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Abstract. A multi-ply unit cell model for predicting the tensile response of a ±45 angle-ply 

laminate based on the finite element method is presented. Two different interfiber failure 

mechanisms leading to matrix cracking are reproduced in the simulations by using appropri-

ate constitutive equations. The effect of fiber-to-fiber interaction within the ply is incorpo-

rated in the model by applying a hexagonal array of fibers. The predictions from this model 

are compared with experimental data available in the literature, and are found to be in good 

agreement. . 
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1 INTRODUCTION 

Recently, researchers have shown an increased interest in studying the deformation and 

failure of composite laminates by using multi-ply unit cell models [1-8]. In the present paper, 

the mesoscale approach based on a rhombohedral unit cell proposed by Zhang et al. [6] is ex-

tended. This approach is based on an assumption that the structure of the whole laminate can 

be idealized at the ply scale as a periodic array of repeated unit cells. Some new issues, like 

fiber/matrix interface debonding, development of plastic strain in the matrix and hexagonal 

fiber packing are introduced in the mesoscale model of a ±45 angle-ply laminate. The objec-

tive of this paper is to show that an analysis of local stresses in the mesoscale model is capa-

ble of identifying the failure mechanism and predicting the tensile behavior of a ±45 angle-ply 

laminate. 

2 MESOSCALE FINITE ELEMENT MODEL 

As shown in Fig.1, two coordinate systems are used to analyze angle-ply laminates. The 

first one is a orthogonal coordinate system (x1–x2–x3), which is used to determine the direc-

tion of loading. The second one is a skew coordinate system (x1
s
–x2

s
–x3

s
), which is used to 

define the unit cell geometry. This coordinate system is set up such that the x1
s
 and x2

s
 axes lie 

in the plane of the laminate along the fiber directions and the x3
s
 axis is perpendicular to it. It 

should be noted that the fiber orientation angle  is measured with respect to the x1 axis of the 

orthogonal coordinate system. A unit cell of an angle-ply laminate consists of three rhombo-

hedrons which represent three successive plies with various fiber orientations. The structure 

of an ± angle–ply laminate can be viewed at the ply scale in the skew coordinate system 

(x1
s
–x2

s
–x3

s
) as a periodical array of plies containing a periodic subarray of fibers. Thus, a unit 

cell of an angle-ply laminate is built with unit cells of plies. In this study, the fibers are dis-

tributed uniformly throughout the ply in the form of a hexagonal array.  

 

 

Figure. 1: Geometry of a rhombohedral unit cell. 

 

In this paper, 3-D multi-ply mesoscale models of a ±45
o
 angle-ply laminate subjected to 

tension along the x2 direction are examined. The material properties of fibers and matrix (Ta-

ble 1) correspond to those reported in the World Wide Failure Exercise [9] for Silenka E-glass 

1200tex fibers and MY750/HY917 epoxy matrix. The dimensions of rhombohedral unit cells 

were chosen so as to accommodate the radius of fiber rf = 8 µm, and to respect the fiber vol-

ume content Vf = 60%. The full rhombohedrons were meshed with three–dimensional eight–

node elements (SOLID185) and solved by using Ansys finite element code [10]. 
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Silenka E-glass fiber  MY750/HY917/DY063 epoxy matrix 

Ef f Xf  Em m k  Ym Sm 

[GPa]  [MPa]  [GPa]  [MPa]  [MPa] [MPa] 

74 0.2 2150  4.5 0.35 43.35 0.1 100 87 
 

fiber/matrix interface 

kn kt Gn
c Gt

c n
c t

c 

[GPa/m] [GPa/m] [J/m2] [J/m2] [MPa] [MPa] 

0.1x109 0.1x109 15 30 15 30 
 

Table 1: Mechanical properties of the lamina constituents. 

 

2.1 Numerical homogenization 

Periodic deformation of the rhombohedral unit cell is controlled by macroscopic strains by 

using the following boundary conditions [11] 
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where i = 1, 2, 3, and 2a1, 2a2, 2a3 are the dimensions of the unit cell in the skew coordinate 

system,    
  are the components of the applied strain in the skew coordinate system. In order to 

apply the periodic boundary conditions to the finite element model, the displacements in the 

skew coordinate system u1
s
, u2

s
, u3

s
 must be rewritten in terms of the displacements in the or-

thogonal coordinate system u1, u2, u3 by using the following relationships [11] 
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The components of macroscopic stress corresponding to the applied strain can be calculated 

from 

 ̅   
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where V is the volume of the rhombohedral unit cell. 

2.2 Constitutive equations of matrix and interface 

The epoxy matrix is modeled within the framework of the finite deformations as a elasto–

plastic solid which hardens isotropically. The deformation of polymeric materials is highly 

sensitive to the hydrostatic pressure and plastic flow of these materials can exhibit plastic di-

latancy. To address this requirement, the Drucker–Prager plasticity model [12], which incor-

porates the linear dependence on the hydrostatic stress, is used. In terms of the first invariant 

of stress I1 and the second invariant of the deviatoric part of stress J2, the yield function is 

given as 

f = (µ I1 / 3)+ sqrt(J2) – k , (4) 

where µ is the pressure sensitivity factor, k is the flow stress of the material under pure shear. 

Experiments showed that the pressure–sensitivity factor µ ranges from 0.10 to 0.25 for poly-

mers [13, 14]. The Drucker–Prager plasticity model with µ = 0.1 and k = 43.30 MPa was used 
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to study of the matrix cracking damage mechanism. An associative flow rule is used to com-

pute the direction of plastic flow [10].  

 
(a) 

 

(b) 

 

Figure 2: Calibration of the mesoscale model: (a) identification of the matrix plasticity model (experimental data 

from [9]), (b) identification of the fiber/matrix interface model (experimental data from [9]). 

 

Experimental investigations of failure in transversely-loaded fiber-reinforced polymers 

have revealed that another damage mechanism is debonding occurring at the fiber/matrix in-

terface [15,16]. For the fiber/matrix interface failure, a cohesive zone model is employed, in 

which the constitutive equations of the interface relate the normal n and tangential t cohe-

sive tractions to the normal un and tangential ut displacement jumps and a scalar damage vari-

able d, through [17] 

       (   )        (   ), (5) 
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where kn , kt are initial contact stiffnesses in the normal and tangential direction, respectively. 

The variable d represents the loss of stiffness and it is a function of both displacement jumps. 

The variable d takes values from 0 to 1. Relationships (5) demonstrate linear elastic loading 

region followed by linear softening region. When d = 0, the cohesive elements are closed and 

the tractions increase linearly up to their maximum values n
c
, t

c
 in the normal and tangential 

direction, respectively. When 0 < d < 1, these elements begin to open and the tractions de-

crease linearly. When d = 1, the tractions are zero and the cohesive elements are completely 

broken. To define the completion of fracture in the cohesive zone model, a linear energy crite-

rion is used [17] 

(Gn / Gn
c
) + (Gt / Gt

c
) = 1, (6) 

 
(a) 

 

(b) 

 

Figure 3: Contour plots of the effective plastic strain in the ±45
o
 angle-ply laminate at the critical stage of defor-

mation from the mesoscale model with (a) imperfect and (b) perfect fiber/matrix interface conditions. 

 

where Gn, Gt denote energy release rates for mode I fracture and mode II fracture, respective-

ly and Gn
c
 and Gt

c
 correspond to the interfacial fracture energies. After debonding is complet-
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ed, the interface surface interaction is governed by standard contact constraints for normal and 

tangential directions. A cohesive layer consisted of contact elements with eight nodes 

(CONTA174, TARGE170) was introduced between the fibers and the matrix to reproduce the 

fiber–matrix debonding. The glass fibers are assumed to be linear elastic. 

2.3 Calibration of the Drucker–Prager plasticity model 

In this paper, the hardening curve of epoxy matrix is extracted from a hexagonal unit cell 

subjected to in–plane shear loading. The non–linearity of epoxy matrix is identified such that 

prediction obtained from the hexagonal unit cell matches the measured in–plane shear re-

sponse of E-glass/MY750 epoxy unidirectional lamina reported in [9]. Fig.2a shows a com-

parison of the measured shear response and that from the hexagonal unit cell model. 

Agreement with experimental data is quite good. 

 

 

Figure 4: Angular distributions of the first principal stress and the effective plastic strain at the fiber/matrix inter-

face at three successive stages of deformation from the mesoscale model with imperfect fiber/matrix interface. 

 

2.4 Calibration of the interface model 

In order to ascertain the cohesive properties for the interface under study, an analysis of 

debonding under transverse tension was carried out for various interfacial cohesive strengths 

and fracture energies. It was assumed that the ratio of the tensile interfacial strength to the 

shear interfacial strength, n
c
 / t

c
 and the ratio of the opening component to the sliding com-

ponent of the interfacial fracture energy, Gn
c
 / Gt

c
 are 0.5. The macroscopic tensile stress–

strain curves calculated for four different levels of interfacial strength (n
c
 / t

c
 = 10/20, 15/30, 

20/40 and ) and two different levels of interfacial fracture energy (Gn
c
 / Gt

c
 = 0.5/1, 50/100) 

are shown in Fig.2b. It can be observed from this figure that an increase in the interfacial 

strength produces an increase in the transverse tensile strength of composite, and in turn, a 

decrease in the interfacial fracture energy leads to a larger decrease in macroscopic stress at 

the post critical stage. The strength of the interface under study was calibrated such that the 

peak of the transverse stress-strain curve obtained from the hexagonal unit cell matches the 

measured transverse tensile strength of the composite reported in [9]. Due to lack of experi-

mental data on the softening behavior of the entire composite at the macroscale, the interfacial 

fracture energy was assumed to be of the same order of magnitude as that measured in single-
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fiber tests reported in [18]. Finally, the interface with n
c
 =15MPa, t

c
 = 30MPa, Gn

c
 = 15J/m

2
 

and Gt
c
 = 30J/m

2
 was chosen for the rest of the study. 

 

 

Figure 5: Angular distributions of the maximum shear stress and the effective plastic strain at the fiber/matrix 

interface at three successive stages of deformation from the mesoscale model with perfect fiber/matrix interface. 

 

3 FAILURE MECHANISMS 

Each ply in an angle-ply laminate subjected to tension is loaded by a combination of nor-

mal and shear stresses. The value of these stresses depends on the ply orientation angle . 

Both shear and tensile loading modes can induce initiation and growth of cracks in the matrix 

along the fiber direction. For the sake of simplicity, an interaction between the two fracture 

modes is omitted in the present paper. In order to identify the failure mechanism of angle-ply 

laminates under tensile loading, an analysis of the local stresses in the unit cell models for dif-

ferent ply orientations is performed by the finite element method. For this purpose, it is as-

sumed that the initiation of cracks in the matrix occurs if the maximum shear stress in the 

matrix or the first principal stress in the matrix goes beyond the corresponding ultimate 

strengths of the matrix 

max ≥ Sm,   or   σ1 ≥ Ym.  (7) 

Tension tests carried out on microscopic specimens indicate that the tensile strength of epoxy 

polymer Ym is much higher than that obtained with standard macroscopic specimens. The use 

of microscopic data is essential for the current analysis. According to works by Fiedler et al., 

[19], Hobbiebrunken et al. [20], the tensile strength of the epoxy polymer obtained from mi-

croscopic tests can exceed 100 MPa, while macroscopic tests yield the value of 80 MPa. To 

the author's knowledge, there are no micro-shear tests for epoxy polymers. The shear strength 

of the epoxy polymer Sm obtained from macroscopic tests is 70 MPa [19, 20]. However, it is 

reasonable to assume that the true shear strength of the epoxy matrix is also higher. The shear 

strength of the epoxy matrix back-calculated from tension tests of the ±55 angle-ply laminate 

is 87 MPa [8]. 
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4 RESULTS 

Depending on the type of the fiber/matrix interface, two various mesoscale models of the 

±45 angle-ply laminate were considered, namely models with the perfect and imperfect fi-

ber/matrix interface conditions. Fig.3 shows distributions of the equivalent plastic strain in 

these models for critical loads. In the case of the imperfect interface, the critical load corre-

sponds to a limit beyond which the fiber/matrix interface cracks are fully opened (y
c
 = 0.01). 

In turn, in the case of the perfect interface, it corresponds to a limit beyond which the shear 

strength of the matrix is attained (y
c
 = 0.1185). The most intense plastic deformation in the 

matrix is localized in shear bands which develop along planes containing the fiber direction. 

Thus, both models predict that cracking of the matrix takes place along the fiber direction 

within the shear bands.  

 
(a) 

 

(b) 

 

Figure 6: Comparison of the stress-strain curves of the ±45
o
 angle-ply laminate obtained from different fi-

ber/matrix interface conditions with experimental data: (a) tensile tests from [21] carried out on laminated tubes, 

(b) tensile tests from [22] carried out on laminated coupons. 
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In order to check the reliability of the opening mode of fracture, an analysis of the first 

principal stress σ1 and the equivalent plastic strain pl in the matrix is performed by using the 

mesoscale model with the imperfect fiber/matrix interface. The distributions of these quanti-

ties at the fiber/matrix interface are presented in Fig.4 at three successive stages of defor-

mation corresponding to the beginning of inelastic behavior, the limit load and the softening 

regime. The polar angle at the fiber/matrix interface  is measured from the normal to the in-

terlaminar interface. It is interesting to note that the tensile stress in the matrix decreases at the 

softening regime and it is below the tensile strength (Ym = 100 MPa). In contrast to the tensile 

stress, the plastic strain in the matrix increases constantly with increasing applied strain. This 

means that the condition for crack growth in the matrix under the opening mode of fracture 

cannot be satisfied.  

In order to validate the shearing mode of fracture, an analysis of the maximum shear stress 

max and the equivalent plastic strain pl in the matrix is performed by using the mesoscale 

model with the perfect fiber/matrix interface. The distributions of these quantities at the fi-

ber/matrix interface are presented in Fig.5 at three successive stages of deformation. It can be 

observed in Fig.5 that both the shear stress max and the plastic strain pl in the matrix increase 

with increasing applied strain. Thus, the shear stress in the matrix may go beyond the shear 

strength of the epoxy matrix (Sm = 87 MPa). It is also interesting to note that the mesoscale 

model with the perfect fiber/matrix interface exhibits a very ductile behavior. At the critical 

stage of deformation, the plastic strain in the matrix exceeds 140% . 

Predictions of the stress-strain behavior for the perfect and imperfect fiber/matrix interface 

conditions are shown in Figs.6a and 6b. Two different experimental curves reported in the 

literature [21-22] for the ±45 angle-ply laminate are included for quick reference in these fig-

ures. The two experimental curves of the ±45 angle-ply laminate show a very non-linear be-

havior prior to ultimate failure. This behavior is manifested by a hardening region at high 

strains. The observed increasing stiffness can be attributed to a rotation of fibers due to shear 

stress. As the ply shear stress increases, the matrix is plasticized and the orientation of the fi-

bers became more aligned with the loading axis, which leads to an increase in load carried by 

fibers. The fibers are capable of carrying more load only if the displacement compatibility be-

tween matrix and fibers exists. Thus, the experimental curves of the ±45 angle-ply laminate 

obtained from both tests suggest that fiber-matrix debonding has a negligible influence on the 

deformation of this laminate under tensile loading. It can be observed in Fig.6a that the stress-

strain curve obtained from the mesoscale model with the perfect fiber/matrix interface match 

quite well with experimental data. In turn, the experimental curve of the ±45 angle-ply lami-

nate obtained from tests on laminated coupons exhibits a maximum and a plateau before a 

hardening region. It can be observed in Fig.6b that the maximum of the stress-strain curve ob-

tained from the mesoscale model with the imperfect fiber/matrix interface overlaps with the 

maximum from the tests. Thus, this model may be used to predict the beginning of the plateau 

occurring during tensile tests carried out on laminated coupons.  

5 CONCLUSIONS 

The efficiency of two types of mesoscale models without and with fiber/matrix debonding 

for simulating the deformation and failure mechanisms in a ±45 angle-ply laminate under ten-

sile loading was evaluated. The results from both models suggest that failure of the laminate 

is dominated by the matrix shearing. The first type was found to reproduce well the tensile 

response of the laminate obtained from laminated tubes, and in turn, the second type was able 

to predict the beginning of the plateau occurring during tensile tests carried out on laminated 

coupons. 
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