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Abstract. In this paper the phenomenological process related to the evolution of the ternary 
and higher system is discussed. The two coupled phenomena related to the difference in diffu-
sion coefficients will be presented by numerical investigations -  mainly the Kirkendall and 
Frenkel effects. Such a difference leads to the: lattice shift, stress generation and relaxation, 
non-equilibrium distribution of vacancies and voiding. The generalized Darken method (bi-
velocity) of the multi-component system is formulated. The approximation method allows for 
determination the evolution of the voids. Thus the relaxation time for the vacancies in terms of 
mean migration length and vacancy diffusion coefficient in case of multicomponent system 
will be formulated. Moreover, the void evolution in Fe-Pd system will be calculated.
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1 INTRODUCTION 
The Navier-Stokes set of equations is a theoretical model for continuum fluid dynamics 

where the local thermodynamic equilibrium holds. However, this equations encounters some 

challenging difficulties for non-continuum flows. This phenomena was widely studied in the 

gas community, where the gas density is usually very low. In recent years, non-continuum 

flows have also attracted much attention with the rapid development in microelectromechani-

cal systems. However, due to the finite Knudsen number effect, the continuum-equilibrium 

assumption may break down and the model will fail to work for these flows [1, 2, 3].  

 In the recent years Brenner proposed new model based on the fluid velocity [4, 5, 6]. 

He introduced one single additional term into each of the momentum and energy equations. 

Generally Brenner assumed that the mass velocity in the hydrodynamics equations should be 

replaced by volume velocity which relates to the flux of volume rather than mass [4, 5, 6].  

     On the other hand, diffusion community knows very well an alternative way of pro-

viding volume conservation. Namely, it is a lattice drift (Kirkendall effect) caused by the va-

cancy flux divergence leading to dislocation climb and subsequently to the construction of 

extraplanes in accumulation region and dismantling atomic planes in depleting region [7, 8, 9]. 

The drift velocity is than generated. This constraint means zero divergence of overall volume 

flux density:  
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When the only driving force is chemical potential gradient, ch
i i  , the volume flux is given 

by: 

 *m i
i i i iJ D

x


 


  


.  

 In this paper the intrdiffusion in solid state description will be formulated. The mass, 

heat, volume continuity equation, flux definition and vacancy evolution equation will be pre-

sented. We will focus on the kinetic effects that are related to difference of mobilities, namely 

on the stress generation and relaxation [3,10]. Interdiffusion leads to the accumulation of mat-

ter at the side of slower component of the diffusion couple. Due to the volume constraint, na-

ture just must find some ways to reduce this accumulation to zero. This reduction, will be 

realized here by introduction of: 1) Kirkendall effect; 2) Backstress effect and 3) non-
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equilibrium vacancy distribution. The last paragraph will present the results of the model 

mainly, the voids evolution during interdiffusion process in Fe-Pd system.  

 

2. THE MASS AND HEAT EQUATIONS 

Mass conservation law. Consider multicomponent mixture, where i  denote the i-th 

component density. The evolution of the density is described by the equation: 

  div 0i
i iv

t





 


 (1) 

where i i iJ v  is the overall flux of the i-th component and iv  denote its volume velocity 

(the medium velocity). We do not take into account mass production or consumption in this 

equation.  

Heat balance. Diffusive flux can influence the heat balance. The heat flux can be defined af-

ter Fourier (for isotropic material) as: 

  grad qJ k T   (2) 

where k  denote the thermal conductivity and T  is the temperature. We can define the en-

thalpy of the system according to internal energy density as:  

 
 tr
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   (3) 

The differential form of the above equation is: 
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where 
v

DT
Dt

 denote the Lagrange derivative defined over the velocity v : 

  grad 
v

DT T v T
Dt t


 


, (5) 

Assuming, that the changing enthalpy in time is proportional to its specific heat and tempera-

ture, the following equation can be written: 

 p
v v

Dh DTc
Dt Dt

  (6) 

Finally, by introducing Eqs. (2) - (6) into the energy conservation law and the mechanical 

parts are neglected, than the final heat transport equation can be derived: 
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  div  grad p
v

DTc k T
Dt

   (7) 

 

The fluxes. The overall flux and velocity of the mass are defined by the volume drift and dif-

fusion velocities: 

         where    :m m drift m d drift d drift m d
i i i i i i i ii i

v v v v v v v v              , (8) 

where  i = 1,…, r  and  r denotes the number of components and m
i iN    denote the molar 

fraction.  

The volume drift velocity. During an arbitrary transport process when volume is affected by 

the distribution of every mixture component and the stress field, from the Liouville theorem it 

follows:  

 
 div div

m
mi i

i i ii i
v v

t



 

  
  . (9) 

 We consider here a multicomponent solution in a closed system, where partial 

molar volumes and elastic properties do not depend on composition,  1,...,i rf N N  . Thus, 

the volume can be only affected by the external forces:  

 d d dt v x

 
   . (10) 

where:   is a velocity generated by external forces (elastic deformation). Introducing Euler 

relation ( 1m m
i ii

     ) and Eq. (8), (9) allow to calculate the drift velocity of the mix-

ture: 

 
 div divdrift m d

i i ii
v v v    (11) 

Denoting the Darken velocity, Dv  as:  

 

D m d
i i iv v    (12) 

The final form of the drift velocity can be rewritten in the form: 

 
 div divdrift Dv v v   (13) 

Equation (13) defines the drift velocity of the system. In one dimension the drift velocity can 
be expressed by analytical function as: 

 

drift Dv v v   (14) 

 

2366



Bartek Wierzba 

 In this paper we will consider, additionally four more effects: 1) Kirkendall effect, 

2) Backstress 3) vacancy generation effect and 4) thermal gradient 

The Kirkendall effect  means the movement of lattice from slower diffusant side towards the 

faster diffusant side with some drift velocity, driftv . Thus this effect results in diffusion flux as 

follow: 

 d drift
i i i iJ v v   , (15) 

 The diffusion flux is defined by the Nernst-Planck flux equation [11,12] which in 
general form reads: 

 grad drift
i i i i iJ B v    , (16) 

where i  is the generalized diffusion potential of the i-th component.  

Backstress effect - the diffusion potential is affected by the internal stress effect - stress gra-

dient appearing due to attempt of matter accumulation. Each diffusing atom of both species is 

affected by common stress force:  

  grad gradInt m Int
i i p     (17) 

Non-equilibrium vacancy distribution - the diffusion potential is a difference of component 

chemical and common vacancy potentials, ch V
i i    , and equalization of the diffusion 

fluxes instead of lattice shift, is provided by the non-equilibrium vacancy gradient appearing 

due to attempt of matter accumulation. Role of effective force here is played by the gradient 

of vacancy chemical potential, proportional to the gradient of deviation of vacant sites frac-

tion from its local equilibrium value: 

 lnV V
eq
V

kT 


   (18) 

Temperature distribution - the isothermal heat transmitted by moving the atom in the proc-

ess of jumping a lattice site less the intrinsic enthalpy [13, 14]: 

 *1grad gradT Q T
T

    (19) 

where: *Q  is defined as heat of transport. Finally, the diffusion potential is a sum of compo-

nent chemical and common vacancy and stress potentials, 
ch V Int T

i i i        . Conse-

quently, the gradient of the diffusion potential is defined as follow: 
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    *1 1grad grad grad grad gradeq m Int
i i V V ieq

i V

kTkT p Q T
T

   
 

        (20) 

Internal pressure -  the internal pressure is a result of the difference in the diffusion coeffi-

cients of the components and difference in the lattice in diffusion couple [15]:  

 
   div

3 1 2

Int
dp E v v

t





  
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, (21) 

where: the overall diffusion velocity is defined as: 

 d m d
i i ii

v v   (22) 

Vacancy exchange. The last equation defining the model is the vacancy exchange. The equa-

tion is defined as: 

 
1

div grad 0
eqr

v v v
i i i

i v

B
t
  

 


 
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   (23) 

where vN  is the vacancy molar fraction, vj  is the vacancy flux. The eq
vN  and v denote the 

vacancy equilibrium molar fraction and relaxation time, respectively.  

 

3. RESULTS.  

In this section the results of interdiffusion and voids formation will be shown. The voids 

formation will be analyzed in two-dimmensional space. For experimental verification the Fe-

Pd binary system was used. The voids radii will be estimated and the results for different cal-

culation times will be shown. The following set of the equation will be solved: 

  div 0   on      \d Di
i i i Vv v

t


 


    


 - mass conservation 
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 
    

   - vacancy exchange 

 0      on   i V
Vt t

  
  

 
  

where:  1grad grad grad eq
i i V Veq

i V

kTkT   
 

    . This set of the equation will be supple-

mented with boundary conditions: 

 0   on   d
i iv    - diffusion flux on the boundary 

The subset V  denote the position of the voids. The voids are initially introduced onto the 
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calculation mesh. Thus, only the growth will be simulated. In general, the voids growth on the 

faster diffusion couple side. In Fe-Pb system the voids growth on the iron reach side of the 

diffusion couple. We assume that in Fe-Pd system the mean migration length for vacancy was 
810VL m . The diffusion coefficient was calculated from Boltzmann-Matano analysis (from 

known experimental results of diffusion in Fe-Pd system at 1273K for 150h [16]), i.e. at the 

concentration point 0.75FeN   the diffusion coefficients was estimated as:  151.17 10FeD    

and 169.27 10PdD    2 1m s . The results for different calculation times are shown on figures 

1-2. 

 

 
Figure 1. The simualtion results of the a) - c) Fe concentration and b) - d) voids formation 

(vacancies evolution) in Fe-Pd system after annealing at 1273K for 200h 
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Figure 2. The simualtion results of the a) - c) Fe concentration and b) - d) voids formation 

(vacancies evolution) in Fe-Pd system after annealing at 1273K for 1000h 

 

4. CONCLUSIONS. 

Present paper shows the method which allow for calculation of the physical models of in-

terdiffusion. The drift velocity was calculated in case of presence of the vacancy, backstress 

and chemical force fields. Moreover, it was shown, that the interdiffusion process can be in-

fluenced by the vacancy and heat fields. The model was checked by simulating voids growth 

during diffusion couple experiments. It was presented, that the voids are formed at the faster 

diffusion side of the diffusion couple. Moreover the radii of the void changes parabolically 

with time. In the future the simulation should take into account, that the voids are moving dur-

ing the diffusion process. 

 

Acknowledgements. This work has been supported by the National Science Centre (NCN) in 
Poland, decision number 2013/09/B/ST8/00150. 

REFERENCES  
                                                
[1]  E. P. Muntz, Annu. Rev. Fluid Mech., 21, 387, 1989. 
[2]  C. M. Ho, Y. C. Tai, Annu. Rev. Fluid Mech., 30, 579, 1998. 
[3]  Z. Guo, and K. Xu, Adv. Appl. Math. Mech., 1, 391, 2009. 
[4]  H. Brenner, Physica A, 349, 11, 2005. 
[5]  H. Brenner, Physica A, 349, 60, 2005. 

2370



Bartek Wierzba 

                                                                                                                                                   
[6]  H. Brenner, Physica A, 370, 190, 2006. 
[7] L. S. Darken, Trans. AIME, 174, 184, 1948. 
[8] A.D. Smigelskas, E.O. Kirkendall, Trans. AIME, 171, 130, 1947. 
[9] J. Bardeen, C. Herring, Diffusion in alloys and the Kirkendall effect. In Shockley W 
(ed) Imperfections in Nearly Perfect Crystals, Wiley, New York, 1952.  
[10]  R. W. Balluffi, S. M. Allen, Carter W.C. and Kemper R. A., Kinetics of materials, 
Wiley, Hoboken, (NJ) 2005. 
[11] W. Nernst, Z Phys Chem (N F) 4, 129, 1889. 
[12]  M. Planck, Annu Rev Phys Chem 40, 561, 1890. 
[13]  C. Basaran, M. Lin, International Journal of Solids and Structures 44, 4909, 2007. 
[14]  C. Chen, H.-Y. Hsiao, Y.-W. Chang, F. Ouyang, K.N. Tu, Materials Science and Egi-
neering R 73, 85, 2012. 
[15]  B. Wierzba, M. Danielewski, Physica A 390, 2325, 2011. 
[16] B. Wierzba, W. Skibiński, S. Wędrychowicz, P. Wierzba, Physica A 433, 268, 2015 

2371


