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Abstract. The true behavior of structural systems, mainly essential in seismic analyses, is 
nonlinear and dynamic. In analysis of nonlinear dynamic behaviors of structural systems, a 
versatile tool is direct time integration. In spite of the versatility, the responses obtained from 
time integration are approximations and the computational costs are considerable. For 
analyses subjected to excitation available as digitized records, a technique to reduce the 
computational cost with negligible sacrifice of accuracy is proposed in 2008. The technique is 
successfully implemented in seismic analysis of frames, buildings structures, bridges, reser-
voirs, power stations, silos, etc., and undergone theoretical studies from different points of 
view. This is a complementary study that, with the aim of reducing the small errors because of 
the technique and reducing the computational costs even more, numerically investigates the 
frequency content of the errors originated in the computational cost reduction technique. As 
the conclusion, more errors are expectable in lower modes and/or modes with more contribu-
tion in the response. Further extensive study is essential. 
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1 INTRODUCTION 

Time integration is the most versatile approach to analyze the transient behaviors of semi-
discretized structural systems. Nevertheless, the computational efforts are considerable, and 
the responses are approximations. In a review on the time integration process, after discretiza-
tion of the mathematical models in space, by methods such as finite elements, we arrive at the 
semi-discretized models, typically stated below: 
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where,  t and endt  imply the time and the duration of the dynamic behavior, M is the mass ma-

trix, ( )tintf  and )(tf  stand for the vectors of internal force and excitation, u(t), )(tu , and )(tu  

denote the vectors of displacement, velocity, and acceleration; 0u , 0u , and 
0intf , define the 

initial status of the model (regarding the essentiality of considering 
0intf  in Eqs. (1), see [1, 2]), 

and Q implies nonlinearity restrictions, e.g. see [3, 4]. Time integration determines the status 
at discrete time instants ttt ΔΔΔ 3,2, …. ( tΔ  stands for the integration step size), according to 
approximate formulations, introducing the integration method [5-8]. Because of the approxi-
mation, the step size tΔ  can not be large; however, because of the step-by-step nature, and the 
resulting high computational cost, the step size can also not be small. Considering this, and 
the unconditional stability of conventional time integration methods (see [6-9]), the integra-
tion step size recommended is basically obtained from [5, 7, 9-11]: 
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where, T  is the smallest period with considerable contribution in the response. In some prac-
tical cases, e.g. time integration analysis against earthquake records, where, 

 ( ) ( )tt guMf Γ−=  (3)

(M represents the mass matrix, ( )tgu  denotes the vector of ground motion at some different 

degrees of freedom (unless in multi-support excitations, gu  reduces to a function of time) and 

Γ  is a matrix implying the effect of ground motion at different degree of freedom [12]), )(tf  
is available as a vector of digitized records, and Eq. (2) is being replaced with  

 ),min(
χ
T

tt f Δ=Δ  (4)
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where, tf Δ  implies the step size, by which, )(tf  is digitized, and in view of Eq. (2); 
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 (5)

When, tf Δ  governs Eq. (4), some additional computational cost, e.g. about 
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for linear problems, is being dictated to the analyses, merely, in order to take into account the 
total information of )(tf ; see also [13]. 

 In 2008, a technique is proposed for reducing the above-mentioned additional computa-
tional cost, while taking into account the total earthquake record, and not sacrificing consider-
able accuracy (compared to analyses with steps obtained from Eq. (4)) [13-16]. The past 
experiences were successful; see Table 1. Nevertheless, with the rapid scientific improve-
ments, the value of χ , as well as the value of tf Δ  in Eqs. (4) and (5) is likely to be decreased;  

 
System(s) analyzed The cost reduction (%) Source 
SDOF system 75 [14] 
2-DOF nonlinear system 49.27 [14] 
Eight storey shear frame 80 [17] 
Thirty-storey building 50 [18] 
3-component earthquakes 66.7 [19] 
Silo 77.65 [20, 21] 
Water tank 66.7 [16, 22] 
Building in pounding  12.7 [23] 
Bridge with linear and nonlinear behaviors 45-80 [24-26] 
Power stations > 50 [27] 
Regular residential buildings 50-87 [28, 29] 
Bridges with pre-stressed elements, subjected 
to multi-support excitation and nonlinearities 

30-70 [30] 

Residential building with irregularities in height 50-80 [31] 
Space Structures >50 [32] 
A telecommunication tower >50 [33] 
A cooling tower >50 [34] 

 
Table 1. Experiences on the computational cost reduction technique proposed in [14]. 

 
see also [35]. Accordingly, in view of Eq. (6), more enlargement of digitization step size 
would be desirable, and study towards improvement of the technique proposed in 2008 [14], 
especially for decreasing the even small inaccuracy induced by the technique, can cause con-
siderable practical achievements. Considering this and in view of a recent research reported in 
[16], this paper presents an attempt to point out whether there exists any special distribution 
of the errors in different oscillatory modes. In the next section a brief theoretical discussion is 
presented. Numerical evidences, regarding the discussion in Section 2, are presented in Sec-
tion 3, and the paper is concluded in Section 4. 
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2 BRIEF THEORETICAL DISCUSSION 

In a review on the formulation of the technique proposed in 2008 [14] (for more detailed 

formulation, see [13, 15]), the replacement of the excitation f(t) with the excitation ( )tf
~

, digi-
tized at larger steps, is based on convergence and specifically on convergence of second order. 
In more detail, in view of the Eqs. (35), (38), and (39), in [14], also repeated below:  

 

                               :0=it   )( 
~

i itff =  

               :0 endi tt ≤<   [ ]
′

=
−+ +

′
+=

n

k
lkilkii tt

n
t

1
//i )()(

4

1
 )(

2

1~
ffff  

                            :endi tt =   )( 
~

i itff =  

(7)

 

 

                      :tt Δ=       1−=′ nn  

:tttt end Δ−≤<Δ     








−=′

2

1
2

n

n

n           
+

+

Ζ∈+=

Ζ∈=

jjn

jjn

,12

,2
 

                    :ttt end Δ−=       1−=′ nn  

(8)

 

)
10

,min(
T

htnt f ≤Δ=Δ       for linear system 

    )
100

,min(
T

htnt f ≤Δ=Δ       for nonlinear system 

endtt ≤Δ  

 

(9)

and the derivation of this formulation, there is no consideration about the dynamic nature of 
the phenomenon. Accordingly, it sounds reasonable to simply expect more contribution in the 
additional errors because of the technique, from the oscillatory modes contributing more in 
the dynamic behaviors, e.g. the first modes for many behaviors. This is also in consistence 
with Eq. (4), and also the notions of amplitude decay and period elongation [5-9], according 
to which, the higher modes, with lower values of T, are being time integrated more inaccu-
rately and hence the additional errors because of the technique proposed in 2008 [14] are 
comparatively not considerable at the higher modes. Since, this claim is in agreement with a 
recent observations reported in [16], as a step towards profound study and clearing the distri-
bution of the additional errors caused by the technique in different natural modes, some nu-
merical examples are presented, in Section 3. 

3 NUMERICAL EXAMPLES 

3.1 2-D Frame 

The 2D frame introduced in Fig. 1(a) and Table 2 is subjected to the ground acceleration 
displayed in Fig. 1(b) and studied considering linear behavior. The histories of top displace-
ment and base shear reported in Fig. 2, together with Fig. 1(b), lead to  

 2=n     )2( tt f Δ=Δ≡  (10)
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(a) 

 
 
 
 
 
 
 
 
 

(b) 

Figure 1: Structural system in the first example: (a) 2D frame (b) Earthquake record. 
 
 

Members Profiles 
Columns BOX  8x18x1.25 
Beams IPE  360 
Braces BOX  8x8x0.6 

 

Table 2: Profiles of the structural members in Fig. 1(a). 

 

 

 

 

 

 

Figure 2: Responses for the structural system in Fig. 1. 

  
in implementation of the technique proposed in [14]. In Figs. 3 and 4, the responses obtained 
from time integration analyses with the average acceleration method [5-7, 12, 36] and steps 
satisfying Eq. (4) are compared, with the responses obtained, when changing the step sizes to 
step sizes obtained from Eq. (4) after eliminating tf Δ , i.e.  

 tΔ  = tn f Δ  (11)

where, n is to be as stated in Eq. (10). As apparent in Fig. 3, the technique has successfully 
halved the computational cost, in the price of negligible loss of accuracy. Meanwhile, though 
hardly recognizable in Fig. 4, the errors because of the technique are more in lower oscillatory 
modes (higher values of T ); in this example (and for many systems), these are the modes with 
more contribution in the response. 
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Figure 3: Responses computed for the structural system in Fig. 1 by the average acceleration method. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Frequency content of the response displayed in Fig. 3. 
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3.2 3-D Frame 

The study reported in Section 3.1 is repeated for the 3-D frame introduced in Fig. 5(a) and 
Table 2, against the earthquake records in Fig. 5(b) applied in the main directions ( 005.0=Δtf  

sec). The structural members are briefly introduced in Table 3; the structural system is dual 
(moment resisting frame plus bracings) with two-sided slabs at floors; the floors height are 3 
meters and the vertical loads are distributed uniformly on the floors, while the earthquake re-
cords are applied in the main directions, and, in separate studies, the analysis methods are the 
HHT )3.0 ,3025.0 ,6.0( −=== αβγ  and the average acceleration [36, 37]. The almost exact 
responses are as displayed in Fig. 6. In view of Figs. 5(b) and 6 (also see [24]),  

 5=n  (12)

is an appropriate selection in  implementation of the technique proposed in 2008 [14]. The 
resulting responses are as reported in Figs. 7 and 8, respectively, in time and frequency do-
mains, once again, implying the good performance of the technique and the more errors of the 
technique in lower modes. 
 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 

  
 

 

Figure 5: Structural system in the second example: (a) 3D frame, (b) Ground motion. 
 
 

Members Profiles 
Beams IPE 270, IPE 300, IPE 360, IPE 400 

Columns 
BOX 20x20x1.25, BOX 22x22x1.25, BOX 22x22x1.6, BOX 24x24x1.75, BOX 
26x26x2.22 

Braces BOX 12x12x1, BOX 14x14x1, BOX 9x9x1 
 

Table 3: Profiles of the structural members in Fig. 5(a). 
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Figure 6: Top displacement and base shear histories for the second example. 
 
   ——   Ordinary analysis (                  sec) 
   -----     Ordinary analysis after implementation of the technique (                   sec) 
 

 
 
 
 
 
 

 
 
 
 

 
 
 
 
 
 
 
 

 
 
 
 
 

 

 
 

 

Figure 7: Time histories of the responses computed for the structural system introduced in Fig. 5 and Table 3 by:  
(a) Average acceleration, (b) HHT. 

  
   ——  Ordinary analysis (                    sec) 
   -----   Ordinary analysis after implementation of the technique (                   sec) 
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Figure 8: Frequency content of the response reported in Fig 7: (a) Average acceleration, (b) HHT. 
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The study is repeated taking into account the nonlinear behavior of the joints as well as the  
P-∆ effect. Merely the P-∆ actually affected the behavior and that only slightly. Accordingly, 
considering the difference between the linear and nonlinear cases in Eq. (2), 

 25.1=n  (13)

is an appropriate selection in the implementation of the technique, proposed in [14], in analy-
sis of the system introduced in Fig. 5 and Table 3 (see also [38]). The results reported in 
Figs. 9 and 10, once again, are evidences for the claim in Section 2. 

 
   ——  Ordinary analysis (                    sec) 
   -----   Ordinary analysis after implementation of the technique (                        sec)  
 

 
 

 
 
 
 
 
 
 
 

 

  
  

 
 
 
 

Figure 9: Time history of the response computed for the nonlinear case of the structural system introduced in 
Fig. 5 and Table 2 by: (a) Average acceleration, (b) HHT.  
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Figure 10: Frequency content of the response reported in Fig 9: (a) Average acceleration, (b) HHT. 
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4 CONCLUSIONS 

The performance of a time integration computational cost reduction technique in frequency 
domain is studied via brief theoretical discussion and three examples. Accordingly, it sounds 
reasonable to expect more errors either in lower modes or in modes with high contribution in 
the response; this is not restricted to a specific time integration method and to linear behaviors. 
Towards more efficiency for the technique proposed in [14], further study is essential and 
highly recommended. 
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