
ECCOMAS Congress 2016
VII European Congress on Computational Methods in Applied Sciences and Engineering

M. Papadrakakis, V. Papadopoulos, G. Stefanou, V. Plevris (eds.)
Crete Island, Greece, 5–10 June 2016

VEM AND TOPOLOGY OPTIMIZATION ON POLYGONAL MESHES

P.F. Antonietti1, M. Bruggi2, S. Scacchi3 and M. Verani1

1 MOX-Department of Mathematics
Politecnico di Milano

Piazza Leonardo da Vinci, 32 20133 Milano, Italy
e-mail: paola.antonietti@polimi.it, marco.verani@polimi.it

2 Department of Civil and Environmental Engineering DICA
Politecnico di Milano

Piazza Leonardo da Vinci, 32 20133 Milano, Italy
e-mail: matteo.bruggi@polimi.it

3 Department of Mathematics
University of Milan

Via Saldini, 50 20133 Milano, Italy
e-mail: simone.scacchi@unimi.it

Keywords: Topology Optimization, Virtual Element Method

Abstract. Topology optimization is a fertile area of research that is mainly concerned with the
automatic generation of optimal layouts to solve design problems in Engineering. The classical
formulation addresses the problem of finding the best distribution of an isotropic material that
minimizes the work of the external loads at equilibrium, while respecting a constraint on the
assigned amount of volume. This is the so-called minimum compliance formulation that can
be conveniently employed to achieve stiff truss-like layout within a two-dimensional domain.
A classical implementation resorts to the adoption of four node displacement-based finite ele-
ments that are coupled with an elementwise discretization of the (unknown) density field. When
regular meshes made of square elements are used, well-known numerical instabilities arise,
see in particular the so-called checkerboard patterns. On the other hand, when unstructured
meshes are needed to cope with geometry of any shape, additional instabilities can steer the
optimizer towards local minima instead of the expected global one. Unstructured meshes ap-
proximate the strain energy of truss-like members with an accuracy that is strictly related to
the geometrical features of the discretization, thus remarkably affecting the achieved layouts.
In this paper we will consider several benchmarks of truss design and explore the performance
of the recently proposed technique known as the Virtual Element Method (VEM) in driving the
topology optimization procedure. In particular, we will show how the capability of VEM of effi-
ciently approximating elasticity equations on very general polygonal meshes can contribute to
overcome the aforementioned mesh-dependent instabilities exhibited by classical finite element
based discretization techniques.
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1 INTRODUCTION

Topology optimization is a design tool that is extensively exploited in problems related to
Engineering and its industrial applications. The classical formulation searches for the best dis-
tribution of a prescribed amount of isotropic material that minimizes the so–called compliance,
e.g., twice the work of the external loads at equilibrium [7]. This framework is based on the
adoption of a suitable penalization of the mechanical properties of the elastic body depending
on the local values of the density field, see e.g. the well–known SIMP (Solid Isotropic Material
with Penalization) [8]. A classical approach to the solution of a topology optimization problem
resorts to the discretization of the density field to cope with the minimization setting, along with
the adoption of finite element methods to tackle the approximation of the equilibrium equation.
Methods of mathematical programming are adopted to solve the arising minimization prob-
lem, see [24]. In general, low–order displacement–based finite elements are coupled with an
element–wise density discretization, being affected by numerical instabilities as checkerboard
and mesh dependence. The former drawback depends on the choice of the displacement shape
functions with respect to the adopted density approximation, whereas the latter is due to an
inherent ill-posedness of the continuous problem [22]. Checkerboard and mesh dependence are
solved, in general, via ad hoc filtering procedures that preserve the advantages of the above
mentioned discrete approach. However, this approach suffers from drawbacks that are peculiar
to the adopted low–order discretization of the state equation. It is worth mentioning, among
the others, a lack of accuracy in the approximation of the displacement and stress fields and the
arising of undesired locking phenomena when considering incompressible media. Variations of
the basic approach have been investigated to solve the first issue, see among the others [15, 25]
focusing on adaptivity. Robust discretizations to cope with incompressible materials have also
been addressed, see the u-p formulation [23] and mixed finite elements [14]. Moreover, when
unstructured meshes are needed to deal with geometry of any shape, additional instabilities can
steer the optimizer towards local minima, instead of the expected global one, when using the
classical approach. Unstructured meshes approximate the strain energy of optimal truss–like
members with an accuracy that is strictly related to the geometrical features of the approxima-
tion, thus remarkably affecting the achieved layouts.

The aim of this paper is to investigate whether the recently proposed Virtual Element Method
(VEM), cf. [3], can be effectively employed for topology optimization problems. Following the
pioneering work in [17], several benchmarks of truss design will be investigated to explore the
performance the Virtual Element Method when employed to drive the topology optimization al-
gorithm. More precisely, we will demonstrate that the inherited flexibility of VEM to deal with
general polygonal meshes can contribute to overcome the mesh-dependent instabilities featured
by classical discretization techniques.

The Virtual Element Method (see, e.g., [3] for an introduction to the method and [4] for the
details of its practical implementation) is characterized by the capability of dealing with very
general polygonal/polyedral meshes and by the possibility of easily implementing highly reg-
ular discrete spaces. Indeed, by avoiding the explicit construction of the local basis functions,
the VEM can easily handle general polygons/polyhedrons without complex integrations on the
element. In addition, thanks to this added flexibility, it was discovered [12, 6] that virtual ele-
ments can also be used to build global discrete spaces of arbitrary regularity (C1 and more) that
are quite simple in terms of degrees of freedom and coding. So far, VEM has been applied to
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a variety of different problems [11, 1, 5, 9, 10, 16, 18, 20, 21, 2]. However, apart from [17] a
systematic study of the impact of VEM on topology optimization problems is still in its infancy.
The aim of this paper is to contribute in filling this gap.

The outline of the paper is as follows. Section 2.1 recalls the classical topology optimiza-
tion problem, whereas Section 2.2 provides fundamentals of the Virtual Element Method and
introduces the VEM discrete volume–constrained minimum compliance problem. Section 2.3
addresses numerical instabilities, i.e. checkerboard and mesh dependence. Section 3 presents
numerical simulations performed on benchmark examples that are based on the adoption of
structured and unstructured meshes of both polygonal and quadrangular elements. Section 4
provides final remarks and outlines the ongoing research.

2 GOVERNING EQUATIONS

2.1 Continuous problem

Topology optimization for the maximization of the structural stiffness is herein addressed,
according to the well–known minimum compliance formulation. The problem of distributing
a given amount of linear elastic isotropic material is solved, such that the work of the external
load against the corresponding displacement at equilibrium is minimized.

Let Ω ⊂ R2 be an open, bounded domain of R2 with Lipschitz boundary Γ = ∂Ω. Let
ρ ∈ Qad = {ρ ∈ L∞(Ω) : 0 < ρmin ≤ ρ ≤ 1 a.e. in Ω} be a bounded function rep-
resenting the material density in Ω, where ρmin is some positive lower bound that is already
introduced to avoid any singularity in the analysis of the further derived discrete problem. Let
C = C(ρ(x)) be a fourth order elasticity tensor depending on the material density at the point
x ∈ Ω. According to the well–known SIMP model, see e.g. [8], we assume

C(ρ(x)) = ρ(x)pC0 p > 1 ,

where
C0
ijhk =

Eν

(1 + ν)(1− 2ν)
δijδhk +

E

2(1 + ν)
(δihδjk + δikδjh) (1)

is the stiffness tensor for an assigned isotropic medium with Young modulusE and Poisson’s ra-
tio ν, whereas p is a penalization parameter that is usually assumed to be equal to 3, see e.g. [7].

Let ud and ft denote the displacement and traction prescribed on Γd ⊂ Γ and Γt = Γ \ Γd,
respectively. For a given density material distribution ρ, the displacement field u solves the
following state problem

div σ + g = 0 in Ω (2a)
σ = C(ρ)ε(u) (2b)
u = ud on Γd (2c)

σ · n = ft on Γt, (2d)

where ε(u) = 1
2

(∇ u +∇tu) ≡ ∇su. According to a frequent assumption in topology opti-
mization, no body load will be considered in the sequel, meaning that g = 0.
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Let us introduce the semi-linear form a(ρ; ·, ·) : Qad × [H1(Ω)]2 × [H1(Ω)]2 → R

a(ρ;u,v) :=

∫
Ω

C(ρ)ε(u) : ε(v) dx

and the linear functional F(·) : [H1(Ω)]2 → R

F(v) =

∫
Γt

ft · v dx.

We introduce the following spaces

V0 = {u ∈ [H1(Ω)]2 : u = 0 on Γd}
V = {u ∈ [H1(Ω)]2 : u = ud on Γd} .

Then the weak formulation of the problem (2a)-(2d) reads as follows: for a given ρ ∈ Qad find
u ∈ V such that

a(ρ;u,v) = F(v) (3)

for all v ∈ V0.

According to the Clapeyron theorem, the continuous formulation of the topology optimiza-
tion problem for minimum compliance may be therefore written as:

min
ρ∈Qad

C(ρ,u) =

∫
Γt

ft · u dx =

∫
Ω

ρpC0 ε(u) : ε(u) dx

s.t. a(ρ;u,v) = F(v) ∀v ∈ V0

1

V

∫
Ω

ρdx ≤ Vf ,

(4)

being Vf the available amount of material as a fraction of the whole domain V =
∫

Ω
1dx.

Minimizing the compliance C of a structure acted upon by a prescribed set of assigned forces
means minimizing the work of external loads, i.e. looking for a stiff structure.

2.2 Virtual Element discretization

In this section we introduce the Virtual Element discretization of problem (4). From now
on, we will assume that Ω is a polygonal domain in R2. Let Th represent a decomposition
of Ω into general, possibly non-convex, polygonal elements E with diam(E) = hE , where
diam(E) = maxx,y∈E ‖x − y‖. In the following, we will denote by e the straight edges of the
mesh Th and, for all e ∈ ∂E, neE will denote the unit normal vector to e pointing outward to E.
We will use the symbol Pk(ω) to denote the space of polynomials of degree less than or equal
to k living on the set ω ⊆ R2.

Let us first introduce the finite dimensional space of piecewise constant admissible controls

Qad = {ρh ∈ Qad : ρh|E ∈ P0(E) ∀E ∈ Th} .

Clearly, a function ρh ∈ Qad is uniquely determined by its value ρE in each polygon E ∈ Th.
Hence, the dimension of Qad equals the cardinality of Th.

2944



P.F. Antonietti, M. Bruggi, S. Scacchi and M. Verani

Moreover, following [5], it is possible to introduce the low-order discrete VEM spaces
V0,h ⊂ V0 and Vh ⊂ V , a discrete form ah(ρh;uh,vh) approximating a(ρ;u,v) and a dis-
crete functional Fh(vh) approximating F(v) such that the VEM discretization of (3) reads as:
given ρh ∈ Qad find uh ∈ Vh such that

ah(ρh;uh,vh) = Fh(vh) (5)

for any vh ∈ V0,h. In particular, the global VEM spaces V0,h and Vh are obtained by gluing
suitable local discrete VEM spaces, denoted by Vh(E), whose elements are uniquely identified
by the values at the vertices of the polygon E and contain linear polynomials, i.e P1(E) ⊂
Vh(E). It is immediate to verify that the dimension of V0,h (the same happens for Vh) equals
the number of the interior vertices of the partition Th plus those belonging to Γt, having fixed the
values at vertices belonging to Γd to incorporate Dirichlet boundary conditions. The construc-
tion of the global form ah(ρh;uh,vh) hinges upon the construction of local forms aEh (uh,vh) :
Vh(E)× Vh(E)→ R approximating the integrals

∫
E
C0 ε(u) : ε(v) dx so that

ah(ρh;uh,vh) =
∑
E∈Th

ρpEa
E
h (uh,vh) (6)

where we employed the fact that ρh|E ∈ P0(E).
It is important to remark that the the linear system stemming from (5) can be assembled

employing only the values of uh and vh at the vertices of Th (see [5] for more details) and the
values of ρh on each polygon. Using (6) it is immediate to see that, with a slight abuse of
notation in denoting the vector of densities, the algebraic version of (5) reads as

K(ρh) U =
∑
E∈Th

ρpEK
0
EUE = F, (7)

where:

• ρh is the vector of the element densities, whose components are ρE;

• K is the global stiffness matrix depending on ρh;

• K0
E is the element stiffness matrix for the virgin material, i.e. associated to aEh (·, ·);

• U is the generalized displacement vector;

• UE is the element displacement vector;

• F is the load vector.

Employing (5) and (7) the discrete version of the topology optimization problem (4) reads as
follows 

min
ρmin≤ρE≤1

Ch(ρh,uh) := UTKU =
∑
E∈Th

ρpEU
T
eK

0
eUe

s.t. K(x) U = F,

W /W0 ≤ Vf ,

(8)

In the above equation, the objective function is the structural compliance Ch, Eqn. (8)2 enforces
the discrete equilibrium equation discussed in Section 2.1 and Eqn. (8)3 enforces the volume
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constraint. The weight W is computed multiplying the element density ρE by the area of the
polygonal elements of Th, whileW0 stands for the volume of the whole design region. A lower
bound ρmin > 0 is enforced on each density unknown ρE to avoid singularity of Eqn. (8)2.

It must be remarked that the simple forms in Eqns. (7) and (8) are due to the adoption of
piecewise constant discretization adopted for the density field.

2.3 Mesh dependence and checkerboard numerical instabilities

The Method of Moving Asymptotes (MMA) [24], which is an approach of mathematical
programming, is herein adopted to iteratively solve the discrete problem in Eqn. (8). The al-
gorithm searches the unknowns over the element–wise density discretization. It is well–known
that this discrete scheme is affected by numerical instabilities, such as the arising of checker-
board patterns and mesh dependence, see e.g. [7]. Many strategies are available nowadays to
solve both problems [22]. Following [19] and the various applications in stress–based optimal
design, see e.g. [13], a density filter approach is herein adopted, instead of applying the filter
to the objective function and its sensitivities, as done in most of cases. The original design
variables ρE are transformed in a new set of physical unknowns ρ̃E as:

ρ̃E =
1∑

E′∈Th HE,E′

∑
E′∈Th

HE,E′ρE′ , HE,E′ =
∑
E′∈Th

max(0, rmin − dist(E,E ′)). (9)

In the above equation dist(E,E ′) is the distance between the centroids of the elements E and
E ′, whereas rmin > dm is the filter radius, dm being the square root of the area of each polygon
in Th. The assumption rmin = 1, 5dm allows to avoid the arising of undesired checkerboard
patterns. Larger values of rmin provide control on the minimum thickness of any member of the
design.

3 NUMERICAL SIMULATIONS

A set of preliminary numerical simulations are presented in this section, adopting the pro-
posed VEM procedure described above. Both structured and unstructured polygonal grids have
been employed, see e.g. Figure 1 for an example of grids consisting of 501 elements.. A refer-

Figure 1: Examples of structured (left) and unstructured (right) polygonal grids consisting of 501 elements.

ence linear elastic isotropic material with Young modulus E = 1 and Poisson’s ratio ν = 0.3 is
adopted. The volume fraction of available material is Vf = 0.3 for the whole set of simulations.
Moreover, to assess the proposed procedure with respect to well–known benchmark problems
we consider different values of the filtering radius.

For the sake of comparison, in the following we compare our results with the analogous ones
obtained by employing the classical bilinear displacement–based finite elements on Cartesian
meshes, see [7].
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Figure 2: Geometry and boundary conditions for the numerical simulations: Example 1 (left) and Example 2
(right). In each case P = 1 is the intensity of the unitary traction ft applied as a nodal force oriented as indicated
by the arrow.

3.1 Example 1. A rectangular cantilever

A first investigation is performed on the rectangular cantilever depicted in Figure 2(left). The
reference solution is shown in Figure 3(b) and has been obtained with bilinear displacement–
based finite elements on a Cartesian grid consisting of 8192 squares (26 elements lie along
the thickness of the cantilever). The filter radius is rmin = 3.0dm. As expected, a truss–like
structure arises where inclined members carry shear forces, whereas horizontal ones cope with
bending actions. Figure 3(a) shows the optimal design obtained by means of the VEM on a
structured mesh consisting of 7990 polygonal elements (26 elements lie along the thickness of
the cantilever) and employing the same filter radius rmin = 3.0dm. The achieved result is ap-
proximately the same found by the classical approach.

An additional set of simulations is performed adopting 25 elements along the thickness of
the cantilever, but preserving the same filter radius implemented in the previous investigations.
Figure 4(a) shows the optimal design obtained with VEM on a structured mesh consisting of
2006 polygonal elements, whereas Figure 4(b) shows the optimal design achieved through the
bilinear displacement–based approach for a regular mesh of 2048 square elements. Although
the main layout of Figure 3 is recovered in both pictures, the displacement–based design pro-
vides an unexpected variation in the inclination of the thinner braces of the arising truss–like
structure. The low available amount of material (Vf = 0.3) and the rough mesh of square ele-
ments make the optimizer find a 45–degree inclination, which means a local optimum instead
of the expected global one. On the other hand, the VEM succeeds in finding the expected lay-
out even in case of unstructured meshes, see the result shown in Figure 5 obtained on a mesh
consisting of 2048 elements. This simulation employs the same filter radius rmin as above.

Finally, Figure 6 shows a comparison between the VEM approach (a) and the displacement–
based one (b) for regular meshes of 32028 and 32768 elements, respectively (27 elements lie
along the thickness of the cantilever). Despite the adopted smaller filter radius rmin = 1.5dm,
the achieved results are almost identical.

3.2 Example 2. A square cantilever

In the second example we consider the square cantilever depicted in Figure 2(right). Our
VEM-based topology optimization method has been implemented employing unstructured grids
of polygonal elements as those shown in Figure 1

First, an unstructured meshes with 26 elements along the thickness of the cantilever is used.
The overall number of elements is 4096 and the filter radius is rmin = 1.5dm where, as before,
dm is the square root of the average area of the polygonal elements in the unstructured grid.
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(a) (b)

Figure 3: Example 1. Optimal topologies computed on on structured meshes with 26 elements along the thickness
of the cantilever: proposed VEM sed formulation (a), bilinear displacement–based formulation (b).

(a) (b)

Figure 4: Example 1. Optimal topologies computed on structured meshes with 25 elements along the thickness of
the cantilever: proposed VEM formulation (a), bilinear displacement–based formulation (b).

The computed result is shown in Figure 7. As expected, a truss–like structure arises where
the central node receives two major tensile–stressed bars and two minor compressive–stressed
trusses. Figure 8 shows the computed optimal configuration for a stricter prescription on the
filter radius, i.e. rmin = 3.0dm. The minimum member thickness enforced through the updated
filter setup provides a simpler design with two ties and one big strut, in full agreement with
the well–known solution of this benchmark problem, see [7]. Finally, in Figure 9 we show
the optimal design computed when a finer mesh with 27 elements along the thickness of the
cantilever is employed. The overall number of polygonal elements is 16384 and the filter radius
is rmin = 6.0dm, that is approximately the same value used for the result presented in Figure
8. The same result is obtained, suggesting that no mesh dependence affects the proposed VEM
formulation.

4 CONCLUSIONS

A set of preliminary numerical simulations has been presented to investigate the perfor-
mance of the Virtual Element Method in driving a topology optimization algorithm. A classical
volume–constrained minimum compliance problem has been tested, adopting an element–wise
constant discretization for the unknown density field. Both structured and unstructured grids
made of polygonal elements have been employed to solve two benchmark problems. For the
sake of comparison, we have also presented the corresponding results obtained with bilinear
displacement–based finite elements on Cartesian grids. Employing a sufficiently fine mesh, the
same optimal layout is recovered by both methods. However, in case of a coarse mesh and
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Figure 5: Example 1. Optimal topology achieved through the proposed VEM formulation for an unstructured mesh
with 25 elements along the thickness of the cantilever.

(a) (b)

Figure 6: Example 1. Optimal topologies computed on structured meshes with 27 elements along the thickness of
the cantilever: proposed VEM formulation (a), bilinear displacement–based formulation (b).

low fraction of available material, the bilinear displacement–based approach is prone to con-
vergence to a local optimum. Indeed, the orientation of the members is highly affected by the
geometrical features of the underlying mesh of square elements. On the contrary, employing
either structured or unstructured grids polygonal grids with approximately the same number
of elements this issue is overcome and the expected global optimum is obtained (see Example
1). Additional numerical simulations assess that the proposed VEM seems to be fully mesh
independent. Indeed, by using classical filtering techniques, the same layout is obtained inde-
pendently of the number of mesh elements (see Example 2). The ongoing research is mainly
concerned with investigations focusing on employing the VEM for the optimal design of in-
compressible materials thanks to the the full stability properties of the scheme for ν → 0.5.
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