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Abstract. The Boundary Element Method (BEM) is ideally suited for the simulation of un-
derground constructions like tunnels or caverns. Such structures are modelled with the BEM
inside an infinite or semi-infinite domain. As the radiation condition is fulfilled by the BEM no
truncation of the domain is necessary. Only the surface of the structure (e.g. tunnel) has to be
discretised by boundary elements (BE). An accurate simulation of the tunnelling process has to
consider the sequential excavation where parts of the rock mass are excavated at different time
and location. This special constructional condition has a direct influence onto the simulation
model. In this work different methods are presented which consider the sequential excavation.
The first method is the discretisation of the problem by multiple BE regions (MRBEM). Each re-
gion, which will be excavated during the excavation process, is discretised by a separate finite
BE region. These regions are embedded inside an infinite region which represent the infinite
extend of the domain. Thus, a system of BE regions arise which have to be coupled at their
common interfaces. Two coupling strategies, the Boundary Element Tearing and Interconnect-
ing Method (BETI) and the method of Interface Coupling (IC) will be presented to solve the
sequential tunnel excavation.

The second method uses only a single BE region (SRBEM) for every step of excavation. For
each load step the geometry/mesh has to be updated. Thus, the mesh of the previous load step
will be extended by the surface of the new excavation volume of the current load step. Beside
the geometry update an essential part of this method is an accurate evaluation of the excava-
tion loading. The excavation loads for each excavation step are tractions applied at the part
of the boundary surface just generated by the geometry update. These tractions depend on all
previous load steps and will be evaluated by a calculation of internal results in the interior of
the single region. The internal results can be either stresses or displacements.

In this work the modelling strategies of the MRBEM and SRBEM approach will be presented.
On a realistic tunnel example the accuracy of the results for the mentioned methods will be
shown as well as the performance of the calculations.
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1 INTRODUCTION

Among other characteristics the construction of tunnels within the New Austrian Tunnelling
Method is characterised by the sequential excavation of the tunnel. A typical sequential exca-
vation is shown in the Fig. 1 where top heading and bench excavation is performed. Thus the
cross section of the tunnel is divided into two parts, top heading and bench. Within the sequen-
tial excavation those volume parts are excavated at different time and location. As shown in the
figure, in the longitudinal direction of the tunnel the top heading excavation is more advanced
as the bench excavation at the same time.

top heading

bench

Figure 1: Sequential tunnel excavation

The modelling of the tunnel excavation is done either in an infinite or semi-infinite domain,
depending on the depth of the tunnel from the ground surface. Using the Boundary Element
Method (BEM) for the simulation of such problems the radiation condition is fulfilled implic-
itly within the solution, thus no truncation of the mesh and special boundary conditions are
necessary. Using the BEM only the surface of the problem has to be discretised. Thus the mesh
generation is drastically reduced for such simulation problems. This will be shown by a 3D
example in section 4.

2 BOUNDARY INTEGRAL EQUATION

The basis of the current work is the displacement boundary integral equation (see [1]) which
is:
Cy)uty) + f Ty x)utx)ar = [ Uly x)t(x)dr n
r r

where U(y, x) and T(y, x) are the fundamental solutions for displacements and tractions and
u(x) and t(x) are the boundary displacements and tractions, respectively. C(y) is an integral
free term depending on the geometrical conditions at the boundary point y. The boundary
integral equation (1) is valid for a single region whose boundary is discretised with boundary
elements. Due to the discretisation the boundary I' is divided into elements £ and nodes V.
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Thus, the integral equation (1) is transformed to:

E

E N N
Cu;+ > > AT, u, => > AU, 2)

e=1 n=1 e=1 n=1

AT;. and AU, are integrated kernel matrices with respect to the collocation node 7 and ele-
ment n. Eq. 2 is evaluated for all collocation points ¢ and the coefficient matrices AT, and
AU¢, are assembled into matrices [AT] and [AU], whereas the following equation arise:

[ATHuj = [AUNt} 3)

Eq. 3 allows the solution of a single boundary element region. At the nodes of the boundary
either displacements or tractions are known. The values for the unknown boundary conditions
(BC’s) are solved by rearranging Eq. 3. The corresponding columns of matrices [AT] and [AU]
related to the unknown BC’ are shifted to the left side and the columns of the matrices [AT]
and [AU] related to the known BC’s are multiplied with the values of the known BC’s and form
the right hand side vector { f} of the following equation:

(A} = {f} )

In case of a mixed boundary value problem the content of the solution vector {x} are either
displacements or tractions, matrix [A] is filled up either with columns of matrix [AT] or [AU].

3 MODELLING THE SEQUENTIAL EXCAVATION PROBLEM

In the particular case of a sequential excavation rock volumes are excavated gradually. Thus
the simulation is performed step wise. In each step in general one or more rock volumes may
be excavated. The simulation model has to meet these requirements to evaluate the deformation
and stress state [2] of the tunnel progress. With the BEM this process can be simulated by
applying a Multiple Region BEM (MRBEM) or a Single Region BEM (SRBEM). Using a
MRBEM approach each region removed during the excavation process is discretised by a BEM
region. The regions are coupled at their common interfaces and form the MREBM system.
Using the SRBEM only a single region is necessary to solve the tunnelling problem for a certain
step of excavation.

Figure 2: MRBEM model (left) and SRBEM model (right)

In Fig. 2 the meshes are shown which are necessary to solve the tunnelling problem for
a certain excavation state either with the MRBEM (left mesh) or with the SRBEM method
(right mesh) [3]. The mesh of the MRBEM model consists of several finite regions which are
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embedded in an infinite region. The finite regions are deactivated from the calculation model
during the simulation process according to a predetermined sequence.

With the SRBEM model a single BEM region is discretised which represents the actual
excavation state of the tunnel, which is the surface of the volume already excavated. The mesh
size at the beginning of the analysis is very small and is increasing together with the progress
of the tunnel excavation.

3.1 Multiple region BEM

Currently two coupling methods are used to simulate the sequential excavation.These two
methods are explained next.

3.1.1 Interface coupling method (IC)

For the interface coupling method [1] stiffness matrices are evaluated which are related only
to the interface of a region.

Region 1 Region 1

a I'n

I'y Iy Iy
Figure 3: Interface coupling (IC)

Starting with the assembled equation system (3), which is

[ATHuj = [AUNt} (5)

and assuming that no Dirichlet boundary conditions are present (which in tunnelling is usu-
ally the case) the boundary can be divided into a Neumann and Interface part. This is shown in
Fig. 3 where 2 regions are coupled at the common interface I';. Due to the different boundary

condition types Eq. 5 can be separated to:
{ur}
{ fu) ©6)

()=

The traction ¢y are the known boundary condition values and will be shifted to the right
side together with the kernel matrix [Uy]. uy is the unknown vector of displacements of the
Neumann boundary and this will be shifted to the left together with the kernel matrix [7y].

{t:} {ur}
= 7
) {tv) 7
The matrix on the left side of Eq. 7 is renamed by [A] and on the right hand side the vector
of interface displacements {u;} are separated from the traction vector {¢y} belonging to the

[U1] [Un] [T1] [Tn]

[U1] — [Tn] [T1] — [Un]
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Neumann boundary:

A —[OUn]] { {t~} } &)

{ funy = o

Solving this equation for {¢;} and {uy } will result to the following:

{ {{zilv}} }: AT furd + A7 [ UM {tv} ) ©)

The matrix product [A]~![T}] will result to the stiffness matrix [K]* and a flexibility matrix
[D], and the second part of the right hand side of Eq. 9, as vector {¢y} is known, will give a
known vector shown next:

Ul b= Lo Je={ G "

The first equation of 10 represents the interface tractions {¢;}. Multiplying it with the mass
matrix [M], of region r, the tractions are replaced by equivalent nodal point forces. A coupling
to a Finite Element region would be possible know. This equation is shown next:

{fi}r = (K] {ur}r + {fin}r (11)

The final forces { f;}, at the interface of region r are the forces due to the interface dis-
placements {u;}, plus the forces at the interface due to the loading (given tractions {ty },. The
interface forces { f;}, as well as the interface displacements {u;}, are unknown at the present
state. These unknowns are evaluated together with all other regions. Thus, [K], and { f;x }, are
evaluated for every region r of the multiple region system and the final system of equation can
be assembled under the following conditions:

— Equilibrium of forces at the interface:

{f[}1+{f[}2+ ...... —|—{f[},r, :O (12)
Eq.12 states that the forces at the interface of all adjacent regions are in equilibrium.

— Compatibility of displacements at the interface:

{ur}m = {urkn (13)

Equation (13) states that the displacements at the interface of adjoining regions n and m
are equal.

Considering these conditions, Eq.11 of every region is assembled into a global equation
system which is shown as following:

{1} = [K]"{ur} +{fn} =0 (14)

where [K]*¥° is the assembled stiffness matrix related to all coupling interfaces of the system.

{fin} is the right hand side vector related to the loading of the system and {u;} is the vector

of interface displacements. From this equation the interface displacements are solved. Once

{u} is known all remaining unknowns (tractions at the interface {¢;} and displacements at the
Neumann boundary {uy }) can be evaluated using Eq.10.
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3.1.2 Boundary element tearing and interconnecting method (BETI)

The Boundary Element Tearing and Interconnecting Method (BETI) is a domain decompo-
sition method based on the Symmetric Galerkin BEM [4] similar to the Finite Element Tearing
and Interconnecting Method (FETI) for the FEM introduced by [5]. In this work the collocation
BEM is used to set up the equation system similar to the original BETI method. Applying this
method for each region a stiffness matrix based on the DOFs of the whole region surface is
calculated which is in contrast to the method IC applied in section 3.1.1, where the stiffness
matrix is based on the coupled DOFs only. From Eq.3 the boundary tractions of a region are
calculated as following:

[AU] AT {u} = {t} (15)

As in the IC method tractions are converted to work equivalent nodal point forces by multi-
plying Eq.15 with the mass matrix [M]:

[M][AU] AT {u} = [M]{t} = {f} (16)
where the stiffness matrix [K] is:
[K] = [M][AU]HAT] (17)

Inserting this into Equation (16) will result in the well known relation between displacements
and forces:

[K{u} = {f} (18)
As in the IC method two conditions have to be satisfied to formulate a coupled system con-
sisting off » boundary element regions:

— Equilibrium
— Compatibility

The equilibrium state of a region can be described by using Equation (18):

[KHu} = {fv} + [BI"{)} (19)
whereas the force vector on the right hand side of Equation (18) is split into:
{£} = {fw} + [BI"{N} (20)

and inserted into Equation (19). [K|{u} are the forces at the boundary of the region due to
deformation, { fi } is the force vector of the given loading (Neumann boundary conditions) and
[B]T{\} are the coupling forces (Lagrange multipliers) to the neighbouring regions.

The compatibility of a system of 7 regions can be written in following form:

[Bli{u}s + [Blo{u}s + - - + [Blr{u}r = {0} 21

Equation (21) either guaranties that the displacements at the interface of adjacent regions are
equal or that the displacements at the Dirichlet boundary are equal to the applied Dirichlet
boundary conditions which are entries of vector {b}.
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The final system of equation of a coupled system of r boundary element regions is shown as
following:

[K]1 0 —[B]1T ( {U}l ) ( {fN}l )
[K]2 —[Bl3 {u}s {fn}e
0 : : : = : (22)
K], —[B]F {u}r vk
Bl [Bl2 -+ [Bl, 0 | {A SRUS

Equations 1 to r of Eq.22 are representing the equilibrium of each region and the last equation
of Eq.22 guaranties compatibility of displacements at every node at the interface of adjacent
regions and at the nodes corresponding to the Dirichlet boundary.

In the implementation of the BETI method Eq.22 is not assembled to an equation system.
The equation system Eq.22 is condensed to the solution of the coupling forces A\ (Lagrange
multipliers). This is done by inserting equations 1 to r into the last equation of Eq.22. From
this equation ) is solved either directly or iteratively with a BICGSTAB iterative solver. As the
stiffness matrix [K], of a finite region (floating region) is singular [6] special treatment of rigid
body motions have to be considered. The whole solution formulation is shown in detail by [4].

3.1.3 Comparison of coupling methods

The main advantage of the BETI method is that the stiffness matrix of each region has to
be calculated only once and in the case of a sequential tunnel excavation these matrices can
be used for each load step of excavation. Using the BETI method for this application type the
stiffness matrices are independent on the changing boundary conditions. Changing boundary
conditions due to sequential excavation are considered by the coupling matrix [B], of Equation
(22). The coupling matrices have to be computed repeatedly for each calculation step. As those
matrices are sparsely populated they are implemented as sparse matrices. The effort to set up
those matrices is small and it is insignificant compared to the overall computing time. The way
how the equation system is formulated makes the treatment of operations related to a region in-
dependently from the other regions. Thus, the BETI method is ideally suited for parallelisation
techniques.

The advantage of the IC method is that the size of the stiffness matrix is related to the number
of DOFs at the interface of the coupled system of regions. In the case of a sequential excavation
the coupling surfaces are reduced from one excavation step to the other. In each load step one or
more regions are deactivated from the simulation model. Due to the deactivation the boundary
condition of surfaces adjacent to the deactivated regions change from Interface condition to
Neumann condition. Thus, the size of the assembled system stiffness matrix reduces from
one load step to the other and the solution of the equation system gets faster. For regions for
which a change of boundary conditions happens the stiffness matrix has to be calculated newly.
Compared to the BETI method stiffness matrices do not remain constant throughout the entire
analysis of such an excavation simulation.

3.2 Single region BEM

In Fig.4 the excavation using single regions [7] are shown on a simple example in 2D for
two excavation steps. The simulation considers a top heading excavation in the first excavation
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step and a bench excavation in the second step by using a single BEM region for each step. The
region for the first step is the boundary of the top heading and the region for the second step is
the boundary of the final tunnel surface (the outer boundary of top heading and bench together).

excavation step 1 excavation step 2

top heading

{

o
(@}
=3
(@)
=

~~~~~~

Figure 4: Single region BEM (SRBEM) excavation

The crucial task is the evaluation of the excavation loading (boundary tractions) for the sub-

sequent excavation step. For the first step the excavation loading (boundary traction) is given
from the known primary stress field at the whole surface of the top heading region. Applying
Eq.3 with known tractions the displacements are calculated for the top heading boundary. In a
post-processing algorithm the tractions along the boundary of the bench (dashed line in Fig.4)
inside of region 1 (top heading region) are calculated. These tractions are applied at the region
of the subsequent load step (shown in Fig.4 on the right) and again Eq.3 is used to solve this
load step.
For the evaluation of the tractions inside a region two methods have been investigated. The
simpler method is the direct evaluation of the stress at points inside the region using the stress
boundary integral equation. As the stress at the corners of the bench (shown in Fig.4) are sin-
gular, an evaluation of the stress is difficult as well as the distribution of the stress towards that
corner point. The results due to this method are not satisfactory, thus a second method was
investigated where displacements are calculated at the inner points. With this method an inter-
mediate calculation for the region which is excavated (only the bench region!) is necessary. The
mentioned displacements will be the known Dirichlet boundary conditions and the tractions will
be calculated by this intermediate single region calculation. In excavation step 2 this traction
will be applied as loading. A detailed explanation about the key issue of evaluating excavation
loads can be found in [8].

In comparison to the the coupling methods with this method the mesh of the model has to
be adapted at each step of excavation due to the change of the tunnel surface. The simulation is
starting with a very small mesh and in every subsequent excavation step the existing mesh has
to be extended by the surface of the removed volume of excavation. At the end of the excavation
simulation (all regions are excavated) the mesh size is the same as for the coupling methods.
This will be shown in the 3D example shown next.
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4 EXAMPLE - CROSSING PASSAGE - NEW YORK UNDERGROUND

In the following an example of a sequential tunnel excavation is shown. More precisely it
is the crossing passage of two tunnels of the New York Underground. In the planning phase
3D-CAD planning documents were available. In order to create the BEM model these data was
used to mesh the geometry. The initial CAD model of the construction design was too detailed
in order to use it for the numerical discretisation and therefore the CAD geometry description
had to be simplified. After some adaptation and simplification of the CAD model it was im-
ported to the pre-processor CUBIT 2014 [9] and the mesh was automatically generated. The
final mesh is shown in Fig.5 and was modelled with linear (4 nodes) quadrilateral boundary el-
ements (BE). At all four ends of the simulation model infinite BE’s [10] are situated to consider
correct boundary conditions in the longitudinal direction of the tunnels. The mesh consists of
approximately 20 000 nodes and 7 800 elements.

linear boundary elements

infinite boundary elements

Figure 5: Mesh for the BEM analysis

In Fig.6 the sequence of the sequential excavation is shown. In sum 12 load cases (indicated
by LC#) are considered. In the first 6 load cases the main tunnels are excavated, from LC7 to
LC12 the crossing passage is excavated. The meshes for each LC shown in Fig.6 correspond to
the single regions used in the SRBEM simulation method. The excavation model starts with a
small mesh which is extended from LC to LC.

For both coupling methods (IC and BETT) the mesh of LC12 (shown in Fig.6) would be the
infinite region, which is filled with finite regions, the region volumes which are excavated from
LC to LC. Thus, the simulation for the coupling methods starts with a large model (with all
coupled regions) which is reduced by finite regions during the excavation process.
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LC2
LC10

Figure 6: Excavation sequence LC1 to LC12

In Fig.7 contour lines of displacements in z-direction for the fully excavated tunnels and
crossing passage are shown. The maximum settlement is 8.1 cm at the joining openings of the
crossing passage and the upper main tunnel. The maximum heave is about 8.3 cm at the joining
tunnels of the crossing passage and the bottom main tunnel.

Z Displacements

0.083678
0.065233
0.046788

+0.028343

- 0.0098983
-0.0085468
-0.026992
-0.045437
-0.063882
-0.082327

Figure 7: Contour lines of z-displacements for LC12
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In the following diagram of Fig.8 vertical displacements for node A (location shown in Fig.7)
of all load steps are displayed. The calculations were done for the three methods of excavation

explained in section 3:

— Single region BEM method (SRBEM)

— Multiple region BEM method / interface coupling (MRBEM IC)

— Multiple region BEM method / BETI (MRBEM BETI)

O
-0.01
-0.02
-0.03
-0.04 F

-0.05

z-displacement [cm]

-0.06

-0.07

-0.08

-0.09

T T T T T T ISRBEIM
MRBEM IC
MRBEM BETI

KXOT

2 ¥ g
2 g

% R o % ¥

2 3 4 5 6 7 8 9 10 11
Load case

Figure 8: z-displacements of point A for LC1 to LC12

The displacements are displayed for each load case and each simulation method. It is shown
that for the SRBEM and for the MRBEM IC very similar results are obtained. The results for
the MRBEM BETTI are slightly different from the two other methods.

Modelling method

calculation time [h]

Table 1: Computation times for different number of CPU’s

1CPU 8CPU's [ 16CPU's| 32CPU’s
SRBEM 851 | fo06 | ¢ o076 | o0oce
MRBEM — IC

MRBEM — BETI

The calculation times for the three simulation methods are shown in Tablel depending on
the number of CPU’s used. Without any parallelisation (calculation with 1 CPU) the calculation
time for the MRBEM IC is the largest of the three methods. For this method the stiffness matrix
of BEM regions with changing boundary conditions has to be calculated again from one load
step to the other. This is the main reason for the lack of efficiency of this method (IC). For
the present example the calculation time for the SRBEM is similar to the one of the MRBEM
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0 8 16 24 32 [CPU’s]

0.00
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——SRBEM

6.00 —=-MRBEM-IC
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10,00
12.00
14,00

[h]

Figure 9: Performance of parallel computation

BETI. At the first excavation step the SRBEM method always starts with a very small mesh
(small equations system), the size of the equation system increases from step to step as the
surface of the excavation volume grows. For the MRBEM BETI method the stiffness matrices
of all regions are calculated only once at the beginning of the analysis. They dont change any
more during the whole analysis. This is the main advantage of the MRBEM BETI against the
MRBEM IC method.

In Fig.9 the performance of the three simulation models is shown taking advantage of paral-
lelisation. As shown the time difference for the overall computation of this excavation problem
is decreasing as the number of CPU’s increase.

At the current state of experience an objective statement cant be made whether SRBEM or
MRBEM BETI is favourable in relation to computing performance. Maybe for an example of
an increased number of load steps it can be expected that the MRBEM BETI method has an
advantage over the SRBEM method.

S CONCLUSIONS

In this work three simulation methods for the calculation of the sequential tunnel excavation
using the BEM have been presented. Two coupling methods, the classical multiple region
boundary element method with interface coupling (MRBEM IC) and the BETI coupling method
(MRBEM BETI) are explained in brevity as well as the single region method (SRBEM).

On a practical example in 3D the results for the three methods are verified and it has been
shown that the accuracy of the solutions of all methods is excellent and corresponds well to each
other. The performance of parallelisation is demonstrated, whereas the methods SRBEM and
MRBEM-BETI have distinct advantages in computing efficiency over the classical interface
coupling. Causes and consequences of the three models for the simulation of the sequential
tunnel excavation related to their implementation and the final performance have been worked
out and are demonstrated by a realistic example in 3D.
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