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Abstract. The deformation of the orthotropic spherical layer under normal pressure applied
on the outer and inner surfaces is analyzed. The layer is assumed to be slightly orthotropic,
it permits to apply asymptotic methods. The equations of zeroth and first approximations are
derived. For the shell, which is much softer in the transverse direction than in the tangential
plane, one gets singularly perturbed boundary value problem. Solving this problem in the
zeroth approximation the asymptotic formula for the change of the relative layer thickness under
normal pressure is obtained. Also the effect of Poisson ratio and the layer thickness on the
deformation is studied. For the cases of the thick and thin layers the last formula may be
simplified. The asymptotic results well agree with the exact solution. The developed formulas
are used in analysis of the scleral shell under intraocular pressure and may also be used in
solution of the inverse problem, i.e. in analysis of the stress-strain state of a human eye under
injection. The solution of the problem helps to estimate the mechanical parameters of the sclera,
i.e. to find the ratio of the tangential and transversal Young moduli using clinical data for the
sclera thickness change.
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1 INTRODUCTION

The 3D problem for deformation of orthotropic spherical layer under normal pressure is
considered. Such model may be used, for example, to describe the changes of the stress strain
state of the external human eye shell under intraocular injections. For isotropic spherical layer
this problem, known as Lame problem, is discussed, for example, in [1]. For transverse isotropic
spherical layer the analytical solution has been obtained in [2, 3] and asymptotic solution in [4].
The stress-strain state of a two-layered transversely isotropic spherical shell is discussed in [5].

2 PROBLEM STATEMENT
2.1 Equilibrium equations in displacements

Consider orthotropic spherical layer with the internal radius R, external radius 1?5 and thick-
ness h = Ry — Ry (see Fig. 1).

Figure 1: Orthotropic spherical layer

The position of the point of the spherical layer in given by spherical coordinates: p — radial
coordinate, (o — meridional coordinate, # — circumferential coordinate. Equilibrium equations
for the spherical layer have the form [1]

0o,y 100, 1 0Oo,y  cosp 1
- (20, — Ty — -0
op * p Op  psing 00 psingogp ot ,0( Top = Opp —O00) + ’
0oy, 100, 1 Odoy 3 CoSy
Z 2 e _ — 0,
op + p Op  psing 00 + paw + psingo(gw o00) + fo
809p 1 80&0 1 8099 3 QCOS(,D
el 2 I
dp * p Op  psing 00 ,009’) * psing %0, Jo ’

here 0,,, 04, and 0g99 — normal stress, 0,,, 0,9, 0,9 — tangential stress, f,, f,, fo — projec-
tions of the external forces in corresponding directions.

We consider axisymmetric problem without external forces. In this case the displacements
do not depend on angle ¢, and tangential stresses 0,9, 0,9 and deformations e, €9 are equal
to zero.

Thus, system of equations becomes

do,, 100,,  cosp 1

——0,, + —(20,, — 0pp, —09g) = 0, (1)
Dp | p Op | psing e T T Ter
dop, 1004, 3 CoS
+ - + -0 —|-,—(O' —0'99) = 0.
dop pdp p T psing
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The displacements of the spherical layer are given with projections of the displacement vec-
tor (w, u, v) in directions p, ¢ and 6 correspondingly. For axisymmetrilc problem v = 0. The
relations for deformations and displacements of the spherical layer are the following [1]

. ow . 18u+w . N 1( N > )
=3 —, 99 = COLY— + —, =5\-5-—"~1T5]-
PP a ) Y p 8 ) p p pp 2 a )

Next consider constitutive relations for stresses and deformations. For the orthotropic media
they contain 9 independent elastic moduli: E,, E,, Ey — Young moduli, v,,, Vsp, Vo, —
Poisson ratios, G, G, G pg — shear moduli [6]

1 Voo Vo

€pp = —0py) — ——0
pp pp wp T
E, E, FEy

—— 09, €0 = 09/ G o,

vV Vo
— _ _ ¥ _
Eop = E Opp T E Opp 5 000, €0 = 00/ Gpo, 3)
p ¥ 0
Vgp ng
€00 = TR T T T Tee + 7, 00 Epp = Opp/ Gpp-
p ® 6

Due to symmetry of relations (3) the following equalities are valid
E VW) E pr, ESOUSOG = E@Ve(’p, E@I/gp E l/pg (4)
Introduce new constants [6]
Vo + Vpplpo

Viop T ViV Voo t VopVpy

y* = -———— y* = -—— 1/* = —-—— (5)

0 ’ ) 7] )
¥ 1-— VopVpo wp 1— VopVpo ¥ 1-— VppVpyp

« _ Vop T Voplipp « _ Voo T Voplps . Vpo t Vphlpp

%~ 1 v Ve = 1 Voo = 1 )

— Vpplpy — Vployp — Vpol6,p

Ey/ (1= vy Vi Vpo) » Ej =Ep/ (1 — v vp0 — Vi, V) (6)

— Y w0 T Ypptpp o — Lo 0" b 0p"p0) >
*
p/( — Vyelop — Vpcp’/sop)’
where
* * _ * * * * * *
Ep pp Esa pp? oVop = EOVW’ E9V9p pVpo- (7

Substituting (3) and (2) into (1) and taking into account (5)—(7) we get equilibrium equations
in displacements as

682w+68 —|—082w—|—caw+cw—|—c O u +cau—|—cau—|—cu = 0, (8)
o82 1a 282 38@ 4 58p8g0 6ap 7&0 su = 0,
0%u ou 0%u ou 9*w ow ow

d d dy— +d d d de— +d-— +d = 0
0@p2+ 1ap+ 23@ + 3a + dqu + 588 + 68p+ 7(9%04- QW ,

where expressions for ¢; and d; are listed in Appendix.
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2.2 Boundary conditions
We consider the quarter of the spherical layer, i.e. domain 0 < ¢ < T and R; < p < Rs.

On the boundary ¢ = 0 and p = g we assume

u(p,0) =u (p, g) =0, S—Z(p, 0) = g—z (P7 %) =0, g—Z(p, 0) = g—z (07 E) =0. 9

2
On the boundary p = R; and p = R, we suppose that the normal pressure P;, P, is given
0pp (R1, ) = — Py, Opp(R2,p) = =P (10)

where

4+ e
dp p p Op p

Equations (8) and boundary conditions (9)—(10) provide the boundary value problem.

O vi o+ vt v¥ 0 v*, cot
p—E*<w+—’w id Gu Ly T T (¢)u).

2.3 Restrictions on elastic constants

As we mention above the descriptions of the orthotropic material requires 9 independent
elastic moduli. However, due to the positive definiteness of the elastic potential its coefficient
must satisfy Sylvester criterion, from which the following inequalities may be found [6]

Voo < A\ Eo/Ep, Voo <\ Eo/Ep,  Voy < 1/ Eo/E,, (1D

VpoVpoVhp < 1/2 (1 - l/ioEp/E@ - Vi@E@/EQ — Vngg/Ep) )

3 SLIGHTLY ORTHOTROPIC MATERIAL. PERTURBATION METHOD

Consider that the elastic modulus in the circumferential direction is little different from the
modulus in the meridional direction. We assume that the following relations for the material
elastic constants are valid

E,=FE, E,=E, Eg=E(1+ ), vg, =V, Vpp = Vg, = 1.

GLp@ =G+ MG/ = + NGI, Gpnp =Gy, Gp9 =Gy + MGH;

E
2(1+v)

where ;1 < 1. For 1 = 0 the material becomes transverse isotropic.
In this case the limitations on elastic modulii (11) are

1 / / 1 — 2
v < —, v < - min Ty (12)
1+ p 1+u (14+p) (24 p+2v)

The domain of the material parameters (u, v, 1) is plotted in Fig. 2
Solution of equation (8) we seek in the form

w(p, ©) = wo(p) + pwi(p, ©) + O(1?),  ulp,p) = pur(p, ) + O(p?).

Equation of zeroth approximation for function wg(p) have been considered in [4]. This is
equation for the transversely isotropic layer. We report shortly the results of [4] in next section.
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Figure 2: The domain of the elastic moduli (i, v, 1) for E/E; = 0.01.

4 EQUATION OF ZEROTH APPROXIMATION

For zeroth approximation the equilibrium equations for the normal displacement may be
reduced to a single equation in the form

1/ 2 ! —_
wy(p) + ;wo(P) - QWWO(P) =0, (13)

and boundary conditions are
2EEinw(R;) + Ef (1 — v)w'(R;)R; = —PR; (Ey(1 —v) — 2Ev7) i=1,2.

The restrictions on elastic constants becomes
E1 . 1—v
v <1, v < E-mm 1, 5 )

1 —
and since for all known materials v > —1 then \/Ty < 1. This problem has an exact

analytical solution obtained in [2, 3], but formulas for the displacement w and stress functions
are rather complicated. That is why it is more convenient to use an asymptotic approach to
analyze the effect of the parameters of the spherical layer on the stress-strain state of the layer.

4.1 Asymptotic analysis

For the layer, which is much softer in the transverse direction than in the tangential surface
we assume F; = ¢?E. vy = ey, where ¢ < 1, Vi = 1, a > 1. In the further analysis o = 1.
The equation for the normal displacement becomes

e*wy(p)p® + 22 pwi(p) — (a + be)wo(p) =0, (14)
2 *
where a = : ;and b = — 1 ! , and the boundary conditions are
— UV — UV
efw(R;) + e2gw' (R)R; = —cp; Ry, i=1,2. (15)

Here p; = Pi/E,c = (1 —v — 2v}%), f = 2vf, g = 1 — v. To solve singularly perturbed
equation (14) we follow [7] and seek a solution in the form

1

w(p) = ez X0 (wo(p) + ewy (p) + - --). (16)
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After substitution in (14) and equating the coefficients at £ to zero we obtain a system of
equations for the unknowns A(p), wo(p), wi(p), . ..

wo(p)(—a + p°X*(p)) =0,

20w ()N (p) + wo(p) (= + 2pXN (p) — p*N"(p)) = 0, (17)
The solution of the first equation gives A(p) = +=—— and the solution of the second equation
p
is . b
= p° = (£—-1).
So, for the first approximation we get
w(p) = Ap™ + Bp™, (18)
Ja 1( b
where 70 = £— + 3 :l:T — 1 ). Constants A and B may be found from the boundary
€ a
conditions
A= ¢ R1Gipy — RaGapy B— _ ¢ G1Ga(RaGipa — RaGoapy)

e FHGI-GY) G F=(Gf - G3)
where F* = \/ag + f and G; = R;/a /¢ The change of the layer thickness is obtained using

formula for the normal displacement

w(Ry) —w(Ry)
Ah =
Ry — Ry

or
_Elel(F+G2 — F_Gl) +p2R2(F_G2 — F+G1>

Ah=—2 (F~F(G1 + Go))(Re — R)

(19)

4.2 Examples and applications

Further simplification of the formula for the change of the layer thickness is based on the
assumptions on ratio of the values R; and R,. For example, for the thick layer R; < R, then
£ = Ri/Ry < 1( < 1)and G; < Gy. In this case the first approximation for Ak has the

form
CpiFT + poF”

e(FHF7)(1-¢)

Ah = — (20)

For the thin layer 71 ~ R,. In this case

cp(I=n)(F" = F (1-n)7") +p(F = F(1-n))
en F-F+(1+ (1 —-n)~) ’

where Ry = (1 —n)Ry (n =1 —-§ < 1), x = /a/e.

Let consider as an example the scleral shell with parameters [8] v = 0.48, P; = px 133.3 Pa,
Py, = 0Pa, £ = 14 MPa, vi = 0.5, Here p = 20 is the intraocular pressure in mm Hg. The
change of the layer thickness as a function of ¢ is represented in Fig. 3 for thick layer (n = 0.7)
(left) and for thin layer (n = 0.04) (right).

The change of the layer thickness as a function of € and £ = R;/R; is represented in Fig. 4

Ah = —
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Figure 3: The change of the layer thickness vs. € (the exact solution (blue line), the asymptotic solution (red line)).

Figure 4: The change of the layer thickness as a function of € and £ = Ry /R».

S EQUATIONS OF FIRST APPROXIMATION

For the first approximation we get equations

(92w1 Tm 811)1 +m 32w1 +m 871)1 1wy +m 82U1 Tm (9u1 i
m [ [
0 0,2 1 ap 2 0,2 3 D 4W1 5 9p 0 6 ap
ou
+m7—1 + mguy + mowgy = 0, (21)
dp
0%uy N Ouy N 0%uy N Ouy N N 0wy N Ow N
ny—— no—m— ng—— naqu ny——m—-— ne——
0 o0 1 ap 2 02 3 g 4U1 58p g 6 g
8w0
+nr—— + ngwg = O,
dp

where expressions for m; and n; are listed in Appendix and boundary conditions

0 0 0 0
N L L s,
p= p=m/ Op lo=0  0p lp=n/2 Op lo=0 O lp=r/2
and
O-p1>p (R17 90) - O-;p(R% QO) - 07 (23)
where 9 9 5
1 w1 Wo Uy
Tpp = loa—p + Liwy + lza—p + lzwp + l4% + lsuy,
and
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2 by Ev?
=1 |l ="—__ [, = 24
o=bh=lEa—y PTaovEa-v -y Y
. l2 . EVl .
I3 = s ly = E(l—)p Is = Iy cot(¢p).

So, the boundary value problem for the first approximation consists of equations (21) and
boundary conditions (22)—(23). We note, that the change of the shear moduli (G’,G") do not
effect equations and boundary conditions of the first approximation.

Figure 5 depicts deformed orthotropic layer for two different ratio of Ey/E,. The layer
parameters are taken as follows Ry = 12 mm, Ry = 0.9Ry, B, = F = 14 MPa, £, = E; =
1.26 MPa, v = 0.48, 1, = 0.03. The inner boundary p = R; is subjected to normal pressure
P, =20 x 133.3 Pa.

Total displacement (Um), p=-0.3 Total displacement (im), p=0.3
A 102 A o.4s

10 10

¥ 0.09 ¥ 233

Figure 5: Deformed orthotropic layer with Fy/E, = 0.7 (1 = —0.3) and Ey/E, = 1.3 (u = 0.3).

6 CONCLUSIONS

1. For transversely isotropic material the asymptotic formula describing the change of the
layer thickness under normal pressure is obtained. Asymptotic relations show that for
deformation of the spherical layer under the inner pressure the relative thickness varies
more for the layer with smaller thickness.

2. The change of the scleral thickness under intraocular pressure (IOP) well agree with clin-
ical data on decrease of scleral thickness in primary open-angle glaucoma (POAG) [8].
POAG is an eye disease, which is generally accompanied by the IOP increase.
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APPENDIX

2 1 G
=1 a== =572 ¢ =ccot(p),
p 2p* E
1 . . EL+205EL+ Ej
Cy ; (VW + Vg — E;; ,
1/, G cot ., G
Cs ; <Vp<p + Q_EP?:) , Cg = p(SO) <Vp9 + 2Epi) ) (25)
p p
1 ( * ; * pL
r=— |V —_*(1+V¢9)_ I
p2 \ e E: 2E"
o — cot(y) (V*e Bgvg + Ep Gpw)
p? ’ Ex 28
2 2 E
d() = 17 d1 = ;, dg = EG—@7 dg = dg COt((p),
pe
2 Ew, B
dy = —= <1 A cotQ(go)) : (26)
p? Gy Gy
1 BV 2cot(p) E;
ds = — (1422222 deg = ——2 L (v —1*
5 P ( + Gpr ) ) 6 P Gpgo (I/pt,p VpH)?
2 E? _ 2cot(p) E; — Ep

dy = 1+ =201+ ), d :
’ /)2( Gpgo( 809) i p? Gpp

mo=1 my = %, me = 2;’;;;0, ms = ma cot(p),
2 F(1-— 1 /G E
m=snay ™ et Ea )
1 (E(1— G
me = mscot(yp), my= > (El((l _V;; + 25;)) ) (27)
mg = my cot(p), mgz—%%,

o B-v)
P B(1—v) - 2B
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2 o,
ng =1, n1:;, 2= ol ns = ng cot(yp),
pp
2 ( E;’@o E:;o 2 1 QEZWO
ng=—-—— |1+ ==+ ="cot*(p)]|, ny=-(14+—7"~
p? Gpp  Gpy P Gy
ne = 2 1+ 2o ny = _200t(9) _ Epp ng = 7 (28)
I G ool ’ p GP¢(1+V)’ vip’
% E(E1 — EI/12) % . EE1V1
o (1+v)(E(1—v)—2Ev}) PP Bl —v) — 2B
. E(E\w + Ev})

oo = T o) (B (1= v) — 2B07)°
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