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Abstract. Polymer nanocomposites with the addition of a small percentage of graphenes as
reinforcement have demonstrated tremendous potential to serve as next generation functional
or structural materials due to their combination of high specific surface area, strong
nanofiller-matrix adhesion and the outstanding mechanical properties of the sp2 carbon
bonding network in graphene. While the majority of the work on graphene based composites
has been focused on quantifying their mechanical properties, the vibration characteristics of
graphene composites has not yet been investigated. This paper presents an analytical study on
the flexural vibration of polymer beams reinforced with uniformly distributed graphene
nanoplatelets (GPL). Based on the assumption that each graphene nanoplatelet acts as an
effective rectangular solid fiber, the Halpin-Tsai model for fiber-reinforced composites is
modified to predict the Young’s modulus of the GPL/epoxy nanocomposites. Governing
equations of motion are derived within the framework of linear elastic strain-displacement
relationship and Timoshenko beam theory to account for transverse shear strain. The
influences of GPL weight fraction, beam slenderness ratio and boundary conditions on the
natural frequencies and associated mode shapes are investigated in detail. It is found that
adding a very small amount of GPLs into the polymer matrix can effectively lead to a
remarkable increase in beam stiffness hence the natural frequencies of the nanocomposite
beams, and that the rate of frequency change of the beam is independent of the slenderness
ratio.
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1 INTRODUCTION

Compared to carbon nanotubes (CNTSs), graphene and its derivatives have demonstrated
favorable advantages when used as reinforcing fillers in composites. For example, the
ultimate strength and Young’s modulus of graphene and its derivatives can reach up to 1 TPa
and 130 GPa, respectively [1]. A recent experimental study [2] showed that with the same
weight fraction of additives, i.e. 0.1£0.002%, Young’s modulus of graphene based epoxy
nanocomposites was 31% greater than that of pristine epoxy while an increase of 3% was
observed when CNT fillers are used. This remarkable reinforcing effect stems from
graphene’s excellent mechanical properties and very high specific surface areas [2-7]. In
addition, graphene’s derivatives, i.e. graphene nanoplatelets, are in abundance in nature. This
significantly expedites the engineering applications of graphene based composites due to their
superior mechanical properties but moderate cost [8].

Extensive theoretical and experimental research work has been done on the fabrication and
characterization of mechanical properties of graphene based nanocomposites. Rafiee et al. [2]
fabricated functionalized graphene sheet (FGS)/epoxy nanocomposite and found this
composite offers significant improvements in mechanical properties compared to those of
CNT reinforced epoxy composites. Lee et al. [9] successfully synthesized FGS/epoxy
nanocomposite whose strength was increased by approximately 30-80% at a loading of 1.6
wt%. Martin-Gallego et al. [10] studied the reinforcement of graphene and observed the
significant improvement in mechanical properties of FGS-epoxy composites. Graphene is
usually present in the form of agglomerates due to van der Waals force and the dispersion
state is crucial to the performance of the composites. Tang et al. [6] discussed the effect of
graphene dispersion on the mechanical properties of graphene/epoxy nanocomposites. They
found the nanocomposites with highly dispersed graphene exhibit higher strength and better
fracture toughness. This significant enhancement was also observed in other previous studies
[1, 5, 7]. Among the theoretical studies, Rahman and Haque [11] investigated the mechanical
properties of graphene platelet (GPL)/epoxy nanocomposites by molecular mechanics (MM)
and molecular dynamics simulations (MD). Significant improvement in Young’s modulus and
shear modulus of the composites was observed. Cho and co-workers [12] predicted the elastic
constants of graphite using MM and determined the elastic constants of graphite/epoxy
nanocomposites by using Mori-Tanaka micromechanical model. Xiang et al. [13] also
developed a micromechanics model for graphene/polymer nanocomposite based on Mori—
Tanaka method. Spanos et al. [14] used a micromechanical finite element approach to obtain
the mechanical properties of the composites reinforced with uniformly distributed graphenes.
They found that their mechanical properties depend on the dimensions and volume fraction of
graphenes as well as on the stiffness of the interphase between the two constituents. Chandra
et al. [15] presented a multiscale model for vibration frequency analysis of graphene/polymer
composites and observed exceptional vibrational behaviour and large stiffness of graphene
reinforced composites.

It should be pointed out that although there has been a fast growing interest in graphene
based polymer composites, the majority of the previous work is primarily focused on the
material fabrication and characterization. Studies on the structural behaviour are very limited
in number. This paper presents an analytical study on the flexural vibration of polymer
nanocomposite beam in which GPLs are uniformly dispersed in epoxy matrix. Theoretical
formulations are established within the framework of Timoshenko beam theory and linear
strain-displacement relationship. The modified Halpin-Tsai model is used to predict the
Young’s modulus of the GPL/epoxy nanocomposites. A detailed parametric study is
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conducted to discuss the influences of GPL weight fraction, beam slenderness ratio and
boundary conditions on the natural frequencies and associated mode shapes of the beam.

2 GOVERNING EQUATIONS

2.1 Equations of motion

Shown in figure 1 is a GPL/epoxy nanocomposite beam with length I, width b and
thickness h, subjected to a distributed dynamic load q(x, t). According to Timoshenko beam
theory, the bending moment M and shear force Q are given as

W

Figure 1: Schematic configuration of a GPL/epoxy nanocomposite beam.

M(x) = —E 122, Q(x) = aAG.(5> — ¢) (1)

where shear correction factor a = 5/6, E. and G are the effective Young’s modulus and shear
modulus of the beam, A and | are the area and second moment of the cross-section, and ¢
represents the cross-sectional rotation, respectively. The governing equations of the beam can
be derived as

2%¢ ow Bw
Eclﬁ — a:AG<p + aAG a + pI 90z 0 (2)
9%w dp _ 2w
aAG oz aAG r™ + bq(x,t) = pA 20z (3)

where p is the mass density of the beam. Combining equations (2) and (3) and eliminating ¢
leads to the equation of motion

0w
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where q = Qocos(wet) with qo and . being the amplitude and radian frequency of the
transverse load. Introducing the following dimensionless quantities

x w l t |E 12qon*
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equation (4) can be cast into the following dimensionless form

o*w
X4

1, 9*w a*w
~l 535 T 12n% 5 = Qocos(wr) (6)
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a

where w = w,l/p./E. is the dimensionless excitation frequency.

2.2 Halpin-Tsai model for GPL/polymer nanocomposites

Assuming that GPLs serve as effective rectangular solid fillers uniformly dispersed in the
polymer matrix, the effective Young’s modulus of the nanocomposite can be approximated by
employing modified Halpin-Tsai micromechanics model as [2, 16-18]
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where Ep is Young’s modulus of the matrix, Vegcp. IS GPLs’ volume fraction, & =
(EeffgpL/EM)—1 (Eeft,cpL/EmM)-1 . .

lepL+ hepr, N, = ————— and =—==—"in which lgp, WepL, h

(laprtwapL)/hapL, ML (Eeft,pL/EM)+E w (Eeft,gPL/EM)+2 GPL, TIGPLy TIGPL

and Egp, are the length, width, thickness, and Young’s modulus of GPLs, respectively. Given

the mass density of GPLs pgp. and that of polymer matrix py, GPLs” volume fraction in the
nanocomposite can be approximated as

x Ey (")

f
V. = GPL 8)
- ferL +(pGPL /'DM )(l_ fGPL)

where fep, is the weight fraction of the GPLs in the composite.

Equation (7) was used to estimate the effective Young’s modulus of GPL/polymer
nanocomposites and has been experimentally validated by Rafiee et al. [2]. It is assumed that
Poison’s ratio is v = 0.4 due to the fact that the mechanical behavior of the nanocomposite is
weakly dependent on Poisson’s ratio. This is verified in our numerical simulations which
indicate that Poison ratio has a very limited effect on the vibration of the beam.

3 SOLUTION

3.1Free vibration
For free vibration, the governing equation is reduced to

otw 1, d*w 2 0°W
ax% _[1+2(1+V)Z] 6X26‘L'2+12n F—O (9)
For harmonic vibration, the transverse displacement can be written as
WX, 1) = p(X)etwrr (10)

where w; = Ql./p./E, is the dimensionless linear natural frequency with 2 being the natural
frequency of the beam. Substituting equation (10) into (9), the solution to the resulting
differential equation is

@(X) = Cysinh (A, X) + Cycosh(A41X) + C3 sin(1,X) + Cycos(A,X) (11)
where

2
—[1+ 2(1+ v)l} of + \/[1+ 2(1+ v)l} o +48n°a}
o (04
2
and C; to C4 are unknown constants to be determined by associated boundary conditions.

In this paper, clamped-clamped (C-C), clamped-hinged (C-H) and hinged-hinged (H-H)
beams are considered, with the following boundary conditions

21%2 = (12)

a) C-Cbeam: §(0) = 0(1) = %io) = %S) =0:
b) C-H beam: @(0) = 0(1) = dzio) =M(1) = 0;

c) H-Hbeam: ¢(0) = ¢(1) = M(0) = M(1) = 0.
The boundary conditions for each case will result in an algebraic equation, i.e.
[H(w)]{x}={0}. H(w;) is a matrix dependent on ®; while y is a vector consisting of the four
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unknown coefficients. The non-trivial solution of y requires the determinant of the H(w;) be
zero, from which the natural frequencies and the associated mode shapes can be obtained.
3.2 Forced harmonic vibration
For forced harmonic vibration, the transverse displacement is approximated as
WX, 7) = S(1)B(X) (13)

where @(X) is the mode shape obtained from free vibration analysis and S(z) denote the
vibration characteristics to be determined. Substituting equation (13) into equation (6) and
applying Galerkin method, the governing equation becomes

S(7)+yS =Qe cos(wr) (14)

where

=__j( d‘qu Q. - Q°j¢dx

2(1+v))  d )
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= | |127%¢° | 1+ dX
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The dynamic response of the beam under transverse loading is obtained as
Q So o Q,
S(7)=|S,— cos(mt sin(ar Cos(wt 16
()~ 80 L5 Jeos(r) Zsin(are) o Feos(or) a9

4 RESULTS AND DISCUSSION

Table 1 compares our results with the previous data [19] for the natural frequency of a
homogeneous beam whose Young’s modulus, mass density and Poisson’s ratio are E = 70
GPa, v=0.33 and p = 2780 kg/m?®, respectively. Excellent agreement is observed.

c-C H-H
Present Ref [19] Present Ref [19]
5.5933 5.59 2.4674 2.47

Table 1: Comparison of linear natural frequency.

In what follows, the dimensions, mass density, Young’s modulus and weight fraction of
GPLs are lgpL = 2.5 pm, wepL = 1.5 um, tep = 1.5 nm, pep. = 1.06 glcm®, EgpL = 1.01 TPa,
and fopr = 1.5%, respectively [2]. Young’s modulus of the epoxy matrix is Ey = 3.0 GPa.
Table 2 lists the first three dimensionless frequencies of the nanocomposite beams with
different end supports. The associated mode shapes are displayed in figure 2. As expected, the
frequencies are the highest for a C-C beam and the lowest for an H-H beam. The significant
reinforcing effect of GPLs on the dynamic characteristics of the beam is clearly evidenced by
over 60% increase in the natural frequencies as compared to those of pristine epoxy beams.
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C-C C-H H-H
Mode
Pure epoxy Composite  Pure epoxy Composite Pure epoxy Composite
1 0.3090 0.5057 0.2031 0.3426 0.1151 0.2108
2 0.8715 1.4060 0.7000 1.1351 0.5445 0.8918
3 1.7247 2.7665 1.4822 2.3823 1.2571 2.0263

Table 2: Dimensionless natural frequency of composite beam.

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless length

Figure 2: Mode shapes for nanocomposite beams with different boundary conditions.

The dimensionless fundamental frequency of a C-C beam versus slenderness ratio is shown
in figure 3. It is easily understood that the frequency decreases as the slenderness ratio
increases. At the same slenderness ratio, the natural frequency of the beam with GPL
reinforcement is higher than that of the pure epoxy beam. This is due to the significantly
increased effective Young’s modulus of the beams when reinforced with GPLs, regardless of
the end supports of the beams.
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Figure 3: Variation of dimensionless fundamental frequency with beam slenderness ratio.
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Figure 4: Effect of slenderness ratio on frequency change
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Figure 5: Effect of GPL weight fraction on frequency change.

Figure 4 presents the effect of slenderness ratio on the frequency change (f—fo)/fo, where f.
and fo denote the natural frequencies with and without GPLs. It is seen that the frequency gain
is the highest for H-H beam (82.5%) whereas the lowest for C-C beam (63%). The rate of
frequency change, however, is independent of the slenderness ratio for all beams. As revealed
by figure 5, the frequency gain is almost doubled as the GPL weight fraction increases from
0.5% to 1.5%.

Figure 6 shows the dimensionless free vibration amplitudes of C-C, C-H and H-H beams
under initial condition W (0) = 0.1 and W (0) = 0. The vibration period, which is the lowest
for the C-C beam among the three beams considered, becomes smaller when the beam is
reinforced with GPLs. Figure 7 presents the dynamic responses of the same beams under a
harmonic load Qg = 0.001. As can be seen, the H-H beam has the highest vibration amplitude.
Compared with the pure epoxy beam, the maximum vibration amplitude is considerably
reduced with the addition of 1.5% w.t. GPLs into the epoxy matrix, confirming once again the
remarkable reinforcing effect of GPLs on the dynamic performance of the beams. It should be
also noted that this effect is most prominent in H-H beams. This is consistent with the
observations obtained in natural frequencies.
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Figure 6: Dimensionless free vibration response of beams with different end supports.
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Figure 7: Dimensionless forced vibration response of beams with different end supports.

5 CONCLUSIONS

e Free and forced vibrations of GPL reinforced nanocomposite beam have been
analytically investigated within the framework of Timoshenko beam theory.

e The addition of a very small amount of GPLs can significantly improve the free and
forced vibration performance of the nanocomposite beams.

e The rate of frequency change increases at a higher GPL weight fraction but is
independent of the slenderness ratio of the beam.

e Among the three boundary conditions considered, the reinforcing effect of GPLs is more
significant for an H-H beam than the other two.
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