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Abstract. The metal stress-strain state simulation needs high precision computations. The use
of any simplifying assumptions, such as the plane section hypothesis, the deformable material
relative compressibility, uniform temperature distribution over the cross and longitudinal
sections of the strip, etc. reduces the computation accuracy of strain and stress at the nodes.
Standard programs often use such assumptions. It is acceptable for solving the routine
problems. For the manufacture of critical elements such assumptions can lead to undesirable
serious consequences. Modeling of the metal forming processes by using the finite element
method gives a more accurate solution of the problem. However, the solutions require to
solve a linear equations system of high dimensionality. The coefficient matrix is sparse,
namely it consists of mainly zero elements, randomly scattered. This leads to considerable
computation time for solution methods. In general, the number of arithmetic operations is
proportional to the cube of the system's order. In this paper, we propose to increase the
computational efficiency analysis through the use of the high-sparse matrix properties. In this
case computer time will be proportional to the system order to the 1.2 power. The proposed
solution SLAE comprises sparse matrix methods, which include techniques for optimal
ordering of matrix rows and columns by using the criterion of the rows in order to increase
the first non-zero elements number. This paper shows the application of the computation
method for the process of the Belleville spring upset. Belleville springs can be classified as
critical elements. One of its possible applications is the rail joint. Unlike conventional parts
the elastic elements are characterized by the presence of large deformation under loads. The
main factor that determines the service properties of the elastic element is the amount of
strain energy that it can be accumulated. Accumulation and dispersing of the Belleville
springs strain energy is directly depends to the relation of the meridian cross-section size and
the spring working area. The establishment of this dependence is necessary for its rational
design.
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1. INTRODUCTION

The metal stress-strain state computation is widely used in the metal forming processes
simulation, as well as for the investigation of finished product fatigue strain. The study of
stresses and strains arising during the various process stages, will improve the manufacturing
process of metal products. Simulation identifies areas with critical stress. Then through the
modernization of stamping tools and products specifications arising stresses will be reduced
in these areas. This in turn will lead to increase the lifetime of the stamping equipment and
manufactured metal products. To obtain the required results, numerical methods should be
used.

Consideration of the historical development of numerical methods for the metal stress-
strain state computation, shows the gradual improvement of these methods. The purpose of
this is to improve the any task computations accuracy in any conditions. To achieve this, first
of all it is necessary to provide a solution to the problem without the plane section hypothesis,
the deformable material relative compressibility, uniform temperature distribution over the
cross and longitudinal sections of the strip, etc. In plastic metal working modeling by using
the finite element method the majority of simplifying assumptions is no need to use. In most
FEM codes usage of the computer methods the stress-strain state is based on the variational
computation, created by O.C. Zienkiewiczand R.C. Taylor[1], R. Hill [2]-[4], D.H. Norrieand
G. deVries [5], D.Banabic [6], F. Barlat [7]-[12], J.L. Bassani [13], et al. However, the use of
FEM codes for irregular shaped parts requires considerable computer resources. One possible
solution to this problem is the 2D model prediscovery and then on the problem areas more
accurate 3D simulation [14].

While there is great diversity in the formulations of the FEM, in general the method can be
characterized by the following properties:

1. The task physical area is divided into sub-areas, or finite elements.

2. The dependent variable is approximated by the specialized functions on each finite
element and, consequently, in the entire region. The parameters of these approximations in the
subsequent are unknown the problem parameters.

3. Substitution approximations to defining equation gives the equations set system with
unknown parameters. Solving these equations, we can determine the values of these
parameters and, consequently, obtain an approximate the problem solution.

As a result of solving the SLAE for the elastic stress-strain state computation is obtained
stress and strain in each finite element. However, the solutions require to solve a linear
equations system of high dimensionality. The coefficient matrix is sparse, namely it consists
of mainly zero elements, randomly scattered. This leads to considerable computation time for
solution methods. In general, the number of arithmetic operations is proportional to the cube
of the system's order. In this paper, we propose to increase the computational efficiency
analysis through the use of the high-sparse matrix properties. This computer time will be
proportional to the system order to the 1.2 power. The proposed solution SLAE comprises
sparse matrix methods, which include techniques for optimal ordering of matrix rows and
columns by using the criterion of the rows in order to increase the first non-zero elements
number.

This paper shows the application of the numerical method for the process of the Belleville
spring upset. One of its possible applications in the rail joint. Belleville springs are also
commonly used in engineering for damping dynamic and shock loads encountered in
operation of machines (anti-vibration damper and other buffers). So the Belleville springs can
be classified as critical elements. However, according to numerous studies and practical
testing of a significant portion of the Belleville springs during exploitation under repeated
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loading does not stand above the claimant the amount of cycles (2-10°). Damage occurs due to
development of fatigue cracks in the edge hole due to wear of their contact surfaces. Defects
in the Belleville spring edges surface, appearing in the typical stamping and accelerates the
fatigue cracks nucleation. In standard Belleville springs during operation there are significant
the stresses value, and this their service life is reduced. Contact spring surface wears out
quickly due to its small area. To increase the spring service life necessary to reduce the
stresses during exploitation strain, to increase the contact surface area and eliminate the
occurrence of surface defects during stamping. Reducing stress possible by optimizing the
design parameters of the spring based on the stress-strain state analysis results of its
compression during use [15].

2. APPLICATION OF THE NUMERICAL METHODS TO ANALYSIS THE
STRESS-STRAIN STATE

2.1. Application of the finite element method to compute the stress-strain state problems

Consider the application of finite element method for solving the computer problem the
Belleville spring elastic stress-strain state. The computer problem the spring elastic stress-
strain state resolved on the basis of the minimum potential energy principle [5], [16]. The
potential energy functional for solid mechanics bidimensional problems looks as follows:

_lT T B T , 1
z=lzel o dv—(ulpav— JU'T da 1)

\ \ AT
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where . — g |- the strain vector, o = o, |- the stress vector, UT — the transpose
yxy TXY

. . P . .
U= [Z] of the movement at point matrix, P = [Px] — the mass force per unit volume matrix,
y

T, . . . .
T = [Tx] — surface stress at point matrix, V — solid volume, At —solid surface.
y

Values ¢, ¢, and a,, o, are strains and stresses axial x and y, respectively. In constructing a
mathematical model of the elastic stress-strain state in a spring-loaded by the linearity of the
elastic problem and small strain velocities do not take into account the temperature changes
effects and the mass forces emergence [16]. These factors can be taken into account
additionally if necessary.

Consequently:

F=0
6T =0, )

where F —mass force potential, 6T — solid temperature increment.

Due to the fact that the Belleville spring is in equilibrium, and consider strain state, the true
system of solid material points displacement u by the loads action T, as well as taking into
account the condition (2), the potential energy functional (1) transform as follows:

zzijwdv_jquAT
SN 3)

) T,
where V —solid volume, T = [T ] — surface stress vector, Ar— outer contact surface.
y
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Since the Belleville spring has a rotation solid shape (Figure 1), then the decision we
consider axisymmetrical stress-strain state.

Figure 1: Parameters Belleville spring and the cylindrical system position.

After the conversion, taking into account characteristics of the Belleville spring
parameters, the potential energy functional (3) for the spring will be:

1 27 Rl Z]_ 2

7=5 [do | ng-D-g-r-drdz—k-pz-5ij-ud(p
0 R222 0 , (4)
H .
where zlel_ir;, z,=H,-—*r, H =R,-\9a, H, =H, + S , H — the Belleville
R, R, cosa

spring height, k — friction coefficient, R; u R, — the Belleville spring radius and spring holes,
respectively (Figure 1).

Then displacement to each of the finite element is approximated by linear functions. Then
using the differentiation matrix rules, we compute the partial derivatives of the elemental
energies along the nodal displacements vectors. The Belleville spring cross section break in
the 48 triangular elements. Then, after securing the condition of potential energy functional
minimum (4) and implement the united elemental matrix equations (association for nodes) in
the matrix equation system with the defined movement. A result we get linear equations
system for the nodal displacements values:

F-S-(R-R,) _

0,
288-7-R,-cosa

48
> KEU® -
e=1

where Ke=120,859-S(R1—R2). Ky Ky Kz Kgq Kgs  Kge |
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Coefficient matrix of the linear equations system resulting contains a large number of zero
elements (a sparse matrix). Therefore, the use of accurate computation methods (for example,
the Gauss method) provides more computing error and has low computing speed. Since they
depend on the positioning of columns and rows with null elements. This leads to high
computations processing power. To improve the efficiency computations used special
methods to transform a sparse coefficient matrix, include a method of arranging the rows and
columns, reduce the sparse matrix filling, namely a modified Gauss method that provides a
numerical method stability [17]. As a result of its solutions obtained nodal displacements, and
then determine the stress and strain in each element [18].

2.2 Application of the sparse matrix method to compute the SLAE

Using iterative methods for solving linear systems with sparse matrices is not very
effective, as to ensure their convergence necessary to satisfy the convergence conditions, in
addition, if the problem solving linear systems is incorrect, then the iterative methods do not
give a clear answer. Exact methods devoid of these shortcomings, however, their use gives
greater computational errors and a higher dimension takes more memory [19]. The errors are
caused by the transition from the mathematical model to the numerical method. They are
connected with the fact that every numerical method reproduces the original mathematical
model approximately. To improve the efficiency computations, there are special methods to
transform a sparse coefficient matrix, including the optimal ways to organize the sparse
matrix rows and columns.

The Gauss method - the successive unknowns elimination method from a equations system
[20]. With the unknown ky exclusion, the equations system:

Ax=b )
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where all coefficients a;; when i >k and j > k computed by the formula:

_ AjkAkj
yj = Aij ==~ (6)

In general, the arithmetic operations numbers to Gaussian solve (5) be proportional to the
system order to the 3 power. This leads to considerable cost of computer time. It is possible to
improve significantly the computational efficiency of the analysis, if application the property
of the high matrix sparseness A to model (5). Sparse matrix processing efficiency is high
because it does not require, firstly, conversion of the formula (6), if at least one of the
elements aj or ay; is zero, secondly, the memory cost to store zero elements. Although sparse
matrix algorithms are more complex, but as a result the computer time cost will be closer to
linear. When using the sparse matrix methods need to take into account the dependence of the
computational efficiency of the coefficient matrix submission A, more precisely, on the order
in which recorded its rows and columns. Sparse matrix methods should include ways to the
optimal streamline of rows and columns matrix. It is possible to use several ordering
optimality criteria. The simplest of these is the criterion of the rows in order to increase the
number of primary non-zero, more complex criteria take into account not only the primary
non-zero, but also the emerging secondary non-zero.

To implement the method of sparse matrices it was developed software in the Delphi
language. Input data the program are placed in a separate file containing non-zero values of
the matrix coefficients in a packed form. The principle of reading the input data is as follows:
at the beginning indicates the matrix order, each subsequent line is in the form kind of a;, ay,
az ..., where the first and the third number - a columns number, where the data is non-zero
elements, and the second, the fourth number - data is non-zero elements. This type of the data
presentation allows the large dimensions matrices can be stored and processed in the
computer's memory. In this case gain in storage costs is significant. Using this software
allows you to get a solution to a linear equations system with sparse coefficients matrices, to
estimate the error and make a conclusion about the decision correctness [21].

2.3 Application of the method to analysis the stress-strain state in the spring-loaded

On the basis of the discussed above computer method the mathematical elastic stress-strain
state model of the Belleville spring loaded was worked out. For the numerical implementation
of the model it was developed software designed to compute strains and stresses in the spring-
loaded. The program was developed in programming environment C# [18]. Figure 2 shows
the stresses in the Belleville spring-loaded with design parameters: S =1 mm, R1 = 17.5 mm,
R2 =4.98 mm, a =5.47°, H = 1.2 mm, when a load is applied F = 110 N.

Problem is solved by using a CAE system «ANSYS» to check the model verification
(Figure 3).

On the basis of the stress-strain state analysis the computation method of disc springs
optimal design parameters and form was worked out.
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Figure 2: Stresses o, in the Belleville spring-loaded.

Figure 3: Stresses distribution field in a Belleville spring-loaded.

3. CONCLUSIONS
¢ A mathematical model of elastic springs compression during operation is developed.
e Sparse matrix method is used to improve computation performance.

e For the numerical implementation of the model it was developed software designed to
compute strains and stresses in the spring-loaded.

e The stress-strain state of the spring-loaded is analyzed.

¢ On the basis of the stress-strain state analysis the computation method of optimal springs
design parameters and form is worked out.
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