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Abstract. The paper deals with the seismic reliability of base-isolated structural systems 

equipped with friction pendulum isolators (FPS) in order to provide useful design recommen-

dations. A two-degree-of-freedom model is adopted by accounting for the superstructure flex-

ibility, whereas the FPS isolator behaviour is described by adopting a widespread model 

which considers the variation of the friction coefficient with the velocity. The spectral dis-

placement corresponding to the isolated period has been chosen as intensity measure (IM). 

The uncertainty in the seismic inputs as well as the friction coefficient at large velocity are 

considered as random variables modeled through appropriate probability density functions. 

Monte Carlo simulations are developed in order to evaluate the probabilities exceeding dif-

ferent limit states related to both superstructure and isolation level defining the seismic fra-

gility curves. Finally, considering the seismic hazard curve related to an Italian site, closed-

form expressions are derived with the aim to design the radius in plan of the friction pendu-

lum isolators in function of the expected reliability level.  
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1 INTRODUCTION 

In the last decades, isolation systems have emerged as a very effective technique for the 

seismic protection of building frames [1], which, even if designed according to the most ad-

vanced codes, could suffer severe damages under strong earthquake events [2]. Among the 

base isolation devices currently employed for seismic isolation, friction pendulum system 

(FPS) isolators present some advantages, mainly related to their capability of providing an 

isolation period independent of the mass of the supported structure, their high dissipation and 

recentering capacity, and their longevity and durability characteristics [3]-[4]. 

Over the years, within the issue of the passive control, many works have developed new 

design strategies and methodologies [5]-[14], as well as other works have been focused on 

probabilistic analyses in structural dynamics, structural reliability methods, and reliability-

based analysis [15]-[17]. Reliability evaluation of base-isolated systems has been presented 

by Chen et al. [18], as well as Monte Carlo simulations have been performed by Fan and Ah-

madi [19] to analyze the stochastic response of sliding isolation systems under random earth-

quake excitations. In Barroso and Winterstein [20], the seismic performance of steel buildings 

isolated with FPS bearings was evaluated by taking into account the variability of both the 

seismic intensity and the record characteristics. Seismic reliability analyses of a 3D system 

isolated by FPS bearings have been carried out in [21]-[22] by accounting for the randomness 

of both the isolator properties (i.e., coefficient of friction) and of the earthquake main charac-

teristics. Performance curves for the isolators and the superstructure have been estimated by 

considering both the vertical and horizontal components of each seismic excitation. This way, 

a reliability criterion has been defined to assist the design of the isolator dimensions in plan 

by considering the effects of the uncertainties relevant to the problem. In [23], the influence of 

FPS bearing properties and of the structural parameters on the seismic performance of base-

isolated structures through the nondimentionalitation of the motion of equations is analyzed 

by providing useful results for seismic reliability analyses. 

This paper deals with the seismic reliability of structural systems equipped with friction 

pendulum isolators (FPS) by presenting the fragility curves related to an extensive parametric 

study encompassing a wide range of building properties, seismic intensity levels and consi-

dering both the friction coefficient and soil characteristics as random variables. The isolated 

system is described by a two-degree-of-freedom (2dof) system in order to take account of the 

superstructure flexibility, and the FPS behavior is described by employing the model devel-

oped by Mokha et al. [4] for which the friction coefficient varies with the velocity. The uncer-

tainty in the seismic inputs is taken into account by considering a set of artificial records [24], 

obtained through the power spectral density method [25], with different characteristics de-

pending on soil dynamic parameters [26]-[27], and scaled to increasing intensity levels. In-

cremental dynamic analyses are developed in order to evaluate the probabilities exceeding 

different limit states related to both superstructure and isolation level through an extensive 

parametric study carried out for different structural properties. The estimates of the response 

statistics obtained are used for deriving seismic fragility curves of both the superstructure and 

isolation level assuming different values of the corresponding limit states. The seismic fragili-

ty curves are useful to evaluate the seismic reliability of base-isolated systems equipped with 

FPS, within the PEER-like modular approach [28]. In fact, in the final part of the work, con-

sidering the seismic hazard curve related to L’Aquila site (Italy), as provided by NTC08 [29], 

regarding a structural system isolated by FP bearings with a design life of 50 years, reliability-

based abacuses are derived with the aim to design the radius in plan of the FP isolators in 

function of the structural properties and reliability level expected.  
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2 SYSTEM DESCRIPTION AND EQUATION OF MOTION 

The equation of motion governing the response of a single-degree-of-freedom (SDOF) sys-

tem on single concave FPS isolation devices to the seismic input  gu t  is:      
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where su  denotes the displacement of the superstructure relative to isolation bearing, bu  the 

isolator displacement relative to the ground, sm  and bm  respectively the mass of the super-

structure and of the basement, sk  and sc  respectively the superstructure stiffness and inherent 

viscous damping constant, bc  the bearing viscous damping constant,  gu t  the ground mo-

tion input, the dot differentiation over time, and where  bf t  denotes the FPS bearing resist-

ing force. This latter can be expressed as: 

         b b b b bf t k u t u m m gZ t  +   (2) 

where 
  /b s bk m m g R 

, g  is the gravity constant, R is the radius of curvature of the FPS, 

  bu t  the coefficient of sliding friction, which depends on the bearing slip velocity  bu t , 

and    sgn bZ t u , where sgn(∙) is the sign function. 
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Figure 1: 2dof model of building isolated with FPS. 

Experimental results [4],[30]-[31], suggest that the coefficient of sliding friction of Teflon-

steel interfaces obeys to the following equation: 

    max expb bu f Df u       (3) 

in which maxf  represents the maximum value of friction coefficient attained at large velocities 

of sliding, min maxf f Df   represents the value at zero velocity.  

In order to generalize the problem and unveil the characteristic parameters controlling the 

seismic behaviour of the system, the equation of motion can be reduced to a non-dimensional 

form. By dividing Eqn.(1a) by sm , and Eqn.(1b) by bm , Eqn.(1) can be rewritten as: 
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where the parameters s  and s  denote the superstructure circular frequency and damping 

factor, whereas the parameters 
 

b
b

s b

k g

m m R
  


 and b  denote the fundamental circu-

lar frequency and damping factor for a rigid mass  s bm m  on a linear frictionless isolator of 

stiffness bk  and viscous damping constant bc . The fundamental period of vibration of the 

base-isolated system, 2 /b bT   , corresponding to the pendulum component, results to be 

independent of the superstructure mass and related only to the radius of curvature of the 

spherical surface R. After introducing the mass ratio 
 

s

s b

m

m m
 


 [32], Eqn.(4) can be re-

written as: 
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  (5)    

3 SEISMIC RELIABILITY OF STRUCTURES WITH FPS: RANDOM 

VARIABLES 

Seismic reliability assessment of a building structure, according to the structural perfor-

mance (SP) evaluation method [21],[33], is based on the coupling between structural perfor-

mance levels [34] and associated exceeding probabilities during its design life [35]. 

Coherently with the PEER-like modular approach [28] and performance-based earthquake 

engineering (PBEE) approach [36], the uncertainties related to the seismic input intensity are 

separated from those related to the characteristics of the record (record-to-record variability) 

by introducing a scale factor, i.e., an intensity measure (IM). The approach is based on calcu-

lating the probabilities of exceeding different limit state thresholds, properly defined, given 

different values of the intensity measure with the aim to define the fragility curves of the sys-

tems. Afterward, the abovementioned fragility curves integrated with the seismic hazard 

curve, expressed in terms of the same IM, related to a reference site, lead to the mean annual 

rates of exceeding the limit states. Using a Poisson distribution, it is possible to transform the 

mean annual rates of exceeding the limit states into probabilities of exceedance in the time 

frame of interest (e.g., 50 years).  

The aim of this work consists of evaluating the seismic reliability of structural systems 

equipped with friction pendulum isolators (FPS) through an extensive parametric study en-

compassing a wide range of building properties, different seismic intensity levels and consi-
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dering both the friction coefficient and earthquake characteristics as random variables. With 

reference to the uncertainty in the seismic inputs, it is taken into account by considering a set 

of artificial records, obtained through the power spectral density (PSD) method [25]. Regard-

ing the uncertainty of the friction coefficient at large velocity of the FP devices, another ap-

propriate uniform probability density functions (PDF) is employed. 

3.1   Non-Stationary stochastic processes: Power Spectral Density (PSD) method  

In order to evaluate the record-to-record variability of the structural system response, sev-

eral artificial earthquake excitations have been considered. In particular, if the evolution of the 

frequency with the time can be neglected, each earthquake excitation can be modeled as a 

Gaussian stationary process with mean value equal to zero and two-sided power spectral den-

sity (PSD) function ( )ffS  . It follows that the stochastic process ( )f t  can be simulated by the 

following series as N : 

 

1

0

( ) 2 cos( )
N

n n n

n

f t A t




    (6) 

where 1/2(2 ( ) )n ff nA S    ,   nn  for 10  Nn  , Nu /  , having assumed 

0 2 / =31.25sT     (NTC08) and sradu /50 , 1210 ,......,,,  N  are independent 

random phase angles distributed uniformly over the interval [0,2]. A sample function )()( tf i  

of the simulated stochastic process )(tf  can be obtained by replacing the sequence of random 

phase angles 1210 ,......,,,  N  with their respective i-th realizations 
i

N

iii

1210 ,.....,,,  , sampled through Monte Carlo simulations: 
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In this study, 100 sequence of random phase angles are sampled through Monte Carlo si-

mulations in order to generate 100 input accelorometric signals. The power spectral density 

function (PSD) of the embedded stationary process is described by the widely-used Kanai and 

Tajimi [37]-[38], modified according to Clough and Penzien [39], which applies: 
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Figure 2: PSD function corresponding to Medium Soil condition. 
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In the following parametric study, with the aim to assume the uncertainty related to earth-

quake characteristics in terms of soil dynamics parameters corresponding to Medium Soil 

condition according to EC8 [40], g  and g  are modeled as random variables uniformly dis-

tributed, respectively, in the intervals [3,5] (rad/sec) and [40%,60%] [26]-[27], and sam-

pled through Monte Carlo simulations. In Figure 2, the PSD function related to medium Soil 

with the sampled values of g  and g  equal respectively to 3 and 40% is represented. In 

order to obtain non-stationary stochastic processes, a time-modulating function proposed by 

[41], as shown in Figure 3, is adopted.  
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Figure 3: Time-modulating function [41]. 

3.2   Uncertainty of the friction coefficient  

As regard to the friction coefficient, the experimental data, developed by [4],[30]-[31] on 

sheet type Teflon bearings, have pointed out that friction is a complex phenomenon, not com-

plying with the Coulomb friction law and that several mechanisms contribute to its variability. 

In this study, a uniform density probability function (PDF), ranging from 3% to 12%, has 

been assumed to model the sliding friction at large velocity as random variable fmax. For the 

generation of the sampled values of the friction coefficient fmax, within the stratified sampling 

techniques to develop Monte Carlo simulations, the Latin Hypercube Sampling (LHS) method 

[42]-[43] has been used. In particular, in the following parametric study, 20 sampled values (j 

= 20) of the random variable fmax are employed and assuming a ratio fmax/fmin equal to3, based 

on regression of experimental results, whereas the exponent of Eqn.(3) equal to 30 [4],[30]-

[31]. 

4 PARAMETRIC STUDY:INCREMENTAL DINAMIC ANALYSIS RESULTS  

Seismic reliability assessment of the equivalent base-isolated systems is based on develop-

ing incremental dynamic analyses (IDA) [44]. 

4.1   Intensity measure (IM): spectral displacement 

In general, the IM's choice should be driven by criteria of efficiency, sufficiency, and ha-

zard computability [45]. In this study, the spectral displacement, ),( bbD TS  , at the isolated 

period of the system, 2 /b bT   , and for the damping ratio b , is assumed as intensity 

measure. In the analyses carried out in this study, the damping ratio b  is taken equal to zero, 
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consistently with [46]. The corresponding IM, hereinafter denoted as  D bS T , in the IDA is 

assumed ranging from 0m to 0.5m. 

4.2   Structural parameters and incremental dynamic analysis (IDA) results  

The incremental dynamic analysis (IDA) is developed through an extensive parametric 

study encompassing a wide range of base-isolated building properties according to Eqn.(5). 

The parameters b and s are assumed respectively equal to 0% and 2%,  equal to 0.7, the 

radius R of the FPS equal to 1m and 4m, the fixed-base system period sT  is considered vary-

ing between 0.3s and 1.5s. It follows that the isolation degree [47], ranges from 1.3 (flexible 

superstructure) to 13.3 (rigid superstructure).  

The response parameters su  and bu  are adopted as the engineering demand parameters 

(EDP). It follows that a set of samples is obtained for each output variable (EDP) representing 

the response variability. In this paper, the response parameters are assumed to follow a log-

normal distribution according to [21]-[46]. A lognormal distribution can be fitted to the both 

response parameters (i.e., the extreme values of the EDPs), by estimating the sample lognor-

mal mean,  ln EDP , and the sample lognormal standard deviation  ln EDP , through the 

maximum likelihood estimation method.  

In the hypothesis of regular buildings, the Eqn. (9), according to [29], is assumed as rela-

tionship between the fixed-base building period and its height H, and is employed to estimate 

the height H as the integer multiple of the inter-storey height assumed equal to h=3m and, so, 

the corresponding total number of floors Nf.  

 

3

40.075sT H   (9) 

For each 2 /s sT   , assuming the building floor mass equal to ms,i = 1000 kNs
2
/m, for 

i=1…Nf, it is possible to determinate the floor stiffness and vector 1Φ  containing the floor 

displacements of the first mode of the fixed-base structure normalized to the top floor dis-

placement. The base mass mb is assigned in order to respect the mass ratio   [32]: 

 
2

1 1

,

1

f

s

N

s i b

i

M

m m










  (10) 

where 1  and 1sM  represent respectively the participation factor and modal mass of the fun-

damental mode of the fixed-base structure. It follows that the maximum absolute inter-story 

drift of the 1
st
 floor can be evaluated as ,1,max 1 11 ,maxs su u  , and this response parameter, di-

vided by the inter-storey height assumed equal to h=3m, corresponds to the overall maximum 

interstorey drift index (IDI) experienced over the different stories that controls the perfor-

mance of the superstructure and can be assumed as EDP. 

Fig.s 4-5 illustrate the IDA results regarding both the superstructure response in terms of 

IDI and the isolation level response bu  obtained for different values of the system parameters 

varying in the range of interest. Each figure contains several surface plots, corresponding to 

different values of percentile (50
th

, 84
th

 and 16
th

).  Fig. 4 shows the IDA results regarding the 

superstructure response. The lognormal mean and dispersion decrease for higher values of Tb 

and lower values of Ts (high value of the isolation degree). Fig. 5 shows the IDA results re-
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garding the isolation level response bu . The lognormal mean and dispersion also decrease for 

higher values of Tb (high value of the isolation degree) and for lower values of Ts.  
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Figure 4: IDA curves of the superstructure 1st floor with =0.7, for R=1m (a) and R=4m(b). 
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Figure 5: IDA curves of the isolation level with =0.7, for R=1m (a) and R=4m (b). 

5 SEISMIC FRAGILITY OF STRUCTURES WITH FP DEVICES  

This section describes the evaluation of the probabilities pf exceeding different limit states 

related to both the superstructure and the isolation level at each value of the IM defining the 

corresponding seismic fragility curves. 

With reference to performance levels of the superstructure, four discrete performance le-

vels or limit states (LS1,LS2,LS3,LS4), corresponding respectively to “fully operational”, “op-

erational”, “life safety” and “collapse prevention” are provided from [34]. The performance 

limit states for base-isolated buildings, in accordance to provisions [48], have been defined by 

limiting the response of the lateral-load-resisting superstructure system, IDI limits, to a frac-

tion of the limits provided for designing comparable fixed-base buildings [33].  

 

 LS1 fully operational LS2 operational 

Inter-story drift (ISD) index 0.1% 0.2% 

pf (50 years) 5.0·10
-1

 1.6·10
-1

 

Table 1: Limit state thresholds for the superstructure [33]-[48]. 
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In Table 1, the LS1 and LS2 thresholds assumed for the seismic fragility of the superstruc-

ture as well as the corresponding failure probabilities in a design life of 50 years are reported 

depending on the limit state. At each value of the intensity measure IM, the probabilities pf 

exceeding different limit states related to the superstructure have been numerically computed 

for each considered combination of the superstructure/isolation level properties, as shown in 

Fig.s 6-7.  
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Figure 6: Seismic fragility curves of the superstructure 1st floor related to LS1, for R=1m (a), R=4m (b). 
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Figure 7: Seismic fragility curves of the superstructure 1st floor related to LS2, for R=1m (a), R=4m (b). 

 

With reference to the performance levels of the isolation system, several different values 

for the plan dimension of the isolator (i.e. radius in plan of the concave surface), are consi-

dered. In Table 2, the limit state thresholds assumed for the seismic fragility of the FPS isola-

tion level are reported.  

 

 LS1 LS2 LS3 LS4 LS5 LS6 LS7 LS8 LS9 

Maximum relative displacement [m] 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

Table 2: Limit state thresholds for the isolation level. 

Similarly, at each value of the IM, the probabilities pf exceeding different limit states re-

lated to the isolation level have been numerically computed for each combination of the struc-

tural properties. Afterward, the abovementioned exceeding probabilities pf have been fitted by 

a lognormal distribution. Fig.s 8-9 show the fragility curves regarding the isolation level for 

three values of Ts (0.3s, 0.9s and 1.5s) and two different values of the limit state thresholds: 

LS5-LS9. The seismic fragility of the isolation level increases for higher values of Ts. 
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Figure 8: Seismic fragility curves of the isolation level related to LS5, for R=1m (a), R=4m (b). 
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Figure 9: Seismic fragility curves of the isolation level related to LS9, for R=1m (a), R=4m (b). 

6 SEISMIC RELIABILITY OF STRUCTURES WITH FP DEVICES  

Considering L’Aquila site as the reference site, in Figure 10 the seismic hazard curves, ex-

pressed in terms of the same IM=  D bS T , related to the different isolated periods analyzed in 

the parametric study are plotted according to NTC08. Each curve represents the average val-

ues of the annual rate  of exceeding the IM=  D bS T  level. 
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Figure 10:  Seismic hazard curves related to the different isolated periods Tb for a site near L’Aquila (Italy). 

Integrating the fragility curves related to the superstructure with the seismic hazard curves 

and using a Poisson distribution, it is possible to evaluate the seismic reliability of the super-

structure in the time frame of interest (50 years) for different values of the superstructure 

properties and having assumed the friction coefficient and soil dynamic parameters as random 
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variables. The seismic reliability of the superstructure increases for low values of Ts (high 

values of the isolation degree), as shown in Figure 11. The results are consistent with those 

discussed by [21]. 
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Figure 11:  Seismic reliability curves  of the superstructure 1st floor for R=1m (a), R=4m (b). 

The seismic reliability of the isolation level decreases as R increases and slightly depends 

on the values of Ts (Fig. 12).  Since the isolation level is not strongly influenced by the higher 

modes of the superstructure, the derived reliability-based abacuses are useful to design FP 

bearing devices depending on the properties of the superstructure and the expected reliability 

level in an area with a seismic hazard similar to that considered. In fact, an exceeding proba-

bility of pf=1.5∙10
-3

 (related to collapse limit state,  =3 in 50 years) is achieved through a ra-

dius in plan r ranging from about 0.2 m to about 0.4 m depending on system properties. The 

results are consistent with the monovariate structural performance curves in [21]. 
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Figure 12:  Seismic reliability curves of the isolation level for R=1m (a), R=4m (b). 

7 CONCLUSIONS 

This paper deals with the seismic reliability of structural systems equipped with friction 

pendulum isolators (FPS) by presenting the fragility curves related to an extensive parametric 

study encompassing a wide range of building properties, different seismic intensity levels and 

considering both the friction coefficient and earthquake characteristics as random variables. 

The uncertainty in the seismic inputs is taken into account by considering a set of artificial 

records, obtained through the power spectral density method, with different characteristics 

depending on soil dynamic parameters. IDA are developed to evaluate the probabilities ex-

ceeding different limit states related to both superstructure and isolation level for different 

structural system properties. The estimates of the response statistics are used for deriving 
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seismic fragility curves for the superstructure and the isolation level assuming different values 

of the corresponding limit states. In the final part, considering the seismic hazard curve re-

lated to a site near to L’Aquila (Italy), according to NTC08, and regarding a structure isolated 

by FPS with a design life of 50 years, reliability-based abacuses are derived with the aim to 

design the radius in plan of the friction pendulum isolators.     
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