWORK FOR FLOOD RISK ASSESSMENT 

2.1 Flood-induced actions  

Water flow exerts different actions on arch bridges. First of all, it induces a significant hy-
drodynamic pressure on the submerged surfaces, resulting in horizontal forces which may be-
come very high when the deck is also submerged [7],[8]. Foundation capacities decrease 
when the water level increases due to the increased eccentricity of the vertical loads. Buoyant 
forces reduce the effective unit weights of submerged components, thus decreasing the load-
carrying capacity of the bridge which strongly depends on the compressive forces within the 
arch due to the self-weight [5]. Large floating lumps/debris can impact the bridge causing lo-
cal damage which can jeopardize the bridge integrity. Water flow results also in scour at the 
footings of piers and abutments which is the most common cause of collapse due to the high 
vulnerability of arches to foundation settlements [17][18]. The factors causing scour to de-
velop are complex and differ according to the type of structure. Scour may occur as a result of 
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natural changes of flow in the channel, as part of longer-term morphological changes to the 
river, or as a result of human activities, such as the building of structures in the channel or the 
dredging of material from the bed. Undermining the foundation can induce several negative 
effects which may jeopardize the integrity of arch bridge components or even global stability. 
These include (i) rupture of the foundation plinth due to the loss of support [19], (ii) failure of 
the foundation-soil system [20], (iii) cracking and mechanism formation due to angular rota-
tion, (iv) subsidence, and/or (v) shift of the bridge pier’s [21]. Finally, it is worth noting that 
the low clearance offered by arch bridges makes them very susceptible to debris accumulation, 
and this may increase both scour development and hydrodynamic forces [22]. 

The evaluation of the performance of bridges against floods must account for the random 
nature of flood-induced actions. This entails the development of a probabilistic hazard model 
capable of describing the frequency of exceedance of the intensity of the single actions as well 
as their correlation. The model should also account for the fact that flood-induced actions on 
bridges may often concurrently interact with each other, e.g. the accumulation of debris 
against bridges might significantly affect the bridge hydraulics, the hydrodynamic forces and 
the scour at the bridge foundations, as well as the development of a scour hole may increase 
the hydrodynamic pressure on the bridge. 

2.2 Framework description 

The proposed framework is very similar in concept to other frameworks that have been re-
cently formalised for evaluating the risk of structures exposed to different natural and man-
made scenarios including blast, fire, tsunami and wind scenarios [23]-[25]. The main aim of 
these methodologies is to provide a general procedure for the evaluation of the performance 
of structural systems in terms of decision variables (DVs) such as risk of collapse, fatalities, 
repair costs, and loss of function, while accounting for all the possible sources of uncertainty 
that characterise the problem at hand. In this way, the structural risk can be efficiently defined 
in terms of variables of interest for stakeholders, decision makers, and the society. 

The flood risk assessment framework disaggregates the performance assessment procedure 
for bridge structures subject to the flood hazard into elementary tasks that are carried out in 
sequence. In particular, the risk assessment is disaggregated into: (1) hydrologic analysis, (2) 
hydraulic analysis, (3) interaction analysis, (4) structural analysis, (5) damage analysis, and (6) 
loss analysis (Fig.1). The following expression is used to integrate the results of these tasks: 

 

 ( ) ( ) ( ) ( )

( ) ( )

, ,

                          

DV DV DM DM EDP EDP IP IP H Q

q h ip edp dm

IMH Q

G dv dm f dm edp f edp ip f ip h im

f h im dDM dEDP dIP dH d im

λ

λ

= ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⋅ ⋅ ⋅

∫ ∫ ∫ ∫ ∫

 (1) 

where G(•) = complementary cumulative distribution function, and G(•|•) = conditional com-
plementary cumulative distribution function; f(•) = probability density function, and f(•|•) = 
conditional probability density function; IM = vector of intensity measures (i.e., parameters 
characterizing the environmental hazard); SP = vector of structural parameters (i.e., parame-
ters describing the relevant properties of the structural system and non-environmental actions); 
IP = vector of interaction parameters (i.e., parameters describing the interaction phenomena 
between the environment and the structure); EDP = vector of engineering demand parameters 
(i.e., parameters describing the structural response for the performance evaluation); DM = 
vector of damage measures (i.e., parameters describing the physical damage to the structure), 
DV = vector of decision variables.  
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H = flow depth, discharge,.. 
IP = settlements at the pier/abutments due to scour 
EDP = tensile stresses in masonry-mortar elements, vertical 
displacements,.. 
DM = crack opening, concrete crushing, mechanism formation 
DV= losses due to bridge closure, ..  

Vulnerability 
Analysis 

Hazard 
Analysis 

Fig. 1. Illustration of the risk assessment framework. 

It is worth noting that this decomposition, which is a statement of the Total Probability 
Theorem, is made possible through the fundamental Markovian assumption that the result of 
each analysis (e.g. DV), conditional on the result of the previous step (e.g. DM), is independ-
ent from the other preceding steps of the analysis (i.e., EDP, IP, H, IM). Another assumption 
that needs to be introduced is that of stationarity, i.e. the conditional probabilities are the same 
and the relevant conditional distributions shown in these formulas are independent and identi-
cally distributed for successive flood events. This implicitly assumes that the system does not 
deteriorate/evolve, and that it is instantaneously restored to its original state after each flood-
ing event. In this regard, it should be observed that while the hydrodynamic and buoyancy 
actions associated with the flood event can be assumed to renew at each flood occurrence by 
following the same conditional probability distribution, the scouring can be cumulative over 
the long term, and it may result by the succession of events of flooding of different intensity 
occurring over time.  

The combination of the first steps (1)-(3) of the framework allows the characterisation of 
the flood hazard in terms of the mean annual frequency (MAF) of exceedance for the IPs that 
are used as input for the structural analysis such as the hydrodynamic pressure, the buoyancy 
and the extent of the scour. Under the aforementioned assumption, it can be shown that also 
the IPs follow a Poisson distribution with a mean rate given by the combination of the results 
of steps (1)-(3). The combination of the results of steps (4)-(5) provides information on the 
structural vulnerability. This can be expressed in terms of fragility curves, which yield the 
probability of exceeding given damage or limit states vs. the values assumed by the IPs. 

2.3 Incorporation of memory effects in scour risk assessment 

As already pointed out in the previous section, scouring can accumulate during successive 
events, and it may take many events before the maximum scour depth is fully developed. The 
temporal evolution of scour depends on whether it occurs under so called clear water or live 
bed conditions. The former case occurs when the velocity of the flow upstream of the bridge 
is lower than the critical velocity necessary to erode the river bed, whereas the latter when it is 
higher [26]. Thus, in clear water conditions, erosion processes occur only in proximity of 
bridge foundations whereas in live-bed conditions sediment transport occurs in the undis-
turbed channel upstream of the bridge. In live-bed conditions the scour hole is continually 
supplied with sediment by the approach flow. In the clear-water scenario, the equilibrium 
scour depth is approached asymptotically when the flow is no longer capable of removing bed 
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sediment from the hole. In the live-bed scenario, an equilibrium is attained when, over a pe-
riod of time, the average amount of sediment transported into the scour hole by the approach 
flow is equal to the average amount of sediment removed from the scour hole due to erosion 
processes. Generally, scour holes develop more slowly under clear water conditions, for 
which the equilibrium scour depth is reached asymptotically. Under live-bed conditions, equi-
librium is reached much faster. Contrary to the clear-water case, in live-bed conditions the 
scour hole tends to be refilled with sediment as the flood recedes. More research is however 
needed to characterize this phenomenon. 

In order to illustrate these concepts, Fig. 2 shows a sample of a flood hydrograph of a 
channel and the corresponding evolution of the scour depth at the foundation of a bridge pier. 
The flow in the channel is such that live bed conditions are attained only during the time in-
terval [t3,t4], while clear water conditions are observed during many time intervals. For exam-
ple, during [t0,t1], the scour depth increases under clear water conditions, at a rate which is 
higher during the ascending part of the flood hydrograph and very low during the receding 
limb. In the time interval [t1,t2], the scour depth does not increase because the discharge is be-
low the level q0 necessary to induce scour, in [t2,t3] it increases again under clear water condi-
tions. Finally, in [t3,t4] the scour evolves under live-bed conditions, and the scour hole is 
partially refilled with sediment from upstream the bridge. 

Fig. 2. Flow chart illustrating the probabilistic framework for scour risk assessment. 

While the process described above is only qualitative, it suggests a different analytical 
treatment of the problem for clear water and live-bed scour. For floods of high intensity, pre-
sumably inducing live-bed scouring conditions, it is plausible to assume that the equilibrium 
scour depth is attained almost instantaneously, followed by a recession stage with refilling. 
Thus, the probability of exceeding the critical scour depth depends only on the flow discharge 
(and the relevant values of the hydraulic parameters) of that particular flood event rather than 
on the history of scour evolution. For floods of lower intensity and hence presumably induc-
ing clear water scouring conditions, a single flood event is unlikely to induce a critical scour 
depth, but it may only deepen the scour hole. The repeated occurrence of multiple floods may 
however still result in the attainment of the critical scour depth, with an associated probability 
which increases by increasing the number of floods, their intensity and duration [27]. Thus, in 
this case it is very important to account for memory effects. 

One way to account for memory effects in evaluating the probabilistic distribution of the 
scour depth is to assume that the susceptibility to increase (or eventually decrease) scour dur-
ing one event, given the features of the flood, depends on the scour level accumulated until 
the occurrence of the event itself, rather than on the entire flood and scour history. This leads 
to a Markov-process description [28] of the scour evolution process.  

Q = Flow discharge 

S = Scour depth 

Live bed 

Clear water 

t 

t0 t1 t2 t4 t3 t6 t7 t8 t 
t5 t9 

q0 

144



Enrico Tubaldi, Lorenzo Macorini and Bassam Izzuddin 

Hereinafter, the methodology developed by the authors [29] to account for memory effects 
is illustrated synthetically. Let ( )nP t  denote the number of floods occurring in [ ]0,t  of inten-

sity higher than a minimum significant threshold, and 0
iP  the probability mass function of the 

scour depth at year 0. A set of discrete scour states of increasing scour depth is assumed, and 
the probability of the scour depth S  being equal to js  at time t can be expressed as: 

( ) [ ]0

0

n
j ij i

n

P t P P N nφ
∞

=

= ⋅ =∑ (2) 

where ijφ =  Φ  is the state transition matrix, expressing the probability of passing from

scour state i to scour state j given the occurrence of an event of a given significant magnitude, 
and [ ]P N n=  is the probability of having a number n of events of intensity higher than the

minimum threshold. Obviously, Φ  must be derived by accounting for the randomness in the 
flood intensity and the actual duration of each flood. Given an hazard model, Monte Carlo 
simulation can be employed to estimate Φ . Once Φ  and 0

iP are known, the first passage 

probability of exceedance for the scour depth can be evaluated. 

3 MESCOSCALE PARTITIONED MODELLING OF MASONRY ARCH BRIDGES 

This section describes the advanced modelling strategy developed for the analysis of ma-
sonry arch bridges based on the mesoscale partitioned modelling approach proposed in [12], 
[13]. This approach has been developed specifically for computation of large-scale unrein-
forced masonry structures, and it has been already employed and validated for evaluation of 
arches and single-span masonry arch bridges subjected to vertical loadings and settlements 
[14],[15].  

Masonry is a heterogeneous and strongly nonlinear material whose behaviour depends on 
the orientation of the loading direction with respect to the masonry bond, where mortar joints 
represent preferential fracture planes [30]. In this respect, a detailed mechanical model for the 
masonry arch and piers should take into account not only the mechanical characteristics of 
units and mortar but also the actual 3D masonry texture. Unlike continuous approaches which 
assumes masonry a homogeneous material, a discrete modelling strategy [12] is employed to 
represent the actual masonry bond and model the development of cracks in real brick/stone-
masonry arches and in the masonry piers. This numerical strategy allows for an accurate rep-
resentation of the 3D domain of any masonry arch/pier, as the actual 3D masonry bond is rep-
resented using two or more elastic solid elements for each brick and 2D nonlinear interface 
element for mortar joints. In particular, 20-noded elastic solid elements formulated according 
to standard finite element (FE) procedures are used together with specific 2D zero-thickness 
nonlinear interface elements with 16 nodes accounting for material and geometric nonlinearity. 
In this way, the typical fracture lines which characterise the nonlinear response up to collapse 
of masonry arches can be represented. These correspond to radial cracks, circumferential 
cracks leading to ring separation in multi-ring arches and longitudinal cracks caused by trans-
verse bending. While the first two types of crack generally take place in the mortar joints, 
longitudinal cracks may pass also through the masonry units. Thus nonlinear interface ele-
ments are placed also in the middle of each brick to capture the potential development of 
cracks. This renders the FE mesh for brick-masonry arches relatively simple, as it is made up 
of identical solid elements connected to each other by nonlinear interface elements as shown 
in Fig. 3. In the constitutive model for the adopted interface element, material nonlinearity is 
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taken into account by employing a cohesive model, which enables an effective representation 
of damage, cracks and plastic separations. More detailed information can be found in [13]. 

Fig. 3. (a) 3D mesoscale model for masonry arches, (b) Solid elements connected by nonlinear interfaces. 

A realistic representation of the fill behaviour and its interaction with the arch barrel is 
critical for an accurate response prediction of masonry arch bridges. In the proposed model-
ling strategy, similarly to other studies on masonry arch bridges [18], the backfill is described 
as a continuous elasto-plastic material, where a Drucker-Prager plastic criterion with tension 
cut-off [31] is adopted to describe the development of plastic deformations. In particular, 15-
noded elasto-plastic tetrahedral elements are utilised to model the fill domain. 

With reference to the foundations and the soil, masonry arch bridges are often built on 
shallow foundations [32],[33], making them very vulnerable to scour. In order to simulate ac-
curately the scour effects, the bridge model should also include the foundation and the sur-
rounding soil domain. The soil medium has a very complex mechanical behaviour, which is 
generally nonlinear, stress-dependent, anisotropic and heterogeneous in nature. The difficulty 
to simulate these features may outweigh the advantages of using complex modelling ap-
proaches. For this reason, in order to investigate the effects of scour, a Winkler subgrade 
modelling approach is adopted in this study, where the three-dimensional soil domain is re-
placed by a set of interfaces surrounding the foundation. The soil interfaces can resist only 
normal forces and are characterized by a linear elastic behaviour with a coefficient of sub-
grade reaction ks, relating deflection (settlement) and soil pressure [34]. Different formula can 
be employed for estimating the values of the subgrade parameters. In this study, references is 
made to the expressions developed by Gazetas [35], reported in [36] in function of the shear 
modulus of the soil Gs and of the foundation geometry. Fig. 4 shows a model of a two span 
masonry arch bridge, including the backfill, the spandrel walls, and the foundation with the 
surrounding interfaces.  

Fig. 4. Bridge-foundation-soil model with soil modelled via Winkler-type interfaces. 
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The hierarchical partitioned modelling method [37],[38], available in the FE code 
ADAPTIC [39], is employed to minimize the computational cost of the analyses. This ap-
proach consists in dividing the structure into super-elements, with each super-element corre-
sponding to one partition. The connection between the different hierarchical levels is achieved 
by ensuring that the number of element nodes connected to the parent structure is equal to the 
number of nodes at the partition boundary in the corresponding partition. Each partition is 
then modelled using the mesoscale approach described earlier and the parent structure corre-
sponds to the partitioned boundary. Dual super-elements allow for partitions to be modelled 
as separate processes, where communication between each parent/child superelement pair en-
sures that the analysis for all partitions is run in parallel. A pre-processor has been developed 
in Matlab to automate the generation and partitioning of the bridge model for ADAPTIC, by 
accounting for the actual texture and arrangement of the masonry bricks.  

4 CASE STUDY 

This section presents a case study, where the proposed flood risk assessment framework is 
applied to evaluate the scour risk for a realistic two-span bridge. The focus here is on pier 
scour, which is one of the most critical flooring actions, whose modelling has not received 
adequate attention to date.  

4.1 Bridge and numerical model description 

The analysed structure is a two-span arch bridge with a length of 20.30m (left to right abut-
ment) and a width of 3.80m. The two arches are segmental in shape, with a radius of 9.26m, a 
rise of 3.45m, and a thickness of 0.50m. The pier is cylindrical with diameter D = 2m. Fig. 5 
reports a schematic illustration of the bridge.  
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Fig. 5. Schematic illustration of the bridge (dimensions in mm). 

The river in proximity of the bridge is assumed to have a trapezoidal section, with base B = 
20.32m, a riverbank slope (vertical over horizontal) of 1/3, a channel slope S0=0.0006. The 
river bed is composed of sand with relative density γ = 16.5 kN/m3 and uniform diameter D50 
= 2 mm, corresponding to a Manning coefficient n=0.035 s/m1/3. The friction angle of the bed 
material is taken equal to 30°.  

The flood occurrence is described by a homogenous Poisson process, with a mean annual 
frequency of occurrence of flood events of peak discharge Q>0q =10 m3/s equal to λ=2 yrs-1. 

The peak flood discharge Q for a given event is assumed to follow an exponential distribution, 
with scale parameter β =25m3/s and 0q = 10 m3/s. For simplicity, a triangular shape is as-

sumed for the flood hydrograph, with a duration in hours described by the relation 
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( ) ( )00.63hydt q q q= −  [40]. According to this relationship, the flood duration increases line-

arly with its peak discharge and it assumes a value equal to 5 days for q=200 m3/s. The hy-
draulic properties of the flow for the different discharge values are evaluated in a simplified 
way through the Manning formula. 
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Fig. 6 a) Probability mass function of the number N of occurrences of flood events with  Q>q0 for different de-
sign life times, b) Empirical cumulative distribution function of the flow discharge for a given flood event of 

magnitude Q>q0. 

4.2 Scour risk assessment 

This section illustrates some preliminary results of the analyses carried out to evaluate the 
probability of bridge collapse under scour. The vulnerability analysis of the bridge against 
scour is carried out for the collapse limit state, which is analytically defined as G=R-S, where 
R denotes the value of the scour depth that induces collapse of the bridge under the permanent 
loads, and S is the scour depth.  

The value of S is evaluated by following the procedure outlined in Section 2.3, assuming 
that the initial scour depth is known deterministically and equal to 0m. Fig. 7a,b show respec-
tively the empirical probability mass function of the scour depth and  the risk of exceedance 
of the scour depth at different times of observation between 0 and 100 yrs. The probabilistic 
distribution of the scour depth evolves in time by exhibiting an increase of the mean value of 
S, and a decrease of standard deviation. In fact, the scour depth S slowly tends to a stationary 
value which is attained ideally for an infinite time of observation. 
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Fig. 7 Probability mass function and risk of exceedance of the scour depth at different times (between 1 yr and 

100 yrs after the initial one. 
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It is noteworthy that the value of S represents here the maximum depth of the hole created 
by scouring. The geometric domain of the scour hole is defined by an inverted pyramid. The 
upstream surface has a slope corresponding to an angle equal to the soil friction angle (φ=30°), 
the downstream one has a slope corresponding to φ/2, whereas the lateral surfaces have a 
slope corresponding to 3/4φ. The maximum scour depth is assumed to be located along the 
vertical plane containing the upstream pier surface. 

The value of R is evaluated by performing the structural analysis on the FE bridge model 
under progressively increasing scour depths. The mechanical properties of the model are rep-
resentative of typical bridge constructions [14],[42]. In particular, a tensile strength σt0 = 
0.06MPa, a cohesion c0 = 0.1MPa and a friction angle with tangent tan(φ) = 0.75 were con-
sidered for the mortar joints, while a Young’s Modulus Eb = 3918MPa and a Poisson’s ratio 
νb = 0.15 were utilised for the brick units. The compressive strength of masonry is assumed 
equal to σc0 = 8MPa. The backfill material model has a friction angle of φbf = 60°, a dilation 
angle of φbfd = 30°, and a cohesion cbf = 0.01 MPa. The elements describing the spandrel walls 
are assigned a value of the Young modulus Ew = 3100MPa, a cohesion cw = 0.1MPa, a friction 
angle φw = 43°, a dilation angle φwd =10°, and a tensile cap on the first invariant of stress ten-
sor Iwt = 0.03 Mpa. The compressive strength is assumed equal to σc0 = 8MPa. Finally, the riv-
erbed sand is assumed to have a Young’s Modulus Er = 500MPa and a Poisson’s ratio νr = 
0.15, leading to a normal stiffness of the interfaces below the foundation equal to kv =  
0.184N/mm3. 

The scour action is simulated via time-history analysis by progressively degrading the 
stiffness of the interfaces representing the soil and located within the scour hole. Fig. 8 shows 
the evolution of the scour hole and the progressive removal of the interfaces located within 
the scour hole. 

ys1

5/6φ φ 

Scour progression Scour modelling

ys2

ys3

φ/2

Fig. 8. Assumed scour hole shape and scour progression modelling. 

Fig. 9 shows the deformed shape of the bridge at different increasing scour levels. The 
scour action induces a rotational mechanism at the base of the pier, with non-uniform vertical 
displacements along the pier base, and a formation of a crack between the foundation and the 
pier. This mechanism has been responsible of the collapse of Copley Bridge, a two-span 
bridge located near Halifax, West Yorkshire, whose geometrical properties are very similar to 
those of the model considered as case study. Fig. 10 shows the cracks in the arch barrel for a 
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maximum scour depth s = 2.6m, and Fig. 11 shows the damage in tension of the mortar inter-
faces between the bricks. It can be observed that scour induces the formation of both transver-
sal and diagonal cracks in the arch barrel. The diagonal cracks are located in proximity of the 
pier and of the abutments, whereas the transversal cracks are localized at midspan of each 
span. When the maximum scour depth attains the value s = 2.6m, the extent of cracking is 
very significant and the bridge is at collapse. The corresponding risk of failure, based on Fig. 
7a, is established as 2% in 100 years. 

s = 2.3m s = 2.4m s = 2.49m s = 2.6m

Fig. 9. Deformed shape of the bridge model for increasing levels of maximum scour depth. 

Fig. 10. Cracking patter in the arch barrel for maximum scour depth s=2.6m. 

Fig. 11. Damage parameter in tension in the arch and the pier for maximum scour depth s=2.6m. 
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5 CONCLUSIONS  

In this paper, a probabilistic framework for the flood risk assessment of masonry arch 
bridges is illustrated. The framework integrates information on the most critical actions asso-
ciated with the flood hazard analysis with those of structural vulnerability analysis. The com-
putational strategy developed by the authors for the numerical analysis of the structural 
response of masonry arch bridges subjected to flooding actions is also described.  

The proposed framework and modelling strategy are applied to the scour risk assessment 
of a realistic case study. It is shown that an accurate 3D model, including the foundation and 
the surrounding soil, can be used to describe the rotational-translational mechanism induced 
by the scour action at the base of the pier, allowing the prediction of cracks forming in the 
pier and arches. Future studies will address the impact of other critical actions induced by 
floods on masonry arch bridges, the influence of the uncertainty of the model parameters on 
the risk estimates, and also the development of simplified and efficient modelling strategies 
leading to a reduction of the computational cost. 
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Abstract. History Matching (HM) is a form of model calibration suitable for high-dimensional
and computationally expensive numerical models. It sequentially cuts down the input space to
find the non-implausible domain that provides a reasonable match between the output and ex-
perimental data. The non-implausible domain can be orders of magnitude smaller than the
original input space and it can have a complex topology. This leads to one of the most chal-
lenging open problems in implementing HM, namely, the efficient generation of samples in the
non-implausible set. Previous work has shown that Subset Simulation can be used to solve this
problem. Unlike Direct Monte Carlo, Subset Simulation progressively decomposes a rare event
(here is the non-implausible set), which has very small failure probabilities, into sequential less
rare nested events. The original Subset Simulation uses a Modified Metropolis algorithm to
generate the conditional samples that belong to intermediate less rare failure events. Generat-
ing samples moving forwards to the target space is the heart for Subset Simulation. This work
considers different sampling strategies to generate samples and compares their performance
in the context of expensive model calibration. A numerical example is provided to show the
potential of HM using different Subset Simulation sampling schemes.
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1 INTRODUCTION

Numerical models, also known as simulators, are universally designed and employed to rep-
resent and study complex real-world systems. In order for a simulator to be reliable, it requires
calibration using experimental data. Unfortunately, high-dimensional input and computational
cost often hinder the calibration process. This results in simple goodness-of-fit methods such
as distance-based methods or likelihood functions to become impracticable [1].

History matching (HM) is a form of model calibration that is suitable for high-dimensional
and expensive simulators. Anterion [2] first applied it to the oil industry to diminish computa-
tion time in inverse problems for reservoir simulation. Since then, more applications using HM
to get reservoir characteristics have emerged [3, 4, 5]. HM sequentially cuts down the initial
input space using an implausibility threshold that includes various of uncertainty sources. At
each iteration, HM rules out samples in the implausible input domain, and generates samples
that eventually define the non-implausible domain providing a reasonable match between the
model output and experimental data. Evaluating the model output at each sample point is typi-
cally expensive, therefore HM also involves Bayesian emulation [6], which reduces the running
cost of complex simulators and quantifies the variance of the predictive posterior output.

Recently, HM has been successfully applied to highly nonlinear geophysical simulators [7],
to galaxy formation models [8], and to large climate systems modeling [9] amongst other appli-
cations. In the above literature, the non-implausible domain can reduce to orders of magnitude
smaller than the initial input space, and might present a complex topology or be disconnected.
Therefore, generating samples from such non-implausible domain has remained an open and
challenging problem.

Traditionally, there have been at least three classes of methods to generate samples in the non-
implausible set: an acceptance-rejection strategy [10], an implausibility driven evolutionary
Monte Carlo algorithm [11], and a perturbation approach [1]. However, their efficiency depends
on several requirements. Recent work [12] has shown that Subset Simulation can be employed
as an efficient sampling scheme.

Unlike Direct Monte Carlo, Subset Simulation progressively decomposes a rare event, which
has a small failure probability, into sequential less rare nested events. Samples providing better
non-implausibilities in intermediate events remain as seeds to generate more samples towards
the final target space. Eventually, rare samples of interests can be targeted down given the
occurrence of less rare events.

The original Subset Simulation algorithm uses Modified Metropolis algorithm (MMA) [13]
to generate conditional samples that belong to intermediate less rare failure events. During
the last decade, multiple versions of sampling schemes for Subset Simulation have emerged
in different contexts [14, 15]. Santoso et al. [16] repeat the sample generation process until
the samples are accepted at the first step. Miao and Ghosn [17] proposed a delayed rejection
approach. Recently, Papaioannou et al [18] proposed a conditional sampling from the current
sample, avoiding the first step in the traditional Markov Chain Monte Carlo (MCMC) algorithm.
Au and Patelli [19] interpreted this sampling method from a different perspective and validated
its powerful efficiency in reducing correlation between samples. This work considers different
MCMC strategies and compares their performance in the context of model calibration.

The paper is organized as follows. Section 2 presents important components of HM: initial
design for simulation, Bayesian emulation, uncertainty quantification, implausibility threshold,
and sampling on the non-implausible domain. Section 3 presents different sampling algorithms
for Subset Simulation. In section 4, an example combining Subset Simulation and HM is pre-
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sented. Finally, section 5 provides some conclusions.

2 HISTORY MATCHING

HM aims to find the input domain (representing value ranges of parameters) that provides a
match between computer model outputs and observations for a complex physical system. HM
sequentially cuts down the non-implausible input domain, which leads to a higher concentra-
tion of non-implausible samples in each subsequent iteration (also known as wave) , using an
implausibility threshold that takes into account diverse sources of uncertainty. To reduce the
computation time, HM adopts emulation to make inference about the simulator’s output. If a
large number of non-implausible samples are found in a dramatically reduced input space, HM
can be stopped. non-implausible in a wave. If the stopping criterion is not met, HM refocuses
on the non-implausible domain via sampling on it and conduct another wave of model running
and implausibility testing. A typical HM workflow is summarized in Figure 1.

Figure 1: Typical workflow of HM. This work focuses on the sampling from the non-implausible domain effi-
ciently.

An initial design to run the simulator is the first step for a typical HM workflow. Let z be
an observation of a physical system y and g(·) be a simulator. Given z, wide possible ranges
of the input domain are considered at the beginning. As a rule of thumb, Loeppky et al [20]
suggest n = 10d as the number of sample points, where d is the input dimension. We resort to
Latin hypercube sampling (LHS) to efficiently explore the input space. Once an LHS design is
specified, g(·) is run at each input point xi ∈ Rd. Hence, the initial design as training data for
the emulation is {(x1, g(x1)), ..., (xn, g(xn))}.

Based on the simulation data, a Bayesian emulator [21, 22, 23] interpolates the model output
to reduce the computational cost. A Bayesian emulator (also called Gaussian process emulator
or Kriging) is a stochastic approximation to the output of an expensive computer model, which
is widely used as a surrogate for complex simulators. Bayesian emulators have been found
effective in multiple disciplines: modeling for structural dynamic analyses [24, 25], stochastic
mechanical responses [26] and reliability assessments [27], amongst any others.

In this paper, we use a Bayesian emulator of the form:

g(x) =
d∑
i=1

hi(x)ᵀβi + Z(x) (1)
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where g(x) is the emulator’s inference based on the training data; each βi is a regression coef-
ficient; the function h(x)ᵀβ models the global trend of the output, whereas a Gaussian process
Z(x) models local variations. Note that, the emulator output interpolates the simulator output,
for which g(·) is used to denote both.

The emulator’s output g(x) follows the student t distribution: tn−p(E
∗(g(x)),

√
Vc(x)),

where n − p is the degree of freedom, E∗(g(x)) is the predive mean and Vc((x)) is the pre-
dictive variance.

HM takes into account three sources of uncertainty: Vo is the observation uncertainty (OU),
which stands for the experimental error, such as the finite accuracy of measurement instruments
or human operations; Vc is the code uncertainty (CU), which stands for the error generated
by the emulation (implemented as computer codes) being an approximation; Vm is the model
discrepancy (MD), which stems from the inability to model a physical system y perfectly. Sum-
marizing, the total uncertainty considered is as follows:

V (x) = Vo + Vc(x) + Vm (2)

Let I(x) denote the implausibility that an output matches the specified observation, quanti-
fied via the difference between them with uncertainty margins [1]:

I(x) =
|z − E∗(g(x))|√

V (x)
(3)

If at a sample point xi, the implausibility measure I(xi) returns a small value, it is very likely
that this input is an acceptable match between the model output and the experimental data. A
criterion of the implausibility threshold I(x) ≤ 3 is applied [1] following the Pukelsheim three
sigma rule [28] (around 99%, or to say nearly all values in a distribution lie within a three-fold
standard variance band on either hand of the mean). Sample points that fail the criterion are
considered implausible.

Once the non-implausible samples at the current wave are defined by the implausibility mea-
sure, if the stopping criterion of HM is not met, the new wave begins by sampling from the
non-implausible domain. As previously mentioned, the initial input design can be generated
easily by an LHS plan. However after the first wave, sampling from a non-implausible domain
with a complex topology can be challenging. It has been recently proposed [12] to use Sub-
set Simulation to sample new emulation points since the non-implausibility domain can very
naturally be interpreted as a failure set, both requiring the definition of a threshold.

The conceptual core of Subset Simulation is: generate a sequence of subsets F = {x :
I(x) < 3} = Fd ⊂ Fd−1 ⊂ · · · ⊂ F1, so that the probability for the event of interest F (here
is the non-implausible set) can be calculated as P (F1) × P (F2|F1) × · · · × P (Fd|Fd−1). This
decomposes the event F of small probability into conditional events that are more likely to
happen and easier to sample from. Every intermediate event corresponds to a level in Subset
Simulation. An MCMC algorithm is applied to populate samples for intermediate events and
eventually for the target event.

There are two important parameters for Subset Simulation: the level probability pL and the
number of samples in each level nL. Both of them are determined by the user. The level
probability is usually chosen as 0.1 in the literature [29]. The number of samples for each level
nL should be decided by a balance considering between the dimensions and the computation
speed. It must also ensure integer values for both the number of chains in the MCMC algorithm
nc = nL × pL and the number of new samples in an event ns = (1− pL)/pL.
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At the initial 0th level, Subset Simulation selects the first nc = nL × pL samples x1, ...,xnc

that have the smallest implausibility, according to Equation 3. Then, for the implausibility
measure I , the intermediate threshold defining event F1 = {x : I(x) < YSS1} is:

YSS1 =
I
(nc)
0 + I

(nc+1)
0

2
(4)

The goal then becomes the generation of samples from F1, on which the subsequent levels are
conditioned. The Modified Metropolis algorithm (MMA) [13] algorithm applied to sample in
F1 is as follows:

1. Propose a random standard Normal move α ∼ N(xk, 1) in each dimension from each
seed x1, ...,xk, ...,xnc , or alternatively adaptive MMA: a Normal move using the variance
of the current sampling seeds x1, ...,xnc[29];

2. Accept the candidate movement ξ = α with probability min{1, φ(α)
φ(xk)
}, otherwise stay at

xk, ξ = xk;

3. Remain xk if the movement ξ /∈ F1.

The process is repeated until:

nF =

∑nL

k=1 IIx∈(I<3)

nL
> pL (5)

where II(·) is an indicator function that counts the number of samples in the relevant set. Fig-
ure 2 summarises the workflow for Subset Simulation combined with HM found in [12].

Figure 2: The workflow for Subset Simulation sampling embedded in HM. This work focuses on the sampling
generation step, which is implemented and compared with different schemes in following sections.
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3 Sampling schemes for Subset Simulation

The original MMA and adaptive MMA are not the only sampling schemes available in the
literature [18]. The aim of this paper is to compare the performance of different sampling
schemes for Subset Simulation within the HM framework. To this end, some alternative sam-
pling schemes are outlined.

3.1 Delayed rejection

To improve the acceptance rate, Miao and Ghosn [17] repeat the sample generation process
by a second proposal PDF if the initial candidate is rejected, thus delaying rejection. The
approach can be described as follows:

1. Propose a random standard Normal move α ∼ N(xk, 1) in each dimension from each
seed x1, ...,xk, ...,xnc;

2. Accept the candidate movement ξ = α with probability min{1, φ(α)
φ(xk)
}, and go straight to

step 5, otherwise go to step 3;

3. Propose another move e.g. α′ ∼ U(xk, 1) in each dimension from each seed x1, ...,xk, ...,xnc;

4. Accept the candidate movement ξ = α′ with probability min{1, φ(α
′)

φ(xk)
}, otherwise stay at

xk;

5. Remain at xk if the movement ξ /∈ F1.

3.2 Adaptive MCMC with optimal scaling

Roberts et al. [30, 31] found that the optimal efficiency is achieved when the final sample
acceptance rate is around 0.44. Based on this, Papaioannou et al. [18] scale standard deviation
of the proposal PDF adaptively (using a scaling parameter λ) to stabilize the acceptance prob-
ability. At each level, all nc seeds are randomly divided into R groups, each with Na seeds.
Given an initial standard deviation for the proposal PDF, the initial Na seeds are used to gener-
ate sample candidates conditioned on them. The value of the scaling parameter λ is determined
by the difference between the acceptance rate of the first Na seeds and the optimal value 0.44.
The adapted standard deviation is then plugged into the next group of Na seeds. The adaptive
standard deviation algorithm for conditional sampling is as follows:

1. Randomly divide nc seeds into R groups of Na samples;

2. For rth group (r = 1, ..., R), set the initial standard deviation of the proposal distribution
to si = 1, i = 1, ..., d, and the initial scaling parameter λ to 0.6 [18] ;

3. Compute the coefficient: ai =
√

1− (λsi)2, where a = [a1, ..., ad] and s = [s1, ..., sd];

4. Generate the sample candidates: x′k ∼ N(axk, λs), k = 1, ..., Na;

5. Accept x′k if x′k ∈ F1, otherwise the chain remains at xk.

6. Compute the average acceptance rate from Na × ns chains: A = IA(·)
Na×ns

, where IA(·) is
an indicator function which counts the number of acceptable samples;

7. Upgrade the adaptive scaling parameter: λ = 10(log 10(λ)+ζ(A−0.44)), with ζ = r−1/2;

8. Repeat steps 2 to 9 until finishing all R groups of nc seeds.
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3.3 Subset-infinity

Au and Patelli [19] extended the conditional sampling to decomposing the sample xi of
standard Gaussian distribution by an arbitrary number (1 ≤ N ≤ ∞) of i.i.d. standard Gaussian
variables. Let

xi =
1√
N

N∑
j=1

Zj (6)

where Zj ∼ N(0, 1). When N →∞, sample candidates x′i conditioned on xi can be generated
by a proposal PDF (i = 1, ..., d):

p(x′i|xi) =
1√
2πsi

exp

[
− 1

2s2i
(x′i − axi)2

]
(7)

where
ai = 1− 2κi (8)

s2i = 4κi − 4κ2i (9)

κi =

∫ ∞
0

w2Φ(−w
2

)p∗i (w)dw (10)

It can be shown that a2i + s2i = 1, and 0 ≤ κ′ ≤ 1, hence ai ∈ [−1, 1] and si ∈ [0, 1]. To sample
in F1, the conditional sampling algorithm for Subset-infinity is:

1. Assign values for parameters of the proposal PDF: e.g. si = 0.5 (suggested by [32]),
ai =

√
1− s2i , i = 1, ..., d;

2. Generate the sample candidate dimension-wise: x′k ∼ N(aixk, si), k = 1, ..., nc;

3. Remain at xk if the candidate x′k /∈ F1.

4 Numerical example

The different sampling schemes described in the previous section are now compared under
the HM framework using an 8-dimensional robot arm model [33].

f(x) = (u2 + v2)0.5

where u =
4∑
i=1

Li cos

(
i∑

j=1

θj

)
, v =

4∑
i=1

Li sin

(
i∑

j=1

θj

)
(11)

The response f(x) is the distance from the end of the robot arm to the origin, on the (u, v)-
plane. The input variables and their ranges are shown in Table 1.

In order to implement HM, an observation of 4 units is assumed. The observational uncer-
tainty and model discrepancy were both given fixed values of 0.01. For Subset Simulation, the
parameters pL = 0.1 and nL = 8000 were chosen. Table 2 compares the results of the different
sampling schemes. It is worth noting that all sampling schemes required 4 levels of Subset Sim-
ulation. Also, since by construction MCMC rejects samples from proposal, this yields repetitive
sample points. Our aim is to determine which scheme produces more unique non-implausible
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Input variables’ range Input variables’ meaning
θ1 ∈ [0, 2π] angle of the first arm segment
θ2 ∈ [0, 2π] angle of the second arm segment
θ3 ∈ [0, 2π] angle of the third arm segment
θ4 ∈ [0, 2π] angle of the fourth arm segment
L1 ∈ [0, 1] length of the first arm segment
L2 ∈ [0, 1] length of the second arm segment
L3 ∈ [0, 1] length of the third arm segment
L4 ∈ [0, 1] length of the fourth arm segment

Table 1: The input variables and their ranges for the robot arm function

Sampling Scheme Unique non-implausible samples
Original MMA 1956

MMA with adaptive variance 3129
Delayed rejection 1131

Adaptive optimal scaling (Na = 80) 3158
Subset-infinity (s = 0.5) 2211

Table 2: The performance difference among differnet MCMC sampling approaches, pL = 0.1 and nL = 8000.

samples. The MMA with adaptive variance and the adaptive MCMC with optimal scaling pro-
duced the greatest number of such samples.

The resulting non-implausible input domains given by different sampling schemes are shown
in the upper triangle panels of Figure 3. The lower triangle panels of Figure 3 show optical depth
plots [10]: on each plane of inputs’ pairs, a 20×20 grid is created, with the color denoting the
proportion of the non-implausible samples over each grid, which gives plausibility information
perpendicular to projective input planes.

5 CONCLUSIONS

The combination of Subset Simulation and HM is possible due to the natural analogy be-
tween the non-implausible space in HM and the failure set in reliability analysis. In this paper,
different variants of Subset Simulation were presented and illustrated in the numerical example.

In this work, the performance of the sampling scheme was judged by the number of unique
non-implausible samples. It was observed that the MMA with adaptive variance and the adap-
tive MCMC with optimal scaling ranked the highest under this simple criterion.

Future research will concentrate on different metrics of performance, as well as the applica-
tion of the best-performing sampling schemes to calibrate more complex and realistic models.
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Abstract. Two Markov chain Monte Carlo simulation methods for reliability estimation, sub-
set simulation and the moving particles algorithm, are compared. To this end, both low-
dimensional and high-dimensional test cases are considered. The investigation discusses differ-
ences in the efficiency of both algorithms and sheds light on the parameter settings as well as
the avoidance of correlated samples in both algorithms, notably on the necessity of a burn-in
period and the influence of a metamodel.
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1 INTRODUCTION

In direct Monte Carlo Simulation (MCS), independent and identically distributed samples
are drawn in order to obtain an unbiased estimate of a function of random variables. For MCS,
the strong law of large numbers yields the P -almost sure convergence of the estimator, and
from the central limit theorem, one can deduce that the variance of the estimator decreases
with 1/N , where N is the number of samples. In particular, the decrease does not depend on
the number of random variables. Unfortunately, direct MCS is not well suited for reliability
analysis, where low failure probabilities must be estimated, because a huge number of samples
is needed in order to obtain accurate estimates. This leads in turn to a prohibitively large number
of calls to the performance function; and if the performance function itself requires a rather large
computational time (which is in general the case in structural analysis), the total computational
time will be excessive.

Generating samples from a fixed importance sampling density aims to reduce the variance
of the MCS estimator while retaining the advantages of independent and identically distributed
samples. Thus, the strong law of large numbers and the central limit theorem still apply, yielding
the same convergence properties as for direct MCS, but with a reduced variance of the estimator
due to a judicious choice of the importance sampling density. For reliability analysis, heuristics
to obtain an appropriate importance sampling density have been discussed in the literature, see
e.g. [1]. However, as has been shown in [2], sampling with a fixed importance sampling density
becomes inefficient for reliability estimation involving a high-dimensional random vector and
thus a large number of random variables.

Adaptive importance sampling densities may be constructed by Markov Chain Monte Carlo
(MCMC) algorithms. In this case, the samples are not independent (but sill identically dis-
tributed, if the Markov chain is in stationary state), but the ergodic theorem and the central limit
theorem for reversible Markov chains yield the convergence and the asymptotic unbiasedness of
the estimator. An MCMC based algorithm that is widely used for reliability estimation is subset
simulation [3], which is based on the estimation of conditional probabilities for a nested se-
quence of sets. In contrast to many other MCMC algorithms, subset simulation does not require
a burn-in of the Markov chain, because the seeds of the Markov chains are already distributed
according to the target distribution [4]. On the other hand, the classical Metropolis-Hastings
(MH) algorithm suffers from a high rejection rate in conjunction with subset simulation, es-
pecially for high-dimensional reliability estimation, cf. [2]. Therefore, a componentwise MH
algorithm has been introduced in [3] and more recently, direct sampling from a normal transition
kernel has been proposed which yields candidates that always differ from the current state [5]
and leads to an improved efficiency for high dimensional problems, if the proposal distribution
is adapted for each subset.

In subset simulation, the size of the nested sets is usually chosen such that the conditional
probabilities are equal to 0.1, i.e. 90% of the samples are discarded and need to be recomputed
from the remaining 10% that serve as seeds. This leads in general to less than ten nested sets.
Having too few nested sets would lead to a similar inefficiency as for direct MCS. In [3], it
is argued that having much more nested sets would lead to an increase in the total number of
samples, which again decreases the efficiency of subset simulation. However, it is worthwhile
to consider the limit case, where only a single sample is discarded and recomputed. This leads
to a maximum number of nested sets. Such an MCMC based algorithm, called moving particles
algorithm, has been introduced in [6] and [7].

The objective of this contribution is to compare subset simulation and the moving particles
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algorithm for reliability estimation on low- as well as on high-dimensional test cases with em-
phasis on the accuracy, efficiency and the acceptance rate and thus to shed some light on specific
features of these two MCMC based algorithms. The paper is organized as follows: in the next
section, subset simulation and the moving particles algorithm are introduced. Following this,
the test cases and the test methodology are presented. The test results are discussed and expla-
nations for the observed phenomena are given. Finally, a summary of the observed phenomena
and recommendations for off-the-shelf application of the simulation algorithms are given.

2 MARKOV CHAIN MONTE CARLO SIMULATION

2.1 Subset simulation

Subset Simulation is based on nested sets, F1 ⊃ F2 ⊃ . . . FM , where FM = {θ ∈ Rn|g(θ) <
0} denotes the failure region and g(θ) is the performance function. If θ is a vector of random
variables, the failure probability is given by

Pf = PF1

M−1∏
i=1

P (Fi+1|Fi). (1)

The rather small failure probability is written as the product of larger probabilities that can be
estimated with less effort. However, the estimation of the conditional probabilities requires the
application of MCMC simulations, because the corresponding conditional probability density
function is not known explicitly. In subset simulation, Ns parallel Markov chains are started
from seeds that for step i− 1 lie in Fi. Generating the Markov chains with the classical MH al-
gorithm may result in low acceptance rates. Alternatives are the componentwise MH algorithm
[3], a single repetition of the candidate sample (delayed rejection) or the direct sampling from
a suitable transition kernel such that rejection is limited to the case where the candidate sample
is not an element of Fi.

The most influential parameters of subset simulation are the transition kernel of the MCMC
algorithm and the sets Fi, for which sets of equal conditional probability p0 = P (Fi+1|Fi) are
preferred. Given p0, the sets are obtained from a percentile estimation for the performance
function. The failure probability is then given by

pM−1
0 P̂M , (2)

where P̂M is the estimate for P (FM |FM−1).
The coefficient of variation of the estimator for the conditional probability Pi+1 = P (Fi+1|Fi)

is given by [3] √
1− Pi

NPi

(1 + γi), (3)

where the additional term γi is

γi = 2

N/Ns−1∑
k=1

(
1− kNs

N

)
ρi(k). (4)

Ns = p0N is the number of samples that for step i − 1 lie in Fi and constitute the seeds of
the Markov chains. ρi(k) is the correlation coefficient of the series IFi

(θ
(i−1)
jk ), where θ

(i−1)
jk is

the kth sample of the j Markov chain that is generated in step i− 1. A weak correlation of the
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samples produced by the Markov chain is thus necessary for a reduction of the coefficient of
variation.

The coefficient of variation for the failure probability estimated with subset simulation can
be approximated by

δsub ≈

√
log pF
log p0

(1− p0)(1 + γ̄)

Np0
, (5)

where γ̄ is the average value of γi (averaged over the number of subsets) and log pF
log p0

represents
the number of subsets. A typical value for γ̄ is 1

1+γ̄
= 0.4, cf. [5]. The average number of

function evaluation is thus approximated by

Nsub = N

(
1 + (1− p0)

log pF
log p0

)
, (6)

and is composed by the initial Monte Carlo samples and the Markov chain samples (without
burn-in) at each step.

2.2 Moving particles algorithm

The moving particles algorithm can be considered as subset simulation with a maximum
number of steps. Thus, in each step, only one sample is discarded and resampled by a Markov
chain that takes as seed one of the retained samples. As for subset simulation, the algorithm
starts with a direct MCS. For each step, the values g(θi), i = 1, ..., Nm, of the Nm samples are
ranked. The sample with the maximum value of the performance function is moved: MCMC is
carried out starting from one of the remaining samples and the final state of the Markov chain
is accepted, if the value of the performance function could be reduced. Otherwise, the sample
is simply replaced by the seed of the Markov chain. The Markov chain can be generated either
by application of the MH algorithm or by direct sampling from a normal transition kernel. As
the classical MH algorithm suffers from low acceptance rates for high-dimensional problems,
the componentwise MH algorithm of [3] is applied in the following. Thus, the same Markov
chain simulation technique is applied in this study for the moving particles algorithm and subset
simulation.

However, instead of computing the probability of failure from eq. (2), each initial sample
is moved until it reaches the failure region and the number of moves is counted. As has been
shown in [6], the number of moves to get an initial sample into the failure region follows a
Poisson distribution with parameter λ = log 1

pF
. The estimator for the parameter of the Poisson

distribution is

λ̂ =

∑Nm

i=1 Mi

Nm

, (7)

where Mi denotes the number of moves until seed i reaches the failure state.
In order to obtain an unbiased estimate, it is mandatory that the trajectories of the Poisson

process generated from the initial samples remain independent until the samples finally reach
the failure domain. In [7], two means are proposed to maintain the independence:

• Burn-in: The Markov chain simulation is carried out with a burn-in period. The burn-in
should ensure the independence of the candidate and the seed of the Markov chain.

• Seed avoidance: Repeated use of the same seed for the Markov chain should be avoided.
Once a sample has been used as seed, the sample and its offspring should not be used as
seed again.
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The coefficient of variation for the failure probability estimated with the moving particles
algorithm is given by

δmp =

√
− log pF

Nm

, (8)

cf. [6], and the average number of function evaluations is

Nmp = Nm(1− T log pF ), (9)

where the first term accounts for the initial Monte Carlo simulation and the second term for the
Markov chain samples (with burn-in period T ).

2.3 Comparison of the two algorithms

While the moving particles algorithm can be considered as a special case of subset simula-
tion, there are several differences with respect to the original subset simulation algorithm:

• In subset simulation, the number of steps is rather small; however, the number of steps in
the moving particles algorithm is maximal.

• In subset simulation, only p0 (usually 10%) of the samples are retained in each step and
serve as seed for the Markov chains. In contrast, only one sample is resampled in each
step of the moving particles algorithm, and the seed can be selected among the other
samples.

• The moving particles algorithm has a clear interpretation from Poisson process theory,
but requires that all initial samples finally reach the failure region.

3 TEST CASES

Test cases have been considered with standardized parameters for the algorithms in order to
investigate the robustness, accuracy and efficiency of both simulation methods. The aim was
to find out whether the simulation methods can be applied off-the-shelf without fine tuning to
a specific problem. The low-dimensional test cases were those summarized in [9], Table 1.
They allowed to carry out parameter studies for the number of initial samples and the Markov
chain transition kernel. Moreover, for the moving particles algorithm, the influence of a burn-in
period, a seed selection strategy and a low-rank metamodel have been investigated. Following
this, both algorithms were applied to high-dimensional examples, a paraboloid with discretely
varying principal curvatures, [10], example 4, and a single-degree-of-freedom oscillator with
1500 random variables, [3], example 1, with a threshold value b = 1.5.

For each test case and each set of parameters, 100 simulation runs were carried out from
which the mean probability of failure, the coefficient of variation, the mean number of perfor-
mance function evaluations and the mean acceptance rate has been observed.

For the MCMC with MH algorithm, two acceptance rates can be defined:

• Level 1: Acceptance of the pre-candidate by the MH algorithm.

• Level 2: Acceptance of the candidate sample. For subset simulation, the candidate sam-
ple at step i must lie in Fi, while for the moving particles algorithm, the value of the
performance function must decrease.
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In this investigation, the level 2 acceptance rate has been monitored only.
The simulation platform was Matlab with FERUM [11]. To this end, the moving particles

simulation algorithm has been added to FERUM and extensions to the subset simulation algo-
rithm were made.

4 RESULTS

4.1 Number of initial samples
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Figure 1: Influence of the number of initial samples. a) Subset simulation. b) Moving particles algorithm.

Figure 1 displays the influence of the number of initial samples on the coefficient of variation
of the simulation algorithms for the low-dimensional test cases. It can be seen that the number
of initial samples needed to obtain the same level for the coefficient of variation differs by
nearly a factor of ten, which is due to the fact that for subset simulation, 90% of the samples are
discarded in each simulation step. In fact, considering equations (5) and (8) with δsub = δmp,
1

1+γ̄
= 0.4 and p0 = 0.1, one obtains Nm ≈ 0.1N .

While increasing the number of initial samples increases the accuracy, the efficiency is de-
creased. The number of initial samples does not influence the mean level 2 acceptance rate very
much.

4.2 Influence of the proposal density

As proposal density for the componentwise MH algorithm, a normal probability density
function has been chosen. Figure 2 a) and b) displays the influence of the standard deviation on
the coefficient of variation of the simulation algorithm. The figure shows the relative coefficient
of variation that is computed by taking as reference the coefficient of variation obtained for a
normal density with standard deviation of 0.7. It can be seen that increasing the standard devia-
tion decreases the coefficient of variation for subset simulation, but increases the coefficient of
variation for the moving particles algorithm. Thus, in comparison to subset simulation, a smaller
standard deviation for the proposal density is required for the moving particles algorithm. This
can be explained by the fact that the Markov chain simulations in the moving particles algo-
rithm require a burn-in period and thus a repeated application of the proposal density, which is
not the case for subset simulation.
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Figure 2: Influence of the standard deviation σ of the proposal density. a) Subset simulation. b) Moving particles
algorithm.
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4.3 Moving particles algorithm: burn-in period and seed selection strategy

Figure 3 summarizes the influence of the burn-in period on the efficiency and various seed
selection strategies on the accuracy of the moving particles algorithm. For the investigation of
the burn-in period, simulations without burn-in have been taken as reference and the relative
coefficient of variation is shown together with the increase in the number of function calls. The
results underline that a burn-in period is necessary for a reduction of the coefficient of variation.
However, a burn-in period of 20 samples as proposed in the literature leads to a high number
of performance function calls. It was found that a shorter burn-in period (about 5 samples) is a
good compromise between accuracy and effort.

Various seed selection strategies have been tested. Figure 3 b) states the results for two seed
selection strategies. Simulations without a seed selection strategy were taken as reference. The
results indicate that seed avoidance might be beneficial for the accuracy of the simulation algo-
rithm and that blocking the seed of the Markov chain and the generated sample (the offspring)
for further use as seed of a Markov chain might be a viable strategy to increase the efficiency.
However, the effect is not very pronounced.

Neither the length of the burn-in period nor the seed selection strategy had a significant
influence on the level 2 acceptance rate.

4.4 Moving particles algorithm: application of a low rank metamodel
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Figure 4: Moving particles algorithm. Application of a metamodel.

In order to reduce the number of function calls during the burn-in period of the Markov
chains, the application of a metamodel has been investigated. A low rank separated represen-
tation with at most 50 polynomial terms of order 5 has been calibrated from the initial samples
and continuously updated (as described in [7]) during the simulations. Results have been com-
pared to computations without a metamodel. The relative coefficient of variation and the relative
number of function calls have been collected for the test cases and are shown in Figure 4.

As can be seen from Figure 4, the application of a metamodel during the burn-in period of
the Markov chains for the moving particles algorithm decreases the number of performance
function calls, but increases at the same time the coefficient of variation. Moreover, there is a
considerable scatter in the increase of the coefficient of variation.
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Figure 5: Comparison of subset simulation algorithm and moving particles algorithm. a) Burn-in period, such
that the number of performance function evaluations of subset simulation and the moving particles algorithm is
approximately the same. b) Comparison of the efficiency of subset simulation and the moving particles algorithm.

4.5 Comparison of subset simulation and moving particles algorithm

The efficiency of both algorithms can be compared by setting Nm = 0.1N for the number
of initial samples and p0 = 0.1 as before. In this case, the coefficient of variation of both
algorithms will be nearly the same. From equations (6) and (9), one obtains the relationship

Nsub

Nmp

=
10(1− 0.39 log pF )

1− T log pF
(10)

By setting this expression to one, a burn-in period T can be obtained as a function of the failure
probability for which both algorithms would require approximately the same amount of func-
tion evaluations. This relationship is depicted in Fig. 5 a). It can be seen that the obtained
burn-in period is in the range of values that has been found to be sufficient in the previous sec-
tion and thus the number of function evaluations for both algorithms is of the same order of
magnitude. For small failure probabilities, subset simulation becomes slightly more efficient
than the moving particles algorithm, while for larger probabilities of failure, the opposite is the
case.

The comparison of the two variants of the moving particles algorithm and subset simulation,
Figure 5 b), underlines that both algorithms lead to a similar efficiency. However, while the
number of function evaluations is approximately the same, the coefficient of variation for the
results from the moving particles algorithm is slightly higher than for subset simulation. As a
burn-in period of T = 5 has been applied for the moving particles algorithm and the failure
probabilities are in the range from 10−4 to 10−6, this confirms the results of Figure 5 a).

Finally, both algorithms have been applied to high dimensional test cases, a single-degree-
of-freedom oscillator with 1500 random variables and a paraboloid with varying curvatures.
Both algorithms yielded results of same accuracy and efficiency. The level 2 acceptance rates
were similar as for the low-dimensional test cases.

5 CONCLUSIONS

The aim of the simulation study was to investigate the suitability of two MCMC simulation
algorithms, subset simulation and the moving particles algorithm, for off-the-shelf reliability
computations.
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The following conclusions conclusions can be drawn: A large initial sample size is benefi-
cial for the accuracy of both algorithms, but decreases the efficiency in terms of performance
function evaluations. Comparing the subset simulation algorithm to the moving particles algo-
rithm, it was found that the subset simulation algorithm needs about a factor of ten more initial
samples, as most of the initial samples are discarded during the move to the next subset simula-
tion step. For the componentwise MH transition kernel, both algorithms tolerate a wide range
of values for the standard deviation of the normal distribution. In order to obtain accurate re-
sults, the standard deviation for subset simulation must be higher than for the moving particles
algorithm. A burn-in period is necessary in order to obtain a good accuracy of the moving par-
ticles algorithm. A seed selection strategy might increase the accuracy of the moving particles
algorithm, but has nearly no influence on the level 2 acceptance rate.

For the efficiency, the differences between the moving particles and the subset simulation al-
gorithm were rather small for the low- as well as the high-dimensional test cases. In conclusion,
subset simulation and the moving particles algorithm seem to be well suited for off-the-shelf
reliability estimations, but with a different setting for the most important parameters (σ and the
initial sample size).
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Abstract. Markov chain Monte Carlo (MCMC) algorithms are a set of methods which allow 

samples to be generated from generic probability distributions. They have been used to aid 

the simulation of rare events, the Bayesian system identification of systems which are nonlin-

ear and/or are approached using a Bayesian hierarchical structure and the training of a vari-

ety of machine learning algorithms (for example). The current paper discusses the ‘Zero-

Variance method’, which can be used to greatly reduce the sample variance of quantities that 

are estimated using Monte Carlo methods. The ability of this approach to increase the effi-

ciency of gradient based MCMC methods is illustrated. Finally, a Zero-Variance version of 

the well-known simulated annealing algorithm is employed. The algorithm is demonstrated on 

the Bayesian system identification of a nonlinear dynamical system.  
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1 INTRODUCTION 

Over recent years Bayesian approaches to system identification have been adopted across a 

wide range of applications within structural dynamics. Markov chain Monte Carlo (MCMC) 

algorithms, which can be used to generate samples from generic probability distributions, of-

ten form a fundamental component of these methods. 

 

Recent works, for example, have focused on the application of hierarchical Bayesian frame-

works to aid the identification of structures subject to changes in ambient temperature and ex-

citation amplitude [1], damage detection from noisy and/or incomplete modal data [2] and the 

multilevel identification of sets of nominally identical systems [3]. These works either make 

use of MCMC [2] [3] or cite it as an avenue for future work [1]. MCMC can also be applied 

in various other contexts, such as the efficient simulation of rare events (subset simulation) [4]. 

 

For the current paper, it is sufficient to consider the situation where one wishes to generate 

samples from the posterior distribution 

 

 

where � ∈ ℝ�� is a vector of parameters which are to be inferred from a set of observations, �. It is assumed here that closed-form solutions for the posterior are unavailable (such that it 

is necessary to generate samples from ���|�
). 
2 ZERO-VARIANCE PRINCIPLE  

Say ���
 is a quantity whose expected value, with respect to a target distribution ���
, is 
of interest. In the context of this paper � is a vector of a model’s parameters and the expected 

value of ���
 is typically estimated using 

 

where ��, … , ��� are samples from the posterior which have been realised using MCMC. 

This estimate is, of course, subject to statistical error which will reduce if larger � is used (or 

if correlations between successive MCMC samples is reduced).  

 

The zero-variance (ZV) principle [5] suggests that ���
 should be transformed into a dif-

ferent function, ����
, whose expected value is still equal to E�����
� but whose variance is 
reduced. ����
 can then be used to estimate the quantity of interest with less statistical error, 

relative to if ���
 had been used.  
 

This method gets its name from the fact that, ideally, the transformation would lead to ����
 having zero variance (thus eliminating the statistical error). In practice, however, this is 

usually impossible to achieve and approximations to this ideal transformation must be em-

ployed. It should be noted that a very general treatment of the zero-variance principle and the 

nature of the transformations that can be utilised are outlined in [5] but that this is somewhat 

beyond the current paper, which aims to investigate the applicability of the ZV method to 

Bayesian system identification problems within structural dynamics. The current work instead 

focuses on the transformations that are described in [6] [7] – the reader simply needs to be 

 ���|�
 ∝ ���|�
���
 (1) 

 E�����
� ≈ 1������
�
����  

 

 

(2) 
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aware that these are specific examples of the wide variety of transformations that are poten-

tially available. 

2.1 First order transformation 

At this point it is convenient to denote the negative score of the target distribution as  :

Noting that the expected score is zero, the following transformation is defined:   

where ! is a vector of parameters which require identification. The values of ! that minimiseVar���� are
where 

(proved in the appendix). Consequently then, samples from the target must be used to realise a 

Monte Carlo estimate of ! before the transformation can be applied. This may appear to be a

somewhat circular argument, as the resulting estimates of ! will still be subject to statistical
error. For now, it should simply be observed that, for the examples investigated in the current 

paper, the results were very insensitive to the statistical variation of !. A more formal investi-

gation of this property is a topic of future work. 

With regard to the reduction in variance that can be achieved, it is straightforward to show 

that  

such that, after substituting in the optimum values of ! and rearranging, the reduction in vari-
ance is found to be 

This confirms that Var���� ≤ Var���, as desired (as �Var� �
&� is positive definite).
2.2 Second order transformation 

A potential second order transformation, defined in [6] [7], is given by 

where ' is symmetric and ( must be chosen such that E)�����
� = E)����
�. To define ( it
is first noted that   

 ��
 = − ,,� log � (3) 

����
 = ���
 + !1 ��
 (4) 

! = −�Var� �
&�Cov��,  
 (5) 

Cov��,  � = E�� � − E���E� � (6) 

Var���� = Var��� + 2!1Coν��,  � + !1Var� �! (7)

Var���� − Var��� = −Cov��,  �1�Var� �
&�Cov��,  � (8) 

����
 = ���
 + 61 ��
 + �1' ��
 + ( (9) 
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(where summations are taken up to �7 and the notation 8� ≡ 8�:�
 has been adopted). As 
 

 

then, for the estimator to be unbiased, it follows that ( = −Tr�'
. The second order trans-
formation therefore becomes 

 

At this point it is convenient to rearrange all of the transformation’s parameters into a single 

vector, such that equation (5) can be used to estimate their optimum value. This is achieved as 

follows: 

 

 

where < = diag�'
,  
 

(∘ is the Hadamard product), the 
�@ �A − 1
�A − 2
 + B th element of C is equal to D�E (A > B) 

and the 
�@ �A − 1
�A − 2
 + B th element of G��
 is equal to 2:�8E . This allows one to write the 

second order transformation neatly as 

 

where  

 

In a similar manner to the first order case, the reduction in variance can be shown to be 

 

 

 �1' ��
 ≡ �D��:�8�� +�D�E:�8E�HE  

 

(10) 

 E)�:�8�� = 1 (11) 

 E)I:�8EJ = 0,				B ≠ A 
 

(12) 

 ����
 = ���
 + 61 ��
 + �1' ��
 − Tr�'
  
 

(13) 

 �1' ��
 − Tr�'
 = �D��:�8�� + 2�D�E:�8EEN� − <1O (14) 

 = <1P��
 + C1G��
 
 

(15) 

 P��
 = � ∘  ��
 − O 
 

(16) 

 ����
 = ���
 + !1Q��
 
 

(17) 

 ! = R6<CS ,							Q��
 = T ��
P��
G��
U 
 

(18) 

 Var���� − Var��� = −Cov��,Q�1�Var�Q�
&�Cov��, Q� 
 

(19) 
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2.3 Illustrative examples 

The method will first be demonstrated on some simple examples, where samples from the tar-

get can be generated directly (without having to resort to MCMC). The interested reader may 

also like to consult the technical report [7] where other relatively simple examples are dis-

cussed. Note that the following only explores the first and second order expansions that were 

outlined in the previous section.  

First, Monte Carlo samples are used to estimate the mean of the distribution ��:
 ∝exp Y− �@:@Z such that ��:
 = : and 8�:
 = :. For the first order case, it is straightforward
to show that Var�8� = 1 and Cov��, 8� = 1. This implies that the optimum choice of trans-

formation parameter is [ = −1. For the second order case \�:
 = 0 (as : ∈ ℝ�) and so

Also, 

and so, for the second order case, the optimum transformation parameters are 

This implies that, in the current example, the second order term has no influence and so the 

second order ZV expansion will not be able to outperform the first order ZV expansion. This 

is verified by simulation in Figure 1 where 100 estimates of the mean are realised, each using 

100 samples from the target. Monte Carlo estimates of ! are used throughout. Relative to
standard Monte Carlo estimates, the reduction in the statistical error of the estimates is quite 

remarkable. 

Q�:
 = ] 8�:
:8�:
 − 1^ = Y ::@ − 1Z ⇒ Var�Q� = `1 00 2a (20) 

Cov��,Q� = E ] :@:�:@ − 1
^ = Y10Z (21) 

! = Y−10 Z (22) 
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Figure 1. Estimating the mean of ��:
 = ��:; 0,1

The scenario where the aim is to estimate E�:@� is now considered. For the first order caseVar�8� = 1 and Cov��, 8� = E�:c� = 0 and so [ = 0 (implying that there is no advantage to

using the first order expansion). For the second order expansion, Var�Q� is the same as in

equation (20) and 

which gives optimum transformation parameters 

These results are verified by simulation in Figure 2 where it is shown that, to achieve a reduc-

tion in the statistical error of the estimated quantity of interest, the second order transfor-

mation must be employed. Again, the reduction in statistical error is impressive. 

Cov��,  � = E `:@ Y ::@ − 1Za = Y02Z (23) 

! = Y 0−1Z (24) 
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Figure 2. Estimating the variance of ��:
 = ��:; 0,1

3 ZERO-VARIANCE BAYEISAN SYSTEM IDENTIFICAITON USING MCMC 

In the following the aim is to realise a Bayesian estimate of the nonlinear stiffness, dc, of a
Duffing oscillator: 

where e�f
, in this case, was a random excitation generated from a zero-mean Gaussian with

unit variance. The training data, �, consisted of the excitation time history as well as noisy

observations of the system’s displacement response (shown in Figure 3).  

Figure 3. Training data for Duffing oscillator example. 

The likelihood was created by assuming the following noise model: 

gh + ig� + dg + dcgc = e�f
 (25) 
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where : = dc in this case, j� denotes the Bth noisy observation of the displacement and the

noise variance, k@, is assumed to be known. The true value of the nonlinear stiffness wasdc = 100	N m mc, while the prior was o�dc; 0,1000
. The other model parameters were set

equal to d = 10	N m m and i = 0.1	Nm m s. Samples from the posterior were generated using

a simulated annealing MCMC algorithm whose annealing schedule is self-adaptive and is de-

signed to introduce the information contained in the measurements at a constant rate (where 

information is measured using the Shannon entropy). This is essentially the algorithm out-

lined in [9] but applied to the situation where the set of measurement data does not grow with 

time. Throughout, the score of the target distribution was estimated using a finite difference 

approximation.  

The resulting MCMC samples were used to estimate the mean and variance of the posterior 

(using both standard Monte Carlo and ZV estimation methods). ZV estimates of the variance 

were realised by defining 

before computing 

For the sake of completeness, the following results are also compared with ‘long run’ Monte 

Carlo estimates (realised with sample size of 10000). 

Estimates of the mean and variance are shown in Figure 4 and Figure 5 respectively. The var-

iance of the ZV estimates are far reduced relative to the Monte Carlo estimates. The ZV esti-

mates are also centered on the results realised using the long run Monte Carlo simulations.   

Figure 4. Estimating the posterior mean of the nonlinear stiffness coefficient, dc.

j� = g��:
 + r�,								r� = ��r�; 0, k@
 (26) 

���:
 = :,													�@�:
 = :@ (27) 

E��@� − E@���� = ��@ − ���@ (28) 
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Figure 5. Estimating the posterior variance of the nonlinear stiffness coefficient, dc.

4 DISCUSSION 

The transformations used throughout this paper all make use of the score of the target distri-

bution. The exploitation of the information contained in the score appears to be an important 

factor in the successful application of the method. With this in mind it seems sensible that, 

alongside the zero-variance method, a MCMC algorithm which uses the gradient to improve 

its performance should be employed (Hamiltonian Monte Carlo, for example, is probably the 

most well-known example of such an algorithm). This is explored in detail in the paper [7]. 

For future work the author aims to apply the zero-variance method to samples that are gener-

ated using an importance-sampling-based Sequential Monte Carlo sampler (recently applied 

to growing data sets, within the context of mechanical engineering, in [10]). The potential to 

combine the statistically efficient ZV method with a sampling algorithm that is well suited to 

parallelisation is particularly attractive.  

The current paper demonstrates examples where, despite the statistical errors associated with 

estimating the parameters !, the zero-variance method greatly outperformed standard Monte

Carlo. For future work, it would be useful to gain insight into how far the method can be 

pushed (in other words: how few samples is it possible to ‘get away with’ when estimating !).
The current results certainly indicate that it is worth investigating the potential of the ZV 

method further.  

With regard to the simulated annealing algorithm used in the current paper, the self-adaptive 

annealing schedule relies on estimating the variance of the negative log-likelihood [9]. Inter-

estingly, it was found that the ZV methods investigated here were unable to reduce the statis-

tical error of these estimates and so, as a result, were not able to improve the consistency of 

the simulated annealing algorithm. For the simple Gaussian examples that were considered 

here, estimating the variance of the negative log-likelihood would be equivalent to estimating 
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E)�:s�, hinting that a higher order ZV expansion may be required to improve the repeatability

of the simulated annealing algorithm (another interesting avenue of future work). 
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APPENDIX 

To derive the optimum values of ! it is first convenient to show that:

therefore 

Also: 

E���@� = E��@� + 2!1E�� � + !1E�  1�! (29) 

,,!E���@� = 2E�� � + 2E�  1�! (30) 
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therefore 

Consequently, setting 

it can be shown that 

where 

E����@ = E���@ + 2!1E���E� �+!1E� �E� 1�! (31) 

,,!E����@ = 2E���E� � + 2E� �E� 1�! (32) 

tt!Var���� = u (33) 

�E�  1� − E� �E� 1�
! + �E�� � − E���E� �
 = u (34) 

⇒ ! = −�Var� �
&�Cov��,  � (35) 

Cov��,  � = E�� � − E���E� � (36) 
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Abstract.
Complex computer codes are often too time expensive to be directly used to perform uncer-

tainty, sensitivity, optimization and robustness analyses. A widely accepted method to circum-
vent this problem consists in replacing cpu-time expensive computer models by cpu inexpensive
mathematical functions, called metamodels. For example, the Gaussian process (Gp) model
has shown strong capabilities to solve practical problems, often involving several interlinked
issues. However, in case of high dimensional experiments (with typically several tens of inputs),
the Gp metamodel building process remains difficult, even unfeasible, and application of vari-
able selection techniques cannot be avoided. In this paper, we present a general methodology
allowing to build a Gp metamodel with large number of inputs in a very efficient manner. While
our work focused on the Gp metamodel, its principles are fully generic and can be applied to
any types of metamodel. The objective is twofold: estimating from a minimal number of com-
puter experiments a highly predictive metamodel. This methodology is successfully applied on
an industrial computer code.
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1 INTRODUCTION

Quantitative assessment of the uncertainties tainting the results of computer simulations is
nowadays a major topic of interest in both industrial and scientific communities. One of the key
issues in such studies is to get information about the output when the numerical simulations are
expensive to run. For example, in nuclear engineering problems, one often faces up with cpu
time consuming numerical models and, in such cases, uncertainty propagation, sensitivity anal-
ysis, optimization processing and system robustness analysis become difficult tasks using such
models. In order to circumvent this problem, a widely accepted method consists in replacing
cpu-time expensive computer models by cpu inexpensive mathematical functions, called meta-
models [6]. This solution has been applied extensively and has shown its relevance especially
when simulated phenomena are related to a small number of random input variables (see [7] for
example).

However, in case of high dimensional numerical experiments (with typically several tens of
inputs), depending on the complexity of the underlying numerical model, the metamodel build-
ing process remains difficult, even unfeasible. For example, the Gaussian process (Gp) model
[22] which has shown strong capabilities to solve practical problems, has some caveats when
dealing with high dimensional problems. The main difficulty relies on the estimation of Gp hy-
perparameters. Manipulating pre-defined or well-adapted Gp kernels (as in [18, 5]) is a current
research way, while coupling the estimation procedure with variable selection techniques has
been proposed by several authors [24, 16, 25].

In this paper, we pursue the effort on the latter technique by proposing a more rigorous and
robust method for building a Gp metamodel with a high-dimensional vector of inputs. First, we
clarify the sequence of the different steps of the methodology, while updating their technical
core with more relevant statistical techniques. For example, the screening step is raised by the
use of recent and powerful techniques in terms of variable selection using a small number of
model runs. Second, contrary to the previous works, we do not remove the non-selected inputs
from the Gp model, keeping the uncertainty caused by the dimension reduction by using the
joint metamodel technique [15]. The integration of this residual uncertainty is important in
terms of robustness of subsequent safety studies.

The next section of this paper presents our general methodology. The third, fourth and fifth
sections are devoted to a detailed explanation of each of its steps. The last section shows an
application of this work on a thermal-hydraulic calculation case simulating accidental scenario
in a nuclear reactor. It also gives some prospects of this work.

2 GENERAL METHODOLOGY

The system under study is denoted

Y = g (X1, . . . , Xd) (1)

where g(·) is the numerical model (also called the computer code), whose output Y and input
parameters X1, . . . , Xd belong to some measurable spaces Y and X1, . . . ,Xd respectively. X =
(X1, . . . , Xd) is the input vector and we suppose that X =

∏d
k=1Xk ⊂ Rd and Y ⊂ R. For a

given value of the vector of inputs x = (x1, . . . , xd) ∈ Rd, a simulation run of the code yields
an observed value y = g(x).

Our approach consists in four steps:

1. Step 1: Initial experimental design. Once the uncertain input variables of the numer-
ical model g and their variation domain identified, a design of n experiments is firstly
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performed and yields n model output values. To constitute this learning sample, we
use a space-filling design (SFD) of experiments, providing a full coverage of the high-
dimensional input space.

2. Step 2: Screening. From the learning sample, a screening technique is performed in
order to identify the primary influential inputs (PII) on the model output variability. It has
been recently shown that screening based on dependence measures [2, 4] or on derivative-
based global sensitivity measures [12, 21] are very efficient methods which can be directly
applied on a SFD. One of their great interest is that, additionally to their screening job, the
sensitivity indices they provide can be quantitatively interpreted. From these screening
results, the inputs are then ordered by decreasing PII, for the purpose of the metamodeling
step.

3. Step 3: Joint metamodeling and metamodel validation. The sorted inputs are succes-
sively included in the group of explanatory inputs while the other inputs are considered as
a global stochastic (i.e. unknown) input and a joint Gp metamodel is built. At each itera-
tion, a first Gp model, only depending on the explanatory inputs, is built to approximate
the mean component of the metamodel. The residual effect of the other inputs is captured
using a second Gp model which approximates the variance component as a function of
the explanatory inputs. For this, a joint metamodeling procedure is used, as proposed by
[15]. Moreover, in order to deal with the large number of inputs, the optimization pro-
cess, which is required to estimate the hyperparameters of the Gp covariances, uses as a
starting point the values estimated at the previous iteration.

The accuracy and prediction capabilities of the metamodel are controlled on a test sample
or by cross-validation.

All these steps are described in the next subsections. The obtained metamodel, which re-
quires a negligible calculation time, can then be used to perform global sensitivity analysis,
uncertainty propagation (for example through Monte-Carlo simulations) or optimization pro-
cessing.

3 STEP 1: INITIAL DESIGN OF EXPERIMENTS

The objective of the initial sampling step is to investigate the whole variation domain of the
uncertain parameters in order to fit a predictive metamodel which approximates as accurately
as possible the code in the whole domain of variation of the uncertain parameter, independently
from their probabilistic distributions. For this, we use a space-filling design (SFD) of a cer-
tain number n of experiments, providing a full coverage of the high-dimensional input space
[6]. This design enables to investigate the domain of variation of the uncertain parameters and
provides a learning sample.

Mathematically, this corresponds to the sample
{
x(1), . . . ,x(n)

}
which is performed on the

model g. This yields n model output values denoted
{
y(1), . . . , y(n)

}
with y(i) = g(x(i)).

The obtained learning sample is denoted (Xs, Ys) with Xs =
[
x(1)T , . . . ,x(n)T

]T
and Ys =[

y(1), . . . , y(n)
]T . The goal is to build an approximating model of g using the n-sample (Xs, Ys).

The number n of simulations is a compromise between the CPU time required for each
simulation and the number of input parameters. Some thumb rules propose to choose n at least
as large as 10 times the dimension d of the input vector [14, 16].
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For the SFD type, a Latin Hypercube Sample (LHS) with optimal space-filling and good
projection properties [25] would be well adapted. In particular, [6, 3] have shown the impor-
tance of ensuring good low-order sub-projection properties. Maximum projection designs [11]
or low-centered L2 discrepancy LHS [10] are then particularly well-suited.

Remark 3.1 Note that the input values are sampled uniformly, considering only their variation
ranges and not their initial probability distributions. Indeed, our aim is to build a metamodel
for a multi-objective purpose (sensitivity analysis, uncertainty propagation, etc...). The input
probability distributions will then be used in the sensitivity analysis or uncertainty propagation
studies.

4 STEP 2: INITIAL SCREENING

From the learning sample, an initial screening is performed in order to identify the PII and
sort them by decreasing order of influence. For this, two possibilities are proposed: one based
on dependence measures and another based on derivative-based global sensitivity measures.

4.1 Screening based on dependence measure

[2] and more recently [4] have proposed to use dependence measures for screening purpose,
by applying them directly on a SFD. These sensitivity indices are not the classical ones variance-
based measures (see [9] for a global review). They consider higher order information about
the output behavior in order to provide more detailed information. Among them, the Hilbert-
Schmidt independence criterion (HSIC) introduced by [8] builds upon kernel-based approaches
for detecting dependence, and more particularly on cross-covariance operators in reproducing
kernel Hilbert spaces (RKHS).

If we consider two RKHS Fk and G of functions Xk → R and Y → R respectively, the
crossed-covariance CXk,Y operator associated to the joint distribution of (Xk, Y ) is the linear
operator defined for every fXk

∈ Fk and gY ∈ G by:

〈fXk
, CXk,Y gY 〉Fk

= Cov (fXk
, gY ) . (2)

CXk,Y generalizes the covariance matrix by representing higher order correlations between Xk

and Y through nonlinear kernels. The HSIC criterion is then defined by the Hilbert-Schmidt
norm of the cross-covariance operator:

HSIC(Xk, Y )Fk,G = ‖Ck‖2HS. (3)

From this, [2] introduces a normalized version of the HSIC which provides a sensitivity index
of Xk:

R2
HSIC,k =

HSIC(Xk, Y )√
HSIC(Xk, Xk)HSIC(Y, Y )

. (4)

[8] also propose a Monte Carlo estimator of HSIC(Xk, Y ) and a plug-in estimator can be de-
duced for R2

HSIC,k. Note that Gaussian kernel functions with empirical estimations of the vari-
ance parameter are used in our application (see [8] for details).

Then, from the estimated R2
HSIC, independence tests are performed for a screening purpose.

The objective is to separate the inputs into two sub-groups, the significant ones and the non-
significant ones. For a given input Xk, it aims at testing the null hypothesis “H(k)

0 : Xk and
Y are independent”, against its alternative “H(k)

1 : Xk and Y are dependent”. The significance
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level1 of these tests is hereinafter noted α. Several statistical hypothesis tests are available:
asymptotic versions, spectral extensions and bootstrap versions for non-asymptotic case. All
these tests are described and compared in [4]; a guidance to use them for a screening purpose
is also proposed. At the end of the screening step, the inputs selected as significant are also
ordered by decreasing R2

HSIC. This order will be used for the sequential metamodel building in
step 3.

4.2 Screening based on derivative-based global sensitivity measure

The so-called Derivative-based Global Sensitivity Measures (DGSM) consist in integrating
the square derivatives of the model output (with respect to each of the model input) over the
domain of the inputs. This kind of indices have been shown to be easily and efficiently estimated
by sampling techniques (as Monte Carlo or quasi-Monte Carlo). Several authors have shown
the interest of DGSM as a screening technique (see [12] for a review). Indeed, the DGSM
interpretation is made easy due to its inequality links with variance-based sensitivity indices,
which are easily interpretable [9]. Multiplied by an optimal Poincaré constant, DGSM is a
narrow upper bound of the total Sobol’ index [21], whatever the input probability distribution.

One of the main issue for this technique in practical situations is to efficiently estimate the
model derivatives as the standard practice based on finite-differences is relatively costly. Indeed,
its cost linearly depends on the number of inputs as most of the sensitivity analysis techniques
[9]. However, if the reverse (adjoint) mode of the numerical model is available, computing all
partial derivatives of the model output has a cost independent on the number of input variables.
In this case, the screening step can be performed with a reasonable cpu time cost (with a sample
of 100 runs of the adjoint model typically) and is therefore possible even for large-dimensional
model. This potentiality has been recently applied in [20] which studies a model with 40 inputs
and uses automatic differentiation in order to obtain the adjoint model (which has a cost of
two times the direct model). On this example, [21] have shown the relevance of DGSM for a
screening purpose, which also provides a quantitative interpretation of sensitivity indices.

5 STEP 3: JOINT GP METAMODEL WITH SEQUENTIAL BUILDING PROCESS

Among all the metamodel-based solutions (polynomials, splines, neural networks, etc.), we
focus our attention on the Gaussian process (Gp) regression, which extends the kriging prin-
ciples of geostatistics to computer experiments by considering the correlation between two re-
sponses of a computer code depending on the distance between input variables. The Gp-based
metamodel presents some real advantages compared to other metamodels: exact interpolation
property, simple analytical formulations of the predictor, availability of the mean squared error
of the predictions and the proved efficiency of the model [22].

However, for its application to complex industrial problems, developing a robust implemen-
tation methodology is required. Indeed, fitting a Gp model implies the estimation of several
hyperparameters involved in the covariance function. In complex situations (e.g. large number
of inputs), some difficulties can arise from the parameter estimation procedure (instability, high
number of hyperparameters, see [16] for example). To tackle this issue, we propose a progres-
sive estimation procedure which combines the result of the previous screening step and a joint
Gp approach [15].

1The significance level of a statistical hypothesis test is the rate of the type I error which corresponds to the
rejection of the null hypothesisH0 when it is true.
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5.1 Successive inclusion of explanatory variables

At the end of the screening step, the inputs selected as significant are ordered by decreasing
influence. The sorted inputs thus obtained are successively included in the group of explanatory
inputs. At the jth iteration, only the j first sorted inputs are considered as explanatory input
variables while all the remaining inputs are included in a single macro-parameter. This macro-
parameter is considered as an uncontrollable parameter (i.e. a stochastic parameter, notion
detailed in section 5.2).

At this stage, a joint Gp metamodel is then built with the j explanatory inputs, following
the procedure described in [15] and summarized in the next subsection. A numerical optimiza-
tion is performed to estimate the parameters of the joint metamodel (covariance and variance
parameters). In order to improve the robustness of the optimization process, the estimated hy-
perparameters obtained at the (j− 1)th iteration are used, as starting points for the optimization
algorithm. This procedure is repeated until the inclusion of all the significant input variables.
Note that this sequential process is directly adapted from the one proposed by [16].

5.2 Joint Gp metamodel

In the framework of stochastic computer codes, [26] proposed to model the mean and dis-
persion of the code output by two interlinked Generalized Linear Models (GLM), called “joint
GLM”. [15] extends this approach to several nonparametric models and obtains the best re-
sults with two interlinked Gp models, called “joint Gp”. In this case, the stochastic input is
considered as an uncontrollable parameter denoted Xε (i.e. governed by a seed variable).

We extend this approach to a group of non-explanatory variables. More precisely, the input
variables X = (X1, . . . , Xd) are divided in two subgroups: the explanatory ones denoted Xexp

and the others denoted Xε. The output is thus defined by y = g(Xexp,Xε). Under this hypoth-
esis, the joint metamodeling approach yields building two metamodels, one for the mean Ym
and another for the dispersion component Yd:

Ym(Xexp) = E(Y |Xexp) (5)

Yd(Xexp) = Var(Y |Xexp) = E
[
(Y − Ym(Xexp))

2|Xexp

]
. (6)

To fit these mean and dispersion components, we propose to use the methodology proposed
by [15]. First, an initial Gp denoted Gpm,1 is estimated for the mean component with ho-
moscedastic nugget effect. A nugget effect is required to relax the interpolation property of the
Gp metamodel, which would yield zero residuals for the whole learning sample. Then, a sec-
ond Gp, denoted Gpv,1, is built for the dispersion component with, here also, an homoscedastic
nugget effect. Gpv,1 is fitted on the squared residuals from the predictor of Gpm,1. Its predictor
is considered as an estimator of the dispersion component. The predictor of Gpv,1 provides an
estimation of the dispersion at each point. It is thus considered as the value of the heteroscedas-
tic nugget effect: the homoscedastic hypothesis is removed. A new Gp, Gpm,2, is fitted on
data, with the estimated heteroscedastic nugget. Finally, the Gp on the dispersion component is
updated from Gpm,2 following the same methodology as the one Gpv,1.

Remark 5.1 Note that some parametric choices are made for all the Gp metamodels: a constant
trend and a Matérn stationary anisotropic covariance are chosen. All the hyperparameters
(covariance parameters) and the nugget effect (when homoscedastic hypothesis is done) are
estimated by maximum likelihood optimization process.
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5.3 Assessment of metamodel accuracy

To evaluate the accuracy of the metamodel, we use the predictivity coefficient Q2:

Q2 = 1−
∑ntest

i=1

(
y(i) − ŷ(i)

)2∑ntest
i=1

(
y(i) − 1

ntest

∑ntest
i=1 y

(i)
)2 (7)

where (x(i))1≤i≤ntest is a test sample, (y(i))1≤i≤ntest are the corresponding observed outputs and
(ŷ(i))1≤i≤ntest are the metamodel predictions. Q2 corresponds to the coefficient of determination
in prediction and can be computed on a test sample independent from the learning sample or by
cross-validation on the learning sample. The closer to one the Q2, the better the accuracy of the
metamodel. Note that, in our sequential building process (cf. Section 5.1), the Q2 coefficient
metamodel is computed at each iteration.

In the case where the model provides the adjoint code (see Section 4.2), the gradient evalua-
tions could be integrated in the metamodel building. For this, the co-kriging principle could be
adapted to the joint metamodel approach.

6 APPLICATION TO A THERMAL-HYDRAULIC COMPUTER CODE

6.1 Description of the use-case

Our use-case consists in thermal-hydraulic computer experiments, typically used in support
of regulatory work and nuclear power plant design and operation. Indeed, some safety anal-
ysis considers the so-called “Loss Of Coolant Accident” (LOCA), which takes into account
a double-ended guillotine break with a specific size piping rupture. It is modeled with code
CATHARE 2.V2.5 which simulated the thermalhydraulic responses during a LOCA in a Pres-
surized water Reactor [17].

In this use-case, 27 scalar input variables of CATHARE are uncertain. In our problem, they
are defined by their minimum and maximum. They correspond to various system parameters as
initial conditions, boundary conditions, some critical flowrates, interfacial friction coefficients,
condensation coefficients, . . . The output variable of interest is a single scalar which is the maxi-
mal peak cladding temperature during the accident transient. Our objective with this use-case is
to provide a good metamodel to the safety engineers. Indeed, the cpu-time cost of this computer
code is too important to develop all the statistical analysis required in a safety study only using
direct calculations of the computer code. A metamodel would allow to develop more complete
and robust demonstration.

1000 CATHARE simulations of this test case have been provided following a space-filling
LHS with good projection properties (see Section 3) as the design of experiments. In this test
case, the adjoint model is not available and the derivatives of the model output are therefore not
computed because of their costs. The screening step will then be based on HSIC, obtained from
the inputs-output sample.

In order to test it, our overall methodology is applied with different sizes of the learning
sample: n = 200, 400, 600 and 800. In each case, the remaining simulations (from the 1000 we
have) are used as a test sample in order to compute the metamodel predictivity.

6.2 Screening step with HSIC

The normalized HSIC coefficients are computed for the different learning sample sizes. Sim-
ilar results are obtained. Four variables are identified as the most influential: X10 (HSIC
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≈ 30%), X12 and X13 (HSIC ≈ 14%) and X22 (HSIC ≈ 9%). X14, X15 and X2 have also
a significant but lower influence (HSIC around 5%). Thus, statistical significance tests (asymp-
totic version with α = 10%) have selected these 7 inputs. The estimated HSIC and the results
of significant tests are relatively stable and independent from the learning sample size, only one
or two additional variables with a very low HSIC (< 2%) are selected for the smallest sample
size. This confirms the robustness of the HSIC indices and the associated significance tests for
qualitative sorting and screening purpose.

For each learning sample size, the significant inputs are considered as the explanatory vari-
ables in the joint metamodel and will be successively included in the building process. The
other variables are joined in the uncontrollable parameter.

6.3 Joint Gp

From the HSIC-based screening results, the joint Gp metamodel is built following the se-
quential process described in Section 5. The simple Gp metamodel with all the 27 inputs as
explanatory variables is also built, without any sequential approach. To assess the accuracy
of the different metamodels, the predictivity coefficient Q2 is computed by cross-validation
(leave-one-out process) and on the test sample composed of the remaning simulations. The Q2

obtained with the different metamodels are presented in Table 1. Note that the same optimizer
is used to estimate the hyperparameters by maximum likelihood, in order to allow for a fair
comparison.

Joint Gp with sequential approach Simple Gp without sequential approach
Q2 Q2 Q2 Q2

on test sample by cross-validation on test sample by cross-validation
n = 200 0.82 0.81 0.75 0.78
n = 400 0.82 0.85 0.78 0.85
n = 600 0.86 0.89 0.83 0.86
n = 600 0.87 0.88 0.82 0.84

Table 1: Comparison of Gp metamodel predictivity for different sizes n of learning sample and different building
processes.

The joint Gp with a sequential building process outperforms the simple Gp directly built
with the 27 input variables, especially for the lower learning sample sizes. On average, the
Q2 is improved between 3% to 9%. Thus, the proposed methodology allows a more robust
metamodel building with a high-dimensional vector of inputs, even with small sample sizes.
Moreover, even if it is not used and illustrated in this application, the dispersion component of
the joint metamodel takes into account the uncertainty due to the non-significant inputs. This
residual uncertainty, although low, is kept by using the joint metamodel technique. It appears
in the mean squared error of the metamodel predictions and could be integrated in subsequent
sensitivity or uncertainty propagation studies.

6.4 Work continuation and prospects

Using the fitted joint Gp metamodel, several statistical analysis, not feasible with the numer-
ical model due to its computational cost, are now accessible. First, variance-based sensitivity
analysis using Sobol’ indices can be fully expressed using a Gp model [16, 13]. This would
provide a fine determination of the critical parameters whose uncertainty has to be reduced.
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Second, we are particularly interested by the estimation of high quantile (at the order of
95% to 99%) of the model output temperature. In nuclear safety, methods of conservative
computation of quantiles [19] have been largely studied. However, several complementary
information are often useful and are not accessible in a high-dimensional context. Then, we
expect the Gp metamodel can help to access this information. For instance, quantile-based
sensitivity analysis [1] and quantile robustness analysis (using the sensitivity indices called PLI
[23]) are fully devoted to quantile. Their relevance to support safety analysis seems promising.
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Abstract. This paper presents an approximation method for performing reliability analysis
with high fidelity computer codes at a reasonable computational cost. Complex models are
common in science and engineering due to their ability to substitute costly and some times in-
feasible practical experiments. These models, however, suffer from high computational cost.
This causes problems when performing sampling - based reliability analysis, since the failure
modes of the system typically occupy a small region of the input space and thus relatively large
sample sizes are required for the accurate estimation of their characteristics. The sequential
sampling method proposed in this article, combines Gaussian process-based optimisation and
Subset Simulation. Gaussian process emulators construct a statistical approximation to the out-
put of the original code, which is both affordable to use and has its own measure of predictive
uncertainty. Subset Simulation is used to efficiently populate those regions of the initial approx-
imation which are likely to lead to the performance function exceeding a predefined critical
threshold. Among all samples, the ones that are likely to contribute most to increasing the qual-
ity of the surrogate in the vicinity of the failure regions are selected, using Bayesian optimisation
methods. The iterative nature of the method ensures that an arbitrarily accurate approximation
of the failure region in performance space is developed at a reasonable computational cost. The
presented method is applied to a number of benchmark problems.
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1 INTRODUCTION

Reliability analysis, in the most general sense, is concerned with the calculation of a prob-
ability of failure, pF and the identification of the failure domain, F of a function y = η(x).

pF =

∫
F

η(x)dx (1)

The most straightforward method to evaluate the multidimensional integral in (1) is direct
Monte Carlo (DMC) sampling. The accuracy of DMC estimates increases with the number
of samples. For a typical system the failure region, F is small with respect to its input domain
and is considered a rare event. Thus, many thousands of evaluations of the code have to be per-
formed to ensure that F is populated with sufficient number of samples to allow a reasonably
accurate estimation of its properties. However, engineering models are in general computa-
tionally expensive to evaluate and thus it becomes infeasible to use DMC methods with them.
A method widely used in engineering for performing reliability analysis is Subset Simulation
(SuS) [1]. Despite the significant improvement SuS brings over DMC, it could still be quite
expensive to use it directly with the code. In order to address the computational cost of the sim-
ulator, one can build a surrogate model for the output of the code. There exists a large number of
methodologies for approximating the output of expensive codes, see e.g. [2]. A well-established
approach is Gaussian process emulation (GPE), which builds a statistical approximation to the
output of the code. Once the GPE is built it can be used as an inexpensive substitute for the sim-
ulator, on which reliability analysis can be performed. The issue with such use of the surrogate
is that it is typically trained via some space-filling sampling plan which aims at exploring the
input domain of the simulator with as few points as possible. Such sampling plans are based on
Monte Carlo methods and usually select points in high probability regions. This is tantamount
to saying that the surrogate that needs to be used to predict rare events is built on frequent
events. The topic of using surrogate models to perform reliability analysis is not a new one and
there are a number of frameworks proposed to reduce the cost of the computations. It should
be stressed that the reliability analysis literature is as vast as the number of methods that feature
in it. Therefore a review of the techniques which are related to the procedure presented in this
article is provided. Most, if not all reviewed work relies on sequential sampling for the gradual
improvement of the surrogate in the vicinity of the failure domain. It is worth mentioning that
some authors such as [3, 4] have explored those strategies for the accurate estimation of target
regions in general. They consider that the emulator should only be refined in the regions of
interest and that in order to obtain accurate reliability estimates a good quality surrogate is all
that is needed. An opposing view is given by [5] where the authors work directly with the re-
liability estimates as a measure of analysis quality. The present article agrees with and extends
the former idea.

A short literature review focused on reliability analysis is provided below. In general, most
approaches follow a framework which is composed of a sampling rule, utility function, stopping
criterion and any other specific details. The authors of [6] use constraint boundary sampling to
select improvement points. A combination between a MCMC sampling and k-means cluster-
ing is used to select new data points in [7]. An approach based on the first order reliability
method is used in [8] and a probabilistic classification function is presented in [9]. In [10]
the authors derive a stepwise uncertainty reduction (SUR) methodology based on expected im-
provement (EI) [11], but formulated from a Bayesian risk perspective. They use SUR to select
new design points to improve the surrogate. Other methods that use EI or EI-based strategies
are [12,13,14]. Other previously used utility functions include, the U-function [13,15], and the
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improved U-function [16], least improvement function [17] and an unnamed expression in [18].
All approaches based on a utility function, except [14] search the entire input space for a can-
didate point that maximizes that function and add it to the training plan for the next iteration
of the algorithm. Furthermore, many of the aforementioned strategies rely on a pre-generated
population of samples (e.g. [13]), which could prove to be a suboptimal approach. Last from a
sampling point of view, the majority of the methods sample one point at a time, which, given
the dynamical nature of sequential sampling could either miss important regions of the domain,
or slow down convergence. These issue are addressed in the present article.The other major part
of all adaptive algorithms is the stopping condition. This ranges from the use of reliability in-
dices [7,8] through error in the estimation of the failure probability [5,13,15,16,17] and forms
of measure of the discrepancy between the GPE predictions and code observations [4,6,9,18] to
thresholds on the learning function [3, 12, 14]. Most frameworks use some form of statistic re-
lated to the surrogate, which, depending on the use and complexity of the problem, could prove
insufficiently robust. In this paper a stopping condition which relies implicitly on the similarity
between the surrogate and the model is proposed to terminate the learning process.

Finally, Gaussian process emulation is not the only surrogate used in reliability analysis.
Among others, general response surfaces [19, 20, 21, 22], neural networks [23] and support
vector machines [24] have been used.

The aim of this paper is to propose an improved efficient algorithm for performing reliability
analysis with complex computer codes.

The remainder of the article is structured as follows: Section 2 briefly introduces Subset
Simulation. Section 3 summarizes the theory behind Gaussian process emulation. Section 4
introduces the proposed method and Section 5 demonstrates the performance of the algorithm
before any conclusions are drawn in Section 6.

2 SUBSET SIMULATION

One very important problem in engineering is the estimation of the probability of failure, pF
of a system given in Eq. (1). In the context of numerical simulations failure can be defined
as the scenario where a response variable (output) of the model, exceeds some threshold of
acceptable system behaviour. The output, y is related to the input variables, x ∈ X ⊂ Rd, via
some mapping provided by the model,

y = η(x) (2)

thus the failure domain is defined as the values of x which cause the system response, y to
exceed some critical value yc

F = {x : η(x) > yc} (3)

Estimating pF is associated with sampling from F . Usually, for a well designed system the true
value of pF is very small, that is, F is a rare event. Also, a typical model has a high dimensional
input space and often the failure domain of that space is disjoint, so sampling from it poses a
significant challenge. SuS [1] aims to divide the rare event into a series of nested less-rare
events.

F ⊂ Fm ⊂ Fm−1 ⊂ . . . ⊂ F1 (4)

In Eq. (4) F1 is a relatively frequent event. Given that sequence, it can be shown that the prob-
ability of the rare event F could be expressed as a product of larger conditional probabilities:

P(F ) = P(F1) · P(F1|F2) · . . . · P(F |Fm) = pF (5)
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Beginning from the unconditional level F1, the algorithm “probes” the input space X via direct
Monte Carlo sampling. Then, based on the values of y in Eq. (2) it constructs the first interme-
diate failure threshold, y∗1 < yc, defining a “relaxed failure domain”, F1. SuS then populates F1

using a MCMC algorithm. The generation of intermediate levels continues until a predefined
number of samples lie in the true failure domain F . At the end of the algorithm an estimate of
the complementary CDF (CCDF) of the response function is generated [25].

3 GAUSSIAN PROCESS EMULATION

Simulators used to model complex scientific phenomena are usually very computationally
expensive. This is to say that a single evaluation of the code’s output at a given set of input
values takes sufficiently long time, as to prohibit any type of analysis which requires a large
number of model runs. These include finite element modelling, computational fluid dynamics
and other ubiquitously used simulation tools. Even though SuS requires fewer samples than
DMC to estimate the failure probability, it still relies on such amounts of simulation runs which
result in very large computational times. Clearly, the analysis cannot be carried out using the
code directly. In such cases it is common to use a less expensive approximation of the code out-
put. These approximations are widely known as metamodels or emulators. There is a number of
existing metamodelling techniques, but for reasons outlined below, Gaussian process emulation
(GPE) is used. Formally, the model structure is expressed as:

η(x) = h(x)Tβ + Z(x) (6)

where η(x) is the simulator output as a function of its inputs, h(x)T is a known function of the
inputs, β is a vector of unknown coefficients and Z(x) is a Gaussian process with zero mean
and covariance σ2c(x,x′;ψ). The function h(x) should express any expert opinion about the
form of the simulator output and together with the parameter β reflects its overall trend. In
practice, however, the trend is often taken to be constant as h(x) = 1 and β ∈ R, charging the
Gaussian process in Eq. (6) with the responsibility of capturing the behaviour of the underlying
function [26]. In the formulation above, σ2 is a scale parameter andψ is a parameter specifying
the behaviour of the correlation function, c(·, ·;ψ).

Using Gaussian process emulation, a posterior probability distribution for the mean of the
computer code’s output can be constructed, conditional on a relatively small number of sim-
ulator runs, y and the parameter estimators, θ̂ = {β̂, σ̂2, ψ̂}. It can be shown that at any
unobserved point, x∗ this distribution has the form:

η(x∗)|y, θ̂,∼ N (m(·), C(·, ·)) (7)

with posterior predictive mean (also called a surrogate):

m(x∗) = β̂ + t(x∗)TC−1(y − 1β̂) (8)

and posterior predictive variance:

C(x∗,x′
∗
) = σ̂2(c(x∗,x∗; ψ̂)− t(x∗)TC−1t(x′∗)) (9)

In Eq. (8) and Eq. (9), C ∈ Rn×n is such that Cij = c(xi,xj; ψ̂); t(x∗) ∈ Rn such that
t(x∗) = (c(x∗,x1; ψ̂), . . . , c(x∗,xn; ψ̂))T ; and 1 ∈ Rn such that 1 = (1, . . . , 1)T .The process
of learning θ̂ from observed data is referred to as training and is well described in [2] from
a classical prospective or in [27, 28] from Bayesian standpoint. Once the emulator is trained,
its posterior distribution can be sampled many times at an affordable cost to provide data for
various analyses.
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4 GAUSSIAN PROCESS SUBSET SIMULATION

4.1 Initialization and sampling

In order to reliably use the emulator it needs to be of sufficient quality around the estimated
failure regions. This is not usually the case with GP approximations built using data from the
high probability regions. For the physical model it is assumed that the critical failure threshold,
yc is known (given a priori) and sensible (i.e. there is a set of values of x for which η(x) > yc).
The algorithm starts by building a GP emulator based on a parsimonious set of data points,
selected according to a space-filling strategy (e.g. Latin hypercube sampling (LHS) [29]). The
GPE can be validated to check if there are any large discrepancies between the emulator and
simulator as in [30]. This is done to ensure that the initial approximation is of a reasonable
overall quality. It is very likely that the original threshold is not reachable from the first GPE
which learned about the model from frequent data. That is to say,

F1 = {x : E1[η(x)|y] > yc} = ∅ (10)

where Fj is the failure domain according to the jth emulator and Ej[·] is its predictive mean,
whose functional form is given in Eq. (8). In general, for a high-dimensional model it will be
feasible, but slow to search the input domain exhaustively, since a lot of samples are needed to
uncover the location of the failure modes if such are present. Computationally this translates
to the calculation of large number of distances between points. Therefore, it is proposed to
use SuS to sample from the posterior predictive mean of the emulator. As outlined in Section
2, SuS converges when a predefined number of data points lie in the failure domain. If it is
indeed the case that F1 = ∅, the algorithm will be unable to naturally converge due to all
candidate samples being rejected. Then, an alternative “failure level”, yGP

c1
could be set for

which P(E1[η(x)|y] > yGP
c1

) > 0. This approach gives rise to an intermediate emulator failure
domain with respect to yGP

c1
, denoted as FGP

1 . This domain and its associated probability may
still be a rare event and thus SuS is used to populate it efficiently. The purpose here is to sample
from FGP

1 rather than to estimate the probabilities of failure (conditional or otherwise). The
emulator is still a very efficient approximation of the code and thus in theory one can search it
exhaustively. However, a preference is given SuS as it leads to a quick and reliable convergence,
especially in high dimensions. The algorithm can be ran with a fairly large number of samples
(a lot less than if exhaustive search is performed) at each level in order to ensure that even truly
rare subregions of FGP

1 are populated. This raises the question of how to calculate yGP
cj

such
that SuS converges, while at the same time it explores potentially interesting regions of the
input space. The candidates vary from a single significant point (e.g. minimum or maximum)
through moment estimators (e.g. sample mean) to more sophisticated equiprobable measures
(e.g. sample percentiles). The criterion that was found to give satisfactory results is presented
in Eq. (11). Essentially, the idea is to select the current threshold as the average of all training
responses that are lying above the previous critical level and then take the average between the
resulting quantity and the previous level value. This method ensures that the current threshold
will lie above the previous one, while also safeguarding against setting it too high and discarding
regions that may lead to system failure.

yGP
cj

=


∑N

i=1 yi
N

if j = 1

1
2

[∑N
i=1 yiI

(
yi>yGP

c(j−1)

)
N

+ yGP
c(j−1)

]
if j > 1

(11)

In Eq. (11), yi are all N training responses and I(·) is an indicator function.
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4.2 Sample selection

When SuS converges, it populates the space with points whose predicted response lies above
the current failure level yGP

cj
. Among all samples XFGP

j that lie in FGP
j some additional point/s,

xadd at which to sample the model have to be selected before fitting the next emulator prediction.
Since the model is expensive, these points have to be prudently selected such that they maximize
the amount of information gain from sampling at their locations. A popular choice for selecting
the coordinates is the expected improvement (EI) function [11].

E[I(x)]j =(yc − Ej[η(x)|y])Φ

(
yc − Ej[η(x)|y]

Vj[η(x)|y]

)
+ (12)

+Vj[η(x)|y]φ

(
yc − Ej[η(x)|y]

Vj[η(x)|y]

)
The EI expression as used in this framework is given in Eq. (12). Following the notation above,
the subscript j denotes information regarding the jth emulator. This includes Vj[·] which is
the posterior variance of the jth emulator given in its functional form in Eq. (9). The symbols
Φ(·) and φ(·) denote the cumulative and probability distribution functions of a standard normal
random variable, respectively. Expected improvement is a strategy that balances exploitation
of the emulator mean and exploration of the design space based on the its variance. Gaussian
process emulators are particularly suited for use with EI, since a predictive variance is generated
as part of sampling the posterior distribution.

xadd = argmax
XFj

E
[
I
(
XFj

)]
j

(13)

Expected improvement can be run on each point in FGP
j and the one that maximizes it will

be selected as the one that is expected to bring the greatest improvement in the quality of the
next level GPE. However, applying expected improvement directly to the data poses the risk
of neglecting subregions in the intermediate emulator failure domain, FGP

j . Unless FGP
j is

definitely not disjoint, the presence of separate modes has to be accounted for. This could be
achieved by, first identifying the structure of FGP

j , detecting any modes and calculating EI on
the samples in each mode. A clustering algorithm (here DBSCAN [31]) is used to discover the
separate failure sub-domains. Ultimately, the design plan for the emulator at the next level is
composed of the current design plus the new points, formally Dj+1 = Dj ∪ {xadd, η(xadd)},
where xadd is given in Eq. (13).

Adaptively improving the approximation from the GP will represent the failure regions with
increasing accuracy. However, due to the generic nature of both Subset Simulation and expected
improvement, new points can be added in regions where the GPE is already good enough for
the purposes of estimation of the failure characteristics. Thus a condition is needed which
dictates how to choose improvement points. The posterior predictive variance of the emulator
is a good indication of the local quality of the approximation. Since the GPE is an interpolator,
at any given training point Vj[η(x)|y] = 0. Therefore, if at any level of the GPE improvement
the value of the posterior predictive variance for a sample point lies below a certain level ε,
that point should not be added to the design for the next level. This strategy prevents the
algorithm from suggesting new samples in regions where the emulator is already doing well
and thus saving potentially appreciable time for code evaluations. The correct value of ε is
problem dependent since it scales with the output of the simulator. Of course it could be set
arbitrarily small, but attention needs to be paid to the trade-off between final emulator accuracy
and computational cost.
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4.3 Stopping condition

As outlined above, the GPE could be made to reflect the failure regions of the true function
with an arbitrary precision. However to keep the procedure efficient it needs to be refined just
enough for the purposes of the underlying analysis. In order to stop the iterative generation of
predictions a rule inspired by SuS is proposed. Consider running subset simulation with the true
function. By design SuS will stop generating new levels once a sufficient number of samples
from the last level lie in the failure domain, F . It follows that a necessary and sufficient criterion
for the accuracy of the emulator is the ability of SuS to generate the same number of samples
that belong to the failure domain and have Vj[η(x)|y] < ε. If this condition is satisfied, SuS
will not be able to differentiate the model from the emulator.

5 NUMERICAL EXPERIMENTS

In this section, the performance of the algorithm is demonstrated with three benchmark prob-
lems. These were chosen to test different aspects of GPSS. The function in Section 5.1 presents
a challenging limit state contour for the GPE. The problem in Section 5.2 tests the ability of
GPSS to deal with disjoint failure domains and Section 5.3 explores the performance of the
algorithm in high dimensions.

5.1 Four branch series system

The four branch series system is popular in the reliability literature [17]. The performance
function has the following form:

η(x) = min


3 + 0.1(x1 − x2)2 − (x1 + x2)/

√
2

3 + 0.1(x1 − x2)2 + (x1 + x2)/
√

2

(x1 − x2) + 6/
√

2

(x2 − x1) + 6/
√

2

 (14)

where x = [x1, x2] ∈ [−5, 5]2. The two inputs are considered independent and historically have
been subject to standard normal distribution. However here a uniformly distributed sample is
assumed to reduce the concentration of initial training points in the failure domain. The GPE
was trained with n = 20 LHS samples. GPSS with ε = 10−4 was used with this function on a
failure threshold, yc = 2. At this level the associated probability of failure, pF ≈ 7.44 × 10−2.
The challenge associated with this function is the complex limit state contour which has some
nearly discontinuous points. The progression of the estimation of the surface via GPSS is shown
in Figure 1. The coefficient of variation and relative error were estimated from 100 runs of SuS
on the improved surface as δpF = 4.2% and ∆pF = 1.5%, respectively. The estimated mean
failure probability was p̄F = 7.62 × 10−2 based on the same 100 runs. A comparison between
the CCDF from SuS and CCDF from GPSS is shown in Figure 2. The nature of the local quality
of the surrogate is evident from the variations in the first potion of the curve. Indeed this is as
intended, since there is no attempt to improve the surrogate globally.

5.2 Mixture of Gaussians

This function was created to test the robustness of the GPSS algorithm. The choice of a
Gaussian function as constructive element is justified by the fact that this work is not trying to
challenge the emulator itself, but to improve it such that it enables the accurate prediction of the
characteristics of the failure domain.
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Figure 1: The performance of GPSS on the four branch series system. The true limit
state contour, yc = 2 is in black and that estimated by the GP - in red. The titles of
the tiles show different stages of the algorithm. The number of samples in each tile is
n = {20, 24, 29, 34, 40, 45, 50, 55, 60}.

The function has the form:

η(x) =
102

2
[aφ(xA) + bφ(xB) + cφ(xC) + dφ(xD)] (15)

xA = 10 (x− 1/4)

xB = 10 (x− 3/4)

xC = [10 (x1 − 3/4) , 10 (x2 − 3/4)]

xD = [10 (x1 − 1/3) , 10 (x2 − 5/6)]

In Eq. (15) x = [x1, x2] ∈ [0, 1]2 and φ(·) is the standard normal PDF. The fractions in the
expressions for xA . . .xD are location parameters and can be chosen arbitrarily. The constants
a, b, c andd are used to select how many peaks belong to the failure domain. For this experiment
a = b = 1, c = 0.85 and d = 1.1, meaning that peak c is just outside of failure level set as
yc = 7.9. The associated failure probability is pF = 7.27× 10−3.
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Figure 2: Complementary CDF estimates for the four branch system. Each curve is based of
two levels of SuS (blue dots) and 3000 samples per level.

The GPE was initially trained with n = 20 LHS points. The variance threshold was set to,
ε = 10−5. Figure 3 shows the process of discovery of the failure domain. The plots in the first
row show the contour values of the intermediate levels yGP

c(j−1)
in Eq. (11) (red line), because

yc was not accessible at these GPE stages. During most of the process points were added in
all three modes. However from level j = 16 to the end the algorithm could not improve the
approximations in modes a and b any further and stopped sampling from them. This is reflected
in the last row of Figure 3 where the green dots show the new samples in each consecutive frame
- it can be seen that samples are only being added to mode d. This feature of the algorithm is
useful in the presence of highly disjoint failure domains, where the local quality of the GPE
can increase independently and resources will not be wasted where they are not needed. As
before, some statistics about the probability of failure were calculated from 100 runs of SuS.
The mean was found to be p̄F = 7.31× 10−3. The corresponding c.o.v. and relative error were
δpF = 14.1% and ∆pF = 2.7%, respectively. It is interesting to note that the same figures based
on a 100 runs of direct Monte Carlo simulation with 100000 samples were δDMC

pF
= 3.7% and

∆pDMC
F = 0.7%. Figure 4 shows the CCDF curve for the failure probability estimated with

SuS, the one obtained via GPSS and the one calculated relying on the unimproved GPE. It can
be seen, that subset simulation was unable to find points from the GPE that belong to F .

5.3 10D wing weight model

The last experiment that was conducted is based on a high dimensional model for estimating
the weight of the wing of a general aviation aircraft. The functional expression is:

0.036S0.758
w W 0.0035

fw

(
A

cos2 Λ

)0.6

q0.006λ0.04
(

100tc

cos Λ

)
(NzWdg)

0.49 + SwWp (16)

The nomenclature of Eq. (16) is somewhat involved and can be found in [2]. For the purposes
of this paper the dimensionality of the problem is of interest. GPSS was ran on the model with
5000 samples per level for SuS and variance threshold, ε = 10−5. Since it was known a priori
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that more points will be added to the training sample for the GPE, the initial DOE consisted of
60 LHS points. The procedure took 108 iterations with a final data point count of 168 samples.
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Figure 3: The performance of GPSS on the mixture function. The title in each tile shows
the level of the algorithm. The red contours in the first row correspond to the interme-
diate levels from Eq. (11) at the specified level. The green diamonds in the last row
show the samples added since the previous tile. The number of samples in each tile is
n = {20, 22, 24, 44, 50, 59, 62, 63, 64}.

Figure 5 (left-centre) shows a set of diagnostics from the first and the last fit of the GPE
for 100 LHS data points. The left column shows the observed functional response versus pre-
dictions generated from the GPE. The error bars reflect the 95% credible interval for each pre-
diction. In the centre column the individual prediction errors (IPE) are plotted as suggested
in [30]. The IPE should have a student-t distributions and should therefore lie in the interval
[−2, 2], 95% of the time. There is not much of a difference between the two sets of plots which
suggests that the global quality of the surrogate has not changed significantly - the GPE is a good
global predictor before and after GPSS. The same cannot be said about the local approximation
of the failure region.
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Figure 4: Complementary CDF of the mixture function according to the GPE (green), GPSS
(red) and SuS (black). The blue circles show the intermediate levels of SuS. Each level was
populated with 3000 samples.
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Figure 5: Diagnostics for the quality of the GPE before (top left-centre) and after (bottom left-
centre) GPSS. The correlation between observation and prediction at 100 data points is shown
on the left. The distribution of IPE is shown in the centre. The correlation between observation
and prediction at points originally lying in F before and after GPSS, top right and bottom right,
respectively. In all cases mean and 95% credible interval are given in dark grey dots and light
grey error bars, respectively. Dashed lines on top mark F on both axes.

Figure 5 (right) shows a comparison between the prediction of function response, originally
in the failure domain, before (top) and after (bottom) GPSS. Results are obvious - the correlation
between observed and predicted values is much higher. The mean probability of failure was
p̄F = 1.97 × 10−5. The corresponding c.o.v. and relative error were δpF = 21.8% and ∆pF =
11.4%, respectively. These were calculated based on 100 runs of SuS. Finally, Figure 6 shows
a comparison between the complementary CDF curves from the GPE (green), GPSS (red) and
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SuS (black).
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Figure 6: Complementary CDF of the mixture function according to the GPE (green), GPSS
(red) and SuS (black). The blue circles show the intermediate levels of SuS. Each level was
populated with 5000 samples. The global quality of the GPE before GPSS is good only in the
high probability regions.

The CCDF curve from the first GPE level summarizes the diagnostics from Figure 5 - the
original surrogate provides a good approximation in the high probability regions of the perfor-
mance function, but fails to capture its behaviour in the rare regions.

6 CONCLUSIONS

In this paper an adaptive algorithm for reliability analysis, called GPSS, was presented.
GPSS is a combination between Gaussian process emulation and subset simulation which al-
lows an efficient characterization of rare events and estimation of the associated probabilities
of failure. The reduction in the number of samples require by GPSS as compared to SuS and
DMC is significant. The algorithm was validated with three benchmark problems. Future work,
as planned by the authors includes reliability analysis of computationally expensive computer
codes, where the advantages offered by GPSS can be appreciated.
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Abstract. Computer-aided modelling and simulation is now widely recognised as the third
‘leg‘ of scientific method, alongside theory and experimentation. Many phenomena can be
studied only by using computational processes such as complex simulations or analysis of ex-
perimental data. In addition, in many engineering fields computational approaches and virtual
prototypes are used to support and drive the design of new components, structures and systems.

A general purpose software for uncertainty quantification and risk assessment, named COS-
SAN, is under continuous development. This is a multi-disciplinary software that satisfies in-
dustry requirements regarding numerical efficiency and analysis of detailed models that can be
used to solve a wide range of industrial and scientific problems. The main aim of the COSSAN

software is to allow the inclusion of non-deterministic analyses as a practice standard routing
in scientific computing. This paper presents two recent toolboxes added to the OPENCOSSAN:
Credal Networks and Interval Predictive model.
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1 INTRODUCTION

Uncertainty quantification is a key requirement and challenge across various disciplines and
industry is fully aware of the importance of non-deterministic analysis. This is particularly
true in many engineering fields where computational approaches and virtual prototypes are
used to predict and simulate complex systems. The continuous growth of computational power
available allows to simulate the effect of the uncertainties on the model under analysis with
increased precision. These advancements have allowed engineering practitioners to reduce the
number of expensive experimental tests and analyse conditions that can not be reproduced.

However, in order to increase the confidence in the digital models, the effect of unavailable
uncertainty needs to be simulate as well. In fact, inproved model prediction can only be ac-
complished when different sources of uncertainty are explicitly included in the analysis [2].
Hence, uncertainty management is necessary to provide support to the decision makers. Un-
fortunately, industrial design methods are still predominantly deterministic. This is because of
limited expertise in uncertainty quantification in industrial design offices together with lack of
proper software for uncertainty quantification and stochastic analysis.

Software for uncertainty quantification have received considerably less attention than their
deterministic counterparts mainly due to the computational costs associated with non-deterministic
analysis.

In general, deterministic analysis provides a map between a single point in the input space
(i.e. the model parameters) and a point in the output space (i.e. component or system perfor-
mance). Stochastic analysis extends this map to a region in the input space and a corresponding
region in the output space by repeating the deterministic analysis many times as represented is
Figure 1. Generalised probabilistic approaches such as interval and fuzzy methods, imprecise
probabilities and any combination thereof (see e.f. [3, 15]) allow to cope with model uncertain-
ties, errors in modelling and measurements and noise in signals require in general the evaluation
of different models stochastic models further increasing the computational cost of the analysis.

In order to increase the knowledge transfer between academia and industry and to include
stochastic analysis as standard procedure in engineering practice, G.I Schuëller initiated the
development of the COSSAN project at the Institute for Engineering Mechanics, University of
Innsbruck, Austria [?]. The COSSAN project aims at developing a new generation of a gen-
eral purpose software for non-deterministic analysis that can be used by industry, academics,
researchers and for teaching purpose as well. The software incorporates the knowledge, under-
standing and intellectual property from more than 30 years of research in the field of computa-
tional stochastic analysis.

Starting from 2006, the next generation software referred as COSSAN-X is under continu-
ous development and it is intended for a wider range of applications in different fields, which
includes optimization analysis, life-cycle management, reliability and risk analysis, sensitivity,
optimization and robust design [17]. Since 2012, an open source version of COSSAN-X, called
OPENCOSSAN, is available under the Lesser GNU licence [9]. This means that the program
can be used for free, redistributed and modified under the terms of the GNU General Public
License. The OPENCOSSAN aims to promote learning and understanding of non-deterministic
analysis through the distribution of an intuitive, flexible, powerful and open computational tool-
box in Matlab environment [16]. The combination of various algorithms with specific solution
sequences permits the analysis of different engineering and scientific problems.
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Figure 1: Mapping between the input space and the output space in case of deterministic analysis, stochastic
analysis and generalised (imprecise) analysis, respectively.

1.1 Software developing approach

Nowaday, COSSAN software is developed collaboratively between the Liverpool Institute for
Risk and Uncertainty and the Institut fr Risiko und Zuverlssigkeit from the Leibniz Universitt
Hannover (DE) and under continuous improvments [14, 16].

OPENCOSSAN, the computational core of the COSSAN software, is released under the terms
of the GNU Lesser General Public License [9]. The source code is accessible via available at
the web address http://www.cossan.co.uk. The Apache Subversion system is used
for software versioning and revision control system distributed to keep tracks of changes and
contribution from different developers. OPENCOSSAN, is coded exploiting the object-oriented
Matlab programming environment, where it is possible to define specialized solution sequences,
which include reliability methods, sensitivity analysis, optimization strategies, surrogate models
and parallel computing strategies. The computational framework is organized in packages. A
package is a namespace for organizing classes and interfaces in a logical manner, which makes
large software project OPENCOSSAN easier to manage. A class describes a set of objects with
common characteristics such as data structures and methods. Objects, that are instances of
classes can be aggregated forming more complex objects and proving solutions for practical
problem in a compact, organized and manageable format. OPENCOSSAN provides intuitive,
clear, well documented and human readable interfaces to the classes. No acronyms are used to
define methods and properties.

The availability of an extended documentation, tutorials and examples is of a key importance
for the usability of a software. The COSSAN documentation is written collaboratively by COS-
SAN developers and end-users using MediaWiki tool where with rare exceptions, articles can
be edited by anyone.

COSSAN software is developed as a general purpose software which provides generic func-
tionalities and can be changed and expanded through user-defined routines and additional codes.
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This implies that solutions for solving very specific problems are not generally available al-
though they can be added by the users. Instead, methods and tools that can be used for solving
a reasonably wide range of engineering and scientific problems are prioritised. One of the chal-
lenges developing COSSAN software is maintaining its flexibility and modularity as well its
usability for the end-user. Another key element of the software is a comprehensive risk man-
agement and uncertainty quantification based on different representation of the uncertainties
based on probabilistic approaches, interval and fuzzy methods, imprecise probabilities and any
combination thereof.

In the following sections two different toolboxes recently introduced into OPENCOSSAN are
shown.

2 Meta Models toolbox

As shown in Figure 1, stochastic analysis requires the repeated evaluation of a (detailed)
numerical model. The analysis time can be reduced significantly by using meta-models, which
approximate the quantities of interest at low computational costs. In other words, meta-models
mimic the behaviour of the original model (e.g. FE model), by means of a mathematical model
with negligible computational cost.

3 Interval Predictor Models toolbox

Interval Predictor Models (IPMs) are a class of meta-model which describe the expected
spread of the output of a model whilst making very few assumptions about the model. The
meta-model finds an upper and lower bound for the predicted output of the model using a
function chosen by the user (at present limited to radial or polynomial basis). Therefore, once
trained, the meta-model can make predictions very quickly [6].

Interval Predictor Models offer a robust quantification of uncertainty, even when few data
points are available. This makes them useful when a very computationally expensive model
limits the number of simulations which can be performed. The robust quantification of uncer-
tainty is achieved in two ways. Firstly, a measure of uncertainty is intrinsic to the meta-model
since the output is an interval - it’s spread describes our uncertainty. Secondly, the reliability,
R, of this interval i.e. the probability future data points will fall inside the interval is bounded
by

ProbPn [R ≥ R∗] ≥ C, (1)

where R∗ and C are the bounds on the reliability of the model and our confidence in it
respectively [4]. R∗ as a function of C is calculated by OPENCOSSAN. For this model it
is recommended to use these quantities as a method of measuring calibration rather than the
coefficient of determination which is normally used in OPENCOSSAN. In addition, the samples
in the training data set must be independently distributed [5].

3.1 Comparison to other meta-models

In one sense Interval Predictor Models are similar to Gaussian Processes. However, Interval
Predictor Models are useful in situations where Gaussian Processes may be too computationally
expensive, for example where there are many data points and therefore it is too computationally
expensive to make predictions. In addition, Interval Predictor Models have the advantage that
they often yield tighter bounds than Gaussian Processes.
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The Interval Predictor model requires more time to train than a response surface, however it
offers a very robust quantification in the epistemic uncertainty resulting from the construction
of the meta-model.

The amount of data points which can be used to create the IPM is limited only by the time
the user is prepared to spend on the training the meta-model, which is performed by convex
optimisation. In fact, for fewer than tens of thousands of data points the time required to train
the model is in general negligible.

3.2 Work flow and implementation details

The IPMs implemented into OPENCOSSAN are the linear parameter dependency type-1
IPMs described in [6].

The IPM class is a subclass of the meta-model abstract class in OPENCOSSAN, and therefore
inherits most of it’s behaviour in a similar way to the response surface class. However some
of the arguments which must be specified to the constructor method are crucially different, and
therefore they are described below:

• type: a string containing radial or polynomial, which specifies which basis type should
be used.

• maximumexponent: a positive integer giving the maximum index of polynomial to be
used in a full factorial polynomial basis. If the basis is polynomial and this is not specified
then exponents must be specified.

• exponents: a matrix of indices - one row for each monomial, one column for each input
variable. Mandatory for polynomial basis unless maximumexponent is specified.

• augmented: An integer (0, 1 or 2) specifying if the IPM is augmented (see [6] for expla-
nation). Optional (default to 0).

• sigma: the sigma matrix for radial basis. Mandatory when type is radial.

• centers: the centres matrix for radial basis. Mandatory when type is radial.

Once training is complete the IPM parameters are stored in the matrices MIPMParametersU
and MIPMParametersL.

The implemented meta-model class IPM provides a method (removeOutliers) to remove the
outlier which implements the outlier removal algorithm described in [6]. In simple terms, this
method will remove training data which prevents the spread of the IPM being reduced, and then
re-calibrate the IPM.

The performance of the IPM model can be used to calculate using the reliabilityPlot method
and finally, for models with 1 or 2 inputs it is possible to visualise the IPM using the plotModel
method.

3.3 Application

In order to demonstrate the application of the class, an IPM surrogate of the Rosenbrock
function is constructed. The created IPM has a polynomial basis of degree 2. Figure 2 shows a
plot of R∗ as a function of C. If 20 more samples are taken from the function 96.25% fall inside
the IPM which is in agreement with Fig. 2. In order to create a more robust IPM than this either
the degree of the polynomial used must be decreased or more training data must be obtained.
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Figure 2: Degree 2 polynomial type-1 IPM trained on 200 samples from Rosenbrock function.

Now the user may choose to use the output from the meta-model in their performance func-
tion. For example if the output represented a quantity which must be below a certain value
(such as displacement of a cantilever beam) then the user would choose the upper bound of
the displacement from the IPM and then calculate an upper bound on the failure probability.
This could be repeated with the lower bound in order to calculate a lower bound on the failure
probability.

4 Credal Networks toolbox

4.1 General remarks

Bayesian Belief Networks, more commonly known as Bayesian Networks (BNs), are a prob-
abilistic graphical model based on the use of directed acyclic graphs, integrating graph theory
with the robustness of Bayesian statistics. The graphical framework of such models consists of
nodes, representing the variables of the problem of interest, connected to each other by edges,
generally arrows, that depict the dependency link existing between two nodes. Each variable
is assumed conditionally independent of its non-descendants given its parent variables: this
propriety is known as local Markov propriety. Each node of the network is linked to a Condi-
tional Probability Distribution (CPD) that, according to the local Markov propriety, defines the
strength of the probabilistic dependency existing between each individual node and its parents.
When a node has no parents, i.e. it is a root of the network, a marginal probability distribution
is associated with it.

The main aim of the Bayesian Network approach is to factorize the probability of a complex
event exploiting the knowledge regarding the dependencies existing among its sub-parts. BNs
are extremely attractive for a large variety of applications providing decomposition procedure
and the possibility to update the overall knowledge regarding the event of interest when new
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information (i.e. evidence) about any of its sub-elements becomes available.
BNs exact inference algorithms (i.e. adopting an analytical approach) are almost exclusively

limited to the use of crisp probability values which are not able to fully capture the data generally
available. This often leads to the adoption of discretization procedure which empoverish the
quality of the information available. On the other hand, approximate inference algorithms allow
the use of continuous probabilistic variables but at the cost of lower accuracy, and they can result
often inefficient or have unknown rates of convergence. The limitations of the approximate
inference approach result even more significant when considering the field of risk analysis and
decision making, or more generally those applications where rare events and near-real-time
computation play a crucial role [?].

Generalizing further, even traditional continuous probabilistic variables are often not able to
fully capture the uncertainty of data without introducing strong subjective assumptions not justi-
fied by the information available. Alternatively, imprecise probabilities theory provides several
mathematical frameworks able to depict the uncertainty inevitably affecting the data and hence
reducing the introduction of subjective biases [1].
In order to overcome the limitations associated with traditional BNs, the integration of such
approach with the imprecise probability theory has attracted increasing attention in the scien-
tific community leading to the formulation and study of Credal Networks (CNs). CNs can be
considered as a more general approach that relaxes the requirements of BNs. They still rely
on the use of directed acyclic graphs but differently from the former method allow the use of
imprecise probabilities as input parameters of the model, ensuring a higher degree of flexibility
in the representation of the data uncertainty. In spite of the capabilities and promising potential
of this methodology the application of such models is still quite limited, mainly due to the high
computational cost associated with CNs inference.

4.2 Work flow and implementation

Further efforts and research are strongly required in order to enhance the attractiveness of
CNs outside the academic world and to ensure the reliability and efficiency of their performance
in real-world applications. Well known and novel methodologies are integrated in the software
in order to provide the implementation, manipulation and analysis of CNs. The main tasks of
the toolbox can be listed as:

• Implementation of the CN model defined by the user

• Reduction of the initial user-defined model (to ease the burden of the inference computa-
tion)

• Inference computation of the network

• Sensitivity analysis of the reduced model

The following sections offer a brief introduction to each of the mentioned tasks.

Implementation The toolbox provides the definition of initial models allowing a range of
possible variables (and subsequently node types) such as:

• events with a discrete and finite number of outcome states associated with crisp probabil-
ity values (discrete nodes)
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Figure 3: Example of the directed graph of a simple structural system subject to vertical load V and horizontal load
H

• events with a discrete and finite number of outcome states associated with interval prob-
ability values (discrete nodes)

• events whose outcome states are described by continuous probabilistic distributions (prob-
abilistic nodes)

• events whose outcome states are described by interval variables (bounded nodes)

• events whose outcome states are described by imprecise probability distributions (hybrid
nodes)

The example in Figure 3 refers to an elementary structural system [11, 8]) consisting of one-
bay elastoplastic frame subject to a vertical load V and horizontal load H . The structure is
defined by the plastic moment capacities R1 ,R2 ,R3 ,R4, R5, and presents three possible failure
modes (FailureMode1, FailureMode2, FailureMode3 in Fig.3) defined by as many limit-
state functions. The occurrence of any of these failure modes is assumed to result in the failure
of the whole system (event E in the network). The nodes M4 and M5 refer to measurement
of the plastic capacities R4 and R5 and are affected by a measurement error epsilon. The
plastic moment capacities are assumed to have a probabilistic distributions, while the measure-
ments M4 and M5, being affected by the error epsilon represented by an interval variable, are
bounded nodes (as indeed epsilon). The vertical load is supposed to have a probabilistic dis-
tribution whose mean is not precisely known but represented by an interval: the load V is then
represented as a hybrid node differently from the load H assumed as probabilistic.

In Fig.3 the rectangular shaped nodes are discrete, the oval shaped ones bounded, the circular
ones probabilistic and finally the trapezoidal shaped nodes are hybrid. The graphical represen-
tation of the network is realized using the Bioinformatics toolbox for MATLAB [12] and it is
designed in order to highlight the different nature of the model variables.
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FailureMode1 FailureMode2 FailureMode3

E

Figure 4: Final network resulting from the reduction of the model in Fig.3

Reduction A key procedure of the methodology implemented in the toolbox consists of re-
ducing the initial model to an equivalent one containing only discrete nodes. The implemented
reduction procedure ensures the preservation of the initial information. For instance, the chil-
dren nodes FailureMode1, FailureMode2 and FailureMode3 can be expressed by the re-
lated limit-state functions, which are defined in function of the parents nodes R1 ,R2 ,R3 ,R4,
R5, H and V . The computation of the probability bounds is obtained adopting numerical meth-
ods for structural reliability analysis. A range of options are available in the toolbox. The
default option relies on the use of the Advanced Line Sampling technique [?].

The two main phases of the reduction procedure are:

• Computation of continuous nodes children of at least one continuous node.
When also continuous nodes are expressed as domains in the outcome space of their
parents they are automatically computed according to their nature:

– Probabilistic nodes: probabilistic distributions are constructed over the samples col-
lected from the parent nodes through the use of Monte Carlo methods.

– Bounded nodes: the bound are obtained through a random search in the outcome
space of their parents.

– Hybrid nodes: the current implementation is limited to the use of parametric impre-
cise random variables. Conversely, the imprecise parameters of the distribution can
be expressed as parent nodes of the hybrid ones, as for the nodes V mean and V in
Figure 3.

• Computation of discrete nodes children of at least one continuous node.
According to the nature of the nodes involved (this time the parent nodes) the option
available are different:

– Only probabilitistic and discrete parent nodes: in this case the approach reduces to
the Enhanced Bayesian Network methodology [18] and a wide variety of method-
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Figure 5: Network resulting from the model in Fig.3 after the computation and discretisation of the initial bounded
nodes

ologies can be adopted (e.g. FORM, SORM, traditional and Advanced Monte Carlo
methods etc.)

– Bounded, probabilistic and discrete parent nodes: two options are available, one
consisting of a generalized version of FORM based on the use of convex sets [10],
one on the Advanced Line Sampling methods. It is opportune that only this latter
method allows to compute probability bounds on the event of interest while the
formers one focuses only on the estimation of the worst-case scenario probability.

– Hybrid, bounded, probabilistic or discrete parent nodes: currently the only option
available for the computation is the Advanced Line Sampling [?].

The result of the reduction of the model of Fig.3 is shown graphically in Fig.4. As shown by
the graph, the nodes M4 and M5 have been removed from the reduced network, since non-
discrete and not receiving any evidence. In order to process evidence, it is necessary that the
node receiving it is present in the reduced model. Subsequently, if a non-discrete node receives
evidence, it is necessary to discretize it in order to keep it in the final model. In this case, the
first phase of the reduction procedure, i.e. the computation of continuous nodes children of at
least one continuous node, is not entirely carried out but the discretization of the continuous
nodes receiving evidence is automatically performed, avoiding their elimination. Let assume
that some measurement regarding the plastic moments capacities R4 and R5 is availalbe and
hence the nodes M4 and M5 receive evidence in the network. In this case, the modified network
containing the discretized information of M4 and M5 is shown in Fig.5. The procedure followed
for the discretization is similar to that proposed by Straub and Kiureghian [18] and aims to limit
the inevitable loss of information quality associated with such procedure. The final network
obtained from the reduction of the model in Fig.5 is shown in Fig.6: in this latter the nodes
M4discrete and M5discrete refer to the measurements of the plastic moment capacity and can
hence receive evidence updating the overall estimate associated with the probability of failure
of the structure.

Inference Computation Three inference computational methods are available in the toolbox:
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Figure 6: Final network resulting from the reduction of the model in Fig.5

• Coarse Approximation: the lowest computational cost associated with the inference com-
putation, implying on the other hand a lower level of accuracy providing an outer approx-
imation of the true value of the output.

• Fine Approximation: based on a original and novel inference computational algorithm
which aims to achieve a high degree of accuracy at a lower computational cost than
that associated with exact inference. The method provides the true value of the query
probability bounds when no evidence is introduced in the network and provides inner
approximation values otherwise [19].

• Exact Inference: currently this option is restricted to the adoption of a combinatorial ap-
proach to inference computation. This can be performed either using the built in variable
elimination algorithm.

Sensitivity Analysis A novel method allows to identify the possible changes of input param-
eters (i.e. interval conditional probabilities associated with the nodes of the network) that result
in the achievement of the user-defined degree of accuracy in output (i.e. probability bounds of
the query probability). In the current implementation the method is limited to the use of boolean
nodes and relies on a combinatorial approach. The results provide an intuitive understanding of
when parameter changes do or do not matter in terms of query robustness. Further detail can be
found in [20].

5 Conclusion

The availability of an intuitive and easy to use general purpose software is a key for mak-
ing the non-deterministic analysis a common practice in computational models and numerical
simulations. In fact, uncertainty and imprecision are unavoidable and they must be accounted
for in any analyses. Only implementing stochastic analysis, digital (or virtual) design will be
credible and applicable in different sectors and fields. Digital design allows to design fast and
better, reducing the design costs and provide cost-effective and feasible engineering solutions.
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COSSAN-X provides an easy to use yet powerful software for uncertainty quantification and
risk management that can be used by analysis without an extensive learning curve and allowing
to create a bridge between the academic research and the industrial practice. The engine of the
COSSAN software OPENCOSSAN is freely available making the software development more
sustainable, continuously updated and avoiding code duplication. It is an excellent collaborative
tools for researchers and academics encourages the cross-discipline utilisation of stochastic
analysis.
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Abstract. NESSUS® is a general-purpose software program for probabilistic analysis that 
includes state-of-the-art algorithms, flexible methods for interfacing with external numerical 
models, and a mature graphical user interface.  NESSUS was originally developed for NASA 
under a long-term research and development program to develop methods and tools for reli-
ability analysis of space shuttle main engine components.  In the past few years, recent 
NESSUS development has focused on the incorporation of advanced response surface model-
ing and global sensitivity analysis methods.  NESSUS now includes a variety of tools for 
building and analyzing Gaussian Process (GP) models.  This includes general-purpose GP 
response surface models as well as the Efficient Global Reliability Analysis (EGRA) method, 
which uses adaptive sampling to target surrogate model accuracy in the vicinity of the limit 
state.  In addition, several methods have been implemented into NESSUS for the calculation 
of variance-based sensitivity indices, including sampling-based methods and analytical solu-
tions based on response surface models.  This paper gives an overview of these recent en-
hancements.  In particular, we introduce the NESSUS Response Surface Toolkit (RST), which 
is a recently released standalone software application included with NESSUS for building, 
visualizing, and assessing response surface models. 
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1 INTRODUCTION 

NESSUS (Numerical Evaluation of Stochastic Structures Under Stress) is a general-
purpose software program for probabilistic analysis.  It was originally created by a team led 
by Southwest Research Institute (SwRI) as part of a 10-year NASA project started in 1984 to 
develop a probabilistic design tool for the space shuttle main engine with a focus on probabil-
istic finite element analysis.  The methods and capabilities in NESSUS were designed to sup-
port predicting the probabilistic response and/or probability of failure for computational 
intensive models.  The input variations were modeled using probability density functions and 
propagated using traditional and newly developed probabilistic algorithms.  In 1999, SwRI 
was contracted by Los Alamos National Laboratory to adapt NESSUS for application to ex-
tremely large and complex weapon reliability and uncertainty problems in support of its 
Stockpile Stewardship program.  In 2002, SwRI was contracted by the NASA Glenn Research 
Center to further enhance NESSUS for application to large-scale aero-propulsion system 
problems.  The end result of these large research programs was a completely redesigned soft-
ware tool that includes a sophisticated graphical user interface (GUI), capabilities for per-
forming design of experiments and sensitivity analysis, a probabilistic input database, a 
geometric uncertainty modeling tool for perturbing geometry in existing finite element models, 
and state-of-the-art interfaces to many third-party codes such as Abaqus, ANSYS, LS-DYNA, 
MSC.NASTRAN, and NASGRO.   

NESSUS has seen continuous improvement and application since its beginnings in the late 
1980s.  The most recent enhancements include extensive capabilities for Gaussian process 
response surface modeling and variance-based global sensitivity analysis.  In particular, the 
NESSUS Response Surface Toolkit was released in 2015 as a standalone application specifi-
cally created to address response surface model fitting, visualization, goodness of fit, and sen-
sitivity analysis. 

This paper describes the recent NESSUS enhancements for response surface modeling and 
sensitivity analysis.  Section 2 gives a description of the Gaussian process model formulation 
used by NESSUS and the NESSUS Response Surface Toolkit.  Section 3 gives an overview 
of the Response Surface Toolkit itself.  Section 4 describes three different approaches for reli-
ability analysis with Gaussian process models in NESSUS, including the Efficient Global Re-
liability Analysis (EGRA) method, which uses adaptive sampling.  Section 5 gives an 
overview of global sensitivity analysis in NESSUS. 

2 NESSUS GP MODEL FORMULATION 

Gaussian Process (GP) regression (also known as kriging) is a powerful technique for de-
veloping fast-running response surface or “surrogate” models for computationally expensive 
computer simulations.  The response surface model enables detailed analysis such as Monte 
Carlo sampling, numerical optimization, model calibration, and sensitivity analysis, that 
would be intractable if working directly with original simulation.  This section gives a sum-
mary of the GP model formulation used by the NESSUS software. 

NESSUS uses a Gaussian process response surface model formulation employing a low-
order trend function and a squared-exponential correlation function.  NESSUS supports both 
constant and linear trend functions.  A separable correlation function is employed with unique 
correlation length parameters for each input variable: 
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where a and b are vectors of dimensionality d, and  denotes a correlation length parameter 
associated with dimension i.  The covariance matrix associated with the training data is given 
by: 

noiseΣRΣ  2 , (2)

where  is the process variance, R is the correlation matrix based on Eq. (1), and noiseΣ  is a 

diagonal noise covariance matrix with all diagonal entries given by 2
noise .  When modeling 

training data from a deterministic computer simulation, the noise variance is commonly as-
sumed to be zero, resulting in a response surface that directly interpolates the training data. 

In NESSUS, the GP parameters (the trend coefficients, process variance, correlation 
lengths, and optionally noise variance) are estimated using maximum likelihood.  The profile 
log likelihood function is maximized by searching over the correlation parameter space, and 
the trend coefficients and process variance are set to their optimal values conditional on the 
correlation parameters.  The noise variance can also be estimated as part of the procedure, in 
which case NESSUS maximizes the restricted likelihood function.  Further details can be 
found in ref. [1].  NESSUS supports both gradient-based and global search methods.  

NESSUS automatically performs goodness of fit assessment using leave-one-out cross-
validation.  This is determined by holding all of the GP model parameters (trend and covari-
ance parameters) constant, deleting one observation from the GP model, predicting its value, 
and repeating for each observation in the training set.  Instead of explicitly creating n GP 
models, the cross-validation errors can be computed efficiently as described by ref. [2]. 
NESSUS summarizes the model accuracy by a “cross-validation R2” (also known as “predic-
tion R2” [2]): 

TCVCV SSSSER /12  , (3)

where CVSSE  is the sum of squares of the leave-one-out cross-validation residuals and TSS  is 

the usual total sum of squares of the training data response values. 

3 NESSUS RESPONSE SURFACE TOOLKIT 

The NESSUS Response Surface Toolkit (RST), released in 2015, is a standalone applica-
tion included with NESSUS that provides a suite of tools for designing, fitting, assessing, vis-
ualizing, and making predictions with response surface models.  Some of the key capabilities 
include: 
 Design of experiments using Latin Hypercube sampling, with options for correlation re-

duction and point spacing optimization 

 Fit polynomial regression and Gaussian process regression response surface models

 Evaluate goodness of fit using leave-one-out cross-validation

 Plot 2D and 3D slices of the model

 Evaluate importance of variables using variance-based (global) sensitivity analysis

 Make model predictions at user-specified input values

 Export models for use in the NESSUS software

 Import models created by the NESSUS software
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The RST provides streamlined capability for quickly generating and visualizing a design of 
computer experiments based on Latin Hypercube sampling (Figure 1).  The interface allows 
the user to declare, name, and assign bounds to the variables.  Then the user simply specifies 
the number of samples and clicks on the “Generate Design” button.  By default, 100 random 
designs are generated and the best is selected as the one that maximizes the minimum distance 
between points.  The number of designs can be configured by the user from the “Iterations” 
field.  An option is also provided for correlation reduction using the Iman-Conover method 
[3].  Random number seed control is also provided for reproducibility.  Once the samples 
have been generated, pairwise or three-way plots among the variables can quickly be generat-
ed using a menu driven system, as shown in Figure 2. 

Figure 1.  NESSUS RST design of experiments settings 

Figure 2.  NESSUS RST menu for visualization of design of experiments sample points 

Generated designs can be saved with metadata (such as the variable bounds, random num-
ber seed, and other settings) and also exported to a delimited text file.  The RST also includes 
the capability to “augment” an existing design [4].  For an initial design with n points, aug-
menting adds n new points to the design such that the overall 2n-point design maintains a Lat-
in Hypercube structure. 

The RST provides a fast and flexible interface for loading existing training data to create a 
response surface, as shown in Figure 3.  Training data can be read from plain text files using 
whitespace, comma, and other delimiters.  Headers, when available, are used to initially de-
fine variable names, and can be overridden by the user.  Each column detected in the file can 
be assigned as an input variable, a response variable, or ignored.  The default settings treat the 
last column as the response variable and all others as input variables. 
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Figure 3.  Loading training data using NESSUS RST 

Once the training data have been loaded, the RST displays a summary of correlations be-
tween the inputs and the response variable, and provides the ability to show a scatter plot be-
tween any two or three variables (Figure 4). 

Figure 4.  NESSUS RST training data visualization prior to response surface model fitting 

Next, the user is provided a simple set of options for fitting the response surface model, as 
shown in Figure 5.  Two model types are available: Gaussian Process and polynomial regres-
sion.  The Gaussian Process model provides options for a constant or linear trend, three set-
tings for observation noise, and several options for the optimization method used during 
parameter estimation.  The options for observation noise include noise-free ( 02 noise ), esti-

mation of 2
noise  by restricted likelihood maximization, and user-specification of the noise 
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standard deviation, noise .  The option to fit the noise variance is especially useful when the 

training data are the results of physical experiments, as opposed to computer experiments. 

 
Figure 5.  NESSUS RST response surface fitting options 

Upon fitting the response surface model, the RST displays a summary of information that 
includes cross-validation results, input variable sensitivities, and surface visualization (Figure 
6).  This includes fit and cross-validation R2 values, as well as the noise standard deviation, 
reciprocal condition number, and log likelihood for GP models.  The reciprocal condition 
number can be used to identify ill-conditioning of the GP correlation matrix, which can ad-
versely impact performance when the value begins to approach roughly 10-13 or smaller.  This 
can be remedied by removing training points or re-fitting the model with a small amount of 
noise variance. 

 
Figure 6.  NESSUS RST screen for reviewing and visualizing the response surface model 

The miniature “Sensitivities” plot in the Review Model screen can be expanded to a full-
size plot, as shown in Figure 7.  On this plot, the x-axis shows the main and total effect indi-
ces obtained using variance-based global sensitivity analysis.  In order to do this, each re-
sponse surface input variable is modeled using a normal distribution with mean and standard 
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deviation estimated from the training data (the range of the training data is treated as five 
standard deviations).  The sensitivity indices are then computed efficiently using the analyti-
cal solution given in [5].  For complete control of how the probability distributions for the in-
put variables are defined, the user can load the response surface model into NESSUS and use 
the global sensitivity analysis type (see Section 5). 

Figure 7.  Variance-based sensitivity indices in NESSUS RST 

The controls in the bottom of the Review Model screen are geared towards response sur-
face visualization when the Plot tab is selected.  By default, a 2D line plot of normalized main 
effect curves for all inputs, with confidence bounds, is shown, as seen in Figure 6.  In this plot, 
the x-axis represents a scaled version of each input variable, in which the training data values 
are used to scale each input to the range [-1,1].  In other words, a value of -1 on this scale in-
dicates that the variable is equal to the smallest value of that variable occurring in the training 
set.  Similarly, the largest value in the training set corresponds to +1. 

For each curve, the y-axis plots the main effect of the response, which is the expectation of 
the response conditional on the value of the given input variable.  The same probability distri-
butions used for variance decomposition are employed for determination of the main effect 
curves.  By default, the plot also shows a central 95% confidence interval for each main effect 
curve as a shaded region.  The confidence bounds are derived from the GP model fit.  Both 
the main effect curves and their confidence bounds are computed efficiently using a combina-
tion of derivations from refs. [5,6].  

To the left of the plot, a variety of settings are available to control the behavior of the plot.  
The “Input variables” section provides control of which variables are shown in the plot.  
When the plot type is “Multiple”, individual variables can be removed from the plot using 
these controls.  For convenience, the global sensitivity indices are shown next to each variable, 
making it easy to quickly find and plot the most important variables. 

The type of plot can be configured under the “Plot settings” area.  The “Single” plot type 
limits the plot to a single curve.  In this mode, the input variable selections control which 
curve is plotted, as opposed to adding or removing curves, like they do in “Multiple” plot 
mode. 
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The “Tiled” plot type presents an array of plots, each of which plots the main effect curve 
for a single input variable.  An example of the tiled plot is shown in Figure 8, where the plot-
ting area has been maximized so that all nine plots can be seen at once.  Unlike the “Multiple” 
plot type, which uses scaling in order to display all variables on a single plot, the tiled plot 
uses the original units for each input variable, which can make the interpretation more intui-
tive.  Also note that the tiled plot uses the same y-axis range for each individual plot, making 
it possible to quickly assess the relative influence of each variable. 

Figure 8.  NESSUS RST “Tiled” plot mode, showing the main effect curve for each response surface variable. 

Under the plot settings area, display of the training data can also be enabled for either the 
single or tiled plot types.  When this is done, the training data are projected onto the two-
dimensional plot axes.  Some caution is needed when interpreting this kind of display of the 
data, since not all dimensions of the training data input space are represented in the plot. 

Three-dimensional visualization of the response surface can also be enabled using the plot 
settings.  In 3D plotting mode, the user selects two input variables for the horizontal axes, and 
the response is plotted on the vertical axis.  In 3D mode, the surface is conditioned on fixed 
values of the input variables not being plotted, unlike 2D mode, which averages over the re-
maining variables to obtain main effect curves. 

The RST allows for reading and writing both polynomial and GP response surface models 
to a platform-independent file.  When writing a GP model to a file, the following data are in-
cluded: 
 The training data input and output values

 The Cholesky factor of the GP correlation matrix, R

 Solution of the linear system used for prediction,  FβYR 1 , where Y are the training
data response values and Fβ  is the trend function evaluated at the training data locations
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 The correlation parameters determined via maximum likelihood estimation 

 The trend coefficients, process variance, and noise variance 

The response surface model file can then be read back into either NESSUS or NESSUS RST.  
In addition to capturing the options used to fit the model such as the trend order and noise var-
iance, this has the advantage that the GP mean and covariance parameters do not need to be 
estimated again, nor does the correlation matrix need to be reconstructed or factored.  Thus, 
for large data sets, reloading the GP from file provides significant time and computation sav-
ings. 

4 NESSUS RELIABILITY ANALYSIS 

Unlike the Response Surface Toolkit, the NESSUS software is designed for general pur-
pose probabilistic analysis.  In particular, NESSUS has several probabilistic methods for reli-
ability analysis, including Monte Carlo sampling, Latin Hypercube sampling, importance 
sampling, Advanced Mean Value, First Order Reliability Method (FORM), and more.  Any of 
these reliability analysis methods can be used in conjunction with response surface modeling. 

There are three approaches for using response surface models for reliability analysis in 
NESSUS: declaring an equation in the problem statement as a regression model, using a re-
sponse surface-based reliability method, and using the Efficient Global Reliability Analysis 
(EGRA) method.  Further information about each of these approaches is given in the follow-
ing sections. 

4.1 Regression model type 

The first approach is to declare one or more equations in the problem statement as a nu-
merical model, and then define the numerical model as a regression model type.  NESSUS 
provides options for both polynomial and Gaussian Process regression models.  The GP mod-
el can be defined based on user-specified training data or based on a previously saved GP 
model file.  Thus, this is the way to use in NESSUS a GP model created by RST.   

If the GP regression model is specified based on training data, then upon running the anal-
ysis, NESSUS will first fit the GP model using maximum likelihood estimation, as described 
in Section 2.  NESSUS will also save the resulting GP model to a file, so that it can be ana-
lyzed using the RST or re-used from NESSUS without having to re-fit the model. 

Once the regression model is defined, the NESSUS analysis behaves the same as with any 
other equations or numerical models.  Any probabilistic methods can be used, including glob-
al sensitivity analysis as described in Section 5.  Since the response surfaces are computation-
ally very efficient, it is common to use them in conjunction with exhaustive sampling 
methods such as Monte Carlo or Latin Hypercube sampling. 

This approach also allows one to build up the problem statement hierarchically.  For ex-
ample, a finite element model for predicting stress might be replaced by a response surface, 
whose output is fed into an analytical equation for crack growth prediction.  A sequence of 
multiple independent response surface models could also be used. 

4.2 Response surface method 

In the second approach, the three steps of design of computer experiments, response sur-
face fitting, and response surface sampling are considered collectively as a reliability analysis 
method.  With this approach, the user defines the problem statement so that NESSUS inter-
faces directly with the original (computationally expensive) model or models.  For example, 
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the problem statement may include calls to a finite element model or other external numerical 
code. 

NESSUS provides three probabilistic analysis methods that fit into this category: the “Re-
sponse Surface Method (RSM)”, “Gaussian Process Response Surface Method (RSM_GP)”, 
and “Efficient Global Reliability Analysis (EGRA)”.  EGRA uses adaptive sampling and will 
be discussed in the next section. 

The NESSUS Response Surface Method uses low-order polynomial fitting and is based on 
traditional Design of Experiments techniques such as the central composite design.  The 
Gaussian Process Response Surface Method was added in NESSUS version 9 and is preferred 
when interfacing NESSUS with external models such as finite element simulations.  The user 
has three options when working with this method.  The first is the number of response surface 
training points that NESSUS will use.  This determines how many evaluations of the problem 
statement NESSUS will perform.   

The second option is specification of the bounds used for the design of experiments.  The 
bounds are specified in terms of an equivalent standard normal variable (“u-space” in 
NESSUS terminology).  The default bounds for each variable are -3 to +3 in u-space, which 
will correspond to +/-3 standard deviations for variables that are assigned normal distributions. 
NESSUS uses the bounds to generate a Latin Hypercube design.  Unlike the Latin Hypercube 
Sampling reliability analysis method, this Latin Hypercube design is based on uniform distri-
butions, regardless of the user-specified distribution types. 

Finally, the user can also specify the number of times to sample the response surface when 
performing the probabilistic analysis.  This sampling is performed using basic Monte Carlo 
simulation.  The default is to use 100,000 samples.  

4.3 Efficient Global Reliability Analysis (EGRA) method 

The Efficient Global Reliability Analysis (EGRA) [7] method is similar to the Gaussian 
Process Response Surface Method in NESSUS, in that it incorporates all steps of the analysis 
including design of computer experiments, response surface fitting, and sampling.  The differ-
ence is that EGRA uses an adaptive sampling approach to iteratively add new training points 
to the GP model, specifically targeting accuracy of the GP model in the vicinity of the limit 
state.  By ensuring accuracy of the GP model in this critical region, EGRA can efficiently 
provide an accurate estimate of the reliability.  EGRA is an extension of the Efficient Global 
Optimization (EGO) [8] method for numerical optimization. 

EGRA uses the so-called expected feasibility function (EFF) to select the location at which 
a new training point should be added to the Gaussian process model by maximizing the ex-
pectation that the point lies on the limit state contour.  A point could be expected to lie on the 
limit state contour if its predicted value is near the limit state value, or if the uncertainty in its 
prediction is such that there is a significant probability of its true value being near the limit 
state value.  Because the uncertainty is higher in regions of the space with fewer observations, 
this provides a balance between exploiting areas that are predicted to be near the limit state, 
and exploring areas where more information is needed.  The general procedure of EGRA is: 

1. Build an initial Gaussian process model of the response function.
2. Iteratively add training data until a stopping criterion is met:

a. Find the point that maximizes the EFF.
b. Evaluate the true response function at the new point and add it to the train-

ing set.
3. Use Monte Carlo sampling or another appropriate probabilistic method to compute

the probability of failure by sampling the converged Gaussian process response sur-
face.

234



John M. McFarland, John A. Dimeo, and Barron J. Bichon 

To define the expected feasibility function, let the limit state be denoted by the equality
  0zg x .  The prediction from the GP model at any point in the design space follows a

Gaussian distribution, and can be written: 

      xxx ggNg  ,~ˆ (4)

where the mean  xg  and variance  x2
g  are the GP mean and variance conditioned on the 

training data (see, e.g. ref. [1]).  Inspired by the contour estimation work in ref. [9], the ex-
pected feasibility function is defined as: 

         xxxx  ,ˆmin 0zgEEF  (5)

where the  term is used to focus the search in the immediate vicinity of the response thresh-
old.  This expectation can be calculated by integrating over 0z : 
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This integral can be expressed analytically in terms of the standard normal probability density 
function and cumulative density function, as given in ref. [7]. 

In NESSUS, the initial training set is generated with     2/21 varvar  nn  samples, where

nvar is the number of random variables.  These samples are generated following a Latin Hy-
percube design that is uniformly spaced with bounds based on critical values from an equiva-
lent standard normal distribution.  By default, the design space is defined based on equivalent 
standard normal values of 5 , but this value can be changed by the user.  Alternatively, 
NESSUS allows the user to prescribe the search bounds for each variable in the original space 
(x-space). 

To specify the expected feasibility, NESSUS uses  xg 2 .  The expected feasibility 

function is often multimodal, so NESSUS uses the DIRECT optimization algorithm [10] to 
ensure that the global optimum is found.  The default stopping criterion for the expected fea-
sibility is 0.00001, but this can also be changed by the user. 

Finally, NESSUS uses multimodal adaptive importance sampling [11] by default to sample 
the final GP model for probability of failure calculation.  However, the user can also select 
basic Monte Carlo sampling or Latin Hypercube sampling.  The sample size can also be set by 
the user. 

5 NESSUS GLOBAL SENSITIVITY ANALYSIS 

Introduced in version 9.6, NESSUS includes variance-based global sensitivity analysis as 
an alternative analysis type to reliability analysis.  When global sensitivity analysis is used, 
NESSUS decomposes the variance of the top-level response variable from the problem state-
ment with respect to the user-defined input random variables.  The main and total effect sensi-
tivity indices [12] are computed for each variable. 

Three numerical methods are provided for variance decomposition.  The first is referred to 
in NESSUS as “Structured Monte Carlo” sampling, which implements the efficient sampling 
scheme outlined by [12].  The default is to use Sobol sequences, but NESSUS also supports 
Latin Hypercube sampling and basic Monte Carlo sampling.  Sample estimates for the main 
and total effect indices are adapted from the equations proposed in refs. [13,14].  The second 
method available in NESSUS is the Fourier Amplitude Sensitivity Test (FAST) [15]. 
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The third method available in NESSUS is “GP with analytical sensitivities”, which is simi-
lar to the GP Response Surface Method for reliability analysis, in that it performs both the de-
sign of computer experiments and response surface model fitting.  The training points are 
generated based on a uniform Latin Hypercube design with bounds set at -3 and +3 in equiva-
lent standard normal space.  Once the GP model is constructed, the sensitivity indices are 
computed exactly, as described in ref. [5].  This method is only supported with random varia-
bles that have either normal or uniform distributions. 

It is also possible to use sampling-based estimation of the sensitivity indices in conjunction 
with response surface modeling.  This enables one to perform global sensitivity analysis for a 
GP model for random variable types that are not supported by the analytical calculations.  It 
also allows the user to perform sensitivity analysis on response surface models that have al-
ready been built, or to achieve greater control of the sampling scheme used for design of 
computer experiments.  This is done by using the regression model type described in Section 
4.1 to define response surface models for one or more of the equations in the problem state-
ment.  The response surface model can then be specified based on either existing training data 
or a previously saved response surface model file. 

6 CONCLUSIONS  

NESSUS is a general-purpose software program for probabilistic analysis and was origi-
nally developed in the 1980’s as part of a long-term research and development program with 
NASA.  This paper describes the most recent enhancements to the NESSUS software, which 
have focused on Gaussian process response surface modeling and global sensitivity analysis. 
NESSUS includes several options for employing GP models in reliability analysis, including 
adaptive sampling via the Efficient Global Reliability Analysis (EGRA) method.  NESSUS 
also includes capabilities for variance-based global sensitivity analysis using sampling-based 
estimates or response surface-based solutions. 

The NESSUS Response Surface Toolkit (RST) was introduced in 2015 as standalone com-
panion application included with NESSUS.  The RST provides a suite of tools for designing, 
fitting, assessing, visualizing, and making predictions with response surface models.  The 
RST includes options for fitting both Gaussian process and polynomial regression models, 
and it can read and write to an open “.rsm” file format that is compatible with NESSUS.  
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Abstract
The number of software for uncertainty quantification is already substantial, and this

number is growing. OpenTURNS, for example, is a C++ library for uncertainty propagation
by probabilistic methods. OpenTURNS is also available as a Python module and has gained
maturity thanks to more than 10 years of development. However, there are situations where
we do not want to use a programming language such as C++, Python (e.g. OpenTURNS)
or Matlab. In this context, providing a graphical user interface (GUI) may allow to greatly
increase the use of OpenTURNS and, more generally, of the UQ methodology.

In this talk, we will present how OpenTURNS’s GUI is integrated into SALOME, a
platform for pre and post-processing of numerical simulations. Through examples, we will
discuss the main features of the tool: central dispersion analysis, global sensitivity analysis
and threshold probability estimate. Other advanced features will be presented during the
session, with the aim of seeing how the tool can be used during training sessions or within
a HPC context for example.

1 Introduction
The number of software for uncertainty quantification is already substantial, and this number
is growing. OpenTURNS, for example, is a C++ library for uncertainty propagation by
probabilistic methods. OpenTURNS is also available as a Python module and has gained
maturity thanks to more than 10 years of development. However, there are situations
where the engineer in charge of performing an uncertainty study does not want to use
a programming language such as C++, Python (e.g. OpenTURNS) or Matlab. In this
context, providing a graphical user interface (GUI) may allow to greatly increase the use of
OpenTURNS and, more generally, of the UQ methodology.

2 Methods and tools
2.1 The uncertainty management methodology
The uncertainty management generic methodology consists of the following steps:
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• Step A: specify the random inputs X, the deterministic inputs d, the model G, the
variable of interest (model output) Y and the quantity of interest on the output. The
fundamental relation writes:

Y = G(X, d).
The model G may be a symbolic function (defined by a character string), a Python
function or a complex computer code. The quantity of interest can be, for example,
the central dispersion, the probability to exceed a threshold or the whole distribution.

• Step B: quantify the sources of uncertainty. This step consists in modeling the joint
probability density function (pdf) of the random input vector by direct methods (e.g.
statistical fitting, expert judgment).

• Step B’: quantify the sources of uncertainty by indirect methods using some real ob-
servations of the model outputs. The calibration process aims to estimate the values
or the pdf of the inputs while the validation process aims to model the bias between
the model and the real system.

• Step C: propagate uncertainties to estimate the quantity of interest. Depending on this
quantity, the computational resources and the CPU time cost of a single model run,
different specific methods can be applied such as analytical formula, Taylor expansion
approximations, Monte Carlo sampling or metamodel-based techniques.

2.2 OpenTurns
OpenTURNS[1, 3] is an open source software, available as a C++ library and a Python
interface. It works under the Linux and Windows environments. The key features of Open-
TURNS are the following:

• open source initiative to secure the transparency of the approach,
• generic to the physical or industrial domains for treating of multi-physical problems,
• high performance computing,
• includes a variety of qualified algorithms in order to manage uncertainties in several

situations,
• contains complete documentation (Reference Guide, Use Cases Guide, User manual,

Examples Guide, and Developers’ Guide).
OpenTURNS is available under the LGPL license.

The main features of OpenTURNS are uncertainty quantification, uncertainty propaga-
tion, sensitivity analysis and metamodeling.

Moreover generic wrappers allows to link OpenTURNS to any external code G.
OpenTURNS can be downloaded from its dedicated website www.openturns.org which

offers different pre-compiled packages specific to several Windows and Linux environments.
It is also possible to download the source files from the SourceForge server and to compile
them within another environment: the OpenTURNS Developer’s Guide provides advices to
help compiling the source files.

2.3 Salome
SALOME[4] is a pre and post-processing software which allows to create a 3D geometry,
create the mesh, perform the numerical simulation, submit the simulation to a high perfor-
mance computing resource and visualize the results. It provides tools to connect specific
numerical simulators to SALOME so that all the steps of the computation can be done
in one single environment. Specific versions of SALOME are dedicated to more restricted
engineering domains: SALOME-MECA for mechanical computations based on Code-Aster,
SALOME-HYDRO for hydraulic computations based on TELEMAC / MASCARET and
SALOME-CFD for CFD studies based on Code-Saturne.
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The YACS module allows calculation schemes in Salome to be built, edited, and executed.
It provides both a graphical user interface to chain the computations by linking the inputs
and outputs of computer codes and then to execute these computations on remote machines.

3 The graphical user interface of OpenTURNS
3.1 The main ideas of the GUI
In this section, we present the main principles of the graphical user interface, its goals and
its external and internal design.

In order to propagate the uncertainties through a deterministic computer code, the input
data we are required to provide to the graphical user’s interface are:

• the computer code G : this can be a complex finite element software such as Code-
Aster, a Python function or a simple one-line symbolic function.

• the joint distribution on the input X (if required, estimated based on a sample) defined
by its marginal distribution and its dependence (defined in terms of a copula).

The main features of OpenTURNS are available in the GUI, but not all features. This
does not limit the use of the tool, since advanced studies can be performed by programming
the Python layer of the GUI which listens to Python statements, dynamically updating its
appearance when required (thanks to a model-view architecture).

The result of the study is made of:
• the quantitative statistical results e.g. numerical values and tables,
• classical graphics such as histograms.
One principle of the GUI is that the computation is made as simple as possible by

providing:
• the classical algorithms with a state-of-the-art implementation so that the users is

guided in terms of methodology,
• default parameters of the algorithms whenever possible so that the non-expert user

can use complex algorithms based on self-speaking parameters,
• an easy access to the high performance computing resources (provided in the JobMan-

ager of SALOME), submitting the job with parallel computing if required,
• an automated connection to the computer code (using the API integrated in SA-

LOME).

3.2 Overview
The interface is organized so that user can progress step-by-step in the study. The main
features of the GUI are the following.

• Physical model: defines the deterministic numerical simulator G through which we
want to propagate the uncertainties.

• Probabilistic model : defines the joint probability distribution function on the input.
Once these two steps have been performed, the following features are available.

• Central dispersion: estimates the central dispersion of the output Y (e.g.mean, vari-
ance, distribution).

• Threshold probability: estimates the probability that the output exceeds a given
threshold S.

• Sensitivity analysis: estimates the importance of the inputs to the variability of the
output.
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Figure 1: Internal architecture of the GUI.

3.3 Internal software architecture
In this section, we present the software architecture of the interface. This hidden part of
the software required a lot of attention in order to provide both a flexible interface (for the
user) and a powerful way of driving it (for the developer).

The architecture of the GUI provides two different entry points to the GUI:
• an interactive entry point based on keyboard and mouse interactions,
• a Python entry point which allows to program the GUI.

While the interactive entry point is the main goal of the GUI, the second entry point provides
two different advantages.

• It allows to make Python unit tests of the GUI, which would otherwise be technically
difficult to perform. Indeed, the otgui Python module allows to dynamically update
the content of the GUI, as a user would do by interactively using the keyboard or the
mouse. This feature is essential for the quality of the GUI.

• It allows to go beyond the widgets available in the GUI, by giving access to the in-
ternal data structures that can be used in combination with Python (including the
OpenTURNS Python module embedded in the GUI) to perform computations not
directly available in the GUI. This feature is essential for advanced users.

The figure 1 presents the architecture of the GUI, which is based on a C++ source code,
organized in three layers: I0, I1, V0.

• The Model layer I0 only depends on OpenTURNS and can be called in Python (with
an interface automatically generated with SWIG). This is the layer used in the unit
tests.

• The Model layer I1 is a thin software layer which depends on QtCore and implements
the signal/slot classes of the Qt C++ library.

• The View layer (V0) implements the view (i.e. the widgets that the user can interact
with) and is made of C++ classes using the Qt C++ library.

The GUI depends on several components including OpenTURNS to perform the compu-
tations, YACS to evaluate the G function within SALOME (optional), Qt4 to provide the
graphical widgets, Qwt for the Qt graphics and Sphinx to generate the help pages (optional).
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Figure 2: The graphical user interface of OpenTURNS.

4 A tutorial
4.1 Overview
The figure 2 presents the main window of the graphical interface. The work space contains
the menu bar (on top), the toolbar (on top), the study tree (on the left) and the other
graphical windows (on the right). In the bottom left of the figure, the Graphic configuration
tool allows to configure each plot: the user can configure the X and Y labels, the range (i.e.
the bounds of the plot) and the title.

On the top left side, the study tree contains the various objects created by the user during
a study, as shown in the figure 3. Several studies can be managed at the same time. The
name of each element created by can be modified by double-clicking on the element. The
items Deterministic study, Probabilistic study and Designs of experiment cannot be renamed
because these are the features of the tool and not objects created by the user. Right clicking
on these elements gives access the context menu of the elements. Any item can be removed
thanks to this context menu.

The bottom of the GUI provides a Python console, which can execute Python statements
(including OpenTURNS statements) and dynamically updates the interface when required.
This Python console is presented in the figure 4. This feature is possible because of the
Model-View architecture of the GUI described previously. It allows to program the interface
with Python statements. Furthermore, when a feature is not directly available in the GUI,
the user can interact with Python objects in order to make computations that the GUI
does not allow directly. For example, we can create a graphics with the Matplotlib Python
module, which then appears as a separate graphics window.
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Figure 3: The Study tree gathers the objects created by the user to perform the study.

Figure 4: The integrated Python console.

4.2 The physical model
The first step in the study is to create a physical model. For some basic studies and during
most training sessions, we often use a simple simulator, where the output Y is a simple
symbolic expression involving the inputs X. The figure 5 shows how the formula can be
defined. The dialog box contains two tables:

• The Inputs table presents the input variables. Each input variable is described by
its name, its description and its default value. The Name, generally a short word, is
used in the tables or the graphics when a short description of a variable is required in
order to save space in the dialog box or in the graphics. The Description, generally
a full description of the physical meaning of the variable along with its unit, is used
in the graphics, when the physical space is less limited. The Value is a default value
parameter which is used if the variable is deterministic. It is also used to compute the
default parameters of the associated marginal distribution. We can add or remove an
input variable with the associated buttons.

• The Outputs table presents the output variables. Each output variable is described
by its name, its full description and a symbolic formula. This formula can involve
operators (e.g. >, <), functions (e.g. sin, sqrt) and constants (e.g. _pi and _e). The
Evaluate button evaluates all the output variables depending on the input variables.

For more complex studies, a Python script can be used, which allows to use all the power
of the Python environment (e.g. Numpy and Scipy) and may allow to connect to a software
provided in executable form on the command line (e.g. a commercial software).

Perhaps one of the most spectacular feature is the ability to connect to complex simula-
tors available in SALOME. Provided that the simulator comply to the requirements of the
SALOME system and provides a YACS schema to evaluate the output Y depending on the
inputs X, the GUI can read the XML file defining this schema. Once done, the complex
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Figure 5: A physical model based on a symbolic formula.
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Figure 6: Physical Model: a sample SALOME study based on the evaluations of ASTER within
a YACS schema.

simulator can be evaluated without requiring any programming from the user. Moreover,
any push to the Evaluate button submits the job to SALOME, using remote HPC resources
if available : the data is transfered to and from the computer code without any programming
from the user.

The figure 6 presents the physical model associated with a simulation based on Code-
ASTER. This simulation computes the temperature T on the top of a geometry depending
on its height H and the conductivity coefficient C of the material. In order to propagate the
uncertainties through this model, the user loads the XML file which defines the parametric
deterministic ASTER study. This reads the input and output variables defined in the study
along with the default values of the parameters. Moreover, the parameters associated with
the computational resources for the evaluation of the YACS schema are loaded, so that the
ASTER computation can be done in parallel.

4.3 The probabilistic model
The next step is to configure the joint distribution of the input vector, as shown in the figure
7. In the left part, the interface automatically creates one marginal for each input variable.
This variable is enabled by default (with the checkbutton on the left) so that all variables are
probabilistic. This can be disabled bu unchecking the button if the corresponding variable
is deterministic instead of the probabilistic. In this case, the default value, configured in the
Physical model, is used. The probability distribution function of the variable can be chosen
in the combobox under the Distribution column within a collection of 18 distributions in-
cluding the most commonly used continuous distributions (e.g. normal, uniform, lognormal,
triangular) or more advanced (Weibull, Gumbel, logistic, gamma, beta, exponential). The
right part of the dialog box allows to configure the parameters of the distribution. The
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Figure 7: Probabilistic model: the definition of the joint probability distribution of the input X.

probability distribution function is plotted on the top of the dialog box. The user can plot
either the probability distribution function or cumulated distribution function by using a
radiobutton not shown in the figure. The bottom of the dialog box allows to select the
parameters of the distribution. Any distribution can be optionally truncated with a lower
bound or an upper bound (or both).

There are interesting features which are provided along with this important dialog box.
When the probabilistic model is created, the default distribution is the normal distribution.
Its parameters are computed from the default values of the physical model: its mean is the
default value and is standard deviation is computed so that the coefficient of variation is
0.1 (i.e. the standard deviation is equal to the mean times 0.1). Then, if the user selects
another distribution, the parameters of the distribution are also computed from the default
values available from the physical model. For example, if the uniform distribution is chosen,
the bounds are computed so that they are centered on the default value.

When the user changes the value of a parameter, the plot is automatically updated which
allows to see how the changes in the parameters reflect in the distribution. The plot can be
explored dynamically with the mouse.

• The left click allows to interactively change the X and Y range of the plot.
• The scroll wheel allows to zoom (scroll up) or unzoom (scroll down).
• Moving the pointer in the plot prints the X and Y values.

Moreover, the plot can be exported in various formats, including png and pdf.
For the distributions where several parametrization are available, the Type combobox

selects which parametrization is to be used. For the Lognormal distribution for example,
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Figure 8: Limit state study: configuration of the threshold.

we can configure the mean and standard deviation of the random variable or the mean and
standard deviation of the logarithm of the random variable. Furthermore, the interface
automatically computes the values of the parameters in the target parametrization from the
values of the parameters in the source parametrization, solving nonlinear equations when
required.

If there is a statistical dependency, we can optionally configure the Spearman’rank which
are converted into the covariance matrix of the associated Gaussian copula. The default is
to consider a diagonal Spearman’s rank matrix, so that the variables are independent. Limit
state study

Suppose that you want to estimate the probability that the output is below a given
threshold. The "Limit State" feature of the GUI allows to select the output, the operator
and the threshold as shown in the figure 8.

We can now configure the parameters of the Monte-Carlo algorithm. This can be done
by setting the maximum coefficient of variation of the estimated probability as shown in the
figure 9. This ensures that the estimate of the threshold probability is at least as accurate
as the coefficient of variation states. The default value of the coefficient of variation, 0.1,
ensures that the probability estimate roughly has at least 1 significant digit, i.e. the order
of magnitude of the probability is correct. In order to restrict the CPU time required to
perform the simulation, the interface does not call the function G more than specified in
the Maximum outer sampling field. Within these limits, the algorithms calls the function
G by blocks which size is defines in the Block size field. This increases the performance of
the simulation by vectorization. In the particular situation where the computer code G is
parallelized, this parameter can be configured as the number of processors available in the
supercomputer.

The Summary tab presented in the figure 10 displays the results of the study:
• the output used for the probability estimation,
• the number of simulations (i.e. calls to the physical model) actually performed,
• the failure probability, its coefficient of variation and the corresponding confidence

interval at 95%.
The Histogram tab in the figure 11 presents the histogram of the output sample. The

red vertical line in the histogram is the threshold. In the bottom left, the Graph settings
dialog box allows to configure the labels of the graphics.

4.4 Central dispersion study
The GUI provides two algorithms for central dispersion studies: with Taylor expansion
for nearly linear functions G or with Monte-Carlo. For the Taylor expansion, there is no
parameter to adjust. Indeed, the gradient of the function is approximated based either on
exact derivatives (if the function is symbolic) or with finite differences (if the function is a
Python function or a YACS schema). In the Monte-Carlo dialog box presented in the figure
12, the user can configure its parameters, for example the size of the sample.

The Done button runs the simulation. The richest content is available for Monte-Carlo
studies. The figure 13 presents the top part of the summary of the output of such a study.
The top combobox allows to select the output that we want to study (here, the height H).
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Figure 9: Limit state study: configuration of the Monte-Carlo algorithm.

Figure 10: Limit state study: the results.
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Figure 11: Limit state study: histogram of the output.
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Figure 12: Central tendency study: configuration of the algorithm.

The Minimum and Maximum section presents the two samples which lead to the minimum
and maximum output H.

The figure 14 presents the bottom part of the Summary tab. This presents the moments
estimates, including an estimate of the mean and a 95

The other tabs present different graphics allowing to analyze the results. The Scatter
plots tab presented in the figure 15 allows to plot any output versus any input. As with any
other graphics in the interface, the "Graph settings" widget on the left allows to configure
the graphics.

4.5 Sensitivity analysis
The global sensitivity analysis ranks the inputs with respects to their importance in the
variability of the output. The interface provides two different methods to perform the
sensitivity analysis.

• The standardized regression coefficients indices are based on a linear regression of the
output with respect to the input variables. These indices are based on the hypothesis
that the relation between the inputs and the output is linear.

• The Sobol’ sensitivity indices are based on a variance decomposition of the output. The
interface estimates the first order indices, i.e. the separate influence of each variable,
and the total order indices, i.e. the influence of each variable, including its interactions
with other variables.

Both methods are based on sampling algorithms: the user must select the size of the
sample (the default sample size is 10 000). The figure 16 presents the Sobol’ sensitivity
indices of a given physical model. The top part of the dialog presents the plot of the
sensitivity indices of each variable. The bottom part of the dialog presents the table of
numerical results, where each line contains the first and total indices of a variable.

This dialog box is associated with interesting interactive features. If the user clicks
on the "Total order index" column title, the lines of the table are sorted in decreasing or
increasing order. The reordering automatically and dynamically updates the graphics, by
reordering the labels of the variables in the X-axis. For example, this feature allows to
order the variables by decreasing total order indices, so that variables with low indices can
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Figure 13: Central tendency study: the summary results (top part).

Figure 14: Central tendency study: the summary results (bottom part).
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Figure 15: Central tendency study: the scatter plot of an output vs an input.
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Figure 16: Sensitivity analysis: Sobol’ sensitivity indices.
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be identified as non-important variables: these probabilistic variables can be replaced by a
constant without changing the variability of the output. Another feature allows to detect an
inconsistent sample size. Mathematically, the total order indice is always greater or equal
to the first order indice. However, if the sample size is too low, the estimates do not respect
this constraints. The GUI signals this by inserting warning icons within the table. In this
case, the user should run a new sensitivity analysis with a greater sample size.

5 Current development
5.1 Future features
The next release will provide the following features.

• Step B :
– given a univariate sample, fits a distribution by estimating its parameters and test

the hypothesis based on the KS test,
– given a multivariate sample, estimates the dependence by estimating the param-

eters copula which fits best (e.g. Gaussian, Franck, Gumbel),
• Step C :

– for central tendency and sensitivity analysis, the user can configure the maximum
coefficient of variation,

– estimate a threshold probability with FORM and importance sampling algorithms,
• Metamodel : given a (X,Y) sample, create a metamodel (Generalized Polynomial Chaos

or kriging) a convert it into a physical model.

5.2 Interactive uncertainty visualization in Paraview
Paraview[5] is a visualization software which is used in SALOME in order to visualize ge-
ometries, meshes and fields. However Paraview also provides multidimensional data analysis
tools that are interesting with respect to uncertainty quantification. This is why we are de-
veloping the components that will allow the OpenTURNS GUI to embed Paraview graphics
to visualize the results of simulations. The figure 17 presents the Plot Matrix View and
Parallel Coordinate View for a sample generated by the OpenTURNS GUI. This sample
has 1000 experiments and represents the link between the inputs Q and Ks and the output
S.

The main advantage of the Plot Matrix View (PMV) and Parallel Coordinate View
(PCV) graphics is the interactivity. For example, in the Parallel Coordinate View on the
right of the figure, we have selected the output S greater than -5. In the Parallel Coordinate
View, the corresponding computations have been drawn in red, the remaining lines being in
black. Furthermore, the two graphics (PMV and PCV) are linked so that the corresponding
experiments are highlighted in the Plot Matrix View. It allows to see that a large value
of Q combined with a small value of Ks both lead to a large value of S. In order to get
the graphics, we currently have to export the data in the CSV format and import it in the
Paraview Spread Sheet View. In the future release, the graphics will be embedded within
the GUI, along with the current Qt graphics.

5.3 Multidimensional uncertainty propagation
The current version of the GUI allows to map an input random vector to an output ran-
dom vector. However, there are situations when the input or the output cannot be simply
described as a vector. More precisely, it happens that the data is better described as a func-
tion of time and space. For example, consider the situation where the output is the thermal
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Figure 17: Paraview: Plot Matrix View and Parallel Coordinate View.
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Figure 18: The height of the river Garonne from Tonneins to La Réole (France), averaged over
70 000 random simulations of TELEMAC2D.

power of a nuclear power plant. This power may be modeled as the solution of an ordinary
differential equation, so that the power is a scalar function of the time. Another example is
when the output is the height of a river for a given two dimensional spatial domain. In this
case, the central tendency study can be performed by a simple random sampling, leading to
a sample of fields.

Telemac-Mascaret is a set of computational fluid dynamics modules dedicated to free
surface flows and groundwater flows[2]. The figure 18 presents a simulation based on the
hydraulic simulator TELEMAC2D. A sample of 70 000 simulations has been performed for
a 50 km segment of the Garonne river: the empirical mean on each point of the 2D mesh
has been performed. This shows that the mean river height is higher within the minor bed
of the river (as expected), but specific parts of the major bed might have a high mean as
well.

The current computation is essentially based on Python scripting, based on the Open-
TURNS Python module and TELEMACS2D simulations. The goal of this future develop-
ment is to be able to manage this situation in a fully automated way. This involves several
enhancements with respect to the current state.

• Being able to submit and retrieve a set of simulations performed by TELEMAC2D and
driven incrementally by OpenTURNS based on a given accuracy criteria. This is at
the interface between OpenTURNS which generates the inputs, TELEMAC2D which
generates the output and SALOME which submit the jobs on the supercomputer.

• Being able to estimate the central tendency of a field, which includes estimating the
mean and confidence intervals on this mean. This is a pure OpenTURNS computation.

• Being able to visualize the mean field and other statistical results as well. This is at
the interface of the GUI and Paraview.
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Abstract. The existence of uncertainties, associated with the operating conditions or manu-
facturing imperfections, occur quite often in aerodynamic optimization problems. In this paper,
a workflow for shape optimization in the presence of environmental uncertain flow conditions,
varying stochastically around an average value with an a–priori known standard deviation,
is presented. To do so, the Uncertainty Quantification (UQ) for the objective function needs
to be carried out. This is based on the non-intrusive Polynomial Chaos Expansion (niPCE)
method [1], which allows for a controllable number of calls to the CFD tool used to evaluate
each candidate solution, compared to other sampling methods such as Monte–Carlo. Within
the proposed workflow, PCE is combined with the optimization platform EASY (Evolutionary
Algorithms SYstem) [2], which undertakes the optimization task. The overall process is fully
automated. The shape under consideration is parameterized using CAD-free approaches, such
as Radial Basis Function techniques or the combined use of two cages and the corresponding
Harmonic Coordinates, which are responsible only for surface deformations whereas, as it will
be explained below, other morphing/smoothing [3] tool undertakes the adaptation of the CFD
mesh to the updated boundaries at each optimization cycle. The PCE method selects the points
(Gaussian nodes) in the design space to be evaluated and the computed performance metrics
are integrated with weights indicated by the Gauss integration rules, in order to compute the
mean value and standard deviation of the objective function of the flow problem under uncer-
tainties. The aforementioned tools are applied in two problems, in which OpenFOAM is the
CFD evaluation software.
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1 INTRODUCTION

In aerodynamics, shape optimization under uncertainties [4, 5] aims at designing a shape that
performs efficiently in a range of operating points determined by stochastically varying flow
conditions or in the presence of manufacturing imperfections. In this paper, a workflow that
performs 2D or 3D aerodynamic shape optimizations under uncertainties, exclusively caused
by variations in the flow conditions, is presented and demonstrated in two cases.

Let us denote the function characterizing the performance of an aerodynamic body (at a sin-
gle operating point) by F=F (~b, ~U(~b)), where ~b∈RN is the design vector controlling the shape
and ~U denotes the flow variables. In the presence of uncertain flow conditions, the objective
function to be optimized can be generally expressed as F̂=F̂ (~c, F (~c,~b, ~U(~b,~c))) to denote the
dependency of F̂ on the stochastically varying environmental variables ~c ∈ RM . One of the
most frequently used forms of F̂ is

F̂ = µ̂F ± κσ̂F (1)

in which F̂ is expressed as a linear combination of the mean value (µ̂F ) of F and its standard
deviation (σ̂F ) weighted by κ. In the literature, there are some, stochastic or deterministic,
methods of computing/estimating the mean value and the standard deviation of a function. A
well-known stochastic technique is the Monte–Carlo (MC) [6] one, which may become very
expensive in terms of CPU, since a great number of stochastic variable data-sets should be
evaluated by the CFD software (in CFD-based shape optimization problems). To decrease the
cost of MC, techniques such as Quasi-MC [7] and Latin-Hypercube Sampling [8] have been
developed. On the other hand, a rival method to cope with the same problem is the Method of
Moments [9], in which the adjoint method [10] and direct differentiation are used to compute
up to second–order derivatives of F with respect to (w.r.t.) the environmental variables ~c in
order to get the first two statistical moments of F with second-order accuracy. This method
proves to be a viable alternative of MC techniques, though its computational cost depends on
the number of stochastic variables. In case of a gradient-based optimization method, F̂ needs
to be differentiated w.r.t. the design variables~b, which means that third–order mixed derivatives
of F w.r.t the environmental (twice) and the design variables (once) are required. This has been
presented, for the first time in the literature, by the NTUA group in [9, 11].

In this work, the computation of the µ̂F and σ̂F relies on the PCE technique [1, 12]. There
are two ways to implement this technique, the intrusive and non-intrusive one. In the intrusive
PCE variant, every uncertainty affecting the flow model should be introduced in the governing
equations, adding complexity to the problem to be solved. In the non-intrusive variant, which
is the one used herein, the evaluation software is used as black–box to compute the objective
function values for predefined data–sets of the uncertain variables. The latter are the Gaussian
nodes determined by the Gauss integration rules according to which the computation of µ̂F and
its σ̂F is the weighted sum of F taken on at these nodes.

2 THE PROPOSED WORKFLOW AND ITS CONSTITUENTS

In shape optimization, a technique to parameterize the aerodynamic shapes should be avail-
able. In this framework, CAD–free approaches using either Radial Basis Functions (RBF) or
control cages based on the Harmonic Coordinates (HC) are employed. The coordinates of the
RBF centers or the HC cage knots form the design variables vector (~b). Over and above, a mesh
morpher/smoother (Rigid Motion Mesh Morpher; R3M) is used to adapt the deformations in the
3D computational mesh. The latter is generated for the reference geometry using CFD–GEOM
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[13]. Regarding the uncertain variables (flow conditions), it is assumed that these follow a nor-
mal distribution around an a–priori known average value and standard deviation. The general
purpose optimization platform EASY (Evolutionary Algorithms SYstem, [2]) undertakes the
optimization through Metamodel–Assisted Evolutionary Algorithms, MAEAs [14, 15]. The
overall workflow is outlined in Fig. 1.

Figure 1: Workflow for CFD-based shape optimization under uncertainties.

2.1 Optimization Platform

The EASY software [2] can handle single- or multi-objective, constrained or unconstrained,
optimization problems by accommodating any evaluation software as a black–box. EASY
implements a population–based Evolutionary Algorithm (EA) that handles three populations,
namely the parents, offspring and elites and applies evolution operators in conformity with the
binary or real encoding of the design variables. For each offspring, the UQ w.r.t. a perfor-
mance metric F (such as the drag, lift, losses, etc.) should be carried out. This is based on
the niPCE where the evaluation tool (herein the CFD s/w) is used, for different sets of the un-
certain variables, along with the Gauss quadrature integration formula. Among the important
features of EASY is the smart use of low–cost surrogate evaluation models (metamodels; artifi-
cial neural networks) during the optimization giving rise to the so-called Metamodel–Assisted
EA (MAEA). This is appropriate for computationally demanding problems such as those with
uncertainties, where the niPCE requires many calls to the CFD tool. In the MAEA, local meta-
models, on–line trained for each and every new individual generated during the evolution, are
used. For all but the first few generations, the metamodels are used to pre–evaluate the offspring
population by, practically, interpolating the F̂ value using archived previously evaluated indi-
viduals and only the most promising members (according to the pre–evaluation on metamodels)
are selected to undergo CFD–based evaluation.
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2.2 Control of the Shape and Mesh Morphing

This section describes briefly the two CAD–free approaches utilized in this workflow, based
either on RBF networks or HC cages. These tools are responsible only for modifying the shapes
whereas the CFD mesh is adapted to the changed shape using a mesh morpher.

2.2.1 Radial Basis Function Model

The use of the RBF model involves two steps, namely training and implementation. Initially,
the user has to define the so–called RBF centers. The K RBF centers can either be a subset of
the mesh nodes lying on the shape to be optimized or some user–defined nodes around it. The
coordinates of the RBF centers form the design vector. The displacement ∆~r of any CFD node
on the shape, initially located at ~r, is given by

∆~r =
K∑
i=1

~wiφ(||~rci − ~r||) (2)

where ~rci is the initial position vector of the RBF center i, φ is the RBF activation function and
~wi weight coefficients, as many as the RBF centers, for each Cartesian direction. To compute
them, the model needs to be trained and, to this end, eq.2 is applied K times on the K centers
of the RBF model and needs to be satisfied for all Cartesian coordinates. For the training, the
displacements ∆~r, of the RBF centers, generated anew during the evolution, are used.

2.2.2 The Harmonic Coordinates two–cage Model

Cages based on HC, initially proposed for character articulation [16] is a technique to pa-
rameterize the points in a 2D or 3D domain. In an HC–cage–based parameterization, surface
deformations are controlled by the so–called “cage” (a topologically flexible structure) that en-
closes the surface under consideration. An HC–based technique that may control both shape
deformations and CFD mesh adaptation (not used, though, in the problems studied in this paper)
to the new geometry has been proposed in [17], by adopting a two–cage control mechanism.
The cages are filled with a quite coarse unstructured mesh and the nodal HC values on the coarse
mesh are computed by solving as many Laplace equations as the cage control vertices, with ap-
propriate boundary conditions. The HC fields are, then, interpolated from the cage nodes to the
CFD mesh nodes. Thus, the CFD mesh (or its boundary only, as in the examined problems) can
be controlled by displacing the HC cage control vertices, which become the design variables in
the optimization problem. In the two-cage structure, the inner cage controls both the shape de-
formation and mesh morphing while the outer cage limits the effect of morphing and guarantees
a smooth transition, without inverted elements, between the CFD mesh parts that lie inside and
outside the outer cage. Thus, the outer cage vertices should remain still during the optimization
and Laplace equations are not solved for them.

261



A. G. Liatsikouras, V. G. Asouti, K. C. Giannakoglou, G. Pierrot, M. Megahed

2.2.3 Morphing–Smoothing Tool

Usually, whenever a CAD–free parameterization tool, such as HC cages or RBF networks,
is used, the same tool can also undertake the adaptation/deformation of the CFD mesh to the
updated shapes. However, in the workflow presented herein, the CFD mesh adaptation is con-
trolled by a mesh morpher.

In the literature, several morphing techniques such as those in may be found. Most of them
cannot handle mesh anisotropies. The Rigid Motion Mesh Morpher and its adaptive smoother
(R3M) [3], used in this work, is a meshless method and belongs to the optimization–based
methods. The internal nodes of the CFD mesh are displaced so as to minimize a given distor-
tion metric. Therefore, it can handle mesh anisotropies since it favours rigidity in the critical
directions of imminent distortion. The basic idea is to keep some parts/elements of the CFD
mesh (referred to as stencils) as-rigid-as-possible. An example of such a stencil handled by the
morpher could be a cluster of neighbouring grid nodes. By definition, ’Rigid Motion’ refers to a
movement of a body without changing its shape or size. Obviously, this cannot be kept entirely
rigid, since this would be in contrast with the mesh adaptation, even if there are ways to favour
rigidity in the critical directions, when distortion of an element/part becomes imminent.

If a stencil (s) in motion was totally rigid, its motion could be associated with a translation
and a rotation velocity, ~αs and~bs respectively. In this case, the velocity of any node i belonging
to this stencil would be

uis=~αs +~bs×(~xi − ~cs) (3)

where ~xi is the position vector of node i that belongs to stencil s. Since the motion of a stencil
cannot always be entirely rigid, the actual velocity of node i would be ui 6= uis. R3M and its
smoother tends to minimize the difference between these two velocities (with some weighting
coefficients ws and µjs) for each and every stencil node. Moreover, in order to enforce smooth-
ness of the surface, a subset of its nodes are selected as handles which control surface changes.
For each handle node, there is also an underlying node which is free to move with a different ve-
locity. By displacing the handle nodes (Fig. 2), the CFD mesh nodes are moved by minimizing
the so–called ’Morpher’s Energy’

E=
∑
s

ws
∑
j∈s

µjs

[
~uj−~αs−~bs×(~xj − ~cs)

]2
+
∑
i∈H

λi

(
~ui−~V t

i

)2
(4)

where ~uj is the actual velocity of node j, ~xj is its position vector, cs the center of the gravity of
the stencil s, ~V t

i is the so–called target velocity of the handle (displacement of CFD mesh node
i on the shape) and λi a weighting coefficient standing for the stiffness of a spring connecting
the handle with its underlying node. If Nn is the number of all the CFD mesh nodes (including
the surface nodes), Ns the number of stencils andNh the number of handles, then the unknowns
in eq. 4 are the Nn nodal velocities (~ui), the Ns translation velocities (~as) and the Ns rotation
velocities (~bs) of the stencils. Once the Nh target velocities of the handles become known, the
morpher’s energy, eq. 4, is minimized in the least squares sense, by finding the stationary points
w.r.t. the corresponding unknowns by satisfying ∂E

∂~uj
=0, ∂E

∂~as
=0 and ∂E

∂~bs
=0, [3].
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Figure 2: For any displacement of the handles (red squares) ~V t
i , the minimization of the energy expressed in eq. 4

computes the displacements of the CFD nodes.

2.3 UQ using Non-Intrusive PCE

Let F (~ξ) be a stochastic function, where ~ξ is stochastic variable and w(~ξ) its probability den-
sity function (PDF). We also assume a family of orthogonal polynomials Ψi(~ξ), where i is the
maximum degree of each polynomial. According to the PCE theory [1], F can be approximated
through the linear combination of orthogonal polynomials Ψi(~ξ),

F (~ξ) ' f(~ξ)=

q∑
i=0

αiΨi(~ξ) (5)

where q is the user-defined chaos order, truncating eq. 5 which might otherwise have an infinite
number of terms. The mean value (µF ) and variance (σ2

F ) of F can be expressed as

µ̂F =

∫
f(~ξ)w(~ξ)d~ξ , σ̂2

F =

∫ (
f(~ξ)− µ̂F

)2
w(~ξ)d~ξ (6)

By developing eqs. 6 and making use of appropriate Galerkin projections, the final expres-
sions of the first two statistical moments of F , become

µ̂F =α0 , σ̂F =

√√√√ q∑
i=1

α2
i (7)

The PCE coefficients required in eqs. 7 result from the following integrals

αi =

∫
D

F (~ξ)Ψi(~ξ)w(~ξ)d~ξ, i = 0, 1, . . . , q (8)

where D is the design space in which F is defined.
The integrals in eq. 8 can be evaluated by the Gauss quadrature integration formula in the

domain D. According to this, each integral can be approximated by the weighted sum of the
performance metric F values at n (the value of n depends on the desired accuracy) points zi
within the domain of integration, namely∫

D

F (~ξ)w(~ξ)d~ξ=
n∑
i=1

tiF (zi) (9)

where ti are known weights.
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3 APPLICATIONS

In this section, the workflow (Fig. 1) is used and results are demonstrated in two external
and internal aerodynamic problems. In both, OpenFOAM was used for the evaluation of each
aerodynamic shape.

3.1 Optimization of a 2D Isolated Airfoil Under Uncertainties

The first problem is dealing with the design of an airfoil (Fig. 3), in which the goal is
to optimize its shape by maximizing the objective function F̂ = µ̂F − σ̂F . The performance
metric F is the lift coefficient CL, F̂ is thus defined in the worst case scenario. The initially
generated CFD mesh has approximately 88K nodes and 160K elements. The flow conditions
are: freestream Mach number M∞= 0.15 and Reynolds number based on the chord Rec =
3.33 · 106. The Spalart–Allmaras turbulence model [18] is used. The freestream flow angle
(α∞) is considered as the uncertain stochastic variable with mean value µα∞= 5o and standard
deviation σα∞=0.7o, which is assumed to follow a normal distribution. Before proceeding with
the optimization, a UQ for the baseline geometry is carried out in order to decide about the PC
order to be used. The results of this parametric study are tabulated in Table 1.

Airfoil
HC-Inner Cage Nodes

Airfoil
HC-Inner Cage Nodes

Figure 3: Shape optimization under flow uncertainties of an isolated airfoil parameterized using HC cages. Only
the inner cage is shown, with just a small part of the flow domain; the CFD mesh is not drawn either. The
coordinates of the control vertices of the red cage (red points), excluding those of the trailing and leading edge,
stand for the design variables in this problem. Left: Initial geometry and HC inner cage with its control vertices.
Right: Example of new HC inner cage position and the resulting airfoil shape.

Chaos Order q=1
PCE - µ̂F 0.879866
PCE - σ̂F 6.339144E-002

Chaos Order q=2
PCE - µ̂F 0.880710
PCE - σ̂F 6.339217E-002

Chaos Order q=3
PCE - µ̂F 0.879806
PCE - σ̂F 6.339199E-002

Table 1: Mean value and standard deviation of the lift coefficient of the starting/reference isolated airfoil. Compu-
tations performed using the non-intrusive PCE method.

From Table 1, it can been seen that chaos order q= 2 is a good compromise in terms of
accuracy and computational cost (3 CFD evaluations are needed for the UQ of a single airfoil).
The airfoil is parameterized using a pair of HC cages, as in Fig. 3. The inner/control cage
comprises 16 nodes, 14 of which are allowed to vary in both directions summing up to 28
design variables in total. The leading and trailing edges are not allowed to move. A (µ, λ) =
(8, 12) MAEA with µ parents and λ offspring was used for the optimization and the metamodels
were activated after the first 30 evaluations. In the subsequent generations, all individuals were
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pre–evaluated on the metamodels and the top two of them were selected for CFD–based re–
evaluation. For a termination criterion of 200 evaluations an increase in the objective function
(F̂ ) by approximately 23% is achieved. In Fig. 4, the initial and the optimized geometry of the
isolated airfoil are demonstrated along with the convergence of the optimization. The average
cost per UQ on an Intel(R) Xeon(R) CPU E5-2630 v2 processor is 8 min. (on 6 cores), 88% of
which stands for the cost of running the CFD evaluations.

’Initial’
’Optimized’

-1.25

-1.2

-1.15

-1.1

-1.05

-1

0 50 100 150 200

- 
F^
 /

  
F

re
f

Evaluations

Figure 4: Initial and optimized shape of the airfoil is presented. Furthermore, the convergence history of the
optimization is presented (for −F̂ ).

3.2 Optimization of S-Bend Duct Under Uncertainties

The second case deals with the shape optimization of an S-bend duct for minimum F̂ =
µ̂F + σ̂F , with F being the total pressure losses across the duct. The latter is computed at the
inlet/outlet cross sections, from the expression

∆pt =

∫
(p+ 1

2
ρ~u2)~u · ~ndS∫
~u · ~ndS

(10)

where ~u is the velocity vector, p is the pressure and ~n is the unit outward normal vector at the
boundaries of the flow domain.

The 3D CFD mesh has been generated using CFD-GEOM and consists of hexahedrals at
walls, a zone of prisms and tetrahedra everywhere else. The flow is laminar with Re=550. As
uncertain variables, the inlet velocity and the kinematic viscosity are used. It is assumed that
both uncertain variables follow normal distributions with mean values and standard deviations
as in Table 2.

Uncertain Variable mean value standard deviation
Uin(m/s) 10 0.5
ν(m2/s) 10−3 5 · 10−5

Table 2: Mean values and standard deviations of the two uncertain variables in the S–bend duct optimization
problem. Both follow normal distributions.

In Fig. 5, the initial shape of the duct is presented. The grey part of the geometry remains
fixed whereas the (green) central curved part is free to deform.
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Figure 5: Initial shape of the S–bend duct problem. The grey part of the duct is fixed (undeformable) during the
optimization whereas the green area is free to deform.

Initially, a UQ study has been performed so as to make a decision on the appropriate chaos
order. From Table 3, it is concluded that using chaos order equal to q=2 (9 CFD evaluations per
UQ) is acceptable in terms of computational cost in order to compute the statistical moments of
F .

Chaos Order q=1
PCE - µ̂F 137.89217
PCE - σ̂F 11.14798

Chaos Order q=2
PCE - µ̂F 137.73546
PCE - σ̂F 10.93479

Chaos Order q=3
PCE - µ̂F 137.77606
PCE - σ̂F 11.08064

Table 3: Optimization of the S–bend duct. Mean value and standard deviation of total pressure losses for each of
the user-defined chaos order.

After having decided the chaos order, the central curved part of the duct, which is free to
deform, is parameterized using RBF. The coordinates of the 24 RBF centers are selected as
design variables for the optimization workflow using EASY. For this case a (µ, λ) = (8, 12)
MAEA was used for the optimization along with a termination criterion of 150 evaluations.
Metamodels were activated after the first 25 evaluations and, in each subsequent generation, the
three top individuals were selected for CFD–based re–evaluation. After the optimization in this
duct, the objective function (F̂ ) is reduced approximately by 10% and the changes in shape are
shown in Fig. 6. The average cost per UQ on an Intel(R) Xeon(R) CPU E5-2630 v2 processor
is 38 min., about 94% of which is the cost of performing the 9 CFD evaluations.

Figure 6: Optimization of the S–bend duct. Total pressure distribution in the optimal duct at each Gaussian node
(i.e. set of flow conditions) indicated by the Gauss integration formula. This optimal duct yields about 10% less F̂
value than the starting geometry.
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4 CONCLUSIONS

This paper presents an automated workflow for performing aerodynamic shape optimization
under flow uncertainties. The UQ of the performance metric is based on the non–intrusive
PCE technique. CAD–free approaches (RBF or HC cages) are controlling the shape under
consideration and R3M with its adaptive smoother are responsible for adapting the CFD mesh
to the updated geometry. The shape optimization is performed by an Evolutionary Algorithm
assisted by surrogate evaluation models. The new optimization platform has great potential
and each and every of its components could readily be replaced by other tools with the same
functionalities.
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Abstract. The objective of this work to validate a novel methodology for the identification and
quantification of possiblistic multivariate uncertainty that has been presented by the authors
in previous work. The method is based on the convex hull concept for both the representation
of uncertainty in the result of an interval finite element computation, as for the variability that
was measured on the real-life structure. Identification of the parameteric multivariate interval
uncertainty is performed by minimisation of a metric describing the discrepancy between these
convex hulls. This method has been proven to be able do deliver an accurate identification
of multivariate possibilistic uncertainty, which is also robust against certain measurement set
metrics, however only on small-scale academic examples. This paper therefore first introduces
a generic method for the reduction of the dimensionality of the identification at hand, and shows
a validation of the method on a high-dimensional, complicated numerical model. Specifically,
a test structure containing uncertainty in the stiffness of several bolted connections, introduced
during the assembly of the structure, will be considered. The uncertainty in the stiffness of these
connections is identified by using the presented method.
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1 INTRODUCTION

In the context of incorporating uncertainty on model parameters into the numerical design
models that are increasingly being used in industrial design processes, the interval method has
been shown to give an accurate prediction of the occuring uncertainty in the model responses,
based on limited data sets. Following this technique, the non-determinism is depicted as an in-
terval on the model parameters thus propagated through the numerical model, thus eliminating
the need for the identification of a full probabilistic data description, as needed for the prob-
abilistic counterparts, which may be very cumbersome. Moreover, less expensive numerical
procedures are necessary for the description of the variability [4, 11, 8], which makes these
techniques highly suitable for early design stages.

However, in order to obtain a realistic assessment of the non-determinism in the responses
of the model under consideration, an accurate estimation of the interval uncertainty at the input
side of the model is pre-emptive. The authors proposed in this context a generic methodology
for the identification of multivariate interval uncertainty [3, 2], based on the computation of
the convex hulls over the computed realisations of the input non-determinism and the set of
repeated measurement data. However the promising results obtained on simple academic cases,
no validation of the method was performed on a model having a realistic amount of degrees of
freedom. In order to apply the methodology on high-dimensional datasets, the dimensionality
has to be reduced due to the exponential complexity of the computation of the convex hulls. This
paper therefore introduces a generic reduction scheme. The method, including the identification
procedure, is illustrated using the AIRMOD test structure (see e.g., [6, 5, 7, 13]) in order to show
the performance of the method in a realistic model in conjunction with a high-dimensional
interval uncertainty associated with the parameters of the model.

2 MULTIVARIATE INTERVAL IDENTIFICATION

By definition, an interval parameter x is indicated using apex I: xI . Vectors are expressed
as lower-case boldface characters x, whereas matrices are expressed as upper-case boldface
characters X. For the remainder of the text, interval parameters are either represented using the
bounds of the interval xI = [x;x] or the centre point x̂ = x+x

2
and interval radius rx = x−x

2
.

2.1 The interval finite element method

2.2 Interval finite elements

The interval field FE method comes down to finding the solution set ỹ, when the model
parameter uncertainty is depicted as an interval field γI

F (r) ∈ IRk over the geometrical model
domain Ω, with IRk the k-dimensional space of interval scalars and r ∈ Ω ⊂ Rt. ỹ usually
spans a multidimensional non-convex region in Rd, and is therefore commonly approximated
by an uncertain realization set ỹs, which is obtained by propagating q deterministic realizations
ysj of the interval field γI

F (r):

ỹs =
{

ysj | ysj = f(γF,j(r));γF,j(r) ∈ γI
F (r)

}
(1)

Herein, ysj is a vector containing the d output responses of the deterministic solution of the
propagation of the jth input uncertainty realization, with j ∈ [1, q]:

ysj = [ys1, ys2, .., ysd] (2)
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These q deterministic propagations should represent the solution set ỹ as close as possible.
In the case of strict monotonicity of f(), also the transformation method [8] can be used.

2.3 Multivariate interval identification

This section explains the novel methodology for the identification and quantification of mul-
tivariate interval uncertainty, as presented by the authors in [2, 3]. This methodology is based
on the comparison of a set of repeated real-live measurements ỹm, performed on the physical
component under consideration, with the result of the interval computation ỹs. For the com-
parison, a convex polytope is constructed around ỹm and ỹs. Specifically, the convex hulls of
ỹm and ỹs, respectively Cm and Cs, as well as the corresponding d-dimensional volumes Vm
and Vs, are hereto computed. All convex hull computations are performed using the QHULL
library, which makes use of the Quickhull algorithm [1]. Identification of αI is performed by
minimising a cost function δ(αI), which described the discrepancy between ỹs and ỹm:

δ(αI) =
(
∆V 2

m + ∆V 2
o + ∆c2

)
(3)

with:

∆Vm = 1− Vs(α
I)

Vm
(4a)

∆Vo = 1− Vo(α
I)

Vm
(4b)

∆c =
∥∥cm − cs(αI)

∥∥
2

(4c)

with cm and cs the geometrical centres of mass of respectively ỹm and ỹs. Vo is the multidi-
mensional volume of the overlap ỹo between ỹm and ỹs. The interval vector αI,∗, used for the
construction of γI

F (r), is finally determined as :

αI,∗ = argmin
(
δ(αI)

)
(5)

2.4 Response set dimensionality reduction

The numerical computation of the convex hull and the corresponding multi-dimensional vol-
ume is done using the QHULL library, which uses the ”Quickhull” algorithm, as developed by
Barber et al. [1]. The time complexity, of the Quickhull computation of a convex hull is in a
worst case scenario:

O(bv
d
2
c c/b

d

2
c!) (6)

with vc the number of vertices of Cs[1]. Therefore, care should be taken when computing convex
hulls over large response vectors in Rd.

In order to prevent the computation of the convex hulls in general d dimensions, the mea-
surement data set and uncertain realisation set are projected onto a dr-dimensional orthogonal
basis, with dr << d. In a first step, an orthogonal basis B is constructed in Rdr , which is defined
as:

B = {φm,d−dr ,φm,d−dr+1, ...φm,d} (7)
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with dr chosen as such that all non-zero dimensions are included in B, and φm the eigenvectors
corresponding to the dr largest eigenvalues of the covariance structure of the measurement data
set ỹm. Subsequently, all dr!

d+r !(dr−d+r )!
d+r -dimensional projections from this Rdr-dimensional are

constructed, and they are gathered in a set B+.
For the actual reduction, the realisations ysj ∈ ỹs are first normalised to a normalised interval

yn
sj , having following properties:

ŷn
sj = 0 (8)

rynsj = 1 (9)

These yn
sj are subsequently concatenated into a matrix Ỹn

s ∈ Rd×q, which is defined as:

Ỹn

s = [yn
s1, y

n
s2, ..., y

n
sq] (10)

with yn
sj , j = 1..., q the q realisations of ỹs, and are then projected onto the ith projection B+

i of
the orthogonal basis B such that:

Ỹn,r

s = ỸT

s B+
i = [ŷn,r

s1 , ŷ
n,r
s2 , ..., ŷ

n,r
sq ] (11)

The q realisations ŷn,r
sj ∈ Rdr , j = 1..., q of the projected, and thus lower-dimensional,

uncertain realisation matrix Ỹn,r

s are then used to construct the reduced uncertain realisation set
ỹr
s. The convex hulls Cm and Cs are also computed in the d+r dimensional projections of this
dr-dimensional vector space. Incorporating this in the optimisation problem, presented in eq.
(5), this yields:

δ(αI) =

dr !

d+r !(dr−d+r )!∑
i=1

(
∆V 2

m(B+
i ) + ∆V 2

o (B+
i ) + ∆c2(B+

i )
)

(12)

with:

∆Vm = 1− Vs(α
I ,B+

i )

Vm(B+
i )

(13a)

∆Vo = 1− Vo(α
I ,B+

i )

Vm(B+
i )

(13b)

∆c =
∥∥cm − cs(αI)

∥∥
2

(13c)

and where (B+
i ) is used to indicate that the respective multidimensional volumes are computed

using the ith projection of the dr dimensional orthogonal basis. The total error is computed as
the sum of squared errors over all considered projections.

3 CASE STUDY

3.1 AIRMOD model

The DLR AIRMOD structure is used in this paper to demonstrate the application of the pro-
posed uncertain set reduction method and the corresponding indentification procedure. First,
a measurement data set is generated by forward propagation of well-defined intervals that are
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defined on model parameters. This high dimensional data set is subsequently reduced by pro-
jecting it on a lower-dimensional basis. The identification of the interval uncertainty, based on
the method presented in [3, 2], is then performed using well-defined projections of the measure-
ment data set in this lower-dimensional basis.

Table 1: Non-rigid eigenmodes and eigenfrequencies of the deterministic model

Description f no Description f
1 2nd wing bend 5.50 Hz 14 7th wing bend 145.91 Hz
2 3rd wing bend 15.11 Hz 15 2nd HTP bend 206.73 Hz
3 1st ant-sym. wing tors 31.31 Hz 16 1st HTP fre-aft bend 225.73 Hz
4 1st sym. wing tors 33.62 Hz 17 1st wing bend right 261.53 Hz
5 1st VTP bend 35.39 Hz 18 1st wing bend left 262.64 Hz
6 4th wing bend 44.66 Hz 19 3rd wing fre-aft bend 278.71 Hz
7 1st wing fre-aft bend 47.21 Hz 20 1st winglet bend left 320.15 Hz
8 2nd wing fre-aft bend 52.91 Hz 21 1st winglet bend right 321.64 Hz
9 5th wing bend 60.59 Hz 22 3rd fuselat bend 324.12 Hz
10 1st VTP tors 67.69 Hz 23 2nd sym. wing tors 336.31 Hz
11 2nd fuse lat bend 102.59 Hz 24 2nd ant-sym. wing tors 341.15 Hz
12 2nd VTP bend 128.62 Hz 25 4th wing fre-aft bend 343.55 Hz
13 6th wing bend 132.08 Hz 26 2nd fuse vert bend 359.54 Hz

The DLR AIRMOD structure is a scaled replica of the GARTEUR SM-AG19 benchmark.
The physical AIRMOD structure is constructed from six aluminum beams that are connected
by five bolted joints and weighs approximatly 40 kg to represent the fuselage, wings, winglets,
vertical tail plate (VTP) and horizontal tail plate (HTP). It has a wing span of 2.0 m, the fuselage
length is 1.5 m and the height is 0.46 m. The complete FE model, constructed in NX Nastran,
consists of 1440 CHEXA, 6 CPENTA and 561 CELAS1, 55 CMASS1, 18 CONM2 and 3
CROD elements, and is constructed after e.g., [5, 7, 13, 6]. This model is shown in figure ??

A set of 14 parameters including support and joint stiffness values, as well as mass param-
eters are selected for the benchmarking. These parameters, together with their deterministic
values are shown in table 2. Identification of the corresponding interval uncertainty is hence
an identification problem in 28 dimensions. This model provides a challenge for the identi-
fication procedure due to high dimensionality of the problem, as well as the combination of
symmetric/anti-symmetric mode combinations, as well as closely spaced eigenfrequencies. Ta-
ble 1 lists the non-rigid eigenfrequencies that are obtained by solving the deterministic model.
As may be noted, closely spaced eigenfrequencies are located around 30Hz and 320Hz. From
this set, the 1st, 2nd,4th,8th − 14th and 26th eigenfrequency are selected for the identification.

Measurement data are generated by sampling a predefined set of intervals on the input pa-
rameters. The intervals that were used to construct the set of measurement data is shown in
table 3 (indicated as α∗). Specifically, 85 samples are taken out of a uniform distribution be-
tween these interval boundaries. Special care is taken to track mode shifts between the different
realisations. This is done by MAC-based mode correlation.

3.2 Surrogate modelling

The interval model is solved using the Transformation Method, leading to 214 = 16384
deterministic model evaluations. Since each deterministic model evaluation takes approx. 10
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Figure 1: Illustration of the Finite Element model of the AIRMOD test structure

Table 2: Parameters that are used in the identification

Type Description Location Orientation Det. value
γ1 Stiff. Sensor cable VTP/HTP joint y 1.30 · 1002 N/m
γ2 Stiff. Sensor cable WING/FUSELAGE joint y 7.00 · 1001 N/m
γ3 Stiff. Joint Stiff. VTP/HTP joint x, y 1.00 · 1007 N/m
γ4 Stiff. Joint Stiff. VTP/HTP joint z 1.00 · 1009 N/m
γ5 Mass Sensor cables VTP/HTP joint / 2.00 · 10−01 kg
γ6 Mass Screws and glue Wingtips / 1.86 · 10−01 kg
γ7 Mass Sensor cables Wingtips / 1.50 · 10−02 kg
γ8 Mass Sensor cables Outer wing / 1.50 · 10−02 kg
γ9 Mass Sensor cables Inner wing / 1.50 · 10−02 kg
γ10 Stiff. Joint Stiff. WING/FUSELAGE joint x 2.00 · 1007 N/m
γ11 Stiff. Joint Stiff. WING/FUSELAGE joint y 2.00 · 1007 N/m
γ12 Stiff. Joint Stiff. WING/FUSELAGE joint z 7.00 · 1006 N/m
γ13 Stiff. Joint Stiff. VTP/FUSELAGE x 5.00 · 1007 N/m
γ14 Stiff. Joint Stiff. VTP/FUSELAGE y 1.00 · 1007 N/m

seconds of wall-clock time on a Intel Xeon E5-2695 @2.30 GHz, evaluating this interval model
would take prohibitively long. Therefore, in order to reduce the computational cost, an Arti-
ficial Neural Network (ANN) approach is followed. Hereto, a (14:16:14:1) neural network is
trained for each individual eigenfrequency based on a dataset containing 10000 Monte Carlo
samples drawn from a uniform distribution between 0.1 and 10 times the deterministic values
of the model parameters. The size of the network is selected in correspondence with recent
work of Patelli et al. [13]. Overtraining is prevented by using Bayesian regularisation for the
training of the network [10]. One call to the ANN model (compiled in C++) takes about 0.55s,
when all 16384 deterministic realisation are progagated through in a vectorised fashion (i.e.
simultatneouly).
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Figure 2 plots 100 randomly drawn samples (which are not included in the training set) from
the model against the prediction of the ANN for a selection of eigenfrequencies for the 1st, 2nd,
4th, 6th, 7th and 8th eigenfrequency. As can be noted, a highly accurate prediction of the actual
FE model response is obtained by the ANN model.

Figure 2: Plot of 100 randomly drawn samples (which are not included in the training set) from the model against
the prediction of the ANN for 6 eigenfrequencies in the set.

3.3 Results and discussion

Due to the high dimensionality and general non-convexity of the optimisation problem, in-
troduced in eq. (5), the minimisation is performed using a hybrid optimisation approach. In a
first step, a rough estimation fo the global minimum is searched with the Particle Swarm Opti-
misation algorithm [9]. This estimation of the global optimum is then used as an initial estimate
for a sequential quadratic programming approach [12]. Specifically, a swarm size of 250 uncer-
tain model evaluations is used, and the algorithm is deemed to be converged to approximatly
the global optimum when it stalls for 10 generations. As a result of using the Particle Swarm al-
gorithm, no initial assumptions on the constituting uncertainty are needed for the identification.

The identification is performed using respecitively dr = 7 and dr = 13 orthogonal base
vectors for the reduction of the set of the 26-dimensional measurement data set ỹm and the
uncertain realisation set ỹs. For both identification procedures, d+r = 2, leading to respectively
21 and 78 projections of the dr dimensional vector space in which ỹr

s is defined. The results of
these identification runs are listed in table 3. These results are normalised with respect to the
goal multivariate interval uncertainty (indicatede with an asteriks in 3).

As can be seen, no identification succeeds in finding the exact parameterset, based on the
limited set of measurement data. However, the identification with dr = 13 provides the best
results of the two datasets, since more orthogonal base vectors are included herein. A first
reason for not obtaining the exact parameters is that not all extreme realisations of the interval
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uncertainty at the input of the model are included in the measurement data set, making an
exact identification impossible. The root cause however for this, is that the used optimisation
algorithms are not capable of finding the exact global minimum of eq. (12) due to the high
dimensionality of the search space (28 independent parameters) and the general non-convexity
of eq. (12). This inherently leads to inaccuracies in the identification.

Table 3: Parameters that are used in the identification

Parameter α∗
1 α∗

2 α1 − 7 α2 − 7 α1 − 13 α2 − 13
γ1 1.25 · 1002 1.32 · 1002 0.88 0.9 1.01 0.99
γ2 6.30 · 1001 7.50 · 1001 0.01 1.26 0.99 0.99
γ3 9.00 · 1006 1.30 · 1007 0.98 1.04 0.98 0.92
γ4 1.50 · 1009 2.10 · 1009 0.75 1.05 1 0.98
γ5 1.50 · 10−01 2.30 · 10−01 0.98 1.02 1.03 0.99
γ6 1.75 · 10−01 2.12 · 10−01 1.01 1.03 0.95 1.02
γ7 1.00 · 10−02 1.35 · 10−02 1.05 0.81 0.89 0.93
γ8 1.10 · 10−02 1.58 · 10−02 1.05 0.95 0.98 1.11
γ9 1.12 · 10−02 1.70 · 10−02 1.05 0.97 1.13 0.98
γ10 1.85 · 1007 2.00 · 1007 0.99 1.05 1.02 0.99
γ11 1.95 · 1007 2.35 · 1007 0.98 1.00 1.01 0.99
γ12 6.35 · 1006 7.10 · 1006 1.00 0.89 0.93 1.20
γ13 4.45 · 1007 5.00 · 1007 1.00 0.98 1.10 0.98
γ14 0.75 · 1007 1.02 · 1007 1.05 0.90 0.75 1.21

The result of the identification with dr = 13 are illustrated in figure 3. This figure shows
d+r = 2-dimensional cross-sections of the convex hull of physical (non-transformed) model
responses for the first 5 eigenfrequencies of the model. As may be noted, the convex hull
of the model response (in blue) perfectly circumscribes the set of measurement data points
(indicated as black crosses), albeit the result is somewhat over-conservative. However, some
over-conservatism still is present in the identification, which is due to the fact that the optimiser
did not converge to the exact global minimum. The latter is explained by the high dimensionality
of the optimisation problem, as 28 uncertain parameters need to be jointly optimised in order to
exactly identify the uncertainty in the model.

4 CONCLUSIONS

The interval method has been proven to deliver an accurate, objective representation of the
uncertainty that is present in the parameters of a numerical model, even when the datasets on
this uncertainty are limited. However, in order to apply these powerfull techniques, a realistic
assessment of the uncertainty has to be made, based on measurement data. In this context, the
authors presented a novel methodology for the identification and quantification of multivariate
interval uncertainty in FE Models [3, 2]. However, the application of this novel methodology to
high-dimensional datasets still presents a challenge. This paper therefore introduced a method-
ology for the reduction of a high-dimensional data set. First, an orthogonal basis is constructed,
based on the singular value decomposition of the covariance structure of the measurement data
set. This basis is then used to reduce the dimensionality of both the measurement data as the
result of the interval FE model. The quantification of the multivariate interval uncertainty, as
presented by the authors in [3, 2], is then performed using projections of the datasets on sub-
spaces of this orthogonal basis in order to reduce the computational burden of the analysis.
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Figure 3: 2-dimensional cross-sections of the convex hull of physical (non-transformed) model responses for the
first 5 eigenfrequencies of the model. The response of the identified interval model is indicated in blue, whereas
the measurement data points are indicated as black crosses.

The method was illustrated on the AIRMOD test structure, which proved to be a highly
challenging example due to the high dimensionality at the input side of the model. As the used
optimisation solver failed to converge to the global optimum, over-conservatism was introduced
into the identification. Future work will therefore focus on improving this convergence, pos-
sibly by applying appropriate scaling and/or using more performing optimisation algorithms.
Moreover the identification shall be performed using experimentally obtained modal data.
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Abstract. Mathematical modeling and numerical simulation of crashworthy structures are
state-of-the-art tools in automotive design. During the design phase, system parameters are
only partially known or even unknown, leading only to a limited predictive significance of the
simulation results. In this paper, an approach to robust design of a crumple-zone structure us-
ing fuzzy arithmetic is presented. The crumple zone is extracted from a full scale finite-element
model of a Ford Taurus. In order to reduce the computation time, a surrogate model based on
sparse-grid interpolation is derived. Using a sampling approach for fuzzy arithmetic, the sim-
ulation and analysis of the fuzzy-parametrized system is realized. The multivariate fuzzy output
includes dependencies of the parameters and is therefore suitable for defining a robustness crite-
rion. This leads to a multi-objective optimization problem including fuzzy-valued uncertainties
to achieve a robust design of the crumple-zone structure.
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1 INTRODUCTION

Traffic accident is still one of the most prevalent causes of death. According to data of the
Global Health Obsevatory (GHO), provided by the World Health Organization (WHO), about
1.25 million deaths were caused by traffic accidents in the year 2013 [1]. In Germany alone,
about 3500 people died by traffic accidents in 2015, and the recent statistics show an equal trend
for the year 2016 [2]. Against this background, passenger safety plays a vital role in automo-
tive research and development. Besides active safety systems, e.g. traction control systems and
autonomous emergency braking, which are designed to avoid accidents, the crashworthiness
of vehicles, and therefore, passive safety systems are crucial factors in protecting driver and
passengers. In case of a frontal crash, the crumple-zone structure of the car plays an important
role for the passenger safety and, thus, to prevent fatal and lethal injuries. Its main function is
the absorbtion of the kinetic energy of a driving car by plastic deformation. In this respect, the
resulting acceleration, which affects the passengers and acts as a loading quantity, needs to be
kept below a critical value. Furthermore, the deformation of the crumple zone must not be to
large, for example to prevent the penetration of the driver cabin by the engine mount.
Nowadays, mathematical modeling and numerical simulation of crashworthy structures are
state-of-the-art tools in automotive design. However, the steadily increasing refinement and
complexity of the models lead to a significant increase in computing time. To manage this
drawback, reduction techniques, simplification procedures and surrogate models are used to
obtain acceptable results within a reasonable time. In return, however, these simplification and
approximation procedures give rise to uncertainty in the models, potentially supplemented by
uncertainty due to insufficient or vague knowledge about parameters or crash conditions. Ad-
ditionally, during the initial design phase, some parameters may be kept intentionally vague
because of unknown requirements and specifications to achieve a later optimal design.
Common approaches to deal with uncertainties in a numerical way are based on probability the-
ory. It is able to treat stochastic processes and models with parametric uncertainties triggered
by randomness. The outcome usually provides a probabilty distribution based on a large sample
size. However, if there is no variability and randomness of quantities, probability theory cannot
handle these uncertainties appropriately. To cope with imprecision or a lack of information,
interval analysis and possibility theory are best practice [3]. One way to handle these uncertain-
ties in a possibilistic way is the use of fuzzy-valued model parameters instead of crisp ones and
the application of fuzzy arithmetic to perform the uncertainty analysis.
In this paper, the crumple-zone structure, as an extracted substructure of a full-scale finite ele-
ment model of a car, is modeled by uncertain, fuzzy-valued design parameters. With this fuzzy
arithmetical approach, the influence of the design parameters on the acceleration and the ab-
sorbed kinetic energy during a frontal crash is inverstigated. With the help of the introduced
methods, a fuzzy two-dimensional fuzzy set, i.e. a binary fuzzy relation, of the acceleration and
the absorbed energy can be determined, showing that the resulting values are not independent
of each other. On this basis, a robustness measure can be defined which can be used for further
investigations.
To accomplish robust design, a trade-off problem between nominal optimality and robustness
against uncertainty, caused by fuzzy-valued quantities for objective functions and constraints,
must be solved. On this basis, a reliable and robust design for the crumple-zone structure can
be achieved, depending on some predefined level of confidence.
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2 CRUMPLE-ZONE MODEL

The crumple-zone structure is the most relevant part for passenger safety of a vehicle in case
of a frontal crash. Due to high loads in the event of an impact, highly nonlinear processes
have to be taken into account, including contacts, large deformations and nonlinear material
behavior. To model the dynamic behavior of the structure, the finite-element method proves
to be a suitable tool. In this work, the commercial finite-element code LS-DYNA is used [4].
In the following sections, the model structure and the model uncertainties during the design
process are introduced and discussed.

2.1 Model Structure

In this work, the finite-element model of a Ford Taurus is used. The full-scale model is
provided by the National Crash Analysis Center (NCAC) of the George Washington University
under a contract with the FHWA and NHTSA of the US DOT. It consists of approximately
2.7 million degrees of freedom [5] and is, even with modern high performance cluster, too big
for performing a large number of evaluations within a reasonable time. Therefore, only the
crumple-zone structure, as the most relevant part of the full model, will be considered. The
identified, relevant parts for this work are shown in Figure 1.
To obtain reasonable results, the extracted parts have to be preprocessed by adding additional
constraints, boundary conditions and lumped masses. To model the inertia properties of the full
vehicle, a lumped mass mL = 500kg is added to the structure. The nodes on the backside of
the structure are constrained, restricting the translation in vertical and lateral direction. To take
account of the lateral stiffness of the structure resulting from the engine mount, additional rigid
links are placed in lateral direction. The properties of the extracted and modified crumple-zone
structure and the full-scale model are summarized in Table 1.

Model Elements Nodes Parts Total mass
Full model 973416 922007 804 1739 kg
Crumple-zone structure 33717 32067 17 546 kg

Table 1: Properties of the finite-element model.

2.2 Model Uncertainties

During product development, some design parameters are still vague or only partially known,
which implies some uncertainty to the model parameters. As an example for uncertain design
parameters, the sheet thickness of three different parts of the crumple-zone structure are se-
lected. The chosen parts are colored in blue in Figure 1. Hence, the system equations, which
need to be solved, reformulates to

M (p̃) ü (t) + K (u(t), p̃) = f (t) (1)
z (t) = Cu(t),

with neglected damping, u(t) being the vector of state variables and p̃ denoting the vector of un-
certain parameters. In this example, there exist no precisely studied random observations for the
sheet thicknesses, but a lack of knowledge and therefore, missing information. To incorporate
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Figure 1: Finite-element model of the Ford Taurus and extracted crumple-zone structure (colored).

those uncertainties of epistemic kind, appropriate methods are needed. Common probabilistic
methods are not suitable to deal with uncertainties of the mentioned kind, because they rely on
precise frequentist data and are not capable of modeling the occurring imprecision. As a pos-
sibilistic approach to incorporate those epistemic uncertainties, fuzzy arithmetic can be used.
In fuzzy arithmetic, uncertain parameters are modeled in terms of fuzzy numbers p̃ with the
entries p̃i, i = 1, 2, . . . , n, of the form p̃i = {(x, µp̃i(xi))|xi ∈ R, µp̃i(xi) ∈ [0, 1]} and with µp̃i
being the membership functions. As an example, a triangular fuzzy number is shown in Figure
2 with x̄i denoting the nominal value, ai the left-side deviation and bi the right-side deviation,
respectively. The fuzzy-valued sheet thicknesses are modeled by symmetric triangular fuzzy
numbers with worst-case deviations ai and bi of ±10% of their nominal values x̄i.
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Figure 2: Trianglular fuzzy number p̃i.
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3 FUZZY ARITHMETIC

The analysis of dynamical systems can be extended to the inclusion of uncertain parameters
by the use of fuzzy numbers. Without loss of generality, the fuzzy-parametrized system of
Equation 1 can be described as

q̃(t) = F (p̃,u, t) (2)

with the fuzzy-valued parameters p̃. The membership value of the result µq̃(z) can theoretically
be determined based on the extension principle introduced by ZADEH [6]. The membership
function of the, in general, multivariate fuzzy output reads as

µq̃ (z) =

 sup
z=F (x,u,t)

µp̃ (x) if ∃ z = F (x,u, t),

0 else.
(3)

It provides a possibilitic distribution of the outcomes with respect to their membership values,
including worst-case bounds and nominal values. Hereinafter, two different implementations
will be introduced to practically perform an uncertainty analysis by the use of fuzzy arithmetic.

3.1 The Transformation Method

One problem-independent implementation of fuzzy arithmetic is the Transformation Method
introduced in [7]. Based on an α-cut approach, the membership functions of the input fuzzy
parameters p̃i are decomposed into sets of nested intervals X(j)

i = [a
(j)
i , b

(j)
i ] related to m + 1

equally spaced levels of membership µj = j/mwith j = 0, 1, . . . ,m. The obtained intervals are
then transformed into arrays X̂(j)

i of the input samples containing the lower and upper interval
bounds in a predefined scheme. After the evaluation of the model with the parameter combi-
nations based on the arrays, the results are comprised by the arrays Ẑ(j) and are retransformed
into output intervals Z(j) =

[
a(j), b(j)

]
. In the last step, the output intervals are recomposed

into the output fuzzy number q̃. The Transformation Method resorts to a cartesian grid for the
evaluation steps. The union of the single-input combinations results in a non-regular grid for
both, the reduced and the general Transformation Method.

3.2 The Sampling Approach of Fuzzy Arithmetic

In order to handle multi-dimensional fuzzy outputs and to solve implicit problems, the so-
called sampling method, as introduced in [8], is presented and illustrated. For this sampling
approach, a discretization of the membership functions is not needed. In order to receive the
proper fuzzy arithmetical solution, the generation of appropriate sample points is moved to the
very beginning of the evaluation. This is contrary to the common α-cut approaches. In case of
an explicit and non-adaptive sampling, this can be achieved in a straightforward manner. The
multivariate membership function of n fuzzy numbers is obtained by

µp̃ = t(· · · t(µp̃1 , µp̃2) · · · , µp̃n) (4)

with the operator t(·) representing a t-norm. In case of completely independent parameters, the
minimum operator can be used. It yields a conservative estimation of the multivariate member-
ship function and is therefore suitable if no information about the interdependency is present.
In this work, the fuzzy parameters are considered as completely independent. In the following,
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the general procedure, given a specific sampling sequence, will be described. How to obtain
this specific sequence will be outlined later.
In the explicit case, the system is described by the mapping f : X → Z with the parameter
domain X ∈ Rn and the output domain Z ∈ Rl. The sampling sequence of N points is

[x] =
[
x[i]
]N
i=1

=
[(
x

[i]
1 , . . . , x

[i]
n

)]N
i=1

,x[i] ∈ Rn , (5)

and has to be constructed from the parameter space. With a pointwise evaluation of the function
f
(
x[i]
)
, the corresponding pairs z[i] in the fuzzy output domain are computed. Additionally,

the given joint membership function is to be evaluated, yielding potential membership values
of z, and thus, potential boundary points of the membership function

µ =
[
µ[i]
]N
i=1

=
[
µp̃

(
x[i]
)]N
i=1

(6)

of the result. This is in contrast to the above-mentioned Transformation Method, which al-
ready provides points that lie on the membership curve. Because not all obtained points are
valid candidates for the memberhsip curve, an additional step, namely the reconstruction of the
membership function, has to be performed, where the valid pairs [ẑ, µ̂] are extracted from the
results. For z ∈ R, the simplest way to obtain the valid points of the membership curve is to
construct a convex hull with piecewise linear functions. This is already a sufficient approxima-
tion in most cases. However, there are many additional possibilities to obtain an appropriate
boundary curve, e.g. by approximating of the α-cut bounds or the membership function [8].
In order to receive appropriate samples, the sampling of the parameter domain can be done in
multiple ways. However, there exist some specific points which should definitely be included
in the sampling sequence, independent of the chosen method: the nominal value of the input
fuzzy relation with the joint membership µp̃ to obtain the nominal value of the output domain,
and the vertex points of the nested multi-dimensional hyper cuboids

(
X̄ ⊂X

)
for constant α-

cuts, resulting in the same pattern as in the above-mentioned reduced Transformation Method.
This leads to the proper fuzzy-valued results in case of monotonic behavior and includes the
nominal value of the input fuzzy relation (µp̃ = 1), as a degenerated hypercuboid. Addition-
ally, uniformly distributed random points can be included in the sampling sequence to handle
even non-monotonic functions. Besides the random pattern, also regular patterns schemes or
irregular pattern, like the general Transformation Method, can be used.

Reconstruction of a multi-dimensional fuzzy output

For a multi-dimensional fuzzy output, as e.g. the two-dimensional eigenvalues in the com-
plex plane, the reconstruction step of the sampling method has to be adapted. One way is
to project the obtained tuples [z1, z2, . . . , zl, µ̂] on a predefined, cartesian grid. The output
domain can be decomposed using hierarchical, recursive decomposition techniques. In the
two-dimensional case, this can be achieved by using the quadtree decomposition [9]. The de-
composition is completed, if a predefined minimum size of the quadtree elements is reached,
or no output value is found. Using the extension principle by ZADEH, the supremum of the
membership values of all fuzzy outputs lying in a quadtree element is determined. With this
formulation, a piecewise constant membership function for the multi-dimensional fuzzy sets
can be contructed, which is already a good approximation and contains valuable information.
Observe that in the multi-dimensional case the output is in general not a fuzzy number because
the convexity criterion does not necessarily hold.
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Markus Mäck and Michael Hanss

4 RESPONSE SURFACE MODELING

Despite the increasing performance capacities of modern computer systems and high perfor-
mance clusters the above-mentioned methods still need an enormous number of system evalu-
ations to provide reasonable results. Even moderately complex systems with only a few fuzzy
parameters turn out to be challenging in terms of computation time. The two major influences
on the overall computation time are on the one hand the complexity of the actual model and,
thus, the computation time of a single evaluation, and on the other hand the number of system
evaluations based on the chosen fuzzy arithmetical approach. The latter is strongly dependent
on the number of fuzzy-valued parameters. Hence, the number of system evalutions, for a
given resolution, grows exponentionally with the dimension of the fuzzyparameter space. The
so-called course of dimensionality impedes the straightforward evaluation of high-dimensional
models. In order to reduce the computional cost, one idea is to set up a surrogate model which
is able to represent the response of the system for the range of the fuzzy-valued parameters in
a decent manner. There exist several approaches to obtain a suitable surrogate model, such as
Krigin, polynominal basis or radial basis functions. In this paper, sparse-grid interpolation will
be used, as introduced in [10].

5 ROBUST DESIGN APPROACH

The fuzzy arithmetical analysis of the crumple-zone structure is performed with three fuzzy-
valued parameters as mentioned above. Instead of a perfect frontal crash, a quasi-frontal crash
with a wall angle of α = 5◦ is simulated, to enforce a more assymmetric behavior of the
crumple-zone deformation.
The influence of the fuzzy input parameters on the maximal absolute value of the acceleration
and the maximal absorbed energy is to be investigated. The acceleration is measured at the
mounting point. The translation and rotation of the mounting point are restricted, so that only
a translation along the driving axis is allowed. The acceleration serves as a loading measure
for the occupants of the car. Because LS-DYNA does not provide direct access to the plastic
deformation energy, the internal energy is chosen as a measure for the energy absorption. It also
takes into account the elastic deformation energy.
For the surrogate model, an adaptive sparse-grid model with 2000 evaluation points is con-
structed. The normalized, fuzzy-valued results of the maximal acceleration and internal energy
are shown in Figure 3. The results show a good conformity between the Transformation Method
and the sampling approach for an equally chosen number of evaluations. For the sampling ap-
proach, a combined random and pattern-based scheme is chosen which is able to recover outliers
of the solution (see Figure 3b). The two-dimensional fuzzy output is shown in Figure 4 on a
256 × 256 grid. The result of the Transformation Method leads to an overestimation and a too
conservative result in the multivariate case. With the used sampling approach, the dependencies
of the two output parameters are evident. Observe that for the two-dimensional ouput signifi-
cantly more evaluations are needed to obtain an acceptable resolution.
To deduce an appropriate measure to rate the robustness of the model in respect of fuzzy-valued
uncertainty, the fuzzy-valued output and input are to be put in relation to each other. Such a
robustness measure can be introduced by

ρ (q̃, p̃) =

∫
z∈Z 6=∅

µq̃ dz∫
z∈Z 6=∅

dz
·

∫
x∈X 6=∅

dx∫
x∈X 6=∅

µp̃ dx
. (7)
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It refers to the (relative) cardinality of fuzzy sets as described in [7] and describes the sensitivity
of the dependent fuzzy output variables with respect to the fuzzy-valued input parameters. For
the considered crumple-zone structure, the robustness measure results in ρ = 0.0188. Observe
that the normalization is redundant in case of already normalized fuzzy sets. Also, only mea-
sures with equal dimensions in their input and output domain are comparable.
In order to obtain a robust optimal design, not only the absorbed energy of the crumple-zone
structure has to be maximized and the maximal acceleration has to be minimized, but also the
introduced robustness measure needs to be minimized. The problem can be reformulated as
a multi-objective optimization problem. There exist multiple concepts to obtain an optimal
solution in the presence of conflicting objectives. A short overview of gradient-free methods
is given in [11]. One way of attaining a formulation for multi-objective optimization is the
weighted-sum method. By this means, the different objectives are aggregated into one scalar
optimization problem (see e.g. [12]). Some of the drawbacks of this method are outlined in
[13]. The problem is formulated according to

minimize
x

F (x) =

(
l∑

k=1

(λkfk (x))p
) 1

p

, λk ∈ [0, 1] , p ∈ N

subject to gj (x) ≤ 0, j = 1, . . . ,m,

xli ≤ xi ≤ xui , i = 1, . . . , n,

l∑
k=1

λk = 1 ,

(8)

with the single, reformulated objective functions fk (x), the weighting factors λk, and p = 1.
A generalization of the weighted-sum approach is formulated as a weighted Lp-norm problem.
The weights, and therefore, the preferences of the designer are determined a priori.
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Figure 3: Fuzzy-valued output parameters for the Transformation Method (TM) and the sampling approach (SA).
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Figure 4: Contour plot of the decomposed, two-dimensional fuzzy output q̃ of the normalized internal energy π̄
and the normalized acceleration ā.

6 CONCLUSIONS AND OUTLOOK

In this paper, a fuzzy arithmetical approach to robust design, regarding uncertainties of pri-
marily epistemic type, is performed on an exemplary application, namely the crumple-zone
structure of a Ford Taurus. The uncertainties arising from design parameters which are still to
be determined are modeled in terms of fuzzy numbers. Explicitely, the sheet thicknesses of
three different parts of the crumple-zone structure are treated as design parameters. In order
to perform a fuzzy arithmetical analysis, two different methods are outlined and discussed. A
surrogate model, based on sparse-grid interpolation, is used to significantly reduce the com-
putation time. As a result, the fuzzy-valued acceleration and internal energy of the system
are shown. With the sampling approach of fuzzy arithmetic, a two-dimensional ouput is con-
structed, showing the dependencies of the output parameters, and thus, obtaining a tighter bound
of the fuzzy-valued output than e.g. the Transformation Method. The decomposition of the out-
put domain is performed using the quadtree decomposition. Using the presented methods to
perform a fuzzy arithmetical analysis, a new robustness criterion for the multivariate case can
be deduced, which represents an appropriate measure for the sensitivity of the system output
with respect to the fuzzy-valued input parameters. By this means, a multi-objective optimiza-
tion problem for robust optimal design based on fuzzy arithmetic is formulated.
Apparently, the presented paper only shows the principle approach for robust design. In the next
step, the actual optimization of the crumple-zone structure is to be performed. For this purpose,
appropriate design parameters, e.g. material properties, sheet thickness or geometry, need to
be chosen. Since the optimization needs additional model evaluations, it can be included in the
sparse-grid surrogate model. The addition of supplementary parts, as e.g. the engine mount,
provides more accurate results. Using model order reduction techniques, the full-scale model
is manageable in terms of computation time. Finally, regression on sparse grids can be used to
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obtain a more suitable surrogate model of the crumple-zone structure.
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Abstract. The dynamic analysis of structures plays an important role in the design of struc-
tural systems. Unfortunately, mechanical properties are usually uncertain due to physical im-
perfections and model inaccuracies. Therefore, it is important to estimate the effects of these 
uncertainties on the structural dynamic response. Since information regarding structural pa-
rameters is often quite limited, the use of non-probabilistic approaches is deemed advisable to 
realistically characterize uncertainties. In the framework of these approaches, the interval 
method seems today the most widely adopted. 

The interval dynamic analysis of structures with slight parameter fluctuations is usually per-
formed by applying the Interval Perturbation Method (IPM). However, the effectiveness of the 
IPM is limited to small uncertainties since the effect of neglecting higher-order terms is un-
predictable. 

In this paper, a novel procedure, able to overcome the main limitations of the IPM is pro-
posed for evaluating the lower and upper bounds of the response of linear structural systems, 
with uncertain-but-bounded properties, subjected to dynamic deterministic excitations. The 
accuracy of the proposed method is assessed by evaluating the bounds of the response of a 
truss structure and a shear type frame subjected to seismic acceleration. 
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1 INTRODUCTION 

The dynamic analysis of structures plays an important role in the design of structural sys-
tems. Unfortunately, the structural mechanical properties are usually uncertain due to physical 
imperfections and model inaccuracies. Therefore, it is important to estimate the effects of the-
se uncertainties on the structural dynamic response. However, while the numerous available 
data permit to model with good accuracy the excitations as stochastic processes, unfortunately 
the data about structural parameters are often quite limited. It follows that the probabilistic 
approach cannot always be realistically applied to represent structural uncertainties; indeed, it 
requires a wealth of data, often unavailable, to define the probability density function of the 
fluctuating structural parameters. Non-probabilistic approaches can be alternatively used to 
treat these uncertainties. In this framework, the interval model seems today the most suitable 
analytical tool [1, 2]. The main advantage of the interval model is that it provides analytically 
rigorous enclosures of the solution, but its application to practical engineering problems is not 
an easy task due to two main drawbacks commonly faced in the development of interval-
based procedures for structural analysis: i) the drastic overestimation of the interval solution 
range due to the so-called dependency phenomenon [3]; ii) the high computational costs when 
the exact combinatorial approach, known as Vertex Method, is adopted [3, 4]. 

Based on the matrix perturbation theory and interval extension of functions, the upper and 
lower bounds of the dynamic response were obtained by Chen et al. [5] using Taylor series 
expansion. Subsequently, the Interval Perturbation Method (IPM), which is based on Taylor 
series expansion and parameter perturbation, has been introduced to evaluate the interval dy-
namic response of structures subjected to deterministic [6-9] or stochastic excitations [10]. 
More recently, Gao et al. [11] presented the interval factor method to calculate the dynamic 
response of truss structures. Yang et al. [12] proposed an interval analysis method for dynam-
ical systems using Laplace transform to solve the equations of motion. Xia and Yu [13-15] 
developed a modified IPM based on the modified Neumann expansion for the response analy-
sis of interval structures and interval structural-acoustic systems. 

Although other methods are more accurate, the IPM or, equivalently, the First-Order Inter-
val Taylor Series Expansion, is the most widely used to evaluate the interval structural dy-
namic response. The main advantages of the IPM are the flexibility and the simplicity of the 
mathematical formulation. However, since the effect of neglecting higher-order terms is un-
predictable, the effectiveness of this method is limited to uncertainties with small intervals.  

In this paper, a novel procedure, which exhibits the same advantages of the IPM, is pre-
sented. The proposed method evaluates the bounds of the interval structural dynamic response 
by using the same numerical procedures traditionally adopted in the dynamics of structural 
systems without uncertainties. Moreover, the drawbacks of the IPM are overcome, as shown 
in the Numerical Application section, where the lower and upper bounds of the dynamic re-
sponse of a truss structure and a shear-type frame are evaluated. 

2 PROBLEM STATEMENT 

Without loss of generality, the attention is herein focused on a quiescent n  DOF classi-
cally damped linear structural system subjected to a deterministic excitation ( )tf . The equa-
tions of motion governing the dynamic response can be cast in the form: 

           ( ) ( ) ( ) ( )t t t t  M u Cu K u f  (1) 

where M , C  and K  are n n  mass, damping and stiffness matrices, respectively; ( )tu  and 

( )tf  are 1n  deterministic vectors listing the nodal displacements and the external loads, 
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respectively; finally a dot over a variable denotes differentiation with respect to time t . In the 
following, the Rayleigh model is adopted for the damping matrix. 

The elements of the stiffness matrix are assumed to be affected by uncertainties which are 
described by the dimensionless uncertain-but-bounded parameters I

i  ( 1,2, , )i r   with the 

apex I meaning interval variable. In fact, a realistic situation is herein considered in which 
available information on the structural parameters is not enough to justify an assumption on 
their probabilistic distribution. According to the classical interval analysis [16,17], the r 
uncertain structural parameters I

i  ( 1, 2, , )i r  , introduced before, are assumed to be 

independent. By applying the interval algebra formalism, the i  th uncertain parameter can be 

defined as  ,I
i i i     , where  denotes the set of all closed real interval numbers, 

while i  and i  are the lower bound (LB) and upper bound (UB), respectively. Let the 

uncertain parameters I
i  be collected into the interval vector T

1 2[ , , , ]I I I I
r  α  , with 

the apex T meaning transpose operator, which is a bounded set-interval vector of real numbers 
[ , ]I rα α α  , such that  α α α , with the symbols α  and α  denoting the LB and UB 

vectors.  
By taking into account the structural mechanical uncertainties, Eq.(1) can be rewritten as: 

                ( ) ( ) ( ) ( ) ( ) ( ),      ,It t t t       M u α C α u α K α u α f α α α α  (2) 

where the stiffness matrix ( )IK α  as well as the displacement vector ( )I tu α  depend on the 

interval parameters I
i  collected into the vector Iα . Moreover, since the Rayleigh model is 

adopted for the damping matrix, the following relationship holds:  

( ) ( ),I I
M Kc c C α M K α    (3) 

where Mc  and Kc  are the Rayleigh damping constants having units 1s  and s , respectively.  

According to the improved interval analysis [10], the i-th real interval variable I
i  can be 

written in the following affine form [18]: 

           0, ˆ ,    1,2,...,I I
i i i ie i r      (4) 

where  ˆ 1,1I
ie   is the so-called Extra Unitary Interval (EUI) [10]; 0,i  is the midpoint 

value (or mean) and i  denotes the deviation amplitude (or radius), defined, respectively, as: 

   0,

1 1
;     .

2 2i i i i i i           (5a,b) 

However, in structural engineering, the uncertain-but-bounded parameters can be reasonably 
assumed to be symmetric, i.e. i i i     , so that: 

             0, 0;      0.
2 2

i i i i
i i i

      
                                   (6a,b) 

Under this assumption, the generic interval variable can be written in affine form as: 

ˆ .I
i i ie        (7) 
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Following the interval formalism above introduced, the interval stiffness matrix ( )IK α  can 

be expressed as a linear function of the dimensionless interval parameters I
i , i.e.: 

 0( ) ( ),      ,I    K α K K α α α α α (8) 

where 0K  is the nominal stiffness matrix, which is a positive definite symmetric matrix of 

order n n  and ( )IK α  is the interval deviation of the stiffness matrix with respect to the 
nominal one. 

To solve the dynamical problem (2) involving the interval parameters (7), it is required to 
find at each time instant an interval vector containing the dynamical response set, i.e.  

 ( ) ( ), ( )I t t t u α u u (9) 

or in component form 

( ) ( ), ( ) , 1, 2, ,I
j j ju t u t u t j n    α   (10) 

with 

 
 

( ) min ( ) ( ) , ,

( ) max ( ) ( ) , ; 1,2, ,

r
j j j

r
j j j

u t u t u t

u t u t u t j n

    

     

α α α

α α α 

 

 
            (11a,b) 

where the symbols  min   and  max   denote minimum (inferior) and maximum (superior) 

value, respectively, while  ( ) ( )S Pα α  means “the set of quantities ( )S α  such that the propo-

sition ( )P α  holds”.  
In the next section, a method to evaluate in approximate form the interval dynamic response 

is described. 

3 BOUNDS OF INTERVAL DYNAMIC RESPONSES 

The first step in vibration analysis of structures is the solution of an eigenproblem for eval-
uating the natural frequencies and the associated mode shapes. For classically damped linear 
discretized structures with r  uncertain-but-bounded parameters a generalized interval eigen-
value problem must be solved [19-22]: 

 ( ) ( ) ( ) ( );      , ,     ( 1, 2, , )I
j j j n   K α α α M α α α α α                  (12) 

where ( )IK α  is the n n  stiffness matrix of the structural system which depends on the di-

mensionless uncertain parameters collected into the interval vector I rα  ; M  is the n n  
mass matrix; 2( ) ( )I I

j j α α  is the j  th interval eigenvalue, equivalent to the squared in-

terval natural frequency, and ( )I
j α  is the associated interval eigenvector.  

According to the classical interval analysis [16, 17], the interval stiffness matrix satisfies 
the following relationship: 

                   ( ) , ( )  I
ij ij ijk k k     K α K K K α (13) 

where ijk  and ijk  are the ( ,i j ) th element of the stiffness matrices K  and K , respectively. 

In vibration problems, ( )IK K α  is a symmetric positive definite matrix.  
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The solution of the generalized interval eigenvalue problem involves the evaluation of all 
possible eigenvalues satisfying Eq.(12) as the matrix ( )IK α  assumes all possible values in-
side the intervals defined in Eq.(13). The solutions constitute a complicated region in the real 
number field  . Therefore, the objective is to evaluate, for each eigensolution, the narrowest 
interval enclosing all possible eigenvalues satisfying Eq.(12), i.e. [19-22]: 

 2( ) ( ) , ,      ,I
j j j j        α α α α α α (14) 

where j  and j , ( 1, 2, , )j n  , are the LB and UB of the j  th interval eigenvalue.  

The eigenvectors associated with the interval eigenvalues are also affected by the uncer-
tainties and turn out to be bounded by interval vectors ( )I

j j α  .  

Since the eigenvalues are monotonic functions of the uncertain parameters 

,I
j j j j        , ( 1, 2, , )j r  , then the bounds of the eigenvalues can be evaluated solv-

ing the following two deterministic eigenvalue problems [22]: 

 
 

(LB) (LB) (LB) (LB)

(U B) (U B) (U B) (LB)

;

; ,    ( 1, 2, ).

j j j j k jk

j j j j k jk j n









 

  

K α M M

K α M M 

    

    
        (15a,b) 

where jk  is the Kronecker delta; (LB)
j  and (U B)

j  are the eigenvectors associated to the 

eigenproblem in which α α  and α α , respectively. Notice that the two stiffness matrices 

 K α  and  K α  as well as the mass matrix M  are real, symmetric and positive definite ma-

trices. Then, the eigenvectors of both eigenproblems are real vectors while the eigenvalues are 
real and positive quantities. 

Introducing the diagonal matrices 2Ω  and 2Ω  whose j  th element is j  and j , respec-

tively, and the matrices (LB)Φ  and (U B)Φ  whose j  th column is (LB)
j  and (U B)

j , respectively, 

it is possible to evaluate the response of quiescent structural systems in integral form as fol-
lows [23, 24]: 

   

   

0

0

, , ( )d ;

, , ( )d

t

t

t t

t t

  

  

 

 





y α Θ α V f

y α Θ α V f

(16a,b) 

where  , ty α  and  , ty α  are the state variable vectors defined as: 

      
     

 
, ,

, ; ,
, ,

t t
t t

t t

   
    
   

u α u α
y α y α

u α u α 
(17a,b) 

and V  is the following 2n n  matrix: 

1 .

 
  
 

0
V

M
(18) 

In Eqs.(16),  , tΘ α  and  , tΘ α  are the 2 2n n  transition matrices given, respectively, by: 
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(LB) (LB) (LB) (LB)

(LB) (LB) (LB) (LB)

(U B) (U B) (U B) (U B)

(U B) (U B) (U B) (U B)

, ,
, ;

, ,

, ,
, .

, ,

T T

T T

T T

T T

t t
t

t t

t t
t

t t

 
   

 
   

Φ g α Φ K α Φ g α Φ M
Θ α

Φ g α Φ K α Φ g α Φ M

g α K α g α M
Θ α

g α K α g α M


 


 

   
   

 (19a,b) 

In the previous equations,  , tg α  and  , tg α  are two diagonal matrices whose j-th ele-

ment can be evaluated, respectively, as: 

     

     

2 2
2 2

2 2
2 2

1
, exp( ) cos 1 sen 1 ;

1

1
, exp( ) cos 1 sen 1  

1

j j
j j j j j j j

j j j

j j
j j j j j j j

j j j

g t t t t

g t t t t

 
     

  

 
     

  

 
      
  
 
      
  

α

α

(20a,b) 

where j  and j  denote the j  th element of the diagonal matrices Ω  and Ω , respectively; 
2( ) 2j M K j jc c     and 2( ) 2j M K j jc c     are the LB and UB of the j  th damping 

ratio under the Rayleigh condition (3). 
Finally, the LB, ( )ty , and UB, ( )ty , of the state variable dynamic response vectors can be 

obtained as: 

    
    

( ) min , , , ;    

( ) max , , , .

t t t

t t t





y y α y α

y y α y α
(21a,b)

In the previous equations, the symbols  min   and  max   mean minimum (inferior) and 

maximum (superior) value component wise, respectively.  
It is worth mentioning that the exact bounds of the dynamic response are not generally ob-

tained setting all the uncertain parameters simultaneously to their LB and UB. Hence, more 
accurate results may be achieved by introducing in the present formulation the most common 
combinations of the extreme values of the interval variables I

i  among those detected at each 

time instant by performing a preliminary sensitivity analysis.  

4 NUMERICAL APPLICATIONS 

The first application concerns the 3D 26-bar truss structure with 18 DOFs, subjected to an 
impulsive load ( ) 1000 δ( ) Nf t t , as shown in Figure 1. The following geometrical and me-
chanical properties are assumed: nominal cross-sectional area of the bars 

4 2
0 0, 4.27 10  miA A     and nominal Young’s moduli 8 2

0 0, 2.1 10  kN/miE E   , 

1,2, ,26i   . Young’s moduli of 13r   bars are modeled as interval variables, 

0 ˆ(1 )I I
i iE E e   , 1, 2, ,13i    (see bar numbering in Figure 1).  

According to Eq. (16), the two dynamical responses under the impulsive load, pertaining to 
the LB and UB of the uncertain parameters, can be evaluated as: 

       , , ; , ,t t t t y α Θ α v y α Θ α v (22a,b) 
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where v  is a 18 1  vector having all elements equal to zero except the 18-th one which is 
equal to 1000 N .  

Figure 1. 3D 26-bar truss structure with uncertain Young’s moduli of 13r   bars. 

In Figures 2 and 3, the LB and UB time-histories of the horizontal displacement 18( )u t  are 

plotted for two deviation amplitudes of the interval uncertainties, say 0.1   and 0.2  , 
respectively. The proposed bounds are compared with the ones obtained by applying the IPM 
as well as with the exact bounds provided by the Vertex Method. The latter requires to per-
form the deterministic analysis in the time domain for all possible combinations of the bounds 

of the interval Young’s moduli, say 2r , and then take at each time instant the minimum and 
maximum among the corresponding responses. By inspection of these figures, it can be ob-
served that the proposed method is able to predict the bounds of the dynamic responses with 
great accuracy. Furthermore, it is worth remarking that the proposed method is much more 
accurate than the IPM as the degree of uncertainty increases. 
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Figure 2. Time-histories of the a) UB and b) LB of the horizontal displacement 18 ( )u t  for a deviation amplitude 

of the uncertain parameters 0.1  : comparison between IPM, Proposed method and Vertex Method. 
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Figure 3. Time-histories of the a) UB and b) LB of the horizontal displacement 18 ( )u t  for a deviation amplitude 

of the uncertain parameters 0.2  : comparison between IPM, Proposed method and Vertex Method. 

As second application the shear-type frame depicted in Figure 4 is analyzed.  

Figure 4. Geometric configuration of three-story two-bays shear-type frame. 

This frame has a uniform story height 3.0 mH   and a bay width 6.0 mL  , as shown in 
Figure 4. The beams are considered rigid to enforce a typical shear building behaviour. Under 
this assumptions, the shear-frame is modelled as a three DOFs linear system. The tributary 
mass per story, M, accounting for the structure’s own weight, as well as for permanent and 
live loads, is equal to  = 81520 kgM . Young’s moduli of columns are modelled as uncertain-

but-bounded parameters, 0 ˆ(1 )I I
i iE E e   , 1, 2, ,9i   , with   denoting the deviation 

amplitude and 7 2
0 0, 3.15 10  kN/miE E   . The frame is subjected to the seismic accelera-

tion recorded at El Centro (1940). 
The accuracy of the presented method can be detected by inspection of Figures 5 and 6, 

where the proposed time-histories of the UB and LB of the displacements of the third floor, 

3( )u t  and 3( )u t , are compared with the exact and IPM solutions for two different deviation 

amplitudes of the uncertain parameters, say 0.1   and 0.2  . The exact bounds are 
evaluated following the philosophy of the Vertex Method. Notice that, contrary to the IPM, 
the proposed method gives accurate estimates of the LB and UB of the response even when 
relatively large uncertainties are involved. It is worth mentioning that the presented procedure 

a) b) 
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is much more efficient from a computational point of view than the Vertex Method, especially 
when a large number of uncertain parameters is considered.  
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Figure 5. Time-histories of the a) UB and b) LB of the horizontal displacement 3 ( )u t  for a deviation amplitude 

of the uncertain parameters 0.1  : comparison between IPM, Proposed method and Vertex Method. 

0 2 4 6 8 10 12 141 3 5 7 9 11 13 15

t [s]

-0.04

0

0.04

-0.06

-0.02

0.02

0.06

u 3
(t

) 
[m

]

IPM
Proposed Method
Vertex Method

 = 0.2, r =9

0 2 4 6 8 10 12 141 3 5 7 9 11 13 15

t [s]

-0.04

0

0.04

-0.06

-0.02

0.02

0.06

u 3
(t

) 
[m

]

IPM
Proposed Method
Vertex Method

 = 0.2, r =9

Figure 6. Time-histories of the a) UB and b) LB of the horizontal displacement 3 ( )u t  for a deviation amplitude 

of the uncertain parameters 0.2  : comparison between IPM, Proposed method and Vertex Method. 

5 CONCLUSIONS 

In this paper, a novel procedure for evaluating the bounds of the response of linear struc-
tural systems with uncertain-but-bounded properties, subjected to dynamic deterministic exci-
tations has been proposed. The proposed procedure is able to overcome the main limitations 
of the IPM, as shown by numerical results.  

The main steps required by the proposed approach are: i) to solve two deterministic eigen-
value problems, where the uncertainties are set to the LB, α , and UB, α , in order to obtain 
the LB and UB of the eigenvalues; ii) to compute two transition matrices; iii) to compute the 
two state variable responses  , ty α  and  , ty α ; iv) to evaluate the LB and UB of the struc-

tural response by handy formulas. 
Numerical results have demonstrated that the proposed method provides estimates of the 

bounds of the dynamic response very close to the exact ones, even for relatively large uncer-
tainty levels. 

a) b) 

a) b) 
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Abstract.  
Detection of cracks in structural components and identification of their size for structures 
having beam form is of crucial importance in many engineering applications. For damaged 
structures the dynamic response changes with respect to the undamaged ones due to the 
changes produced on their mechanical properties by the presence of the crack.  
In this paper the deterministic behavior of a beam with a transverse on edge non-propagating 
crack is first studied. Moreover the deterministic and stochastic setting pertaining the case in 
which the crack has an uncertain depth is investigated. Undamaged elements of the beam are 
modeled by Euler-type finite elements. The uncertain crack depth is modeled as an interval 
variable and the cracked beam is subjected to both deterministic and zero-mean non-
stationary Gaussian random excitations. In the latter case the equation governing the evolu-
tion of the main statistics of the response are derived by means of Kronecker algebra. 
Once the mathematical model of the beam is defined, the dynamic response is evaluated by 
applying a numerical procedure based on the philosophy the Improved Interval Analysis via 
Extra Unitary Interval. In particular the proposed procedure is based on the following main 
steps: i) to define a finite element model of the beam in which the model of fully open crack is 
used to represent the damaged element; ii) to model the crack depth as an interval variable; 
iii) to evaluate in time domain the response for deterministic and stochastic excitation, by
adopting an unified approach. 
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1 INTRODUCTION 

The fracture behavior of structural components subjected to various loading and environ-
mental conditions is of relevance in assessing structural integrity. When a structure is sub-
jected to damage its dynamic response changes due to the change of its mechanical 
characteristics [1,2].  

In this framework an interesting issue is the effect of a single crack on the structural re-
sponse [3-6]. For the dynamic analysis the presence of the crack is usually neglected in the 
evaluation of the mass and damping, so only the stiffness is affected by the crack. This study 
is performed adopting a finite element model for the damaged beam with an on-edge non-
propagating crack. Undamaged elements of the beam are modeled by Euler-type finite ele-
ments.  

It is impossible to be certain of the crack depth, consequently this quantity should be as-
sumed uncertain. Therefore, it is important to estimate the effect of this uncertainty on the 
structural dynamic response [7]. However, while the numerous available data permit to model 
with good accuracy the excitations as stochastic processes, unfortunately the data about the 
structural parameters are quite limited. It follows that the probabilistic approach cannot be 
realistically applied to represent structural uncertainties; indeed, it requires a wealth of data, 
often unavailable, to define the probability distribution density of the fluctuating structural 
parameters. For this reason the uncertain crack depth is here modeled as an interval variable 
[8]: in this model the uncertainty is defined by the knowledge of the lower and upper bound 
only. 

The aim of this paper is to determine the lower and upper bounds of the response of dam-
aged beams with uncertain-but-bounded crack subjected to both deterministic and stochastic 
excitations modeled as zero mean Gaussian random processes. To this aim the method pro-
posed by Muscolino and Sofi [9] is extended to cracked beams. Specifically, the method 
adopts an improvement of the classical interval analysis [8], introducing a particular unitary 
interval, called Extra Unitary Interval (EUI) to split both the time dependent deterministic 
and random response, in modal subspace, as sum of two aliquots: the midpoint or nominal 
solution and the deviation. For stochastic excitations the Kronecker algebra [10] is adopted to 
derive the differential equations governing the time-evolution of the midpoint and deviation 
covariance vectors of the response under zero-mean Gaussian stochastic input process. 

 Once such equations are solved, the upper and lower bounds of the deterministic response 
as well as the covariance vector are evaluated by applying handy formulas.  

In particular the proposed procedure is based on the following main steps: i) to define a fi-
nite element model of the beam in which the model of fully open crack is used to represent 
the damaged element; ii) to model the crack depth as an interval variable; iii) to evaluate in 
time domain the response for deterministic and stochastic excitation, by adopting an unified 
approach based on the Improved Interval Analysis via EUI [9]. 

Numerical results concerning a cracked beam with uncertain-but-bounded stiffness proper-
ties under deterministic and uniformly modulated white noise excitation are presented to show 
the effectiveness of the proposed method. 

2 CRACK MODEL DESCRIPTION 

The adopted mathematical model used for the damaged beam with a transverse on-edge 
non-propagating crack is based on the finite element model proposed in Refs. [1,2]. 

According to Saint-Venant principle only the element that contains a central crack is modi-
fied, being the stress field affected only in the region adjacent to the crack.  Such a perturba-
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tion of the stress field is relevant especially when the crack is open and determines a local re-
duction of the flexural rigidity. 

It follows that the element stiffness matrix, with the exception of the terms which represent 
the cracked element, may be regarded as unchanged under a certain limitation of the element 
size. 

Undamaged parts of the beam are modelled by Euler type finite elements with two nodes 
and two degrees of freedom (transverse displacement and rotation) at each node. 

Neglecting shear action, the strain energy of an element without a crack can be written as 

( )
2 3

2(0) 2 2

0

1 1

2 2 3

P
W M Pz dz M MP

EI EI

 
= + = + + 

 
∫
ℓ

ℓ
ℓ ℓ (1) 

where E is the Young’s modulus, ℓ  the length of the finite element, P and M are the shear and 
bending internal forces at the right node of the element and I is the moment of inertia.  

Fracture mechanics studied the calculation of the additional stress energy of a crack pro-
viding flexibility coefficients expressed by a stress intensity factor in the linear elastic range, 
using Castigliano’s theorem.  

Concerning a rectangular beam having width b and thickness h the additional energy due to 
the crack can be expressed as 

2 2 2
(1)

0

(1 )

'

a
I II IIIK K K

W b da
E E

ν + += + 
 
∫ (2)

where a is the crack depth,  E'=E for plane stress and E'=E/(1-ν2) for plane strain, ν is the
Poisson ratio and , ,I II IIIK K K  are stress intensity factors for opening type, sliding type and 

tearing cracks, respectively. 
Taking into account only bending, Eq.(2) leads to 

( )2 2

(1)

0 '

a
IM IP IIPK K K

W b da
E

+ +
= ∫ (3)

where  

( ) ( ) ( )2 2

6 3
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M P P
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bh bh bh
π π π= = =ℓ

(4)

are stress intensity factors for opening-type and sliding-type cracks due to M and P, respec-
tively, and 
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2 3
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with s=a/h is the ratio between the crack depth and the height of the element. 

The generic component( )0
ijd  of the compliance (or flexibility) matrix ( )0

eD of the undamaged 

element can be derived as 
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( )
2 (0)

0
1 2, , 1,2; ,ij

i j

W
d i j P P P M

P P

∂= = = =
∂ ∂

  (6)

whereas the terms ( )1
ijd of the additional flexibility matrix ( )1

eD due to the crack can be formu-

lated by: 

( )
2 (1)

1
1 2, , 1,2; ,ij

i j

W
d i j P P P M

P P

∂= = = =
∂ ∂

 (7)

Finally the total flexibility matrix for the element with an open crack is: 

( ) ( )0 1
e e e= +D D D   (8) 

From the equilibrium condition it follows 

( ) ( )1 1 1 1

T T

i i i i i iP M P M P M+ + + += T  (9) 

where the apex T means transpose matrix and 

1 1 0

0 1 0 1
T − − 

=  − 
T

ℓ
   (10) 

By the principle of virtual work the stiffness matrix of the undamaged element takes the fol-
lowing form: 

( )0 1
e e

T−=K TD T  (11) 

while the stiffness matrix of the cracked element may be derived a 
1

c,e e
T−=K TD T  (12) 

Once the stiffness matrices of the undamaged and cracked elements are defined, for the 
beam discretized in Ne finite elements the stiffness matrix K of order n n×  with e2n N=  can 

be straightforwardly evaluated following the classical assembly rules. 
Moreover, in the framework of the finite element approximation, it is usually assumed that 

the crack does not modify the mass distribution. 

3 GOVERNING EQUATIONS  FOR UNCERTAIN-BUT-BOUNDED CRACK 
DEPTH 

The equation of motion of a quiescent damaged beam discretized by Ne finite elements 
subjected to an external excitation ( )tf  with uncertain crack depth modeled as interval vari-
able can be written as: 

 [ ]0 0( ) ( , ) ( ) ( , ) ( ) ( ),      ,It a t a t tα α α α α α α α α, + , + , = ∈ =Mu C u K u fɺɺ ɺ      (13) 

where M  is the n n×  mass matrix of the structure, 0( , )a αC  is the n n×  damping matrix, 

0( , )a αK is the n n×  stiffness matrix and ( )tf  is the vector function of order 1n× ; ( )tα ,u  is 

the interval vector of nodal displacements of order 1n×  and a dot over a variable denotes dif-
ferentiation with respect to time t .  

The n n×  interval stiffness matrix 0( , )a αK  is here expressed as a function of the uncer-

tain structural parameter α  as follows: 
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     0
0 C 0 1 0 1 0

0

( , )
( , ) ( ) ( ); ( )

a
a a a a

α

αα α
α =

∂= + =
∂

K
K K K K  (14) 

where α  is the dimensionless fluctuation of the uncertain crack depth ( )0 1a a α= +  with 0a

its mean value. In Eq.(14) C 0( )aK  is the midpoint stiffness matrix. It is a positive definite 

symmetric matrix of order n n× , while 1 0( )aK  is a symmetric matrix of order n n×  and rank 

r .The Rayleigh model is herein adopted for the interval damping matrix, i.e.: 

( ) ( ) ( ) ( )0 0 1 0 0 1 C 0 1 1 0 C 0 1 0( , ) ( , )a c c a c c a c a a aα α α α= + = + + = +C M K M K K C C    (15) 

where 0c  and 1c  are the Rayleigh damping constants having units 1s−  and s , respectively. 

Hereafter we indicate C 0 C( )a =K K , 1 0 1( )a =K K and ( )C 0 Ca =C C for sake of notation com-

pactness. 
According to the Interval Analysis [8], the interval real number [ ],Iα α α ∈≜ IR  such that

α α α≤ ≤ , with α  and α  denoting the lower and upper bound of α , is introduced.  In this 
case the midpoint (or mean) and deviation amplitude (or radius) can be written as: 

0 ;   0
2 2

α α α αα α+ −= ∆ = > (16) 

Introducing the so-called extra symmetric unitary interval (EUI) [9] variable [ ]ˆ 1,1Ieα −≜ the 

following affine form definition of the interval variable α  is provided: 

            0 ˆ+ Ieαα α α= ∆   (17) 

Moreover the dimensionless fluctuation α of the uncertain-but-bounded crack depth 
( )0 1a a α= + around its mean value 0a can be modeled as symmetric interval in such a 

way [ ],α α α∈ with α α= − . Under this assumption Eq.(17) reduces to ˆIeαα α= ∆ and the 

n n×  interval stiffness matrix 0(a , )I αK  can be rewritten in the form: 

 0 C 1ˆ( , )I Ia eαα α= + ∆K K K  (18) 

where the matrices CK  and 1K  have been previously defined in Eq.(14). 

In the framework of the traditional modal analysis, the solution of the equations of motion 
(13) may be pursued by introducing the following coordinate transformation: 

 [ ]C( , ) ( , ) ,   ,It tα α α α α α= ∈ =u Φ q  (19) 

where ( , )tαq  is the interval vector gathering the first m  modal coordinates ( , )jq tα
( 1,2, ,j m= … ); CΦ  is the modal matrix, of order n m× , pertaining to the midpoint configu-

ration. Specifically, the modal matrix CΦ , collecting the first m eigenvectors normalized with 

respect to the mass matrix M , is evaluated as solution of the following eigenproblem: 

 2 2
C C C C C C C C C C; ;m

Τ Τ=K Φ MΦ Ω Φ MΦ I Φ K Φ Ω= == == == =  (20) 
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mI  being the identity matrix of order m and 2
CΩ  the spectral matrix listing the squares of the 

natural circular frequencies of the structure related to the mean value of the uncertain crack 
depth and the apex T means transpose matrix. 

By applying the coordinate transformation (19), the equations of motion can be projected 
in the modal space: 

              [ ]2
C( , ) ( ) ( , ) ( ) ( , ) ( ),   ,It t t tΤα α α α α α α α α+ + = ∈ =q Ξ q Ω q Φ fɺɺ ɺ   (21) 

where 2
C C( ) ( )Τα α=Ω Φ K Φ  and C C( ) ( )Τα α=Ξ Φ C Φ  is the generalized damping matrix. Based 

on Eq. (18), the matrix 2( )αΩ  can be split as 

[ ]2 2 2
C C C 1

2 2
C C C C 1 C 1 C

ˆ( ) ( ) ,  , ;

;   .

I IeΤ
α

Τ Τ

α α α α α α α= = + ∆ ∈ =

= =

Ω Φ K Φ Ω Ω

Ω Φ K Φ Ω Φ K Φ
             (22) 

where the matrix 2
1Ω  is not a diagonal matrix.  

Analogously the matrix ( )αΞ  can be split as 

[ ]C C C 1

2
C 0 1 C 1 1 C 1 C

ˆ( ) ( ) ,  , ;

;   .

I I

m

e

c c c

Τ
α

Τ

α α α α α α α= = + ∆ ∈ =

= + =

Ξ Φ C Φ Ξ Ξ

Ξ I Ω Ξ Φ K Φ
  (23) 

where only the matrix CΞ  is a diagonal one. 

4 TIME DOMAIN RESPONSE 

4.1 Deterministic excitation 

The key idea is to evaluate two response vectors [9] associated respectively to LB of ˆIeα and 

to UB of ˆIeα .   

The first one, denoted by ( , )tα−q , is evaluated by solving the following differential set of 
equations:  

[ ] 2 2
C 1 C 1 C( , ) ( , ) ( , ) ( )t t t tΤα α α α α− − − + − ∆ + − ∆ = q Ξ Ξ q Ω Ω q Φ fɺɺ ɺ   (24) 

while the second, denoted by ( , )tα+q , is evaluated by solving the following differential set of 
equations: 

[ ] 2 2
C 1 C 1 C( , ) ( , ) ( , ) ( )t t t tΤα α α α α+ + + + + ∆ + + ∆ = q Ξ Ξ q Ω Ω q Φ fɺɺ ɺ  (25) 

Notice that the two set of Eqs. (24) and (25) cannot decoupled by a real coordinate of trans-
formation, then they are referred in literature as non-classically damped systems. It has been 
recognized that in order to evaluate the response of non-classically damped systems the state 
variables have to be introduced [11].  

In state variables the previous equations can be rewritten as: 

 ( , ) ( ) ( , )  ( )t t tα α α= +y D y V f∓ ∓ ∓ɺ  (26) 

being 
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[ ]

[ ]

2 2
C 1 C 1

2 2
C 1 C 1 C

( , )
 ( , ) ;  ( ) ;  

( , )

( ) ;  

m

m

t
t

t

Τ

αα α
α αα

α
α α

−

+

  
= =     − − ∆ − − ∆     

   
= =    − + ∆ − + ∆     

0 Iq
y D

Ω Ω Ξ Ξq

0 I 0
D V

Ω Ω Ξ Ξ Φ

∓
∓

∓ɺ
            (27) 

where 0  is the zero matrix.  
The solution of these equations can be obtained by applying the numerical procedure pro-

posed by [11] writing: 

1 0 1 1( , ) ( , ) ( , ) ( , )  ( ) ( , )  ( )k k k kt t t t t t tα α α α α+ += ∆ + ∆ + ∆y y V f V f∓ ∓ ∓ ∓ ∓Θ γ γΘ γ γΘ γ γΘ γ γ (28) 

where 
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             (29) 

Once the vectors ( , )tα−q  and ( , )tα+q  have been evaluated, the corresponding nodal re-
sponses can be written as: 

C C( , ) ( , );    ( , ) ( , )t t t tα α α α− − + += =u Φ q u Φ q (30) 

In order to evaluate the lower bound (LB), ( , )tαu , and upper bound (UB), ( , )tαu , of the 

interval dynamic response, ( , )I tαu , let denote with ( )I
ku t  the k-th element of the vector 

( , )I tαu , and with ( )ku t−  and ( )ku t+  the k-th elements of the vectors ( , )tα−u  and ( , )tα+u , re-

spectively. Then the lower and upper bounds of the k-th nodal dynamic response in the time 
domain can be written as: 

 { } { }( ) min ( ), ( ) ;    ( ) max ( ), ( )k k k k k ku t u t u t u t u t u t− + − += = (31) 

where { }min •  and { }max •  means minimum and maximum values of the quantity into curly

parentheses, respectively. 
Once the LB and UB functions are evaluated, the midpoint function can be evaluated as: 

 ,mid

( ) ( )
( )

2
k k

k

u t u t
u t

+
= (32) 

4.2 Stochastic excitation 

The statistics of the response of a damaged beam with uncertain-but-bounded crack depth 
under random excitation turn out to be represented by time-dependent stochastic interval vec-
tors. In the following, a method for determining the upper and lower bounds of second-order 
statistics will be developed. 
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Without loss of generality, the forcing term in Eq.(13) is herein assumed to be a mono-
correlated zero-mean Gaussian random vector process, appropriately defined as follows: 

( ) ( )t F t=f s (33) 

where s  is a n-order vector listing the spatial distribution of loads and ( )F t  is a zero-mean 
Gaussian non-stationary uniformly modulated random process, fully characterized by the 
autocorrelation function 1 2( )FFR t ,t . 

As known, under the assumptions of linear elastic behaviour and uncertain-but-bounded 
structural parameter, namely the crack depth, the response process of a structural system ex-
cited by a zero-mean Gaussian random process is zero-mean Gaussian too. The covariance 
matrix is defined as: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

, , , ,
, E , , E

, , , ,

t t t t
t t t

t t t t

Τ Τ
Τ

Τ Τ

α α α α
α α α

α α α α
= =YY

Q Q Q Q
Y Y

Q Q Q Q

ɺ

ɺ ɺ ɺ
ΣΣΣΣ (34) 

E •  being the mathematical expectation operator.  

Alternatively, the stochastic response can defined in a more suitable form by introducing 
the covariance vector ( , )tαYσ : 

{ } { }( , ) E ( , ) ( , ) Vec E ( , ) ( , ) Vec ( , )t t t t t tΤ Τ Τα = α α = α α = αY YYσ Y Y Y Y⊙ ΣΣΣΣ  (35) 

where the symbol ⊙  denotes the block Kronecker product [10]. The vector ( , )tαYσ  repre-

sents the block vectorialized form (“ { }Vec i ”) of the covariance matrix, that is a column vec-

tor defined in such a way that the columns of the sub-matrices forming the matrix in 
parentheses are written one below each other. 

After some algebra, the differential equations governing the time-evolution of the vector 
( , )tαYσ  can be written as: 

2( , ) ( ) ( , ) ( , )t t tα = α α + αY Y Yσ D σ F∓ ∓ ∓ ∓ɺ (36) 

where 
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⊙ ⊙   (37) 

with 

( ) ( )2 2 2m m= +  V Vs I I Vs⊙ ⊙  (38) 
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The matrices ( )α−D  and ( )α+D required to define 2 ( )αD∓  have been previously defined in 

Eq.(27). Taking into account the formal analogy between Eq.(36) and the equation of motion 
in the modal state variable space (26), the response can be evaluate numerically as:

  1 2 0,2 1,2 1( , ) ( , ) ( , )) ( , ) ( , ) ( , ) ( , )k k k kt t t t t t tα α α α α α α+ += ∆ + ∆ + ∆Y Y Y Yσ σ F F∓ ∓ ∓ ∓ ∓ ∓ ∓Θ γ γΘ γ γΘ γ γΘ γ γ  (39) 

where 
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     (40) 

A procedure proposed to evaluate the inverse of the matrices2 ( )αD∓ in Eq.(40), name-

ly ( ) 1

2 ( )α
−

D∓ , moves from the evaluation of j
∓ψψψψ  and j

∓λ  being the j-th eigenvector and the as-

sociated eigenvalue, solutions of the following eigenproblems: 

= ; T
r=D Ψ Ψ Λ Ψ A Ψ I∓ ∓ ∓ ∓ ∓ ∓ ∓  (41) 

solved respectively for the matrices ( )α−D  and ( )α+D with 

1 2 1 2;   Diag , ,r r   = ⋅⋅⋅ =   Ψ ψ ψ ψ Λ
∓ ∓ ∓ ∓ ∓ ∓ ∓ ∓…λ λ λ  (42) 

and 

[ ]C 1 ( ) m

m

α
α

 ∆
=  
 

Ξ Ξ I
A

I 0
∓ ∓

 (43) 

The evaluation of the complex diagonal matrices 2Λ
∓ defined as 

2 2m 2m= +Λ Λ I I Λ∓ ∓ ∓⊙ ⊙  (44) 

allows to calculate the matrices ( ) 1

2 ( )α
−

D∓ as follows: 

( ) ( )( ) ( )1 1

2 2( ) ( ) ( )T T− −
=D Ψ Ψ Λ Ψ A Ψ A∓ ∓ ∓ ∓ ∓ ∓ ∓ ∓⊙ ⊙α α α  (45) 

Once the modal covariances vectors ( , )t− αYσ  and ( , )t+ αYσ  have been evaluated, the nodal 

corresponding quantities can be evaluated as follows: 
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   (46) 

where 

C C
C

C C

   
=    
   

Φ 0 Φ 0
Π

0 Φ 0 Φ
⊙ (47) 

The lower bound (LB) and upper bound (UB) of the k-th nodal interval variance of the dy-
namic response can be evaluated as a function of the ( 1)k m k− + -th element of vectors 

( , )t− αUσ  and ( , )t+ αUσ , that is:
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where { }( 1)
min

k m k− +
• and { }( 1)

max
k m k− +

• means minimum and maximum values of the

( 1)k m k− + -th element of the vectors into curly parentheses, respectively. Once the LB and 
UB functions are evaluated the midpoint vector can be evaluated as: 
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2
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2
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k

U U
U

t t
t

σ α σ α
σ α

+
=  (49) 

In order to highlight the potential of the proposed formulation, in the following of this sec-
tion the non-stationary random excitation is modelled as a uniformly modulated white noise 
process. As known, such a model is successfully adopted in many engineering applications 
since it allows substantial simplifications in the mathematical formulation. 

 In this case, the stochastic process ( )F t  in Eq.(33) is expressed multiplying a stationary 
Gaussian white noise process, ( )W t , by an amplitude modulating deterministic function ( )tϕ , 
i.e. : ( ) ( ) ( ).F t t W tϕ=  Accordingly, the autocorrelation function of ( )F t  reads: 

( )1 2 1 2 2 1( , ) 2 ( ) ( )FF WR t t S t t t tπ ϕ ϕ δ= −  (50) 

where WS  is the Power Spectral Density (PSD) of ( )W t  and ( )tδ  denotes the Dirac delta 

function. By substituting Eq.(50) into the last of Eqs.(40) the following forcing vector is ob-
tained: 

( ) ( )2( , t) ( , t) 2 S ( )W tα α π ϕ≡ =Y YF F Vs Vs∓ ⊙                             (51)

It follows that, when the input process is modelled as a uniformly modulated white noise, 
the proposed method involves much simpler mathematical derivations. 
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5 NUMERICAL APPLICATION 

In order to demonstrate the efficiency of the procedure presented in the previous section, a 
cantilever damaged steel beam studied in [1] subjected to an action f(t) applied to the free-end 
is examined. Its geometry is reported in Fig.1. 

eℓ

1 2 3 4 5

( )f t

L

a

b

h

Figure 1: Geometry of the cantilever steel beam 

The beam presents a rectangular cross-section with width b=1mm and height h=7.8mm and 
length L=200mm. The Young’s modulus and the material mass density are assumed 

2207000 N mmE = and 37860Kg mρ = , respectively. The cantilever beam has been mod-

elled by e 5N =   finite elements  (see Fig.1), assuming positive upward vertical displacements 

and counter-clock wise rotations.  Two different locations for the crack have been considered. 
The crack is supposed to be located in one case in the middle of the second element and in a 
second case study in the middle of the fourth element. Therefore the damaged element stiff-
ness matrix is evaluated as 1

c,2 2
T−=K TD T or 1

c,4 4
T−=K TD T  (see Eq.12) respectively. The re-

maining four elements are modelled as undamaged beam finite elements. 
The mean value 0a of the uncertain-but-bounded crack depth a defined as 

( )0 ˆ1 Ia a eαα= + ∆  is assumed to be 0 0.4a h= .  

The different change into stiffness related to the location of the crack provides different 
values for the Rayleigh damping constants in Eq.(15). For the case of the crack located in the 
second element, the constants takes the values c0= 83.927s-1 and c1=0.0000138s, while for 
the case of damaged fourth element the constant assume the values c0= 86.939s-1 and 
c1=0.0000139s , respectively. In both cases they are evaluated in such a way that the modal 
damping ratio for the first and second modes of the structure referred to the midpoint stiffness 
matrix CK is 0 0.05=ζ . 

The analysis has been conducted for both cases of deterministic and stochastic action f(t). 
Two different types of deterministic action have been considered: the first one represented by 
the unit step function ( ) ( )f t U t= while the second expressed by an harmonic

force ( ) ( )sin 200f t t= .

Via the proposed procedure resumed in section 4.1 and applying Eqs.(31), the lower and 
upper bounds of the nodal displacement u(t) of the free end of the cantilever beam, namely the 
9-th nodal dynamic response, have been straightforwardly evaluated. The zero mean deviation 
has been assumed 0.3α∆ = . 

Figs.2a and 2b show the time varying lower 9( )u t and upper 9( )u t bounds of the displace-

ment (in mm) of the cantilever tip subjected to U(t) considering the two crack locations, re-
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t

( )4
9 ( )u t

( )2
9 ( )u t

spectively in the elements 2 and 4 (as specified in the apex in brackets). In Fig.3 similar re-
sults are reported for the damaged beam under harmonic action.  

Both bounds results coincide with the exact bounds in presence of crack with uncertain-
but-bounded depth. 

Comparing the response bounds trend it is worth to note that for both cases of acting load 
there is not correspondence among the peaks of the response which result shifted in time. 

(a)   (b) 

Figure 2: (a) Lower and (b) upper bound of the free-end displacement (in mm) of the damaged cantilever beam 
with crack located at the middle of second element (continuous line) or fourth element (dashed line) under unit 

step action U(t). 

(a)  (b) 

Figure 3: (a) Lower and (b) upper bound of the free-end displacement (in mm) of the damaged cantilever beam 
with crack located at the middle of second element (continuous line) or fourth element (dashed line) under har-

monic action. 

The stochastic excitation acting at the free end of the beam has been defined as in Eq.(33) 
with ( ) ( ) ( ).F t t W tϕ= The stationary White Noise process has spectral density function 

4 26 10 N sWS −= × and the modulating deterministic function ( )tϕ has been expressed by 

( )( ) ( )( ) exp 1 expt t t= −ϕ ε ε with 0.3=ε .

Taking advantage of the mathematical simplifications, Eqs.(48) allow to evaluate the 
bounds of the nodal interval variance of the dynamic response in terms of displacement under 
uniformly modulated white noise. 

In Figs.4a and 4b, as for the previous cases of deterministic actions,  the bounds of the time 
varying displacement variances of the cantilever tip, 

9

2 ( )U tσ and 
9

2 ( )U tσ  respectively, are re-

ported and compared for the two crack locations considered (middle of second and fourth 

t

( )4
9 ( )u t

( )2
9 ( )u t

t

( )4
9 ( )u t

( )2
9 ( )u t

t

( )4
9 ( )u t ( )2

9 ( )u t
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element). Also for this application the deviation amplitude is fixed 0.3α∆ = . Same results 
are obtained performing the MonteCarlo simulation. 

Figs.4 show that for stochastic action the bounds peaks of the variance of the response in 
terms of free-end displacement are both lower when the crack is located at the middle of the 
fourth element respect to the case of crack located in the second element. 

Moreover it is worth to note that the gap is larger between the upper bounds of the vari-
ances ( 2)

9

2 ( )
U

tσ and ( 4)
9

2 ( )
U

tσ , respectively (see Fig.4b). 

t

( 2)
9

2 ( )
U

tσ

(4)
9

2 ( )
U

tσ

t

( )2
9

2 ( )
U

tσ

(4 )
9

2 ( )
U

tσ

(a)  (b) 

Figure 4: (a) Lower and (b) upper bound of the variance of the free-end displacement (in mm2) of the damaged 
cantilever beam with crack located at the middle of second element (continuous line) or fourth element (dashed 

line) under non-stationary random excitation. 

Lastly in Figs.5 results in terms of bounds of the variances of the free-end displacement are 
reported  for different deviation amplitude values, respectively 0.3α∆ = and 0.1α∆ = . 

Results shown in Fig.5a are referred to the case of crack located in the middle of the sec-
ond element while those in Fig.5b are referred to the  crack shifted in the fourth element. 

Comparisons between the bounds of the variances of the free-end displacement show that 
larger intervals occur when the crack is located in the second element (see Fig.5a) while the 
intervals are narrow when the crack is located at the fourth element also for the larger devia-
tion amplitude 0.3α∆ = . It follows that the dynamic response of the damaged cantilever 
beam is more sensitive to the presence of the crack when the latter is located closer to the 
joint end, as expected. 

t

(2)
9

2 ( )
U

tσ

(2)
9

2 ( )
U

tσ

0.3α∆ =
0.1α∆ =

t

(4 )
9

2 ( )
U

tσ

(4 )
9

2 ( )
U

tσ

0.3α∆ =
0.1α∆ =

(a)  (b) 

Figure 5: Lower and upper bounds of the variance of the free-end displacement (in mm2) of the damaged canti-
lever beam with crack located at the middle of (a) second element or (b) fourth element under non-stationary 

random excitation for deviation amplitude 0.3α∆ = (continuous line) and 0.1α∆ =  (dot-dashed line). 

312



G. Muscolino and R. Santoro 

6 CONCLUSIONS 

In this paper lower and upper bounds of the response of damaged beams with uncertain-
but-bounded crack subjected to both deterministic and stochastic excitations modeled as zero 
mean Gaussian random processes are evaluated. 

The proposed method allows to split both the time dependent deterministic and random re-
sponse, in modal subspace, as sum of two aliquots: the midpoint or nominal solution and the 
deviation. For stochastic excitations, the differential equations governing the time-evolution 
of the midpoint and deviation covariance vectors of the response under zero-mean Gaussian 
stochastic input process are derived taking full advantage of the Kronecker algebra. 

Main steps of the provided procedure summarize as follows: i) to define a finite element 
model of the beam in which the model of fully open crack is used to represent the damaged 
element; ii) to model the crack depth as an interval variable; iii) to evaluate in time domain 
the response for deterministic and stochastic excitation, by adopting an unified approach 
based on the Improved Interval Analysis via EUI. 

Effectiveness and efficiency of the present method are shown in the numerical results, co-
inciding with the exact ones, concerning a cracked beam with uncertain-but-bounded stiffness 
properties under deterministic and uniformly modulated white noise excitation. 
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Abstract. The interval field method can be used to model spatial uncertainty in finite element
models. When analysing spatial uncertainty, dependency is an important quantity to consider,
as it is physically implausible to assume a quantity is independent in locations that are close
to each other. The interval field method was introduced to join this concept of dependency with
classical interval analysis, omitting the need to define probability distributions. This paper will
apply the theory of interval field (IF) to the dynamical properties of a violin top plate, with
uncertain stiffness and density.
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1 INTRODUCTION

The construction of musical instruments is an interesting field for numerical modelling. Not
only because numerical modelling is still almost non-existent in this field, but also because due
to the sensitivity of the human eye, almost all aspects than can be modelled accurately from the
raw material up to the response of the final product are relevant. On the other hand, many effort
has already been taken in defining numerical models for all kinds of instruments, and there is
still much to do, because accurately modelling sound generated by instruments is notoriously
difficult.

Some instruments can be mass produced, of which guitars are the best example, but in most
instruments, a lot of handwork is still needed to obtain the desired end result. The raw material
used in the construction is of vital importance to the sound, and much effort goes into selecting
the best material. However, this too is mostly done using only the naked eye to assess material
quality. This leaves a large amount of uncertainty on the material’s structural properties, which
in turn affects the structural output of the material, and ultimately the sound generated.

This paper considers the violin as instrument of interest, and attempts to quantify the uncer-
tainty on relevant natural frequencies, originating from the uncertainty on the wood stiffness
and density. Both parameters are assumed to vary over the domain of a violin top plate, leading
to a field-based approach of the uncertain parameters. The reader should consider this work
as part of a full sound model of a violin, in which much research has been conducted already.
Important for subsequent analysis is that the uncertainty of the frequencies is captured as accu-
rately as possible. If not, possible conservatism in the results could multiply, leading to useless
results.

2 VIOLIN BODY CONSTRUCTION

The violin body accounts for the primary source of sound. The wooden corpus consists
of two panels, the violins back and top panel. The panels are connected by the ribs of the
instrument, enclosing a body of air. The f-shaped holes in the top plate allow air to flow in and
out of the body, producing the core sound of the violin.

The top plate is made from quarter cut spruce (picea abies), sawn as a single piece, and is
about 3 mm thick at the thickest point. The quarter-cut sawing technique produces planks with
the growth rings almost perpendicular to the plank plane. This produces strong and light planks,
but is more expensive to make as relatively few quarter-cut planks can be made from a single
tree. The wood grains lie along the violins longitudinal axis.

The back plate is generally made from figured maple, and can be both a single piece or a
two-pieced part. Two-pieced plates are made by sawing a single wedge from a tree into two
slender wedges and gluing them together at the wide side. Because they originate from the
same wedge, the two halves are visually almost identical, producing a symmetrical back plate.
Single-pieced back plates can be both quarter-cut or slab-cut. Slab cut wood originates from
sawing a tree all the way through. Because the alignment of the material axis vary over the
plank, slab-cut backs are more sensitive and tend to bend more easily during the violins life.

The ribs are made from 1 mm thick maple wood, bended to follow the violins characteristic
shape.

Within the violin body, a slender bar of spruce called the bass bar is attached to the top plate
adding stiffness in the longitudinal direction. The bass bar is always attached with a slight offset
from the middle, removing the symmetrical behaviour of the top plate.

Lastly, a small piece of spruce, the sound post, is put between the f-holes that connects the
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Figure 1: Tuning modes of the violin top plate

top and back plate, usually not glued in place, but clamped in between the plates, accounting
for extra support of the top plate. Also placed eccentrically with respect to the top plates line of
symmetry, the symmetry of the violin is further distorted.

For the purpose of this paper, only the top plate will be considered. Research has proven
that for the characteristic modes of the violin body, the top plate is usually exhibiting the largest
deformation.

3 MODAL ANALYSIS

The model is used in a modal analysis to characterise the structural behaviour of the violin top
plate. The chain between violin body characteristics and sound production is notoriously hard
to model accurately and has been subject of much research already, including work on bridge
and snare mobility ([1, 2]), analysis of damping factors ([4, 5]) and modal characterisation of
complete string instruments ([7, 6]) Earlier work on characterising the mechanics of the violin
body already showed that not some structural modes are more effective at radiating sound than
others ([3]). The effectiveness of a mode can be characterized in two ways:

• Modal displacement at the bridge: the string vibration is passed to the body through
the bridge, placed in between the f-holes. If the mode shape exhibits a nodal line at
the bridge, it is difficult to directly excite through exciting the strings, reducing sound
radiation capability.

• Degree of asymmetry of the mode shape: with every mode shape a volume difference of
the captured body of air is associated. Due to their symmetry, some heavily vibrating
modes only lead to local motion of the air within the cavity, without actual air motion
through the f-holes. Typically, highly symmetrical modes show this behaviour. More
asymmetrical modes with more relative volume difference are therefore more effective at
radiating sound.

Based on this fact, only a small set of modes is truly interesting to look at. During the con-
struction process, most luthiers perform a plate tuning of both the top and back plate, specifically
targeting one mode and tuning it to a desired value ([8]). Most luthiers use a manual process
for this, holding the plate between thumb and index finger at a node and then gently tapping the
plate at an antinode, producing an audible frequency associated to a single mode. By locally
carving away some wood, the right frequency can be obtained. The modes mostly used to tune
the top plate are the first, second and fifth structural mode, images of which are includes in
figure 1.

The first mode correspons to the first torsional mode of a flat plate, and is situated at about 60
Hz. The second mode corresponds to the first bending mode. This mode is highly influenced by
the anisotropic character of the wood, which can be seen from the curved nodal lines running
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across the plate. This mode’s frequency is about 100 Hz. The fifth mode is a bending mode with
synchronic bending in x- and y-direction, creating a trampoline-like movement. It is situated
around 220 Hz. This mode is closely related to the A0-mode of the full violin body. This
important mode of the full violin exhibits opposite movement of top and back plate, leading to
a large volume difference of the enclosed air, leading to large air movement through the f-holes.
This mode is often referred to as the ’breathing’-mode. This mode is given in figure 2.

Figure 2: breathing mode of the violin body.

The model of the violin plate measures 210 mm at its widest and 356 mm at its longest point
and consists of 15000 shell elements. The thickness is taken as 2.5 mm throughout.

With respect to possible automatisation of violin construction, the manual process of plate
tuning is obviously the hardest to do. This analysis therefore assumes a constant thickness
but allows a certain variation of the structural properties of the wood, as these are hard to
determine for a violin maker. The output will be the frequency variation of the three tuning
modes described above. However, not only the variation of the modes indiviually is important
to observe, but also the shape of the combined uncertainty region in the (f1, f2, f5)-domain,
as the sound produced by the violin results of an interaction of these and probably even more
modes. It is therefore very important to, as a start, accurately estimate an uncertain region of
these mode frequencies, which can then be used in subsequent analysis of a full violin body
analysis.

4 WOOD VARIABILITY

The primary use of wood in engineering purposes is in construction, for which only the
structural properties are of interest. For use in musical instruments, the acoustic properties are
the main source of interest. The term resonance wood is the term for all wood that is used for
acoustical purposes, i.e. in musical instruments. The characterisation of resonance wood in this
chapter mainly focusses on its orthotropic nature, and the different sources of variability. These
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sources will then be translated to a physically inspired representation of material uncertainty in
the wood.

Wood is considered a nominally orthotropic material with cylindrical orthotropy. It is charac-
terized by a density ρ, and three Moduli of Elasticity EL, ER and ET, representing the stiffness
in the longitudinal, radial and tangential direction. Assuming quarter cut plates, the tangential
direction is located perpendicular to the plate and is therefore of no interest in this analysis. De-
rived quantities are the speed of sound in longitudinal and radial direction, given by eq. 1 and
2. Specifically for resonance wood, VLL is quite high with respect to construction wood, indi-
cating a large desired value for EL combined with a low density ([9]). On the radial stiffness,
less conclusive results are known, but a relatively low value is generally preferred.

VLL =

√
EL
ρ

(1)

VRR =

√
ER
ρ

(2)

If we look closely to the microstructure of wood, we observe tubular cells with a very large
length-to-width ratio. In the case of spruce this is even larger than 100 [10]. The cell walls make
up for almost all of the cells stiffness and are essentially a fibre-reinforced matrix. These fibres
form a helix-shape around the cell with a varying angle called the microfibril angle (MFA). If
the angle approaches zero, the fibres align with the cells main axis, maximizing the longitudinal
stiffness and minimizing the radial stiffness, whereas if the angle increases, the stiffness of
the matrix becomes increasingly dominant, reducing the longitudinal stiffness but increasing
the radial stiffness. As a result, resonance wood is characterized by a small average MFA of
10 or less. Moreover, research has showed that a small difference between the average MFA of
latewood compared to earlywood is beneficial for the acoustic properties, as this leads to a more
homogeneous sound velocity ([11, 12]). A certain degree of continuity of this quantity over the
violin plate is therefore desired.

5 WOOD SELECTION

Mostly, the selection process is based on visual techniques combined with experience to
identify the optimal wood to be used in their instruments ([10, 13, 14]). Their interest specifi-
cally goes out towards the annual ring pattern and wood colour. Narrow rings with good consis-
tency over the length of the grains is desired, also because of aesthetic reasons. Also, a bright
colour indicates lighter wood which is preferred as well. Overall, one can say that the violin
makers selection process favors a low density and an impurity-free wood specimen over acous-
tical properties, which are much more difficult to assess by using only the senses. It has been
shown that ER is proportional to the percentage of latewood present in the plate ([14]). Late-
wood is defined as the wood the tree grows in summer/autumn. Improving the trees strength,
the density is more than twice the density of so called earlywood. Resonance wood usually has
a latewood percentage of under 20 %, suggesting the preference of a low ER.

6 SPATIAL VARIABILITY

Many literature exists with data on the variability of structural parameters of spruce ([18,
17, 16]), but most of these are defined on macro scale and derived from measuring entire wood
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planks. Focus on meso-level (i.e. variability between grains or along a single grain) is less
abundant. We know wood consists of slender-shaped cells with very stiff cell walls, composed
of a matrix-reinforced composite. The MFA is key in this definition as this determines the
longitudinal and transverse stiffness of the cells and therefore of the whole material. Good
correlation has been observed between the continuity of this parameter over the material and
the acoustical quality of the resonance wood ([15]). Moreover, a large degree of anisotropy has
the same positive effect on the quality, suggesting a small overall value for the MFA.

Research indicates that the stiffness is heavily dependent of the MFA, showing a linear de-
crease of longitudinal stiffness and an increase of radial stiffness with increasing MFA. Based
on this reasoning, we assume the following dependency of the stiffnesses with respect to density
and MFA, in each point on the top plate (eq. 3):

EL = EL,0 · (1 + Cρ(ρ− ρ0)) · (1 − Cθ(MFA−MFA0))

ER = ER,0 · (1 + Cρ(ρ− ρ0)) · (1 + Cθ(MFA−MFA0)) (3)

We will assume the density and the MFA are not correlated, an assumption validated by
literature ([19]), in which strong correlation between these quantities could not be proven. Note
that for positive Cθ, EL decreases as MFA increases, whereas the radial stiffness ER increases.
For the purpose of this numerical exercise, we assume the density and the microfibrillar angle
have similar effect on the final value of the stiffness (literature shows values between 1/3 and
2/3). Based on the ranges of ρ and MFA, the values of the constants for spruce in equation 3 are
given below in equation 4:

EL = 12 · 109 N

m2
·
(

1 + 2.78 · 106mm
3

kg
(ρ− ρ0)

)
· (1 − 0.0417(MFA−MFA0))

EL = 0.9 · 109 N

m2
·
(

1 + 2.78 · 106mm
3

kg
(ρ− ρ0)

)
· (1 − 0.0417(MFA−MFA0)) (4)

with MFA expressed in degrees. The density is the quantity on which the selection process of
luthiers is mostly focused. As previously stated, light wood with a low contribution of latewood
is preferred. The percentage of latewood can be relatively accurately estimated by the trained
eye, so we assume no more than 20 % intra-variability on the density in all directions. However,
the density of the wood is expected to be more constant in the longitudinal direction than in the
radial direction, as changes in weather conditions manifest themselves in the radial direction.
We will therefore account for a higher dependency in the longitudinal direction than in the
radial direction. The MFA is obviously much more difficult to notice with the blind eye. Fact
is that Norway spruce (Picea abiens) has a very small average MFA with respect to other wood
species, to which it largely owes its preferred use in violin building. The MFA is known to
decrease with the age of the growth ring, and also with tree height [11]. The decrease rate is
however subject to uncertainty. To express the MFA in each point, the following equation is
used (equation 5):

MFAI(x, y) = (θI2 − θI1) ·
( x

210mm

)pI1
+ ∆θI ·

( y

356mm

)pI2
+ θI1 (5)

In this equation, θ1 and θ2 are the MFA at the lower corners of the plank from which the
plate is made, ∆θ is the change in MPA across the longitudinal axis of the plate. To all of
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Figure 3: Orientation of the basis functions over the violin body.

these parameters independent intervals are assigned. The exponents p1 and p2 are intervals that
model the uncertainty on the decrease rate of the MFA across the plate.The interval bounds for
the spruce wood used in the top plate are given in table 6. The absolute bounds of MFA across
the wood are [2, 14] .

For the modelling of the uncertainty on the density, we use an interval representation intro-
duced by the authors in [20], which includes the spatial dependency of the density by setting
bounds on the maximal gradient of the density. The general definition is given in eq. 6:

ρI(x, y) = ρ0 ·

(
1 +

n∑
i=1

αIi · φi(x, y)

)
(6)

In this definition, φi(s, y) are radial basis functions. Each function is associated with a
separate interval parameter, due to the overlap of the basis functions the interval parameters can
be assumed independent while still obeying a constraint on the maximum gradient of the field.
Their orientation is illustrated in figure 3. Figure 4 shows such a basis function.
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parameter in MFA model lower bound upper bound
θ1 2 10
θ2 2 10
∆θ 0 4
p1 -0.25 0.25
p2 -0.25 0.25

Table 1: interval bounds in the MFA model

Figure 4: Example of a basis function.

For the z-value, a piecewise continuous second order polynomial function is used:

z(r, θ) = a ·


2
(

1 − r
Rmax(θ)

)2

1 > r
Rmax(θ)

> 0.5

1 − 2
(

r
Rmax(θ)

)2
r

Rmax(θ)
≤ 0.5

0 r
Rmax(θ)

> 1

(7)

, with r =
√

(x− x0)2 + (y − y0)2 the distance from the central point and Rmax(θ) the maxi-
mum radius of the basis function in a certain direction. For the top plate, a definition of 56 basis
functions is used. The base functions used have a different radius in x- and y-direction, as can
be seen from figure 3. The variation of the density is known to vary more in the radial direction
as in the longitudinal direction, simply due to the fact that changing weather conditions man-
ifest themselves across the tree’s ageing rings in the radial direction. For this, we will define
separate radii RL and Rr for the longitudinal and radial directions, leading to oval shaped basis
functions, the bases of which are illustrated in figure 3. By choosing the scaling factor a, the
function radiiRL andRr and the distances between the center points ∆x and ∆y, we can set the
maximum gradient

(
∂f
∂x
, ∂f
∂y

)
as well as the maximum deviation U in each point. The relations

are given below in equation 8. The x-axis is set along the radial direction, the y-axis is set along
the longitudinal direction.
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Figure 5: some examples of density distributions over the violin top plate

Figure 6: some examples of longitudinal stiffness distributions over the violin top plate

U =
7π

24
· Rr

∆x

RL

∆y
∂f

∂y
=

2aRr

∆x∆y

∂f

∂x
=

2aRL

∆x∆y
(8)

the choice of ∆x and ∆y depend on the choice of RL and Rr, as equation 8 only holds
for sufficiently large values of RL

∆y
and Rr

∆x
. A 20% deviation on ρ corresponds to U = 0.2, a

maximum (relative) gradient of (0.00182, 0.00365)mm−1 corresponds to RL = 240mm, Rr =
120mm and a = 0.038. ∆x and ∆y are set at 50mm and 100mm respectively.

The bases of the basis functions are illustrated in figure 3. Note that the central point of
some functions are located outside of the domain of the plate, but are still included as a term in
equation 6 because a part of their nonzero domain is located on the plate. Figures 5, 6 and 7
show some random realisations of the top plate by randomly sampling the intervals in equations
5 and 6, showing the dependency present in both the stiffness and the density.

7 PROPAGATION

In order to accurately propagate the effect of the density, we will use the spatial informa-
tion of the density interval parameters. Allthough we assume the interval parameters can vary
independently, their effects on the violin body natural frequencies are probably highly similar.
To account for this, we make use of so called coefficient fields. We know from the basic me-
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Figure 7: some examples of radial stiffness distributions over the violin top plate

chanics of plates that the square of the eigenfrequency is proportional to the specific stiffness E
ρ

(equation 9).

ω2
i = aL · EL

ρ
+ aR · ER

ρ
(9)

In the case of varying properties, we can again create a similar expression for the density in
each field point:

d
(
ω2
i

)
= aL(x, y) · EL(x, y)

ρ(x, y)
+ aR(x, y) · ER(x, y)

ρ(x, y)
(10)

in this equation d (ω2
i ) represents the change in eigenfrequency due to a varying density

in a single. Simply integrating this equation over the entire plate then leads to the following
expression:

ωi =

√∫
x,y

d (ω2
i ) =

√∫
x,y

aL(x, y) · EL(x, y)

ρ(x, y)
dxdy +

∫
x,y

aR(x, y) · ER(x, y)

ρ(x, y)
dxdy (11)

In this expression, the coefficients of the polynomial model are given a spatial character.
Previous research [21] indicated that for low order polynomials applied to plate based models,
these coefficient fields exhibit a high degree of continuity, because of the correlated behaviour
of the eigenfrequencies with respect to changing density in different points on the plate. This
allows us to in turn model these coefficient fields by low order polynomials:

a(x, y) = q1122x
2y2 + q122xy

2 + q112x
2y + q11x

2 + q22y
2 + q12xy + q1x+ q2y + q0 (12)

This allows us to drastically reduce the true dimension of the problem by immediately fo-
cussing on the coefficients of equation 12, rather than identifying a relationship for each field
point separately. For this problem, the 15000 discrete coefficients that would have to be de-
termined for the specific stiffness variation are then replaced by only 9 coefficients that define
the continuous coefficient field. Once the model of equation 11 is known, the relationship of
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the parameters governing the MFA can then be inferred from equation 3. This leads to two
coefficient fields with 9 coefficients each, so a total of 18 parameters have to be determined.

A very important remark to make here is that as the order of the polynomial in eq. 9 increases,
the applicability of this approach decreases, as the continuity of the coefficient fields rapidly
decreases for higher order terms. More on this can be found in [21, 22].

8 RESULTS

For the training of the metamodel with the coefficient fields, 600 random experiments are
used. After the creation of the metamodel, 50000 samples are generated to estimate the un-
certainty on the frequencies. The coefficient fields are shown in figures 8 and 9, for both the
specific longitudinal stiffness and the specific radial stiffness. Both are in the same order of
magnitude, indicating that both the longitudinal and radial stiffnesses are of important influence
on the natural violin plate frequencies. The high degree of symmetry corresponds to our ex-
pectations as the associated mode shapes are symmetrical as well. On figures 10, 11 and 12,
the uncertain domain is shown as the 2D projections of the (f1, f2, f5)-domain. The samples
of the FE-solver are marked in red (600 in total), the 50000 samples from the coefficient field
model are marked in blue and serve as an estimate of the uncertain region. We see that 20 %
density variation combined with the uncertain MFA lead to a maximum frequency variation of
about 10 %. We also see positive correlation of the first and second eigenfrequency, which from
the mode shapes seems feasible. But also the coefficient fields of figure 8 support this, as the
spatial effect of the longitudinal stiffness on both the first and second eigenfrequency is similar.
However, striking is the negative correlating between mode shape 2 and 5, which we believe is
due to the way the longitudinal and radial stiffnesses are related. Because of the model used in
equation 3, both have opposite relations with respect to the MFA, and the frequency of the 5th
mode appears to decrease drastically with increasing MFA, much more than mode 2.

Figure 8: coefficient fields for the three output frequencies for the longitudinal stiffness
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Figure 9: coefficient fields for the three output frequencies for the radial stiffness

Figure 10: uncertainty region projected on the (f1, f2)-plane
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Figure 11: uncertainty region projected on the (f1, f5)-plane

Figure 12: uncertainty region projected on the (f2, f5)-plane

9 CONCLUSIONS

In this paper, the interval field method has been applied on a large model of a violin top plate
to assess the natural frequency variation due to uncertain structural properties of the wood. The
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uncertainty was estimated based on the wood selection process in violin construction. Litera-
ture data was used to feed an interval field model that accounts for dependency of the density
parameter, which was different in radial and longitudinal direction. The stiffnesses were related
to the MFA through a simple linear relationship.

Future steps will be taken to feed this model with more accurate estimations of the density
and the MFA through acquiring experimental data with the emphasis on spatial variability. Also,
the relation of MFA and stiffness shall be further investigated as the linear relationship is likely
to be too simple. However, the theory of interval fields provides an effective tool to include
whatever information there may be on dependency and spatial uncertainty.

10 ACKNOWLEDGEMENTS

The research fund of the KU Leuven als well as the fund for scientific research (F.W.O.) are
gracefully acknowledged for their support.

REFERENCES

[1] E. V. Jansson, Experiments with the Violin string and bridge, Applied Acoustics, Vol. 30.
133 – 146, 1990

[2] E. V. Jansson, Violin frequency response - bridge mobility and bridge feet distance, Ap-
plied Acoustics, Vol. 65. 1197 – 1205, 2004

[3] T. D. Rossing, The Sience of String Instruments, Springer Science+Business Media, 2010

[4] , G. Bissinger, The role of radiation dampinh in violin sound, Acoustics Research Letters
Online Vol. 5(3), 82 – 87, 2004

[5] , G. Bissinger, Radiation damping, efficiency, and directivity for violin normal modes
below 4 kHz, Acoustics Research Letters Online Vol. 4(1), 7 – 12, 2003

[6] G. Bissinger, Modal analysis of a violin octet, The Journal of the Acoustical Society of
America, Vol. 113(4), 2015 – 2113, 2003

[7] K. D. Marshall, Modal analysis of a violin, The Journal of the Acoustical Society of Amer-
ica, Vol. 77(2), 695 – 709, 1985

[8] E. V. Jansson, acoustic for violin and guitar makers, 4th edition, KTH, Dept. of Speech,
Music an Hearing, 2002

[9] V. Bucur, Acoustics of Wood, 2nd edition, Springer-Verlag, 2006

[10] I. Bremaud, What do we know on ”resonance wood” properties? Selective review and
ongoing research. Porceedings of the Acoustics 2012 Conference, 2759 – 2764, Nantes,
France

[11] W. Molinski, E. Roszyk, J. Puszynski, Variation in Mechanical Properties within individ-
ual annual rings of the resonance spruce wood, DRVNA INDUSTRIJA VOL. 65(3), 215 –
233, 2014

327



Maurice Imholz, Dirk Vandepitte and David Moens

[12] M. Spycher, F. W. Schwarze, R. Steiger, Assessment of resoance wood quality by compar-
ing its physical and histological properties, Wood Science Technology, Vol. 42, 325 – 342,
2008

[13] C. Buksnowitz, A. Teischinger, U. Mller, A. Pahler, R. Evans, Resonance wood [Picea
abies (L.) Karst.] - evaluation and prediction of ivolin makers’ quality-grading, The Jour-
nal of the Acoustical Society of America, Vol. 121(4), 2384 – 2395, 2007

[14] C. Carlier, I. Bremaud, J. Grill, Violin making ”tonewood”: comparing makers’ empirical
expertise with wood structural/visual and acoustical properties, Proceedings of ISMA2014
325 –330, Le Mans, France

[15] R. Hori, M. Mller, U. Watanabe, H. C. Lichtenegger, P. Fratzl, J. Sugiyama, The impor-
tance of seasonal differences in the cellulose microfibril angle in softwoods in determining
acousic properties, Journal of Material Science, Vol. 37, 4279 – 4284, 2002

[16] T. Jyske, H. Mkinen, P. Saranp, Wood density within Norway Spruce Stems, Silva Fennica,
Vol. 42(3), 439 – 455, 2008

[17] , V. Gryc, P. Horacek, Variability in density of spruce (Picea abies [L.] Karst.) wood with
the presence of reaction wood, Journal of Forest Science, Vol. 53(3), 129 – 137, 2007

[18] I. Sopushynskyy, I. Kharyton, A. Teischinger, V. Mayevskyy, H. Hrynyk, Wood density
and annual growth variability of Picea abies (L.) Karst. growing in the Ukrainian Carpathi-
ans, European Journal of Wood and Wood Products, 1 - 10, 2016

[19] M. Treacy, J. Evertsen, A. Ni Dhubhain, A comparison of mechanial and physical wood
properties, 1st. edition, COFORD, 2000

[20] M. Imholz, D. Vandepitte, D. Moens, Derivation of an input interval field decomposi-
tion based on expert knowledge using locally defined basis functions, proceedings of UN-
CECOMP2015 international conference on Uncertainty Quantification in Computational
Sciences and Engineering, Hersonissos, Greece

[21] M. Imholz, D. Vandepitte, D. Moens, Application of interval fields to geometric output
quantities of finite element models, proceedings of UNCERTAINTIES2016 International
Symposium on Uncertainty Quantification and Stochastic Modelling, Maresias, Brazil

[22] M. Imholz, D. Vandepitte, D. Moens, Dynamical analysis of plate models with uncertainty
structural properties using the interval field method, proceedings of ECCOMAS2016 Eu-
ropean congress on Computational Methods in Applied Sciences and Engineering, Her-
sonissos, Greece

328



UNCECOMP 2017
2nd ECCOMAS Thematic Conference on

Uncertainty Quantification in Computational Sciences and Engineering
M. Papadrakakis, V. Papadopoulos, G. Stefanou (eds.)

Rhodes Island, Greece, 15–17 June 2017

REAL-TIME FUZZY ANALYSIS OF MACHINE DRIVEN TUNNELING

Ba Trung Cao1, Steffen Freitag1, and Günther Meschke1

1Institute for Structural Mechanics, Ruhr University Bochum
Universitätstrasse 150, 44801, Bochum, Germany

e-mail: ba.cao@rub.de; steffen.freitag@sd.rub.de and guenther.meschke@rub.de

Keywords: Surrogate Model, Mechanized Tunneling, Uncertainty Quantification, Fuzzy Anal-
ysis.

Abstract. Reliability assessment in mechanized tunneling requires to take into account limited
information describing the local geology and the corresponding geotechnical parameters. The
geotechnical data are often quite limited and generally not available in the form of precise
models and parameter values. In this case, epistemic uncertainty should be considered within
the reliability assessment. The concept of fuzzy numbers is applied to predict tunneling induced
settlements in real-time. An advanced numerical simulation is utilized as forward model for
the settlement prediction. However, to achieve real-time capabilities, surrogate models are
required. Deterministic surrogate models can be used together with an α-cut optimization
approach to compute fuzzy data. In this paper, a surrogate modeling strategy is introduced to
directly process fuzzy input-output data. Within this approach, the time-consuming optimization
procedure is replaced by a surrogate model to obtain the fuzzy settlement field prediction in real-
time. The significant reduction in computation time maintaining similar prediction performance
leads to potential applications in steering of mechanized tunneling processes.
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1 INTRODUCTION

In tunnel projects, the information of the local geology and the associated soil conditions are
often limited and imprecise. Therefore, a reliability assessment procedure is required, which
also considers epistemic source of uncertainty, i.e. by means of intervals, fuzzy numbers, and
imprecise probability approaches. General concepts for reliability analyses in mechanized tun-
neling are presented e.g. in [1].

To perform these analyses a forward model is required, which is able to capture the system
response and the various interactions between individual components during the tunneling pro-
cess. Currently, simulations based on the Finite Element (FE) method are used to investigate
and predict the soil-structure interactions in mechanized tunneling. In this paper, a three dimen-
sional FE model for simulations of shield-driven tunnels in soft soil, see [2], is applied. Taking
into account fuzzy numbers for the geotechnical parameters, multiple runs of the simulation
model are required within the α-cut optimization. The FE simulation must be replaced by sur-
rogate models to reduce the computation time significantly, especially for real-time applications
while maintaining the prediction performance of the original FE simulation model.

In [3], a hybrid surrogate model based on a combination of Recurrent Neural Networks
(RNN) and Proper Orthogonal Decomposition (POD) is proposed for deterministic input-output
mapping with high-dimensional outputs. The hybrid surrogate model has been utilized together
with Particle Swarm Optimization to perform optimization based interval analyses for comput-
ing the time variant interval settlement field with more than 100 surface points. To obtained
results with an optimization based interval analysis takes several hours, which is not practical
for real-time applications in mechanized tunneling. To enable real-time capabilities, an exten-
sion of the hybrid surrogate model is presented in [4] to directly map interval input-output data,
which are expressed by a midpoint-radius representation. The key idea of the strategy is to also
replace the complete time-consuming optimization loop by surrogate models and not only the
deterministic FE simulation model. The results of an application example show a significant re-
duction in computation time with similar accuracy as the optimization based approach. In this
paper, this approach is further extended for time variant fuzzy settlement field predictions in
real-time. Fuzzy numbers are expressed by α-cuts and a ∆-representation of the bounds, which
requires use the Non-Negative Matrix Factorization (NNMF) technique instead of the POD
within some sub-surrogate models. The performance of the proposed strategy is illustrated
through a fuzzy analyses and also within a fuzzy probability box analyses of a mechanized
tunneling process.

2 UNCERTAINTY QUANTIFICATION

2.1 Intervals and fuzzy numbers

The epistemic source of uncertainty can be quantified by intervals or fuzzy numbers. An
interval

x̄ =
[
lx,u x

]
(1)

is defined by its lower bound lx and upper bound ux without further assumptions of a distribu-
tion within this possible range. By defining a membership function µ(x) of the uncertain set,
the concept of intervals is extended to fuzzy numbers. If the membership function is discretised
by α-cuts, a set of nested intervals is obtained, see Fig. 1. In general, computations with fuzzy
numbers can be performed similar to interval analyses, i.e. by means of fuzzy arithmetic [5] or
optimization based approaches [6], see also [7] for an overview.
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Figure 1: A typical fuzzy number with D α-cuts.

A typical fuzzy number with D α-cuts, as shown in Fig. 1, can be represented by a sorted
sequence containing all lower and upper bounds

x̃ = 〈l1x, ...,lD x,uD x, ...,u1 x〉. (2)

The fuzzy number can also be expressed by defining a reference point, e.g. l
Dx, and incremental

differences ∆ to all other bounds, see e.g. [8].

x̃ = 〈lDx,12 ∆x, ...,(D−1)D ∆x,D ∆x,D(D−1) ∆x, ...,21 ∆x〉. (3)

Whereas the reference point l
Dx is defined in R, all ∆ values in the above equation must be

positive numbers. In this paper, the fuzzy settlement field, i.e. the vector S̃ containing all
settlements of a surface area, will be described by the ∆-representation as

S̃ = 〈lDS,12 ∆S, ...,(D−1)D ∆S,D ∆S,D(D−1) ∆S, ...,21 ∆S〉. (4)

The type of input-output mapping used in this paper

P(t) ˜7→ S̃(t) (5)

means that the time variant deterministic steering parameters P(t) are defined as inputs and
mapped with fuzzy model parameters onto the time variant fuzzy settlement field S̃(t). The
fuzzy model parameters of the mapping model contain the influence of the time constant geotech-
nical fuzzy parameters.

2.2 Probability box approach

In case of limited statistical information, e.g. estimation of stochastic models with small sam-
ple sizes, imprecise probability concepts can be adopted to quantify the variability of uncertain
parameters. The probability box (p-box) approach, see e.g. [9], can be used to define imprecise
stochastic numbers by its lower bound lF (x) and upper bound uF (x) cumulative distribution

331



Ba Trung Cao, Steffen Freitag and Günther Meschke

function (cdf). In general, arbitrary stochastic models, including empirical distributions, can be
used for the lower and upper bound cdf.

Here, a fuzzy stochastic approach for real-time predictions of time variant settlements in
mechanized tunneling is developed. This is realized by running a stochastic analysis (i.e. Monte
Carlo simulations) with fuzzy samples. At each α-cut, the lower bound lF (x) and upper bound
uF (x) cdfs of the structural responses are computed. As can be seen in the left part of Fig. 2,
for each Monte Carlo run, a deterministic tunneling simulation model has to be computed tak-
ing fuzzy soil parameters into account, i.e. for each settlement component, two optimization
problems have to be solved at each α-cut. Due to the high computational effort, a deterministic
surrogate model is created to replace the FE simulation model, see middle part of Fig. 2. In
order to achieve real time performance, also the optimization loops are replaced by a fuzzy sur-
rogate model, see right part of Fig. 2. This allows to significantly reduce the computation time
within the p-box approach.

stochastic analysis

fuzzy analysis

deterministic
tunnelling
simulation

stochastic analysis

fuzzy analysis

deterministic
surrogate
model

stochastic analysis

fuzzy surrogate
model

Figure 2: Reliability analyses with polymorphic uncertain data (p-box approach).

3 HYBRID SURROGATE MODEL STRATEGY

The new surrogate modeling scheme for real-time predictions with fuzzy numbers in mech-
anized tunneling is depicted in Fig. 3. In the offline stage, a surrogate model of a tunnel section
is generated using FE simulation results based on deterministic inputs (realizations X of the
fuzzy geotechnical parameters X̃ and time variant steering parameters P(t)) and deterministic
outputs (time variant surface settlement field S(t)). By varying the input parameters of the nu-
merical model, a set of deterministic input-output data is collected. Afterwards, the time variant
fuzzy settlement fields corresponding to a fixed fuzzy number of X̃ and different scenarios of
P(t) are computed within fuzzy analyses using an optimization approach, e.g. particle swarm
optimization. For real-time application, the obtained results are used to create a hybrid RNN-
GPOD surrogate model for the mapping according to Eq. (5) based on the ∆-representation,
see Eq. (4).

In the online stage, the surrogate model is operated to predict the fuzzy bounds of the ex-
pected surface settlement field of the next time step n + 1. Trained RNNs are employed to
predict the fuzzy bounds of settlements at several monitoring points for the next time step n+1.
The complete time variant fuzzy surface settlement field from time step 1 to n is approximated
by trained POD-Radial Basis Functions (POD-RBF) for l

DS and NNMF-RBF surrogate models
for the non-negative ∆S values, respectively. Finally, the GPOD and the NNMF approaches are
adopted to reproduce and predict the complete fuzzy settlement field based on a combination
of the results from the two previous methods. The predicted results are then included into the
available fuzzy data set and the procedure is repeated for the subsequent time steps.
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Figure 3: Scheme of the proposed hybrid surrogate modeling approach for fuzzy data.

3.1 Recurrent neural networks for fuzzy data

Fuzzy data can directly be processed with RNNs by fuzzy arithmetic operations, see e.g. [10].
Here, the ∆-representation for fuzzy data is used. For the prediction of the time variant fuzzy
settlements at selected monitoring points, two types of RNNs for predicting l

DS and the ∆S
values are generated. For the training procedure, the deterministic steering parameters [n]P are
used as inputs in all RNNs but the target data types are different, i.e. real numbers for l

DS and
positive real numbers for all ∆S values. This is realized by different activation functions in
the neurons. For the RNN to predict the lower bound of α-cut D (lDS), the hyperbolic tangent
function and the linear activation function are used in the hidden and output neurons, respec-
tively. For the ∆S RNNs, the logistic sigmoid function or the positive linear function is used in
the output neurons to satisfy the constraint of non-negative outputs. The Levenberg-Marquardt
back-propagation algorithm is employed to train the RNNs.

3.2 POD-RBF and NNMF-RBF networks for fuzzy data

The used POD approach, see [11] for an overview, and how to combine the method with
RBFs to form a surrogate model are described in detail in [12]. The POD-RBF approach is used
to predict l

DS from time step 1 to n. To ensure the non-negativity constraint of the prediction of
the ∆S values, the POD approach is replaced by the NNMF technique.

Basically, a high-dimensional matrix S and a single column of S can be approximated as a
linear combination of the truncated basis vectors Φ̂ as S ≈ Φ̂ · Â and Si ≈ Φ̂ · Âi. The truncated
basis vectors are obtained from solving an eigenvalue problem of the covariance matrix C =
ST · S. At this step, the truncated coefficient matrix Â contains constant values associated with
the given matrix S. Hence, it is only an approximation of the snapshots generated in the original
high-dimensional snapshots matrix S.

To obtain a rather continuous approximation, each coefficient vector is expressed as a non-
linear function of input parameters on which the system depends. The coefficient matrix Â can

333



Ba Trung Cao, Steffen Freitag and Günther Meschke

be related to the interpolation functions by an unknown matrix of constant coefficients B as
Â = B · F. In this equation, F contains a set of predefined interpolation functions fj(z) of input
parameters z. The choice of fj(z) can be arbitrary and in this study an inverse multiquadric
radial function, a type of RBF (see [13] for a description), is chosen as interpolation function.
Finally, an approximation of the output system response corresponding to an arbitrary set of
input parameters is obtained by Sa ≈ Φ̂ · B · Fa.

The NNMF, see [14], is utilized to ensure the positive sign of the predicted results for the ∆Sa

values. Given a non-negative matrix ∆S ,the NNMF algorithm is searching for two non-negative
matrices W and A+ satisfying the following optimisation problem min.1

2
‖ ∆S −W · A+ ‖2F

subject to,W,A+ ≥ 0. Similar to the POD approach, W and A+ are denoted as the basis
matrix and coefficient matrix, respectively. The alternating non-negative least squares algorithm
proposed in [15], which ensures the convergence of the minimization problem, is implemented
in this paper. The prediction for non-negative outputs ∆Sa is computed similar to the POD-RBF
method as ∆Sa ≈ W · B+ · Fa. The coefficient matrix B+ is the non-negative solution of the
following minimization problem min. ‖ A+ − B+ · F ‖.

3.3 GPOD and Gappy NNMF for fuzzy data

The basic POD method is combined with a linear regression called GPOD, see [16], to recon-
struct the complete l

DS values of the fuzzy settlement field. More details about the explanation
and implementation of the method is given in [12] and [4]. The GPOD approach is applied
to reconstruct missing elements of a given vector S∗. It employs the concept of a gappy norm
based on available data since the full norm cannot be evaluated correctly due to missing ele-
ments. The intermediate repaired vector S∗

int can be expressed in terms of truncated POD basis
vectors Φ̂ as follows S∗

int ≈ Φ̂ · Â
∗
. The coefficient vector Â

∗
can be computed by minimizing

the error E = ‖ S∗ − S∗
int ‖

2
n. A solution to this least squares problem is given by a linear

system of equations M · Â
∗

= R with M = (Φ̂
T
, Φ̂) and R = (Φ̂

T
,S∗).

The reconstruction procedure for a non-negative vector ∆S+ follows the steps of the GPOD
method with some minor modifications. The corresponding objective function E =‖ ∆S+ −
W · ∆A+ ‖2n to be minimised contains the distances between the available incomplete data
vector and the predicted vector. The non-negative basis matrix W is assumed to be known from
the available non-negative data matrix ∆S. The coefficient vector ∆A+ is obtained considering
the non-negativity constraint by solving the non-negative least squares problem min. ‖ M+ ·
∆A+ − R+ ‖ with M+ = (WT,W) and R+ = (WT,∆S+).

Finally, by replacing the missing elements in S∗ and ∆S+ by those in the corresponding
reconstructed vectors, the complete fuzzy settlement field of time step n+ 1 is predicted.

4 APPLICATION IN MECHANIZED TUNNELING

The proposed surrogate modeling strategy for fuzzy data is applied to predict the time variant
fuzzy settlement field of a mechanized tunneling process. The results, which are computed
based on the presented ∆-representation, are compared to the reference solution (optimzation
approach) in terms of prediction performance and computation time.

Figure 4(a) shows the simulation model with dimensions of 144m, 220m and 67m (in x,y,z
directions). The length of each excavation step is 2m, i.e the tunnel section consists of 72 steps.
The tunnel diameter and the cover depth are 10.97m and 6.5m, respectively. In this study, the
elastic modulus E1 of soil layer 1 is considered as an uncertain geotechnical parameter defined
as a trapezoidal fuzzy number Ẽ1 = 〈52, 60, 70, 75〉MPa. The grouting pressure [n]GP and the
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Figure 4: Numerical simulation model of a tunnel section.

support pressure [n]SP in each excavation step n are chosen as deterministic steering parameter,
which can vary in each step in the corresponding ranges of 120 to 220 kPa and 100 to 200 kPa.
It is assumed that the current state of the TBM advance corresponds to the 36th step of the
process. The fuzzy analysis performed in this paper is used to support the selection of [n]GP
and [n]SP in the next time steps with the purpose to reduce tunneling induced settlements when
the machine advances under an existing railway track.

An effective surface area of 110m in y-direction is investigated considering the z-displacements
of 154 surface points, see Fig. 4(b), as the outputs. In the example, the fuzzy settlements of 18
selected monitoring points among these 154 surface points are predicted by the RNNs. Figure 5
shows the fuzzy settlement process of a selected surface point computed by α-cut optimization
and by the proposed surrogate model for fuzzy data. The relative error of the proposed method
is 3.8% in average compared to the optimization based reference solution. The most impor-
tant benefit of the proposed approach is that the computation time (3 seconds) is significantly
reduced compared to the optimization approach, which often required many hours.

Additionally to the fuzzy analysis, a reliability analysis adopting the p-box approach is per-
formed with a Monte Carlo simulation using 1000 samples and the fixed Ẽ1. The pressures
[n]GP and [n]SP are treated as stochastic processes assuming a Gaussian distribution with the
mean values of 170 kN and 150 kN for [n]GP and [n]SP , respectively. The standard deviations
in the distribution for both pressures are considered the same at the value of σ = 30 kN. The
minimum and maximum cdfs of a chosen point settlement in time step 37 corresponding to two
nested intervals of Ẽ1 obtained from classical optimization approach and the proposed surro-
gate model are depicted in Fig. 6. The probability boxes obtained from the surrogate model are
reasonable compared to the optimization approach. Nevertheless, the ∆-representation leads to
an accumulative error for the bounds of the lower α-cuts. However, the computation time drops
dramatically from around 1 day to just 20 minutes for an analysis with two α-cuts.
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5 CONCLUSIONS

In this paper, the hybrid surrogate modeling for interval data [4] has been extended to process
fuzzy data by means of a ∆-representation. The time-dependent behaviour of several selected
points in future steps is predicted by Recurrent Neural Networks (RNNs), whereas order reduc-
tion techniques (Proper Orthogonal Decomposition and Non-Negative Matrix Factorization) are
utilised to approximate the complete surface field based on the RNN predictions. The proposed
method is used to predict the fuzzy surface settlements during the construction phase in mecha-
nized tunneling for selected scenarios of the TBM steering parameters taking fuzzy geotechnical
parameters into account. In comparison to the α-cut optimization approach, the computational
time is significantly reduced by the proposed strategy. The new approach takes only 2 to 3
seconds to compute the fuzzy bounds of a settlement field with 154 settlement components
with a similar accuracy compared to the optimization approach which requires many hours. Fu-
ture developments of the proposed approach include the implementation of additional steering
objectives, e.g. the tunnel face stability, controlling the tunnel lining forces and reducing the
tunneling induced damage of existing infrastructure and buildings.
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Abstract. Probabilistic classification requires the computation of the posterior probability dis-
tribution of a class given a data observation. In order to generate posterior samples, an analogy
has recently been established between the Bayesian updating problem and the engineering reli-
ability problem which allows reliability methods to be applied to the former. The modification of
the BUS (Bayesian Updating with Structural Reliability Methods) formulation is based on the
conventional rejection principle and suggests the application of Subset Simulation (SuS) from
reliability engineering to sample from posterior distributions. Under the original BUS frame-
work a likelihood multiplier is required to be calculated before the implementation of SuS.
A recently proposed algorithm learns the likelihood multiplier automatically. This research
proposes the utilization of BUS for Gaussian Process classification. The above framework is
illustrated using a benchmark Machine Learning dataset from an engineering application.
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1 INTRODUCTION

Classification is a branch of supervised Machine Learning which allocates test instances to
a class based on a training dataset. Let Ck be the kth class from a family {C1, ..., Ck} and
D be a data set. Define the posterior probability distribution of interest as P (Ck|D). Various
techniques exist for sampling from and approximating a posterior distribution. Popular methods
include Markov Chain Monte Carlo (MCMC) [1], Laplace Approximation [2], Expectation
Propagation (EP) [3] and Rejection sampling [4]. Rejection sampling consists of drawing a
random sample from the prior distribution, computing the likelihood and accepting the sample
proportional to the likelihood. However, the disadvantage of this method is that the acceptance
rate can be extremely low. This opens the possibility as viewing posterior sampling as rare event
simulation.

An analogy has recently been established between the Bayesian updating problem and the en-
gineering reliability problem. The formulation, called BUS (Bayesian Updating with Structural
reliability methods) [5] is based on the conventional rejection principle and allows reliability
methods to sample from posterior distributions. Through the realisation that the probability of
acceptance in rejection sampling is equivalent to the probability of failure in a reliability prob-
lem, it is concluded that reliability methods may be applied to Bayesian updating problems.
Subset Simulation (SuS) [6] is an advanced Monte Carlo technique used in reliability engineer-
ing which estimates the probability of a rare event. SuS expresses the (rare) failure event F as
contained in a nested sequence of more frequent events. This enables the algorithm to calculate
the probability of failure. SuS has thus been shown to be a robust technique which is suitable
for Bayesian computations.

One problem which stems from the original BUS framework is that SuS is dependent on the
choice of a constant referred to as the likelihood multiplier. Some suggestions regarding the
calculation of the multiplier have been given [5]. However, correctly choosing the value of this
multiplier has in general remained an open question. A revised BUS formulation [7] allows
SuS to be implemented to sample from the posterior distribution whilst learning the multiplier
automatically. The objective of this paper is to apply the modified BUS framework to sample
from a posterior distribution in a binary classification setting. The classification framework
implemented depends on a Gaussian Process (GP) model. The data set used is the widely
applied ’Ionosphere’ data set [8].

The organization of this paper is as follows. SuS along with the BUS methodologies are
introduced in section 2. Section 3 presents the GP classifier along with experimental results.
Section 4 contains conclusions and comments on future work.

2 METHODOLOGY

Given that the BUS methodology identifies a relationship between the Bayesian updating
problem and the engineering reliability problem, the following section will first provide a brief
overview of reliability analysis before introducing SuS and the BUS framework.

2.1 Reliability Analysis

The behaviour of a system may be represented by a response variable Y which is dependent
on input variables x = (x1, ..., xd) such that

Y = g(x1, ..., xd) (1)
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where d represents the dimension of the problem and g(x) the performance function. In this
setting, the failure event F occurs when the output of Y exceeds a critical threshold b. This may
be expressed as

F = {x : g(x) > b} (2)

Let π(x) denote the joint PDF for x. The engineering reliability problem is to compute the
probability of failure P (F ), given by

P (F ) = P (x ∈ F ) =

∫
F

π(x)dx (3)

2.2 Subset Simulation

SuS is a widely used simulation technique in reliability analysis for simulating rare events
and estimating failure probabilities. By expressing the rare event F as an intersection of nested
events, F = Fm ⊂ Fm−1 ⊂ ... ⊂ F1, where Fm is rare event whilst F1 may be viewed as a
rather frequent event, the algorithm estimates the value of P (F ). Given this decomposition, it
is easily shown that

P (F ) = P (Fm|Fm−1) ∗ P (Fm−1|Fm−2) ∗ ... ∗ P (F2|F1) ∗ P (F1) (4)

By an appropriate selection, the probabilities P (F1) and P (Fi+1|Fi) can be estimated by direct
Monte Carlo. Hence, the original rare event problem is broken down into a series of intermediate
subproblems which define a series of intermediate thresholds. SuS seeks to estimate the com-
plementary cumulative distribution function (CCDF) of a response quantity, that is P (Y > b).
The CCDF is viewed simply as the tail of the distribution of an ’exceedance’ area. This CCDF
can be used directly for estimating the failure probability that the response exceeds a specified
threshold b. Let p0 ∈ [0, 1] be the level probability which in essence governs how many interme-
diate failure thresholds are required to reach the failure domain F . In the reliability literature,
a sensible choice is p0 ∈ [0.1, 0.3] [9]. Let N ∈ N be the total number of generated samples.
While ns = p0N ∈ N governs the required number of accepted samples at each level. SuS
requires the parameters p0 and N be determined before beginning the simulation.

Beginning at level0, the algorithm probes the input space generating N independent and
identically distributed (i.i.d) samples by direct Monte Carlo methods. Based on the values of Y
computed by the performance function, the first intermediate failure threshold b1 is calculated.
The ns samples which exceed b1 from level0 are thus stored as seeds for generating additional
samples conditional on F1 = {Y > b1} at level1. For level1 a MCMC algorithm is utilized to
populate F1. Similar to level0 the samples which exceed b2 are used as seeds for the next level.
The generation of intermediate levels is continued in the same manner until F is populated with
the pre-defined number of samples where the probability of failure is approximated by

P (F ) ≈ pl
nl
F

N
(5)

where l represents the termination level and nF the number of failure samples at that level. For
more details on the implementation of SuS, refer to [6].
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2.3 BUS

The BUS formulation builds a relationship between the Bayesian updating problem and the
engineering reliability problem, thereby allowing reliability methods (in this case SuS) to be
applied to the former. Consider a continuous random variableX . Let L(x) denote the likelihood
function, q(x) denote the prior PDF , PD denote the normalizing constant

∫
L(x)q(x)dx−1 and

P (x) denote the posterior PDF. Thus,

P (x) = P−1D L(x)q(x) (6)

The Rejection sampling scheme generates a sample from P (x) as follows:

1. Generate U uniformly distributed on [0,1] and x with the prior PDF q(x).

2. If U < cL(x), return x as the sample. Otherwise repeat step 1.

where c is a constant such that the rejection principle inequality (cL(x) ≤ 1) holds. In the
context of the Bayesian updating problem, let the driving variable of the engineering reliability
problem be defined as follows:

Y = cL(x)− u (7)

where u is a standard uniform random variable in [0,1]. The corresponding failure event

F = {Y > 0} (8)

can be sampled from using SuS. It is a well-known fact that in the calculation of c by the
rejection principle, the largest admissible value of c is given by

cmax =
1

maxxL(x)
(9)

In the case of the value being greater than cmax, the posterior generated samples contain bias. A
smaller value will still produce the correct samples but will be less efficient [7].

2.4 Modified Bus Framework

A modification of the original BUS formulation has been proposed [7] which isolates the
effect of the multiplier on the simulation. The modification involves a reexpression of the
failure event such that

F =

{
ln
[
L(x)

u

]
> −lnc

}
(10)

The above formulation results in the driving variable Y in SuS being defined as

Y = ln
[
L(x)

u

]
(11)

Adjustments to how F and Y are defined allow the target failure event to be expressed as
F = {Y > b}, where b = −lnc. It is evident that as Y is no longer dependent on c it is
not necessary to choose the value of c before SuS runs. The multiplier only affects the target
threshold level b beyond which the samples can be collected as posterior samples.Under the
new framework the distribution of the samples conditional on {Y > b} will remain unchanged
for a sufficiently large b. The minimum value of b beyond which the distribution of the samples
will settle at the posterior PDF can be shown to be

bmin = −lncmax = ln[maxxL(x)] (12)
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2.4.1 Identification of Minimum Threshold Level

Similar to cmax the value of bmin is unknown.. The behaviour of P (Y > b) as b varies can be
examined during a SuS run to determine whether the threshold value of a particular level has
passed bmin. Regarding the CCDF, when b is at the left tail of distribution then P (Y > b) ≈ 1.
The value of P (Y > b) typically decreases with b equal to PD at b = bmin. When b > bmin it can
be shown that P (Y > b) = e−bPD [7] where PD =

∫
q(x)L(x)dx.

It can be expected that as b increases from the left tail and to a value greater than bmin, the
CCDF of Y typically changes from a decreasing function to an exponentially decaying function.
Correspondingly, the function lnP (Y > b) changes from a slowly decreasing function to a
straight line with a slope of -1. Additionally, consider the following:

V (b) = b+ lnP (Y > b) (13)

This function can be used for computing the log-evidence in lnPD as it can be observed that

V (b) = lnPD b > bmin (14)

When b is at the left tail of the CCDF, lnP (Y > b) ≈ 0 and so V (b) ≈ b increases linearly with
b. In other words as b increases from the left tail of the CCDF of Y the function V (b) increases
linearly, going through a transition until it settles at lnPD after b > bmin. Figure 1 contains a
graphical representation of how lnP (Y > b) and V (b) change when SuS has surpassed bmin.
Both above quantities b can only be estimated on a sample basis.

Figure 1: Theoretical characteristic trends of lnP (Y > b) and V (b).
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2.4.2 Automatic Stopping Condition

On the basis of the above characteristic trends an automatic stopping condition can be im-
plemented once the algorithm detects that the transition has occurred. Consider an inadmissible
level m such that bm < bmin. There exists a constant e−bm and a monotone decreasing sequence
am

limm→∞ am = 0 (15)

where am is the prior probability of the inadmissible set Bm = {x : e−bmL(x) > 1}. Through
the expression of the marginal distribution of the target variable as

p(x|Fm) ∝

{
q(x), if x ∈ Bm

e−bmq(x)L(x), if x ∈ Bc
m

PFm = Px(Bm) + e−bmPDPx|D(Bc
m) (16)

it is observed that for x ∈ Bm the marginal is proportional to the prior distribution. Given that
the prior distribution is a probability measure it satisfies the monotonicity property. Therefore
it follows that am is a monotone decreasing sequence of value which will converge to zero.
Through the expression of the prior probability as

am = Px(Bm) = Px(L(x) > ebm) (17)

the stopping condition takes the form of a reliability problem that in turn may also be solved by
SuS.

3 GAUSSIAN PROCESS BINARY CLASSIFICATION

Due to the non-parametric nature of Gaussian processes, their use for Machine Learning
applications has grown greatly in recent years. By focussing on processes which are Gaussian, it
turns out that the computations required for inference and Machine Learning become relatively
easy [10] in comparison to other methods e.g Neural Networks. A GP model is defined by its
mean and covariance functions respectively such that

GP ∼ N (m(x), k(x, x′)) (18)

Bayesian inference in a GP classification model is performed about the latent function f
having observed data D = {(yi, xi)|i, ..., n}. Let f = [f1, ...fm]T represent the values of the
latent function, d = [d1, ..., dm]T the model inputs and y = [y1, ..., ym]T the class labels where
y ∈ {−1, 1}. Given the latent function, the class labels are independent Bernoulli random
variables. It can be shown [11] that the likelihood can be factorized as

p(y|f) =
m∏
i=1

p(yi|fi) =
m∏
i=1

Φ(yifi) (19)

where Φ represents the CDF of the standard Gaussian distribution. The latent function is given
a GP prior which implies that any finite subset of latent variables has a multivariate Gaussian
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distribution [10]. Often in a binary setting since neither of the class labels is more probable the
mean of the prior over f is set to zero. A covariance function of the form k(x, x′|θ), where θ
represents the functions hyperparameters is combined with the zero mean function to define the
GP. Through the application of Bayes rule the posterior distribution over the latent function f
for given hyperparameters θ is expressed as

p(f |D, θ) =
p(y|f)p(f |X, θ)

p(D|θ)
=
N (f |0, K)

p(D|θ)

m∏
i=1

Φ(yifi) (20)

In order to predict y∗ from d∗ the distribution of the latent function may be computed by
marginalising as follows

p(f∗|D, θ, d) =

∫
p(f∗|f,X, θ, d)p(f |D, θ)df (21)

which in turn allows the predictive distribution to be obtained by taking the expectation of the
marginal

p(y∗|D, θ, d∗) =

∫
p(y∗|f∗)p(f∗|D, θ, d∗)df∗ (22)

In this work, the computation of the above posterior is carried out through the modified BUS
framework.

4 EXPERIMENTAL RESULTS

4.1 Ionosphere Data Set

The Ionosphere data set [8] consists of 351 radar observations in 34 dimensions. The training
set consists of 200 instances and the test set 151. In a binary classification setting ’Good’ radar
returns are those showing evidence of some type of structure in the ionosphere and are given
the class label y = 1. On the other hand ’Bad’ returns are those which do not show evidence
of a structure type and are given the class label y = −1. The inputs are standardized to a zero
mean and unit variance.

Expectation Propagation is chosen as a benchmark comparison for this study. Similar to
previous benchmark studies [11,12] the covariance function chosen is the squared exponential

k(x, x′|θ) = σ2exp

(
||x− x′||2

−2l2

)
(23)

where θ = [σ, l], σ2 refers to the signal variance and l is the characteristic length scale. The
likelihood function used is the CDF of the standard Gaussian distribution or the ’probit’ function
of the form

Φ(x) =

∫ x

−∞
N (x|0, 1)dx (24)

4.2 Results

The parameters for SuS were set toN = 5, 000 and p0 = 0.2 respectively. A one dimensional
proposal PDF was chosen to be uniform in [0,1]. Figure 2 shows the resulting log-CCDF and
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log-evidence respectively. The general nature of the curves follows the characteristic trends
predicted in Figure 1.

Figure 2: Log-evidence of characteristic trends for SuS sampling. Both lnP (Y > b) (left) and V (b) = b +
lnP (Y > b) (right) exhibit behaviour which coincides with the theory. The vertical lines represent the threshold
value at each intermediate level.

For the automatic stopping condition a tolerance of am = 10−6 was set as the threshold for
the probability of inadmissibility in Eq.(17) . The evolution of the threshold and the values of
the probability of inadmissibility are presented in Table 1. The probability of inadmissibility
has converged to a value smaller than the set tolerance at level3. Thus, the samples generated
at this level may be assumed to be drawn form the desired posterior distribution.

Level bm cm am
0
1 138.5642 6.6425e-61 0.9
2 151.6193 1.4209e-66 0.0015
3 159.2372 6.9849e-70 4.89e-07

Table 1: Evolution of the threshold and the probability of inadmissibility

Having computed the posterior distribution over the latent function, the samples generated
at level3 are used to produce predictive latent function values f ∗. An investigation on a regular
21x21 grid of values for the log hyper-parameters was carried out whereby for each value of θ
on the grid the approximate log marginal likelihood is calculated. Figure 3 shows a contour plot
of the approximate log marginal likelihood for both BUS and EP.
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Figure 3: Log marginal likelihoods produced by the modified BUS (left) and Expectation Propagation (EP) (right).

Classification performance on the test data set in terms of predictive probabilities is calcu-
lated through the scaled information score, given by

I = H +
1

2n

n∑
i=1

(1 + yi)log2(pi) + (1− yi)log2(1− pi) (25)

where n is the number of test observations. The value of I may range from 0 to 1 where 1 bit
indicates perfect prediction and 0 bits random guessing. The information score expresses the
difference between the baseline entropy H of the training set labels and the average negative
log probabilities. The entropy for the training set labels is given by

H = −
∑

y=+1,−1

ny
test

ntest

log2
ny
train

ntrain

≤ 1 (26)

where ny
test and ny

train denote the number of observations in the test and training data sets repet-
itively with the given target class label. In this case y = 1 and H = 0.9908. Had the classes,
training and test sets been perfectly balanced H would equal 1. Figure 4 shows a contour plot
for BUS and EP where the maximum I values produced were 0.6123 and 0.656 respectively.

Figure 4: Test information score produced by the modified BUS (left) and Expectation Propagation (EP) (right).
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The misclassification rate for 35 independent runs of the modified BUS algorithm using the
optimal hyperparameter values from the log marginal likelihood is presented in figure 5. The
error threshold used for each test point was 0.5. The average error rate produced was 10.77%.
This figure follows closely with other studies [11].

Figure 5: Misclassification of GP model based on 35 independent runs of the modified BUS framework

5 Conclusion

This paper has presented an implementation of the modified BUS framework as an inference
method for GP classifiers. The modified BUS algorithm has been shown to produce samples
from the relevant posterior distribution. From the comparison with Expectation Propagation,
scaled information scores and misclassification error rates the framework appears to perform
comparably well. Future work includes extending the framework to more complex scenarios,
in particular multi-class classification.
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Abstract. The direct current potential drop method is a widespread technique used to monitor
fatigue-related crack initiation and growth. However, to determine the size of cracks in a struc-
ture indirectly via potential drop measurements in the presence of unknown material-dependent
parameters bears not only the challenge of model calibration but of parameter estimation as
well.

A solution to this inverse problem is accomplished by a Bayesian approach. Therefore,
physics and measuring characterising models as well as prior information on the unknown
crack size and unknown parameters are specified. Within this thus defined probabilistic state
space model, Bayesian inference is performed to infer the crack size of fatigue-tested speci-
mens from potential drop measurements while taking into account persistent variabilities and
uncertainties. The results obtained in the form of joint conditional posterior distributions are
utilised to calibrate the potential drop measuring and to estimate the unknown parameters on
the one hand as well as to estimate the crack size on the other hand. By comparison with ex-
perimentally acquired actual crack size data, the proposed Bayesian approach is found to yield
accurate results, rendering the methodology highly promising.
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Figure1: Direct current potential drop method: The initially unknown relation between poten-
tial dropU and crack sizea is utilised to determine the crack propagation patha over cycles
N .

1 INTRODUCTION

Within thedirect current potential drop(DCPD) method, the difference in electric potential
between two points with an intermediate defect is measured. Considering a crack or corrosion
as the defect, the measurements can be utilised to obtain accurate information about the shape
and size in situ without the necessity of optical assessment, constituting the DCPD method as
widely accepted approach to non-destructive testing in aviation, civil engineering, petrochemi-
cal and power generation industries [1]. Monitoring fatigue-related crack initiation and growth,
a main challenge in applying DCPD measuring lies in facilitating a linkage between the ob-
served potential drop and the underlying crack geometry, e.g. the crack size. However, the link-
age between both quantities can be accomplished by a calibration curve as conceptually shown
in Figure1. A new methodology to address this problem by Bayesian filtering and smoothing
has been presented in [2] and is carried on and enhanced with the present contribution.

The various ways to obtain calibration curves encompass experimental, analytical and nu-
merical approaches: By means of manually introduced and pre-defined defects, a reference test
serves as experimental calibration for subsequent specimens with a consistent probe and elec-
trode setup [3]. In other experimental approaches, crack front marking techniques like heat
tints [4] and beachmarks (frequency or stress ratio shifts) [5,6] can be either utilised to allow
a reference-based calibration as well or, when accepting the loss of the specimen, be harnessed
for a specific calibration subsequent to the test. By solving the Laplace equation of an electrical
potential for certain geometry and boundary conditions, theoretical calibrations can be derived.
Though this is not generally applicable, [7] provides analytical solutions for simple geometries
like plane single-edge, double-edge and centre cracks. For more complex geometries numerical
methods like FEM have been employed [8,9].

The challenge of obtaining a calibration curve can be ascribed to finding a solution to the
inverse problem of deriving unobservable states from a set of observations and can be rea-
sonably addressed by a Bayesian approach [10]. Bayesian inference has been widely used in
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model-basedstructural health monitoring and prognostics in the context of damage diagnosis
and damage prognosis, where sensor data of any kind is used in conjunction with physics and
measuring characterising models to assess the state of a single component or a whole structure
while taking into account system-inherent uncertainties and variabilities, e.g. [11,12]. In the
presence of unknown parameters that govern the physics-based models, for example parame-
ters of a damage evolution model, the inverse problem becomes even more complex.

Herein, the model calibration challenge in DCPD measuring is addressed in conjunction with
parameter estimation by a Bayesian approach for fatigue-tested corner crack specimens. As op-
posed to [2] where solely the model calibration and state estimation is dealt with, the recursive
Bayesian filtering and smoothing framework is extended to additionally infer the unknown dy-
namic model parameters from the cycle-dependent potential drop observations. Furthermore,
two different dynamic models that depict the underlying physical process with diverging pre-
cision are utilised. As a consequence, neither are marking techniques and the accompanying
destruction of the specimen or cumbersome specimen preparations necessary nor have restric-
tions regarding the specific specimen geometry to be imposed. Furthermore, unlike in numeri-
cal simulation approaches, specimen variability can be accounted for by considering material-
dependent parameters as uncertain and by using actual, specimen-specific measurement data.

The paper is organised as follows: Section2 recalls the fundamentals of Bayesian inference
and gives theoretical background on the utilised recursive filtering and smoothing methods. In
Section3, the experimental procedure is presented and harnessed to derive the subsequently
applied state space definition. The Section is completed with insight into the adopted algo-
rithm operation. In Section4, the results obtained by the Bayesian approach are presented and
discussed whereas Section5 concludes the paper.

2 BAYESIAN APPROACH

The modelling of dynamic processes with imperfect or unknown information gives rise to
numerous sources of uncertainty and variability that have to be accounted for [13–16]. These
sources contribute to the system’s state uncertainty, the modelling uncertainty and - in terms of
prognosis - the future uncertainty. The state of a system is uncertain since it is determined indi-
rectly via observations where uncertainty can be recognised in the measurement method itself
as well as in the governing measuring parameters that are fixed, yet unknown. Furthermore, the
model representing the dynamic process incorporates uncertainty as the true phenomenon under
consideration can only be depicted adequately to a certain degree. This includes the mathemat-
ical expressions as well as the uncertainty in unknown fixed and variable model parameters.
In addition, predictions about future states entail uncertainty associated with not controllable
quantities influencing the states. All these uncertainties have to berepresented,quantifiedand
propagated.

The inverse problem of identifying unknown states given a set of observations is herein
addressed in a probabilistic setting by a Bayesian approach that exhibits three main features:

(I) Such inverse problems are typically ill-posed as the states are often overfitted or under-
determined. By means of regularisation, additional assumptions on the states can be intro-
duced to circumvent the issue. This approach corresponds to incorporating prior information in
Bayesian inference, which is why many inverse problems becomewell-posedwhen formulated
in a Bayesian fashion [10,17].

(II) Defining a probabilistic state space model, all quantities of interest are modelled as
random variables with corresponding probability distributions. The randomness expresses the
degree of beliefor amount of informationabout their true values and represents the uncertainty
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associatedwith these unknown quantities.
(III) The objective in the context of solving an inverse problem ist not limited toidentifying

a particular set of states and parameters that optimally satisfies an arbitrary condition, like for
example minimising the expected value of a loss function. Utilising a Bayesian approach, the
unknown states areinferred from given observations, i.e. new available data is used to adjust
the prior belief or knowledge about the states in a probabilistic manner, thereby allowing for
systematic uncertainty quantification and uncertainty propagation [18].

2.1 Bayesian filtering and smoothing in parameter estimation

Let x0:T = {x0, . . . , xT} andy1:T = {y1, . . . , yT} denotea vector-valued time series of
hidden statesxk ∈ Rdx andobserved measurementsyk ∈ Rdy at time stepk up to a last time
stepT , θ ∈ Rdθ a vector containing the unknown parameters andp(∙) the probability distribu-
tion of a continuous random variable. In Bayesian inference the joint posterior distribution of
the states and parameters given the measurements can then be computed via Bayes’ rule as

p(x0:T , θ|y1:T ) =
p(y1:T |x0:T , θ)p(x0:T |θ)p(θ)

p(y1:T )
. (1)

Since discrete-time observations provide sequential data, it is more efficient and generally more
convenient to only infer the current state and parameters on the basis of the preceding ones.
Applying a recursive prediction and update scheme with due regard to the Markov property of
states and the conditional independence of measurements and the thus ensuing implications for
the choice of dynamic models [2] yields the desired effect and ensures a constant number of
computations per time step. The predictive distribution of the statexk at time stepk given the
measurements up to time stepk − 1 and the unknown parameters is given by the Chapman-
Kolmogorov equation as

p(xk|y1:k−1, θ) =

∫
p(xk|xk−1, θ)p(xk−1|y1:k−1, θ)dxk−1, (2)

wherep(xk|xk−1, θ) is the dynamic model. It characterises probabilistically the propagation of
the states in time. The posterior distribution of the statexk given the measurements up to time
stepk and the unknown parameters follows from Bayes’ rule as

p(xk|y1:k, θ) =
p(yk|xk, θ)p(xk|y1:k−1, θ)

p(yk|y1:k−1, θ)
, (3)

wherep(yk|xk, θ) is the measurement model. Theprediction stepin Eq. (2) andupdate step
in Eq. (3) together constitute the recursiveBayesian filtering equations[19] and allow for the
inference of the statesxk. In order to infer the unknown parametersθ, the filtering expressions
have to be complemented by the marginalised joint posterior distribution of the parameters
given the measurements:

p(θ|y1:k) = p(θ|y1:k−1)

∫
p(yk|xk, θ)p(xk|y1:k−1, θ)

p(yk|y1:k−1)
dxk. (4)

Thereby, the inference on the fixed but unknown parameters is enhanced at every time step in
the presence of new observations. Beyond incorporating new observations to update the current
state and to predict future ones, to adjust preceding states might be beneficial given the context

353



ThomasBerg, Sven von Ende and RolfLammering

aswell. By conditioning previous states onall observations (including future observations) as
in

p(xk|y1:T , θ) =p(xk|y1:k, θ)

∫
p(xk+1|xk, θ)p(xk+1|y1:T , θ)

p(xk+1|y1:k, θ)
dxk+1, (5)

the marginal posterior distribution of the statexk given all observations up to time stepT with
T > k can be obtained in asmoothing step. Finally, by formally modelling an observable
dynamic process as probabilistic state space model of the following form

θ ∼ p(θ),

x0 ∼ p(x0|θ),

xk ∼ p(xk|xk−1, θ),

yk ∼ p(yk|xk, θ), (6)

the issue of solving the inverse problem can be approached by Bayesian filtering and smoothing.
Closed form solutions for Eq. (2) to (5) generally exist only for a few classes of filtering

and smoothing problems. For linear Gaussian state space models, optimal Bayesian solutions
can be obtained by means of the Kalman filter [20] and Rauch-Tung-Striebel smoother [21].
In terms of finite state space models, grid-based methods can be utilised to provide an opti-
mal solution [22,23]. However, a variety of approximate filtering and smoothing methods for
nonlinear and infinite state space models exist, which encompass inter alia Gaussian filtering
and smoothing methods [19], Monte Carlo Sampling approaches [23] and approximate grid-
based methods [24]. The former can be considered as local approaches, the two latter as global
approaches [25].

In the present paper, a combination of local and global approaches is utilised which is why
further insight into these methods is given hereafter.

2.2 Unscented transform for filtering and smoothing

Theunscented Kalman filter(UKF) [26–28] as well as theunscented Rauch-Tung-Striebel
smoother(URTSS) [19] address the filtering and smoothing problem by utilising the unscented
transform as a way of deterministic sampling [14] in a Gaussian framework. Considering two
random variablesξ andυ with a nonlinear model functionυ = g(ξ), an approximation to the
joint distribution can be obtained by estimating the meanμυ andcovarianceΣυυ by means of
a minimal set of weighted samples. These so called sigma pointsX i arechosen deterministi-
cally and propagated through the respective model to form new sigma pointsY i = g(X i) and
computemean and covariance:

μυ =
∑

i

W iY i, (7)

Συυ =
∑

i

W i(Y i − μυ)(Y
i − μυ)

T. (8)

Assuming an a priori Gaussian state distribution as well as additive Gaussian noise in the dy-
namic and measurement models

xk = f(xk−1, θ) + qk−1, (9)

yk = h(xk, θ) + rk, (10)
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wheref(∙) is the dynamic transition function,h(∙) is the measurement function,qk−1 ∼
N (0, Qk−1) is the process noise andrk ∼ N (0, Rk) the noise of measurements, Gaussian
approximations to the filtering distributions in Eq. (2) and (3) can be obtained as

p(xk|y1:k−1, θ) ≈ N (xk|m
−
k (θ), P−

k (θ)),

p(xk|y1:k, θ) ≈ N (xk|mk(θ), P k(θ)) (11)

by utilising the UKF. In theprediction step, the meanm−
k (θ) andcovarianceP−

k (θ) which
dependonθ are computed by

• forming the sigma points

X i
k−1(θ) =






mk−1(θ), i = 0

mk−1(θ) +
√

dx + λ
√

P k−1(θ), i = 1, . . . , dx

mk−1(θ) −
√

dx + λ
√

P k−1(θ), i = dx + 1, . . . , 2dx,

(12)

• propagating the sigma points

X̂
i

k(θ) = f(X i
k−1(θ)), i = 0, . . . , 2dx, (13)

• which yields

m−
k (θ) =

2dx∑

i=0

W iX̂
i

k(θ),

P−
k (θ) =

2dx∑

i=0

W i
(
X̂

i

k(θ) − m−
k (θ)

)(
X̂

i

k(θ) − m−
k (θ)

)T

+ Qk−1. (14)

In theupdate step, the meanmk(θ) andcovarianceP k(θ) arecomputed by

• forming the sigma points

X−i
k (θ) =






m−
k (θ), i = 0

m−
k (θ) +

√
dx + λ

√
P−

k (θ), i = 1, . . . , dx

m−
k (θ) −

√
dx + λ

√
P−

k (θ), i = dx + 1, . . . , 2dx,

(15)

• propagating the sigma points

Ŷ
i

k(θ) = h(X−i
k (θ)), i = 0, . . . , 2dx, (16)

• calculating

μk(θ) =
2dx∑

i=0

W iŶ
i

k(θ),

Sk(θ) =
2dx∑

i=0

W i
(
Ŷ

i

k(θ) − μk(θ)
)(

Ŷ
i

k(θ) − μk(θ)
)T

+ Rk,

Ck(θ) =
2dx∑

i=0

W i
(
X̂

−i

k (θ) − m−
k (θ)

)(
Ŷ

i

k(θ) − μk(θ)
)T

,

Kk(θ) = CkSk(θ)−1, (17)
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• whichyields

mk(θ) = m−
k (θ) + Kk(θ) [yk(θ) − μk(θ)] ,

P k(θ) = P−
k (θ) − Kk(θ)Sk(θ)KT

k (θ). (18)

The free parameterλ is a scaling quantity that should be set toλ = 3 − dx for Gaussian state
variables on a heuristic bases [26]. The weightsW i canbe computed as

W i =






λ

dx + λ
, i = 0

λ

2(dx + λ)
, i = 1, . . . , 2dx.

(19)

Recalling the complementation of the Bayesian filtering distributions by the marginalised
joint posterior distribution of the parameters given the measurementsp(θ|y1:k) in Eq. (4), the
estimation of the unknown parameters has to be addressed as well. The equation is rewrit-
ten [29] as

p(θ|y1:k) = p(θ|y1:k−1)

∫
p(yk|xk, θ)p(xk|y1:k−1, θ)

p(yk|y1:k−1)
dxk

∝ p(θ|y1:k−1)p(yk|y1:k−1, θ), (20)

whereas the second term is obtained as Gaussian approximation

p(yk|y1:k−1, θ) ≈ N (yk|μk(θ), Sk(θ)). (21)

The corresponding meanμk(θ) and covarianceSk(θ) are the results of the calculation in
Eq. (17).

By means of the unscented Rauch-Tung-Striebel smoother (URTSS), a Gaussian approxima-
tions to the smoothing distribution in Eq. (5) can be obtained as

p(xk|y1:T , θ) ≈ N (xk|m
s
k(θ), P s

k(θ)). (22)

In thesmoothing step, the meanms
k(θ) andcovarianceP s

k(θ) arecomputed by

• forming the sigma points

X i
k(θ) =






mk(θ), i = 0

mk(θ) +
√

dx + λ
√

P k(θ), i = 1, . . . , dx

mk(θ) −
√

dx + λ
√

P k(θ), i = dx + 1, . . . , 2dx,

(23)

• propagating the sigma points

X̂
i

k+1(θ) = f(X i
k(θ)), i = 0, . . . , 2dx, (24)

• calculating

m−
k+1(θ) =

2dx∑

i=0

W iX̂
i

k+1(θ),

P−
k+1(θ) =

2dx∑

i=0

W i
(
X̂

i

k+1(θ) − m−
k+1(θ)

)(
X̂

i

k+1(θ) − m−
k+1(θ)

)T

+ Qk,

Dk+1(θ) =
2dx∑

i=0

W i
(
X̂

i

k(θ) − mk(θ)
)(

X̂
i

k+1(θ) − m−
k+1(θ)

)T

, (25)
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• whichyields

Gk(θ) = Dk+1(θ)
[
P−

k+1(θ)
]−1

,

ms
k(θ) = mk(θ) + Gk(θ)

[
ms

k+1(θ) − m−
k+1(θ)

]
,

P s
k(θ) = P k(θ) + Gk(θ)

[
P s

k+1(θ) − P−
k+1(θ)

]
GT

k (θ). (26)

2.3 Approximate grid-based filtering

In approximate grid-based filtering[22,23], the continuous state space is decomposed into
pre-defined cells and the filtering distributions are approximated by a weighted sum ofδ func-
tions. Discretising the state space into a finite number of states{xj : j = 1, . . . , Nx}, the
filtering solutions in Eq. (2) and (3) can be obtained as

p(xk|y1:k−1, θ) ≈
Nx∑

j=1

wj
k|k−1δ(xk − xj

k),

p(xk|y1:k, θ) ≈
Nx∑

j=1

wj
k|kδ(xk − xj

k) (27)

where the weightswj
k|k−1 andwj

k|k representthe conditional probabilities ofxj given the mea-
surementsy1:k respectively y1:k−1 andthe parametersθ. They are computed as

wj
k|k−1 =

Nx∑

l=1

wl
k−1|k−1p(xj

k|x
l
k−1, θ), (28)

wj
k|k =

wj
k|k−1p(yk|x

j
k, θ)

Nx∑

l=1

wl
k|k−1p(yk|x

l
k, θ)

, (29)

where the initial weights are denoted aswj
0|0 = p(xj

0|θ)/
∑Nx

l=1 p(xl
0|θ). The approximations

arise due to the fact that the probabilities are not integrated over the regions of the continuous
state space but averaged for the discretised grid pointsxj. In order to obtain accurate approxi-
mations to the filtering distributions, the resolution of the grid has to be sufficiently fine which
- in combination with a high dimension of the state - renders the approach computational bur-
densome.

3 PROBLEM STATEMENT

3.1 Experimental procedure

The fatigue testing is performed by subjecting Udimet 720Li superalloy specimens to cyclic
uniaxial tensile stress within a convection oven at a temperature of400 ◦C, see Figure2. The
quadratic bar specimens (sideW ) are pre-notched at a single corner to act as crack initiation
point under a sinusoidal loading atf = 10 Hz with the aim of overcoming non-continuum
mechanics-governed and unstable crack growth [30]. A stable Mode-I crack propagation is then
accomplished by a trapezoidal shape loading atf = 0.25 Hz. The crack surface is assumed to
evolve in a quarter-circular shape which renders the equidistant lengthr(ϕ) from pre-notched
corner to crack front the single quantitya characterising the crack size. This simplification is
reasonable as long as crack tunnelling can be ruled out [31].
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Figure2: Experimental setup: Applied stress, geometries, crack propagation orientation as well
as electrode and probe positioning

The crack sizea can indirectly be measured conveniently by means of the DCPD method.
Therefore, a direct current is supplied by electrodes near the lower and upper ends of the
specimen (3 and 4 in Figure2). Subsequently, the potential dropU is determined by mea-
suring the potential difference between the respective crack surfaces via probes that are spot-
welded in close proximity to the notch (1 and 2 in Figure2). With increasing crack sizea the
obtained potential dropU scales accordingly, yielding time-dependent or more conveniently
cycle-dependent valuesUk at specific cyclesNk. With only roughly pre-defined probe posi-
tions, neither symmetry nor accuracy can be assumed, rendering the relationship between the
cycle-dependent crack sizeak andpotential dropUk indeedquantifiable, however unknown.
The relation can then be depicted as

Uk = c(ak; b) + εk (30)

wherec is an arbitrary function depending on the vector of unknown parametersb representing
the calibration curve andεk is the error term for the particular observation at time stepk.

For the purpose of assessing the proposed Bayesian model calibration and parameter esti-
mation, reference damage propagation data have to be obtained. This is done by performing an
additional experimental calibration by investigating the crack front of each specimen subsequent
to the fatigue testing. Therefore, the specimens are cut in the respective crack propagation cross
section where the fracture planeAfp canbe measured and utilised to average the crack sizesa0

at the beginning andaend at the end of the crack propagation as

a =

√
4Afp

π
. (31)

With the assumption ofc being linear [6,32], the 3-tuples(N0, U0, a0) and(Nend, Uend, aend) can
beemployed to determineb and subsequently interpolateak. The reference data are hereafter
denoted as actual or true parameter and crack size values. The obtained data consists of six
sample trajectories{Uk : k = 1, . . . , nms} for specimens #1 to #6 (each subjected to various
stress ranges and stress ratios) with 26 to 41 total measurementsnms.
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Figure3: Schematic fatigue crack growth (logarithmic scales)

3.2 State space definition

Recalling the general form of the probabilistic SSM for observable dynamic processes in
Eq. (6), different quantities have to be defined probabilistically in order to allow for the ap-
plication of Bayesian filtering and smoothing. This definition encompasses the modelling of
dynamic and measurement processes as well as prior information on the unknown states and
parameters and is carried out hereafter for the corner crack fatigue testing presented in the pre-
ceding section.

When considering crack growth under fatigue loading, the damage evolution is generally
characterised by three stages: (I) crack initiation, (II) stable crack growth, (III) instable crack
growth and failure. It can be visualised by plotting the crack growth rateda/dN over the stress
intensity factor (SIF) rangeΔK as shown in Figure3. The former describes the crack size
increment per cycle. The latter depicts the range of stress intensity at the crack front tip which
is dependent on the applied stress rangeΔσ = σmax − σmin aswell as the specific specimen
geometry. A widely used formula utilised to model sub-critical, stable stage II crack growth is
given by the Paris-Erdogan law [33,34]

da

dN
= C(ΔK(a))n, (32)

whereC andn are material-dependent scaling constants. The SIF rangeΔK can be calculated
for corner crack specimens [30] as

ΔK(a) = Δσg(a)
√

πa, (33)

g(a) = MG(a)MB(a)MS(a)
2

π
, (34)

whereg(a) is a crack-geometric correction factor that can be derived numerically for differ-
ent specimen geometries and crack shapes and is given by [35]. The precise expressions for
the individual shape functionsMG(a), MB(a) andMS(a) areomitted for the sake of clarity.
Since only the stress rangeΔσ is utilised in Eq. (32), mean stress effects are not taken into
account [36]. In order to circumvent this problem, Paris’ law can be improved by Walker’s
law [37], which is one among other modifications, e.g. [38–40]). It reads

da

dN
= C

(
ΔK(a)

(1 − Rσ)1−κ

)n

, (35)
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whereRσ = σmin/σmax is the stress ratio andκ is an empirical constant weighing the influence
of the mean stress on the crack growth rate (typically around 0.5 for metals). Where the afore-
mentioned models fail to catch the sigmoidal shape of the crack growth rate plotted over the SIF
range as depicted in Figure3, a modification according to Forman/Mettu [41] allows for stage I
and stage III crack growth depiction as well. It is given by

da

dN
= C ∙ F ∙ ΔK(a)n

(
1 − ΔKth

ΔK(a)

)p

(
1 − 1

1−Rσ

ΔK(a)
Kc

)q , (36)

whereF is a crack velocity factor,ΔKth is the threshold of SIF range for crack propagation,
Kc is the fracture toughness andp, q are empirical constants [42]. In order to allow for a highly
accurate representation of the crack propagation process of the available pre-notched specimens,
a simplified and further modified Paris’ law is obtained by settingF = 1, q = 1, p = n [42]
and introducing an additional exponentm = 10:

da

dN
= C ∙ ΔK(a)n

(
1 −

(
ΔKth

ΔK(a)

)m)n

1 − 1
1−Rσ

ΔK(a)
Kc

. (37)

The rationale behind this approach is the following: In [2] where the model calibration was
accomplished by means of Walker’s law with fixed dynamic model parameters, the contribu-
tion of an appropriately represented test-initiation phase with a suitable dynamic model to the
accuracy improvement was not investigated. By modifying the Forman/Mettu equation to a
degree where an almost exact compliance with the reference data is feasible depending on the
material-dependent parameters, the performance of the two dynamic models can be compared.

Both Walker’s law in Eq. (35) and the Forman/Mettu equation in Eq. (36) are first order
ordinary differential equations that can be numerically approximated for sufficiently small
ΔN = Nk − Nk−1 usingfinite differences and be rewritten as recurrence relation, yielding

ak = ak−1 +
da

dN

∣
∣
∣
∣
a=ak−1

ΔN (38)

at time stepk. Both equations are used to define the dynamic model and discussed later on:
Where the Forman/Mettu equation allows a more precise depiction of the damage evolution,
Walker’s law comprises fewer unknown parameters.

As emphasised in Section3.1, the relation between the measured potential drop and the crack
size is assumed to be linear for corner crack specimens [6,32], yielding

Uk = b1ak + b2 + εk, (39)

whereb1, b2 areunknown and{εk, k = 1, . . . , nms} hasto be accounted for stochastically. If
the assumption of linearity does not hold, for example in the case of specimens with a different
crack geometry or more complex crack front shapes, the approach can be extended by using
other forms, e.g. polynomial functions.

Let xk ∈ R denotethe crack sizeak, yk ∈ R the potential drop measurementUk at time
stepk and the vectorθ ∈ Rdθ the collection of unknown parametersC, n, b1, b2 with dθ = 4
respectivelyC, n, b1, b2, ΔKth with dθ = 5. In order to account for existent uncertainties and
variabilities as mentioned in Section2, the hidden statesx0:nms , the measurementsy1:nms and
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the unknown parametersθ are viewed as random variables that are assigned probability dis-
tributions, thereby expressing the degree of information concerning their realisations and the
incorporated uncertainty. The initial statex0 is supposed to be normally distributed with mean
μ0 andvarianceσ2

0, since the process of notching the specimens is manageable to a certain de-
gree. Since the threshold SIF rangeΔKth is dependent on the crack size as given in Eq. (33), the
prior belief onθ5 canbe obtained by means ofx0 ∼ N (μ0, σ

2
0). The remaining unknown param-

eters are initially assumed to be mutually independent random variables uniformly distributed
on [

ˉ
θ1, θ̄1] × . . . × [

ˉ
θ4, θ̄4] becauseno prior information other then approximate boundaries are

available. By further assuming constant additive Gaussian process noiseq ∼ N (0, Q) and
Gaussian noise of measurementsr ∼ N (0, R) within the dynamic models and measurement
model, the probabilistic state space model can then be defined as

xk = f ({I,II})(xk−1, θ) + q, (40)

yk = h(xk, θ) + r, (41)

where the dynamic and measurement functions are

f (I)(xk−1, θ) = xk−1 + θ1

(
ΔK(xk−1)

(1 − Rσ)1−κ

)θ2

ΔN, (42)

f (II)(xk−1, θ) = xk−1 + θ1ΔK(xk−1)
θ2

(
1 −

(
θ5

ΔK(xk−1)

)m)θ2

1 − 1
1−Rσ

ΔK(xk−1)

Kc

ΔN, (43)

h(xk, θ) = θ3xk + θ4. (44)

3.3 Algorithm operation

With the unscented Kalman filter and the unscented Rauch-Tung-Striebel smoother as re-
cursive approximations to the Bayesian inference in Section2 and the ensuing definition of the
probabilistic state space model in Section3, the objective of finding a solution to the inverse
problem of crack size estimation, model calibration and parameter estimation by means of po-
tential drop measurements can be addressed as of yet only formally. Recalling the prediction,
update and smoothing steps, the dependency of the statexk on the unknown parametersθ has
to be propagated through every time stepk resulting in nested functions that become ever more
complex with each additional iteration. Therefore, a hybrid of local and global approaches in
the form of the UKF/URTSS and approximate grid-based methods as depicted in Algorithm1
is proposed. Similar methods have been used for example in [43–45] where particle filters in-
stead of Gaussian filters are utilised in differing frameworks to compute the nodes in randomly
or fixedly created grids in the parameter space, however with significant higher computational
efforts.

As conceptually shown in Section2.3for the state space, the parameter space is now discre-
tised into a finite number of cells{θj : j = 1, . . . , Nθ}, leading to recast Eq. (20) as

p(θ|y1:k) ≈
Nθ∑

j=1

wk,j
θ δ(θ − θj), (45)

where the weightswk,j
θ canbe computed by

wk,j
θ ≈

wk−1,j
θ p(yk|y1:k−1, θ

j)
Nθ∑

l=1

wk−1,l
θ p(yk|y1:k−1, θ

l)

, (46)
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Algorithm 1 State and parameter estimation

1: setx0 ∼ N (μ0, σ
2
0)

2: generateinitial grid θj andweightsw0,j
θ for θ ∼ p(θ)

3: setf(xk−1, θ)
4: seth(xk, θ)
5: for k = 1 : nms do
6: for j = 1 : Nθ do . UKF steps
7: computep(xk|y1:k−1, θ

j)
8: computep(xk|y1:k, θ

j)
9: computep(yk|y1:k−1, θ

j)
10: computewk,j

θ by updatingwk−1,j
θ . Grid-basedupdate

11: end for
12: computep(θ|y1:k)
13: . MAP estimates
14: evaluateθ̂MAP

15: setx̂k = mj∗

k

16: for α = 1 : dθ do
17: computep(θα|y1:k) . Marginalised posterior distributions
18: end for
19: computep(xk|y1:k)
20: . MMSE estimates
21: evaluateθ̂MMSE

22: evaluatex̂MMSE
k

23: end for
24: for k = nms − 1 : 1 do
25: computep(xk|y1:T , θ̂MAP) . URTSS steps
26: computep(xk|y1:T , θ̂MMSE)
27: . Smoothingestimates
28: evaluatex̂s,MAP

k

29: evaluatex̂s,MMSE
k

30: end for

with the initial weights denoted asw0,j
θ = p(θj)/

∑Nθ

l p(θl). The recursive Bayesian filtering
and smoothing expressions in Eq. (2), (3) and (5) then become

p(xk|y1:k−1, θ
j) =

∫
p(xk|xk−1, θ

j)p(xk−1|y1:k−1, θ
j)dxk−1 (47)

p(xk|y1:k, θ
j) =

p(yk|xk, θ
j)p(xk|y1:k−1, θ

j)

p(yk|y1:k−1, θ
j)

, (48)

p(xk|y1:T , θj) = p(xk|y1:k, θ
j)

∫
p(xk+1|xk, θ

j)p(xk+1|y1:T , θj)

p(xk+1|y1:k, θ
j)

dxk+1, (49)

and have to be evaluatedNθ timesfor eachθj pertime step.
In order to assess the performance of the Bayesian approach, different point estimates are

obtained. With the proposed approach, the posterior knowledge inferred from the measurements
and the prior information can be depicted in a more extensive manner, including variances
and higher order moments. However, within the scope of this paper only point estimates are
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considered.A natural choice is to maximise the posterior distribution of the parameters given
the measurements to determine the parameter set with the highest probability as

θ̂MAP = arg max
θ

p(θ|y1:k), (50)

whereθ̂MAP = θj∗ is the maximum a posteriori (MAP) estimate of the parameters andj∗ the
correspondingindex of the discretisation. The associated MAP estimate of the crack size can
then by identified as

x̂MAP
k = mj∗

k . (51)

Another obvious point estimate can be found in the minimum mean square error (MMSE) esti-
mate of the marginal conditional posterior distributions,

θ̂MMSE
α =

∫
θαp(θα|y1:k)dθα. (52)

The marginal conditional posterior distribution of the parameter given the measurementsp(θα|y1:k)
canbe obtained by summing over the respective other parameters in Eq. (45) forα = 1, . . . , dθ,
i.e.

p(θ1|y1:k) ≈

Nθ1∑

i=1

wk,i
θ1

δ(θ1 − θi
1), wk,i

θ1
=

Nθ/Nθ1∑

l=1

w
k,(l−1)Nθ1

+i

θ ,

p(θ2|y1:k) ≈

Nθ2∑

i=1

wk,i
θ2

δ(θ2 − θi
2), wk,i

θ2
=

Nθ/(Nθ1
Nθ2

)∑

l=1

Nθ1∑

j=1

w
k,j+(l−1)Nθ1

Nθ2
+(i−1)Nθ1

θ ,

p(θ3|y1:k) ≈

Nθ3∑

i=1

wk,i
θ3

δ(θ3 − θi
3), wk,i

θ3
=

Nθ/(Nθ1
Nθ2

Nθ3
)∑

l=1

Nθ1
Nθ2∑

j=1

w
k,j+(l−1)Nθ1

Nθ2
Nθ3

+(i−1)Nθ1
Nθ2

θ ,

...
...

p(θα|y1:k) ≈
Nθα∑

i=1

wk,i
θα

δ(θα − θi
α), wk,i

θα
=

Nθ/Nl∑

l=1

Nj∑

j=1

w
k,j+(l−1)Nl+(i−1)Nj

θ , (53)

where

Nl =
α∏

β=1

Nθβ
, Nj =

α−1∏

β=1

Nθβ
.

The MMSE estimate of the parametersθ̂MMSE can then be computed by averaging over the
weights for each of thedθ parameters:

θ̂MMSE
α ≈

Nθα∑

i=1

wk,i
θα

θi
α. (54)

The marginalised conditional posterior distribution of the state given the measurements can be
derived by integrating out the unknown parameters in Eq. (3) which - in terms of the discretised
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parameterspace - means summing over the product of the conditional posterior distribution of
the state and the posterior distribution of the parameters:

p(xk|y1:k) =

∫
p(xk|y1:k, θ)p(θ|y1:k)dθ, (55)

p(xk|y1:k) ≈
Nθ∑

j=1

p(xk|y1:k, θ
j)wk,j

θ . (56)

By discretising the state space into a finite number of states{xi : i = 1, . . . , Nx}, the discrete
approximation to Eq. (56) reads

p(xk|y1:k) ≈
Nx∑

i=1

wk,i
x δ(xk − xi

k), wk,i
x =

p(xi
k|y1:k)

Nx∑

l=1

p(xl
k|y1:k)

. (57)

It can be utilised to compute the marginalised conditional posterior MMSE of the state analo-
gously to Eq.(52) as

x̂MMSE
k =

∫
xkp(xk|y1:k)dxk,

x̂MMSE
k ≈

Nx∑

i=1

wk,i
x xi

k. (58)

4 RESULTS AND DISCUSSION

To begin with, the model calibration of the DCPD method is addressed, i.e. the estimation
of the parameters{θα, α = 3, 4}. In Figure4, the normalised estimates of the measurement
model parameters are plotted over the normalised cycles as to allow an accurate comparison for
both dynamic model functionsf ({I,II})(xk, θ) for all specimens of the test series. This direct
comparison is possible since the actual parameter values are available due to the experimental
calibration mentioned in Section3.1. In addition to the MMSE and MAP estimatesθ̂MMSE

α and
θ̂MAP

α , the ratio of relative deviation of the MMSE estimates and true parameter values of both
dynamic models|θ̂MMSE({I,II})

α /θtrue
α − 1| is depicted for several intervals by means of stacked

bars in corresponding colors (blue for dynamic modelI, red forII). Initially assigned a uniform
distribution atN0 = 0, both parameter estimates vary noticeably at the beginning for both cases
in Figure4 (a) and (b). Where the MAP estimates remain almost constant for the first half of the
cycles, the MMSE estimates diverge from their initial values towards the MAP estimates. In the
latter half both parameter estimates approach in conjunction the actual underlying parameter
values, albeit, not exhibiting convergence in the sense of an asymptotic behaviour. As pointed
out in [2], different reasons can account for this shortcoming which encompass the variability of
the material-dependent constants of the respective dynamic model and the possible inability of
the dynamic model to cover specific physical behaviour. However, by introducing the dynamic
model parametersθ1 andθ2 asadditional random variables that are updated from step to step and
therefore adjustable to the true underlying parameters instead of assigning them constant values,
the asymptotic behaviour of the measurement model parameter estimates is not improved. This
can partially be explained by the additional uncertainty incorporated into the SSM without
compensation by more observations, i.e. a higher measuring rate. Likewise, the introduction
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Figure4: Model calibration: Normalised parameter estimates forθ3 andθ4 over normalised
cyclesN for dynamic modelsI (blue) andII (red) for all specimens as well as ratio of rela-
tive deviation of MMSE estimates and true parameter values (stacked bars in relative scale in
corresponding colors).

of a further dynamic model that better accounts for the underlying physics yields no improved
convergence since yet another parameterθ5 is required to be modelled as random variable.
An additional explanation stems from the inverse problem formulation itself: Considering the
exponential crack growth characterised through the dynamic models, the inverse problem is not
well-posed for the majority of the cycles where the crack growth is almost linear over time,
yielding not a unique solution but various. This implies that the inference results improve the
further the crack propagates and the more exponential the crack growth over cycles becomes.
Beyond the question of asymptotic behaviour, it is apparent that the MMSE estimates reveal
a higher accuracy than the corresponding MAP estimates. Furthermore, the aforementioned
relative error bars show lower deviations of the MMSE estimates and true parameter values in
the case of dynamic modelII overI which is purchased by higher computational complexity.

The actual fatigue crack growth rate (reference data) is plotted over the stress intensity factor
range for all specimens in Figure5 in logarithmic scales. As elaborated on in Section3.2, the
two stages of test initiation and stable crack growth can be identified easily in Figure5 (a). It is
however apparent, that there are individual outliers especially in the initiation stage as well as
deviations from the power growth behaviour in the stage of stable crack growth. In Figure5 (b),
the same plot is displayed in conjunction with both utilised dynamic models, the modified Paris’
laws from Walker in Eq. (35) (solid lines) and from Forman/Mettu in Eq. (37) (dashed lines)
where the MMSE estimates obtained at time stepk = nms areutilised as realisations of the
parameters. Naturally, Walker’s law allows only for the depiction of stable crack growth where
the modified Paris’ law by Forman/Mettu is able to cover the test-initiation phase of the entire
crack propagation process as well. Nonetheless, the graphs of both dynamic models coincide
for the phase of stable crack growth almost exactly, meaning the estimates forθ1 andθ2 do
soas well. The MMSE parameter estimatesθ̂MMSE

1 and θ̂MMSE
2 usedin both dynamic models

allow for a very good coverage of the crack growth rate in stage II of specimens#1, #2 and
#6 whereas only the latter measurements of specimens#3 and#4 show good compliance.
Additionally, the test initiation phase can well be displayed using the obtained MMSE parameter
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Figure5: Fatigue crack growth rate over SIF range for all six specimens in logarithmic scales
(axis tick labels omitted by virtue of proprietary information): (a) without, (b) with correspond-
ing dynamic modelsI (solid lines) andII (dashed lines).

estimateŝθMMSE(II)
α for α = 1, 2, 5 in the Forman/Mettu modification for specimens#3, #4

and#6. With the estimatesθ1 andθ2 almostcoinciding, the main difference in the usage of
both dynamic models can therefore be ascribed to covering test-initiation as expected.

In Figure6, the normalised filtering (a) and smoothing (b) estimates of the crack size are
plotted over the normalised cycles for dynamic model functionsf {(I,II)}(xk, θ) for all six spec-
imens. Again, the ratio of relative deviation of the MMSE estimates and true crack size of both
dynamic models|x̂MMSE({I,II})

k /xtrue
k − 1| and|x̂s,MMSE({I,II})

k /xtrue
k − 1| is depicted for several

intervals by means of stacked bars in corresponding colors (blue for dynamic modelI, red for
II). The distinction of the plots in Figure6 (a) and (b) lies in the conditioning of the respective
estimates: In (a), the crack size estimatesx̂k areconditioned on all measurementsy1:k up to
time stepk. The estimateŝxk thereforecorrespond to the information available at time step
k throughout the testing. In (b), the crack size estimatesx̂s

k are- at every time stepk - con-
ditioned on all measurementsy1:nms which represents a refinement of the previously inferred
estimates subsequent to the test. Both plots emphasise the better results that can be obtained
via the MMSE estimates in comparison with the MAP estimates. Furthermore, the estimates
inferred by utilisation of dynamic modelII display a better performance in qualitative (graphs)
as in quantitative (deviation error bars) regard. Considering that the absolute deviations de-
crease over the cycles when the relative errors remain constant (due to the normalising with the
true crack sizextrue

k at the specific cyclek) and taking into account that the crack size estimates
approach the true values at the end of the tests, accurate results by the Bayesian approach can
be observed. Considering the filtering estimates in Figure6 (a), it is however apparent that, as
with the estimates ofθ3 andθ4 in Figure4, no convergence is discernible. As mentioned before,
this shortcoming might be circumvented by a higher measuring rate in general and especially a
higher weighting of and increased emphasis on the latter part of the stable crack growth stage.
In doing so, the computational expense must be kept in mind to allow for a compromise between
accuracy (number of measurements, number of grid points) and timely availability in real-time
crack size assessment.
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estimateŝxMMSE
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k from true crack size (stacked bars in relative scale in corresponding

colors).

5 CONCLUSION

A Bayesian approach to the challenge of model calibration in DCPD measuring in conjunc-
tion with unknown material-dependent parameter estimation has been presented. Fatigue-tested
corner crack specimens are monitored by means of the DCPD method without further knowl-
edge of the calibration curve and the parameters governing the utilised physical models. The
obtained potential drop measurements are then used to infer the unknown quantities of crack
size, calibration curve and dynamic model parameters and compared with reference data.

1. The proposed methodology is found to provide accurate estimates for both model cali-
bration and parameter estimation while allowing for an accurate crack size growth moni-
toring, even though no clear convergence of parameter and crack size estimates but only
the approach of the respective true underlying values is observable.

2. The utilisation of the modified Forman/Mettu law allows for visibly better estimates in
comparison with Walker’s law, implying that the test-initiation phase is to be depicted
by the dynamic model as precise as possible. However, this presupposes the introduc-
tion of additional parameters as random variables, thereby increasing the computational
complexity.

3. For the calibration curve, linearity is assumed. More complex relations between potential
drop and crack size are conceivable, thereby allowing for other crack propagation ge-
ometries as well, albeit resulting in a higher dimensionality of the parameter vector and
consequently the computational complexity.

4. The convergence behaviour mentioned in Enumeration 1. should be addressed with an
increased measuring rate especially in the latter part of the stable crack growth stage,
where the non-linearity of the crack propagation intensifies.
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[17] H. G. Matthies, A. Litvinenko, B. V. Rosić, E. Zander, Bayesian Parameter Estimation via
Filtering and Functional Approximations (1), 1–30, 2016.arXiv:1611.09293.

[18] O. G. Ernst, B. Sprungk, H.-j. Starkloff, Bayesian Inverse Problems and Kalman Filters,
Vol. 102, 2014, pp. 133–159.doi:10.1007/978-3-319-08159-5˙7.

[19] S. Sarkka, Bayesian Filtering and Smoothing, Cambridge University Press, Cambridge,
2013.doi:10.1017/CBO9781139344203.

[20] R. E. Kalman, A New Approach to Linear Filtering and Prediction Problems, Journal of
Basic Engineering 82 (1), 35, 1960.doi:10.1115/1.3662552.

[21] H. E. Rauch, F. Tung, C. T. Striebel, Maximum likelihood estimates of linear dynamic
systems, AIAA Journal 3 (8), 1445–1450, 1965.doi:10.2514/3.3166.

[22] M. Arulampalam, S. Maskell, N. Gordon, T. Clapp, A tutorial on particle filters for on-
line nonlinear/non-Gaussian Bayesian tracking, IEEE Transactions on Signal Processing
50 (2), 174–188, 2002.doi:10.1109/78.978374.

[23] Z. H. E. Chen, Bayesian Filtering: From Kalman Filters to Particle Filters, and Beyond,
Statistics 182 (1), 1–69, 2003.

[24] D. S. Kalogerias, A. P. Petropulu, Grid based nonlinear filtering revisited: Recursive esti-
mation & asymptotic optimality, IEEE Transactions on Signal Processing 64 (16), 4244–
4259, 2016.arXiv:1604.02631,doi:10.1109/TSP.2016.2557311.

[25] I. Arasaratnam, S. Haykin, Cubature Kalman Filters, IEEE Transactions on Automatic
Control 54 (6), 1254–1269, 2009.doi:10.1109/TAC.2009.2019800.

[26] S. J. Julier, J. K. Uhlmann, New extension of the Kalman filter to nonlinear systems, in:
I. Kadar (Ed.), Proc. of AeroSense: The 11the Int. Symp. on Aerospace/Defence Sensing,
Simulation and Controls, 1997, p. 182.doi:10.1117/12.280797.

[27] E. a. Wan, R. Van Der Merwe, The unscented Kalman filter for nonlinear estimation,
Technology v, 153–158, 2000.doi:10.1109/ASSPCC.2000.882463.

[28] S. Julier, J. Uhlmann, Unscented Filtering and Nonlinear Estimation, Proceedings of the
IEEE 92 (3), 401–422, 2004.doi:10.1109/JPROC.2003.823141.

369

http://dx.doi.org/10.1109/JPROC.2003.823141
http://dx.doi.org/10.1109/ASSPCC.2000.882463
http://dx.doi.org/10.1117/12.280797
http://dx.doi.org/10.1109/TAC.2009.2019800
http://dx.doi.org/10.1109/TSP.2016.2557311
http://arxiv.org/abs/1604.02631
http://dx.doi.org/10.1109/78.978374
http://dx.doi.org/10.2514/3.3166
http://dx.doi.org/10.1115/1.3662552
http://dx.doi.org/10.1017/CBO9781139344203
http://dx.doi.org/10.1007/978-3-319-08159-5_7
http://arxiv.org/abs/1611.09293
http://dx.doi.org/10.1016/j.ymssp.2014.05.029
http://dx.doi.org/10.1016/j.ress.2012.11.024
http://dx.doi.org/10.1109/AERO.2012.6187363


ThomasBerg, Sven von Ende and RolfLammering
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Abstract. In this paper, we address the problem of assessing the identifiability of model
parameters in a mechanical system, i.e., whether unknown parameters can be estimated given a
set of measurements collected through sensor networks. Practical identifiability can arise due to
either a lack of sensitivity or a joint effect of the parameters on the measurements. Information
theory can be used to detect the sources of non-identifiability, with the purpose of establishing an
efficient sensor network design. Mutual Information between the parameter and the measured
outputs, and Conditional Mutual Information of each parameter couple, conditioned on the
measurements, are considered. Adoption of these indices is overviewed for practically assessing
the identifiability of the mechanical properties of a non-linear structural model.
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1 INTRODUCTION
In designing structural health monitoring (SHM) systems, the identifiability and observability

of the quantities to be estimated ought to be taken into account [1]. Any set of model parameters
is deemed as identifiable if it is possible to uniquely estimate this on the basis of the measured
data. The concept of identifiability in mechanical systems has been defined in [2] and [3]. While
model identifiability is related to the model mathematical structure only, practical identifiability
is referred to the relation between measurements and estimated parameters. Therefore, unlike
its purely theoretical counterpart, practical identifiability does take into account uncertainties in
the considered variables. In [4], a thorough review of existing methods to study structural iden-
tifiability and observability for nonlinear structural models is provided. Practical identifiability
is usually addressed through the Fisher information matrix, i.e., the sensitivity of the measured
quantities with respect to the parameters [5]. These methods allow to study the identifiability
of a certain set of parameters, but they do not highlight the relations among the parameters
and the link between each of them and the measured data. By means of such methods, non-
identifiability may basically be attributed to either the lack of sensitivity of measured quantities
or the compensation of the effects of the parameters on the model response. Information theory
has been employed in [6] and [7] to study the relations among parameters; in [8], the concepts of
stability and observability have been highlighted within an information theory approach. In this
paper, we propose to employ mutual information and conditional mutual information to address
the two aforementioned causes of non-identifiability.
In the remainder of this paper, a brief review of information measures and associated definitions
is first provided (Section 2.1). Then, the identifiability problem is discussed (Section 2.2) and
the employed numerical methods are described (Section 2.3). Finally, the application of the
mentioned methods to a non-linear system is presented (Section 3).

2 IDENTIFIABILITY AND INFORMATION THEORY
2.1 Preliminary definitions

In the present section, only the main definitions of the information measures that will be used
hereinafter are briefly revisited.
The Mutual Information (MI) between two random variables X and Y is defined as:

I(X;Y ) =
∫

X

∫
Y

p(x, y) log
[

p(x, y)
p(x)p(y)

]
dxdy (1)

where p(x, y) is the joint probability distribution function, while p(x) and p(y) denote marginals.
The mutual information may be also interpreted as the Kullback-Leibler divergence (expressed
as DKL[·| |·]) of the product of the marginal distributions from the joint distributions:

I(X;Y ) = DKL[p(x, y)| |p(x)p(y)] (2)

In this sense, the MI gives a measure of the difference (or similarity) in information between the
joint probability distribution and the marginals, i.e., the degree of correlation between X and Y .
If X and Y are independent, then p(x, y) = p(x)p(y) and therefore I(X;Y ) = 0.
A slightly different interpretation relies on the definition of Shannon entropy, according to:

I(X;Y ) = H(X) − H(X |Y ) (3)

where H(X) is the Shannon entropy of p(x) and H(X |Y ) is the conditional Shannon entropy
of X , conditioned on Y . Within the Bayesian inference framework, by considering X as the
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parameter variable andY as the measurement variable, I(X;Y )may be interpreted as the increase
in information between the prior distribution p(x) and the posterior distribution p(x |y); in other
words, the MI quantifies how informative the measured data is with respect to the parameters to
be estimated.
Let us consider now three random variables X , Y and Z . The Conditional Mutual Information
(CMI) is defined as follows:

I(X;Y |Z) = EZ [I(X;Y )|Z] =
∫

Z
p(z)

∫
X

∫
Y

p(x, y |z) log
[

p(x, y |z)
p(x |z)p(y |z)

]
dxdydz (4)

where EZ [·] is the conditional expectation with respect to the variable Z . The CMI is the variant
of the MI when the aforementioned probability distributions are conditioned with respect to the
additional random variable Z . Analogously to Eq. (2), the CMI can be written as:

I(X;Y |Z) = EZ [DKL[p(x, y |z)| |p(x |z)p(y |z)]] (5)

The interaction information is instead defined as:

I(X;Y ; Z) = I(X;Y ) − I(X;Y |Z) (6)

Recalling the previous definitions of MI (Eq. (1)) and CMI (Eq. (4)), the interaction information
represents the difference between the information shared by X and Y when Z is given, and the
same quantity when Z is not given. It can be proved that while I(X;Y ) and I(X;Y |Z) are both
strictly non-negative quantities, I(X;Y ; Z) may assume any value. If I(X;Y ; Z) > 0, then the
random variable Z enhances the correlation between X andY (redundancy), otherwise it reduces
it (synergy). For further details on the interpretation of interaction information, the reader may
refer to [9].

2.2 Identifiability
Let us consider a structural system, and assume we want to assess its relative mechanical

properties through measured data, as obtained from a set of nsens sensors. The vectorial random
variableY ∈ Rnsens is referred to the measurements, whileΘ ∈ RnΘ represents the nΘ parameters
to be estimated. The relation between parameters and measurements is assumed to be described
by the modelM : RnΘ × Rndof → Rnsens as follows:

y =M(θ, f) + ε (7)

where f ∈ Rnf are the model inputs, namely the loads applied on the structure; ε ∈ Rnsens

represents the measurement error and is relevant to the sensors accuracy. We assume ε to be
a zero-mean Gaussian noise, sampled from the probability density function p(ε ) = N(0,Σ),
where Σ is the relative covariance matrix.
Model identifiability for structural model updating has been defined in [3]: a set of parameters
are said to be identifiable if they can be uniquely determined by the input-output data. In
the Bayesian inference framework, this statement holds if the posterior probability distribution
p(θ |y) presents a finite number of maxima in the Θ space [2]. The parameters are: globally
identifiable if there is a unique maximum point θ∗, locally identifiable if there is more than one
maximum, and non-identifiable if there the are infinite maxima.
Most of themethods to study practical identifiability are based onmeasures of the local curvature
of the likelihood function in the neighbourhood of θ∗ using , e.g., Hessian or Fisher information
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matrix [10, 5] or confidence intervals [11]. These methods can only provide information on the
identifiability of all the set of parameters, but not on the relations between them.
Non-identifiability can basically arise from two causes:

(a) Compensation of a parameter by others (also known as collinearity): this happens when-
ever some parameters have the same effect on the model response. In this case, the
parameters are somehow redundant and therefore they may not be separately estimated.

(b) Lack of sensitivity of the measurements to the parameters. For instance, this can occur if
the model input f is such that the measurements do not depend on the parameters, i.e., the
parameters are not "activated".

In order to address (a), we can point out that any couple of parameters {Θi,Θ j} can be considered
as a common influence of the measurement Y if they are highly correlated, having fixed y.
Therefore, the higher the difference in information between the conditional joint probability
distribution p(θi, θ j |y) and the product of the conditional marginal distributions p(θi |y)p(θ j |y),
the harder it is to estimate these parameters separately. As suggested in [7], a natural measure of
the aforementioned occurrence is the CMI I(Θi;Θ j |Y) between any parameter couple {Θi,Θ j}:
the higher this is, the more correlated the parameters are, given the measurements, and therefore
the less they are identifiable together.
On the other hand, the interaction information I(Θi;Θ j ;Y) can be employed to assess the
extent of correlation between the parameters which may be attributed to the measurements or,
in other words, if the correlation increases or decreases as the model response is measured.
In our applications, we assume that the parameters are not correlated prior to acquiring the
measurements. Therefore, the prior joint probability distribution is p(θi, θ j) = p(θi)p(θ j) and
the MI is I(Θi;Θ j) = 0. From Eq. (6), it turns out that I(Θi;Θ j ;Y) = −I(Θi;Θ j |Y) and we can
conclude that, in this special case, the interaction information yields the same results as the MI.
Nevertheless, for a general case, it cannot be used to assess identifiability.
Problem (b) is addressed by exploiting I(Θi;Y), i.e., the MI between each parameter and the
measurements. If I(Θi;Y) = 0, then Y does not depend on Θi, and therefore the latter cannot
be identified. The dependency of the measurements on the parameters to be estimated can
be affected by several factors, such as the model input, the sensor placement and the type of
physical quantities to be measured. Regarding the sensor placement, in [5, 12] a method to
optimally place them is presented, by maximizing the relative information content with respect
to the parameters to be estimated and, hence, reduce problems of non-identifiability.
It is important to underline that the method places no assumptions on the model linearity or on
the types of prior distributions.

2.3 Numerical solution
If the probability distribution functions defined in the previous sections are not available

analytically, the CMI I(Θi;Θ j |Y) and the MI I(Θi;Y) cannot be computed analytically from
Eqs. (4) and (1), thereby creating the need for an numerical approach. There are essentially
three classes of methods for evaluating the MI: methods based on Monte Carlo approximations
[13]; Kernel Density Estimation (KDE) based methods [14]; and k-Nearest Neighbors (kNN)
based approaches [15].
Here, due to its ease of implementation, we employ the Gaussian KDEmethod proposed in [16].
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The kernel density estimator p̂(x) of the probability density function p(x) is defined as:

p̂(x) =
1

Nhd

N∑
i=1
K

(
| |x − xi | |

h

)
(8)

where K(·) is the Gaussian kernel, d is the dimension of the random variable X , h is the kernel
bandwidth and N is the sample size. The estimated MI reads:

Î(X;Y ) =
1
N

N∑
i=1

log
p̂(xi, yi)

p̂(xi)p̂(yi)
(9)

where p̂(xi, yi), p̂(xi) and p̂(yi) are computed according to Eq. (8). In order to reduce the allocated
memory required for the computation, an ensemble estimator has been used, as suggested in
[17]. The N samples are thus divided into M groups and the MI is simply computed as:

Î(X;Y ) =
1
M

M∑
i=1

Îi(X;Y ) (10)

where Îi(X;Y ) is the MI estimation related to the i−th group of samples.
In [13, 12], MI has been computed through a Monte Carlo approximation of Eq. (1). Despite a
faster convergence rate, the latter approach is practically unsuitable for the computation of the
CMI, because of the high computational cost of the multi-dimensional numerical integration.
For this reason, the computation of the CMI is performed through the same KDE approach
adopted for the MI.

3 APPLICATION TO A STRUCTURAL MODEL

(a) (b)

Figure 1: (a) Shear-type 8-stories building [18]; (b) Relation between non-linear inter-storey
drift and shear force, as defined in Eq. (11).

In this section a simple example is chosen so that the practical non-identifiability issues
described in Section 2.2 are clearly manifested from the model and, hence, the working of the
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I(Ee
1 ;Y) I(E t

1;Y) I(I1;Y) I(Ee
2 ;Y) I(E t

2;Y) I(I2;Y)
Si < S∗i 0.2280 0.0419 0.2256 0.2240 0.0427 0.2233
Si > S∗i 0.1040 0.1336 0.2238 0.1052 0.1353 0.2239

Table 1: Mutual Information I(Θi;Y) of each parameter in Θ = [Ee
1 ; E t

1; I1; Ee
2 ; E t

2; I2] and the
measured top-floor displacement Y, considering the cases Si < S∗i and Si > S∗i .

(a) (b)

Figure 2: Conditional Mutual Information I(Θi;Θ j |Y) of each couple of parameters in Θ =
[Ee

1 ; E t
1; I1; Ee

2 ; E t
2; I2] and the measured top-floor displacement Y, considering the cases (a)

Si < S∗i (b) and Si > S∗i .

method may be checked and validated.
The approach discussed in the previous section is now applied to a shear-type 8-storey building
model (Figure 1a). We assume the flexural rigidity of all the horizontal members to be much
higher than that of the column elements, so that the only relevant degrees of freedom are the
horizontal displacements of each floor. According to this assumption, the floor stiffness at the
i−th storey is k = c 12Ei Ii

h3 , where c is the number of columns per floor, Ei is the material elastic
modulus, Ii is the moment of inertia in the storey columns and h the floor height.

The inter-story drifts ∆ui depend on the shear force Si according to the following relation
(Figure 1b):

∆ui =


h3

c12Ee
i Ii

Si if Si < S∗i
h3

c12Ee
i Ii

S∗i +
h3

c12E t
i Ii
(Si − S∗i ) if Si ≥ S∗i

(11)

where we have assumed a simple bi-linear rule for the modulus Ei:

Ei =

{
Ee

i if Si < S∗i
E t

i if Si ≥ S∗i
(12)

where Ee
i is the elastic modulus, E t

i < Ee
i is the tangent modulus and S∗i is the shear yield

capacity.
We assume availability of displacement measurements u8 at the top floor (the corresponding

random variable is named as Y) and the aim is to study the identifiability of the parameters
relevant to the first two floors, i.e. Θ = [Ee

1 ; E t
1; I1; Ee

2 ; E t
2; I2]. The parameters are assumed as
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uniformly distributed.
First, we consider the case in which Si < S∗i ∀i: from Eq. 11, we can point out that the
displacements and, hence, the measurement, do not depend on E t

i . The non-identifiability
of E t

i shows up in the values of the MI I(Θi;Y) in Table 1: I(E t
1;Y) and I(E t

2;Y) are one
order of magnitude lower than the other MI value. The MI is not exactly zero as one may
expect from the definition in Eq. (1), because of the round-off error of the KDE method.
The measured displacement depends only on the flexural stiffness Ee

i Ii: these two parameters
cannot be estimated separately, since they offer a joint influence to the model response. This is
highlighted by the CMI values I(Θi;Θ j |Y) reported in Figure 2a: as expected, the maximum
values are reached for the couples {Ee

1, I1} and {Ee
2, I2}.

On the other hand, if Si > S∗i ∀i, the non-linear mechanical behaviour described in Eq. (11)
affects the solution. As noted from Table 1, there are no parameters for which I(Θi;Y) ≈ 0.
However, from Eq. (11), we can point out that the model responses ∆ui depends with the
same relationship on Ee

i /E
t
i and Ii, and therefore this prevents identifiability. The related CMI

values stem from the latter fact: in Figure 2b, I(Θi;Θ j |Y) is maximum for the couples {Ee
1, I1}

and {Ee
2, I2}. Moreover, I(E t

1,2; I1,2 |Y) > I(Ee
1,2; I1,2 |Y) as, since E t

i Ii < Ee
i Ii, the resulting

displacement is heavily dependent on E t
i . The same fact can be underlined in Table 1, as

I(Ee
i ;Y) < I(E t

i ;Y).

4 CONCLUSIONS
In the present paper, we have addressed the problem of parameter-identifiability inmechanical

systems. The non-identifiability of parameters can arise due to either lack of sensitivity or
compensations in the dependency of measurements on the parameters. Within an information
theoretic approach, identifiability is here detected in terms of these two occurrences using the
mutual information between each parameter and the measurements, and the conditional mutual
information between each couple of parameters, conditioned on the measurements.
The methodology has been applied to a non-linear mechanical model, namely a shear-type 8-
storeys building model, where the former causes of non-identifiability are easily recognizable.
The MI and the CMI proved able to detect and quantify identifiability, and to reveal the relations
between parameters. Moreover, no unnecessary assumptions on the model linearity or on
distributions gaussianity were placed.
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Abstract. Reliable forecasting of wind power generation is crucial to optimal control of costs
in generation of electricity with respect to the electricity demand. Here, we propose and an-
alyze stochastic wind power forecast models described by parametrized stochastic differential
equations, which introduce appropriate fluctuations in numerical forecast outputs. We use an
approximate maximum likelihood method to infer the model parameters taking into account the
time correlated sets of data. Furthermore, we study the validity and sensitivity of the parameters
for each model. We applied our models to Uruguayan wind power production as determined
by historical data and corresponding numerical forecasts for the period of March 1 to May 31,
2016.
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1 Introduction

Over the past 10 years, Uruguay has seen a spectacular transformation in production of
wind-based power. In 2007, Uruguay did not produce energy from wind; by 2016, the installed
capacity for wind power generation was 1210 MWatts satisfying more than 12% of the total
electricity demand of the country. Moreover, renewable energy production in Uruguay provides
94.5% of the country’s electricity and 55% of the country’s total energy mix1. To incorporate
the increased amount of generated power in to the supply system, reliable forecasting models
are crucial.

Many statistical forecast methods have been developed, for example persistence models [1],
Kalman filters [4], and Autoregressive and Moving Average Model (ARMA) [?]. The main
feature that distinguishes the forecast methods, and the corresponding time-horizon they are
valid, is the purpose of its use (operation scheduling, electrical grid management, maintenance).
Stochastic forecast models are adequate for relative long-term applications because of their
dependence on Numerical Weather Prediction (NWP) models. They consider the uncertainty
of the deterministic forecast by using historical power production data. Probabilistic forecast
models can also be used for stochastic optimization problems for optimizing the wind farms
operation and energy trading. Taking into account the production costs of each energy source (
fossil fuel, thermal hydropower, biomass, wind) and the storage capacity, such a model makes
it possible for decision makers to control electricity costs in the market.

Recently, a probabilistic forecast model based on stochastic differential equations (SDEs),
[7] was introduced. Our goal is to extend the previous work to include a parametric form for
the drift coefficient that controls the quality of the forecast, to explore the need for Lamperti
transformation in [7] by considering inferences directly from state-dependent diffusion, and to,
find the best model fit by pursuing variability analysis and examining sensitivity of the models
parameters.

In Section 2 we formulate the SDEs and propose two models. In Section 3 we describe the
available datasets and the preprocessing procedure. Then, numerical results for each model are
presented in Section 4. We conclude in Section 5 by discussing our results.

2 Indirect Inference method with Stochastic Differential Equations

In this section, we introduce a stochastic process, X(t) ∈ [0, 1], that serves as the stochastic
analogue of the normalized deterministic forecast, p(t) ∈ [0, 1], for t ∈ [0, T ]. We consider that
the stochastic process, X(t), is the solution the following parametrized Ito diffusion SDE{

dX(t) = b(X(t), t;θ)dt+ σ(X(t), t;θ)dW (t), t > 0 ,

X(0) = x0 ,

and assume that the drift, b(X(t), t;θ), and the diffusion, σ(X(t), t;θ), coefficients are such
that a solution exists and is unique, [2]. Here, θ denotes the set of parameters for each model.
W (t) is a one-dimensional Brownian motion. As we expect the process, X(t), to align with the
numerical forecast, p(t), we choose the drift to be a linear polynomial of the state

b(x, t;θ) = −θ(t)(x− p(t)) , (1)

where θ(t) represents the rate by which the variable reverts to p(t) in time.

1The energy mix statistics are sourced from the Global Wind Energy Council and the World Resources Institute.
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We distinguish two major models (Model 1 and Model 2) based on the choice of the diffusion
coefficient. The purpose of this distinction is to explore the need for the transformation to have
a state independent diffusion coefficient.

Model 1

We want the diffusion at the boundaries to vanish (i.e., if X(t) ∈ {0, 1}, then σ(0) = σ(1) =
0) such that the stochastic forecast does not exceed the total capacity. Thus, we choose the
diffusion to be a second order polynomial with respect to the state of the process of the form

σ(X(t), t;θ) =
√

2θ(t)αX(t)(1−X(t)).

The first proposed model–Model 1–isdX(t) = −θ(t)
(
X(t)− p(t)

)
dt+

√
2αθ(t)X(t)

(
1−X(t)

)
dWt, t > 0 ,

X(0) = x0 ,

(2)

and
θ = (θ(t), α), α > 0, θ(t) > 0, for all t > 0.

The inference approach for the parameters is based on the two moment equations for the
stochastic process,X(t). For that, we denote µX(t) = E[X(t)], vX(t) = var[X(t)] = E[(X(t)−
µX(t))2] and vX(t, s) = cov(X(t), X(s)) = E[(X(t) − µX(t))(X(s) − µX(s))] as the mean,
variance and co-variance functions respectively. The equation of the mean is{

dµX(t) = −θ(t)(µX(t)− p(t))dt, t > 0 ,

µX(0) = µ0 = x0 ,

with the solution

µX(t) = e−
∫ t
0 θ(s)ds

(∫ t

0

θ(s)p(s)e
∫ s
0 θ(u)duds+ µ0

)
. (3)

The equation of the variance is{
dvX(t) = −2θ(t)

(
(1 + α)vX(t)− αµX(t)(1− µX(t))

)
dt, t > 0 ,

vX(0) = 0 ,

from which we have that

vθX(t) = e−2(1+α)
∫ t
0 θ(s)ds

(∫ t

0

2θ(s)αµX(s)(1− µX(s))e2(1+α)
∫ s
0 θ(s)duds

)
. (4)

The co-variance between two times of X(t) is given by

vθX(t, s) = vθX(s)e−
∫ t
0 θ(u)du, ∀t > s . (5)
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Model 2

In this section, we transform equation (2) by means of the Lamperti transform such that
the diffusion term of the transformed system is independent of the state. This transformation
is recommended in both simulation and estimation, [9]. Numerical schemes sampled from an
SDE with additive noise are more stable, and usually of higher order than those sampled from an
SDE with multiplicative noise. Moreover, [10] and [7] suggested that the transformed process
is better approximated by a Gaussian distribution.

Let us denote by Z(t) = Ψ(X(t)) =
∫

1√
x(1−x)

dx
∣∣∣
x=Xt

the transformed process that satisfies

an SDE with state-independent diffusion. For the definition of the Lamperti transform see
[9]. To ensure the uniqueness of the solution, µZ(t), for the mean equation of the transformed
process, Z(t), the following condition should be satisfied

α ≤ min(p(t), 1− p(t)) .

One way to satisfy this condition is by choosing the parameter α

α(t) = αp(t)(1− p(t)) .

Here we denote the multiplicative constant with the same letter as in the function α(t), because
in the sequel we will refer only to the constant α. This suggests the form of the Model 2dY (t) = −θ

(
Y (t)− p(t)

)
dt+

√
2θαp(t)

(
1− p(t)

)
Y (t)

(
1− Y (t)

)
dWt, t > 0 ,

Y (0) = x0 ,
(6)

and
θ = (θ(t), α), α > 0, θ(t) > 0, for all t > 0.

The Lamperti transformation of the process Y (t) defines the process

Z(t) = Ψ(Y (t)) =

∫
1√

x(1− x)
dx
∣∣∣
x=Y (t)

= arcsin(2Y (t)− 1) ,

which satisfies the following SDE

dZ(t) = b̃(Z(t);θ)dt+ σ̃(t;θ)dWt ,

where

b̃(x;θ) =
−θ(1 + sin(x)− 2p(t)) + 1

2
sin(x)σ̃2(t;θ)

cos(x)
,

and

σ̃(t;θ) =
√

2θ(t)αp(t)(1− p(t)) .

The mean µZ(t) = E[Z(t)] of Z(t) is

µZ(t) = arcsin
{
e−

∫ t
0 h(u)du

(∫ t

0

θ(s)(2p(s)− 1)e
∫ s
0 h(u)duds+ sin(Z(0))

)}
, (7)
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where h(t) = θ(t)[1−2αp(t)(1−p(t))]. Using the inverse of Ψ given by Y (t) = Ψ−1(Z(t)) =
1
2

(
1 + sin(Z(t))

)
, we obtain the following approximation for the mean µY (t) = E[Y (t)] after

using the Lamperti transform

µ̃Y (t) = Ψ−1(µZ(t)) =
1

2
(1 + sin(µZ(t))) . (8)

The equation of the variance is given by

dvZ(t)

dt
= 2A(t;θ)vZ(t) + σ̃2(t;θ), vZ(0) = 0 ,

and an exact solution for this first-order ordinary differential equation (ODE) is given by

vZ(t) = e2
∫ t
0 A(s;θ)ds

∫ t

0

1

2
σ̃2(t;θ)e−2

∫ s
0 A(u;θ)duds

where A(t;θ) = ∂xb̃(x;θ))|x=µZ(t). The covariance function is

vZ(t, s) = vZ(s)e
∫ t
s A(u;θ)du, for all t > s .

Thus, the approximate variance and covariance functions for Y (t) are

ṽY (t) =
1

4
cos2(µz(t))vZ(t) . (9)

and
ṽY (t, s) =

1

4
cos(µz(t))vZ(t, s) cos(µz(s)) . (10)

2.1 Approximate Likelihood

We assume that the observation variables D(j) = (D(j)(t1), . . . , D
(j)(tN)), j = 1, . . . , J ,

satisfy
D(j) = X(j) + ε(j) (11)

where X(j) = (X(j)(t1), . . . , X
(j)(tN)) is the solution of the SDE in equations (2) or (6)

for p(t) = p(j)(t), and ε(j) are the measurement errors that are generated from a Gaussian
distribution N (0,Σε,(j)).

The approximate likelihood based on the two-moment expansion of the process X(t) and
Y (t) is

L(θ;Dnm) =
J∏
j=1

(2π)−N/2|V(j)(θ)|−1/2 exp
[
(d(j) − µ(j)(θ))T [V(j)(θ)]−1(d(j) − µ(j)(θ))

]
(12)

for a given set of observations dNJ =
{
d(j) =

(
d(j)(t1), . . . , d

(j)(tN)
)
, j = 1, . . . , J

}
. Here

µ(j)(θ) = (µ(t1), . . . , µ(tN)), V(j)(θ) = Vs
(j)(θ) + Σε,(j), and Vs

(j)(θ) is an n × n matrix
with elements [Vs

(j)]kl = v(tk, tl), k, l = 1, . . . N . Note that µ(t), v(t) and v(t, s) are given
in equations (3) -(5) of Model 1 and in equations (8)- (10) of Model 2. Finally, the maximum
likelihood estimates (MLE) of the parameters, θ, are obtained by maximizing the function in
equation (12).
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3 Description of the data

Application of our models to the wind power problem is built on two datasets. The first
dataset consists of 72 hours of numerical predictions of wind power production and the second
dataset includes the actual wind power produced during the same 72 hours (one observation
every one hour) in Uruguay. The data correspond to the aggregate power ( MWatts ) in the fol-
lowing wind farms: ARTI, CAPE, FACE, CPPP, FLO1, JPTE, KENT, LRLM, MIN1, MWIN,
RSUR and TDMA. The nominal capacity of this set of parks is 793.7 MWatts. Before proceed-
ing, we normalize each of the datasets with the maximum installed capacity to obtain values
between [0, 1]. We denote by pj(tn), d(j)(tn), j = 1, . . . , J , J = 81, n = 1, . . . , 72 the normal-
ized numerical prediction and historical prediction at the jth set at time tn.

Figure 1: Numerical forecast and real production comparison

In our model, we expect the deterministic forecast to capture some features of the observed
real production. Thus, we opt to discard the time series where a big difference between x(t) and
p(t) (i.e., more than 20%) is observed especially at time (t = 1). We consider them as outliers
with respect to our models. Including them affects the quality of the parameter estimates and
produces instabilities in the likelihood maximization problem. If we choose a time horizon
that is greater than 24 hours, we observe redundancy between successive sets of actual power
production, which contradicts the independence assumption while computing the likelihood
function. For this reason, some sets are discarded (J = 73).

4 Results

In this section, we present the application of the models described in Section 2 to the datasets
described in Section 3. For both models, we consider a parametrization with respect to time-
independent parameters. Next, we introduce potential trends of θ and select the best model
according to the Akaike Information Criterion (AIC) and the Bayesian Information Criterion
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(BIC). Then, to check variability in the estimates from the selected model, we use the boot-
strapping method to compute optimal parameters with respect to randomly selected subsets of
data and present the bootstrap confidence intervals. To validate the models, we split the data
into training and testing sets. We use the training sets for the optimization problem and use
the optimal values to generate empirical confidence bands. Finally, we validate the best model
by verifying that the test set observations fall within the generated confidence bands. We also
present the sensitivity of the model parameters based the Fisher Information Matrix (FIM) for
the approximate likelihood.

4.1 Proposed models and model selection

The different parametrizations of Model 1 (2) and Model 2 (6) are summarized in Table 4.1.

Parametric Model θ(t) Number of parameters (θ(t), α, φ)
SDE0 θ0 3
SDE1 θ1(t) = θ0e

−θ1t 4
SDE2 θ2(t) = θ0e

−θ1t + θ2 5
SDE3 θ0e

−θ1t + θ2e
θ3t 6

Table 1: Proposed models with parametrizations of the rate θ(t)

We assume that the observed production has non-correlated Gaussian measurement error for
each set, j = 1, . . . , J , ε(j) ∼ N(0, φ2I), and we consider φ a parameter of the model.

Horizon Parameters Without noise φ = 0.05 φ = 0.02 φ = 0.01

12 h
(θ∗, α∗, φ∗) (0.177, 0.082) (0.256, 0.106, 0.036) (0.200, 0.094, 0.004) (0.184, 0.087, 0)

standard deviation 10−2(0.83, 0.41) 10−2(1.75, 0.7, 0.25) 10−2(0.91, 0.44, 0.44) 10−2(0.87, 0.44, 0.23)

18 h
(θ∗, α∗, φ∗) (0.140, 0.089, 0) (0.213, 0.102, 0.038) (0.163, 0.102, 0.010) (0.1458, 0.094, 0)

standard deviation 10−2(0.83, 0.41) 10−2(1.2, 0.59, 0.19) 10−2(0.68, 0.45, 0.19) 10−2(0.58, 0.40, 0.23)

24h
(θ∗, α∗, φ∗) (0.140, 0.087) (0.196, 0.118, 0.036) (0.160, 0.098, 0.002) (0.143, 0.091, 0)

standard deviation 10−2(0.47, 0.31) 10−2(0.96, 0.57, 0.17) 10−2(0.57, 0.37, 0.48) 10−2(0.49, 0.33, 0.24)

36h
(θ∗, α∗, φ∗) (0.121, 0.109) (0.172, 0.147, 0.034) (0.139, 0.125, 0.004) (0.130, 0.111, 0)

standard deviation 10−2(0.47, 0.47) 10−2(0.96, 0.57, 0.17) 10−2(0.52, 0.51, 0.36) 10−2(0.50, 0.47, 0.20)

48h
(θ∗, α∗, φ∗) (0.114, 0.105) (0.154, 0.156, 0.035) (0.126, 0.124, 0.004) (0.126, 0.111, 0)

standard deviation 10−2(0.39, 0.39) 10−2(0.73, 0.76, 0.17) 10−2(0.44, 0.47, 0.32) 10−2(0.41, 0.40, 0.16)

Table 2: Model 1. Optimal parameter values for actual data and different time horizons.

In Table 2, we present the optimal values of the parametric model SDE0 (θ, α, φ) for the
time horizons
{6, 12, 18, 24, 36, 48} based on Model 1. In the column termed ’Without noise’, we report the
output of the minimization of the negative logarithm of the likelihood function (12) using the
actual data. For the numerical optimization, we used the fmincon function in MATLAB. We
observe that Model 1 is not able to recover the value of φ, and the output is always zero ( thus
we simply report values of θ and α). To investigate the effect of this observation, we added an
artificial Gaussian noise to the data with φ = {0.05, 0.02, 0.01}. We can see that the values of
θ and α change noticeably and appear to be sensitive to the measurement error. For φ = 0.05,
the likelihood is 0.036 while α jumps from 0.082 to 0.106, which suggests that it is difficult for
our model to distinguish between the measurement error and the noise coming from the SDE
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through α. Part of the noise, φ, is indeed absorbed by α, which explains the jump in its value.
This observation is confirmed in the last two columns of Table 2, where the likelihood cannot
retrieve φ for noise on the order of 0.02 and 0.01.

We observe that θ is decreasing with time, which indicates that the predictability of the model
becomes less reliable with increasing time horizons. This motivates the use of the exponentially
decreasing parametric functions for θ in Table 4.1, that define the models SDE0, SDE1,SDE2,
and SDE3. The models are parametrized by (θi(t), α, φ) such that θ0(t) = θ0 is a constant
rate, θ1(t) is a one-term exponential function, θ2(t) has an asymptotic lower bound given by θ2
to avoid converging to zero and θ3(t) is a linear combination of exponentially decreasing and
increasing functions to better fit the data (see table 4.1).

To obtain good initial values for the optimization for the time varying θ(t), in SDE1, SDE2,
and SDE3 models, we fit the optimal values for the constant θ∗ of the SDE0 model obtained
in the first column of Table 2 using the ‘Curve Fitting Toolbox’of MATLAB. We then use the
fitted coefficients of {θ0, θ1, θ2, θ3} as initial points for the maximum likelihood estimators of
(θ(t), α, φ). The MLE parameters for all models are presented in Table 3 for the T = 24-hour
time horizon.

Model Initial values Optimal values Standard deviation
SDE0 (0.2, 0.4) (0.140, 0.087) 10−2(0.47, 0.31)
SDE1 (0.202, 0.013, 0.4) (0.199, 0.034, 0.141) 10−2(0.68, 0.15, 0.53)
SDE2 (0.124, 0.047, 0.099, 0.4) (0.137, 0.108, 0.087, 0.125) 10−2(2.09, 1.33, 0.34, 0.46)
SDE3 (0.2, 0.01, 2 · 10−3, 0.02, 0.1) (0.28, 0.103, 10−3, 0.363, 0.018) 10−2(2.06, 1.04, 4 · 10−4, 0.16, 0.05)

Table 3: Model 1. Optimal parameters for a 24-hour time horizon for the parametric SDE’s i Table 4.1

Among the four candidate models, data in Table 4.1 confirm that SDE1 is the best model as
it has the smallest AIC and BIC values.

Criterion df AIC BIC

SDE0 3 −8418 −8411
SDE1 4 -8427 −8418
SDE2 5 −8426 −8414
SDE3 6 −8273 −8259

Table 4: Model selection

Model 2

Next, we present the best model among those described in Table 4.1 based on Model 2 ,de-
scribed in equation (6), following the same steps as for Model 1.
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Horizon Parameters Estimates

12 h
(θ∗, α∗, φ∗) (0.138, 0.108, 0.087)

standard deviation 10−2(0.79, 1.87, 0.07)

18 h
(θ∗, α∗, φ∗) (0.127, 0.569, 003)

standard deviation 10−2(0.41, 1.49, 0.04)

24h
(θ∗, α∗, φ∗) (0.115, 0.602, 0.03)

standard deviation 10−2(0.28, 1.16, 0.03)

36h
(θ∗, α∗, φ∗) (0.095, 1.008, 0.019)

standard deviation 10−2(0.39, 4.52, 0.12)

48h
(θ∗, α∗, φ∗) (0.087, 0.993, 0.016)

standard deviation 10−2(0.31, 3.98, 0.09)

Table 5: Optimal parameter values for actual real data and different time horizons for Model 2 using the Lamperti-
transformed process.

From Table 5, we see that θ exhibits the same behavior as in Model 1, it decreases with
longer time horizons. We also observe that Model 2 is able to capture the measurement error
using the same datasets, and the optimal values are consistent with our findings from Model 1.

Model Initial values Optimal values Standard deviation
SDE0 (0.4, 0.2, 0.1) (0.115, 0.602, 0.03) 10−2(0.28, 1.16, 0.03)
SDE1 (0.161, 0.013, 0.2, 0.1) (0.218, 0.033, 0.453, 0.033) 10−2(0.79, 0.33, 1.27, 0.05)
SDE2 (0.114, 0.013, 0.061, 0.2, 0.1) (0.218, 0.033, 0, 0.453, 0.033) 10−2(0.79, 0.32, 0.57, 1.26, 0.05)
SDE3 (0.1673, 0.0157, 6 · 10−8, 0.245, 0.2, 0.1) (0.218, 0.033, 00.018, 0.453, 0.033) 10−2(0.81, 0.32, 0.02, 1.39, 1.04, 0.05)

Table 6: Optimal parameters for 24-hour time horizon using the Lamperti transformed process.

Table 7 confirms that SDE1 is the best model with respect to AIC and BIC.

Criterion AIC BIC

SDE0 -6410 -6403
SDE1 -7311 -7302
SDE2 -7309 -7297
SDE3 -7310 -7296

Table 7: Model selection

4.2 Variability, validation and sensitivity analysis

An important issue to explore is the variability of the datasets. Here, we use the bootstrapping
method to select randomly 80% of the data and compute statistics for the parameters from the
bootstraped samples. We compute the sample mean and the bootstraped confidence intervals of
each parameter. Figures 2 and 3 show that our data predict a reliable set of estimates that both
models agree on.
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Figure 2: Model 1. Bootstrap histograms of θ0, θ1 and α based on n = 100 iterations
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Figure 3: Model 2. Bootstrap histograms of θ0, θ1, α and φ based on n = 100 iterations

Figure 4 shows that the prediction interval of θ(t) of Model 1 falls inside the prediction
interval of Model 2, suggesting that both predict the same rate.

Figure 4: Best fit for SDE1 for the two models.

To validate the selected models we present the empirical path density and confidence bands
for two days in the training set, as shown in figures 5 - 8. We generate the empirical path density
from simulated paths of SDE’s (2) and (6) for the MLE optimal parameters for which we use a
Euler-Maruyama discretization scheme. On the same graphs, we present the actual wind energy
production and the available numerical forecast. The figures verify that the actual production
falls into the 95% confidence band for most times.
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Figure 5: Empirical Confidence Interval (CI) and real
wind energy production corresponding to May 16, 2016
(12 hours)
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Figure 6: Empirical CI and real wind energy production
corresponding to May 22, 2016 (24 hours)
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Figure 7: Empirical CI and real wind energy production
corresponding to May 16, 2016 ( 12 hours)
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Figure 8: Empirical CI and real wind energy production
corresponding to May 22, 2016 (Horizon 24 hours)

Next, we analyze the sensitivity of both models to the parameters (θ0, θ1, α). The sensitivity
index is given by the diagonal elements of the FIM that corresponds to the approximate likeli-
hood for each model, [14]. A direct sensitivity analysis of the models based on (2), and (6) is
the subject ongoing work, [16]. Figures 9 and 10 demonstrate that the most sensitive parameter
for both models is θ1, which controls the rate of decay of θ(t) with respect to the time horizon.
Note that the least sensitive parameter in the two models is different; for Model 1, it is α while
for Model 2, it is θ0.
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Figure 9: Sensitivity of parameters in Model 1. The most
sensitive parameter is θ1 and the less sensitive is α.

Figure 10: Sensitivity of parameters in Model 2. The
most sensitive parameter is θ1 and the less sensitive is θ0,
in contrast to Model 1.

5 Discussion and Conclusions

It it important to point out that we based our study on a benchmark example in which we
generate synthetic data from real deterministic forecast paths, pi(t), i = 1, . . . , J using specific
values of (θ(t), α, φ). Then, for each pi(t), we sample one path, Xi(t), to mimic the actual data
and check whether the MLE parametrs are close to the true parameters. The numerical results of
the benchmark example reveal that although both models are able to retrieve the true parameter
values, Model 2 is numerically more stable (parameters have smaller confidence intervals, and
the rate of convergence is more stable)

With actual data, Model 1 is not able to capture the value of φ for all θi(t), i ∈ {1, 2, 3}, and
its parameters are very sensitive to an artificial measurement error. On the other hand, Model 2
provides an estimate of the measurement error and we assume that this is related to the stability
of Model 2 due to the use of the Lamperti-transformed process. However, it is remarkable that
both models predict the same rate.

The variability analysis verifies that the available datasets are rich enough to predict an in-
formative model. Moreover, the two models predict the same rate, (see Figure 4) and the most
sensitive parameter for both models is θ1, which controls the decay. The least sensitive param-
eter is different.

To avoid removing datasets that have poor deterministic forecasts or that have extreme ob-
servations (i.e., sudden dramatic changes in wind power production that can not be predicted by
the deterministic forecast), it may be possible to use regime-switching models.
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1 Department of Mathematics and Applied Mathematics, University of Crete
Heraklion, GR-70013 Crete, Greece

e-mail: name@e-mail.address

2 Institute of Applied and Computational Mathematics, Foundation for Research and Technology
Hellas, IACM/FORTH,

Heraklion, GR-70013 Crete, Greece

3 Applied Mathematics and Computational Science, CEMSE, King Abdullah University of Science &
Technology

Thuwal 23955, Saudi Arabia
e-mail: evangelia,kalligiannaki@kaust.edu.sa

4 Department of Mathematics and Statistics, University of Massachusetts at Amherst
Amherst, MA 01003, USA

e-mail: markos@math.umass.edu

5 Department of Mathematical Sciences, University of Delaware
Newark, DE 19716, USA

e-mail: plechac@math.udel.edu

Keywords: coarse-graining, potential of mean force, relative entropy, force matching

Abstract. The development of systematic (rigorous) coarse-grained mesoscopic models for
complex molecular systems is an intense research area. Here we first give an overview of meth-
ods for obtaining optimal parametrized coarse-grained models, starting from detailed atomistic
representation for high dimensional molecular systems. Different methods are described based
on (a) structural properties (inverse Boltzmann approaches), (b) forces (force matching), and (c)
path-space information (relative entropy). Next, we present a detailed investigation concerning
the application of these methods in systems under equilibrium and non-equilibrium conditions.
Finally, we present results from the application of these methods to model molecular systems.
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1 INTRODUCTION

Complex molecular systems characterize materials (e.g. plastics, rubbers, gels) that develop
complex, multiphase morphologies through equilibrium self-assembly. Their properties, such
as mixing behavior; phase diagrams; melting points, depend on the combination of molecular
and macroscopic variables. On the microscopic level, all-atom simulations allow direct quanti-
tative predictions of the properties of molecular systems over a range of length and time scales.
However, due to the broad spectrum of characteristic lengths and times involved in complex
molecular systems, it is not feasible to apply them to large realistic systems or molecules of
complex structure. On the mesoscopic level, coarse-grained (CG) models have proven to be
very efficient means in order to increase the length and time scales accessible by simulations.

Here we first give an overview of different algorithms for developing CG models of molec-
ular systems. Methods such as inverse Monte Carlo [1], inverse Boltzmann [2], force match-
ing [3], relative entropy [4], provide parameterizations of coarse-grained effective potentials
at equilibrium by minimizing a fitting functional over a parameter space. Then, we further
extend these studies using path-space methods (relative entropy rate) for coarse-graining and
uncertainty quantification for non-equilibrium processes, [5, 6, 7, 8].

All the above methods mentioned in principle are employed to approximate a many-body po-
tential, the (n-body) potential of mean force, describing the equilibrium distribution of coarse-
grained sites observed in simulations of atomically detailed models. We present two main
results of our latest studies, [9, 5]. Firstly, on optimizing coarse-grained models in equilibrium,
we: (a) reveal the connection of the force matching method with thermodynamic integration.
This connection provides us with information on how to construct a local mean force for equi-
librium force matching implementations, to best approximate the potential of mean force. (b)
We present in a mathematically consistent way the entropy and force matching methods and
their equivalence, which we derive for general nonlinear coarse-graining maps, [9]. Secondly,
we adopt the use of path-space methods, to define a dynamical analogue of the relative entropy
minimization method. We provide a systematic derivation of Langevin type coarse-grained dy-
namics from fine-scale molecular simulations, based on the minimization of the relative entropy
rate. It is shown that this minimization problem is equivalent to a weighted least squares prob-
lem, with weights that depend on the diffusion coefficient of the proposed stochastic dynamics
for the coarse-grained system. At least for constant diffusion coefficient, it is nothing but the
widely applied force matching method used in computational coarse-graining which, however,
is restricted to equilibrium processes. Finally, we apply, and compare the above-described
methodologies in several molecular systems: gas and fluid methane and water [10].

1.1 Atomistic and Coarse Grained Models

In the following we shortly describe the microscopic (atomistic) and mesoscopic (coarse-
grained) representation of a prototypical molecular system. Assume the problem of N (classi-
cal) molecules in a box of volume V at temperature T . Let q = (q1, . . . , qN) ∈ R3N describe
the position of the N particles in the atomistic description, with potential energy U(q). The
probability that the system has a state q at the temperature T is given by the Gibbs canonical
measure

µ(dq) = Z−1 exp{−βU(q)}dq , (1)

where Z =
∫
R3N e

−βU(q)dq is the partition function, β = 1
kBT

and kB is the Boltzmann
constant. We denote f : R3N → R3N the force corresponding to the potential U(q), i.e.,
fj(q) = −∇qjU(q), j = 1, . . . , N , is the force exerted to the j-th particle.
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Coarse-graining reduces the extended system’s complexity by lumping together degrees of
freedom into coarse-grained variables and investigates the mesoscopic range and the importance
of atomistic detail across scales. Coarse-graining is considered as the application of a mapping
(CG mapping) Π : R3N → R3M

q 7→ Π(q) ∈ R3M (2)

on the microscopic state space, determining the M(< N) CG particles as a function of the
atomic configuration q. We denote by Q = (Q1, . . . , QM) any point in the CG configuration
space R3M and use the bar ” ¯ ” notation for quantities on the CG space. We call atoms the
elements of the microscopic space with positions qj ∈ R3, j = 1, . . . , N and ’CG particles’ the
elements of the coarse space with positions Qi ∈ R3, i = 1, . . . ,M .

The mappings most commonly considered in coarse graining of molecular systems are linear
mappings represented by a set of non-negative real constants {ζij} i=1,...,M

j=1,...,N
, for which

Πi(q) =
N∑
j=1

ζijqj ∈ R3, i = 1, . . . ,M . (3)

In this work we consider CG maps such that a CG particle is the center of mass of a group of
atoms for which an atom contributes only to one CG particle, see for example figures 1a and b.

Figure 1: All-atom and CG representations of: (a) (left) a typical macromolecular chain, (b) (right) water bulk
system.

The probability that the CG system has configuration Q, is given by

µ̄(Q) =

∫
Ω(Q)

µ(q)dq, Ω(Q) = {q ∈ R3N : Π(q) = Q} . (4)

If we require that it is of the canonical Gibbs form then

µ̄(dQ) = Z−1 exp{−βŪPMF(Q)}dQ ,

and the corresponding free energy defines the M−body potential of the mean force (PMF),

ŪPMF(Q) = − 1

β
log

∫
Ω(Q)

e−βU(q)dq . (5)
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2 Parametrizations at equilibrium and Potential of Mean Force

The calculation of the PMF (5) is a task as difficult and costly as is calculating expectations
of quantities of interest on the microscopic space. Therefore, one introduces parametric or
non-parametric approximations

Ūeff(Q; θ) , θ ∈ Θ ⊆ Rk . (6)

Methods such as inverse Monte Carlo (IMC), direct inverse Boltzmann (DBI) and iterative
inverse Boltzmann (IBI) [11, 12, 1], force-matching [13, 14], and relative entropy minimization
[15] provide optimal parameterizations of approximate coarse-grained models by considering a
pre-selected set of observables φ and by then minimizing a cost functional over the parameter
space,

min
θ∈Θ
L(φ; θ) . (7)

The relative entropy (RE) minimization method is defined as the optimization problem

min
θ
R
(
µ̄|µ̄θ

)
, (8)

where

R
(
µ|µθ

)
= Eµ

[
log

µ(q)

µθ(q)

]
, (9)

is the RE (or Kullback-Leibler divergence) between the microscopic Gibbs measure µ(q) and
and a back-mapping µθ(q) of the approximate CG measure µ̄θ(Q) ∝ exp(−βŪeff(Q; θ)), [16,
4]. Eµ[·] denotes averages with respect to the probability measure dµ(q). The minimization of
RE is thus equivalent to

min
θ∈Θ

{
βEµ

[
Ūeff(Π(q); θ)− U(q)

]
−
[
logZθ − logZ

]}
, (10)

where Zθ =
∫
R3M e−βŪeff(Q;θ)dQ and Z =

∫
R3N e

−βU(q).
The force-matching method determines a CG effective force F̄ (Q; θ) –and thus an effective

potential– from atomistic force information as the solution of the mean least-square minimiza-
tion problem

min
θ∈Θ

Eµ
[
‖h(q)− F̄ (Π(q); θ)‖2

]
, (11)

where ‖ · ‖ denotes the Euclidean norm in R3M . The reference field h(q) ∈ R3M is the lo-
cal mean force whose component hi(q), i = 1, . . . ,M is the force exerted at the i-th CG
particle that is a function of the microscopic forces. For example, if the CG mapping is the
one that defines the CG particles as the center of mass of a group of atoms then hi(q) =∑

j∈{group i} fj(q), i = 1, . . .M . In work [9], we presented a rigorous probabilistic formula-
tion and a generalization of the traditional force matching approach that applies to more com-
plex and non-linear coarse-graining maps. For example, for

h(q) = J−1
Π (q)DΠ(q)f(q) +

1

β
∇q · J−1

Π (q)DΠ(q) ,

we prove that the solution of (11) is a best approximation of the PMF, which holds both for linear
and non-linear mappings Π(q). Here JΠ(q) = DΠ(q)Dt

Π(q), DΠ ∈ Rm×3N (DΠ)ij(q) =
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∇qjΠi(q). A more general result is available in [9]. These results are based on the probabilistic
reformulation of the FM method and the connection to known results of the thermodynamic
integration theory [?].

Additionally, the RE and FM methods are asymptotically equivalent, for small discrepancies
from the PMF, see section VI in [9].

The DBI, IBI and IMC methods use the pair correlation function g(2)(Q) and the assumption
that the interactions depend only on the distance R between particles, that is g(2)(Q) =: ḡ(R).
Thus the CG effective interaction is given by

Ūeff(R) = − 1

β
log ḡ(R) . (12)

DBI employs directly relation (12) to infer the interaction potential Ūeff(R) from a reference CG
(pair) distribution function ḡ(ref)(R) obtained from the analysis of the all-atom configurations.
In IBI methods, [2], an iterative numerical minimization problem is introduced based on ḡ(R).
The (pair) CG potential is refined at the iteration (i+ 1) according to the following scheme:

Ū
(i+1)
eff (R) = Ū

(i)
eff (R) + ckBT log

ḡ(i)(R)

ḡ(ref)(R)
, (13)

where c is a constant to ensure stability of the iterative process.

3 Parametrizations away from equilibrium

We present an extension of the RE minimization approach to systems with non-equilibrium
steady states as well as dynamics in finite times. The presented method also allows for approx-
imation of dynamical observables, i.e., quantities that are averaged over the path distribution
instead of over a distribution at a terminal time.

We consider the evolution of the N particles described by a diffusion process {Xt}t≥0, a
continuous time Markov process satisfying the stochastic differential equation (SDE){

dXt = b(Xt)dt+ σ(Xt)dBt , t > 0 ,

X0 ∼ µ0 ,
(14)

where b(x) ∈ R6N and σ(x) ∈ R6N×k, k ≤ 6N are the drift and diffusion coefficients and Bt

denotes the standard k-dimensional Brownian motion.
The proposed coarse space dynamics are described by a Markov process {X̄t}t≥0 in Rm ap-

proximating the process {ΠXt}t≥0 which is, in principle, non-Markovian. The Markov process
{X̄t}t≥0 is given as the solution of the parametrized stochastic differential equations{

dX̄t = b̄(X̄t; θ)dt+ σ̄(X̄t)dB̄t, t > 0,

X̄0 ∼ µ̄0 ,
(15)

where σ̄(x) ∈ Rm×l, l ≤ m is the diffusion and b̄(x; θ) ∈ Rm the drift coefficient is
parametrized with θ ∈ Θ. B̄t is an l-dimensional standard Brownian motion. The goal is to
find the most effective among the proposed CG models such that {X̄t}t≥0 “best approximates”
the process {ΠXt}t≥0, that is to find optimal b̄(x; θ) and σ̄(x; θ).

The best approximation is fitted using entropy based criteria in order to find the best Marko-
vian approximation of the coarse-grained process. We consider the optimization principle

min
θ∈Θ
R
(
P[0,T ]|Π†∗Q̄θ

[0,T ]

)
, (16)
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where P[0,T ] is the path distribution of the original microscopic process and Π†∗Q̄
θ
[0,T ] is the

parametrized path-space coarse-grained distribution back-mapped to the microscopic space.
Then, the variational inference problem (16) is equivalent to the following path-space force

matching problem

argminθ∈ΘR
(
P[0,T ]|Π†∗Q̄θ

[0,T ]

)
= argminθ∈ΘEP[0,T ]

[
1

2

∫ T

0

‖Πb(Xs)− b̄(ΠXs; θ)‖2
Π]Ξ ds

]
.

where
‖z‖2

Π]Ξ = ztrΠ],trΞtrΞΠ]z, z ∈ Rm and Ξ =
[
σtr(x)σ(x)

]−1
σtr(x) .

under the assumption that the auxiliary reconstructed diffusion process with path-space distri-
bution Π†∗Q̄

θ
[0,T ] has diffusion coefficient σ(x). Here Π] is defined such that ΠΠ] = I. If

moreover {Xt}t≥0 is stationary with the invariant measure µ, then

R
(
P[0,T ]|Π†∗Q̄θ

[0,T ]

)
= TH(P |Π†∗Q̄θ) +R

(
µ|Π†∗µ̄0

)
,

and

argminθ∈ΘH(P |Π†∗Q̄θ) = argminθ∈ΘEµ
[

1

2
‖Πb(X)− b̄(ΠX; θ)‖2

Π]Ξ

]
.

Let us now consider Langevin dynamics for the N -particle molecular system, described by
the process {(qt,pt)}t≥0, with positions q ∈ R3N and momenta p ∈ R3N{

dqt = M−1ptdt ,

dpt = F (qt)dt− γM−1ptdt+ σdBt ,
(17)

a Hamiltonian system coupled with a thermostat, where F (q) is the force field that is not
necessarily a gradient. M = diag (m1I3, . . . ,mNI3) ∈ R3N×3N is the mass matrix, γ ∈
R3N×3N is the friction and σ ∈ R3N×3N the diffusion coefficients respectively, and Bt is
the 3N−dimensional Brownian motion. The diffusion and friction coefficients satisfy the
fluctuation-dissipation relation σσtr = 2β−1γ.

The proposed dynamics for the coarse variables X̄ = (Q,P) ∈ R6M are given by the
Langevin system {

dQt = M−1
Ptdt ,

dQt = F̄ (Qt; θ)dt− γ̄M
−1

Ptdt+ σ̄dB̄t ,
(18)

where B̄t is a 3M -dimensional Brownian motion. The diffusion coefficient σ̄ is defined by

σ̄σ̄tr = ΠσσtrΠtr
p .

The optimal parameter set for which the process {(Qt,Pt)}t≥0 best approximates {(qt,pt)}t≥0
at the time interval [0, T ] is given by, if γ̄Πq = Πpγ,

θ∗(T ) = argminθEPT
X

[
1

2

∫ T

0

‖ΠF (qs)− F̄ (Qs; θ)‖2
Π]Ξds

]
, (19)

Note that the norm ‖·‖Π]Ξ is a weighted Euclidean norm with weights Π]Ξ = Π] [σtr(x)σ(x)]
−1
σtr(x).

This retrieves the relation of the path-space force matching approach to the diffusion coefficient
of the atomistic dynamics. Moreover, if we assume e equilibrium dynamics and constant diffu-
sion σ(x) = σ the optimization problem is reduced to the known FM method, see also Remark
6.3 in [5],

θ=argminθEµ
[

1

2
‖ΠF (q)− F̄ (Q; θ)‖2

]
PERIOD (20)
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4 Models and Simulations

We test the above described methods on different molecular systems at equilibrium:
(a) Methane. Methane liquid was simulated at constant temperature (NVT conditions) at

T = 100 K cfor several ns. 512 CH4 molecules were modeled, whereas the density was
calculated after equilibrating the system in the NPT ensemble for 5 ns (ρ = 0.38 g/cm3). The
time step was 0.5 fs and a cut-off distance of 10Å was used.

For the coarse-grained representation of CH4, we have used a one-site representation with a
pair potential.

(b) Water. One of the most well-studied liquids both through atomistic and coarse-grained
models in the literature is water [17]. Here we have simulated all-atom water, using one of
the most typical atomistic force fields, the SPC/E [18]. The model system consists of 1192
molecules at ambient conditions (T = 300 K, P = 1 atm). The time step was 1 fs. A cut-off
distance of 10Å was used, while electrostatic interactions were calculated using PME. We first
equilibrate the system under NPT conditions for about 50 ns. Then, NVT simulations, in the
average density, were performed for 20 ns. All-atom configurations were recorded every 10 ps.

For the coarse-grained representation of H2O, we have also used a one-site representation
with a pair potential. In the CG representation of water electrostatic interactions were not
required to be introduced.

5 Results

5.1 Methane

In the following we present results from the atomistic and CG simulations of the bulk
methane liquid. We approximate the many-body PMF between the CG particles through the
different approaches discussed above.

First, we apply the IBI method for this system using the all-atom data. IBI converges for this
system (tolerance is 10−4) after 14 iterations. Data for the CG pair correlation function, g(R),
and the resulting potential for various iterations are presented elsewhere [10].

Next, we examine the FM method for the CH4 fluid, by analyzing the reference data from
the all-atom simulations. In order to solve the minimization problem we have tested different
basis function sets: linear splines, cubic splines, LJ and Morse. Linear splines, cubic splines
and a Morse type basis give the same results, within the numerical accuracy. Only the results
using the LJ basis slightly deviate. Results concerning the CG effective interaction were also
found to be very close to the data obtained from the two isolated CH4 in the vacuum [10].

We have also examined the application of the relative entropy minimization problem for the
CH4 liquid. Here we have used a typical Newton-Raphson scheme. Convergence is achieved
after about 20 iterations [10].

Data about the pair PMF, that is an approximation of the many-body PMF, for the bulk
methane fluid derived from the different approaches (IBI, FM and RE) are shown in Figure 2. It
is clear that different methods give slightly different approximations of the PMF. However, the
differences between the various sets of data are rather small, less than 5% in overall.

5.2 Water

The next example considered here is water. First, we apply the IBI method for this system us-
ing the all-atom data. Convergence of IBI for water is more sensitive than for the methane fluid
discussed before. Indeed more than 100 iterations are required for the CG radial distribution
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Figure 2: Bulk CH4 CG effective potentials approximated from different methods (T = 100K).

function in order to match the atomistic data.
Then, we apply the RE and the FM methods for water. Numerical implementations for these

methods are very sensitive to poor sampling. In FM the matrix the canonical system becomes
singular, while in IBI and RE the iterative procedure fails. Thus very careful extrapolation
methods must be considered at small distances as well as smoothing approaches to reduce the
inherent noise of the statistical sampling. Specifically, the speed of convergence for the Newton-
Raphson iterative scheme is based on the χ parameter, whereas its stability primarily depends
on the condition number of the Hessian. The latter depends on several parameters: the trajectory
length (at what extent does the sample size evenly cover the chosen basis function); the chosen
basis set; and the correlation of the above to the model parameters, such as the number of atoms
and the complexity of the coarse graining mapping [10].

Another important issue is poor sampling towards the minimum distance of the pair potential
Rmin. If this is the case, in the Newton-Raphson method for the RE minimization the Jacobian
may involve negative values while the Hessian matrix becomes singular and the iterative scheme
either stops or produces enormous fluctuations. A way to overcome this issues is the enrichment
of nodes towards Rmin, together with extrapolation of the potential on the first couple of nodes.
Another good practice is smoothing out the potential after every iteration to reduce the noise in
the updated forces.

In Figure 3 results for the effective CG potential from the IBI and the FM method (using
cubic spline basis set) are presented. Note, that results from RE are similar to those of IBI.
Although both IBI and FM potentials have a very similar structure with two minima, the actual
values of the potential are considerably different, in contrast to the CH4 fluid discussed in the
previous subsection. Possible reasons for these discrepancies are related to the fact that FM
and RE are only asymptotically equivalent, meaning that finite size basis sets effects might be
important during the numerical optimization procedure. Clearly more work is required in order
to clarify such differences [19, 9, 10].

Finally, in Figure 4 we show the CG ḡ(R) obtained from RE minimization problem together
with the reference curve, obtained from the analysis of the all-atom data. The curves are very
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Figure 3: CG effective interactions of bulk water derived through IBI and FM methods.

close to each other; however there are small differences, in particular in small distances, close
to the first maximum. Note that theoretically it is expected that the RE outcome, at the level of
g(R), should agree with the IBI one [15]. We should report here that we have calculated the CG
potential derivatives appearing in the Jacobian and Hessian in the Newton-Raphson scheme by
direct sampling during the corresponding CG run.

6 CONCLUSIONS

The development of systematic high fidelity coarse-grained models for molecular systems
is a very challenging research area. In this aspect, finding the optimum effective interaction
potential between CG particles for a given model involves crucial theoretical and numerical
issues related to numerical parametrization of the (many-body) potential of mean force.

Here we have discussed different parametrization methods: (a) structural/correlation- based
methods (direct Boltzmann inversion and iterative Boltzmann inversion), (b) Force matching,
and (c) Relative entropy methods. We further examine the implementation of these approaches
to molecular systems at equilibrium and non-equilibrium conditions in various molecular sys-
tems. In more detail, we have seen that CG methods based on relative entropy and force match-
ing are in principle asymptotically equivalent. If we consider that RE methods are expected to
give the same solution as the IBI methods, for a given CG mapping and a specific basis set, then
we see the direct theoretical relation of all methods discussed here.

Furthermore, we applied the above numerical schemes (IBI, RE and FM) on the same atom-
istic systems. Despite the fact that all the above methods are approximations of the same (many-
body) potential of mean force, it is not clear that their numerical implementation will converge
into the same solution, since there are differences in the derived numerical schemes. We first
consider a simple liquid (methane fluid) the CG effective potentials derived from the different
methods are very similar. Slight differences of the order of 5-10% are found that are within the
numerical accuracy. CG simulations with the derived force field also show structural properties
in very good agreement with the reference (all-atom) data for all models. Different is the case of
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Figure 4: The RE optimizal CG model captures the atomistic RDF details for the bulk water.

the dynamic properties; friction in the CG models is clearly more sensitive to slight differences
in the CG potential used. Second, we apply the methods on bulk water, one of the most well
studied systems in the literature. Larger, compared to the methane, differences in the derived
CG potential from the various methods are observed for water.

A general comment valid for all methods, is related to the actual numerical problems for parts
of the phase space, where the energy is very high; i.e. areas with rare sampling. Practically, nu-
merical extrapolation schemes using proper functional forms, as well as smoothing approaches,
for the CG potentials should be used, in order to prevent sampling from such regimes.

Application of all above methods requires a very good sampling of the reference all-atom
system. Such a sampling could be even more problematic for complex (e.g. polymeric) molecules.
On the contrary, the DBI correlation-based approach, that is based on the decomposition of the
CG potential in bonded and non-bonded components, can be a computationally efficient alterna-
tive. Such a methodology neglects many body terms; however, for several systems can provide
an accurate prediction of the structural and thermodynamic properties [20, 21, 22, 23].

Several issues remain to be examined in order to systematically compare different numerical
parametrization schemes for realistic molecular systems. For example, all systems studied here
concern pair non-bonded CG effective potential; the use of many-body, or density dependent,
CG potentials would expect to be important, in particular in systems of high density. In addition,
non-linear CG maps could be also relevant especially when free energy differences, such as
in thermodynamic integration, are to be computed. Parametrization of the dynamics of CG
models is also one of the most challenging issues, in particular for non-equilibrium molecular
systems [3, 24, 5, 25].
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mandaris. Parametrizing coarse grained models for molecular systems at equilibrium. The
European Physical Journal Special Topics, 225(8):1347–1372, 2016.

[11] A.P. Lyubartsev and A. Laaksonen. Calculation of effective interaction potentials from
radial distribution functions: A reverse Monte Carlo approach. Phys. Rev. E, 52:3730–
3737, 1995.

[12] A.K. Soper. Empirical potential monte carlo simulation of fluid structure. Chemical
Physics, 202(23):295 – 306, 1996.

[13] S Izvekov and GA Voth. Effective force field for liquid hydrogen fluoride from ab initio
molecular dynamics simulation using the force-matching method. The Journal of Physical
Chemistry. B, 109(14):6573–6586, 04 2005.

[14] S. Izvekov and G.A. Voth. Multiscale coarse graining of liquid-state systems. The Journal
of Chemical Physics, 123(13):134105, 2005.

[15] A. Chaimovich and M.S. Shell. Coarse-graining errors and numerical optimization using
a relative entropy framework. The Journal of Chemical Physics, 134(9):094112, 2011.

404



V. Harmandaris, E. Kalligiannaki, M. Katsoulakis, P. Plecháč
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Abstract. Computational modeling of the structural behavior of continuous fiber composite
materials often takes into account the periodicity of the underlying micro-structure. A well
established method dealing with the structural behavior of periodic micro-structures is the so-
called Asymptotic Expansion Homogenization (AEH). By considering a periodic perturbation
of the material displacement, scale bridging functions, also referred to as elastic correctors,
can be derived in order to connect the strains at the level of the macro-structure with micro-
structural strains. For complicated inhomogeneous micro-structures, the derivation of such
functions is usually performed by the numerical solution of a PDE problem - typically with
the Finite Element Method. Moreover, when dealing with uncertain micro-structural geometry
and material parameters, there is considerable uncertainty introduced in the actual stresses
experienced by the materials. Due to the high computational cost of computing the elastic
correctors, the choice of a pure Monte-Carlo approach for dealing with the inevitable material
and geometric uncertainties is clearly computationally intractable. This problem is even more
pronounced when the effect of damage in the micro-scale is considered, where re-evaluation of
the micro-structural representative volume element is necessary for every occurring damage.
The novelty in this paper is that a non-intrusive surrogate modeling approach is employed with
the purpose of directly bridging the macro-scale behavior of the structure with the material
behavior in the micro-scale, therefore reducing the number of costly evaluations of corrector
functions, allowing for future developments on the incorporation of fatigue or static damage in
the analysis of composite structural components.
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1 Introduction

Continuous fiber reinforced polymer composites are light, stiff materials of significantly im-
proved static strength and fatigue resistance. For the engineering analysis of such materials, a
direct discretization of the fine spatial variation of the composite material would render the prob-
lem computationally intractable. Therefore, composite engineering analysis seeks to deliver a
consistent calculation of the effective macroscopic properties by considering the material and
geometrical properties of the micro-structure (homogenization) and adequately approximating
the stresses in the micro-structure (localization1). A mathematically rigorous approach to the
problem of homogenization and localization, that further applies to the problem of elasticity in
the context of composite materials, was proposed in [1].

The aforementioned technique is often termed Asymptotic Expansion Homogenization (AEH).
The application of the method relies on the assumption that displacement appears into well sep-
arated spatial scales. The method yields effective elastic properties on the macro-scale without
any assumptions on the distribution of strains or stresses in the micro-scale, but only with the
assumption of periodicity in the displacements among different representative volume elements.
For a more detailed, engineering oriented derivation of the AEH method for elasticity the reader
is referred to [2] and [3]. Extending the AEH method to damaged composites has also attracted
research interest [4, 5]. In the context of another homogenization framework, it has been shown
that efficient hysteretic multi-scale damage models can be derived [6].

The complete determination of material properties and microstructure geometry is, in gen-
eral, not possible. Therefore, the prediction of the material response in the micro-scale should
account for uncertainty. A direct Monte-Carlo approach for the purpose of representing the
effect of all the uncertain parameters would quickly become intractable.

In the present work we investigate the potential of non-intrusive probabilistic uncertainty
propagation techniques, namely the Polynomial Chaos Expansion (PCE)[7], for the purpose of
constructing surrogate models. Efficient surrogate modelling techniques are expected to yield
further reductions in the computational cost of multi-scale finite element analysis. An intrusive
PCE for the same problem was proposed in [8].

Finally, a dimensionality reduction technique, namely Principal Component Analysis (PCA)
was found to be highly efficient on decomposing the stiffness tensor without strong assumptions
on the geometry induced symmetries of the homogenized stiffness tensor.

The uncertainty quantification toolbox UQLab was used for deriving the PCE of the homog-
enized stiffness tensor [9].

2 Computational Methodology

In the following the basic components of the Asymptotic Expansion Homogenization for
analyzing elastic periodic structures and the Polynomial Chaos Expansion surrogate modelling
technique, used in the present study are going to be briefly presented.

2.1 Asymptotic Expansion Homogenization

This section serves for establishing notation notation and introducing an intuitive under-
standing of the quantities related to the problem of homogenization and localization for peri-
odic media. We denote x = {x1, x2, x3} as the coordinate system of a composite structure, and
further introduce a coordinate system local to every representative volume element (microstruc-

1Not to be confused with localization in the context of damage detection. Some authors use the term de-
homogenization to avoid confusion.
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ture) y = {y1, y2, y3}. Quantities marked with ·ε denote the high resolution quantities in the
macro-scale. All indices attain values in {1, 2, 3}. Einstein summation is implied for repeating
indices. We seek to solve the elasticity boundary value problem,

∂σεij
∂xεj

+ fi = 0 in Ω (1)

uεi = 0 on ∂1Ω (2)
σεijnj = Fi on ∂2Ω (3)

εij(u
ε) =

1

2

(∂uεi
∂xεj

+
∂uεj
∂xεi

)
(4)

(5)

where ∂1Ω and ∂2Ω denote different boundaries, uεi = uε(x) is the displacement of the macro-
structure, Fi a traction force, and fi the body force. The constitutive relation simply reads

σεij = Dε
ijklεkl. (6)

Due to the geometry of the continuous fiber reinforced composites, Dε
ijkl is varying periodically

in the material, in a scale much finer than the scale of the structure. It is convenient to define
the so-called scale parameter ε << 1, which represents the ratio between the microscopic and
macroscopic scale. Considering the coordinates of the micro-scale and the macroscale, one may
write yi = xi/ε. By the chain rule we have

∂·
∂xεi

=
∂·
∂xi

+
1

ε

∂·
∂yi

(7)

The displacements are represented with the following expansion in, ε, as

uεi(x) = u(0)(x) + εu(1)(x) + ε2u(2)(x) + · · · (8)

It has been rigorously established [1], that by plugging Equation 8 into the problem of elasticity,
and by passing to the limit ε → 0, the elasticity problem boils down to a hierarchical set of
partial differential equations. It is assumed that the displacements in the representative volume

elements are connected to the gradients of the displacement in the macro-scale ∂u
(0)
k

∂xl
(x) by a

certain vector valued function χkli (y). This approximation reads

u
(1)
i (x,y) = −χkli (y)

∂u
(0)
k

∂xl
(x) + ū

(1)
i (x), (9)

where ū(1)
i (x) denotes the average displacement of the representative unit cell in the macro-scale

coordinate system. Function χmni is often termed the elastic corrector. Note that every pair of
components mn correspond to a different spatial gradient. The accuracy of this approximation

relies on the existence of the gradients ∂u
(0)
k

∂xl
(x) and assumes a slow variation in the macroscopic

scale.
For continuous fiber composites, without stress concentrations this is a reasonable assump-

tion. A stress concentration may be due to localized damage, i.e., due to a macroscopic crack
or very close to the boundaries of the composite structure 2.

2On the other hand, the effect of diffuse slowly spatially varying damage may be well approximated without
the presented framework to break down.
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For a first order (first order perturbation) approximation of the perturbed displacement field,
assuming χmni smooth in Ω and smooth and periodic with zero mean in the RVE or ∈ Vper on
ΩY , the variational problem∫

ΩY

Dijkl
∂χmnk
∂yl

∂νi
∂yj

dy =

∫
ΩY

Dijmn
∂νj
∂yi

dy (10)

holds. We seek solutions for χmni so that Equation 10 holds for all νi ∈ Vper.
Due to the symmetries of the stiffness tensor, we have Dijmn = Dijnm = Djimn. Therefore,

we only need to consider mn = {11, 22, 33, 23, 13, 12} for the full computation of the elastic
corrector. In practice Equation 10 results in 6 variational problems for the computation of the
corrector, one for every different value of mn.

The variational problem allows for a finite element approximation of the corrector function.
By considering the RVE averaged strains and stresses, an approximation of the stiffness tensor
Dε
ijkl ≈ Dh

ijkl in the macro-scale is possible. Namely,

Dh
ijkl =

1

|Y |

∫
ΩY

Dijkl(y)
[
δklδln −

∂χmnk
∂yl

]
dy (11)

In practice, even for the case of homogeneous materials described by Lamé parameters in
the micro-scale, the homogenized stiffness tensor turns out anisotropic. Some symmetries may
be induced by the geometry, such as orthotropy and transverse isotropy, but the framework
presented in the present work is concerned with the case of the fully anisotropic material.

It is apparent that since the corrector connects the displacements of the macro-structure to the
displacements of the micro-structure, strains and stresses can be straight-forwardly computed
for the micro-structure. Namely the micro-stresses are computed with

σ
(1)
ij (x) = Dijkl

(
δmkδnl −

∂χmnk
∂yl

)∂u(0)

∂xn
. (12)

Therefore by storing the solution of the corrector we may directly compute stresses in the
micro-scale without making any strong assumptions on the distribution of stresses or strains on
the boundaries of the RVE. The only assumption required for this framework is the periodicity
of displacements in the boundaries of the RVE.

For the actual solution of the finite element discretization of Equation 10, periodic boundary
conditions have to be enforced. In addition, one arbitrary point must be constrained to zero in all
components of χmni since the weak form has a unique solution up to an additive constant. Due
to the periodicity of the corrector, and the fact that homogenization and localization problems
are concerned only with derivatives of the corrector, the boundary conditions are essentially
equivalent to the zero-mean requirement for the corrector function.

2.2 Polynomial Chaos Expansions

Polynomial chaos expansions (PCE) were first introduced in [10] for Gaussian input vari-
ables and generalized in [7] for classical probability distribution functions. Consider a set of
random inputs X = {x1, x2, · · · , xn} to a deterministic model Y = M(X) The method relies
in the construction of a tensor product basis of univariate polynomials Φ(n)(xn), orthogonal
with respect to inner products weighted by probability distribution functions fX(xn). The or-
thogonality relation reads,

〈Φ(m)
i ,Φ

(m)
j 〉fX = δij (13)
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where
〈f, g〉fX =

∫
f(x)g(x)fX(x)dx (14)

and δij is the Kroneker delta. The tensor product basis set reads,

Ψ(X) = ⊗nm=1Φ
(m) (15)

where Φ(m) = {Φ(m)
1 ,Φ

(m)
2 , · · · } with superscript denoting the input dimension and subscript

denoting the order of the orthogonal polynomial.
A PCE model, is a linear combination of the elements of Equation 15,

M(X) =
∑
a∈A

caΨa(X) (16)

indexed by a = {a1, a2, · · · , am}, which is a multi-index that denotes the degree of the uni-
variate polynomials of each of the input variables, and A the set of multi-indices. For example,

Ψa = Φ(1)
a1

(x1)Ψ(2)
a2

(x2) · · ·Ψ(n)
an (xn) (17)

where ai denotes the degree of orthogonal polynomials along dimension i. In the presented
case the number of random input dimensions is n = 6. In practice, the set of multi-indices, is
truncated for numerical implementation. Also the PCE is considered up to a certain degree of
univariate polynomials in each dimension to render the problem numerically tractable. Accord-
ing to the Cameron-Martin theorem [11, 7], such an expansion converges in the L2 sense, when
M(X) has finite variance.

There are several approaches for the purpose of determining the coefficients ca. The most
versatile method, that also deals automatically with adaptively selecting basis elements, is the
Least Angle Regression (LAR)[12] approach. LAR is the method of choice for the present
work. See [13] and [14] for a discussion of the benefits of LAR.

3 Example application on continuous fibre reinforced composites

A typical composite structure, composed of transversely isotropic glass fibers embedded in
a polymer matrix with stacking sequence [0,−φ,+φ], was analyzed as a proof of concept. The
material properties adopted herein, are given in Table 1. In this study, only geometric variation
of the micro-structure was considered. For the purpose of demonstrating the effectiveness of
the PCE surrogate model of the homogenization process, relatively large variations on the ge-
ometrical parameters of the micro-structure were chosen. The ranges of the parameters chosen
for the present work are given in Table 2.
Vf1 corresponds to the volume fraction of the 0◦ fibers and Vf2 the volume fraction of each of

the layers of the ±45◦ fibers. Correspondingly, a1, a2 are the major radii of the elliptical cross
section of the fibers and b1, b2 the minor radii (Figure 1). A uniform distribution is considered
for the aforementioned parameters, in the ranges presented in Table 2. In the current study, 200
model runs were used, with input vectors randomly sampled with Latin Hypercube Sampling
(LHS) in order to explore the parameter space as well as possible with the limited budget of
model runs. A visual account of the solution for the corrector function for a particular set of
parameters is given in Figure 2.
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Fiber Matrix
E1 [GPa] 31 2.79
E2 [GPa] 7.59 2.76

ν 0.3 0.3
G12 3.52 1.1
G23 2.69 1.1

Table 1: Material properties of the micro-
structure.

Parameter min max
Vf2 0.600 0.74

Vf1 · Vf2 0.600 1.00
a2 0.450 0.55

a1 · b1 0.167 0.250
a2 · b2 0.167 0.250
φ 15 75

Table 2: Assumed micro-structure geome-
try parameter variations.

Figure 1: Random geometric parameters of the micro-structure. The volume fractions affect the
intra-fiber spacing.

3.1 Dimensionality reduction with PCA for the homogenized stiffness tensor

It is natural to expect that the components of the homogenized stiffness tensor co-vary. In
general, for arbitrary micro-structure geometries it is not trivial to assess intuitively the effect of
geometric variation on the stiffness tensor directly. In the present study, Principal Component
Analysis (PCA) is implemented for the reduction of the 6 × 6 homogenized random stiffness
tensor. In order to apply PCA on the homogenized tensors, the components of every random
tensor are first flattened to a row vector as indicated in Equation 18.

A set ofNPCA principal componentsD(m)
PCA (corresponding to tensor components) is sought,

that satisfy Equation 19, where µDh is the empirical mean of the homogenized stiffness, Xn is
the nth realization of the random input vector and λ(m)(Xn) denotes a random coefficient that
depends on the nth realization of the random input data.

Dh
ijkl(Xi) =


D1111 D1122 D1133 0 0 0

D2222 D2233 0 0 0
D3333 0 0 0

D2323 0 0
Sym D1313 0

D1212

→



D1111

D2222

D3333

D2323

D1313

D1212

D2233

D1133

D1122



T

(18)
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(a) χ11 (b) χ22

(c) χ33 (d) χ23

(e) χ13 (f) χ12

Figure 2: A visual account of the corrector function for a composite with φ = 45◦. The correc-
tors are plotted only on the surface of the fibers and the top layer of 0◦ fibers are hidden. The
color corresponds to (χmn1 )2 +(χmn2 )2 +(χmn3 )2. Although not easily visible due to 3D plotting,
the solution for the corrector is periodic.

Dh
ijkl(Xn) =

NPCA∑
m=1

λ(m)(Xn) ·D(m)
PCA + µDh (19)

For the present study, the tensor is symmetric and it is expected to correspond to an ortho-
tropic elastic material. This results in 9 non-zero components. For a general anisotropic elastic
material, up to 21 components would be expected. Polynomial surrogates and sensitivity analy-
sis for generally anisotropic materials described by probabilistically modelled random materials
and random geometry may be treated via the same framework in a straightforward manner with-
out placing any assumptions on the form of the stiffness tensor. The 4 first principal components
were employed herein. Their contributions to the variance of the data are summarized in table
Table 3. Considering the variance explained, it is concluded that 4 components are sufficient
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to capture the main variations on the homogenization data. The variance due to the remaining
5 principal components is considered insignificant, and attributed to the slight inaccuracies of
the FE solution. For illustrative purposes, the two first principal components are presented in
Table 4.

Component D
(1)
PCA D

(2)
PCA D

(3)
PCA D

(4)
PCA

Explained Variance 50.01% 35.45% 14.10% 0.39 %

Table 3: Variance explained by the first 4 principal components.

In what follows, polynomial chaos expansions and Sobol’ sensitivity analysis are imple-
mented on the coefficients of the 4 principal components. Polynomial chaos expansion is con-
structed from a tensor product basis of polynomials orthogonal with respect to the probability
distribution of the random inputs of our problem. In the present problem, since the distribution
of all input random variables is uniform, a basis composed of multivariate tensor products of
Legendre polynomials in each of the input variables of Table 2 si employed. Namely, polyno-
mial chaos expansion is sought in the form

D̂h
PCE(X) =

NPCA∑
m=1

∑
a∈A

c(m)
a Ψa(X)D

(m)
PCA (20)

with X = {x1, · · · , x6} denoting the random parameters of the micro-structure, D(m)
PCA and

m = {1, 2, · · · , NPCA} denoting the principal components. In our case NPCA = 4.
The linear PCA approach adopted herein straightforwardly allows for the approximate re-

construction of the original stiffness tensors. The same approach was assessed in the context of
health monitoring in [15].

The polynomial chaos expansion is computed by means of Least Angle Regression (LAR)
[13]. The quality of the PCE least angle regression fit is measured with the generalized LOO
error [16]. In Table 5 various parameters indicative of the quality of the PCE regression fit are
summarized, separately for different principal components of the homogenized tensor. A visual
account of the quality of the fit for all reconstructed stiffness tensor components, is demon-
strated by plotting the reconstructed components against the original simulation data in Fig-
ure 3.

The performance of the fit is considered as satisfactory. In the next section the effect of the
variability of the input variables to the homogenized stiffness is to be quantified by means of
Sobol’ sensitivity indices. A set of histograms for the stiffness matrix component coefficients
is given in Figure 4. These histograms were computed by sampling from the polynomial chaos
surrogate with 104 samples.

3.2 Sobol’ Sensitivity Analysis

As demonstrated in [17] it is possible to efficiently compute the Sobol’ global sensitivity
indices through the coefficients of a polynomial chaos surrogate model. Sensitivity analysis
is performed separately for each on of the 4 principal components of the PCA. The results
are presented in Figure 5. It should be noted that the results of the sensitivity analysis on the
λ(m) have a meaning that is not decoupled from the values of the principal components D(m)

PCA

themselves (Table 4). In a setting where the principal components had an interpretable meaning
such an analysis would have been more beneficial.
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D
(1)
PCA =


0.60 0.11 0.05 0 0 0
0.11 0.46 0.05 0 0 0
0.05 0.05 0.16 0 0 0

0 0 0 0.25 0 0
0 0 0 0 0.27 0
0 0 0 0 0 0.50



D
(2)
PCA =


0.74 −0.12 −0.01 0 0 0
−0.12 −0.14 −0.02 0 0 0
−0.01 −0.02 −0.04 0 0 0

0 0 0 −0.10 0 0
0 0 0 0 −0.04 0
0 0 0 0 0 −0.64


Table 4: First two principal components of the random homogenized stiffness tensor.

Component PCE-LOO Error Normalized MSE PCE Maximum Degree
λ(1) 1.90e− 3 1.6e− 3 6
λ(2) 2.05e− 3 1.7e− 3 5
λ(3) 1.81e− 3 1.3e− 3 5
λ(4) 7.17e− 2 5.0e− 2 5

Table 5: PCE least-squares regression fit quality measures and maximum degree of expansion
for the principal components with LAR.
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Figure 3: Quality of fit for the stiffness tensor. The tensor components are retrieved by using
the PCE approximated PCA component coefficients with the principal component vectors.

Nevertheless, in our setting, it is clear that the angle of the ±φ◦ fibers is a significant factor,
along with Vf2 and the ratio of the volume fractions of ±φ◦ and 0◦ fibers. It is interesting to
observe, that the shape of the fibers, represented by a1, a2, b1, b2 has an almost negligible effect
on the homogenization problem, at least for the range of variations considered in the present
study. The high sensitivity index in the 4th principal component is considered negligible, in
light of the small contribution to the variance in the context of PCA of λ(4).

3.3 Conclusion

A framework for the construction of efficient and accurate polynomial surrogate models is
presented for the problem of homogenization of parametrized, probabilistically modelled ran-
dom microstructures. A limited budget of random Monte-Carlo runs is employed together with
a non-intrusive surrogate modelling approach. Linear Principal Component Analysis was found
sufficient for the data-driven dimensionality reduction of the random realizations of the stiffness
tensor. Efficient PCE-based global sensitivity analysis was performed, yielding quantitative re-
sults on the effect of different random input parameters on the composite macro-scale response.

The utility of PCE models for the homogenization and localization problems is not limited
to the gaining of a deeper insight on the effect of uncertainty of input parameters on homog-
enization through sensitivity analysis, as demonstrated in the present study. Although in the
present work homogenization surrogates are exclusively presented, a rather simple extension in
the same framework would pertain to the construction of surrogate models for the problem of
micro-strain computation under uncertainty. This will form part of future investigations. The
efficient solution of the stress localization problem efficiently is an important stepping stone to-
wards the goal of highly efficient multi-scale damage prediction for composites of an arbitrary
micro-structure.

Acknowledgement: The authors would like to gratefully acknowledge the support of the Eu-
ropean Research Council via the ERC Starting Grant WINDMIL (ERC-2015-StG #679843) on
the topic of Smart Monitoring, Inspection and Life-Cycle Assessment of Wind Turbines.

415



Charilaos Mylonas, Valentin Bemetz and Eleni Chatzi

Figure 4: Histogram of coefficients of the homogenized stiffness matrix for the selected varia-
tion of parameters.

(a) λ(1) (b) λ(2)

(c) λ(3) (d) λ(4)

Figure 5: Sobol’ sensitivity indices for the different components of the PCA of the homogenized
tensor data.
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Abstract

An incompletely parabolic system in three space dimensions with stochas-
tic boundary and initial data is studied. The intrusive approach where we
combine polynomial chaos with stochastic Galerkin projection is compared
to the non-intrusive approach, where quadrature rules in combination with
probability density functions of the prescribed uncertainties are used. The
two methods are compared when calculating statistics for the compressible
Navier–Stokes equations. As a measure of comparison, variance size, com-
putational efficiency and accuracy are used.

Keywords: uncertainty quantification, stochastic data, polynomial chaos,
stochastic Galerkin, intrusive methods, non-intrusive methods,
Navier–Stokes equations.

1. Introduction

There are essentially two different methods for uncertainty quantification
related to initial boundary value problems. Non-intrusive methods solve the
original deterministic problem using a particular stochastic input. Standard
quadrature techniques, often combined with sparse grid techniques can be
used to obtain the statistics of interest. Intrusive methods are based on
polynomial chaos (PC) expansions leading to a system of equations for the
expansion coefficients. In contrast to the non-intrusive case, a new non-
deterministic code must be developed.

The focus in this paper will be on the comparison in performance between
numerical integration (NI) and PC with stochastic Galerkin (SG) approach.
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The comparison is performed using the variance reducing boundary condi-
tions derived in [1] and [2] for the compressible Navier–Stokes equations.

The rest of the paper proceeds as follows. In Section 2 a general con-
tinuous incompletely parabolic system of equations is introduced. Next, in
Section 3, the PC-SG procedure is presented and the system of equations for
the expansion coefficients is derived. The non-intrusive approach using NI
is described in Section 4. Section 5 introduces a stable and accurate semi-
discrete finite difference formulation of the two continuous problems. Further,
the technique is applied to the compressible Navier–Stokes equations in Sec-
tion 6 and a comparison of NI and PC-SG is done. Finally, conclusions are
drawn in Section 7.

2. The continuous problem

Consider the following system of equations with stochastic boundary and
initial data,

ut + Aux +Buy + Cuz = Fx(u) +Gy(u) +Hz(u), ~x ∈ Ω, t > 0,

Lu = g(~x, t, ~ξ), ~x ∈ ∂Ω, t > 0,

u = f(~x, ~ξ), ~x ∈ Ω, t = 0,
(1)

where,
F (u) = D11ux +D12uy +D13uz,
G(u) = D21ux +D22uy +D23uz,
H(u) = D31ux +D32uy +D33uz.

(2)

We denote the solution by the vector u = u(~x, t, ~ξ) = [u(1), . . . , u(N)], where,

~x = (x, y, z), and ~ξ = (ξ1, ξ2, . . . , ξL) is the vector of variables representing
the uncertainty in the solution. The N×N matrices A,B,C,Dij are constant
and symmetric. The matrices Dij, i, j = 1, 2, 3 are singular, leading to an
incompletely parabolic problem. L is the boundary operator defined on ∂Ω,
while f(~x, ~ξ) and g(~x, t, ~ξ) are the stochastic initial and boundary data.

The boundary operator can be written on the general form

L = L− −RL+ (3)

with a certain restriction on the matrix R. With a slight abuse of notation
we denote L+u and L−u, the outgoing and ingoing generalized characteristic
variables respectively. See [2, 3] for a complete derivation of L+ and L− and
conditions on the matrix R leading to well-posedness.
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3. Polynomial chaos expansion with stochastic Galerkin projection

The polynomial chaos framework considered in this paper is based on
expansions of polynomials introduced by Ghanem and Spanos [4] and later
generalized by Xiu and Karniadakis [5].

3.1. Polynomial chaos

Let (Ωξ,A,P) be the probability space, where Ωξ is the event space, A
the σ-field of subsets of Ωξ, and P the probability measure [6]. Consider a
general orthogonal chaos basis {ψi(ξ)}∞i=0, satisfying

〈ψi, ψj〉 =

∫
Ωξ

ψi(ξ)ψj(ξ) dP(ξ) = δij. (4)

A second order random field u(x, t, ξ) satisfying
∫

Ωξ
u(x, t, ξ)2 dP(ξ) < ∞,

can be written as

u(x, t, ξ) =
∞∑
k=0

uk(x, t)ψk(ξ) (5)

where the coefficients {uk(x, t)}∞k=0 are given by the projections

uk(x, t) = 〈u(x, t, ξ), ψk(ξ)〉, k = 0, 1, . . . (6)

The mean and variance can be expressed as

E[u] =

∫
Ωξ

u dP(ξ) = u0, (7)

and

V ar[u] = E[u2]− E[u]2 =

∫
Ωξ

∞∑
k=0

u2
kψ

2
k dP(ξ)− u2

0 =
∞∑
k=1

u2
k (8)

which follows from the orthogonality property of the basis functions {ψi}∞i=0.
For more details on the polynomial chaos technique, see [7].

3.2. The stochastic Galerkin projection

Next, in order to approximately compute the various statistics of the
solution to the problem, we insert the truncated expansion

u(~x, t, ~ξ) =
M∑
k=0

uk(~x, t)ψk(~ξ), (9)
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into (1), to get

M∑
k=0

(uk)tψk +
M∑
k=0

A(uk)xψk +
M∑
k=0

B(uk)yψk +
M∑
k=0

C(uk)zψk

=
M∑
k=0

Fx(ukψk) +
M∑
k=0

Gy(ukψk) +
M∑
k=0

Hz(ukψk),

M∑
k=0

Lukψk = g(~x, t, ~ξ),

M∑
k=0

ukψk = f(~x, ~ξ).

(10)

Next, we perform a Galerkin projection, that is, we multiply (10) by ψl, for
l = 0, 1, . . . ,M and integrate over the stochastic domain Ω, to obtain∫

Ω

M∑
k=0

(uk)tψkψl dP +

∫
Ω

M∑
k=0

[A(uk)xψkψl +B(uk)yψkψl

+ C(uk)zψkψl] dP

=

∫
Ω

M∑
k=0

[Fx(ukψkψl) +Gy(ukψkψl)

+ Hz(ukψkψl)] dP ,∫
Ω

M∑
k=0

Lukψkψl dP =

∫
Ω

g(~x, t, ~ξ)ψl dP ,∫
Ω

M∑
k=0

ukψkψl dP =

∫
Ω

f(~x, ~ξ)ψl dP , for l = 0, 1, . . . ,M,

(11)
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which in compact notation can be written

M∑
k=0

(uk)t〈ψk, ψl〉 +
M∑
k=0

[A(uk)x +B(uk)y + C(uk)z]〈ψk, ψl〉

=
M∑
k=0

[Fx(uk) +Gy(uk) +Hz(uk)]〈ψk, ψl〉,

M∑
k=0

Luk〈ψk, ψl〉 = 〈g(~x, t, ~ξ), ψl〉,

M∑
k=0

Luk〈ψk, ψl〉 = 〈f(~x, ~ξ), ψl〉, for l = 0, 1, . . . ,M.

(12)

From the orthogonality property (4), (12) reduces to

(ul)t + A(ul)x +B(ul)y + C(ul)z = Fx(ul) +Gy(ul) +Hz(ul)

Lul = 〈g(~x, t, ~ξ), ψl〉
ul = 〈f(~x, ~ξ), ψl〉

(13)

for l = 0, 1, . . . ,M . Hence, a deterministic system of dimension M + 1 times
the original system is obtained. From (13), the deterministic coefficients
u0(~x, t), u1(~x, t), . . . , uM(~x, t) are computed.

4. Numerical integration

The most commonly used non-intrusive technique, the Monte Carlo method
[8], will not be considered here. The method is advantageous for large number
of stochastic dimensions, but not competitive for low to moderate number
of uncertainties. In this paper we consider numerical integration based on
quadrature techniques.

Integration and quadrature relations in one dimension can be written∫ b

a

f(q)ρ(q) dq ≈
M∑
m=1

f(qm)wm (14)

where f is the function we want to integrate and ρ is the corresponding
density function. We denote M as the number of grid points, qm and wm as
the quadrature points in probabilistic space and the corresponding weights
respectively. The choice of quadrature points and weights determines the
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accuracy of the method. For simplicity, we will use Simpson’s rule [9] as the
integration technique in this paper.

The NI method can easily be extended to several dimensions, that is∫
Γ

f(q̃)ρ(q̃) dq̃ ≈
M1∑
m1=1

· · ·
Mp∑
mp=1

f(qm1
1 , . . . , qmpp )wm1 · · ·wmp , (15)

where Γ is the p-dimensional domain and q̃ = (q1, . . . , qp). The qm’s and wr’s
correspond to the points and weights of their respective quadrature rule.

5. The semi-discrete formulation

Despite the fact that uncertainties are present in our model, the final
problem formulation that arises from the stochastic Galerkin projection is
strictly deterministic. We will solve (13) using a semi-discrete finite difference
formulation based on the SBP–SAT technique [10, 11, 12, 13]. The reader is
referred to [2, 3] for complete technical details.

A stable and accurate semi-discrete formulation of (13) on SBP–SAT form
can be expressed as,

vt + (IM ⊗Dx ⊗ Iy ⊗ Iz ⊗ A)v + (IM ⊗ Ix ⊗Dy ⊗ Iz ⊗B)v
+ (IM ⊗ Ix ⊗ Iy ⊗Dz ⊗ C)v
= (IM ⊗Dx ⊗ Iy ⊗ Iz ⊗ IN)F + (IM ⊗ Ix ⊗Dy ⊗ Iz ⊗ IN)G
+ (IM ⊗ Ix ⊗ Iy ⊗Dz ⊗ IN)H

+ (IM ⊗ P−1
x ENx ⊗ Iy ⊗ Iz ⊗ IN)(Σ̃(L̃− − R̃L̃+)v − g̃ ⊗ eNx)

v(0) = f̃ .

(16)

In (16), v represent u numerically, g̃ and f̃ are the numerical approximations

of < g(~x, t, ~ξ), ψl >, and < f(~x, t, ~ξ), ψl > for l = 0, 1, . . . ,M respectively. To
ease the notation, we only consider the boundary at x = 1. The treatment of
the remaining boundaries is completely analogous. Note that the complete
system (16) computes all coefficients and evaluations in ξ for PC-SG and NI
respectively.

Remark 1. The semi-discrete formulation is similar when computing the
solution using NI. The differences will be pointed out below by formal remarks.
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The numerical solution is arranged in the following way

v =



v0

v1
...

[vm]
...
vM


, [vm] =



v0

v1
...

[vi]
...
vNx


m

, [vi]m =



v0

v1
...

[vj]
...
vNy


mi

,

[vj]mi =



v0

v1
...

[vk]
...
vNz


mij

, [vn]mij =



v0

v1
...

[vn]
...
vM


mijk

,

where vmijkn approximates the polynomial chaos coefficient u
(n)
m (xi, yj, zk, t).

Remark 2. The vector vmijkn approximates u(n)(xi, yj, zk, t, ξm) when com-
puting the solution using NI.

The first derivative in the x, y and z direction is approximated by Dx,y,z =
P−1
x,y,zQx,y,z, respectively. The matrices Px,y,z are positive definite diagonal

matrices and Qx,y,z are almost skew-symmetric matrices satisfying Qx,y,z +
QT
x,y,z = ENx,y,z − E0x,y,z = B = diag[−1, 0, . . . , 0, 1]. Further, we denote Ix,

Iy, Iz, IN and IM as identity matrices of dimension Nx + 1, Ny + 1, Nz + 1,
N and M + 1. The matrices E0x and ENx are zero except for the element
(1, 1) and (Nx + 1, Nx + 1) respectively, which is 1. Moreover, the vector eNx
is a zero vector with the exception of the last element which is 1.

The numerical fluxes in (16) are given by

F = (IM ⊗ Ĩ ⊗D11)vx + (IM ⊗ Ĩ ⊗D12)vy + (IM ⊗ Ĩ ⊗D13)vz,

G = (IM ⊗ Ĩ ⊗D21)vx + (IM ⊗ Ĩ ⊗D22)vy + (IM ⊗ Ĩ ⊗D23)vz,

H = (IM ⊗ Ĩ ⊗D31)vx + (IM ⊗ Ĩ ⊗D32)vy + (IM ⊗ Ĩ ⊗D33)vz,

(17)

together with the notation Ĩ = (Ix ⊗ Iy ⊗ Iz) and the abbreviations

vx = (IM ⊗Dx ⊗ Iy ⊗ Iz ⊗ IN)v,
vy = (IM ⊗ Ix ⊗Dy ⊗ Iz ⊗ IN)v,
vz = (IM ⊗ Ix ⊗ Iy ⊗Dz ⊗ IN)v.

(18)

432



The boundary and initial data g̃ and f̃ , are the projections

g̃ =


< ḡ(ξ), ψ0(ξ) >
< ḡ(ξ), ψ1(ξ) >

...
< ḡ(ξ), ψM(ξ) >

 , f̃ =


< f̄(ξ), ψ0(ξ) >
< f̄(ξ), ψ1(ξ) >

...
< f̄(ξ), ψM(ξ) >

 . (19)

In (19), we denote ḡ(ξ) and f̄(ξ) as the original boundary and initial data
vector as a function of ξ injected on all grid points at the plane x = 1 and
t = 0 respectively. The inner products < ḡ(ξ), ψm(ξ) > and < f̄(ξ), ψm(ξ) >
are computed numerically using NI.

Remark 3. When computing the solution using NI, the vectors g̃ and f̃ in-
stead denote g̃ = [ḡ(ξ0), ḡ(ξ1), . . . , ḡ(ξM)]T and f̃ = [f̄(ξ0), f̄(ξ1), . . . , f̄(ξM)]T .
Hence, the boundary and initial data ḡ(ξ) and f̄(ξ) are discretized in ξ.

The discrete boundary operators L̃+ and L̃− are decomposed as

L̃+ = (IM ⊗ Ix⊗ Iy⊗ Iz ⊗L+
0 ) + (IM ⊗Dx⊗ Iy⊗ Iz ⊗L+

Dx
)

+ (IM ⊗ Ix⊗Dy⊗ Iz ⊗L+
Dy

) + (IM ⊗ Ix ⊗ Iy⊗Dz ⊗L+
Dz

)

L̃− = (IM ⊗ Ix⊗ Iy⊗ Iz ⊗L−0 ) + (IM ⊗Dx⊗ Iy⊗ Iz ⊗L−Dx)
+ (IM ⊗ Ix⊗Dy⊗ Iz ⊗L−Dy) + (IM ⊗ Ix ⊗ Iy⊗Dz ⊗L−Dz).

(20)

In (20), the matrices L+
0 , L−0 , L+

Dx
, L−Dx , L

+
Dy

, L−Dy , L
+
Dz

, and L−Dz correspond
to the continuous boundary operators, see [2, 3] for a complete description.
In a similar fashion, the matrix R̃ is defined as

R̃ = (Ĩ ⊗R⊗ IM). (21)

where R is the matrix corresponding to the continuous boundary conditions
(3). The penalty matrix Σ̃ is chosen such that stability is achieved. Again, for
a complete derivation and proof of stability for the semi-discrete formulation,
the reader is referred to [2, 3]

6. An example

To exemplify the difference between NI and PC-SG, we consider the lin-
earized symmetrized Navier–Stokes equations in one dimension [14],

Ut + AUx = εBUxx, 0 < x < 1, t > 0, (22)
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where

B = diag

(
0,
λ+ 2µ

ρ̄
,
γµ

Prρ̄

)
. (23)

We also use A = XΛXT , where

Λ =

ū 0 0
0 ū+ c̄ 0
0 0 ū− c̄

 , X =


−
√

γ−1
γ

1√
2γ

1√
2γ

0 1√
2γ

− 1√
2γ

1√
γ

√
γ−1
2γ

√
γ−1
2γ

 . (24)

The parameters in (22), (23) and (24) are µ, λ, Pr, ε and represent the
dynamic and second viscosity, the Prandtl number and the inverse Reynolds
number. In the calculations we use the following parameters

ρ̄ = 1, ū = 1, c̄ = 2, p̄ = 1, λ = −2/3,
γ = 1.4, ε = 0.01, Pr = 0.7, µ = 1.

(25)

The boundary conditions are of the form (3), where the matrices R0 and R1

are of sizes 3 × 2 and 2 × 3 defined on the boundaries x = 0 and x = 1
respectively. For simplicity, we use zero matrices for R0 and R1.

Randomness is imposed in the initial and boundary data given by the
manufactured solutions

ρ1 = u1 = p1 = sin(2π(x− t)) + ξ sin(ξ/2− t) cos(x− ξ),
ρ2 = u2 = p2 = sin(2π(x− t)) + sin(5(ξ/2− t)) cos(2(x− 5ξ)),

(26)
with the additional forcing function

F = Wt + AWx − εBWxx, W = [ρ1,2, u1,2, p1,2]T . (27)

We have chosen the manufactured solutions with subscript 1 and 2 in (26)
to illustrate the effects of smoothness. The solution with subscript 1 is con-
sidered to be smooth, while 2 is considered to be less smooth. The resulting
system is then

Ut + AUx = εBUxx + F, 0 < x < 1, t > 0,
L0U = L0W x = 0 t > 0
L1U = L1W x = 1 t > 0
U = W 0 < x < 1 t = 0

(28)
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The normed error of the variance that is used for comparison is given by

‖Var[e]‖ =

∫ T

0

‖Var[U ]− V ar[W ]‖2 dt. (29)

In the calculations, we use 3rd-order SBP-operators with 40 grid points in
space together with the 4th-order Runge-Kutta scheme as time integrator. To
minimize the effects of the deterministic errors we use a PC-SG computation
with 30 basis functions instead of an exact solution as reference solution.
The uncertainty ξ is uniformly distributed between −1 and 1.

Figure 1 and 2 show the normed error of the variance as a function of
number of evaluations (M) for PC-SG and NI using different manufactured
solutions. Note that NI requires at least three points, hence it does not
overlap with PC-SG. As can be seen, the rate of convergence is significantly
higher for the PC-SG method than for NI. The rate of convergence for the
NI (Simpson’s rule) is in line with theory, that is 4th order. Also, we note
that the PC-SG requires more evaluations to perform better than NI.

Figure 3 and 4 illustrate how the total CPU time is affected by the num-
ber of evaluations for both methods. Finally, Figure 5 and 6 present the
normed error of the variance as a function of CPU time. For a small num-
ber of evaluations, the results indicate a better performance for NI, however
for moderate and large number of evaluations PC-SG performs significantly
better.

7. Conclusions

A comparison between the intrusive PC-SG and non-intrusive NI have
been presented. The study has been carried out on a general incompletely
parabolic system of equations. The PC-SG procedure was applied to the
continuous problem and a provably stable numerical formulation based on
SBP-SAT was constructed. Due to linearity, the numerical scheme for the
PC-SG and NI differs only for the initial and boundary data treatments.

The linearized Navier–Stokes equations using generalized characteristic
boundary conditions are considered when comparing the two methods. As
comparison, the normed error of the variance was used. The numerical re-
sults indicate that the PC-SG outperforms NI for the problems considered.
Although the cost is higher for the PC-SG, the convergence is faster. The
effects are significant for larger number of realizations. We conclude that
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Figure 1: The normed error of the variance as a function of M for a uniformly distributed
ξ for the methods NI and PC-SG, using a smooth manufactured solution.

Figure 2: The normed error of the variance as a function of M for a uniformly distributed
ξ for the methods NI and PC-SG, using a less smooth manufactured solution.
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Figure 3: The total computation time as a function of M for a uniformly distributed ξ for
the methods NI and PC-SG, using a smooth manufactured solution.

Figure 4: The total computation time as a function of M for a uniformly distributed ξ for
the methods NI and PC-SG, using a less smooth manufactured solution.
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Figure 5: The normed error of the variance as a function of computation time for a
uniformly distributed ξ for the methods NI and PC-SG, using a smooth manufactured
solution.

Figure 6: The normed error of the variance as a function of computation time for a
uniformly distributed ξ for the methods NI and PC-SG, using a less smooth manufactured
solution.
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the reduced performance for less smooth problems is more pronounced for
PC-SG compared to NI.
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Abstract. In this paper, a new approach is presented to prove the efficiency of the direct Monte
Carlo method combined with the Elementary Effect method to quantify structural data uncer-
tainty under uncertain input parameters of a beam structure. Normally, the application of the
direct Monte Carlo method requires high computational cost when all input parameters are
taken into account. It is proposed to use a combination of the direct Monte Carlo method
and the Elementary Effect method for the variance-based sensitivity analysis, named the com-
bined Monte Carlo method. By the application of the Elementary Effect method as a screening
method, the truely influential input parameters are identified. Then, the parametric uncertainty
is analyzed only under these influential input parameters’ uncertainty by the use of the Monte
Carlo method. Through a combination of these two methods, the number of simulations can be
significantly reduced due to the reduction of the number of analyzed input parameters.

The novelty of this paper is to investigate the accuracy and the efficiency of this combined
approach by the use of a beam structure with piezo-elastic supports for buckling and vibration
control as a reference structure. The uncertain structural input parameters are the geomet-
ric, material, and stiffness parameters of the piezo-elastic supports. The output variable is the
first lateral resonance frequency of the beam structure. Its uncertainty will be analyzed by the
application of the combined Monte Carlo method applied for only a few but influential input
parameters and will also be analyzed by the application of the direct Monte Carlo method for
all input parameters. The results by the two methods will be compared based on the analy-
sis accuracy to estimate the sensitivity of the input parameters on the first lateral resonance
frequency and the minimal required number of the simulations.
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1 INTRODUCTION

Global sensitivity analysis shows how the uncertainty of a structure is apportioned to the un-
certainty of its input parameters by quantifying the relative importance of each input parameter
[1]. The underlying goal of the sensitivity analysis is to identify the influential input parameters
and then, through controlling and reducing the uncertainty of the influential input parameters,
to reduce the uncertainty of the structure [2], e.g., to reduce the uncertainty of the structural
vibration amplitude.

The methods that are used for global sensitivity analysis can be divided into two categories,
the qualitative analysis methods and the quantitative analysis methods [2]. The qualitative anal-
ysis methods, also named screening methods, are feasible to identify if the input parameters
have relevant influence on the structure or not [3]. Commonly, they identify the relevant influ-
ence based on a small number of simulations. In most cases, “a small number” implies that
the simulations do not result in convergence or trustworthy outcomes. Similarly, “a relatively
large number” implies that the simulations do converge and trustworthy outcomes are reached,
but usually with high costs in simulation time. Therefore, a small number of simulations in
the qualitative analysis is commonly not sufficient for ranking the relevant influence of the in-
put parameters on the structure. In contrast, the quantitative analysis methods aim at precisely
quantifying and ranking the influence of the input parameters on the structure, based on a rel-
atively large number of simulations [3]. Hence, an approach by combination of the qualitative
and the quantitative analysis method can be an efficient approach in sensitivity analysis.

The global sensitivity analysis methods are classified in terms of required number of simula-
tions and the structure’s complexity in [2]. Based on this classification it can be concluded that
the Elementary Effect method, which was proposed by Morris in 1991 [4], is a simple but effec-
tive screening method [5]. The studies in [6, 7] also support this statement. In the category of
the quantitative analysis methods, the Monte Carlo method for variance-based sensitivity anal-
ysis is more feasible than other methods, e.g., the Fourier Amplitude Sensitivity Test (FAST),
as it requires no assumption and considers not only the linear relation between the input param-
eters and output variable but also the nonlinear relation [8]. The studies in [9, 10] also support
this statement. In this study, the Elementary Effect method is applied at first for screening the
sensitivity of each input parameter to identify the input parameters having dynamic influence on
the structure. Based on the screening results, the parametric uncertainty is analyzed only under
the uncertainty of the influential input parameters by the Monte Carlo method for variance-
based sensitivity analysis. The idea of the combination of these two methods is to reduce the
number of simulations without losing the accuracy of the uncertainty analysis. This approach
was recommended by Saltelli in [5]. The efficiency of this approach will be tested on a real
beam structure subject to buckling and vibration control under axial loading with piezo-elastic
supports

The beam structure is described in section 2 and modeled mathematically in section 3. The
Elementary Effect method, the direct Monte Carlo method, and the combined Monte Carlo
method are introduced in section 4. The Elementary Effect method is applied to the beam
structure and the screening results are described in section 5. The sensitivity analysis results
of the beam structure based on the direct Monte Carlo method and the combined Monte Carlo
method are also described and compared in section 5 with respect to their analysis accuracy and
computational costs. The goal of this paper is to investigate if the efficiency of the quantification
of uncertainty is improved through the combination of the sensitivity analysis methods without
losing the accuracy of the uncertainty analysis.
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2 STRUCTURE DESCRIPTION

The reference structure for the application of the global sensitivity analysis is a beam with
piezo-elastic supports that is used for two different applications of passive and active struc-
tural control: active buckling control [11] and passive lateral vibration attenuation [12]. Fig-
ure 1 shows the beam structure with piezo-elastic supports and the sectional view of the piezo-
elastic support. It consists of a membrane-like spring element, an axial extension of the beam,
and two piezoelectric stack transducers, which are mechanically prestressd by a stack of disc
springs [13].

(a) (b)

support A

support B

transducer P3

axial extension

disc springs

membrane-like
spring element

beam

Figure 1: (a) CAD model of the beam with piezo-elastic supports, (b) Sectional view of piezo-elastic support B

The various components of the piezo-elastic supports may each influence the dynamic be-
havior of the beam structure. The input parameters of the piezo-elastic supports that have sig-
nificant influence on the dynamic behavior of the beam structure will be identified. The first
lateral resonance frequency f1 is an important measure for active buckling control and passive
lateral vibration attenuation. Therefore, it is chosen as the output variable in this study for the
global sensitivity analysis.

The mechanical sketch of the beam structure with piezo-elastic supports is shown in Figure 2.
The beam is made of aluminum alloy EN AW-7075 with Young’s modulus Eb, density %b,
length lb, and circular solid cross-section of radius rb. The circumferential lateral stiffness is
homogeneous and has no preferred direction of lateral deflection, so the beam may deflect in
any plane lateral to the longitudinal x-axis.

Two piezo-elastic supports A and B are located at x = 0 mm and x = lb. The elastic
membrane-like spring elements made of spring steel 1.1248 in both supports A and B are rep-
resented by lateral stiffness ky,A = kz,A = kl,A and ky,B = kz,B = kl,B in y- and z-direction and
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text,B

text,A

support A

support B

Figure 2: Simplified model of the beam structure with piezo-elastic supports A and B[12]

rotational stiffness kϕy ,A = kϕz ,A = kr,A and kϕy ,B = kϕz ,B = kr,B around the y- and z-axes.
The spring stiffness values are assumed to be equal in y- and z-direction for this study since both
directions are modeled symmetric and independent of each other. The spring element stiffness
values are obtained from experimental static load measurements.

In each piezo-elastic support A and B at x = −lext and x = lb + lext, two piezoelectric stack
transducers P1 and P2 as well as P3 and P4 are arranged in the support housing at an angle of
90◦ to each other orthogonal to the beam’s x-axis, Figure 2. All transducers are mechanically
prestressd by a stack of disc springs with stiffness kpre. The value of kpre is smaller than 5%
of the stiffness of the piezoelectric transducers. Therefore, its influence is neglected in this
study. The transducers in supports A and B are connected to the beam via relatively stiff axial
extensions made of hardened steel 1.2312 with Young’s moduli Eext,A and Eext,B, densities
%ext,A and %ext,B, lengths lext,A and lext,B, as well as edge lengths text,A and text,B. With that,
lateral beam deflections in y- and z-direction are transformed into the stack transducer’s axial
deformation in y- and z-direction and vice versa. The piezoelectric transducers P1 and P2 in
support A and P3 and P4 in support B are P-885.51 stack transducers by PI Ceramic with
mechanical stiffness kp,A and kp,B [12].

The sensitivity analysis identifies the input parameters of the piezo-elastic supports that have
significant influence on the first lateral natural frequency of the beam structure. For that, only
the geometric and material properties of the beam, Eb, ρb, lb, rb, are constant, Table 1. The
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geometric, material, and stiffness parameters of the components in the piezo-elastic supports
are assumed uncertain parameters pk with k = 1, 2, · · · , K = 14, Table 1. Their assumed
normal or uniform distribution functionsN and U are also given in Table 1. For the normal dis-
tribution function N (µ;σ), the mean µ and standard deviation σ are given and for the uniform
distribution U(min; max), the minimum and maximum values are given.

Table 1: Geometric, material, and stiffness properties of the beam structure

input parameters
deterministic distribution

value function
Eb beam Young’s modulus in GPa 73.9 –
ρb beam density in kg/m3 2 775 –
lb beam length in mm 400 –
rb beam radius in mm 5 –
Eext,A p1 axial extension Young’s modulus in GPa 210 N (210; 3.35)

ρext,A p2 extension density in kg/m3 7800 N (7800; 130)
lext,A p3 extension length in mm 7.8 U(7.4; 8.2)
text,A p4 extension radius in mm 6 U(6; 6.1)
Eext,B p5 axial extension Young’s modulus in GPa 210 N (210; 3.35)

ρext,B p6 extension density in kg/m3 7800 N (7800; 130)
lext,B p7 extension length in mm 7.8 U(7.4; 8.2)
text,B p8 extension radius in mm 6 U(6; 6.1)
kl,A p9 spring lateral stiffness in N/m 22 · 106 N (22 · 106; 7.3 · 105)
kr,A p10 spring rotational stiffness in N ·m/rad 449.7 N (449.7; 30)
kl,B p11 spring lateral stiffness in N/m 22 · 106 N (22 · 106; 7.3 · 105)
kr,B p12 spring rotational stiffness in N ·m/rad 449.7 N (449.7; 30)
kp,A p13 piezo transducer A lateral stiffness in N/m 49 · 106 N (49 · 106; 3.3 · 106)
kp,B p14 piezo transducer B lateral stiffness in N/m 49 · 106 N (49 · 106; 3.3 · 106)

Table 1 summarizes the constant and varied geometric, material, and stiffness properties for
the following study. The input parameters relating to the axial extensions are p1–p8. Due to
the manufacturing tolerances the geometric properties p3, p4, p7, as well as p8 are assumed
uniformly distributed. The variation of the material properties p1, p2, p5, and p6 are assumed
normally distributed. Their distribution functions are defined according to the tolerance’s spec-
ifications and material data found in literature. The input parameters describing the stiffness of
the membrane-like spring elements are p9–p12. The spring elements are produced by an actively
controlled forming process. Thus, the variation of the spring stiffness properties are assumed to
be normally distributed. Their distribution functions are defined according to the authors’ static
stiffness measurements. Finally, the lateral stiffnesses of the piezoelectric stack transducers are
p13 and p14. As they depend on the material properties, they are assumed normally distributed
and their distribution functions are defined according to manufacturer data by PI Ceramic [14].

3 MATHEMATICAL MODEL

To calculate the first lateral resonance frequency f1 of the beam, a finite element (FE) model
was derived in [11]. The free vibration of the beam with piezo-elastic supports in Figure 2 is
modeled by the homogeneous FE equation of motion

M r̈ + K r = 0. (1)
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Damping in equation (1) is neglected because it is insignificantly small according to the
authors’ experimental measurements. In equation (1), r is the [4I × 1] FE displacement vector
for a beam discretized by (I−1) elements with 4I degrees of freedom, two translational and two
rotational displacements in and around y- and z-direction. M is the [4I × 4I] mass matrix and
K is the [4I × 4I] stiffness matrix. The discrete stiffness parameters of the elastic membrane
springs, disk springs, and piezoelectric stack actuators are included in stiffness matrix K.

The first lateral resonance frequency of the beam f1 is calculated by the solution of the
characteristic equation

det
[
K − (2π f1)

2M
]

= 0. (2)

The influence of the K varied input parameters, which are contained in the [1 × K] vector
p = [p1, p2, · · · , pk, · · · , pK ] with k = 1, 2, · · · , K = 14, on the output parameter, which is the
first lateral resonance frequency f1 in equation (2), will be identified by the sensitivity analysis.

4 METHODS FOR SENSITIVITY ANALYSIS

As already mentioned, the goal of this study is to prove the accuracy and the efficiency of the
combination of the Elementary Effect method and the Monte Carlo method for the variance-
based sensitivity analysis according to [5] for adequate sensitivity analysis. The Elementary
Effect method, the direct Monte Carlo method for the variance-based sensitivity analysis, and
the combined Monte Carlo method for the variance-based sensitivity analysis are briefly intro-
duced in this section.

4.1 Screening method: the Elementary Effect method

The Elementary Effect method is a commonly used screening method as it can identify the
influential input parameters of most structures [5]. After sampling and numerical simulations,
the elementary effect of each input parameter is calculated. For analyzing a structure with K
independent input parameters pk, k = 1, 2, · · · , K, which spans a K-dimensional input space
ΩK , the Elementary Effect method identifies the input parameters having an influence on the
output variable by comparing the mean and the standard deviation of the elementary effects of
each input parameter.

For a structure with K input parameters, the sampling process for the Elementary Effect
method begins by randomly choosing simulation points pr,0 = [pr,0,1, pr,0,2, · · · , pr,0,K ] in ΩK

with r = 0, 1, 2, · · · , R. These simulation points are used as base points and R represents the
number of the base points used in the screening. Based on the base point pr,0, simulation points
pr,k = [pr,k,1, pr,k,2, · · · , pr,k,K ] are generated by randomly varying the k-th input parameter for
k = 1, 2, · · · , K inside ΩK . As the Elementary Effect method is used for parameter screening,
it is suggested that the number of the base points R = 10 is sufficient to produce valuable
results [5].

The sampling process is illustrated by using a structure with only two input parameters
K = 2 as an example, Figure 3:

• For r = 1,

Step 1.0: The first base point p1,0 is randomly chosen in ΩK ,

Step 1.1: based on p1,0, the input parameter p1 is varied with a random length inside ΩK

for the simulation point pr,k = p1,1,
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r = 1 r = 2 r = 3 ... r = R = 10

p1 p1 p1 p1

p2 p2 p2 p2

p1,0 p1,1

p1,2

p2,0p2,1

p2,2
p3,0 p3,1

p3,2

(−) (−) (−) (−)
(−) (−) (−) (−)

(+) (+) (+) (+)

(+) (+) (+) (+)

Figure 3: Sampling process by using the Elementary Effect method for a structure with two input parameters

Step 1.2: based on p1,0, the input parameter p2 is varied with a random length inside ΩK

for the simulation point pr,k = p1,2;

• For r = 2,

Step 2.0: The second base point p2,0 is randomly chosen in ΩK ,

Step 2.1: based on p2,0, the input parameter p1 is varied with a random length inside ΩK

for the simulation point pr,k = p2,1,

Step 2.2: based on p2,0, the input parameter p2 is varied with a random length inside ΩK

for the simulation point pr,k = p2,2;

• For r = 3,

Step 3.0: The third base point p3,0 is randomly chosen in ΩK ,

Step 3.1 and step 3.2: repeat the processes as in steps 1.1 and 1.2 but based on the third
base point p3,0;

• ... ;

• For r = R = 10,

Step 10.0: The tenth base point p10,0 is randomly chosen in Ω2, also the last base point,

Step 10.1 and step 10.2: repeat the processes as in steps 1.1 ... 1.2 but based on the tenth
base point p10,0.

For a structure with K input parameters, based on each base point pr,0, K simulation points
pr,1,pr,2, · · · ,pr,K are sampled. Hence, the number of simulations are NEE = R · (1 + K).
The function f(p) describes the relation between the input parameters p = [p1, p2, · · · , pK ] and
the output variable of the structure. Therefore, the results at the base points pr,0 are f(pr,0) and
the results at the simulation points pr,k are f(pr,k). In this study the function f(p) is evaluated
according to equations (2) with f(p) = f1. The simulations provide R ·K elementary effects
EEr

k; one elementary effect per input parameter pk based on each base point. The elementary
effects EEr

k of each input parameter are

EEr
k =

f(pr,k)− f(pr,0)

∆
, (3)

∆ =
pr,k,k − pr,0,k
pk,max − pk,min

(4)
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[5], with [1×K] simulation point vector pr,k = [pr,k,1, pr,k,2, · · · , pr,k,k, · · · , pr,k,K ], [1×K] base
point vector pr,0 = [pr,0,1, pr,0,2, · · · , pr,0,k, · · · , pr,0,K ], r = 1, 2, · · · , R, and k = 1, 2, · · · , K.
The values of pk,max and pk,min represent the maximal and the minimal values of the k-th input
parameter.

The distribution of the elementary effects EEr
k for each input parameter is evaluated by the

mean µ̂k and the standard deviation σ̂k of the elementary effects EEr
k. They are estimated as

follows [5]:

µ̂k =
1

R

R∑
r=1

|EEr
k| , (5)

σ̂k =

√√√√ 1

R− 1

R∑
r=1

(EEr
k − µ̂k) . (6)

The mean µ̂k of the elementary effect for the k-th input parameter is a sensitivity measure
proposed to assess the overall influence of the k-th input parameter on the output variable [6].
A relatively high value of µ̂k indicates that the k-th input parameter has a significant influence
on the result of the calculated output variable. In contrast, a relatively low value of µ̂k implies
that the k-th input parameter has only minor influence on the result of the output variable.

Another measure is the standard deviation σ̂k of the elementary effect for the k-th input
parameter, which estimates whether the effect of the k-th input parameter is linear or nonlinear
or whether this input parameter has a interacted functional relation with other input parameters
to calculate the output variable or not [4, 6]. In case the k-th input parameter’s functional
relation is linear, the elementary effects would be identical everywhere in the input space ΩK .
Therefore, σ̂k is close to 0. In contrast, if the input parameter’s functional relation is nonlinear
and/or interacts with other input parameters, the elementary effects would vary in the input
space ΩK . As a result, σ̂k is larger than 0. The scale ratio σ̂k/µ̂k is used to decide if the σ̂k is
close to 0 or larger than 0 by comparing σ̂k to µ̂k.

Through the screening based on the Elementary Effect method, a number of M < K input
parameters is identified as the relevant influential input parameters. Then the structure sensitiv-
ity is analyzed only under the uncertainty of these M influential input parameters by the Monte
Carlo method for variance-based sensitivity analysis.

4.2 Quantitative method: the direct Monte Carlo simulation for variance-based sensitiv-
ity analysis

Variance-based sensitivity analysis is a widely used approach to quantify the influence of
the K input parameters p = [p1, p2, · · · , pk, · · · pK ] on the output variable f(p). The direct
Monte Carlo method is used for the variance-based sensitivity analysis to generate a large num-
ber of random samples to obtain numerical results without prior knowledge of the investigated
structure. To reduce the number of samples, the direct Quasi Monte Carlo method is used as a
sub-method of the direct Monte Carlo method [8]. It uses a Quasi random number generator,
e.g., the Latin-Hypercube generator or the Sobol’ generator. The Quasi random number gener-
ators are designed to generate random samples for a faster convergence. The drawback of the
Latin-Hypercube generator is that its algorithm for the randomness of the input parameters is
dependent on the sample size. The sample size cannot be changed without starting the simu-
lation again from the beginning. In contrast, the Sobol’ random number generator can freely
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extend the sample size even after finishing the simulation [8]. Therefore, the Sobol’ random
number generator is used in this study to generate random samples of the input parameters
according to their defined distribution functions N and U in Table 1.

The associated sensitivity indices for variance-based sensitivity analysis are the main effect
index Sk and the total effect index STk

[5, 8]. The main effect index Sk is a quantitative measure
of the direct influence of the k-th input parameter on the output variable. The total effect index
STk

sums the main effect Sk and the interaction effects of the k-th input parameter with other
input parameters. The analytical calculation of the main effect Sk and total effects STk

of the
input parameters is not possible for complex structures such as the described beam structure.
They can only be approximated by application of the Monte Carlo method.

The main effect Sk of each input parameter pk is approximated according to the Sobol’
Estimator Ŝk = g(N,A,B,A

(k)
B ) [15] as a function g of N numbers of the sampling trials and

the simulation results of sampling matrices A, B, and A
(k)
B . The total effect STk

of each input
parameter pk is approximated according to the Jansen Estimator ŜTk

= h(N,A,B,A
(k)
B ) [1,

16] as a function h of N , A, B, and A
(k)
B . These two estimators are proven to work well for

analyzing many different kinds of complex structures [1, 9]. The sampling steps to generate the
sampling matrices A, B, and A

(k)
B for calculating the estimators are described in detail in [8].

For the estimation of Ŝk and ŜTk
of a structure with K varied input parameters, 2N simu-

lations are carried out for A and B and N · K simulations are carried out for A(k)
B . Totally,

the number of the direct Monte Carlo simulations for variance-based sensitivity analysis is
NDMC = N · (2 +K) [8].

4.3 Quantitative method: the combined Monte Carlo method for variance-based sensi-
tivity analysis

The number of the direct Monte Carlo simulations for calculating the sensitivity indices
depends on the number of sampling trials N and the number of the varied input parame-
ters K. If either N or K can be reduced, the sensitivity analysis can be more efficient. In
case of not changing the random number generator, to ensure the accuracy of the sensitiv-
ity analysis, the number of sampling trials N should not be reduced. However, based on
the Elementary Effect method, the varied input parameters are sorted as influential and non-
influential parameters. Therefore, by combining the Elementary Effect method and the Monte
Carlo method for variance-based sensitivity analysis, only the M influential input parameters
are analyzed. The (K − M) non-influential input parameters are fixed at their determinis-
tic values. In this way, the number of the combined Monte Carlo simulations is reduced to
NC = NEE +NCMC = R · (1 +K) +N · (2 +M), with M < K, which is the sum of the
number of the simulations for the Elementary Effect method NEE and the number of the simu-
lations for the direct Monte Carlo method NCMC for M < K influential input parameters.

5 RESULTS AND COMPARISON OF RESULTS BASED ON THE DIRECT AND THE
COMBINED MONTE CARLO METHOD

The simulations of the beam structure based on the direct Monte Carlo method and the
combination of the Elementary Effect method and the Monte Carlo method are carried out
according to the description in section 4. The results are discussed and compared in this section.
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5.1 The screening results based on the Elementary Effect method

In this case study, R = 10 base points are randomly chosen for screening the influence of
the K = 14 input parameters in Table 1 of the beam structure on the first lateral resonance
frequency f1 from equation (2). The number of the simulations based on the Elementary Effect
method is NEE = R · (1 + K) = 150. After the simulations, the mean µ̂k and the standard de-
viation σ̂k of each input parameter’s elementary effect are estimated according to equations (5)
and (6) and illustrated in Figure 4.
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Figure 4: Screening results of the beam structure based on the Elementary Effect method

By looking at Figure 4 it can be concluded that the lateral and rotational stiffness properties
of the springs kl,A, kr,A, kl,B, as well as kr,B and the stiffness of the piezo transducers kp,A and
kp,B have influence on f1 when they are varied in the range shown in Table 1. The length of the
axial extension on both beam ends lext,A and lext,B also affects f1. This is seen by the high value
of the mean µ̂k. The input parameters located in the lower left corner in Figure 4 are Eext,A,
ρext,A, text,A, Eext,B, ρext,B, and text,B. As their µ̂k is close to 0, they do not show relevant
influence on f1. For the eight influential input parameters kl,A, kr,A, kl,B, kr,B, kp,A, kp,B, lext,A,
as well as lext,B, their scale ratios σ̂k/µ̂k are between 5% for lext,A and 16% for kp,B. That means
the standard deviation σ̂k of these eight input parameters is fairly small in comparison to their
mean µ̂k and implies that these eight influential input parameters’ functional relations to f1 are
practically linear.

According to the screening result, the M = 8 input parameters kl,A, kr,A, kl,B, kr,B, kp,A,
kp,B, lext,A, as well as lext,B are concluded as influential input parameters and their influences on
f1 will be quantified by application of the Monte Carlo method.

5.2 The convergence of the sensitivity analysis results based on the direct Monte Carlo
method

In this case study, the number of sampling trials is defined as N = 50 000. Therefore, the
number of the direct Monte Carlo simulations is NDMC = N · (2 +K) = 800 000. The conver-
gence of the sensitivity indices Ŝk and ŜTk

according to the Sobol’ estimator [15] and the Jansen
estimator [1, 16] of each input parameter is analyzed to examine if the sample size N = 50 000
is high enough to adequately estimate the sensitivity indices Ŝk and ŜTk

. Both sensitivity in-
dices of each input parameter are calculated by every increase of 250 samples. In this study, all

450
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sensitivity indices Ŝk and ŜTk
are assumed to have converged when they stay within a variation

range ±0.05 of the value that is approximated with the sample size N = 50 000, see the hori-
zontal dashed lines in Figure 5. The estimated sensitivity indices of the spring rotation stiffness
of the support A p10 = kr,A by increasing the sample size N are illustrated in Figure 5 as an
example.
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Figure 5: Convergence of sensitivity indices of kr,A based on the direct Monte Carlo method

For the beam structure, the sensitivity index Ŝ10 of p10 = kr,A is converged when the esti-
mation is based on more than N = 16 250 samples, the sensitivity index ŜT10 of p10 = kr,A
is converged when the estimation is based on more than N = 31 250 samples. These are the
highest required numbers for the convergence among all K = 14 input parameters in Table 1.
Therefore, the sample sizeN = 50 000 is sufficient for the sensitivity analysis in this case study.

The values of Ŝk and ŜTk
of each input parameter on the output variable f1 are illustrated

as solid bars in Figure 7. The results are discussed and compared with the results based on the
combination of the Elementary Effect method and the Monte Carlo method in section 5.4.

5.3 The convergence of the sensitivity analysis results based on the combined Monte
Carlo method

The number of sampling trials is also defined as N = 50 000. Therefore, the number of the
combined Monte Carlo simulations is NCMD = N · (2 +M) = 500 000. The same convergence
analysis as for the direct Monte Carlo simulation is carried out to examine if the sample size
N = 50 000 is high enough to adequately estimate the sensitivity indices Ŝk and ŜTk

. The
convergence criterion is the same as that for the direct Monte Carlo Simulation in Figure 5,
sensitivity indices are assumed to have converged when they stay within a variation range±0.05
of the value that is, again, approximated with the sample size N = 50 000, see the horizontal
dashed lines in Figure 6. The estimated sensitivity indices Ŝ10 and ŜT10 of the spring rotation
stiffness of the support A p10 = kr,A are illustrated in Figure 6 as an example.

For the beam structure, the sensitivity index Ŝ10 is converged when the estimation is based on
more than N = 9 500 samples, and the sensitivity index ŜT10 is converged when the estimation
is based on more than N = 26 500 samples. These are the highest numbers for the convergence
among the M = 8 input parameters. In comparison to the direct Monte Carlo simulation, the
combined Monte Carlo simulation requires a smaller number of sampling trials.

The values of Ŝk and ŜTk
of the eight influential input parameters with k = 3, 7, 9, · · · , 14
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Figure 6: Convergence of sensitivity indices based on the combined Monte Carlo method

in Table 1 are illustrated as non-solid bars in Figure 7. The results are discussed and compared
with the results based on the direct Monte Carlo method in section 5.4.

5.4 Comparison of the results based on the direct Monte Carlo method and the combined
Monte Carlo method

The sensitivity indices of the main effect Ŝk and the total effect ŜTk
of the K = 14 input

parameters based on the direct Monte Carlo method and the combined Monte Carlo method
based on the M = 8 influential input parameters are illustrated in Figure 7.
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Figure 7: Sensitivity indices Ŝk and ŜTk
based on the direct Monte Carlo method (DMC) and the combined Monte

Carlo method (CMC)

The black solid bars in Figure 7 represent the main effect Ŝk,DMC and the blue solid bars in
Figure 7 represent the total effect ŜTk,DMC of the K = 14 input parameters based on the direct
Monte Carlo simulation. By comparing Ŝk,DMC with ŜTk,DMC, it can be observed that the value
of Ŝk,DMC is almost equal to the value of ŜTk,DMC for each input parameter. It indicates that the
functional relations between the input parameters and the output variable are nearly linear. This
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conclusion agrees with the result based on the Elementary Effect method in section 5.1.
The estimated main and total effects Ŝk,DMC and ŜTk,DMC in Figure 7 based on the direct

Monte Carlo method show that the varied input parameters p3 = lext,A and p7 = lext,B have
more influence on f1 than the other varied input parameters with highest values of Ŝk,DMC ≈
ŜTk,DMC ≈ 0.25. Second highest are p10 = kr,A, and p12 = kr,B with Ŝk,DMC ≈ ŜTk,DMC ≈
0.15. Third highest are p9 = kl,A, p11 = kl,B, p13 = kp,A, and p14 = kp,B with small values of
0.05 ≤ Ŝk,DMC ≈ ŜTk,DMC ≤ 0.1. Moreover, by comparing the sensitivity indices of the input
parameters of the support A and those of the support B it can be found that they are almost
equal, Ŝ3,DMC ≈ Ŝ7,DMC, Ŝ9,DMC ≈ Ŝ11,DMC, Ŝ10,DMC ≈ Ŝ12,DMC, and Ŝ13,DMC ≈ Ŝ14,DMC.
This is reasonable since the beam structure is symmetric and the two supports are built based
on the same design.

The rest of the varied input parameters, p1 = Eext,A, p2 = ρext,A, p4 = text,A, p5 = Eext,B,
p6 = ρext,B, and p8 = text,B, show no relevant influence on f1 with Ŝk,DMC ≈ ŜTk,DMC ≈ 0.
These six input parameters are concluded as non-influential input parameters by screening based
on the Elementary Effect method. Therefore, they are kept constant at their deterministic values
in the combined Monte Carlo method. Their values Ŝk,DMC ≈ ŜTk,DMC ≈ 0 indicate that none
of the influential input parameters is incorrectly identified as non-influential input parameter by
screening based on the Elementary Effect method.

The non-solid bars in Figure 7 represent the sensitivity indices Ŝk,CMC and ŜTk,CMC of the
M = 8 influential input parameters based on the combined Monte Carlo simulation.

In the visual comparison of Ŝk,DMC and Ŝk,CMC, as well as ŜTk,DMC and ŜTk,CMC in Figure 7,
it can be concluded that the results based on the direct Monte Carlo method and the combined
Monte Carlo method are in good agreement. To quantify the difference of the results based on
these two methods, the absolute deviations of

∣∣∣Ŝk,DMC − Ŝk,CMC

∣∣∣ and
∣∣∣ŜTk,DMC − ŜTk,CMC

∣∣∣ of
the M = 8 influential input parameters are calculated. All of them are smaller than 0.01. It
can be concluded that the analysis accuracy of the direct Monte Carlo method and that of the
combined Monte Carlo method for variance-based sensitivity analysis is adequate.

The efficiencies of the direct Monte Carlo method and the combined Monte Carlo method
for variance-based sensitivity analysis are compared according to the minimal required number
of the simulations NDMC,min for the direct Monte Carlo method and NC,min for the combination
of the Elementary Effect method and the Monte Carlo method, Table 2. It is known from
the description in section 5.2 and 5.3 that the combined Monte Carlo simulation requires a
lower sampling size in comparison to the direct Monte Carlo method. In this study, the sum
of the minimal required number of simulations based on the direct Monte Carlo method is
NDMC,min = 500 000 and the sum of the minimal required number of simulations based on the
combination of the Elementary Effect method and the Monte Carlo method is only NC,min =
NEE +NCMC = 265 150. The numerical cost of the combined Monte Carlo method is only half
the cost of the direct Monte Carlo method.

6 CONCLUSION

The combined Monte Carlo method that includes a screening of the relevant influential pa-
rameters by the Elementary Effect method was proposed as an efficient application of the Monte
Carlo method to quantify structure uncertainty under input parameter uncertainty. The accuracy
and the efficiency of the combined Monte Carlo method was investigated in this study by using
a beam structure with piezo-elastic supports for buckling and vibration control as a reference
structure. Its uncertain structural input parameters are geometric, material, and stiffness pa-
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Table 2: The minimal required number of simulations based on the direct Monte Carlo method and the combined
Monte Carlo method

the direct the combined
Monte Carlo method Monte Carlo method

number of simulations
0

NEE = R(1 +K)

for screening
= 10 · (1 + 14)
= 150

min. sample size for Ŝk 16 250 9 500

min. sample size for ŜTk
31 250 26 500

min. sample size Nmin NDMC,min = 31 250 NCMC,min = 26 500
min. number of simulations NDMC = NDMC,min · (2 +K) NCMC = NCMC,min · (2 +M)

for Ŝk and ŜTk
= 31 250 · (2 + 14) = 26 500 · (2 + 8)
= 500 000 = 265 000

sum of minimal number
NDMC,min = 500 000

NC,min = NEE +NCMC

of simulations
= 150 + 265 000
= 265 150

rameters of the piezo-elastic supports. The first lateral natural frequency of the beam structure
is subject to be estimated as the output variable. The influence of each varied input param-
eter on the first lateral resonance frequency was quantified by estimated sensitivity indices.
The proposed combination of the Elementary Effect method and the Monte Carlo method was
compared with the direct Monte Carlo method. According to the convergence analysis, the
combined Monte Carlo method required only half the number of simulations as for the direct
Monte Carlo simulation in analyzing the uncertainty of the first lateral resonance frequency of
the beam structure. The comparison showed that the result based on the combined Monte Carlo
method is similar to the result based on the direct Monte Carlo simulation. Consequently, the
combined Monte Carlo method is proven to be an efficient method for uncertainty quantification
in comparison to the direct Monte Carlo simulation in the structural design phase.
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Abstract. When using classical methods for the availability assessment of a multi-state 
system, the precise values of state’ probabilities are required. But, in many cases the 

available data does not describe the system's components, defining the system's state, 
precisely. To cope with this problem, the imprecision can be incorporated into the method in 
terms of imprecise rates [1] (failure and repair rates) by using imprecise probability theory 
[2]. Markov chain models are known for their simplicity and their great ability to model 
reparable systems, thus, they are well adapted for modeling stochastic failure and repair 
processes, where conditional probability distribution of future states depends only on the 
present state, and then computing the system's availability. To our best of knowledge, only a 
few works were developed in the context of imprecise continuous Markov chain [3]. The idea 
in this paper is to replace precise initial distributions and transition matrices by imprecise 
ones where imprecise rates are expressed in terms of intervals which are supposed to contain 
the true unknown initial probability and transition matrix. The contribution of this work is 
twofold: first, applying interval analysis techniques on existing algorithms for availability 
assessment of multi-state systems, and second, studying the stationarity, convergence and 
ergodicity properties related to the new proposed technique.     
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1 INTRODUCTION 
     The exponential evolution of technology has increased the complexity of systems and has 
further reduced their design and manufacturing costs. Correspondingly, manufacturers rely on 
the criterion of quality to be distinguished in the market. To achieve this goal, they must 
master various tools that will enable them to keep a competitive position and take actions for 
improvement at all levels. All these reasons make operating reliability the undeniable means 
that must be mastered when designing any system. Dependability is defined as the property 
that enables system users to place a justified confidence in the service it delivers to them and 
it groups two key concepts: reliability and availability. The reliability R(t) is the ability of a 
system to remain constantly operational in a given duration, in other words, the probability 
that an item survives the time interval [0,t] and still functions at time t. The availability A(t) is 
the ability of a system to be operational at a specific moment [5]. 
The principle is to choose amongst several components with different performance, the best 
components of the system, and also find the optimal configuration, that is the connection 
between the different components entities that constitute the system. And this must be done 
while respecting that a certain level of availability is ensured by the complete system. 
      Dependability domain is extremely large and complex. In this paper we are particularly 
interested in the optimization of the availability of a product taking into account the multi-
state case which is commonly encountered in practical life. We also consider that systems and 
their components can operate in different performance levels between working and failure 
states. Availability analysis helps to calculate the ability of a system to provide a required 
level of performance depending on the level of degradation. 
     Several methods are employed to calculate the availability, amongst them, there are:  
Universal Generating Function method (UGF) [6], Inclusion-Exclusion technique [7], and 
Markov Chain approaches [3], etc. There are many probabilistic techniques that can evaluate 
this criterion, but these techniques are only effective for very specific cases, for example the 
case of binary systems. The transition to multi-state [7,8] systems drastically restricts the 
application of most of these methods. Indeed, the evaluation of the reliability of a multi-state 
system [9] is more difficult than in the binary case because we have to take into account the 
different combinations of the component failure modes. In addition to the multi-state aspect, 
there is the structural aspect of the system which illustrates the type of connection connecting 
the components and of course the existence of uncertainties. In general, most methods can be 
applied efficiently only to systems with a simple structure: series, parallel, bridge or mixed. 
Nevertheless, there is virtually no practical and effective method that relates to systems with 
complex structures. 
     In this work, we demonstrate how Markov chains can be used to study the availability of a 
system by treating uncertainties like intervals and using interval analysis techniques.  
The structure of the paper is as follows. Section 2 explains the Markovian approach with 
imprecise data for multi-state systems with several components. Section 3 introduces 
contractors and how we use them to obtain the availability. Section 4 presents some 
applications and the last section concludes the paper. 

2 MARKOVIAN APPROACH 
  Traditional binary–state reliability models allow only two possible states for a system and its 
components: perfect functioning (up) and complete failure (down). However, a system can 
have a finite number of performance rates. Also, many real–world systems are composed of 
various components which in turn can have different performance levels and for which one 
cannot formulate an "all or nothing" type of failure criterion. Failures of some system 
elements lead, in these cases, only to performance degradation. Such systems are called 
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multi–state systems (MSS). Traditional reliability theory, which is based on a binary 
approach, has recently been extended by allowing components and systems to have an 
arbitrary finite number of states.  Many methods have been proposed to study the availability 
of a MSS, in our approach we use the Markovian approach.   

2.1    General description of the Markov Model 
A stochastic process describes the evolution of a system over time using a set of probabilities 
of the system's states (or a subset of states) at time instants t {X(t), t  ≥0}[10]; where X(t) is a 
random variable that denotes the state of the process at time t. A Markov model is a class of 
stochastic processes where the future state depends only on the present state. When time is 
discrete, we have a discrete-time Markov chain; when time is continuous, we have a 
continuous-time Markov chain which is also called a Markov process. Formally, a discrete-
time Markov chain is characterized by a (discrete) set of states S and the transition 
probabilities 𝑝𝑖𝑗 ,where 𝑝𝑖𝑗  is the probability that the Markov chain moves at the next time
instant to state j, given that it is at the present time point at state i. The matrix P grouping 
elements 𝑝𝑖𝑗 is called the transition probability matrix of the Markov chain. Note that the 
definition of the 𝑝𝑖𝑗 implies that the row sums of P are equal to 1. A continuous-time Markov 
process is also described by a discrete set of states S, in this case, however, transition 
probabilities 𝑝𝑖𝑗  are replaced by transition rates 𝑞𝑖𝑗  which will be grouped into a transition 
rate matrix denoted hereafter as Q. The matrix Q is an array of numbers describing the rate a 
continuous time Markov chain moves between states, it is expressed in terms of failure rates λ 
and repair rates µ. Diagonal elements 𝑞𝑖𝑖 are defined such that: 𝑞𝑖𝑖 = − ∑ 𝑞𝑖𝑗𝑖≠𝑗  , thus the row
sums of Q are equal to 0. A Markov process is a stochastic process in which the future state 
does not depend on the past trajectory. Markov models are frequently used in RMS work 
where events, such as the failure or repair of a module, can occur at any point in time. The 
Markov model evaluates the probability of jumping from one known state into the next 
logical state (e.g., from “everything is working” state to ''first item failure'' state, then from 
“first item failure” state to “second item’s failure”, and so on,) until the system reaches the 
final or totally failed state (which depends upon the configuration of the system being 
considered). The basic assumption of a Markov process is that the behavior of a system in 
each state is memoryless. A memoryless system is characterized by the fact that the future 
state of the system depends only on its present state. 
     The state equations of a system S are defined in a discrete state space E by taking into 
account the transition rates 𝑞𝑖𝑗(t) existing between consecutive system states. By considering 
the probabilities that the system stays in its current state or moves to any of the possible states 
in E for an elementary time interval [𝑡, 𝑡 +  𝑑𝑡], we obtain a system of differential equations, 
called equations of Chapman-Kolmogorov. Thus, for each state 𝑒𝑖 [10] 

 𝑃𝑖(𝑡 + 𝑑𝑡) =  𝑃(S in state 𝑒𝑖 at t and in  [𝑡, 𝑡 +  𝑑𝑡]) +
∑ 𝑃(S in state 𝑒𝑗  at t and in 𝑒𝑖 at [𝑡, 𝑡 +  𝑑𝑡])𝑒𝑗𝜖𝐸−𝑒𝑖

 (1)

The behavior of a Markov chain is fully probabilistically described if the initial and transition 
probabilities are given, that is, if the following probabilities are known: 

𝑃(𝑋0 = 𝑥𝑖) = 𝑝𝑖    and   𝑃(𝑋𝑛+1 = 𝑥𝑗|𝑋𝑛 = 𝑥𝑖) = 𝑞𝑖𝑗 (2) 

From (1) we obtain a system of Chapman-Kolmogorov equations: 

�̇�(𝑡) = 𝑃(𝑡). 𝑄  (3) 

with P is a vector representing the probabilities of being in a state at a certain time t with 
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∑ 𝑃𝑗(𝑡) = 1𝑛
𝑗=1  (4) 

P is the solution of the Chapman Kolmogorov and Q is the transition matrix between the 
states of the system. The solution of (2) is expressed in exponential form as: 

𝑃(𝑡) = exp(𝑄𝑡) . 𝑃(0) (5) 

Where exp (𝑄𝑡) is an 𝑛 × 𝑛 matrix and P(0) is the initial probability vector describing the 
initial state of the system.  

2.2     Stationarity 
For each system of components, the availability of being in some state, either working or 

not, will change at the end [3]. So in our study, we focus on finding the availability after an 
infinite time which is equivalent to calculating the stationarity of the system. The Chapman-
Kolmogorov equations at time 𝑡 → ∞ lead to:  

𝛱. 𝑄 = 0   (6) 

where Π is the stationarity vector representing the probabilities that the system will be in a 
certain state: 

𝛱 = [ 𝜋1    𝜋2     …  𝜋 𝑖   … 𝜋𝑛     ]                                       (7) 

An element 𝜋𝑖  of Π is hence the probability that the system is at state 𝑒𝑖 ∈ E, and Π verifies:  
∑ 𝜋𝑖 = 1𝑛

𝑖=1                                                         (8)

2.3     Imprecise Markov Chain 

     The Markov assumption stating that 𝑋𝑡+𝑑𝑡 is conditionally independent of 𝑋𝑠,for s < t, 
knowing 𝑋𝑡 may not be realistic, especially for repair, also the transition rates may not be 
constant in time, but are usually affected by a variety of factors, and the estimation of the rates 
themselves may be difficult due to the lack of data. Particularly, under constant transition 
rates, repair times are exponentially distributed and are independent of the history of the 
system, but repairs will often follow a binomial distribution rather than an exponential 
distribution [10]; the same applies for failure rate. A full modeling of these details requires a 
lot of data and expert knowledge. Instead of ignoring this problem, a better way to cope with 
it is to incorporate the imprecision into the models. This becomes possible with the 
development of models of imprecise probabilities, such as the interval probability model , it 
seems therefore convenient to consider our transition rates as not being fixed, but instead 
being bounded by an interval. 
    Imprecision may exist on the initial probabilities or the transition matrix, and sometimes 
even on both. To model this imprecision, probabilities in (2) will be replaced by intervals. 
Thus we have the following imprecise Markov model [11]: 

 𝑃(𝑋0 = 𝑥𝑖) ∈ [𝑝𝑖 , 𝑝𝑖 ] and   𝑃(𝑋𝑛+1 = 𝑥𝑗|𝑋𝑛 = 𝑥𝑖) ∈ [𝑞𝑖𝑗 , 𝑞𝑖𝑗  ] (9) 

According to the above model, any probability vector that satisfies 𝑝𝑖 ∈ [𝑝𝑖, 𝑝𝑖 ] for each state 
with i =1,..., n , can be considered as an initial distribution, and similarly any transition matrix 
Q ∈ [𝑄, 𝑄] can be the transition matrix at  time t. 
     As stated before, the purpose is to find the availability at t→ ∞. Under the assumptions in 
(9), the stationarity of the system is hence determined in form of a vector of intervals Π = 
{𝜋𝑖}, i=1,…,n, where 𝜋𝑖 ∈ [𝜋𝑖,𝜋𝑖 ] is the probability of being in a state 𝑒𝑖 . Finding the interval 
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of stationarity for each state is not as simple as it might seem. In the case of precise data, we 
have a constant transition matrix so we can find the answer by solving a system of equations, 
but in the case of imprecise data, the bounds of the intervals of stationarity cannot be obtained 
just by taking into account the two bounds of the transition matrix as some previous work 
suggests [3].  
     Several methods have been proposed to solve this problem by finding the solution of 
equation (6) in the presence of imprecise data. The exact method is a technique where we find 
all the possible transition matrices of a system and then for each matrix we solve (6) and we 
find a vector of stationarity, to form at the end a vector of intervals which contains all of the 
obtained vectors, this method gives an exact result but its complexity increases drastically 
with the system's size since it computes all the possible state values. BUGF (Believe 
Universal Generated Function) [12] and IUGF (Interval Universal Generated Function) [11] 
are two methods based on the UGF (Universal Generated Function) but they are applied on 
intervals and therefore are used in the case of interval-modeled imprecision, these two 
methods are efficient and give good results, the IUGF is also noted as more efficient than the 
BUGF in [12]. In our approach we propose to determine the availability of the system by 
using a new technique applied on intervals, that is the technique of contractors [4] which we 
introduce in section 3.  

3 THE TECHNIQUE OF CONTRACTORS 

3.1   Definition of contractors 

    Consider 𝑛𝑥 variables 𝑥𝑖 ∈ ℝ, 𝑖 = 1, . . , 𝑛𝑥, linked by 𝑛𝑓 relations (or constraints) [4] of the 
form 

 𝒇𝑗(𝑥1, . . , 𝑥𝑛𝑥
) = 0   ,     𝑗 ∈ 1, . . , 𝑛𝑓

(10) 

Each variable 𝑥𝑖 is known to belong to a domain 𝑋𝑖. For simplicity, these domains will be 
intervals, denoted by [𝑥𝑖]. Define the vector x as: 

𝒙 = (𝑥1, . . , 𝑥𝑛𝑥
)𝑇 (11) 

and the prior domain for  𝒙  is a box as: 
[𝒙] = [𝑥1] × … × [ 𝑥𝑛𝑥

]                                                  (12)

Let 𝒇 be the function whose coordinate functions are the 𝑓𝑗 's. Equation (10) can be written in 
vector notation as:  

 f(x) = 0 (13) 

This corresponds to a constraint satisfaction problem (CSP) H, which can be formulated as: 

 𝐻: (𝒇(𝒙) = 0 , 𝒙 ∈ [𝒙]) (14) 

The solution set of H is defined as: 

 𝑆 = {𝒙 ∈ [𝒙]|𝒇(𝒙) = 0} (15) 

Contracting H means replacing [𝒙] by a smaller domain [𝒙′] such that the solution set remains 
unchanged, i.e. 𝑆 ⊂ [𝒙′] ⊂ [𝒙]. There exists an optimal contraction of H, which corresponds
to replacing [𝒙] by the smallest box that contains S. A contractor for H is any operator that 
can be used to contract it. 
    A contractor C is defined as an operator used to contract the initial domain of the CSP, and 
thus to provide a new box [11]. 
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 𝐶([𝒙]) ⊂ [𝒙] (Contractance property) (16) 

 𝐶([𝒙]) ∩ 𝑋 = [𝒙] ∩ 𝑋(completeness property)       (17) 

These relations mean that contractions gives a sub-domain of the input domain [𝒙], and the 
resulting subdomain C([x]) contains all the feasible points with respect to the constraints. No 
solution is “lost”. 

3.2     Types of contractors 
     Several contractors exist, each works in a different manner and is efficient only for specific 
CSPs and for certain cases [13,14,15]. “Intervalization with Gauss elimination” [4] is an 
important class of CSPs for which intervalization of finite subsolvers can be employed only if 
the system is formed of linear interval equations and if all elements on the diagonal of the 
matrix are different than zero. “Gauss-Seidel” contractor is an efficient way to contract 

intervals of a linear system but the matrix in this case must be reversible [4]. “Krawczyk and 

Newton contractors” are two contractors which are not always applicable and are much 
complicated than the other contractors [4]. Finally, one popular contraction technique, which 
will be used in our approach, is the “Forward-backward propagation (FBP) contractor”. This 
technique is known for its simplicity and ease, it is also more general than the others since it 
works on all type of systems [4]. It also gives guaranteed results which means that during the 
contraction we always get an interval belonging to the initial interval. As compared to the 
“Gauss-Seidel” technique, the FBP offers comparable accuracy. The “Gauss-Seidel” approach 
is however less general and becomes time-consuming when the system's size increases. For 
all these reasons we chose to use the “Forward-backward” propagation technique to determine 
the stationarity as given in equation (6) for the case of imprecise data. 

3.3    Forward-backward propagation technique 

     Forward-backward (FBP) contractor 𝐶↓↑ (also known as HC4Revise [16]) is a classical 
algorithm in constraint programming for contracting. This contractor makes it possible to 
contract the domains of the CSP H by taking into account each one of the 𝑛𝑓 constraints apart. 
The algorithm works in two steps [4]. The forward step applies interval arithmetic to each 
operator of the function y=f(x), from the variable's domain ([x]) up to the function's domain 
([y]), this step considers the direct forms of the equations. The backward step sets the interval 
associated to the new function's domain [y] to [0, 0] (imposes constraint satisfaction, since we 
are solving f(x)=0) and, then, applies backward arithmetic from the function's domain to the 
variable's domain, which means using the inverse of the functions that appear in the equations 
f(x). The following example explains the procedure of the FBP technique. 
Example: Consider the constraint y= −5x1 + 2x2 = 0 and the initial box-domain [x] = [1, 4] × 
[−3, 7]. This constraint can be decomposed as shown in (18) into three primitive constraints 
(i.e. constraints associated with a unique elementary function: multiplication or addition) by 
introducing two intermediate variables a1 and a2 defined as: 𝑎1 =  −5𝑥1 and 𝑎2 =  2𝑥2. 
Initial domains for these variables are determined as follows: 

 𝑎1 =  −5𝑥1 =  −5 × [1,4] = [−20, −5]
 𝑎2 =  2𝑥2 =  2 × [−3,7] = [−6,14]
 𝑦 = 𝑎1 + 𝑎2 = [−20,5] + [−6,14] = [−26,9] (18) 

and this step is called the "forward propagation". A method for contracting H with respect to 
the constraint f(x) =5𝑥1 + 2𝑥2 = 0 is to contract each of the primitive constraints in (18) until 
the contractors become inefficient. For this example: 
Since f(x) = 0, the domain for y should be taken equal to {0}, so we can add the step: 
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                                                         [y]:= [y] ∩{0}                                                               (19) 

If [y] as computed in (18) turns out to be empty, then the CSP has no solution. Else, [y] is 
replaced by 0, which is the case in this example. After, a backward propagation is performed, 
updating the domains associated with all the variables to get: 

                                            [𝑎1] := ([y] − [𝑎2]) ∩ [𝑎1] = [−14, −5]  

                                            [𝑎2] := ([y] − [𝑎1]) ∩ [𝑎2] = [5,14]  

                                            [𝑥1] := ([𝑎1]) / -5 )∩ [𝑥1] = [1,14/5]  

                                            [𝑥2] := ( [𝑎2]) / 2) ∩ [𝑥2] = [5/2,7]                                           (20) 

Thus, we obtain the new box: 
                                               [x](1) = [1, 14/15] × [5/2, 7]                                                   (21) 

which is the result of the first FBP contraction. Iterating this procedure, the resulting sequence 
of boxes [x](k) converges towards the smallest possible domain, after which the domains no 
longer change following another iteration of FBP.  

4 APPLICATION 

   
   
 
 
 
                                                    
                                             Figure 1: Flow transmission system 
 
   To illustrate the technique of contraction with the Forward-Backward propagation, we use 
the example presented in [11]. In this example, we evaluate the availability of a flow 

transmission system design presented in Fig 1 and made of three pipes. The flow is 

transmitted from left to right, and the performances of the pipe are measured by their 
transmission capacity (tons of per minute). It is supposed that components 1 and 2 have three 
states: a state of total failure corresponding to a capacity of 0, a state of full capacity, and a 
state of partial failure. The component 3 only has two states: a state of total failure, and a state 
of full capacity. All state performances of the components are precise. We want to calculate 
the availability of the system by using Markov chain and we will compare to the IUGF 
proposed in [11] and the BUGF proposed in [12]. For every component 𝐺𝑗:  
 
𝑝𝑖

𝑗 
: The probability of being at state 𝑔𝑖

𝑗  
𝜆𝑖,𝑘

𝑗
: The transition or degrading rate from state 𝑔𝑖

𝑗 to 𝑔𝑖−𝑘
𝑗  

µ𝑖,𝑘
𝑗

: The repair rate from state 𝑔𝑖
𝑗 to 𝑔𝑖+𝑘

𝑗  
 
In our framework, both transition and repair rates are given by intervals. 
Here are the transition and repair rates for each of the three components: 
 
• For the first component 𝐺1, there are three possible states: 
1. State 1 𝑔3

1 = 1.5 represents completely successful operation. 
2. State 2 𝑔2

1= 1 represents degraded successful operation. 
3. State 3 𝑔1

1= 0 represents total failure. 
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Let the possible transition rates (in terms of hours) be: 
𝜆3,1

1 = [10−5; 3 × 10−4] ℎ−1

𝜆2,1
1 = = [4 × 10−5; 5 × 10−4] ℎ−1

µ2,1
1  = [2 ×10−2; 5 × 10−2] ℎ−1

µ1,1
1 = [4 × 10−2; 8 ×10−2]  ℎ−1

• For the second component 𝐺2, there are three possible states:
1. State 1 𝑔3

2 = 2 represents completely successful operation.
2. State 2 𝑔2

2= 1.5 represents degraded successful operation.
3. State 3 𝑔1

2= 0 represents total failure.

Let the possible transition rates be: 
𝜆3,1

2 = [2 × 10−5; 6× 10−4] ℎ−1

𝜆2,1
2 = = [3 ×10−5; 4 ×10−4] ℎ−1

µ2,1
2  = [3 ×10−2; 6 ×10−2] ℎ−1

µ1,1
2 = [3 ×10−2; 7×10−2]  ℎ−1

• For the third component 𝐺3, there is two possible states:
1. State 1 𝑔2

3= 4 represents completely successful operation
2. State 2 𝑔1

3= 0 represents total failure

Let the possible transition rates be: 
𝜆2,1

3 = [10−5; 4× 10−4] ℎ−1

µ1,1
3 = [5 ×10−2; 9×10−2]  ℎ−1

 Figure 2: Markov chain of the system. 

In this example, each of the components 1 and 2 have three possible states , while component 
3 has only two states , hence the whole system has at most eighteen (3×3×2) possible states 
degrading from the total functional state to the failure state as shown in Fig. 2. In this figure: 
0𝑗  means that component j is in the completely working state, 1𝑗  means that component j is in 
the partial working state and 2𝑗  means that component j is in the completely failure state. In 
each state, the performance level g is calculated by taking into account the performance level 
of each component. For example, state 1 denoted by 010203 refers to the state where all three 
components are completely working. 
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To obtain the performance level of the state : Components 1 and 2 are placed in parallel so the 
performance level resulting of them is the summation of the two performances which means 
2+ 1.5 = 3.5. Component 3 is placed in series, so the total resulting performance level g is the 
minimum, i.e. g = min (3.5, 4) = 3.5 
  In this example, we are studying the availability of the system for a demand level w = 1.5, 
we will consider the working states when the total performance level is greater than 𝑤 , in 
Fig. 2 the colored states are the working states. 
     First, we calculate the corresponding availability of the system using IUGF and BUGF, 
results are grouped in table 1. After, we use the Forward-backward propagation contracting 
technique to solve the system of equations ensuring that the product of the stationarity vector 
times the transition matrix is equal to zero (18 equations) plus one last equation that is the 
summation of each stationarity is equal to one. 
     Our obtained results are shown in table 1. The result of the exact method is also given in 
this table. 
   
 
 
Contraction technique  

 
      
       BUGF 

 
 
         IUGF 

 
 
   Exact method 

 
 
     [0.951; 0.998] 

 
 
   [0.95 ; 1.03] 
 

 
 
       [0.913 ; 1.09] 
 

 
 
     [0.952 ; 0.99] 
 

 
Table 1: The availability at t→ ∞ for each method. 

 
Table 1 shows that the accuracy offered by the FBP contraction technique is close to that 
obtained when using the exact method; the interval availability of the contraction method is 
also more conservative than the other two methods (BUGF and IUGF). Therefore, the FBP 
contraction method turns out as an efficient technique for availability assessment since it 
offers accurate results and is more simple especially when handling complex systems. 

5 CONCLUSION  
     We have applied the forward-backward contraction method on the equations obtained by 
the transition matrix of a Markov chain handling MSSs. Since multi-state systems are much 
more complicated than traditional two-state systems, an efficient method is desirable which 
can deal with system's size and complexity. Markov models for our best of knowledge are the 
most suitable methods, especially when the given data is imprecise. To be able to calculate the 
availability of a system by applying Markov model in the presence of imprecise data we need 
an accurate method for calculation. In our work, we proposed to use interval Contraction 
method. The main goal of the method is to reduce an initial big interval to its most possible 
minimum size. IUGF and BUGF are also good methods to calculate the imprecise availability 
of a MSS. These two methods are a pair of variants of the UGF methods, the first allows 
getting the availability by using imprecise probabilities, and the second calculates bel and pl 
by using mass functions. After testing these three approaches on different examples and 
comparing the results, we can clearly see that the FBP Contraction method is the most 
accurate amongst them, its results giving the smallest intervals containing those obtained by 
the exact method. 
As future work, we can extend the proposed interval-based approach to more complicated 
scenarios and study the availability of a more complex system with multi-state components. 
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Veveřı́ 331/95, 602 00 Brno, Czech Republic

e-mail: jan.masek1@vut.cz

2 Brno University of Technology
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Abstract. The presented paper investigates the effect of formulation of energy potential of
a dynamical particle system as used for optimization of statistical point sampling. The dynam-
ical particle system, originally developed as a physical analogy of the Audze-Eglajs (AE) opti-
mization criterion and its periodical modification (PAE), effectively demonstrated that the orig-
inally proposed potential performs well only in poorly applicable scenarios of design spaces
of low dimension filled with rather high number of design points. A remedy lying in a refined
formulation of energy potential as well as its derivation and reasoning are presented.
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1 INTRODUCTION

Numerical integration of Monte-Carlo type requires sampling of integration points that are
uniformly distributed the design domain. The layout of design points crucially affects the per-
formance of such a numerical integration. The problem of using an ideally distributed set of
integration points is also of interest of many other engineering and research fields. While sam-
pling from a random vector or integrating an unknown function, using a uniform layout of
integration points is the only possible way for minimization of the lower bound of the resulting
error.

However, the ”uniformity” itself is not a recognized property. Many criteria have been
proposed during the recent years for evaluation of the uniformity of point layouts containing
Nsimpoints within a design space of the dimension of Nvar. Typically, these criteria investigate
point layouts with a tendency to prefer designs with points distributed equally distant from each
other. Certain criteria are derived from analogies with physical problems.

Namely, the Audze-Eglajs (AE) criterion [1] may be considered as an elegant instance of
these. The objective of the AE criterion is in minimization of potential energy of a system of
mutually repelling particles. With their positions, these particles represent positions of sampling
points within a unit hypercube design domain.

During the recent years, it has been proposed that the original Audze-Eglajs criterion does
suffer from the existence of boundaries of the design space [2, 3]. A remedy of this behavior
was also proposed [2, 3] assuming a periodically extended design hypercube in case of which
the boundaries naturally disappear. Building on such a refined Periodic Audze-Eglajs criterion
(PAE), it has been proved that usage of the PAE criterion leads to statistically uniform designs
(from design to design) and to well distributed set of points for every single point layout.

2 AUDZE-EGLAJS AND PHI CRITERIA

The original formulation of the AE criterion [1] (see also [4, 5, 6, 7]) considers the analogy
between the sampling plan and a system of charged particles with repulsive forces. The potential
energy of the system is a sum of energies 1/L2

i j accumulated by each pair of points i and j.
Instead of the sum of energies, one can alternatively calculate the average potential energy, i.e.
divide the total energy by the number of pairs of points Np =

(Nsim
2

)
. The AE criterion then

reads:

EAE
n =

1
Np

Nsim−1

∑
i=1

Nsim

∑
j=i+1

1
L2

i j
(1)

where Li j ij the inter-site Euclidean distance between points i and j, depending on the Cartesian
coordinates of said points, xi = {xi,v}, i = 1, . . . ,Nsim, v = 1, . . . ,Nvar:

Li j =

√√√√Nvar

∑
v=1

(
∆i j,v

)2 (2)

where:
∆i j,v = |xi,v− x j,v| (3)

is the projection of the distance Li j onto the axis v.
A generalization of the AE criterion is the φ criterion [8]:

φ(d,λ ) =
1

Np

(
Nsim−1

∑
i=1

Nsim

∑
j=i+1

1
dλ
(
xi,x j

)) 1
λ

(4)
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This criterion considers a general power, λ , of the distance (metric) d. The combination of
λ = 2 and the Euclidean intersite distance d leads makes φ(d,λ ) identical to the AE criterion.
As λ → ∞, the criterion increasingly prioritizes designs where the minimal distances are maxi-
mized which is, in limit, the Maximin distance criterion [9]. Using the analogy with the system
of charged particles, one can say that with increasing power λ a greater portion of energy is
stored in the short-range interactions.

The power 1/λ upon the entire sum is, in fact, a monotonous transformation (the difference
between designs is not distorted) and can be dropped as well. Therefore, a simplified version of
the criterion with parameters of a used metric d

(
xi,x j

)
and exponent value λ can be considered:

φ(d,λ ) =
1

Np

Nsim−1

∑
i=1

Nsim

∑
j=i+1

1
dλ
(
xi,x j

) (5)

The standard way of measuring the inter-point distances is the Euclidean length defined above
in Eq. 2: d

(
xi,x j

)
= Li j. It has been shown that due to the presence of boundaries of the

design domain, this metric used in the criteria Eqs. 1, 4, 5 leads to non-uniform point distribu-
tion [2, 10, 11]. Moreover, the authors of [2, 10, 11] have shown that if the metric d

(
xi,x j

)
is

modified such that it considers distances measured in the periodically repeated design domain
(a periodic metric), the criterion becomes invariant with respect to arbitrary shifts along individ-
ual dimensions. A simplified version of the periodic space considers only the shortest distances,
i.e. the distance is taken as d

(
xi,x j

)
= Li j, where Li j is the Euclidean distance between the i-th

point and the closest image of the j-th point within the periodic space:

Li j =

√√√√Nvar

∑
v=1

(
∆i j,v

)2 (6)

where:
∆i j,v = min

(
∆i j,v,1−∆i j,v

)
(7)

is the shortest projection of the distance between point i and the nearest image of point j onto
the axis v.

Using this definition of distance, Eq. 5 reads:

φ(L,λ) =
1

Np

Nsim−1

∑
i=1

Nsim

∑
j=i+1

1

Lλ

i j

(8)

Utilizing the above-described nomenclature, the AE criterion as written in the can be denoted
as φ(L,2). The periodic version of the AE criterion (the PAE criterion [2]) uses a combination of
exponent λ = 2 and the shortest (periodic) metric Li j and therefore it can be denoted as φ(L,2).

The authors of [2] argue that already for exponent λ = 2, the consideration of the shortest dis-
tance Li j suffices to deliver invariance with respect to random shifts along individual dimension
and thus prioritizes designs leading to statistical uniformity of coverage. Moreover, it is argued
that the shortest distance is the one associated with the highest contribution to the criterion and
therefore the PAE criterion captures the important features of the full periodic repetition of the
design space. The next section generalizes the criterion in Eq. 8 by considering a higher number
of copies of the design domain.
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3 PERIODIC EXTENSION OF THE DESIGN DOMAIN

In this section we consider a generalized model in which a certain number of periodic rep-
etitions of the original design domain are considered. Using the nearest image of point j with
respect to point i, as considered in Eq. 8, does not cover a true periodic repetition of the design
domain. We argue that the above presented approach is a simplification that can be shown to
yield identical results to the fully repeated system in case of sufficient point count Nsim. If the
number of points in the original domain is too small to carry enough information about the
pattern of a periodically repeated system, making a periodic extension to a sufficient level is de-
sirable. In a true periodic domain, infinite number of images of point j would interact with point
i. When a finite number of copies of the design domain is considered, not only the real particle
j, but also all periodically repeated images of the particle j will contribute to the potential:

φ(L,λ ,kmax) =
Nsim−1

∑
i=1

Nsim

∑
j=i+1

(
1/Np

Lλ

i j
(
xi,x j

) + kmax

∑
k=1

cmax

∑
c=1

1/Np

Lλ
i j
(
xi,x j + sc

)) (9)

where kmax introduced as an additional parameter is the number of added periodical extensions
(envelopes) of the design space. In the fully repeated system kmax = ∞ and analogically, for
a non-extended system kmax = 0. Therefore φ(L,λ) = φ(L,λ ,0), compare Eqs. 8 and 9.

When a certain number of envelopes kmax is considered, the number of copies of the design
domain is denoted as cmax = 0 . The vector sc is the vector needed for shifting the original point
j to the particular periodically repeated version indexed by c. Let us denote that the distances
to the periodically repeated images of the point j must be measured as the standard Euclidean
distances.

A single level of periodic extension adds another envelope of periodically repeated images
of all other particles around each point, see Fig. 1 and 2e. Such an extension does provide
additional information about the point layout within the domain.

The level of the periodic extension is quantified by a positive integer kmax . Within an ex-
tended periodic domain of finite value of kmax , the particle i interacts not only with the actual
particle j, but with all of cmax =

[
(2kmax +1)Nvar−1

]
images of the particle j as well, see Fig. 1

for Nvar = 1. The envelopes are considered to be centered around the shortest distance with Li j.

Figure 1: 1D example of the periodic extension of level kmax = 2

4 THE EXPONENT λ

This section focuses on the exponent λ in the periodic φ criterion [10], see Eq. 8. In the
original AE criterion and also in the periodic version (PAE), the potential energy between each
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pair of points is not dependent on the dimension, Nvar. It has been found [12] that the character
of the criterion is different for various Nvar and also for various numbers of points, Nsim. In 1D
situation, the energy tends to infinity linearly with increasing Nsim. In a 2D, the energy tends
to infinity as ln(Nsim) which is not a power law. For dimensions Nvar ≥ 3 , the energy tends to
a constant for increasing Nsim.

This behavior can be explained by the fact that for a given Nvar > 1, various numbers of
points yield to different proportions between energy due to the long-range and short-range in-
teractions. The higher is the number of points, the higher the proportion of energy stored in long
interactions is. This may not be desirable behavior as the criterion in high dimensions and also
for high number of points becomes insensitive to local clusters of points: it becomes dominated
by long-range interactions.

The power is suggested to be at least λ ≥ Nvar + 1 . With this power, the interaction is
dominated by short-range interactions. With such a sufficient exponent λ , the convergence of
the potential energy φ(L,λ ) or better φ(L,λ) towards infinity for a uniform distribution of points
is a power law. Such a convergence signalizes self-similarity of the problem or absence of
a length scale. In other words, a zoom into sufficiently dense uniform design with a window
greater than a certain size (see below) carries all features of the full design and the energy value
can be easily scaled from the value corresponding to the smaller zoom.

This can be shown by studying the behavior of the radial part of the integral of the potential
over the volume V of Nvar-dimensional domain. The potential energy for a uniform design
reads:

I =
∫

Nvar

1
Lλ

dNvarV (10)

where L is used to denote one-dimensional distance between points (the symbol d is not used to
avoid confusion with the symbol d for the differential). Transforming this into polar coordinated
gives:

I =
∫

Nvar

ϕ dNvarV |J| 1
Lλ

dL (11)

where |J| is the Jacobian. The volume element is thereby given as:

dNvarV = LNvar−1dL ·dϕ

Nvar−2

∏
i=1

sinNvar−1−i (ϕi) (12)

Therefore, the integral is performed over the product LNvar−1−i. Performing just the radial
integration leads to:

Ir =
∫ LNvar−1

Lλ
dL =

∫
LNvar−1−λ dL (13)

For λ = 2 as used in the AE criterion, we get the behavior described above. Using λ = Nvar
leads to:

Ir =
∫

L−1dL = ln(L) (14)

which diverges logarithmically and the interaction is still long-ranged. Using λ = Nvar + 1
yields

Ir =
∫

L−2 dL =
1
L

(15)
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which has the desired asymptotic behavior dominated by short-ranged interactions. Using pow-
ers λ > Nvar + 1 only increases the (asymptotically constant) ratio between short-range and
long-range interactions.

Fig. 2 shows the convergence of the normalized potential energy φ(L,λ) with rise of the
number of particles, Nsim. Instead of presenting the results for the point count, Nsim, we in-
troduce a variable lchar, the characteristic length that involves also the dimension of the space.
The characteristic length is defined as:

It can be seen that with the original exponent value λ = 2 in the dimension Nvar = 2 (or
generally λ = Nvar), the potential energy of the system does not converge to a power law but
diverges logarithmically, roughly

φ(L,λ) ≈ π ln(Nsim)+
1√
Nsim

− 1
Nsim

(16)

In higher dimensions Nvar ≥ 3 , the exponent λ = 2 further leads to convergence of the potential
energy to a constant [12].

Using the above proposed exponent λ = Nvar+1, the potential energy value tends to a power
law as Nsim→ ∞ :

φ(L,Nvar+1) ∝
1

lchar
(17)

Such a behavior is desired as the designs for a given dimension Nvar tend to have a universal
self-similar pattern and the dependence on sample size disappears (no length scale is present).
Thus the character of the criterion is kept independent of Nsim and the proportion between
short-range interactions and long-range interactions is constant. This stabilization is obtained
for a sufficient number of points within the design domain (a kind of tile). The self-similarity
manifested is by the power law dependence (a straight line in Fig. 2). When the exponent is
taken even higher (λ > Nvar + 1), the self-similar regime is achieved for even smaller number
of points (greater lchar).

Graphs in Fig. 2 suggest that there must be link between (a) the exponent (responsible for
the proportion between long- and short-range interactions) and, (b) the number of ”dummy”
copies of the design domain that also modify the proportions. This aspect is discussed in the
next section.

5 ON THE SEEMINGLY SIMILAR EFFECT OF RISING THE EXPONENT λ AND
INCREASING THE LEVEL OF PERIODIC EXTENSION kmax

Let us consider a few-body (Nsim = 3) particle system in design space of Nvar = 2 while
using a potential with the exponent λ = 2. When considering the point layout via the φ(L,λ)
interaction, for each point, there exist only two mutual distances to other points, i.e. two forces
acting upon each particle.

With an exponent of such insufficient magnitude, these forces do not differ significantly
enough to represent correctly which particle shall be considered to be close (short-range in-
teraction) and which to be far (long-range interaction). A rise of the exponent above certain
threshold (discussed above) does lead to the needed qualitative change of the ratio between the
acting forces: the closer particles start to act as short-range and the farther particles as long-
range. In fact, the higher the exponent, the larger portion of potential energy will be stored in
the short-range interactions.
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Figure 2: Convergence of the normalized potential energy φ(L,λ) depending on the exponent λ . Coloring that
designate Nvar is identical for the two bundles of curves. Solid circles are accompanied by the sample count
corresponding to the lchar and Nvar.

The analogy between the effect of increasing the number of envelopes in and rising the
exponent in is evident. While using the original (low) value of the exponent λ , majority of
the potential energy is stored in the long-range interactions. However, there is not a sufficient
number of particles for the criterion to distinguish be-tween short and long range. All particles
seem to be at similar distance as the design is not filled enough.

The φ(L,λ ,kmax) interaction adds one or multiple additional envelopes of neighboring images
of actual particles. These images, naturally, will act as long-range. Even longer-range than the
real particles previously acting as long-range. This leads to a qualitatively more accurate dis-
tribution of forces acting upon the real particles. Hence the identical behavior of the φ(L,λ ,kmax)
and the φ(L,λ) interaction with a correct exponent λ :

• the φ(L,λ ,kmax) interaction does add long-range points for the actual particles to seem
closer,

• the φ(L,λ) interaction with corrected exponent changes the ratio between forces for the
close particles to seem closer and the distant particles to seem farther.

It can be therefore shown that while simulating a few-body problem with the φ(L,λ) interac-
tion, it is advised to rise the exponent λ even above the lower bound of Nvar + 1 to force the
desired self-similarity for various Nvar.

When using the φ(L,λ ,kmax) interaction, especially for few-body problems, greater context of

the pattern is carried within the interaction for there is considered 3Nvar images of each particle.
Effectively, a system mimicking Nsim ·3Nvar particles is being simulated and the identical pattern
should be obtained, see Fig. 3b and 3f.

On a side note, the simulation of a greater (extended) system might be the slower option
compared with the correction of the exponent in the energy potential as the number of additional
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points within the envelopes rises steeply.

6 COMPUTER IMPLEMENTATION

A simulation of a particle system is typically a computationally demanding task. However,
it is possible and beneficiary to conduct the implementation of solution as parallel as possible.
The degree up to which the parallelism can be reached depends dominantly on the nature of
the problem at hand and also on the possibilities of the used hardware. The implementation of
solution of the proposed dynamical particle system has been conducted using the nVidia CUDA
platform.

The equations of motion of the dynamical particle system contain independent accelerations
on the left-hand side. This means that accelerations of particles can be solved separately, with-
out solving a system of equations. Furthermore, computation of the mutual distances as well as
the numerical integration of equations of motion using the semi-implicit Euler method can be
conducted in parallel.

The derivation of equations of motion, the nature of implementation and speed-up are not
trivial and were already covered in detail in concurrent publications [3, 13].

7 RESULTS OF NUMERICAL SIMULATIONS

The following section presents examples of numerical simulations of the dynamical particle
system, mainly focusing on the effect of the value of the exponent λ in the energy potential as
well as on the effect of periodical extension.

For start, let us show how the ability of a self-similar design (power-law quality) disappears
while the number of particles Nsim decreases. In a design space of dimension Nvar = 2, the
original exponent value yields ideal distribution only if the design space is filled enough. For
Nvar > 2, the original exponent leads to primitive patterns of even incomplete ortho-grids.

Studying the design space of dimension Nvar = 2, Fig. 3a, 3b and 3c show that an ideal
pattern of a triangular grid (if possible) is reached as long as the information needed to creating
of such a self-similar pattern is provided (the number of points is sufficient). When the number
of particles becomes insufficient, the interaction is not approximated well enough (in a pursuit
of a perfect triangular grid) and primitive (even incomplete) ortho-grids are produced, see Fig.
3d.

A remedy, as described above, can be conducted by two seemingly dissimilar approaches.
First, see Fig. 3e for an example of a layout obtained with a sufficiently high value of the
exponent λ . Second, a result of a simulation using a periodic extension of a single envelope
(kmax = 1) is provided. Such a simulation effectively considers 4 · 32 = 36 points (4 of which
are the actual particles), see Fig. 3f. Hence, the entire extended space is filled equivalently to
the non-extended (kmax = 0 ) simulation of 36 particles, see Fig. 1b. An identical point layout
of 36 points is therefore achieved and, in a way, the resulting layout for the system of Nsim = 4
is cut out of a greater scenario.

It is worth noting that, when simulating such an extended system (36 particles instead of 4
particles), the power-law quality is easier to achieve as the higher theoretical Nsim (lower lchar
value) occurs closer to the power-law asymptote, see Fig 4.

Another portion of simulation examples concerns the results of simulations within a three-
dimensional design space (Nvar = 3). For this and higher dimensions, the original formulation
of the (P)AE potential is already malfunctioning and yields poor designs based dominantly on
ortho-grids, see Fig. 4a. The result of the remedy of rising the value of the exponent λ is
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Figure 3: Disappearing of the quality of a self-similar design as yielded by the original PAE formulation and the
effect of remedies proposed.

provided, see Fig. 4b.
Such a refined formulation of the energy potential, we believe, will lead to perfect designs

not only within the design space of the complete dimension, but also in all sub-spaces of lower
dimension, see Fig. 4.

8 RESULTS OF NUMERICAL SIMULATIONS

The paper investigates the formulation of the energetic potential of the Audze-Eglajs opti-
mization criterion and its periodical modification PAE. Remedies of an incorrect behavior of
systems of low numbers of particles and high dimensions are proposed.

An indirect solution leading for appropriate layouts of few-body systems lies in simulating
a greater scenario: considering additional envelopes of the periodically repeated system. That
way, a richer information about the pattern is provided and the optimal point layout can be
obtained. However, such a scenario mimics simulation of a system of higher number of particles
and does not lead to a correction of the malfunctioning energy potential.

An overarching remedy was therefore pursued, leading to a potential which takes into ac-
count the dimension of the problem, Nvar. First, a generalization of the potential based on the
φ criterion is provided so the crucial parameters of the potential, the metric d(•,•) and the
exponent λ , can become subject of a refinement.

Further derivation was based on the desire for an ability of creating self-similar patterns of
point layouts for various point counts. With the proposed value of the exponent λ , convergence
of the potential energy of the criterion towards infinity for a uniform distribution of points is
a power law. Such a convergence signalizes self-similarity of the problem or absence of a length
scale. Using such a refined interaction, optimal (self-similar) designs are produced even for
scenarios of arbitrary dimension, Nvar, or few-body systems, as was shown.

In this way, the role of the exponent featured in the φ criterion is explained using the analogy
with a system of mutually repelling particles.
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Figure 4: 3D designs: a) the original PAE (λ = 2), b) the corrected potential exponent (λ = Nvar +1).
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Abstract. The standard way to numerically calculate integrals such as the ones featured in
estimation of statistical moments of functions of random variables using Monte Carlo procedure
is to: (i) perform selection of samples from the random vector, (ii) approximate the integrals
using averages of the functions evaluated at the sampling points. If the Nsim points are selected
with an equal probability (with respect to the joint distribution function) such as in Monte Carlo
sampling, the averages use equal weights 1/Nsim. The problem with Monte Carlo sampling is
that the estimated values exhibit a large variance due to the fact that the sampling points are
usually not spread uniformly over the domain of sampling probabilities. One way to improve
the accuracy would be to perform a more advanced sampling.

The paper explores another way to improve the Monte Carlo integration approach: by con-
sidering unequal weights. These weights are obtained by transforming the sampling points into
sampling probabilities (points within a unit hypercube), and subsequently by associating the
sampling points with weights obtained as volumes of regions/cells around the sampling points
within a unit hypercube. These cells are constructed by the Voronoi tessellation around each
point. Supposedly, this approach could have been considered superior over the naive one be-
cause it can suppress inaccuracies stemming from clusters of sampling points.

The paper also explores utilization of the Voronoi diagram for identification of optimal loca-
tions for sample size extension.
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1 INTRODUCTION

Monte Carlo estimation of statistical integrals is encountered in numerous applications.
A typical example is the computer exploration of functions that feature random variables. These
random variables form an Nvar-dimensional vector, where Nvar is the number of random vari-
ables considered. In computer experiments the first step is a selection of optimal sample set, i.e.
selection of Nsim points from the Nvar dimensional space. These points then form the sampling
plan which is an Nsim×Nvar matrix. The methods used for formulating the plan of experimen-
tal points are collectively known as Design of Experiments (DoE). The purpose of DoE is to
provide a set of points lying inside a chosen design domain that are optimally distributed; the
optimality of the sample depends on the nature of the problem. Various authors have suggested
intuitive goals for good designs, including “good coverage”, the ability to fit complex mod-
els, many levels for each factor/variable, and good projection properties. At the same time,
a number of different mathematical criteria have been put forth for comparing designs.

The design of experiments is typically performed in a hyper-cubical domain of Nvar dimen-
sions, where each dimension/variable, Uv, ranges between zero and one (v = 1, . . . ,Nvar). This
design domain is to be covered by Nsim points as evenly as possible as the points within the de-
sign domain represent sampling probabilities. The probability that the i-th experimental point
will be located inside some chosen subset of the domain must be equal to VS/VD, with VS being
the subset volume and VD the volume of the whole domain (for unconstrained design VD = 1).
Whenever this is valid, the design criterion will be called statistically uniform. Moreover, each
separate sampling plan should have the points spread evenly over the design domain. Even
though such uniformity is conceptually simple and intuitive on a qualitative level, it is some-
what complicated to describe and characterize it mathematically. Though some problems do not
require this uniformity, it is the crucial assumption in Monte-Carlo integration and its violation
may lead to significant errors [5, 11].

There exist many other criteria of optimality of the sampling plan: e.g. the Audze-Eglājs
(AE) criterion [1] later generalized into the so-called φ criterion, the Euclidean MaxiMin and
MiniMax distance between points, various measures of discrepancy, criteria based on corre-
lation (orthogonality), designs maximizing entropy and many others. It should also be noted
that an experimental design can be also obtained via so-called “quasi-random” low-discrepancy
sequences (deterministic versions of MC analysis) that can often achieve reasonably uniform
sample placement in hypercubes (Niederreiter, Halton, Sobol’, Hammersley, etc.).

As mentioned above, the selection of the sampling points is a crucial step when evaluat-
ing approximations to integrals as the ones performed in Monte Carlo simulations (numerical
integration). In such applications, equal sampling probabilities inside the design domain are
required.

In this article, it is assumed that the sampling points have already been selected and they are
not spread optimaly over the design domain. A typical example may be a sample selected using
crude Monte Carlo sampling. The article considers the possibility to improve quality of Monte
Carlo estimation with such a given sample. The only possibility to improve the estimations
of the integrals is to vary the weights associated with individual sampling points. Motivated
by the MiniMax criterion of optimality [6], we explore the possibility to improve the quality
of statistical estimations using Voronoi tessellation, i.e. a particular form of partitioning of
the design domain around given sampling points. The design domain to be partitioned is the
unit hypercube described above and therefore the volumes around individual sampling points
represent weights (probabilities) to be used in the weighted averages that estimate the integrals.
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2 STATISTICAL MOMENT ESTIMATION USING MONTE CARLO SAMPLING

As mentioned in the introduction, one of the frequent uses of DoE is statistical sampling for
Monte Carlo integration. We present the application of statistical sampling to the problem of
estimating statistical moments of a function of random variables. In particular, a deterministic
function, Z = g(XXX), is considered, which can be a computational model or a physical exper-
iment. Z is the uncertain response variable (or generally a vector of the outputs). The vector
XXX ∈ RNvar is considered to be a random vector of Nvar continuous marginals (input random
variables describing uncertainties/randomness) with a given joint probability density function
(PDF).

Estimation of the statistical moments of variable Z = g(XXX) is, in fact, an estimation of in-
tegrals over domains of random variables weighted by a given joint PDF of the input random
vector, fXXX (xxx). We seek the statistical parameters of Z = g(XXX) in the form of the following
integral:

E[S [g(XXX)]] =

∞∫
−∞

. . .

∞∫
−∞

S [g(xxx)] dFXXX (xxx) (1)

where dFXXX (xxx) = fXXX (xxx) ·dx1 dx2 · · · dxNvar is the infinitesimal probability (FXXX denotes the joint
cumulative density function) and where the particular form of the function S [g(·)] depends on
the statistical parameter of interest. For example, to gain the mean value of g(·), S[g(·)] =
g(·); higher statistical moments of Z can be obtained by integrating polynomials of g(·). The
probability of failure (an event defined as g(·) < 0) is obtained in a similar manner: S [·] is
replaced by the Heaviside function (or indicator function) H [−g(XXX)], which equals one for
a failure event (g < 0) and zero otherwise. In this way, the domain of integration of the PDF is
limited to the failure domain.

In Monte Carlo sampling, which is the most prevalent statistical sampling technique, the
above integrals are numerically estimated using the following procedure: (i) draw Nsim realiza-
tions of XXX that share the same probability of occurrence 1/Nsim by using its joint distribution
fXXX (xxx); (ii) compute the same number of output realizations of S[g(·)]; and (iii) estimate the
desired parameters as arithmetical averages. We now limit ourselves to independent random
variables in vector XXX . The aspect of the correct representation of the target joint PDF of the
inputs mentioned in item (i) is absolutely crucial. Practically, this can be achieved by repro-
ducing a uniform distribution in the design space (unit hypercube) that represents the space of
sampling probabilities.

Assume now a random vector UUU that is selected from a multivariate uniform distribution in
such a way that its independent marginal variables Uv, v= 1, . . . ,Nvar, are uniform over intervals
(0;1). A vector with such a multivariate distribution is said to have an “independence copula”
[7]

C(u1, . . . ,uNvar) = P(U1 ≤ u1, . . . ,UNvar ≤ uNvar) =
Nvar

∏
v=1

uv (2)

These uniform variables can be seen as sampling probabilities: FXv =Uv. The joint cumulative
distribution function then reads FXXX (xxx) = ∏v FXv = ∏vUv, and dFXXX (xxx) = ∏v dUv. The individual
random variables can be obtained by inverse transformations

{X1, . . . ,XNvar}= {F−1
1 (U1), . . . ,F−1

Nvar
(UNvar)} (3)

and similarly the realizations of the original random variables are obtained by the component-
wise inverse distribution function of a point uuu (a realization of UUU) representing a sampling
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probability
xxx = {x1, . . . ,xNvar}= {F−1

1 (u1), . . . ,F−1
Nvar

(uNvar)} (4)

With the help of this transformation from the original to the uniform joint PDF, the above
integral in Eq. (1) can be rewritten as

E[S [g(XXX)]] =

1∫
0

. . .

1∫
0

S [g(xxx)] dC(u1, . . . ,uNvar)

=
∫

[0,1]Nvar

S [g(xxx)]
Nvar

∏
v=1

dUv (5)

so that the integration is performed over a unit hypercube with uniform unit density.
We now assume an estimate of this integral by the following statistic (the average computed

using Nsim realizations of UUU , namely the sampling points uuu j ( j = 1, . . . ,Nsim))

E[S [g(XXX)]]≈ 1
Nsim

Nsim

∑
i=1

S [g(xxxi)] (6)

where the sampling points xxxi = {xi,1, . . . ,xi,v, . . . ,xi,Nvar} are selected using the transformation
in Eq. (4), i.e. xi,v = F−1

v (ui,v), in which we assume that each of the Nsim sampling points uuui
(i = 1, . . . ,Nsim) were selected with the same probability of 1/Nsim. Violation of the uniformity
of the distribution of points uuui in the unit hypercube may lead to erroneous estimations of the
integrals.

If the sampling points were not selected with respect to equal probabilities in the design
domain, the possibility to improve the accuracy in Eq. (6) is to use weights different from
1/Nsim. These weights reflect the probability content of the cells around individual sampling
points

E[S [g(XXX)]]≈ 1
W

Nsim

∑
i=1

S [g(xxxi)] · wi (7)

where W = ∑
Nsim
i=1 wi is the sum of weights for Nsim points (normalization). The proposed ap-

proach aims at finding appropriate weights that are calculated considering the spatial distri-
bution of the points. In Monte Carlo sampling, for example, the sampling distribution may
correspond to the joint distribution function (CDF) of the random vector, but the sampling strat-
egy is so inefficient that the sample of Nsim point does not reproduce the CDF well. Reweighting
of samples based on a true distribution of points seems to be a way to improve the accuracy.
Obviously, unvisited regions of the design domain can not be explored by a nonuniform design.

In any case, partitioning the space into cells around the given sampling points may help to
(i) reduce probabilities associated with points that are participating in clusters of points and,
at the same time, (ii) identification of unexplored regions may help in adjusting the weights
of the existing samples with respect to the volumes of regions they occupy, (iii) the identified
unexplored regions can be used for sample size extension by new points in which the function
can be additionally evaluated, if possible.

Voronoi tessellation has been selected for partitioning of the design space into volumes that
are used as the weights wi, i = 1, . . . ,Nsim. The following section describes the Voronoi tessel-
lation procedures.
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3 WEIGHTS OBTAINED AS VOLUMES OF VORONOI REGIONS

The weights associated with the design points are considered as volumes of Voronoi re-
gions [2] computed on the sampling points. The Voronoi tessellation in Nvar-dimensional space
results in Nsim convex polyhedrons Vi that enclose all the points that are closer to i-th sampling
point than any other. Defining the distance of point u from sampling point ui as di(u), the
Voronoi region associated with i-th sampling point can be formally defined as

Vi =
{

u ∈ RNvar | ∀ j 6= i : di(u)≤ d j(u)
}

(8)

Figure 1: Example of clipped and periodic tessellation for Nvar = 2 and Nsim = 16 with help of reflected and
periodically repeated auxiliary points, respectively

Two alternatives of Voronoi tessellation that differ in the boundary regions are investigated:
• clipped Voronoi tessellation that is limited to the unit hypercube only

Vi =
{

u ∈ 〈0, 1〉Nvar | ∀ j 6= i : di(u)≤ d j(u)
}

(9)

• periodic Voronoi tessellation which assumes that every sampling point is periodically
repeated in the space along all the dimensions.

These two different concepts are demonstrated in Fig. 1. The reason for studying the periodic
tessellation is that the authors have shown recently [5, 11] that the presence of boundaries in
the hypercubical design domain cause problems. Briefly, one may think of a problem of pack-
ing (hyper)balls into a (hyper)cube. It is clear that the boundary is responsible for a kind of
wall-effect. It has been shown [5, 11] that this problem can be removed by considering peri-
odic extension of the design domain. The balls then permeate through the boundaries without
interacting with them, see Fig. 1 right.

The clipped Voronoi diagrams [4, 14] are used mostly for construction of meshes and there-
fore available software to compute such tessellation is limited to two and three dimensional
space. A similar situation exists for periodic Voronoi tessellation [13, 10]. In the field of design
of experiments more than three variables (factors) can be present and therefore the tessellation
must be performed in higher dimensions. In this contribution, Qhull software [3] is utilized
for both clipped and periodic tessellations because it can compute Voronoi tessellation for arbi-
trary dimension. On the other hand, it cannot work directly with neither clipped nor periodic
boundary condition and therefore simple tricks are used.

These tricks consist in manipulations of the design domain (together with the sampling points
contained) by adding new design domains around it. In order to obtain the clipped structure,
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the design domain is extended by reflecting the original design domain along each dimension.
There are two reflections of the original unit interval along each dimension to obtain intervals
〈−1, 0〉 and 〈1, 2〉. Therefore, the tessellation is performed on Nsim

(
1+2Nvar

)
points. The use

of reflection automatically provides edges between cells that coincide with the boundary of the
original design domain and therefore the volumes outside the design domain can be ignored.
The use of reflection to obtain clipped tessellation was proposed in [9].

The periodic structure is obtained by periodic extension (replication) of the original design
domain along each direction and additionally the replication must be performed to obtain all the
“corner” domains to fill a hypercube 〈−1, 0〉Nvar . Therefore, Nsim ·3Nvar points in total are used
for the periodic tessellation.

The computational times needed for the both tessellation types can be substantially reduced
if it involves only reflected or periodically repeated points that are close to the original hyper-
cube, because only these points affects the tessellation inside the hypercube. Unfortunately, no
effective algorithm has been developed yet to identify such points and therefore the full set of
points must be involved for certainty.

In both alternatives, the weights for individual sampling points are the volumes of regions
surrounding points. There are three algorithms available for the volume computation: (i) direct
integration, (ii) Monte-Carlo integration and (iii) division into simplexes for which analytical
formula is available. The first two algorithms are nicely elucidated in [8]. Here, we perform the
third algorithm. Each Voronoi region is (with a help of the Qhull) divided into simplexes. Each
simplex has Nvar + 1 vertices denoted vi. The total volume of the region is simply the sum of
simplex volumes, that are calculated based on the determinant of coordinate matrix.

Vsimplex =

∣∣∣∣∣∣∣∣∣
1

Nvar!


v1− v0
v2− v0

...
vNvar− v0


∣∣∣∣∣∣∣∣∣ (10)

These volumes are used directly as weights of sampling points enclosed withing these cells.

4 FREQUENCY ANALYSIS OF WEIGHTS

It turns out to be important to see (i) whether the weights are very scattered compared to
1/Nsim and, (ii) whether their magnitude tend to depend on the position inside the domain.
This is achieved by studying Nrun = 1000 realizations of samples, each having Nsim points
within an Nvar-dimensional hypercube. For each sample, both types of Voronoi tessellation is
constructed and the weights are statistically processed.

The results will be presented for two sampling schemes: the classical (crude) Monte Carlo
sampling without any optimization (MC-RAND) and LHS (Latin Hypercube Sampling) op-
timized using the periodic criterion (LHS-PAE). PAE stands for an enhanced version of the
Audze-Eglais criterion, see [5, 11].

Figure 2 shows one sample (Nsim=16) of a bivariate random vector Uv for both sampling
schemes. For the two sampling schemes, both types of Voronoi diagrams (clipped and peri-
odic) are constructed and visualized with colors depending on the area. The LHS-PAE sampling
plans show more uniform distribution of points because the PAE-optimized LH-sampling better
avoids clustering and limit the occurrence of empty regions. Therefore, the cells in LHS-PAE
have similar volumes and the sampling points are closer to the centers of Voronoi regions. The
small differences among weights in LHS-PAE with periodic tessellation suggest that weight-
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Figure 2: Voronoi weights for MC-RAND and LHS-PAE sampling plans (Nvar = 2, Nsim = 16). Comparison of the
clipped and periodic tessellations.

ing will not make much difference in comparison with integrals evaluated using equal weights
1/Nsim. The MC-RAND sampling plans suffer from point clustering and therefore, high vari-
ability in volumes of the Voronoi cells is observed. It should be noticed that the choice of
tessellation (clipped vs. periodic) affects only the boundary regions while the central part of the
hypercube is identical.
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Figure 3: Bivariate histograms of the mean value and the standard deviation of cell volumes for both sampling
plans and both tessellation alternatives (Nvar = 2, Nsim = 16 and Nrun = 1000 realizations).

In order to judge about the spatial distribution of weights within the design domain, the
above-mentioned Nrun=1000 realizations of samples accompanied by Voronoi tessellations were
prepared and for each spatial location, the mean value and standard deviation of weights occur-
ring at that location have been calculated. The weights (volumes of Voronoi regions Vsimplex in
a hypercube) depend on the type of tessellation but they are independent of the sampling method
(MC vs. LHS). The bivariate histograms in Fig. 3 document the dependency of the mean value
and the standard deviation of Voronoi region volumes on the position of the sampling point in
a square. In the case of clipped tessellation, both the mean value and the standard deviation of
weights are not uniform in the hypercube. Three zones can be distinguished: (a) the boundary
region where the mean value (shown in blue) of weights is underestimated. The boundary strip
is followed/balanced by (b) zone parallel to the boundary where the weights are overestimated
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(see the yellow to red color) and finally, (c) the bulk zone sufficiently far from the boundary,
where the weights (volumes) are constant on average. The width of the two boundary zones is
decreasing with increasing sample size Nsim.

Such a biased representation of different regions in the hypercube partitioned by the clipped
tessellation has consequences in Monte Carlo integration. If the points are sampled uniformly,
and that is indeed the case of both MC-RAND and LHS-PAE, errors are introduced due to intro-
duction of nonuniform weighting. If the functions are sensitive to inaccuracies in representation
of the boundary regions, their weighted MC integration may yield biased results. Therefore we
conclude that the clipped tessellation generally should not be used for weighting in MC inte-
gration.

The periodic tessellation provides more promising bivariate histograms: no bias around the
boundaries is visible for both MC-RAND and LHS-PAE sampling schemes. The statistics of
the weights do not depend systematically on the position in the hypercube.

Numerical simulations focused on MC integration presented in Fig. 4 of our recent paper [12]
revealed that reweighting the samples according to the volumes of the Voronoi cells in periodic
space does not significantly improve the accuracy estimators compared to the standard esti-
mations using equal weights 1/Nsim. The conclusion was that the gain in accuracy was not
worth the effort. Anyway, the periodicity of the Voronoi tessellation was found an important
ingredient that guaranties that the Voronoi reweighting does not systematically bias the results.

Fig. 2 shows that good designs such as those obtained by LHS-PAE do not need any reweight-
ing at all as the points have quite regular distribution in the the design domain. MC-RAND
designs, on the other hand, can lead to Voronoi cells of quite different volumes. Unfortunately,
the tessellation proposed so far does not deal with neither clusters of points nor large empty
spaces.

5 ADAPTIVE REFINEMENT BY POINT CLUSTERING & IDENTIFICATION OF
EMPTY REGIONS

In this section we present an enhanced weighting algorithm that is able to improve tessel-
lation of a given point layout by an adaptive sequence of two different kinds of steps: (a)
grouping of a pair of points that form a cluster (occupy relatively small region) and, (b) inser-
tion of dummy points withing regions that are not occupied by the original sampling points. The
dummy points help the tessellation to identify volumes of regions that are not represented by
any point and thus the volumes must be subtracted form the total unit volume.

The process is performed by individual steps of either point grouping or point insertion and
the decision of which step is taken is driven by given rules. The sequence of steps may evolve
differently in various designs depending on the particular point layout. At every stage, the key
number in the decision of what step to take is the characteristic length that we define as:

lchar =
1

Nvar
√

Np
(11)

where Np is the current number of points (including the dummy points and without the redun-
dant points in clusters). The formula makes lchar the average distance to the nearest neighbor in
and “ideal” design. The rationale behind this definition of lchar is a regular orthogonal grid of
Np = NNvar points in the unit hypercube, where the distance to the nearest neighbor is measured
along any dimension and reads 1/N. The number of points Np is initially equal to the number
of points in the design, Nsim, and after insertion of a new dummy point is increased by one and
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after grouping of two points is decreased by one. After any of these steps is taken, the list of
points and the value of lchar must be updated.

The characteristic length serves for comparison with two distances of the current design
stage, see Fig. 4:
• the smallest inter-point distance, lmin, (measured in the periodic space), and
• the diameter of the largest empty Nvar-dimensional hypersphere, lmax, (again in the peri-

odic design domain).

Figure 4: Left: Distances and regions used in conditions of an adaptive algorithm. Right: example design for
Nsim = 8 points with dimensions of the smallest inter-point distance lmin and the largest incircle diameter lmax.
This configuration in the first step will lead to grouping – insertion of the point in the middle of lmin.

These lengths are also calculated before every decision whether to perform the point group-
ing step or insertion step. With these lengths at hand, two parameters are calculated, see Fig. 4:

dmin = |lmin− lchar| , dmax = |lmax−1.25lchar| (12)

If dmin > dmax the algorithm prefers grouping of the closest pair of points with the distance
lmin by placing the new point in the centroid of the cluster. Otherwise (dmin ≤ dmax), the algo-
rithm prefers insertion of one dummy point into the center of the largest empty hypersphere of
diameter lmax.

In any of the two cases, an additional condition have to be met prior to performing any of the
two steps. For point grouping to be performed, the condition lmin < 0.5lchar must be fulfilled,
otherwise the algorithm terminates the adaptive process. Similarly, point insertion is made only
if the sphere diameter satisfies: lmax > 1.75lchar, otherwise the algorithm terminates.

Regarding the grouping step, we mention that any of the two grouped points may already
represent a cluster of points. Therefore the points have weights equal to the number of point they
represent already (initially they have unit weights). This weighting guarantees that if a cluster
of more than two original points occurs, the inserted point after grouping is in the centroid of
the whole cluster. The additional conditions serve for halting the process and the constants are
tuned manually such that the algorithm leads to quite uniform distribution of Voronoi cells with
points relatively close to the centroids of the Voronoi cells (the points are good repentants of
their cells). Three kinds of points are available at the end of the adaptive process:
• the original sampling points that have not been clustered (see the black solid circles in

Fig. 5). They are associated with weights according to the volumes of Voronoi cells they
occupy.
• the centroids of clusters (see the green solid circles in Fig. 5). The original points within

a single cluster have share weights equal to the volume of the corresponding cell divided
by the number points inside it.
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• the dummy points (see the red solid circles in Fig. 5). They have zero weights as they do
not represent any original point. These points will be considered as good candidates for
sample size extension.

Fig. 5 shows examples of Voronoi diagrams obtained with the adaptive algorithm, applied
to initial designs obtained by four different techniques. In the same figure, they are compared
with the basic periodic Voronoi diagrams as described in Sec. 3, see the top row. The weights
of points are represented by the darkness of blue color. Green points represent clusters of the
original (white) points.

MC-RAND LHS-RAND LHS-AE LHS-PAE

Figure 5: Examples of Voronoi tessellations of various designs with the initial sample size of Nsim = 32 points.
Top row: periodic tessellation. Bottom row: adaptive tessellation with identified clusters and the “dummy” points.

In the basic setting of the adaptive algorithm, the red points are dummy points and the asso-
ciated red areas are excluded. In other words, the existence of the red areas signalize that the
sum of weights (volumes), W , is less than one. The adaptive algorithm basically redistribute
the total unit volume among the cells (including the red ones) such that the volumes are almost
identical and the points tend to be close to the centroids of the cells. The fact that the blue
regions have similar volumes means that the weights among samples are similar, approximately
1/Np.

One of the outcomes of the proposed adaptive algorithm is that the points inside the red
areas can be used as candidate points for sample size extension. They are placed approximately
in the centers of the largest empty hypersphere’s and therefore they are points for the design
refinement. The next section studies two aspects of the proposed adaptive Voronoi weighting,
namely

(i) whether the reweighting of existing Nsim points leads to improvement in Monte Carlo
integration (blue regions in Fig. 5 bottom are considered), and

(ii) how much gain in accuracy and variance reduction is achieved by extending the sample
with the proposed “dummy points”, evaluating the studied function and considering them
in addition to the existing Nsim points with the adaptive Voronoi weights (both the blue
and the red regions in Fig. 5 bottom are considered).
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6 NUMERICAL EXAMPLES OF MC INTEGRATION & DISCUSSION

This section studies whether weighting in MC integrals based on the Voronoi tessellation im-
proves the quality of the estimates. Three basic transformations g(XXX) of standard independent
Gaussian random variables Xv, v = 1, . . . ,Nvar have been selected for the numerical study. The
following equation array presents formulas of the three functions (first column), the analytical
solutions for the mean values (second column) and the standard deviations (third column):

Zsum = gsum(XXX) =
Nvar

∑
v=1

Xv µsum = 0 σsum =
√

2 (13)

Zexp = gexp(XXX) =
Nvar

∑
v=1

exp(−X2
v ) µexp =

√
3

3
Nvar σexp =

√
Nvar

√√
5

5
− 1

3
(14)

Zprod = gprod(XXX) =
Nvar

∏
v=1

Xv µprod = 0 σprod = 1 (15)

Two unoptimized sampling schemes, MC-RAND and LHS-RAND, have been used to pre-
pare Nrun = 1000 sampling plans for various sample sizes Nsim ranging from 2 to 512. Only
bivariate cases are studied: Nvar = 2.

The performance of the approaches will be demonstrated by showing their ability to estimate
the mean value and standard deviation of the transformed variable Z = g(XXX). The estimated
mean value and standard deviation are denoted as µ̄Z and σ̄Z , respectively, and can be estimated
in the spirit of Eq (7) as:

µ̄Z =
1

W

Nsim

∑
i=1

g(xxxi) · wi (16)

(σ̄Z)
2 =

1
W

Nsim

∑
i=1

[g(xxxi)− µ̄Z]
2 · wi (17)

where W = ∑
Nsim
i=1 wi is the sum of weights for Nsim points.

Three approaches to the weighting in Monte-Carlo type numerical integration were studied:
1. uniform weights that assign each design point a constant weight wi = 1/Nsim,
2. Voronoi weights from periodic tessellation. Weights are equal to the “volumes” of cells

obtained by the adaptive algorithm (W ≤ 1)
3. Voronoi weights from periodic tessellation. Weights are equal to the “volumes” of cells

obtained by the adaptive algorithm (W = 1) and considering the additional samples (the
red regions).

We only used the periodic tessellations as the clipped tessellations provide systematically wrong
results [12].

The results of numerical study are presented in Fig. 6 for all three functions, two estimated
statistical moments, two sampling schemes and two alternatives of weighting. The second
alternative is not presented because the adaptive algorithm without the additional points leads
to approximately equal weights 1/Np for all Nsim samples and thus has no effect in Eq. (17).
The results are almost identical with those obtained with weight equal to 1/Nsim (approach 1).

The third technique improves the accuracy of average estimates and it also significantly
decreases the variance of the estimator compared to alternative standard equal weighting (al-
ternative 1). This improvement comes at a price of additional effort associated with the new
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Figure 6: Convergence of the estimated mean values and standard deviations of the three transformed variables
Zsum, Zexp and Zprod, computed for Nvar = 2. Two weighting alternatives are compared for two initial sampling
schemes: MC-RAND and LHS-RAND. LHS-PAE is used as a reference technique.

samples. We have found that the number of additional samples is such that for small designs is
around 20% of Nsim and this percentage increases to approximately 33% for large sample sizes.
In order to show how much gain for the additional sample size is obtained, we have compared
the results with those obtained by employing LHS-PAE designs.

Each alternative is represented by a solid line showing the average estimations± one sample
standard deviation (a scatter-band shown by the shaded area); both computed using the Nrun =
1000 realizations.

The mean values obtained by LHS-schemes for Zsum and Zexp has no scatter at all. This is
due to the fact that for these additive functions, the LH-samples are transformed to the exact
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mean value of each separate variable as these variables are sampled regularly with respect to
probabilities. The pairing does not matter. Therefore, the estimations using LH-designs can not
improved by adding new points.

In most cases, however, the standard equal weights 1/Nsim provide the largest variance of the
estimators; employing LHS instead of MC helps to reduce the variance; and the best results are
obtained with LHS-PAE. The accuracy of existing LHS and MC samples is always improved by
using the extended sample size with weighting obtained using the proposed adaptive algorithm.

7 CONCLUSIONS

Various alternatives of Voronoi tessellation was studied in an attempt to improve the ac-
curacy of Monte-Carlo integration schemes for small Nsim by weighting individual sampling
points. The weights were obtained as volumes of the Voronoi cells – the regions surrounding
the sampling points in the design domain (unit hypercube).

Weighting using the clipped Voronoi tessellation (a tessellation limited to the design domain)
was found inapplicable due to problems related to the presence of boundaries of the unit hy-
percube. The tessellation results in systematic appearance of underestimated regions near the
boundaries followed by regions with over-weighted regions. The periodic tessellation removes
the systematic bias.

Pure reweighting the sample using Voronoi weights does not help much to increase the accu-
racy. The proposed adaptive algorithm that identify and remove unvisited regions does not help
much despite its ability to find clusters of points and decrease their influence accordingly.

The proposed adaptive algorithm, however, seems to drastically improve the results by adding
up to 33% of additional point to the design. Results obtained initially with unoptimized designs
seems to improve significantly at the price of the additional evaluations at the new points. The
performance of a such an extended sample is almost as good as performance obtained with
designs that were optimized in advance. Therefore, the proposed technique can be viewed as
a sophisticated sample size extension technique.
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Abstract. To identify mechanical sources acting on a structure, Tikhonov-like regularizations
are generally used. These approaches, however, only provide point estimates, meaning that the
uncertainty about the regularized solution is not quantified. In practice, such information is
essential to guarantee the quality of reconstructed sources. In this contribution, three possible
Bayesian formulations of the source identification problem are presented and their limitations
discussed. To assess the posterior uncertainty on the parameters appearing in each formulation
given a simulated vibration field and a mechanical model, a Gibbs sampler is implemented. The
proposed numerical validations highlight the practical interest of these formulations in terms
of parameters estimations and posterior uncertainty quantification.
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1 INTRODUCTION

In structural dynamics, most of the research papers are generally focused on the modeling
of the dynamic response of structures subject to perfectly determined excitation sources. How-
ever, the latter are only roughly or partially known in practice. As a result, an error in the
definition of the excitation vector is propagated to the dynamic response through the model and
can have a significant impact on the subsequent mechanical analysis. However, direct measure-
ment of excitation sources can be practically unfeasible. A possible alternative is to perform
indirect measurements using a model of the dynamic behavior of the studied structure and ac-
cessible quantities such as displacement or acceleration fields. Unfortunately, the reconstruction
of mechanical sources from vibration measurements is an ill-posed inverse problem. A classi-
cal approach to bypass this difficulty consists in constraining the space of solutions by using
prior information on the noise and the sources to reconstruct. A convenient and efficient way
to deal with such prior information is the Bayesian framework, because it allows combining
both probabilistic and mechanical data. The most widespread and popular approaches deriving
from Bayesian statistics are certainly Tikhonov-like regularizations [1, 2, 3]. Although widely
used and deeply studied, these methods generally provide only point estimates. In other words,
there is no information on the uncertainty about the regularized solution given the measured
data and the mechanical model. However, such information is of primary interest for industrial
applications, in which it is essential to guarantee the quality of obtained results. In the present
contribution, three possible Bayesian formulations of the source identification problem, based
on the use of Generalized Gaussian distributions, Gamma and truncated Gamma distributions,
are proposed. The limitations of each formulation are discussed from the identification of two
close point forces acting on a free-free beam. To assess the posterior uncertainty on the param-
eters appearing in each formulation given a simulated vibration field and a mechanical model, a
Gibbs sampler [4], including Hamiltonian Monte Carlo [5] updates, is implemented to perform
the inference. The proposed MCMC procedure is detailed in this contribution. The proposed
numerical validations highlight the practical interest of the proposed formulations in terms of
parameters estimations and posterior uncertainty quantification.

2 BAYESIAN FORMULATIONS OF THE RECONSTRUCTION PROBLEM

This section aims at introducing the three formulations of the Bayesian force reconstruction
problem as well as the related parameters. To render this section more didactic, each formula-
tion is applied on an academic test case in order to better highlight its advantages and limitations.
The MCMC algorithm used to perform the inferences will be detailed in section 3.

2.1 Description of the benchmark test case

Before presenting the three Bayesian formulations of the reconstruction problem, we pro-
pose to introduce the test case that will serve as a benchmark to analyze and compare each of
them. The studied structure is a free-free steel beam with dimensions 1×0.03×0.01 m3 excited
by two point forces of unit amplitude at 350 Hz. The coordinate of the point forces, measured
from the left end of the beam, are x1 = 0.6 m and x2 = 0.7 m [see Fig. 1].

To perform the reconstruction, a model has to be derived to relate the measured vibration
field and the excitation field. For this purpose, let us consider the practical situation where the
vibration field X, measured over the surface of a structure, is caused by an unknown excitation
field F. If the structure is linear and time invariant, its dynamic behavior is completely deter-
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Figure 1: Reference force field

mined by the transfer functions matrix H, relating the vibration field X to the excitation field F,
so that:

X = HF + N, (1)

where N is the measurement noise vector.

A finite element model of the beam made up with 20 plane beam elements has been used to
compute the transfer functions matrix H by assuming that only bending motions are measurable.
In other words, the transfer functions matrix is dynamically condensed over the measurable
dofs, corresponding here to the bending motions. To simulate the measured vibration field X,
Eq. (1) is applied using a noise vector N corresponding to a Gaussian white noise, which is
calculated assuming a signal-to-noise ratio equal to 34 dB. Finally, it is worth mentioning that
the model defined in Eq. (1) is the basis of the proposed Bayesian formulations, meaning that
the transfer functions matrix H is also used in the inverse problem. In other words, modeling
errors are not considered here.

2.2 Standard Bayesian formulation

Formally, the Bayesian paradigm considers all the parameters of the problem as random
variables. Consequently, the uncertainty on each parameter is modeled by a probability distri-
bution, describing the state of knowledge or the prior on this parameter. From a mathematical
standpoint, the Bayesian reconstruction problem relies on the Bayes’ rule:

p(F|X) ∝ p(X|F) p(F), (2)

where:

• p(F|X) is the posterior probability distribution, representing the probability of observing
F given a vibration field X. It defines what it is known about the excitation field F after
making vibration measurements;

• p(X|F) is the likelihood function, representing the probability of measuring X given an
excitation field F. It reflects the uncertainty related to the measurement of the vibration
field X;
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• p(F) is the prior probability distribution, representing our knowledge on the unknown
excitation field F before measuring the vibration field X.

Generally, the quality of the force reconstruction strongly depends on the choice of the like-
lihood function and the prior probability distribution. That is why, the choices made in this
contribution have to be carefully explained.

2.2.1 Choice of the likelihood function

The likelihood function reflects the uncertainty related to vibration measurements. By defini-
tion, this uncertainty is mainly related to the measurement noise N. Consequently, the likelihood
function p(X|F) can be written under the following form:

p(X|F) = p(X−HF|N), (3)

representing the probability of obtaining X−HF = 0 given the measurement noise N.

If the noise is supposed to be due to multiple independent causes, then the likelihood function
can be represented by a complex multivariate normal distribution with zero mean and precision
τn:

p(X|F, τn) =
[τn
π

]N
exp

[
−τn‖X−HF‖22

]
, (4)

where N is the number of measurement points.

2.2.2 Choice of the prior probability distribution

The prior probability distribution reflects the uncertainty related to the unknown excitation
field F. Actually, it can be seen as a measure of the a priori knowledge of the experimenter on
the sources to identify.

For practical reasons, the excitation field F is supposed to be a real random vector, whose
components are independent and identically distributed random variables following a General-
ized Gaussian distribution. As a result, the prior probability distribution is written:

p(F|τs, q) =

[
q

2 Γ(1/q)

]M
τ

M
q
s exp

[
−τs‖F‖qq

]
, (5)

where:

• q is the shape parameter of the distribution. Its value is defined in the interval ]0,+∞[;

• ‖ • ‖q is the `q–norm or quasi-norm, if q ≥ 1 and q < 1 respectively;

• τs is the scale parameter of the distribution, which can be viewed as a generalized measure
of the precision of the distribution;

• M is the number of reconstruction points;

• Γ(x) =
∫ +∞
0

tx−1 e−t dt is the gamma function.
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It should be noted that the choice of a multivariate generalized Gaussian distribution allows
a great flexibility for describing prior knowledge of the sources to identify. Formally, sparse
excitation fields are promoted for q ≤ 1, while distributed excitation fields are favored for
q = 2 [6]. In practical situations, the possible values of the shape parameter are bounded in the
interval ]0, 2].

2.3 Summary and application

From the explanations given above, the standard Bayesian formulation of the reconstruction
problem finally writes:

p(F|X, τn, τs, q) ∝ p(X|F, τn) p(F|τs, q). (6)

This formulation is said standard, because it leads to Tikhonov-like regularizations, which
correspond to the MAP estimate of Eq. (6). To explore the posterior probability distribution,
105 samples are drawn from Eq. (6). Fig. 2 and Tables 1 and 2 present the excitation fields
and the estimated values of the forces F1 and F2 obtained using either with a proper choice
of q (q = 0.5) [see Fig. 2a] or with a poor choice of q (q = 2) [see Fig. 2b]. It should be
noted that optimal values of τn and τs are strongly related to the value of q and are computed
accordingly as explained in section 3. Here, (τn, τs) = (2.77 × 1015, 1.48) for q = 0.5 and
(τn, τs) = (2.87× 1015, 12.44) for q = 2.
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Figure 2: Standard Bayesian formulation – Real part of the reconstructed force vector (a) with a proper choice of q
(q = 0.5) and (b) a poor choice of q (q = 2) – (—) Reference, (−−) Median of the samples and ( a ) 95% credible
interval

Parameter Median Mode 95% CI
F1 0.996 0.997 [0.942, 1.049]
F2 0.991 0.993 [0.934, 1.048]

Table 1: Standard Bayesian formulation – Summary of the inference result on the model parameters for q = 0.5

Several interesting conclusions can be drawn at the light of the results presented in Fig. 2 and
Tables 1 and 2. First of all, the choice of the supposedly known parameters have a significant

496



Mathieu Aucejo and Olivier De Smet

Parameter Median Mode 95% CI
F1 0.542 0.538 [0.253, 0.831]
F2 0.448 0.498 [0.199, 0.777]

Table 2: Standard Bayesian formulation – Summary of the inference result on the model parameters for q = 2

impact on the quality of reconstruction. Indeed, a proper choice of the shape parameter leads
to a very good agreement of the reference field with the median of the samples, associated with
sharp posterior uncertainty region characterizes by the related 95% credible interval. On the
contrary, a poor choice of the shape parameter leads to a disappointed result, since the shape
of the median of the samples does not allow to discriminate the two point forces. Furthermore,
the posterior uncertainty region is quite large, which is closely related to the value of the shape
parameter q. All things being equal, the larger the value of the shape parameter is, the larger is
the area of the posterior uncertainty region.

The standard formulation gives information on the credibility of the identified excitation
field given the measured vibration field X, the precisions τn and τs and the shape parameter
q. Actually, this is the main drawback of the standard formulation, because the quality of the
inference is conditioned to the knowledge of the precisions and the shape parameter. If their
values are poorly chosen, then the resulting inference won’t be representative of the actual
distribution. As a consequence, it is compulsory to determine near-optimal values of q, τn and
τs if one wants to perform a relevant statistical inference.

2.4 Extended Bayesian formulation

To alleviate the limitations of the standard formulation, the approach generally adopted in
the literature consists in considering the precisions τn and τs as random variables, while letting
fixed the shape parameters q. If we further consider the precisions as independent variables, the
following extended formulation is obtained:

p(F, τn, τs|X, q) ∝ p(X|F, τn) p(F|τs, q) p(τn) p(τs), (7)

where p(τn) and p(τs) are the prior probability distributions of the precisions τn and τs respec-
tively.

2.4.1 Choice of the prior probability distribution of the precisions

The choice of the priori probability distributions p(τn) and p(τs) is first limited to distribution
having a strictly positive support, because the precisions τn and τs are real positive numbers.
The common choice, made in the literature, is the Gamma distribution. The reason for this is
rather clear, since the conjugate prior for the precision of a generalized Gaussian distribution is
a Gamma distribution [7]. Practically, the Gamma distibution is defined by:

G(τ |α, β) =
βα

Γ(α)
τα−1 exp(−β τ) with α > 0, β > 0, (8)

where α and β are respectively the scale parameter and the rate parameter of the distribution.
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However, the use of a Gamma distribution is questionable, since it has been chosen for
mathematical convenience and does not reflect any real prior information on the precisions,
except their positiveness. That is why, the prior distribution on τn and τs should be as minimally
informative as possible [8]. To this end, one sets αn = αs = 1 and βn = βs → 0.

2.4.2 Summary and application

Considering the previous choice, the extended Bayesian formulation of the reconstruction
problem is given by:

p(F, τn, τs|X, q) ∝ p(X|F, τn) p(F|τs, q) p(τn|αn, βn) p(τs|αs, βs), (9)

where (αn, βn) are the hyperparameters related to the precision τn, while (αs, βs) are the hyper-
parameters related to the precision τs.

This extended formulation has given rise, when q = 2, to the augmented Tikhonov regu-
larization [9]. This method provides a point estimate corresponding to a critical point of the
opposite of the logarithm of the posterior probability distribution. The main advantage of this
approach is to determine the regularized solution and the precision simultaneously using an it-
erative process.

As previously done, 105 samples have been drawn from the MCMC algorithm presented in
section 3 to explore the posterior probability distribution. Fig. 3 presents the excitation fields
obtained using either a proper choice of q (q = 0.5) [see Fig. 3a] or with a poor choice of q
(q = 2) [see Fig. 3b], while Tables 3 and 4 summarize the inference results on each parameter
of the model for q = 0.5 and q = 2 respectively.
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Figure 3: Extended Bayesian formulation – Real part of the reconstructed force vector (a) with a proper choice
of q (q = 0.5) and (b) a poor choice of q (q = 2) – (—) Reference, (−−) Median of the samples and ( a ) 95%
credible interval

Obtained results clearly show that the quality of the inference strongly depends on a proper
choice of the shape parameter q. Consequently, when setting q = 2, as classically done in
the literature to perform the inference, one takes the risk to draw erroneous conclusions if the
structure is actually excited by localized sources, even if the precisions are estimated from
Bayesian inference.
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Parameter Median Mode 95% CI
F1 0.993 0.993 [0.933, 1.056]
F2 0.977 0.977 [0.908, 1.037]
τn 4.77× 1015 4.51× 1015 [2.81, 7.57]× 1015

τs 4.98 4.96 [3.48, 6.94]

Table 3: Extended Bayesian formulation – Summary of the inference result on the model parameters for q = 0.5

Parameter Median Mode 95% CI
F1 0.564 0.547 [0.251, 0.889]
F2 0.497 0.487 [0.184, 0.819]
τn 4.29× 1015 4.04× 1015 [2.17, 7.80]× 1015

τs 10.37 9.81 [5.38, 17.88]

Table 4: Extended Bayesian formulation – Summary of the inference result on the model parameters for q = 2

2.5 Complete Bayesian formulation

The applications of standard and extended Bayesian formulations have pointed out the need
for properly defining the value of the shape parameter q. However, choosing a priori relevant
value is far from an easy task for non-experienced user. That is why, it is interesting to infer
the shape parameter from a Bayesian analysis. Practically, this is done by considering this
parameter as a random variable. In doing so, one obtains the complete Bayesian formulation:

p(F, τn, τs, q|X) ∝ p(X|F, τn) p(Fr|τs, q) p(τn|αn, βn) p(τs|αs, βs) p(q), (10)

where p(q) is the prior probability distribution of the shape parameter q.

2.5.1 Choice of the prior probability distribution of the shape parameter

The only available information is that the value of the shape parameter is bounded and pos-
itive. In absence of more precise knowledge on this parameter, the probability distribution is
not only chosen to reflect the available information but also for its mathematical tractability.
A probability distribution that meets these requirements is the truncated Gamma distribution
defined by:

GT (q|αq, βq, lb, ub) =
Γ(α)

γ(αq, βqub)− γ(αq, βqlb)
G(q|αq, βq) I[lb,ub](q), (11)

where:

• G(q|αq, βq) is the Gamma distribution defined in Eq. (8);

• I[lb,ub](q) is the truncation function defined between the lower bound lb and the upper
bound ub. More precisely, this function simply writes:

I[lb,ub](q) =

{
1 if q ∈ [lb, ub]

0 otherwise
; (12)
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• γ(s, x) =
∫ x
0
ts−1 exp(−t) dt is the lower incomplete Gamma function.

Here, the choice of the truncated Gamma distribution has been made for mathematical con-
venience, because other continuous truncated distribution could have theoretically been used.
To avoid biasing the inference, the shape of the prior distribution needs to be weakly informa-
tive. Here, this means that the hyperparameters should be defined such that αq = 1 and βq → 0.
On the other hand, even if the lower and upper bounds lb and ub can theoretically take any posi-
tive value, one knows that the value of q practically lies in the interval ]0, 2]. For this particular
reason, we set lb = 0.05 and ub = 2.05.

2.5.2 Summary and application

From the above considerations, the complete Bayesian formulation is given by:

p(F, τn, τs, q|X) ∝ p(X|F, τn) p(F|τs, q) p(τn|αn, βn) p(τs|αs, βs) p(q|αq, βq, lb, ub). (13)

To explore the posterior probability distribution, 105 samples have been drawn from the
MCMC algorithm presented in section 3. Fig. 4 presents the excitation field obtained after per-
forming the inference, while Table 5 summarizes the inference results on the model parameters.
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Figure 4: Complete Bayesian formulation – Real part of the reconstructed force vector – (—) Reference, (−−)
Median of the samples and ( a ) 95% credible interval

Parameter Median Mode 95% CI
F1 0.993 0.992 [0.932, 1.06]
F2 0.976 0.975 [0.906, 1.037]
τn 4.76× 1015 4.60× 1015 [2.79, 7.61]× 1015

τs 4.71 4.44 [2.98, 7.77]
q 0.48 0.47 [0.36, 0.67]

Table 5: Complete Bayesian formulation – Summary of the inference result on the model parameters

As expected, obtained results clearly show that the inference performed from the complete
Bayesian formulation is able to provide parameters estimates as well as a quantification of
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the posterior uncertainty on those parameters. In particular, it can be stressed that the median
of the reconstructed excitation field agrees very well with the reference one. Furthermore, it
could be added that the size of the associated 95% credible interval is small, meaning that the
reconstructed excitation field is highly probable given the mechanical model and the measured
vibration field.

3 BAYESIAN INFERENCE - MCMC ALGORITHM

In the previous section, the main features of each Bayesian formulation have been studied
without describing the algorithm behind the results presented. Actually, a Gibbs sampler have
been implemented to explore the posterior probability distribution of each Bayesian formula-
tions. To render the presentation of the proposed sampler more concise, the proposed Gibbs
sampler is derived for the complete Bayesian formulation, since the samplers associated to the
standard and the extended Bayesian formulations are, in fact, only particular cases of this more
general sampler.

The implementation of a Gibbs sampler requires the knowledge of the full conditional prob-
ability distributions. For the complete Bayesian formulation, one has for:

• the shape parameter q:

p(q|X,F, τn, τs) ∝
τ

M
q
s

Γ(1/q)M
qαq+M−1
r exp

[
−βq q − τs‖F‖qq

]
I[lb,ub](q); (14)

• the precision τs:

p(τs|X,F, τn, q) ∝ G
(
τs

∣∣∣αs +
M

q
, βs + ‖F‖qq

)
; (15)

• the precision τn:

p(τn|X,F, τs, q) ∝ G
(
τn

∣∣∣αn +N, βn + ‖X−HF‖22
)

; (16)

• the force vector F:

p(F|X, τn, τs, q) ∝ exp
[
−τn‖X−HF‖22 − τs‖F‖qq

]
, (17)

which corresponds to the standard Bayesian formulation.

From the previous full conditional probability distributions, we can derive the following
Gibbs sampler:

1. Set k = 0 and initialize q(0), τ (0)s , τ (0)n and F(0);

2. Draw Ns samples from full conditional distributions

for k = 1 : Ns

a. draw q(k) ∼ p
(
q|X,F(k−1), τ

(k−1)
n , τ

(k−1)
s

)
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b. draw τ
(k)
s ∼ p

(
τs|X,F(k−1), τ

(k−1)
n , q(k)

)
c. draw τ

(k)
n ∼ p

(
τn|X,F(k−1), τ

(k)
s , q(k)

)
d. draw F(k) ∼ p

(
F|X, τ (k)n , τ

(k)
s , q(k)

)
end for

3. Monitor the convergence of the Markov chains

In the next of this section, each step of the Gibbs sampler is detailed.

3.1 Initialization of the sampler

In the present contribution, the sampler is initialized from a starting point having a reasonably
high probability. Here, the initial force vector F(0) is obtained from the MAP estimate of the
standard Bayesian formulation, which is defined by [see Ref. [3] for more details]:

F(0) = argmin
F
‖X−HF‖22 + λ(0)‖F‖q

(0)

q(0)
, (18)

where λ(0) = τ
(0)
s /τ

(0)
n is the regularization parameter.

To obtain a relevant initial force vector, it is necessary to determine reasonable values of the
shape parameters q(0) and the precisions τ (0)s and τ (0)n . Practically, the values of the shape pa-
rameter q(0) can be chosen without any calculation using the indications given in section 2.2.2.
However, because q(0) can take any value in the range ]0,2], the solution of the previous opti-
mization problem has generally no closed-form expression and hence the optimal value of the
regularization parameter λ(0) can not be directly computed from automatic selection procedures
such as the L-curve principle [10].

Practically, the optimization problem is solved using an Iteratively Reweighted Least Squares
(IRLS) algorithm [11]. From a Bayesian standpoint, the IRLS procedure can be viewed as a
transformation of the Generalized Gaussian prior into a multivariate Gaussian-like prior. More
precisely, one has:

p(F|X, τ (0)s , q(0)r ) = p(F|τ (0)s , q(0))

∝ p(F|W, τ (0)s )

∝ exp
[
−τ (0)s ‖W1/2 F‖22

]
,

(19)

where W is a diagonal global weighting matrix depending explicitly on F and q(0). This ex-
plains why Eq. (18) can only be solved using an iterative procedure.

At each iteration j of the IRLS algorithm, one has to solve:

F(0,j) = argmin
F
‖X−HF‖22 + λ(0,j)‖W(j)1/2 F‖22, (20)

until the convergence is reached.
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After convergence of the iterative process, the optimal force vector F(0), the global weight-
ing matrix W, as well as the optimal value of the regularization parameter λ(0), that has been
updated at each iteration using automatic selection procedure such as the L-curve principle, are
obtained. Consequently, to complete the initialization step it remains to determine the values of
τ
(0)
n and τ (0)s . Here, we follow the approach proposed by Pereira et al. [12] consisting in finding

the optimal values of τ (0)n and τ (0)s given the measured vibration field X only using a Bayesian
approach. With the proposed parametrization, one has:

τ (0)s =
N

XH
(
λ(0)I + HW−1HH

)−1 X
and τ (0)n =

τ
(0)
s

λ(0)
. (21)

3.2 Drawing samples for the shape parameter

The Gibbs sampler is generally the first choice for conditionally conjugate models, where
samples can be drawn directly from each conditional probability distribution. Unfortunately,
this is not the case for the shape parameters q, for which the conditional distribution is not stan-
dard. To bypass this difficulty, we propose to update the value of the shape parameter using a
Hamiltonian Monte Carlo (HMC) step, because it limit the random walk behavior of the sam-
pler.

In HMC, the Hamiltonian function can be written as follows:

H(q, s) = U(q) +K(s), (22)

where U(q) is called the potential energy and is defined as:

U(q) = − log
[
p
(
q|X,F(k−1), τ (k−1)n , τ (k−1)s

)]
, (23)

while K(s) is called the kinetic energy and is chosen for mathematical convenience. Usually, it
is defined such that:

K(s) = − log [N (s|0, 1)] =
1

2
sT s+ const. (24)

In this framework, q and s define the state space of the dynamical system and can be viewed
as the position and the momentum respectively. The evolution of the state (q, s) over the time t
is governed by the following system of equations:

dq

dt
=
∂H(q, s)

∂s
ds

dt
= −∂H(q, s)

∂q

. (25)

Practically, Eq. (25) is solved using the leapfrog method. Starting from an initial state
(q0, s0), it allows determining a proposal state (q?, s?), while taking into account the constraints
on the parameter q. Once a proposal state is obtained, one has to decide to accept it as a new
state with probability:

P = min (1, exp [H(q0, s0)−H(q?, s?)]) , (26)

or to reject it with probability 1− P .

503



Mathieu Aucejo and Olivier De Smet

3.3 Drawing samples for the precisions

The conditional probability distribution for the precisions τn and τs are actually gamma dis-
tributions. Consequently, samples can be easily drawn from standard statistical packages.

3.4 Drawing samples for the force vector

At first sight, drawing samples from p
(

F|X, τ (k)s , τ
(k)
sr , q

(k)
r

)
seems a difficult task. However,

the IRLS algorithm allows writing when the iterative process has converged:

p
(
F|X, τ (k)n , τ (k)s , q(k)

)
∝ exp

[
−τ (k)n ‖X−HF‖22 − τ (k)s ‖W1/2 F‖q

(k)

q(k)

]
∝ Nc(F|µF, ΣF),

(27)

where Nc(z|µ,Σ) is the (circurlarly-symmetric) complex multivariate Gaussian distribution
with mean µ and covariance matrix Σ. Here, the mean µF and the covariance matrix ΣF are
expressed as:

µF = τ (k)n ΣF HHX and ΣF =
(
τ (k)n HHH + τ (k)s W

)−1
. (28)

Once µF and the covariance matrix ΣF are obtained, samples of the force vector F(k) can be
easily drawn. A widely used method for drawing samples from a complex multivariate Gaussian
distribution consists in:

1. generating a complex random vector v ∼ Nc(v|0, I) from two real normal random vectors
v1 ∼ N (v1|0, I) and v2 ∼ N (v2|0, I):

v =
v1 + j v2√

2
, (29)

where j =
√
−1 is the imaginary unit;

2. determining any matrix L satisfying the relation LLH = ΣF. This can be typically done
using either a Cholesky decomposition or a spectral decomposition;

3. computing the new sample F(k) = µF + L v.

3.5 Convergence diagnostics

In the present contribution, all the inferences have been performed from one single chain for
each monitored parameter. More precisely, we have monitored the convergence of the precisions
(τn, τs) and the shape parameter q. The procedure used for convergence monitoring is based on
the combination of two complementary diagnostics:

1. the Raftery-Lewis diagnostic [13] that estimates the total run length and the burn-in pe-
riod;

2. the Geweke diagnostic [14] that tests the null hypothesis that the Markov chain is in the
equilibrium distribution and produces z-statistics for each estimated parameter.

Practically, the Raftery-Lewis is first applied to the chains to monitor. Then, the Geweke
diagnostic is applied to the resulting chains.
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3.6 Samplers for the standard and the extended Bayesian formulations

The MCMC algorithm for the complete Bayesian formulation can be used to derive the
MCMC algorithms corresponding to the standard and the extended Bayesian formulations. In-
deed, the MCMC algorithm related to the extended Bayesian formulation is obtained by not
considering the step 2a of the Gibbs sampler (i.e. by fixing the values of q), while the sampler
associated to the standard Bayesian formulation is derived from the general Gibbs sampler by
computing steps 1 and 2c only (i.e. by considering fixed values for τn, τs and q).

4 CONCLUSIONS

In structural dynamics, regularization approaches can be used to deal with source identifica-
tion problems. Although widely used and deeply studied, these methods generally provide only
point estimates. In other words, there is no information on the uncertainty about the regularized
solution given the measured data and the mechanical model. However, such information is of
primary interest for industrial applications, in which it is essential to guarantee the quality of
obtained results. In this contribution, three Bayesian formulations of the force reconstruction
problem have been proposed to tackle this issue and an original hybrid Gibbs sampler has been
implemented to perform the inferences. One of the merits of proposed sampler is to be flexi-
ble enough to deal with each formulation and provide estimates and uncertainty quantification
of all the parameters of the formulation considered. The proposed numerical example clearly
highlight the benefits and the limitations of the proposed formulations.
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Abstract. High fidelity models for uncertainty quantification of large structures in finite ele-
ment framework are computationally exhaustive. Thus, there is a constant demand for efficient
algorithm that uses optimal computational cost without compromising with the quality of the
end results. With this in view, present study aims to develop a sequentially evolving stochas-
tic response surface using Hermite family of orthogonal polynomials whose support points are
generated in sparse grid framework. Using the values of the original model at these support
points, unknown coefficients of the stochastic response surface are optimized by moving least
square technique. It helps to reduce the number of original function evaluations to determine
the coefficients as compared to other deterministic or random sampling techniques. Besides
sparse grid scheme for support point generation, they are also populated sequentially as the
optimization progresses in every iteration. The uniqueness of the proposed scheme is its adapt-
ability by changing the order of the polynomials and the level of the sparse grid to minimize the
overall computational cost. Multiple optima present in the original response can be identified
by introducing additional penalty functions whenever they are required. Once the global re-
sponse surface is ready, Monte-Carlo simulation or its advance version (e.g. Latin Hypercube
Sampling) is adopted to generate the probability density functions for the output variables. Nu-
merical studies are presented to prove the efficiency and accuracy of the proposed scheme as
compared to other techniques available in the literature.
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1 INTRODUCTION

Uncertainty is inevitable in physical systems where it naturally propagates affecting the per-
formance. It can be broadly classified based on qualitative and quantitative sources [1]. These
include randomness associated with analysis and formulation (i.e. epistemic uncertainty) and/or
system parameters (i.e. aleatory uncertainty) [2]. For designers, quantifying and incorporating
the amount of uncertainty based on the information w.r.t. parameters like input variables are
vitally important. Hence, a demand for high fidelity approximate models to evaluate the uncer-
tainty has been an active area of research. Especially, uncertainty in large structures modelled by
finite element method requires better techniques as it is a computationally exhaustive exercise.
Convergence of such approximate models is not always ensured which may lead to considerable
error [1, 3]. To eradicate this error polynomial chaos expansion (PCE) and its variants [4, 5, 6]
have been proposed using orthogonal polynomials. Thus, making the approximate model con-
vergent inL2 sense [4].

Although these methods yield accurate results with increase in order of the polynomial which
often lead to large number of actual function calls. This problem is more critical with increase
in number of random variables which is widely named ascurse of dimensionality. Present study
aims to develop a sequentially evolving stochastic response surface using orthogonal polyno-
mials involving sparse support points.

2 PROBLEM STATEMENT

Apart from population based methods like Monte Carlo simulation (MCS), Latin hypercube
sampling (LHS) etc. for uncertainty quantification, stochastic response surface method (SRSM)
is widely used. It was proposed by Isukapalli [5] using PCE as a dimension reduction technique
to simplify the complex relation of input-output variables which is mathematically expressed as

g(ξ) = α0 +
n

∑

i1=1

αi1Γ1(ξi1) +
n

∑

i1=1

i1
∑

i2=1

αi1i2Γ2(ξi1 , ξi2) + . . .

+

n
∑

i1=1

i1
∑

i2=1

· · ·

io−1
∑

io=1

αi1i2...ioΓo(ξi1, ξi2 , . . . , ξio) + . . . (1)

where,ξi1, ξi2, . . . , ξio are standard normal random variables. The functionΓo is the orthogonal
polynomial bases which can be developed using Hermite scheme [5]

Γo(ξi1, ξi2, . . . , ξio) = e
1

2
ξT ξ(−1)o

∂oe−
1

2
ξT ξ

∂ξi1∂ξi2 . . . ∂ξio
. (2)

These functions are dictated by the ordero to limit the number of unknown coefficientsb =
{α0 α1 . . . αnn...n}

T . Thus, the Eq. 1 can be simplified to

g̃(ξ) =

o
∑

i=0

Ξi(ξ)bi = Ξ(ξ)b (3)

Gauss quadrature points (a.k.a. collocation points) [5] are generated using roots of the Hermite
polynomial bases for evaluating the originalg( . ) at certain locations (further referred as support
points). These points help in evaluating the unknowns in the above equation as

b = (ΞTΞ)−1ΞTg (4)
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In the above equation,g is the vector of originalg( . ) values. To solve it, the equation must
not be underdetermined system which means number of support pointsne must be equal to or
greater than number of coefficientsb (i.e. nb). For collocation scheme, the number of points
rises exponentially (i.e.ne = (o+1)n) which leads to the curse of dimensionality and sabotages
the benefits of this surrogate model. The present study focuses on addressing this issue with an
efficient method.

3 PROPOSED METHOD: SEQUENTIAL SRSM

The proposed method uses advanced regression based PCE coupled with sparse grid support
points in an iterative framework for sequential development of stochastic response surface to
determine uncertainty.

3.1 Moving Least Square Technique

To incorporate both global and local approximation for a better response surface of nonlinear
function, the unknown coefficients are determine by minimizing weighted mean square error.
This weight functionw varies with the Euclidean distance of the concerned point and support
point and thus, it is widely called as moving least square (MLS) technique. The weighted
squared error can be given as [7]

δ(ξ) =

p
∑

i=1

w(ξ − ξi){g̃(ξi)− g(ξi)}
2. (5)

Minimizing the above equation with respect to unknown coefficients gives

b = (ΞTWΞ)−1(ΞTW)g. (6)

where, weight matrixW = diag[w(ξ − ξ1)w(ξ − ξ2) . . . w(ξ − ξnb
)]. The weight functionw

is defined as regularized weight which is given by [7]

w(ξ − ξi) =















{

1+
(

λ
‖ξ−ξi‖

d̂

)2
}

−
1+λ
2

−(1+λ2)−
1+λ
2

1−(1+λ2)−
1+λ
2

if ‖ξ − ξi‖ ≤ d̂

0 if ‖ξ − ξi‖ > d̂

(7)

In the above equation,̂d is the influence radius andλ is adopted as10−5 for better accuracy, as
proposed by Most and Bucher [7].

3.2 Sparse Grid

Computational cost is usually associated with number of function evaluations required by
approximate methods. In order to reduce this cost, sparse grid scheme is used to generate small
product grids. These smaller grids are derived from the full grid as used in collocation scheme.
Smolyak’s algorithm is used for generating such points by forming tensor product of smaller
grids as [8]

Sq =
∑

|i|1≤q+n−1

(∆i1 ⊗∆i2 ⊗ · · · ⊗∆in)g (8)
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where,∆i = Vmi
− Vmi−1

, for i ≥ 1 and i ∈ N
n. One of the widely accepted scheme is

Clenshaw-Curtis [9] which generates equidistant nodes. The number of points in each direction
are determined by [10]

mi =

{

1 for i = 1
2i−1 + 1 for i > 1

(9)

and the respective coordinates of these points are evaluated using

xj
i =

{ j−1
mi−1

for j = 1, 2, . . . , mi andmi > 1
1
2

for j = 1 andmi = 1
(10)

Fig. 1 shows the support points generated using limited tensor products [10] wherexj
i ∈ [0, 1].
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Figure 1: Sparse grid generated using Clenshaw-Curtis scheme

It can be noticed that the number of points and its coordinates in each direction is dictated by
mi which is further influenced by level of sparse gridq. This leads to hierarchically generation
of sparse grid with less points than the full grid collocation scheme. In case of large number
of variablesn the difference between the schemes significantly increases. However, number of
points exponentially grows with the levelq which might generate more points than the colloca-
tion scheme, thus a judicial use is required.

3.3 Proposed Sequential Strategy

For developing the sequential strategy, maxima and minima are determined using the con-
structed response surface as

max ξ g̃(ξ)
s. t. ξ ∈ Ωξ

(11)
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min ξ g̃(ξ)
s. t. ξ ∈ Ωξ

(12)

respectively. Optimization process often encounters more than one maxima and/or minima
over the iterations. To identify these points or regions weight function is included for penalty.
It modifies the stochastic response surface by a continuous and differentiable function as

g̃m(ξ) = g̃(ξ) +

nm
∑

k=1

ğk(ξ). (13)

In the above equation,nm is the total number of multiple optimas andğj(ξ) represents penalty
function which is expressed as [11]

ğk(ξ) =

{

ϑ|ξ∗,i|2|∇g̃(ξ∗,i)|2
[(γ|ξ∗,i|2)2−(ϑ|ξ∗,i|2)2]2

(r2k − |ξ − ξ∗,i|22)
2 if |ξ − ξ∗,i|2 ≤ rk

0 if |ξ − ξ∗,i|2 > rk
(14)

As suggested by Der Kiureghian and Dakessian [11] the constant parametersϑ andγ are con-
sidered to be 0.75 and 1.10, respectively, and influence radius of penalty functionrk = γ|ξ∗,i|2.
The convergence criteria for the optimization with penalty function is given by

cos−1

[

ξ∗,k+1.ξ∗,k

|ξ∗,k+1|2|ξ∗,k|2

]

≤ θm (15)

|ξ∗,k+1 − ξ∗,k|2 ≤ |ξ∗,k|2. (16)

which is required to identify new optimal point. The convergence angleθm between foot of
the penalty weight function and optimal point is assumed to be66◦ for γ = 1.10. For more
information one can refer to [11].

4 NUMERICAL ANALYSIS

For brevity, in this section two applications of the proposed method is discussed. One is
of a benchmark problem with non-algebraic terms resulting in multiple maxima-minima points
whereas the second problem demonstrates the proposed method for a real structure with corre-
lated non-normal random variables.

4.1 Example 1: Franke’s Function

The first problem is a non-algebraic function which is mathematically expressed as

g(x) = 3
4
e{−

1

4
(9x1−2)2− 1

4
(9x2−2)2} + 3

4
e{−

1

49
(9x1−2)2− 1

10
(9x2−2)2}

+ 1
2
e{−

1

4
(9x1−7)2− 1

4
(9x2−3)2} − 1

4
e{−(9x1−4)2−(9x2−7)2} (17)

and is widely used for testing surrogate models. The parametersx1 andx2 are independent nor-
mal random variables with mean 0.400 and standard deviation 0.100. Complexity in the prob-
lem is due to multiple optima points. The proposed method is applied which first determines
the global maxima as in Fig. 2 (c) which is further penalized for finding any other maxima.
The next maxima is evaluated as shown in Fig. 2 (h). Following the similar procedure and on
searching the next maxima converges to the first maxima as shown in Fig. 2 (i). Since all the
possible maximums are located, now the proposed method optimizes the response surface for
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Figure 2: Comparison of (a)pdf and (b) CDF of a random variable following Weibull distribu-
tion evaluated from different methods

minima. Similar strategy is followed which results in the sequential stochastic response surface
as presented in Fig. 2 (l). Once the response surface is constructed, MCS are conducted over
it. The results of uncertainty quantification are presented in Fig. 3 and Table 1. The proposed
method yields results close to direct MCS on the Franke’s function with less number of function
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Figure 3: Comparison of (a)pdf and (b) CDF of Franke’s function using Sequential SRSM

Method Function Calls Mean Standard Deviation Maximum
MCS 100000 0.7796 0.2828 1.5007

HOSRSM 108 0.7783 0.2848 2.6217
Seq. SRSM 66 0.7881 0.2741 1.4977

Table 1: Results for Franke’s function using Sequential SRSM
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Figure 4: Portal frame with loading

evaluations than higher order SRSM (HOSRSM) [12]. This demonstrates the efficiency of the
proposed method.
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Element number Area Moment of inertia Young’s modulus
1 A5 I5 E1

2 A6 I6 E1

3 A7 I7 E1

4 A8 I8 E1

5 A1 I1 E2

6 A2 I2 E2

7 A3 I3 E2

8 A4 I4 E2

Table 2: Properties of the portal frame elements

Random variables Units Mean Standard deviation Distribution
E1 kN/m2 2.174×10+7 1.915×10+6 Lognormal
E2 kN/m2 2.380×10+7 1.915×10+6 Lognormal
P1 kN 71.175 28.470 Gumbel
P2 kN 88.970 35.590 Gumbel
P3 kN 133.454 40.040 Gumbel
A1 m2 0.313 0.056 Lognormal
A2 m2 0.372 0.074 Lognormal
A3 m2 0.506 0.093 Lognormal
A4 m2 0.558 0.112 Lognormal
A5 m2 0.253 0.093 Lognormal
A6 m2 0.291 0.102 Lognormal
A7 m2 0.373 0.121 Lognormal
A8 m2 0.419 0.139 Lognormal
I1 m4 8.134×10−3 1.038×10−3 Lognormal
I2 m4 1.151×10−2 1.298×10−3 Lognormal
I3 m4 2.137×10−2 2.596×10−3 Lognormal
I4 m4 2.596×10−2 3.029×10−3 Lognormal
I5 m4 1.082×10−2 2.596×10−3 Lognormal
I6 m4 1.410×10−2 3.461×10−3 Lognormal
I7 m4 2.328×10−2 5.625×10−3 Lognormal
I8 m4 2.596×10−2 6.490×10−3 Lognormal

Table 3: Properties and distribution of random variables in Example 2

4.2 Example 2: Portal Frame

In this section, uncertainty caused in horizontal displacementu(x) of the top floor of portal
frame due to random variables is evaluated. The details of the multi-storey multi-bay portal
frame is shown in Fig. 4 and Table 2. Properties of the random variables is presented in Table
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3. These random variables are correlated as
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Figure 5: Comparison of (a)pdf and (b) CDF of multi-storey portal frame using Sequential
SRSM

Method Function Calls Mean Standard Deviation Maximum
MCS 100000 0.0177 0.0073 0.0736

Seq. SRSM 1269 0.0176 0.0075 0.0748

Table 4: Results for multi-storey portal frame using Sequential SRSM

To perform the static analysis, finite element method is performed using software package
like ANSYS 13.0. Similar to previous example, MCS is used as benchmark with sample size
105 and sequential SRSM is solved to determine uncertainty. The results of uncertainty quan-
tification are presented in Fig. 5 and Table 4. The proposed method yields results close to direct
MCS on the portal frame with very less number of function evaluations. This proves the effi-
ciency of the proposed method for determining uncertainty quantification in real structures with
non-normal correlated random variables.
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5 CONCLUSIONS

Present study demonstrates an efficient uncertainty quantification method using sequen-
tial SRSM. It employs MLS based PCE with Hermite polynomial basis which is formed se-
quentially with support points generated by Clenshaw-Curtis sparse grid scheme. It produces
equidistant points in each progressive iterations based on the optimization of maxima and min-
ima. The method also proposes flexibility in the choice of sparse grid level and polynomial
order in each iteration to minimize computational burden with adequate accuracy. Multiple op-
timal points are determined in this method using penalty function. Numerical study considering
benchmark and real problems elucidates the accuracy and efficiency of the proposed sequential
SRSM.
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Abstract. Heart failure (HF) is a severe cardiovascular disease, it happens when the heart
muscle is so weakened such that it can not provide sufficient blood as body needs. More than 23
million people are suffered by HF worldwide. Despite the modern transplant operation is well
established, the lack of heart donations becomes a big restriction on transplantation frequency.
With respect to this matter, ventricular assist devices (VADs) can play an important role in
supporting patients during waiting period and after the surgery.

Moreover, it has been shown that VADs by means of blood pump have advantages for work-
ing under different conditions. While a lot of work has been done on modeling the functionality
of the blood pump, but quantifying uncertainties in a numerical model is a challenging task.
We consider the Polynomial Chaos (PC) method, which is introduced by Wiener for modeling
stochastic process with Gaussian distribution. The Galerkin projection, the intrusive version
of the generalized Polynomial Chaos (gPC), has been densely studied and applied for various
problems. The intrusive Galerkin approach could represent stochastic process directly at once
with Polynomial Chaos series expansions, it would therefore optimize the total computing effort
comparing with classical non-intrusive methods. We compared different preconditioning tech-
niques for a steady state simulation of a blood pump configuration in our previous work, the
comparison shows that an inexact multilevel preconditioner has a promising performance. In
this work, we show an instationary blood flow through a FDA blood pump configuration with
Galerkin Projection method, which is implemented in our open source Finite Element library
Hiflow3. Three uncertainty sources are considered : inflow boundary condition, rotor angular
speed and dynamic viscosity, the numerical results are demonstrated with more than 30 Million
degrees of freedom by using supercomputer.
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1 INTRODUCTION

Since last two decades, medical instruments have been playing an important role in the field
of health care, they sustain patients’ life by providing advanced clinical solutions or help sur-
geons to obtain better medical diagnosis. The innovation of medical devices expanded sig-
nificantly recent years owing to the improvement of mechanical design, numerical modeling,
computing hardware, etc. Especially, the blood pump device became one of the most popular
assist apparatuses in heart failure treatment [4, 8, 23]. Ventricular assist devices (VADs) can
be applied as long-term implant for patients who are not eligible for heart transplantation, or
served as a generation of sufficient blood flow for patients during the surgery. However, the
verification and validation (V&V) procedure is still demanding due to the lack of knowledge
about input parametric data, specially for numerical modeling. Whereas, these uncertainties
should not be ignored, because quantifying the impact of these uncertainties can be one of the
key points for patient-specific implantation.

In our previous work [26], we investigate the steady state of Navier-Stokes equations for
laminar flow in a blood pump geometry. We modeled the rotating impact with the Multiple
Reference Frame (MRF) method [7, 20, 10], for quantifying uncertainties, we employed the
intrusive Polynomial Chaos Expansion (PCE) method in order to take geometrical uncertainty
and specific model parameters into account. We placed also our attention on comparing differ-
ent solving strategies for the intrusive Polynomial Chaos approach for fluid problem, as being
capable of solving efficiently this highly coupled system is very crucial in practice.

In this paper, we will analyze an unsteady blood flow in a blood pump device based on
the Variational Multi-Scale method (VMS) for the incompressible Navier-Stokes equations.
We concentrate again three different uncertainty sources: inflow boundary condition, dynamic
viscosity and angular speed of the rotor. The geometry of the blood pump is referred to the
U.S. Food and Drug Administration (FDA) ”critical path” initiative benchmark problem [13],
the aim of this project is to utilize advanced computational simulations to predict the biological
response. So as to cope with the rotating machinery modelization, we employ a shear layer
update approach, which is very similar to The Shear-Slip Mesh Update Method (SSMUM)
[2, 3], the main difference is to deploy two layers instead of one in order to facilitate the update
process once a regeneration of the mesh is needed. By this setting, the local linear algebra
structure remains the same, hence, only few values demand update. We employ the Variational
Multi-Scale method [11, 22], which inherits the consideration of two separated scales from the
large eddy simulation (LES) model and the concept of stabilized finite element method [28], it
provides the feasibility of modeling the blood flow within the high rotation speed instrument.

We here apply the stochastic finite element method (SFEM) [14], this conveys that the spatial
domain is discretized by the finite element method (FEM), and the stochastic space is expressed
by Polynomial Chaos Expansion(PCE) [29]. One important advantage of utilizing PCE is when
the model output is smooth regarding to the input, a spectral convergence of PCE is achieved
[9]. PCE exhibits the stochastic solution via the orthogonal multivariate polynomials, and the
input random variables are represented in predefined polynomials regarding to their probability
distribution. The stochastic Galerkin projection [14, 21] is a powerful tool, which provides
the possibility to obtain the coefficients of the PCE system at once. However, efficient solving
strategies are needed for such complex structure. From our previous contribution [26], we
compared three different preconditioning techniques for a stationary flow in a simplified blood
pump geometry, the inexact Multilevel method outperformed the Mean based preconditioner
and the exact Multilevel method. We focus therefore in this paper on the inexact Multilevel
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method, and apply it to the instationary flow in the pump geometry.
The rest of this paper is organized as follow. In Section 2, we introduce the mathemati-

cal modeling for high Reynolds number flow in a rotating machinery, illustrate our moving
mesh technique and the modelization of stochastic system. Section 3 presents our Multilevel
preconditioner algorithm. The numerical results are showed in Section 4. We conclude our
contribution and provide an outlook for further development in Section 5.

2 MATHEMATICAL MODELING

We consider the unsteady state of the incompressible Navier-Stokes equations in a rotating
machinery, it yields:

∂u

∂t
+ ((u− ur) · ∇)u− µ

ρ
∆u+

1

ρ
∇p = 0 , in Ω , (1a)

∇ · u = 0 , in Ω , (1b)
ur = d× ω , in Ωrot , (1c)
ur = 0 , in Ωstat , (1d)
u = g , on Γin , (1e)

(
µ

ρ
∇u− p1) = 0 , on Γout , (1f)

ur = d× ω , on Γrotor , (1g)
u = 0 , on ∂Ω\(Γin ∪ Γout ∪ Γrotor) . (1h)

Where, u is the velocity, and p is the pressure. The flow is described on Ω ⊂ R3, Ω =
Ωrot ∪Ωstat, Ωstat ∩Ωrot = ∅. Ωstat and Ωrot denote static and rotating domain respectively [3].
ur is the rotation speed, which pre-describes the motion of a moving mesh, it is defined by the
angular speed ω and the distance to the rotating axis d. µ is the dynamic viscosity and ρ is the
density. We ignore here the external body force f in N-S equations.

We prescribe a ”do-nothing” condition on the outflow boundary Γout, two different Dirichlet
boundary conditions are applied on the inflow boundary Γin and the rotor’s surface Γrotor sepa-
rately. The rest of boundary is covered by ”no-slip” condition (Figure 1). The inflow boundary
condition is modeled with a Poiseuille profile:

g =

 0
0

−Umax(1− l2/L2)

 , (2)

L is the radius of the circular inflow boundary, l is the distance from a point on Γin to the
center point. Umax is the maximum inflow speed, and Umax > 0, as the inflow direction is in
−e3 = [0, 0,−1]T .

The angular speed is defined as:

ω =

0
0
ω

 , (3)

the direction of the axis of rotation for the rotor is showed in Figure 1.
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Γin

Γout

Γrotor

ω

Figure 1: Illustration of the boundaries and the axis of rotation on the blood pump geometry.

2.1 Shear layer update approach

With the purpose of modeling a rotating machinery, we propose here a shear layer update
approach, which is inherited from SSMUM [2, 3], we employ though two layers instead of
one to achieve the efficiency of the update process once a regeneration of mesh is required. In
general, for the mesh patching technique [27], the computational domain is divided by two,
static and rotating domain (Ωstat and Ωrot). The static domain stays unchanged, the rotating
domain evolves corresponding the speed of blade.

Figure 2 demonstrates the main procedure of moving mesh for rotating machinery modeling,
static and rotating domain own one layer separately and each cell on those two layers has the
same shape. The border between these two domains is therefore the interface between the two
identical layers as well. At the beginning, the initial position of the mesh looks like in step a,
when the rotating part moves in relation to the rotor, we first shear one of these layers in order
to obtain more freedom of movement, as we are limited by the mesh size most of the time.
The connectivity of mesh cell remains unchanged during the shear process (step b), only spatial
location needs to be modified, the adaptation is then uncomplicated. When the shearing attends
the same length as the cell (step c). Afterwards, the vertices on the common interface detach,
and reconnect to the subsequent points (step d).

If we could ensure that the local mesh only contains either a part of static mesh or rotating
mesh (it can be accomplished easily by using group of communicator or similar concept of
parallel communication), thus, we would benefit from this setting, as the structure of the local
vector does not alter [1]. Therefore, only values on the ghost cells in the local vector need to be
updated. For that reason, projecting solution into a new linear algebra structure is avoided, the
update process after reconnecting vertices can be accelerated.

2.2 Variational Multiscale method (VMS)

The Reynolds number for a rotating machinery is defined like:

Re :=
ωD2ρ

µ
, (4)

due to the high rotation speed ω of our instrument (2500 RPM 1), the Reynolds number is ap-
proximately 21000 in our blood pump, an additional high Reynolds number flow modeling is
required, we choose in this work the Variational Multiscale method (VMS) for this purpose.

1RPM: revolutions per minute.
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Figure 2: Illustration of mesh motion during shear process and reconnecting process.

This technique considers a separation of complete solution scale into two different groups:
resolvable scale and unresolvable scale. In general, VMS can be considered as a kind of stabi-
lized finite element technique [28], whereas, it can also be meanwhile interpreted as large eddy
simulation (LES) for turbulence modeling. Without describing the theory, we illustrate only
the projection-based finite element variational multiscale method for Navier-Stokes equations.
Further insight about this method can be found in [17, 18, 19, 15].

The variational multiscale formulation can only be seen in a weak form:

∫
Ω

(
∂u

∂t
+ ((u− ur) · ∇)u) · v dΩ +

∫
Ω

µ

ρ
∇u : ∇v dΩ−

∫
Ω

1

ρ
p∇ · v dΩ dΩ

+

∫
Ω

[
∂u

∂t
+ ((u− ur) · ∇)u− µ

ρ
∆u+

1

ρ
∇p]τM((u− ur) · ∇v) dΩ

+

∫
Ω

(∇ · u) · τC(∇ · v) dΩ = 0 ,

(5a)

∫
Ω

q∇ · u dΩ

+

∫
Ω

τM∇q[
∂u

∂t
+ (u · ∇)u− µ

ρ
∆u+

1

ρ
∇p] dΩ = 0 .

(5b)
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v and q are the test functions for velocity and pressure. τM and τC are the elementwise constant
stabilization operators, which project the unsolvable solution on the fine scale into the coarse
scale based the residual of the governing equations.

2.3 Uncertainty model

We consider three different parametric uncertainties: the inflow boundary condition g, the
angular speed ω and the dynamic viscosity µ. We model each of those uncertain parameters
with independent, uniformly distributed random variables ξi ∼ U(−1, 1), i = 1, 2, 3, it reads:

g = g0 + g1ξ1 , (6a)
ω = ω0 + ω2ξ2 , (6b)
µ = µ0 + µ3ξ3 . (6c)

Where, g1 = σ1g0, ω2 = σ2ω0 and µ3 = σ3µ0. σi are the decay factors respect to the mean
value, thus 0 < σi < 1. With reference to PCE, we define a multivariate random variable ξ :=
(ξ1, ξ2, ξ3). Accordingly, ξ allows us directly map the outcomes of an abstract probability space
(Ω,A,P) to a subset T of R3. Afterwards, we can express our stochastic solution immediately
with the aid of ξ.

2.4 Stochastic Galerkin projection

The velocity and pressure in Equation (1) are expressed with the Polynomial Chaos Expan-
sion (PCE) method [21] by employing the orthogonal polynomial ψ:

u(x, ξ) =
∞∑
i=0

uiψi(ξ) , (7a)

p(x, ξ) =
∞∑
i=0

piψi(ξ) . (7b)

ψi represents the Chaos Polynomials, more specifically in this paper, their are the normalized
Legendre Polynomials. u and p follow certain general assumptions, such as square-integrable
respect to ξ, more details can be found in [21]. The orthogonality of ψi with respect to the
probability density function of ξ can be explicit written as:∫

[−1,1]3
ψi(ξ)ψh(ξ)

1

23
dξ = δij , (8)

δij here is the Kronecker delta function. In order to be able of computing our stochastic solution
numerically, we need to truncate Equation (7) up to certain polynomials order No, it yields:

u(x, ξ) ≈
P∑
i=0

uiψi(ξ) , (9a)

p(x, ξ) ≈
P∑
i=0

piψi(ξ) . (9b)
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P + 1 = (M + No)! /(M !No! ) is the total number of the PC modes, M is the number of
uncertain variables, in our case, M = 3.

Therefore, we could pursuit the generalized Polynomial Chaos Expansion (gPCE) [30] pro-
cedure by first inserting Equation (9) into Equation (5), then multiplying an additional poly-
nomial ψk, k = 0, ..., P on both side of governing equations, and taking L2 inner product on
L2(T ). By considering the orthogonality of the polynomials, the regarding momentum equation
and mass conservation can be thus written as:

∂uk

∂t
vk +

P∑
i=0

P∑
j=0

((ui − ur
i ) · ∇)ujvkcijk +

P∑
i=0

P∑
j=0

µi

ρ
∇ui : ∇vjcijk +

1

ρ
pi∇ · vk (10a)

+τM((uk − ur
k) · ∇vk)[

∂uk

∂t
+

P∑
i=0

P∑
j=0

((ui − ur
j) · ∇)ujcijk

−
P∑
i=0

P∑
j=0

µi

ρ
∆ujcijk +

1

ρ
∇pk] + (∇ · uk)τC(∇ · vk) , in Ω ,

qk∇ · uk (10b)

τM∇qk[
∂uk

∂t
+

P∑
i=0

P∑
j=0

((ui − ur
i ) · ∇)ujcijk

−
P∑
i=0

P∑
j=0

µi

ρ
∆ujcijk +

1

ρ
∇pk] , in Ω .

for k = 0, ..., P , and cijk :=< ψiψj, ψk >.
So fair, we introduce the variational multiscale formulation for the incompressible Navier-

Stokes equations in a rotating machinery based on our moving mesh technique, the modeling
of input uncertain parameters and the generalized Polynomial Chaos Expansion according to
considered problem is also presented. In the following section, we will focus on the numerical
methods for solving this specially system.

3 NUMERICAL METHODS

The nonlinear terms in Equation (10) are linearized with Newton method, the general scheme
can be written as:

JF(xn)(xn+1 − xn) = F(xn) , (11)

F is the system equation, JF is the Jacobian matrix of F. xn is the solution vector at n-th
Newton iteration, xn = [un, pn]T . At each Newton iteration, an update (xn+1 − xn) of the
solution vector will be computed, until it meets to certain convergence criterion.

The spatial part of our problem is therefore discretized by the finite element method with
equal order P1/P1 element for velocity and pressure respectively, thanks to VMS, no Taylor-
Hood element is necessary. Afterwards, we will obtain a linear system of equations for the
variational multiscale formulation for the Navier-Stokes equations in rotating system. The stiff-
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ness matrix A(xn) ∈ R(P+1)N,(P+1)N can be expressed as:

A(xn) =
P∑
i=0

Ki ⊗ Ai(xn) . (12)

Note that, N is the number of degree of freedom for the finite element discretization, xn

is the linearized point. Ai(xn) ∈ RN,N , i = 0, ..., P are the Kronecker factors and Ki ∈
RP+1,P+1, i = 0, ..., P denote the stochastic Galerkin matrices defined by (Ki)j,k = cijk, which
will play an important role in the multilevel method.

3.1 Multilevel method

Solving a such complex stochastic Galerkin system is very challenging, choosing a good
solving strategy is very crucial. The multilevel method has been applied with good convergence
behavior [26, 24, 25].

The stochastic Galerkin system possesses a hierarchical structure due to the polynomial con-
struction, thus we make use of this feature. If space Sl is spanned by the Chaos Polynomials:

Sl = span{ψ0, ..., ψPl
} , (13)

l ∈ N, l ≤ No is certain polynomial degree, Pl = (M + l)! /(M ! l! ). M is again the number
of uncertain parameters, in this paper, M = 3. Pl is the total number of PC mode with respect
to the polynomial order l. The hierarchical space S can be also expressed as a nested sequence
of spaces with the consideration of the total polynomial degree No:

S0 ⊆ S1 ⊆ · · · ⊆ Sl · · · ⊆ SNo . (14)

The discretized Newton step of Equation (10) at iteration n based on Equation (13) can be
found like:

PNo∑
i=0

Ki ⊗ Ai(xn)x̃No
n = −bNo

n . (15)

x̃No
n , bNo

n ∈ RN(P+1), and x̃No
n = xNo

n+1 − xNo
n . We bring into play the principle of multigrid

method [5, 6, 16], and consider the polynomial degree l in Equation (14) as the ”grid level”.
Hence, the restriction operatorRl−1 and the prolongation operator Pl are naturally defined as a
L2 projection from Sl−1 to Sl or vice versa.

One of very crucial procedure for Multilevel method (as well as for Multigrid scheme) is to
choose an appropriate smoother, we utilize here the Mean based preconditioner as our smoother
[26], we apply θ times smoothing process to a given initial solution xl0:

xlk+1 := Blxll = xlk + (Id ⊗ A0)−1 . (16)

Note that, the subscript k indicates the iteration number within the smoothing procedure, which
is not the same for Newton step in Equation (11) and Equation (12). A pseudo algorithm about
our stochastic Multilevel solver/preconditioner can be found in Algorithm 1.
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Algorithm 1 PCE Multilevel preconditioner/solver : ML
1: if l = 0 then
2: solve A0x

0 = b0

3: else
4: xl = S lxl (ν1 times pre-smoothing)
5: rl = bl −

∑Pl

i=0(Ki ⊗ Ai)x
l (compute residual)

6: rl−1 = Rl−1r
l (restriction)

7: for i = 1 to µ do
8: ML(bl−1, xl−1, l) (V-cycle/W-cycle)
9: end for

10: cl = Plc
l−1 (prolongation)

11: xl = xl + cl (update with correction)
12: xl = S lxl (ν2 times post-smoothing)
13: end if

Figure 3: One cycle of the multilevel method: ML(xl, bl, l) given a vector xl and right hand side
bl on level l. µ = 1 results in a V -cycle, µ = 2 in a W -cycle.

4 NUMERICAL RESULTS

We use the Crank-Nicolson time stepping scheme for the instationary Navier-Stokes equa-
tions, and the nonlinear system Equation (10) is solved via the inexact Newton scheme, it
implies that only an approximated solution is applied for each Newton step. We applied the
strategy ”choice 1” of Eisenstat and Walker in [12] with an initial forcing term equals to 0.5.

Inflow maximal speed (m/s) 0.5 Inflow speed variation (σ1) 10%
Dynamic viscosity (N · s/m2) 0.0035 Viscosity variation (σ3) 10%
Angular speed (rad/s) 261.8 Angular speed variation (σ2) 10%
RPM 2500 Density (Kg/m3) 1035

Table 1: Model parameter values.

For each Newton step, we apply an iterative Krylov subspace solver, the flexible generalized
minimal residual method (FGMRES), with a Multilevel method preconditioner, which is pre-
sented in previous section. For the mean block solver, we use the generalized minimal residual
method (GMRES), which is preconditioned with Schur Complement preconditioner. We use
an inexact Multilevel method here, it indicates that we compute the inverse of A0 only respect
to certain lower accuracy criterion. In this case, we solve the linear system with A0 (in Equa-
tion (16)) only up to a relative error 1.0e − 1. In contract, the relative accuracy of the Newton
step is set to 1e− 9.

Table 1 indicates the information about input parameters, the Reynolds number, according
to Equation (4) is about 210000. The geometry discretization contains 2, 984, 259 unstructured
cells, it results thus 2, 274, 904 degrees of freedom for the deterministic case. As mentioned in
Section 2.3, we consider three different input uncertain parameters:inflow boundary condition,
dynamic viscosity and angular speed of the rotor. In this work, we consider the situation that
the polynomial degree equals to 3, which gives us in total 20 PC modes. Therefore, the total
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Figure 4: Scalability test with the first 50 time steps, 3 uncertainties parameters and polynomial
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Figure 5: The mean value and standard deviation of the pressure at time step = 500.

number of degrees of freedom is about 45.5 Millions.
Figure 4 shows a scalability test by using the information of the first 50 time steps. The

speed up and the efficiency is defined as Sp := T1

Tp
, Ep := Sp

p
. We find out that the efficiency

of our full solving process could still catch around 48% when the number of processor is up to
2048. We have to mention that we start our test with 256 processors, because it is the minimal
requirement of cores we can use regarding to our problem size, the efficiency of the Multilevel
preconditioner itself can perform better if we consider a simpler problem and start the scalability
with only one processor.

Figure 5 shows the mean value and standard deviation of pressure distribution on the rotor,
the standard deviation follows slightly the magnitude of the mean value, as at the center it is
lower and on the hub of the blade is higher. But the uncertainty distribution arises also at
certain locations where the pressure is less important. Figure 6 represents the mean value and
the standard deviation of the velocity, the standard deviation becomes higher after the flow at
the outlet, it might be due to the acceleration after the nozzle structure. Figure 7 represents
the value of pressure integration over the rotor. It shows the mean value (red) and mean ± 3
standard deviation involving along time.
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Figure 6: The mean value and standard deviation of the velocity at time step = 500.

Figure 7: Mean value and mean ± 3 standard deviation for the pressure integration over the
rotor.

5 CONCLUSIONS

This work is a continuation of our last contribution [26], which considered a simplified ge-
ometry and an artificial stabilized laminar flow. Within this work, we introduce first with our
moving mesh strategy in order to be able of modeling this rotating machine in unsteady state,
the evolution speed is therefore coupled into the governing equation. The variational multiscale
method offers the viability of modeling the high Reynolds number flow. Hence, the intrusive
Polynomial Chaos Expansion method is build upon this modelization for quantifying the impact
of different uncertain parameters simultaneously.

Besides mathematical modeling, we place also our interest on the solver/preconditioner tech-
nique as solving such a complex system is challenging in practice. We therefore employ the in-
exact Multilevel preconditioner based on the comparison in our last paper [26] in a large system,
we benefit from the low accuracy smoothing process to save computational effort.

Our following work will be focused on developing more analysis about the device’s perfor-
mance respect to surgical requirements. Further process of post-processing of our numerical
simulation data and drawing more insight information about the uncertainties.
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Abstract. This paper focuses on the introduction of uncertainty in reduced order models of 
structures exhibiting a localized static response in the neighborhood of the excitation. A 
straightforward application of the maximum entropy framework is first considered to carry 
out the stochastic modeling of the uncertainty. Quite consistently with the maximization of the 
entropy, it is found that this modeling may lead to a “globalization” of the response and thus 
an extension of the nonparametric stochastic modeling approach is sought. To this end, the 
eigenvalues and eigenvectors of the stiffness matrix of structures exhibiting this localization 
property are first studied. It is found that their lowest eigenvalues are closely spaced when the 
corresponding eigenvectors are extended to the entire structure. On this basis, a novel ver-
sion of the nonparametric stochastic modeling approach is introduced to randomize the entire 
stiffness matrix while distorting only slightly the closely spaced eigenvalue structure. The 
above concepts are demonstrated on a thin annulus clamped at its inner radius and a locali-
zation of the uncertain response is indeed observed using the proposed approach. 
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1 INTRODUCTION 

In the last two decades or so, significant progress has been achieved toward the rational 
consideration of uncertainty in engineering systems to better predict their performance and the 
variability thereof. Among the techniques developed within this time frame is the maximum 
entropy-based nonparametric approach which was initially proposed [1] within the context of 
modal models of structures. It is however applicable much more broadly (e.g., see [2] for a 
review) especially when projection based reduced order models are employed. Such models 
are traditionally developed for computational reasons, being much faster than their full order 
counterparts, e.g., finite element models. However, from the standpoint of uncertainty model-
ing, they have yet another advantage as they “concentrate” the uncertainty originating from 
multiple sources into the single set of their parameters which are typically matrices. The re-
duced order modeling framework thus permits the consideration of uncertainty in well defined 
parameters of the physical systems, e.g., thickness, density, etc., but also of harder to model 
uncertainties such as geometry, material constitutive behavior, etc., as long as they do not af-
fect the form of the reduced order model. 

Since its initial formulation in [1], the maximum entropy-based nonparametric approach 
has been extended multiple times to cover new classes of problems, e.g., vibro-acoustics [3,4], 
rotordynamics [5-7], nonlinear structural dynamics [8,9], nonlinear thermoelastic problems 
[10], linear viscoelastic structures [11], etc., but also in rigid body dynamics [12,13] and mi-
cromechanics and multiscale modeling, see [2]. The focus of the present effort is on yet an-
other extension of this approach, more specifically to problems in which (i) the response of 
the mean model (i.e., the one without uncertainty) is localized to one part of the spatial do-
main and (ii) the uncertainty to be modeled does not alter this localization. The static response 
of some structures does satisfy the above conditions, and one such example described next 
will be used as application. There are however other non-structural applications in which 
these conditions are encountered, e.g., in some heat conduction problems (see [14]), and to 
which the present discussion may also apply. 

2 REPRESENTATIVE EXAMPLE 

To illustrate the class of problems investigated here, consider the annulus shown in Fig. 1(a) 
of inner radius 0.8m, outer radius 1m, thickness 0.002m clamped on its inner radius and free 
on the outer one. The material, aluminum, is assumed to be homogenous and isotropic with 
Young’s modulus E = 7.3 1010 Pa and Poisson’s ratio = 0.316. The annulus is subjected to a 
static uniform unit pressure in the quadrant [180,270] degrees highlighted in yellow in Fig. 
1(a). To evaluate the displacement field of the annulus, it was modeled by finite elements 
within Nastran (CQUAD4 elements) with a mesh of 144 nodes around the periphery and 6 in 
the radial direction. Then, shown in Fig. 1(b) is the transverse displacement of the periphery 
which is clearly localized near the excitation, i.e., in the band [150,300] degrees. 

A reduced order model of the finite element one can be constructed by representing the 
nodal responses stacked in the vector u as a linear combination of basis functions 

i
 , i.e. as 

        



M

i
iiqu

1

   (1) 

where the variables iq  are referred to as generalized coordinates. The adoption of the repre-

sentation of Eq. (1) transforms the equations for the nodal displacements 

FEFE FuK  ,                   (2) 

where FEK  and FEF  are the finite element stiffness matrix and loading, into 
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FqK     (3) 

where 

 FE
T KK    and FE

T FF     (4) 

with T  denoting the operation of matrix transposition and  
M

 
321

. 

The above reduced order model construction was exemplified by selecting the basis func-
tions 

i
  as the linear modes of the annulus. Then, shown in Fig. 1(b) is the transverse dis-

placement of the periphery obtained with 55 such modes that, as expected, closely 
approximates the finite element solution. 
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Figure 1: (a) The annulus and its finite element model with the loading domain highlighted in 

yellow. (b) Static transverse displacements at the periphery, full finite element (FEA) and 
reduced order (ROM) models. 

3 STOCHASTIC UNCERTAINTY MODELING 

3.1  “Standard” Maximum Entropy Nonparametric Approach  

The consideration of uncertainty in the properties and/or geometry of the structural model 
can be carried out on the finite element model by letting a set of its parameters, e.g., Young’s 
modulus, Poisson’s ratio, thickness, outer/inner radii, etc. be random variables with known 
joint probability density function. Then, proceeding with a Monte Carlo simulation of these 
properties and performing a finite element analysis for each sample will provide a population 
of responses which can be analyzed to assess the effects of uncertainty. This approach is ap-
propriate, although potentially computationally expensive, to address the uncertainty in pa-
rameters of the model such as those stated above. It is however much more difficult to 
implement when the uncertainty originates from waviness in the periphery, deviations from 
the isotropic and homogenous material properties, etc. 

While the finite element model will vary, the form of the equations for the response, i.e., 
Eq. (2), will remain unchanged as long as the constitutive model is linear and that the defor-
mations remain small. Similarly, Eq. (3) will also remain valid as long as the basis functions, 
assumed here to be deterministic, provide an appropriately accurate representation of the ran-
dom displacement field. This observation suggests the possibility of introducing the uncer-
tainty directly in either Eq. (2) or Eq. (3). In fact, proceeding with Eq. (3) is easier as (i) K  is 
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a typically much smaller matrix than FEK  and (ii) the former does not exhibit a particular 
topology as opposed to the latter. 

Having established the desire to introduce the uncertainty directly in the reduced order 
model stiffness matrix K , it remains to address how to proceed and more specifically how to 
select the joint probability density function of the elements of this matrix. The framework se-
lected here is the maximum entropy-based nonparametric approach proposed by Soize [1], see 
[2] for an extensive review. Within this framework, the joint probability density function of 
the elements of the stiffness matrix K  is not selected but rather determined to maximize the 
corresponding entropy under constraints corresponding to  all physical properties it must sat-
isfy. 

More specifically, it is known that the finite element stiffness matrix FEK  must be sym-
metric and positive definite (strictly positive definite given the clamp boundary conditions) 
and those properties are transferred to its reduced order model counterpart K  through the 
transformation of Eq. (4). Then, proceeding as in [1], see also [2], this stiffness matrix of the 
“mean model”, i.e., the model without uncertainty, is first decomposed as  

TLLK   (5) 
e.g., by Cholesky factorization. Then, random matrices K are generated as  

TT LHHLK                (6) 
where H is a lower triangular matrix such that (see also Fig. 2) 

(1) its off-diagonal elements ilH , li  , are normally distributed (Gaussian) random varia-

bles with standard deviation  2/1 , and 

(2) its diagonal elements iiH  are obtained as  /iiii YH  where iiY  is Gamma distrib-

uted with parameter    2/1ip  where

  12 0  inip  and     2/12 0  n    (7) 

In the above equations, n is the size of the matrices and the parameter 0 > 0 is the free pa-

rameter of the statistical distribution of the random matrices K. An alternative parametrization 
is through the dispersion parameter  defined as 

   
12

1

0

2





n

n
.    (8) 

Figure 2: Structure of the random H matrices (figures for n=8, i=2, and =1 and 10). 
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Figure 3: Static transverse displacement at the periphery of the mean annulus (in red) and 5th-95th 
percentile uncertainty band (in yellow) of the displacement, standard stochastic reduced order model. 

The above approach was applied as is to the 55x55 stiffness matrix of the reduced order 
model of the annulus and 300 random matrices K were determined. From each one of those, a 
set of generalized coordinates q was determined that satisfies  

FqK          (9) 

and the resulting set of nodal displacements u were obtained from Eq. (1). Shown in yellow in 
Fig. 3 is the uncertainty band corresponding to the 5th and 95th percentile of the transverse 
displacement of the periphery as determined from the 300 samples of the response. Compar-
ing Figs 1(b) and 3, it is observed that the above uncertainty modeling approach has induced 
some globalization of the response, i.e., the response outside of the region [150,300] de-
grees is not nearly zero for all samples as could have been construed from Fig. 1(b). Note that 
this effect likely leads to a higher entropy of the response as compared to the localized case 
given its increased spread of the joint probability density function of this response. This find-
ing seems quite consistent with, although separate from, the maximization of entropy of the 
matrix K which is guaranteed by the construction of Eqs (6)-(8). 

It should be recognized that the above globalization effect is certainly physically possible, 
e.g., it could take place if the disk on which the annulus is clamped is not rigid as specified in 
the mean model but rather exhibits some flexibility which induces a long range interaction 
between nodal responses. 

If, however, there is additional knowledge about the uncertainty that indicates that such a 
globalization does not take place, then the above methodology must be modified to reflect it, 
e.g., by adding constraints in the optimization of the entropy or modeling differently the ran-
dom stiffness matrix. One such extension is formulated below. 

3.2 Localization Inducing Property  

Before revising the above standard nonparametric approach, it is necessary to identify the 
property of the stiffness matrices K  and FEK  that induces the existence of a localized re-
sponse. To this end, recall that the solution u of Eq. (1) can be expanded in terms of the ei-
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genvectors 
j

 and corresponding eigenvalues j  of FEK  as 

j
j j

FE
T
j

F
u 










   (10) 

owing to the orthogonality of the eigenvectors implied by the symmetry of FEK . 

To proceed further in the discussion, assume first that the eigenvectors 
j

  are extended to 

the entire structure; this is true of the annulus of Fig. 1(a) for which 
j

  are harmonic func-

tions of the angle  (as discretized by the finite element modeling). Then: 
(i) a localized response as shown in Fig. 1(b) is possible only if the dominant coefficients 

j
T
j

F 




 /  have somewhat similar values as to create an appropriate mix of the extended 

functions  
j

  to produce localization. 

(ii) the “modal forces” FT
j

  decrease slowly as the index j is increased  given the localiza-

tion of the excitation or equivalently the values FT
j

  for the dominant modes will be quite 

similar. 
Combining these two arguments, it is thus concluded that localization must require that the 

lowest eigenvalue j  of FEK  be close together if the eigenvectors of this stiffness matrix are 

extended. This result is confirmed by the plot of eigenvalues of the annulus’ stiffness matrix 
shown in Fig. 4: the first few of its eigenvalues are indeed closely spaced. 
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Figure 4. Eigenvalues of the stiffness matrix of the annulus finite element increasing order. 

For structures with localized response and well separated eigenvalues of their stiffness ma-
trix, the change in stiffness matrix induced by the random matrix H (Eq. (6)) produces only 
small changes in eigenvalues and eigenvectors when the uncertainty is small (see [15] for per-
turbation analysis) and thus small changes in the response. That is, for these structures, the 
application of the standard nonparametric approach may maintain the localized behavior at 
least as long as the change in eigenvalues and eigenvectors induced by the uncertainty re-
mains small enough. 
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The above comments suggest that what is important for localization is the relative separa-
tion of the first few eigenvalues which must be small when the eigenvectors are extended. To 
confirm this statement, rewrite Eq. (10) in the form 

          
 

jFE
T
j

j j

j
j

j
FE

T
j

FFu 




















  1

11

11
.   (11) 

or 
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jj

j j
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FE
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T
jj

FPFPFFu 21
1

11
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  .  (12) 

where 1P  is proportional to the identity matrix and thus FP1  is a purely local term, i.e., the 
corresponding displacement at each node only depends on the force acting at that node. This 

term will dominate when the terms   jj
T
j

F 




 /1  are all small, i.e., when the domi-

nant eigenvectors (those with significant values of FT
j

 ) have a small relative difference of 

eigenvalue with eigenvector 1. 
A similar discussion to the above one applies for the mean reduced order stiffness matrix 

K  of eigenvectors 
j

  and eigenvalues j  so that 

    
 

FQFQFFFQq T
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  .  (13) 

Associated to this decomposition of the flexibility matrix Q into a component inducing local 

effects ( 1Q ) and a more global one ( 2Q ) is a similar split of the stiffness matrix K  into a lo-

cal component, LK , and a more global one, GK , defined as 

    

j

T
jjL QK 1

1
1   and     LG KKK  .  (14a),(14b) 

3.3 Maximum Entropy Nonparametric Modeling for Localized Responses  

The above discussion has demonstrated that a localization of the response will only occur 
when the relative spread of the dominant eigenvalues of the stiffness matrix is small when the 
corresponding eigenvectors are extended. However, this spread is often increased, sometimes 
very significantly for the first few eigenvalues, when using the standard nonparametric ap-
proach as shown in Fig. 5.  

Thus, imposing a localization constraint on the stochastic modeling will require controlling 
the eigenvalues of the dominant modes (those with eigenvalues close to 1 ) separately from 

the rest of them. In this regard, note that the dominant eigenvectors are mostly present in LK  

while those with eigenvalues far from 1  are dominant in GK . 

On the basis of the above observations, it is proposed here to model the uncertainty in LK  

and GK  separately. Since there is no particular requirement on the latter matrix (which is 

nevertheless symmetric and positive definite) and its randomization, the standard nonparamet-
ric approach will be applied leading to an uncertain matrix GK  defined as 

T
G

T
GGGG LHHLK        where      T

GGG LLK   (15) 
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Figure 5: Relative eigenvalue separation of the reduced order model stiffness matrix. Mean 
model (red) and 5th-95th percentile uncertainty band, standard stochastic model.  

with GH  a  lower triangular random matrix as defined by Eqs (7)-(8) and Fig. 2 for a particu-

lar dispersion G . 

Maintaining small the relative separation between the eigenvalues of the dominant eigen-
vectors can be achieved by scaling uniformly all eigenvalues. This observation suggests that a 
first approach to introduce uncertainty in LK  is to simply multiply it by a random variable  

which consistently with the maximum entropy concepts can be selected as 2
1H  where 1H  is a

1x1 matrix defined as in Eqs (7)-(8) and Fig. 2 with a specified dispersion 1 . A small change 

in the relative separation between eigenvalues can also be induced by splitting LK  as GK  in 

Eq. (15) with a random lower triangular matrix LH  of dispersion L . Combining the above 
two operations leads to the proposed model 

 T
L

T
LLLL LHHLHK 2

1       where    T
LLL LLK  . (16a),(16b) 

Note finally that since LK  is defined by Eq. (14a), its decomposition in Eq. (16b) is readily 
achieved by selecting 

 
3211 LL  (17) 

The uncertain reduced order stiffness matrix is then obtained as 

GL KKK  .  (18) 

3.4 Application to the Annulus 

The three-parameter ( G , 1 , L ) stochastic model formulated above was applied to the 

reduced order model of the annulus with the first 8 eigenvectors 
j

  retained in the summa-

tion of Eq. (14a). To highlight the effects of each random component on the response, shown 
in Figs 6 (a),(c),(e) are the uncertainty bands obtained with each of the parameter set to a non-
zero value in turn. Also shown, on Figs 6 (b),(d),(f) are 3 samples of the corresponding re-
sponses.  
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Figure 6: Static transverse displacement at the periphery of the mean annulus (in red) and 
results from  the stochastic reduced order model: (a),(c),(e) 5th-95th percentile uncertainty 
band (in yellow), (b),(d),(f) 3 samples.( G , 1 , L ) = (a),(b) (0.1,0,0); (c),(d) (0,0.05,0); 

(e),(f) (0,0,0.02). 
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From Figs 6 (a),(b), corresponding to G  0, it is observed that the randomization of GK  

only leads to a small, rather constant, global uncertainty band consistently with the above dis-
cussions. Next, consider Figs 6 (c),(d) corresponding  to 1  0 and which leads to a very lo-

calized large variability of the response confirming that LK  does indeed control the localized 

behavior. Finally, shown in Figs 6 (e),(f) are the results corresponding to L  0 which are 
very similar to those shown in Figs 6 (a),(b) suggesting tentatively that it is sufficient to only 
consider  the two parameter model defined by G  and 1 , i.e., with 

LL KHK 2
1 .     (19)

Shown in Fig. 7 are the uncertainty band (Fig. 7(a)) and 3 samples of the response (Fig. 
7(b)) corresponding to the combined case of all three parameters nonzero. It is seen that their 
effects approximately superpose, creating a thin uncertainty band away from the localization 
region but a much more significant one within it and samples that exhibit the localization as 
was desired. 
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Figure 7: Static transverse displacement at the periphery of the mean annulus (in red) and re-
sults from  the stochastic reduced order model: (a) 5th-95th percentile uncertainty band (in 

yellow), (b) 3 samples. ( G , 1 , L )=(0.1,0.05,0.02). 

4 SUMMARY  

This investigation focused on the development of a stochastic model of uncertainty in 
structures exhibiting a localized static response in the neighborhood of the excitation. More 
specifically, this modeling is carried out on a reduced order model of the response by relying 
on the maximum entropy framework.  It is found that the “standard” nonparametric method 
leads to a local response of the simulated uncertain structures when the lowest eigenvalues of 
the mean structure’s stiffness matrix are well separated. However, when these eigenvalues are 
closely spaced, this method leads to a globalization of the response which seems consistent 
with the maximization of the entropy. For these situations, a novel model is proposed which is 
based on a split of the mean structure’s stiffness matrix into a component that promotes the 
local response and one that induces a more global behavior. Then, separate, maximum entro-
py based, stochastic models of these two components are carried out before they are recom-
bined to form the stiffness matrix of the uncertain structure. This process provides control 
over the separation of the eigenvalues of the uncertain stiffness matrices and thus permits the 
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occurrence of localization. The above findings are confirmed on an annulus clamped at its in-
ner radius and free at the outer one and the localization of its uncertain response obtained with 
the proposed model is confirmed.  

ACKNOWLEDGEMENTS  

The financial support of this work by the Air Force Multi University Research Initiative 
contract FA9550-15-1-0038 with Dr. Jean-Luc Cambier as Technical Monitor is gratefully 
acknowledged. 

REFERENCES  

[1] C. Soize, A nonparametric model of random uncertainties on reduced matrix model in 
structural dynamics. Probabilistic Engineering Mechanics, 15, 277-294, 2000. 

[2] C. Soize, Stochastic Models of Uncertainties in Computational Mechanics. American 
Society of Civil Engineers (ASCE), 2012. 

[3] J.-F. Durand, C. Soize, C., L. Gagliardini, Structural-acoustic modeling of automotive 
vehicles in presence of uncertainties and experimental identification and validation. 
Journal of the Acoustical Society of America,  124, 1513-1525, 2008. 

[4] R. Ohayon, C. Soize,  Advanced Computational Vibroacoustics - Reduced-Order Mod-
els and Uncertainty Quantification, Cambridge University Press, New York, 2014. 

[5] R. Murthy, M.P. Mignolet, A. El-Shafei, Nonparametric stochastic modeling of struc-
tural uncertainty in rotordynamic systems: Part I – Formulation. Journal of Engineering 
for Gas Turbines and Power, 132, 2010. 

[6] R. Murthy, M.P. Mignolet, A. El-Shafei, Nonparametric stochastic modeling of struc-
tural uncertainty in rotordynamic systems: Part II – Applications. Journal of Engineer-
ing for Gas Turbines and Power, 132, 2010. 

[7] R. Murthy, J. Tomei, X.Q. Wang, M.P. Mignolet, A. El-Shafei, Nonparametric stochas-
tic modeling of structural uncertainty in rotordynamics: unbalance and balancing as-
pects. Journal of Engineering for Gas Turbines and Power, 136, 2014. 

[8] M.P. Mignolet, C. Soize, Stochastic reduced order models for uncertain geometrically 
nonlinear dynamical systems. Computer Methods in Applied Mechanics and Engineer-
ing, 197, 3951-3963, 2008. 

[9] E. Capiez-Lernout, C. Soize, M.P. Mignolet, Post-buckling nonlinear static and dynam-
ical analyses of uncertain cylindrical shells and experimental validation. Computer 
Methods in Applied Mechanics and Engineering, 271, 210-230, 2014. 

[10] P. Song, X.Q. Wang, A. Matney, R. Murthy, M.P. Mignolet, Nonlinear geometric ther-
moelastic response of structures with uncertain thermal and structural properties. Pro-
ceedings of the AIAA Science and Technology Forum and Exposition (SciTech2017), 
AIAA Paper AIAA 2017-0181, 2017. 

[11] C. Soize, I.E. Poloskov, Time-domain formulation in computational dynamics for linear 
viscoelastic media with model uncertainties and stochastic excitation. Computers and 
Mathematics with Applications, 64, 3594-3612, 2012. 

[12] A. Batou, C. Soize, Rigid multibody system dynamics with uncertain rigid bodies. 
Multibody System Dynamics, 27, 285-319, 2012. 

541

Pengchao Song and Marc P. Mignolet 



Pengchao Song and Marc P. Mignolet 

[13] LA. Richter, M.P. Mignolet, Stochastic modeling of uncertain mass characteristics in 
rigid body dynamics. Mechanical Systems and Signal Processing, 87, 43-53, 2017. 

[14] B. Kiflu, Analysis of Mistuned Bladed Disks by a Reduced Order Technique: Validation, 
Identification, and Stochastic Modeling, M.S. Thesis, Arizona State University, May 
2005. 

542



UNCECOMP 2017
2nd ECCOMAS Thematic Conference on

Uncertainty Quantification in Computational Sciences and Engineering
M. Papadrakakis, V. Papadopoulos, G. Stefanou (eds.)

Rhodes Island, Greece, 15–17 June 2017

DIFFERENT VIEWS ON ADDITIONAL RANDOM PARAMETERS IN
EXPERIMENT DESIGN FOR THERMOPHYSICAL PARAMETERS

ESTIMATION (UNCECOMP 2017)
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Abstract. Our contribution deals with a design of experiment problem for estimating ther-
mophysical parameters described by Ruffio et al. (2012). In particular, the partial differential
model of the experiment is replaced here by nonlinear regression model where temperature is a
dependent variable, time of measurement plays a role of independent variable and thermal con-
ductivities along x and y axes are parameters to be estimated. The goal of statistical inference
is to find optimal position(s) of sensor(s) to estimate the parameters of interest as accurately as
possible.

A statistical analysis becomes more complicated when some additional input parameters are
random. In our contribution we discuss the situation, where sensor(s) are not placed exactly to
designed position(s) due to an error modelled by random nuisance parameters or the so-called
random factors. It appears that the very same problem can be viewed from various perspectives
so that its solutions are completely different.
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empty

1 INTRODUCTION

Recent developments in the field of uncertainty quantification open more possibilities to sim-
ulate the nonlinear systems with uncertain input parameters and moreover to design optimized
and robust experiments for calibrating the models of such systems. Nevertheless, the difficulties
connected to handling the uncertain parameters consist not only in computational requirements,
but also in formulation of the problem with uncertain parameters itself, namely with respect to
the considered source of uncertainty. The goal of this contribution is to demonstrate two differ-
ent results obtained due to different perspectives on random parameters in experiment design
problem. In particular, the difference originates from two different attitudes of a statistician
analyzing the data from an experiment – whether he considers the randomness of parameters
in his inverse analysis or not. Different perspectives of the statistician are reflected within the
process of experiment design providing different optimal solutions. Particular scenarios are de-
scribed for an illustrative example of non-stationary heat conduction in two-dimensional square
domain inspired by Ruffio et al. [4], where the goal of experiment design problem is to find
optimal position of a thermocouple measuring temperature in a set of time steps so as to reduce
the uncertainties in estimated thermal conductivities in the two principal directions.

2 EXPERIMENT DESCRIPTION

Our paper was inspired by [4] that presents an analysis of a numerical experiment. In our
simplified version the aim of the experiment is to identify two thermal parameters of an or-
thotropic homogeneous material - more precisely, a constant thermal conductivity λx along the
x−axis and a constant thermal conductivity λy along the y−axis.

The experiment can be described as follows. A square sample is exposed to a constant
and uniform heat flux ϕ on the left and bottom boundaries, while the right and top edges are
insulated. The system obeys the following equation:

C
∂T

∂t
= λx

∂2T

∂x2
+ λy

∂2T

∂y2
,

0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly,

0 ≤ t ≤ τ.

The boundary and initial conditions are defined by:

−λx
∂T

∂x
(x = 0) = ϕ, −λy

∂T

∂y
(y = 0) = ϕ,

−λx
∂T

∂x
(x = Lx) = 0, −λy

∂T

∂y
(y = Ly) = 0,

T (x, y, 0) = 0.

One assumes that temperature is measured by one or more sensors at equidistant time points
t = 1, . . . , 60 (s) and Lx = Ly = 0.05 (m). The number of sensors is fixed. In Ruffio et al.
[4] three sensors were considered. Jarušková and Kučerová [2] considered either one or three
sensors. The aim of an analysis of the numerical model is to determine position(s) of sensor(s)
to identify thermal conductivities λx and λy as accurately as possible while the thermal capacity
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C = 1700000 Jm−3K−1 and the heat flux φ = 25000 Wm−2 are known. Ruffio et al. [4] claim
that a solution of the model above may be found analytically in the form of a quickly converging
series. In our paper, we assume that a final solution may be quite accurately approximated by
the first term only, i.e.,

T (t;λx, λy; x, y) = θx(t;λx;C;ϕ; x) + θy(t;λy;C;ϕ; y),

θx(t;λx;C;ϕ; x) =
2ϕ√
Cλx

√
tF

(

˜x√
t

)

, θy(t;λy;C;ϕ; y) =
2ϕ

√

Cλy

√
tF

(

˜y√
t

)

,

F (z) =
exp(−z2)√

π
− z(1− 2√

π

∫ z

0
e−v2 dv), z ≥ 0.

with ˜x = (x/2)
√

C/λx, ˜y = (y/2)
√

C/λy. Figure 1 presents description of our experiment in
a graphical way.
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00
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Initial temperature:

T(0) = 0 ◦C

Steps of measurement:

ti = 1, . . . , τ s

τ = 60 s

Fixed thermal capacity:

C = 1700000 Jm−3K−1

Figure 1: Description of the experiment.

Because a sensor situated at (x, y) measures temperatures {Yi} with measurement errors
{ei}, we may assume that the behavior of a measured temperature can be modeled with the help
of a nonlinear regression:

Yi = T (ti;λx, λy; x, y) + ei, i = 1, . . . , 60,

where {ei} are i.i.d. with E ei = 0 and V ar ei = σ2
m = 0.12. (In the case of three sensors we

have 60 measurements in all three positions (x1, y1), (x2, y2), (x3, y3), i.e. 180 measurements
in total.) The estimates ̂λx and ̂λy may be obtained using the least squares method.
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A decision where to place sensor(s) is an experiment design problem in the nonlinear re-
gression, see [5]. We consider two criterions: the D criterion minimizes a determinant of the
variance-covariance matrix of (̂λx, ̂λy) and the F criterion minimizes (V ar̂λx/λ

2
x+V ar̂λy/λ

2
y)

1/2.

Due to independence of measurement errors {ei}, the variance of the estimates ̂λx and ̂λy con-
verges to zero with increasing number of measurements. As the number of observations is
large (here 60 measurements), we may consider the variance of the estimates small enough
to replace the nonlinear model by its linear approximation at their true values and the exact
variance-covariance matrix by an asymptotically equivalent matrix:

σ2
m

(

F ∗TF ∗)−1
, (1)

where the matrix F ∗ is a two-column matrix of partial derivatives of T with respect to λx and λy

computed at their true values. It is important to notice that when one sensor is used, the matrix
F ∗TF ∗ is singular when the sensor (x, y) is placed to the line y =

√

λy/λx x. Singularity is
connected to the fact that we estimate two parameters by only one sensor. In case of three sen-
sors the corresponding asymptotic variance-covariance matrix is singular when all sensors are
situated at that line. Positions of sensor(s) yielding a singular approximate variance-covariance
matrix used in the F or D criterion will be called inadmissible.

Ruffio et al. [4] as well as Jarušková and Kučerová [2] started an analysis supposing that
λx = 0.6 and λy = 4.7. For one sensor there exist two optimal solutions with respect to the D
criterion being x(1)

op = 0.0018, y(1)op = 0 and x(2)
op = 0, y(2)op = 0.0050, with the optimal value of

the D criterion 3.1 · 10−12, while there exists only one optimal position xop = 0.0024, yop = 0
with respect to the F criterion with the optimal value 0.0016, see Case 1 in [2]. Notice that
the optimal positions are on the boundaries and relatively close to the point (0, 0). It is clear
that temperature is most sensitive to a change in thermal conductivities near the point (0, 0), see
Figure 2, but on the other hand a sensor must not be too close to the line y =

√

λy/λx x to distin-
guish between the effect of λx and the effect of λy. For illustration Figure 2 shows dependence
of the euclidean norm of the vector ((∂T/∂λx)(1;λx, λy; x, 0), . . . , (∂T/∂λx)(60;λx, λy; x, 0))
on the position of the x - coordinate of a sensor situated on the bottom boundary. Figure 3
shows the dependence of temperature on time for one sensor and different values of λx and λy.

The problem becomes more complicated when some input parameters of the model are ran-
dom as described in the following section.

3 NONLINEAR REGRESSION WITH RANDOM PARAMETERS

In our contribution we assume that a sensor may not be placed exactly to a designed position.
Then, instead of being measured at a point (x, y) temperature is measured at a point (x+Δx, y+
Δy), where Δx and Δy are uncertain. In what follows we describe the case of one sensor but
the case where more sensors are used is analogue.

3.1 Nonlinear regression with common random factors

In the first scenario we assume that a statistician analyzing the data does not know about the
position errors and estimates the parameters of interest λx and λy minimizing the least squares
under the condition that Δx = 0 and Δy = 0, i.e.

(̂λx, ̂λy) = argmin
60
∑

i=1

(

Yi − T (ti;λx, λy; x, y)
)2
. (2)

546
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Figure 2: Dependence of ||∂T/∂λx|| on the x - coordinate of a sensor situated at the bottom boundary for λ x = 0.6
(red line), λx = 0.45 (blue line), λx = 0.75 (magenta line).

One experiment consists of 60 temperature measurements and one assumes that we perform
many experiments. A position of sensor(s) varies from one experiment to the other according
to some prescribed distribution, but in one experiment it does not change and thus it plays a
role of the so-called common factor. The least squares estimates ̂λx and ̂λy are some functions
of Δx,Δy, e1, . . . , e60, which will be different in repeated experiments and thus the estimates
̂λx, ̂λy will attain different values as well. We are indeed interested in a distribution of (̂λx, ̂λy)
induced by the given distribution of Δx,Δy, e1, . . . , e60.

We assume that position errors of {Δx} and {Δy} in different experiments are (in agree-
ment with [4]) i.i.d. variables distributed according to a zero mean normal distribution with a
variance σ2 = 0.00052. Jarušková and Kučerová [2] pointed out that due to a large number of
measurements the effect of measurement errors {ei} on the distribution of (̂λx, ̂λy) is practi-
cally negligible in comparison with the effect of random displacements Δx and Δy that remain
constant in one experiment.

When designing an optimal experiment, we assume that the distribution of measurement er-
rors as well as distribution of position errors is known to the designer who derives the optimality
criterion based on the variance-covariance matrix of (̂λx, ̂λy). If the regression function T is an
approximately linear function of λx, λy, Δx and Δy, then ̂λx and ̂λy are approximately linear
function of Δx and Δy and E (̂λx − λx) ≈ 0 and E (̂λy − λy) ≈ 0 and a variance-covariance
matrix of (̂λx, ̂λy) is approximately equal to:

σ2 (F ∗TF ∗)−1F ∗TZ∗Z∗TF ∗(F ∗TF ∗)−1 + σ2
m(F

∗TF ∗)−1, (3)

where F ∗ is a matrix of partial derivatives of T with respect to components of λx and λy and Z∗

is a matrix of partial derivatives of T with respect to Δx and Δy, both computed at true values
of λx and λy and Δx = 0 and Δy = 0.

Ruffio et al. [4] suggest looking for an optimal position by applying either the D criterion or
the F criterion to the approximate variance-covariance matrix (3). Then, an optimal position of
one sensor with the respect to the F criterion is xop = 0.0165, yop = 0.0158 with the optimal
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Figure 3: Dependence of temperature on time. Red line corresponds to the position (x = 0.0018, y = 0) and
λx = 0.6, λy = 4.7, magenta line corresponds to the position (x = 0.0018, y = 0) and λx = 0.45, λy = 3.2. Blue
line line corresponds to the position (x = 0.0165, y = 0.0158) and λx = 0.6, λy = 4.7, green line corresponds to
the position (x = 0.0165, y = 0.0158) and λx = 0.45, λy = 3.2.

value F = 0.04 and an optimal position with the respect to the D criterion is xop = 0.0167
and yop = 0.0310 with a value D = 8.4 · 10−5. The optimal position(s) of sensor(s) were found
numerically on a grid [0 : 0.0001 : 0.05]× [0 : 0.0001 : 0.05]. When positions of three sensors
are to be found we have to use a faster method that provides us with suboptimal solutions. In
our contribution we applied an evolutionary GRADE algorithm extended by niching strategy
CERAF, see [1].

However, it may happen that for some (x, y) the regression function is a strongly nonlinear
function and then the only way how to get an approximate distribution of (̂λx, ̂λy) is by Monte
Carlo simulations, see [2].

3.1.1 Note on the specific distribution of random parameters

Ruffio et al. [4] assume that random displacements Δx and Δy are independent, distributed
according to a normal distribution N(0, 0.00052). Clearly, if the distribution of Δx and Δy is
normal, then for all possible designed positions (x, y) there exist displacements Δx and Δy
such that the sensor is shifted to the line of inadmissible positions. This is not a serious problem
because we may, for instance, replace the two-dimensional normal distribution by its trimmed
version being zero outside a circle (Δx2 + Δy2)1/2 ≤ 3 · 0.0005. This changes the original
distribution very slightly. When temperature is measured by one sensor and we calculate values
of the criteria using the variance-covariance matrices obtained by Monte Carlo simulations and
by numerical minimization of the least squares, we consider a narrow band around the line to
be a set of inadmissible solutions and we look for an optimal solution outside this band.

A more serious problem might occur when a designed position of a sensor is at one of the
boundaries or close to it. This often happens when three or more sensors are used, see [4]
or [2]. We suggested a way how to replace a normal distribution by a distribution that shifts
sensors to an interior of the heated square sample, see [2], but we do not know how much such
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a replacement changes an optimality of the solutions.

3.2 Nonlinear regression with nuisance parameters

In the second scenario, it is supposed that the statistician analyzing the data from one ex-
periment knows that real positions of sensors might be different from the designed positions
due to random displacements Δx and Δy. He considers them being nuisance parameters and
estimates them together with the parameters of interest (λx, λy).

The most simple way for estimating all unknown parameters is again the least squares
method:

(̂λx, ̂λy, ̂Δx, ̂Δy) = argmin
60
∑

i=1

(

Yi − T (ti;λx, λy; x+Δx, y +Δy)
)2
. (4)

The estimates are indeed maximum likelihood estimates because measurement errors are nor-
mal.

We introduce the four column matrix G∗ of the partial derivatives of the function T with
respect to λx, λy, Δx and Δy. The matrix

1

σ2
m

G∗TG∗ (5)

is an expected Fisher information matrix under the assumption that λx, λy, Δx and Δy are
true values of the parameters. Its inverse V(x,y) is asymptotically equivalent with the variance-
covariance matrix of the least squares estimates (̂λx, ̂λy, ̂Δx, ̂Δy) supposing that the position
(x, y) was chosen. Denote V λ

(x,y) = V(x,y)(1 : 2, 1 : 2) an approximate variance-covariance

matrix of (̂λx, ̂λy) (for n large). The matrix V λ
(x,y) = V λ

(x,y)(λx, λy,Δx,Δy) depends on true
values of parameters λx and λy as well as on true values of displacements Δx and Δy.

For a chosen position of a sensor (x, y) the matrix V λ
(x,y)(0.6, 4.7,Δx,Δy) expresses vari-

ability of the estimates (̂λx, ̂λy) when a position of a sensor remain in all experiments the same
(x + Δx, y + Δy) (supposing the true values λx = 0.6 and λy = 4.7.) The elements of the
matrix V λ

(x,y)(0.6, 4.7,Δx,Δy) are functions of (Δx,Δy) so that if position errors differ the ap-
proximate variance-covariance matrix may be also different. If the position errors (Δx,Δy) are
random variables so are the elements of the matrix V λ

(x,y)(0.6, 4.7,Δx,Δy). It corresponds to
the situation that many experiments are performed and the position errors vary randomly from
one experiment to the other. It is not a big surprise that under an assumption that λx = 0.6,
λy = 4.7 and Δx = 0, Δy = 0, the optimal positions can be found on the boundaries. The
optimal positions with respect to the D criterion are x(1)

op = 0.0044, y(1)op = 0 and x(2)
op = 0,

y(2)op = 0.0123 with the D value 2.3 · 10−8, while there is only one optimal position with a
respect to the F criterion xop = 0.057, yop = 0 with the F value 0.012.

Table 1 summarizes values of D and F criteria for different situations.

4 Optimality criteria using prior knowledge on parameters

In nonlinear regression an exact as well as an approximate variance-covariance matrices of
estimates of parameters of interest depend generally on the very same parameters that are to be
estimated. Therefore, we always need some prior information, which commonly takes a form of
some expert guess about the estimated parameter values, which can be then used for evaluation
of approximate variance-covariance matrices.
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D-optimality F-optimality
no position errors 3.1 · 10−12 0.0016
position errors in scenario 1 8.4 · 10−5 0.04
position errors in scenario 2 when Δx = 0,Δy = 0 2.3 · 10−8 0.012

Table 1: Values of optimality criteria achieved when nuisance parameters are present and/or considered or not
present at all.

4.1 Prior information in terms of feasible intervals - worst case approach

Sometimes, we have some prior information in the form of feasible bounded intervals for
estimated parameters. For instance, we may know that 0.45 ≤ λx ≤ 0.75 and 3.2 ≤ λy ≤
6.2. Our desire is to find a position that is the best for the “worst” values of λx and λy in
a sense that for any other λx and λy from the corresponding intervals we get smaller values
of the considered criteria. For any admissible position (x, y) we calculate the values of the
F or D criterion over a dense grid in (λx, λy) ∈ [0, 45; 0.75] × [3.2; 6.2]. The value of the
FR criterion is a maximum of the corresponding F values and similarly the value of the DR

criterion is a maximum of the corresponding D values. The position (x, y) with the smallest
FR value, respectively the smallest DR value, is optimal. When a position of one sensor is
to be designed and the values of the F and D criterion are calculated using the approximate
variance-covariance matrix (3), we consider a set {[x, y] ∈ [0; 0.05]× [0; 0.05];

√

3.2/0.75x ≤
y ≤

√

6.2/0.45x} to be inadmissible and we are looking for an optimal position outside this
set. Following the first scenario and using (3) the optimal position with the respect of the
FR criterion is xop = 0.0155 and yop = 0.0260. The optimal value FR = 0.102 is attained
for λx = 0.45 and λy = 3.2. The optimal position with the respect of the DR criterion is
xop = 0.0174 and yop = 0.0307. The optimal value DR = 1.94 · 10−4 is attained for λx = 0.45
and λy = 6.2. If the variance-covariance matrices are obtained by Monte Carlo simulations
and numerical minimization of the least squares, we look for an optimal solution outside the
set {[x, y] ∈ [0; 0.05]× [0; 0.05];

√

3.2/0.75(x− 0.0016) ≤ y ≤
√

6.2/0.45(x+ 0.0016)}, see
Figure 4.

Notice, that the “worst” case occurs for values of λx and λy in vertices of the set [0, 45; 0.75]×
[3.2; 6.2]. We call the criteria based on the worst case approach the robust criteria. Ruffio et
al. [4] suggest to calculate the maximum over the edge centers according to the so-called star
design.

Similarly, if in the second scenario we knew that position errors take values from some
bounded intervals we might take the worst case approach not only for the parameters of interest
but also for the nuisance parameters, i.e. to minimize either the D or F criterion based on
V λ
(x,y)(λx, λy,Δx,Δy) with respect to (x, y) for the maximum value with respect to (λx, λy,

Δx,Δy) over the corresponding hypercube. We did not take this approach as Ruffio et al. [4]
assume that the intervals for feasible values of Δx and Δy are theoretically unbounded.

4.2 Prior information in terms of probability densities

Very often we may formulate our prior information in terms of some given probability den-
sities. For instance, we may suppose that λx, λy, (Δx,Δy) are independent with respective
densities p1(λx), p2(λy), f(Δx,Δy).

We may employ this knowledge by considering the mean value of the D or F criterion based
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Figure 4: Set of inadmissible solutions and the optimal solutions using the F and FR criteria.

on V λ
(x,y)(λx, λy,Δx,Δy) with respect to prior distribution of λx, λy, (Δx,Δy). In the other

words we weight the values of the criterion over the prior distribution:

∫

(

D(̂λx, ̂λy)
)

p1(λx)p2(λy)f(Δx,Δy)d (Δx) d (Δy) d λx d λy, (6)

see (23) in [3], or
∫

(

F (̂λx, ̂λy)
)

p1(λx)p2(λy)f(Δx,Δy)d (Δx) d (Δy) d λx d λy, (7)

see (20) in [3]. The functions p1(λx) and p2(λy) might be for instance the densities of uniform
distributions on the corresponding intervals. The first criterion is thus a weighted average of
determinants of an approximate variance-covariance matrix of the estimates (̂λx, ̂λy) where the
“weights” correspond to the prior distribution of λx, λy, Δx, Δy. Similarly, the second criterion
is a weighted average of the sum of standardized approximate variances of ̂λx and ̂λy with the
same weights.

For any λx ∈ [0.45, 0.75] and any λy ∈ [3.2, 6.2] the optimal positions with respect to the
D and F criteria are either on the left or bottom boundary. Therefore, it seems reasonable to
look for optimal positions with respect to (6) and (7) on these boundaries. However, it is again
not clear how to define the distribution of Δx and Δy on the boundaries. After a discussion we
decided to consider a trimmed normal distribution on the interval [−c σ; c σ] for one coordinate
and a trimmed half normal distribution on the interval [0, c σ] for the second one. Such a prior
distribution ensures that the “incorrectly” placed sensor will be always inside the heated sample.
The numerical optimization shows that the new optimal positions are shifted from the points
obtained by least square methods presented in the subsection 3.2 to points that are slightly more
distant from the origin (0, 0). (A size of shift depends on c and a numerical approximation of
integrals in (6) and (7).)
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5 CONCLUSION

In our paper we deal with a nonlinear regression describing dependence of temperature mea-
sured by one or more sensors on time. Additionally to the parameters of interest, here the
thermal conductivities, the regression function contains some other input parameters, e.g. dis-
placements of sensors from their design positions {(Δx(j),Δy(j))}. The distribution of these
input parameters is assumed to be known. The aim of statistical inference is to design optimal
position(s) of sensor(s).

It is shown that in the scope of mathematical statistics the problem may be viewed in two
different ways at least. In the first model the thermal conductivities are estimated under an
assumption that the positions of the sensors are exact. In reality this assumption is true only
in average but not for all performed experiments. On the contrary the positions vary from one
experiment to the other according to an assumed distribution. In the second model the statisti-
cian knows that the sensors positions may be not exact and estimates their x and y coordinates
together with the thermal conductivities.

In our first model it is assumed that one experiment is performed many times and the con-
sidered criteria express a variability of the estimates (̂λx, ̂λy) in many repeated experiments. A
crucial point in our example is that the number of measurements is large. Therefore, in the
first model variability of thermal conductivities estimates is to a large extent determined by a
variability of common random factors, i.e. random displacements of sensors. To minimize the
estimates variability, the optimal positions of sensors are chosen in a way that their random
displacements affect the estimates of the parameters of interest (thermal conductivities) as little
as possible but they also have to be sensitive to the estimated parameters.

In the second model we are interested in a variability of the estimates (̂λx, ̂λy) in one exper-
iment where the parameters {(Δx(j),Δy(j))} are fixed but unknown and they are estimated
together with the parameters of interest (̂λx, ̂λy). The variability of (̂λx, ̂λy) is caused by mea-
surement errors. How large the variability is, depends not only on the true values of (λx, λy),
but also on the true values of {(Δxj ,Δyj)}. In case the true values of the input parameters
{(Δxj ,Δyj)} vary from one experiment to the other experiment according to a known distribu-
tion, the value of any criterion based on the asymptotic variance-covariance matrix is a random
variable. We may choose a characteristic of its distribution to be a design criterion. In the
subsection 4.2 we have chosen a mean value.

In practice the true values of the parameters of interest are also unknown but we have some
prior knowledge about their values. Therefore, we may consider a criterion being the mean with
respect to the distribution of nuisance parameters as well as to the parameters of interest. In our
example with one sensor the variance-covariance matrix depends on the true parameters values
relatively slightly and the optimal design is not too far from the optimal design for a model with
the parameters fixed at their mean values. Indeed, we could also consider a robust version of
the criteria with the respect to (λx, λy), as it is described in the subsection 4.1.

As in two considered models a different type of “errors” in estimating thermal conductivities
are considered, it is not surprising that the optimal designs are completely different.

This work was supported by the Czech Science Foundation under grants 15-09663S and 15-
07299S.
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Abstract. In many engineering applications the material behavior, e.g. hyper-elasticity and
plasticity, is described by appropriate mathematical models. However, these become uncertain
due to different types of uncertainty such as variation in the manufacturing process, measure-
ment errors and missing or incomplete information on material properties. This contribution
presents a framework for nonlinear elastic stochastic material model at large deformations.
As a key idea uncertainty of the material is described by parameters, which are modeled as
stochastic variables.

To this end, 150 specimens for three different rubber materials are experimentally investi-
gated in tensile tests. Based on experimental results 1000 artificial data are generated by aid
of an ARMA process [1]. The artificial data are used for parameter identification of an Ogden
material model for rubber materials . Furthermore, statistical analysis of material parameters
including their correlations is studied. The number of material parameters define the dimension
of the stochastic space. Usually, the stochastic material parameters are considered as stochasti-
cally independent. However, in our work we consider the dependency including the correlation
obtained from experimental data.

The hyperelastic stochastic material parameters are expanded with the multivariate PCE.
In this context, the stresses depend on stochastic variables. To determine the corresponding
PC coefficients for non-independent stochastic material parameters we use a Cholesky decom-
position. As a numerical example we consider the static problem for uniaxial tension of the
rectangular plate. This structure is investigated in order to represent the experimental setup
conditions.
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1 INTRODUCTION

Most materials in the engineering science are heterogeneous, where polycrystallines and
composites are typical examples. The heterogeneity leads to uncertainty in the material proper-
ties due to the manufacturing process. When assessing the reliability of components, different
uncertainties are distinguished. In our contribution we concentrate on the aleatoric uncertainty
caused by material parameters, which is characterized by random variables. Therefore, the me-
chanical system must be described by stochastic partial differential equations (SPDEs). The
solution of the mathematical problem can be determined by the stochastic numerical material
model, where the system response of the model renders a distribution with statistical mean and
variance. A ubiquitous strategy for its solution is the Monte Carlo method [2, 3]. An alternative
to reduce the computational effort, is the spectral method by Ghanem and Spanos [4], which is
considered in this paper. In this context the Polynomial Chaos Expansion (PCE) is often apply
to represent random variables with a series of random Hermite polynomials. A necessary con-
dition for these polynomials is the orthogonality of them, which implies that random variables
do not correlate. In order to consider arbitrary polynomials, the Gram Schmidt algorithm is
implemented [5].

Research areas for the stochastic modeling are: linear elasticity of solids and mechanics
[4], plasticity of solids and mechanics [6, 7], large deformations [8, 9], fluid flow [10, 11,
12], flow-structure interactions [13, 14] and linear convection problems [15]. An open task
is the application of the modeling of rubber-like materials, such as natural rubber, which is
constitutively represented by an Ogden model and is therefore the focus of this paper. Another
challenge is to calculate eigenvalues of the right Cauchy-Green tensor using PC arithmetic.

The uncertainty is considered by random material parameters, which are modeled as stochas-
tic variables. From experimental data the distribution of the random material parameters are
generated by parameter identification of each experimental result. It is well known that material
parameters of the Ogden model correlate with each other, which leads to correlated random
variables. However, the PCE and the determination of PC coefficients require uncorrelated ran-
dom variables. Therefore, in this work, correlations are determined from statistics of material
parameters and are employed for the transformation into uncorrelated random variables.

The organization of this paper is as follows: Section 2 describes the basics of the multivariate
PCE. In Section 3 constitutive equations of hyperelasticity are summarized. Finally, Section 4
presents a numerical example, where stochastic system results are compared with results from
experimental investigations.

2 MULTIVARIATE POLYNOMIAL CHAOS EXPANSION

In this work uncertainty is modeled by stochastic random variables. In this context the
probability space is denoted by (Ω,Σ,P), where Ω is the set of elementary events, Σ is the σ-
algebra and P is the probability measure. Let ω be an element of Ω. One possibility is to expand
random variables with the multivariate PCE, see [16]. This involves a basis of known random
functions with deterministic coefficients, which is of course an advantage compared e.g. with
the Karhunen-Loeve Expansion. Then, the PCE of an arbitrary random variable X(ω) can be
formulated as

X(ω) =
∑
α

X̂αΨα(θ(ω)), (1)
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where X̂α are multivariate deterministic PC coefficients and α is a multi-index. The PC ba-
sis functions Ψα(θ(ω)) are described by multivariate polynomials with uncorrelated standard
distributed random variables θ, which can be expressed as a tensor product

Ψα(θ) =
m∏
i=1

ψαi
(θi). (2)

In Eq. (2) ψαi
are univariate polynomials, where αi ∈ N0 is the degree of the polynomial and

m ∈ N0 specifies the stochastic dimension and / or the number of uncorrelated variables θi.
As an example Table 1 summarizes multi-index polynomials for a stochastic dimension with
m = 4.

Ψ[0,0,0,0] = ψ0
4

Ψ[1,0,0,0] = ψ1(θ1)

Ψ[0,1,0,0] = ψ1(θ2)

Ψ[0,0,1,0] = ψ1(θ3)

Ψ[0,0,0,1] = ψ1(θ4)

Ψ[2,0,0,0] = ψ2(θ1)

Ψ[1,1,0,0] = ψ1(θ1)ψ1(θ2)

Ψ[1,0,1,0] = ψ1(θ1)ψ1(θ3)

Ψ[1,0,0,1] = ψ1(θ1)ψ1(θ4)

Ψ[0,2,0,0] = ψ2(θ2)

Ψ[0,1,1,0] = ψ1(θ2)ψ1(θ3)

Ψ[0,1,0,1] = ψ1(θ2)ψ1(θ4)

Ψ[0,0,2,0] = ψ2(θ3)

Ψ[0,0,1,1] = ψ1(θ3)ψ1(θ4)

Ψ[0,0,0,2] = ψ2(θ4)

. . .

Table 1: Multi-index polynomials for the stochastic dimension m = 4

A more practical choice instead of the multivariate PCE in Eq. (1) is the single-index repre-
sentation

X ≈
P∑
k=0

X̂kΨk(θ1, θ2, . . . , θm). (3)

The multi-index α is now reformulated as a single-index k such that the maximum number of
PC terms is calculated as

P + 1 =
(m+ p)!

m!p!
, (4)

where p =
∑m

i=1 αi describes the polynomial order. Using Eq. (4) with m = 4 and p = 2, a
single-index representation of Eq. (2) is given in Table 2, where the PC basis Ψk, k = 0, ..., P ,
are described by univariate polynomials.

2.1 Correlated input represented by uncorrelated variables

As mentioned above, standard distributed random variables θi of Eq. (2) must be uncorre-
lated. Therefore, the aim of this section is the transformation of correlated into uncorrelated
random variables, using the Cholesky decomposition for an arbitrary matrix A = LLT . The
following vectors are defined

X(θ) = [X1(θ), X2(θ), . . . , Xm(θ)]T , X̄ = [E (X1) ,E (X2) , . . . ,E (Xm)]T , (5)

where Xi, i = 1, . . . ,m are correlated random variables and E (Xi) are corresponding expected
values. The covariance matrix of X can be calculated with

ΣXX = cov(X) = E
(
(X − X̄)(X − X̄)T

)
= LLT , (6)
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Order p Single-index k Ψk

0 0 Ψ0 = Ψ[0,0,0,0]

1 1 Ψ1 = Ψ[1,0,0,0]

2 Ψ2 = Ψ[0,1,0,0]

3 Ψ3 = Ψ[0,0,1,0]

4 Ψ4 = Ψ[0,0,0,1]

2 5 Ψ5 = Ψ[2,0,0,0]

6 Ψ6 = Ψ[1,1,0,0]

7 Ψ7 = Ψ[1,0,1,0]

8 Ψ8 = Ψ[1,0,0,1]

9 Ψ9 = Ψ[0,2,0,0]

10 Ψ10 = Ψ[0,1,1,0]

11 Ψ11 = Ψ[0,1,0,1]

12 Ψ12 = Ψ[0,0,2,0]

13 Ψ13 = Ψ[0,0,1,1]

14 Ψ14 = Ψ[0,0,0,2]

Table 2: Single-index representation of the multivariate polynomials for a stochastic dimension m = 4 and poly-
nomial order p = 2

where L is the lower triangular matrix of the Cholesky decomposition. For standardized un-
correlated random variables, the covariance matrix is trivial and equal to the identity matrix I .
Therefore, Eq. (6) is reformulated as

L−1 ΣXX L
−T = E

(
L−1 (X − X̄)︸ ︷︷ ︸

Y

(X − X̄)T L−T︸ ︷︷ ︸
Y T

)
= ΣY Y , (7)

where Y (θ) = [Y1(θ1), Y2(θ2), . . . , Ym(θm)]T in Eq. (7) in contrast to X in Eq. (6) contains
standardized uncorrelated zero-mean random variables Yi(θi). From Eq. (7) we conclude the
relation

X − X̄ = LY , (8)

where random variables X and Y are expanded with the PCE according to Eq. (3)

P∑
k=0

X̂k Ψk(θ)− X̂0 =
P∑
k=1

X̂k Ψk(θ) =
P∑
k=1

L Ŷ k Ψk(θ). (9)

In Eq. (9) we exploit X̂0 = X̄ and Ŷ 0 = 0, due to the fact that Y contains zero-mean random
variables. Comparing coefficients of Eq. (9) renders

X̂k = L Ŷ k, ∀ k ∈ {1, . . . , P}, (10)

where the PC coefficients X̂k are formulated as PC coefficients Ŷ k of uncorrelated random
variables. Finally, the polynomials Ψk in Eq. (3) have to be specified. In the following sections
two different types of polynomials Ψk will be discussed.
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2.2 Multivariate Hermite polynomials

In general, a normal distribution of experimental data is assumed. Therefore, we use Her-
mite polynomials, which are based on standardized uncorrelated normally distributed random
variables θi. The first five univariate Hermite polynomials have the form

ψ0 = 1; ψ1 = θ; ψ2 = θ2 − 1; ψ3 = θ3 − 3θ; ψ4 = θ4 − 6θ + 3. (11)

Due to the orthogonality property of Hermite polynomials it follows, see [17]

E(Ψ0) = 1, E(ΨαΨβ) = α! δαβ, E(Ψ2
α) = α!, E(Ψα) = 0 ∀ α 6= 0, (12)

where E and α! denote the expected value and the factorial with

α! =
m∏
i=1

αi!. (13)

These Hermite polynomials are used to calculate PC coefficients Ŷ k of Eq. (10).

2.3 Input parameter based polynomials

An alternative to Hermite polynomials are input parameter based (IPB) polynomials. In con-
trast to Hermite polynomials, these are based on standardized uncorrelated distributed random
variables and we set θi = Yi. According to Eq. (2) this yields

Ψα(Y ) =
m∏
i=1

ψαi
(Yi), (14)

where ψαi
depends on Yi. An orthogonal set of univariate polynomials can be computed with

the Gram-Schmidt algorithm [18]

ψ0 = 1, ψl(Yi) = el(Yi)−
l−1∑
k=0

E (el(Yi) · ψk(Yi))
E (ψk(Yi) · ψk(Yi))

, l = 1, 3, . . . , p. (15)

In Eq. (15) polynomials el(Yi) = (Yi)
l are of degree l. The advantage of these polynomials is

that the PC coefficients Ŷik of the i-th entry of Ŷ k are known as

Ŷik =

{
δik if k = 1, . . . ,m

0 else
(16)

and must not be calculated by aid of Hermite polynomials. Then, Eq. (3) leads to

Xi ≈
P∑
k=0

X̂ikΨk(Y1, Y2, . . . , Ym), (17)

where Xi depends on IPB polynomials Ψk(Y1, Y2, . . . , Ym). The corresponding PC coefficients
X̂ik can be be formulated using Eq. (10) and Eq. (16)

X̂i0 = X̄i, X̂ik = Lik, X̂ik = 0 ∀ k ∈ {(m+ 1), . . . , P}, (18)

where Lik describes the (i, k) entry of the lower triangular matrix, which is calculated from the
Cholesky decomposition of ΣXX in Eq. (6).

558



Eduard Penner, Ismail Caylak and Rolf Mahnken

3 A stochastic variation of Ogden’s material model

The derivation of the constitutive relations of the stochastic Ogden model is analogous to the
deterministic problem and is therefore not presented in detail. For this reason, we will refer to
relevant literature [19, 20, 21, 22, 23]. Thus, for the stochastic strain energy function we obtain

U(λ̃i, J, ω) =
2∑
p=1

3∑
i=1

µp(ω)

αp(ω)

(
λ̃i(ω)αp(ω) − 1

)
︸ ︷︷ ︸

U iso(λ̃1,ω)

+
N∑
p=1

K

2
(J(ω)− 1)2p︸ ︷︷ ︸
Uvol(J,ω)

, (19)

where λ̃i are the eigenvalues of the deviatoric right Cauchy-Green tensor C, J is the Jacobi
determinant of the deformation gradient F, K is the bulk modulus and αp, µp, p = 1, 2 are ad-
ditional material parameters. The only differences between Eq.(19) and the well known deter-
ministic strain energy function is that α1, µ1, α2, µ2, λ̃i and J in Eq.(19) are stochastic variables
and depend on ω. Then, exploiting the second law of thermodynamics, where no dissipation is
considered for hyper elastic materials, the first and second Piola-Kirchhoff stress tensor P and
S are obtained as

F−1P = S(λ̃i, J, ω) = Siso(λ̃i, ω) + Svol(J, ω) = 2

(
∂U iso(λ̃i, ω) + ∂U vol(J, ω)

∂C(ω)

)
. (20)

According to [24] expressions of the second Piola-Kirchhoff stress tensor S is considered. As
mentioned in the introduction, one challenge of the stochastic modeling of Ogden’s material
model is the calculation of eigenvalues λi of the right Cauchy-Green tensor

C(ω) =
3∑
i=1

λ2i (ω)Ni(ω)⊗ Ni(ω) =
3∑
i=1

λ2i (ω)Mi(ω), (21)

where N1(ω) and Mi(ω) = Ni(ω)⊗Ni(ω) are eigenvectors and eigenvector basis, respectively.
The eigenvalues and eigenvectors of deterministic problems can be calculated easily by standard
numerical methods. For stochastic problems the following eigenvector problem must be solved

C(ω)Ni(ω)− λ2i (ω)Ni(ω) = 0, i = 1, 2, 3, (22)

NT
i (ω)Ni(ω) = 1, i = 1, 2, 3. (23)

For plane stress problems Eq. (23) is simplified as described in [25]. The system of equations
can be solved by using PC-arithmetics, such as product and addition in combination with an
optimization algorithms. Basic operations of the PC arithmetic can be found in [26].

4 STATISTICAL ANALYSIS OF OGDEN’S PARAMETERS AND THE RESPONSE

Tensile tests are used to identify material parameters of natural rubber. Based on 150 exper-
imental force-displacement curves, 1000 artificial data are generated as described in [1].

4.1 Distribution and Cholesky decomposition of material parameters

For all artificial data sets parameter identifications are performed such that a distribution
of each parameter is obtained. In Figure 1 the cumulative density function (CDF) of Ogden’s
material parameters µ1(ω), α1(ω), µ2(ω) and α2(ω) are illustrated. The solid line represents
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the CDF of the random parameter, where as the dashed line shows the Gaussian distribution.
Parameters α1 and α2 are dimensionless quantities and µ1 and µ1 are given in MPa. The bulk
modulus is fixed to K = 1000 MPa for all parameter identifications. All random parameters are
stored in the vector

κ(ω) = [α1(ω), µ1(ω), α2(ω), µ2(ω)]T . (24)

With κ(ω) from Eq. (24), the expected values and the lower triangular matrix for the covariance
matrix in Eq. (6) can be calculated as

κ̄ =


ᾱ1

µ̄1

ᾱ2

µ̄2

 =


−6, 197
−0, 077
−0, 058
−5, 891

 , Lκκ =


2.0813 0 0 0
−0.0046 0.0375 0 0

0.0091 0.0079 0.0219 0
0.3635 0.6167 −0.0119 0.1695

 · 10−1. (25)

0

0.2

0.4

0.6

0.8

1

-7 -6.3 -5.6

C
D

F

α1

Para Id

Gaussian
0

0.2

0.4

0.6

0.8

1

-0.095 -0.08 -0.065

C
D

F

µ1

Para Id

Gaussian

0

0.2

0.4

0.6

0.8

1

-0.067 -0.059 -0.051

C
D

F

α2

Para Id

Gaussian
0

0.2

0.4

0.6

0.8

1

-6.2 -5.9 -5.6

C
D

F

µ2

Para Id

Gaussian

Figure 1: Cumulative density functions for material parameters α1, µ1, α2 and µ1 from 1000 deterministic param-
eter identifications

4.2 PC coefficients of material parameters

In order to determine the PC coefficients, the correlated inputs κ are first transformed into
uncorrelated random variables Y , as described in Eq. (7). When Hermite polynomials are used,
PC coefficients of Y are determined using the collocation method [27]. Eq. (10) can be used to
calculate the PC coefficients of κ. Alternatively, the IPB polynomials can be used as described
in Section 2.3. In this case, PC coefficients correspond to the expectation values κ̄ and the lower
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triangular matrix Lκκ with

κ̂ =


α̂10 α̂11 0 0 0
µ̂10 µ̂11 µ̂12 0 0
α̂20 α̂21 α̂22 α̂23 0
µ̂20 µ̂21 µ̂22 µ̂23 µ̂24

 =
[
κ̄ Lκκ

]
, only for IPB polynomials, (26)

see also relations in Eq. (18). PC coefficients for both types of polynomials in Section 2.2 and
Section 2.3 are summarized in Table 3.

(p, P ) k Ψk α̂1k µ̂2k α̂2k µ̂2k

H
P (1, 5)

1 1 −6.19857 −0.07724 −0.05881 −5.89198
2 θ1 0.20225 −0.00031 0.00096 0.03813
3 θ2 −0.00844 0.00368 0.00087 0.05811
4 θ3 −0.00028 −0.00019 0.00211 −0.00478
5 θ4 0.01105 0.00023 0.00004 0.01894

IP
B

(1, 5)

1 1 −6.19752 −0.07723 −0.05881 −5.89157
2 Y1 0.20814 −0.00047 −0.00091 0.03635
3 Y2 0 0.00375 −0.00079 0.06167
4 Y3 0 0 0.00219 −0, 00119
5 Y4 0 0 0 0.01696

Table 3: PC coefficients of material parameters for Hermite and IPB polynomials

4.3 Comparison of numerical simulation with experiments

As a numerical example we consider the static problem for uniaxial tension of a rectangular
plate, with the same condition as in the experimental investigations. We apply the stochastic
material model for both types of polynomials, Hermite and IPB polynomials. The stochastic
model can then be performed using the specific PC coefficients. For comparing the numerical
and experimental results, a 95% confidence interval of the 1.PK-stretch curves is considered as
can be seen in Figure 3. In addition, Figure 4 shows the CDFs of the first Piola-Kirchhoff at
displacements of 25 mm and 85 mm.

5 CONCLUSION

In this paper the stochastic modeling at large deformations for the Ogden material model
is presented. A major focus is the consideration of correlated material parameters in the PCE.
In this context, the basic idea are to represent correlated by uncorrelated random variables.
This ensures that each variable can be developed independently and the corresponding PC co-
efficients can be calculated. Two types of polynomials, Hermite and IPB polynomials, are
presented. In contrast to Hermite polynomials, where PC coefficients have to be determined
numerically, IPB polynomials are calculated based on input variables, which render exact PC
coefficients. In the numerical example, results for both methods are compared with experimen-
tal results. We conclude that a good agreement is observed using Hermite and IPB polynomials
based on correlated random material parameters.
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Figure 2: Density functions for material parameters α1, µ1, α2 and µ1 from experiments and modeling with both
Hermite and IPB polynomials
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Figure 3: 95% confidence interval of the 1.PK-stretch curves
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Figure 4: 1.PK at the displacement 25mm and 85mm
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[1] N. Nörenberg, R. Mahnken, Parameter identification for rubber materials with artificial
spatially distributed data, Computational Mechanics 56 (2) (2015) 353–370.

[2] R. E. Caflisch, Monte carlo and quasi-monte carlo methods, Acta numerica 7 (1998) 1–49.

[3] J. Hurtado, A. Barbat, Monte carlo techniques in computational stochastic mechanics,
Archives of Computational Methods in Engineering 5 (1) (1998) 3–29.

[4] R. G. Ghanem, P. D. Spanos, Stochastic finite elements: a spectral approach, Courier
Corporation, 2003.

[5] M. Navarro, J. Witteveen, J. Blom, Polynomial chaos expansion for general multivariate
distributions with correlated variables, arXiv preprint arXiv:1406.5483.

[6] M. Anders, M. Hori, Stochastic finite element method for elasto-plastic body, International
Journal for Numerical Methods in Engineering 46 (11) (1999) 1897–1916.

[7] B. Rosic, Variational formulations and functional approximation algorithms in stochastic
plasticity of materials, in: 2nd ECCOMAS Young Investigators Conference (YIC 2013),
2012.

[8] S. Acharjee, N. Zabaras, Uncertainty propagation in finite deformations - A spectral
stochastic Lagrangian approach, Computer methods in applied mechanics and engineering
195 (19) (2006) 2289–2312.

[9] S. Acharjee, Stochastic and Deterministic Techniques for Computational Design of De-
formation Process, Ph.D. thesis, Faculty of the Graduate School of Cornell University
(may 2006).

[10] O. M. Knio, H. N. Najm, R. G. Ghanem, et al., A stochastic projection method for fluid
flow: I. basic formulation, Journal of computational Physics 173 (2) (2001) 481–511.

563



Eduard Penner, Ismail Caylak and Rolf Mahnken

[11] O. P. Le Maitre, M. T. Reagan, H. N. Najm, R. G. Ghanem, O. M. Knio, A stochastic
projection method for fluid flow: Ii. random process, Journal of computational Physics
181 (1) (2002) 9–44.

[12] D. Xiu, G. E. Karniadakis, Modeling uncertainty in flow simulations via generalized poly-
nomial chaos, Journal of computational physics 187 (1) (2003) 137–167.

[13] D. Xiu, G. E. Karniadakis, The wiener–askey polynomial chaos for stochastic differential
equations, SIAM journal on scientific computing 24 (2) (2002) 619–644.

[14] D. Xiu, D. Lucor, C.-H. Su, G. E. Karniadakis, Stochastic modeling of flow-structure
interactions using generalized polynomial chaos, Journal of Fluids Engineering 124 (1)
(2002) 51–59.

[15] M. Jardak, C.-H. Su, G. E. Karniadakis, Spectral polynomial chaos solutions of the
stochastic advection equation, Journal of Scientific Computing 17 (1) (2002) 319–338.

[16] A. Keese, Numerical Solution of Systems with Stochastic Uncertainties: A General Pur-
pose Framework for Stochastic Finite Elements, 2004.

[17] W. Luo, Wiener chaos expansion and numerical solutions of stochastic partial differential
equations, Ph.D. thesis, California Institute of Technology (2006).

[18] J. A. Witteveen, S. Sarkar, H. Bijl, Modeling physical uncertainties in dynamic stall in-
duced fluid–structure interaction of turbine blades using arbitrary polynomial chaos, Com-
puters & structures 85 (11) (2007) 866–878.

[19] R. W. Ogden, Non-linear elastic deformations, Courier Corporation, 1997.

[20] G. A. Holzapfel, Nonlinear solid mechanics, Vol. 24, Wiley Chichester, 2000.

[21] L. E. Malvern, Introduction to the Mechanics of a Continuous Medium, no. Monograph,
1969.

[22] J. E. Marsden, T. J. Hughes, Mathematical foundations of elasticity, Courier Corporation,
1994.

[23] C. Truesdell, W. Noll, The non-linear field theories of mechanics, Springer, 2004.

[24] J. C. Simo, R. L. Taylor, Quasi-incompressible finite elasticity in principal stretches. con-
tinuum basis and numerical algorithms, Computer Methods in Applied Mechanics and
Engineering 85 (3) (1991) 273–310.

[25] C. Miehe, Computation of isotropic tensor functions, Communications in numerical meth-
ods in engineering 9 (11) (1993) 889–896.

[26] B. J. Debusschere, H. N. Najm, P. P. Pébay, O. M. Knio, R. G. Ghanem, O. P. Maitre, Nu-
merical challenges in the use of polynomial chaos representations for stochastic processes,
Computing and visualization in science 10 (1) (2007) 3–15.

[27] M. Webster, G. McRae, Application of the probabilistic collocation method for an uncer-
tainty analysis of a simple ocean model, Technical report.

564



UNCECOMP 2017
2nd ECCOMAS Thematic Conference on

Uncertainty Quantification in Computational Sciences and Engineering
M. Papadrakakis, V. Papadopoulos, G. Stefanou (eds.)

Rhodes Island, Greece, 15–17 June 2017

A POSSIBILISTIC APPROACH FOR LINEAR ISOTROPIC
ELASTICITY USING THE FUZZY FINITE ELEMENT METHOD

Alex Dridger1, Ismail Caylak1, and Rolf Mahnken1

Chair of Engineering Mechanics (LTM)
University of Paderborn

Paderborn, Germany
{dridger,caylak,mahnken}@ltm.upb.de

Keywords: Fuzzy set, α-level discretization, possibility measure, probability-possibility trans-
formation, imprecise probability

Abstract. The uncertainty quantification has become an inalienable factor in many physical
and engineering applications for determination of reliable results with the finite element method
(FEM). In this work we investigate the uncertainties characterized by imprecise probabilities
[12, 13]. To this end, a membership function is interpreted as a possibility distribution and a
possibility distribution as a family of probability distributions. In the basic preliminaries we
summarize the fundamentals of the fuzzy set theory as well as the possibility theory including a
probability-possibility transformation [11]. Moreover, a linear elastic body with two fuzzy input
material parameters is studied. The main objectives are twofold: Firstly, determination of two
unknown fuzzy parameters and secondly, numerical computation of the system response under
consideration of the interaction between fuzzy parameters using the possibilistic evaluation of
the fuzzy finite element method (FFEM). The α-level discretization technique [2] is applied in
order to reduce the fuzzy arithmetic based FEM to an interval arithmetic based FEM. Finally,
our method is applied in a numerical example for a plate with a ring hole.
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1 INTRODUCTION

In modern engineering sciences the uncertainty quantification as well as its suitable applica-
tion in simulations with the finite element method (FEM) becomes essential in order to obtain
realistic results. In this context, the uncertainty arises from linguistic, informal or statistical
properties and may be attached to material parameters, geometry parameters and/or loading
parameters. Different causes of the uncertainty require different characterization techniques.
Thus, statistical (or stochastic) based uncertainty is described by randomness [2], i.e. ran-
dom variables and/or random fields. This kind of uncertainty is referred to as the aleatoric
uncertainty, whereas the other kinds of uncertainties (especially the one based on incomplete
information) are assigned to the epistemic type [4]. To this end, the deterministic finite element
method is expanded to the stochastic FEM (SFEM) [5, 14, 15] in order to handle the aleatoric
uncertainty. Accordingly, there exist the interval FEM and the fuzzy FEM (FFEM) [2, 16] in
order to comprise the epistemic uncertainty in the simulation. Naturally, in the engineering sci-
ences a pure aleatoric model is not able to exist, since the determination of an exact probability
distribution can only be achieved in the infinite trial. For this reason, every uncertain model is
(partly) of epistemic nature. The combination of both types of uncertainty is referred to as im-
precise probability [12, 13]. For this, the probability-box FEM (P-box FEM) [17] and/or fuzzy
stochastic FEM (FSFEM) [2, 18] are applied in order to consider imprecise probabilities in the
FEM.

Furthermore, the possibility theory first introduced by Zadeh [19] and expanded by Dubois
and Prade [6, 13] was formulated in order to deal with imprecise probabilities. To this end,
membership functions of the fuzzy set theory [2, 6] may be interpreted as possibility distribu-
tions where one of them comprises a family of probability distributions [11]. A main application
area of the possibility theory is the field of computer science or the cognitive psychology as can
be seen e.g. in [20].

This work describes the possibilistic approach in the finite element method based on incom-
plete information for material parameters referred to as design variables. The incompleteness
is justified in a small number of experimental observations. Thus, the underlying probability
distribution cannot be specified in contrast to a family of possible probability distributions. That
is, we use the possibilistic interpretation of the fuzzy finite element method in order to describe
imprecise probabilities caused by fuzzy material parameters.

An outline of this work is as follows: Section 2 summarizes the basic equations of the fuzzy
set theory and the related possibility theory including the possibility distribution and possibility
measure, respectively. Furthermore, the continuous variational formulation for a linear elastic
body with fuzzy material parameters are introduced. In Section 3 the spatial discretization is
provided in order to obtain the linear elastic fuzzy equation system. Finally, Section 4 con-
solidates the previous explanations in the representative example for a two parameter model of
isotropic linear elasticity under consideration of the interaction of fuzzy material parameters.

2 BASIC PRELIMINARIES

The aim of this work is a possibilistic evaluation of the (linear elastic) fuzzy finite element
method based on fuzzy material parameters. In this context, the fuzziness arises from a small
number of experimental observations. This section recaps the essential definitions.
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2.1 Fuzzy sets

Based on [1, 2, 3] we define for a design space S ⊂ Rns with ns as the number of input
(design) variables si according to s = (s1, s2, . . . , sns)

Ŝ = {(s, µS(s)) | s ∈ Rns , µS(s) = min[µSi(si)]}, (1)

as the ns dimensional fuzzy set Ŝ with the ns dimensional membership function µS , where

Ŝi = {(si, µSi(si)) | si ∈ R, µSi ∈ [0, 1]} (2)

is the one dimensional fuzzy set for Si ⊂ R with the one dimensional membership function µSi .

2.2 Fuzzy arithmetic

In order to perform mathematical operations with fuzzy sets the α-level discretization tech-
nique is used [2, 11]. For this, the αk-cut of a fuzzy set Ŝ is defined as the set

Sαk = {s | µS(s) ≥ αk, s ∈ Rns} = S1,αk × S2,αk × · · · × Sns,αk ⊂ Rns , (3)

where Si,αk := [sLi,αk , s
R
i,αk

] for k ∈ N0 and i = 1, . . . , ns. This approach allows the usage of an
ordinary interval arithmetic technique [7, 21] in order to perform mathematical operations with
fuzzy sets. The higher the number of cuts, the more accurate is result, however, it becomes nu-
merically more demanding. Figure 1 illustrates the α-level discretization on a one dimensional
trapezoidal fuzzy set Ŝi.

si

µSi

1

0

αk

αj

sLi,αjs
L
i,αk

sRi,αk s
R
i,αj

Si,αk

Figure 1: α-cuts of a fuzzy trapezoidal number Ŝi

Note that, the inclusion of the interaction (which is defined as being the mutual dependency
of fuzzy variables [2]) is important in order to obtain most realistic results with the interval
arithmetic. Section 4 illustrates the meaning of interaction in the representative example.

2.3 Possibility vs. probability

There are several interpretations of fuzziness (see e.g. [22]). Initially, fuzzy sets were intro-
duced to model vague linguistic knowledge. There, the membership degree represents a degree
of similarity of preference, acceptability, suitability or (more general) a degree of truth. A fur-
ther interpretation is to consider a fuzzy set as a set of probability measure [6, 13, 20]. To this
end, membership functions are interpreted as possibility distributions and a possibility distribu-
tion as a family of probability distributions. Thus, in the engineering sciences, the terminology
of possibility theory allows the examination of imprecise probabilities, whereas the ordinary
fuzzy set theory is used for the epistemic uncertainty.
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2.3.1 Possibility distribution as a family of probability distributions

According to [11] a possibility distribution is a function

π : S −→ [0, 1] ⊆ R, (4)

with S as the design space of design variables. Following [11] we formulate the equations

1. P(π) = {p ∈ P , ∀A ⊂ Rns , N(A) ≤ P (A) ≤ Π(A)}, with
2. Π(A) = sup

s∈A
π(s) as the possibility measure and (5)

3. N(A) = 1− Π(Ā) as the necessity measure,

where P is the family of all possible probability distributions and P is the probability measure
associated with the probability distribution p. From Eq. (4) and Eq. (5) we observe, that the
possibility distribution π contains all probability distributions p that are upper bounded by the
possibility measure Π, whereas the necessity measureN may be interpreted as the lower bound.
For more information about the possibility measure and the necessity measure see e.g. [6, 23].
In this work, we restrict our examination on the possibility. We use this term as an abbreviation
for the often (synonymically) used terms possibility distribution, possibility measure and/or
possibility degree.

2.3.2 Probability-possibility transformation for limited experimental data

As already indicated our attempt is the inclusion of sparse experimental data in a simulation
as well as the interpretation of the corresponding system response. That is, we have to consider
especially non-available information in order to obtain most realistic results based on sparse
information. The determination of the exact probability distribution is not possible in case of
sparse experimental data. Nevertheless, we may embrace the family of possible probability
distributions. The idea is to transform the (possible) marginal probability density functions in
two possibility distributions. A subsequent combination to one possibility distribution encod-
ing the family of all possible probability distributions which may arise considering the sparse
experimental information.

a)

s

f

fL

µL

fR

µR

fM

2σM

µM

2σR 2σR

b)

s

π, f 1.0 πfL πfR

µL µRµM

αk−1

αk

c)

s

π, f 1.0

µL µRµM

Figure 2: Schematic representation of a) marginal density functions fL and fR with a mean
density function fM , b) corresponding possibility distributions πfL and πfR and c) the possibility
distribution π encoding all possible normal density functions

We describe the procedure considering the schematic illustration in Fig. 2. Let fM be a
(normal) probability density function of the variable s (as can be seen in Fig. 2.a) with corre-
sponding expected value µM and standard deviation σM calculated from n sparse experimental
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data of s. Although it is unlikely that the density function fM describes the real density function
of the design variable s, nevertheless, it is a possible one. With a specific confidence level (of
e.g. 95%) one obtains the confidence intervals µ = [µL, µR] for possible expected values with
µL ≤ µM ≤ µR and σ = [σL, σR] for possible standard deviations with σL ≤ σM ≤ σR con-
sidering the n experimental data (see [8, 9] for more information about confidence intervals).
Thus, we may establish the marginal (normal) density function fL with expected value µL and
standard deviation σR and the marginal (normal) density function fR with expected value µR
and standard deviation σR as illustrated in Fig. 2.a. Note that, both marginal density functions
have the largest standard deviation σR. Consider for exemplification f := fL as the standard
normal density function, i.e.

f =
1√
2π

exp
(
−1

2
s2

)
, (6)

with µL = 0 and σL = 1. The probability-possibility transformation

T :

{
D −→ P
f 7−→ πf

(7)

assigns to the density function f ∈ D the maximum specific possibility distribution πf , where
D is a set of density functions and P is a set of possibility distributions. In order to obtain the
maximum specific possibility distribution with the relation in Eq. (7) one has to determine the
confidence intervals [11]

Iβk = {s | s ∈ f−1[d], ∀d ∈ [ck,+inf)}, (8)

with

βk =

∫
{s|f(s)≥ck}

f(s)ds, (9)

for k = 1, . . . , nα and ck > 0 where nα is the number of alpha cuts. Then, considering the
relation (derived in [11])

Sαk = [sLαk , s
R
αk

] := S1−βk = Iβk (10)

one is able to determine the α-cuts of the corresponding maximum specific possibility distribu-
tion. Figure 3 illustrates the transformation of the standard normal density function f (shown
in Fig. 3.a) to the maximum specific possibility distribution πf (shown in Fig. 3.b).

a)

s

f(s)

ck
βk

Iβk

b)

s

πf (s)

αk • •
Sαk = Iβk

Figure 3: Probability-possibility transformation: a) Density function of a standard normal dis-
tribution, b) corresponding maximum specific possibility distribution
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Furthermore, Fig. 2.b. illustrates schematically the transformation of marginal density func-
tions fL and fR to the corresponding possibility distributions πfL and πfR using Eq. (7) - Eq.
(10). Subsequently, we formulate the (common) maximum specific possibility distribution π as

π(s) :=


πfL(s) for s < (πfL)−1(1)

πfR(s) for s > (πfR)−1(1)

1 for s ∈ [(πfL)−1(1), (πfR)−1(1)]

(11)

Thus, the possibility distribution π in Eq. (11) encodes all possible probability density functions
which may arise considering the n sparse experimental data. Eventually, π constitutes the
input function of the design variable s for the finite element method as can be seen in the
representative example in Section 4.

2.4 Governing equations for an elastic body

The considered linear elastic material behavior is characterized by fuzzy material parameters.
Building on deterministic governing equations (see e.g. [10]) on the region Ω occupied by the
elastic body, the following variational formulation is constituted:∫

Ω

δε̂ : Ĉ : ε̂ dΩ =

∫
∂Ωσ

t̄ δû d∂Ω. (12)

In Eq. (12) we have Ĉ as the fuzzy elasticity tensor, δû as the fuzzy virtual displacement, ε̂ as
the fuzzy strain tensor and δε̂ as the fuzzy virtual strain tensor with corresponding Dirichlet and
Neumann boundary conditions

u = ū on ∂Ωu, t̄ = σ · n on ∂Ωσ (13)

with non-intersecting boundaries ∂Ω = ∂Ωσ ∪ ∂Ωu and ∅ = ∂Ωσ ∩ ∂Ωu.

3 NUMERICAL IMPLEMENTATION

3.1 Spatial discretization with fuzzy material parameters

We consider a linear elastic isotropic material described by fuzzy input material parameters
Young’s modulus Ê and Poisson’s ration ν̂. Using the displacement and strain approximation

û ≈
nk∑
i=1

Ni û
∗
i = N û∗ and

ε̂ ≈ B û∗,

(14)

with B as the associated derivative matrix of shape functions Ni, û∗ as the nodal displacement
vector and nk as the number of nodes per element, the following fuzzy equation system is
derived:

K̂û∗ =
ne

A
e=1

∫
eR

BT Ĉ B dRû∗ = f =
ne

A
e=1

∫
∂eR

t̄ N d∂R (15)

In Eq. (15) A represents the assembly operator, eR is the domain of one finite element and ne
is the number of elements. Furthermore, the fuzzy elasticity matrix is given as

Ĉ = Ĉdev + Ĉvol = 2ĜICdev + K̂mmT (16)
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with

Ĝ =
Ê

2(1 + ν̂)
fuzzy shear modulus,

K̂ =
Ê

3(1− 2ν̂)
fuzzy bulk modulus

(17)

and

ICdev = IC − 1

3
mmT , IC =


1

1
1

1
2

1
2

1
2

 , m =


1
1
1
0
0
0

 . (18)

The shear modulus and the bulk modulus in Eq. (17) become fuzzy, since they depend on
fuzzy material parameters Ê and ν̂. Therefore, the elasticity matrix in Eq. (16) is also fuzzy.
For arithmetic operations with fuzzy variables in Eq. (16) and Eq. (17) the interval arithmetic
technique is used considering the interaction of fuzzy variables.

3.2 Possibility determination of the system response

The possibility of the system response û∗ in Eq. (15) is constituted as the possibility of a
quantity of interest π(Q(û∗)). In this context, the quantity of interest may be the displacement
at certain regions or the displacement of a single node for example. For more information about
quantity of interests see, e.g. [26, 25, 27]. The possibility is calculated by determining the
minimum and the maximum of the quantity of interest Q(û∗)αk for k = 1, . . . , nα using the
interval arithmetic technique.

4 REPRESENTATIVE EXAMPLE

Figure 4 illustrates the geometry, the loading and the FE-discretization of a plate with a ring
hole with linear triangular elements under plain strain condition. Our goal is the computation
of the possibility for the displacement û∗A of node A (i.e. πA := π(Q(û∗) = û∗A)) illustrated in
Fig. 4.b.

a)
𝑡𝑡̅ 

𝑡𝑡̅ 

[mm] 

x 

y 

20 

20 2 

b)

Node A 

Figure 4: Plate with a ring hole: a) Geometry and b) discretization with triangular elements
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4.1 Possibility establishment for the input parameters

Figure 5 shows a histogram of experimental results for Young’s modulus E and Poisson’s
ratio ν for an adhesive material. Experimental observations of this material are published in [24]
for combined tension torsion tests. Considering this sparse information we use the probability-
possibility transformation explained in Section 2.3.2 for both material parameters in order to
obtain their possibilities as illustrated in Figure 6. The corresponding possibilities for the fuzzy
shear modulus and the fuzzy bulk modulus from Eq. (17). The interaction domain with the joint
possibility π(s = (G,K)) = 0.5 for α6 = 0.5 is illustrated in Figure 7.
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Figure 5: Experimental results for a) Young’s modulus and b) Poisson’s ratio
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Figure 6: Possibility distribution of a) Young’s modulus and b) Poisson’s ratio
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Figure 7: Interaction domain for the α6-cut of the shear modulus and the bulk modulus
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4.2 Possibility of the displacement for node A

Considering the interaction of the shear modulus and the bulk modulus in Eq. 17 we use
the α-level discretization technique in order to calculate πA. In this context, Fig. 7 illustrates
the α6-cut of the joint possibility distribution of the shear modulus and the bulk modulus. By
determining the minimum and the maximum of û∗A in every α-cut the possibility πA is calcu-
lated. In this context, due to the monotonicity of û∗A(G,K) the solutions for the minimum and
maximum (in every α-cut) are in the corners of the interaction domain of the shear modulus
and the bulk modulus. Figure 8 illustrates the possibility distribution πA of the displacement
û∗A := (uA,x, uA,y) for node A calculated with 11 α-cuts (with equidistant distances of 0.1)
under the assumption of independency for the x and y directions. In order to establish this two
dimensional representation for the possibility πA of the displacement û∗A, the principle of Eq.
(1) is used.
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Figure 8: Possibility of the displacement for node A in Figure 4

5 CONCLUSION

Different kinds of uncertainty require different characterization techniques. This work pre-
sents a possibilistic evaluation of the linear elastic fuzzy finite element method with fuzzy in-
put parameters based on sparse experimental data. To this end, possible marginal probability
density functions of the fuzzy input parameters are transformed into possibility distributions us-
ing a probability-possibility transformation. Subsequently, a collective possibility distribution
encoding a family of possible density functions is established. The possibility distributions of
the material parameters are implemented as input functions in the fuzzy finite element method.
In order to perform mathematical operations with possibility distributions respectively mem-
bership functions the α-level discretization technique is used. It allows the calculation with an
interval arithmetic based FEM. To ensure realistic results it is necessary to incorporate the inter-
action of fuzzy variables while using interval arithmetic. The possibilistic evaluation allows the
examination of the uncertainty characterized by imprecise probabilities and may be interpreted
as an upper bound of the probabilities.
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Abstract. In this contribution it is intended to combine laser-optical measurements
with numerical simulated flow profiles. This approach allows on-site calibration of in-
stalled flow meters and improves the accuracy of flow rate measurements under disturbed
flow conditions. Since multiple pipe assemblies consecutively disturb the flow profiles,
uncertain inflow conditions are considered in a polynomial chaos approach. Reynolds av-
eraged Navier-Stokes equations (RANS) are solved to predict velocity profiles with inflow
conditions from elbows out-of-plane with random distance to each other. Further, an opti-
mization problem is solved in order to fit the simulated velocity profiles to the measurement
data. The procedure is applied to different measurements from a test rig, for which the
reference flow rate is known. The uncertainty of all measurements can be estimated very
well. A reduction of the uncertainty by the procedure can however not always be assured,
which is due to a lack of accuracy of the CFD simulations.
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1 INTRODUCTION
Elbow alignments are necessary in almost all pipe assemblies in industrial fields, es-

pecially in district heating systems. They introduce disturbance to the flow profiles that
require a straight pipe length of several tenth diameters to be eliminated. Very often those
parts are not sufficiently long to redevelop an ideal profile. Thus, flow rate measurements
with ideal flow conditions are not possible. It is well known that many flow meters react
sensitively to disturbed flow profiles, as they are usually calibrated under ideal condi-
tions on test rigs. This has been demonstrated in numerous publications, for example
see [1, 4, 7, 17, 9, 10, 14, 15]. The induced errors for large heat meters tested in district
heating pipelines are typically higher than 3 % and could reach more then 20 %, see [3].
To determine these errors, an in-situ calibration technique with Laser Doppler Velocime-
try (LDV) was developed in [12]. The technique enables to measure point wise the axial
fluid velocity on a diametrical path through an inserted contour fitting window. Under
the assumption of rotationally symmetric flow profiles the integral over the path gives the
flow rate. In disturbed flow conditions the uncertainty is highly increased and depends
on the exact shape of the flow profile at the measurement cross section, which is generally
unknown. Therefore the idea is to simulate the velocity profile at the measurement cross
section and combine the result with LDV measurements.

In cooperation with TU Berlin, ILA GmbH and Optolution Messtechnik GmbH the
project "EnEff:Wärme: On-site calibration of flow meters in district heating" [2] was
initiated. The goal is to develop a method which permits on-site calibration of installed
flow meters in non ideal installation conditions.

Pipes of district heating systems are characterized by large diameters and high tem-
peratures, which leads to high Reynolds number flows. Therefore, Reynolds Averaged
Navier Stokes (RANS) Models are used to predict the flow profiles at the measurement
cross sections. In this paper combinations of elbows out-of-plane with different distance to
each other are considered as pipe assemblies. LDV Measurements with 4 different setups
were conducted. For the simulations the distance of the elbows is considered as random
in a non-intrusive polynomial chaos study. To combine measurement and simulation the
uncertainty of a single path measurement is predicted with CFD simulations. To further
improve uncertainties a minimization problem is formulated for which the distance and
additionally the path angle are varied in order to fit the CFD profiles to the LDV.

In Section 2 the experimental setup is described and the measured velocity distributions
are shown. In Section 3 the numerical setup is described, the expectation value and the
standard deviation of the velocity profile are compared to the measurements. In Section 4
the CFD results are used to estimate and reduce the uncertainty of the flow rate prediction.
The results for all measurements are displayed and discussed. The last Section concludes
the paper.

2 EXPERIMENTAL SETUP
The most influencing distortions in pipe flow profiles arise from bended pipes out-of-

plane. They cause asymmetric and swirling profiles which decay only slowly. Most studied
out-of-plane configurations consider two elbows closely coupled with an ideal inlet profile
[8, 11, 9, 6]. In industrial pipe assemblies this is not the case. In an earlier work [15] it
was shown that upstream pipe elbows with different distances cause diverse flow profiles.
Here a combination of three closely coupled bends is studied with preliminary distortion.
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The inner pipe diameter D is 53.6mm, whereas the curvature radius Rc of the 90◦ bends,
according to the pipe center line, denotes 2.35D. Compared to most other studied bends
found in literature [11, 9, 5, 8] this is a relatively large curvature. Between each of the three
closely coupled bends a straight pipe is mounted with a length of 3D. Two assemblies
of identical mirrored triple bends with varying distance to each other are installed before
the measurement section, see Figure 1 left. Four experimental setups were conducted
with intermediate distances 5, 10, 20 and 50 D. These measurements are referred as
Measurement 1, 2, 3 and 4. The distance of the measurement section behind the last
bend is fixed to 6 D.

To measure the velocity in the cross section a laser Doppler velocimeter (LDV) is used.
LDV uses the Doppler shift of laser light, that is scattered by small particles within the
fluid, to determine the velocity of the particles and hence the velocity of the fluid within
a small measuring volume. The measuring volume is positioned on a Grid consisting
of 49 diametrical and 10 angular locations, see Figure 1 right. The measurements were
conducted on a test rig at the department of fluid system dynamics of the TU Berlin1.
The test rig contains plastic pipes with a very smooth surface. The fluid is water, for
which the temperature and velocity were chosen to match a Reynolds number of about
3 · 105.

Flow direction
Variable intermediate
distance ξ

Measurement
position

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

x/R

y/
R

Figure 1: left: the six elbows with a window chamber at the measurement position, right: the measure-
ment positions in the cross section.

Centrifugal forces cause the velocity profile behind a bend to be higher at the outer
part. If another bend is closely coupled and rotated by 90 degrees in space, a swirling
flow is generated. This causes the axial velocity distribution in a cross section to form a
sickle shape. The three closely coupled elbows, which are considered here, cause similar
effects. This can be observed in the measured velocity profiles in Figure 2. For different
intermediate distances ξ of the two elbow packages the shape of the sickle as well as the
azimuthal position are varying. The broadness of the sickle is decreasing for increasing
intermediate distance. The azimuthal position of the sickle is located on the right hand
side and varies by about 45◦.

1Measurement data obtained by P. Kretschmer and A. Swienty
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Measurement 1 Measurement 2

Measurement 3 Measurement 4

Figure 2: Normalized axial Velocity distribution uz/uvol 6 D downstream of the elbow combination.
From the left top to right bottom: LDV measurements with intermediate distance 5, 10, 20 and 50 D.
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3 NUMERICAL SETUP
The geometry of the experimental set up is reconstructed in a CAD model and spatially

discretized with a hexahedral grid consisting of about 3.8 million elements, see Figure 3.
To sufficiently resolve the wall layer the dimensionless wall distance y+ is chosen to be close
to 1. To ensure mesh independence a second Grid with 11 million elements was generated.
The results with both grids exhibit only marginal differences. Hence, the coarse grid is
sufficient. The solution of the governing Navier-Stokes equations is numerically expensive
and for high Reynolds numbers not feasible. Hence a turbulence model is needed. Here the
eddy viscosity Reynolds Averaged Navier-Stokes (RANS) k-ω model [16] is chosen. Due to
the smooth pipe surface of the test rig pipes, no-slip boundary conditions on the walls and
a zero-gradient condition at the outlet are chosen. At the inlet, a fully developed profile
from an earlier simulation with associated turbulence data is used as a natural inflow
boundary condition. The length of the straight pipe downstream of the elbows is 65 D.
In a non intrusive polynomial chaos approach the distance of the preliminary group of
three elbows is chosen as random. It is considered to be uniformly distributed between 4
and 60 D. Therefore all four measurement setups are included in the probability space. 20
sample positions are chosen for the polynomial chaos approach according to the nodes of
the Gauß-Legendre quadrature. The commercial solver ANSYS CFX is used for the CFD
calculations. The normalized axial velocity profile resulting from a simulation with ideal

Figure 3: The grid of the triple elbow (left) and the inlet section of the simulation domain (right).

inflow conditions is shown in Figure 4 left. The expected axial flow profile, calculated with
random intermediate distance and the associated relative standard deviation is shown in
Figure 4. Similar to the measurements, shown in Figure 2, the position of the sickle is
located on the right-hand side, but is more elongated than in the measurements. The
standard deviation exhibits values of up to 10 % relative to the mean velocity uvol. The
lowest values are located on the lower right-hand side and form sickle shape. The highest
values can be observed on the right and left side bordering the sickle shape.

4 COMBINATION OF CFD AND LDV
In the following laser optical and numerical methods are combined in order to firstly

estimate and secondly reduce the uncertainty of the flow rate calculation. The volume
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Figure 4: Simulated normalized axial Velocity distribution uz/uvol 6 D downstream of the triple elbow.
With fully developed inflow conditions (left), expected profile (middle) and its standard deviation in %
(right), from a polynomial chaos calculation.

flow rate from a single path LDV measurement is calculated by

Q = π

R∫
−R

uz(ϕp, r) |r| dr . (1)

In case of a rotationally symmetric profile this leads to the exact value. However, for non
symmetric profiles this leads to errors. In a first step the error range of the measurements
is estimated by using CFD simulations. Note, that for all further calculations the reference
flow rate Qref is defined by the mean value of the integrated LDV measurements. Due to
reflections and other measurement inherit uncertainties, the values deviate slightly to the
reference Meter on the test rig, but are neglected here.

4.1 Uncertainty estimation of the flow rate
The simulation result of the flow downstream the three elbows with fully developed

inflow condition from Figure 4 is considered and the angle ϕp is set as random. This
has been identified as a good approach in earlier research [15]. The error is defined as
(Qp −Qref )/Qref ∗ 100, where Qp denotes the flow rate calculated with a diametrical
path. When discretization errors are neglected, the resulting expected error must vanish,
due to its definition (1). The results are shown in Figure 5. The standard deviation
closely behind the bend outlet is up to 4 % and decreases until about 5 D to about
1.5 % and increases again until 20 D. From there on it slowly decreases and is still 2
% after 50 diameters of straight pipe, compare the red error bars. The blue error bars
denote the maximum deviations that occur in the particular cross section. They exhibit
a similar behavior with increasing distance to the elbows. The amplitudes of the negative
deviations are higher and can lead to more than -8 % directly behind the bend and about
-6 % in 20 D distance. The measurements are located in 6 D, which is in the area where
the errors are expected to be the lowest. The evaluation of the standard deviation of the
measurements (black) is with 1.2 % slightly lower than those predicted by the simulations.
Also, the maximum and minimum deviations (green) are in the predicted scope.

4.2 Reduction of the flow rate uncertainty
In the next step a procedure is derived, that allows to reduce uncertainties of the flow

rate calculation shown in Figure 5. Therefore, an optimization procedure is proposed in
this section. As a measure for the difference ε = us(r)−um(r) between the measured and
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Figure 5: Error estimation of a single diametrical LDV-Measurement with CFD with random angular
position of the evaluated path, over the distance to the bend outlet, blue: maximum and minimum
deviation, red: standard deviation from the CFD simulation, green and black: maximum/minimum and
standard deviations from measurements.

simulated velocity profile along a diametrical path, the L2-norm in polar coordinates

‖ε‖ =

 R∫
−R

π∫
0

ε2 |r| dϕ dr


1
2

= π

 R∫
−R

ε2 |r| dr


1
2

(2)

is considered, whereas R denotes the maximum radius r of the pipe cross section. The
flow rate is the quantity of interest and therefore unknown. However in the simulations
the flow rate must be (implicitly) set in the boundary inlet condition. To conduct the
simulations the flow rate Qs is estimated. Those estimations can result from the integral
of a single path measurement or an installed flow meter. However the flow rate in the
simulation Qs is defective. To compensate these errors a constant factor F is introduced,
which multiplies the simulated velocity profile to best fit the measured velocity profile,
i.e. Qc = FQs . Additionally the velocity distribution of the simulation is depending on
the inlet condition, e.g. the distance to the preliminary bends ξ ∈ Ω = [4, 64]D. The
angle ϕp of the diametrical path can also be varied. This results in the non-linear, non
convex optimization problem

T = ‖Fũs (ξ, ϕp, r)− um (r)‖ , min
∀ξ∈Ω,ϕ∈[0,2π],F∈R+

T. (3)

The velocity profile for a certain inlet condition ũs is assembled by a sum over all modes
for a certain radius and angle ûi(ξ, ϕp, r) multiplied with the orthogonal polynomials Pi(ξ)

ũs (ξ, r) =
Nm∑
i

ûi (r)Pi (ξ) . (4)
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From the optimization criteria ∂T
∂F

= 0 the factor F can be determined by

F (ξ, ϕp) =

R∫
−R

um(r)ũs(ξ, ϕp, r) |r| dr
R∫
−R

ũ2
s(ξ, ϕp, r) |r| dr

. (5)

The derivatives of T for the other variables ξ and ϕp can not be calculated directly and
would lead to a new minimization problem, which is not considered here. In order to
simplify the calculation the optimal factor F (ξ, ϕp) is inserted into the target function 3.
The resulting optimization problem is reduced by one dimension

T = ‖F (ξ, ϕp)ũp(ξ, ϕp, r)− um(r)‖ , min
∀ξ∈Ω,ϕ∈[0,2π]

T. (6)

To solve the minimization problem (6) the downhill simplex algorithm according to Nelder
and Mead [13] is used. To distinguish the global minimum the algorithm is started with
different initial conditions. All Integrals are numerically solved by a trapezoidal rule.

4.3 Results
The procedure is applied to Measurement 1-4 in Figure 2. Different variations, e.g. of

the angle ϕp and the distance between the elbows ξ were conducted. The variation of the
path angle shows the best results. The errors for all measurements are shown in Figure
6. Each path is treated as a single LDV measurement. The errors are in percent relative
to the mean value of all path integrations according to (1). The errors of the integration
of each path is shown in blue circles connected with lines. All measurements show a
periodic behavior with amplitudes of about 2 %. Applied to each particular measurement
the proposed procedure behaves differently. For Measurement 3 the error decreases for
each path. The mean error of the combined procedure, depicted as red dashed line, is
staying around zero. For Measurement 2 and 4 the error for about half of the paths is
decreased. For the other half the error slightly increases. The mean value in both cases
is increasing to about 1 %. For Measurement 1, in which the distance between the two
elbow conjunctions is 5 D, the combined procedure lowers the error only in one path.
In every other path the error is increased, the mean error is about 3 %. The value of
the target function (6) is represented by red error bars. It is proposed to be a measure
for the uncertainty for a single path measurement. It can be observed that in almost
all cases the error bar covers the zero error line. Nonetheless, the size of the error bars
do not always correspond to the present error and seem to be too large. To assess the
performance of the combined method the standard deviation of the error over the paths
is compared in Figure 7. The standard deviation of the errors that are calculated solely
by integration of the LDV profiles is depicted in blue and for the combined algorithm in
red. While the standard deviation for Measurement 2, 3, and 4 is drastically reduced, it is
slightly enhanced for Measurment 1. The yellow bars represent the value of the expected
error for the combined procedure. It is added to the standard deviation as an additional
uncertainty. For Measurements 1 and 2 the uncertainty is enhanced by the combined
algorithm. For Measurement 3 and 4 a reduction of the uncertainty is still achieved by
the combined procedure.
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Figure 6: Normalized axial Velocity distribution uz/ub 6 D downstream of the triple elbow combination
with different distances to the preliminary elbows. From the left top to right bottom: 5, 10, 20 and 50
D, corresponding to Measurement 1-4 in Figure 2.
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Figure 7: Standard deviation of the flow rate calculation for Measurement 1-4. With LDV (blue) and
the combined procedure (red). The mean error of the combined procedure is shown in yellow.

5 CONCLUSIONS
In this paper systematic errors of single path laser Doppler velocimetry (LDV) measure-

ments in asymmetric swirling flows behind several elbows out-of-plane are investigated.
To do so, simulations with Reynolds averaged Navier-Stokes equations (RANS) are per-
formed. Firstly it is demonstrated, that the uncertainty of the calculated flow rate due to
the integration of a single diametrical LDV path can be well estimated with computational
fluid dynamics. Therefore, the angle is set as random and the standard deviation is used
as a measure for the uncertainty. Secondly, a method is derived to fit a simulation result
to a measurement by solving an optimization problem. Due to the adapted simulation a
factor is introduced that estimates the flow rate, while the value of the target function
is proposed as a measure for the uncertainty of the coupled numerical and laser optical
procedure. Four LDV measurments were studied.

For two cases the uncertainty does not change much. Due to the lack of accuracy of the
RANS turbulence models for swirling flows the uncertainty for one case is increased. It
is expected that with advanced turbulence modeling the uncertainties will be decreased.
This is confirmed for one case for which it leads to a significant reduction of the measure-
ment uncertainty. This shows the potential of the combination of CFD and LDV applied
to measurements under disturbed flow conditions.
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Abstract. This paper presents a method for the quantification of uncertainty propagation using
intrusive Polynomial Chaos Expansion (iPCE) in CFD. In constrast to commonly implemented
non–intrusive methods which take advantage of existing CFD evaluation software in order to
quantify the statistical behavior of the flow, an intrusive PCE method is developed and imple-
mented to the 3D Euler equations. Uncertainties are introduced through the flow conditions
and their propagation throughout the flow field is quantified. A Probability Density Function
(PDF) is assumed for each uncertain flow condition and the generalized PCE inviscid equa-
tions for the corresponding coefficient fields of the flow variables are derived. Already known
properties of the equations, such as the first order-homogeneity, are found to hold in the new set
of the equations. The discretization schemes are adapted to the new set of governing equations
while a systematic approach to the corresponding eigenproblem is introduced. The method is
applied to 3D inviscid flow cases for which the mean value and the standard deviation of spe-
cific flow quantities characterizing the flow are quantified and compared with those computed
by the non–intrusive PCE and Monte–Carlo methods.
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1 INTRODUCTION

Computational Fluid Dynamics (CFD) methods ans software are indispensable tools in the
analysis and design in various engineering fields. The common practice is to analyze the flow
under consideration using a deterministic computational model. However, such ideal situations
are rare in real–world applications and the system’s performance is sensible to varying condi-
tions; for instance, a compressor’s efficiency is affected by variations/uncertainties associated
with the inlet and/or outlet conditions etc. In order to take into account these uncertainties,
non–deterministic approaches should be used.

During the last decade, polynomial chaos expansion (PCE) methods have been used to model
uncertainties in engineering applications [3, 4, 5]. These are based on the idea of homogeneous
chaos, [1, 2]. In contrast to sampling techniques such as Monte–Carlo, PCE methods are based
on the spectral representation of the uncertain quantities.

PCE methods can be intrusive (iPCE) or non–intrusive (niPCE) depending on whether the
governing equations are altered or not, [7, 4]. In the non–intrusive variant the CFD code is
used in its standard form as an evaluation software along with an integration formula based on
Gauss quadrature and the appropriate weighting functions that correspond to the assumed PDFs.
Through this method, the statistical moments of an objective function (such as the lift coefficient
of a wing) are computed. On the other hand, the intrusive methodology introduces uncertainties
in the mathematical model, the effect of which appears in the flow equations through the PCE
of the flow variables. This results in a new set of PDEs governing the PCE coefficient fields
of the flow variables to be numerically solved. Contrary to its non–intrusive variant, the iPCE
method computes the statistical moments of the flow field and, through post–processing, those
of the objective function of interest. In terms of computational cost, both PCE variants are far
more efficient than the Monte–Carlo method which requires thousands of CFD evaluations in
order to compute the statistical moments of the objective function.

In the present paper, the iPCE of the 3D Euler equations is presented. Emphasis is laid on the
derivation of the stochastic flow equations and their discretization. Uncertainties are introduced
by the boundary conditions. Other forms, such as uncertainties in the geometry or the properties
of the gas are not discussed in this paper, however their effect can be quantified through a similar
method.

2 UNCERTAINTY QUANTIFICATION (UQ) USING PCE

Let us assume a set of m uncertain or stochastic variables ~ξ = (ξ1, ..., ξm). Their proba-
bility density functions (PDF) wi are associated with an orthogonal polynomial bases ψ(i) =

{ψ(i)
0 ,

(i)
1 , . . . }, where by definition

<
(i)
j , ψ

(i)
k >=

∫
Ei

(i)
j ψ

(i)
k widξi = δjk <

(i)
j , ψ

(i)
j > (1)

In eq. 1, no summation for the repeated indices is implied, δjk is the Kronecker symbol and Ei
denotes the domain of wi.

The PCE of any quantity φ(~ξ) can be expressed by using a polynomial basis, defined as the
tensor product of ψ(i), Ψ = ⊗mi=1ψ

(i) = {Ψ0,Ψ1, . . . }, [1], as follows

φ(~ξ) =
∞∑
i=0

φiΨi(~ξ) (2)
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Bases Ψ are also orthogonal, namely

<Ψi,Ψj>=

∫
E

ΨiΨjwd~ξ = δij < Ψi,Ψi > (3)

In eq. 3, w(~ξ) =
∏m

i=1wi(ξi) and E =∪mi=1Ei. Based on the above and after normalizing the Ψ
polynomials so that <Ψi,Ψi >= 1, the first two statistical moments, namely the mean value
and standard deviation, of any quantity φ are given by

µφ = φ0 , σφ =

√√√√ ∞∑
i=1

φ2
i (4)

In iPCE methods, one should first apply the PCE to each flow variable, truncated to q+1 terms,
introduce these expansions into the flow equations and derive a set of new equations and bound-
ary conditions which must be numerically solved to compute the PCE coefficient fields of all
flow quantities. The statistical moments of the quantity of interest (such as lift, drag, losses or
any other, usually integral, quantity) are computed at a post-processing level, using eqs. 4.

To determine the most appropriate value of q, a common practice is to retain all polynomials
up to a user–defined degree C, which is referred to as the chaos order. For a selected chaos
order C and m stochastic variables, q is given by

q =
(m+ C)!

m!C!
− 1 (5)

The required q+ 1 equations per flow variable can be derived through appropriate Galerkin
projections of the governing equations/PDEs. The Galerkin projection of any scalar function
φ(~ξ) to Ψi is defined as

Gi[φ] =

∫
E

Ψiφwd~ξ (6)

By making use of the properties of the selected orthogonal polynomial bases, the q+ 1
Galerkin projections to the flow PDEs give rise to a new set of PDEs.

3 DERIVATION AND NUMERICAL SOLUTION OF THE iPCE EQUATIONS

3.1 The iPCE Flow Equations

The Euler equations for compressible fluid flows are written, in the standard vector form, as

∂~U

∂t
+
∂ ~fi
∂xi

= ~0 (7)

In eq. 7 ~U = [% %~u Et]
T are the conservative flow variables and ~fi = [%ui %ui~u+p~δi ui(Et+p)]

T

are the inviscid fluxes in Cartesian coordinates, % is the density, ~u = [u1, u2, u3]T is the velocity
vector, Et is the total energy per unit mass, p is the pressure and ~δi = [δi1, δi2]T . Eqs. 7 can be
rewritten as

∂~U

∂t
+ Ai

∂~U

∂xi
= ~0 (8)

with Ai= ∂ ~fi
∂~U

denoting the Jacobian matrices.
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The Euler equations solver this work is based upon is an in-house time-marching code, based
on the finite volume technique. It is fully parallellized, based on the multi-domain technique,
using the MPI protocol. It has been also ported to NVIDIA GPUs (using CUDA C), offering
significant speedup (about ×60).

A systematic approach to the derivation of the PCE Euler equations requires the following
two definitions, which extend the notion of Galerkin projections to vectors and matrices:

Definition 1 Let ~X = [X1, ..., Xm]T be a vector whose components are Xj =
∑∞

i=0 xj,iΨi(~ξ)

The Galerkin projected vector ~X of order q is defined as

Gq[ ~X] = [g0[ ~X], g1[ ~X], ..., gq[ ~X]]T

where gi[ ~X] = [Gi[X1], Gi[X2], ..., Gi[Xm]]T .

Definition 2 LetA be anm×mmatrix whose componentsAij are given byAij =
∑∞

k=0 aij,kΨk(~ξ).
The Galerkin projected matrix A of order q is defined as the block matrix

Gq[A] =


B0,0 B0,1 . . . B0,q

B1,0 B1,1 . . . B1,q
...

...
...

...
Bq,0 Bq,1 . . . Bq,q


where the elements of each m×m block are

(Bk1,k2)ij = Gk1 [AijΨk2 ] =

∫
E

Ψk1Ψk2Aijwd
~ξ 1 ≤ i, j ≤ m

One can verify that the following relation

Gq[A~x] = Gq[A]Gq[~x] (9)

holds for an any vector ~x and matrix A. Applying definitions 1 and 2 to eqs. 7, 8 and taking
eq. 9 into consideration the PCE Euler equations are derived (subscript q is omitted hereafter)

∂G[~U ]

∂t
+
∂G[~fi]

∂xi
=
∂G[~U ]

∂t
+G[Ai]

∂G[~U ]

∂xi
= 0

G[~U ] = [%0 (%~u)0 Et0 %1 (%~u)1 Et1 . . . %q (%~u)q Etq ]
T (10)

Eqs. 10 resemble their deterministic counterpart in that they are first–order homogeneous, since
~fi = Ai~U implies (based on eq. 9) that G[~fi] = G[Ai]G[~U ].

3.2 Numerical Solution of the iPCE Equations

For the sake of simplicity, the Galerkin operator will be omitted in what follows; thus, below,
A and ~U will denote G[A], and G[~U ] respectively. Upwind schemes can be applied to the
iPCE equations, given that the latter are first order–homogeneous and have the same form as
the deterministic ones. According to the vertex–centered finite volume method, each control
volume ΩP is formed around the corresponding grid node P , as illustrated in fig. 1 for a hybrid
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2D grid (its extension to 3D is evident). By integrating eqs. 10 over ΩP , in a steady flow
analysis, we get

ΩP

(
~Uκ+1
P −~Uκ

P

∆tP

)
+
∑

Q∈nei(P )

[
~ΦPQ

]
∂ΩPQ=0 (11)

where κ is the pseudo–time step counter, ~ΦPQ is the inviscid numerical flux crossing the inter-
face (∂ΩPQ) between two adjacent finite volumes (pointing from P to Q); nei(P ) stands for
the set of neighbouring finite volumes of node P . The inviscid fluxes are computed using the

P

Q
n

L
R

 P

Figure 1: Finite volume ΩP (hatched area) defined around node P on a hybrid 2D grid comprising triangular and
quadrilateral elements. ~n is a vector normal to the part of the interface between P and Q, pointing towards Q, with
magnitude equal to the length (2D) or area (3D) of this part. All flow variables associated with ΩP are collocated
at P (in both the deterministic and the iPCE formulations).

flux vector splitting technique [9], applied between P and Q, as follows

~ΦPQ = A−PQ
~UR
PQ+A+

PQ
~UL
PQ (12)

where APQ = ∂(~f·~n)

∂~U
=A+

PQ + A−PQ and A+
PQ, A−PQ are defined using the positive and negative

eigenvalues of the Jacobian matrix. For second–order spatial accuracy, ~UL
PQ and ~UR

PQ (where L
and R denote the two states on both sides of the interface between ΩP and ΩQ) are computed
from ~UP , ~UQ, ∇~UP and ∇~UQ as follows

~UL
PQ = ~UP +

1

2
( ~PQ)· ~∇~UP , ~UR

PQ = ~UQ −
1

2
( ~PQ)· ~∇~UQ

The so–computed fluxes are limited using the van Leer-van Albada limiting function [6]. Spatial
gradients are computed using the Green–Gauss integration formula.

The discretized eqs. 11 are solved at each pseudo–time step using the point–implicit Jacobi
which is written as

Dκ
P∆~Uκ+1,ν

P +
∑

Q∈nei(P )

Zκ
Q∆~Uκ+1,ν

Q = −~Rκ,ν
P

~Uκ+1
P = ∆~Uκ+1

P +~Uκ
P (13)

where κ is the pseudo–time counter, ν the Jacobi internal iteration counter, DP , ZQ stand for
the diagonal and non–diagonal matrices respectively and ~Rκ,ν

P is the residual array. Each Jacobi
iteration comprises one iteration to solve the equations corresponding to one of the statistical
moments by freezing the other terms.
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3.3 Eigen–Decomposition

The implementation of the FVS scheme requires the solution of the corresponding eigen-
problem. Starting point is the characteristic equations Λni

∂ ~W
∂xi

=~0 where ~W =[wA wB wC wD wE]T

are the characteristic variables, Λ = diag(u(n), u(n), u(n), u(n) +c, u(n)−c), u(n) = uini and c is
the speed of sound. By applying the iPCE followed by Galerkin projections, we get

G[Λ]ni
∂G[ ~W ]

∂xi
= ~0 (14)

Eqs. 14 can also be written as
djGj[Ψ0Ψ0] djGj[Ψ0Ψ1] . . . djGj[Ψ0Ψq]
djGj[Ψ1Ψ0] djGj[Ψ1Ψ1] . . . djGj[Ψ1Ψq]

...
...

...
...

djGj[ΨqΨ0] djGj[ΨqΨ1] . . . djGj[ΨqΨq]



~W0

~W1
...
~Wq

 = ~0 (15)

where
dj = diag(u

(n)
j , u

(n)
j , u

(n)
j , u

(n)
j + cj, u

(n)
j − cj)

~Wi = [wAi , w
B
i , w

C
i , w

D
i , w

E
i ]T

and u(n)
j , wAj , cj denote the j–th term of the PCE of ~u ·~n, wA and of c, respectively. Note that

Gk[ΨiΨj] is equal to <Ψi,Ψj,Ψk>=
∫
E ΨiΨjΨkwd~ξ.

The spectral components of cj can be found through the Galerkin projections of the expression
of c, written as a function of the conservative variables, as follows

cj = Gj[c] =

∫
E

√
γR

cv%iΨi

(
EtkΨk −

(%iuiΨi)(%kukΨk)

2%lΨl

)
wd~ξ (16)

In eq. 16, γ is the specific heat ratio, R the specific gas constant and cv the specific heat capacity
at constant volume. Note that a similar procedure can be used for the PCE of any quantity
expressed in terms of the conservative variables. By re–ordering eqs. 15, we get

diag[(Z(u(n)), Z(u(n)), Z(u(n)), Z(u(n) + c), Z(u(n) − c)]ŵ = ~0 (17)

where

ŵ = [wA0 . . . w
A
p w

B
0 . . . w

B
p w

C
0 . . . w

C
p w

D
0 . . . w

D
p w

E
0 . . . w

E
p ]T

Z(λ) =


λjGj[Ψ0Ψ0] λjGj[Ψ0Ψ1] . . . λjGj[Ψ0Ψq]
λjGj[Ψ1Ψ0] λjGj[Ψ1Ψ1] . . . λjGj[Ψ1Ψq]

...
...

...
...

λjGj[ΨqΨ0] λjGj[ΨqΨ1] . . . λjGj[ΨqΨq]

 (18)

Thus, the solution of an eigenproblem corresponding to a (5×(q+1))×(5×(q+1)) matrix is
now reduced to one corresponding to the (q+1)×(q+1) matrix Z. The diagonalization of Z
yields the desired eigenvalues and eigenvectors of G[Ai].
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4 APPLICATIONS

The iPCE method was programmed and applied to the UQ in an external and an internal
aerodynamic case. Comparisons with the niPCE method and/or the (much more expensive)
Monte–Carlo technique are shown.

4.1 Flow Around an Aircraft Model

The first problem is considered with the inviscid flow around an aircraft model. The study is
carried out around half of the aircraft (due to the symmetric flow conditions) and the unstruc-
tured CFD mesh consists of about 45K nodes and 256K tetrahedra. The quantity of interest is
the lift coefficient of the aircraft, for which the statistical moments must be computed.

Uncertainties are introduced from the stochastically varying infinite flow angle (a∞) and/or
the infinite Mach number (M∞). Four cases are studied. Results are presented in Table 1, where
N(µ, σ) denotes the normal distribution with mean value µ and standard deviation σ, whereas
Ψi stand for the Hermite polynomials. Also, U(a, b) denotes the uniform distribution in the
interval [a, b] and, in this case, Ψi are the Legendre polynomials.

Flow Conditions
iPCE niPCE iPCE niPCE

MC
Chaos order C=1 Chaos order C=2

M∞ = 0.7 µCL
0.119174 0.119107 0.119183 0.119106 0.118813

a∞ ∼ N(5o, 0.5o) σCL
0.0095783 0.009657 0.0095786 0.00964 0.0095327

M∞ ∼ N(0.7, 0.02) µCL
0.119448 0.119312 0.119485 0.119334 −

a∞ = 5o σCL
0.001792 0.001894 0.001917 0.001940 −

M∞ ∼ N(0.7, 0.02) µCL
0.119326 0.119237 0.119402 0.11925 0.119126

a∞ ∼ N(5o, 0.5o) σCL
0.0093172 0.0098453 0.0095903 0.009852 0.0097067

M∞ ∼ N(0.7, 0.02) µCL
0.119285 − 0.119372 − 0.119089

a∞ ∼ U(4.5o, 5.5o) σCL
0.010731 − 0.011010 − 0.011145

Table 1: UQ for the flow around an aircraft model. Statistical moments of the lift coefficient values computed
using iPCE, niPCE (with C=1 and C=2) and the Monte–Carlo method with 2000 replicates in each case.

Figure 2 compares the Mach number’s mean and standard deviation fields respectively, in
the case uncertainty is only due to the Mach number (a∞= 5o; second case in Table 1). It can
be seen that the iPCE and niPCE results perfectly match each other all over the aircraft surface.
One can also notice the increased variance after the supersonic area of the wing surface which,
in the case of niPCE, is extended over a greater area along the wing.

4.2 Flow in the CS10 Compressor Cascade

The second case deals with the transonic flow in a compressor cascade. This is practically
a 2D airfoil geometry extruded in the spanwise direction and studied herein as a 3D linear cas-
cade. The compressor profile is that of the Standard Configuration 10 (SC10; [8]) which results
by superimposing the thickness distribution of a modified NACA 0006 airfoil on a circular–arc
camber line. The blade stagger angle is 45o and the pitch–to–chord ratio is 1.0. The quantity of
interest is the static pressure rise (∆p) and uncertainty is introduced by the inlet flow angle (a1)
and the outlet isentropic Mach number (M2,is). Results are presented in Table 2.

Results of iPCE and niPCE are compared in figure 3. Once more, we may notice the higher
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Figure 2: UQ for the flow around an aircraft model (M∞∼N(0.7, 0.02), a∞ =5o). Mean Mach number distribution
(top) and standard deviation (bottom) on the aircraft surface, computed using the iPCE (left) and niPCE (right),
with C=2.

variance of the Mach number field on the blade surface after the shock. The convergence of the
spectral continuity equations, for the iPCE with C=2, is plotted in figure 4.

Flow Conditions
iPCE niPCE iPCE niPCE

Chaos order C=1 Chaos order C=2

M2,is = 0.4425 µ∆p 1.32930 1.33021 1.32944 1.32998
a1 ∼ N(58o, 1o) σ∆p 0.02675 0.02519 0.03179 0.02956

M2,is ∼ N(0.4425, 0.005) µ∆p 1.33754 1.33748 1.33728 1.33786
a1 = 58o σ∆p 0.009685 0.009135 0.009786 0.009346

Table 2: CS10 Compressor Cascade. Statistical moments of ∆p computed using iPCE and niPCE, with C=1 and
C=2.

5 CONCLUSIONS

This paper presents the development of the intrusive polynomial chaos expansion of the 3D
Euler equations through a systematic procedure that ensures the unimpeded numerical solution
of the resulting equations. For a single uncertain quantity the iPCE equations ask for about
1.5× more time than the baseline Euler equations which makes it far more efficient than any
Monte–Carlo sampling technique and comparable with the niPCE with chaos order equal to
one. In any other case, i.e. for more uncertain variables and/or higher PC order, the iPCE vastly
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Figure 3: CS10 Compressor Cascade (M2,is∼N(0.4425, 0.005), a1 = 58o). Mean (top) and standard deviation
(bottom) fields of the Mach number computed using the iPCE (left) and niPCE (right), with C=2.
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Figure 4: CS10 Compressor Cascade (M2,is∼N(0.4425, 0.005), a1 = 58o). Convergence of the residual of the
spectral continuity equations (iPCE, C=2).

outperforms the niPCE.
Though, in the cases studied herein, uncertainties are introduced through the flow conditions,

the implementation of any other type of uncertainty, such as uncertainties related to the geom-
etry, is straightforward by means of the presented development. Regarding future work, the
extension to viscous/turbulent flows along with the corresponding continuous adjoint method,
for use in optimization under uncertainties, is foreseen.
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Abstract. The classic design of experiments (DoE) typically uses the least-square method for 
a model identification and requires associated assumption about the normality of a noise fac-
tor. It is very convenience because it leads to a relative simple computations and well-known 
asymptotic statistics based on the normality assumption. However, if that assumption is not 
satisfied it may fail and obtained results may differ radically from the verification tests. The 
rationale for the caution may be the comparison of interval plots (based on the normality hy-
pothesis) and box-plots (based on raw data). The useful approach is the bootstrap-based 
methodology which replaces the requirement of the normality assumption with weaker re-
quirement of the independent and identical distribution (i.i.d.) of the random term. The indus-
trial applications of this approach are still rare because the industry is very conservative and 
usually utilizes old well-known methods and typical numerical software like e.g. Statistica, 
Statgraphics or Minitab. This paper presents the bootstrap modeling of the random uncer-
tainty in the two cases: the factorial designed experiment and the response surface experi-
ment. 

1 INTRODUCTION 

Methods of the approximation and the prediction rapidly evolved in recent years. New ap-
proaches came from new branches of the statistics and the artificial intelligence area: non-
parametric, data-driven, stochastic etc. Apart from this, the classic approach of the design of 
experiment methodology (DoE) is still very useful and popular in the industry full-scale pro-
duction as well as in the R&D laboratories. 
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The classic design of experiments (DoE) utilizes factorial model of fixed effects since R.A. 
Fisher introduced the analysis of variance (ANOVA) [1] and the latin squares [2] in mid-
twenties of the 20th century, F. Yates proposed two-level fractional factorials [3] in mid-
thirties and G. Taguchi orthogonal arrays [4] in sixties. Simultaneously, the DoE utilizes the 
response surface methodology (RSM), however usually only in the simple form of low-degree 
polynomials, since G.E.P. Box introduced RSM [5] in early fifties of the 20th century and 
H. Scheffé [6] extended this methodology into the mixture designs in late fifties. 

The typical procedure of the model identification assumes the normal distribution of the 
data noise [7] and uses the least square method [8] to identify parameters of the model with 
a priori assumed structure what set this approach in the group of parametric methods. The 
terms of a model are repeatedly eliminated in the specific backward stepwise regression, 
while three indicators: (a) the least significance of parameters, (b) the significance of the lack 
of fit and (c) the conformity of residuals with the normal distribution are simultaneously ob-
served to make a decision to stop or to continue the elimination procedure. 

Practically, for small datasets, the conformity with the normal distribution has very weak 
reliability and it leads to the very uncertain assessment of parameters statistical significance 
and bounds of their confidence intervals. The bootstrap approach [9] with simulation-based 
identification of parameters confidence intervals appears to be better solution than theoretical-
ly proved but only asymptotically equal t-distribution [7]. It seems to be specifically more 
important for the non-parametric models where the model structure is created dynamically 
during data analysis e.g. artificial neural networks , regression trees etc., while theoretically-
based distribution cannot be determined, because their final structures are so non-linear that 
analytical identification of associated distributions and their confidence intervals is not possi-
ble. 

The key issue in the bootstrap approach is to make proper identification of the random 
term inside the model structure because the i.i.d. requirement have to be satisfied by this term.  

2 METHODS 

DoE methodology splits into two branches: the factorial approach [10, 11] for qualitative 
input variables (factors) and the response surface methodology (RSM) [11, 12] for quantita-
tive input variables. Obviously, the models for mixed inputs, qualitative and quantitative, may 
be identified however it is not so easy. 

The specific models used in these methodologies and the location of the random term are 
described in subsequent chapters in details. 

2.1 Factorial model 

The factorial approach is typical for qualitative input variables. Their settings formally are 
labels, not numerical values, in contrast to quantitative ones. The model predicts response for 
assumed settings and its typical structure is the fixed-effects model [7] with additive terms 
which depends on single factors (main effects, linear effects), two factors (second-order inter-
action), three factors (third-order interaction) and eventually up to the highest-order interac-
tion which merges all factors contained in the model. So rich model requires symmetrically 
equivalent rich experimental design: all combinations of all factor’s levels have to be tested 
experimentally.  

Such design is known as full factorial. It may be described by implication: if you need all 
possible interactions, you have to test all possible combinations of levels. It is clear that re-
verse question has to be ask: could I omit tests of some combinations of levels, if I needn’t all 
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interactions? The answer is positive and was given first by Fisher [2] in the form of latin 
squares and later by Yates [3] who developed two-level fractional factorials. 

The sample structure of the fixed-effects model with three factors and terms up to the 
third-order interaction is defined as following: 

( ) ( ) ( ) ( )ijk i j k ij ik jk ijky µ α β γ αβ αγ βγ αβγ= + + + + + + + + ε (1) 

where: 

ijky – the random variable describing the predicted output,

µ  – the average output,

iα  – the linear (main) effect of the first factor α at its level i,

jβ – the linear (main) effect of the second factor β at its level j,

kγ – the linear (main) effect of the third factor γ at its level k,

( )ijαβ  – the second-order interaction effect of the factors α and β at their levels i and j,

( )ikαγ  – the second-order interaction effect of the factors α and γ at their levels i and k,

( ) jkβγ  – the second-order interaction effect of the factors β and γ at their levels j and k,

( )ijkαβγ  – the third-order interaction effect of the factors α, β and γ at their levels i, j and k,

ε – the random term describing impact of all uncontrolled noise factors; typically the
normal distribution with an unknown variance N(0, σ2) is assumed, however it is on-
ly a hypothesis. 

The equation (1) shows the general form of the stochastic model, but the numerical simula-
tion like e.g. the bootstrap requires replacement of the random variable with its particular ob-
servations. It leads to smoothly different relationship: 

| |( ) ( ) ( ) ( )ijk r i j k ij ik jk ijk ijk ry rµ α β γ αβ αγ βγ αβγ += + + + + + + + (2) 

where: 

|ijk ry – the output measured at levels i, j, k of the respective factors and at r repetition of the

test, 

|ijk rr – the residuum (difference between the real measurement of output and its prediction)

observed at levels i, j, k of the respective factors and at r repetition of test; it should be 
noted that r symbol has two difference means: the residuum and the index of test repeti-
tions (in the subscript). 

Just the set of observed residuums {|ijk rr } will be the source for the future subsampling in the 

bootstrap approach. The algorithm’s steps are as following [9]: 
a) the dataset of measurements {|ijk ry } is used to the identification of effects (see Eq.1) typi-

cally by the least-squares method, 
b) the identified effects are used to predict output {ijky } for those levels i, j, k at which meas-

urements were obtained,
c) the dataset of residuums {|ijk rr } is created based on differences between the observed

measurements and the predicted outputs, according to the formula:

| |ijk r ijk r ijkr y y= − (3) 
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d) the bootstrap subsampling is made by a random draw from the dataset of residuums {|ijk rr },

added subsequently to the predicted outputs, resulting in the dataset of bootstrapped out-
puts:

| |ˆ ( )ijk r ijk ijk ry y draw r= + (4) 

e) the bootstrapped outputs are used to identification of new estimates of model effects.
The steps (d) and (e) should be repeat many times (at least thousands times) resulting in a da-
taset of enough size to evaluate necessary statistics. 

2.2 Response surface model 

The response surface approach is typical for quantitative input variables. Their settings are 
continuous numerical values. The model predicts response for assumed settings and its typical 
used structure is a second-order polynomial [7] being a local example of Taylor series. Such 
model is a specific modification of a classic approximation problem due to a random term de-
scribing an impact of all uncontrolled noise factors: 

1 0 1( , , ; , , , )i jy f x x b b b= … … + ε (5) 

where: 
y – the random variable describing the predicted output,
f – the assumed function, usually first or second-order polynomial,

ix – i-th input variable,

jb – j-th model parameter,

ε – the random term describing impact of all uncontrolled noise factors; typically the
normal distribution with an unknown variance N(0, σ2) is assumed, however it is on-
ly a hypothesis. 

Assumption of f function as the first or the second-order polynomial leads to very conven-
ience situation: all model parameters are linearly set and may be identified by the least-
squares method. 

Further procedure has to be split. If a dataset of the output is collected in a designed exper-
iment with strictly controlled input variables then the random term is ε from stochastic Eq.5 is 
replaced with particular observed residuum r and the dataset of residuum will be the source 
for bootstrap draw. The next steps of the bootstrap approach are exactly the same a previously 
mentioned for the fixed-effect model. 

But if the dataset of output is collected in a passive experiment and input variables are 
loosely controlled (if any), then a point from multidimensional space of observations 
(x1,…, xi; y) is established as a the random element. The algorithm’s steps are as following [9]: 
a) the dataset of input values (formally input, but only observed in passive mode) and ob-

served measurements {1( , , ; )i jx x y… } is used to the identification of the basic model pa-

rameters (see Eq.5) typically by the least-squares method, 
b) the bootstrap subsampling is made by a random draw from the dataset of input values and

observed measurement {1( , , ; )i jx x y… } resulting in a bootstrapped dataset of the same size 

{ 1̂ ˆ ˆ( , , ; )i jx x y… }, and a bootstrapped  model with parameters ˆ
kb  is identified: 

| 1|

2

|
ˆˆ ˆ ˆ( , , ; ) minj j i j ky f x x b 
− …∑ ö (6) 
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c) the bootstrapped model and its output are used to identification of new estimates of model
effects.

The steps (b) and (c) should be repeat many times (at least thousands times) resulting in a da-
taset of enough size to evaluate necessary statistics. 

3 CASE STUDIES 

Two case studies are presented for a bootstrap-based non-parametric estimation: 
– estimation of the parameter’s significance for a fixed-effects model,
– estimation of the parameter’s significance for a response surface model in passive mode

experiment.

3.1 Case study for a fixed-effects model 

The investigation was conducted on the materials science matter: the analysis of of the ce-
ramic shell mould of the airfoil blade casting [13]. One casting was selected for the micro-
structural and statistical analysis, and finally cut off. The cross-sections were included and 
prepared as metallographic samples from nickel-based superalloy. To reveal the microstruc-
ture of the investigated material the surfaces of the samples were etched, observed by a scan-
ning electron microscope and obtained images analyzed by a computer-aided image analysis 
program to estimate quantitatively the main parameters describing the (γ+γ’) eutectic islands 
that occurred in the investigated superalloy. Details of the bootstrap-based simulation provid-
ed on the mentioned data are available in [13, 14] and here a briefly summary of analysis and 
results is included. 

Dataset was created as six groups containing areas of eutectic islands identified and meas-
ured for each of six traces. The primary selected tool for the test of the traces homogeneity 
was classic ANOVA, but unfortunately the diagnostic test rejected the variances homogeneity, 
what is the basic assumption in ANOVA.  

As an alternative method, the bootstrap-based identification of confidence intervals was 
provided. The one-way general linear model with six levels was identified to construct the 
residuum dataset, which is necessary to make random draw in the bootstrap. Next, the boot-
strapped models were identified in 10 thousand iterations and parameters were collected to 
construct associated statistics (Figure 1). 
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Figure 1: Distribution of the bootstrapped F statistics (source: [13]) 
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The bootstrap simulation experiment revealed that ANOVA results are rather uncertain. The 
bootstrapped   is approximately equal to 0.75 while classic ANOVA p-Value obtained from 
experimental data gave 0.84. It leads to the conclusion that criterion p-Value should be treated 
more as a fuzzy basis for the decision, not the sharp one just on 0.05. 

3.2 Case study for a response surface model in a passive mode experiment 

The case study [15] used data obtained during investigation on compression vertebral frac-
tures prediction based on computer tomography (CT) and microtomography (µCT) images. 
The significant difference in a resolution between these two class of images leaded to differ-
ent prediction models. The small sample size (23 compressed and scanned vertebraes) and the 
high dimensionality of detected properties imposed the necessity of an alternative approach to 
the analysis, other than classic one derived with a requirement of the normality. 

The RSM model was used to construct the prediction model to fit the observed strength of 
vertebraes with the crushing force. The bootstrap method was used to evaluate confidence in-
tervals for effects. Finally, the existence of zero inside the intervals was inspected. If any of 
intervals contained zero, the null hypothesis of was rejected i.e. the parameter was treated as 
statistically insignificant. 

The source dataset contained 23 records of three variables selected as predictors (input var-
iables) and measured strength selected as output. The number of draw iterations was set to 
10.000 to easy selection of quantiles from the bootstrapped dataset. After the full bootstrap 
procedure, the descriptive statistics were evaluated for model parameters. The bounds of the 
confidence intervals were easy identified due to the selected number of bootstrap iterations. 
They were values found at positions 250 and 9750 in the sorted bootstrapped results. Similar-
ly, the bootstrapped p-Value was evaluated as relative position of sign switching inside the 
sorted bootstrapped results. 

The obtained results led to the same decision: all linear coefficients significant and a inter-
cept insignificant, but bootstrap-based results showed stronger significance of the coefficient 
than classic results. 

4 CONCLUSIONS  

• The non-parametric analysis based on the bootstrap approach allows to conduct effective
analysis in such situations, when requirements of classic assumptions are not met.

• The bootstrap-based analysis requires proper identification of the i.i.d. random term (re-
siduum vs. multidimensional point) but its implementation is easy and does not require
additional subtle assumptions.

• The non-parametric bootstrap-based analysis is useful for processing data with a weak
assessment of the distribution e.g. small datasets.

• The non-parametric bootstrap-based analysis may be easy automatized for processing
huge or even big data, which distributions do not fit into any theoretical distribution.

• Further research will be conducted, especially in full-scale industry environment [16, 17,
18], because of engineers expectations about automatized and easy-to-interpret analysis
methods.
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Abstract. The proper characterization of the microstructure and macroscopic properties of 

random heterogeneous materials may help to interpret the observed scatter in many 

engineering problems. In this contribution, a lattice discrete particle model is presented in a 

civil engineering framework with a special emphasis on concrete structures and 

infrastructure. The implications of spatial variability are investigated with regard to the 

observed scatter in standard concrete tests. In particular, classical experiments, such as 

three-point bending tests, may exhibit various levels of scatter which have to be accounted for 

if material characteristics are to be derived from such experiments and consequently used for 

the analysis and design of structural systems. Therefore, random and gradient based fields 

are combined in this paper in an attempt to realistically capture the material properties and 

associated variability stemming from the microstructure and macroscopic features such as 

the placement of coarse aggregates. Various mechanical and statistical aspects of simulated 

test series are investigated, such as macroscopic fracture energy or distribution of load 

bearing capacity. The presented application example of three-point bend specimens 

incorporates not only the inherent spatial variability owing to the placement of aggregates, 

modelled by random fields, but also various production artefacts, such as concrete 

compacting characterized here by gradient based fields. 
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1 INTRODUCTION 

The estimation of uncertainties in probabilistic structural analysis may improve if the 

spatial variability concept is properly introduced. The presented paper addresses various 

discrete particle placement choices and schemes for discrete particle models such that the 

governing realization(s) of random or gradient-based fields is correlated to a particular 

structural discretization (i.e. radius and placement of particles) in a discrete framework.  

This work is partially motivated by the increasing demand in developing procedures for 

statistical estimates of structural response, including deteriorating structures, many of which 

are still in use due to socio-economic constraints, and by the increasingly available 

computational resources [1], [2]. This has prompted research into Monte Carlo (MC) based 

small-sample simulation methods [3], [4], where, despite the capacity of current computers, 

and in particular in the context of spatial variability, practical utilization requires the 

availability of an effective sampling strategy that would dramatically reduce the number of 

required realizations while maintaining accurate estimates of the response characteristics 

(low-probability large-consequence events) [5]. Recent attempts addressing the sampling 

strategy for spatial variability in the MC simulation framework include [6], [7], which is 

based on the original work of [8], where critical samples of stochastic processes are identified.  

In this paper the main focus diverts from the reliability aspects of spatial variability and 

aims to investigate how particle placement schemes may be used to characterize various 

microstructural and macroscopic properties of random heterogeneous materials [9], while 

maintaining the material property fields constant. Any observed scatter can therefore be 

directly attributed to the chosen particle placement scheme and its parameters. This implies a 

causal relationship between spatial variability, auto-correlation length of the random fields, 

type of spectral function and meso/micro-structure of the material which is an open research 

question. 

 

  

2 LDPM 

The so-called lattice discrete particle model (LDPM) naturally accounts for material 

heterogeneity by random particle placement and size, which is also constrained by a grading 

curve [10]. This approach captures most microstructural effects of concrete very well, when 

compared to the continuum framework, however introducing higher order spatial variability 

enables to control and interpret the response scatter [6], [9].  

As a well-established member of the discrete framework, LDPM has been extensively 

calibrated and validated and has shown superior capabilities in reproducing and predicting 

concrete behavior [10]–[14]. It simulates the mesostructure of concrete by a three-

dimensional (3D) assemblage of particles that are generated randomly according to a given 

grain size distribution. Delaunay tetrahedralization and 3D domain tessellation are used here 

to generate a system of cells interacting through triangular facets. Displacements and rotations 

of such adjacent particles form the discrete compatibility equations in terms of rigid body 

kinematics. At each cell facet the mesoscale constitutive law is formulated such that it 

simulates cohesive fracture, compaction due to pose collapse, frictional slip and rate effect. 

For each single particle, the equilibrium equations are finally evaluated. An extended version 

of LDPM is currently being developed and simulates various coupled deterioration 

mechanisms, such as Alkali-Silica reaction (ASR) [12], [15]. A further development is the 

age-dependent LDPM framework in which the local material properties are derived by 
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chemo-mechanical coupling with a chemo-hygro-thermal model [16], [17] which also drives 

the creep and shrinkage analysis in a rate type form [18]. 

3 ABSTRACTION LEVELS FOR LDPM 

The proposed particle placement schemes have become part of the spatial variability 

package for LDPM and, as will be shown in the next chapter, may influence not only the 

scattering and asymptotic properties of the spatially variable models but also shift the mean 

value of repeated identical experiments. By introducing the spatial variability package for 

LDPM a significant contribution to the general understanding of physics and reliability of 

spatial variability may be achieved.  

 

The independent and random particle placement (IRPP) scheme, as implemented in the 

original LDPM, may be considered as a first abstraction level. Here, the random diameters are 

generated according to the size distribution curve until the required volume fraction is reached 

(figure 1). No conflicting requirements are to be solved. Overlapping or less than minimum 

distance particles are resampled. Implications are scarcely populated boundary regions and an 

invariant coefficient of variation. The original procedure for generating particles is described 

in detail in [10]. 

 

 

Figure 1: Maximum (left) and minimum (right) strength realizations of LDPM using the random and 

independent particle generation scheme. 
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The second abstraction level assumes the original particle placement scheme, i.e. the IRPP, 

combined with one or more spatially variable fields, which are used to describe local 

fluctuations of material properties resulting from its inherent variability (random field, figure 

2) and construction or transport processes (gradient-based fields). Similarly to the previous 

case, there are no geometry-related conflicting requirements and overlapping or less than 

minimum distance particles are resampled. Boundary regions may be normally populated by 

adopting a simple modification to the re-sampling algorithm. Please note that material 

characterizations derived from random fields must be verified for inadmissible values, such as 

negative strength, modulus, etc. This may lead to a conflict if the governing probability 

distribution, used for the random field generation, is to be maintained. Otherwise, truncated 

distributions may be used or the realization of random field can be rescaled to fit admissible 

range [6], [19], [20]. This is a quite popular abstraction level, especially for continuum 

models, but stipulates full independence between microstructure, i.e. particle placement and 

material properties. The later assumption is reasonable for continuum models but questionable 

for lower-scale models such as LDPM. 

 

Figure 2: Sample realization of a Gaussian random field with a power spectral function #-2 as a material property 

field only. 

 

The third abstraction level assumes that an initial random or gradient-based field of choice 

(or their arbitrary combination) governs the particle generation process (i.e. the position and 

size of each particle). If the particle generation is to be governed not only by granulometric 

distributions, but also by an initial random (figure 3) or gradient-based field (figure 4), the 

particle generation becomes a complex problem and has to be approached by balancing trade-

offs between conflicting goals. Clearly, the global requirement on particular size distribution 

can lead to a local conflict with the initial random field, the role of which can be further 

ambiguous if we consider it to affect both the position and size of the particles (clustering of 

large particles). Details regarding the associated steps/choices for random fields were 

published in [9]. For higher volume fractions this becomes a computationally expensive 

procedure, however local conflicts can be resolved in parallel and terminate with the first 

valid particle.  
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Alternatively, the initial random or gradient based field may not only govern the particle 

generation process but also be used to modify the material property fields and thus maintain 

compatibility between the two domains. 

 

Figure 3: Maximum strength realizations of LDPM experiments based on a governing Gaussian random field 

with a power spectral parameter (#-2.00) maximizing the COV of load capacity.  
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Figure 4: Maximum strength realizations of cylindrical compression tests with gravity-based gradient field (left) 

and normal-to-gravity-based gradient field (right). 

 

 

4 RESULTS 

Selected observation regarding the statistical characterization of parallel identical LDPM 

experiments and various particle placement schemes are discussed in this chapter. Two 

classical experiments for concrete, the cylinder compression test (D150x300 mm) and 

notched three point bending test (400x400x100 mm), have been statistically reproduced by 

LDPM and the spatial variability package. Each of the presented numerical experiments is 

characterized by 20 realizations. The same sequence of seeds for the random number 

generation is maintained throughout the experiment. Figure 1 shows the ensemble of particles 

for the abstraction level 1, i.e. the independent and random particle placement scheme for the 

maximum and minimum strength realizations. Figure 2 conceptually depicts the abstraction 

level 2, i.e. particular realization of a random material property field which is combined with 

independently and randomly generated ensemble of particles. Figure 3 shows the maximum 

strength realizations of a gradient and a Gaussian random field with a power spectral function 

f(x) = #-2.00 for the cylindrical compression test and three point bending test (notched). Figure 

4 shows the maximum strength realizations of cylindrical compression tests with gravity-

based gradient field (the failure is depicted in figure 5) and normal-to-gravity-based gradient 

610



Jan Podroužek, Jan Vorel, and Roman Wendner 

 

field. The consequence of rotating the gravity-based gradient field is evident from figure 6 

where the scattered load-displacement (LD) diagrams are shifted upwards for the rotated 

version (figure 4 right), i.e. the mean capacity is increased by ~2%.    

Finally, the normalized statistical characteristics are plotted in figure 7 against various 

power spectral parameter values. Here, the 20 cylindrical compression tests share the same 

material property fields (constant) and differ only by the particular realizations of the particle 

generation, in this case based on the abstraction level 3 using a Gaussian random field with 

power spectral function #-n. For the reference, the dashed line is added into the plot to mark 

the zero correlation length, which corresponds to the level 1 IRPP scheme. Please note that 

the range of COVs for the cylindrical compression test series is 0.42 to 0.66 % and for the 

notched three point bending test series 2.11 to 3.71 %, considering the various particle 

placement schemes only.    

 

 

 

 

 

Figure 5: Visualization of a crack opening displacement (red color ~ 0.7 mm) at peak load at maximum strength 

realization of cylindrical compression tests with gravity-based gradient field (fig. 2 left). 
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Figure 6: Scattering and shifted L-D diagrams (zoomed-in detail) of LDPM realizations of compression cylinder 

tests with two gradient-based fields (gravity angle is orange and normal to gravity angle is blue). 

 

 

 

 

Figure 7: Normalized statistical characteristics vs. power spectral parameter n; response of cylindrical 

compression test series (20 realizations) and Gaussian random field with power spectral function #-n. The dashed 

line represents the zero correlation reference, i.e. the IRPP scheme. 
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5 CONCLUSIONS  

 The inverse U-shaped curve for the coefficient of variation (figure 7) and various power 

spectral parameters clearly supports the hypotheses on a causal relationship between 

spatial variability, auto-correlation length of the random fields, type of spectral function 

and meso/micro-structure of the material. Please note that the material property fields are 

constant for all presented results.  

 Although the relative differences resulting from the presented abstraction level 3 (i.e. 

correlated particle placement scheme and constant material property fields) may not 

always be significant, the ability to obtain the functional form for mean values and COV 

of response series represents a fundamental concept for spatial variability based structural 

reliability. 

 The relative differences in terms of COV for parallel identical test series may increase 

dramatically if (a) the material property fields are randomized, (b) engineering failure 

probabilities (~ < 10-4) are introduced (by effective sampling strategy) rather than a first 

passage probability based on 20 realizations, and (c) structural components or structures 

are analyzed that are sensitive to damage localization leading to, e.g., the statistical size-

effect. 

 Even if the material property field remains constant, the various particle placement 

schemes derived from initial random or gradient based field may be used to control not 

only the scattering of simulated experiments, but also to shift the mean values of the 

response.  

 Several abstraction levels for the lattice discrete particle models of concrete have been 

presented, together with a particle placement schemes derived from initial random or 

gradient based fields. 

 The proposed spatial variability package for LDPM may dramatically increase the 

consistency and realism of the LPDM paradigm if a physical reference for the governing 

spatially variable field is established. 

 Reliability of spatially variable LDPM models will require an objective statistical 

characterization in a small sample Monte Carlo simulation framework. 
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Abstract. This paper presents a load spectrum and estimates the fatigue life of composite 
blades of horizontal axis wind turbines. The distributions of aerodynamic loads are analysed 
by beam element momentum theory, which affects the fatigue life of the blade along with other 
loads such as gravity and wind shear. The wind speed follows Weibull distribution and wind 
speed over an hour time is generated based on the offshore wind parameters. Then, the maxi-
mum stress caused by the deterministic dynamic loads, such as aerodynamic load, gravitational 
pressure and wind shear effect, is calculated using finite element model by Ansys. The stress 
cycle is established by Fast Fourier transform of the load spectrum which converts the time 
domain to frequency domain. Fatigue damage performance and the fatigue life estimate for 
blades are used to be predicted by fatigue damage rule for each cycle during the service life of 
offshore wind turbine based on the Goodman diagram and S-N curve. Finally, safe working life 
is predicted by applying the Miner’s law for linear fatigue damage accumulation. A numerical 
example of composite blades of a wind turbine is investigated by proposed method to estimate 
fatigue life under uncertain wind speed in the offshore environment. From the results, the pro-
posed method can provide an effective tool for evaluating the fatigue damage and assessing 
structural performance of the wind turbine blades under the uncertain offshore wind. 
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1 INTRODUCTION 

With the increasing energy consumption in the world, renewable and clean energy such as 
wind resource have been considered as an alternative way to resolve the energy crisis. The wind 
turbine is one of offshore structure that captures the power of the wind and use it to generate 
clean energy. Since the rate of offshore wind turbines increases to multi-MW-size, one of the 
critical elements is the large composite blade due to the huge cost and fatigue damage. To adapt 
harsh marine environments and to resist fatigue load, glass-fibre reinforced composite materials 
are typically used to manufacture blades since these materials have better fatigue resistance and 
lighter weight than traditional materials, e.g., metals. One challenge in fatigue damage estima-
tion is that the fatigue damage of reliable wind turbine blades is under complex load conditions, 
such as wind load, gravitational load, and wind shear effect [1,2]. Among these loads, the wind 
speed is significantly affected by the environmental condition with relatively high frequency 
and amplitude in offshore environments, which could be generated by deterministic distribution 
[3-5]. It is important to develop a method for analysing the blade fatigue damage before the 
blades fail catastrophically, which may destroy the entire wind turbine.  

Most ongoing research on fatigue phenomena uses load spectra obtained by digital sampling 
or finite element (FE) model of wind turbine blades, which estimated the numerical solution at 
a location near the root of the blade [4]. Then, to obtain the cycles, traditional counting methods 
such as Rainflow Counting is used in [3,6]. However, computationally signal processing tech-
niques (such as Fast Fourier transform) can also be used to calculate the fatigue cycles accord-
ing to the frequency of the load spectra [7]. Based on Goodman diagram and S-N curve, the 
equivalent load spectra for each cycle can be investigated [7,8,9]. This stress is utilised to esti-
mate fatigue damage in the blade using Miner’s rule [5,6], and then fatigue life is estimated.  

This study presents a method for investigating the fatigue damage of a composite wind tur-
bine blade. The Fast Fourier transform is used here to obtain the load cycles, based on the data 
of stress spectrum by FE model solution. The Miner’s law is used to predict the fatigue damage 
during the designed service life of offshore wind turbine by the S-N curve and Goodman dia-
gram. A numerical example of composite blades of a wind turbine is investigated to estimate 
fatigue damage under uncertain wind speed, following Weibull distribution describing the wind 
in the offshore environment. Results show that FE model can take the variable wind speed with 
other blade loads into account and the frequency of stress can be obtained. Then, the stress in 
each cycle can be converted into fatigue stress. The proposed method can be further used for 
determining the resistance of the composite blades based on S-N curves. The fatigue damage 
of composite blades can be predicted by Miner’s law based on combining fatigue stress and life 
cycles in each cycle. The fatigue life can be calculated before the cumulative damage exceeds 
unity. From the results, the proposed method can both provide a useful tool for evaluating the 
fatigue damage and assess structural performance of the wind turbine blades under the uncertain 
offshore wind. 

2 ANALYSIS OF BLADE LOADS 

Loads of the wind turbine blades contain both deterministic and stochastic load under dif-
ferent wind speed, such as aerodynamic load, wind shear, gravity load and periodic load [1,2]. 
However, the loads can be imported into the finite element model in fatigue analysis to inves-
tigate the maximum stress in the blade.  

2.1 Aerodynamic loads  

Blade element momentum (BEM) method is the core theory to analyse wind turbine aero-
dynamics on the blades. This BEM theory treats the revolving rotor as an actuator disc that 
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combines both blade element theory and one-dimensional momentum theory in both the rotor 
axial and tangential direction [2]. Both rotor axial and tangential induction factors that describe 
the airflow speed change are introduced in the one-dimensional momentum method to calculate 
the wind thrust and rotor motivation torque. The blade element theory separates the blade into 
several elements and ignores the mutual influence between two adjacent elements. The aerody-
namic loads on each element are dependent on its local airfoil characteristics, i.e. its lift and 
drag coefficients. The sum of these loads yields the total loads on the blade in X and Y direc-
tions [1], respectively, namely  

 = = ( + )  (1) 

 = = ( − )  (2) 

where B is the number of blades; ρ is the air density; c is the length of chord; ω is the angular 
velocity of the rotor; r is the radius of the section; θ is the azimuth angle of the rotor; CL is the 
airfoil lift coefficient; CD is the drag coefficient; and α is inflow angle. 

Therefore, the flapwise moment and edgewise at the root of the blade are 

 = ,			 = −  (3) 

where p represents the pressure centre of the airfoil. 

2.2 Wind shear 

The wind shear effect depends on the height of the wind turbine, and the description of this 
relationship is exponential. Since the wind turbine becomes MW recently, the radius of the 
blade increases significantly. The wind speed will significantly change in different positions of 
the blade, so the wind shear effect should be considered. According to [10], the wind speed at 
the height of the sea level can express as 

 ( ) = (1 + )  (4) 

where h is the height of the hub of the wind turbine, Vh is wind speed at the hub, m is wind shear 
exponent, normally between 0.1 and 0.25. 

2.3 Gravity  

For large wind turbine blades, the blade is subjected to gravity during service time, which is 
periodic changing by azimuth angle θ of the rotor. The gravity per element of the blade on each 
axis can be obtained as 

 = 0 −0 1 00 00  (5) 

where Fg is the gravity loads, M is the mass of the blade, and g is the gravity acceleration. The 
gravity load is considered as an axial load, which does not vary with time. 

2.4 Distribution of wind speed 

According to [3], the Weibull frequency distribution is adopted to describe the wind speed. 
Therefore, the probabilistic density function f(v) and cumulative distribution function F(v) are 

 ( ) = ( ) ( )  (6) 
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 ( ) = 1 − ( )  (7) 

where K is the shape parameter and C is the scale parameter of the distribution. 

3 FATIGUE ANALYSIS 

Fatigue analysis has been considered as a critical part of the design process of wind turbine 
blades. According to the results of different wind speed, the loads in wind turbine blades are 
established. Fatigue life was estimated by using the Fast Fourier transform for the cycle, Good-
man diagrams and the load spectrum to get the fatigue stress and the S–N linear damage equa-
tion for accumulating the damage [5,9]. By combining these methods, a dynamic structural 
problem for the fatigue can be converted into a static structural problem.  

3.1 Finite element blade model 

In this study, the finite element model is introduced in Ansys software for fatigue analysis 
under various wind speeds to get the maximum stress. A composite blade considered in this 
study is the same geometry to the 1.5MW Sandia reference wind turbine composite blade [4].  

 
Figure 1: Structural design of 1.5MW wind turbine blade by NuMAD based on the Sandia database [4] 

The aerodynamic properties, e.g., airfoil type, chord length, and twist angle, are the same as 
those from the design data. A refined blade geometry model (Figure 1) was generated in 
NuMAD by connecting 24 airfoils, which smooth the transition from section to section and 
reduce the stress concentration.  

 
Figure 2: The meshed and geometrical model of wind turbine blades based on 1.5MW Sandia using Ansys 18.0 

619



Chi Zhang and Huapeng Chen 

 

The NuMAD can export the 3D structural design into Ansys file. The meshed model (Figure 
2) generated by Ansys 18.0, which implements layered shell 281 elements for the structure. By 
applying the blades loads into the model, the solution of maximum stress can be analysed in FE 
model. In this study, the maximum stress is assumed as the fatigue stress in these loads to cal-
culate the fatigue damage in this certain wind speed. 

3.2 Fast Fourier transform  

According to the previous section, it generates random wind speed numbers by the Weibull 
distribution with scale parameter C and shape parameter K during the given period. The Fast 
Fourier transform (FFT) is used here to obtain the fatigue cycles, which will be used to analyse 
the uncertain stress during the particular time. A dynamic structural problem for the fatigue can 
be converted into a static structural problem [7]. 

Fourier transform converts the time domain to frequency domain by integrating over the axis 
of whole time. The Fast Fourier transform technique is used to derive the wind frequency by 
converting the time-domain component of wind stress into frequency from a spectrum using 
the transfer equation 

 ( ) = ( )  (8) 

where X(u) is the frequency domain function, u is the spatial frequency, and f(x) is the spatial 
domain function.  

By the FFT method, the frequency for the uncertain wind speed during the measuring time 
is established. The fatigue cycles by wind speed can be therefore used to analyse the damage 
for the wind turbine blades. 

3.3 Goodman diagram  

Constant life diagrams are graphical representations of the safe regime of constant amplitude 
loading for a given specified life, e.g. the endurance limit or infinite life [6]. These diagrams 
can be drawn in some ways, depending on which parameters are selected to describe the con-
stant amplitude cyclic loading, such as Goodman diagram [9].  

 
Figure 3: An example of Goodman diagram showing amplitude stress σeqa vs. mean stress σeqm 

Constant amplitude cyclic loading can be defined by specifying the following parameters, 
i.e. maximum stress and minimum stress. The Goodman diagram can give the equivalent stress 
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under different mean stress. A simple Goodman diagram without considering the stress ratio 
can be expressed as 

 = ( − ) (9) 

where σeqa is the equivalent stress in this cycle when the equivalent mean stress σeqm is given, 
σa is the amplitude stress, and σm is the mean stress in this cycle, σu is the ultimate stress for the 
material.  

Figure 3 gives an illustrative Goodman diagram used in this study. The fatigue stress should 
use the equal amplitude stress when the average stress is null (σm=0) by Goodman diagram for 
the wind turbine blade, and this amplitude stress is expressed as σe.  

3.4 S-N curve 

To calculate the damage of composite blades by S-N curve, it is necessary to know the fa-
tigue life cycles under constant equal amplitude loading obtained by Goodman diagram. Fatigue 
properties of materials are usually expressed in the form of S-N curves according to the exper-
imental data, i.e. stress amplitude versus the number of cycles to failure.  

According to [6,8,9] a typical following S–N curve model can be equalled as 

 = −  ,   or     = = −  (10) 

where r=σe/σu is the stress ratio, A and B are parameters depending on the material, which also 
can be expressed as aσu and bσu. Figure 4 represents the relationship between the stress ratio 
and the stress cycles to calculate the fatigue damage.  

The fatigue life cycles N can be obtained in this graph given an amplitude stress σe. The 
damage in this cycle is 1/N by assuming the total damage is unity. 

 
Figure 4: An example of the S-N curve showing linear relationship between the fatigue cycles N and constant 

ratio r 

3.5 Miner law 

The fatigue damage due to each stress component can be accumulated by Miner’s rule. Ac-
cording to Miner's rule, the structure is defined as failure when the cumulative damage D ex-
ceeds unity [1,5,9], where D is defined as 

 = ∑  (11) 
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where ni is the load cycle number for a stress range i, and Ni is the allowable load cycle number 
associated with i. 

By the method mentioned above, the damage per hour can be generated and the total hour 
of fatigue life can be estimated. To achieve the design code of wind turbine concerning the total 
service life, some maintenance strategies may increase the performance of the wind turbine 
blade and prevent the structural failure. 

4 NUMERICAL EXAMPLE  

Based on the method described in the previous section, a numerical example can be per-
formed to demonstrate the effectiveness of the proposed method. In this study, fatigue damage 
in composite blades of the wind turbine under offshore wind condition is analysed, and then the 
fatigue life can be evaluated. 

The measurement of deterioration in this paper is therefore based on the Miner’s law. When 
the cumulative fatigue damage exceeds unity, the composite blade is considered as it loses its 
mechanical properties and could not service anymore. Before this situation happens, the blade 
structure can be treated as nearly failed and a proper maintenance strategy will be taken.  

In the following example, the 1.5MW Sandia reference wind turbine composite blade [4] is 
analysed according to the method discussed above. The aerodynamic properties, e.g., airfoil 
type, chord length, and twist angle, are the same as the design data. The Weibull distribution of 
the wind speed of European offshore wind farm for the whole year is estimated, where the shape 
parameter K=2.0 and the scale parameter C=15 m/s. Therefore, the wind field simulation per 
minute for 1 hour can be randomised in MATLAB, as shown in Figure 5. 

 
Figure 5: Prediction of wind speed generated by Weibull distribution and results of maximum stress to time 

spectrum during one hour 

From the results, the aerodynamic loading can be separated into lift loading and drag loading 
along with each blade element by BEM method. The offshore wind turbine is typically located 
just above the sea level thus the wind shear effect could not be ignored. The height of the wind 
turbine hub is assumed 50 meters, and wind shear exponent is taken 0.1 in this study. The 
gravity in this study considered as an axial load in the gravity centre of the blade. 

The solution of the FE model generated by NuMAD in Ansys involves the blade loads in-
cluding aerodynamic load, wind shear, and gravity load. The maximum stress in certain wind 
speed can be regarded as equivalent stress in load analysis for this 1.5 MW blade. The stress to 
time diagram for 1-hour given by wind field simulation is established in Figure 5. The spectra 
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of maximum stress versus wind speeds are shown in Figure 6 according to the existing data 
from [1] by wind turbine blade of FE model. 

 
Figure 6: The maximum stress in various wind speed 

The maximum stress in wind turbine blade depends on the wind speed shown in Figure 6. 
As the wind speed increases, the stress also increase. However, after reaching a certain wind 
speed, the maximum stress reduces and then becomes stable. When the wind speed exceeds the 
design wind speed for the wind turbine, the attack angle decreases, leading to the reducing wind 
surface. The wind turbine keeps the stable angular velocity to produce the stable power when 
the turbulence of wind speed is high. 

To get the cycle of the fatigue stress in this measuring time, the FFT is used to obtain the 
frequency during one hour. The cycles can be used to analyse the fatigue damage for the wind 
turbine blades. Figure 7 shows the result of the frequency of the stress during the time. The first 
five peak points in amplitude are used to establish the stress cycle during the time. 

 
Figure 7: The frequency of amplitude and phase by FFT 

The number of the cycles can be obtained by the frequency and the whole period. Each cycle 
has the maximum stress σmax and minimum stress σmin, and therefore the mean stress σm and 
amplitude σa for this cycle can be calculated. For the glass-fibre material, assuming the ultimate 
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stress σu in Goodman diagram σu=100MPa, the equivalent stress σe at σeqm=0 can be obtained. 
According to S-N curve, the life cycles Ni at σe can be calculated. The a and b for one type of 
glass fibre material is 1.3 and 0.16, respectively. The Miner’s law accumulates damage by the 
life cycles, and the failure will occur when the damage accumulates to a certain critical value 
of unity. 

Table 1 shows results of the maximum stress σmax, minimum stress σmin, the mean stress σm 
and amplitude σa for every cycle in each peak point. The equivalent stress σe is obtained by 
Goodman diagram for glass fibre material. The life cycles N in every cycle is predicted by the 
proposed S-N curve in this table since the equivalent stress σe has been obtained in each cycle. 
Then the fatigue damage D is reciprocal of life cycle N obtained by S-N curve in this cycle. 
From this table, the total damage is 7.55E-06 by summing all the damage in each cycle in this 
1 hour. 

 
  σmax(MPa) σmin(MPa) σm(MPa) σa(MPa) σe(MPa) N(cycles) D 

Peak 1 49.40 5.87 27.63 21.77 30.08 1.76E+06 5.68E-07
cycle 2 49.35 20.94 35.14 14.21 21.90 5.70E+06 1.75E-07
Peak 2 49.36 5.87 27.61 21.75 30.04 1.77E+06 5.66E-07
cycle 4 49.40 5.87 27.63 21.77 30.08 1.76E+06 5.68E-07

  49.35 20.94 35.14 14.21 21.90 5.70E+06 1.75E-07
  48.84 37.83 43.34 5.51 9.72 3.29E+07 3.04E-08

Peak 3 49.36 5.87 27.61 21.75 30.04 1.77E+06 5.66E-07
cycle 6 49.40 5.87 27.63 21.77 30.08 1.76E+06 5.68E-07

  49.26 5.87 27.56 21.70 29.95 1.79E+06 5.58E-07
  49.35 20.94 35.14 14.21 21.90 5.70E+06 1.75E-07
  49.17 37.83 43.50 5.67 10.03 3.15E+07 3.18E-08
  48.84 37.92 43.38 5.46 9.65 3.33E+07 3.01E-08

Peak 4 49.36 5.87 27.61 21.75 30.04 1.77E+06 5.66E-07
cycle 8 48.41 5.87 27.14 21.27 29.20 2.00E+06 5.01E-07

  49.40 25.47 37.43 11.96 19.12 8.51E+06 1.18E-07
  49.26 5.87 27.56 21.70 29.95 1.79E+06 5.58E-07
  49.35 20.94 35.14 14.21 21.90 5.70E+06 1.75E-07
  49.17 37.83 43.50 5.67 10.03 3.15E+07 3.18E-08
  48.84 37.92 43.38 5.46 9.65 3.33E+07 3.01E-08
  48.84 41.99 45.42 3.43 6.28 5.40E+07 1.85E-08

Peak 5 49.36 20.94 35.15 14.21 21.91 5.69E+06 1.76E-07
cycle 9 48.41 5.87 27.14 21.27 29.20 2.00E+06 5.01E-07

  49.40 25.47 37.43 11.96 19.12 8.51E+06 1.18E-07
  49.26 37.88 43.57 5.69 10.08 3.13E+07 3.20E-08
  49.35 5.87 27.61 21.74 30.03 1.77E+06 5.65E-07
  49.17 30.43 39.80 9.37 15.57 1.42E+07 7.04E-08
  48.18 37.83 43.01 5.18 9.08 3.61E+07 2.77E-08
  48.84 37.92 43.38 5.46 9.65 3.33E+07 3.01E-08
  48.84 41.99 45.42 3.43 6.28 5.40E+07 1.85E-08
       ∑D 7.55E-06

 
Table 1: The fatigue loads and damage in each cycle during 1-hour measuring period 

The estimated fatigue life of this glass fibre reinforced composite blade is 
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 = ∑ × × = 15.1 year (1) 

Since the design code expects the service time of offshore wind turbine blades is 25 years, 
some proper maintenance strategies should be taken during the design process. 

5 CONCLUSIONS  

In this study, the fatigue life was estimated by linear Miner’s law based on the well-known 
S–N linear damage equation, the equivalent load spectrum by Goodman diagram with analysing 
the blade loads in FE model of the wind turbine blade. The calculation of the load spectrum and 
the fatigue performance of wind turbine blade is discussed by analysing the blade loads in FE 
model using the deterministic method. 

From the sample spectrum data during short period operation, the data were rearranged load 
cycles, maximum stress, minimum stress, mean stress, the amplitude of the stress, and equiva-
lent stress by FFT and Goodman diagram, and then reordered as life cycle and damage for each 
cycle by S-N curve. Based on the Miner’s law, the accumulation of fatigue damage can be 
obtained during the sample measuring time. The total service time of the wind turbine blade is 
estimated as 15.1 years without maintenance. Further work is needed to determine the optimum 
repair strategy for the composite blades of an offshore wind turbine according to the obtained 
results.  
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Abstract. Field information on live loads and concrete strength is used to assess the reliabil-
ity of a prestressed precast concrete girder of an existing bridge in Guanajuato State (Central 
Mexico). A recently developed method, termed the combined approach (CA), is used to per-
form the reliability analysis. The approach combines two well-known techniques: the first or-
der reliability method (FORM) and the point estimate method (PEM). Information on the 
bridge design, live load from weigh-in-motion data and compressive strength of concrete 
cores, was gathered for this study through two research projects. The information is em-
ployed to probabilistically characterized the demand and the capacity of the bridge pre-
stressed concrete girders. A numerical scheme is used to obtain the girder bending capacity, 
and the bending capacity of the point estimates for the reliability analysis, by considering 
common design practices in Mexico. The use of a numerical method can be required, or more 
practical, if non-common geometries and prestressed steel and /or reinforcement steel ar-
rangements are used (e.g., non-tension-controlled girders). This implies that the limit state 
function (LSF) could only be implicitly known, and the FORM may not be feasible, while the 
Monte Carlo simulation technique (MCS) may require extensive samples. The present study 
shows the results of the reliability levels for the bridge girder for a range of mean live to dead 
load effects. This reliability is obtained with information directly gather on field for the 
bridge under study, for a traffic jam scenario and for a single vehicle passage scenario. It is 
concluded that the CA can be an adequate alternative to perform the reliability analysis, es-
pecially when there is no explicit limit state function (as for instance required in the FORM), 
and without the need of extensive simulations (unlike the MCS). Some codified design impli-
cations are discussed from the resulting reliability levels, and future research for several is-
sues is recommended.     
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1 INTRODUCTION 
The reliability analysis of presetressed concrete bridge girders is used to estimate the prob-

ability of failure of these elements when subjected to load demands of different kind. The 
computed probabilities of failure are linked to the reliability index, commonly employed to 
establish code formats to achieve certain safety consistency. The reliability levels of pre-
stressed precast concrete bridge girders is reported in the literature [1, 2]. However, most of 
the studies use typical bridge sections, and statistics and probabilistic information from other 
sources, rather than using existing bridges and deriving probabilistic information from field 
information and/or real bridge projects expressly selected for reliability studies. 

Recent studies on reliability of prestressed concrete beams and bridge girders include sen-
sitivity analysis using updated databases on materials [1], comparison of different standards 
[2], spatial and time depend reliability under corrosion and/or cracking effects [3, 4, 5], beams 
exposed to fire [6] or considering creep models [7], and calibration tasks [8], among other is-
sues.  

In Mexico, there are also some studies on reliability of prestressed concrete bridges dealing 
with optimal inspection times considering corrosion [9, 10], which use some local guidelines 
for designing precast prestressed concrete beams. In this study the AASHTO regulations are 
adopted [11] to obtain the flexural capacity of the bridge girder, since this is not an uncom-
mon practice among Mexican practitioners, according to one of the authors of this study with 
experience in the field. Nevertheless, the load factors and live loads are based on previous 
studies, and weigh-in-motion (WIM) data recorded at highways located at Guanajuato State in 
Central Mexico.  

Other field information that is necessary for reliability studies of existing bridges, is that 
related to the capacity of the prestressed concrete bridge girders. In the present study, the 
compressive stress, required in the methods to compute the bending capacity of prestressed 
members, is derived from concrete cores directly extracted from existing bridges and tested to 
obtain relevant parameters. The bending capacity of the considered prestressed concrete gird-
er is obtained by considering the equilibrium of the section including, both, the reinforcement 
steel and the prestressing strands, and a numerical scheme (instead of any formulae, which 
applicability could be limited to certain cases).     

There are several available reliability methods to assess the safety levels of bridge struc-
tures [12, 13]. Some of them require the establishment of an explicit limit state function, like 
the first order reliability method (FORM), or a very extensive number of simulations, like the 
Monte Carlo simulation techniques (MCS). Reliability indices are obtained by using an ap-
proach which can leave aside the use of an explicit LSF, using only a few point estimates. The 
method is termed combined approach [14], since it combines the use of other known tech-
niques, the FORM and the point estimate method (PEM) [15-18]. 

The assessment of reliabilities of prestressed concrete bridge girders is important to under-
stand the implicit reliability levels for codified design, the possible impact of loads and re-
sistances for a specific geographic and socioeconomic region, and the design implications.     

Therefore, the main objective of this study is to obtain the reliability of a prestressed con-
crete girder of an existing bridge in Guanajuato, Mexico, subjected to bending, using field in-
formation on the demand and the capacity, and the combined approach.   

2 FIELD INFORMATION 
This section is divided in three parts. First, a general description of selected bridges in 

Guanajuato for research purposes is briefly reported; then, the recorded and used weigh-in-
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motion data is outlined; finally, a summary of the tests from concrete cores extracted from the 
selected bridges is succinctly described.     

2.1 Existing bridges 
As a part of two research projects financially supported by two Mexican institutions, one to 

investigate the concrete capacity sponsored by PROMEP (Project “Nuevos PTC”, UGTO-
PTC-429), and the other one to investigate the live load demands sponsored by CONACYT 
(Project “Problemas Nacionales 2014”, No. 248162), five existing bridges in Guanajuato 
State in Central Mexico, a key transportation region in the country [19], were selected. Pre-
stressed precast concrete medium span bridges were selected for the research, since these are 
a very common type of bridges in Guanajuato, and possibly in the whole country [20]; note 
that bridges of this kind are also very common in other countries, like Mainland China, Hong 
Kong and the United States [2]. These bridges were also chosen because they are located on 
(or close to) the highways where the WIM is (or is to be) recorded. Other issues which im-
pacted the selection decision of the bridges were time, distance, available financial support, 
feasibility to be sampled, among many other aspects, not always as initially planned and too 
long to be described here.  

And attempt was made to get the original project information for each of the selected 
bridges, but so far only partial information is available. In fact, the bridge selected for the pre-
sent study, is one of the mentioned five bridges with more complete available information. 
The structure is a 30 m span bridge, simply supported on abutments, and which superstructure 
is built with prestressed precast type AASHTO concrete girders, and shown in Figure 1.   

 Figure 1: Bridge considered in this study. 
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2.2 Demand    
As part of the research project to gather information on the demand due to live loads, traf-

fic surveys of different characteristics are conducted. At the time this study is submitted, alt-
hough some WIM data is already collected in 2017, it is still not processed and available for 
its use in the present work. Figure 2 shows WIM recorded during February, 2017; this infor-
mation will be employed in future research. Therefore, probabilistic information derived from 
WIM data collected in Guanajuato State and reported in a previous study is used instead [21]. 
Other surveys (static) were carried out by the Mexican Institute of Transportation (IMT for its 
acronym in Spanish) and are still not available, but will be also included in future studies.   

 

 
 

Figure 2: WIM station installed during 2017. 

2.3 Capacity  
For the five selected bridges previously mentioned, information on the capacity was ob-

tained by means of another research project. The information consisted on relevant parameters 
of the precast concrete of the bridge girders. Concrete cores were extracted on field from the 
prestressed precast concrete bridge girders, and tested in lab to obtain the compressive 
strength, young modulus and other parameters. For the bridge considered here, Figure 3 
shows part of the extraction process and some of the samples before testing.  

 

 
 

Figure 3: Extraction on field and retrieved concrete cores. 
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3 NOMINAL CAPACITY FROM CODE 
The nominal bending capacity for a girder from the bridge in Figure 1 is computed. The 

procedure described here to obtain the capacity is used later to derive the mean flexural mo-
ment due to dead and live loads for the reliability analysis. The bridge girders are AASHTO 
type girders with 34 tendons separated 5 cm away centroid to centroid; the lowest layer cen-
troid is 5 cm above the bottom side of the girder. A schematic section of the girder and pre-
stressing strands is depicted in Figure 4, and the material properties and forces employed to 
compute the capacity are listed in Table 1. The regular reinforcement steel is distributed along 
the inside perimeter of the beam (except at the extreme fiber of the bottom flange) with a total 
area, As = 28.5 cm2; this reinforcement is also included in the computing. The nominal capaci-
ty is based on the AASHTO code [11] (including the resistance factor, ), since such practice 
is not uncommon among designers in Mexico, as mentioned previously. Rather than using 
formulae, the capacity is calculated by following the design hypotheses and section equilibri-
um as specified in Section 5.7.2 in the code [11]; this approach is preferred, since it is not lim-
ited to specific cases (e.g., tension-controlled beams), but is adequate for wider applicability. 
The nominal capacity after considering that 30% of the prestressing is lost is Mn=4102.62 
kN·m (which is equal to the resistant moment, since =1 for the studied case [11]).     

Figure 4: Girder section. 
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Material Property Value 
Concrete Compressive stress  350 kgf/cm² (34.32 MPa) 
Steel reinforcement Yield stress 4200 kgf/cm² (411.88 MPa) 
Prestressed reinforcement Rupture stress 270 ksi (1861.58 MPa)  

Diameter ½ in (12.70 mm) 
Area 98.7 mm² 
Pre–stress force 13100 kgf (128.45 kN) 

Table 1: Properties for the considered girder. 

4 RANDOM VARIABLES AND LIMIT STATE FUNCTION 
The random variables and their probabilistic characterization are listed in Table 2. The ran-
dom variables in Table 2 are considered independent. Any other variables are taken as deter-
ministic and equal to the nominal values. The moments and probability density functions 
(PDFs) for the modeling error, B, the reinforcement steel yielding stress, fy, and the flexural 
moment due to dead load, D, are based on a previous study [20]. Other variables in Table 2 
account for the uncertainty related to prestressing steel ultimate strength, fpu, the prestressing 
steel area (for each tendon), Aps, and the prestress loss, PLoss, (it is considered that 30% of the 
prestressing force is lost for a return period over Tr = 50 yr). Since statistics for the prestress 
are not readily available for the Mexican practice, but the nominal values of Mexican manu-
factures are very similar to those reported in the literature, they are adopted from (or based 
on) other works for fpu [6], Aps [1, 9] and PLoss [4, 5].   

The statistics for flexural moments due to live load, L, are based on a previous study [21]; 
they are dependent on span length, not only for single vehicle passage, but also for multiple 
presence (both are considered). For the bridge in this study the span length is Lspan=30 m, and 
lane load is first considered (not impact included; traffic jam scenario [21]). This leads to se-
lect the coefficient of variation shown in Table 2. 

The PDF and probabilistic moments of the concrete compressive stress, f’c, is based on the 
results from testing the concrete cores shown in Figure 3. The mean and coefficient of varia-
tion are statistics directly computed from the available samples for the bridge, and are listed in 
Table 2; since only four samples are available, a Normal PDF is arbitrarily adopted. Other al-
ternative to investigate a possible underlying PDF for the compressive strength, is to use the 
available data for the five bridges in terms of the mean to nominal values; this strategy may be 
explored in future studies. Since the bridge is relatively new, no correction for concrete age is 
carried out; this issue will be also considered in further research. 

Random 
variable mean Coeff. of 

variation 
Coeff. of 
Skewness PDF 

B 1.1 0.10 0 Normal 
f’c (Mpa) 35.62 0.052 0 Normal 
fy (Mpa) 458.8 0.096 0.301 Lognormal 
fpu (Mpa) 1,910.26 0.025 0 Normal 
Aps (mm2) 98.7 0.016 0 Normal 
PLoss (%) 30 0.30 0.301 Lognormal 
D (kN·m) ** 0.10 0 Normal 
L (kN·m) ** 0.069 1.1395 Gumbel 

Table 2: Random variables and their characteristics. 
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Note that the mean dead load effect (flexure moment), mD, and mean live load effect (flex-
ure moment), mL, are not defined in Table 2. They are derived under the assumption that the 
prestressed concrete bridge girder just meets the requirement of codified design. This assump-
tion requires the use of a load format from code; the load format used here is based on the 
Mexican bridge regulations and a live load model proposed for bridge design in Mexico [21, 
22]. This leads to the following expression 

 
 

1.3mD + 1.95mL =  Mmean      (1)  
 
 
The right-hand side of Equation (1) is the bending capacity multiplied by the resistance 

factor, analogous to the nominal bending capacity computed as per the AASHTO code [11], 
except that mean instead of nominal values are employed. There is not specific procedure re-
ferred in the Mexican regulations to obtain the prestressed concrete girder capacity for bridge 
design [22]; consequently, the prestressed concrete bridge girder capacity is computed with 
the AASHTO code [11], as previously explained.  

The reliability indices reported in the next section are computed for a range of mean live 
load effect to mean dead load effect ratios (mL/mD). Note that by considering a certain value 
of the mL/mD ratio, mD and mL can be determined from Equation (1) and used for the reliabil-
ity analysis.      

 
The LSF can be established as follows  
 
 

       gCA = Rpres - D - L                            (2)  
 
 
where the bending capacity of the prestressed concrete girder is a function of several varia-

bles, Rpres = f (B, f’c, fy, fpu, Aps, PLoss). Since the capacity for the prestressed concrete girder 
subjected to flexure moments is a random variable, which in turn is a function of several ran-
dom variables, as mentioned above, the need of a continuous derivable function is required if 
performing the FORM is of interest. To do this, a closed-form expression is required to com-
pute the bending capacity for prestressed concrete members; alternatively, another technique 
can be used to carry out the reliability analysis. Since a numerical scheme is used for compu-
ting the bending capacity, such capacity can be obtained for a wider range of design cases, but 
on the other hand, the use of the FORM cannot be directly implemented. In this case, other 
options (e.g., the MCS) can be used to estimate the probabilities of failure, and so the relia-
bilities; however, this can be computationally expensive. Therefore, the CA [14] is used in the 
next section.       

 
Before proceeding to carry out the reliability analysis, it is noteworthy to mention some 

considerations. It is pointed out that the assumption referred to formulate Equation (1), im-
plicitly considers that other factors, like the multiple lane factor (i.e., the event of more than 
one lane is loaded in the bridge at the same time), or the girder distribution factor are properly 
taken into account; these aspects are also related to random variables, and deserve future re-
search. For the probabilistic characterization of the multiple lane factors, the methodology 
described somewhere else could be followed [23].  

It is also noted that the reliability index in the present work, , is an annual reliability index, 
since the used statistics for the live load effects are linked to such time period [21].  

633



Adrián David García-Soto, Alejandro Hernández-Martínez and Jesús Gerardo Valdés-Vázquez 

5 RELIABILITY ANALYSIS 
The combined approach is used here, since it takes advantage of the computational econo-

my of the PEM (only 2×n realizations are required, where n is the number of random varia-
bles [18]), unlike other techniques (e.g., MCS), and it also takes advantage of the efficiency of 
the FORM (once the LSF has been properly reformulated as per the CA, so that it is explicitly 
established).  

Table 3 shows the values of the variable combinations resulting from the PEM (for the first 
part of the CA), to compute the girder bending capacity using the numerical scheme referred 
in Section 3 above (but not load and resistance factors are involved this time).   

Number of 
realization 

Value of each variable (PEM) Capacity 
(kN·m) B f’c (Mpa) fy (Mpa) fpu (Mpa) Aps (mm2) PLoss (%) 

1 1.37 458.8 35.62 1910 0.987 30 5900.64 
2 0.83 458.8 35.62 1910 0.987 30 3578.69 
3 1.1 573.6 35.62 1910 0.987 30 4908.21 
4 1.1 357.4 35.62 1910 0.987 30 4575.45 
5 1.1 458.8 40.16 1910 0.987 30 4804.01 
6 1.1 458.8 31.09 1910 0.987 30 4653.59 
7 1.1 458.8 35.62 2027 0.987 30 4945.33 
8 1.1 458.8 35.62 1794 0.987 30 4531.60 
9 1.1 458.8 35.62 1910 1.026 30 4871.58 
10 1.1 458.8 35.62 1910 0.948 30 4606.76 
11 1.1 458.8 35.62 1910 0.987 53.4 3552.04 
12 1.1 458.8 35.62 1910 0.987 9.3 5703.48 

Table 3: Realizations from the PEM and corresponding obtained bending capacities. 

The 12 (2×n) realizations of the prestressed concrete bridge girder capacity are also includ-
ed in Table 3 (last column, bending capacity in kN·m); these values are employed to obtain 
the first two probabilistic moments of the girder capacity (Rpres in Equation (2)) [18]; the 
mean and coefficient of variation resulted in 4726.96 kN·m and 0.1391, respectively (note 
that this implies a mean to nominal value of 1.1522 for the bending capacity of the prestressed 
concrete bridge girder). With the previous information, the procedure established in the CA 
[14] is carried out, and the reliability levels are computed by using the FORM and Equation 
(2), except that Rpres in not a function of many random variables, but a single, completely de-
termined random variable, as established by following the CA (details can be found in other 
study [14]). Figure 5 shows the reliability levels for the prestressed concrete girder by using 
the CA for a range of mL/mD values.  

From Fig. 5 it can be observed that the annual reliability index is between around 3.6 and 
4.4 for a range of mL/mD values (dotted line). As reference, note that a target reliability index 
for 1 year (T) equal to 3.75 was employed for calibration purposes in previous studies [21], 
studies from which the live load effects statistics are adopted for the present work; note fur-
ther that the same load factors format from the Mexican regulations [22] are used (Equation 
(1)). The values in Fig. 5 are consistent but moderately higher than those in other studies [20, 
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21], for different span lengths and for reinforced concrete bridges and steel bridges. In those 
cases, the annual reliability levels, in average, approximately correspond to an annual target 
reliability index of 3.75, which in turn is associated to a target reliability index of 3.5 for a 
service period of 75 years [24]; for the prestressed concrete bridge girder studied here, and for 
the lane load case, larger reliability levels are obtained, but not significant larger than the T = 
3.75. Since the statistics of live load effects are span dependent, future studies are recom-
mended to further inspect the reliability levels of prestressed concrete girders for bridges.  
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Figure 5: Reliability indices. 

 
Figure 5 also shows the reliability index when a simple consideration on the dynamic live 

load effect (impact; single vehicle passage scenario [21]) is taken into account. For this pur-
pose, an assumption followed in other study is adopted [1], and Equation (1) is rewritten as 

 
 

1.3mD + (1.95+0.1)mL =  Mmean      (3)  
 
 
where an extra 10% of live load effect due to static live load is assumed (i.e., the impact is 

considered as a fraction of the static live load effect).  
 
The same procedure using the CA is repeated by considering Equation (3), except that the 

coefficient of variation of L, is not the one in Table 2, but equal to 0.12. This is derived, in 
one hand, by considering a coefficient of variation equal to 0.065 for Lspan=30 m, for the case 
of single vehicular passage [21], which is the relevant scenario for dynamic amplification; on 
the other hand, to include the coefficient of variation for the dynamic effect, a value is adopt-
ed from other work and equal to 0.10 [5]; the previous coefficients of variation are used to 
derived the coefficient of variation of the total (static plus dynamic) live load effects, under 
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the assumption that the square root of the sum of the squares can be used to compute the total 
coefficient of variation [25] (like if both effects were normally distributed), and this resulted 
in the value of 0.12 referred above. It is acknowledged that this is not the most rigorous pos-
sible treatment of the dynamic live load effect, and future work is recommended.    

 The results by including the dynamic effects show that a decrease in the reliability index is 
exhibit (Figure 5, solid line); this is a consequence of the larger dispersion (in terms of the 
coefficient of variation) introduced by the dynamic effects in the live load. In fact, values 
closer, in average, to an annual target reliability level of 3.75 (or 3.5 for a service period of 75 
years [24]) are obtained.  

A couple more of reliability analyses are performed by using the CA, but considering a 
=0.9 (as proposed in other study [21]), instead of the AASHTO strength factor; this is car-
ried out for both, the lane load case and the single vehicle passage. The obtained reliability 
indices are those also indicated in Figure 5 for the static case (dash-dotted line) and for the 
dynamic one (dashed line). The used of =0.9 results in a shifting upwards (in relation to their 
counterparts as per the AASHTO [11], =1), increasing the reliability levels for the whole 
range of mL/mD ratios. This may indicate that, unlike the case of steel and reinforced concrete 
bridge girders, =1 could be more suitable for prestressed concrete bridge girders, if the target 
reliability index mentioned above is considered, and the live load models and load factors 
proposed in a previous work are used [21]; however, more analyses (e.g., by considering other 
bridge spans, and/or by exploring load factors format as a function of the mL/mD ratio [14]) 
may be convenient for calibration tasks.     

As a final remark, it is noted that the CA procedure can be implemented for other LSFs 
(e.g., shear), and it can potentially be used when a numerical method is required to compute 
the capacity of an element (e.g., a finite element model), or maybe even of a system, but fur-
ther research is recommended to investigate such issues.  

6 CONCLUSIONS 

 The reliability of prestressed concrete bridge girders is assessed using field information
and the combined approach (CA). It is pointed out that it is not common to find in the lit-
erature the use of field information on loads and strengths, expressively gathered to com-
pute reliabilities (like in this study). Some relevant findings of this study are given below.

 The CA is a simple method to obtain reliability levels of prestressed concrete bridge
girders; it is a convenient alternative when a continuous derivable limit state function
(LSF) is not available (unlike the FORM), or if an extensive number of simulations (like
in the MCS), computationally expensive methods, or complex techniques are not desired.

 When the lane load (static live load; traffic jam scenario) is considered, an annual relia-
bility index between around 3.6 and 4.4 (bending) for a range of mL/mD values is ob-
tained for the considered prestressed concrete bridge girder.

 The results by including the dynamic effects show a decrease in the reliability index,
compared to the static live load case; this is a consequence of the larger dispersion (in
terms of the coefficient of variation) when such effect is considered. For this scenario,
values closer to an annual target reliability level of 3.75 (or 3.5 for a service period of 75
years) are obtained for the same prestressed concrete girder.
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 When a =0.9 instead of =1 is used, the reliability indices (for both, the static and dy-
namic cases) are shifted upwards; i.e., the reliability levels are increased for the whole
range of mL/mD ratios. It is concluded that the used of =1, together with a previously
proposed live load model and load factors, could be more suitable for computing the ca-
pacity of prestressed concrete bridge girders, if an annual target reliability level of 3.75
(or 3.5 for a service period of 75 years) is of interest.

 The CA could be a valuable alternative for other LSFs and, in general, when a numerical
method is involved in computing the capacity of an element (e.g., finite element models),
and maybe even in other cases. Further research is recommended in the body of the man-
uscript, to investigate these and other issues.
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Abstract. The stress-strength model is a basic modeling tool in reliability analysis. In simple
terms, it considers a component (or a system) with an intrinsic strength Y , which is subjected
to a stress X; the component works if and only if Y is greater than X . If stress and strength
are regarded as random variables, then the probability that the component works is given by
P (X < Y ) and is usually called “reliability parameter”. Statistical independence is usually
assumed between the two random variables X and Y : for this case, the literature on this topic
is particularly rich. This strong assumption, in fact, makes the calculation and estimation of
the reliability parameter R more tractable. However, this hypothesis is not always verified in
practice, and this translates into an over- or under-estimation of R. To avoid this drawback,
statistical dependence can be introduced and modeled between X and Y , for example resorting
to copulas. In some recent works, the problem of computing and estimating R is considered
when the stress and strength variables, belonging to the same parametric family of distributions,
are linked by a specific copula. In this work, we further consider the computational issues
related to this copula approach applied to the stress-strength model, when other families of
copulas are selected. A sort of sensitivity analysis is performed in order to assess how the value
of the reliability parameter is affected by the choice of the copula binding X and Y together
and of its parameters. As a limit case, we consider the situation where no information on the
dependence structure of the stress and strength margins is available and try to provide lower
and upper bounds for R.
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1 INTRODUCTION

The stress-strength model is a basic modeling tool in reliability analysis. In simple terms,
it considers a component (or a system) with an intrinsic strength Y , which is subjected to a
stress X; the component works if and only if Y is greater than X; if stress and strength are
regarded as random variables (r.v.s), then the probability that the component works is given
by P (X < Y ) and is usually called “reliability parameter”. The stress-strength model has
many applications, especially in engineering concepts such as structures, deterioration of rocket
motors, static fatigue of ceramic components, fatigue failure of aircraft structures, and the aging
of concrete pressure vessels [1].

Statistical independence is usually assumed between the two r.v.s X and Y : for this case, the
literature on this topic is particularly rich. The algebraic form for R has been worked out for the
majority of the well-known distributions, including normal, uniform, exponential, gamma, beta,
extreme value, Weibull, Laplace, logistic, and Pareto distributions [2]. This strong assumption,
in fact, makes the calculation and estimation of the reliability parameter R more tractable.
However, this hypothesis is not always verified in practice, and this translates into an over-
or under-estimation of R. To avoid this drawback, statistical dependence can be introduced
and modeled between X and Y , for example resorting to copulas. Citing [3], “the use of a
joint distribution for stress and strength in estimating R is justified by the practice of using
stronger prototypes in worse environments which cause greater stresses. Moreover, the use of
two independent random samples– one on X and the other on Y –to estimate R lacks support
from pragmatic considerations”.

The case when (X, Y ) follows a bivariate normal distribution has been investigated by [3,
4, 5]. [1] and [6] considered the problem of computing and estimating R for some bivari-
ate gamma and exponential distributions, respectively. Within the Bayesian framework, refer-
ence [7] studied the estimation of the reliability parameter assuming for the stress and strength
variables asymmetric distributions obtained by skewing scale mixtures of normals; the margins
are linked by the Gaussian copula. In [8] a stress-strength model is investigated with stress and
strength marginally distributed as non-identical Dagum r.v.s and their dependence described
by a Frank copula. In [9] the problem of estimation of the reliability parameter is considered
when the Farlie-Gumbel-Morgenstern copula is used to link stress and strength variables, whose
marginal distributions both belong to the Burr system. More recently, in [10], an ampler study
on the effect of statistical dependence on the distribution of the functions of r.v.s deals also with
the computation of R when several statistical distributions are chosen for both X and Y and for
various copula structures.

In this work, we further consider the computational issues related to this copula approach
applied to the stress-strength model, when other families of copulas are selected. The rest of
the paper is organized as follows. In Section 2, we recall some basic notions about copulas.
In Section 3, after recalling the main results about the computation of the reliability parameter
for stress-strength models involving copulas, we first derive its explicit expression when both
stress and strength belong to the exponential family and other copula families than those already
analyzed in the literature model their dependence. Then, in Section 4, we consider the situation
where no information on the dependence structure of the stress and strength margins is available
and try to provide lower and upper bounds for R. We examine the case of normally distributed
and Cauchy distributed stress and strength. Section 5 concludes the paper with some possible
research perspectives.
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2 COPULAS

Copulas allow to separate the study of the marginal distributions of a multivariate model from
the study of the dependence structure and then to combine more marginal distributions with a
variety of possible dependence structures. Formally, a d-dimensional copula C(u1, . . . , ud) is
simply a joint cumulative distribution function (c.d.f.) in [0, 1]d with standard uniform marginal
c.d.f.s. The importance of copulas in the study of multivariate c.d.f.s is summarized by the
theorem of Sklar [11, 12], which we briefly reprise here.

Let F be a joint distribution function with margins F1, . . . , Fd. Then there exists a copula
C : [0, 1]d → [0, 1] such that, for all x1, . . . , xd in R̄,

F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)). (1)

If the margins are continuous, then C is unique and is given by

C(u1, . . . , ud) = F (F−11 (u1), . . . , F
−1
d (ud)), (2)

otherwise C is uniquely determined on Ran(F1)× · · · × Ran(Fd), with Ran(Fi) denoting the
range of Fi. Conversely, if C is a copula and F1, . . . , Fd are univariate c.d.f.s, then the function
F defined in (1) is a joint c.d.f. with margins F1, . . . , Fd.

Since in the following we are interested in modeling the dependence of stress and strength
variables in a standard stress-strength model, we can limit our focus to two r.v.s, X ∼ F and
Y ∼ G, and a bivariate copula (d = 2), denoted by C(u, v). There is a large number of
parametric families of copulas. Among them, we recall the elliptical copulas, comprising the
well-known Gaussian copula, which is the (unique) copula that can be “extracted” by a bivariate
normal distribution and is characterized by the parameter ρ (the correlation coefficient). This
copula does not have an explicit expression, it can be written as:

CGa
ρ = Φρ(Φ

−1(u),Φ−1(v)), (3)

where Φ−1 is the inverse of the c.d.f. of a standard normal and Φρ the joint c.d.f. of a standard
bivariate normal r.v. with correlation ρ. Another important class of copulas is the Archimedean
family, which comprises, for example, Frank, Clayton, and Gumbel copulas. They are often
employed since they usually possess an explicit expression and are characterized by a sin-
gle parameter controlling dependence, also in higher dimensions. Particular and very impor-
tant types of copulas are the independence copula, Π(u, v) = uv, the comonotonicity copula,
M(u, v) = min {u, v}, and the countermonotonicity copula W (u, v) = max {u+ v − 1, 0}.
For any copula C(u, v), the following inequality holds:

W (u, v) ≤ C(u, v) ≤M(u, v). (4)

For continuous r.v.s, the comonotonicity copula is the copula of two perfectly positive-dependent
r.v.s: in this case, (X, Y )

d
= (F−1(U), G−1(U)); the countermonotonicity copula is the copula

of two perfectly negative-dependent r.v.s.: in this case, (X, Y )
d
= (F−1(U), G−1(1 − U)); the

independence copula is the copula of two independent r.v.s. Note that the Gaussian copula (3)
comprises the comonotonicity, countermonotonicity, and the independence copulas as limiting
cases (for ρ→ +1, ρ→ −1, and ρ = 0, respectively).
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3 RELIABILITY FOR STRESS-STRENGTH MODEL WITH DEPENDENT VARI-
ABLES

If the continuous stress and strength r.v.s X ∼ F and Y ∼ G are linked by a copula C, then
the stress-strength parameter R is given by (see [10])

P (X − Y < 0) = 1−
∫ 1

0

Ċ1(1− w,G(F−1(1− w)))dw, (5)

being Ċ1 = ∂C(u, v)/∂u = P (V ≤ v|U = u). If additionally X and Y are both positive r.v.s,
then the stress-strength parameter R is given also by (see [10] again)

P

(
X

Y
< 1

)
= 1−

∫ 1

0

Ċ1(w,G(F−1(w)))dw. (6)

Exploiting formulas (5) or (6), in [10] the expressions of the reliability parameter have been
explicitly or numerically found for some possible choices of F and G (namely, uniform and ex-
ponential) and the linking copulas (Farlie-Gumbel-Morgenstern, Frank, Clayton and Gumbel).

In the next two subsections, we first examine two other kind of copulas and compute the re-
liability parameter when stress and strength follow an exponential distribution; then we provide
sharp bounds for the reliability parameter when no information is available about the copula
linking normal or Cauchy stress and strength distributions.

3.1 Extended Farlie-Gumbel-Morgenstern copula

The Farlie-Gumbel-Morgenstern [13], henceforth FGM, is a well-known family of copulas
allowing for a moderate level of dependence:

C(u, v) = uv(1 + θ(1− u)(1− v)),−1 ≤ θ ≤ +1. (7)

It can be easily shown that for this copula ρuv = θ/3, and then ρuv is bounded between −1/3
and 1/3. [14] showed that if the margins linked by the FGM copula are absolutely continuous,
Pearson’s correlation cannot exceed 1/3. Several extensions of this family have been proposed,
especially for enlarging the range of possible correlation values.

Here we first consider the following extension, which is due to [15] and described also
in [16]:

C(u, v) = uv + θubvb(1− u)a(1− v)a, a, b ≥ 1. (8)

We set a = 2, b = 1 in Eq.(8) (then the constraint on θ is −1 ≤ θ ≤ +3). The conditional
distribution Ċ1 can be easily derived:

Ċ1 =
∂C(u, v)

∂u
= v + θv(1− v)2(1 + 3u2 − 4u). (9)

IfX and Y follow exponential distributions with rate parameters λx and λy, respectively, linked
by the above extended FGM copula, then, since F−1(w) = − log(1 − w)/λx and G(F−1(1 −
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w)) = 1− wλy/λx , the reliability parameter provided by Eq.(5) takes the following form:

R = 1−
∫ 1

0

(1− wα) + θ(1− wα)w2α[1 + 3(1− w)2 − 4(1− w)]dw

= 1−
∫ 1

0

(1− wα) + θ(3w2α+2 − 2w2α+1 − 3w3α+2 + 2w3α+1)dw

= 1−
[
w − wα+1

α + 1
+ θ

(
3w2α+3

2α + 3
− 2w2α+2

2α + 2
− 3w3α+3

3α + 3
+

2w3α+2

3α + 2

)]1
0

=
1

α + 1
− θ

(
3

2α + 3
+

2

3α + 2
− 2

α + 1

)
=

1

α + 1
− θ α(α− 1)

(α + 1)(2α + 3)(3α + 2)
, (10)

where α = λy/λx. For α > 1, i.e., if the expected value of Y is smaller than the expected value
of X , R is a decreasing linear function of θ; for α < 1, R is an increasing linear function of
θ. When α = 1, R is constant and equal to 0.5. The range allowed to R is quite narrow; for
example, when α = 1/3, R goes from 0.7348485 to 0.7954545. If θ = 0, Eq.(10) boils down to

the usual formula for two independent exponential distributions: R =
1

α + 1
=

λx
λx + λy

.

We consider now the following alternative extension of the FGM copula (see again [15]
and [16]):

C(u, v) = uv + θuv(1− up)(1− vp), p > 0. (11)

Let us set p = 2 in Eq.(11) (then the constraint on θ is −1/4 ≤ θ ≤ 1/2). The conditional
distribution Ċ1 becomes:

Ċ1 = v + θv(1− v2)(1− 3u2) (12)

and then from Eq.(6) we derive:

R = 1−
∫ 1

0

(1− wα) + θ(1− wα)[1− (1− wα)2][1− 3(1− w)2]dw

= 1−
∫ 1

0

(1− wα) + θ(−2w3α + 6w2α − 4wα − 3w3α+2 + 9w2α+2 − 6wα+2

+ 6w3α+1 − 18w2α+1 + 12wα+1)dw

= 1−
[
w − wα

α + 1
+ θ

(
6w2α+1

2α + 1
+

6w3α+2

3α + 2
+

12wα+2

α + 2
+

9w2α+3

2α + 3
+

−2w3α+1

3α + 1
− 6wα+3

α + 3
− 14wα+1

α + 1

)]1
0

=
1

α + 1
− θ

(
6

2α + 1
+

6

3α + 2
+

12

α + 2
+

9

2α + 3
− 2

3α + 1
− 6

α + 3
− 14

α + 1

)
=

1

α + 1
− θ (α− 1)α(30α4 + 251α3 + 470α2 + 251α + 30)

(α + 1)(α + 2)(α + 3)(2α + 1)(2α + 3)(3α + 1)(3α + 2)
(13)

As for the previous case, for α > 1, R is a decreasing linear function of θ; for α < 1, R is an
increasing linear function of θ. When α = 1, R is constant and equal to 0.5. The range allowed
to R is quite narrow; for example, when α = 1/3, R goes from 0.7243506 to 0.8012987. If
θ = 0, Eq.(13) boils down to the usual formula for two independent exponential distributions.
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3.2 Ali-Mikhail-Hak copula

We consider the following family of Archimedean copulas, known as Ali-Mikhail-Hak fam-
ily [17]:

C(u, v) =
uv

1− θ(1− u)(1− v)
,−1 ≤ θ ≤ +1. (14)

For θ = 0, we obtain the independence copula, whereas positive (negative) values of θ lead to
positive (negative) dependence. The conditional distribution Ċ1 can be easily derived:

Ċ1 =
∂C(u, v)

∂u
=

v(1− θ + θv)

[1− θ(1− u)(1− v)]2
. (15)

If X and Y follow exponential distributions with parameters λx and λy, respectively, linked by
a copula belonging to the Ali-Mikhail-Hak family, then the reliability parameter is provided,
after some calculations, by Eq.(5) or (6):

R = 1−
∫ 1

0

(1− wα)(1− θwα)

(1− θwα+1)2
dw (16)

The integral is not (easily) analytically solvable except for integer values of α; in particular, if
α = 1, we get

R = 1− 2xθ − θ − 1

2θ(1− θx)2

∣∣∣∣1
0

= 1−
(
− 1

2θ
− −θ − 1

2θ

)
=

1

2
(17)

for any possible value of θ ∈ [−1,+1], as one could expect. However, in general, the integral in
(16) can be solved numerically through any common statistical or mathematical software, such
as R or Mathematica, and then it is possible, for example, to plot the graph of R as a function of
θ. Such graphs, for several choices of α, are presented in Figure 1: note that R is an increasing
(decreasing) function of θ for α smaller (greater) than 1. The range allowed to R looks larger
than for the extended FGM copulas seen before, for a fixed value of α; for example, when
α = 1/3, R is allowed to vary between from 0.717419 to 0.8390486.

4 LOWER AND UPPER BOUNDS FOR R WHEN NO INFORMATION IS AVAIL-
ABLE ABOUT DEPENDENCE

Suppose again that X and Y are r.v.s with c.d.f.s F and G, respectively. Let S denote the
c.d.f. of the sum X + Y , i.e., S(z) = P (X + Y < z). A classical problem in probability
is finding S∧(z) = supS(z) and S∨(z) = inf S(z), where the supremum and infimum are
taken over the Fréchet-Hoeffding class H(F,G) of all joint c.d.f.s H with marginals F and G.
This problem leads to copulas naturally, since, as we have seen in Section 2, if H is the joint
distribution function of X and Y , then H(x, y) = C(F (x), G(y)) for at least one copula C
(exactly one if X and Y are continuous). The following result holds (see [12], p.228):

S∨(z) ≤ S(z) ≤ S∧(z)

S∨(z) = sup
x+y=z

W (F (x), G(y))

S∧(z) = inf
x+y=z

W̃ (F (x), G(y)) (18)

with W̃ = u+ v −W (u, v) = min {u+ v, 1}.
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Figure 1: The reliability parameter R for two exponential distributions (with α = λy/λx) linked by Ali-Mikhail-
Haq copula with parameter θ

If instead of the Y r.v. we consider its opposite−Y , with c.d.f. 1−G(−y), and let z = 0, the
problem above turns into finding the lower and upper bound (say, R∨ and R∧) of the reliability
parameter of a stress-strength model with stressX ∼ F and strength Y ∼ G over all joint c.d.f.s
H with marginals F and G: R∨ ≤ R = P (X < Y ) ≤ R∧. Adjusting the results reported in
[12, p.229-231], we can state that the lower and upper bounds R∨ and R∧ are sharp since they
are attained by (at least) one copula each. Recalling that if the copula of (X, Y ) is C(u, v), then
the copula of (X,−Y ) is u− C(u, 1− v), we derive for the lower bound:

C∨(u, v) =

{
min {u−R∨, v} [R∨, 1]× [0, 1−R∨]
max {0, u+ v − 1} elsewhere;

(19)

for the upper bound:

C∧(u, v) =

{
min {u, v − (1−R∧)} [0, R∧]× [1−R∧, 1]

max {0, u+ v − 1} elsewhere.
(20)

4.1 Normal stress and strength

Let us consider the case of normal stress and strength: X ∼ N(µx, σ
2
x), Y ∼ N(µy, σ

2
y). If

σ2
x = σ2

y = σ2 it can be shown (properly adapting the results presented in [12, p.232-233]) that

R∨ =

{
0 η ≤ 0

2Φ
( η

2σ

)
− 1 η ≥ 0

(21)

R∧ =

{
2Φ
( η

2σ

)
η ≤ 0

1 η ≥ 0
(22)
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where η = µy − µx. If the variances are not the same,

R∨ = Φ

(
−σxη − σyφ
σ2
y − σ2

x

)
+ Φ

(
σyη − σxφ
σ2
y − σ2

x

)
− 1 (23)

and

R∧ = Φ

(
−σxη + σyφ

σ2
y − σ2

x

)
+ Φ

(
σyη + σxφ

σ2
y − σ2

x

)
, (24)

where φ = [η2 + 2(σ2
y − σ2

x) log(σx/σx)]
1/2.

Let us remember that if X and Y are assumed to be independent normal r.v.s, then the
reliability parameter R would be equal to

R = Φ

(
η√

σ2
x + σ2

y

)
. (25)

If X and Y are comonotonic, then

R = Φ

(
η

|σy − σx|

)
(26)

in case of unequal variances; in case of equal variances, R = 1 if η > 0; R = 0 if η ≤ 0. If X
and Y are countermonotonic, then it can be easily proved that

R = Φ

(
η

σy + σx

)
. (27)

Example 1 (normal stress and strength with equal variances). Let µx = 6, µy = 7,
σx = σy = 2. If X and Y are assumed to be independent r.v.s, then the reliability parameter
R, applying Eq.(25), would be equal to 0.6382. Lower and upper bounds for R are provided
through Eqs.(21) and (22) as R∨ = 0.1974 and R∧ = 1. From Eq.(27), the value of R corre-
sponding to the countermonotonicity copula W (u, v) is R = 0.5987; for the comonotonicity
copula M(u, v), applying Eq.26, we have R = 1.

Example 2 (normal stress and strength with unequal variances). Let µx = 6, σx = 1,
µy = 7, σy = 2. If X and Y are assumed to be independent r.v.s, then, applying Eq.(25), the
reliability parameter R would be equal to 0.6726. Lower and upper bounds for R are provided
through Eqs.(23) and (24) as R∨ = 0.3451 and R∧ = 0.9551. From Eq.(27), the value of R
corresponding to the countermonotonicity copula isR = 0.6306; for the comonotonicity copula
(applying Eq.26), we have R = 0.8413. Copulas leading to R∨ and R∧, given by Eqs.(19) and
(20), are graphically displayed in Figure 2.

4.2 Cauchy stress and strength

Let us now focus on the Cauchy distribution, whose density function is given by

f(t;α, β) =
1

πβ

[
1 +

(
t−α
β

)2] , x, α ∈ R, β ∈ R+, (28)

and whose c.d.f. is

F (t;α, β) =
1

2
+

1

π
arctan

(
t− α
β

)
. (29)
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Figure 2: Reliability parameter for normal stress X and strength Y . Representation of the supports of copulas
leading to the lower bound (C∨(u, v), left) and upper bound (C∧(u, v), right) when X ∼ N(µx = 6, σx = 1) and
Y ∼ N(µy = 7, σy = 2). RL stands for the lower bound R∨ and RU for the upper bound R∧.

If we assume that X and Y are r.v.s with Cauchy distribution with location parameters αx and
αy, and scale parameters βx and βy, respectively, then we have the following bounds for the
reliability parameter R, derived rearranging [12, p.234]. If βx = βy = β,

R∨ =

0 η ≤ 0
2

π
arctan

(
η

2β

)
η ≥ 0

(30)

R∧ =

1 +
2

π
arctan

(
η

2β

)
η ≤ 0

1 η ≥ 0
(31)

where η = αy − αx. If βx 6= βy,

R∨ =
1

π

[
arctan

(
−η + βyφ

βy − βx

)
+ arctan

(
η − βxφ
βy − βx

)]
(32)

R∧ = 1 +
1

π

[
arctan

(
−η − βyφ
βy − βx

)
+ arctan

(
η + βxφ

βy − βx

)]
(33)

where φ = [(η2 + (βy − βx)2)/(βxβy)]1/2.

Note that for independent r.v.s we have R =
1

2
+

1

π
arctan

(
η

βx + βy

)
. If the copula linking

X and Y is the comonotonicity copula we have R =
1

2
+

1

π
arctan

(
η

|βy − βx|

)
, if βx 6= βy.

Otherwise, if βx = βy, R = 1 if η > 0, R = 0 if η ≤ 0. If the copula linking X and Y is the

countermonotonicity copula we have R =
1

2
+

1

π
arctan

(
η

βx + βy

)
, as for the independence

copula. Note then how two different copulas linking X and Y provide in this case the same
value for the probability P (X < Y ).
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Example 3 (Cauchy stress and strength equal scale parameters). Let αx = 6, αy = 7,
βx = βy = 2. Lower and upper bounds for R are provided as R∨ = 0.1560 and R∧ = 1. Note
that if X and Y were independent, then R = 0.5780 and the same result would hold if they
were countermonotonic; if X and Y were comonotonic, R = 1.

Example 4 (Cauchy stress and strength unequal scale parameters). Let αx = 6, βx = 1,
αy = 7, βy = 2. Lower and upper bounds for R are provided as R∨ = 0.25 and R∧ = 0.9548.
Note that if X and Y were independent, then R = 0.6024, and the same result would hold if
they were countermonotonic; if X and Y were comonotonic, R = 0.75.

5 CONCLUSIONS

In this work, we considered the problem of computing the reliability of the stress-strength
model when stress and strength variables are dependent. We first examined the case of exponen-
tial variables linked by three different types of copulas, deriving analytical expression for the
reliability parameter and examining its relationship with the copula parameter. Then, focusing
on normal or Cauchy distributed stress and strength, we derived lower and upper bound for the
reliability parameter when no assumption is made on their copula.

As for research perspectives, other distributions for stress and strength and other copula fam-
ilies can be examined and the corresponding value of R, or sharp lower and upper bounds for
R, can be analytically or numerically derived. Generalizations to more complex stress-strength
models, where stress and strength are themselves functions of several random components (i.e.,
X = ξ(X1, X2, . . . , Xh) and Y = υ(Y1, Y2, . . . , Yk), for some functions ξ and υ) will be con-
sidered. Another aspect to be developed is the estimation of lower and upper bounds for R
when only random samples from X and Y are available: this means that besides the uncertainty
about the dependence structure (copula) of X and Y , we will have to take into account also the
uncertainty about (the parameters of) the margins, which have to be estimated from the samples.
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Abstract. Artificial Neural Networks (ANN) are used in place of expensive models to reduce
the computational burden required for reliability analysis. Often, ANNs with selected archi-
tecture are trained with the back-propagation algorithm from few data representatives of the
input/output relationship of the underlying model of interest. However, different performing
ANNs might be obtained from the same training data, leading to an uncertainty in selecting the
best performing ANN. On the other hand, using cross-validation to select the best performing
ANN based on the highest R2 value can lead to a biassing in terms of the prediction made by the
selected ANN. This is due to the fact that the use of R2 cannot determine if the prediction made
by ANN is biased. Additionally, R2 does not indicate if a model is adequate, as it is possible to
have a low R2 for a good model and a high R2 for a bad model. Hence we propose an approach
to improve the prediction robustness of an ANN based on coupling Bayesian framework and
model averaging technique into a unified framework. The model uncertainties propagated to
the robust prediction is quantified in terms of confidence intervals. Two examples are used to
demonstrate the applicability of the approach
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1 INTRODUCTION

Nowadays, numerical models are increasingly used to analyze and predict the performance
of complex critical systems. Concurrently, engineering practitioners are concerned with un-
certainty, which is inherent to these systems. As a consequence, probabilistic analyses, such as
reliability analysis [1], robust design optimization [2], and sensitivity analysis [3], have received
much attention in the last decades. However, the computational cost required for performing
the aforementioned analyses depends on several factors such as: the numerical model repre-
senting the system, the type of analysis, and the treatment of uncertainties (i.e. aleatory and/or
epistemic uncertainty). In the context of reliability analysis, the propagation of parameter un-
certainties from model inputs to outputs is performed by means of Monte Carlo simulation
based approaches. These simulation approaches include: Monte Carlo (MC) [4], and advanced
MC such as: Importance Sampling [5], Directional Sampling [6], Line Sampling [7], Subset
Simulation [8] etc. Although, advanced MC methods are very efficient, the computational cost
required to perform reliability analysis is usually expensive. A popular strategy to reduce the
computational costs is to replace the real model with a surrogate model such as an artificial
neural network (ANN). ANNs can be constructed based on few data sets from the underlying
model of interest. On the other hand, the use of an ANN for this kind of analysis introduces
model selection uncertainty in addition to biassing and variance in the estimated quantity of
interest. As a matter of fact, an ANN with a specific architecture trained repeatedly with a fi-
nite data set Dtrain(x,y) results to different performing ANNs whose cost functions are being
trapped at different local minima of the cost function solution space. This phenomenon occurs
as a result of the random initialization of the weights within each ANN. Consequently, it is of
common practice to select the best ANN from the uncertain set on the basis of performance on
an independent validation set, and to keep only the network with the lowest validation error and
discard the rest. However, there are two disadvantages to such approach. Firstly, all of the effort
required to train the remaining networks is wasted. Secondly, the generalization performance
of the networks on the validation set has a random component due to the noise on the data,
hence the network which had the lowest error on the validation set might perform poorly on a
new test set. These disadvantages can be overcome by combining the networks together to form
a committee that can significantly improve the robustness of the predicted quantity. Hence, in
this paper an approach is proposed to improve the robustness of a neural network when used
to predict the probability of failure pF . The outline of this paper is as follows: In Section 2, a
succinct theory of reliability analysis using simulation approach and neural network modelling
is discussed. This is followed by the proposed approach (Section 3). Next, to demonstrate the
applicability of the proposed approach, two numerical examples are tested in Section 4. Finally,
conclusions are provided in Section 5.

2 RELIABILITY ANALYSIS

The limit-state function can simply be defined as a deterministic mapping from the z-dimensional
input space to a one-dimensional output space:

G : x ∈ Dx ⊂ Rz→ y = G(x) ∈ R (1)

where x is the z-dimensional state variables and y the performance variable. G(x) indicates
if a realization x ∈ Dx corresponds to the safe state (G(x) > 0) or failed state (G(x) ≤ 0). In
the context of probability theory, the failure probability, pF , is defined as the probability that a
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realization x ∈ Dx corresponds to a failed state in terms of the limit-state function G(x):

pF = P(G(x)≤ 0) =
∫

D f

fX(x)dx (2)

where D f = x ∈ Dx : G(x)≤ 0 is the failure region and fX(x) is the joint probability density
function of the state variables X . As Eq.(2) is analytically intractable due its multidimensional
nature, Monte Carlo simulation (MCS) (see [4]) allows on to numerically compute the estimate
of the failure probability pF , considering a large sample of size N :

p̂F =
1
N

N

∑
i=1

IG(x)≤0(xi) (3)

where IG(x)≤0 is the indicator function for failure such that I= 1 for G(x)≤ 0 and I= 0 other-
wise.

2.1 MODELLING ARTIFICIAL NEURAL NETWORK FOR RELIABILITY ANALY-
SIS

A setback on the use of MCS to compute the estimate of pF is the large number of model
evaluation required for computing a robust estimate. Hence, an ANN can be used in place of the
limit state function to reduce the computational cost. The construction an ANN requires a set of
real-valued input/output data pairs Dtrain(x,y) of size Ntrain generated according to a signal plus
noise model y = µ(x)+ ε , where y is the observed performance generated from the expensive
model, x is the independent state variables sampled from a joint probability density Ω(x), ε is
independent, identically distributed (iid) noise sampled from a density Ψ(ε) (not necessarily
Gaussian) having mean of 0 and variance σ2, and µ(x) the unknown function that is needed
to be approximated by finding an approximation µ̂(x) from Dtrain(x,y). A priori assumptions
can be made about the functional form of µ(x). However, since a parametric function class
is usually unknown, non-parametric regression approach must be resorted to. Using the non-
parametric approach, one constructs an estimate µ̂(x) of µ(x) from a large class of functions
ϒ known to have good approximation properties. The class of approximation functions usually
contains a set of estimators f (w,x)⊂ ϒ for which the elements of each subclass f (w,x) are con-
tinuously parametrized by a set of p weights wα ;α = 1,2, ..., p. The gradient decent algorithm
[9] which is used to minimize the cost function J of the neural network defined as:

J =
1

Ntrain

Ntrain

∑
i=1

(yi− ŷi)
2 (4)

by finding a set of weights wα such that for any given input, the cost function is sufficiently
small. However, a limitation of the gradient decent algorithm to train an ANN is the possibility
of the cost function to be trapped in a local minimum, thereby reducing the predictive capability
of the network.

3 THE PROPOSED APPROACH

The proposed approach aims towards improving the robustness of the prediction made by an
ANN when used to perform reliability analysis [10]. The underlying idea behind the proposed
approach is to construct a set of ANNs with the same architecture and based on the same training
data set Dtrain(x,y). By doing so, a distribution of identical ANNs having their error functions
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trapped in different local minima is created. The major highlight of this approach is that the
solution space of the error function is exploited as many times as possible with the possibility
of locating a global minima on the error surface. Further, Bayes’ theorem is used to evaluate
the posterior probability of each of the trained ANN based on their likelihood to predict the
training data. This is followed by the use of a model averaging technique (adjustment factor
approach see [11]) to combine the total prediction made by all the ANNs in the set to yield a
robust prediction that converges to the true value. Finally, the model uncertainty propagated to
the predicted quantity is quantified in terms of confidence intervals.

3.1 BAYESIAN MODEL SELECTION FOR ARTIFICIAL NEURAL NETWORK

Given a set of M identical (i.e. the same model structure) competing ANNs Nk,k = 1,2, ...M
trained with same data set Dtrain(x,y), Bayes theorem can be used to express the posterior
probability of the kth ANN in the set which is defined by:

P(Nk|Dtrain) =
P(Dtrain(x,y)|Nk)P(Nk)

∑
M
q=1 P(Dtrain(x,y)|Nq)P(Nq)

(5)

where P(Dtrain(x,y)|Nk) is the likelihood of training data Dtrain(x,y) for the Nk ANN, and P(Nk)
is the prior probability of Nk, which is the ANN probability evaluated before observing training
data Dtrain(x,y). The prior ANN probability P(Nk) can be specified depending on the existing
prior knowledge about the credibility of ANN Nk, or it can be given as a uniform probability,
P(Nk) = 1/M, if no additional information is provided. The advantage of assigning uniform
prior probability to P(Nk) is that the difficulty of estimating the prior probability numerically is
avoided. The likelihood P(Dtrain(x,y)|Nk) may be thought of as the probability of observing the
training data Dtrain(x,y) under Nk ANN. It supplies a relative measure of how well the Nk ANN
is supported by the training data Dtrain(x,y). Since the denominator in Eq.(5) is common for all
the ANNs, the posterior ANN probability is proportional to prior probability and the likelihood.
The likelihood of each ANN is evaluated by measuring the degree of agreement between the
training data Dtrain(y) and the response ŷ for each ANN. Hence, a probabilistic relationship be-
tween training data Dtrain(x,y) and ANN predictions ŷ involving uncertainty can be described.
Typically, the bias function and noise are included as parts of the probabilistic relationship to
match ANN predictions with training data. The bias function captures the discrepancies be-
tween the expensive model responses and predictions made by the ANN. The noise is usually
assumed to be independent and identically distributed normal random variable with a mean of
zero [12]. Various authors, see e.g. [13, 14, 15] have used the Bayesian statistical methodol-
ogy to quantify the uncertainty in the bias function modelled as a Gaussian process. In their
works, a mathematical formulation that combines bias function associated with the ANN and
noise from training data is utilized to describe the probabilistic relationship between the train-
ing data Dtrain(x,y) and ANN predictions ŷ. The mathematical formulation of this probabilistic
relationship is given by the following equation:

Dtrain(y) = ŷ− ε (6)

where ε is a random variable that covers both bias associated with the ANN prediction ŷ and
the noise in the response training data Dtrain(y). ε is assumed to be an independent identically
distributed random variable with a mean µ of zero. The use of ε with zero mean does not shift
ANN prediction ŷ. This reflects the fact that ŷ is the most probable prediction value for the
ANN. The bias function is not included as a separate term in the probabilistic relationship. This
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is due to the fact that introducing a separate bias function results in shifting the prediction ŷ of
the ANN from the initially predicted value.

The likelihood P(Dtrain(x,y)|Nk) of training data Dtrain(x,y) for ANN Nk is evaluated by
observing where the training data points Dtrain(y) are located in the distribution of ŷ esti-
mated by Nk. The procedures to estimate the distribution P(ŷ|Nk) of Nk and the likelihood
P(Dtrain(x,y)|Nk) is given. First, the uncertainty in errors of predictions ŷ made by Nk is quan-
tified by introducing an assumption that the prediction errors are independent and identically
distributed normal random variable with a mean µ of zero. The error of the prediction of the kth

network is represented by the following:

εki = Dtrain(yi)− ŷi,εki ∼ N(0,σ2
k ), i = 1,2, ...,N (7)

where Dtrain(yi) is the ith training response output data, ŷi the prediction of the training data
made by Nk, σ2

k is the variance of prediction error εki, and N the number of samples in the
training data. The prediction error εki measured is considered to be a random sample from a
normal distribution with a mean µ of zero and variance σ2

k . Using the principle of maximum
likelihood estimation (MLE) (see [16]), the variance σ2

k for Nk can be estimated as:

σ
2
k =

1
N

N

∑
i=1

ε
2
ki (8)

Secondly, the predictive distribution P(ŷ|Nk) of response ŷ under model Nk is created by includ-
ing the prediction error obtained in the previous step into the prediction of ŷ made by Nk. This
predictive distribution is defined by the following equation:

P(ŷ|Nk) = Dtrain(y)+ εki (9)

Lastly, assuming that the residuals between the training data Dtrain(x,y) and ANN Nk output ŷ
are normally and independently distributed with a mean of zero and constant variance σ2

k , the
likelihood function P(Dtrain(x,y)|Nk) is approximated by:

P(Dtrain(x,y)|Nk)≈
1√

2πσ2
k

1
N

N

∑
i=1

exp{−[yi− ŷki]
2

2σ2
k

} (10)

3.2 ROBUST ARTIFICIAL NEURAL NETWORK PREDICTION

To obtain a robust prediction from an ANN, the estimates made by all the subsequent trained
ANNs are combined using model averaging technique. Specifically, the adjustment factor ap-
proach (see [11]) which is a model averaging technique is combined with Bayes’ theorem. In
this way, the ANN having the highest posterior probability is used in conjunction with other
respective ANNs trained to correct the bias estimate predicted by the single ANN. The adjust-
ment factor A f is evaluated by assuming the error between the prediction of all the subsequent
trained ANNs and the training data are normally distributed. The robust ANN prediction can
be obtained from the following equation:

yrobust = ŷ∗+A f (11)

where ŷ∗ represents the point estimate of the best ANN in the set characterised by the highest
probability, and yrobust represent the robust prediction which incorporates the model uncertainty.
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Since the adjustment factor A f is assumed to be a normal distribution, the expected value and
variance of the adjustment factor A f is given by the following relationships:

E(A f ) =
M

∑
k=1

P(Nk|Dtrain)(ŷk− ŷ∗) (12)

Var(A f ) =
M

∑
k=1

P(Nk|Dtrain)(ŷk−E(yrobust))
2 (13)

Similarly, the expected value and variance of the robust prediction yad j can be estimated from
the following relationships:

E(yrobust) = ŷ∗+E(A f ) (14)

Var(yrobust) =Var(A f ) (15)

where E(A f ) and Var(A f ) represents the expected value and variance of the adjustment factor,
and E(yrobust) and Var(yrobust) represents the expected value and variance of the robust estimate.

3.3 CONFIDENCE INTERVAL FOR ROBUST ESTIMATE

To quantify the uncertainty in the robust prediction yrobust due to model uncertainty, confi-
dence intervals are established. In particular, the 5th and 95th percentiles of the robust prediction
are used quantify the model uncertainty. In theory, this interval is likely to contain the true esti-
mated value. As the model uncertainty is assumed to follow normal distribution, the confidence
intervals (see [17]) are calculated from the following equations:

CI = E(yrobust)+ z∗
√

Var(yrobust) (16)

CI = E(yrobust)− z∗
√

Var(yrobust) (17)

where CI and CI represents the upper and lower confidence intervals of the robust estimate
and z∗ represents the upper critical value of the Gaussian distribution quantifying the model
uncertainty.

4 NUMERICAL EXAMPLE

4.1 THE HAT FUNCTION

The hat function is defined by the analytical expression [18]:

G(x) = 20− (x1− x2)
2−8(x1 + x2−4)3 (18)

where xi, i = 1,2 is defined as Gaussian variables with mean µxi = 0.5 and standard deviation
σxi = 1.0. Failure is defined as G(x)≤ 0 hence pF = P(G(x))≤ 0. The limit state surface plot
of the hat function is shown in Fig. 1.
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Figure 1: Limit State Surface of Hat Function

The aim of this example is to verify the proposed approach by replacing the limit state func-
tion with an ANN, then compute a robust estimate of p̂F , quantify the model uncertainty and,
finally, verify the number of identical ANNs that must be trained to attain an optimal robust
estimate of p̂F .

4.2 ANALYSIS 1

Training samples Dtrain(x,y) of size Ntrain = 2000 have been generated via Latin hyper-
cube sampling (LHS) algorithm[19] from the hat function. Two sets Z1 = Nk,k = 1,2, ...M
and Z2 = Ni, i = 1,2, ...M composed of M = 1000 identical ANNs have been trained based on
Dtrain(x,y). Specifically, in the first set (Z1), all the training samples in Dtrain(x,y) have been
used to train the ANNs to maximize their predictive performances. For the second set Z2, 80%
of the training samples Dtrain have been used to train the ANNs and the remaining 20% used
for validation. The network architecture chosen for the ANNs in both sets composed of three
hidden layers (2,7,1). Next, the posterior probability of the ANNs in set Z1 has been estimated
using Bayes’ formula by assigning uniform prior probability P(Nk) = 1/M to each ANN. On
the other hand, the coefficient of determination R2 for the ANNs in set Z2 have been estimated
based on the 20% validation samples. Table.1 shows a comparison of 10 selected ANNs from
Z1 and Z2 based on their posterior probabilities and their error values R2. It should be noted
that ith ANN in both set (Z1 and Z2) have been trained inside the same iteration loop, hence the
initialization of the weight values within each loop it is assumed to be similar. Therefore, their
resultant performances are expected to be similar. As shown in Table.1, although the ANNs
Ni, i = 1,2, ..M in sets Z1 and Z2 are identical as they have been trained in the same iteration
loop, the performance measures in terms of the posterior probability and R2 shows no agree-
ment. For example, the 6th and 10th ANNs have the highest posterior probability, however their
corresponding R2 values don’t show a similar trend. Hence, we can support our claim that the
use of R2 value to select the best model is a biased method. Further, to implement the proposed
approach, the ANNs in Z1 have been chosen as they have better performance (i.e. due more
samples used to train them). To accurately compute a robust estimate of p̂F , 104 Monte Carlo
simulation runs have been used for each ANN, and the proposed approach presented have been
used to average out the prediction made by each ANN model into a robust value that is con-
verges to the true value. Finally, the model uncertainty propagated to robust prediction of p̂F
has been quantified in terms of confidence intervals estimated.
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ANN P(Dtrain|Nk) R2

1 0.103 0.9989
2 0.087 0.9998
3 0.101 0.9993
4 0.117 0.9999
5 0.070 0.9998
6 0.122 0.9998
7 0.093 0.9996
8 0.099 0.9999
9 0.086 0.9999
10 0.122 0.9995

Table 1: Artificial Neural Networks Posterior Probability Calculated Compared to Correspond-
ing R2 value.

4.3 ANALYSIS 2

To check the number of ANNs that must be trained in order to obtain a robust value (i.e. close
to reference value), the real model has been used to estimate the reference value of p̂F adopting
the same failure criteria (i.e G(x)≤ 0) and N = 104 samples. On the other hand, 3 separate tests
adopting our approach utilizing M = 100, 1000, 10000 identical ANNs respectively have been
carried out. As shown in Fig. 2 the robust estimate of p̂F obtained from the proposed approach
converges to the true value (i.e. blue dashed horizontal line) when M = 1000 identical ANNs are
used. This means that M = 1000 ANNs is sufficient enough to explore the entire solution space
of the error function, thus locating a global minima. The importance of this approach is that
it can lead to significant improvements in the predictions p̂F , while involving little additional
computational effort.
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Figure 2: Confidence Intervals and Probability Density Functions Representing Model Uncer-
tainty for M = 100,1000,10000 Identical Trained Artificial Neural Networks

4.4 CANTILEVER BEAM

A cantilever beam of length L and rectangular cross section of width b and height h is loaded
at the end by a concentrated point load P. The displacement w at the tip of the beam should be
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determined for the case where the point load P, the Young’s modulus E, the density ρ of the
material and the height h are uncertain.

Figure 3: Cantilever Beam

Uncertainties of the width b and of the length L are assumed to be negligible. The displace-
ment w at the tip of the beam where load P is applied can be expressed mathematically as:

w =
ρgbhL4

8EI
+

PL3

3EI
(19)

where g denotes gravitational constant, and I is given as:

I =
bh3

12
(20)

The limit state function for the cantilever beam is defined as:

Gcantilever(x) = β −w(x) (21)

where β = 0.01 is the maximum allowable displacement of the beam. In this example, the
parameter uncertainties are modelled as random variables characterised by probability density
function given in Table. 2.

Parameter Distribution µ σ SI−unit
P Log−Normal 5 0.4 KN
h Normal 0.24 0.01 m
ρ Log−Normal 600 140 Kg/m3

E Log−Normal 10 1.6 GN/m2

Table 2: Model Input Parameters

The aim of this example is to study how small number of training samples (i.e. Ntrain= 50,
100, 150, 200) affects the robust estimate and the corresponding confidence intervals.

4.5 ANALYSIS 3

In this section, 2 sets (i.e., similar to Section 4.2) of identical ANNs (i.e. M = 1000) with hid-
den layer configuration of (4,7,1) have been constructed based on Dtrain(x,y),Ntrain= 50, 100,
150, 200 obtained via LHS algorithm [19]. The approach used in Section 4.2 has been adopted
here to estimate the posterior probability and R2 value of the ANNs. Further, to accurately com-
pute an estimate of p̂F , 104 Monte Carlo simulation runs have been used for each ANN in the
first set, and the proposed approach presented have been used to combine the prediction made
by each ANN in the first set into a robust p̂F estimate. Finally, the model uncertainty has been
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quantified in terms of confidence intervals of the robust estimate. The results of these analyses
are shown in Fig. 4.
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Figure 4: Robust Confidence Intervals Obtained from Different Number of Training Samples
(Ntrain= 50, 100, 150, 200)

Notice that the ”true” (i.e., reference) value of the failure probability (i.e., p̂F = 0.0738,
shown in blue dashed lines in Fig. 4) has been obtained with a large number samples (i.e.,
N = 104) of simulations of the original model to provide a robust term for comparison. Also,
from the results in Fig. 4, as the number of training samples Ntrain increases, the width of the
confidence intervals decreases and the expected value of the robust estimate approaches the
reference value (i.e., p̂F = 0.0738). On the other hand, in the cases of small training data sets
(e.g., Ntrain = 50, 100) the failure probabilities are significantly overestimated by the proposed
approach (e.g., the expected values of the robust estimate are far off from the reference value)
and the associated model uncertainties are quite large. However, in all the cases for small
training data sets, the confidence intervals derived is robust enough to capture the true estimate.
Hence, in a situation where training data set is small, this approach can be used as a guide
to derive a robust confidence interval that is adequate to capture the true value that is being
estimated.

5 CONCLUSIONS

Reliability analysis of complex models using the simulation approach is computationally
expensive due to the large number of model evaluations required to compute their robust mea-
sures. In this paper, an ANN is being used as substitutes for an expensive model to alleviate
the computational restrictions. The use of ANN for this kind of analysis introduces additional
biasing and variance (i.e uncertainties) to the predicted quantity. It has been shown that the use
of cross-validation technique to select the best ANN out of a set of ANN with identical archi-
tecture introduces biassing and reduces the robustness of the predicted quantity. Therefore, a
novel approach has been presented to enhance the accuracy of the prediction (i.e. robustness)
made by an ANN and quantify the model uncertainties in terms of confidence intervals. The
proposed approach combines Bayesian model selection and model averaging technique into a
unified framework. The applicability of the proposed approach has been demonstrated on two
examples. Although the computational effort required for implementing the proposed approach
is expensive, parallelization strategies can be adopted to reduce this effort.
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Abstract. Experiments with different levels of accuracy or fidelity are very common in statistics,
applied mathematics and engineering. Nested space-filling designs are useful approach to deal
with those questions. But in some special situations, e.g., the captive flight tests and missile tests
in radar homing precision experiments, the rangers of factors are different in some accuracy
experiments and sometimes they have overlapping portions. The existing methods deal almost
exclusively with experiments with same ranges of factors. In this paper, we propose a new con-
struction of nested space-filling designs named NDF(Nested Designs on Factor with different
ranges ) to solve these problems.The proposed construction are useful in the experiments with
different ranges of factors and achieves uniformity in low dimensions.
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1 INTRODUCTION

Computer experiments, which simulate real world phenomena using some method in com-
puter such as finite element analysis and computational fluid dynamics, have became widely
used in statistics, applied mathematics and engineering[[1],[2],[7]]. A main goal in many com-
puter experiments is to estimate the expected output of a computer model given a distribution of
inputs. To address this issue, McKay, Conover, and Beckman[[8]] introduced Latin hypercube
designs.Space-filling designs are important in the design and analysis for computer experiments
[[1],[2]]. It is commonly believed that design points should be evenly spread in the experimen-
tal region. Nested Latin hypercube designs are popular researched in recently years[[3],[4],[5]],
which mostly deal with the high-accuracy and low-accuracy experiments, where Sliced Latin
hypercube designs are similar to the Nested one[[10],[11],[12]]. Meanwhile, a new method to
construct SLHD is proposed in [9]. But in some special situations, e.g., the captive flight tests
and missile tests in radar homing precision experiments, the ranges of factors are different in the
original experiment and substitution experiment, NLHD could not deal with this situations and
the existing methods deal almost exclusively with experiments which have same ranges of fac-
tors. In this paper, we propose a new construction of space-filling designs which first generates
two small Latin hypercube designs and then arrange them together to form a new Latin hyper-
cube design. This construction is similar with Sliced Latin hypercube designs(SLHD), however,
the proposed construction is easy to implement, capable of accommodating any number of run
size.

Firstly, We introduce a motivating example. Captive fight and missile physics experiments
are two important methods to test the property of radar homing missile. But the ranges of factors
are different in the two experiments when considering the CEP (Circular Error Probability) as
the response. It is known that the error of radar homing is related to factors Ṙ, R̈ and S/C which
denote velocity, acceleration and signal-to-clutter ratio separately. The parameter interval for
different experimental states is displayed in table 1. In general, the cost W of the four different
experiments are not same, their relation is W1 < W2 < W3 < W4. The main difference factors
which could be designed between captive fight and missile physics experiments are Ṙ and R̈.

Table 1: The Parameter Interval for different experimental states.

State 1 State 2 State 3 State 4
Ṙ 300−400 300−400 500−900 500−900
R̈ 0−30 0−30 0−300 0−300

S/C 1.5−2.5 3−5 1.5−2.5 3−5

Then, we introduce LHD briefly. An n ×m matrix A = (aij) is a called a Latin hypercube
if each column of A is a permutation of {1, · · · , n}. There are two methods to generate the
design points in the unit cube [0, 1]n from A. The first is through Dij = (aij − 0.5) /n, and
the other is through Dij = (aij − uij) /n where uij are independent random variables with a
common uniform distribution on [0, 1].The difference between the two methods can be seen
as follows. When projected onto each of the m variables, both methods have the property
that one and only one of the n design points fall within each of the n small intervals defined
by[0, 1/n) , [1/n, 2/n) , · · · , [(n− 1) /n, 1]. The first method gives the mid-points of these in-
tervals while the second gives points are uniformly distributed in their corresponding intervals.
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2 A New Construction of Latin hypercube design

In this section, we present a simple method to construct a new nested Latin hypercube design,
named NDF, which can be used in the experiments with factors that have different ranges.
The proposed Latin hypercube design has different construction from the existing one in[3],
where we first generates two small Latin hypercube designs and then arrange them together
to form the NDF. And this construction . The proposed LHD and its two parts could achieve
good uniformity in low dimensions, then this construction could deal with the above mentioned
problems efficiently and directly. Meanwhile, its parameters could be more flexible parameters.

Let Zn denotes the set {1, · · · , n}, now we present a Zn-to-Zm projection where n,m are
two positive integers with n > m. For any x in Zn, define

φ (x) = ⌈x ∗m/n⌉ (1)

We now introduce some useful notation. For a ∈ R, ⌈a⌉ denotes the smallest integer no less
than a and ⌊a⌋ denotes the largest integer no greater than a. Similarly define ⌈D⌉ and ⌊D⌋ for a
real matrix D. For a matrix A, let A (:, j) be its jth column, A (i, :) be its ith row, and AA (i, j)
be its (i, j)th element. For the projection φ : Zn → Zm, let y ∈ Zm, the set {φ−1 (y)} denotes
all the integers x ∈ Zn which satisfy φ (x) = y. For a matrix H based on Zn, φ (H) denotes the
matrix obtained form H after the levels of its entries are collapsed according to φ. Obviously,
we have some results as follows: If n,m are two positive integers with n = k ∗m + b, where
k > 0, 0 ≤ b < m are integers, for the projection φ, we have that

Lemma 1 If n,m are two positive integers with n = km + b, where k > 0, 0 ≤ b < m are
integers, for the projection φ, we have that

1. φ is a monotonous increasing function;

2. For any integer y ∈ Zm, the number of the entries {φ−1 (y)} is k or k+1, and the number
of {φ−1 (y)} which have k and k + 1 entries is m− b and b respectively.

Proof. Only part (ii) needs a proof. Consider x ∈ Zn, y ∈ Zm and x ∈ {φ−1 (y)}, obviously,
y − 1 < xm/n ≤ y, so we have n (y − 1) /m < x ≤ yn/m. Thus,

x ∈ (⌈n (y − 1) /m⌉, ⌈yn/m⌉] (2)

Note that n (y − 1) /m = k (y − 1)+ b (y − 1) /m and yn/m = ky+ by/m. For x is a integer,
which yields that the number of the entries {φ−1 (y)} is k or k + 1. For there are m sets
{φ−1 (y)} and n entries of Zn, the rest of part (ii) holds.

Lemma 2 For n1, n2, n3, p are positive integers with n1 = k1p, n2 = k2p, n3 = k3p, and
k1 ≥ k2 ≥ k3 > 0 are integers, let φ1 : Zn1 → Zn2 , φ2 : Zn2 → Zn3 , and φ : Zn1 → Zn3 .
Then, for any x ∈ Zn1 , the equation

φ (x) = φ2 [φ1 (x)] (3)

is satisfied.

Proof. For any x ∈ Zn1 ,

φ (x) = ⌈xn3/n1⌉ = ⌈xk3/k1⌉
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and
φ2 [φ1 (x)] = ⌈⌈xn2/n1⌉n3/n2⌉ = ⌈⌈xk2/k1⌉k3/k2⌉

Let q be a integer and φ (x) = q, then, we must have that k1 (q − 1) /k3 < x ≤ k1q/k3. Thus

φ2 [φ1 (x)] ≤ ⌈⌈qk1k2/ (k1k3)⌉k3/k2⌉
< ⌈(qk2/k3 + 1) k3/k2⌉
= ⌈q + k3/k2⌉
= q + 1

Similarly,

φ2 [φ1 (x)] > ⌈⌈k1k2 (q − 1) / (k1k3)⌉k3/k2⌉
≥ ⌈(k2 (q − 1) /k3) k3/k2⌉
= q − 1

For φ2 [φ1 (x)] is a integer, φ2 [φ1 (x)] = q holds, which completes the proof.
Let A1, A2 are two LHDs generated independently, where A1 contains n1 points in m factors

with its factor levels 1, · · · , n1 and A2 contains n2 points in m factors with its factor levels
1, · · · , n2, without losing generality, let n1 ≤ n2. Stack A1 and A2 to form an (n ×m) matrix
H = A1 ∪A2, where n = n1 +n2, H1 denotes the submatrix of H corresponding to A1 and H2

denotes the submatrix of H corresponding to A2. Let φ1 denotes φ : Zn → Zn1 and φ2 denotes
φ : Zn → Zn2 . Let t1 (i) denotes the numbers of entries in {φ−1

1 (i)} ⊂ Zn where i ∈ Zn1 and
t2 (j) denotes the numbers of entries in {φ−1

2 (j)} ⊂ Zn where j ∈ Zn2 . Note that t2 (i) = 1 or
2. For the arbitrary lth column of H , this construction method consists of there steps:

Step 1: Replace the level i ∈ H2 (:, l) satisfies t2 (i) = 1 with the single integer c ∈ {φ−1
2 (i)},

then let t2 (i) = 0, t1 [φ1 (c)] = t1 [φ1 (c)] − 1 and delete c from {φ−1
1 [φ1 (c)]}. Repeat

step 1 until there is no i ∈ H2 (:, l) satisfies the condition. If there exists j ∈ H1 (:, l)
satisfies t1 (j) = 1,go to step 2, else go to step 3;

Step 2: Replace the level j ∈ H1 (:, l) satisfies t1 (j) = 1 with the single integer c ∈ {φ−1
1 (j)},

then let t1 (j) j = 0, t2 [φ2 (c)] = t2 [φ2 (c)]− 1 and delete c from {φ−1
2 [φ2 (c)]}. Repeat

step 2 until there is no j ∈ H1 (:, l) satisfies the condition. If there exists i ∈ H2 (:, l)
satisfies t2 (i) = 1,return to step 1, else go to step 3;

Step 3: Choose any integer i ∈ H2 (:, l) satisfies t2 (i) = 2, and replace it with the any integer
c ∈ {φ−1

2 (i)}. For another element d ∈ {φ−1
2 (i)}, let t1 (φ (d)) = t1 (φ (d)) and delete d

from {φ−1
1 (φ (d))}. If t1 (φ (d)) = 1, go to step 2. If for any i ∈ H2 (:, l), the t2 (i) = 0

is established, the achieved H is the wanted NDF.

We must have the conclusions shown as follows easily.:

Theorem 1 Consider H , H1 and H2 as constructed above. Then we have that

1. the matrix H is a LHD(n,m);

2. the submatrix H1 and H2 of H become LHD(n1, s) and LHD(n1, s) when the n levels
are collapsed into n1 and n2 levels according to the scheme: i → φ1 (i) and i → φ1 (i)
respectively.
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Figure 1: Bivariate projections of the NDF H with two parts H1 and H2 (◦,△) in example 1 and NLHD proposed
in [3]

Some examples are provided below to illustrate the proposed procedure.

Example 1 We generate two LHD with n1 = 3, n2 = 6, and m = 3, then the LHD is as follows.

H =



2 1 1
1 3 2
3 2 3
6 5 1
3 3 6
2 2 2
4 4 3
5 6 5
1 1 4


−→



6 2 3
2 8 5
9 5 8
8 7 1
4 4 9
3 3 2
5 6 4
7 9 7
1 1 6


Figure 1 is the NDF proposed above and the nested Latin hypercube design proposed in [3],

the second part of Latin hypercube design H could achieve more uniformity in one dimension.
Meanwhile, the new nested Latin hypercube could deal with arbitrarily parameters which

have not been considered in other paper and the two parts of LHD could achieve best uniformity
in one dimension, which is shown in Figure 2.

Example 2 For n1 = 3, n2 = 5, and m = 3, then the NDF is as follows.

H =



3 1 2
2 3 1
1 2 3
5 1 1
2 2 4
4 5 3
3 3 2
1 4 5


−→



8 2 5
5 7 2
2 5 7
7 1 1
3 3 6
6 8 4
4 4 3
1 6 8
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Figure 2: Bivariate projections of the NDF H with two parts H1 and H2 (◦,△) in example 2

3 Numerical illustration

For the motivating problems described in Section 1, i.e., run a computer model in batches
and multiple computer models based on similar mathematics where using different run size.
Actually, the first problem can be viewed the experiments using multiple computer models
based on the same mathematics.

More generally, the NDF. For experiments using t similar computer models, f1, · · · , ft,
where the inputs of each fi are X = (x1, · · · , xm) whose distribution is the uniform mea-
sure on (0, 1]m. For i = 1, · · · , t, define µi = E [f1 (X)]. The goal here is to run f1, · · · , ft, at
n1, · · · , nt selected input values, to estimate µ1, · · · , µt. For 0 ≤ λi ≤ 1, i = 1, · · · , t, a linear
combination of µ1, · · · , µt, given by

η =
t∑

i=1

λiµi (4)

can also be of interest in practice. Now, we introduce four different sampling schemes to achieve
this goal as follows:

Definition Suppose that n1, · · · , nt, t, n are positive integers, with n =
t∑

i=1

ni.

1. Let IID denote a scheme that takes an independent and identically distributed sample of
ni runs for fi, with the t samples generated independently;

2. Let SPLIT denote a scheme that randomly takes an Latin hypercube sample of n runs and
splits it into t subdesigns which run sizes are n1, · · · , nt, corresponding to f1, · · · , ft.

3. Let COMBINE denote a scheme that obtains t independent Latin hypercube designs with
n1, · · · , nt, t runs, each of which is associated with one fi;

4. Let NFD denote a scheme that produces designs by using the method in Section 2, where
each part, assigned to one fi, is a smaller Latin hypercube design of ni levels.

Example 3 According to the physical background, we use the function

f1 (X) =
x1

2500
+

x2

500
+

1

20
√
x3
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Table 2: RMSEs of η̂ of the four methods for Example 3.

n1 = 5 IID COMBINE SPLIT NDF
n2 = 5 0.02200 0.01070 0.00486 0.00387
n2 = 6 0.02133 0.01223 0.00472 0.00258
n2 = 7 0.02131 0.01272 0.00471 0.00210
n2 = 8 0.02137 0.01330 0.00465 0.00203
n2 = 9 0.02095 0.01428 0.00465 0.00244
n2 = 10 0.02088 0.01459 0.00453 0.00341

to act as the stage 1,2 where the distribution of x1, x2, x3 is the uniform measure on (300, 400],
(0, 30], (1.5, 2.5]

∪
(3, 5]. Then, we regard the stage 3,4 as

f2 (X) =
x1

5000
+

x2

486
+

1

18
√
x3

where the distribution of x1, x2, x3 is the uniform measure on (500, 900] , (0, 300] , (1.5, 2.5]
∪
(3, 5].

For each of the four methods described above, we computer η̂, with λ1 = λ2 = 1/2, 2000 times
for n1 = 5 and n2 = 5, 6, · · · , 10. Table 2 presents the RMSE (root mean square error) of η̂
over the 2000 replicates for every method. The table clearly indicates that for every value of n2,
with n1 = 5, the N method achieves greater degree of variance reduction than the other three
methods for µ̂.

4 CONCLUSIONS

In this paper, we propose a new construction of Latin hypercube designs which first generates
two small Latin hypercube and then arrange them together to form a new Latin hypercube
design. The proposed construction is easy to implement, capable of accommodating any number
of run size. For better uniformity in low dimension, the orthogonal array may be considered to
constrict the new Latin hypercube designs for the experiments with different ranges of factors.
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Abstract. A probabilistic seismic safety assessment is performed by means of Monte Carlo sim-
ulation. Emphasis is on the identification of response uncertainty as a result of the stochastic
nature of ground motions in time domain. Especially, the relevance of low failure probabilities
at moderate earthquakes is investigated. As application example an arch dam with nonlin-
ear material properties and fluid-structure interaction is analysed. Exceedance probabilities
for selected peak ground acceleration levels are obtained from a site-specific hazard curve.
Stochastic ground motions are generated accordingly by a Kanai-Tajimi model. The fragility
curve is calculated by performing Monte Carlo simulations. Its tail probabilities are estimated
by a new extrapolation technique.
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1 INTRODUCTION

Since the characteristics of earthquakes are highly random, seismic safety assessments rea-
sonably have to be based on stochastic methods somehow. In engineering practice, usually,
major structures are designed to withstand the so-called maximum credible earthquake, which
depends on the importance of the structure and is defined by probabilistic methods. However,
the ultimate limit state is then calculated in a deterministic way, assuming that failure can only
happen at or above the maximum credible earthquake.

In fact, the probability that a certain failure state happens in a given period of time depends
on both, the occurrence probabilities of all the different earthquake intensities and the respective
conditional failure probabilities. For n intensity levels the failure probability is calculated by

PF =
n∑

k=1

P (F |Ik)Q(Ik) (1)

in which P (F |Ik) is the conditional failure probability given the earthquake intensity Ik and
Q(Ik) is the occurrence probability of the intensity.

In the present work, P (F |Ik) is estimated by Monte Carlo simulation. For that purpose, the
intensity levels are replaced by peak ground accelerations ag,max. For many regions of the earth
seismological services provide diagrams in which the seismic hazard is indicated as exceedance
probability in (e.g.) 50 years as a function of the peak ground acceleration, H(ag,max). Hence,
it is straightforward to replace the sum in equation 1 by an integral. Q(Ik) is then replaced by
the probability density function of ag,max. This corresponds to the negative derivative of the
exceedance probabilities provided by seismological services:

h(ag,max) = −
dH(ag,max)

dag,max

(2)

The failure probability is then calculated by

PF =

∞∫
0

P (F |ag,max)h(ag,max)dag,max . (3)

Obviously, it is referred to the same period of time as is the seismic hazard functionH(ag,max),
typically to 50 years.

It is shown how much different earthquake intensities (corresponding to certain return pe-
riods) contribute to the overall failure probability. As application example nonlinear analysis
of an arch dam is performed. Ground accelerations are created by the Kanai-Tajimi model and
serve as stochastic excitation for the Monte Carlo simulations. The efficiency is increased by
applying a new extrapolation technique, which is particularly suitable to estimate small failure
probabilities more accurately without need for more simulation runs.

2 THE ARCH DAM

As application object for the reliability analysis a 220 m high arch dam is chosen. The
earthquake safety of this (fictitious) structure has already been studied und documented in detail
by Goldgruber in his PhD thesis [1]. The FE-model of the dam, see fig. 1, has kindly been made
available to the authors and is used for this research. The focus of this work, however, is a Monte
Carlo-based probabilistic analysis of the earthquake safety of structures in general, rather than
a structural analysis of a certain dam. Hence, some changes are made on the dam described in
[1]:
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Figure 1: FE-model of the arch dam

• Crack simulation by XFEM is removed

• The block joints are removed, hence the dam behaves as a monolithic block

• Tied contact is introduced between dam and the rock foundation

• Damping of the rock mass is increased by multiplying the Rayleigh damping factors α
and β by factor five.

The first three changes aim at reducing the computational effort for the Monte Carlo sim-
ulations and at guaranteeing convergence in every simulation run. The significant increase of
the damping of the rock foundation is due to the necessity, in this research, to exactly excite
the structure by earthquakes of certain predefined intensities. When ground motions are applied
as accelerations on the model boundaries, they can be altered while travelling through the rock
and possibly be intensified by reflections on the boundaries. As a result, the accelerations at
the foot of the dam can significantly differ from the ones applied on the model boundaries. To
avoid this, the mass density of the rock foundation is, just as in [1], chosen to be nearly zero,
and, additionally in this research, a rather strong damping is implemented.

All other properties, including fluid-structure interaction with acoustic elements and nonlin-
ear behaviour of the concrete, are equal as described in [1].

For the reliability analysis a failure criterion has to be defined. Critical zones and limiting
values of quantities that lead to failure could be identified in a deterministic analysis, see [5].
Since critical values of stresses and displacements are strongly correlated with the crest dis-
placements, the simplified assumption is made that failure (or a certain damage state) happens
when the radial displacement of the crest midpoint exceeds 0.3 m. Naturally, also any other
criterion, including sets of criteria, could be used.

3 SEISMIC HAZARD

It was sought to locate the dam in a region whose seismicity is well documented by a hazard
curve. Hence, the city of Basle in Switzerland was chosen. Basle is the location of the largest
historical earthquake on record in central Europe, with Mw 6.6. The Swiss Seismological Ser-
vice recently published updated hazard curves for this city in [2]. The hazard is expressed as
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the probability of exceedance of ag,max in 50 years. In this study the hazard curve referred to as
“stochastic model” in [2] is used.

The earthquake excitation is applied as acceleration boundary condition in all three direc-
tions. It is modelled as an amplitude-modulated random process

a(t) = e(t) · b(t) (4)

where e(t) is the modulating function as given by

e(t) = 4 · [exp(−0.25t)− exp(−0.5t)] (5)

and b(t) denotes a stationary zero-mean Gaussian random process with power spectral den-
sity according to Kanai-Tajimi:

Sbb(ω) = S0 ·
4ζ2gω

2
gω

2 + ω4
g

(ω2
g − ω2)2 + 4ζ2gω

2
gω

2
. (6)

The numerical values are ωg = 17 rad/s and ζg = 0.3. The spectral intensity S0 is obtained by
converting the values of ag,max from the hazard curve in [2]. Since there is a simple relationship
between these two intensity quantities, namely ag,max = const ·

√
S0 , this was done by repeat-

edly calculating the average ag,max from a thousand of trials and adjusting in that way the input
S0 to the desired ag,max. In total, twelve intensity levels are analysed. They are listed in table 1
with the corresponding probabilities of exceedance and return periods.

ag,max [g] S0 [m2/s] Prob. of exceedance Return period [years]
0.105 0.00133 0.04 1225
0.124 0.00185 0.03 1642
0.155 0.00289 0.02 2475
0.185 0.00412 0.015 3308
0.230 0.00636 0.01 4975
0.260 0.00813 0.008 6225
0.280 0.00943 0.007 7118
0.300 0.01083 0.006 8308
0.365 0.01603 0.004 12475
0.500 0.03007 0.002 24975
0.670 0.05400 0.001 49975
1.000 0.12030 0.00032 156225

Table 1: Intensity levels analysed

The time interval considered is 20 s, the time step dt = 0.01 s, giving a total of 2000 time
steps. The excitation in vertical direction was reduced by factor 0.7 in time domain.

In general, besides the seismic load also the other loads as well as the resistances of the
structure are random by nature. However, in case of the examined arch dam the variability of the
structural behaviour will be primarily due to the inherent randomness of strong ground motions.
As for the other two relevant loads acting on the dam, the self-weight and the hydrostatic load,
there is virtually no uncertainty at all. There is some randomness in the material properties of
the concrete and quite much uncertainty about the properties of the rock foundation, however,
these parameters are regarded as deterministic here.
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Figure 2: Maximum crest displacements

4 RESULTS

For each peak ground acceleration level listet in table 1, 200 simulation runs are performed.
The maximum crest displacements during the earthquakes are shown in fig. 2 in increasing
order. Besides the failure level of 0.3 m, also the displacement caused by the hydrostatic load
(0.075 m) is plotted. The simulations with the three smallest earthquake intensities yield no
event in which the failure level is exceeded. On the other hand, if ground motions with an
average ag,max of 0.67 g are applied, the failure level is exceeded in each simulation run. Note
that for that reason, simulations for the highest intensity level (1 g) could be avoided, since the
failure level would be exceeded in each run anyway. Simulations with earthquake intensities in
between lead to failure in a number of cases.

It is apparent that the variability of results based on identical ground motion intensities, but
different time histories, is very high. Furthermore, it is interesting to note that the variability
of the outcomes increases as the ground motion intensity increases. This is because stronger
ground motions provoke more nonlinear effects.

Obviously, earthquakes with smaller ag,max rarely lead to failure. However, since smaller
earthquakes occur more frequently, they might contribute substantially to the comprehensive
failure probability according to equation 1. This means, in the present case, that 200 simulation
runs might not be sufficient to estimate these small failure probabilities. Different methods exist
to estimate small failure probabilities by Monte Carlo simulation at reasonable computational
costs, e.g. Asymptotic Sampling [3] or Subset Simulation [4].

However, for this research, another, very simple approach is used. It is applied to the results
of the crude Monte Carlo simulations for the four smallest intensities, i.e. for the simulations
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which didn’t yield any failure event, resp. just one (i.e. for ag,max = 0.185 g). For that purpose,
the safety margin of each simulation run is calculated, which is simply the difference between
the failure level and the maximum crest displacements. This is plotted versus its cumulative
distribution function (CDF) expressed as the reliability index β, see fig. 3. The reliability index
β is related to the failure probability by the standardized Gaussian distribution function: PF =
φ(β). Apparently, the failure probabilities cannot be determined from the diagrams in fig. 3
directly, since no simulation run yielded a negative safety margin, i.e. resulted in failure (except
one in diagram (d), which, thus, cannot be regarded as very representative). However, a new
regression technique is applied, which approximates the CDF by a logarithmic function:

β = A · ln(B · safety margin + C) +D (7)

The logarithmic approach guarantees monotonicity. The four coefficients A,B,C and D are
obtained by an optimization algorithm. It is evident that the regression curve retraces the Monte
Carlo results very well. The failure probabilities are then obtained by extrapolation to the value
of β for which the safety margin is zero.

It can be assumed that the failure probabilities can be estimated relatively accurately with
this simple technique. Considerably inaccurate estimates could potentially result from a sudden
change of the structural behaviour, such as change of boundary conditions, at large displace-
ments which did not appear in the Monte Carlo simulation. However, there is no reason to
assume such a behaviour for the analysed dam in case of excitation by moderate earthquakes.

The conditional failure probabilities P (F |ag,max) obtained by extrapolation as well as the
ones obtained from crude Monte Carlo simulation are shown in fig. 4. The dots mark the
evaluation points. This object-related function is called fragility curve. The diagram also shows
the location-related exceedance probability in 50 years, H(ag,max), as given in [2], and its
negative derivative, the probability density function, h(ag,max). It can be seen that ground
motions with ag,max = 0.2 g almost never lead to failure, while the failure limit is exceeded
nearly every time if ground accelerations reach up to 0.5 g. Obviously, for the peak ground
acceleration ag,max, the probabilities are distributed in the opposite way.

The comprehensive failure probability PF is calculated by the convolution integral given in
equation 3. It is of high interest to which extend different sections of ag,max contribute to PF .
Hence, the product P (F |ag,max) · h(ag,max) is shown in fig. 5. Apparently, the peak is at ag,max

= 0.3 g. This means that the ground motions associated with a return period of 8303 years
contribute for the largest part of the long term failure probability. It is also interesting to note
that the probability distribution in fig. 5 is very widebanded. This means that a Monte Carlo-
based reliability analysis cannot reasonably be done for any single ground motion intensity,
albeit, obviously, this probability distribution depends on the particular structure and location.
Another outcome is that the contribution of the four smaller ground motion intensities, for which
the extrapolation technique has been applied, is very small. However, this might be different in
other applications.

For the evaluation of the integral, only peak ground accelerations up to 1 g are considered;
higher values are assumed to be geophysically impossible. The calculated failure (resp. dam-
age) probability for a period of 50 years is 0.00609, which is equivalent to one failure in 8186
years.

5 CONCLUSION

The fragility curve of an arch dam was determined by Monte Carlo simulation. It was shown
that earthquakes with identical intensities but different time histories cause substantially differ-
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(a) ag,max = 0.105 g (b) ag,max = 0.124 g

(c) ag,max = 0.155 g (d) ag,max = 0.185 g

Figure 3: CDFs of safety margins with regression functions
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Figure 4: Fragility curve together with probability distribution and density of peak ground acceleration

Figure 5: convolution of fragility curve and probability density of peak ground acceleration
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ent structural responses. This applies especially for strong motions which lead to strong nonlin-
ear behaviour. Hence, it can be concluded that earthquakes are the major source of uncertainty
for the performance of structures in seismically active regions.

It has been shown that the range of intensities which contribute significantly to the overall
seismic endangerment is wide. This means that a probabilistic seismic safety assessment has to
include the whole range of intensities, i.e. return periods. The conventional method to assess
the seismic safety as a result of one single acceleration time history is a completely different
approach. Obviously, it is not able to reflect the large variability of the response mentioned
before.

A new extrapolation technique was introduced to efficiently estimate the small failure prob-
abilities associated with earthquakes of moderate intensities. For the examined structure it has
become clear that these small failure probabilities contribute little to the overall failure proba-
bility. However, it may be assumed that this is not the case for other structures and other hazard
curves. Moreover, the extrapolation technique could be effectively used to estimate failure
probabilities when the Monte Carlo simulations are based on smaller sample sizes.
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Abstract. The climate trends observed worldwide over the past few decades appear to corrob-
orate the concerns of the scientific community about the many threats posed by global warm-
ing. Future changes of the current climate are expected to occur on different scales all around
the globe, hence modifying the environmental background on the basis of which technological
installations have been designed and operated. This can potentially threat the safety of the in-
stallations as well as their. The development of suitable tools aiming to predict the impact of
climate change on technological installations is then essential in the wider context of climate
change mitigation.
Hydropower installations play often a crucial role not only as a long-term renewable resource
of energy but also for flood control and water supply in the case of droughts. All these aspects
highlight the increasing importance of such installations as well as their growing vulnerability
to natural hazards. It is hence essential to enlarge the current understanding of the interaction
mechanisms between such installations and the changing surrounding environment in order to
take adequate measures for climate change adaptation and ensure the future safety and produc-
tivity of hydropower production.
The current study aims to provide a novel model for the evaluation of the impact of climate
change on the safety of hydropower stations. The approach adopted allows to include in the
model the uncertainty inevitably associated with the input variables and to propagate such un-
certainty within the analysis. The model proposed is finally applied to a realistic case-study in
order to highlight its potential and limitations.
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1 INTRODUCTION

Hydropower is currently the most common source of renewable energy, accounting for about
20% of global electricity production and for over 50% of the electricity generation of one third
of all countries worldwide [8]. The large success of water resources for the electricity produc-
tion, which has been often accompanied by the rapid growth of developing countries such as
Brazil and China (today among the six biggest producers worldwide), has several reasons. First
of all, it is a long-term renewable resource able to provide predictable and non-polluting en-
ergy. Secondly, hydropower systems such as dams and reservoirs can assist in flood control or,
by the same token, provide water supply in the case of droughts [7]. Moreover, the conversion
efficiency of hydroelectric generation can reach values over 90% (with peaks of 95% for large
installations), greatly larger than fossil-fuelled production whose efficiency is generally around
30-40%. Finally the low operating and maintenance cost of hydropower and the long projected
life span (up to 70 years) make this technology attractive and extremely cost-effective. On the
other hand, these same strengths (e.g. the use of natural resources, the flood prevention purpose,
the long operational life) make hydropower potentially sensitive to climate change, threatening
the efficiency and safety of installations [4]. Indeed, the threat of climate change of worsening
the occurrence of extreme weather events, both in terms of intensity and frequency, as well as
the rise of temperatures are expected to have a significant impact on the water resources world-
wide, affecting negatively the performance of hydroelectric systems as well as subjecting them
to new and unquantified risks. Despite the importance of hydropower production and the further
hazards introduced by climatic change, relatively few studies have addressed these issues and
no methodology for the analysis of such impact has ever reached a general consensus [16].
The main aim of the current work is to implement a probabilistic framework for the evaluation
of the impact of extreme weather events on hydroelectric systems, focusing on the scale of a
single station. The climate variables are included in the analysis in light of future projections,
allowing to carry the analysis with regards to future possible scenarios and trends. At this phase,
the study is limited to the analysis of the impact of future precipitation trends, while other vari-
ables, such as temperature rise or occurrence of droughts are currently behind the purpose of
the implementation.
In the following sections, the theoretical background of the methodology used is presented to-
gether with a brief overview of the computational tools adopted for the implementation. The
proposed model, and its application to a simple case-study, are then described in Section 3.

2 Methodology and computational tools

The methodology selected for the implementation of such a model consists of the general-
ization of the so called Enhanced Bayesian Networks approach [17]. This latter is based on
the integration of the well-known Bayesian Networks (BNs) with structural reliability meth-
ods (SRMs). Similarly, the methodology adopted integrates the use of Credal Networks (CNs),
which can be regarded as a generalization of BNs able to include imprecise probabilities in the
framework, with cutting-edge and robust SRMs. The choice of this particular methodology is
justified by its large potential in the representation of the interaction between weather events and
technological installations, as proved in former studies [19][20]. Indeed the approach allows to
embody the aleatory character of natural events as well as the epistemic uncertainty associated
(in particular in the case of climate projections), through the use of probabilistic models, in-
tervals or imprecise random variables. Also, the uncertainty affecting the output (as well as
discrete probabilities) is quantified and expressed in terms of probability bounds. These latter
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are a crucial information for decision-makers or more generally analysts using the model: not
only they express a measure of the meaningfulness of the results computed but also highlight
the degree of ignorance which characterizes the estimation. Conversely, to exclude uncertainties
from the analysis would lead to an unsound approach and unreliable results. Finally, a further
advantage of the methodology is the use of external and existent numerical and physical models
which can be easily integrated in the overall framework without affecting the congruence of the
model. In the following sections, the basics of such methodology are briefly introduced.

2.1 Credal and Bayesian Networks

Credal Networks are a generalization of the well known Bayesian Networks. These latter
present a graphical structure which consists of nodes and directed edges. Each node represents
a variable of the model while the directed edges connecting the nodes capture the relationship
(generally of a causal nature) existent between the variables. Commonly, the network structure
is referred to employing a family metaphor: a node X2 is said to be a child of a node X1 if the
edge connecting the two is originated in X2 and points toward X1; in this case, X2 is also said
to be a parent of X1. Nodes without parents are said to be roots of the network, while nodes
without children and not receiving any evidence are referred to as barren nodes.
These considerations regarding the structure of BNs are valid also for CNs, which present the
same graphical framework. Indeed, the difference between CNs and BNs does not concern the
graphical nature of the approach but its numerical aspect. The main aim of both BNs and CNs is
to factorize the joint probability of complex events exploiting the information available regard-
ing the single variables of the problem under study and their mutual relationships. Moreover,
the most attractive aspect of this methodology is the capability of updating the belief regarding
the event of interest when more information is available about other variables of the network.
Hence, once selected the event of interest, its probability can be computed taking into account
the knowledge available regarding the remaining variables of the model. Such knowledge is
referred to as evidence and the overall process is known as belief updating. This task can be ful-
filled through the use of inference algorithms, which can be of an analytical (i.e. exact inference
algorithms) or approximate (i.e. approximate inference algorithms) nature. For both BNs and
CNs, the input of such algorithms are, beyond the structure of the network, the conditional prob-
ability distributions (CPDs) that are associated with each node and quantify the strength of the
relationships existent between the node itself and its parents (not having any parent, root nodes
are associated with marginal probability distributions). In BNs such conditional probabilities
are either crisp values (in this case the CPDs are referred to as CPTs, i.e. conditional proba-
bility tables) or continuous probabilistic distributions. In CNs the requirements regarding the
nature of the input parameters are relaxed and embrace also imprecise probabilities and hence
probability values known only with a certain degree of uncertainty (i.e. interval probabilities).
This type of representation enhanced significantly the robustness and accuracy of the approach
since allows to capture the uncertainty in input and to propagate it within the model avoiding
the introduction of biases and assumptions not fully justified by the available data. Moreover,
computing the uncertainty of the output, CNs provide a numerical context for the answer of the
model which allows analysts to make decision acknowledging the significance and accuracy of
the information obtained. On the other hand, the adoption of input parameters such as contin-
uous distributions or imprecise probabilities increases the computational effort associated with
the inference computation and can limit the availability of suitable algorithms. In many cases,
in particular for CNs or more generally when continuous probabilistic distribution are involved,
it is necessary to adopt approximate inference algorithms in order to deal with the complexity
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of the model at the cost of a lower (or even unknown) degree of accuracy.

2.2 CNs reduction with SRMs

Several numerical strategies and algorithms have been suggested in the scientific literature
in order to overcome the limitations associated with the inference computation over CNs. The
approach adopted in the current study aims to preserve the flexibility and accuracy of such
methodology at the lowest computational cost. This is obtained integrating the CN framework
with numerical methods imported from the field of structural reliability and involved in the
reduction of the initial model. The main idea is to allow the initial network to embrace a
large variety of mathematical frameworks for the representation of the data in input, such as
crisp probability values, probability bounds, continuous probabilistic distributions, intervals
and imprecise probabilistic distributions (i.e. continuous distributions whose parameters are
known with some uncertainty and hence represented as intervals). Such initial model is then
subject to a reduction procedure that results in an equivalent network containing only discrete
nodes associated with either crisp or interval probability values and on which inference is finally
computed. Hence, the reduction procedure consists of eliminating all the non-discrete nodes
present in the initial model. The initial assumption at the basis of such procedure is that every
node child of at least one non-discrete node must be defined as a domain in the outcome space of
its continuous parents: when such condition is verified the elimination of the mentioned nodes
can be obtained by integration. In other words, the elimination of a non-discrete node implies
the reconstruction of its children’s CPDs in which the result of the integration is stored. This
ensure the preservation of the information associated with the initial network that is not lost but
simply reformulated and stored in the nodes of the final model.
The efficiency of the reduction procedure is obtained through the adoption of robust numerical
methods commonly used in the field of structural reliability.

2.3 Computational Tool

The algorithms related to the methodology outlined in the former section have been im-
plemented computationally in the general purpose software OpenCossan [15][6], obtaining a
complete tool for the reduction and analysis of CNs. The toolbox provides the graphical and
numerical implementation of the models as well as the reduction of EBNs to traditional BNs.
The software allows four main types of nodes: discrete, probabilistic, bounded and hybrid.
On the basis of the variables involved and the level of accuracy required, several options are
available for the structural reliability methods to be adopted. In more detail, traditional and
advanced Monte Carlo methods (such as Line Sampling, Subset Simulations) are suitable when
no interval or hybrid nodes are involved in the computation. Conversely, the most generalized
approach available consists of the adoption of Advanced Line Sampling which can compute all
the possible combination of variables kinds in input [2]. Different options are also available for
performing the inference computation on the reduced network. Such algorithms, both built-in
or from third parties [12], are characterized by different degrees of accuracy and different com-
putational costs. The toolbox integrates also methods for the sensitivity analysis of the models,
allowing to identify the best possible strategy to effectively tune single network parameters in
order to obtain the required level of imprecision in output.
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Figure 1: Overview of the proposed model

3 Proposed Model

The model proposed refers to the vulnerability analysis of an impoundment facility and takes
into account the structural safety of the dam as well as of the systems dedicated to the power
generation. The network, shown in Fig.3, has been applied to a simple case-study, whose imple-
mentation and anaysis is described in the following section. The case-study refers to a facility
located in the north-western region of China and considers a single turbine unit. The data
adopted where partly collected from a real installation of compatible size and location (such
as for the reservoir, dam and penstock structural parameters as well as for the water levels,
in-flow, comsumption, rainfall records etc). In the case of missing information (e.g. the unit
transformer failure rate), realistic data have been adopted on the basis of the existing literature
and represented through suitable mathematical frameworks able to account for the uncertainty
of the information. The network provides the modelling of the reservoir in order to evaluate
the probaility of overtopping of the dam, as described in Section 3.2 under the different climate
scenarios described in Section 3.1. The overtopping of the dam is assumed to potentially re-
sult in the load rejection, which can also be caused by the failure of the external power grid,
on-site trasformer malfunction, human action or mechanical accidents in turbine units [21].
The section of the network modelling these failure mechanisms (Section 3.3) considers also the
eventual occurrence of water hammer in the penstock of the station due to load rejection.

3.1 Climate Scenarios

Two time scenarios, one related to the period 2021-2050 the other to 2071-2100, have been
analyzed. Similarly, different assumptions have been considered regarding future trends for the
emission of greenhouse gases: the first (SRES B1 according to the IPCC nomenclature [13])
considers the combination of a rapid economic growth with the introduction of clean and ef-
ficient technologies, able to ensure social and environmental stability; conversely, the second
scenario (SRES A2) assumes a less ecologically-friendly and more divided world, resulting in
a regionally oriented economic development and a significant increase of the greenhouse emis-
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sions. The combination of the possible states of the nodes TimeScenario and EmissionScenario
defines the overall scenario of reference, on the basis of which future trends for climate vari-
ables such as wind (WindTrend node) and precipitations (PrecipitationTrend node) are selected.
These predictions are then combined with baseline probabilistic distributions for the relative
variables obtaining the projected distribution of the wind (ProjectedWind) and rainfall (Project-
edRainfall) for all different scenarios. Due to the uncertainty unavoidably associated with future
projections, the nodes ProjectedRainfall and ProjectedWindSpeed are described by imprecise
random variables. Climate data projections for the north-western region of China have been
deduced from the available literature [5] as well as the baseline for the wind speed distribution
[1]. Conversely, the probability distribution of rainfall has been defined on the basis of the data
collected close to the station of reference.

3.2 Dam Structural Safety

The overtopping of the dam occurs when the maximum level of the water in the reservoir
overcomes the height of the dam. In order to compute the vulnerability of the dam to such
mechanim, a structural reliability problem was defined[14]. According to the model adopted
for such purpose, the overtopping mechanism can be triggered by the combination of several
factors, such as the reservoir level (which can be influenced by precipitations) and the correct
operation of the spillways. Moreover, the effect of waves originated in the reservoir by the
wind is considered, assuming the wind to be uniform and costant over the fetch. Due to the
lack of data the value of the fetch length has been assumed to be an interval (WindFetch node)
whose bounds have been calculated on the basis of a simplified shape of the reservoir. Sim-
ilarly, the dam slope has been assumed to be smooth (EmbankmentRoughness) and have an
inclination (DamSlope) in the interval [0.78, 1.05] rad. On the contrary, the amount of water
in-flow (ReservoirInFlow), the initial level of the reservoir (InitialLevel), the spillways flow
(SpillwayFlow) and the water flow to the turbine (TurbineRelease) are described by probabilis-
tic nodes designed on the basis of the real data available for the station of reference.
The dam modelled has three spillways: the correct operation of these (SpillwayState) depends
on the correct functioning of the gates associated to each spillways (Gate1, Gate2, Gate3).
Each of these is assumed operational only if the associated control system (ControlSystem1,
ControlSystem2,ControlSystem3) and lifting mechanism (LiftingMechanism1, LiftingMecha-
nism2,LiftingMechanism3) are available. The failure rate for the control systems has been de-
duced from previous literature as for the lifting mechanisms, whose unavailability is considered
in terms of failure of the related machinery [10]. Moreover, the operation of the control system
is bound to the availability of electrical power produced on-site (OnSitePower) or avaiable ei-
ther from the external grid (ExternalPowerGrid) or backup diesels (BackupDiesel). The failure
rates for the nodes ExternalPowerGrid and BackupDiesel have been deduced from the litera-
ture, adopting probability bounds in order to integrate multiple sources and possible set-up of
the systems [3][11]. Similarly, the production of OnSitePower is associated with the availabil-
ity of the on-site transformer and hence to the node UnitTransformer for which the probability
bounds have been also deduced from former studies [18]. Clearly, the production of power
on-site depends also on the availability of the turbine unit (TurbineOperationalState) but, as it
is possible to see in Fig. 3, the two events have not been considered directly dependent. In-
deed, the link between the nodes TurbineOperationalState and PowerSupplies would originate
a cycle within the graph, contraddicting the basic rules of BNs (and CNs) that rely on the use
of acyclic directed graph. Graph theory offers possible solutions for this kind of issues, such as
arc inversion, but in the current phase of the study these strategies have not been implemented.
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Figure 2: Overview of the reduced network

3.3 Penstock Structural Reliability and Turbine Operation

Rapid load rejection, can cause the occurrence of pressure waves within the pipelines of the
facility. This phenomenon, generally known as water hammer, threatens the structural safety of
the station penstock and can trigger more critical accident scenarios jeopardizing the safety of
the entire facility. In order to take into account the occurrence of the water hammer in the model,
a stochastic approach was adopted on the basis of former studies [21]. Structural damages are
assumed to occur when the combination loads acting on the penstock results higher than the
yielding strength of the pipe material. In the case-study analyzed, this latter has been assumed
to be 16 MN steel and to have a yielding coefficient normally distributed with mean equal to
390 MPa and standard deviation of 25.3 MPa. Moreover, the pipe is considered to be 216
m long and to have a diameter of 5 m. In order to take into account the effect of internal
erosion occurring in the penstock, the thickness of the pipe has been assume uncertain, with
values included between 12 mm and 16 mm. If the occurrence of water hammer results in
the structural damage of the pipe, the facility is assumed to shut-down and hence the turbine
would stop being operational (TurbineOperationalState). Apart from the occurrence of this
kind of accident scenario, the turbine is assumed to be out of service also in the case of simple
load rejection (LoadRejection) not resulting in the occurrence of water hammer or structural
damages and in the case of maintenance (MaintenanceOutage).

3.4 Results

Fig. 3.4 shows the reduced CN obtained from the initial model (Fig. 3). Inference has been
computed in the network, mainly aiming to quantify the probability of dam overtopping and of
outage of the turbine unit for the different cases considered. In all of the scenarios analyzed
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the probability of the occurrence of structural damages in the penstock remained largely ne-
glectable. Also the probability of overtopping of the dam remains quite low for both the time
scenarios considered, as shown in Table 1, while the probability of load rejection results quite
signficant. This value is coherent with the historical average frequency of load rejection cal-
culated on the basis of eight hydroelectric stations in China [21]. The overall results can be
interpreted as proof of the robustness of the facility to rapid transients: even if a sudden rejec-
tion of the load is required the structural safety of the penstock is guaranteed. Hence the design
of the pipe results robust and the occurrence of pressure waves within the penstocks does not
significantly threaten the overall safety of the facility. The probability of overtopping of the

Table 1: Inference computation results for the different time scenarios considered

Event 2021-2050 2071-2100
Dam Overtopping [1.84 · 10−6, 2.35 · 10−4] [< 10−22, 2.67 · 10−4]
Load Rejection [6.92 · 10−1, 6.98 · 10−1] [6.92 · 10−1, 6.98 · 10−1]
Turbine not Operational [6.98 · 10−1, 7.0 · 10−1] [6.98 · 10−1, 7.0 · 10−1]

dam, even if it remains low in all the scenarios considered, appears to be strongly affected by
uncertainty for the time period 2071-2100: this highlights the lower quality of the information
available for this time scenario. The probability of overtopping was also quantified for the spe-
cific emission scenarios considered, as shown in Table 2: it results higher for the high emission
scenario in the first part of the time domain, while the upper bound of the probability appears
lower for the SRES A2 scenario in the time period 2071− 2100. Nevertheless, due to the large
uncertainty affecting the output, the difference between the two trends appears not significant
enough to deduce a clear path for the risk of overtopping in the two emission scenarios: more
investigation, including further climate factors, is needed. In order to better comprehend the

Table 2: Inference computation results for the different time and emission scenarios considered

Medium Emission Scenario
Event 2021-2050 2071-2100
Dam Overtopping [1.29 · 10−5, 1.06 · 10−4] [< 10−22, 2.96 · 10−4]

High Emission Scenario
2021-2050 2071-2100

Dam Overtopping [2.72 · 10−5, 2.98 · 10−4] [< 10−22, 2.01 · 10−4]

behaviour of the system, the probability of overtopping has been computed also in the case of
several what-if scenarios, such as the occurrence of load rejection, the malfunctioning of the
spillways and the loss of electric power from the external grid. In all these cases, shown in
Table 3, the probability of overtopping grows sligthly with respect to the values shown in Table
1, demonstrating the robustness of the system with regards to these events.

Table 3: Probability of dam overtopping in the case of malfunction of specific subsystems

What if...? 2021-2050 2071-2100
Losd Rejection [3.24 · 10−5, 2.34 · 10−4] [< 10−22, 3.33 · 10−4]
All Spillways out of Order [6.00 · 10−5, 2.20 · 10−4] [< 10−22, 3.40 · 10−4]
Power Grid Out of Order [2.15 · 10−5, 1.64 · 10−4] [< 10−22, 2.67·−4]
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4 Conclusions

A model for the vulnerability analysis of hydropower impoundment facilities was proposed.
The suggested approach is based on the combination of Credal Networks with system reliability
methods and takes into account the risk of overtopping of the dam, the structural safety of the
penstock as well as the reliability of the power generation and connection systems. Further-
more, thanks to the flexibility of the methodology adopted, the model allows to estimate the
future risks related to the facility in view of climate change projections.
To test the validity of the model this has been applied to a simple case-study based on an existent
hydropower station located in the north-west region of China. The analysis was carried out for
the time periods 2021− 2050 and 2071− 2100 and for two different emission scenarios (SRES
B1 and A2). The results highlight the robustness of the facility to rapid transients (and hence
to the risk of water hammer occurring in the penstock) on the one hand but result affected by
strong uncertainty on the other. This can be attributed mainly to the high imprecision associated
with the climate change projections.
Future research will focus on overcoming the current limitations of the model and on its further
development in order to include other factors having the potential to affect the safety and pro-
ductivity of the stations (e.g. temperature rise, droughts etc.). Indeed, the inclusion of further
climate variables could result helpful in order to better track the evolution of the risk in time
and hence in defining suitable precautionary measures able to effectively tackle future risks
threatening both existing and new facilities.
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Abstract. This paper addresses the development of a stochastic multi-objective optimisation 
methodology and its implementation in the manufacturing of thick composite parts. Boundary 
conditions variability was quantified conducting a series of experiments and stochastic objects 
have been developed representing these uncertainties. The stochastic optimisation scheme takes 
into account the uncertainty of process parameters and boundary conditions and identifies op-
timal solutions that minimise process outcomes such as process duration and extent of defect 
formation and their uncertainty. The Kriging method was implemented to construct a compu-
tationally efficient surrogate model of manufacturing based on sample points selected by the 
Latin Hypercube Sampling (LHS) method and generated by a Finite Element (FE) model of the 
process. Response surfaces were constructed to test the accuracy of the surrogate model against 
the FE solution. A Genetic Algorithm (GA) was utilised to solve the multi-objective optimisation 
problem. The surrogate model was coupled with Monte Carlo (MC) and integrated into the 
stochastic multi-objective optimisation framework. The results show that a significant reduc-
tion in process duration and process induced defects variability in comparison with conven-
tional processing conditions of up to 80% and 40% respectively can be achieved by the 
optimisation. 
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1 INTRODUCTION 
Thermosetting matrix fibrous composites have been widely utilised in a variety of applica-

tions in industry due to their excellent mechanical properties combined with low weight.  The 
cure process, which is the last stage of thermosetting composite fabrication, is a non-linear heat 
transfer phenomenon, during which the exothermic reaction transforms the matrix from an oli-
gomeric liquid to a glassy solid. This spontaneous cross linking reaction results in the genera-
tion of a significant amount of heat which, in addition to the low thermal conductivity of the 
material in the through thickness direction, can lead to significant thermal gradients. Tempera-
ture overshoots can result in material degradation and excessive thermal stresses which can be 
critical in the case of high temperature operation [1]. Also, thermal gradients through the thick-
ness lead to non-uniformity of degree of cure. 

Conventional manufacturing processes reduce the probability of significant exothermic phe-
nomena by using conservative thermal profiles. These usually involve long dwell at relatively 
lower temperatures, which naturally result in long process durations and high manufacturing 
costs. In this context, multi-objective optimisation of composites manufacturing offers an op-
portunity for the minimisation of potential cure process-induced defects and cost. The selection 
of optimal cure profiles in order to minimise cure time and cure process-induced defects has 
been investigated as a single-objective optimisation problem [2-4] whilst the multi-objective 
problem has been addressed recently [3] showing a trade-off behaviour with an L shape Pareto 
front formed by process designs that minimise temperature overshoot and process duration. A 
number of these solutions represent considerable improvements in both process time and tem-
perature overshoot.  

The manufacture of composite materials involves many parameters presenting considerable 
variability [4]. This variability induces uncertainty into the manufacturing process and affects 
its outcome. These uncertainties can also initiate process defects resulting in significantly 
amount of rejected parts associated with considerable cost. Stochastic simulation methodolo-
gies have recently started to be developed in order to address the uncertainties in composites 
manufacture and to investigate their influence in process outcomes such as cure time, geomet-
rical distortion and temperature overshoot. The cure process includes different sources of vari-
ability in process parameters (cure kinetics) and boundary conditions (heat transfer coefficient, 
tool temperature). Cure kinetics parameters variability has been quantified experimentally using 
Differential Scanning Calorimetry (DSC) [5]. The initial degree of cure, activation energy and 
reaction order present significant variability introducing a coefficient of variation of approxi-
mately 30% in temperature overshoot and resulting in potential defects into the cured part. In 
terms of boundary conditions, experiments and stochastic models have shown carried out for 
the quantification of boundary conditions variability in an infusion process [6]. Stochastic mod-
els developed representing this variability integrated with an existing model of cure kinetics 
uncertainty to examine variability impact in the process outcomes. The surface heat transfer 
and tool temperature variability cause significant variability in cure time reaching a coefficient 
of variation of approximately 20% [6]. Tool temperature variability has the greatest influence 
on process outcome [7] whilst, higher levels of uncertainty increase the optimal cure time [8]. 

A stochastic multi-objective optimisation framework has been developed in the present study 
integrating a stochastic simulation method (Monte Carlo scheme) and a Genetic Algorithm (GA) 
in order to minimise the cure process time and temperature overshoot as well as their uncer-
tainty. The manufacturing process boundary conditions (convection heat transfer coefficient, 
surface temperature) variability has been quantified experimentally. Stochastic objects repre-
senting the boundary conditions variability have been developed and incorporated into the sto-
chastic simulation scheme. A surrogate model was developed using the Kriging method 
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replacing the FE model and reducing significantly the computational effort. The methodology 
is applied to the case of a thick flat carbon fibre-epoxy laminate. 

2 METHODOLOGY 

2.1 Cure Simulation 
A thermal cure simulation model was developed in the finite element solver MSC.Marc to 

simulate the curing stage of an infusion process in an oven. Figure 1 depicts a schematic repre-
sentation of the model geometry and boundary conditions. The model represents a flat compo-
site panel and comprises 26 3D iso-parametric eight-node composite brick elements of type 175 
in MSC.Marc for thermal analysis [9]. Each element comprises two plies of Hexcel G1157 
pseudo unidirectional carbon fibre reinforcement with 0.3 mm nominal thickness. Conse-
quently, the overall thickness of the flat laminate is 15.6 mm. The matrix is Hexcel RTM6 
epoxy resin. The boundary conditions illustrated in Figure 1 are implemented using user sub-
routines FORCDT and UFILM for time dependent prescribed temperature and forced air con-
vection respectively [10]. A two dwell cure profile as shown in Figure 2 is applied on the lower 
surface of the composite part by selecting the following parameters; 1st dwell temperature 𝑇1, 
2nd dwell temperature 𝑇2, 1st and 2nd dwell time 𝑑𝑡1 and 𝑑𝑡2 respectively, and ramp rate 𝑟. Due 
to the symmetry across the width of the part, the heat transfer model was solved as a transient 
1D heat transfer problem. The initial condition was considered to be 2% degree of cure and 
uniform temperature after the end of filling. User subroutines UCURE, USPCHT, and 
ANKOND were utilised  for the integration of material sub-models, cure reaction kinetics, spe-
cific heat capacity and thermal conductivity respectively [10].  

The cure kinetics model is a combination of an nth order model an autocatalytic model [11]. 
The cure reaction rate in is calculated as follows: 

𝑑𝑎

𝑑𝑡
= 𝑘1(1 − 𝑎)𝑛1 + 𝑘2(1 − 𝑎)𝑛2𝑎𝑚 (1) 

where 𝑎 is the current degree of cure, 𝑚, 𝑛1, 𝑛2the reaction orders, 𝑘1 and 𝑘2 the reaction rate 
constants following an Arrhenius law: 

𝑘1 = 𝐴1𝑒(−𝐸1/𝑅𝑇) (2) 
 𝑘2 = 𝐴2𝑒(−𝐸2/𝑅𝑇) (3) 

where 𝐴1, 𝐴2 denote pre-exponential factors, 𝐸 the activation energy and 𝑅 the universal gas 
constant. Model constants values are reported in [12]. 

 
Figure 1 Model schematic representation. 
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Figure 2 Two-dwell cure profile. 

The specific heat capacity of the resin and the fibre is calculated using experimental data 
obtained by modulated differential scanning calorimetry [2]. The specific heat capacity of the 
composite is computed making use of the rule of mixtures as follows: 

𝑐𝑝 = 𝑤𝑓𝑐𝑝𝑓 + (1 − 𝑤𝑓)𝑐𝑝𝑟 (4) 
where 𝑤𝑓 is the fibre weight fraction, 𝑐𝑝𝑓 the fibre specific heat capacity and 𝑐𝑝𝑟 the specific 
heat capacity of the resin. The thermal conductivity of the anisotropic composite material in the 
longitudinal direction is computed using an appropriate geometry-based model [13] and can be 
expressed as follows: 

𝐾11 = 𝑣𝑓𝐾𝑙𝑓 + (1 − 𝑣𝑓)𝐾𝑟 (5) 
where 𝑣𝑓 is the fibre volume fraction, 𝐾𝑙𝑓 and 𝐾𝑟 are the thermal conductivity of the fibre in 
the longitudinal direction and of the resin, respectively. In the transverse direction the thermal 
conductivity is calculated as follows: 

𝐾22 = 𝐾33 = 𝑣𝑓𝐾𝑟 (
𝐾𝑡𝑓

𝐾𝑟

− 1) + 𝐾𝑟 (
1

2
−

𝐾𝑡𝑓

2𝐾𝑟
) + 𝐾𝑟 (

𝐾𝑡𝑓

𝐾𝑟

1) √𝑣𝑓
2 − 𝑣𝑓 +

(
𝐾𝑡𝑓

𝐾𝑟
+ 1)

2

(
2𝐾𝑡𝑓

𝐾𝑟
− 2)

2 (6) 

where 𝐾𝑡𝑓 is the thermal conductivity of the fibre in the transverse direction.  

2.2 Surrogate model 
The utilisation of FE analysis for the simulation of cure requires high computational time. 

In terms of stochastic simulation and multi-objective optimisation problems, the use of FE 
model becomes computationally highly demanding. A surrogate model was constructed using 
the Kriging method to address this high computational effort replacing the FE-model. Figure 3 
shows the procedure of surrogate model development. The Kriging method requires a set of 
input points and their responses generated using FE analysis. Latin Hypercube Sampling (LHS) 
[14], a random sample generation method, was chosen for generating a sample of 15000 input 
values and their responses. In this study, the 1st and 2nd dwell temperature, 1st dwell time, heat 
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transfer coefficient, reaction order and activation energy have been considered as input param-
eters. Table 1 presents the input ranges of the initial design space. The outputs of the surrogate 
model are the cure time and temperature overshoot. Cure time is considered as the time at which 
the minimum degree of cure of the part is greater than 0.88, which is the degree of cure at which 
the epoxy resin (RTM6) reaches during an isothermal cure at 180°C, whilst temperature over-
shoot is the maximum difference between tool temperature and local temperature of the lami-
nate during curing.  

Kriging allows the estimation of untried parameters values to be made without bias and with 
minimum variance and more accurately in comparison with low order polynomial regression 
models [15]. 

Given a set of 𝑚 design sites  
𝑆 = [𝑠1 𝑠2 ⋯ 𝑠𝑚]Τ with 𝑠𝑖 ∈ ℝ𝑛 (7) 

and responses 
𝑌 = [𝑦1 𝑦2 ⋯ 𝑦𝑚]Τ with 𝑦𝑖 ∈ ℝ𝑞 (8) 

 

The data is assumed to satisfy the normalisation conditions 
𝜇[𝑆:,𝑗] = 0,         𝑉[𝑆:,𝑗, 𝑆:,𝑗] = 1, 𝑗 = 1, . . . , 𝑛   (9) 

𝜇[𝑌:,𝑗] = 0, 𝑉[𝑌:,𝑗, 𝑌:,𝑗] = 1, 𝑗 = 1, . . . , 𝑞 (10) 
where 𝜇[∙] and 𝑉[∙,∙] denote the mean and the covariance respectively.  

The Kriging model treats the deterministic response vector 𝑦(𝑥) ∈ ℝ𝑞, for a 𝑛 dimensional 
input 𝑥 ∈ 𝒟 ⊆ ℝ𝑛 as a realisation of a regression model ℱ and a random field, 

�̂�𝑙(𝑥) = ℱ(𝛽:,𝑙, 𝑥) + 𝑧𝑙(𝑥), 𝑙 = 1, . . . , 𝑞  (11) 
The regression model ℱ is a linear combination of 𝑝 chosen functions 𝑓𝑗(𝑥): ℝ𝑛 ⟼ ℝ, 

ℱ(𝛽:,𝑙, 𝑥) = 𝛽1,𝑙𝑓1(𝑥) + ⋯ 𝛽𝑝,𝑙𝑓𝑝(𝑥) 

= [𝑓1(𝑥) ⋯ 𝑓𝑝(𝑥)]𝛽:,𝑙 
≡ 𝑓(𝑥)Τ𝛽:,𝑙 

(12) 

where the coefficients {𝛽𝑝,𝑙} are regression parameters. 
The random field 𝑧 is assumed to have mean zero and covariance 

𝐸[𝑧𝑙(𝑤)𝑧𝑙(𝑥)] = 𝜎𝑙
2𝑅(𝜃, 𝑤, 𝑥), 𝑙 = 1, . . . , 𝑞 (13) 

where 𝜎𝑙
2 is the field variance for the 𝑙th component of the response and 𝑅(𝜃, 𝑤, 𝑥) is the corre-

lation surface with parameter vector 𝜃. 
 

 
Figure 3 Surrogate model construction methodology. 
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Table 1 Range of surrogate model input parameters. 
Parameters Range 

𝑇1[℃] 135-175 
𝑇2[℃] 175-215 

𝑑𝑡1[𝑚𝑖𝑛] 42-300 
ℎ[𝑊/𝑚2/°𝐶] 13.8-21.8 

𝐸2[𝐽/𝑚𝑜𝑙] 56020-59620 
𝑚 1.008-1.572 

For the set 𝑆 of design sites, an 𝑚 × 𝑝 design matrix 𝐹  can be constructed with 𝐹𝑖𝑗 = 𝑓𝑗(𝑠𝑖), 

𝐹 = [𝑓(𝑠1) ⋯ 𝑓(𝑠𝑚)]Τ (14) 
The 𝑚 × 𝑝 correlation matrix 𝑅 can be constructed as 

 

𝑅𝑖𝑗 = ℛ(𝜃, 𝑠𝑖, 𝑠𝑗), 𝑖, 𝑗 = 1, . . . , 𝑚 (15) 
 

The fitted regression parameter 𝛽∗, a 𝑝 × 𝑞 matrix, can be calculated considering matrices 𝐹 
and 𝑅, using least squares as follows: 

𝛽∗ = (𝐹T𝑅−1𝐹)−1𝐹T𝑅−1𝑌 (16) 
For any untried design point 𝑥, the vector 𝑟(𝑥) of correlations between different 𝑧 at design 

sites and 𝑥, can be defined as 
𝑟(𝑥) = [ ℛ(𝜃, 𝑠1, 𝑥) ⋯ ℛ(𝜃, 𝑠𝑚, 𝑥)]T (17) 

Therefore, the Kriging predictor is 
�̂�(𝑥) = 𝑓(𝑥)T𝛽∗ + 𝑟(𝑥)T𝛾∗ (18) 

where the 𝑚 × 𝑞 matrix 𝛾∗can be calculated through the residuals, 
𝑅𝛾∗ = 𝑌 − 𝐹𝛽∗ (19) 

Matrices 𝛽∗ and 𝛾∗are fixed for a fixed set of design data. Only vectors 𝑓(𝑥) ∈ ℝ𝑝  and 
𝑟(𝑥) ∈ ℝ𝑚 have to be computed for every new 𝑥. 

Correlation models can be divided into two groups, those containing functions that have a 
parabolic behaviour near the origin (Gaussian, Cubic and Spline), and those including functions 
with a linear behaviour near the origin (exponential, linear and spherical). The curing stage is a 
continuously differentiable phenomenon resulting in a parabolic behaviour of correlation func-
tion close to origin. Therefore, a Gaussian function and a 2nd order polynomial were selected 
for the correlation and the regression model respectively. Coefficients 𝛽∗ and 𝛾∗of Eq. (19), the 
2nd order regression and the Gaussian correlation function respectively, were calculated using 
the Matlab toolbox for Kriging modelling [16]. The surrogate model was implemented in C++. 

2.3 Experimental set-up for the quantification of boundary conditions uncertainty 
The uncertainty of boundary conditions was investigated by carrying out a series of experi-

ments using an infusion set-up placed inside in an oven. These experiments aim to quantify the 
variability of the air temperature in the oven and of the surface heat transfer coefficient between 
the vacuum bag and the air. 

Ten experiments were conducted, utilising the set-up depicted in Figures 4 and 5. It com-
prises a CALTHERM E9321V2 oven with an EUROTHERM 2408P4 PID controller, a 10 mm 
aluminium plate, a nylon N64PS-x VAC INNOVATION peel ply fabric, a nylon xR1.2 VAC 
INNOVATION vacuum bag, two K-type thermocouples and two RdF micro-foil heat flux sen-
sors [17].  
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Figure 4 Schematic representation of experimental set-up. 

A carbon fibre-epoxy flat panel fabricated by infusion process was utilised to produce ther-
mal conditions similar to those during the cure of a part. The resin system of the panel was 
Hexcel RTM6, whilst the preform was Hexcel AS7 6k carbon fibre [18] with an areal density 
of 280 g/m2. The composite part was placed on the tooling plate, covered with the peel ply and 
the vacuum bag and sealed before experimental runs.  

The flux sensors were placed on the vacuum bag to measure the forced convection variability 
as well as its spatial dependence. A K-type thermocouple was mounted on the bag to measure 
the surface temperature, whilst a second sensor was placed close to surface but outside the 
thermal boundary layer to monitor air temperature. The temperature was set-up at 160 °C in all 
tests. A National Instruments LabVIEW in house code was utilised for data acquisition and the 
data were acquired with a frequency of 0.8 Hz. 

The micro-foil flux sensor consists of a thin layer, and is a differential thermocouple sensor 
using T-type thermocouples [17]. The sensor measures the temperature on both sides of the thin 
layer, which are used to calculate the heat gain or loss through the thin layer. The same heat 
flux should flow through the sensor and the surface where the sensor is placed. The sensor 
output is a voltage signal which is proportional to heat flux. Specifically, the heat flux �̇� is 
calculated by the following relation: 

�̇� = (𝐻/(𝐶 𝑇𝐹) (20) 
where 𝐻 is the sensor output, whilst 𝐶 and 𝑇𝐹 are a calibration multiplier and a temperature 
multiplication factor respectively, and are provided by the manufacturer. The sensors used in 
these experiments have a calibration multiplier of 0.15 μV/W/m2. The temperature multiplica-
tion factor is a function of temperature and can be found in [17]. The heat transfer coefficient 
ℎ was calculated using the temperatures of the surface 𝑇𝑠 and air in the oven 𝑇𝑎𝑖𝑟 as follows: 

ℎ =
�̇�

𝑇𝑠 − 𝑇𝑎𝑖𝑟
 (21) 

 
 

a) b) 

 
Figure 5 a) CALTHERM E9321V2 oven with a EUROTHERM 2408P4 PID controller and data acquisi-

tion system b) infusion set up with the sensors. 
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2.4 Stochastic simulation 
The stochastic simulation was carried out using a Monte Carlo (MC) scheme. This method 

involves generation of random input stochastic variables using a random number generator. The 
deterministic model is executed a number of times for each set of inputs and the process out-
comes are analysed in term of their probability distributions. The simulation requires a certain 
number of iterations to ensure the convergence in mean and standard deviation.  

2.5 Stochastic multi-objective optimisation 
The aim of stochastic optimisation is to minimise cure time and temperature overshoot and 

their variability by optimising the cure profile parameters. An interface has been developed 
incorporating MC simulation into a Genetic algorithm (GA) for multi-objective optimisation. 
A two dwell cure profile depicted in Figure 2 has been considered and parametrised using three 
parameters; temperature of first and second dwell and the duration of the first dwell. The ranges 
of potential values for each parameter used in optimisation are summarised in Table 2. It should 
be noted that the ramp rate  𝑟 and second dwell time 𝑑𝑡2 are not considered as design parame-
ters in order to reduce the dimensionality of the problem and are equal to 2 °C/min and 𝑑𝑡1 
respectively. The minimisation objectives of the optimisation are the mean values and standard 
deviations of  𝑡𝑐𝑢𝑟𝑒  and   𝛥𝛵𝑚𝑎𝑥 . Figure 6 summarises the steps the stochastic optimisation 
methodology. The GA begins by generating the first population of individuals. A Monte Carlo 
simulation is carried out using the surrogate model for each individual calculating the mean 
value and the standard deviation of cure time and maximum temperature overshoot. A new 
population is generated by a number of operations (crossover, mutation) based on the previous 
population individuals. The GA finishes when a convergence criterion is satisfied and the out-
put is a matrix of the optimal points called Pareto front. 

 

Table 2 Design parameters ranges 
Parameters Range 

𝑇1[℃] 135-175 
𝑇2[℃] 175-215 

𝑑𝑡1[𝑚𝑖𝑛] 42-300 

 
Figure 6 Stochastic multi-objective optimisation framework. 
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3 RESULTS 

3.1 Validation of surrogate model 

Figure 7a shows the dependence of  𝑡𝑐𝑢𝑟𝑒 on 𝑇1 and 𝑑𝑡1, for constant 𝑇2, ℎ, 𝑚 and 𝐸2 equal 
to 195 °C, 17.82 W/m2/°C, 1.29 and 57820 J/mol respectively. The response of the surrogate 
model is in good agreement with the response of the FE model, with an average absolute dif-
ference of 0.56 min. The response surface shows a trade-off between 𝑑𝑡1 and  𝑡𝑐𝑢𝑟𝑒 especially 
in the region of low 𝑇1. Figure 7b illustrates the response surface of temperature overshoot as a 
function of the first and second dwell temperature using the surrogate and FE model. In this 
case the dwell time is equal to 83 min and the remaining input parameters ℎ, 𝑚 and 𝐸2 as re-
ported in the previous case. The average absolute difference is 0.69 °C, showing the high accu-
racy of the surrogate model. The overshoot increases as a function of  𝑇1. A global minimum of 
temperature overshoot is reached for a 𝑇1 in the 140-145 °C range. In this case the first dwell 
advances the chemical reaction as much as possible in order to minimise temperature over-
shoots in the second dwell. The overshoot increases slightly for first dwell temperatures below 
140 °C as the temperature is too low to advance the resin reaction during the first dwell suffi-
ciently to supress generation of higher exothermic effects during the second dwell. 

The use of the surrogate model addresses problems related to computational time, specifi-
cally in the case of stochastic simulations where a large number of iterations is required. A 
typical two-dwell cure profile was utilised as input for Monte Carlo where the number of model 
runs was equal to 1000. Figures 8a and 8b show the cumulative density functions (CDFs) of 
cure time and temperature overshoot respectively, calculated both by the FE and surrogate mod-
els. It can be observed that the two CDFs are in a good agreement.  

 

a) b) 

   
Figure 7 Response surfaces a) cure time as a function of 1st dwell temperature and 1st dwell time b) tem-

perature overshoot as a function of 1st and 2nd dwell temperature.  
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a) b) 

 
Figure 8 Cumulative density functions (CDFs) of a standard two dwell cure profile; a) CDF of cure time 

b) CDF of temperature overshoot. 

3.2 Experimental results 
Figures 9a and 9b summarise the experimental data of heat transfer coefficient and surface 

temperature evolution over time respectively for ten different runs. Both 𝑇𝑠 and ℎ present sig-
nificant variability across different runs. The short term variability can be attributed to the mo-
tion of the air streams inside the oven due to the fan rather than to signal noise effects. The 
surface temperature presents a periodic term over time caused by the temperature controller of 
the oven and short term variability due to random variations. The results of surface heat transfer 
coefficient show only short term variability and a variable level across the runs. These varia-
tions can be attributed to the fact that the air movement is forced by the fan in the oven. 

 
 

a) b) 

 
Figure 9 Experimental results of a) heat transfer coefficient b) surface temperature. 
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3.3 Stochastic objects development 
Fast Fourier Transformation (FFT) implemented in MATLAB was utilised to calculate the 

frequency of  𝑇𝑠. Then, a cosinusoidal fit as shown in Figure 10 was performed making use of 
generalised reduced gradient non-linear optimisation method implemented in MS Excel [19] 
calculating the amplitude of the periodic trend. Consequently, detrending was applied in order 
to generate a stationary process of surface temperature. The Ornstein-Uhlenbeck process (OU), 
which is a mean reverting second order stationary Gaussian process, was utilised to represent 
the surface temperature after detrending. The stochastic differential equation of OU process can 
be written as follows [20]: 

𝑑𝑆 = 𝜆(𝜇 − 𝑆)𝑑𝑡 + 𝜎𝑑𝑊𝑡 (22) 
where 𝑆 is the OU process, 𝑊𝑡 a Brownian motion following a normal distribution with mean 
0 and standard deviation 1 so that 𝑊𝑡~𝑁(0,1), whilst 𝑑𝑊𝑡 follows a normal distribution with 
average 0 and standard deviation √𝑑𝑡 so that 𝑊𝑡~𝑁(0, √𝑑𝑡), 𝜆 controls the speed of reversion 
to the long term average of the process, 𝜎 is the process volatility and 𝜇 is the long term mean 
of the stochastic process. The analytical solution of Eq. (22) has been used in this study to 
develop the stochastic object of surface temperature and can be written as follows [20]: 

𝑆𝑡 = 𝑒−𝜆𝛥𝑡𝑆𝑡−1 + (1 − 𝑒−𝜆𝛥𝑡)𝜇 + 𝜎√
(1 − 𝑒−2𝜆𝛥𝑡)

2𝜆
𝑊𝑡 (23) 

where 𝛥𝑡 is the time increment. 
This procedure was repeated for each experimental run. The stochastic process of surface 

temperature can be expressed as follows: 
 𝑇𝑠 =  𝐴𝑠 +  𝐵𝑠𝑐𝑜𝑠 𝜔𝑠𝑡 +  𝑆𝑠 (24) 

where  𝐴𝑠 is the level of each experimental curve,  𝐵𝑠 and  𝜔𝑠 the amplitude and frequency of 
the cosinusoidal fit respectively, and  𝑆𝑠 the mean reverting stationary stochastic process (OU) 
calculated by Eq. (23). The surface heat transfer coefficient does not involve a periodic trend 
and can be modelled as realisation of a random scalar variable as follows: 

ℎ =  𝐴ℎ +  𝐵ℎ𝑦 (25) 
where  𝐴ℎ is the level,  𝐵ℎ the volatility of the process for each run, and 𝑦 is a standard normal 
variable. The statistical properties as calculated from the different experimental run are pre-
sented in Table 3. 

 
Figure 10 Cosinusoidal fit of surface temperature  
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Table 3 Statistical properties of boundary conditions. 

Boundary conditions Stochastic model 
parameter Mean Standard deviation 

ℎ [(𝑊/𝑚2)/°𝐶]  𝐴ℎ 17.82 1.33 
  𝐵ℎ 2.1 0.1 

𝑇𝑠[℃]  𝐴𝑠 152 1.64 
  𝐵𝑠 0.82 0.086 
  𝜔𝑠 0.02 0.0003 
 𝜆𝑠 0.97 0.4 
 𝜎𝑠 0.4 0.052 
 𝜇𝑠 0.007 0.022 

 

 
Figure 11 Surface temperature variability over time. 

The FE model, described in section 2.1 was used with a time increment of 3 sec to represent 
short term phenomena. The stochastic simulation was compared with the deterministic model 
to evaluate the significance of short term variability. Figure 11 shows the temperature evolution 
with time at the bottom and the middle of the composite part for both stochastic and determin-
istic model. The temperature at the bottom of the part presents a short term variability with 
negligible influence of variability.   

A number of stochastic simulation iterations have been carried out to calculate the average 
and standard deviation of cure time and temperature overshoot over time. It was found that the 
mean value of cure time and temperature overshoot are 94.9 min and 34.6 °C with standard 
deviations 0.07 min and 0.3 °C respectively. The cure time and temperature overshoot of the 
deterministic model were 95 min and 34 °C, indicating the negligible influence of short term 
variability of surface temperature. Similarly, heat transfer coefficient short term variability does 
not affect the cure time and the temperature overshoot. 

According to these results, the stochastic simulation can be carried out considering the var-
iability of the level of surface temperature and surface heat transfer coefficient. Therefore Eq. 
(24) and (25) can be expressed as follows: 

 𝑇𝑠 =  𝐴𝑠 (26) 
ℎ =  𝐴ℎ (27) 

Furthermore, the variability of cure kinetics is controlled by the reaction order 𝑚, and acti-
vation energy 𝐸2 (Eqs. (1),(3)) [12]. Tables 4 and 5 summarise the statistical properties and the 
correlation matrix of 𝑚 and 𝐸2 respectively. 
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Table 4 Statistical properties of stochastic cure kinetics parameters. 
Parameters Mean Standard deviation 

𝑚 1.29 0.094 
𝐸2 [𝐽/𝑚𝑜𝑙] 57820 600 

 
Table 5 Correlation matrix. 

Parameters m 𝐸2 [𝐽/𝑚𝑜𝑙] 
𝑚 1 0.55 

𝐸2 [𝐽/𝑚𝑜𝑙] -0.84 1 

3.4 Stochastic simulation  
 

A Monte Carlo simulation has been carried out for the  standard two dwell cure profile [21] 
in order to investigate the variability of cure time and temperature overshoot. The nominal two 
dwell cure profile comprises one dwell temperature at 160 °C with duration 75 min and a second 
dwell temperature at 180 °C for 75 min, whilst the ramp rate is equal to 1 °C/min. The surface 
temperature 𝑇1 and 𝑇2, surface heat transfer coefficient ℎ, activation energy 𝐸2 and reaction or-
der 𝑚 have been considered as stochastic objects. Figure 12a illustrates the results of Monte 
Carlo for cure time. The mean time converges after 100 iterations and is 111 min, considerably 
faster than standard deviation which converges after about 500 iterations and is equal to 7.5 
min. The results of temperature overshoot are illustrated in Figure 12b. The mean value con-
verges after 100 iterations to 20.5 °C, whilst the standard deviation converges after 400 runs to 
3.4 °C. Cure time and temperature overshoot of the standard cure profile present coefficients of 
variation of 6% and 16.5% respectively, necessitating a thorough investigation of a solution not 
only with the minimum value but with minimum uncertainty.  

a) b) 

 

Figure 12 Monte Carlo simulation results a) Cure time [min] b) Temperature overshoot [°C]. 
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3.5 Stochastic multi-objective optimisation 
A deterministic two-objective optimisation was carried out using the nominal values of input 

parameters. Figures 13a and 13b illustrate box plots of each of stochastic Pareto points of 𝑡𝑐𝑢𝑟𝑒 
and 𝛥𝛵𝑚𝑎𝑥 respectively. In addition, the deterministic Pareto front is illustrated with a solid 
grey line. Pareto fronts of both stochastic and deterministic optimisation are in the form of an 
L-shape curve dividing the objective space into two different regions. A horizontal region in 
which cure time can be reduced significantly without considerable changes in exothermic ef-
fects and a vertical region in which low temperature overshoot can be reduced significantly 
with small changes in cure time. The main difference between he stochastic and deterministic 
Pareto fronts is that the former includes points in which the mean values are dominated by other 
optimal points, which they dominate then in terms of variability, whilst in deterministic the 
domination ranking occurs only in terms of nominal values. Also, the mean values of the sto-
chastic Pareto front present higher cure times than the points of the deterministic Pareto front 
in the case of conservative cure profiles.  

The comparison between an optimal point and a standard two dwell profile, as reported in 
Table 6, illustrates the improvements of stochastic optimisation both in minimisation of mean 
values and variability. Specifically, the optimal cure profile results in reduction of 13% and 51% 
in cure time and temperature overshoot in comparison with the standard cure profile, whilst 
standard deviations are reduced by 66% and 40% respectively.  

Cure time shows an overall lower variability than temperature overshoot with the means of 
coefficient of variation are equal to 2% and 21% for cure time and temperature overshoot re-
spectively. The stochastic Pareto front includes points with cure time values twice as high as 
for deterministic points. These points are included in the stochastic Pareto front because they 
present the highest stability in potential fluctuations of process parameters and boundary con-
ditions. These individuals are generated using conservative cure profiles with low first dwell 
temperature and long first dwell time, therefore the thermal gradients are negligible and the 
duration of cure long. Moreover, the tip of vertical region of stochastic Pareto front includes 
one point in which cure time and temperature present high uncertainty with standard deviations 
of 7 min and 3.6 °C respectively. 

The variability of temperature overshoot of points in the vertical region may result in shifting 
of the stochastic Pareto front in higher or lower values of temperature overshoot than in the 
deterministic case. In the horizontal region stochastic optimal points present higher temperature 
overshoots than deterministic points in the range of 3-4 °C. The results obtained with the sto-
chastic optimisation methodology highlight the significant improvements in terms of minimi-
sation both of mean value and variability of cure time and temperature overshoot in comparison 
with the results of standard cure profiles.  

 
Table 6 Parameters values for optimal points and a standard cure profiles. 

Parameter Optimal point Standard two-dwell 

𝑇1[℃] 145 160 

𝑇2[℃] 211 180 

𝑑𝑡1[𝑚𝑖𝑛] 65 75 
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a) 

 
b) 

Figure 13 Pareto front of stochastic and deterministic multi-objective optimisation a) cure time box plots; 
b) temperature overshoot box plots. 

4 CONCLUSIONS 
The findings of this work highlight the efficient opportunities offered by the stochastic opti-

misation in terms of eliminating cure time and temperature overshoot uncertainty. The utilisa-
tion of stochastic multi-objective optimisation may lead to significant improvements of the 
composites manufacturing process accomplishing more stable solutions than convention pro-
files. In addition, the implementation of the stochastic optimisation in the other stages of man-
ufacturing will result in reduction of process duration and thus in minimisation of the cost.  
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