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Abstract. Thanks to computing power increase, risk quantification relies more and more on
computer modelling. Methods of risk quantification based on a fixed computational budget
exist, but computer models are almost always considered as a single black box.

In this paper, we are interested in analyzing the behavior of a complex phenomenon,
whose evolution can be modelled via two nested parametrized computer models. By two
nested computer models, we mean that some inputs of the second model are outputs of the
first model. Based on series of observations of the considered phenomenon, the idea is,
first, to calibrate the parameters of each model, and then, to construct a predictor for the
output of the second model, which takes into account the fact that, on the first hand, the two
models are not perfect, and on the other hand, there exist uncertainties in the parameters’
calibration.

Concerning the calibration of the models’ parameters we distinguish between the classic
“black-box” method, parallel method and grouped method. In the case of a parallel cali-
bration, each model is calibrated separately whereas in the case of a grouped calibration,
the parameters of the two models are calibrated all together. In both cases, the extent to
which the proposed predictor integrates the uncertainties of the nested system is demon-
strated. The proposed methods are then applied to an example.
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1 INTRODUCTION

In this paper, we are interested in analyzing the behavior of a complex phenomenon,
whose evolution can be modeled by two nested parametrized computer models. By two
nested computer models, we mean that some inputs of the second model are outputs of the
first model. The computer models are assumed linear with respect to the models’ parameters
[y and (2. Both models are supposed to be affected by model errors ¢; and e,. These errors
are assumed to be independent. So we have :

Y1 (z1) = hy (xl)tﬂl + €1 (1)
Y2 (12) = hy ()" B2 + €5 (22) (1)
T2 =1

where :

e 1, — y; and x5 — Y, are the considered phenomena, 1, € R, 2o € R, y; € R and
Yo € R

e h; (xl)tﬁl and ho (xg)tﬁz the deterministic computer codes, hy (z1) € RP* x 1,
hy (z9) € RP2 x 1, 51 € RP* x 1, By € RP? x 1,

e ¢ and ¢, the real-valued models’ errors. They are modelled by centered Gaussian
processes.

The outline of this paper is the following. In section 2 is presented the general method
to calibrate these two nested codes. We suppose we have access to observations of the
phenomena x; — y1, 2 — Yo and x; — Y. In sections 3 to 5 three special cases of the
general method are presented. These cases, depending on the available information, are the
following :

e the parallel method. In this case, there are observations only for the phenomena z; +—
y1 and x5 — Yo which are denoted by (X1,0bs'", ¥1,0bs") and (x2,0bs?, y2,00s).

e the “’black-box” method. In this case, there are observations only for the nested phe-
nomenon (z; — y»), which are denoted by (x1,0bs, y2,0bs™).

e the “grouped” method. In this case, there are observations for the phenomenon z; +—
y1 — Yo, which are denoted by (X1.0bs"), ¥1,00s"), (X2,0bs'?, y2,0bs>) and
(Xl,obs(3), Y2,obs(3)), where Y1 obs = X2 0bs?s X1.0bs>) = X1 0bs'" and

(2) ®3)

Y2 0bs =Y2.0bs -

Note : notations (', ® and ) correspond to first phenomenon, second phenomenon and
nested phenomenon.

Finally in section 6 the three specific cases of the general method are applied on a numerical
example.
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2 THE GENERAL METHOD

In this section we propose a general framework to calibrate nested codes and build pos-
terior predictors of these codes by taking into account observations of the three phenomena
(T1 = Y1, T2 = Yo and 1 = ).

2.1 Nested model linearization

According to equation (1) the relation between ¥, and x; is given by :

Yo (21) = hy (hl (xl)t B+ e (xl))t B2 + € (hl (ifl)t B+ e (xl)) ) (2)

Assumin_g that nominal valges (1 and B of By and f35 are available such that in the
vicinity of fy, hy (z1)" (B1 — B1) + € (1) is small, we get a linear approximation of the
nested code and its error :

ys (1) = hg ($1)tﬂc+€3 (21), (3)

where €3 (1) is the proposed model error :

€3 (21) = AFy. (21, Be) € (21) + €2 (hy (1) Br) 4)
and :
h3, (xl)
ha (931) - h3, (961)

ys (21) = v (z1) + hgy (21)" Br
hsy (71) = AF,. (5171, Bc) hy (z1)

hgy (xl) = h, (hl (ifl)t Bl)
APy, (xbgc) = Z%j (hl (ifl)t Bl)tgz
_ [ B ]
Bc = — .
B2

Given equations (1) and (3) a joint model for the three phenomena (x, — 1, 2 — o
and z; — 15) 1s proposed :

®)

Yep (Xgp) |Be ~ AN ( hgp (Xgp)t Be s Cegp (Xgp; X/gp) ) (6)
where :
f1
Bc = ) (7)
B2
xgp = (21", 2" ®)
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Yoo (%ep) = | 2 (27) | ©)
()
[ h, <x§l)>t 0 ]
hgp (Xgp)' = 0 ho ()" | (10)
hg, <x§3)>t hg, (m@)t
o (14,42 2010 210 40 = an
o) o Gl an ()
0 Cy <x§2), 93/2(2)> Cs (a:é”, h; (xll(g))t Bl)
AF,, <m§3), BC> C, <x§3),x/1(1)> Cy (hl <m§3)>tﬁl,xl2(2)) Cs <x§3’,x'1(3)>

and (4, Cy and (5 are the covariance functions of ¢;, €5 and €3 errors.

Given equation (6), in the case of uninformative prior or Gaussian prior for (., the pa-
rameters’ distribution and the posterior predictive distribution given the observations, are
Gaussian (see [1], [6], [7], [11] [12]).

The following sections present the parameters’ calibration and the prediction given series
of observations according to the model presented above.

2.2 Calibration of the codes’ parameters and posterior predictive distributions

Given equation (6), we have :

ng,obs‘ﬁc ~ N ( ngﬁc 5 Rgp ) ) (12)
where :

yl,obs(l)

Yep,obs = y2,0bs(2) ) (13)
y3,0bs(3)

t -

}’3,obs(3) = y2,0bs(3) + hg; (Xl,obs(3)) B, (14)
Xl,obs(l)
(2)

Xgp,obs = X2, 0bs , (15)
Xl,obs(g)
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Hgp = hgp (Xgp,obs)t ) (16)

Rgp = Cgp (Xgp,obs; Xgp.obs) - (17)

Given equation (12), the posterior distribution of 3. given the observations ygp obs Can be
modeled in a Bayesian framework. We distinguish two cases :

e No prior information case :

ﬂ_pm’or [BC] ~ 1 (18)
e Gaussian prior case :
ﬂ-Prior [Bc] ~ N <B\£m‘or 7 Rﬁcprior ) (19)

In a Bayesian framework, in these two cases, the parameters’ posterior distribution is Gaus-
sian :
5c | ygp,obs ~ </V ( E (Bc | ng,obs) , COU (Bc | ng,obs) ) (20)

where :

e in the no prior information case :

_ 1
cov (e | ngpbs) =Rp. = (ngthp ngp)

. (21)
E (Be | Yapobs) = Se = R Hep Rep ™' Ygp,obs
e in the Gaussian prior case :
- R— - rior) —1
(cov (B | ng,obS)) b= R,Bcl = Rg, "+ (Rﬁcp ) -
(22)

E (50 | ygppbs) = gc = ﬁgc [RBC_IB\C + (RBCPTiOT)_l B\grior]

Given equations (6), (12) and (20), the posterior predictive distribution ygp (Xgp) |Yep,obs
is Gaussian. Its properties are :

Yep (Xgp) | Yepobs ~ A (ggp (Xgp, E (Be | Ygpiobs)) agp (Xgp; Xgp) ) (23)

where for all j,. :

ggp (Xgp, Be) = hgp (Xgp>t Be + rgp (Xgp>t Rgp_l (ng,obs - ngﬁc) (24)
Tep (Xgp) = Cgp (Xgp,obs; Xgp) (25)
Cgp (Xgp? X/gp) = Cgp (Xgp; X,gp) — Tgp (Xgp>t Rgp_lrgp (X,gp) (26)

+tugp (Xgp>t coV (Be | Yep.obs) Ugp (X/gp)
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Ugp (Xgp) = hgp (Xgp) — ngRgp_lrgp (Xgp) (27)

In the following sections are presented three specific cases of the general method previ-
ously introduced. The cases are distinguished according to the type of available observa-
tions.

3 THE PARALLEL APPROACH

In this section we present a particular case of the previously presented general frame-
work. The parallel method corresponds to the case where only observations of the phenom-
ena x; — v, and x, — Y- are available.

3.1 Key features of the approach

In the parallel approach, there is no observation for the nested phenomenon, that is :

(Xl,obs(3)7 y2,obs(3)) = (Z)
This method includes the following steps :

1. the parameters’ calibration given the observations (xLobS(l), yLobS(l)) and
(X270b5(2), y270b5(2)). Considering that the covariance matrix given by equation (11)
is a block diagonal matrix, it is like 5; and (32 were calibrated separately given the
observations (X1,0bs'”, ¥1.0bs") and (x2,0bs?, y2.0bs>).

2. the construction of the posterior predictors given the observations :
(a) for the phenomenon 1 : the proposed predictor is an interpolating Gaussian

predictor given the observations (lebs(l), yLobs(l))

(b) for the phenomenon 2 : the proposed predictor is an interpolating Gaussian
predictor given the observations (X2 obs'?, y2.0bs'® )

(c) for the nested phenomenon : the proposed predictor is Gaussian thanks to a
linearization of the coupling of the Gaussian predictors of the phenomena 1 and
2 (see 3.2).

The following section presents how the predictor of the nested code is built in the parallel
approach.

3.2 Parallel predictor for the nested code

As shown above, we have two posterior Gaussian predictors given the observations :

Ypred,i (z:) = yi (i) | (Xi,obs(i)>Yi,obs(i)) ~ N <?7z (x5, 1) éz (i, ;) ) i=1{1,2}
(28)
where :

Ui (i, i) = hy ()" B + 13 () Ry ™! (}’i,obs(i) — by (Xi,obs(i)>t 5i> (29)
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r; (7;) = C; (Xiobs'; ;) (30)

R;=C; (Xi,obs(i); Xi7obs(i)) (31)

Ci(zs: @) = Ci (ws: 7)) — 13 () Ry 'ry () — wy ()" Rg, My () (32)
w; (;) = hy () — i (Xiobs™) Ri~ 1y (2) (33)

Given equation (28) the posterior predictor for the nested phenomenon can be written :

Ypred3 (T1, Be) = Y2 (Y1 (21, B1) + 041 (21) , B2) + 642 (Y1 (w1, B1) + 641 (71))  (34)

where :

0Y; () ~ N ( 0, 6@ (i3 7:) ) i={1,2} (35)

Thanks to a first order Taylor series expansion and making the following approximation
according to equation (29)

B (0= |22 )] 5 3o

2 T2

the posterior predictor for the nested code is :

Ypred,3 <371ch) ~ Y <§1 (5171,31> ,32)4- {g—lxlz (Al <931,§1)>T§25§1 (21)+072 (@\1 <ZE1,B1))
(37)

It is a linear combination of the independent Gaussian processes 07, and 0ys, thus it is a
Gaussian predictor.
Table 1 summarizes the “parallel’ method’s characteristics.

Table 2 presents the MSE of the calibrated codes and predictors for the ’parallel” method.

4 THE 'BLACK-BOX’ APPROACH

In this section we present a particular case of the previously presented general framework
(see 2). The *black-box’ method corresponds to the case where only observations of the phe-
nomenon z; — ys are available, thatis (x1,0bs™", ¥1,0bs") = 0 and (X2,0bs?, y2,0bs?) =
0.

About the nested model’s error, the following cases are distinguished :
e ¢; and €,, are known, so the error is given by equation (4),

e ¢; and e, are unknown, so a specific model error for the nested code is proposed (it is
assumed to be a zero-mean stationary Gaussian process).
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Nested model error

The nested model error is not used because there is no ob-
servation for the nested phenomenon.

Calibration of parameters

Be = (Bla 62)

e [3; is calibrated given the observations for 1 — ¥y,

e (35 is calibrated given the observations for x5 — ¥s.

Posterior predictor for phe-
nomenon ; — ¥

Gaussian predictor given the observations of the phe-
nomenon r — Y

Posterior predictor for phe-
nomenon Ty —+ Y

Gaussian predictor given the observations of the phe-
nomenon Ty > Yo

Posterior predictor for phe-
nomenon p — ¥

Gaussian predictor thanks to a linearization of the coupling
of the Gaussian predictors of the phenomena z; — y; and
To — Ya.

Table 1: This table summarizes the ’parallel” method’s characteristics

Empirical normalized
Phenomenon integrated squared error | Empirical normalized integrated squared error
(Empirical MSE) of the (Empirical MSE) of the posterior predictors
calibrated codes
P\ 2
5 (31 (@) = b (21)' B
,Tl'_>y1 T1 5 1 Z( ( ) h( )tg
T ., 2 Yi \Ti) — i (T3) Pi
; (Y1 (1)) Z (s (x,))2 ~
—1; () Ry ™" <}’i,obs — h; (Xiobs)’ Bl>)2
2 -
3 (42 (22) — ha (w2)' B =2
To > Y2 2
> (y2 (22))”
x2
AL | (e (7 (0 5) )
2 Y2 (T1) — Y2 (yl <ZE1, 1>, 2))
T1 = s le (y2 (1)) o1
S\t > (y2 (1)
—hy <h1 (ﬂfl)tﬂl) 52)2 z1

Table 2: This table presents the normalized empirical integrated mean squared error of the
calibrated codes and predictors for the ’parallel” method
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Nested model error Two cases are distinguished :

e ¢; and €, are known, so the error is given by
equation (4),

e ¢; and €, are unknown, so a specific model error
for the nested code is proposed (it is assumed to
be a zero-mean stationary Gaussian process).

Calibration of parameters | (3. is calibrated given the observations for 1 — ¥
Be = (b1, P2)
Posterior predictor for phe- | First code using the posterior distribution of [y
nomenon xj — Y
Posterior predictor for phe- | Second code using the posterior distribution of [
NOMmMenon Ty — Yo
Posterior predictor for phe- | Gaussian predictor given the observations of the phe-
nomenon ry — Yo nomenon  — Yo

Table 3: This table summarizes the ’black-box’ method’s characteristics

The method includes the following steps :
1. the parameters’ calibration given the observations (X1,obs(3), y27obs(3)),
2. the construction of the posterior predictors given the observations :

(a) for the phenomenon 1 : there is no observation (lebs(l), yLobs(l)), so the pro-
posed predictor is the calibrated code. Thanks to the code’s linearity and the
parameters’ Gaussian distribution the calibrated code’s distribution is Gaussian
with :

e mean : hy ($1) (51 | (Xl obs >Y27obs(3)>>
e and variance : hy ()" cov (61 | (Xl,obs(‘) Y2,0bs" )) hy (1)

(b) for the phenomenon 2 : there is no observation (xzpbs( ), y270b5(2)), so the pro-
posed predictor is the calibrated code. Thanks to the code’s linearity and the
parameters’ Gaussian distribution the calibrated code’s distribution is Gaussian
with :

e mean: hy (22)' E (B2 | y2,005? (X1,005))
e and variance : h, ([l?g)t cov (52 | (X1,obs( ), Y2, obs' )) hy (29)
(c) for the nested phenomenon : the proposed predictor is an interpolating Gaussian

predictor given the observations (X1 obs, y2.0bs)

Table 3 summarizes the "black-box” method’s characteristics.
Table 4 presents the normalized empirical integrated mean squared error of the calibrated
codes and predictors of this method.
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Empirical normalized

. Empirical normalized integrated squared er-
integrated squared error

Phenomenon (Empirical MSE) of the ror (Empirical MSE) of the posterior predic-
calibrated codes
~\2
>~ (y1(z1)—hy(21)'Br)
|
Ty
T > ((e1))”
|
~\2
> (y2(w2)—ha(wa)'B2)
)
Ty >y
. > (y2(w2))”
)
L S (s~ by ()
' > (e (1))” 4
=z 2 2(n) " =
Ty Yo Z (y2 (‘Tl))2 le —I3 (xl)t ]-:{'3_1 (Y3,obs - h3 (XLobs)t 50) )2
x1
~\t ~ .
“h, <h1 ($1)tﬂ1> )2 where :

rs (%)t =C5 ($1; X1,obs)

R3 = CS (Xl,obs; X1,0bs)

Table 4: This table presents the normalized empirical integrated mean squared error of the
calibrated codes and predictors for the *black-box’ method
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Nested model error Zero-mean Gaussian process, combination of the propaga-
tion of the first phenomenon’s uncertainty €; and the second
phenomenon’s uncertainty € (€; et €5 zero-mean Gaussian
process with covariance function Matérn g), see equation
4)

Calibration of parameters | [3. is calibrated given the observations of the three phenom-

Be = (B, Ba) ena (r1 — Y1, Ta — Yo and x1 — yo)

Posterior predictor for phe- | Gaussian predictor given the observations of the three phe-

nomenon xj — nomena (r, — Y1, T3 — Yo and x1 — o)

Posterior predictor for phe- | Gaussian predictor given the observations of the three phe-

nomenon Ty — Y nomena (r, — Y1, T3 — Yo and x1 — Yo)

Posterior predictor for phe- | Gaussian predictor given the observations of the three phe-

nomenon xy — Y nomena (r, — Y1, T3 — Yo and x1 — Yo)

Table 5: This table summarizes the ’grouped’ method’s characteristics

S THE 'GROUPED’ APPROACH

In this section we present a particular case of the previously presented general framework
(see 2). The ’grouped’ method corresponds to the case where observations are chosen for
the phenomenon x; + 41 = 2. SO we have X1 obs = X1.0bs®, X2,0bs2 = ¥1.0bs'*) and
Y2 obs(2) =Yz obs(S)-
The method includes the following steps :
1. the parameters’ calibration given the observations (lebs(l), yLobs(l)) , (X270b5(2), y270b5(2))
and (Xl,obs(3) ) Y2,obs(3)) >

2. the construction of the posterior predictors given the observations :

(a) for the phenomenon 1 : the proposed predictor is an interpolating Gaussian
predictor given the observations (X1,obs'", y1,0bs"), (X2,0b5, ¥2,0s>) ) and
(Xl,obs(g) ; y2,0bs(3)) ’

(b) for the phenomenon 2 : the proposed predictor is an interpolating Gaussian
predictor given the observations (lebs(l), yLobs(l)), (xz,obs(m, yz,obs(m) and
(Xl,obs(3) ) Y2,obs(3)) >

c) for the nested phenomenon : the proposed predictor 18 an interpolating (Gaussian

(c) forth d ph h d predi i i lating Gaussi
predictor given the observations (XLobs(l), yLobs(l)), (X2,obs(2)7 yz,obs(z)) and
(Xl obs(3)a y2 obs(3)) .

Table 5 summarizes the ’grouped’ method’s characteristics. Table 6 presents the normal-
ized empirical integrated mean squared error of the calibrated codes and predictors of this
method.

6 NUMERICAL EXAMPLE

In this section we apply the previously presented particular cases of the general method
on a numerical example. In this example we study a computer model coupled with itself.
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Phenomenon

Empirical normalized
integrated squared error
(Empirical MSE) of the

calibrated codes

Empirical normalized integrated squared error
(Empirical MSE) of the posterior predictors

> (yl (1) — hy (z1)' §1>2

1 P~
<~/ /. \\2 171 _hgp Xgp,1 c
> (n (371))2 ;(y ) ( )

z1

e = t -1 t 73 \\2
> (n ($1))2 —Tgp (Xgp,1) Regp <ng7obs — hgp (Xgp,obs) 6c>)
z1

where : Xgp1 = (21,0, 0)
N2 2 Z Y2 (2) — hep (Xgp2) fe
5 (v2 () — bz (22)' Ba) % v ()

Lo = Yo r2 . . £ 5 \ o
S (ys (22))° —Tgp (Xgp,2) Regp <ng7obs — hgp (Xgp,obs) Bc))
T2

where : Xgp 2 = (0, 22, 0)
.~
1 y3 $1 g (Xg 73) Bc
LS | S R et
T1 > Yo ¥211 1 “

z1

—hy (hl ($1) 61) 62)

—Tgp (Xgp73)t Rgp_l <ng7obs — hgp (Xgp,obs)t 6c> )2

where : Xgp 3 = (0,0, ;)

Table 6: This table presents the normalized empirical integrated mean squared error of the
calibrated codes and predictors for the ’grouped’ method
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Method | Average variance over a test set according to the source of uncertainty
ga,l ga,l gal t -1 gal
€cond = Exgpg“l:(@,@@l) Cep <Xgp 1 Xgp ) — Igp (Xgp ) Rgp Tgp <Xgp )
General
method s\ 4ol
€5 = Exgpg“l:(@,@,xl) Ugp <Xgp ) coV (B | Xgp,obs) Ugp <Xgp )
€cond = €cond,1 + €cond,2
Ohy [ ~\W\1 % B
€cond,1 = g, [a—xz <y1 (%;51))] B2 (U% — I (xl)tPu 'y (%))]
2
PN ~
€cond,2 = Exl [a% —I'a <§1 <$1,Bl>> Rz_lrz (@1 <$1,B1>>}
Parallel
method
€3 = €51 + €3,2
o ahz ~ -~ t -~ t (l)
g1 = By PN U1 (71, B Bauy (71)" cov (51 | ¥1,0bs )111 (71)
2
PO —~
€82 = E., [112 (?1 <ZE1, 61)) cov (52 | Y2,obs(2)) Uz (yl (Ib 61))}
€cond = Bq, [C (1;71) — 13 (z1)'Rs '3 (21)]
"Black-
box’ es = By, [us (21)" cov (Be | y2.0bs™) us (71)]
method
us (21) = hg (z1) — hg (X1,obs(3)) Rs 'rs (21)
Grouped see General method
method

Table 7: This table presents the sources of uncertainty of the nested phenomenon’s predic-
tors. We denote by ¢.,,,4 the part of variance coming from the conditional Gaussian process
and by eg the part of variance coming from the parameters’ posterior distribution.
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Y1 Or Y2

-4 -2 0 2 4 -4 -2 0 2 4
T1 Or To X1
(a) Model (code 1 or 2) (b) Nested model

Figure 1: The continuous line corresponds to reality i.e. y; (1), yo (22) or Y2 (x1) and the
dashed line correspond to the codes hy (xl)t 51, ho (.Z’g)t [2 or hy (h1 (ml)t Bl)t Bs. Figure
la presents phenomena x; — ¥y, x5 — ¥» and figure 1b phenomenon x; — ¥s.

This section is organised as follow. Firstly, the phenomenon and its associated computer
code are introduced. Secondly, the way to choose the observations is presented. Thirdly,
the method to estimate the hyperparameters of the model error is exposed. Fourthly, the test
sets of the posterior predictors are presented. Finally the achieved results for the ’parallel’,
"black-box’ and *grouped’ methods on this example are showed.

6.1 Presentation of the phenomenon

The model properties of the numerical example are :

i

b (0) = ha (0) = | 5 | 38)

=5
51_52_{0-4} (39)
y1 (2) = y2 (z) = hy ()" B1 — L cos (2mz) = ha ()" B2 — 4 cos (272)
Figure 1 presents the model alone and the nested model. It can be seen that the errors of the
phenomena x; — y; and x5 — 5 are regular. The error of the nested phenomenon is more

chaotic.
The three previously presented methods are applied on this example.

6.2 Observations’ choice

Regarding the number of observations three cases are studied : 4, 8 or 12 observations.
The observations are generated given a maximin Latin Hypercube Sampling for xl,obs(l)
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and X ops? in the parallel method (in this example X1 obsY) = X2 obs'>), for X obs')
for the ’black-box’ method and for xl,obs(l) and x170b5(3) for the grouped method (in this
example xl,obs(l) = x170b5(3)). The observations’ sampling, the parameters’ calibration and
the posterior predictors’ construction are repeated 50 times for each case.

6.3 Covariance functions’ hyperparameters

The covariance functions’ hyperparameters are assumed to be known before the parame-
ters’ calibration. In the parallel and the grouped methods the hyperparameters of the Matérn
covariance functions of ¢; and ¢, are estimated by a Restricted Maximum Likelihood Es-
timator (see [1]). In the ’black-box’ method, €3 is assumed to be a zero-mean stationary
Gaussian process. The hyperparameters of its Matérn covariance function €3 are estimated
by a Restricted Maximum Likelihood Estimator.

6.4 Analysis of the predictors’ performances

Once the predictors are built, their performances are analyzed on 100 points’ grids over
the input space of each phenomenon. For the three phenomena the input space is [—5, 5].

6.5 The parallel approach

In the parallel approach, there are observations for the phenomena x; — y; and x5 — Y5
which are denoted by (X1.0bs", ¥1,00s") and (X2.0bs®, ¥2,0s'? ). Figure 2 presents for
the phenomena x; — ¥y, T2 — 2 and 7 — Y, the calibrated codes’ and the predictors’
accuracy for the ’parallel’ method. Figure 3 presents an example of posterior predictor for
each phenomenon (1, 2 and nested). Figure 4 presents the sources of uncertainty of the
nested phenomenon’s predictor. The findings are :

e The more observations there are, the more accurate predictions and the better cali-
brated codes are.

e The predictors’ performance is less sensitive to the observations’ choice when the
number of observations increases.

e Both mean and confidence interval of 95% of all predictors are accurate.

e The predictors for the phenomena x; + y; and x5 +— vy, are interpolating. The
predictor for the phenomenon z; — ¥ is a linearization of coupling the predictors
of the first and the second phenomena, thus it is not interpolating because there is no
observation of phenomenon 1 — 5.

e When there are few observations, the uncertainty of the nested phenomenon’s predic-
tor mainly comes from the parameters’ posterior distribution. The uncertainty lowers
with the numbers of observations. This reduction with the number of observations is
particularly significant for the uncertainty coming from the parameters’ distribution.

6.6 The ’black-box’ approach

In the ’black-box’ approach there are observations for the nested phenomenon only,
which are denoted by (xl,obs(‘g), y2,obs(3))- Figure 5 presents for the phenomena x; — ¥y,
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Parallel method
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Figure 2: The figures present the empirical MSE (see table 2) of the calibrated codes (2a, 2c,
2e) and the predictors (2b, 2d, 2f) for the "parallel” method. The parameters’ calibration and
the posterior predictors’ construction have been repeated with 50 series of observations. The
same observations were used for both codes (xl,obs(l) = xz,obs(m). The lower the empirical
MSE is, the more accurate the calibrated code is. It can be seen that the accuracy of the
predictors and calibrated codes increases with the number of observations and that all codes

are well calibrated.
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Parallel method : Posterior predictors’ mean and confidence interval
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Figure 3: Each figure presents an example of posterior predictor for each phenomenon. The
dotted line represents the predictor’s mean, the continuous line the real phenomenon and the
grey area the predictor’s confidence interval of 95%. The predictors are built with the same
8-point LHS maximin designs for x; — y; and x5 — 1, phenomena (X170b5(1)=X270b5(2)).
It can be seen that the predictors’ means and confidence intervals of 95% are accurate. The
predictor of the nested code is not an interpolating Gaussian predictor because there is no
observation for the phenomenon x; — .

Parallel method : sources of uncertainty of the nested phenomenon’s predictor
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Figure 4: The figures above present the distribution of the average variance of the nested
phenomenon’s predictor over a test set of 100 points. We denote by €.,,4 the part of vari-
ance coming from the conditional Gaussian process and by eg the part of variance coming
from the parameters’ posterior distribution (see table 7). It can be seen that the variance
lowers with the number of observations. This reduction is particularly significant for the
uncertainty coming from the parameters’ distribution.
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To — Yo and x1 — 1y, the calibrated codes’ and predictors’ accuracy for the ’black-box’
method. Figure 6 presents an example of posterior predictor for each phenomenon (1, 2 and
nested). Figure 7 presents the sources of uncertainty of the nested phenomenon’s predictor.
The findings are :

e The more observations there are, the more accurate the nested predictor is.

e When the number of observations increases, the parameters’ calibration is less sensi-
tive to the observations’ choice.

e The second code is better calibrated than the first code.
e The nested code is never well calibrated.

e The mean of the nested phenomenon’s predictor is accurate, but its variance is rela-
tively high.

e The predictors of the first and the second phenomena are just calibrated codes. Their
variances are relatively high.

e When there are few observations, the uncertainty of the nested phenomenon’s predic-
tor mainly comes from the parameters’ posterior distribution. The uncertainty lowers
with the number of observations. This reduction is particularly significant for the
uncertainty coming from the parameters’ distribution.

6.7 The ’grouped’ approach

In this case observations of the three phenomena are available, which are denoted by
(X17obs(1)>Y17obs(1))’ (X2,obs(2)aY2,obs(2)> and (Xl,obs(3)aY2,obs(3))' In this example we
consider that X1 obs" = X1.0bs®, Y1005 = X2.0bs™ and y2.0ps® = y2.0bs®. Fig-
ure 8 presents for the phenomena x; — ¥y, 5 — ¥y and x; — Yy the calibrated codes’
and the predictors’ accuracy for the *grouped’ method. Figure 9 presents an example of the
posterior predictors for each phenomenon (1, 2 and nested). Figure 10 presents the sources
of uncertainty of the nested phenomenon’s predictor. The findings are :

e Both codes are well calibrated,

e For the phenomenon z; — ¥, the accuracy of the calibrated code increases with the
number of observations,

e For the phenomenon zo — v,, the accuracy of the calibrated code decreases with
the number of observations. This is probably due to an ill-conditioned problem. The
space filling of the observations x27obs(2) is not good.

e When there are few observations, the uncertainty of the nested phenomenon’s predic-
tor mainly comes from the parameters’ posterior distribution. The uncertainty lowers
with the number of observations. This reduction is particularly significant for the
uncertainty coming from the parameters’ distribution.
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’Black-box’ method
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Figure 5: The figures present the empirical MSE (see table 4) of the calibrated codes (5a, 5Sc,
Se) and the predictors (5b, 5d, 5f) for the ”black-box” method. The parameters’ calibration
and the posterior predictors’ construction have been repeated for 50 series of observations.
It can be seen that the second code is always better calibrated than the first code. When
the number of observations increases, the empirical MSE lowers and is less sensitive to
the observations’ choice. So the calibrated codes’ and predictors’ robustness and accuracy
increases with the number of observations.
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’Black-box’ method : Posterior predictors’ mean and confidence interval
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Figure 6: Each figure presents an example of posterior predictor for each phenomenon. The
dotted line represents the predictors’ mean, the continuous line the real phenomenon and
the grey area the confidence interval of 95%. The predictors are built with a 8-point LHS
maximin design. The confidence intervals are relatively high. The predictors of the first
and the second phenomena are not interpolating because there is no observation for these
phenomena ((XLobs(l)a Y17obs(1)) = @ and (X27obs(2)> Y27obs(2)) = (D) The predictors for
these phenomena are just calibrated codes integrating posterior parameters distribution.

"Black-box’ method : sources of uncertainty of the nested phenomenon’s predictor
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Figure 7: The figures above present the distribution of the average variance of the nested
phenomenon’s predictor over a test set of 100 points. We denote by ¢.,,4 the part of the
variance coming from the conditional Gaussian process and by ez the part of the variance
coming from the parameters’ posterior distribution. The variance lowers with the number
of observations, especially for the part coming from the parameters’ distribution (see table
7). The variance coming from the conditional process is relatively high because the error of
the nested model is chaotic (see figure 1)
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Grouped method
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Figure 8: The figures present the empirical MSE (see table 6) of the calibrated codes (8a, 8c,
8e) and the predictors (8b, 8d, 8f) for the “grouped” method. The observations’ sampling,
the parameters’ calibration and the posterior predictors’ construction have been repeated
50 times. All codes are well calibrated. The calibrated code’s and predictor’s accuracy
of the phenomenon 1 increases with the number of observations. The calibrated code’s
and predictor’s accuracy of the phenomenon 2 is poorer than for the phenomenon 1 and
decreases with the number of observations. This is due to the bad space filling of yl,obs(l) =
xz,obs(m. Indeed the observations are chosen for phenomenon x; — x5 — 1. So even if
the observations x; ops ! fill in well the space [—5; 5], the observations y1 ops? = X2 obs >

are not well distributed in [—5; 5]. This leads to an ill-conditioned problem.
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Grouped method : Posterior predictors’ mean and confidence interval
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Figure 9: Each figure presents an example of posterior predictor for each phenomenon. The
dotted line represents the predictors’ mean, the continuous line the real phenomenon and
the grey area the confidence interval of 95%. The predictors are built with a 8-point LHS
maximin design x; — T — . It can be seen that both mean and confidence interval are
well estimated. The observations of the phenomenon 2 are not well distributed in [—5; 5].
All the predictors are Gaussian and interpolating.

Grouped method : sources of uncertainty of the nested phenomenon’s predictor
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Figure 10: The figures above present the distribution of the average variance of the nested
phenomenon’s predictor over a test set of 100 points. We denote by ¢.,,,4 the part of variance
coming from the conditional Gaussian process and by €z the part of variance coming from
the parameters’ posterior distribution (see table 7). It can be seen that the variance lowers
with the number of observations. This reduction is particularly significant for the uncer-
tainty coming from the parameters’ distribution. It can be seen that both part of variance are
relatively low even when there are few observations.
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7 CONCLUSIONS AND FURTHER WORK

A general framework has been proposed to calibrate nested computer models whatever

the type of available observations among the three possibilities (xl,obs(l), yl,obs(l)),
(x2.0bs'?, Y2,0bs?) and (x1,0bs™), y2,0bs¥). Predictors for all phenomena have been pro-
posed for all possibilities of available observations. Three specific cases of this general
method have been presented depending on the available observations. The performance of
the codes’ calibration and the posterior predictors has been analyzed on a numerical exam-
ple for these three specific cases.
Questions remain about the choice of the design points. In particular our general frame-
work could enable designs where there are not the same number of observations for the
first and the second phenomena. Thus parsimonious or sequential (see [2], [3], [4], [S],
[8], [9], [10]) designs could be proposed in order to improve the accuracy of the nested
phenomenon’s predictor.
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