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Abstract. A time-dependent coupling for curved multi-domain problems is considered. First,
we transform the problem from Cartesian coordinates into curvilinear coordinates and apply
the energy method to derive well-posed and conservative interface conditions.

Next, we discretize the problem in space and time by employing finite difference operators
that satisfy the summation-by-parts convention. The boundary and interface conditions are
imposed weakly by using the simoultaneous approximation term technique as penalty formula-
tions. The discrete version of the energy method is used to derive the stability and conservation
requirements. We show how to formulate the penalty operators in such a way that the interface
procedure is automatically adjusted to the movements and deformations of the interface, while
stability requirements are fulfilled and conservation conditions are respected.

Finally, we illustrate the developed techniques by considering an application with the Eu-
ler’s equations posed on time-dependent curved multi-domains in two space dimensions. The
numerical calculations corroborate stability and accuracy of the fully discrete approximation.
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1 INTRODUCTION

Multi-block schemes that use Summation-by-Parts (SBP) operators and the Simultaneous
Approximation Terms (SAT) technique [2], have previously been investigated in terms of sta-
bility, accuracy and conservation [3, 5, 6, 10, 11]. The focus of the SBP-SAT multi-block
methodology has been, so far, mostly on time-independent spatial domains with a notable ex-
ception being [13].

In this paper, we extend the multi-block technique for moving domains in [13] and construct
an interface formulation that couples two curved domains over a moving and/or deforming
interface. The new time-dependent interface formulation is provably stable, accurate and con-
servative.

The rest of this paper proceeds as follows. In section 2, we transform the continuous problem
from Cartesian to curvilinear coordinates and derive a conservative and well-posed interface
condition. Section 3 deals with the discrete problem where we guarantee the stability and
conservation of the interface procedure. In section 4, numerical experiments are performed and
corroborate the results regarding the accuracy, stability and conservation of the scheme. Finally,
we summarize and draw conclusions in section 5.

2 THE CONTINUOUS PROBLEM

Consider the following system of equations on a time dependent deforming domain

~

U, + (AU), + (BU), = 0, (z, y) € Q(t), t € [0, T,
y Z,

Vi+ (AV), + (BV), =0, (z, y) € Qr(t), t €0, T,

(1)

where U, V' are the solutions on the left and right sub-domains, the subscripts ¢, z and y indicate
partial derivatives in their respective direction and €2, z(¢) are the left and right spatial domains.
Moreover, A and B are constant and symmetric matrices of size [. In (1), Q1 r(¢) meet at a
time-dependent interface denoted by (%), as shown schematically in Figure 1.

y
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Figure 1: A schematic of the domains Q;, (¢) and the time-dependent interface 7 (¢)

We transform (1) from the Cartesian coordinates,  and y, into curvilinear coordinates &
and 1 by employing a Lagrangian-Eulerian transformation [22]. The dependence between the
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coordinates is described by
‘T:x(£7 777 7—)7 y:y(£7 7]7 T)? tZT’ (2)
é':g(xu Y, t)u n :77(35’ Y, t)u T=1.

A schematic of the transformed sub-domains, ®;, , and the fixed interface between them, 7, is
shown in Figure 2. For more details about the transformation, see [13].

n

of) br
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Figure 2: A schematic of the transformed domains ®, r and the time-independent interface i.

The governing equations in (1) are then expressed in terms of £ and 7 by using the chain rule,
as

(JRV;) + (AgV)e + (BrV), =0, (§, n) € @, 7 € [0, T},
where J; p > 0 are the determinants of the Jacobian matrix for the left and right transforma-
tions, respectively. Moreover,

Arr = (J&)Lrl + (fo)L,RJ% + (ny)L,R%
Brr = (In)orl + (Ing)p.rA~+ (Jny)r.rB,

where [ is the identity matrix of size [. To get the conservative form in (3), we have used the
Geometrical Conservation Law (GCL) [12, 13] summarized as (J,,).+ (AL r)e +(Br.r)y = 0.

“4)

2.1 Conservation

To derive conservation conditions, we apply the energy method (multiplying the first and
second equations in (3) with ¢7 and ¢%, where (¢ r); € H® for j € {1,...1} are arbitrary test
functions that vanish at the boundaries (not at the interface), and 1ntegrate in space and time).
The result is

/ / [ (GEI0) A+ (L AL+ G B i / // Ve JLU+(6F)e ALU+ (6F), B Ulddr,

/ / ¢RJRVT+<¢RARV)g+<¢RBRVndcbdrz/ / (65)r TRV+ (6B ARV+ (65), BrV]dddr.
0 (o 0 [oFS (5)

To derive the total derivatives on the left hand side of both equations in (5), one needs to use
the GCL corresponding to the left and right transformations. We add the two relations in (5),
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integrate by parts and only consider the terms at the interface. Additionally, at the interface we
assume ¢, = ¢r := ¢; to obtain

/A (G0 ::d<1>+//® (6hIn)

T

:02(1) _/OT//% :UT[<JL¢L)T+(AL¢L)£+(BLbe)n]} d®dr

T

- /OT//q) _VT[<JR¢R>T+<AR¢R>5+(meR)n]] b dr

T
= —//@T(ALiUz‘—ARiVi)dndT
0 Ji ~~ o
T

(6)
where the subscript 7 denotes interface and /7" indicates interface term. To derive the I'7, we
have used the Green-Gauss theorem. Moreover, we have again applied the GCL in order to
arrive at the weak forms on the left hand side of (6). Further, we note that the following terms
are included in I'T . .

Ap, = (J&)LT + (J&) LA+ (JE,)LB,
Ag, = (J&)rI + (J&)rA + (J&)RB,

where the following relations between the metric terms and their counterparts corresponding to
the inverse transformation hold

(7

(th)L,R = (xnyf - xﬂ'yn)L,R: (ng)L,R - (yn)L,R7 (ny)L,R = (_xn)L,R' (8)

The two domains, €2, (t), are always connected at the interface regardless of the movements
and deformations. Therefore, the left and right transformations map the same curve (i(t) in
the Cartesian coordinates) to the same line segment (¢ in the curvilinear coordinates). Hence,
although the left and right transformations may differ in general, the left and right metrics terms
in (8) will have exactly the same values at the interface. We conclude that

ALi = ARi = Al (9)

and U; = V; removes the interface term. Finally, (6) becomes an integral statement of the
original problem and conservation is respected. Condition (9) will need to be respected also in
the numerical approximations as we will show below.

2.2 Well-posedness

The energy method (multiplying (3) with the transpose of the solution and integrating over
the spatial and temporal domains) together with the Green-Gauss theorem results in

T
U, & B = U, & n)I3 — / 75 UTCL U ds dr.
0 6P, (10)

T
V(T €, 2, = IV, €& n)IE, - / f VIC V ds dr.
R

In (10), the norm is defined as [|W|[3, = [f,, . W' Jr gW d€ dn, for W € {U,V'} and 6@, &
are the boundaries of ¢, r. Moreover, Cy, g = (AL r, Brr) -nrr Where ny g = (ar r, BL.r)
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is the outward pointing normal vector from @, r. Further, C7,  can be expanded as C p =
o RALR + Br.rBr r and due to symmetry be decomposed into C g = X1, pAL g X] r Where
Ay g is the matrix of eigenvalues of C7, r and X, p is the corresponding eigenvector matrix.

To control the growth of the energy of the solution due to boundary terms, we choose the
following far-field well-posed boundary conditions

(XEU)J - (XEUOO>J if (AL)jj < 07 (11)
(XEV); = (XEVao); if (AR)j; <0,

where U, V,, are the data to the problem and j € {1,...,l}. Additionally, at the interface
where n;, = (1, 0)7 and ng = (=1, 0)7, we have C;, = A; and Cr = — A, and the decompo-
sition A4; = X;A; X7

By substituting (11) in (10), observing that U; = V;, and considering the initial conditions
U, & n)= frand V(0, & n) = fr, we find

HU(T, 3 7))||3L + ||V(T, &, n)H%R — H]‘%HQJL + HfRH?]R
- /0/6<I> \'[(XgU)TAjLL (XLU) = (X[ Uso)"AL(X] Uso)| dsdr
L\

T
= [ TR (XEV)— (XEVa) A R(XE V)] s
0J5®R\i
(12)
where the positive and negative superscripts in A;'~, AL~ and A7 restrict A L,R,i to the non-
negative and negative eigenvalues, respectively. Finally, we conclude that the energy of the
solution is bounded by data and that the problem is strongly well-posed [21].

3 THE DISCRETE PROBLEM

We discretize the left and right sub-domains using Ny r and M grid points in the £ and 7
directions, respectively. In this article, we consider matching grid points along the interface.
For non-conforming grids at the interface, interpolation techniques must be used [24, 25] in
order to couple the blocks. However, with the added difficulty of a moving interface we refrain
from this technical complication and will consider that in a future paper. We use K time levels
from O to 7" and tensor products to arrange the fully discrete numerical solution. As an example,
the numerical solution on the left sub-domain is arranged as

[ Ui ] [ U ] [ Uy ]|
U=| [U] |; (U= [U] |5 U= U; |, (13)
[ Uk | L Uy, 1, L Un |,

in which Uy;; = U(m, &, n;) for (§, n) € ®;. The fully discrete numerical solution corre-
sponding to the right sub-domain is denoted by V and arranged in the same way.
The first derivative u;¢ is approximated by D¢u, where Dy is a so-called SBP operator of the
form
De = P Qe (14)

and u=[ug, uy, --- , uy]? is the solution vector evaluated in each grid point in the ¢ direction.
P is a symmetric positive definite matrix, and ()¢ is an almost skew-symmetric matrix that
satisfies

Q¢ + Qf = By —Ey =B = diag(—1,0,...,0,1). (15)
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In (15), Ey=diag(1,0,...,0) and F; =diag(0, ...,0,1). The n and T directions are discretized
in the same way.

A first derivative SBP operator is a 2s-order accurate central difference operator which is
modified close to the boundaries such that it becomes one-sided. Together with a diagonal
norm P, the boundary closure is s-order accurate, making a stable first order approximation of a
hyperbolic problem s+1 order accurate globally [4, 9]. For more details on non-standard SBP
operators see [15, 18, 16, 17].

A finite difference approximation including the time discretization [7, 8], on SBP-SAT form,
is constructed by extending the one-dimensional SBP operators in a tensor product fashion as

D.=P'Q. 0 ®I,®1,
De=I, @ P'Qe @ I, ® 1, (16)
Dn:Ir,—@[g@Pn_lQn@Ia

where ® represents the Kronecker product [14]. Here and in the remainder of this article, all
matrices in the first position are of size K xJ, the second position Ny, px Ny, g, the third position
M x M and the fourth position [ x [. Additionally, the identity matrix, /, has a consistent size
with its position in the Kronecker product.

Prior to discretizing (3), we use the splitting technique explained in [19]. The discrete version
of (3) including only the interface term (the far-field boundaries are addressed in [13] and are
not repeated here) is

1
§[DTJLU+JLDTU+(JL)TU+D§ALU+ALD§U+(AL)£U+D,,BLU+BLDUU+(BL),]U] =
(@ PC'Ey @ I, X (U - V)
1
5 [DTJRV—FJRDTV—F(JR)TV—FD&ARV—I—ARDgV—i- (AR)gv—‘anBRV—l-BRDnV—i- (BR)’V]V] =
(I @ P By © I, ® )XR(V - U),
a7
where Y, p are matrices of size (K NMI) x (KNMI!) and operate as penalty parameters
corresponding to the weak interface treatments for the left and right sub-domains, respec-
tively, and will be chosen later based on conservation and stability requirements. Moreover,
Jir, AR, Br R, (ALR)e and (By r), are block diagonal matrices of size (K Ny zMI) x
(K Np,rMI), where each [ x [ block approximates respectively J;, r, AL r, Br.r, (AL,r)e and
(Br,r), on a grid point. Note that the SBP operators are not necessarily the same on the left
and right sub-domains. To ease the notation the subscripts L, R on the derivatives D, . are
dropped.

3.1 Conservation

To show that the scheme is conservative, we multiply (17) by arbitrary vector functions ¢ P
and ¢ P, where P = (P, ® P: @ P, ® I). Moreover, we use the SBP property stated in (15)
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and focus on the interface to obtain
1 (B1—Eo)®@Pe@ Py 11 I U+¢] (P, E1@P,@I)ALU

T

T
—% [UTP[DTJL¢L+JLDT¢>L+(JL)rcf)L]] _;[UTP[DﬁAL¢L+ALD§¢L+(AL)£¢L]]

T
—;{UTP[DnBWLJFBLDWL+(BL)n¢L]] =¢L(Pr®E1® Py®@1)SL(U—-V)

OLI(E) — Eo) ® Pe ® Py @ I1IRV — ¢5(P, @ Eg® P, @ [) ARV

T
[V PD;Jror+IrDrdr+(JIR), ¢R]} - % [VTP[DgAR¢R+ARD£¢R+(AR)§¢R]]

o3

T

bo\ — bo‘ =

T
{VTP[D Bror+BrD;¢r+(BrR)y dm]] = ¢p(Pr @ By® P, @ )Zg(V — U).

(18)
In order to arrive at (18), we have used the symmetry property of the matrices as well as the Nu-
merical Geometric Conservation Law (NGCL) summarized as (J. ) g+ (A¢)r,r+(By) .z = 0.
For more details on NGCL see [13]. Now, we consider the same P, ; in the left and right sub-
domains and add the two relations in (18). The result is

SLI(Er—Eo) @ Pe@ Py@ I LU + ¢p[(Er — Eo) @ Pe ® Py @ IJJrV

T T

—% UTP[(DTJL¢L+JLDT¢L+(JL)T¢L):| —;[UTP[DéAUﬁL+ALD§¢L+(AL)£¢L]l
= T

—% UTP[DnBL¢L+BLDn¢L+(BL>n¢L]:| _;[VTHDTJR¢R+JRDT¢R+(JR)T¢R]:|

: T g
_% VTP[DgARqﬁR—i-ARngﬁR-F(AR)£¢R]} —1[VTP[D BR¢R+BRDn¢R+(BR)n¢Rﬂ

= ¢Y(P,@E1®P,@)ALU + ¢L (P, ® By ® P, @ )21,(U - V)
+¢h(Pr @ By ® P, ®I)ARV+¢>T(P ® Ey® P, @ I)Sr(V —U).

19)
As in the continuous problem, ¢ = ¢r = ¢; at the interface, by which the right hand side of
(19) becomes

i (Pr @ Py @ I)[-AL Ui + A Vi + (S, — Zg,)(U; — Vi), (20)

where the subscript 7 restricts the vectors and matrices to the interface, i.e. U; is now of size

K MI. Since A and A g include pointwise approximations to A; and Ag in (7), respectively,
we have

AL—(J&)L( @I 1,o1) + (J&) L (L0 1,0 A) + (J§) (@ o [, B),

= (J&)r(L @I 1,21) + (J&)r([:@ I I, A) + (J&,)r(I,@ ;21,2 B), @h

where the bar sign is used to indicate that the metric terms are approximated numerically. The
numerical metric terms are evaluated as

J& = diag[D,(D,MY — D:M®)), JE, = diag|Dyy], JE, = —diag[D,x], (22)

where X, y are the x and y coordinates of the mesh in the Cartesian coordinate system, arranged
in a vector, consistent to (13). Moreover, MY = diag(y)D¢x and M® = diag(y)(D,x). To
see more details about the numerical metrics, see [13, 23]. From (21) and (22) one can conclude
that if we have matching grid points along the interface, and use the same SBP operators for

6917



Samira Nikkar and Jan Nordstrom

the left and right problems, we have A, = Ap, := A;, which correspond to the continuous
requirement in (9).

We use the decomposition A; = X;A; X7 and choose X, , = X;21, », X7 where ¥, g,
are diagonal and rewrite (20) as

L (P, @ Py @ 1) | Xi(—A; +3p, — Zp)XT|(U; = Vy). (23)

In order to obtain a conservative scheme, 3. L,.r, Mmust be chosen such that
—A+ 3, — YR =0 (24)
holds.

3.2 Stability

To prove stability we apply the discrete energy method (multiplying the left and right sub-
problems with U? P and VT P, respectively) on (17). We add the transpose of the result to itself
and use the SBP property (15) to arrive at

U (B - E) @ P @ P, 13, U+ UTP, @ (B — Ep) ® P, @ [JA U+
UT[P, @ Pe® (E1 — Ey) @ IBLU=UT(P, @ By ® P,® I)X(U - V)+
(U-V)IST(P. o By @ P,® 1)U,

(25)
VT(E) — By)) ® P ® Py @ IRV + VI[P, @ (By — Ep) ® P, ® [JARV+
VI[P, ® P ® (E1 — Eo) ® |BRV = VI(P, ® By ® P, ® )Xg(V — U)+
(V-U)TSL(P, @ Ey® P, ®I)V.

Again, we have used the NGCL in order to obtain (25). We simplify (25) and only keep the
terms at the interface which gives

2 2 T
HUK||(P§®PT,®I)JLK —Ull(pereni, =U [Pr@-E1© Py @ IJAL U+
UN(P.oE,®@P,@ NS (U-V)+(U-V)IST(P.oEy@P,®I)U
(26)
||VKH%P€®P,,®I)JRK - ||V1||%P§®P7,®I)JR1 = VT[PT ® Ey® Py ® IIARV+
VI(P.® Ey®@ P, @ NSr(V-U)+(V-U)TSL(P, 0 Ey® P,® I)V.

The norms in (26) are given by |[W|[3;, =W"H xW, where H, g =(P; ® P, @ I)Jpp > 0
for W € {U, V}. Moreover, the subscripts K and 1 indicate restrictions to the last and first

time levels, respectively. We add the two relations in (26) and again use the decompositions
Ai = XZAZXZT and ZLi,Ri = XiELi,RinT to obtain

2 2 2 2
||UKH(P5®P77®I)JLK + ||VK||(P€®P,7®I)JRK = ||U1H(P@R,@J)JL1 + HV1||(P§®P,,®I)JR1+

xTu; 1" A+ 2% (SL,+3g) ][ XTU @7
i 1 T 4 ‘L; —\~L; R; i 1
[X?Vi] [PT®P"®I®11H—(2LZ.+ERZ.) AZ-+QERHXZTVJ’
where I is
. 11
II_L 1}. (28)
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By considering the conservation requirement on the penalty operators in (24), (27) becomes

2 2 2 2
||UKH(P§®PW®I)JLK + ||VKH(P£®P,]®I)JRK = HUIH(PE®P,7®I)JL1 + HV1||(P§®P,]§<>I)JRl+

(29)
[ XIU =) | (o Pyo D) [-Ai+ 28 XE(U - V).
From (29), we conclude that the following conditions lead to a stable interface treatment
(;Li)jj < (Ai)jj/2 if (Al)]] <0, (30)
(X)ii = 0 it (Aq)j; =0,
for j € {1,...,l}. As an example if we let )y r, = A, , where the negative superscription
restricts A; to the negative eigenvalues. Then (29) becomes
||UKH%P§®P,,®I)JLK + ||VK”%P5®P,,®I)JRK = ‘|U1H%P£®P7,®])JL1 + HV1||%P§®P,7®I)JR1_
(3D

(U, - V)T (P P,a 1) |X;AXE| (U = V)
——

=|A,|
which represents a dissipative, stable and conservative interface procedure.

4 NUMERICAL EXPERIMENTS

We consider the two-dimensional constant coefficient symmetrized Euler equations [20] de-
scribed by ) R

Wt -+ AW:E + BWy = 0, (SIZ’, y) € QL,R(t)a t e [O, T], (32)
where

_ T

cp 0
=|—F U, U, - .
VP ey —1)
In (33), W € {U, V'}, and p, u, v, 6, and ~y are respectively the density, the = and y velocity
components, the temperature and the ratio of specific heats. An equation of state of the form

vp = pb + pb, where p is the pressure, completes the system (32). Moreover, the bar sign
denotes the reference state around which we have linearized. The matrices in (32) are

(33)

u ¢/\/y 0 0 v 0 ¢\ 0
A=1 o a o |'PT|levyo w0 el G4
0 e 0 ow 0 0 /e o
0l v

We prescribe v = 1.4, ¢ = 2, p = 1 and consider a mean velocity field of the form (u, v) =
(1, 1). The geometries €2, p(t) are described by

Ty, (y) =-—1-—0.1 sin(27y),

z;(t, y) =—0.1[sin(7t)+cos(27t) sin(27wy)],

ys, (t, ) =—0.05 sin[27(z;(t) — x)/(z:(t) + 1)),
Yn, (t, ) =1—0.05 sin[27(x;(t) — x)/(z;(t) + 1)],

Qu(t): (35)
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X
Figure 3: A schematic of €);,_r and the boundaries
and
ZTep(y) = 1-0.1 sin(27y),
) xi(t, y) = —0.1 [sin(nt) + cos(2t) sin(27y)],
Qalt) o (2) = —0.05 sin2r(e — o,(0)/(1 — @:(1))), (36)

Tny(t,y)= 14 0.05 sin[2m(x — (1)) /(1 — z4(¢))],
where wy,, er, s r, nr g and ¢ are schematically defined in Figure 3.

As seen in (35) and (36), also the four adjacent boundaries ny, g, sy, to the interface are
slightly deforming. To see the details of how to treat deforming boundaries, see [13].

4.1 Accuracy

To conclude the accuracy of our numerical approximations, we use the method of manufac-
tured solution with the reference solution W,

Wa = [5sin(x —t), 5cos(z —t), 10sin(y —t), 10cos(y — t)]” 37)

which is injected as a forcing function to the right hand side of (32). Moreover, characteristic
boundary conditions [13] are used.

We examine the scheme for SBP operators of order 2s in the interior and s close to the
boundaries in space, where s € {1, 2, 3}. The fifth order accurate SBP operator i.e. SBP84,
with a sufficiently large /K, is used in time. The rates of convergence are calculated and shown
in tables 1-3.

Npp, M| 21 31 41
P 2.40229 | 2.08909 | 2.03912
u 2.13136 | 2.03877 | 2.01409
v 2.06440 | 2.03268 | 2.01787
D 2.48489 | 2.12153 | 2.04978

Table 1: Convergence rates at T=1, for a sequence of mesh refinements, SBP21 in space, SBP84 in time (K=201)

The convergence results in tables 1-3 are correct according to the theory [4, 2].
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Npr, M 21 31 41
p 3.08961 | 2.94594 | 2.93760
U 3.22104 | 3.11838 | 3.06405
v 291411 | 2.99215 | 3.02028
D 3.16628 | 3.12290 | 3.08363

Table 2: Convergence rates at T=1, for a sequence of mesh refinements, SBP42 in space, SBP84 in time (K=201)

Npp, M| 21 31 41
P 4.68075 | 4.45144 | 4.60620
u 3.87224 | 4.15980 | 4.48346
v 3.84525 | 3.94578 | 4.28970
D 3.73903 | 4.50886 | 4.75789

Table 3: Convergence rates at T=1, for a sequence of mesh refinements, SBP63 in space, SBP84 in time (K=201)

4.2 An application

We consider an initial pressure of the form p = e~ 20((z+1)*+v?) together with zero velocities
and densities everywhere in the left and right sub-domains. Characteristic boundary conditions
with data from manufactured solution p., = e~ 20((@+1-20*+(u=1)) ig ysed for far-field bound-
aries. Moreover, we construct a grid of 41 x 41 points in space and 81 nodes in time. Third and
fifth order accurate SBP operators in space and time, respectively, are used.

The pressure distribution at different times (the red and/or dashed curves corresponding to
1, r(0)) are shown in Figures 4-11. As shown in the figures, the pressure pulse passes across
the interface smoothly and moves out of the domain as time passes.

S SUMMARY AND CONCLUSIONS

We have constructed a numerical scheme that satisfies the summation-by-parts convention
in combination with the simultaneous approximation term technique, for general multi-block
problems with time-dependent deforming interfaces in several space dimensions.

We have studied well-posedness, stability and as well continuous and discrete conservation
by employing the continuous and discrete versions of the energy method as our analytical tools
and constructed a dissipative, conservative and stable scheme.

An application using the Euler equations posed on a time-dependent multi-block geometry
with a moving and deforming interface, was presented. The correct rates of convergence toward
the exact solution, were concluded.
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s The pressure distribution at t
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Figure 4: The pressure distribution.
The pressure distribution at t = 0.225
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Figure 5: The pressure distribution.
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The pressure distribution at t = 0.338
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Figure 6: The pressure distribution.
The pressure distribution at t = 0.450
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Figure 7: The pressure distribution.
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Figure 9: The pressure distribution.
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The pressure distribution at t = 0.562
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Figure 8: The pressure distribution.
The pressure distribution at t = 0.675
1.5 T T T
1
0.5
0
-0.5 I I I 1 |
-1.5 -1 -0.5 0 0.5 1 1.5
x(t)
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9



Samira Nikkar and Jan Nordstrom

Figure 11: The pressure distribution.
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s The pressure distribution at t = 0.787
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Figure 10: The pressure distribution.

s The pressure distribution at t = 0.900
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