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Abstract. We present a work realized in the framework of the R&D program on the Hy-
drogen combustion of the I3P Project "accidents graves parc actuel”. It is a sequel to recent
publications (Tang et al., 2014) where high-order and low diffusive approaches (e.g. a multi-
dimensional anti-diffusive approach) and an original Upwind Downwind-Controlled Splitting
method (UDCS) were combined with the 1D and multi-dimensional formulations of DEM (Dis-
crete Equation Method, Abgrall and Saurel 2003) and RDEM (Reactive Discrete Equation
Method, Le Metayer et al., 2005).

On one hand, the UDCS limited second-order method has already been combined with the
explicit two-step Runge-Kutta scheme for time discretization and represents a significant im-
provement of the previous limited second-order RDEM approach in terms of robustness (it is
now implemented in the fast dynamic fluid-structure interaction code EUROPLEXUS to com-
pute reacting flows in 3D large geometries like the containment of a nuclear power plant).

On the other hand, as observed on the final 2D combustion problem presented in (Tang et al.,
2014), it was necessary to improve the approach used to compute the normal vector at the flame
interface so as to avoid that the computation of this normal spoils the accuracy improvement
brought by the anti-diffusive UDCS/RDEM.

In this work a modification of the anti-diffusive approach has been realized using a hyper-
bolic tangent approximation of the phase function (or color function) to correctly compute its
gradient and then normals to the flame interface. On one hand, numerical experiments have
shown that this approach is more accurate than the limited second-order method. On the other
hand, the problem of flame wrinkling (which also affects the limited second-order method) is not
completely solved (as expected since numerical diffusion of the new approach is less important
than in the limited second-order method), but it can be reduced if gradients are computed not
directly to the phase function but on a field obtained by solving a diffusion problem having the
phase function as initial condition.
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1 Introduction

This work is a sequel to recent publications [1, 2, 3, 4] where high-order and low diffusive ap-
proaches (e.g. a multi-dimensional anti-diffusive approach) and an original Upwind Downwind-
Controlled Splitting method (UDCS) were combined with the 1D and multi-dimensional for-
mulations of DEM [5] and RDEM [6, 7]. First, the method was successfully developed in
1D for computing inert interfaces (e.g. impermeable water-gas shock tube problem) and flame
interfaces (e.g. Chapman-Jouguet deflagration and strong detonation wave) with excellent ro-
bustness and accuracy properties. Secondly, it has been successfully extended to the multi-
dimensional case for the modeling of multi-fluid flows on unstructured grids.

The limited second-order UDCS method has already been combined with the explicit two-
step Runge-Kutta scheme for time discretization. This allow us to work with large enough CFL
numbers when using a limited second-order reconstruction on all primitive variables (achieving
guasi second-order accuracy in space and time). As shown in [4], this approach represents a
significant improvement of the classical second-order RDEM approach in terms of robustness
and is now implemented in the fast dynamic fluid-structure interaction code EUROPLEXUS [8]
to compute reacting flows in 3D large geometries (e.g. the containment of a nuclear power
plant). Details can be found in [9, 10, 11].

As shown in [3, 4], the anti-diffusive UDCS is much more accurate than the limited second-
order UDCS. For instance, when computing a 1D flame acceleration with the latter approach,
the flame region can become too large, thus weakening the precursor shock wave. On the oppo-
site the anti-diffusive UDCS method keeps the flame region over one or two cells, thus avoiding
the weakening of the precursor shock wave; however, in multi-dimensional computation, since
the flame region is crisped, it is impossible to define a normal to the flame surface. For this
reason we propose here a new approach, in which the the flame region is diffused over a region
of fixed width; this is obtained by using the properties of the hyperbolic tangent function (tanh)
to decide whether to add numerical diffusion to the antidiffusive approach. We point out that
the idea of using an hyperbolic tangent function to represent a color function (or a phase func-
tion) has already been used in the THINC (tangent of hyperbola interface capturing) scheme of
Xiao and coworkers, presented for the first time in [12]; some improvements on Cartesian grids
are proposed in [13, 14, 15]; and extensions to unstructured meshes can be found in [16, 17].
However our approach, which is also devoted for computation in unstructured meshes, is quite
different and does not require the reconstruction of tahn: the smoothing of the color function is
obtained by adding numerical diffusion to the antidiffusive approach when necessary.

2 Numerical approach

This section is organized as follows. First of all we briefly introduce the hyperbolic tangent
(Section 2.1). Since the smoothing of the color function is obtained by the modification of the
anti-diffusive approach, for the sake of simplicity we first present the anti-diffusive approach
of Lagoutiere [18] and its tanh modification in 1D, in the particular case of monotone color
function (respectively in Section 2.2 and Section 2.3). Then we present the 1D general case in
Section 2.4. Finally Section 2.5 is devoted to the multi-dimensional case.
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2.1 The hyperbolic tangent and the smoothed color function
The hyperbolic tangentinh(z /1), with

o)~ 2205

(exp (z) — exp (—7))
(exp (x) 4 exp (—x))’

N[N =

can be considered as a smoothed Heaviside function varying-frote 1. As shown in Fig-
ure 1, it coincides with the Heaviside functionl/as> 0, [ being a length scale which determines
the smoothness of the function.

A smoothed color function, a,,;, < o < ana €an be described by the function

1 1
«Q ('ra l7 Qmin, arnax) = iOémin (1 — tanh (%)) + Qamax (1 -+ tanh (%))

Qmin + Qmax Qmax — Omin ¢ h (J;>
2 2
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The reciprocal function of the color functiari¢) is

1 ¢ _ Qmint®max
z(¢p) =1 tanh™ (—amx_ofm ) y Qmin < ¢ < Qax-
2

Figure 2 represents the color functian(equation (1)) in the particular casg,;,, = 0.1,
amax = 0.9 (I = 1andl = 0.1).

2.2 The 1D anti-diffusive approach for a monotone color function

Let us illustrate form a qualitative point of view how the anti-diffusive approach works on
the equation
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Figure 1: The hyperbolic tangetitnh(z/1).

1674



A. Beccantini

with D > 0 and o« monotone decreasing function

(see for instance Figure3). With a conservative finite volume discretisation explicit in time we

can write in the-th cell
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a; being value inside theth cell anda; 1 /- intercell values (see Figure 4).
According to the monotone condition for we suppose; | > o] > o}, ;.
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Figure 2: The color function (1) whemy;, = 0.1, apmax = 0.9 (I = 1 andl = 0.1).
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Figure 3: Example of translation of a monotone decreasingr dalection «(z) with speedl, namely plot of
alz —t)witht = 0andt = 2.
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The choice of the intercell value;, ; , depends on the approach we use.

e o, = o corresponds to thepwind scheme(the speed D being positive), first order
accurate and conditionally stable, which diffuses the Heaviside function.

* oy, = iy, corresponds to thdownwind scheme first order accurate and uncondi-
tionally unstable, which “anti-diffuses” the Heaviside function.

e The purpose of theontrolled anti-diffusive schemeis the combination of both ap-
proaches to prevent the diffusion of the Heaviside function. We lookfor, such
that
a?+1/2 € (a1, o)
More in particular we look for the closest value to the downwind one which does not cre-
ate a new extremum, namelye look for the minimum value of o', , ,, which provides

the maximum value of o™ with
att < M = max (oz?, oz?_l) =al . (3)

)

From equation (2) we can write

Yir1/2 = Y12 T HAy (O‘z’ - O‘z’) :

In order to avoid a condition which couples all the intercell faces, we take;fqr, its most

conservative value, the one which maximizés™, namely we suppose thaf', , = M. It
follows that condition (3) is satisfied i}’ , , > b;" with

A
o= M — —— (M —al)
DAt (@)
n Ax n n
<ot (B o -

independently from the choice of? , , (indeed we have supposed that it assumes its worst
value for condition (3)).
b} is lower than the upwind valuey') providing that a CFL condition is respected. At the end
we choose

O‘?+1/2 = max(aj, b))
In this waya},, », € (o, a); namely its value is between the upwind and is the closest to
the downwind one which does not create new extrema.

From a mathematical point of view one can show that using this scheme the 1D solution of
Heaviside function presents zero, one or two intermediate regions at each time step, i.e. as the
time increases the solution is not numerically diffused.

| i-1 | i | i+1 X
\ \ o \
i-1/2 i+1/2

Figure 4: Conservative finite volume discretisatianaxis. Indexes — 1, ¢, ¢ + 1 refer to cell value. Indexes
i —1/2,andi + 1/2 refer to intercell values.
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2.3 The tanh modification for a monotone color function
Asin Section 2.2, we present the approach in the case

and aj, > of > ajy,.
We suppose that in theth cell the color function has the shape

1 1
Qltanh (I‘ - xz) = 5 - 5 tanh < Axl

where Az; is the cell dimensiong is a parameter which controls the steepness;gf, (the
characteristic lengthis Az;/3), z; is a parameter we have to determine. Instead of using a
condition over the integral, as in the THINC approach, we prefer considering a condition over
the value. Namely we compuig such that

Olganh (0) - 05?

#; =tanh™' (1 — 2a7), 0<al <1

Once determined;, sincef is given, we increase the numerical diffusion of the anti-diffusive
approach by imposing a constraint on the downwind-closest valugj%, namely we require
that

05?4_1/2 > atarlll(xi+l/2 - xl) (5)
————
0.5Az

We define N
by = max(a}, 1, Qann(0.5A2))

and we want now that

a?+1/2 S (b?,oz?)

. . . . 1
which is more restrictive than}’, , , € (o], a}).

(3 K3

Finally, conditions (4) and (5) are satisfied if

Olyjg = max (b7, b).

whereb! is defined via equation (4).
The following properties hold.

° Sinceb? > o*!, the scheme is more diffusive than the anti-diffusive approach presented
in Section 2.2.

e If the tanh restriction is not so important (i.@.n(0.5A7) < a1, which implies
br = o), the scheme degenerates to the anti-diffusive approach.
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2.4 The tanh modification in the 1D general case
First of all, let us present the general formula for the anti-diffusive scheme. We define

n __ ] n n
m; = min (%-1» a; )

n __ n n
M = max (ozi_l, ozl-) .

We suppose that speefls ;> > 0, D;;1/2 > 0.
We want to find intercell boundaries values fosuch that

mi < aftt < My (6)
miyy < gy < M, (7)
Condition (6) is satisfied if
M > o
D;_y2At
M —
+ Ry~ a)

L

or
n 7
Qi1 > b = o

(8)

n n _ n
Qit1)2 < B! = q

o A& Ty
Diy10AL
D,;_

- (o} —m)
Diy12

It is difficult to show that] < «; < B!'. Then we define

li = max(m] , min(b},])))

L; = min(M, max(B},a;))
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with b;" and B} defined in (8). Sincé; < «; < L;, the value ot} , defined as

Li if azn-‘,—l > LZ',
O‘?+1/2 =q apyy i L >afy, > 1, (9)
l; if l; > Oézn_,’_l

satisfies conditions (6) and (7).

We introduce numerical diffusion when the downwind value is too strong with respect to the
tanh representation of.

o If [a7 , — a?,| < 1073 we do not modify formulae.

o If o} | > o}, (negative centered gradient fa), then

11 —Ti)
Qitanh (I‘ - xz) = 5 - 5 tanh (% + $2>

#; =tanh™' (1 —2a%), 0<al < 1.

)

b:? = max(ay 1, Qann (0.5Az;))
We redefine

my,, = min(o' b

and then we proceed like in classical downwind approach.

l; = max(mj, min(b},})))

L, = min(M; , max(B;',a;"))

(3 3

whereb! and B} are defined via formulae (8).

Finally
Lz’ if O{?_,’_l > LZ',
Ofyrp =4 i ?f Li 2 oy 2 1,
l; if l; > Oézn_,’_l

o If o} | < af,, (positive centered gradient fas), then

1 1 — T N
Qitanh (I‘ - l’l) = 5 + 5 tanh <% — $Z>

#; =tanh™' (1 —2a%), 0<al < 1.

)

B = min(aﬁrl, Qtanh (0-5AT;))

We redefine .
My, = max(af, BY)
and then we proceed like in classical downwind approach.
L= max(mly, min(h}, o))

L; = min(M, max(B},a}))
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whereb" and B} are defined via formulae (8).

Finally
Lz’ if O{;L_,’_l > LZ',
O‘?+1/2 =4 oy ?f Li > oy 2 1,
l; if l; > Oéln_,’_l

At the beginning of this section we have supposed fat, , > 0, D;11, > 0. If we
suppose that speell;,_;,» < 0, D;y1/2 < 0, we proceed in the same manner. Finally, if
Di—1/2-Di+1/2 < 0 or |f Di+1/2 = O, we take the UpWind Value.

2.5 Extension to unstructured grids

The anti-diffusive approach for unstructured meshes we consider here is the one presented
in [4]. Let us describe it from a qualitative point of view (see [4] for detalls).
As shown in Figure 5 in théth cell we have to distinguish between inlet and outlet interfaces,
according to the scalar product of the veloddyand the normal vector pointing outside. At the
outlet interfaces we define

n _ 7 n n
My out,j = min{ o 7az',out,j}?

n _ n o n
Mi,out,j = max{q; 7ai,out,j}7
n — min n
mi,out - Hllnj {mi,out,j}7
n o _ n
Mi,out - Inan{Mi,out,j}?

where indeX'i, out, 7" refers to the neighbor of thieth cell sharing the-th outlet interface.
At the outlet interfaces we compute the quantityp;, ., which is the amount of transmitted
in the upwind case from theth cell to the neighbors sharing outlet interfaces. We also define
the so-called downwind factor, which is the fraction®fip}, , retained inside théth cell. A
downwind factor equal to 0 means thaup', ; is totally transmitted to its neighbors while a

downwind factor equal to 1 means thatalip?, is totally kept inside the-th cell.
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Figure 5: Two dimensional finite volume cell. Illustration for numerical resolution of the transport equatien for
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As in the 1D case, the tanh modification of the anti-diffusiiessne introduces a constraint
to the downwind factor. First of all, we compute

B Vﬁa
Val

n=

71 is directed versus the region of decreasind hen we suppose that, in the same direction as
1, a has the shape

1 1 Bs -
Qann (8) = 373 tanh (Ami + L) (10)

wheres is the curvilinear abscissa starting from the center of the cell and
#; = tanh ™! (1 — 2a7).

We also define
Smax = ,nlax(|ri,j : Il|),
j€face

e If Aup},,; > 0, the function,,;,(s) (whichis 1 ats = —oo and0 ats = +oc) is moving
in the same direction as (namely versus positive value gf. As in 1D, we enforce that

the tanh modification should limit the valueof! ;. We know that

Qitanh (Smax> < Oé?-

We Compute
b? = max (Oltanh (Smax) 7mZout)
We define z
*n Oéln - b?
Ay = on_oon
a; mi,out

and we enforce that the downwind factor cannot be larger than

o If Aup,; < 0, the functiona ., (s) (Which is 1 ats = —oo and0 ats = +o0) is
moving versus the negative value ©f As in 1D, we enforce that the tanh modification

should limit the value of\/™ .. We know that

7,out”

atanll (_Slnax) > Oé?

We Compute 5
BVZ” = min (atanh (_Smax) 7Mirfout)
We define x
~n B — o
M a;'

iout Y

and we enforce that the downwind factor cannot be larger than

Concluding, the principle of the approach is the same as in the 1D case: we introduce a
constraint which involves a space scal® increase the numerical diffusion when the space
scale in the-cell at timet™ is lower than.
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3 Numerical results

We have computed several test cases with the new approaches, which are not presented here.
For instance we have verified that both approaches degenerate to the upwinddaeads to
zero ( = Ax/f tends to infinity). Similarly, both approaches degenerate to the anti-diffusive
one ass tends to infinity { = Ax/f tends to zero).

The first test case we present here is the propagation of a reactive shock wave. It is a good
example to see the behavior of the different approaches.

The second test case is the Chapman-Jouguet deflagration shock tube previously proposed
in [7]. This test case is interesting because it allows observing how the poor accuracy on the
flame region can affect the accuracy on the flame-generated shock wave. Here we show that the
the anti-diffusive approach with tanh modification gives results more accurate that the classical
limited second order approach. In particular the number of intermediate cells does not increase
with time for the former.

The third test case is a non-reactive test case and consists in the expansion of a cylindrical
high-pressure region. It confirms that even in multi-dimensional computations the different
approaches behave in the same manner as in 1D computations. In particular the anti-diffusive
approach with tanh modification shows to be more accurate than the one involving the Barth-
Jespersen reconstruction.

3.1 Moving reactive shock wave

We compute a moving reactive shock wave for a stoichiometric mixture of hydrogen-air. For
the unburnt mixture

(p,v, P) = (1.069100549993681, 545.2, 139000.0)
Sl units. For the burnt mixture
(p,v, P) = (0.1468254285125072, 829.1210885558426, 125279.9833247705)

Sl units. The fundamental speed of the shockiis= 45.2 m/s, which gives a visible speed
of D = (545.2 — 45.2) = 500 m/s. Specific heats are computed as fourth degree polynomial
regressions of JANAF data.

Let us now investigate the behavior of different approaches (the anti-diffusive ones with tanh
presents = 0.5). We take a mesh < = < 20 m with 100 cells, a CFL equal to 0.5 and we
suppose that at the beginning the reactive shock:is=#n10 m.

In Figure 6 we represent the volume fraction of the burnt gas#istained using the classical
first order upwind (top) and the minmod limited second-order reconstruction (bottom). As ex-
pected the result obtained with the former approach is less accurate than the one obtained with
the latter one. However in both approaches the number of intermediate regions increases with
time.

In Figure 7 we represent the volume fraction of the burnt gasebtained using the anti-
diffusive approach (top) the anti-diffusive approach with tanh modification. As one can see,
the anti-diffusive approach presents only one intermediate region while the other one presents a
number of intermediate regions (10) which does not vary with time (as expected).
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Figure 6: Propagation of a moving reactive shock wavevolume fraction of the burnt gases. On the top, first
order upwind scheme. On the bottom, minmod limited second-order reconstruction
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Figure 7: Propagation of a moving reactive shock wawevolume fraction of the burnt gases. On the bottom,
anti-diffusive approach with tanh modification (case 2, limitation on the downwind-closest value).
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3.2 Chapman-Jouguet deflagration shock tube

Let us consider the Chapman-Jouguet deflagration shock tube previously proposed in [7].
The 20 meter long shock tube involves on the righttf < = < 10 m) a stoichiometric mix-
ture of hydrogen-air, with pressure and temperature equiabid bar and290 K respectively.
On the left 10 m < z < 0 m), the burnt gas (due to the complete combustion of the stoi-
chiometric mixture of hydrogen-air) is found with pressure and temperature ecual fobar
and2800 K. The specific heats are computed as fourth degree polynomials of the temperature,
obtained by interpolating data in JANAF tables. For the modeling and numerical reasons al-
ready explained in [5], the right part contains a very small volume of burnt gas (volume fraction
is e = 107%) and the left part contains a very small volume of unburnt gas (volume fraction
ise = 107%). The gases are initially at rest and the fundamental flame speed is set equal to
200 m/s.

Let us now investigate the behavior of different approaches (the anti-diffusive one with tanh
modification present = 0.5). We take 1000 cells and a CFL equal to 0.75; second-order
in time is achieved using an explicit Runge-Kutta scheme and we perform a minmod lim-
ited second-order reconstruction on primitive variables. Different approaches are tested on the
volume fraction: minmod limited second-order reconstruction, anti-diffusive approach, anti-
diffusive approach with tanh modification.

In Figure 8 we represent the burnt gas volume fractias function ofr at different times.
As usual, the minmod limited second-order reconstructiam génerates a numerical diffusion
region dimension which increases with time. The anti-diffusive approach generates one
intermediate region only. Finally the anti-diffusive approach with tanh modification generates
a numerical diffusion region with about 10 cells which does not increase with time.
In Figure 9 we present the computed pressure close to the reactive front. As usual the anti-
diffusive approach gives the most accurate results but the anti-diffusive approach with tanh
modification also gives a correct representation of the flame region thanks to the fact that the
numerical diffusion region does not increase with time.

3.3 2D Expansion of a cylindrical high-pressure high-density region

We have a quadrangular domain with 121x121 element with= 1 (non-dimensional
units), namely-60.5 < x < 60.5, —60.5 < y < 60.5. At the center we have a cylinder with
r = 6 and we suppose that in the elements having their center inside this cylinder we have
P =10%andp = 1.4 - 10? (and color function equal to 1). Outside we hdve- 1 andp = 1.4
(and color function equal to 0). We suppose that we are dealing with a calorically perfect gas,
with v = 1.4.

Computations are realized with EUROPLEXUS using the DEMS material [8], the Euler
explicit scheme for time integration, CFL = 0.25 and four different approaches:

¢ the upwind approach;
e UDCS combined with the Barth-Jespersen (limited second-order) reconstruction;
e UDCS combined with anti-diffusive approach;

e UDCS combined with anti-diffusive approach with tanh modification.

Because of the high-density high-pressure region, the cylindrical region expands in the low-
density low-pressure region. In Figure 10 we represent the color funatiant = 1 and at
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Figure 8: Chapman-Jouguet deflagration shock tube. Volume fraction of the burntegasesinction ofx (Sl
units). On the top, minmod limited second-order reconstruction.o@n the center anti-diffusive approachan
On the bottom, anti-diffusive approach with tanh modificatiormqfthe whole domain is -10 i€ z < 10 m).
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Figure 9: Chapman-Jouguet deflagration shock tube. Pregsasefunction ofr (Sl units). On the top, minmod
limited second-order reconstruction @anOn the center anti-diffusive approach@nOn the bottom, anti-diffusive
approach with tanh modification en(the whole domain is -10 i = < 10 m).
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t = 10 obtained with the anti-diffusive approach.

Figure 10: Expansion of a cylindrical high-pressure highsitymegion. Anti-diffusive approachw at¢ = 1 (top)
and att = 10 (bottom).
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In Figure 11 we represent the solution on the cell centersyth0 (the curvilinear abscissa
involving centers begins at = 0 and ends at = 120). As one can see, for the anti-diffusive
approach we have only one or two intermediate zones betwesual to 1 and 0. Solution
for the anti-diffusive approach with tanh modification is obtained with- 0.75. As one can
see, at = 1 this solution is as accurate as the one obtained with the Barth-Jespersen approach.
At ¢ = 10 the number of intermediate regions keeps the same for the former while increase for
the latter one, as expected, namely the anti-diffusive approach with tanh modification becomes
more accurate than the one involving the Barth-Jespersen reconstruction.
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Anti-diffusive
Barth-Jespersen

0. 00 . . —>— Upwind

42.00 44. 00 46. 00 48. 00 50. 00 52. 00

—=— Anti-diffusive (tanh)
Anti-diffusive
Barth-Jespersen

x : . —>— Upwind

©20. 00 ©25.00  30.00 35. 00 40. 00

Figure 11: Expansion of a cylindrical high-pressure high-density regioatt = 1 (top) andt = 10 (bottom)
using different approacheg.= 0 (the curvilinear abscissa involving centers begins at 0 and ends at = 120).
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4 Conclusion and perspectives

A modification of the anti-diffusive approach is here proposed in 1D and multi-dimensional
cases. This approach uses the hyperbolic tangent function to introduce a space scale for the
diffusion region of the color functiom. The existence of this diffusion region with a finite
width allows a correct computation of gradienteofind then a correct computation of normals
to the flame surface. Moreover, as shown by several numerical experiments here considered
in reactive and non-reactive cases, the number of intermediate regions (i.e. its width) remains
constant in time, making this approach more accurate than the ones which use a classical limited
second order reconstruction.

Of course this way of computing normals does not resolve the problem of flame wrinkling,
which in the case of the new approach is even more important than in case of approaches
involving a limited second order reconstruction (as expected, since numerical diffusion is less
important in the former case).

A way of reducing the flame wrinkling is to compute normals to the flame interface using a
field obtained by the diffusion of the color functien If the elimination of the flame wrinkling
is a must, further studies should be done in this direction.
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