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Abstract. A thin elastic multilayered plate consisting of alternating hard and soft isotropic
layers is studied. One of the face planes is subject to a normal pressure and the other face
plane is free. A formula for the deflection of an infinite plate under a doubly periodic external
force is delivered using asymptotic expansions. This formula is also applied for a rectangular
plate with Navier boundary conditions on its edges. The maximal deflection is accepted as
a measure of the plate stiffness. The purpose of the present paper is to obtain an expression for
the plate deflection and find an optimal distribution of hard and soft layers assuming that their
total thicknesses are given. The Monte Carlo method is used for finding the optimal distribution
of layers.

3423



1 INTRODUCTION

The 2D classical equation for a plate was obtained by Sophie Germain in 1808 with the
purpose of explaining Chladni figures. The equation of a plate bending can be obtained on the
basis of the Kirchhoff-Love (KL) hypotheses [1, 2]. The more involved and sometimes more
exact equation, which takes into account the transversal shear, follows from the Timoshenko—
Reissner (TR) hypotheses [3, 4].

The 2D models of plates and shells are chiefly based on the 3D equations of the theory of
elasticity. The methods of unknown functions expansions in series of Legendre polynomials in
the thickness direction were used in [5, 6]. Numerous investigations [7-9] were devoted to the
derivation of 2D equations by using asymptotic expansions in power series in the small param-
eter u = h/L, which is equal to the dimensionless plate thickness (h and L are, respectively,
the thickness and the typical wave length in the tangential directions). A different approach
[10,11] rests on the direct derivation of 2D equations of plates and shells without referring to
a 3D media. An account of general problems of the plates theory may be found in the books
[12-14].

The present paper is concerned with a thin plate of constant thickness made of a linearly
elastic material that is transversally isotropic and heterogeneous in the thickness direction. For
a transversally isotropic material the accepted simplification [15], for which a 3D system of
sixth order of the theory of elasticity splits into systems of second and fourth orders, is possible.
Asymptotic expansions in powers of the small thickness parameter p are constructed, the bend-
ing equation of second-order accuracy (the SA model) is obtained. The origin of this paper is
the paper [16], in which an isotropic homogeneous plate is studied, and the paper [8], in which
a heterogeneous plate is briefly examined. For a multi-layer plate with alternating hard and soft
layers, an explicit formula based on the SA model for the maximum deflection is delivered.
The results of the SA model are compared with the KL classical model and also with the exact
numerical solution. The ratio = FE,/F; of the soft and hard Young moduli changes in a very
wide range (0.0001 < n < 1).

The aforementioned formula is obtained for an infinite in the tangential directions plate sub-
ject to a doubly periodic external load. After employing the Fourier expansions this formula is
applied to a rectangular plate with the Navier boundary conditions.

For a multi-layer plate with alternating hard and soft layers, the distribution of layer thick-
nesses, which gives the maximum bending stiffness, is found. Here it is assumed that the
summary thicknesses of the hard and of the soft layers are given. This problem is attacked by
the Monte Carlo method. For a very small ratio 7 of elastic moduli, the three-layer plate with
the soft layer lying between two hard layers was found not to be optimal. In this case, the plate
with the maximum bending stiffness is multi-layered one with the number of layers n > 3.

2 EQUILIBRIUM EQUATIONS AND THEIR SIMPLIFICATION

Consider the linear bending problem of a thin plate made of a transversally isotropic hetero-
geneous material. The 3D equilibrium equations are

&sz

p) +f1207 iuj:172737 OSJL‘:),:ZS}L, (1)
Lj

where z; are the Cartesian coordinates, f; are the projections of the external load intensity, the
summation being carried out over repeating subscripts.
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The stresses o;; are related to the strains ¢;; as follows:

on = Enen + Eaggn + Eisess, 012 = Gra€12,

092 = Erge1y + B9 + Eisess, o13 = G133,

o33 = 311 + B39 + E33ess, 023 = (13623, (2)
(?ul 8u1 8UQ

€11 = 8751’ €19 = 87332 8751’ etc.

Here, F1 = Ei2 + 2Gh9, u,; are deflections. The elastic moduli F;;, G;; are independent of the
tangential coordinates 1, xo, but they may depend on the transversal coordinate x3 = z. For
functionally gradient materials the moduli are continuous functions in z, and for multi-layered
plates they are piecewise continuous functions.

For an isotropic material

B(l—v) o Ev D
(1+v)(1—2v) E”_E“_(Lﬂgu—mq’ G”_GB“;_2Q+V)

E11:E33: ) (3)

where E and v are the Young’s modulus and the Poisson ratio, respectively.
We set the homogeneous boundary conditions on the face planes z = 0 and z = h

o3 =0, i=1,23 (4)

If the surface forces are given, then they are included in the body forces by using the Dirac
delta-function.
Introduce new unknown functions u, v, o, T as

po O O Du O
Oxr,  Oxs’ Oxy 011’ (5)
. o3 003 . o3 0o
7= 0x4 Oxy’ = Ory Oz

For a transversally isotropic material the system (1), (2) is split into two subsystems [15]:

or ov 0? 0? ofi  0fy
0z +GpAvtm =0, 7 =G 0z’ Ox? * 03’ m 0xry Ox1’ (6)
033 :E13U+E338£, o= Gz @‘FAW ; w = ug,
0z 0z (7)
oo FEis 0033 ofi  0fs
gz T ho U+E33 s+ m =0 Dz Fotfs=0, = O +0a:2’
with 2 5
Ey=FE; — =2 = .
0 11 B 1-07

System (6) of the second differential order in z describes the boundary layer and will not be
studied here.

The fourth order system (7) describes the plate bending. The 2D plate model is obtained here
by using asymptotic expansions in powers of the small parameter y = h/L [8,17].
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We introduce the dimensionless variables (denoted with hats)

{u17u27w7 Z} = h{’&bﬁ%wa 2}7 {1'1,332} = L{i'lai?}a U = /-“27

(8)

A N

A~ ~ E* P 1 h
{O'ij,O', EijaGiijO} :E*{O'ij,O',Eij, ij,Co}, fz = Ff“ E* = E/() Eo(Z)dZ,
and rewrite system (7) in the dimensionless form

ow ou

B = —ucyﬂ+03633, GE = —MAw—f—Cga',
a& N 2 NN XA A 86—33 ~ ~ ; ~
5 = Y3(2) = —p“coAu — pe, Adsg — 1, 5% = Yi(2) = —po — f3, 0<z2<1,
(9)
with
Eqs3 v E, E,
C = = , C3= y  Cg = )
Es3 I—v ’ Es3 I Gi3 (10)
. 0013 n 0623 N afl n an A 0? n 0?
0= y M= 77 ~ = 555 T 575"
8(1@1 89%2 8.1'1 8352 81’% 8:15%

Here, L is the typical value of the wave length in the tangential directions, and £ is the average
value of the modulus Ej. The dimensionless coefficients ¢y, ¢, ¢4, c3 are the given functions of
z. From the boundary conditions (4) we get

0d=033=0 at 2=0 and 2Z=1. (11)
In what follows, the hat sign will be omitted.

3 ASYMPTOTIC SOLUTION OF THE BOUNDARY VALUE PROBLEM (9), (11)

Assume that the dimensionless external forces f3, m are of the order of unity. Then the
orders of the unknown functions are

03 =0(1), o=0("), u=0p"), w=0(u™"). (12)

The right-hand sides of Egs. (9) are small, and the method of iterations [10,18] is used. To
construct the solution of second-order accuracy we seek it as

w=p wotp wa,  w=p gt g, 0= oot poe, 033 = O30+ 0330, (13)

The arbitrary functions w®(xy, 7o) and u°(z1, z2) appear after the integration in z of the first
two equations (9). These functions are found from the compatibility conditions of the remaining
two equations (9) and the boundary conditions (11) [17]

W) =0, i) =0, (2() = [ Z(:)ie (19)

In the zero approximation we get

wo = wo(w1,T2), uy = (a—2)A%wy, a= (z2c4(2)),

7 = P}, pi(z) = [ (=) - a)dz,

DA%, = Fy, D = {((z—a)’co(2)), F3=1{(f3(2)),

F z z
033,0 = —53902 — ©3, 902(2) :/0 901(2)052, 903(371,37272) :/0 f3($1,37272)d%

(15)

3426



where z = a is the position of the plate neutral layer, D is the bending stiffness of a plate
with the variable elastic moduli, F is the full transversal force. The equation DA?w® = Fy
corresponds to the classical KL. model.

In the second approximation the solution is more unwieldy. Here, we give only the function
wq, which depends on z. At z = 0 it satisfies the equation

DA*wy(0) = AAFy + N(Af3) — M, A=A,- A, (16)
where
1 z 1
N(Af3) = / c(2)(a— z) (/ Af3d21> dz, M = / (a — 2)m(2)dz,
0 0 0
1 1 z 21
A= 5 [z =a) [eolz) [ a2z — a)dzadadz, (17)
0 0 0
1 1 zZ rz
A, = 5/ (z — a)/ / (cy(2)eo(22) + co(2)en(22)) (20 — a)dzodzydz.
0 0 Jo
The full deflection of the reference plane z = 0 satisfies the equation
Du*AN*w(0) = Fy + > (AAF3 + L(Af3) — M) + O(u*), (18)

in which the coefficients D and A depend of the elastic moduli distribution in the plate thickness,
the summands L(A f3) and M depend on the distribution of external transversal and tangential
loads, respectively. The summands A, and A, take into account the transversal shear and the
Poisson’s strains, respectively.

The full deflection w(z) of the arbitrary plane z is expressed through w(0) as
w(z) = w(0) + p2Aw(0) / co(2)(z — a)dz. (19)
0

4 MULTILAYERED PLATE UNDER A NORMAL PRESSURE

Consider a multi-layered plate with hard and soft isotropic homogeneous layers under a nor-
mal pressure Fj acting on the plane z = 0. In this case, in Eq. (18) L(Af3) = (c,(a — 2)) AF;
and M = 0, and so Eq. (18) assumes the form

1
DptA%w(0) = Fy + j2AAFy, A = A+ / eo(2)(z — a)dz. (20)
0
If the plate is homogeneous one-layered, then the elastic moduli ¢y, ¢4, ¢, are constant, and

so the integrals in (17) can be taken, and so in Eq. (20) we have

2, — 1 1
D,LL4A2U)(0) = F3 + /LQAlAFg, A1 = ¢ 10 % = —g, D= E (21)

Using the neutral plane z = 1/2 as a reference one due to Eq. (19) we get

3c, — 4c v —8
Du*A%w(1/2) = F. 2AAFy, Ay = 2 g — .
w2 = Bt w AR, A 10 10(1 - v)

(22)

This value A, was obtained in [16] and was repeated in [8].
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Consider a plate of thickness h consisting of n = 2ny + 1 homogeneous isotropic layers of
thickness hy, k = 1,2,...,n (h = 3 hy). Let E1, vy and Ey, vs (E2/E; < 1) be the Young’s
moduli and the Poisson ratios of hard layers with odd numbers and of soft layers with even
numbers, respectively. We set

ZU:O, Zk:tha kzl,...,n. (23)

The elastic moduli are known to be piecewise functions in z, and so we put

E E
er = 71 Cp = ! , Ok = 71, k is odd,
1—v3 1—1 2(1+14) (24)
Ey Vo E, ki
_— _= = - n.
er = L Cr — Gk 20+ 18 eve

Calculating the integrals in Eqgs. (15) and (17) we find the coordinate z = a of the neutral
layer, the bending stiffness D according to the KL model, and the coefficients A, and A, in
Eqgs. (17) as follows:

-1
1 n 1< .3 .
=5 > en(zi — 2iy) <Z ekhk> , =3 e =20, A=z —a
k=1 k=1 k=1
1 & ek:flk Jok 53 €k (25 _ 45
= L2k 25
g D};l ( )+ Sgk( k -z 71)—’_ 3og (Zk Zk 1) ) ( )
1 &(fe +c N . e\ /A €kChk , .5 4
Ay=— Z kf?’k LT (Zk Z£_1)+(Ckf4k+€kf4k)( Zl?; )+ Sl (22_22—1) )
D ~ 15
where

k—1
faih €i 123 23 farhu €L .3
=S (B o)) S ey
lk ; gi 692( 2 g 6 "
1

1k

. . 1
f2k = 2 Z ei(’ziZ - 21'271> - 561?2]37
=1
k-1 L o (26)
f3€/€_2<f4zh + 6(2 — & 1)> _fszhk 6zk7
1 k—1 9 1

f4k Z ez(Z - 22'2,1) - 56k227 (6 — C).

Here, (e — ¢) means that the similar formulae also hold for the moduli ¢y.

Assume, at first, that the plate is infinite (—o0 < 1,79 < 00), and consider a dou-
bly periodic normal pressure F3 = Fg sinryxy sinrexe. Then the deflection W (xy, xo,2) =
W (z) sinryx; sinroxs is also doubly periodic. We rewrite Eq. (20) as

Driw (0) = (1 —r2A4,) FY, (27)

where | n
A= A -4 2 Z Ck(él% - 22—1)7 r? = ’f‘% + T%a (28)

k=1
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and the coefficients D, A,, A, are given in Egs. (25).
In the dimensionless form (with hats)

W(0) = hw(0), D=h’D, A =h*A;, p=rh (29)
Equation (27) gives the deflection of the second-order accuracy (SA)
~ FJh

w(O)SA — wKL(l . M2A1), wKL — 3 (30)

pD’
where w’’ is the deflection in the KLL model.

A comparison of the expressions . = rh and ;1 = h/L leads to the conclusion that in this
problem the typical wave length L should be taken as

1 1

[="=——— (31)
T2+
To discuss the errors of the approximate expressions (30) for w’* and w(0)5* we require

some numerical examples. We consider a multi-layered plate with n = 11 layers and h = 1,
V1 = s = 0.3, Fg = 1, and take hy = 1/18, E, = 1, k = 2i — 1, i=1,...,6, for the hard
layers, and hy, = 2/15, Ex, = n, k = 2i, i = 1,...,5, for the soft layers. Such a plate will
be referred to as a plate with uniform thickness distribution. We take two values of the relative
thickness parameter: p = 0.3776 and 1 = 0.2221. The ratio n = F5/F; of the elastic moduli
will vary in the range 0.0001 < 7 < 1. We compare the approximate values (30) with the exact
value w® found by numerical solution of Egs. (9). The results are given in Table 1. Columns
2—4 correspond to p = 0.3776, and columns 5-7, to p = 0.2221.

1 2 3 4 5 6 7

n we wKL/we wSA/we we wKL/we wSA/we
1.0 553 | 09717  0.9994 4529 | 0.9902  0.9999
0.31 936 | 0.9539  0.9992 7578 | 0.9837  0.9999
0.1 1270 | 0.8899  0.9985 9830 | 0.9532  0.9998
0.031 1684 | 0.7322  0.9975 11587 | 0.8882  0.9996
0.01 2700 | 0.4703  0.9987 14723 | 0.7198  0.9998
0.0031 5746 | 0.2231 1.0110 23692 | 0.4510 1.0036
0.001 14258 | 0.0800 1.0441 51150 | 0.2098 1.0192
0.00031 || 41793 | 0.0308 1.1156 | 134232 | 0.0800  1.0557
0.0001 110822 | 0.0116  1.3054 || 374835 | 0.0287  1.1337

Table 1: Error of the approximate models for some values of  with © = 0.3776 and p = 0.2221.

The relative error of the KL and SA models is found by comparing the results in columns
3,4,6,7 with one. The exactness of the KL. model is of first asymptotical order with respect
to i, and it is acceptable for applications only for 0.1 < n < 1. The SA model of second
asymptotical order may be used in the very wide range 0.001 < n < 1. For 0.1 <7 < 1 the SA
model is essentially more exact than the TR model. For 0.0001 < n < 0.001 the 2D models are
unacceptable.

The errors of the 2D models decrease simultaneously with the thickness parameter p. This
follows from the comparison of columns 3 and 6, and also of columns 4 and 7.

3429



S DEFLECTION OF A RECTANGULAR MULTILAYERED PLATE

Consider a rectangular multi-layer plate with 0 < z; < a1, 0 < 25 < a9, 0 < 2 < h
(Fig. 1). In the previous sections the boundary conditions at the plate edges were either not
imposed or a plate was assumed to be infinite in the tangential directions. Now the following
variant of boundary conditions will be accepted:

Uy =w=o011 =0 at 1 =0, xz1=a,
(32)
Ulz'w:O'QQ:O at 132:0, T2 = g,
(the so-called Navier conditions) and
0'1320'23:07 0'33:—F§) at Z:O, 0'1320'23:0'33:0 at z=h. (33)
X Fs
a, e |
+ a X;
0 >
h
vZ
Fig. 1. A plate.
The functions
(21, o, 2) = T1m u(2) COS(r1me ) sin(ra,s),
. mm nmw
U (1, e, 2) = Top u(2) SiN(r1me1) cOS(rona),  Tim= o Top = o m,n=1,2,...,
1 2
w(wy, T2, 2) = w(z) sin(ry,) sin(ry,xs),
(34)

satisfy the boundary conditions (32). The boundary layer does not appear, because
v = Ouy/0x1 — Ouy /Oxs = 0 (see Egs. (5)).

Eq. (30) for the deflection is delivered for a doubly periodic external force
F3 = FYsin(riz;)sin(rozy) with u = hy/r? +r3. To use Eq. (30) for a constant force F3
in the rectangle 0 < 7 < ay, 0 < 29 < ay we expand it in a double Fourier series

16
F3:F3 Z

2
m,n=1,3,... mnm

sin(rymx) sin(re,xs), (35)

and apply Eq. (30) to the each summand of (35). In this case

2 2
,u:,umn:h\/<m> +<n7r) , mn=12... (36)
aq a9

and so the full deflection is

Iy
D

16(1— 2, A
T e,

> Crpsin(rimay) sin(ra,as), Cinn

m,n=1,3,...

w(xy, x9,0) = , (37)
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where D and A; are given in (25) and (28), respectively. The similar expression is valid for the
deflection of the opposite face plane w(x1, 22, h). In this case, the constant A; in Eq. (37) needs
to be replaced by A = A, — A,.

The deflection of the line x5 = ay/2, z = 0 and the maximum deflection at z = 0 are,
respectively,

F D ) oo .
w(zy,a2/2,0) = 53 > Bopsrsin(riprs121),  Bokyr = (1) Coptr 241,
;:0 N = (38)
w(a1/2,a2/2, 0) = 531%7 Ay = Z (_1)k+jc2k+1,2j+1 = Z(_DkB%—H-
k,j—0 k=0

All the series in (37) and (38) converge rapidly, the summands with C'y; are much larger than
the remaining summands (see Table 4).

As an example, we consider a multi-layer square plate with n = 11 and with the same data
as in Section 4. We assume in addition that a; = as; = 20, and so p = p1; = 0.2221. For
various values of ) = Es/ Ej, the first coefficients Coj 11,2511, Bak+1, and Ay are given in Table
2.

n| Cu Ciz Cs3 Cis O3 Gy By Bs Bs Ao
1] 4528 191 62 31 19 10 | 4368 160 22 | 4230
0.1 | 9828 463 164 89 58 32 | 9454 388 63 | 9129
0.01 | 14720 1255 593 383 282 183 | 13848 1045 284 | 13087
0.001 | 52134 8717 4737 3251 2475 1675 | 46668 6455 2451 | 42669

Table 2: Coefficients Coj41,2j+1, Bar+1, and Ag for various values 7.

The amplitude of deflection is proportional to Ay; it essentially depends on the ratio 7 (see
Table 2), but the deflection mode depends slightly on 7 and is close to the function sin (7 /a;)
(see Fig. 2).

w
W n=0.001
n=0.01

n=0.1
n=1

X

0 20

Figure 1: Deflection modes for various values of the ratio 7 of the Young moduli.
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6 OPTIMAL DISTRIBUTION OF THE LAYER THICKNESSES

Consider a multilayer plate with the alternating hard and soft layers. Let the entire number
of layers be n = 2ny + 1 with ngy 4 1 layers and n soft layers. We set

no no
hin = how1, hs=Y hox, h=hy+hs, (39)
k=0 k=1

where hj, and h, are the summary thicknesses of the hard and of the soft layers, respectively.
Assume that the values hy, hs, also the elastic moduli of hard and of soft layers, and the thick-
ness parameter 4 are given. We seek the distribution of the layer thicknesses hy satisfying
Egs. (39), for which the plate bending stiffness is maximum. As the bending stiffness we accept
the inverse value the maximum deflection f(hy, ho, . .., h,) = w(0)5* (see Eq. (30)).

In most cases a three-layer plate with

n — 3, hl = hg = hh/2, h2 = hs (40)

has the maximum stiffness. But if the ratio 7 of elastic moduli is very small, then the other
distribution of thicknesses may lead to the maximum stiffness. Here we investigate this problem
in details for the fixed values y = 0.3776, v, = v, = 0.3, for two changing parameters 7 and
s = hy/h, and forn < 11 (without loss of generality we may take F; = 1 and h = 1). The small
parameter ;1 = 0.3776 corresponds, in partial, to a rectangular plate with a; = 10, as = 15.

To find the thickness distribution corresponding to the maximum stiffness for the fixed values
n and s, we seek the minimum of function f(hy) = f(hy, ha, ..., hy) in hy satisfying Egs. (39).
To find £ that delivers the minimum to the function f(h;) we use the Monte Carlo method in
combination with the method of iterations [18]. Thanks to Egs. (39) the point h; moves in the
space R"2. Let hg) be some point. We next seek the next point h,(;H) for which

FRYY < F(0D) (41)

as follows. We put h; = max{0, hg) + &}, where &, are the uniformly distributed numbers in
[—&, ¢] (for example, ¢ = 0.01). Then we normalize the values h} according to Egs. (39)

If f(hi*) < f (h,(f)), then we take h,(fH) = h}*. Otherwise, we repeat the previous step with
different random numbers &.

As the initial distribution we take hgl) = hﬁ’ = s/2, hél) = (1 — s), assuming that the rest
of h,(fl) is 0. Calculations show that it is enough to make 10° steps.

The curve tn Fig. 3 divides the plane (s, 7) of the problem parameters into two parts; in one
of which the three-layer plate has maximum stiffness.

Consider in more detail the case s = 1/3, u = 0.3776 with various values of the parameter 7.
For n > n, = 0.0122 the three-layered plate (40) has maximal bending stiffness. In Table 3 for
various 7 the minimal deflection, W, as found by the algorithm described above, is compared
with the deflection, W,,, of a plate with the uniform thickness distribution (see Section 4) and
with the deflection, W3, of the three-layered plate (40). For n» > 7, the three-layered plate is
optimal, W35 = W,. For nn < 0.006 the stiffness of a plate with uniform thickness distribution is
larger than the stiffness of a three-layer plate, W, < Wj.
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n

0.05

Three lavers

Multi-laver plate

Figure 2: The plane (s, n) for p = 0.3776.

n uniform, W, | three-layered, W5 | optimal, W,
0.001 15617 17812 11539
0.002 8446 9286 7815
0.005 4139 4170 4007
0.01 2697 2464 2458
0.0122 2434 2155 2155
0.02 1962 1607 1607
0.1 1268 901 901
0.5 785 663 663

Table 3: Comparison of the stiffness parameters for various multilayer plates with u = 0.3776, s = 1/3.

In Table 4 the optimal distribution of thicknesses for s = 1/3, u = 0.3776, and for four
values of 7 is presented. The thicknesses of soft layers are shown in italic. For n = 0.01 the
distribution is symmetric with respect to the mid-plane. With smaller 7 the distribution is not
symmetric. The resulting asymmetry can be accounted for by the fact that the value W, is the
deflection of the plane z = 0 to which the external force is applied. At n = 0.001 the optimal
plate degenerates to a three-layer plate with very dissimilar distribution of layers.

Ui hy Do hs Iy I he he hsg hyg hio hiy

0.01 |0.149 0.192 0.007 0.099 0.010 0.081 0.010 0.099 0.007 0.192 0.149
0.005 | 0.094 0.212 0.025 0.090 0.048 0.063 0.047 0.090 0.025 0.211 0.095
0.002 | 0.030 0.255 0.024 0.075 0.213 0.039 0.027 0.083 0.011 0.215 0.029
0.001 | 0.331 0.667 0.002  — — — — — — — —

Table 4: Distribution of thicknesses of the optimal plate with s = 1/3, pu = 0.3776.

The similar results also hold for a rectangular plate with the Navier boundary conditions,
because the first summand in the expression for w(xy, as/2,0) in Eq. (38) is much larger than
the rest summands.

The results of Section 6 are approximate, since they are based on the approximate equa-
tion (30). The error in Eq. (30) is estimated in Section 4 (see Table 1). The exact results may be
obtained by numerical solution of Egs. (9). But for the large number of iterations this approach
takes a long time, though the result is almost the same.
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7 CONCLUSIONS

e A two-dimensional linear model of second-order accuracy (SA) is used for analysis of a
thin multi-layer plate bending.

e The formula for an infinite plate deflection subject to a doubly periodic external force is
obtained. This formula is applied to a rectangular multi-layer plate with alternating hard
and soft layers and with the Navier boundary conditions.

e The plate deflection depends on the distribution of thicknesses of hard and soft layers.

e The problem of the optimal distribution, which gives the maximum bending stiffness, is
attacked using the Monte Carlo method.

e For a very small ratio ) of the elastic moduli the three-layer plate with the soft layer lying
between two hard layers was found not to be optimal. In this case, the plate with the
maximum bending stiffness is the multi-layered one with the number of layers n > 3.

e The plate with n = 11 layers is examined.
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