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Abstra
t. This pro
eeding suggests the two-steps shape optimization algorithm improving Hy-

drodynami
s stability, by 
onstru
ting the existing shape optimization problems Problem 1 and

Problem 2. In Problem 1, a dissipation energy is de�ned as a 
ost fun
tion and the stationary

Navier�Stokes problem is used as a main problem. In Problem 2, the maximum value of a real

part of the leading eigenvalues is de�ned as a 
ost fun
tion and the stationary Navier�Stokes

problem and its eigenvalue problem are used as main problems. The initial domain is a two

dimensional 
avity �ow W

0

, where side walls and bottom walls are used as the design bound-

aries as the 
ost fun
tions de
rease. First, Problem 1 is solved to obtain an optimal domainW

1

.

Se
ond, Problem 2 is demonstrated by using W

1

as the initial domain, and an optimal domain

W

2

is obtained. Finally, eigenvalue problems are solved in W

0

and W

1

, W

2

to depi
t a linear

neutral 
urve and spe
trum. As a result, it is 
on�rmed numeri
ally that the 
riti
al Reynolds

numbers are in
reased throughout Problem 1 and Problem 2.
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1 INTRODUCTION

This pro
eeding suggests a shape optimization method improving Hydrodynami
s stability

with a regularization te
hnique on the initial domain.

A shape optimization problem is generalized as a problem of optimizing the boundary design

of a domain in whi
h a boundary value problem of partial differential equations is de�ned,

where the domain topology is �xed as that of the initial domain. In this problem, 
ost fun
tions

are de�ned as fun
tionals of the domain and the solution of the boundary value problem. Along

with 
omputer development, numeri
al examinations of shape optimization problems have been


ondu
ted. Based on results of these trials, it was noted that the dire
t appli
ation of the gradient

method often results in os
illating shapes. However, the os
illation was able to be suppressed

by redu
tion of the degrees of freedom on the boundary.

Subsequently, it was 
lear that su
h the os
illation is 
aused by a la
k of smoothness of the

�rst variation of fun
tional. To avoid os
illation without redu
ing the degrees of freedom, a

method using the Lapla
e operator as smoother was proposed by H. Azegami et al. [1℄. This

method was 
alled the H

1

gradient method. In the H

1

gradient method, domain variation that

minimizes the obje
tive fun
tional is obtained as a solution to a boundary value problem of a

linear elasti
 
ontinuum de�ned in the design domain.

In �uid dynami
s, E. Katamine et al. [2℄ demonstrated the appli
ability of the H

1

gradient

method to a shape optimization problem of an isolated body in a domain de�ned the stationary

Navier�Stokes equations as the governing equations. However, in [2℄, the stabilities of �uid

�ows in the initial domain and the optima domain were not dis
ussed. Wherein, T. Nakazawa

[3, 4℄ reported the possibility that the the stability 
ould be 
ontrolled by the shape optimization

problem. In parti
ular, on the two dimensional Cavity �ow W

0

, using the stationary Navier�

Stokes problem as the main problem, the maximizing and minimizing problems of the energy

dissipation 
an make the 
riti
al Reynolds number in
rease and de
rease, respe
tively.

Espe
ially, on an optimal shape W

1

in the 
ase of the minimizing problem (Problem 1),

�gs. 1 and 2 show stream lines of stationary �ows and a real part of the leading eigenvalue on

W

0

and W

1

at Re = 11500. Fig. 3 depi
ts a linear neutral 
urve on W

0

and W

1

and a spe
trum

at Re = 11500, and it is observed that the minimizing problem 
an make the 
riti
al Reynolds

number larger.

(a) (b)

Figure 1: Stream lines of (a) stationary �ows and (b) a part of the leading eigenvalue on W

0

at Re= 11500.

3771



Takashi NAKAZAWA

(a) (b)

Figure 2: Stream lines of (a) stationary �ows and (b) a real part of the leading eigenvalue on W

1

at Re= 11500.
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(b)

Figure 3: (a) a linear neutral 
urve on W

0

and W

1

and (b) a spe
trum at Re= 11500.
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The results of [3, 4℄ 
laim that the shape optimization problem might be able to 
ontrol

Hydrodynami
s stability. For the aim to 
ontrol Hydrodynami
s stability more dire
tly, T.

Nakazawa and H. Azegami [5℄ suggested a new pioneering shape optimization method to make

the disturban
es more stable dire
tly, in whi
h the real parts of the eigenvalue is used as the 
ost

fun
tion and the stationary Navier-Stokes problem and its eigenvalue problem are de�ned as the

main problems (Problem 2). In [5℄, an initial domain is Poissolle �ow with a sudden expansion,

and the 
riti
al Reynolds number in
reases. In this pro
eeding, Problem 2 is demonstrated on

W

0

and W

1

at Re= 11500 and ea
h linear stabilities are 
ompared.

2 Formulation of problem

2.1 Initial Domain

A Cartesian 
oordinate system is used and a position ve
tor is generally denoted by x

x

x =
(x,y) ∈ R

2

. An initial domain W

0

=
{
(x,y) ∈ R

2 | ([0,1]× [0,1])
}
is 
onsidered, and the top

boundary and the wall boundary are set asG

top

= {(x,y) | 0≤ x≤ 1, y= 1} and G
wall

= ¶W\G
top

.

2.2 Domain Variation

Using the initial domain, the domain variation is de�ned in the following way. Let i

i

i+f

f

f :

R
2 → R

2

be a bi-Lips
hitz transform and D be the set of f

f

f , where i

i

i denotes identity map-

ping. For a f

f

f ∈ D, let a varied domain W(fff) and boundary G

wall

(fff) be de�ned respe
tively

as (iii+f

f

f)(W
0

) and (iii+f

f

f)(G
wall

). The fun
tion spa
e of the Fré
het derivative with respe
t to

arbitrary domain variation f

f

f is de�ned as

X =
{
f

f

f ∈ H

1(R2

;R
2) | fff = 0

0

0 on G

top

}
.

The shape derivatives of fun
tionals are obtained as follows. Let z be a real-valued fun
tion

of j ∈C

1(D;H2(R2

;R)) and Ñj(fff), and

L(fff ) =
∫

W(fff )
z (j(fff),Ñj(fff))dx.

Using the shape derivative z

′
of z , the shape derivative JL of L is given as

JL(fff ) =

∫

W(fff )
z

′
dx+

∫

G

wall

(fff )
zn

n

n ·yyydg,

where the deformed boundary is denote by G

wall

(fff) = ¶W(fff)\G
top

and where n

n

n denotes an

outward unit normal ve
tor on the boundary ([1℄ Eq. (18), p.274).

2.3 Main problems

The stationary Navier�Stokes equation and the equation of 
ontinuity in non-dimensional

form are 
onsidered, where ( �uuu, �p) ∈ �

U × �

Q denote non dimensional stationary velo
ity and

pressure and

�

U =
{
�

u

u

u= ( �u, �v) ∈ H

1(W(fff);R2) | �uuu= u

u

u

D

on ¶W(fff)
}
,

�

Q=

{

�q ∈ L

2(W(fff);R) |
∫

W(fff )
�qdx= 0

}

.

4
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The weak form is written as

∫

W(fff )

{

(( �uuu ·ÑÑÑ) �uuu) · �www− �pÑ

Ñ

Ñ · �www+
1

Re

(ÑÑÑ �

u

u

u

T) · (ÑÑÑ �

w

w

w

T)− �qÑ

Ñ

Ñ · �uuu

}

dx= 0,

for all ( �www, �q) ∈ �

W × �

Q, where ( �www, �q) represents trial fun
tions for velo
ity �

u

u

u and pressure �p, and

�

W =
{
�

w

w

w ∈ H

1(W(fff);R2) | �www= 0

0

0 on ¶W(fff)
}
.

A set of velo
ity �elds

¯

u

u

u ∈ ¯

U and pressure p̄ ∈ ¯

Q for the disturban
e

¯

U =
{
¯

u

u

u ∈ H

1(W(fff);C2) | ¯uuu= 0

0

0 on ¶W(f)
}
,

¯

Q=

{

q̄ ∈ L

2(W(fff);C) |

∫

W(fff)
q̄dx= 0

}

,

are introdu
ed. Based on the linear stability theory, for an eigenvalue l ∈ C, an eigenvalue

equation in weak form is written as

∫

W(fff)

{

l

¯

u

u

u · ¯www
+(( �uuu ·ÑÑÑ) ¯uuu) · ¯www +(( ¯uuu ·ÑÑÑ) �uuu) · ¯www
− p̄Ñ

Ñ

Ñ · ¯www +
1

Re

(ÑÑÑ ¯

u

u

u

T) · (ÑÑÑ ¯

w

w

w


T)

−q̄
ÑÑÑ · ¯uuu}dx= 0,

for all ( ¯www, q̄) ∈ ¯

W × ¯

Q, where ( ¯www, q̄) represents trial fun
tions for ¯uuu and p̄, and

¯

W =
{
¯

w

w

w ∈ H

1(W(fff);C2) | ¯www= 0

0

0 on ¶W(fff)
}
.

3 Shape optimization problem

The minimization problem of the maximum value of the real parts of the leading eigenvalues

(Problem 2) is formulated as

FindW

2

that minimizes f = 2Real[l ]

subje
t to ( �uuu, �p, ¯uuu, p̄) ∈ �

U× �

Q× ¯

U× ¯

Q su
h that Eqs. (1) and (1) ,

where l , ¯uuu depi
t an eigenvalue and an eigenfun
tion for the disturban
e with the maximum

value of the real parts of the leading eigenvalues. The shape derivative of the Lagrange fun
tion

L is evaluated by appli
ation of the Lagrange multiplier method, where L is written as

L( �uuu, �p, �www, �q,l , ¯uuu, p̄, ¯www, q̄) =

2Real[l ]

−
∫

W(fff )

{

(( �uuu ·ÑÑÑ) �uuu) · �www− �pÑ

Ñ

Ñ · �www+
1

Re

(ÑÑÑ �

u

u

u

T) · (ÑÑÑ �

w

w

w

T)− �qÑ

Ñ

Ñ · �uuu

}

dx

−

∫

W(fff )
{h( �uuu, ¯uuu, p̄, ¯www, q̄)+h( �uuu, ¯uuu, p̄, ¯www, q̄)
}dx,

where

h( �uuu, ¯uuu, p̄, ¯www, q̄) = l

¯

u

u

u · ¯www +(( �uuu ·ÑÑÑ) ¯uuu) · ¯www +(( ¯uuu ·ÑÑÑ) �uuu) · ¯www

−p̄Ñ

Ñ

Ñ · ¯www +
e

(ÑÑÑ ¯

u

u

u

T) · (ÑÑÑ ¯

w

w

w


T)− q̄




Ñ

Ñ

Ñ · ¯uuu.
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The shape derivative JL for L is taken to obtain a sensitivity and main problem (Eqs. (1) and

(1)) and its adjoint problems 
onsidering KKT 
ondition, and adjoint equations for eq. (1) is

obtained as

∫

W(fff )

{

−l ¯

u

u

u

′ · ¯www
− (( ¯www
 ·ÑÑÑ) �uuu) · ¯uuu′+
((
Ñ

�

u

u

u

T

)
¯

w

w

w




)
· ¯uuu′− p̄

′
Ñ

Ñ

Ñ · ¯www
+
1

Re

(ÑÑÑ ¯

u

u

u

′
T) · (ÑÑÑ ¯

w

w

w


T)

−q̄
ÑÑÑ · ¯uuu′
}
dx= 0,

for all ( ¯uuu′, p̄′) ∈ ¯

U× ¯

Q, where (·)′ represents shape derivative. And adjoint equations for eq. (1)

is written as

∫

W(fff )

{

−(( �uuu ·ÑÑÑ) �www) · �uuu′+
((
Ñ

�

u

u

u

T

)
�

w

w

w

)
· �uuu′− �p

′
Ñ

Ñ

Ñ · �www+
1

Re

(ÑÑÑ �

u

u

u

′
T) · (ÑÑÑ �

w

w

w

T)− �qÑ

Ñ

Ñ · �uuu′

+2Real

[
−(( ¯uuu ·ÑÑÑ) ¯www) · �uuu′+

((
Ñ

¯

u

u

u

T

)
¯

w

w

w

)
· �uuu′

]}
dx= 0,

for all ( �uuu′, �p′)∈ �

U× �

Q. Solving these problems, substitute main variables ( �uuu, �p, ¯uuu, p̄) and adjoint
variables ( �www, �q, ¯www, q̄) into JL, JL is redu
ed to

JL=

∫

G

wall

(fff )
Gy

y

y ·nnndg,

where G represents the sensitivity for Problem 2

G=−
1

Re

(ÑÑÑ �

u

u

u

′
T) · (ÑÑÑ �

w

w

w

T)+2Real

[

−
1

Re

(ÑÑÑ ¯

u

u

u

′
T) · (ÑÑÑ ¯

w

w

w

T)

]

.

See more detail in Se
tion 3 of T. Nakazawa and H. Azegami [5℄. For reshaping a domain, H

1

gradient method is used .

4 RESULTS and CONCLUSIONS

Problem 2 is addressed on W

0

and W

1

. Fig. 4 depi
ts 
ost fun
tion f with reshaping steps,

and W

real

and W

2

represent f for usingW

0

and W

1

as initial domains. From �g. 4, in the 
ase of

usingW

0

as an initial domain, f is not de
reasing, and on the other hand f usingW

1

as an initial

domain is minimizing. As a result, Problem 1 might regularize a geometri
al shape of W

0

for

Problem 2.

Fig. 5 shows stream lines of stationary �ows and a real part of the leading eigenvalue on W

2

at Re = 11500, and �g. 6 a spe
trum at Re = 11500. Finally, a linear neutral 
urve on W

0

and

W

1

, W

2

is shown in �g. 7, from whi
h it is 
on�rmed numeri
ally that the 
riti
al Reynolds

numbers are in
reased throughout Problem 1 and Problem 2.

By the way, the sensitivity derived in Problem 2 is evaluated by using the only disturban
e

with a maximum value of real parts of the leading eigenvalues, and after the se
ond bifur
ation,

Problem 2 ignores all the disturban
es ex
ept the most unstable one, whi
h is not reasonable in

the sense of Hydrodynami
s stability. Therefore, it is needed to 
onstru
t a shape optimization

problem 
onsidering all the unstable disturban
es as one of future works.
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tions with reshaping steps onW

0

andW
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at Re= 11500.

(a) (b)

Figure 5: (a) Stream lines of (a) stationary �ows and (b) a real part of the leading eigenvalue onW

2

at Re= 11500.
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Figure 7: Cost fun
tions with reshaping steps on W

0

, W

1

andW

2

at Re= 11500.
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