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Abstract. In this paper, the influence of the uncertainty of design parameters on the dynamic 
characteristics of structures with viscoelastic dampers mounted on them is considered. The 
fractional derivatives are used to describe the models of dampers. The uncertainty of their 
design parameters is introduced as an interval value. The lower and upper bounds of objec-
tive dynamic characteristics are obtained using the first- and second-order Taylor series ex-
pansion. Typical calculations are presented and compared with the results obtained using the 
vertex method. 
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1 INTRODUCTION 

In many practical situations, design parameters are uncertain. The uncertainty of parame-
ters is caused by the inaccuracy of measurements, assembly errors, defect of material, temper-
ature dependence, etc. The problem of uncertain parameters is widely described in numerous 
research papers. For issues with an unknown variability of the parameters, the interval analy-
sis is often used. In this method, it suffices to know that the parameter values change within 
certain limits. Moore [1] did a pioneering work of interval analysis. In the last two decades, 
many methods which enable this theory to be used in engineering problems have been devel-
oped. In paper [2], the vertex method is presented. The method is based on the theorem of 
“inclusion monotonic”. It assumes that the lower and upper bounds of the objective function 
should be calculated as the end-point combination of the design interval parameters. The me-
thod is also used in [3]. However, when the number of interval design parameters is large, the 
computational cost of the combination of all the parameters is very high. In this approach, the 
number of the required combinations equals 2r, where r denotes the number of the interval 
parameters. 

Alternative methods are required for non-monotonic problems. In papers [4,5], optimiza-
tion-based interval analysis methods are presented. The lower and upper bounds of the objec-
tive function are obtained as the minimization and maximization of calculation using the 
interval parameters as constraints for the optimization problem. 

For dynamic issues with uncertain design parameters, the lower and upper bounds of the 
objective function are often obtained using the Taylor series expansion. The method was ex-
tended in paper [6] and its application to optimization was shown. In [3, 7], the authors im-
proved the method using the second-order Taylor series expansion. In [7], Fujita and 
Takewaki introduced an application of the method to the analysis of structures with passive 
dampers. A similar analysis of the structures with uncertain parameters was presented in [8] 
using the robustness analysis. 

In this paper, the Taylor series expansion of the first- and second-order is used for determi-
nation of the lower and upper bounds of dynamic characteristics, such as natural frequencies, 
non-dimensional damping factors, and eigenvectors. The structure is modeled as a shear 
frame with dampers described by fractional derivatives. In the numerical example, the uncer-
tainties of dampers’ parameters are taken into consideration. The obtained results are com-
pared with the vertex method of which the results are close to the exact solution. Such 
analysis is carried out for structures with dampers described by fractional derivatives for the 
first time. 

2 DESCRIPTION OF STRUCTURES WITH DAMPERS 

2.1 Models of dampers  

Many rheological models of dampers have been proposed in the literature. The most 
frequently used models are the Kelvin and the Maxwell models. The first one consists of a 
spring and a dashpot connected in parallel whereas the second one is built of a serially 
connected spring and dashpot (Fig. 1).  

 
 
 
 
 

Figure 1. Classical models of dampers a) Kelvin model, b) Maxwell model. 
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In many instances, it is difficult to describe the rheological properties of viscoelastic 
dampers by basic classical models and it is necessary to use the generalized models which 
consist of numerous Kelvin or Maxwell elements. The number of parameters which are 
required for the description of the properties of dampers is rather high and sometimes it is 
more efficient to use the fractional models [9]. A damping element (called “a springpot 
element”) is described by two constants, c and α, where α denotes the order of the fractional 
derivative. The fractional Kelvin and Maxwell models are shown in Fig. 2. 

 
 
 
 
 
 

Figure 2. Fractional models of dampers a) Kelvin model, b) Maxwell model. 

The equation of motion for the fractional Kelvin model can be written in the following way: 

 )()()( 00 tqDctqktu t ∆+∆= α  (1) 

and for the fractional Maxwell model, it could be described as follows: 

 )()()( 1
1

1 tqDctuD
k

c
tu tt ∆=+ αα  (2) 

where 0k  and 1k  denote stiffnesses, 0c  and 1c  denote damping factors, ( ) ( ) ( )tqtqtq ij −=∆  is 

relative displacement of nodes of damper and the symbol α
tD  denotes the Riemann-Liouville 

fractional derivative of the order α with respect to time [10, 11]. 
After taking the Laplace transform, Equations (1) and (2) can be written in the forms: 

 )()()( 00 sqscsqksu ∆+∆= α  (3) 

 )()()( 1
1

1 sqscsus
k

c
su ∆=+ αα  (4) 

where: [ ])()( tqLsq ∆=∆ , [ ])()( tuLsu = , [ ])()( tuDLsus t
αα = , and s  – Laplace variable. 

Finally, it is possible to write the general relationship: 

 )()()( sqsGsu ∆=  (5) 

where: 

 αscksG 00)( +=  (6) 

for the fractional Kelvin model (see Fig. 2a) and 

  α

α

sck

sc
ksG

11

1
1)(

+
=   (7) 

for the fractional Maxwell model (see Fig. 2b). 
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2.2 Equation of motion for structures with dampers 

The equation of motion for structures with viscoelastic dampers can be written in the fol-
lowing form [12]: 

 )()()()()( ttttt sss fpqKqCqM +=++ &&&  (8) 

where: sM , sC  and sK  denote the mass, the damping and the stiffness matrix of structure, 

respectively. The structure is modeled as a shear frame with mass lumped at the storey level. 

[ ]T
nqqt ...)( 1=q  is the vector of displacements of the structure, [ ]T

nppt ...)( 1=p  is 

the vector of excitation forces, [ ]T
nfft ...)( 1=f  is the vector of the interaction forces 

between the frame and the dampers (see Fig. 3) and n is the number of the degrees of freedom 
of the considered system. 

Vector )(tf  is a sum of the vectors )(tkf . Each of them is formed if damper k only is located 

on the frame, i.e.: 

 ∑
=

=
m

k
k tt

1

)()( ff . (9) 

where m is the number of dampers. 

 

 

 

 

 

 

 

 

 

Figure 3. Diagram of frame with dampers. 

For the damper located between the floors j and j + 1 (see Fig. 3), it is possible to write: 

 ( )tut kkk ef =)( ,     [ ]Tjjk ee 0...11...0 1 −=== +e . (10) 

After taking the Laplace transform, the equation of motion can be written as: 

 ( ) )()()( 2 sssss sss fpqKCM +=++  (11)  

where: [ ])()( tLs qq = , [ ])()( tLs pp =  and [ ])()( tLs ff = .  
The vector )(sf  is in the following form: 

 ( )ssGss k

m

k
k

m

k
k qLff ∑∑

==
==

11

)()()(  (12) 

and T
kkk eeL =  is the matrix of the location of dampers. 
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After substituting Equation (12) to (11), the equation of the motion of structure with 
viscoelastic dampers is: 

 ( ) ( ) ( )sss pqD =  (13) 

where:  

 ( ) ∑
=

+++=
m

k
ksss sss

1

2 GKCMD ,     kk sGs LG )( )( k= . (14) 

If the vector of external forces equals zero ( 0p =)(s ), then Equation (13) leads to the 
following nonlinear eigenproblem: 

 0qD =)( )( ss . (15) 

Methods to solve a nonlinear eigenproblem for a structure with damping forces described 
using fractional derivatives were proposed in [13-15]. In this paper, the nonlinear 
eigenproblem was solved by the continuation method, described in detail in paper [15]. 

After determination of eigenvalues (si) and eigenvectors (qi), it is possible to calculate 
natural frequencies (ωi) and non-dimensional damping factors (γi) according to the formulae: 

 
iii

iii

ωµγ
ηµω

/

222

−=

+=
 (16) 

where )Re(ii s=µ , )Im( ii s=η . 

3 UNCERTAIN PARAMETERS  

3.1 Interval analysis - definition 

Let us assume some design parameters have changed, though only within a specified range. 
These variations can be written as interval parameters in the form: 

 [ ]ppppp ∆+∆−= ccI   ,  (17) 

or as follows: 

 [ ]ppp  , =I  (18) 

where [ ]I
r

III ppp ,...,, 21=p  denotes the values of interval parameters, r denotes the number of 
interval design parameters, pc denotes middle values of interval parameters: 

 
2

pp
c

+
=p , (19) 

p∆  denotes half of the varied range of interval parameters (radius value): 

 
2

pp −
=∆p , (20) 

p  and p  denote the lower and upper bounds of the interval parameters, respectively. 

Let us consider an objective function ( )pF  which depends on the design parameters. If the 
parameters’ values change within a specified range, the considered function can be written in 
the form ( )IIF p . The interval analysis leads us to find the lower and upper bounds of the ob-
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jective function in a feasible domain of the interval parameters ( )pp ∆∆−  , . The interval prob-
lem can be described as: 

 ( ) ( ) ( )




=

∈∈
ppp

pppp
FFF

II

II max ,min  (21) 

3.2 Interval analysis based on approximation of Taylor series expansion 

An approximation of the objective function ( )pF
~

 using the first-order Taylor series expan-
sion around the middle values of parameters pc is defined in the following form: 

 ( ) ( ) ( )
∑

=

∆
∂

∂+=
r

i
i

i

C
C p

p

F
FF

1

~ p
pp  (22) 

where C
iii ppp −=∆  and ( ) i

C pF ∂∂ p  denotes a first-order differentiation of the function 

( )CF p  at middle values of design parameters with respect to the changing parameter ip . 

From Equation (22), it is possible to write the increment of the objective function calcu-
lated using the first-order Taylor series expansion 

 ( ) ( )
∑

=

∆
∂

∂=∆
r

i
i

i

C

p
p

F
F

1

p
p  (23) 

as a sum of increments of the objective function for each one-dimensional perturbation. 
Hence, the increment of the objective function for the variation of parameter 1p  can be eva-
luated from: 

 ( ) ( )( )C
C

C
n

CI pp
p

F
pppF 11

1
211 ,...,, −

∂
∂=∆ p

. (24) 

According to an interval analysis, the following formula can be written: 

 ( )
( ) ( )[ ]
( ) ( )[ ]









∆∆

∆∆
=∆

C
n

CC
n

C

C
n

CC
n

C

C
n

CII

pppFpppF

pppFpppF
pppF

,...,,,,...,,max

,...,,,,...,,min
,...,,

211211

211211

211  (25) 

It is possible to write a similar relationship for each interval design parameter. Finally, substi-
tuting ( )I

ii pF∆  to Equation (22) leads us to the equation: 

 ( ) ( ) ( ) ( ) ( )






 ∆+∆+= ∑∑
==

r

i

I
ii

C
r

i

I
ii

CII pFFpFFF
11

   , ppp  (26) 

According to formula (26), the lower and upper bounds of the objective interval function, ap-
proximated using the first-order Taylor series expansion, can be written as: 

 

( ) ( ) ( )

( ) ( ) ( )
∑

∑

=

=

∆
∂

∂+=

∆
∂

∂−=

r

i
i

i

C
CI

r

i
i

i

C
CI

p
p

F
FF

p
p

F
FF

1

1

p
pp

p
pp

 (27) 
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Some researchers [3,7] proposed an approximation of the objective function ( )pF
~~

 using the 
second-order Taylor series expansion around the middle values of parameters pc: 

 ( ) ( ) ( ) ( )
ji

r

i

r

j ji

Cr

i
i

i

C
C pp

pp

F
p

p

F
FF ∆∆

∂∂
∂+∆

∂
∂+= ∑∑∑

= == 1 1

2

1 2

1~~ pp
pp  (28) 

where ( ) ( )ji
C ppF ∂∂∂ p2  build the Hessian matrix of the function ( )CF p  with respect to the 

changing parameters ip  and jp . The matrix consists of a second-order differentiation of the 

function ( )CF p  at middle values of the design parameters. The increment of the objective 
function can be written in the following form: 

 ( ) ( ) ( )
ji

r

i

r

j ji

Cr

i
i

i

C

pp
pp

F
p

p

F
F ∆∆

∂∂
∂+∆

∂
∂=∆ ∑∑∑

= == 1 1

2

1 2

1 pp
p . (29) 

Based on inclusion monotonic, in order to find the lower and upper bounds of the objective 

function ( )pF
~~

, it is necessary to calculate all end-point combinations of the interval parame-

ters ip  and jp . The number of combinations is the same as the number of combinations us-

ing the vertex method and it equals 2r. The computational cost in this approach is very high, 
especially for high numbers of the interval parameters. Therefore, a simplification of the 
above method was proposed in [3]. In that paper, the non-diagonal elements of the Hessian 
matrix are neglected.  

An approximation of the objective function ( )pF
~~~

 using the second-order Taylor series ex-
pansion with only the diagonal elements of the Hessian matrix is as follows: 

 ( ) ( ) ( ) ( )
∑

=








∆

∂
∂+∆

∂
∂+=

r

i
i

i

C

i
i

C
C p

p

F
p

p

F
FF

1

2
2

2

2

1~~ pp
pp . (30) 

The increment of the objective function can be written in the following form: 

 ( ) ( ) ( )
∑

=







 ∆
∂

∂+∆
∂

∂=∆
r

i
i

i

C

i
i

C

p
p

F
p

p

F
F

1

2
2

2

2

1 pp
p . (31) 

For variability of parameter 1p , Equation (31) is as follows: 

 ( ) ( )( ) ( )( )2

12
1

2

1
1

1 2

1 C
C

C
C

pp
p

F
pp

p

F
F −

∂
∂+−

∂
∂=∆ pp

p . (32) 

It should be noted that, when using relationship (25) for calculating the lower and upper 
bounds of the objective function, the number of combinations is reduced to 2r.  

3.3 Dynamic characteristics of structures with uncertain design parameters 

In this section, formulae describing the lower and upper bounds of the chosen dynamic 
characteristics are determined. The natural frequency (ω), non-dimensional damping factor (γ), 
and eigenvectors (q) are taken into consideration. According the formula (26), it is possible to 
write: 
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 ( ) ( ) ( ) ( ) ( )






 ∆+∆+= ∑∑
==

r

i

I
ii

C
r

i

I
ii

CII pp
11

   , ωωωωω ppp  (33) 

for the natural frequency, 

 ( ) ( ) ( ) ( ) ( )






 ∆+∆+= ∑∑
==

r

i

I
ii

C
r

i

I
ii

CII pp
11

   , γγγγγ ppp  (34) 

for the non-dimensional damping factor and 

 ( ) ( ) ( ) ( ) ( )






 ∆+∆+= ∑∑
==

r

i

I
ii

C
r

i

I
ii

CII pp
11

   , qpqqpqpq  (35) 

for the eigenvector.  

When the objective function is approximated using the first-order Taylor series expansion, 
the increments can be written as: 

 ( ) ( )
∑

=

∆
∂

∂=∆
r

i
i

i

C

p
p1

p
p

ωω , (36) 

 ( ) ( )
∑

=

∆
∂

∂=∆
r

i
i

i

C

p
p1

p
p

γγ , (37) 

 ( ) ( )
∑

=

∆
∂

∂=∆
r

i
i

i

C

p
p1

pq
pq . (38) 

When the objective function is approximated using the second-order Taylor series expan-
sion, the increments are as follows: 

 ( ) ( ) ( )
ji

r

i

r

j ji

Cr

i
i

i

C

pp
pp

p
p

∆∆
∂∂

∂+∆
∂

∂=∆ ∑∑∑
= == 1 1

2

1 2

1 pp
p

ωωω , (39) 

 ( ) ( ) ( )
ji

r

i

r

j ji

Cr

i
i

i

C

pp
pp

p
p

∆∆
∂∂

∂+∆
∂

∂=∆ ∑∑∑
= == 1 1

2

1 2

1 pp
p

γγγ , (40) 

 ( ) ( ) ( )
ji

r

i

r

j ji

Cr

i
i

i

C

pp
pp

p
p

∆∆
∂∂

∂+∆
∂

∂=∆ ∑∑∑
= == 1 1

2

1 2

1 pqpq
pq . (41) 

And when the objective function is approximated using the second-order Taylor series ex-
pansion with only the diagonal elements of the Hessian matrix, the increments are described 
as: 

 ( ) ( ) ( )
∑

=







 ∆
∂

∂+∆
∂

∂=∆
r

i
i

i

C

i
i

C

p
p

p
p1

2
2

2

2

1 pp
p

ωωω , (42) 

 ( ) ( ) ( )
∑

=







 ∆
∂

∂+∆
∂

∂=∆
r

i
i

i

C

i
i

C

p
p

p
p1

2
2

2

2

1 pp
p

γγγ , (43) 

 ( ) ( ) ( )
∑

=







 ∆
∂

∂+∆
∂

∂=∆
r

i
i

i

C

i
i

C

p
p

p
p1

2
2

2

2

1 pqpq
pq . (44) 
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The calculation of the lower and upper bounds of the dynamic characteristics requires the 
sensitivities of the first- and the second-order of the objective function 

( ) ( ) ( )( )ji
C

i
C ppFpF ∂∂∂∂∂ pp 2 ,  with respect to the design parameters. These sensitivities are 

obtained by the direct differentiation method, which is described in detail in [16]. The formu-
lae for sensitivities with respect to the parameters of the Kelvin damper model are shown in Ap-
pendix A. 

4 EXAMPLE 

In the example, an eight-storey frame with three bays is considered (see Fig. 4). The frame 
is designed according to the EC8 Part 1. Construction data, with the exception of the unit 
mass of the floor, were adopted on the basis of [17]. The height of the columns is 3m and the 
span of the beams is 5m. Young's modulus (E) for concrete is 31GPa. Dimensions of columns 
and their replacement stiffnesses are shown in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Diagram of the considered frame. 

 

Storey 
level 

Lateral 
column 
[cm]

Central 
column 
[cm] 

Replacement 
stiffness 
[kN/m] 

1,2 50x50 60x60 441119 
3,4 45x45 53x53 275351 
5,6 40x40 45x45 152948 
7,8 35x35 40x40 93244 

Table 1. Dimensions and replacement stiffness columns. 

The mass per unit length of every floor equals 60000 kg/m. The dampers are attached on the 
fifth, sixth and seventh floors of the structure. Such locations were chosen according to paper 
[17]. A fractional Kelvin model of damper is taken into consideration (see Fig. 2a). The 
dampers‘ parameters were adopted in such a way that the first non-dimensional damping 
factor was 04.01 ≥γ . The following parameters are adopted for the dampers: 

k1 
2 

k4 
2 k3 
2 
k2 
2 

k5 
2 

k6 
2 

k7 
2 

k8 
2 

5m 
2 

5m 
2 

5m 
2 
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kN/m200000 =k , /mkNs27000 α

0 =c  and 6.0=α . The values of first natural frequencies 

1ω  and the non-dimensional damping factor 1γ  for the structure without dampers and for the 
structure with the fractional Kelvin model are shown in Table 2. Damping in the structure is 
neglected. 
The uncertainties of dampers’ parameters are considered. They are shown in Table 3. The 
damper parameters are marked k0i and c0i, where i denotes the damper number. The order of 
the fractional derivative remains constant. 

Structure without 
dampers 

Structure with fractional dampers 

natural frequency   
1ω [rad/s] 

natural frequency  
1ω  [rad/s] 

non-dimensional 
damping factor 1γ  

3.10396 3.34162 0.04045 

Table 2. First natural frequencies and non-dimensional damping factor without and with fractional dampers. 

 
damper 

parameter 
uncertainty 

[%] 
c01 10 
c02 15 
c03 15 
k01 15 
k02 20 
k03 15 

Table 3. Uncertainties of damper parameters. 

The parameters are assumed to vary independently. The interval parameters for dampers are 
listed in Tables 4-5. 
 

bounded value middle value radius value 

[ ]29700 ,2430001 =Ic  2700001 =Cc  270001 =∆c  

[ ]31050 ,2295002 =Ic  2700002 =Cc  405002 =∆c  

[ ]31050 ,2295003 =Ic  2700003 =Cc  405003 =∆c  

Table 4. Interval parameters of damping factor [kNsα/m]. 

bounded value middle value radius value 

[ ]2300 ,1700001 =Ik  2000001 =Ck  200001 =∆k  

[ ]2400 ,1600002 =Ik  2000002 =Ck  100002 =∆k  

[ ]2300 ,1700003 =Ik  2000003 =Ck  200003 =∆k  

Table 5. Interval parameters of stiffness [kN/m]. 

The parameters’ middle values are taken to find the solutions given in Table 2. In Table 6, the 
results of interval analysis are presented. The results obtained by the vertex method, first-
order Taylor series expansion, second-order Taylor series expansion and second-order Taylor 
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series expansion with only the diagonal element of the Hessian matrix are compared. The 
critical combinations of the interval parameters are shown for each case. The solution of the 
vertex method is assumed as a comparative solution and the error is calculated in relation to 
that. 
 

 lower 1ω  upper 1ω  
 value of 

1ω  
[rad/s] 

error 
[%] 

Combination 
of parameters 

value of 

1ω  [rad/s] 
error 
[%] 

Combination 
of parameters 

Vertex 
method 

3.31306 - 
01c , 02c , 03c  

01k , 02k , 03k  
3.36841 - 

01c , 02c , 03c  

01k , 02k , 03k  

First-order 
Taylor series 
expansion 

3.31832 0.16 
01c , 02c , 03c  

01k , 02k , 03k  
3.36493 0.10 

01c , 02c , 03c  

01k , 02k , 03k  

Second-order 
Taylor series 
expansion 

3.31780 0.14 
01c , 02c , 03c  

01k , 02k , 03k  
3.36441 0.12 

01c , 02c , 03c  

01k , 02k , 03k  

Simplified 
second-order 
Taylor series 
expansion 

3.31801 0.15 
01c , 02c , 03c  

01k , 02k , 03k  
3.36462 0.11 

01c , 02c , 03c  

01k , 02k , 03k  

Table 6. Lower and upper bounds of 1ω . 
 

 lower 
1

γ  upper 1γ  

 value of 

1
γ  

error 
[%] 

Combination 
of parameters 

value of 

1γ  
error 
[%] 

Combination 
of parameters 

Vertex 
method 

0.03587 - 
01c , 02c , 03c  

01k , 02k , 03k  
0.04480 - 

01c , 02c , 03c  

01k , 02k , 03k  

First-order 
Taylor series 
expansion 

0.03656 1.92 
01c , 02c , 03c  

01k , 02k , 03k  
0.04435 1.00 

01c , 02c , 03c  

01k , 02k , 03k  

Second-order 
Taylor series 
expansion 

0.03639 1.45 
01c , 02c , 03c  

01k , 02k , 03k  
0.04417 1.41 

01c , 02c , 03c  

01k , 02k , 03k  

Simplified 
second-order 
Taylor series 
expansion 

0.03633 1.28 01c , 02c , 03c  

01k , 02k , 03k  
0.04412 1.52 

01c , 02c , 03c  

01k , 02k , 03k  

Table 7. Lower and upper bounds of 1γ . 

Based on the obtained results, it should be noted that the solutions using the first-order Taylor 
series expansion and the second-order Taylor series expansion are close to the solution 
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calculated with the use of the vertex method. In each of the four cases, the critical 
combination of the interval parameters is the same. 

The lower and upper bounds of the first eigenvector are also calculated. The middle values 
of the eigenvector’s elements are evaluated for the middle values of dampers’ parameters. The 
lower and upper values of the eigenvector obtained by the vertex method ] ,[ 11

qq  are 

calculated for the relevant natural frequencies [ ]11  ,ωω  obtained by this method (solid lines). 
The obtained results are compared with the values calculated using the first-order Taylor 
series expansion (dashed line). The comparison is shown in Figures 6-7. 

0 0.0001 0.0002 0.0003

2

4

6

8

 

Figure 6. Lower and upper bounds of the real part of eigenvector q1. 

-0.0002 -0.00016 -0.00012 -8E-005 -4E-005 0

2
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6

8

 

Figure 7. Lower and upper bounds of the imaginary part of eigenvector q1. 

Evaluations of the lower and upper bounds of the eigenvector, carried out using the vertex 
method and the first-order Taylor series expansion differ by about 2-3% in the case of the real 
parts and 9-13% in the case of the imaginary parts. 
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5 CONCLUSIONS 

The influence of uncertainties of the design parameters on the dynamic characteristics of 
structures with viscoelastic dampers are investigated. The presented formulae enable determi-
nation of the lower and upper bounds of the objective function. The different methods of 
evaluation of the lower and upper bounds are shown. The bounds are determined using the 
vertex method, first order Taylor series expansion, second-order Taylor series expansion and 
simplified second-order Taylor series expansion. The vertex method was chosen as a compar-
ative solution but it should be noted that the exact solution in the form of a critical combina-
tion of the interval parameters can be obtained for values of parameters between the limit 
values. The methods based on the Taylor series expansion provide results which are close to 
those obtained by the vertex method. Errors of the calculations performed are similar in each 
of the three presented approximating functions but the second-order Taylor series expansion 
requires high computational costs, especially if all the elements of the Hessian matrix are tak-
en into account. 
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APPENDIX A 

In order to calculate the sensitivities of dynamic characteristics with respect to the design pa-
rameter, the following sets of equations can be solved [16]: 
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for the first-order sensitivities and 
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for the second-order sensitivities. 
The right-hand sides of the above equations are as follows: 
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In the case of the Kelvin model of damper, the matrices ( )s1R  and ( )s2R  which are required 
for solving the first-order sensitivities, are as follows: 

 i
iss LR α=)(1 ,     ii

iss LR 1
2 )( −= αα  (A.12) 

when the design parameter ip  is ic0  and 

 is LR =)(1 ,     0R =)(2 s  (A.13) 

when the design parameter ip  is ik0 . 

When the second-order sensitivities is of interest, the matrices ( )s31R , ( )s32R , ( )s33R , 

( )s41R , ( )s42R  and ( )s43R  can be written as: 
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when the design parameters ip  and jp  are ic0  and jc0 , respectively, and  
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when the design parameters ip  and jp  are ic0  and jk0 , respectively, and  
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when the design parameters ip  and jp  are ik0  and jk0 , respectively. 

The derivatives of matrix ( )sD  with respect to s in the case of the Kelvin model of damper are 
as follows:  
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The derived formulae enable determination of all the elements of the Hessian matrix of dy-
namic characteristics with respect to the chosen design parameters. 
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