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Abstract. Concave Surface Slider (CSS) devices represent an effective solution for base-
isolation design problems. In such isolators the energy dissipation capability is induced by 
the sliding motions which occur at one or more sliding interfaces. The spherical shape of the 
sliding surfaces provides a significant recentering behavior, by means of the stepwise projec-
tion of the applied vertical load with respect to both horizontal directions. One of the most 
important assumptions states that the lateral response of a CSS device can be considered as 
the direct summation of the recentering force and the frictional force. For two-components 
earthquake excitations, the recentering force is computed as a linear spring with respect to 
displacements along the main directions of motion; whereas, the frictional response is re-
turned by the stepwise projection of the total frictional force, which is aligned with respect to 
the trajectory of the device: thus, a bi-axial interaction of the directions of motion has to be 
accounted for, when a friction-based device is modelled. However, available commercial 
software which can capture such a behavior are limited. In this work an analytical procedure 
is defined, for the computation of an “equivalent uniaxial accelerogram” for the seismic as-
sessment of a base-isolated structure, subjected to a bi-directional earthquake. Thanks to the 
proposed theory, it is possible to compute a single ground acceleration time-history, related 
to a proper direction angle, which can reproduce the same effects of a two-components seis-
mic event on a base-isolated structural system: the analogy between the equivalent uniaxial 
and the bi-directional events has been studied in terms of acceleration, velocity and dis-
placement spectra respectively. Results for the base-isolated structure have been analyzed in 
terms of displacement, absolute acceleration and interstorey shear responses. 
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1 INTRODUCTION 

Concave Surface Slider (CSS) devices are widely used in real applications for seismic vul-
nerability mitigation all over the world. Thanks to the easy geometric and mechanical defini-
tion of such isolators, it is possible to achieve high values of dissipated energy and, 
consequently, lower internal forces are induced into the superstructure during the seismic 
event [10]. Nonetheless, a lot of research, both numerical and experimental, has been devel-
oped in last years, aiming at getting a better understanding of the lateral response characteris-
tics of friction-based devices [3, 6]. One of the key points of the behavior of CSS isolators is 
represented by the frictional response under bi-directional seismic events [4, 6, 8]. Generally, 
the force response of a CSS device can be considered as the direct summation of a recentering 
force and a frictional force. The recentering contribution can be modelled as a linear spring 
with respect to displacements along both x and y directions, whereas the frictional force is a 
complicated function of vertical load, sliding velocity and cyclic effects, and it is parallel to 
the trajectory of the device [1]. Thus, the main frictional force has to be stepwise projected 
along the main directions of the reference system, and a bi-axial interaction has to be consid-
ered. This aspect has been noticed in experimental results as well as in analytical simulations 
[3, 5]. In Figure 1 the analytical hysteretic responses along x and y directions of a single de-
vice subjected to a cloverleaf displacement trajectory are shown (friction coefficient: 7% ; 
Equivalent radius of curvature: 3.1m ).  
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Figure 1: Analytical simulation the CSS hysteretic response under a cloverleaf trajectory. 

It can be noted that by accounting for bi-axial interaction of the directions of motion, the 
maximum force value decreases along both x and y directions, due to the changing in orienta-
tion of the main frictional force during motion, in comparison to the unidirectional model, 
which considers the frictional force parallel to the recentering one at each time step. Hence, 
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the seismic response of a base-isolated structure can be strongly affected by the bi-axial inter-
action of the directions of motion. However, most of the design and verification procedures 
are based on simplified unidirectional approaches [9]; moreover, testing protocols for such a 
kind of devices mainly consist of unidirectional tests, according to UNI:EN15129 standard 
code [7], and bidirectional tests can be substituted by a unidirectional motion along an or-
thogonal direction. Furthermore, only recent versions of commercial softwares can model 
such behavior, and significantly high run times may be experienced. 

In this work an analytical procedure is presented, which can return an equivalent uniaxial 
accelerogram representative of a bi-directional seismic event. Thanks to the present theory, it 
is possible to apply a uni-directional radial motion to the structure, for the evaluation of struc-
tural internal forces and displacements under a general bi-directional earthquake. Results of a 
base-isolated building structure have shown a good agreement of the response under the 
equivalent uniaxial event in comparison to the bi-axial one, in terms of displacement, absolute 
acceleration and interstorey shear values. 

 
 

2 EQUIVALENT UNIAXIAL EVENT 

In this section the presented procedure for the computation of the equivalent uniaxial event 
of a bidirectional earthquake is reported.  

Generally, a bidirectional seismic event is represented by two individual ground accelera-
tion time-series along x and y directions respectively, where x and y are plan orthogonal di-
rections of the reference system of the analyzed structure. Since there are a lot of aspects 
which influence the propagation of seismic waves during an earthquake (such as rupture 
mechanism, soil mechanical characteristics, topographic and stratigraphic distributions, etc…), 
the resulting diagram which represents both the ground acceleration time series together, that 
is gy&&  vs. gx&& , consists of a scatter plot of acceleration points, and no preferential direction of 

motion can be immediately detected. In Figure 2 the ground acceleration diagram related to 
the Irpinia earthquake 1980 is reported. 
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Figure 2: Irpinia earthquake 1980 – Ground acceleration diagram. 

Thus, the response spectrum of the seismic event has to be considered. A response spec-
trum of the bi-directional event has been defined, by means of the direct integration of the 
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equations of motion along both x and y directions of a linear single oscillator with different 
values of structural periods T and for a given damping ratio ξ: 
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Hence, the maximum vectorial displacement and absolute acceleration are detected. 
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By considering several period values, the reference response spectrum related to the bidi-
rectional earthquake is finally obtained. Therefore, for a given direction angle, the projection 
of each acceleration point shown in Figure 2 is obtained, in order to compute a single ground 
acceleration component along the considered direction. In Figure 3 the projection procedure is 
reported. 
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Figure 3: Equivalent uniaxial event – Projection procedure. 

According to the aforementioned scheme, the uniaxial projection of the bidirectional earth-
quake )(tag  is defined for the given orientation α as follows: 

 ( ) ( )αα sin)(cos)()( tytxta ggg &&&& +=  (3) 

Consequently, the ordinary 1D acceleration and displacement response spectra associated 
to )(tag  can be obtained, by assuming the same damping ratio of the reference 2D response 

spectrum. Then, a parameter which describes the discrepancies between the reference 2D and 
the 1D response spectra is defined, by computing the square root of the Mean Squared Error: 

α 
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such a parameter can be computed by considering either the acceleration or the displacement 
response spectrum; both the approaches have been evaluated for sake of comparison. 
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Where nT is the total number of structural periods, considered for the computation of the 
response spectra. Finally, by considering the direction angle α within a range between 0° and 
180°, the optimum direction angle which returns the minimum error parameter can be ob-
tained. In Figure 4 and Figure 5 the aforementioned procedure has been applied to the Irpinia 
earthquake 1980, by considering a damping ratio equal to 5% and acceleration and displace-
ment spectra respectively. 
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Figure 4: Equivalent uniaxial event – Irpinia earthquake – acceleration-based procedure. 
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Figure 5: Equivalent uniaxial event – Irpinia earthquake – displacement-based procedure. 

In what follows results for three different bidirectional earthquakes are reported, by vary-
ing the damping ratio; the analyzed seismic events are listed in Table 1.  
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Event # Location Year Mw PGAx [m/s2] PGAy [m/s2] 
1 Irpinia 1980 6.9 1.718 1.550 
2 Emilia 2012 6.1 2.574 2.591 
3 L’Aquila 2009 6.3 6.442 5.352 

 

Table 1: Equivalent uniaxial event – seismic events characteristics. 

Results are shown in terms of both optimum direction angle and error parameter values as 
a function of the damping ratio. In Figure 6 and Figure 7 results are shown, by considering 
acceleration and displacement error respectively. 
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Figure 6: Equivalent uniaxial event – damping analysis – acceleration-based procedure. 
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Figure 7: Equivalent uniaxial event – damping analysis – displacement-based procedure. 

It can be noted that the acceleration spectrum approach leads to more stable results, in 
terms of optimum direction angle value, which can be considered approximately constant with 
respect to increasing values of damping ratio; in addition, as the damping ratio increases, the 
acceleration error parameter significantly decreases, and a similar decay trend of the accelera-
tion error has been found among the considered earthquakes. On the other hand, the dis-
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placement-based procedure returns more irregular results: the optimum variation angle value 
can be affected by the damping ratio and, decreasing trend of the displacement error parame-
ter is found at high values of damping ratio as well as for the acceleration procedure. 

 
 
 

3 ANALYTICAL MODEL DEFINITION 

In this endeavor the structural model presented in Furinghetti and Pavese 2015 has been 
used [4], which consists of a Multi Degrees Of Freedom (MDOF) scheme, base-isolated by 
means of an equivalent CSS device, which is representative of the entire isolation system 
(Figure 8). 
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Figure 8: Dynamic model of the isolated structure. 

This assumption can be adopted when a building with a large plan development is consid-
ered. Thus, all the isolators have averagely the same vertical load, directly equal to the total 
weight of the isolated structure divided by the number of devices. Hence, the horizontal force 
along both x and y directions of the isolation system can be computed as follows: 
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Where MB is the total mass of the building, and MP is the mass of the isolated plate. Finally, 

the normalized dynamic system of the isolated structure is consequently defined for direction  
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i = x, y. The contribution of the isolation system has to be added in the first equation only for 
both directions, which represents the translational dynamic equilibrium of the isolated slab.  
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The damping matrix is obtained by accounting for Rayleigh damping, with a target damp-
ing ratio equal to 5% [11].  

 
 
 

4 CASE STUDY STRUCTURE AND SEISMIC INPUT 

The case study building consists of a three storey R.C. frame structure, with a total mass 
equal to 2048 tons [2], which is base-isolated by means of CSS devices, and a R.C. isolated 
slab with a thickness of 0.5m, as shown in Figure 9.  
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Figure 9: Case study structure. 

The isolated plate has a total mass equal to 1496 tons: thus, according to the aforemen-
tioned analytical model, the ratio between the masses of the building and the isolated plate is 
equal to 1,37. The first mode period is equal to 0,48s and a target damping ratio of 5% has 
been set for all the modes. CSS devices have been modelled with a an equivalent radius of 
curvature equal to 3,1m; furthermore, in this work the friction coefficient has been considered 
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as a constant function of vertical load, sliding velocity and dissipated energy: the numerical 
value is equal to 7% [3, 4]. 

For what concerns the input signals, all the previously analyzed earthquakes have been ap-
plied to the case study structure. Since the displacement demand and the associated hysteretic 
damping ratio is not a priori known, for all the bi-directional earthquakes the optimum direc-
tion angle of the equivalent uniaxial event  has been computed with a damping ratio equal to 
5% and both acceleration and displacement approaches have been processed. In Table 2 the 
characteristics of the seismic events are listed. 

 

Event # Location Scale factor 
1D angle [°] 

acc. approach 
1D angle [°]  

displ. approach 
1 Irpinia 1.5 140.5 118.0 
2 Emilia 1.5 128.0 94.5 
3 L’Aquila 1.5 21.0 179.5 

 

Table 2: Case study– seismic events characteristics. 

A scale factor for both x and y components equal to 1.5 has been used for all the consid-
ered seismic events, in order to achieve a maximum displacement demand comparable to the 
design displacement capacity of the devices. 
 

 
5 ANALYSES RESULTS 

In the followings the results are shown in terms of displacement, absolute acceleration and 
interstorey shear profiles of the case study structure, subjected to the bidirectional event in 
comparison to the equivalent uniaxial cases. 

In Figure 10 , Figure 11 and Figure 12 displacement results are reported for earthquake #1, 
#2 and #3 respectively, and by accounting for acceleration (left) rather than displacement 
(right) approach. 
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Figure 10: Results – Eqk#1 – displacement profiles. 
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Figure 11: Results – Eqk#2 – displacement profiles. 
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Figure 12: Results – Eqk#3 – displacement profiles. 

In Table 3 the variation percentages at all levels of the displacement demand related to the 
equivalent uniaxial earthquake in comparison to the biaxial seismic event. 

 
 Eqrthquake #1 Eqrthquake #2 Eqrthquake #3 

Level # 
Acc. 

approach 
Displ. ap-

proach 
Acc. 

approach 
Displ. ap-

proach 
Acc. 

approach 
Displ. ap-

proach 
0 11.9% -6.3% -10.7% -17.0% -29.6% -6.0% 
1 12.4% -5.8% -10.8% -16.8% -28.7% -5.8% 
2 13.0% -5.3% -11.1% -16.8% -28.2% -5.7% 
3 13.3% -5.0% -11.4% -16.8% -28.1% -5.6% 

Table 3: Results – Variation percentages – displacement response. 
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As can be noted, for earthquake #1 and #3 the best agreement is achieved by using the dis-
placement spectrum approach, whereas for the second earthquake the direction angle returned 
by the acceleration procedure leads to better results. Generally, the displacement demand de-
creases at all levels, if the equivalent uniaxial event is considered; only for earthquake #1 with 
acceleration approach opposite evidences have been found. 

In Figure 13 , Figure 14 and Figure 15 absolute acceleration results are reported for earth-
quake #1, #2 and #3 respectively, and by accounting for acceleration (left) rather than dis-
placement (right) approach. 
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Figure 13: Results – Eqk#1 – absolute acceleration profiles. 
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Figure 14: Results – Eqk#2 – absolute acceleration profiles. 
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Figure 15: Results – Eqk#3 – absolute acceleration profiles. 

In Table 4 the variation percentages at all levels of the absolute acceleration demand relat-
ed to the equivalent uniaxial earthquake in comparison to the biaxial seismic event.  

 
 

 Eqrthquake #1 Eqrthquake #2 Eqrthquake #3 

Level # 
Acc.  

approach 
Displ. ap-

proach 
Acc.  

approach 
Displ. ap-

proach 
Acc.  

approach 
Displ. ap-

proach 
0 4.8% 0.0% 0.3% -13.1% 7.5% 0.9% 
1 7.9% 9.0% 6.0% -22.5% 17.6% 2.3% 
2 3.9% 4.3% -10.1% -7.9% -12.2% 2.6% 
3 0.7% -4.8% 0.1% -19.1% 28.2% -1.4% 

 

Table 4: Results – Variation percentages – absolute acceleration response. 

In all cases acceleration profiles relative to the biaxial seismic event are almost overlapped 
to the ones associated to the equivalent uniaxial earthquake: thus, even though 5% damping is 
assumed for the computation of the optimum direction angle for both displacement and accel-
eration approaches, the acceleration response can be properly captured by applying an equiva-
lent radial motion. For eqk#1 and #2 the best comparison is obtained by accounting for the 
acceleration procedure, whereas for eqk#3 the displacement approach provides a better esti-
mates of the bidirectional acceleration profile. 

In Figure 16 , Figure 17 and Figure 18 interstorey shear results are reported for earthquake 
#1, #2 and #3 respectively, and by accounting for acceleration (left) rather than displacement 
(right) approach. 
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Figure 16: Results – Eqk#1 – interstorey shear profiles. 
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Figure 17: Results – Eqk#2 – interstorey shear profiles. 
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Figure 18: Results – Eqk#3 – interstorey shear profiles. 
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In Table 5 the variation percentages at all levels of the interstorey shear demand related to 
the equivalent uniaxial earthquake in comparison to the biaxial seismic event.  

 
 Eqrthquake #1 Eqrthquake #2 Eqrthquake #3 

Level # 
Acc.  

approach 
Displ. ap-

proach 
Acc.  

approach 
Displ. ap-

proach 
Acc.  

approach 
Displ. ap-

proach 
0 5.1% -1.6% 6.8% 3.3% -11.1% -1.7% 
1 2.2% -4.3% 8.8% -4.9% 6.5% 7.7% 
2 2.1% -4.1% 1.4% -13.4% 25.0% 16.6% 
3 1.9% -2.9% -1.1% -19.2% 26.4% -1.1% 

 

Table 5: Results – Variation percentages – interstorey shear response. 

Also concerning shear profiles, the equivalent unidirectional event provides a good esti-
mate of the bidirectional response at all levels. Again, the acceleration procedure leads to bet-
ter results for eqk#1 and #2. 

 
 

6 CONCLUSIONS AND FUTURE DEVELOPMENTS 

In this work an analytical procedure for the computation of an equivalent uniaxial seismic 
event for a bidirectional earthquake is presented. Such a procedure allows to compute the op-
timum direction angle of the equivalent radial motion, by projecting along several directions 
all the acceleration points of the bidirectional earthquake and evaluating the associated error 
parameter between the biaxial and the uniaxial response spectrum; both acceleration and dis-
placement response spectra have been considered. Three different bidirectional seismic events 
have been studied and then applied to a case study base-isolated structure, in order to under-
line differences between the biaxial and the equivalent uniaxial responses, in terms of dis-
placement, absolute acceleration and interstorey shear demands. 

For the analyzed earthquakes it has been noticed that the optimum direction angle can be 
approximately considered constant with respect to the damping ratio and the error parameter 
significantly decreases with increasing values of damping ratio, if the acceleration spectrum 
approach is used; on the other hand the displacement approach leads to more irregular results. 

Concerning structural responses, displacement demands at all levels are underestimated 
when the equivalent  uniaxial earthquake is applied, exception made for earthquake #1, with 
acceleration approach. The best approximation is returned by the acceleration approach, 
which leads to variations in the range between 5% and 15%, whereas higher variations can be 
experienced with displacement approach. Regarding absolute acceleration responses, a good 
agreement between biaxial and equivalent uniaxial events is reached with both the approaches, 
even though in most of the cases the lowest variations can be found with the acceleration-
based procedure (less than 10%). Similar conclusions can be drawn also for interstorey shear 
responses. 

Future developments of the present work will consist of a wide numerical study on a real 
application, modelled with a commonly used commercial software, in order to underline in-
fluences in the main response parameters of the effective horizontal and vertical spatial distri-
bution of the structural elements, by accounting for both biaxial and equivalent uniaxial 
earthquakes; furthermore, a wider set of seismic events will be analyzed, aiming at generaliz-
ing all the previously discussed aspects.   
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