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Abstract. We analyze the convergence rate of the Dirichlet-Neumann iteration for the fully
discretized one dimensional unsteady transmission problem. Specifically, we consider the cou-
pling of two linear heat equations on two identical non overlapping intervals. The Laplacian is
discretized using finite differences on one interval and finite elements on the other and the im-
plicit Euler method is used for the time discretization. Following previous analysis where finite
elements where used on both subdomains, we provide an exact formula for the spectral radius
of the iteration matrix for this specific mixed discretizations. We then show that these tend to
the ratio of heat conductivities in the semidiscrete spatial limit, but to a factor of the ratio of the
products of density and specific heat capacity in the semidiscrete temporal one. In the previous
finite element analysis, the same result was obtained in the semidiscrete spatial limit but the
factor in the temporal limit was lower. This explains the fast convergence previously observed
for cases with strong jumps in the material coefficients. Numerical results confirm the analysis.
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1 INTRODUCTION

Thermal fluid structure interaction occurs when a heat flux from a fluid leads to temperature
changes in a structure or vice versa. Examples for this are cooling of gas-turbine blades, cool-
ing of rocket thrust chambers [11, 12], thermal anti-icing systems of airplanes [4], supersonic
reentry of vehicles from space [10, 14] or gas quenching [8, 19].

Unsteady thermal fluid structure interaction is modelled using two partial differential equations
describing a fluid and a structure on different domains. The equations are coupled at an interface
to model the heat transfer between fluid and structure. The standard algorithm to find solutions
of the coupled problem is the Dirichlet-Neumann iteration, where the PDEs are solved sepa-
rately using Dirichlet-, respectively Neumann boundary conditions with data given from the
solution of the other problem. The convergence rate of the method has been analyzed in any
standard book on domain decomposition method, e.g. [18, 20]. There, the iteration matrix is
derived in terms of the spatial discretization matrices and the convergence rate is the spectral
radius of that. However, this does not provide a quantitative answer, since the spectral radius is
unknown.

We consider the transmission problem because it is a basic building block in fluid structure in-
teraction. For this case, a one dimensional stability analysis was presented by Giles [7]. There,
an explicit time integration method was chosen with respect to the interface unknowns. Hen-
shaw and Chand provided in [9] a method to analyze stability and convergence speed of the
Dirichlet-Neumann iteration in 2D based on applying the continuous Fourier transform to the
semi-discretized equations. Their result depends on ratios of thermal conductivities and diffu-
sivities of the materials. This is similar to the situation in [1, 5] where the performance of the
coupling for incompressible fluids is affected by the added mass effect. However, in the fully
discrete case we observe that the iteration converges much faster for some choices of materials
[3], and that the speed of the iteration does not depend on the thermal diffusivities in some
cases. In [16] the discrete case was analyzed for finite element discretizations. In this paper, we
present a similar one dimensional analysis in the case of specific mixed discretizations.

Thus, we consider a complete discretization of the coupled problem using finite differences on
one domain and finite elements on the other (in space) and the implicit Euler method in time.
Then, we compute the spectral radius of the iteration matrix exactly in terms of the eigende-
composition of the resulting matrices for the one dimensional case. The asymptotics of the
convergence rates when approaching the continuous case in either time or space are also com-
puted resulting in the ratio of the thermal conductivities in space and a factor of the ratio of the
heat capacities in time. These results are consistent with our numerical experiments.

An outline of the paper now follows. In Section 2, we define the problem to be solved in terms
of the partial differential equations, boundary conditions and interface conditions. We also give
a description of the discretization. In Section 3, we explain the Dirichlet-Neumann model. Our
analysis for the discrete case of the model problem using Dirichlet-Neumann interface condi-
tions for mixed discretizations is presented in Section 4. In Section 5, we present numerical
results that show the theoretical stability analysis.

2 MODEL PROBLEM

The unsteady transmission problem is as follows, where we consider a dantaiR? which is
cut into two subdomain® = Q, US), with transmission conditions at the interfdce= 2; NQ:
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O, (X, 1)

TR AmAu, (X, 1) = f(z), t € [to,t7], XEQp CRY m = 1,2,

um(X,y) =0, t € [to, tf] x € 0Q,\T,

ur (X, y) = us(X,y), XxeT, (1)
AMOur(X, y) - N = A0pus(X,y)-n, X,
U (X, 0) = 1 (X), X € Q.

Om

wheren denotes the normal vector and we considler 1, 2.

The constants\; and )\, describe the thermal conductivities of the materialstgnand €2,
respectively.«.,,, = p,,C,, Wherep,, respresents the density a6, the heat capacity of the
material placed if,,, m = 1,2. D; and D, represent the thermal diffusivities of the materials
and they are defined by

D,, = )‘—m (2
am
We consider a constant mesh widthdf = 1/(N + 1) with N being the number of interior
space discretization points in both and(2,. Moreover, we discretize this problem using a
finite difference method (FDM) of?; and a finite element method (FEM) 6B. The implicit
Euler method is used for the time discretization.

2.1 Space Discretization

First of all, we focus on the FDM formulation &, of problem (1). For this, Iemgl) correspond
to the unknowns of2; andur correspond to the unknows at the interface=rom now on we
assume thaf; = 0 in order to simplify the analysis.

Then, applying second order central differences

Auy (1) (w1 (@ig1,t) = 2ur (i, t) + i (@i, t)), for i=1,. N, 3)

N
to approximate the second order spatial derivative of (1pfoe 1, we can write the resulting
discrete system as:

a i) + Aul + Allur = 0. (4)

A, corresponds to the discretization of the Laplacian operatér;and the required data from
the interface is inserted in the equation by the mam‘;}?

On the other hand, we also need to discretize the problefd,arsing FEM formulation. For
this, we choose an approximatioh of u, in a finite-dimensional subspa&e’ of H' having
the form

i

Ua(X, 1) = > ¢;(t)9;(z). (S)

<.
I
—
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where NV is the number of interior spatial discretization points(n c; are the coefficient
functions andp; the test functions. Then, the Galerkin finite element problem is to determine
U, € SN such that

U,
o, Ot

/ U2¢jdV:/ Uggzﬁjd\/, t=0, j=1,2,..,N—1.
QQ QQ

(8%

—=¢;dV + Xy /

Qo

AU2§Z5]CZV :/Q f2¢]dv t e [to,tf], (6)

As before, Ie'uff) correspond to the unknowns 6 and assume thgt = 0 in order to simplify
the analysis. Then, applying Green’s formula to (6) in order to remove the Laplacian operator
and lettingj run over the interior nodes dn,, we can write the resulting discrete system as:

M50 +MZur + Au? + APup = 0. 7)

A, andM, are the stiffness and the mass matrix for the interior nodés,@nd they are defined
as

(Ag)ij - >\2 V¢ZV¢]dV, ’L,j — 1, 2, ceey N - 1,

Qo

(Mg)ij = (9 ¢Z¢]dV, 2,] = 1,2, ,N — 1.

Qo

The required data from the interface is inserted in the equations by the m@tﬁbmdM ?F)

However, the system (4)-(7) is not enough to describe (1). Extending the approach (4)-(7) for
the unsteady transmission problem, we will look for an approximation of the normal derivatives
onI'. For this, we consider the interface discretization pojnto be discretized with FDM with
respect to the first equation in (1) for = 1 and with FEM with respect to the first equation in

(1) form = 2.

On one hand, we use centered finite differences to discnetifer both first and second order
derivatives because this choice forces second order accuracy at the interface point [13, pp. 31].
For this, we need to introduce another unknawf,, t) to get

8U1 )\1

)\lanl ~ E(Ul(xNat) — uz(1,1)), @®)
A
ayUr + p(ul(xzv, t) — 2ur + ug(21,1)) = 0.

Removingu, (1, t) from (8) we get for the following approximation for the normal derivative:
HLEDM = Ml(“llzuf + Al(}lep + A(Fl}ugl). (9)

On the other hand, given the local exact solutignits normal derivative can be written as a
linear functional by using Green’s formula [20]. Thus,
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Ay 8“2@(15 Ay / (Ausd; + Vus - V,)dV (10)
Qo

:/( 6“2¢J+A2vu2 Vo,)dV.
Qo

And now, letting; run over the nodes o we obtain the following expressions for the normal
derivative:

LEEM = M(FUp—i-MHUI —i—A(FUp-l-AHUI . (11)

Consequently, the equation

HFDM + HFEM = 0 (12)

completes the system (4)-(7).

Now, we reformulate the coupled equations (4), (7) and (12) into an ODE for the vector of

unknownsu = (u{", u? up)”

MU+ Au =0 (13)
where
al 0 0 A, O AQ
M= 0 M, M2 , A= 0 A, AR
0 M MM AL AR A AR

2.2 Time Discretization

Applying the implicit Euler method with time stept to the system (13), we get for the vector

1 2 1
of unknownsu+! = (ulnH g@et eyt

Aumtt = u” (14)

whereu” = (a;ul"", Mou®™ 4+ MPur, MU + Mpruz)” and

ayl — AtA, 0 —AtAY
A=M— AtA — 0 My — AtA, M — A2 |
~AAY) ME) — AIAZ) Mpp — AtAL

with Mrr = M( M(I‘ andApp A}—\ll—)\ + A}—\zl—)\
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3 FIXED POINT ITERATION

We now employ a standard Dirichlet-Neumann iteration to solve the discrete system (14). This
corresponds to alternatively solving the discretized equations of the transmission problem (1)
on €2; with Dirichlet data onl’ and the discretization of (1) o}, with Neumann data oifr.

Due to the Dirichlet boundary condition, we can compute the solution of (X);oexplicitly.
However, a system of two equations is needed to find the solutiéty @mdI" simultaneously

due to the Neumann boundary condition.

Applying this to (14), one gets for theth iteration the two equation systems

(O{ll —AtA ) (1 TL+1 k+1 AtAIF n-l—].k’_i_oélugl),n, (15)

AU = oF, (16)

to be solved in succession. Here,

A_ ( My — AtA, MY — AtAIF > S _ ( FERSEES )

M 1(“21) - AtAl(“zl) M?r AtArr Ugﬂ .

and

M M

Lk
(AtA(rlf (1),n+1,k+1 (M(l)—AtA(FIF)) n+1k+M(F2I)u§2) +MFFU?>

with some initial condition, here].*" = uz. The iteration is terminated according to the

standard criteriofjul™! — uf|| < 7 whereT is a user defined tolerance [2].
We now rewrite (15)-(16) as an iteration fo*'. To this end, we isolate the tern)") """ !
from (15) ancu'” ™! from the first equation in (16):

UL — g1 — ARA) T AR U - agufm), (17)

U = (M — AtAS) T (=(MIP = AU 4 Mou T+ MITR). (18)

Inserting (17) and (18) into the second equation of (16) one obtains the iteddfidfi™ =
Supt 44, with iteration matrix

_g g, (19)

where

SO = M — AtAL) — A2AD (ol — AtA) AR, (20)
S = (M7 — AIARY) — (Mf7 — AtAT) (M2 — AtAy) T (Mfp — ATARD),  (21)

andy are other terms non dependentudfi "
Thus, the Dirichlet-Neumann iteration is a linear iteration and the rate of convergence is de-
scribed by the spectral radius of the iteration matrix.

1535



Azahar Monge and Philipp Birken

4 ANALYSIS

In this section, we study the iteration matbixfor an specific FDM-FEM discretizations. We

will give an exact formula which computes the convergence rates. The behavior of the rates
when approaching both the continuous case in time and space are also given.

Specifically, we considep, = [0, 1], 2, = [1, 2] and the standard piecewise-linear polynomials

T—Tp— H
xk—rkk_ll’ if v <z <uay
T —x :
¢k(x> = "21:171—.’216’ |f xk < T S ZEk.’.]_ (22)
0, otherwise

as test functions ofR,. ,
If we considere; = (0 --- 0 1 0 --- 0) € RY where the only nonzero entry is
located at thg-th position, the discretization matrices are given by

-2 1 0 4 1 0
>\m 1 —2 (6] 4
Am A o 9 M — 4 )
Az? : 1 2 6 1
0 1 -2 0 1 4
1 a 2 2000 m A
Ml(—‘l—)‘:77 Ml(—‘l—)‘_T7 A%F)__A.ZQ, m 172
1 A 2 Ao 2 oy
Agl“) = A2 N Agl“) = Ag2 b Mgl“) F )
1 At 2 A2 2 oy

whereAz = 1/(N + 1) andA,,, My € RN AT M2 ¢ RV<1 andA™ M) e ROV
form=1,2.

Note that the iteration matriX is just a real number in this case and thus its spectral radius is
its modulus. The goal now is to compus&’ andS®?. Inserting the corresponding matrices
specified in (19) we have

A A
s — (ﬂ + At—l) - AtQA—xlzle]TV(all — AtA)) tey

2 Ax?
_ (M g BUNCR )
S\ 2 Ax? Am4aNN’
SO = (92 4 Ap 02 g2 2eTM AtA,)"!
=3 T8az) T\ § Aaz) aM-ath) e
(24)
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whereq; represent the entries of the matfix;| — AtA;)~" anda;; the entries of the matrix

(M,, —AtA,,) 1 fori,j = 1,..., N. Observe that the matricés;| — AtA;) and(M, — AtA,)

are tridiagonal Toeplitz matrices but their inverses are full matrices. The computation of the
exact inverses is based on a recursive formula which runs over the entries [6] and consequently,
it is not trivial how to finda,,, anda?, this way.

Due to these difficulties, we propose to rewrite the matriged — AtA;)~! and (M,, —
AtA,,)~ ! in terms of their eigendecomposition:

- L MAE g Ax? +20A MAE\] T -
(aql — AtA)) ™! = [tndmg(— Ale, ! e ! ,—Alxz)} = VATV, (25)

~ (AT — BAAL 205A72 + 6AAE AT — 6A AL\ ]! ~
(M — AtA,) 1:[tnd.ag( 2 A 2 2 AL 2= 22 A & )} = VA;'V,(26)

where the matrix/ has the eigenvectors of any symmetric tridiagonal matrix as a columns
and the matriced\,, A, are a diagonal matrices having the eigenvalues6f— AtA; and
M, — AtA, as entries. These are known and given e.g. in [15, pp. 514-516]

1 . ( i ) .
vy = . sin for,7=1,...,N,
! Zlivzl sin? (]\]fj—rl) N+1
)\1-:L a1 Az + 2\ At — 2\ At cos T
I A2\ ' ' N+1))" (27)
1 gJm
2 _ 2 2

)\j = w (20{2A$ + 6)\2At + (OKQAZE — 6)\2At> COS (m))

for j=1,...,.N m=1,2.

The entriesy}, y anda?, of the matricega; | — AtA;)~! and(M, — AtA,)~1, respectively, are
now computed through their eigendecomposition resulting in

N . 9 fin
1 P ,\%1 sin’ (NJJFV1> 81 ’8
= ZN si112( in ) - ZN sinz(iwa)’ (28)
i=1 N+1 i=1
N . in
9 > int ,\_12 sin’ <N+l) 59 -
“u ZN si112( in ) B ZN sinz(iwa)’ (29)
i=1 N+1 i=1
with
iv: Ax? sin®(irAx) (30)
S1 =
' e ayAa? 1 20 AH(L — cos(inAx))
N . .
3Az?sin?(irA
5y = Z x®sin®(irAx) (31)

205 A72 4+ 6 At + (anAz? — 6\ Al) cos(imAz)

=1
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Now, inserting (28) and (29) into (23) and (24) we get$6Y andS®?,

S(l) . OélAZE2 + 2)\1At _ )\%AIQ S1 (32)
2Ax? Azt SV sin?(irAz)’
8(2) _ OégAsz + 3)\2At _ (OQA$2 — 6)\2At)2 So (33)
3Az? 36Az? Zf\il sin®(irAz)

With this we obtain an explicit formula for the spectral radius of the iteration matras a
function of Az andAt:

p(x) =8| =82 '8

B (ongxz + 3 At B (apAx? — 6AoAL)? 51 >_1
3Az? 36Az4 SOV sin?(imAx) (34)
a1 Az? + 20 AL NAL2 S
' ( 2Az? - Agd SV sirP(zﬁrAm)) '

To simplify this, the finite sunp_ " | sin?(irAx) can be computed. We first rewrite the sum of
squared sinus into a sum of cosinus using the idesiit§(x/2) = (1 — cos(z))/2. Then, the
resulting sum can be converted into a geometric sum using Euler’s formula:

al 1-Az 1&
in?(jrAx) = - = 2w A
jE 1 sin”(jrAx) 5 5 ]E 1 cos(2jmAx)

1-Ax 1 N 0
— . ijTAT
NI (Z ‘ )

j=1 (35)
_ 1— Axr B lRe e2iTAx (1 _'€2iN7rAx)
2Aw 2 1 — e2imAx
_ 2Azcos?*(mAz) —2Az +1
N 2Ax
Inserting (35) into (34) we get after some manipulations
5| = IAZ (i Az? + 20 At)(2Az cos?(mAx) — 2Ax + 1) — 36A2 A s, (36)

BAT (200 A2 + 6 X AL)(2A7 cos?(mAx) — 2Az + 1) — (apAx? — 6AAL)2sy

This is a computable formula that gives exactly the convergence rates of the Dirichlet-Neumann
iteration for givenAx, At, ., and\,,,, m =1, 2.

We are now interested in the asymptotics of (36). In particular, we want to know the behaviour
of (36) whenAt or Az tend to 0. However, the denominators of (30) and (31) become zero
whenAx tends to 0. To solve this problem, we reformulate (36) in terms-efAt/Axz?. To

get that, we multiply (36) byt /Az? both in the numerator and denominator getting
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| = 9Az(ay + 2M1¢) (2Ax cos?(mAx) — 2Ax + 1) — 36AxAic2s,
"~ 3(20 + 6)90) (2A1 cos?(TAT) — 2Ax + 1) — Ax(ay — 6)oc)2s)

(37)
where

N

/ sin? (it Az)
e ; ag + 2M1¢(1 — cos(imAx))’ (38)

3sin®(irAx)

- . 39
72 ; 2a9 4 6A2c + (g — 69c) cos(imAx) (39)

form=1,2.

Computing the limits of (37) whea— 0 andc — oo we get

2 J—
lim |53 = 91 (2Az cos®(TAz) — 2Az + 1)

=0 605(2A7 co2(rAT) — 287 + 1) - Avad Y, A
3a1(2Az cos?(mrAz) — 2Ax + 1)
— =:,
am (2(2Am cos?(mAz) — 28z 4+ 1) — Az SN M)

1=1 2+cos(irAx

(40)

18A1¢(2Az cos®(mAxz) — 2Az + 1) — 36(Ac)2 SN sin? (irAz)

lim ‘2‘ = lim i=1 2X\1c(1—cos(iTAx))

€00 7o 18\gc(2Ax cos?(mAx) — 2Ax + 1) — 36(Nac)? le\il 6/\2?;(51132'3(5:@2%))

A1 <(2A:1: cos?>(mAz) — 28z 4+ 1) + Az — 1 — Az 3N cos(iwa)) A

(41)

= = — =:0.
Ao <(2Ax cos2(mAz) — 28z + 1)+ Az —1 - Az SN, cos(iwa)) A2

The result obtained in (41) matches with [16] and strong jumps in the thermal conductivities of
the materials placed if2; and(2, will imply fast convergence. This is the case when modelling
thermal fluid structure interaction, where usually a compressible fluid with low thermal conduc-
tivity and density is coupled with a structure having higher thermal conductivity and density.
However, the result in (40) does not only depend on the ratig,ofm = 1, 2. It also depends

on Az, and therefore, in the case of mixed discretizations more factors affect the rates. We will
compare (40) with the results obtained in [16] in more details in the next section.

5 NUMERICAL RESULTS

In this section we present a set of numerical experiments designed to show how (36) computes
the convergence rates. We also show that the theoretical asymptotics deduced both in (40) and
(41) match with the numerical experiments.

Figure 1 shows the cases 1 and 2 specified in table 1. The circles correspond, tine crosses

to the experimental convergence rates and the dashed line to the corresponding asymptotic (
whenAt — 0 ando whenAx — 0). Notice that the method does not converge for some cases.
Nevertheles§Y| describes the convergence rate grahdd their asymptotics.
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(Case[ Dy [Do| M [Ao] 6 | v [FEM [ 174 9FEM |

1 10303 1103]0.26| 0.15 0.16
2 (03103103104 0.6 1.04
3 1/05/03|103]0.16| 0.09 0.16
4 |05/ 1|03 103|173 1 1.74

Table 1: The first four columns contain the input parameterghi@different one dimensional test casesandJ
are the resulting limits when approaching the continuous case in time and space of the discrete egtipat.
the semidiscrete limit in time specified in [16] and the last column corresponds to the relation bepgggand

Y-

-0.801
-0.802
—-0.803

-0.804

log

-0.805

-0.806

o Izl

-y

x  Conv. Rate|

0.241

0.22f

0.2

log

0.18f

O 2
x  Conv. Rate
-y

-0.807 4
x 0.161

-0.808
-6 -6 -4

log(at)

(a) Case 1. (b) Case 2.

Figure 1: Cases 1 and 2 from table 1. The circles correspo(¥ t¢the crosses to the experimental convergence
rates and the dashed linetoThe curves are restricted to the discrete valNes= 1e —4/50,2-1e—4/50, ..., 50-
le—4/50andAz = 1/20. One observes howdescribes the behaviour of the convergence rates when we enforce
the conditionAt/Ax? << 1.

Even though a 2D analysis has not been done, one can expect that a similar analysis will hold
due to the results shown in figure 2. To illustrate this, figure 2 shows the experimental conver-
gence rates for cases 1 and 2 in 2D. One observes that the rates in the 2D case have a similar
behavior than in the 1D case (figure 1).

-0.816 0.24
-0.818 1 0.22) §
X x
X x %
-0.82 o
0.2 X,
8-0.822 8
0.181
-0.824
o
><><><>< L
-0.826 . wox x XX 016
o828 ‘ ‘ ‘ ‘ ‘ ‘
-6 -5.5 -5 -4.5 -4 -6 -5.5 -5 -4.5 -4
log(At) log(at)
(a) Case 1. (b) Case 2.

Figure 2: The experimental convergence rates in 2D for cases 1 and 2 in table 1. The curves are restricted to the
discrete valuea\t = 1e — 4/50,2 - 1e — 4/50, ...,50 - 1e — 4/50 andAxz = 1/20. A similar behaviour to the 1D

case is observed here.

Now we want to test if the convergence rates when approaching the continuous case in space
have dependency on the thermal diffusivities and D, as predicted in [9] or they do not as
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in our analysis. For that, figure 3 shows the cases 1 and 2 frola 1abHere, the thermal
conductivities\; and A\, are the same in both plots but the thermal diffusivities are switched
(meaning thatD; in case 1 corresponds 10, in case 2 and), in case 1 corresponds 10,

in case 2). We can observe that the asymptotics of the convergence rates do not vary in both
plots. This result is consistent with [17] where a similar behaviour was observed for the 2D
version of the coupled unsteady transmission problem discretized with finite differences and
also with [16] where a 1D and 2D convergence analysis for the unsteady transmission problem
discretized with finite elements was performed. Finally, observe that the convergence rate does
not vary a lot when we decreager. For a fairly large choice oAz (for instanceAz = 1/10),

the convergence rates are already quite cloge to

-0.4 -0.4

9-® 9 © -4

®-® ® - -4

o Izl o 12
-1t x  Conv. Rate || -1t x Conv. Rate |
I ---3

-1.6 -1.4 -1.2 -1 -0.8 -0.6 16 -1.4 -1.2 -1 -0.8 -0.6
log(ax) log(ax)

(a) Case 1. (b) Case 2.

Figure 3: Cases 1 and 2 from table 1. The curves are restricted to the discrete/valaes/3,1/4, ...,1/30 and
At = 100. One observes howdescribes the behaviour of the convergence rates when we enforce the condition
At/Az? >> 1.

Before ending this section, we want to present a comparison between the semidiscrete limit in
time presented in this paper)(and the one computed in [16] when both subdom&ipnsnd
(), are discretized with finite elementgd{g),) which was defined as

aq

TFEM = - (42)

Figure 4 and 5 show the comparison betweeand g\, for the cases 3 and 4 specified in
table 1. One can observe that> ygg)\, and therefore, the method will be slower using
mixed discretizations (FDM - FEM) than using pure FEM discretization when approaching the
continuous case in time. More in general, from the numerical experiments is possible to observe
that

C1 C1

= JFEM (43)
2

~

Caxg

with constants:; = 9 andc, = 5.18. This phenomena can also been checked in table 1 where
this approximation has been included in the last column.

6 CONCLUSIONSAND FURTHER WORK

We have described the Dirichlet-Neumann iteration for the coupling of two heat equations on
two identical domains. In particular, the coupled PDE were discretized into a system of alge-
braic equations using finite differences Qn and finite elements of,. Afterwards, a fixed
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-0.57

-0.575

o Iz
x  Conv. Rate
-y

0.7

-0.75

S
x Conv. Rate
Ty

-0.58

-0.585

-0.59

-0.595
-0.85

-0.6

-0.605 -
6 0

-5.5 -5 -4.5 —4 Z6 -55 -5 -45 -4
log(at) log(t)

(a) Mixed discretizations (b) FEM discretization

Figure 4. Case 3 from table 1. Comparison betwedleft) andyggp, (right). The curves are restricted to the
discrete valued\t = le — 4/50,2 - le — 4/50,...,50 - 1e — 4/50 andAz = 1/20. Observe thay > g\ and
in particular,y =~ 1.74vFgM-
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Figure 5: Case 4 from table 1. Comparison betwedleft) andyggp\, (right). The curves are restricted to the
discrete values\t = le — 4/50,2 - le — 4/50, ...,50 - le — 4/50 andAz = 1/20. Observe thay > ygg)\ and
in particular,y = 1.74YFgM-

point iteration was performed and the iteration matrix was found. An exact formula describing
the convergence rates is derived. Finally, the limits of the convergence rates when approaching
the continuous case either in spade£ \;/);) or time (y) are computed. In the numerical
results, we have presented four different test cases which show how the computed asymptotics
predict the behaviour of the convergence rates and a comparison with the results of the pure
finite element discretization of the problem in [16].

From the first four test cases we conclude that does not strongly affect the convergence
rates. However, they are affected y. Moreover, our results show that when approaching

the continuous case in spac&i — 0) the convergence rates do not depend on the thermal
diffusivities D, and D, as predicted in [9] for the semidiscrete case. We found the analysis in
[9] to be correct and are not sure where the discrepancy comes from, this is subject of further
investigation.

From the comparison betweenandyggp we can observe that > ygp and more specifi-
cally,y ~ 9o, /5.18a; = 1.74 - yggp- This explains why the convergence of the method when
approaching the continuous case in time is slower when using the mixed discretizations FDM -
FEM with respect to the pure FEM discretization.

There are a variety of future directions for this work. A 2D analysis of this mixed discretization
can be done. Another goal would be to analyze the convergence rates of the method using finite
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volumes on one domain and finite elements on the other. Thigyaneresting in the context

of fluid structure interaction where the fluid is usually discretized using finite volumes and the
structure with finite elements. Another future direction will be to study the convergence speed
of an actual non linear application.
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