
ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

COMPARISON BETWEEN A POLYNOMIAL CHAOS
SURROGATE MODEL AND MARKOV CHAIN MONTE

CARLO FOR INVERSE UNCERTAINTY QUANTIFICATION
BASED ON AN ELECTRIC DRIVE TEST BENCH

Philipp Glaser1, Michael Schick1, Kosmas Petridis1, and Vincent Heuveline2

1Robert Bosch GmbH
Robert-Bosch-Campus 1, 71272 Renningen, Germany

e-mail: {philipp.glaser, michael.schick3, kosmas.petridis}@de.bosch.com

2 Engineering Mathematics and Computing Lab (EMCL)
University Heidelberg, 69117 Heidelberg, Germany

e-mail: vincent.heuveline@uni-heidelberg.de

Keywords: Polynomial Chaos Expansion, Sparse Grid, Bayes Inference, Electric Drive
Test Bench, Markov Chain Monte Carlo

Abstract. The development of uncertainty quantification schemes has been pushed for-
ward due to the increasing demands for complex physical and computational simulation
models. In industrial applications, distributions on model parameters play a crucial role
and quantifing them is a big challenge.

In this work, a test bench hardware is presented, which is designed to measure the mo-
tor characteristic of an electric drive. The special aspect of this setup is that parameter
distributions, which in general are unknown, can be defined a priori. The obtained mea-
surements serve as a reference to analyse the convergence of Polynomial Chaos (PC) and
Markov Chain Monte Carlo (MCMC) in context of Bayesian inference.

Our focus is on analysing the feasibility of the PC approach as a surrogate model to
replace the forward model in the Bayesian inference. In comparison to the classical ap-
proach, which directly uses the simulation model, we investigate the number of simulations
needed to obtain a good estimation of the parameter distribution. In addition we use dif-
ferent orders for the PC expansion to fit the surrogate model. In our benchmark, we show
that the PC expansion is able to significantly reduce the computational cost compared to
a pure MCMC approach.
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1 INTRODUCTION

Many industrial applications involve uncertain parameters, for which correct values are
rarely available in a precise way and which have a significant impact on simulation results.
Therefore, the quantification of such uncertainties plays a crucial role, for example, in
face of unknown component tolerances or measurement errors. Among many others, one
challenging task is to infer knowledge on parameter distributions in light of experimental
data.

In this context, Bayesian inference [6, 7, 16] offers a framework to combine numerical
simulations with observed experimental data in order to gain better knowledge on model
parameter uncertainties. One popular method is the so-called Markov Chain Monte Carlo
(MCMC) approach in which the posterior of the model parameters is updated using
correlated Monte Carlo samples. However, in order to achieve a high numerical accuracy,
usually many MCMC samples are required. This can become a large drawback, especially
if the numerical cost of a single simulation becomes prohibitive. In contrast, surrogate
models, like, for example, Polynomial Chaos (PC) expansions [9, 18] provide a meta
description of model output variations with respect to the random input, making the
exploration of the posterior parameter distribution numerically cheap. PC is a spectral
approach which expands the stochastic solution in an orthogonal polynomial basis defined
in terms of the input parameters. The corresponding coefficients in this expansion, which
account for the major part of the numerical cost, may be determined by many different
methods. In our work, we consider a projection based approach [11, 21] to compute the
coefficients using a Smolyak sparse grid numerical cubature [15].

Furthermore, we built a test bench hardware, which is used to measure a motor charac-
teristic of an electric drive with uncertain physical parameters. In our test bench hardware
it is possible to define physical reference parameter distributions a priori and store an ac-
cording set of measurements. This can be seen as a replacement of the electric drive
with another one from series-production for every measurement. An alternative method
to obtain those measurement data would be to pick out a large amount of electric drives
from the production line. For each sample drive a motor characteristic has to be recorded
under a standardized measurement setup. This would increase significantly the time and
cost needed. Afterwards we use this reference data to compare the posterior distribution
obtained from a PC surrogate with the posterior of the MCMC approach starting from
various prior distributions, which are different to the distributions taken to generate our
reference data. Our focus is on the analysis of the truncation error resulting from re-
stricting the total polynomial degree of the PC expansion along with a comparison of the
numerical effort for computing the PC coefficients to the number of samples required for
a pure MCMC approach.

The remainder of this article is organized as follows. Section 2 introduces the used
methods for the approximation of the posterior distributions. In addition the PC surrogate
model is presented and a method for fitting this model is addressed. The summary of
this part is given by a combination of the surrogate model with the Bayesian inference.
In the following section 3 the benchmark problem is introduced. This includes on the one
hand the test bench hardware and on the other hand the underlying simulation model.
The identification and verification between those is one main challenge and analyzed in
a subsection. Besides the simulation model in total, one focus is on the modeling of
physical parameter at the input. This is based on the defined hyperpriors for the mean
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and standard derivation which have to be mapped into one prior. The numerical results
are presented in section 4. We conclude this work and provide an outlook on open research
questions in Section 5.

2 UNCERTAINTY QUANTIFICATION

In the following, a model with a given uncertain parameter space is considered. For
convenience the input and output connection of this forward problem can be represented
by a deterministic mapping

y =M(x),

where x = {x1, . . . , xN}T ∈ RN is a vector of the model parameters uncertainties. The
vector y = RQ represents the model outputs. As the parameter vector x is assumed to
be uncertain, we change notation from x to X. The probability density function (PDF)
pX(x) is assumed to be with independent, scalar components xi (finite noise assumption).
Hence the model outputs are represented by a random vector, too, and are denoted as
follows:

Y =M(X).

2.1 BAYESIAN INFERENCE

The main issue of the Bayesian paradigm is to model uncertainties, e.g., arising from
a lack of knowledge in a probabilistic way. In this work the focus is on model parameters
X and any additional information about those can be described with a prior probability
density pX(x). In the absence of information, one may select a prior that is uninformative,
e.g., a uniform distribution. Our goal is to update the knowledge about X by perform-
ing experiments and using the obtained observations yobs to infer knowledge about the
according pdf of X. The connection between the model parameters and the gathered ob-
servations is expressed by the likelihood function p(yobs|X), which requires the evaluation
of a forward model. Using Bayes’ rule, the posterior density for the model parameters
can be written as

p(X|yobs) = p(yobs|X)p(X)∫
p(yobs|X)p(X)dX . (1)

For convenience the likelihood function can be defined as L(X) := p(yobs|X), which may
be viewed as a function of the model parameters X. A classical approach is than to model
the results from the forward problem with an additive noise:

yobs =M(X) + ε,

where the components of ε are independent and identically distributed random variables
with density pε and the pdf of ε is assumed to be normal distributed with mean µ = 0 and
variance σ = Σ. In this simple case ε includes both the model error and the measurement
error, that can arise for example from sensor noise. The likelihood function can now be
rewritten as follows:

L(X) =
∏
i

pε(yobsi −Mi(X)), (2)
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where Mi(X) :=M(X(i)) denotes the model outputs at the i-th sample X(i).The pos-
terior distribution in equation (1) can be approximated by a Markov Chain Monte Carlo
(MCMC) method. Therefore many simulation runs have to be evaluated, which often are
expensive to compute due to the involved cost of evaluating the forward model Mi(X).
Using a surrogate model, e.g. a Polynomial Chaos expansion, which is described in sub-
section 2.2, can provide a means to decrease the computational costs.

2.2 POLYNOMIAL CHAOS EXPANSION

The original polynomial chaos was first introduced by Wiener [18]. It uses the Hermite
polynomials with respect to Gaussian random variables. It can also be extended to non-
Gaussian measures [2]. Considering the given modelM(X), the output is represented as
a random vector Y . Without loss of generality, a scalar output Y is assumed for simplicity
in the following. The vector case can be obtained by applying the approach component-
wise to the model outputs using the same polynomial basis for each component.

2.2.1 DEFINITION IN ONE-DIMENSIONAL CASE

Assume the probability space (Θ, 2Θ,P), where Θ is the sample space and θ ∈ Θ is
a sample of it. 2Θ is the σ-algebra and P is some probability measure. Now, let Y (θ)
be a random process, treated as a function of θ. The spectral stochastic representation
considered in this work can be seen as an Fourier-like decomposition [12]:

Y (θ) =
∑
i

yiφi(ξ(θ)),

where yi are the spectral coefficients, which have to be determined. The hyperparameter
ξ is defined on the support Θ, corresponding to type of basis polynomials. {ψi}∞i=0 denote
the basis functions, which form an orthogonal basis with the following orthogonality
relation:

〈φj(ξ(θ)), φk(ξ(θ))〉 = E [φj(ξ(θ))φk(ξ(θ))] = E
[
φ2
k(ξ(θ))

]
δjk, j, k ∈ N0, (3)

with the Kronecker delta δjk which is equal 1 if j = k and 0 otherwise. E [φ2
k(ξ(θ))] is

a normalization factor. To simplify the notation, we shall drop the dependence of the
hyperparameter ξ on θ. Suppose that the cumulative distribution function F (ξ) of Y is
absolutely continuous w.r.t. the Lebesque-measure, then the corresponding PDF exists,
such that dF (ξ) = ρ(ξ)dξ. The inner product from equation (3) can be written as:

〈φj(ξ), φk(ξ)〉 = E [φj(ξ)φk(ξ)] =
∫
φj(ξ)φk(ξ)ρ(ξ)dξ, j, k ∈ N0.

Some examples on the correspondence between common continuous distributions on Y
and the type of the generalized PC basis polynomials and the support Θ for the hyper-
parameter ξ [21] can be found in Table 1.

2.2.2 DEFINITION IN MULTI-DIMENSIONAL CASE

Now we assume the hyperparameter ξ to be a random vector ξ = {ξ1, . . . , ξN} with
mutually independent components. The orthogonality relation from equation (3) imme-
diately takes the form (due to independence):

〈φj(ξ), φk(ξ)〉 = E [φj(ξ)φk(ξ)] =
∫
φj(ξ)φk(ξ)ρ(ξ)dξ, 0 ≤ j, k ≤ ∞, (4)
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Table 1: Correspondence between the type of generalized PC polynomial basis and probability distribu-
tion.

distribution generalized PC basis polynomials support
Beta Jacobi [a, b]
Gamma Laguerre [0,∞]
Gaussian Hermite (−∞,∞)
Uniform Legendre [a, b]

where ρ(ξ) = ∏N
i=1 ρi(ξi). Let i = {i1, . . . , iN} ∈ NN

0 denote a multi-index with |i| =
i1 + · · · + iN . The N -variate generalized PC basis functions can be obtained by the
product of the univariate generalized PC polynomials in equation (4):

ψi(ξ) =
N∏
j=1

φij (ξj).

Then, the generalized PC expansion reads:

Y (ξ) =
∞∑
|i|=0

yiψi(ξ),

where yi are the unknown PC coefficients. In addition the multi-index i can be mapped
into a one dimensional index by a one-to-one correspondence, which results in the following
relation:

Y =
∞∑
j=0

yjψj(ξ). (5)

For computational reasons the given polynomials have to be truncated at order p. The
approximation is denoted as Ỹ and can be written as:

Ỹ =
P∑
j=0

ỹjψj(ξ), with P + 1 = (N + p)!
N !p! . (6)

In a second step the PC coefficients ỹj for j = 0, . . . , P in equation (6) have to determined.
The PC coefficients can be recast each as a multidimensional integral which can be com-
puted by multivariate numerical quadrature rule. This approach is called the projection
method and will be used in the following.

Starting from the expansion of the solution in equation (6) the projection method
projects the solution Ỹ against each basis function {ψi} using inner product:

〈
Ỹ , ψi(ξ)

〉
=
〈

P∑
j=0

ỹjψj(ξ), ψi(ξ)
〉
. (7)

By applying the orthogonality property of the basis polynomials in equation (3), the
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right-hand side of the equation (7) can be modified as follows:

E
[
Ỹ ψj(ξ)

]
=
〈
Ỹ , ψi(ξ)

〉
=
〈

P∑
j=0

ỹjψj(ξ), ψi(ξ)
〉

=
P∑
j=0

ỹjE [ψj(ξ)ψi(ξ)]

=
P∑
j=0

ỹjE
[
ψ2
j (ξ)

]
δij.

Thereby the PC coefficients result in

ỹj = 1
E
[
ψ2
j (ξ)

]E [Ỹ ψj(ξ)
]
, for j = 0, . . . , P,

with Ỹ , that can be seen as an approximation of the random process. If we assume that
ξ is continuous then the orthogonality can be written as:

ỹj = 1
E
[
ψ2
j (ξ)

] ∫
RN
M̃(ξ)ψj(ξ)ρ(ξ)dξ, for j = 0, . . . , P, (8)

where ρ(x) is the multivariate distribution density. The PC coefficients in equation (8)
can be estimated numerically based on discretization. The integration can be done e.g.
using a full tensor quadrature rule with order r and weights wi. Hence the total number
of quadrature points computes to:

R = (r)N (9)

and the approximation of the PC coefficients can be expressed as:

ỹj ≈ ŷj = 1
E
[
ψ2
j (ξ)

] R∑
i=1

Ỹ (ξi)ψj(ξ(i))wi, for j = 0, . . . , P. (10)

2.3 SPARSE GRID

One limitation of the full grid approach is the severe exponential growth of the required
simulations related to the number of dimensions in the parameter space. Given that,
modifications has to be done to make the method applicable to complex models. One
approach considers the choice of the nodes where the model is evaluated by selecting
’important’ points. This is called sparse grid and it can reduce the number of evaluations
appreciably.

Based on a spectral projection method described in the previous section 2.2 it is es-
sential to give a selection of nodes to approximate the multidimensional integral in equa-
tion (8) with a discrete sum given in equation (10). We use a set of points generated
by Gauss quadrature. This rule approximates best for the one-dimensional case (N = 1)
[19, 21]. In the multi-dimensional case (N > 1) the total number of simulation points
grows fast in high dimensional random parameter space.

It is obvious from equation (9) that even for a proportionally small parameter space
N � 1 and an adequate PC order of p = 3, it can be assumed that Q = 4N � 1. With
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Figure 1: Comparison of two-dimensional grids based on the same one-dimensional nodes based on a
two-dimensional parameter space. Left: full grid with 1089 nodes. Right: sparse grid with 145 nodes.

respect to this property the full grid rule is only used at lower dimensions. To reuse the
spectral projection method sparse grids are proposed in this context [20]. Those were
introduced in [15] and they are first used in the context of multivariate integration [8, 14].

The Smolyak algorithm is a linear combination of product formulas and based on a
one-dimensional interpolation formula for an univariate function f

Q1
jf :=

n1
j∑

i=1
wjif(xji),

with the nodal sets Θ1
j =

(
xj1, . . . , xjn1

j

)
. The Smolyak algorithm [8] is given:

Qk
jf =

∑
j≤|i|1≤j+k−1

(−1)j+k−|i|1−1
(

k − 1
|i|1 − j

)
(Q1

i1 ⊗ · · · ⊗Q
1
ik

)f, (11)

where i = (i1, . . . , iN) ∈ N. The points of the multivariate Smolyak formula in equa-
tion (11) form a sparse grid given by the union over the parwise disjoint nodal sets:

ΘN =
⋃

j≤|i|1≤j+k−1
(Θ1

i1 ⊗ · · · ⊗Θ1
ik

).

Figure 1 shows the comparison of a full and sparse grid based on a two dimensional
parameter space. It can be seen that the sparse grid based on the Smolyak algorithm [15]
is a subset of the full grid and it consists of less simulation points than the full tensor
grid. This opens up the possibility of considering higher dimensional random parameter
spaces in combination with the PC expansion [1, 5, 11].

2.4 BAYESIAN INFERENCE WITH A PC SURROGATE MODEL

The integration of the PC surrogate model with a suitable sparse grid approach and the
Bayesian inference can be done in the following way. The assumptions on the parameter
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distributions can be used to define priors p(X) for the uncertain model parameters. With
knowledge of the PC coefficients obtained in equation (10), an approximation for the
density function of model output Ŷ = M̂p(ξ(X)) with order P , which can be seen
as an surrogate model.To simplify the notation, we shall drop the dependence of the
hyperparameter ξ on X and the PC surrogate model reads:

M̂P (ξ) =
P∑
j=0

ŷjψj(ξ).

The likelihood function L(X) from equation (2) results in the following approximation:

L̂(X) =
∏
i

pε
(
yobsi − M̂P (ξ)

)
=
∏
i

pε

yobsi − P∑
j=0

ŷjψj(ξ)
 . (12)

Applying the obtained result to equation (1) and excluding the normalization in the
denominator for an instant, one achieve the following:

p(X|yobs) ∝ L(X)p(X) =
∏
i

pε

yobsi − P∑
j=0

ŷjψj(ξ)
 p(X). (13)

As mentioned above, one approach to estimate the posterior parameter distributions
p(X|yobs) is to employ MCMC methods, which construct a Markov chain on the pa-
rameter space X, whose steady state distribution is the posterior distribution of interest.

3 BENCHMARK PROBLEM

One main challenge is the validation of the resulting posterior distributions by apply-
ing the methods mentioned in section 2 to a real application case. One reason is that
parameter distributions can not easy obtained in many cases or determining them is very
expensive. On the other hand measurements of the outputs can be gathered simply.

For this purpose a test bench hardware is built up and there it is possible to vary the
voltage supply and the winding resistance in an automatic way. This offers the possibility
to define parameter distributions and run the test bench on them. For the resulting
measurements the based parameter variations are known. Besides that, different motor
characteristics can be chosen and recorded. The given model of an electric drive consists
of a motor and a worm gear. Besides the electrical and mechanical relations, a detailed
thermal model is available. To obtain a good fitting between the test bench and the
model, a parameter identification, described in section 3.3, was performed.

3.1 TEST BENCH HARDWARE

The electric drive (cf. figure 2, 1©) contains the motor and the gearing and is attached
to a plate, which is connected to the mounting (cf. figure 2, 6©) of the test bench. Several
temperature sensors are fixed to the motor and the gear housing. The motor shaft is
connected with a torque sensor (cf. figure 2, 2©). In addition the rotational speed can
be measured. The electromagnetic powder break (cf. figure 2, 3©) enables the test bench
to perform different series of measurements, which can range from static operating mode
through motor characteristics. To compensate the resulting shaft misalignments, metal
bellow-type couplings (cf. figure 2, 5©) are used for the link between the components.
The electric drive is connected with a power supply (cf. figure 2, 4©).
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Figure 2: Schematic view on the test bench hardware.
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electric drive model
u(t)

θ

y(t)

Figure 3: Schematic view on the electric drive model with the input/output connections.

The special feature of the test bench is the possibility to add uncertainties, which
influences the power supply voltage of the drive and the characteristics of the electric
motor. Hence, this can be done in an automatic way without replacing the electric drive
or the power supply. For this reason many measurements based on given parameter
variations can be generated.

3.2 SIMULATION MODEL

The given model of an electric drive consists of a motor and a worm gear. Beside
the electrical and mechanical relations, a detailed thermal model is provided. They are
strongly connected in both directions by internal states, cf. Fig. 3. The electric drive
has eight model parameters and one input which is considered as uncertain. We assume
that it is independent and identically distributed with a Gaussian distribution. To get
a general view on the model, simplified equations are representing the correlations of
the parts. The electric and mechanic part is characterized by the two states which are
the current I(t) and motor speed ω(t). The ordinary differential equations are given as
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follows:

d

dt
I(t) = 1

L

[
−RI(t)− cmω(t) +

(
U(t)− Udrop(I(t))

)]
, (14)

d

dt
ω(t) = 1

J

[
− τload(t)ig +

((
τmotor(I(t), cm)

)
− τfric

(
ω(t), η

))
η
]
. (15)

The inputs of the simulation model are the voltage U(t) and the load torque τload(t)
which are summarized as u(t). The parameters are defined as the winding resistance R,
the motor constant cm, the inductance L, the gear ratio ig and the gear efficiency η. The
voltage drop Udrop(I(t)) is approximated by a polynomial of high order depending on the
current I(t).

The motor torque τmotor can be characterized by the following equation:

τmotor(I(t), cm) = cmI − τloss(εiron),

where the losses in the copper, the iron and by hysteresis are summarized. They can be
adapted by the parameter εiron. The mechanical friction losses can be described by the
following nonlinear function:

τfric = f(ω(t), η, µA, µB),

which only shows the dependences for the sake of simplicity. The losses in the bearings
A and B can be modified by the parameters µA and µB.

The thermal model of the electric drive is subdivided into several parts related to the
mechanical structure. The link with the two states given in equations (14) and (15) are
provided with the thermal power losses. The additional states are the temperatures at

• the magnet Tmagnet,

• the bearings A TbearingA and B TbearingB,

• the minus brush Tbrush,

• the worm Tworm and

• the coil Tcoil.

The interconnection with the electrical and mechanical model are as follows:

R = R0 [1 + α (Tcoil − Tamb)] ,

cm =
6∑

n=0
kp(n)In, with kp(n) =

6∑
i=0

bn(i)T imagnet,

η = g(Tworm), g ∈ nonlinear function,
τfric = h(TberaingA, TberaingB) h ∈ nonlinear function.
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3.3 OBTAINING MEASUREMENT DATA AND PARAMETER IDENTI-
FICATION

On main part of the benchmark problem is the parameter identification of the in-
troduced model in subsection 3.2 with the measurements obtained from the test bench
mentioned in subsection 3.1. In this paper, the temperatures of the system supposed to
be at a stationary level and therefore the measurements have to be taken in a bounded
temperature range:

Tbrush = Tbrush,stat ± 1[K], Tmagnet = Tmagnet,stat ± 0.5[K],
Twinding = Twinding,stat ± 0.5[K], Tworm = Tworm,stat ± 1.5[K].

This can be obtained by monitoring the temperature levels and run a warm-up sequence
before the measurements are recorded. A measurement i starts at time ti0 and records the
time responses of the outputs. After a fixed time ∆t the measurement is finished. The
resulting data can be called measurement run i and contains Imeasured,i(t), ωmeasured,i(t)
within the range t ∈ [ti0, ti0 + ∆t]. Moreover, the voltage U(t) is set to a stationary value
in run i using the Heaviside step function:

U(t) = ÛiH(t), t ∈ [ti0, ti0 + ∆t].

Before the next run is started, the electric drive is switched off by setting the voltage U(t >
ti0 + ∆t) to zero. The next run i+ 1 will then start at time ti+1

0 > ti0 + ∆t with stationary
voltage Ûi+1. This offers the opportunity to vary the model input Û = [Û1, Û2, . . . ] over
the measurement runs 1, 2, . . . , or to put it another way, the electric drive is switched on
in every run and the variation can be seen in the different stationary input voltages.

For the identification of the simulation model a measurement run at Ûident is performed
and the obtained data over time is used to fit the physical model parameters:

θ = [R, cm, L, J, ηiron, µA, µB, µworm] .

This nonlinear optimization problem is solved using the Matlab Optimization Toolbox
[17] with the function lsqnonlin which includes a large-scale algorithm. This algorithm
is a subspace trust-region method and is based on the interior-reflective Newton method
described in [3] and [4]. Each iteration involves the approximate solution of a large
linear system using the method of preconditioned conjugate gradients. The estimated
parameters are denoted as θ̂ in the following.

3.4 MODELING OF PHYSICAL PARAMETER

Instead of using a non-parametric Bayesian model, it is assumed that the distribution
of the physical parameter U belongs to a Normal distribution. This leads to a parametric
model which has to be extended in the following way:

Ũ(µU , σU , ξU) = µU + σUξU ,

with the hyperprior µU and the hyperprior σU . The parameter ξU is Normal distributed
with expected value 0 and standard derivation 1. The interconnection of the parameter
and the simulation model is shown in figure 4.
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Figure 4: Parameter mapping.

Using the parametric model the likelihood function in equation (13) can be rewritten
in the following way:

L̂(X) =
∏
i

pε

yobsi − M∑
j=0

ŷi,jψ(ξµ(µU), ξσ(σU), ξU)
 ,

where ξµ(µU) and ξσ(σU) are hyperparameters of the PC surrogate model with the map-
ping:

ξµ(µU) = µU − E[P (µU)]√
V ar(P (µU))

, ξσ(σU) = σU − E[P (σU)]√
V ar(P (σU))

.

4 NUMERICAL RESULTS

We assume a constant load scenario with τload = 3Nm and a stationary input voltage
Û . For this reason the observed motor speed ω will reach a steady state. In the following
all given quantities are normalized with a fixed maximum value.

The physical parameter of the stationary voltage Û is assumed to be Normal distributed
with the expected value µU,real = 0.9 and the standard derivation σU,real = 0.047. The
number of measurement runs is set to 100 and ∆t is fixed to 10 [s]. The data can be
obtained using Û = [Û1, . . . , Û100], which are drawn from the assumed distribution. Based
on the setting a steady state of the motor speed ωmeasured,i(t) will be reached after time
t = tsteady with 0 < tsteady ≤ ∆t for each run i and a stationary value for the motor speed
ωsteady,i = ωmeasured,i(tsteady) can be obtained. This means that for every measurement
run a scalar value for the motor speed is taken into account, instead of a time behavior.

Based on the measurement runs i = 1, . . . , 100 an error εi between the data ωmeas,i =
ωsteady,i and the simulation model ωsim,i =M(Ûi, θ̂) can be defined. This is illustrated in
figure 5. The resulting error ε can be described by the stochastic moments:

µε = 0.00015, σε = 0.00603.

Applying the MCMC method to the described benchmark problem and the measured
data, the Metropolis-Hastings algorithm [10, 13] is used for the estimation of posterior dis-
tribution. The priors are assumed to be Uniform distributed with the following stochastic
moments:

P (µ) = U(0.65, 1), P (σ) = U(0, 0.065).
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Figure 5: The first plot shows the normalized model output ω at a stationary time point tsteady for
the measurement (•) and the simulation result (+). The second plot shows the error ε between the
measurement and the simulation output. The third plot shows the corresponding normalized voltage for
the model evaluation.
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Figure 6: This figure shows the result of the MCMC estimation. The first plot contains the prior and
posterior PDF of the hyperparameter µU . The second plot visualize the trace.
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Figure 7: This figure shows the result of the MCMC estimation. The first plot contains the prior and
posterior PDF of the hyperparameter σU . The second plot visualize the trace.
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Figure 8: This figure shows the result of the PC surrogate approach. The first plot contains the prior
and posterior PDF of the hyperparameter µU . The second plot visualize the trace.
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Figure 9: This figure shows the result of the PC surrogate approach. The first plot contains the prior
and posterior PDF of the hyperparameter σU . The second plot visualize the trace.
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Note that the first 10% of the MCMC runs are thrown away to give the Markov Chain
time to reach its equilibrium distribution. The results of the posterior distribution using a
pure MCMC approach is shown in figure 6 and figure 7. The expected values for the mean
and standard derivation of the voltage are well approximated. However, we stopped the
iteration at 10, 000 MCMC samples, since the involved computational cost of evaluating
the forward model became prohibitive.

The results of the posterior distribution using a MCMC approach based on a PC
surrogate model is shown in figure 8 and figure 9. As before the expected values are
well approximated and compared to the method without a surrogate model the duration
for the estimation was reduced significant. In this case a polynomial order of p = 3
was assumed and Q = 111 evaluations on the simulation model were performed. Note
that increasing the polynomial order in the PC expansion did not provide any further
improvement in the approximation of the mean and standard derivation. The remaining
uncertainty represents the effect of the discrepancy between simulation model and reality
in combination with measurement noise.

5 CONCLUSIONS

We presented a comparison between a PC surrogate model and a MCMC approach
for inverse UQ. The used benchmark problem is based on an electric drive test bench
hardware. The advantage of this setting is the possibility to define a distribution for an
uncertain parameter at the system input. Based on the design of experiment measurement
data can be recorded under real-world conditions. This approach gives us the ability to
compare the gained results from the method with the assumed, or to put it another way,
predefined distributions, which are in general not known.

We focused on the implementation of a MCMC approach, which uses the recorded
data with 100 measurement runs. The estimation of the posterior distributions was done
using a PC surrogate model in addition to run all evaluations on the simulation model.
Due to the fact, that the time for a single simulation run is quite high and therefore the
number of evaluations is limited in an industrial context. The duration, which is needed
for the estimation of the posterior distributions, can be reduced significantly by using a
PC surrogate model. For the pure MCMC run 1, 000, 000 evaluations were needed. In
contrast, 111 runs on the simulation model were performed to fit the PC surrogate model.
Afterwards 100, 000, 000 evaluations on the surrogate model for the MCMC approach were
done. In addition, the obtained results for both approaches are satisfying.

Our current work is to investigate different types of distributions. Beside that, more
uncertain parameters are take into account.
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