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P. Kubı́k1, F. Šebek1, and J. Petruška1
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Abstract. The ductile fracture of metallic materials is consequence of damage accumulation
after straining accompanied by large plastic deformations. It is significantly dependent on
the microstructure of particular material and micromechanical defects as vacancies or second
phase particles. The nucleation, growth and coalescence of voids is the fracture mechanism
which applies in high values of stress triaxiality. The shear mechanism appears in the region
of negative stress triaxialities. Finally, the combination of both fracture mechanisms occurs
in cases of moderate stress triaxialities. The crack or fracture surface in specimens or real
components is often tilted approximately 45 degrees to applied load. This slant fracture is
driven by shear mechanism and occurs in the plane of maximum shear stress. It was shown
that coupled ductile fracture criteria are convenient for the prediction of slant fracture in finite
element simulations. There is conducted analysis of slant fracture prediction ability of two
chosen coupled and uncoupled criteria in the present paper. Those criteria were calibrated
and applied to two different metallic materials. The prediction is validated on those calibration
fracture tests at which the slant fracture was observed.
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1 INTRODUCTION

There has been a large increase of application of ductile fracture criteria to prediction of
failure at various crashes and manufacturing operations as turning, cutting or cold working
[1, 2, 3, 4] in the last decade due to evolution of computer technology. There are many criteria
in the literature based on different approaches. Those can be simply categorized as coupled
and uncoupled. Coupled criteria have mutually connected the damage with plasticity. The
damage is estimated on the basis of accumulated plastic deformation and fracture strain which
is dependent on the stress state. In case of uncoupled criteria, the damage is estimated by the
same means but it does not influence the plasticity. The slant fracture has been still studied
intensively. Huang and Xue [5] paid attention to prediction of slant ductile fracture on flat
specimen, thick-walled pipe and four-point bending of a pre-cracked pipe. Morgeneyer and
Besson [6] used a Gurson-like model with suggesting a shear void nucleation term based on
a Lode parameter for strain rate for simulation of a fully meshed Kahn tear test sample for
which a flat to slant crack transition was achieved at loads close to experimental results for
aluminium. Li and Wierzbicki [7] simulated a slant fracture of a flat tensile specimens cut from
advanced high strength steel sheets using partially coupled model.

The present paper deals with prediction ability of two coupled and uncoupled ductile frac-
ture criteria on the flat specimen loaded by tension and on the smooth cylindrical specimen of
Aluminium Alloy (AA) 2024 and AISI 1045 carbon steel, respectively. The most influencing
parameters, mesh size and its configuration, which trigger the slant fracture were analysed. The
crack initiation and propagation were realized through element deletion technique which re-
quires the adequately small size of finite elements in principle. The numerical simulations are
conducted within Abaqus/Explicit commercial finite element code with the use of user subrou-
tine VUMAT for implementation of ductile fracture criteria into time integration scheme.

2 MODEL OF PLASTICITY AND FAILURE

2.1 Plasticity model

Isotropic hardening and von Mises yield criterion with associated flow rule were adopted.
Flow curves were calibrated using tensile tests of smooth cylindrical specimens for both metals.
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Figure 1: Flow curves of investigated metals.
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Six specimens were tested having 6 mm in diameter with 30 mm gauge length of AISI 1045
steel. The flow curve until ultimate tensile strength was estimated using classical transformation
formulae for true stress–strain relationship to engineering stress–strain. It is suitable to use
some of correction formulae for extracting the flow curve directly from experiment beyond
the plastic instability when available [8, 9, 10]. Only the elongation was measured during
tensile testing in our case. Therefore, the trial and error method together with computational
simulations were employed in order to change the extrapolated trend of flow curve until the
satisfying match between computation and experiment was reached. Wierzbicki et al. [11]
carried out a series counting fifteen experiments in a broad range of stress triaxiality η and
normalized third invariant of deviatoric stress tensor ξ for AA 2024-T351. Smooth cylindrical
specimen used for calibration of flow curve had 9 mm in diameter and gauge lenght of 25.4 mm.
Flow curves of both materials are depicted in Fig. 1. Satisfying power law fit of those curves
gave strength coefficients and strain hardening exponents summarized in Tab. 1. Hollomon
hardening law, σ̄ = Kε̄n where σ̄ is equivalent stress, K is strength coefficient, ε̄ is equivalent
strain and n is strain hardening exponent, was used.

Material Strength coefficient [MPa] Strain hardening exponent [-]
AISI 1045 1147.6 0.2998
2024-T351 744 0.153

Table 1: Strength coefficients and strain hardening exponent of investigated materials.

2.2 Fracture criteria

Two phenomenological models were chosen in the present study. One of them was 4-
parametric Xue–Wierzbicki model [11] with material constants F1, . . . , F4 which incorporates
fracture envelope ε̄f symmetric with respect to plane strain condition

ε̄f (η, ξ) = F1e−F2η −
(
F1e−F2η − F3e−F4η

) (
1− |ξ|

1
n

)n
(1)

This model captures the transition between uniaxial tension and compression, where the mate-
rial exhibits the greatest ductility, very well.

Another model was Extended Mohr–Coulomb criterion which was proposed by Bai and
Wierzbicki [12] with the use of plasticity developed earlier [13]. The criterion contains eight
material constants but only two of them, c1 and c2, are related to fracture. Other constants are
related to Lode and pressure dependent plasticity used in the model development. When only
von Mises yield criterion and Hollomon hardening law are adopted, the fracture envelope reads
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Deviatoric stress state parameter is the normalized Lode angle θ̄ here. Extended Mohr–Coulomb
criterion in the presented reduced form has lower versatility than Xue–Wierzbicki model de-
scribed above. It implies that it has worse approximation ability to experimental fracture tests
in the calibration stage. On the other hand, the Extended Mohr–Coulomb criterion contains
cut-off region dependent on the material constant c1. Limiting stress triaxiality is described as
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Besides tensile test of smooth cylindrical specimen, tensile tests of notched cylindrical spec-
imens with notch radii 5, 2.5 and 1.2 mm were included in fracture criteria calibration regarding
the AISI 1045 carbon steel. The diameters in the smallest cross-section were the same as in
smooth specimen. Then, biaxial tests of notched tube specimens were used in the calibration as
well. Various combinations of tension–torsion loading were chosen, 0, 0.5, 1,∞mm/rad [14].
Comparison of force and torque responses from experiments and computations can be found in
the work of Šebek et al. [15, 16].

All fifteen tests carried out by Wierzbicki et al. [11] were used for ductile fracture calibration
regarding the aluminium alloy 2024-T351. More detailed information about the specimens
geometry and experiment conditions can be found in the work of Bao [17].

Material constants were identified using nonlinear least square method in MATLAB. Ob-
tained constants for both metals are summarized in Tab. 2. Fracture envelopes of particular
criteria are depicted using these constants in Figs. 2 and 3. The fracture strain of both criteria is
also depicted under condition of plane stress for both investigated materials in Fig. 4.

Material Fracture criterion Material constants

AISI 1045
Xue–Wierzbicki model

F1 = 3.1288, F2 = 2.1351,
F3 = 1.2822, F4 = 1.1160

Extended Mohr–
c1 = 0.2499, c2 = 753.8 MPa

Coulomb criterion

2024-T351
Xue–Wierzbicki model

F1 = 0.7161, F2 = 1.5768,
F3 = 0.3297, F4 = 0.5232

Extended Mohr–
c1 = 0.0621, c2 = 343.8 MPa

Coulomb criterion

Table 2: Material constants of both investigated materials for both criteria.

Figure 2: Fracture envelope for steel and Xue–Wierzbicki model (left), Extended Mohr–Coulomb criterion (right).

There is depicted a cut-off plane for Extended Mohr–Coulomb criterion and AISI 1045 car-
bon steel in Fig. 2. There is no damage accumulation below this region. There is not a cut-off
plane at Extended Mohr–Coulomb criterion for aluminium alloy in Fig. 3 because it is situated
in extremely low stress triaxialities, approximately −8, which is probably unrealistic.
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Figure 3: Fracture envelope for AA and Xue–Wierzbicki model (left), Extended Mohr–Coulomb criterion (right).

Figure 4: Fracture strain under plane stress condition for both metals.

2.3 Coupling failure with plasticity

The damage accumulation was governed by power law function derived by Xue [18, 19] in
scope of low-cycle fatigue as

D =
∫ ε̂f

0
m
(
ε̄p

ε̄f

)m−1 dε̄p

ε̄f
(4)

Here, m is the damage exponent and ε̂f the equivalent plastic strain for given loading path. The
role of damage exponent in the finite element simulations was described in detail by Šebek et al.
[20]. The coupling is ensured by weakening functiong w which represents material degradation
in accordance to damage accumulation through

w = 1−Dβ (5)

There is additional softening parameter β which is the weakening exponent.
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The feedback of damage to plasticity is realized through multiplying the original flow stress
σ̄flow by weakening function as

σ̃flow = wσ̄flow (6)

In the previous equation, σ̃flow is actual flow stress of weakened material or effective stress.
Both aforementioned ductile fracture criteria were developed as uncoupled and were also

calibrated with respect to that. Calibration of coupled criteria is very complicated process
which requires many computational simulations. Therefore, calibrated fracture envelopes of
uncoupled criteria described in previous section were used. The weakening and damage expo-
nents, respectively, were set to have a value of 2 which is widely adopted for metallic materials
[21, 22]. This is not a correct calibration procedure which will probably result in premature
fracture. Nevertheless, such material constants identification is acceptable for the present paper
dealing with slant fracture prediction ability.

3 PREDICTION OF SLANT FRACTURE

3.1 Experiments

Two different specimens were chosen for prediction of slant fracture. The first one is flat
specimen loaded by tension which produces slant fracture through the thickness tilted approx-
imately 45 degrees with respect to the major principal stress direction [5, 17, 24, 25]. There is
post-mortem specimen of AA 2024-T351 in Fig. 5a. This geometry was overtaken from Bao
[17] and used in upcoming numerical simulations. The specimen has 1.6 mm thickness and
50 mm width of the process zone with 8 mm gauge length.

Figure 5: Post-mortem: (a) flat specimen of aluminium alloy 2024-T351 [24]; (b) smooth cylindrical specimen
of aluminium alloy 2024-T351 with 6 mm in diameter [24]; (c) smooth cylindrical specimen of AISI 1045 carbon
steel [25]; (d) smooth cylindrical specimen of aluminium alloy 2024-T351 with 9 mm in diameter [24].

Another investigated geometry was smooth cylindrical specimen loaded by tension. Typical
cup and cone fracture prevails at most metals (Fig. 5b,c). The crack initiation occurs on the axis
of symmetry due to void nucleation, growth and coalescence. The crack spreads perpendicularly
to the major principal stress, that is perpendicularly to the specimen axis, forming a flat fracture.
Then, the nature of mechanism changes to the slant fracture due to increasing shear stress and
the crack propagates in the plane of maximum shear stress which is tilted approximately 45
degrees to the specimen axis. Unfortunately, there is often only slant fracture in case of AA
2024-T351 (Fig. 5d) which has still been waiting to be interpreted correctly. Geometry of this
specimen was described earlier and used in upcoming numerical simulations.
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3.2 Simulations

All numerical simulations were carried out in Abaqus/Explicit commercial finite element
code. Fracture criteria were implemented using user subroutine Vectorized User MATerial
(VUMAT). Crack initiation and propagation were realized through element deletion technique.
Time increment was changed using mass scaling function in order to keep computational time
reasonable while retaining negligible ratio of kinetic to internal energy for the whole model.

There was conducted analysis studying the influence of finite elements sizes which were
oriented in the loading direction, hereinafter II-orientation, in case of uncoupled criteria. Ele-
ments had a size of 0.075, 0.05 and 0.025 mm. Next, there were performed simulations using
uncoupled criteria with a mesh of a characteristic element length size of 0.075 mm and finite el-
ements orientation 45 degrees to applied load, hereinafter X-orientation, thus in the direction of
supposed crack propagation. Finally, there were conducted computations with elements having
size of 0.075 mm with II-orientation for coupled ductile fracture criteria.

3.3 Flat specimen

Only planar model was created in order to save some computational time. It was discretized
using 4-node rectangular plane strain elements CPE4R with reduced integration. In case of X-
oriented mesh, a negligible amount of 3-node triangular plane strain elements CPE3 was used
on lateral sides of the geometry. Areas lying far from the process zone were discretized by
coarse mesh, again, in order to save computational time.

Figure 6: Influence of mesh size for uncoupled fracture criteria and flat specimen with II-orientation.

There is damage parameter in Fig. 6 immediately after the final fracture and separation of
the specimen into more pieces for uncoupled criteria and flat specimen with II-orientation. The
legend is not shown hereinafter but it was set from 0 to 1 and linearly divided into 20 discrete
rainbow contours. The blue colour represents 0 and the red one corresponds to 1.
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Both uncoupled criteria are capable of prediction the slant fracture in case of both materials
for the mesh with 0.075 mm characteristic element length size.

Models behave similarly in case of AISI 1045 carbon steel, as depicted in Fig. 6. Both
meshes with element sizes 0.075 and 0.05 mm, respectively, produce a flat fracture. In case of
0.025 mm, the crack propagates perpendicularly to loading and form a slant fracture in the final
stage. There is no splitting into two directions. This is probably due to greater influence of
imperfection because there is higher necking than in case of aluminium alloy.

The finer the mesh in case of Xue–Wierzbicki model and 2024-T351, the better the ability
to produce the slant fracture. The simulation with size of 0.025 mm predicted the slant fracture
very well. Extended Mohr–Coulomb criterion showed similar behaviour but there was huge
amount of deleted elements in the perpendicular direction to applied load. This was probably
due to fact that, among others, there was higher localization of damage parameter in case of
Xue–Wierzbicki model. Crack created X-shaped fracture due to vertical symmetry of the model.

The crack initiation was in the centre of the specimen thickness, in the intersection of all
planes of symmetry, for both materials and fracture criteria, respectively, which is in accordance
with experimental testing. The slant fractures, which occurred, were 45 degrees to the applied
load which is also in good agreement with experiments.

Figure 7: Prediction by uncoupled and coupled criteria for flat plate with X- and II-orientation, respectively.

It is obvious that criteria are capable to predict the slant fracture even with element size
of 0.075 mm for X-orientation of the mesh in case of aluminium alloy as in Fig. 7. There is
huge amount of deleted elements in case of Extended Mohr–Coulomb criterion, again. Coupled
criteria predict the slant fracture without splitting into two direction and propagation of two
cracks. Regarding these models, there is a rapid increase of equivalent plastic strain due to
softening in the final stage just before crack initiation. This leads to localization of damage
parameter and the imperfections play more significant role than in uncoupled models.
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The X-orientation, the diagonal one, with characteristic element size of 0.075 mm leads to
flat fracture for AISI 1045 (Fig. 7). This mechanism does not change even with using elements
of 0.025 mm size. On the other hand, coupled criteria predict slant fracture similarly as in case
of AA 2024-T351.

Finally, it is obvious that neither the crack initiation nor the angle of slant crack propagation
were influenced by the mesh configuration or coupling the damage with plasticity.

3.4 Smooth cylindrical specimen

Similarly as in previous case, the model was created as axisymmetrical in order to save com-
putational time. The geometry was discretized by 4-node rectangular axisymmetric elements
CAX4R with reduced integration. In case of X-oriented mesh, there were used a small number
of 3-node triangular axisymmetric elements CAX3 which were located on the axis and on the
outer surface of the specimen. The regions outside the process zone were discretized by coarse
mesh, again because of saving the computational time, because the deformation and fracture
are concentrated into certain section.

Similarly as in case of flat specimen, both models were not capable to describe the slant
fracture for both materials and element size 0.075 mm as depicted in Fig. 8.

In case of carbon steel, there was predicted flat fracture independently on the criterion or
mesh size.

Figure 8: Influence of mesh size for uncoupled fracture criteria and smooth round specimen with II-orientation.

Xue–Wierzbicki model predicted the crack initiation not on the axis of symmetry but in
a certain distance towards the outer surface for aluminium alloy which is in contradiction with
experiments. Both criteria predicted the flat as well as slant fracture for 0.025 mm sized ele-
ments. The slant fracture propagated 45 degrees to applied load at first and then it changed the
direction perpendicularly to specimen axis. Extended Mohr–Coulomb criterion exhibited this
behaviour also in case of the finite element size of 0.05 mm.
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Both uncoupled models with X-oriented mesh produced a flat fracture for carbon steel as in
Fig. 9. This behaviour did not change even with decreasing the element size. Coupled Xue–
Wierzbicki model produced only flat fracture while coupled Extended Mohr–Coulomb criterion
predicted a slight slant fracture in the final stage close to the specimen surface without bifurca-
tion of the crack. In case of 0.05 mm sized finite elements, both coupled models predicted slant
fracture in greater distance from the surface in the final stage.

Uncoupled criteria with X-orientation and 0.075 mm sized mesh behaved for the aluminium
alloy 2024-T351 the same as in case of II-orientation and 0.025 mm sized finite elements. There
was better prediction of crack initiation after coupling the Xue–Wierzbicki model. The crack
initiated on the axis of symmetry and there was crack bifurcation in the final stage of rupture
governed by shear mechanism. Coupled Extended Mohr–Coulomb criterion predicted slight
slant fracture in the final stage. Again, there was significant number of elements deleted in the
plane perpendicular to the axis.

Figure 9: Results of uncoupled and coupled criteria for smooth specimen with X- and II-orientation, respectively.

4 CONCLUSIONS

The present paper was aimed to slant fracture prediction ability of two coupled and uncou-
pled ductile fracture criteria, originally phenomenological or empirical, Xue–Wierzbicki model
and Extended Mohr–Coulomb criterion, for two different metals, aluminium alloy 2024-T351
and AISI 1045 carbon steel. There was conducted analysis studying the influence of the size
and orientation of finite element mesh in case of uncoupled criteria. It might be generally stated
that the mesh oriented in the direction of applied load exhibited similar results as a finite ele-
ment mesh oriented in the supposed direction of slant fracture propagation, 45 degress to the
applied load in the plane of maximum shear stress, but for much smaller element sizes.
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Results also suggest that coupled models are very convenient for slant fracture prediction
which is in accordance with recent literature [26, 27]. Such models describe best the real ma-
terial behaviour. Nevertheless, there is a disadvantage in complex calibration procedure from
the perspective of time consumption, high number of experiments needed or complicated im-
plementing and debugging.
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