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Abstract. Hydraulic fracturing is an important branch in geomechanics, where a fracture
initiates and propagates in the host rock due to the induced hydraulic loading. The pressure
exerted by the fracking fluid onto the surrounding solid, typically is obtained by a Reynolds
equation which relates the crack width with the pressure. This poses severe difficulties for the
numerical treatment, also in terms of robustness. In the presented work, the Reynolds equation
is replaced by pre-defined pressure distributions which leads to a much simpler and robust
coupled problem. For each assumed distribution, the critical pressure is determined where
the critical energy release rate G, is exceeded. The influence of the different distributions is
investigated in a separate example. The energy release rates are determined based on stress
intensity factors with the XFEM by using crack opening displacements. This happens by a
comparison of an approximated state which represents the computed displacements in the solid,
and a reference state which represents the expected openings for a pure mode I, Il and Ill. This
method is intuitive, computationally cheap and has the advantage that only displacements are
fitted, wherefore no additional consideration of pressurized crack surfaces is required.

The critical pressure is determined based on the superposition principle in linear elastic
fracture mechanics. Herein, a separate observation of the external loadings by means of volume
forces and tractions at the boundary, and the internal loadings by means of the pressure exerted
by the fracking fluid is done. Based on a scaling factor of the internal state, the critical pressure
is extracted from the energy release rate.
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1 Introduction

Hydraulic fracturing is a standard procedure for the stimulation of petroleum and geothermal
reservoirs. A fluid is pumped into the solid until a fracture initiates and propagates. For the
modelling, three important factors have to be considered: (i) the pressure exerted by the fracking
fluid onto the surrounding solid, (ii) the deformation of the solid and the associated fracture
volume, and (iii) the propagation of crack surfaces.

In general, the pressure induced by the fracking fluid is obtained by a Reynolds equation
[1] which relates the pressure with the crack width. That is, several iterations between field
(i) and (i) are necessary, which is not always robust and leads to a complex behaviour at the
crack tip/front (toughness or viscous regimes [2]). This contribution deals with a simplified
model where the Reynolds equation is replaced by pre-defined pressure distributions which are
scaled by only few parameters. This assumption leads to a much simpler and robust coupled
problem. It is noted that only polynomial pressure distributions, depending on the distance r to
the crack tip/front and an initial pressure value pg are considered in this contribution as shown
in Section 4.2. The introduced method is not limited on this restricted group of functions and
treats all pressure distributions in the same manner.

Many numerical methods exist for solving the linear elastic fracture problem, however, most
of them such as the standard finite element method (FEM) and the boundary element method
(BEM) have a limited efficiency due to the /r behaviour of the displacements in the vicinity of
the crack tip/front. The use of special elements, like ’quarter-point’ elements [3, 4, 5], improves
the approach, but a suitable mesh has to be provided for each crack geometry during propaga-
tion which frequently requires a remeshing. An optimal accuracy on fixed meshes is possible
with the extended finite element method (XFEM) [6] which treats non-smooth solution fea-
tures within elements by additional enrichment functions. In this method, the localisation of the
non-smooth features or in the context of linear elastic fracture mechanics the localisation of the
crack path/surface is often done by the use of level-set functions [7, 8]. However, the update
of these functions after a propagation step can be cumbersome [8], wherefore in [9] a hybrid
explicit-implicit crack description is used which combines the advantages of the level-set func-
tions with those of an explicit crack description, e.g. by means of straight line segments or flat
triangles. This crack representation allows a simple update of the crack geometry during the
crack propagation, wherefore it is used in this work.

In the third field (iii), it is determined whether the crack propagates and in which direction.
The maximum circumferential stress criterion is often employed, where the crack propagates
in direction of the maximum circumferential stresses when a critical energy release rate G, is
reached [6]. In linear elastic fracture mechanics, the current energy release rate G is often eval-
uated by the J-integral [10] as they are equivalent [11]. The direction of the propagation is often
determined by stress intensity factors (SIFs) which are also related to G [12].The interaction
integral is one of the most important technique for the computation of SIFs, however the eval-
uation of this integral can be cumbersome for complex three-dimensional crack configurations.
In this work, SIFs are determined by observing the displacement field, particularly the crack
opening displacements (CODs), in the vicinity of the crack tip/front and their comparison with
the expected openings for a pure mode 7, Il and Il crack.

The focus of this contribution is the evaluation of critical pressure values p. for assumed
pressure distributions on mixed-mode loaded crack configurations. This examination is the first
step towards a simplified hydraulic fracturing model.
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2 Computation of SIFs by using CODs in XFEM

In this section, the XFEM approach in linear elastic fracture mechanics with a hybrid explicit-
implicit crack description and the computation of stress intensity factors (SIFs) by crack open-
ing displacements is shortly recalled.

The XFEM extends the standard finite element method (FEM) approach by additional en-
richment functions which involve non-smooth features within elements with optimal accuracy.
A priori knowledge about the non-smooth solution characteristics is essential for the enrich-
ment functions. In linear elastic fracture mechanics, a domain Q is cracked by the (curved)
crack path/surface I'.. The displacements are discontinuous along I'. and the stresses are sin-
gular at the crack tip/surface and the following enriched approximation has proven useful [6]
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Herein, Y., considers discontinuous displacements along the crack path/surface and v,

the singular stresses at the crack tip/front. N; are the finite element shape functions, a; and b{
additional degrees of freedom at the enriched nodes I* and J*. It is standard to use the Heaviside
function for the step enrichment Y., [6] and
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for the crack tip/front enrichment. These enrichment functions are based on a polar coordi-
nate system (r,0) which has its origin at the crack tip/front and is aligned with the tangent at
the crack tip/front. Typically, the localisation of the crack geometry and the determination of
the polar coordinate system is based on level-set functions. In [9] a hybrid explicit-implicit
crack description has been introduced which allows a simple update of the level-sets during
propagation. Herein, three level-set functions are defined as follows:

e ¢;(x) is the (unsigned) distance function to the crack path/surface.
e ¢ (x) is the (unsigned) distance function to the crack tip/front.
e ¢3(x) is a signed distance function to the extended crack path/surface.

These definitions extend straightforward also to three dimensions and imply the polar coordinate
system (r,0) which is used for the enrichment functions, and a local coordinate system (a,b)
which is used for the computation of SIFs. Further details of the different coordinate systems are
given in [9]. In the following, the evaluation of SIFs by crack opening displacements (CODs)
is discussed.

2.1 Computation of SIFs

The proposed method offers an intuitive and computationally cheap technique for the eval-
uation of SIFs which treats three dimensional crack configurations in the same manner as two
dimensional ones. Furthermore, no modification is necessary for curved and loaded crack sur-
faces. The use of CODs has the advantage that translations by means of rigid body motions are
considered automatically. SIFs are computed by a comparison of CODs of an approximated
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state by means of the XFEM solution and a reference state which represents the expected open-
ings for a pure mode I, Il and /Il crack. The following paragraph shows the main idea of the
proposed method.

The approximated CODs are determined by Eq. 1 as a post-process step. The difficulty
here is that the enrichment and shape functions have to be evaluated in a special setting so that
CODs are obtained. For that, in a first step a point has to be found on the implicitly defined
crack path/surface. As level-set values are only given in the nodes and are interpolated within
the elements by the corresponding shape functions, curved zero level-sets are present in general.
This complicates the finding of points with zero level-set values within the elements. Therefore,
each potentially cut element, identified by the condition

max|P3(x;)] - min[@3(x;)] <0, 3)

is subdivided into two linear triangular elements in two dimensions or six linear tetrahedral
elements in three dimensions, which enable a simple detection of zero level-sets as they are
piecewise linear/planar within these simplex elements. A similar setting is used for linear el-
ements in [13, 14] and for higher order elements in [15]. As the enrichment functions and
displacements are discontinuous along the zero level-sets the point has to be splitted into two
opposite but infinitesimally close points of the crack path/surface. This splitting is done in
the simplex elements based on the normal vector of the zero level-set. Then the global crack
opening displacement Au’’(S) by means of the global coordinate system (x,y,z) of the point S is
evaluated by Eq. 1.

The expected crack opening displacement Auj'(S) of the point S and mode m is evaluated
in the (a,b,c)-coordinate system by the governing equations of linear elastic fracture mechanics
based on stress intensity factors [16] where, successively, one SIF k,, is set to 1 and the others
to 0.

A comparison of these two states leads to the SIFs. As both CODs have to be in the same
coordinate system, the approximated CODs are transformed into the (a,b,c)-coordinate system
based on the Jacobi-matrix J as shown in Eq. 4. Herein, the partial derivatives of the third
function ¢ are determined by the cross product of Va and Vb.

dx 4y Qg
Al =J-Aul  with J=|b, by b |, i=1,23. 4)
C7x C7y CZ

3%

It has been shown, for example, in [16] that each stress intensity factor k,, has a preferred
direction with the highest impact on the associated displacements. Taking these directions into
account, the SIFs can be directly computed by

ki = Aull /Aub ki = Au J Aul, kir = Aul / Au™ (5)

This fitting method is the basis for the further work, as all needed SIFs are evaluated by it.
In the following section, the evaluation of critical pressure values for a general mixed-mode
loaded crack configuration is discussed.

3 Evaluation of critical pressure values

In hydraulic fracturing, a fluid is pumped into the solid until a fracture initiates and prop-
agates. The fracture propagates when a critical value of the energy release rate G is reached.
That is, the crack propagates if the following equation is fulfilled

G > G,. (6)
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The current energy release rate G is obtained by the associated SIFs which are evaluated
by the proposed method presented in Section 2.1 and their relation to G. For a general three
dimensional mixed-mode loading and the assumption that mode /I and /Il are small compared
to mode / which leads to a quasi planar crack propagation, the energy release rate is given by
[12] as follows:

1
ﬂ
Herein, k,, are the current SIFs, v the Poisson’s ratio and p the second Lamé-Constant. It is
noted that this representation of G is used for simplicity. The proposed method is not limited to
it, wherefore also formulations of infinitesimally kinked crack extensions [16, 17] are possible
which will be considered in future works.

In general, the pressure exerted by the fracking fluid onto the surrounding solid is obtained
by a Reynolds equation which relates the crack width with the pressure. In this contribution, the
model is simplified as the Reynolds equation is replaced by pre-defined pressure distributions
which are scaled by the initial value pg and the crack length /. as shown in Section 4.2. One may
distinguish two different types of loadings in hydraulic fracturing. The first is called ’external’
and contains body forces, prescribed tractions at the boundary I'; and prescribed displacements
at the boundary I',. The second type of forces is called ’internal’ and contains the pressure
exerted by the fracking fluid onto the surrounding solid. For the second type it is also demanded
that the displacements at I, are zero. An illustration of a cracked domain, where both loading
types are shown is given in Fig. 1(a).

In most practical applications of hydraulic fracturing, the interest is based on the computation
of a critical pressure p. which causes a propagation of the crack. Hence, this contribution deals
with the evaluation of critical pressures for pre-defined distributions. In linear elastic fracture
mechanics, there holds for a unit prescribed pressure distribution po without external loadings
that their associated SIFs scale proportionally with

1— 2
Glkm) = (E—V)(k%+k%)+ kin- (M

ki (A - po) = A -k (po). (8)

Herein, the index p indicates that the SIFs are obtained due to pure internal loadings. A
differentiation of the SIFs due to internal and external loadings is needed at a later point of this
work. Eq. 8 plugged into Eq. 7 and Eq. 6 leads to the critical pressure p. as

| G,
c=A- ith: A=,/—— . 9
p Po wi G (K (po)) )

Eq. 9 is only valid for pure internal loadings, as an increase of the pressure level does not
influence the crack behaviour or energy release rate G caused by the external loadings. There-
fore, a separate observation of the crack behaviour caused by the external and internal loadings
is necessary. In linear elastic fracture mechanics, this is achieved by using the superposition
principle as shown in Fig. 1. Herein, the crack configuration is decoupled into a part with only
external loadings and a part with only internal loadings. The associated SIFs are denoted by
ke for the external case, kb, for the internal case and k'%“ for the combined case. If a A-scaled
unit pressure distribution p is assumed, Eq. 8 holds for the internal part. The total SIFs k%
are given by the sum of the external and internal case.

horal — et 4 kb (10)

1641



M. Schiitzer!, T.P. Fries!

T, T, T,
S5 : )
(a) (b) ()

Figure 1: Superposition of an externally and internally loaded crack by means of the principle of superposition.
(a) Totally loaded, (b) externally loaded and (c) internally loaded.

Eq. 10 plugged into Eq. 7 and Eq. 6 leads to a quadratic equation of A as it holds for the
principle of superposition applied to the energy release rate G,, of mode m

G = (VG + G&)z. (1)

That is, for the computation of A, coupled terms of the external and internal state are involved.
The quadratic equation for A can be expressed as follows:

0=al>+bA +c with a=G(kD), (12)

2(1—v?)
E
¢ = G(k) — G

It is noted that only one value of A (A > 0) leads to a physically reasonable critical pressure.
This is checked by the criterion

I
= (K77 + ki k) + - Kiif K

7(‘17(‘2 >0 for )ul 75 ),2. (13)

The evaluated A leads to the critical pressure p. by Eq. 9. In the following section, first results
of the proposed simplified model for hydraulic fracturing are presented in two dimensions.

4 Numerical examples

In this section two different things are investigated in two dimensions. Firstly, how the crit-
ical pressure value due to a constant pressure distribution is changed for a given mixed-loaded
crack configuration relating to the crack length. Furthermore, how the crack propagates by the
presented critical pressure and external loading. Secondly, how the pressure distribution influ-
ences the critical pressure. For the investigation of these two points an edge cracked rectangular
plate with the extent of 4 =7m, [ = 16m and an initial crack length /. = 3.5m is used as shown
in Fig. 2(a). The plate is clamped on the left side and is described by 4-node bilinear quadrilat-
eral elements with different mesh sizes. A brittle and isotropic material is used with a Youngs
modulus E = 35GPa, a Poissons ratio v = 0.3 and a critical energy release rate G, = 17/m?.
Furthermore, plane stress conditions are assumed. Obviously, the chosen setup is not really re-
lated to a problem in geomechanics. Nevertheless, the approach is general enough that it is also
working in the context of plates where we find more general loading conditions such as those
dominated by shear. The interest is only based on the computation of critical pressure values
for a given pressure distribution, wherefore no dynamic effectes [18], cohesive models [19] or
viscosity-dominated regimes [20] are considered.
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4.1 Mixed-mode loaded crack configuration

At first the change of the critical pressure during a crack propagation of a mixed-mode loaded
crack configuration is investigated. For that, the plate is loaded by a shear traction 7 = 1kN/m
on the right side and a constant pressure within the fracture as shown in Fig. 2(a). Herein, the

(a) (b)

Figure 2: Mixed-loaded crack configuration: (a) Situation and (b) crack propagation.

external loading 7 leads to a mixed-mode behaviour at the crack tip, whereas the internal loading
only represents a mode / crack. For each propagation step the critical pressure is evaluated
by the introduced method, which leads to a propagation of the crack. Based on the maximum
circumferential stress criterion, the propagation angle 6, can be expressed by the SIFs as follows

[6]:

1 & ki \?
6. = 2arctan— | — £ — 8 14
- arctan 2\ &y ( k][) + , (14)

where the sign depends on the sign of kj. For the considered example, it is assumed that the
crack propagates with the increment Aa = 0.35m in direction of .. The required pressure for
the propagation is illustrated in Fig. 3, where the critical pressure is plotted over the current
crack length. Herein, seven different meshes are used with an element number from 9,401 to
46,025.

critical pressure p,

nElem = 9,401

nElem = 13,585

nElem = 18,537
~¥-nElem = 24,257
=¥=nElem = 30,745
=¥-nElem = 38,001
=¥=nElem = 46,025

Figure 3: Critical pressures during the crack propagations.

As expected the pressure which is needed for the propagation decreases with an increasing
crack length and becomes zero if a critical crack length is reached, which means that the crack
propagates only by the external loading. The results also show a convergence to a fixed value.
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The resulting crack path is illustrated in Fig. 2(b). At the beginning the crack propagates almost
straight as the internal loading is dominant. However, at the end very low or zero pressures
already leads to a propagation, wherefore the influence of the external loading increases which
leads to a deviation of the straight crack path.

4.2 Different pressure distributions

In this example the influence of different pressure distributions are investigated. Herein, the
plate of Section 4.1 is used again. The focus is based on the influence of the pressure distribu-
tion, wherefore only a static crack configuration without any external loadings is investigated.
Three different distributions are considered which only depend on the distance r to the crack tip
and the initial pressure pgy as shown in Fig. 4.

Po Po Po K

() (b) (©)

Figure 4: Different pressure distributions: (a) Constant, (b) linear and (c) quadratic.

It is noted that the introduced method is not limited on these distributions, however they allow
an easy introduction into the complex topic of hydraulic fracturing. These distributions are used
as internal loading of the rectangular plate which was introduced in Section each distribution on
different meshes. The results are illustrated in Fig. 5 where the relation of the resulting pressure
force R, and the crack length /. is plotted over the element number. R, is illustrated instead of
Po to take account of the fact that linear or quadratic distributions have a lower resulting force.
The results show as expected that concentrations of the pressure at the crack tip lead to a higher

critical pressure p, due to different pressure distributions
30

=¥=const
=¥=lin
=¥-quad
25
<E
——
20 - ¥
—3— —%
15 | | | | | | | |
0.5 1 15 2 25 3 3.5 4
N Elem x10°

Figure 5: Critical pressures for different pressure distributions.

loading of the fracture, wherefore a lower pressure is needed for the propagation. All results of
the considered pressure distributions converge similar.
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5 Conclusion

In the presented work, a simplified hydraulic fracturing model by means of pre-defined pres-
sure distributions instead of using the Reynolds equation is investigated. These distributions
are scaled by only a few parameters, which results in a much simpler and robust coupled prob-
lem. The influence of the distributions is investigated in a numerical study. Critical pressure
values are evaluated based on the superposition principle of linear elastic fracture mechanics,
where the influence of the external and internal loadings is observed separately and scaled by
a factor. This critical pressure leads to a propagation of the crack in direction of the maximum
circumferential stresses.

The deformations of the solid are solved by an XFEM simulation with a hybrid explicit-
implicit crack description which allows a simple update of the crack geometry during a propa-
gation. Based on the deformations, particularly crack opening displacements (CODs), SIFs and
energy release rates are computed by a comparison of the approximated and reference states.
This method provides an intuitive, computationally cheap and robust method, which works in
two dimensions as well as in three dimensions in a consistent manner.

Numerical results show the relation of the critical pressure value and the crack length. The
influence of the pressure distributions is investigated in an own example. As all considered
examples are in good agreement with the expected solutions and converge to a fixed value it is
concluded that the proposed simplified hydraulic fracturing model provides a simple and robust
basis for further investigations.
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