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Abstract. This paper presents a probabilistic computational model for the dynamic soil-
structure interaction problem. Specifically, the structure and a limited bounded volume of sub-
soil in its vicinity are modeled with functionally graded finite elements, allowing to consider
heterogeneous local subsoil conditions. This part of subsoil is modeled as a three-dimensional
constrained stochastic field. The unboundedness of the surrounding soil is accounted for by
coupling the finite element model with perfectly matched layers. An incident wave field is in-
corporated in the finite element-perfectly matched layers model without explicitly including the
source in the computational domain by decomposing the displacement field of the soil in ac-
cordance with the subdomain formulation developed for the soil-structure interaction problem.
The proposed methodology is illustrated with a case study in which the overall uncertainty is
propagated by means of Monte Carlo simulation. The analysis shows that the uncertainty of the
structural response increases at specific frequency bands and generally for higher frequencies.
These results illustrate how the stochastic variability of the subsoil properties affect both the
incident wave field and the structural response in a wide frequency range, and sets the base for
future investigations.
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1 INTRODUCTION

Dynamic soil-structure interaction (SSI) refers to the dynamic behavior of the coupled soil-
structure system. This problem occurs in several applications from earthquake engineering to
the prediction of traffic induced vibrations in the built environment. Pioneering work on the
subject started in the nuclear industry for the design and construction of earthquake resistant
nuclear reactors. More recently, the development of high-speed railway lines in Europe, east
Asia and USA turned research interest also in the field of railway induced vibrations. Railway
induced vibrations may lead to malfunctioning of sensitive equipment, discomfort to people
and, at high vibration levels, damage to structures. The development of computational models
that efficiently and effectively predict the dynamic response of structures excited by ground
born vibrations is a matter of ongoing research.

When the knowledge of the subsoil properties is incomplete, the dynamic soil-structure in-
teraction problem should be cast into a stochastic form. This can be done by considering para-
metric [14] and/or non-parametric uncertainty [3]. Most of the previously conducted work on
the subject is mainly focused on earthquake engineering applications considering the very low
frequency range (< 10 Hz). The present study considers parametric uncertainty and focuses
on the prediction of vibrations in the built environment which makes the frequency range of
interest much broader.

The remainder paper is organized as follows. First, the stochastic dynamic soil-structure
interaction problem is introduced and the available modeling techniques are briefly discussed.
Next, the particularities of modeling the stochastic subsoil are addressed. Finally, the results of
a case study are presented, and conclusions are drawn.

2 THE STOCHASTIC DYNAMIC SSI

The soil immediately below the structure plays a dominant role in the structural response. In
many cases, this soil is imperfectly known as it may have been perturbed during construction
and its characteristics are likely to be different from those identified by geophysical tests on
virgin land next to the structure. As discussed in the following, the use of finite elements (FE)
provides a great flexibility that allows to incorporate heterogeneous properties in the modeling
of this bounded volume of soil. The structure of interest and the limited bounded volume of soil
in its vicinity will be denoted for convenience as the generalized structure (Figure 1).

The main difficulty in the modeling of dynamic soil-structure interaction stems from the
semi-infinite extent of the soil surrounding the generalized structure, for which the radiation
conditions of the elastodynamic waves to infinity should be satisfied. Generally, the dynamic
soil-structure interaction problem can be formulated either directly or by following a domain de-
composition technique [18]. In the direct approach, the unboundedness of the surrounding soil
is accounted for by using appropriate absorbing boundaries in the limits of the regular domain
(i.e. generalized structure). The use of perfectly matched layers (PML) [2] is a quite versatile
solution to impose these boundary conditions. In the subdomain approach [1], the system is
decomposed into two subsystems: the generalized structure and the soil. Both subsystems are
analyzed separately and usually by a different computational method. The boundary element
method can be used to simulate the unbounded soil domain of infinite extent, where the radi-
ation conditions to infinity are implicitly satisfied, while the finite element method is typically
used for the generalized structure.

Although the use of boundary elements entails the benefit of rendering three-dimensional
problems in two-dimensional ones, the resulting boundary element system matrices are fully
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Figure 1: Dynamic soil-structure interaction problem. The interface > defines the physical boundary between the
unbounded soil €25 and the generalized structure §2,.

populated as opposed to the sparse finite element matrices, leading to increased memory re-
quirements and longer computer time for processing. This aggravates in the case of embedded
or extended foundations where a large soil-foundation interface has to be considered. For these
reasons, the direct formulation of the problem by means of FE-PML is advocated in this study.

The PML are non-physical absorbing layers that are placed at the exterior limits of the com-
putational domain (Figure 2). Ideally, the waves that are outwardly propagating from the regu-
lar domain are fully attenuated inside the PML without any spurious reflections emerging [2].
The effectiveness of the PML strongly depends on the choice and parameterization of their
stretch functions [8]. The bounded soil domain is modeled with finite elements: a distinc-
tion is made between heterogeneous functionally graded finite elements [13] with continuously
varying properties and deterministic homogeneous finite elements. The former are used for
the stochastic soil subdomain while the latter are used to enforce the perfectly matched condi-
tions between the PML and the functionally graded FE. The resulting finite element system of
equations of the total system is written in the frequency domain as:

Ka="f (1)

where f is the load vector, 1 is the displacement vector and K is the dynamic stiffness matrix.
The dynamic stiffness matrix K can be subdivided into block matrices according to the degrees
of freedom: 1, of the structure, G, of the stochastic-heterogeneous soil, tis; of the interface >
delimiting the limits of the regular domain, 0, of the deterministic-homogeneous soil and 1,
the non-physical degrees of freedom of the PML (Figure 2):

I:<bb I:<bt AO 0 0 ap fi,
Ky, Ky Kig 0 0 it f,
0 Ky Kyy Ky O uy | = | fy 2)
0 0 Ky K K g 0
0 0 0 K, K, |LW 0

Excitation sources can be located either close to the receiver like in the case of railway
induced vibrations or far from the receiver like in case of an earthquake. If the interest of
the analysis is limited only in the neighborhood of the receiver, a remote excitation source S
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Figure 2: Formulation of the stochastic dynamic soil-structure interaction problem by means of FE-PML. The
computational domain is subdivided into the structural {2y, stochastic soil €);, deterministc soil {2, and PML (2,
subdomains respectively. All but the last are modeled with finite elements. The interface X defines the limits of
the regular computational domain.

(Figure 2) can be implicitly taken into account by decomposing the displacement field of the
soil in accordance with the subdomain formulation developed for the soil-structure interaction
problem [1]. This way, the computational cost decreases significantly as only the generalized
structure has to be included in the regular domain. Specifically, the displacement field of the
soil is decomposed as (Figure 3):

Ug = U + Uqo + Uq 3)

where 10; are the free field displacements generated by the remote source S (Figure 3b). Gener-
ally, the free field displacements 1; (and tractions t;) can be computed by using the appropriate
source model. The locally diffracted wave field iy is defined as the displacement field that is
radiated in the soil with excavated the generalized structure for which applies tiqg = —10; on
the interface 3 (Figure 3c). The wave field 114 corresponds to the displacement field radiated in
the soil due to the generalized structure displacements 11, on the interface > (Figure 3d). Only
the first and the second of the aforementioned displacement fields contribute to the equivalent
loading vector fy, on the interface ¥ of the FE-PML model which represents excitation by a
remote source.
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Figure 3: Decomposition of soil displacement field in accordance with the subdomain formulation of the dynamic
soil-structure interaction problem. (a) The displacement field in the soil G5 is decomposed into: (b) free field 1;,
(c) locally diffracted Giqg (with Gigo = —1; on X) and (d) structurally radiated G4 (with Giq = G, on X).

Once the free field displacements 1; and tractions Ei have been evaluated on the interface >,
the loading fy; can be computed as:

fo =~ [ NEEFAE i (0a0) = - [ NS - s (-a0) @
b b}
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where Ny, is a matrix containing the shape functions of the finite element faces located on the
interface 2., f;lg are the free field tractions and ¥ (—1;) is a vector of the reaction forces on the
interface Y of the FE-PML model with excavated the generalized structure due to the imposed
displacements —1; (figure 4). The reaction forces f's; (—11;) are computed as follows:

ty (—0;) = (KErK;rlKrE - Kzz) 0; 5

where the degrees of freedom of the deterministic soil i, and the PML 1, have been grouped
for clarity as 1, = U, U u,. The stochastic variation of the soil properties inside the generalized

structure does not affect the loading vector fy, and as a result, in a Monte Carlo analysis it has
to be computed only once.

S

<

Figure 4: FE-PML model with excavated the stochastic soil subdomain. Auxiliary model for the incorporation of
an incident wave field.

3 THE STOCHASTIC SUBSOIL MODELING

The imperfectly known subsoil is modeled as a stochastic field with given marginal proba-
bility distribution function (PDF) and correlation structure [17]. Usually, the mean value and
the standard deviation are the only available information for the probabilistic characterization
of the subsoil properties. In the absence of more detailed experimental results, a covariance
function is assumed for the stochastic field. The covariance function is usually defined by the
standard deviation function o¢(s) and a correlation structure kg (s, s'):

Cq(s,s') = oa(s)og(s)ka(s, s) (6)

This information is sufficient to generate realizations of Gaussian stochastic fields. In this
study, non-Gaussian stochastic field realizations are generated by non-linear transformation of
the underlying Gaussian. This is referred as translation process [7, 10]:

G(0,s) = Fg' (F,(Z(0,))) (7)

where F; ! is the inverse of the target non-Gaussian marginal cumulative probability distribution
and Z is the standard normal cumulative probability distribution.

Furthermore, in order to avoid non-physical dynamic impedance contrasts, a conforming
coupling between the stochastic and the deterministic subdomains of the soil is desirable. This is
achieved by modeling a conditional (or constrained) stochastic field [17]. Conditional stochastic
fields are necessarily heterogeneous as the mean value and standard deviation vary from location
to location [11].
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The Karhunen-Loe¢ve expansion can be employed to straightforwardly generate realizations
of a heterogeneous Gaussian stochastic field [16]. Nevertheless, the computation of the Karhunen-
Loeve modes entails the solution of a Fredholm eigenvalue problem [6], which is computation-
ally rather expensive and not trivial to implement in this case. Instead, the approach that is
followed in this study is to directly discretize the stochastic field and its covariance matrix into
a random vector and a covariance matrix respectively [9]. Subsequently, the random vector
describing the Gaussian stochastic field is decorrelated by performing eigenvalue analysis to its
covariance matrix:

A=®TC,® (8)

where A and ® are matrices containing the eigenvalues \; and the eigenvectors ¢; of the covari-
ance matrix Cy respectively. The Gaussian realizations are computed as the superposition of the
deterministic eigenvectors ¢; of the covariance matrix multiplied by random numbers &; from
the standard normal distribution. This corresponds to an equivalent discrete Karhunen-Loeve
expansion:

Z=Zo+ Y 0V =Zo+ > on/N ©)
i=1 i=1

Having generated the Gaussian realizations, the non-Gaussian are generated by following the
translation process outlined previously. In Equation 9, the number of eigenvalues considered
in the summation should be sufficiently large in order to capture the relevant information that
is encoded in the covariance matrix. The first n,, largest magnitude eigenvalues, that result
in normalized accumulated sum larger than a threshold value €,,,;, can be used as a selection
criterion:

ni Ai
_ =1 )
(M) = GCy) > €min (10)

where tr(Cy) is the trace of the covariance matrix.

In a Monte Carlo simulation, when random realizations are generated from the entire sam-
pling space, clusters of realizations may form and as a result the space might not be equally
explored. In order to improve the representativeness of the sampled pool of realizations, more
sophisticated sampling techniques can be employed. Latin hypercube sampling with artificial
correlation reduction is used in the present investigation [12].

4 CASE STUDY

The methodology is illustrated with a case study. A three story R/C office building with
regular layout and slab foundation resting at the surface of a visco-elastic halfspace is studied
(Figure 5). The characteristics of the building are summarized in Table 1, while the mean
properties of the visco-elastic halfspace are shown in Table 2.

Figure 6 shows the FE-PML computational model. The subsoil domain is modeled with
three-dimensional twenty-node finite elements. An element size of maximum 2.6 m is used for
the mesh at the exterior limits of the computational domain, corresponding to 2.5 quadratic finite
elements per shear wavelength ) at a frequency of 50 Hz, which is the upper limit considered
in this work. The building is modeled with frame and eight-node shell elements. Standard
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Story height hy 3m
Columns 0.35m x 0.35m
Beams 0.20m x 0.50 m
x direction walls 020m x 4m
y direction walls 0.20m x 2m
Slab thickness 0.15m
Raft foundation thickness ¢; 0.60 m
Young’s modulus Eg 30 GPa
Material density pq 2500 kg /m?

Table 1: R/C building characteristics.

4m
-
xAi o
4m
4m 4m 4m

Figure 5: R/C building layout at floor 3.

n G, C, G v P B
m] [m/s] [m/s] [MPa] [-] [kg/m’] [-]
s 300 600 162 1/3 1800 0.0

Table 2: Mean properties of the visco-elastic halfspace.

stretch functions are used for the formulation of the PML [8]. Because of the specifically
employed FE discretization and PML parameterization, the model is appropiate for analysis in
the frequency range between 10 Hz and 50 Hz. As the analysis is performed in the frequency
domain, hysteretic damping is assumed for the R/C building with n = 2¢ = 5% [4].

First, the methodology for the incorporation of an incident wave field in the FE-PML model
is verified. The homogeneous visco-elastic halfspace with the properties of Table 2 is used for
this purpose. The visco-elastic halfspace is excited by a remote source S of unit amplitude
located at (-34 m,-26 m,0 m) with respect to the origin of the reference system (Figure 6). The
analysis is performed for the computation of the free field displacements without the presence
of the R/C building. Figure 7 shows both the solutions obtained with the FE-PML model and
the direct stiffness method [15]. The obtained results match perfectly for the frequencies at 10
Hz and 30 Hz, while small differences (< 5%) are observed for the frequency at 50 Hz. This
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S (—34m, —26m, Om)

13m

Figure 6: FE-PML model. Regular domain: heterogeneous functionally graded FE (green color) and homogeneous
deterministic FE (grey and blue colors). PML domain (red color). Remote excitation source S located outside the
limits of the computational domain.

difference can be mostly attributed to discretization error.

x 10

| XX

(a) (b)

Figure 7: Real part of vertical free field displacements along the (a) x and (b) y axes (z=0) of the FE-PML model.
FE-PML model (solid lines) versus EDT solutions (x marks) [15]. Responses for 10 Hz (blue), 30 Hz (green) and
50 Hz (red).

Next, the R/C building is added at the surface of the stochastic soil. The soil has the mean
properties of Table 2 and only the shear modulus is considered to be stochastic. The Gamma
PDF is adopted for the shear modulus with a coefficient of variation of CoV = 0.3 (Figure
8). An exponential correlation structure with a correlation length of /. = 1.5 is assumed for the
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covariance function of the univariate stochastic field:

o2
Ca(s, ') = 0 exp (—'Sl—f') (11)

C

A threshold value €,,;, = 0.95 (Equation 9) is used in the present work for the generation of
the stochastic field realizations, resulting in n,, = 1000 eigenvalues (figure 9). A large number
of eigenvalues (and therefore random numbers) is generally required for an adequate represen-
tation of weakly correlated stochastic fields. Figure 10 shows a realization of the stochastic
shear modulus of the soil mapped onto the finite element mesh. The stochastic shear modulus
is constrained to take the deterministic value of the surrounding soil on the interface ..

0.01 - : . . 1
0.008} ] 0.8}
0.006} I Los}
g T
0.004} 1 =044
0.002} ] 0.2}
0 : : : : 0 '
100 200 300 400 0 500 1000
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Figure 8: Marginal probability distribution function of Figure 9: Normalized accumulated sum of Karhunen-
soil’s shrear modulus. Loeve eigenvalues.

100 200 300 400

Figure 10: Realization of the stochastic shear modulus of the soil mapped onto the finite element mesh.

The uncertainty is propagated from the stochastic subsoil properties to the structural response
quantities by means of Monte Carlo simulation. In total, ng = 1001 realizations are used for the
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statistical estimation of the structural response quantities. Moreover, the quality of the estimated
statistics is quantified by utilizing the bootstrap method [5]. The degree of uncertainty on the
structural response is assessed by means of coefficients of variation and confidence regions.
The former are defined as:

CoViy = 24 (12)

Hiul

where |U]| is the modulus of the response quantity U, and oy and yu) are the standard deviation
and the mean value of |U| respectively. Alternatively, a confidence region with a confidence
level of p. = 90% for the modulus of a response quantity |U| can be defined such that:

P(|Us| < U] < [U]) = pe (13)

where the lower |Up| and the upper |U;| bounds can be obtained as the 5% and 95% percentiles
of |U]| respectively from the Monte Carlo simulation results.

The (stochastic) spatial variability of the subsoil properties affects the structural response in
two ways. First, the actual load that excites the structure is altered. Figure 11 shows the free field
incident wave field that excites the R/C building in case of homogeneous subsoil conditions, and
subsoil conditions as those depicted in Figure 10. Although the same excitation source .S (Figure
6) is considered in both cases, the actual free field load that excites the building is different.
This happens because, in the latter case, the spatial variability of the subsoil properties, with
its inherent subsoil impedance contrasts (Equation 2), may give rise to constructive/destructive
inference mechanisms that perturb the incident wave field.

x10™"

Figure 11: Free field displacements generated by the remote source S at 50 Hz. (a) Homogeneous subsoil condi-
tions and (b) Stochastic realization with heterogeneous subsoil conditions.

Second, the modal characteristics of the coupled structure-soil system are modified. In the
case where the loading on the structure is exactly the same for all stochastic subsoil realizations,
any difference between the corresponding responses should be solely attributed to the influence
that the spatial variability of the subsoil properties has on the modal characteristics of the sys-
tem. This is demonstrated in Figure 12 which shows the response of node A; (Figure 5) in the
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y direction in the case where the excitation is directly applied on the R/C building. Specifically,
unit amplitude forces are simultaneously imposed on nodes A;, As and As in the z, y and 2
directions (the subscripts of A stand for floor number). The mean value of |U,| is plotted with
the corresponding 90% confidence region as function of frequency. The response for five dif-
ferent stochastic subsoil realizations is also plotted. Figure 12b shows the CoV of |U,| and the
corresponding confidence 95% interval for this estimated statistics.

|Uy|[m/Hz]
CoVu,|

10 Zb 36 4b 50 10 Zb 36 4b 50
f [Hz] f [Hz]

(a) (b)

Figure 12: Modulus of response of node A; in the y direction due to applied loading in the x, y and z directions
on the nodes A7, As and As. (a) Mean value of response (solid line), the corresponding 90% confidence region
of response (shaded area) and five realizations of response (colored lines). (b) Coefficient of variation of response
(solid line) and 95% confidence interval for this statistical measure (shaded area).

In case the structure is excited by ground born vibrations, both of the aforementioned effects
take place. Figures 13a and 14a show the responses of node A; (Figure 5) in the x and z
direction, respectively, when the structure is excited by the remote source S (Figure 6). The
mean value of |Uy| and |U,| are plotted with the corresponding 90% confidence regions of
response as functions of frequency. Additionally, Figures 13b and 14b show the CoV of |U,|
and |U,| and the corresponding 95% confidence intervals for these estimated statistics.

A general trend observed in all figures, is that the structural response uncertainty increases
at higher frequencies. However, there are certain frequency bands where the response of the
coupled soil-structure system is found to be more sensitive to the subsoil properties. Simi-
larly, there are other frequency bands in which the structural response is less sensitive. These
frequency bands are not the same for every structural degree of freedom. From the mean re-
sponse lines (Figures 13a, 14a and 12a), the uncertainty seems to increase at what looks to be
the anti-resonance frequencies of the coupled structure-soil system. This can be misleading as
these frequencies may correspond to eigenmodes of the coupled soil-structure system which
are sensitive to the stochastic subsoil properties. This is demonstrated in Figure 12a, in which
individual realization responses are plotted. Frequencies around 24Hz and 40Hz, which seem
to be anti-resonance frequencies of the system in the mean response, are actually frequencies
where the response of the coupled system is extremely sensitive to the subsoil properties.
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Figure 13: Modulus of response of node A; in the = direction due to excitation by the remote source S. (a)
Mean value of response (solid line) and the corresponding 90% confidence region of response (shaded area). (b)
Coefficient of variation of response (solid line) and 95% confidence interval for this statistical measure (shaded

area).
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Figure 14: Modulus of response of node A; in the z direction due to excitation by the remote source S. (a)
Mean value of response (solid line) and the corresponding 90% confidence region of response (shaded area). (b)
Coefficient of variation of response (solid line) and 95% confidence interval for this statistical measure (shaded

area).

S CONCLUSIONS

* A methodology is outlined for the direct formulation of the stochastic soil-structure inter-
action problem by means of coupled finite elements-perfectly matched layers. The model
is suitable for analysis in a wide frequency range.

* The methodology is illustrated with a case study, the results of which set the base for
future investigations. The two ways in which the stochastic spatial variability of the
subsoil properties affects the structural response are, also, discussed.
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* Generally, the structural response uncertainty increases at higher frequencies. However,
the structural response sensitivity to the subsoil properties varies considerably over fre-
quency bands.
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