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Abstract. Computational Fluid Dynamics codes are used in many industrial applications
in order to evaluate interesting physical quantities, such as the heat transfer in turbulent flows.
Commercial CFD codes use only turbulence models with an imposed constant turbulent Prandtl
number Pr;, which can give accurate results only for simulations when a strong similarity be-
tween the velocity field and the temperature field can be assumed. For fluids with a low Prandtl
number, as for heavy liquid metals, a constant turbulent Prandtl number leads to an overes-
timation of the heat transfer, so experimental results and Direct Numerical Simulation cannot
be reproduced. In this work we propose a new k-Q)-kg-Qy turbulence model as an improve-
ment of the k-w-kg-wy turbulence model, already validated by the authors, where §) and (g
are calculated as the natural logarithm of the variables w and wy. With this reformulation of
the previous turbulence model we obtain some important advantages in numerical stability and
robustness of the code. Results for the simulations of fully developed turbulent flows in two and
three dimensional geometries are reported and compared with experimental correlations and
DNS data, when available.
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1 Introduction

The IV generation of nuclear reactors is based on a design that combines increased safety,
passive safety systems and low radioactive-waste production. Six new reactors have been pro-
posed by Generation IV International Forum (GIF). Among them the Lead Fast Reactor and
the Sodium Fast Reactor are cooled by a liquid metal. One of the main features of these reac-
tors is the capability to produce fissile atoms by the transmutation of Uranium-238. In order
to obtain this, a material with high atomic mass, such as liquid metals, has to be employed as
core-coolant. Inside a nuclear reactor core the fluid flow is typically turbulent so a turbulence
model is needed to simulate the flow with affordable computational cost.

The most common turbulence models currently employed for the study of turbulent flows
are based on the Reynolds Average of the Navier Stokes equations (RANS models). In these
models the similarity between the velocity and the thermal turbulent fields is usually assumed.
An algebraic relation based on the eddy viscosity and the turbulent Prandtl number is used to
compute the turbulent heat flux. This turbulence model is known as Simple Eddy Diffusivity
(SED) model. In the SED model one computes the eddy viscosity 14 by using two turbulent
variables, such as the turbulent kinetic energy & and its dissipation rate . The eddy thermal
diffusivity oy is then computed as oy = 14/ Pr,. This procedure can be used when turbulent
flows with a molecular Prandtl number Pr ~ 1 are simulated. Heavy liquid metals such as
mercury, Lead-Bismuth Eutectic (LBE) and sodium-potassium alloys are characterized by a
low molecular Prandtl number, varying from 0.01 to 0.05. In these fluids heat conduction is
an important heat transfer mechanism and the similarity assumption between the velocity and
the temperature fields does not hold. It is well known that when the standard SED model is
adopted with low Prandtl numbers the obtained values of heat transfer are very different from
the experimental ones. This problem can be solved by specifying the Pr; for each geometry or
using a more sophisticated turbulence model in order to define the proper thermal characteristics
time scales [1, 2, 3, 4, 5].

In this paper we present a new logarithmic formulation of the four parameter k-w-kg-wy
turbulence model for liquid metal flows. We briefly recall the RANS equations and the first
formulation of a four parameter k-c-ky-c¢, then we derive the k-w formulation already validated
by the authors [6, 7, 8, 9]. Finally the new logarithmic k-{2-ky-€2y model is presented. A
discussion on the boundary conditions is reported to better motivate the derivation of this model.
We report some numerical results obtained with the implementation of the logarithmic model
in a finite element in-house code and compare them with experimental correlations and DNS
data, when available.

2 Transport equations and turbulence models

Inside the nuclear reactor core the flow of liquid metal can be considered incompressible so
the system of equations to be solved is based on the Reynolds Averaged incompressible Navier
Stokes equations, namely

V.u = 0, (1)
ou R
pa—l—p(u-V)u = V.-o-V -7"+pg, ()
oT
PCp(EJF(u'V)T) = V-q-V-q"+Q, 3)
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where u is the averaged velocity of the fluid and 7" is the averaged temperature. The tensors
o and q are the usual viscous stress and heat flux and they are modeled using Navier-Stokes
constitutive law for viscous fluids and Fourier law for heat conduction

o = —pl+uD with D:=Vu+ Vu’ “4)
q = —-A\VT. &)

The transport equations for the averaged velocity and temperature are similar to the ones for the
instantaneous quantities, except for the terms 7% and q which are introduced, as a result of
the average procedure over time, in the following form

h=pauw " =pCuT", (6)
where the operator U means the time average. These terms are known as the Reynolds stresses
and the turbulent heat flux. They could be computed by solving the appropriate transport equa-
tions, which means a total number of 9 additional unknowns. This procedure is very expensive
in terms of computational cost. Instead of solving these additional transport equations we ap-
proximate the terms w/'u’ and u’7” by using the eddy diffusivities and the gradients of mean
velocity and temperature in the following form

=y (Vutvu’) 4 2 )

qR = —O VT, (8)

where the eddy diffusivity of momentum v; and the heat eddy diffusivity a; must be properly
defined in the turbulence model. The two eddy diffusivities are calculated as a function of the
turbulent kinetic energy and of two characteristic time scales: 7, for the dynamical and 7 for
the thermal turbulence. These time scales have to be defined appropriately in the turbulence
model, for details one can see [3, 4, 5, 7].

2.1 The k-c-kg-c4 turbulence model

We can define the turbulent kinetic energy k, its dissipation ¢, the temperature fluctuations
variance ky and its dissipation €4 as

1_
k= 511/2’ e =v||Vu/|?, 9)
1— -
ke = §T/2, gg = || VT||2. (10)

The transport equations for the variables in (9) and (10) are obtained by taking appropriate
moments of the Navier-Stokes equations for the fluctuating quantities u’ and 7”. The equation
for k is

ok
——l—(u-V)/{;—V'{<V+&)Vk}+]3k—a, (11)
ot Ok
where 5
T Uy . Vg e
Py = —uju a, §||Vu+ vu' |7, (12)
is the source term of the transport equation. The equation for ¢ has this form
Oe v £ g2
E‘F(UV)&T:V |:<I/+O_—Z)V€:| +Cl€ EPk_CzEEfE (13)
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Clz—: 025 C,LL Ok Oc¢
1.5 19 009 14 14

Table 1: Values of the model constants for (11) and (13).

The values of the model constants that appear in (11) and (13) are reported in Table 1, while f.
is a model function defined as

fo = (1 — exp(—0.3226 Rs))* (1 — 0.3 exp(—0.0237 R?)) . (14)

By defining the characteristic time 7, = k/¢ one can model the local dynamical time 7, in
many ways [7, 8, 9].
For the thermal turbulence the two transport equations are

ok
e a-Vky=V- [(a+ﬁ)wg] + Py —ey, (15)
ot Oky
where
Py:=—uT -VT = o, |VT|?, (16)

is the source term in the ky transport equation. The equation for €4 can be written as [7, 11]

Oe £ €

T V)=V (ot 2ywe, |+ 22 (c,,l Py—Cay gg) +2 (Cp2 Py—Cap 5) . (17
ot O¢y ]{?9 k

For heavy liquid metals with Pr ~ 0.025 we have used the coefficients defined in [3, 4], namely
Ca1 = 0.9, Cpa = 0.9. The coefficient C); has been set to 0.925 and

Cpp = 1.9(1 — 0.3 exp(—0.0237 R?))(1 — exp(—0.0308 Ry))?. (18)

We define a time scale 7y as the ratio between kg and 4. For details on the time scales
and functions to be used in the definition of the eddy viscosity and diffusivity one can see
[5,7,8,9,10, 11].

2.2 The k-w-kg-wy turbulence model

The results obtained with the k-e-kg-c4 turbulence model, in terms of the Nusselt number
value for the evaluation of the global heat transfer, are more accurate than the ones obtained with
the SED model when compared with the reference correlations for liquid metals [7, 8, 9]. The
k- model better matches experimental results but shows poor numerical convergence due to the
strong coupling of -4 with k-ky on wall boundaries. In order to avoid this coupling between
the state variables we develop a k-w-kg-wp model where c-¢4 are replaced by the turbulent
kinetic energy specific dissipation w and the specific dissipation of mean squared temperature
fluctuations wy defined as

19)
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Cle 025 C,u Ok Oc Cp1 Cp2  Cd1 o
1.5 19 009 14 14 1.025 19 1.1 14

Table 2: Values of the model constants for (20) - (23).

This new turbulence model is obtained by substituting (19) into (11-13-15-17). This keeps the
accuracy of the results and enhances the algorithm stability [6]. The new system of equations is

ot Ok !
ow Vi 2 Vi
—4+u-Vo=V-|(lv+=|Vw|+Z(v+—=|VEk-Vwu+
815 O¢ k O¢
w
+ (Cal - 1) Epk - Cu (C£2f£ - 1) w2 ) (21)
k
§%+wvmzvi@+%)w4+%—%%w, (22)
Owg o 2 ay
— 4+u-Vuy=V-|la+—=|Vwl|+—a+—) Vky - Vwy +
ot o Ko o
w w
+(cp1 — 1) k—ng + cpgfpk — (cq1 — 1) C’uwg — ¢g2C wwy . (23)

The values of the model constants that appear in the system (20) - (23) are reported in Table 2.

2.2.1 Boundary conditions for the turbulence models

Since we do not use wall functions, the exact boundary conditions that must be imposed on
wall boundaries can be obtained using a near wall Taylor series expansion for the turbulence
variables. These variables are expanded based on their analytical formulation (9-10) and (19)
under the constraints imposed by the velocity components on wall boundaries. For £, €, ky and
€9 we obtain the following asymptotic expressions

1 ky 1

kw:§a52, 5w:1/§:§1/a, (24)
1 kow 1
k?gw = 5&9 (52, Eow — 0459—2 = 50[ ag . (25)

From (24) and (25) we see that € and 4 are constant and their values depend on a and ay which
are related to the velocity and temperature fluctuations that are not known a priori. With the
change of variables introduced in the k-w turbulence model the boundary values for are

W—L—QV w_59_2a
TGk 08 T Cuky  CL0%

so their values depend only on the physical properties of the fluid (v and «) and on the wall
distance (62). For the new variables w and wj it is possible to set exact Dirichlet b. c., while for
k and ky we set the following Neumann b. c.

ok k Oky kg

8n_25’ 8n_25’ @7)
where n indicates the direction normal to the wall surface. The latter condition in (27) can be
applied when temperature fluctuations are assumed to be zero at the wall.

(26)
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2.3 The logarithmic turbulence model k-$2-ky-(2

The turbulence model we propose here consists in a further improvement of the previous
models. The formulation of this new turbulence model is based on [12] in which the various
k-¢, k-w and k-7 models for dynamic turbulence are analyzed in their formulation with log-
arithmic variables. The introduction of logarithmic variables brings important advantages to
the turbulence model, in particular the fact that the original variables are always kept positive
because they are calculated as the exponential values of the new logarithmic variables, so this
ensures an increased numerical stability. Another important feature is that the logarithmic vari-
ables have profiles that are smoother than the ones of the natural variables [12]. In this new
turbulence model we use the logarithmic forms of the specific dissipations w and wy

Q =In(w), Qp = In(wy) . (28)

For these new variables we can set exact Dirichlet boundary conditions

0y = In(w,) = In (2”) —21n(4), (29)
Ou
Qpw = In(w,,) = In (20‘> —21n(s). (30)
Ou
The new system of equations is
%+u Vk=V K ) 1+Pk—CukeQ, (€]

9 v - VK —t) } ( ﬁ)Vk.VfH
ot 0. o

+(V+O)VQ VO LB G (cafiy — 1) €7 (32)

Okg Qy Q

ot Vky =V | {a+—)Vk| +F—Cukge™, (33)
[

a0 9
T w-VQy = V[<a+—)vag}+—(a+—)wa VQ +

at 059 ke O_Eg
—1
+ (04 + _> V-V + k By + C]ZQ P, — (ca1 — 1) e — chCueQ - (34)
o 0

The eddy viscosity v, and the eddy thermal diffusivity «; are modeled as
Vy = CHICT[U s Qy = Cnglg . (35)

For the modeling of the characteristic time scales for dynamic and thermal turbulence one can
see [7, 8, 9]. With this turbulence model one can correctly reproduce the near wall behavior of
the turbulence variables, which means k& o 62, v, o 82, kg o< 62 assuming zero temperature
fluctuations, and oy o< 6°.

3 Numerical results

In this section we present the results obtained from the simulations of fully developed turbu-
lent flows of liquid metals in several geometries. The plane channel and cylindrical duct geome-
tries are investigated for different values of Reynolds numbers. A complex 19-pin hexagonal
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rod bundle is simulated for a specific pitch-to-diameter ratio and Reynolds number. In Table 3
the values of the physical properties are reported. In particular those values are representative
of Lead-Bismuth-Eutectic (LBE) which has a molecular Prandtl number Pr = 0.025.

We implement the system (31-34) and the Navier-Stokes equations in an in-house finite
element code. We employ Taylor-Hood finite elements for the system of Navier-Stokes in order
to satisfy the inf-sup condition and this system is solved with a standard projection method. The
two systems of turbulence equations are solved with standard quadratic finite elements.

3.1 Plane channel

The plane channel is one of the simplest type of geometry that can be simulated and many
Direct Numerical Simulation are available for this kind of flow. In particular for fully developed
turbulent flows results of the dynamical turbulence for the cases of friction Reynolds number
Re,. = 180, 395, 640, 950, 2000 and 4200 are available [13, 14, 15], while results of fully
developed thermal turbulent flow for a fluid with Pr = 0.025 are available only for the cases
of friction Reynolds number Re, = 180, 395 and 640 [13]. The domain consists of two plates
located at a distance L = 0.0605 m, with infinite dimensions in the other directions. On the wall
a uniform heat flux of 3.6 x 10> W/m? is applied. The condition of fully developed turbulent
flow is imposed with periodic boundary conditions on the inlet and outlet of the channel.

We simulate seven test cases with Reynolds number Re ~ 5700 (A), 14000 (B), 24000
(C), 37000 (D), 86000 (E), 198000 (F) and 325000 (G). They correspond to friction Reynolds
numbers Re, ~ 180, 395, 640, 950, 2000, 4200 and 6600. All simulations are performed using
a spatial discretization of the physical domain in order to have the first mesh point at y* < 1.

Property Symbol  Value  Unit

Viscosity i 0.00184 Pas

Density ) 10340 Kg/m3
Thermal conductivity A 10.72  W/(m K)
Heat specific capacity C, 145.75  J/(Kg K)

Table 3: Physical parameters used in the CFD simulations.
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Figure 1: Non dimensional velocity profiles as a function of the non dimensional distance from the wall y™.
Cases Re, = 395 (a) and Re, = 2000 (b) obtained with the k-2 turbulence model (continuous) and from DNS
simulation data (dash-dotted).
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Figure 2: Profile of the non dimensional temperature 77 (a) and of the root mean squared temperature fluctuations
0,ms (b) as a function of the non dimensional distance from the wall y™. DNS results are reported for the cases
Re, = 180, 395 and 640 (dash-dotted).

In Figure 1 a comparison is shown between the results obtained with the k-{2 turbulence
model and those obtained with DNS for the cases of Re, = 395 and Re, = 2000. In this Figure
the velocity v has been non dimensionalized with the friction velocity v, which is calculated
as v; = \/Tw/p, where 7, is the wall shear stress, and plotted against the non dimensional
wall distance y* = yv,/v. The linear behavior v = y* and the logarithmic one v* =
1/0.411n(y™) + 5 are well reproduced in both cases.

The profiles of the non dimensional temperature are shown in Figure 2 (a), together with
the results of DNS simulations for the cases where they are available. The temperature has
been non dimensionalized with the friction temperature 7’ defined as 7, = ¢/(v,pC,), where
q is the heat flux applied on the wall. The linear behavior T+ = Pry™ is well reproduced
for every single case. In Figure 2 (b) the values of root mean squared temperature fluctuations
O,ms = \/2kg are compared with the ones obtained with DNS simulations. We can see that
there is a good agreement between the results of the turbulence model and Direct Numerical
Simulation data.

3.2 Cylindrical pipe

For the cylindrical pipe the DNS data for the dynamical turbulence are available for the cases
Re, = 180, 360, 550, and 1000 [16]. The results are thus validated using the experimental
correlations for the Nusselt number. In particular we refer to the Kirillov correlation as the
main reference for the cylindrical geometry [17]. This correlation is claimed to be valid for
10" < Re < 5 -10° The Nusselt number is calculated as a function of the Peclet number
Pe= Pr- Re

Nu =4.5+0.018 Pe"®. (36)

For the cylindrical case we simulate fully developed turbulent flows with Re, = 180 (A),
360 (B), 550 (C), 1000 (D), 3580 (E), 5840 (F) and 6860 (G). The corresponding values of the
Reynolds number for these cases are 5760, 12770, 20700, 41000, 165000, 286000 and 341000.
As in the plane channel case, all the simulations for the cylindrical pipe are performed refining
the mesh in order to have the first mesh point with y™ < 1. In Figure 3 (a) the profiles of
the non dimensional temperature 7+ are shown as functions of the non dimensional distance
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Figure 3: Non dimensional profiles of: mean temperature (a) and root mean squared values of temperature fluctu-
ations (b) as functions of the non dimensional distance from the wall y* for all the simulated cases.
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Figure 4: Comparison between the Kirillov correlation for the Nusselt number and the values of Nu calculated
with the four parameters turbulence model.

from the wall y™. In every case the linear behavior T+ = Pry™ is well reproduced, as can be
seen from the comparison with the dashed line. In Figure 3 (b) the non dimensional root mean
squared values of temperature fluctuations 6, - = \/2k, /T, are presented for all the simulated
cases.

Finally we calculate the Nusselt number values and compare them with the Kirillov corre-
lation. This comparison is presented in Figure 4 where the values of the Nusselt number are
plotted against the Peclet number. As it can be seen some differences between the correlation
data and the values calculated with the turbulence model appear in the low velocity region (Pe
< 10%). The differences with the Kirillov correlation, in this region, are included within 5%.
In the high velocity region with Pe > 103 our values are closer to the Kirillov correlation. As
shown in the Figure the values are included within 1%.
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3.3 Hexagonal rod bundle

Property Symbol Value Unit
Number of pins n 19 -
Pin diameter d 0.0082 m
Pitch to diameter ratio p/d 1.3 -
Height z 2 m
Minimum pin-wall distance l 0.00172 m
Hydraulic diameter D,  7.706 x 107 m

Table 4: Geometrical parameters of the simulated hexagonal bundle.

In this Section we present the results of a simulation of a 19-pins hexagonal rod bundle. In
Figures 5 (a) and (b) a geometrical representation of the whole bundle is given. The bundle is
bounded by adiabatic solid walls. This particular configuration is used for experimental analysis
[18]. Due to the symmetry of the geometry and boundary conditions it is possible to simulate
only one twelfth of the entire bundle.

A transverse section of the computational domain can be seen in Figures 6-7 while the ge-
ometrical parameters of the bundle are reported in Table 4. In the simulated case the velocity
and the dynamical turbulence are fully developed, so we impose periodic boundary conditions
at the inlet and outlet of the bundle. On the wall boundaries we set

ow pu Ok k 2v
u=v=0, 6_71_5’ a—ﬂ—?g, Q_ln(CN(SQ), 37

where n indicates the direction normal to the wall and ¢ the wall distance. On the other bound-
aries we impose a symmetry condition. For the thermal field we impose a fixed uniform temper-
ature of 573 K at the inlet of the bundle, so kg is set to zero and () is set to the same value that
it has on the wall boundaries. On the pin walls we impose a uniform heat flux of 3600 W/m?,
while the external wall is considered adiabatic, 97'/0n = 0. For the thermal turbulent variables

T
581
- 580

578

- 576

I 574
573

b)

Figure 5: Front view of the hexagonal bundle with the velocity field (a) and a scaled view of the whole hexagonal
bundle with the thermal field (b).
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Figure 6: Distribution of the axial component w of the velocity field (a) and of the turbulent kinetic energy k (b)
on a transverse section of the bundle.
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Figure 7: Distribution of the temperature 7" field (a) and of the mean squared temperature fluctuations kg (b) on a
transverse section of the bundle.

on every wall we impose the following boundary conditions

8/{39 N ]{19 o 2

At the outlet of the bundle we consider that no heat exchange occurs, so we impose a null
derivative in the direction normal to the outlet surface for 7" and for ky and 2y. The physical
properties of the fluid are the same shown in Table 3. The mean axial velocity is Wyeqn = 0.23
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m/s, so the Reynolds number is Re = 10070.

In Figure 5 (a) the axial component of the velocity field is shown at the bundle outlet while
in Figure 5 (b) the temperature field is presented in a scaled view of the whole bundle. In Figure
6 (a) the axial velocity is reported on a transverse section of the bundle. In the region near
the adiabatic wall the velocity is smaller than in the remaining part of the domain. Due to this
phenomenon we have some areas characterized by a low turbulence in the same region, as it can
be seen from Figure 6 (b), where the field of turbulent kinetic energy is shown. We recall that
we simulate the condition of fully developed turbulent flow, so the distributions shown in Figure
6 (a) and in Figure 6 (b) are the same for every transverse section along the axial coordinate z.

The temperature distribution for the transverse section at z = 1.8 m is shown in Figure 7
(a). As we can see the temperature distribution is almost uniform except in the region near
the adiabatic wall where a stagnation point appears. In particular the temperature distribution
reaches its maximum value in the corner region, as it can be better seen from Figure 5 (b). In the
region near the adiabatic wall the temperature changes sharply. This fact reflects the distribution
of the mean squared value of the temperature fluctuations, which is reported in Figure 7 (b). The
transverse section is at the same height as Figure 7 (a).

4 Conclusion

In this work we have proposed a new four parameter turbulence model with logarithmic
variables. The model has been tested in simulations of fully developed turbulent flows of low
Prandtl number fluids (Pr = 0.025) and compared with reference results available in literature.
For the case of plane channel, where more DNS data are available for both dynamical and ther-
mal turbulence, the results of the new four parameter turbulence model show a good agreement
with DNS results. For the case of cylindrical pipe we focused our attention on the values of the
Nusselt number obtained for all the simulated cases because a few DNS data for the thermal
field are available in literature. The obtained results are very close to the Kirillov correlation,
which has been taken as the main reference for the Nusselt number prediction. Finally some
preliminary results of the application of the turbulence model on a complex three-dimensional
geometry have been reported, showing the robustness of the model also in thermally developing
three-dimensional flows. The new turbulence model can thus be used as a reliable tool for the
study of turbulent flows characterized by low Prandtl numbers.
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