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Abstract. This paper focuses on the application of time integration methods to rotor-stator
assembly modeled by Finite Element Method. In particular the average acceleration method
(which is implicit) and the central differences method (which is explicit) are examined. Both
belong to the Newmark’s time integrator family and are widely used. It is found that the first
one is unstable due to the periodic kinematic constraints linking the rotating to the non rotating
parts of the structure. A proposed remedy is to add numerical damping leading to the implicit
HHT and α-generalized schemes. Concerning the integration with an explicit scheme, it is
demonstrated that a classical implementation lead to a vanishingly small critical time step
because of the strong gyroscopic effects. An exact implementation of this kind of scheme is
proved to maintain the value of the critical time step.
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1 INTRODUCTION

The need to fully control the dynamical behavior of rotors is motivated by rotors machinery
more and more complex operating in more and more severe conditions. Modeling capacities
are often wished to ensure the lowest cost of design and maintenance and the highest safety
margins.

To this end, this work focuses on the computation of the time response of a three-Dimensional
Finite Element model (3D-FE model) enabling to represent the behavior of a complex rotor-
stator assembly.

First, a three-Dimensional modelin the Finite Element software Cast3M [1] is considered,
following the work of Combescure and Lazarus [2]. As pointed out by Geradin and Kill [3] and
Chatelet et al. [4], compared to one-dimensional models (1D models), 3D-FE models exhibit
better accuracy for evaluating stiffness of disc and wheel-shaft assembly. They are also required
when dealing with non-axisymmetric geometry like bladed disc. They however imply an higher
computational cost and some reduction techniques are necessary in industrial cases.

Time integration methods is widely viewed as the more direct manner to predict the dynamic
response of a mechanical structure to a given loading in presence of some non-linearities. This
general fact remains true in rotordynamics as pointed out by Genta [5] Alternatives in the fre-
quency domain (like the Harmonic Balance Method for example) exist but their use is not
always straightforward.

Hence, the present paper aims at presenting the specificity of time-integration methods when
applied to a 3D rotor-stator assembly, exhibiting some little known numerical instabilities and
their possible remedies.

2 MODELING 3D ROTOR-STATOR ASSEMBLY

2.1 Equation of motion of a 3D rotor-stator assembly

The more ”natural” approach to model the vibrations of a rotor discretized by non-beam-
element is to consider its motion in the rotating frame R′ = {O′, e′1, e

′
2, e

′
3}. This one is rep-

resented on figure 1. A simple rotation defined by the angular velocity Ω around the first axis
(e1 = e′1), links this frame to the non-rotating Galilean frameR.

The position and displacement of a point P defined in the rotating frame by its relative
coordinate can be expressed in the inertial frame by the rotation of angle Ωt and the translation
of the origin s = OO′. Following Argyris [6] for example, the position y of P is given by the
coordinate x+ u inR′, and the coordinate y of this point inR are expressed by:

y = OP = OO′ +O′P (1)

y = s+ [R](x+ u)

where [R] =
[
e′1 e′2 e′3

]
is the orthonormal matrix of the basis vectors of R′ expressed in R,

and s is the coordinate of OO′ inR.
To deal with vibrations, velocity and acceleration have to be computed. The derivation of

basis vector is simply:

ė′i = Ω ∧ e′i (2)

Then velocity and acceleration in the inertial frame can be derived as:

ẏ = ṡ+ ẋ+ u̇ (3a)

ẏ = ṡ+ [R]u̇+ Ω ∧ ([R] (x+ u))
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Figure 1: Definition of non-rotating (also called inertial) and rotating frames

ÿ =s̈+ [R]ü+ Ω̇ ∧ ([R] (x+ u)) + Ω ∧ Ω ∧ ([R] (x+ u)) + 2Ω ∧ ([R]u̇) (3b)

[R]T ÿ =[R]T s̈+ ü+ Ω̇∧ (x+ u) + Ω ∧ Ω∧ (x+ u) + 2Ω∧u̇

The third term of the Right-Hand-side of Eq. (3b) is the Euler term and is zero as long as
the spin speed is constant. The fourth term refers to the centrifugal effect acting in the radial
direction. The last therm of the RHS is the probably the most characteristic of Rotordynamics as
it refers to the Coriolis effect which produces a pseudo-acceleration in a direction perpendicular
to the relative velocity.

The geometry of the rotor is discretized in the rotating frame with standard finite element
shape functions:

x =
∑
i

Ni(x)xi (4)

Isogeometric element are considered and displacements, velocity and acceleration are approxi-
mated in the same space of functions:

u(x, t) =
∑
i

Ni(x)ui(t)

u̇(x, t) =
∑
i

Ni(x)u̇i(t) (5)

ü(x, t) =
∑
i

Ni(x)üi(t)
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The weak form of the mechanical problem for the domain D of boundary ∂D = ∂DF ∪∂Du
is given by Eq. (6).

∀δv ∈ V 0 = {δv, so that δv = 0 sur ∂Du},∫
D
ρü · δv dD +

∫
D
σ : δe(v) dD =

∫
D
f
d
· δv dD +

∫
∂DF

F d · δv dΓ (6)

Injecting the kinematic of the rotor in the weak form of the problem, supposing that equi-
librium due to centrifugal forces is verified by a static motion generating a constant state of
stress σ0, and using the discretized approximation of these quantities, dynamic equilibrium is
obtained:

[M ]ü′ + [ΩG+ Cvisc]u̇
′ + [Kelas + Ω2Kcent +K(σ0)]u′ = F ′

ext (7)

where the Coriolis effect is G.
For the non-rotating part (i.e. the stator), the geometry and displacement are expressed in the

inertial frame. Then, the discretized equations of motion reduce to :

[M ]ü+ [Cvisc]u̇+ [Kelas]u = Fext (8)

2.2 Linking the rotating to the non-rotating frame

As depicted by figure 1, a simple change of frame enables to establish the constraint equation
between the degrees of freedom of the rotor and ones of the stator. to equal their relative
displacements : U1

U2
U3

 =

1 0 0
0 cos Ωt − sin Ωt
0 sin Ωt cos Ωt

 ·
U1′

U2′

U3′

 (9)

U = R(Ωt) · U ′

A Lagrange multiplier Λ is introduced to recast the constraint : 0 −I R
−IT 0 0
RT 0 0

 ·
Λ
U
U ′

 =

0
0
0

 (10)

soit L(Ωt) · q = 0

3 NEWMARK TIME INTEGRATION SCHEMES

3.1 Basic equations of the Newmark scheme

A large number of literature exists about time integration scheme and the Newmark’s scheme
that seems to be one of the most used in structural dynamic community (see the books of
Hughes [7], Géradin [8], Argyris [6] or Zienkiewicz [9] for example). It is often presented as a
truncated Taylor development of local quantities which is not presented here for sake of clarity.

A recurrence formula links displacement, velocity and acceleration at time tn+1 :

ün+1 =
1

β∆t2
(un+1 − un)− 1

β∆t
u̇n + (1− 1

2β
)ün (11)

u̇n+1 =
γ

β∆t
(un+1 − un) + (1− γ

β
)u̇n + ∆t(1− γ

2β
)ün
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Introducing these expressions in the dynamic equilibrium, one gets :[
1

β∆t2
M +

γ

β∆t
C +K

]
(un+1 − un) = F ext

n+1 −Kun (12)

− C
(

(1− γ

β
)u̇n + ∆t(1− γ

2β
)ün

)
−M

(
− 1

β∆t
u̇n + (1− 1

2β
)ün

)
3.2 Properties of the Newmark scheme

The accuracy and stability of the Newmark scheme depend on the value of the parameters γ
and β. Table 1 sums up the stability conditions of some different schemes for a 1-dof system
subjected to no external loading.

Scheme γ β ∆tc/∆t
e

Central difference 1/2 0 2
Fox and Goodwin 1/2 1/12 2.45
Linear acceleration 1/2 1/6 3.46

Average acceleration 1/2 1/4 ∞
Modified average acceleration 1/2 + α 1/4(1 + α)2 ∞

Runge-Kutta 4 - - 2
√

2

Fu-De Vogelaere - - 2
√

2

Table 1: Critical time step of some time integration schemes

where ∆te = min(∆xe)√
E/ρ

is the caracteristic time of an element of Young modulus E, density ρ

and internodal distance ∆xe.
The application of the central difference method to rotordynamic will be presented in the

next section. Then, the average acceleration method will be considered in section §5.

4 AN EXPLICIT SCHEME : THE CENTRAL DIFFERENCE METHOD

4.1 Classical approximation of the central difference method

Choosing γ = 1
2
, β = 0, the displacement at time n + 1 only depends on quantities at time

n :

un+1 = un + ∆tu̇n +
∆t2

2
ün (13)

Introducing the velocity at the mid step :

u̇n+ 1
2

=
un+1 − un

∆t
(14)

which enables to write :

u̇n+1 =
∆t

2
ün+1 + u̇n+ 1

2
(15)
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the equation of motion to solve at each time step is simply :[
M +

�
�
�@
@
@

∆t

2
C

]
ün+1 = F ext

n+1 −Kun+1 − Cu̇n+ 1
2

(16)

A very common practice in code implementation is to neglect the term ∆t
2
C on the Left-

Hand-Side of equation (16). This leads to the ”classical” central difference scheme. This as-
sumption is generally justified by the relatively low effect of damping compared to the inertial
one and to the stiffness. Combined to a lumping technique, it has the advantage to keep the
operator diagonal, so that no matrix has to be inverted.

However in the case of rotordynamics, the matrix C includes viscous and gyroscopic (Cori-
olis matrix) effects. That is why it is proposed here to consider the ”Full” central differ-
ence scheme which does not neglect the participation of this term and compute the inverse of[
M + ∆t

2
C
]
. This strategy is adopted only in the case where the spatial description is reduced

by modal approach.
The effect on the performance of the scheme is evaluated on the basis of the following ex-

ample.

4.2 Application to a rotor modeled by 3D FE

A rotor constituted of a shaft and four short blades is considered (see figure 2.

Figure 2: 3D mesh of the rotor test case

An unbalance excitation generated by a blade loss is simulating by applying an equivalent
force to the model. Displacement evolution with time for different time step ∆t are given
figure 3a.

Figure 3a demonstrates that the application of the ”Full” central difference scheme maintain
the critical time step to an acceptable value, whereas the ”classical” assumption that neglect
C on the LHS drastically decrease it and causes unstable behavior for ∆t ≥ T

256
(where T =

2π/Ω).
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Figure 3: Displacement evolution with time for various time step and the explicit central differ-
ence method

5 AN IMPLICIT SCHEME : THE AVERAGE ACCELERATION METHOD

5.1 Application to a 4 degree of freedom problem

A very simple model with 4 degree of freedom is presented here to illustrate the behavior of
the average acceleration scheme when used to compute the response of a rotor-stator assembly.
The model is depicted on figure 4.

stator rotor

Figure 4: 4 dof rotor-stator system

Only the first modes are considered for the rotor and the stator (respectively the first flexural
modes along y and z and the rigid body mode along y′ and z′). The introduction of the two
kinematic constraints linking rotating to non-rotating parts adds two Lagrange multipliers to
the system. Hence, the vector of unknown is :

qT =
(
λy λz uy uz u′y u′z

)
(17)
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and the equation of motion is :

Kq + Cq̇ +Mq̈ = F (18)

withK =


0 0 1 0 − cos Ωt sin Ωt

0 0 1 − sin Ωt − cos Ωt
k 0 0 0

k 0 0
k′ 0

sym k′

 C =


0 0 0 0 0 0

0 0 0 0 0
c 0 0 0

c 0 0
c′ 0

sym c′



andM =


0 0 0 0 0 0

0 0 0 0 0
m 0 0 0

m 0 0
m′ 0

sym m′


An unbalance loading is applied to the rotor along the y′-direction :

F = (2πΩ)2 · r(t) ·
(
0 0 0 0 f 0

)T (19)

with a linear ramp variation during the half of the first period :

r(t) =

{
2Ωt if 0 ≤ t < 1

2Ω

1 else
(20)

Numerical values used in for this test case are given table 2.

m m’ k k’ c c’ f Ω
1E3 1E3 6E6 0 31E3 0 1

(2πΩ)2
5 Hz

Table 2: Numerical value of the 4-dof system

Solving equation (19) with the average acceleration method lead to the results of figure 5.
As there is no physical source of instability in the proposed model, the simple 4-dof example

presented here proved the instability of the Newmark average acceleration method for this class
of linear but with periodic constraints problem ! This is contradictory with the unconditionally
stable reputation of this scheme for linear problem. Evolution of Lagrange multipliers suggests
that the periodic constraint is the source of numerical divergence of the solution.

A single article of 1989 written by Cardona and Géradin [12] demonstrates that some kine-
matics constraints may lead to infinite eigenvalues of the amplification matrix. Time integration
of systems with a relative important participation of kinematic constraints is then not an easy
task. This explains why a great amount of literature can be found about time-integration in
flexible multibody dynamics [13].

Three solutions can be adopted to treat this problem :

• When possible, eliminate the constraints (and the associated variables),

• Derive two times the constraint equation and add mass and damping terms so that the
constraint becomes an overdamped system,
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(d) Evolution of the residual of the dynamic equilibrium

Figure 5: Results of the average acceleration method for the 4-dof system

• Use a scheme which presents naturally numerical damping.

The last one will be discussed in the following subsection.
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5.2 Adding numerical damping to the scheme

Three scheme with numerical damping have been implemented in Cast3M and tested on the
4-dof test case :

• Modified average acceleration with α=0.05

• HHT with α=0.05

• α-generalized with ρ∞=0.9048

The spectral radius (identified as the highest eigenvalue of the amplification matrix) and the
numerical damping are plotted for these scheme figure 6. Figure 6 shows that high frequencies
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Figure 6: Characteristics of some schemes

are considered as spurious and attenuated by these schemes.
The HHT (from Hilber-Hughes-Taylor [10]) and the α-generalized [11] methods are methods

closed to the Newmark’s one, but a weighting of elastic, viscous and inertial forces over time
step is performed in order to control the damping. The general equation of motion to solve is
no more (8) but :

(1− αm)Mün+1 + αmMün + (1− αf )Cu̇n+1 + αfCu̇n + (1− αf )Kun+1 + αfKun (21)
= (1− αf )F ext

n+1 + αfF
ext
n

where αm = 0 for the HHT method. The Newmark parameters are adjusted to maintain second
order accuracy :

γ =
1

2
+ αf − αm et β =

1

4
(1 + αf − αm)2 (22)

For the α-generalized method, the spectral radius ρ∞ ω∆t → ∞ can be chosen and the coeffi-
cients αm and αf deduced as :

αm =
2ρ∞ − 1

ρ∞ + 1
et αf =

ρ∞
ρ∞ + 1

(23)

Using one of the three aforementioned scheme leads to a slightly damped stable solution as
depicted by figure 7a.
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Figure 7: Results obtained with numerical damping

The stationary value of the UY’ displacement as a function of the spectral radius for the
HHT and α-generalized methods and for two values of time step is given figure 7b. For this
very simple 4-dof system, the analytic solution at steady state is UY’=1.922E-7. Observation
of this figure indicates that :

• with the HHT scheme, instability is observed for too small values of αf and this critical
value depends on time step,

• with the HHT scheme, the amplitude of vibration tends to decrease with the spectral
radius, which is counter-intuitive !

• with the α-generalized scheme, the system is always stable even if ρ∞ = 1 (no dissipa-
tion) !

• with the α-generalized scheme, the finale amplitude increase with the spectral radius but
remains a finite value,

• a better solution is found for smaller time step and for respectively large and small radius
for HHt and α-generalized schemes.

5.3 Application to 3D rotor-stator assembly

A system very close to the 4-dof previously studied system is considered. The 3D FE mesh
of this system is given figure 8.

Average acceleration method is first used with two spatial discretization :

• FE dof : the Finite Element degree of freedom,

• CMS dof : a Component Mode Synthesis method (Craigh Brampton) is used to reduce
the number of dof.

Mode shapes used in CMS are plotted figure 9.
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Figure 8: FE mesh : the stator is on the left (pink) and the rotor is on the right (light blue)

(a) Eigenmode (first flexion of the rotor) (b) Eigenmode (first flexion of the stator)

(c) Static solution (lateral displacement imposed to the
rotor)

(d) Static solution (lateral displacement imposed to the
stator)

Figure 9: Mode shape constituting the CMS base

The displacement evolution with time for both spatial discretization is given figure ??.
Whereas FE-dof based response remains stable, it seems that CMS-dof based solution become
unstable like the 4-dof system.
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Application of the numerically damped HHT and α-generalized methods enables to get ride
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of this instability as it is shown on figures 10.
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(b) α-generalized method

Figure 10: Results of time integration applied to 3D rotor-stator assembly

Once again, the HHT method seems efficient for a ”just stable” value of parameter αf =
0.005, whereas the α-generalized method is the closest to the reference for an high damping
value (ρ∞ = 0).

6 CONCLUSIONS AND PERSPECTIVES

Two kinds of numerical instabilities have been highlighted for both the central difference and
the average acceleration method.

The first one concerns the drop of the critical time step when neglecting the gyroscopic term
in the operator computing the acceleration at the next time step. A simple remedy is to use the
full formulation but it could be expensive if the inversion of a large matrix have to be performed.

For implicit scheme, matrix inversion is naturally done and the time step is expected to be
greater. However the kinematic constraints to link the rotating to the non-rotating parts intro-
duce a numerical instability which has to be dissipated. HHT and α-generalized methods have
been found to do this task under the condition to choose appropriately the numerical damping.

As this choice may not be obvious in every situations, combination of an explicit integrator
with a component mode synthesis method seems to be the most attractive way to model complex
3D rotor-stator assembly.
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Future development will concern the integration of nonlinear component (bearing, squeeze-
film, rotor-stator contact, ...) in the models.
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