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Abstract. The subject of this paper is a visualization tool which may prove helpful for 
understanding the highly complex responses of granular systems during shear tests. The 
motivation of such approach is to face the challenge related to the micro scale contact forces 
in a granular system. The Discrete Element Method (DEM) was used to simulate shear testing 
on an assembly of spherical glass beads. All simulations were performed using the 3D virtual 
laboratory SiGran. The macro-scale response of the granular system is presented, including 
energy and force distributions. Two particle-size distributions were considered in the study to 
validate the virtual approach. The influence of the contact model is also a part of this study. 
  

8708



V. Roubtsova and M. Chekired 
 
1 INTRODUCTION 

In this paper, we present a first attempt to assess the different types of energy involved in 
granular systems at a particle scale by using the Discrete Element Method (DEM). Continuum 
approaches do not take into account the particulate nature of the granular system, in which 
overall deformation is essentially the effect of two non-linear and irreversible processes: 
relative sliding between particles, and rotation of particles. Because of their particulate nature, 
granular systems exhibit highly complex responses to applied load. For practical purposes, 
then, it is important to consider this particulate nature in order to overcome the limitations of 
continuum approaches. Being discrete in nature, DEM [1] is able to model the motion of a 
particle assembly without losing or neglecting the individual characteristics of each particle. 
The granular system could either be saturated with water or have other fluids or/and gases in 
the voids. A virtual laboratory named SiGran was developed by Hydro-Quebec’s research 
institute (IREQ) to mimic the different experimental tests that are standard for soil sciences 
and also to better understand the different phenomena that occur at the micro level during 
those tests. The visualization features of this laboratory help to access information that is very 
difficult or impossible to study in real experiments. The description of work conducted with 
SiGran can be found in the proceedings of international conferences [2-4]. SiGran is based on 
coupling of DEM and MAC (Marker-And-Cell [5]) methods. Additionally, we assume a dry 
particle assembly, excluding any kind of attraction forces. A description of the MAC method 
is absent here but can be found in [6]. 

In the present study, a validation was first performed by comparing the DEM simulation 
results with the experimental ones obtained by [7] at a macro-scale on a sheared granular 
system made up of mono-disperse idealized spherical particles. In the second phase, the 
model was applied to poly-disperse idealized spherical particles.   

2  DISCRETE ELEMENT METHOD  
The Discrete Element Method (DEM) describes the motion of particle assemblies and has 

been widely used as a mathematical tool studying their behavior. DEM was introduced by 
Cundall in 1971 [1] for the analysis of rock mechanics and was applied to soils by Cundall 
and Strack in 1979 [8]. It is based on Newton’s second law of motion. An explicit time 
stepping scheme is used for integration in time. The behavior of the particle assembly under 
external loading at a given time step can be described using information from the previous 
time step, including the dimensions of each particle, its position relative to adjacent particles 
and the relative velocities (displacement and rotation) of neighboring particles. The contact 
forces acting on the particle are calculated from this data, and the acceleration, velocity and 
position at the new time step are determined. The concept of interactive forces between 
particles is illustrated in Figure 1. 

The fundamental equations of motion for the i th particle are as follows (the subscript j 
refers to the jth neighboring particle, and k is the number of neighboring particles): 
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Where: 

mi, Ii, are the mass (kg) and moment of inertia (kg.m2) of particle i respectively;  

iV
r

 and iωr  are the translational (m/s) and rotational (s-1) velocities of particle i; 
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Where E is Young’s modulus (Pa), ν is the Poisson ratio, Ri is the particle radius (m), µr is the  
rolling (m) friction coefficient, and Dn and Dt are the normal and tangential damping 
coefficients respectively.  

 

Figure 1.  Interactive forces between two particles 

3  TANGENTIAL FORCE MODELS  

A wide range of tangential forces models are available for DEM [9]. The theoretical basis 
for a complex approach was proposed by Mindlin and Deresiewicz [10] for elastic materials 
based on Hertz theory. According this theory, the actual tangential force depends on the 
whole loading history and also on the instantaneous rate of change of the normal force or 
displacement. The tangential force is given by:  
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G is the shear modulus; vt is a relative tangential velocity between surfaces in contact. 
A complete loading force-displacement path can be built through successive incremental 
steps. A limit on the maximum tangential stress exists as stated by Coulomb’s law of friction 
and is expressed as follows:  

ijcnsijct FF ,, µ≤           (4) 

Where µs is the sliding friction coefficient. 
More details and analysis of loading and unloading curves for specific cases can be found 

in [11] and [12]. 
The SiGran programming code uses a high level of data parallelism on NVIDIA Graphics 

Processing Units (GPU) based on Tesla High Performance Computing (HPC) hardware. The 
forces acting on each inter-particle contact at each step of time are computed on its own GPU-
kernel. Thousands of contacts are thus processed at the same time. In addition, one contact 
usually lasts several time steps, and several contacts can begin or end during a given time 
step. In theory, each particle can have more than one contact with all of the particles in the 
assembly during an experiment. For calculation purposes, only the history for the acting 
contact must be stored. This history begins with the first contact of specific particles, and it 
can be ended after loss of contact. A special algorithm, optimized for GPU calculations, was 
introduced into SiGran to maintain the history of each contact. This algorithm takes into 
account the maximum possible contacting particles, which depends on the relative particle 
size (i.e., the biggest and the smallest) in the assembly and a memory model of the GPU to 
minimize calculation time.  

The simplest tangential forces model uses only the maximum force obtained by Coulomb’s 
law. In this case, no history of contact is considered, which simplifies the algorithm and 
significantly reduces calculation time and used memory.  In the case of SiGran, this is overall 
shared GPU memory. 

4  DIRECT SHEAR TEST 

 The direct shear test is one of the oldest soil strength tests performed in the laboratory. 
Even though it has some disadvantages, as documented in ASTM D 3080 – 98 [13], it is 
routinely used by geotechnical engineers to determine the shear strength parameters of soil 
essential for stability assessment. The first direct shear apparatus was built by Alexander 
Collin in 1846 to measure the strength of a clay soil shear for purposes of slope stability 
assessment [14, 13]. The current version of the direct shear apparatus was designed by 
Casagrande in 1932.  Figure 2 shows a schematic representation of the shear box. 
 A normal load is applied to the specimen before shearing across the predetermined 
horizontal plane between the two halves of the shear box. Measurements of shear load, shear 
displacement and normal displacement are recorded. From these results, the shear strength 
parameters can be determined. 

4.1  Physical direct shear test on spherical mono-disperse chrome steel particles 

The shear tests performed on spherical chrome steel particles are described in [7]. A square 
metal box, cross-section 60 x 60 mm, was filled with 11,700 chrome steel particles with a 
sphere radius of 0.992mm. The material density was 7,800 kg/m3, the shear modulus was 7.9 
x 1010Pa, and the Poisson’s ratio was 0.28. The average friction coefficient of 0.096 was 
measured in [16], and the sphere-boundary friction coefficient for the shear box was 0.175. 
The force required to maintain the fixed section of the box in a stationary position was 
measured using a load cell. The normal stress was 55 kPa. 
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Figure 2: Schematic representation of a shear box 

4.2  Numerical simulation of direct shear test with spherical mono-disperse chrome steel 
particles 

The shear test simulation was conducted with SiGran. The forces applied on each box wall 
were calculated by summing the contact forces during interaction between particles and 
boundaries. The comparison between the experimental data and numerical results is shown in 
Figure 3. The shear stress was determined as in the experiment: the total of particle forces 
applied on the fixed section of the box was divided by the original cross-section area. The 
overall shear strain, as proposed in [7], is considered to be the displacement of the moving 
section of the box divided by the initial height of the sample.   The vertical strain is taken to 
be the ratio of the vertical displacement of the upper half of the shear box to the original 
height of the samples. The difference in vertical stress results between the laboratory tests and 
the DEM simulations is most likely due to initial preloading and better arrangement for the 
simulation. The increase in the inter-particle friction coefficient during a shear test also 
contributed to the difference in the results. 

   
                               (a)                                                                                   (b) 

Figure 3. Comparison of numerical and experimental data 

The numerical simulations for two tangential force models were conducted with two 

values of Courant’s number that differed by a factor of 10 (1.0 and 0.1). Courant’s number is 
known for its connection with the Courant-Friedrichs-Lewy convergence condition for 
solving partial differential equations. The time step is calculated using the following formula: 
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nK

m
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Where: 
C is a Courant number  
m is the mass of the particle 
Kn is a normal stiffness coefficient (see Formula 1)   

The results for the Mindlin-Deresiewicz model are independent of the number of iterations 
during a particle contact, in contrast with Coulomb’s low, which is dependent on that value. 

As mentioned before, numerical simulation gives access to more parameters than physical 
experiments. The real tangential force can be obtained from the force equilibrium on the shear 
box in the shear direction.  All forces acting on the boundaries in the shear direction are 
shown in figure 4.  

 

Figure 4. Forces acting in shear direction 

The following expressions can be written to find the shear forces involved in the upper and 
lower halves of the shear box:   
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Where: 
Fst :  Shear force obtained from the equilibrium of the upper half of the shear box (N) 
Fsb :  Shear force obtained from the equilibrium of the lower half of the shear box (N) 
Fntl :  Normal force on the left boundary of the upper half of the shear box (N) 
Fnbl :  Normal force on the left boundary of the lower half of the shear box (N) 
Fntr :  Normal force on the right boundary of the upper half of the shear box (N) 
Fnbr :  Normal force on the right boundary of the lower half of the shear box (N) 
Ftt  :  Tangential (friction) force on the top surface of the upper half of the shear box (N) 
Ftb :  Tangential (friction) force on the down surface of the lower half of the shear box (N) 
Fttf :  Tangential (friction) force on the front surface of the upper half of the shear box (N) 
Ftbf :  Tangential (friction) force on the front surface of the lower half of the shear box (N) 
Fttr : Tangential (friction) force on the rear surface of the upper half of the shear box (N) 
Ftbr : Tangential (friction) force on the rear surface of the lower half of the shear box (N) 

Figure 5 shows the evolution of all forces on the upper and lower part of the shear box 
separately. These forces are obtained by simulations.   
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(a)                                                                                        (b) 

Figure 5. Evolution of forces acting during the shear test 

Figure 6 shows the comparison between the shear forces calculated from Formula 5 and 
the normal forces. The shear force can be measured during physical experiments. The shear 
force values calculated at the upper and lower halves are almost identical, which demonstrates 
a good equilibrium of forces during all simulations. This figure shows that the force needed to 
move the upper half of the shear box is different from the force needed to keep the lower half 
stationary. This difference is a result of friction between the particles and the box. 

 
Figure 6. Normal and shear forces obtained during the shear test 

4.3  Work-energy balance during shear test 

The force required to move the upper section of the box accomplished work. The work 
done was calculated by integrating the force vector along the path traveled by the force. The 
total work done by all forces must be equal to the energy variation. The following types of 
energy were used: 
- Kinetic energy, which has two parts: translation (Ekt)  and rotation (Ekr): 
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Where n is the number of particles in the shear box. 
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Where hi is the distance from the bottom of the box to the particle center.  
-  Internal elastic energy: 
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Where k is a number of contacts for particle i. 
- Normal dissipative energy: 
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Where l is a tangential overlap during of contact ( m). 
- Tangential dissipative energy  
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- Rotation energy: 
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Where ϕ is a rotational angle of particle i (rad). 
Note that this type of energy can be included in tangential energy by including rotation in 

the tangential overlap. 
- Dissipative rotational energy: 
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More details about the calculation of energy using SiGran can be found in [17].  

Figure 7 shows the work-energy balance and also the contribution of the normal forces 
applied to move the half box and accomplish the total work. 

 

Figure 7. Work-Energy balance during the shear test 

Figure 8 shows the contribution of each type of energy in the total energy balance of the 
system. It is clear that the main work of external forces is expended by the dissipation of 
energy during inter-particle and particle-wall friction. The others type of energies are shown 
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in Figure 8 b and 8c in which the scale of the vertical axe has been changed.  Figure 9 shows 
the distribution of different energies among the particles. The dissipative types of energy were 
calculated cumulatively from the beginning of the shear experiment without considering the 
energy scattered during sample formation. Inter-particle force distribution during shear testing 
is shown in Figure 10.

 
(a) 

       
(b)                                                                                               (c) 

Figure 8. Change in energy during shear testing 
 

  
(a) Kinetic translation energy  (b) Kinetic rotation energy  

  
(c) Elastic energy  (d) Dissipative normal direction energy  
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(i) Friction energy  (f) Dissipative tangential direction  

  
(j) Dissipative rotational energy  (h) Potential energy  

Figure 9. Distribution of different energies among particles (shear displacement = 2.5 mm) 

          
(a) Normal forces                                                            (b) Tangential forces 

Figure 10. Inter-particle force distribution (shear displacement = 2.5 mm) 

4.4 Simulation of shear test on poly-disperse particle assembly 

The next simulation was carried out on a particle assembly having the particle size 
distribution presented in Figure 11. The details about this test and its comparison with 
experimental data can be found in [17]. Only the influence of the friction coefficient will be 
considered in this case. The shear tests were carried out in a box with internal dimensions of 
55 x 55 mm. The samples were spherical glass beads.  

 

Figure 11. Particle size distribution of idealized granular media used in numerical and laboratory simulations 
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the particles was disregarded. This simplification allows us a better understanding of the 
inter-particle friction effect. Figure 12 shows the influence of the inter-particle friction 
coefficient on shear stress and vertical displacement. 

    
                                            (a)                                                                          (b) 

Figure 12.  Shear stress and vertical displacement with different friction coefficients 

The influence of friction is more important at low coefficient values because the particles 
can slide more easily on each other. Rolling friction predominates for the highest coefficients 
of friction. This phenomenon can be studied by analysis of the different energy types as 
shown in Figure 13.  
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(e)                                                                                     (f) 

    
(j)                                                                                     (h)     

Figure 13. Variation in energies during a shear test 

Figure 13 shows that the energy during the shear process increases with the friction 
coefficient. Due to the difficulty of sliding (see Figure 14a, b), more particles are drawn into 
movement, which in turn causes the dissipative energy to increase in two directions (see 
Figure 13d, f). The rolling motion prevails under sliding for high friction coefficients (see 
Figure 13b); therefore more rolling energy dissipates (see Figure 13h). The value of tangential 
force also increases with the friction coefficient, and thus more energy dissipates because of 
friction (see Figure 13e). The change in elastic energy follows the shear stress curve because 
the normal interaction force between the particles is the main force in this experiment. Some 
of the external work was spent during the movement by the interlocking of the particles on 
each other. There is little variation in potential energy because the vertical particle 
displacement is very small. The curve of potential energy follows  of the change in vertical 
position of the top surface (see figures 12b and 13j)  

Figure 14 shows the distribution of energy among particles for the maximum and 
minimum friction coefficients (0.1and 0.9, respectively). The area where the shear is greatest 
is clearly visible, and is characterized by larger relative displacements. The dissipation of 
energy is at its maximum at this surface. The distribution of maximum deformation of 
particles (elastic energy) is along the line between the upper left surface and lower right 
surface (Fig. 14c). 
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µ =0.1 µ =0.9 

  
(a) Kinetic translation energy  

  
(b) Kinetic rotation energy  

  
(c) Elastic energy  

  
(d) Energy dissipation in normal direction  

  
(e) Friction energy  

  
(f) Energy dissipation in tangential direction  
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(g) Dissipative rotational energy  

  
Potential energy (h) 

Figure 14.  Energy for maximum and minimum friction coefficents (displacement of 2.5 mm) 

The work of external forces during the shear test is shown in Figure 15. 

    
(a)                                                                                           (b)

    
(c)                                                                                           (d) 

Figure 15. Work of external forces during shear test 

Figure 16 shows the inter-particle force distribution before and during the shear test for the 
minimum and maximum friction coefficients. 
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5 DISCUSSION 

We present a model that provides complete microscopic contact and force vector 
information from a 3D granular system made up of spherical particles subjected to a shear test 
and, consequently, all the energies can be evaluated. The obtained microscopic data allows us 
to quantitatively assess the relationship between the macroscopic mechanical response of the 
granular system and the microscopic measures such as the forces at the contact of each 
particle. This virtual approach has great potential for improving understanding of other 
granular systems, including granular response to flow, effects of particle shape and so on. 
This paper also presents the capability of the model to show, at each time step, images in 3D 
configurations. From these images, we can see the geometric properties of the particles, their 
contacts and also all the energy distributions in the granular assembly. Furthermore, 3D 
tracking of each particle can be extracted.   

6 CONCLUSION 

SiGran, a 3D model developed for quantitatively assessing energies involved in a granular 
system at a particulate scale, is presented in the current work. This model has demonstrated 
the ability to evaluate the change in different energies during a shear test. This powerful tool 
offers a new opportunity to link the energy applied to a granular system to the energies at the 
micro-scale.   

A shear test was simulated, and the obtained results clearly indicate that the proposed 
model is able to solve significant problems associated with the granular system.  In fact, it 
gives access to parameters that are impossible to reach in physical experiments. All the 
phenomena involved in a granular system can be captured, and the quantification of the 
different energies at the micro-scale can be assessed.  Several findings can be used for 
different granular fields. 

The simulation results at the macro-scale agreed well with those of physical tests.  
However, further work must be done to reduce the differences between simulation results and 
physical ones. 

Extension of the current approach to soils liquefaction phenomena is underway. 

µ =0.1 µ =0.9 

  
(a) Normal forces before the test (shear displacement = 0 mm) 

  
(b) Tangential forces (shear displacement = 0 mm) 
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(c) Normal forces (shear displacement = 2.5mm 

  
(d) Tangential forces (shear displacement = 2.5mm) 

Figure 16. Forces during the shear test at different displacements 
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