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Abstract. The paper deals with homogenization of linear elastic continuum involving empty
pores. We concern some aspects of numerical approaches and confront them with the analyti-
cal ones in case of 2D elasticity. Of course, there are some restrictions for the analytical con-
cept, because it is applicable only to few shapes of pores. Nevertheless, two or four variants
of the analytical approach are developed in order to study the role of incorporation of inter-
action among the pores as well as the influence of outer boundary of microstructural subdo-
main and application of various physically admissible correlations between the volume
averages for homogenized continuum and micro-structural one. In general, a numerical ap-
proach is necessary for solution of micro-structural boundary value problems in case of arbi-
trary shape and/or distribution of voids. Two approaches are proposed and mathematical
models developed for numerical calculation of effective material coefficients for linear elastic
continuum involving arbitrary empty pores. Appropriate micro-structural boundary value
problems in the RVE are proposed for numerical analyses which are utilized for a posterior
evaluation of effective material coefficients. Comparisons of results by the analytical and nu-
merical approaches are discussed for the circular and elliptical pores. Finally, the influence
of the shape of vacant pores and porosity on bending of elastic plates is illustrated in numeri-
cal simulations.
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1 INTRODUCTION

In practical engineering problems, the material media are not often homogeneous. If the
size of material defects is much smaller than the characteristic length in structural design, the
concept of homogenization is meaningful and applicable. Since the design is mostly the mat-
ter of numerical simulations, it is important to deal well with evaluation of effective material
coefficients. Recently also multiscale models are utilized with different physical treatment on
different length scales. In this paper, we shall distinguish between the macro-structure and
micro-structure with using the linear elasticity as the physical base for description of phenom-
ena on both dimensional scales. The difference consists in modelling micro-heterogeneities in
micro-structure and characterization of macro-structure as statistically homogeneous linear
elastic composite or defected materials based on the macroscopic or overall or equivalent
elastic behavior. Although the subject of homogenization is classical (Voigt and Reuss mix-
ture rules, Hashin and Shtrikman upper and lower bounds [2], self-consistency method [3],
Mori-Tanaka method [4-6, 1]), there are still some open questions [7], e.g. the unproved Hill’s
and Mandel’s conjecture statement.

2 HOMOGENIZATION BASED ON MICRO-STRUCTURAL MODELLING.
EFFECTIVE MATERIAL COEFFICIENTS

The idea of homogenization is applicable to microscopically inhomogeneous materials on-
ly if these materials are macroscopically or statistically homogeneous in considered macro-
structure. It means that there exist representative elements (RVEs) of the body under
consideration. The RVE must obey the following requirements: (i) it is relatively small sam-
ple of the material, i.e. the constraints and loading on the surface of the macrostructure are
uniform within the length | which is the linear size of the RVE (I <L where L is the charac-
teristic dimension of the macrostructure); (ii) it is sufficiently large as compared with the line-
ar size of micro-inhomogeneity (a) in order the spatial wave-length (~a) of the stress and
strain fluctuations about a mean value be small compared with | (a< ), and the effects of
such fluctuations become insignificant within a few wave-lengths from the boundary of the
RVE. Having solved micro-structural boundary value problems in RVE (the micro-
constituents are assumed to be homogeneous elastic continua; the shape and distribution of
micro-constituents or defects are abstracted from experiment), one can get volume averages of
micro-fields over the RVE. The transition from micro- to macro-level (where the macro-
structural problems could be solved in effective continuum which is macroscopically homo-
geneous) depends on finding the connections between suitably defined macro-variables and
averages of micro-fields. There are two main questions: (i) how to define macro-variables and
boundary data for the RVE in a physically meaningful way; (ii) whether and how the macro-
variables (alone or in combinations) are related to the volume averages of their micro-
counterparts.

Let us consider a macroscopically homogeneous body and denote by B the regular sub-
region occupied by a RVE of the same microscopically inhomogeneous 2D body composed
of the homogeneous skeleton Q= Band empty voids B—Qwith éB=T", oQ=TuT, I’y be-
ing the boundary of the RVE, skeleton and voids in the RVE, respectively. The volume aver-
age or the mean values of the field variables are

<feﬁ>B:ﬁéfeﬁ(x)dQ, <fmS>Q=ﬁgj)fms(x)dQ . 1)

where the former relationship is for the effective field variable f ™ (x) defined in the whole B,
while the latter is used for the field variable f ™ (x) related to the elastic skeleton (matrix mate-
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rial) in micro-structural boundary value problems (ms—bvp). The mean values without de-
tailed specification will be denoted as (f), .
If [ui,gij,aij} are displacements, corresponding strains and self-equilibrated stress fields
corresponding to solution of an elastic boundary value problem in V with boundary 6v and
tractions t; =oyn; (n is the outward unit normal vector on oV ), then it can be shown

I\/|<O’ij€ij >V :6{/tiuidl" (2)

a{/tindFZIV|<O'ij>V =[V|<O'ji>v :a{/tjxidl“, %a{/(tixj +thi)dr=IV|<0ij>V (3)

i uin;dr =N f(ui ), %a{/(uin,— i )dr=N(s;), )

|V|(<O'ij8ij >V —<Gij >V <‘9ij >V ) = a_\[/ (tl —NK <O'ik >V )(Ui - Xj <‘9ij >V )dF (5)
Thus, the mean value of the deformation energy can be written in the separated view

(oiei >V =(aj >V (i >V (6)

if the Hill conditions [ ] are satisfied:

(i) kinematically uniform boundary conditions (KUBC): “i|av =X&j, &j=const, (7)

j
(ii) statically uniform boundary conditions (SUBC): |, =i, &y =const, (8)

when (z;), =&;

when <O'ik>v = &ik .
The constitutive relationships in the linear elastic homogenized continuum are given as
eff eff _eff
Gjj (xX)= Gijki €k (x) 9)
where cffj =const . Hence,

eff eff / eff
<0i' >B = Gijki <5k| >B (10)
and from the symmetry the stress and strain tensors, we have the following symmetry proper-
ties
eff eff eff
Gijki = Cjiki = Cijik (11)
while the symmetry
eff eff
Cijki = Cuiij (12)
results from the requirement of linear elasticity. In view of Egs. (9) and (10), we could calcu-
late the effective material coefficients cfy; if we knew either [o-ﬁﬁ ), &' (x)] at a point xor

the mean values [<aﬁﬁ >B : <g,fff >B} . This would lead to an inverse problem. In order to elimi-

nate the solution of the inverse problem, we try to identify the mean values

[<aie_ff >B,<g|fff >B}with the some quantities obtained from the solution of ms—bvp in the

RVE.
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If we consider a micro-structural KUBC in the RVE, it can be found (using the Green’s
function) that

&° () =Aj (&g in B, (13)
where A (x) is the influence tensor function corresponding to the KUBC. According to (4)

and (7), we have <g,J (x)> = &;j - Hence and from (13)

(A (><)>Q =6k Sj - (14)
Bearing in mind the constitutive law in the homogeneous skeleton Q
i () = ciu e (%) (15)
and oj{°(x)=0in (B—Q), we obtain from (13) and (15)
|| ||< (X)> <0iTS (><)>B = Gijia ( Ars () g &rs - (16)
Since & = <8rs (x)> we can rewrite (16) as
<Glj (X )> |JkI<AkIrs(X)> <5rs (X)> (17)
where we have mtroduced the porosity p defined as
Bl-l2_, |
p=———=1-"—+ . (18)
8] 8]

If we adopted (as physically admissible) identification [<o‘ﬁﬁ>8,<g§|ﬁ>8}:

Ra{j“s >Q , <g|’(‘f5 >Q} , we would have form (17)

<Gﬁﬁ >B =1 Gkt (Ars (X)) <€rs >B (19)
and finally, in view of (10), we would have

Clirs :ﬁcisjkl (Adrs () g - (20)
Similarly, if we consider a micro-structural SUBC in the RVE, it can be found that

ai” (X) =Bjjy (X)Gq i B, (21)

where Bjj (x) is the influence tensor function corresponding to the SUBC. According to (3)

and (8), we have <o-u (x)> =Gjj . Hence and from (21)

(Biju (><)>Q =6k Sj - (22)
Bearing in mind the constitutive law in the homogeneous skeleton Q
& () =Mijgoi° (x) (23)

(where Mjy is the tensor of skeleton compliances) and &;° (x) =0in (B—), we obtain from
(21) and (23)

||B||<s., 09),, = (&85 09)_ =M (Burs00) 5 - (24)
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Since & =<aﬁ25 (x)>Q , We can rewrite (24) as
<g-ms(x)> =1 Mg (B ) <am5(x)> (25)

ij o 1-p ijkl \ “klrs B\“rs 0
If we adopted (as physically admissible) identification ‘:<aij >B,<gk| >B}=

Ra{j“s >Q , <g|’(‘f5 >Q} , we would have form (25)

<€ﬁﬁ (X)>B ZﬁMﬁkl (Bklrs(x)>B<Ufsﬁ (X)>B (26)

and finally in view of <gﬁﬁ >B - Mﬁfkfl <a|f|” >B . we would have

1
MR = o Mijia (Burs (X)) g - (27)

Finding of the influence functions is not as simple task, in general. In what follows, we shall
consider a special case of elliptical pores in 2D elasticity problems, when the analytical solu-
tion can be utilized. Another considered case is the numerical approach, which is applicable to
empty pores of arbitrary shape and randomly distributed in the RVE. We shall illustrate this
approach on elliptical pores uniformly distributed in the body.

2.1  Analytical approaches

It is well known that the analytical solution is available for elasticity problem in infinite
plane with an elliptical empty void and applied tension load o =065, at infinity [8-10].
Denoting the major and minor semi-axes as a, b and selecting the RVE as square I xI with
I >a, we can consider the analytical solution in infinite plane as certain approximation for

the micro-structural boundary value problem in the RVE with prescribed constant traction
load on the outer boundary and traction free boundary of the elliptical hole.

2 A
I
"
Fo ti=ofn;
O >
0 / 1

Fig. 1 Geometry of the quadrilateral RVE with one empty elliptical pore
Now, in view of Fig. 1, we can write

ms _ 1 ms _ 1 ms ms —
<Gij >Q '_@g)‘o—ij (X)dQ_—lj(O'ik X',k +ij Xi,k)dQ—

2|Q o .

2054



Vladimir Sladek, Bruno Musil and Jan Sladek

:ﬁgj}[(a{ﬁsxj ).k +(a?ﬂfxi )’k}dgzﬁn{ro (timsxj +t7°x )dr =

1 ms ms |B| © 1 &
=——[(t:""Xx; +ti°% |d[ =— o057 = —— o5 28
2|Q|1I“(I Xj+1j XI) |Q|Gu 1_p0u ( )
i 1 ms = 1 u™n. ms. _
<€ij > ,[5 (X) mg{z(ul ] )dQ 2|Q|r£r0( | nJ +uj nl)d]—‘_
_/.ms ms
_<g” >Q,F+<8” >Q,r0 (29)

j( °nj +Uj n,)dF (30)

. 1
Wlth< -ms> =——[(u™n; +uTn |dr, (&7 -
G Jor 2|Q|1‘[( I ') < &I >Qr0 2|Q|1—

Both these contributions to the mean value of micro-structural strains can be evaluated by
using the exact solution for displacements in infinite plane. Apparently, in the linear theory of

elasticity, both these integrals are to proportional to oj;’, i.e.

ms _ 1 0 ms _ 1 S
< IJ >Q,r _1__p Mijklakl ) <‘9ij >Q,F0 _ﬁHijklakl , (31)

© 1
where Mijk|o-k| ZZ—J( nJ +U )dF Hljklo_kl

ms ms
Ui on:+u;i-n jdl.

1
2|B|r,

What we need is to find certain physically meaningful correlation between the mean values
of stresses and strains in effective medium and those found from solution of micro-structural
bvp. First, consider the integral force compatibility and average strain compatibility
(IF&ASC):

v (o), o), = (o)~ DeF), .
ASC: <5u >B:<5iTS>Q:ﬁ(Mijkl+Hijkl)o'lc<xl) , (33)

where we have utilized Egs. (28)-(31). Since <g§“ >B =M <a§ff >B , we obtain from (32)-(33)

1
Mﬁfkf| zm(Mijkl +Hija ) (34)

If we shifted the outer boundary of the RVE to infinity, i.e. T —>T” , then My — My,

where Mg, is the tensor of compliances corresponding to the matrix material of the skeleton.

In view of such an approximation, we shall distinguish two analytical approaches within the
IF&ASC concept:

1

(i) analytical approach I, denoted as AA(I): Mﬁfkf, :_—p(Mﬁm + Hijk,) (35)

(i) analytical approach I1, denoted as AA(I1): Mﬁfkf, ﬁ(Mijk, +Hija ) (36)
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Another concept consists in consideration of integral force compatibility and integral en-
ergy compatibility (IF&EC):

EC: (o) i) = (o), (o), (37)

hence, in view of (32), we have

() =t

and finally in view of (29)-(31) and IFC (Eq.(32))

eff 1 ms 1 o0 1 eff
S == (e®) = —— (M + Hii =—— (M +Hi; AL
<e” >B 1 p<8u >Q - p)Z( ijkl + ukl)le - p)2( ijki T Hijki )<ffu >B
Similar to the previous case, we shall distinguish other two analytical approaches:
. . 1
(i) analytical approach Ill, denoted as AA(I11): Mﬁfl ZN(MEH + Hijk,) (38)
.. . 1
(i) analytical approach 1V, denoted as AA(1V): MﬁEl :m(Mijkl +Hija ) (39)

In order to evaluate the integrals My and Hy; , we employ the exact values for displace-
ments found from the analytical solution in infinite plane (see Fig. 2)

Fig. 2 Elliptical hole in infinite plane with applied uniform stress loading in infinity

2 2 3
ums(plg)zu (p,e):o-_Rl-{__V cosé| A p_2_m +£ 21+m _p_2m1+m +2m_ +
1 1 4 E A 3 5
0 P P P

2 2
+C0s(6 + 26,) 2—A+2p+i—1+m 2 +cos(9—290)i3 1+m2_m_2 "
P mp A mp Ap P
+c0s30-"| ™ o |4 cos(30+ 26,) -2 (40)
Ap\ p? Ap
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2 2
2% (p,0) = uz(p,g)_a_R“_" sing (p+2_mJ+£ 2l+m —p+2m1+g' 2m
Eo P A P Yo, p
2
+sin(@ + 26y) ——2—A—2 _2L+m —sin(@ - 200)— 1+m _m_2
me p A mp P
sin30-1{ 2+ ™ |4 sin(30 + 26,) -2 (41)
Ap pz 0 Ap
Performing the required integrations, we obtain
Higou Higr Hige 2Hpp ) o1 Liv B B, O
Hoonok |=| Haotr Hazoo 2H2015 || 033 |2 [H]= IDE—o Bs By 0 (42)
Hiogon | \Hian Hizze  2H1212 )| 675 0 0 Bs
in which
7Rb1+v l+v 1+y 2
H AB-2m)+3-m—-m — —=|AB-2m)+3-m-m
1111 = ) Eo[ ( ) ] P B1 B = 3 [ ( ) }
H1122=”—Rbl+—v_—A(1+2m)—(l+m+m2)] p“—VBZ, BZ;:“J[_A(1+2m)—(1+m+m2)}
4|B| Eo L Eo 8
7Ral+vr 1+v 1+
2211 = 4 e A(Zm-1)-1+m-m } D—Bg , Bs :=8—y[A(2m—1)—1+m—m2}
Bl Eo b Eo y
Ral+vrk 1
H2222=Z—Ba% AB+2m)+3+m-m J PiBA, , By S—y[A(3+2m)+3+m mz]
Bl Eo L Eq
_nR(@a+b)1+v 1+v 1 1 1
2H _— A+1 —B , Be =—|1+—=| y+— | |[(A+1 43
1212 = 2[B] Eo( )=p E 5 5 - 2{ 2[7’ 7}}( ) (43)
with
p=T o poath oy b A gy (44)
12 a+b 1+7/ a A+u

where 2and x, are Lame coefficients which are correlated with the Young modulus Egand
Poisson ratio v by

/L[: A’:

2+v) Moo

7 /@ , for pl t bl
Eo 2v ’ &:{v (1+v), for plane stress problems (45)

v, otherwise

The matrix of compliances of the homogeneous, isotropic and linear elastic skeleton is given
as

Mi11 Mfi  2Mgpp, . A+l A-3 0
+Vv
|:MS:|= MSle MSZZZ 2M§212 ZE A—3 A+1 0 . (46)

S S S
Mi211 Miap  2Mpogn
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Note that in the case of elliptic void, we have not the closed form expression for the integrals
in the matrix My;, , though we have it in the case of circular void

2
1+v p p
Mj111 =M7pigg +E{(A”+4);+Z(ﬂ+2)[;j } Mj112 =0,

2
1+v
My190 =Mop11 = Mg1pp —E{((A—Z)ﬂ“‘)g—z@” 2)(5] } v Mgop =0, (47)

2
1+v

2M1215 =2Msoy, +E—0[AP —2(m+ 2)(5) } Mi211 =0=Mypp

Performing the limit b —a, when m—0 and y —1in Eq. (43), we obtain the Hj;, matrix for

circular pore

B33 and Hy =32, B33 and Hypm =32, 0= p2 sy
4 E, 4 E, 4

B2 —)—A—H- and H1122 Z—Q ) 83 —> —M‘ and H2211 2—2 (48)
4 E, 4 E,

B5 —>A+1 and 2H1212 :4Eg
0

Thus, in the case of circular pore, the effective continuum is isotropic, while in the case of
oriented elliptical pore it is anisotropic (it is neither isotropic nor orthotropic, since B, = By).

However, if we consider elliptical pore randomly oriented, we obtain the compliance matrix
by angular averaging of the tensor of compliances for elliptical pores with sloped major axis
with respect to the applied loading. Making use the transformation properties of tensors,

eff 1 2z 7 eff 7 eff T T T T eff
<Mijkl >y/ -zz g Mijk|d‘// ) Mijk| :Oia(‘//)Ojﬂ(l//)oky(‘//)olé(‘//)Mijm

one can perform the angular averaging in closed form
eff 3 eff eff 1 eff eff eff eff
<M1111>V/ zg(Mlnl + M2222)+§(M1122 +Mg211 +4Mpp1p ) = <M2222 >x//
eff 1 eff eff eff 3 eff eff eff
<M1122 >v/ Zg(Mlm + M2 _4M1212)+§(M1122 + M2211) = <M2211>w (49)
eff eff eff eff
<M1112> =0=<M2212> :<M1211> =<M1222>
% % % %
eff 1 eff eff eff eff 1 eff
<M1212 >v/ = g(Mlnl +Ma220 =Mi15 = M2211)+§ Mya1o -
Thus, the effective continuum in the case of randomly oriented elliptical pore is isotropic.
Having known the matrices Mg, Mijq, Hijqone can find the matrices of compliances for

effective continuum in particular approaches AA(I), AA(I1), AA(I11) and AA(IV). Recall that
the matrix M is known in closed form only for circular pore, but not for elliptical pore.

Thus, for the elliptical pore, we have closed form results only by AA(I) and AA(I1I). The ma-
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trix of stiffness coefficients for effective continuum is obtained by inversion of the matrix of
compliances.
2.2 Numerical approach

If the shape of pore is arbitrary, one can solve the micro-structural bvp in the RVE numeri-
cally and get the micro-structural mean values of strains and stresses. If we consider the
boundary of the pore to be traction-free t |F =0, we can express the mean values in terms of

0

boundary integrals as

ms\ . 1 o ms L (omsy L omsy _
<(7|J >Q .—|Q|AO'|J (X)dQ—Zlglgz(O'lk XJ,k +GJk Xl,k)dQ_

L j{(amsxj)k+(a;ﬂsxi)k}d9— L ) (timsxj+t;~“sxi)dl“=

ZMQ _mnfo
:ﬁi(timsxj +thxi)dF (50)
(%), ;:ﬁ P 0000= | (uf"s +u?jf)dgzﬁr Jro(”‘msn j+uln, )dr =
:<girjns >Q,r +<8irjns >Q,r0 Y
with <girjns>m :=m]£(u{”snj +u'j”sni)dl“,

B
()= (g supn ar= 2 asps e Lo (ursn e Jar
ary  2|Q|r, Q| 2|BIr,

Since the mean values of the strains and stresses in effective continuum are not known (we
cannot solve any direct bvp in effective medium because of absence of material coefficients),

we should find a physically meaningful correlation between [<g§ﬁ >B,<gl‘f{f >B} and

Ra{jns> : <g|?,‘s> }in order to get the stiffness coefficients in the homogenized effective con-
o o}

tinuum

ff o eff eff ff <aeﬁ> o eff eff <£eﬁ>

e e e e e 1 e e e 11
o11 G1 G G || 11 B G1 G2 Gp B

eff | _| .eff eff eff eff eff | Neff eff eff eff
02 || C1 €2 Cp || f22 | OF <022 g |T|C21 €2 Co <522 B | (52)
eff Ceff Ceff Ceff 2 eff eff eff eff
019 61 U2 Ce6 €12

eff Co1 Ce2 Cop eff
<‘712 >B 2 &1 B

For this purpose, we shall use two approaches:

(i) boundary densities compatibility (BDC) approach: we assume that the physically rele-
vant boundary densities on the outer boundary of the RVE are the same for both the micro-

structural bvp and the bvp in effective continuum, i.e. uie”‘ =uims‘ e =tims‘l_' Then,
I

r ‘F

eff \ . L1 . ef L (e e a2 1 (ufn +usn \dr =
<g,J >B'_|B|ég” (x)dQ—2|B|é(uH+uj’I )dQ_leli(u' nj+u n,)dF_
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=ﬁl£(ul nj +Uuj n,)dQ (1- p)<girjnS>QI : (53)

eff\ . 1 1 eff eff
(of"), = ik f (da-= 2|B|j( X+ o X )dQ =

~2/B| I[( ),k +{o5x ),k}dgzﬁi(tfﬁ Xj +t§x; Jar =

:ﬁqu( ™ x +tjmsxi)dl“:(l— p)<0'iTS>Q. (54)

(ii) integral force & energy compatibilities (IF&EC) approach: we consider two assump-
tions:

(1) integral force equilibrium: |B|<Jﬁff >B =|Q|<Uirjns >Q

(2) energy equilibrium: <aﬁﬁ gﬁﬁ >B = <ai'}"sgirjns >Q =

eff eff eff eff
Al ) =(et ),

<a,TSg,TS> o L gmoymsgr— L 5 [tmsumSqr

9T

|Q|(<o‘lnglTs >Q — <o-iTS >Q <girjns> ) _ itimsuimsdr _ <girjns >Q 1L,[imsxj dr—

_|Q|<GITS>Q<giTS>Q+<gin|28>g<girlr(1$>g ] xjndr=

'+

:ll(tims —ny <air|2‘5 >Q)(uims — X <g{j"‘°‘ >Q)dr+

+<0'|rJnS>Q <gik > IX ndl” — <GiTS>Q|Q|<SiTS>QI0

0 | ——
[ —

~(|Bl-)s; Blaic

we have

(oea) == (of®)_(a-2p{a®) - asf )+ [(t= -n (o) )(um -x; (a=) Jar
1-p r

The last integral is vanishing if the KUBC or SUBC are employed on the outer boundary

of the RVE. Then,
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(gl 20l ) e

The evaluation of mean values of micro-structural fields is remarkably simplified, if we
consider KUBC (kinematic uniform b.c.) on the outer boundary of the RVE, i.e.

uimsr =0; With G = x|, & =const. (56)
Then,
ms — 1 ms ms. . _ 1 = ) =. i _
<5.J >er .—2|Q|£(u, nj +Uj n')dr_2|Q|Ij~(8'kxkn'+ngan')dQ_
1 _ _ Bl _ 1 _
:—2|Q|é(€ikxk’j +8J‘ka,i)dQ=%€ij 256‘” (57)

Moreover, in the case of uniform distribution of pores in the macrostructure, we can create
identical rectangular cells around each pore with periodic boundary conditions on the bounda-
ries of cells. Then, if we create the RVE from several cells, we can see that because of the
symmetry and consideration of rigid body motion equivalence, the solution in each cell is the
same. Therefore it is sufficient to solve the micro-structural bvp in one cell with one pore in
the case of uniform distribution of pores in the macrostructure. In what follows, we restrict
our consideration to KUBC.

Thus, we can find the mean values of strains and stresses in the effective continuum as

(i) BDC-approach:

)t e, = 5
<oﬁﬁ >B =(1- p)<ai’j“s >Q =ﬁ1[(timsxj +17°x )dF (59)

where t™ on T should be got from the solution of the micro-structural bvp.
(i1) IF&EC-approach:

<eﬁﬂ >B :ﬁ[(l—Zp)<giTs >Q —Agi'jns} =

1 ms 1 ms ms
o [(1—2p)[<gij >Q]r+1_pAeij ]—Agij }:

1 — ms ms 1 ms ms
= 1-2p)&; — pAsg;i© |, Agi® =——— [ (ui'™®n; +ui°n |dT 60
(1_p)3[< p)Zij -~ pAS]® | } 2|B|rfo(' j+ulr) (60)
1

where the integrands in both the integrals over T'y and ' are taken from the solution of the
micro-structural bvp.

Now, we show that it is sufficient to solve three micro-structural bvp in order to get all
material coefficients in homogenized effective elastic continuum:
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bv.p. (1): yf (X)ZEiII(Xk‘r . Bk =81610 1t (X)r =0 (62)
0
2 N

u=e.X, Uu,=0

- 1
U =€ X, U2=0

Fig. 3 The first choice of boundary conditions in quadrilateral RVE with one empty pore
Having solved the considered ms-bvp, one can evaluate

(1)eff _ (I)ms (I)ms (I)ms 1 (I)ms (I)ms
< o >B lej( +I™)dr A _—er( nj +uf )™ )dr (63)
b.v.p. (11): ai”(x)=a'k'xk\ LB =Boeda 0| =0 (64)
0
2 N

U1=0 u2=gnb

u,=0 u,=0 !
Fig. 4 The second choice of boundary conditions in quadrilateral RVE with one empty pore
Having solved the considered ms-bvp, one can evaluate

)eff 1 I I 1 1 I
< o{he >B= J (6™ 4§D )T, AgfD™ = (u D

(II)ms
nj +uj dr (65)
21° - 212 T, ! I)

bv.p. (11): 0" 9=5k"%| . &' =88 (dudho +d2da); 1"

(66)
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U1=8,2b U, =€,

ir

U;=845X, IE U,=€,,X,
u,=0 u,=g,,a

t1=0 t2:0

S
Cd

== 1
u,=0 U,=840X,

Fig. 5 The third choice of boundary conditions in quadrilateral RVE with one empty pore
Having solved the considered ms-bvp, one can evaluate

11)eff 1 1 m 1 1 m I
<ai(. )e >B =2I_21[(ti( Moy, +t§ )mSXi)dF : Aei(j Jms =2I—er (ui( ™n; +u§ )msni)dl“ (67)
0

According to Egs. (52), (58) and (59) we obtain the effective stiffness coefficients by the
BDC-approach as:

(1)eff (1)eff (1)eff
O, 0. (o
ff < 11 > ff < 22 > ff < 12 >
oy = - 5oy = I 5= 1 ° (68)
a1 a1 a1
(11)eff (11)eff (11)eff
O 0. O
ff < 11 >B ff < 22 >B ff < 12 >B
CfZ T ' CSZ T ' CSZ T (69)
£22 €22 €22
(111)eff (11)eff (111)eff
eff _<011 >B eff _<622 >B eff _<012 >B 70
Ce = —1N v G = —1 G = -1 ) (70)
2812 2812 2812

In the case of IF&EC-approach we obtain the following systems of algebraic equations:
b.v.p. (I):

@-2p)z; - pAefl o] - pacl)™ el ~2pasl ™l = - (ol ) (712)
_(1_ 2p)51 - pAe{T{S_ Cgl;f _ pAgélz)mngg _9 pAgl(é)mngzf =(1- p)3 <O_§|2)eff >B (71b)
(D pAgﬂs_ngf ~paefImsel _opagmscel _ (g p)3<01(£)eff >B (71c)
b.v.p. (I1):

-pach e +| W-2p)zr - pacH™ o —2pash ™l — 1 p)® (o >B (72a)
—paglImscet +[(1—2|0)522 - PAggzl)ms}ng ~2pAefy M5 = (1 p)° <a§|2| . >B (720)
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—pAs. (")mscgif [(1 2p)522—pAe(”)ms}c62 —-2pAe (Il)mscgg =(1-p) <al(£')eﬂ >B (72¢)
b.v.p. (111):

glqll)mscf{f — pAs (|||)msClZ (1—2p)§12—pA51(£“)ms_ —(1-p) < (11)eff >B (73a)
—pAglqll)mSCSff — pAs (III)msCSg 2 (1_2p)§12_ pAgl(éll)ms_c26 —(1-p) < (11)eff >B (73b)

—pAe ("')msc61 pAgé'z")mscgg +2_(1—2p)§12— pAgl(é“)ms_c66 =(1-p) < (111 )eff >B (73c)
Gathering Egs. (71a), (72a) and (73a), we obtain the following system of equations for un-
knowns (cff o et )
(1)eff

) <°’ﬂ )

eff

Cs <G II)eff>

| @-2p)as - pAcy | -pagl)™ ~2pas)™
with [A] = —pAglql)ms [(1 2p)éyy — pAg(”)ms} -2 pAgl(él)ms (75)
pAg('”)mS pAg(III)ms 2[(1—2p)§12 _ pAgl(én)mS}

Similarly, from Egs. (71b), (72b) and (73b), we obtain the system of algebraic equations for

eff eff eff
unknowns (c21 Cyy Czs)

(1)eff
cgif <622 >B
[A] 55 [=(-p)| (2" (76)
ng (1)eff
<‘722 >B

Finally, from Egs. (71c), (72c) and (73c), we obtain the system of algebraic equations for un-

eff eff eff
knowns (C6l Cen Css)

(1)eff
cgflf <O-12 >B
(Al cg3 |=(@-p)*| (3™"). |. ()
ng <O_(Ill)eff >
12 B
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3 NUMERICAL EXPERIMENTS

3.1 Circular pores

In the case of circular pore we have results by 4 analytical and 2 numerical approaches.
Comparison of such results for c{"{f is shown if Fig.6. One pore is considered in the RVE and
porosity is increased by increasing the radius of the pore.

1.2
] a=b
1.0 .ﬁ\"\\
0.8 ] \ W\
] \\
5_ 06 _ —e— BDC \\\
S ] —— IF&EC \\\
1.7 AA ()
0.4 ,
E AA (Il \\}
o e \ Fig. 6 cf}' (p) by 6 various
‘ AT approaches
0.0 —— _
10 102 10" 100
p

The effective material should be isotropic in the case of circular pores. The measure of anisot-
ropy is shown in Fig.7
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=2 R 1
8 8 10 4
* 10-2_ x |
ks S 10% 3 /f\‘
S S ]
-~ 103 = -
¢ ] é % 10° 4= |
5 —e— BDC & ] —e—8BDC \
—— IFREC 1 |—— IF&EC
e ——— 10— ————
1073 102 10" 109 107 102 10" 100
P P
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100 -
1 a=b
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8 10 4
x
&
' 102 e
(&)
< o
&
|N 10-3 F O T
S —e— BDC \,
—a— |F&EC
104 Ty —
103 102 10 100

p

Fig.7 Percentage deviations from
isotropy for stiffness coefficients
of homogenized continuum with
circular pores

Only numerical results are compared in this isotropy study because the analytical approaches
exhibit perfect isotropy.
In numerical approaches, we have increased the porosity also by consideration of more pores
in the RVE. Comparisons of numerical results obtained by modelling one and more pores are
presented in Fig.8.
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Fig. 8 Study of modelling porosity by one

and/or more pores in RVE
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The independence of cf{f and cfg on the kind of modelling the increase of porosity demon-

strates the theoretical expectation in the case of uniform distribution of pores. The interaction
among the pores is involved into the model via the periodic boundary conditions even if only
one pore is considered in the RVE. The deviations for cgg can be explained by very short dis-
tance of pores from the boundary of the RVE for higher values of porosity and rather small

eff
value of cg; .

3.2  Elliptical pores

Now we have numerical results by two approaches and analytical results only by AA(I)

approach. Fig.9 shows comparison of results for cff coefficient in the case elliptical pores
with a=2b

1.2 1.2 7
] ] a=2b
0.8 - 0.8
A
L —
. 06 ®< 0.6 1
S (8]
= v
0.4 4 0.4 &
] —e— BDC —e— BDC
oadl IF&EC 0p ] — IF&EC
0.0 +————r———r——— 0.0 +———r—r———rr
103 102 10-1 100 103 102 10°" 100
p p

Fig. 9 cf{f (p) for oriented and randomly oriented elliptical pores with a=2b

The anisotropy in this case is verified remarkably for higher values of porosity as can be seen
from Fig. 10
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< —— IF&EC Fig. 10 Demostration of anisotro-
S An App (1) py in the case of oriented elliptic

1 — pores

10 102 10°1 100

p

The disturbance of orthotropic properties (cf;f ;écgflf) is rather weak even for high values of
porosity.

In the case of IF&EC approach the periodicity of boundary conditions is not guaranteed for
homogenized bvp in contrast to the BDC approach. Therefore we can observe certain devia-
tions between the results by IF&EC approaches when the one and/or more pores are used for
modelling porosity (see Fig. 11).

LA 0.40
; 0.35 3
1.0 :
: 0.30 4
0.8 5
' 0.25 1
t ] : i E
& 097 ‘ %y 0.20 4
(&) 1 S :
e : :
- A BDC (1 pore) | B 0.15 4 _e— BDC (1 pore)
) —a— BDC (>1 pore) ]
IF&EC (1 pore) 0.10 3. —*— BDC (>1 pore)
023 IF&EC 1p I { 7 IF&EC (1 pore)
. Ry :
] s ‘ e ] IF&EC (>1 pore)
WG o0 d+————
103 102 10-1 100 103 102 10 oo
i p

Fig. 11 Demonstration of dependence of results by IF&EC approach on modelling of porosity
It can be seen from Fig. 12 that the solution of the micro-structural boundary value problem

with 16 pores in the RVE exhibits the periodic symmetry. This symmetry is confirmed also by
the BDC results, but it is not the case for homogenized problem of the IF&EC approach
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3.3 Application to plate bending problems

For illustration, we present numerical results for bending of circular plate with a central circu-
lar hole subjected to uniform transversal loading, for which the exact solution is also available
within the Kirchhoff-Love theory [11]. Fig. 13 shows the dependence of the effective Young
modulus and Poisson ratio on the porosity with consideration of two shapes of pores.

1-104 0.40 ~
i ] h
j\\ alb=1 0.38 e
0.8-10% 1 Eeﬁ ________ 1 la////,i?’rzar
] \\ a/b=2 0.36
06-104 4 —a— E ] /Z/

i 0.34
5 5 ]
L 1 > ] /)Z///
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0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
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Fig. 13 The effective Young modulus and Poisson ratio vs porosity for circular pores (a/b=1)
and elliptic pores (a/b=2)

From Fig. 14, we can see a strong influence of the porosity on deflections of the plate.
The influence of the shape of pores on deflection can be seen from Fig. 15.
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Fig. 14 The radial distribution of deflections in circular plates with various values of porosity
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Fig. 15 Comparison of deflections in porous plates with two shapes of pores

It can be seen from Fig. 16 that the dependence of the maximal deflections on the porosity is
nonlinear. It can be seen that the dependence is more expressive for thick plates. For thin plate
(r, =50h) all three theories give almost the same results, for the medium thickness (r =10h)
there is coincidence only between the FSDPT (1% order shear deformation plate theory) and
the TSDPT (3" order shear deformation plate theory), and finally for the thick plate (r,=5h)
a deviation can be seen even between the FSDPT and TSDPT results. The differences be-
tween the results by various theories are increasing with increasing the porosity.
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Fig. 16 Dependence of maximal deflections on the porosity

4 CONCLUSIONS

The homogenization of linear elastic media with empty pores is developed on the base of
solution of micro-structural boundary value problems. In the case of uniformly distributed
simple shape pores, such as circular and elliptic pores, we derived analytical formulae for
compliances and/or stiffness coefficients of homogenized effective continuum. For the case of
pores of arbitrary shape, we proposed two approaches for evaluation of material coefficients
for effective homogenized continuum utilizing the solution of 3 appropriately selected bound-
ary value problems. If the pores are uniformly distributed in the macrostructure, it is sufficient
to select the RVE with one pore only. Various aspects of evaluation of effective coefficients
are discussed in section devoted to numerical experiments. Finally, the obtained results for
homogenization of porous media have been applied to study the influence of porosity on
bending of elastic porous plates.
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