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Abstract. A multi-fidelity global metamodel is presented for uncertainty quantification of com-
putationally expensive simulations. The multi-fidelity approximation is built as the sum of a
low-fidelity-trained metamodel and the metamodel of the difference (error) between high- and
low-fidelity simulations. The metamodel is based on dynamic stochastic radial basis functions,
which provide the prediction along with the associated uncertainty. New training points are
added where the prediction uncertainty is largest, according to an adaptive sampling procedure.
The prediction uncertainty of both the low-fidelity and the error metamodel are considered for
the adaptive training of the low- and high-fidelity metamodels, respectively. The method is ap-
plied to a steady fluid-structure interaction (FSI) problem of a 3D NACA 0009 stainless steel
hydrofoil. Two functions are considered simultaneously, namely lift and drag coefficients, ver-
sus angle of attack and Reynolds number. Two problems are presented: in the first problem the
high-fidelity evaluations are obtained through steady FSI computer simulations, whereas in the
second problem they are given by available experimental data from literature. Low-fidelity eval-
uations are provided in both cases by steady hydrodynamic simulations. The overall uncertainty
of the multi-fidelity metamodel is used as a convergence criterion.

6196



R. Pellegrini, C. Leotardi, U. lemma, E.F. Campana and M. Diez

1 INTRODUCTION

The simulation-based design (SBD) process of complex engineering systems (such as aerial,
ground or maritime vehicles) requires computationally expensive physics-based solvers, in or-
der to achieve accurate solutions. When dealing with real-world applications, most of the rel-
evant inputs and outputs are affected by uncertainty, which stems from operational and envi-
ronmental conditions, geometrical tolerances, numerical and/or modelling errors. Therefore,
uncertainty quantification (UQ) methods are required, in order to assess the effects of uncertain
parameters on the relevant outputs. Earlier uncertainty studies addressed deterministic uncer-
tainty analysis (UA) for numerical and modelling errors [1, 2, 3]. More recently, the research
moved to stochastic UQ for environmental and operating conditions. Stochastic UQ studies us-
ing high-fidelity simulations for ship hydrodynamic problems have been presented in [4, 5, 6, 7].

In design optimization, high-fidelity solvers and UQ methods are integrated with single/multi-
objective local/global minimization/maximization algorithms, which may require a large num-
ber of computer simulations (and high computational cost) in order to converge to the final
solution [7, 8, 9]. UQ and design optimization with high-fidelity solvers still represent a tech-
nological challenge and require efficient methods and implementations.

In order to reduce the computational cost, metamodelling methods have been developed
and successfully applied in several engineering fields [10, 11, 12]. In addition to metamod-
els, multi-fidelity approximation methods have been developed with the aim of combining to
some extent the accuracy of high-fidelity solvers with the computational cost of low-fidelity
solvers [13, 14, 15], or the accuracy of experiments (high-fidelity data) and computer simula-
tions (low-fidelity) [16]. Multi-fidelity approximations for uncertainty quantification have been
successfully investigated in [17] and applied in maritime [18] and industrial problems [19].
Furthermore, multi-fidelity metamodels have been successfully used for design optimization
[20, 21, 22].

The objective of the present work is to present a multi-fidelity global metamodel, which man-
ages high- and low-fidelity solvers through a multi-fidelity adaptive sampling procedure. The
method is developed as an essential part of efficient uncertainty quantification of computation-
ally expensive computer simulations. The current method is an extension to multiple functions
[23] of the work presented in [24].

The multi-fidelity approximation is built as the sum of a low-fidelity-trained metamodel and
the metamodel of the difference (error) between high- and low-fidelity evaluations. The meta-
model is based on the dynamic stochastic radial basis function (RBF) method, presented in [23]
for uncertainty quantification and extended to design optimization in [25]. The method provides
the prediction and the associated uncertainty. The adaptive sampling procedure is driven by the
maximum absolute value of the uncertainty, evaluated for each multi-fidelity metamodel. The
prediction uncertainty of both the low-fidelity and the error metamodel is used for the adap-
tive refinement of the low- and high-fidelity training sets. High- or low-fidelity simulations are
computed, depending on the relative uncertainty of error and low-fidelity metamodels.

The method is applied to a steady fluid-structure interaction (FSI) problem, used as a bench-
mark both for experimental [26] and simulation-based shape design optimization studies, using
high-fidelity solvers [27]. Herein, the performances of the 3D NACA 0009 stainless steel hy-
drofoil are addressed in terms of lift and drag coefficients versus the angle of attack (AoA)
and the Reynolds number (Re). Two problems are presented. The first problem addresses
lift and drag coefficients using high- and low-fidelity simulations. Specifically, high-fidelity
evaluations are provided by steady FSI simulations and low-fidelity evaluations are given by
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steady hydrodynamic simulations with fixed geometry. The second problem addresses the same
functions using available experimental data [26] as high-fidelity evaluations. Both high- and
low-fidelity simulations are performed by finite element method (FEM) using the commercial
code COMSOL Multiphysics”™ . A preliminary structural and hydrodynamic characterization
of the current hydrofoil has been provided in [28].

2 MULTI-FIDELITY ADAPTIVE METAMODEL

Considering n functions (relevant outputs), the multi-fidelity metamodel is defined as

filx) = fir(x) +8i(x),i=1,...,n
0i(x)=fin(x)— fir(x),i=1,....n
where x € R" is the independent variable (uncertain parameter), superscript ~ denotes the RBF
prediction, and ¢; is the difference (error) between high- and low-fidelity simulations (respec-
tively, f; m and f; p withi =1,... n).
The uncertainty associated with the prediction provided by the multi-fidelity metamodel of
the ¢-th function is defined as

oY)

Uy, (x) = \/UJ%'L,L (x)+ Ugi (x) )

where Uy, ~and Uy, are the uncertainties associated to the prediction of the ¢-th function, pro-

vided by the low-fidelity and error metamodels ( ﬁ 7, and Si), respectively [23].

Given the initial
training set
X
¥
Fori=1,...,n compute Fori=1,...,n compute Fori=1,...,n compute Fori=1,...,n compute
—— —> ~ ~ —»f ~ ~ ~
Jin (), £ (%) 8=fin—tis 5,11 fi=1i+0,
Fori=1,...,n compute Fori=1,...,n compute Fori=1,...,n compute
. . . _ 2 2
Jin(X), £, () [ (x) U, =Ju;, +U;

!

Fori=1,...,n compute
(x*,i*):argmax [Ui (x)}

Converged? YES End

Figure 1: Multi-fidelity metamodel adaptive sampling procedure.

The multi-fidelity metamodel is trained using the adaptive procedure shown in Fig. 1. After
initialization, a new sample is added to the training set at each iteration, solving the following
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problem:
(x*,i") = argmaX[Ufi (x)] 3)

X,1

Once x* and ¢* are evaluated, the training sets 7 and/or L (high- and low-fidelity, respectively)
are updated as

{ U7 (x") > aUj (x"), then add x* to L
i*,L i (4)

IfU?  (x") < aUj (x), thenadd x* to H and L

where o €[0, 1] is an arbitrary tuning parameter, related to the ratio of the computational cost
of the low- and high-fidelity simulations.

3 STOCHASTIC RADIAL BASIS FUNCTIONS

The prediction f is evaluated as the expected value of a set of stochastic RBF predictions
[23], which depend on the stochastic parameter € ~ unif]1, 3]:

f(x) = Elg(x, €)]c (5)

with .
g(x,€) = Z w; o(x — x;) (6)

i=1
where m is the size of the training set, x; are the training points, ¢(-) = |||, and ||-|| is the

Euclidean norm. The coefficients w; are obtained by the linear system Aw = y with w = {w;}.
The elements of the matrix A are a;; = ¢(x; —X;) and the vector y = {y;} collects the function
evaluations at the training points, y; = f(x;).

The uncertainty associated to the metamodel prediction, U(x), is quantified at each x as the
95%-confidence interval of g(x, €). This may be evaluated using a Monte Carlo sampling over
€, as shown in [23].

4 APPLICATION: NACA 0009 STAINLESS STEEL HYDROFOIL

The FSI problem presented by [26] is used herein to demonstrate the method. Specifically,
the performances of a 3D NACA 0009 stainless steel hydrofoil are addressed in terms of lift and
drag coefficients (C'p, Cp). Cp, Cp are evaluated versus AoA and Re (2D problem), respec-
tively varying within [-1, 15] deg and [2ES, 6ES5], which represent a subdomain of experimental
data provided by [26] (AoA € [-15, 15] deg and Re € [2ES, 1E6]). Both the range of variation
have been selected according to the outcomes provided by [26]. Specifically, it was observed
that pre-stall forces are Re dependent only for Re<8ES5 (although the dependence is weak).

The model main particulars are: root, mid and tip chords respectively equal to 0.12 m, 0.09
m and 0.06 m, and span length equal to 0.3 m. The resulting aspect ratio is 3.33. According to
[26], a stainless steel with a density of 7900 kg/m?, a Young modulus of 193 GPa and a Poisson
modulus of 0.3 is chosen for the hydrofoil. Water density and dynamic viscosity are set equal to
999 kg/m? and 1.1545E-3 Pa-s, whereas the absolute pressure and temperature are set to 201.13
kPa and 293.15 K.

Figures 2(a) and 2(b) respectively show the experimental values of lift and drag coefficients,
provided by [26], versus AoA for Re={2E5;4ES5;6E5}. The peak of the lift coefficient falls
within 10 and 11 deg, showing stall for AoA>11 deg.
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(a) Lift coefficient versus AoA (b) Drag coefficient versus AoA

Figure 2: Experimental lift and drag coefficients for several Reynolds numbers [26].

Two problems are solved. In the first problem (namely problem 1) high-fidelity evaluations
are provided by FSI simulations, performed with a two-way stationary coupling between hy-
drodynamic (steady incompressible Reynolds Averaged Navier-Stokes Equations, RANSE) and
structural simulations. The low-fidelity evaluations are obtained through steady incompressible
RANSE hydrodynamic simulations, with rigid hydrofoil. Both high- and low-fidelity simula-
tions are performed using the commercial FEM-based code COMSOL Multiphysics?™ and the
ratio between the computational time of the low- and the high-fidelity simulations is approxi-
mately equal to 0.2, see Tab. 1.

In the second problem (namely problem 2), the high-fidelity evaluations are provided by
available experimental data from [26]. Therefore, the multi-fidelity metamodel is initially
trained with experimental data and low-fidelity simulations. For this problem, the ratio be-
tween the computational time of the high-fidelity evaluations and the low-fidelity simulations
is set to infinite, implying that only low-fidelity evaluations are used to update the multi-fidelity
metamodel.

S SIMULATION SETUP

FSI and hydrodynamic simulations share the same C-type domain for the hydrodynamics. A
length equal to four mid-chords (C,,) is used as radius of the C, the total height of the domain
is twice the span of the hydrofoil. Downstream, the domain extends ten times the mid-chord,
see Fig. 3(a).

The domain is discretized with a structured mesh and the distribution of the elements in the
downstream region is intentionally refined to guarantee the finest discretization of wake flow for
each AoA of the hydrofoil. The grid is also refined in critical regions such as the root and the tip
of the hydrofoil, Fig. 3(b). Parameters pertaining to the grid size used for high- and low-fidelity
simulations are summarized in Tab. 1. Note that high-fidelity (FSI) simulations also include the
structural grid (with coincident nodes) and associated degrees of freedom.

The k& — € turbulence model is used with standard coefficients [29] and wall function. The
non-linear stationary problem is solved with a dumped Newton method through linear step
[30]. A pseudo time-stepping is introduced to increase the simulation stability. The Courant-
Friedrichs-Lewy (CFL) number adjusts the local time-step according to At;,. = C'FLj,.h/U,
where h is the longest cell edge, and U is the magnitude of the local fluid flow velocity. The
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(a) Hydrodynamic domain and boundary con- (b) Meshed C-type domain
ditions

Figure 3: Hydrodynamic domain and grid.

Simulation N. of elements DoFs Simulation time [h]
FSI 31.3k 2M ~ 10
Hydrodynamic 29.7k 1.2M ~2

Table 1: Summary of the simulation parameters.

CFL is decreased, proportionally with the increase of the AoA, starting from the value CFL=1.
Second order shape functions are used for the displacement vector, mesh deformation (if
any), velocity, turbulent kinetic energy and turbulent dissipation rate. First order shape functions
are used for the pressure.
The hydrodynamic boundary conditions are set considering an inlet/undisturbed flow on the
gray face, a wall on the blue face and an outlet on the green face. The black faces represent the
hydrofoil (elastic/rigid wall), see Fig. 3(a).

5.1 High-Fidelity Simulations: Fluid-Structure Interaction Solver

The structural boundary conditions include null displacement and rotation at the root sec-
tion of the hydrofoil. The hydroelastic deformation of the hydrofoil implies the deformation of
the mesh. In COMSOL Multiphysics”™ arbitrary Lagrangian-Euler (ALE) method is imple-
mented. The Yeoh method is applied, with a stiffness factor equal to 150 [31].

A segregated iterative solver is applied in order to reduce the problem dimension. Specifi-
cally, three segregated groups are defined: the first for the displacement vector, the second for
the spatial coordinates of the deformed mesh, and the third for the velocity, pressure, turbulent
kinetic energy and turbulent dissipation rate.

The displacement vector is solved with a direct MUTItifrontal Massively Parallel Solver
(MUMPS) [31]. The others segregated groups are solved using the Flexible Generalized Min-
imal Residual Method (FGMRES) [32], preconditioned with Generalized Minimal Residual
Method (GMRES) [33].

5.2 Low-Fidelity Simulations: Hydrodynamic Solver Only

Two segregated groups are solved: the first for velocity and pressure, and the second for
turbulent kinetic energy and turbulent dissipation rate. Both segregated groups are solved using
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the FGMRES, preconditioned with GMRES.

6 NUMERICAL RESULTS

The pressure contour on the hydrofoil and on the half-span plane are shown for both FSI and
hydrodynamic-only simulations, for AoA=7 deg, Re=4ES35, respectively in Figs. 4(a) and 4(b).
In particular, the deflection of the tip of the hydrofoil is evident in Fig. 4(a).

Figure 5(a) shows for the FSI simulation the pressure contour on the hydrofoil and on the
half-span plane, along with the streamlines deformed by the local velocity component (left color
legend). Finally, Fig. 5(b) shows the pressure contour on the hydrofoil and the velocity contour
on the half-span plane, along with the streamlines deformed by the local velocity component
(left color legend).
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y y
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(a) FSI simulation. Pressure contour on hydrofoil and (b) Hydrodynamic-only simulation. Pressure contour
half-span plane on hydrofoil and half-span plane

Figure 4: High- and low-fidelity simulations, AoA=7 deg, Re=4ES5.
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(a) FSI simulation. Pressure contour on hydrofoil and (b) FSI simulation. Pressure contour on hydrofoil and
half-span plane velocity contour on half-span plane

Figure 5: High-fidelity simulation, AoA=7 deg, Re=4ES.
The numerical results that follow are presented showing the maximum value of the uncer-

tainty of the multi-fidelity metamodel, normalized with respect to the function range (R). The
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adaptive sampling procedure is assumed at convergence when the maximum value of the un-
certainty does not change significantly, if new simulations are added. Furthermore, the multi-
fidelity metamodel, along with the uncertainty of the low-fidelity and error metamodels are
shown at the initial and final iterations. Non-dimensional variables are used to build the meta-
model. However, for the sake of clarity, dimensional results are shown. The initial training set
is composed by the extreme values of the domain and the central point: AoA={-1;7;15} deg,
permuted with Re={2E5;4E5;6E5}.

6.1 Problem1

Figure 6 shows the maximum value of the normalized uncertainty of the multi-fidelity meta-
model versus the computational cost. The maximum value of the uncertainty of the multi-
fidelity metamodel of the lift coefficient shows a significant reduction during the iterative pro-
cess, as shown in Fig. 6(a). The maximum value of the uncertainty of the multi-fidelity meta-
model of the drag coefficient shows a quite sudden reduction after 4 iterations, as shown in Fig.
6(b). The convergence of the multi-fidelity metamodel is achieved after 13 iterations, corre-
sponding to about 140 hours of simulation time (wall clock, using 1 Intel Xeon E5-1620 v2 3.9
GHz with 4 cores in parallel). A total of 9 high-fidelity and 20 low-fidelity simulations are used,
as summarized in Tab. 2.

0.12 T T T T T 0.07

e
=3
=

& 0.08 &
<= <=
2 2 005
g 0.06 5
g g
0.04
0.04
0'02 L L L L L 0‘03 L L L L L
110 115 120 125 130 135 140 110 115 120 125 130 135 140
Computational cost [h] Computational cost [h]
(a) Lift coefficient (b) Drag coefficient

Figure 6: Problem 1, maximum multi-fidelity metamodel uncertainty versus computational cost.

Figures 7(a)-(b), (c)-(d), and (e)-(f) show the initial multi-fidelity metamodel, the low-fidelity
and error metamodel uncertainties, respectively for the lift and drag coefficients. The squares
and triangles represent the points where the high- (H) and low-fidelity (L) simulations are com-
puted.

Comparing Figs. 7(c) and 7(d) it is worth noting that the uncertainty associated to the low-
fidelity metamodel of the lift coefficient is one order of magnitude greater than the uncertainty
associated to the low-fidelity metamodel of the drag coefficient.

Figures 8(a)-(b), (c)-(d), and (e)-(f) show the multi-fidelity metamodel, the low-fidelity and
error metamodel uncertainties, respectively for the lift and drag coefficients, corresponding to
the final iteration (13-th iteration).

It should be noted that the uncertainty of the low-fidelity metamodel is significantly lower
than in Figs. 7(c) and 7(d). Figures 8(e) and 8(f) show the uncertainty of the error metamodel,
which is not changed, since high-fidelity simulations are not added to the original training set.
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Figure 7: Problem 1, initial iteration.
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Figure 8: Problem 1, final iteration.
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6.2 Problem 2

Figure 9 shows the maximum value of the uncertainty of the multi-fidelity metamodel versus
the computational cost. Figure 9(a) shows the reduction of the maximum value of the uncer-
tainty of the multi-fidelity metamodel of the lift coefficient. The maximum value of the uncer-
tainty of the multi-fidelity metamodel of the drag coefficient shows a quite sudden reduction
after 3 iterations, see Fig. 9(b). The convergence of the multi-fidelity metamodel is achieved
after 7 iterations, corresponding to about 130 hours of simulation time (wall clock, using 1 Intel
Xeon E5-1620 v2 3.9 GHz with 4 cores in parallel). A total of 9 high-fidelity experimental data
and 16 low-fidelity simulations are used, as summarized in Tab. 2.

0.08 |-

(=)
—_

max(U 4 /R)
=)
g h
max(U 4 /R)

0.07 -

0.06 -
0.06 -
0.04 -

002 L L L L 005 L L L L
110 115 120 125 130 135 110 115 120 125 130 135

Computational cost [h] Computational cost [h]
(a) Lift coefficient (b) Drag coefficient

Figure 9: Problem 2, maximum multi-fidelity metamodel uncertainty versus computational cost.

Figures 10(a)-(b), (c)-(d), and (e)-(f) show the initial multi-fidelity metamodel, the low-
fidelity and error metamodel uncertainties, respectively for lift and drag coefficients. The
squares represent high-fidelity experimental data (H) and the triangles represent the points
where low-fidelity (L) simulations are computed.

Considering Figs. 10(c) and 10(d) it should be noted that the uncertainty associated to the
low-fidelity metamodel of the lift coefficient is one order of magnitude greater than the un-
certainty associated to the low-fidelity metamodel of the drag coefficient. Figures 10(e) and
10(f) show the uncertainty of the error metamodel, which is considerably greater than the cor-
responding uncertainties of Figs. 7(e) and 7(f). This effect is due to the difference between the
simulations and the experiments, which is significantly greater than the difference between the
high- and low-fidelity simulations.

Figures 11(a)-(b), (c)-(d), and (e)-(f) show the multi-fidelity metamodel, the low-fidelity and
error metamodel uncertainties, respectively for lift and drag coefficients, at the final iteration
(8-th iteration).

It is worth noting that the uncertainty of the low-fidelity metamodel, Figs. 11(c) and 11(d), is
significantly lower than in Figs. 10(c) and 10(d), and that the uncertainty of the error metamodel
is not changed, since no experimental data is added to the training set.

7 CONCLUSIONS

A multi-fidelity global metamodel has been presented for uncertainty quantification of com-
putationally expensive computer simulations. High- and low-fidelity solvers are used for the
metamodel training and managed through an adaptive sampling procedure. Multiple functions
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Figure 10: Problem 2, initial iteration.
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Figure 11: Problem 2, final iteration.
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Pr. Initial iteration Final iteration
CL Ch CL Ch
# H L max(U;/R) max(U;/R) H L max(U;/R) max(U;/R)
1 9 9 0.1161 0.0585 9 20 0.0254 0.0386
2 9 9 0.1233 0.0769 9 16 0.0307 0.0593

Table 2: High (H) and low (L) fidelity evaluations and max(U f/ R) at the initial and final
iterations.

have been considered, simultaneously. The multi-fidelity approximation is obtained as the sum
of a low-fidelity-trained metamodel and the metamodel of the difference (error) between high-
and low-fidelity evaluations. The metamodel is based on the dynamic stochastic RBF method,
which provides the prediction and the associated uncertainty. The prediction uncertainty of
both the low-fidelity and the error metamodel is used for the adaptive refinement of the low-
and high-fidelity training sets, respectively.

The method has been applied to a steady FSI problem addressing the lift and drag coefficients
of a 3D NACA 00009 stainless steel hydrofoil. Two problems have been presented: the first with
high-fidelity evaluations provided by steady FSI simulations and the second with high-fidelity
evaluations provided by experimental data. Low-fidelity evaluations have been provided by
hydrodynamic simulations for both problems.

For problem 1, the overall uncertainty of the multi-fidelity metamodels has been reduced
achieving 2.5% and 3.8% (of the function range) for the lift and drag coefficient, respectively.
For problem 2, an uncertainty of 3% and 5.9% for the lift and drag coefficient has been achieved,
respectively. Although the overall uncertainty in Problem 1 is lower than in problem 2, a bet-
ter agreement with the experimental results is obtained using experimental data in the initial
training set as in problem 2. Furthermore, less iterations have been used for problem 2. For
both problems 1 and 2, the adaptive sampling method always required low-fidelity evaluations
and no high-fidelity information was added to the model after the initialization. This is due to
the high cost of high-fidelity evaluations (simulations or experiments) and the small uncertainty
associated to the error between low- and high-fidelity functions.

Future work will extend the current study to different (and more flexible) materials, such as
aluminum and/or composite materials, and will also include the application of the method to
separate and combined problems of uncertainty quantification and design optimization.
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