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Abstract. Based on the coupling between brittle fracture mechanics and homogenization tech-
niques, either analytical or finite elements homogenization, this work provides accurate (up to
numerical errors) and approximate overall estimates for masonries accounting for their creep
behaviour and a certain level of damage as it is the case for instance for refractory linings
serving at high temperatures or middle-ages masonry building.
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1 INTRODUCTION

It is well known that creep phenomenon has a noticeable effects not only on new structures
but also on historical monuments [20, 3, 17]. To model the creep behaviour of traditional mortar,
various rheological models namely the USBR, Feng, Ross, typical and modified versions of the
Burgers and Modified-Maxwell models may be investigated [5, 11]. On the other hand, there
exist several approaches accounting for damage in viscoelastic materials [11, 12]. Indeed, the
approach presented in [12] is based on a coupling between continuum damage mechanics and
viscoelasticity through the generalized Kelvin-Voigt model. Accordingly, a three-dimensional
phenomenological model was developed to describe the long-term creep of gypsum rock. The
main disadvantage of this model is that it requires experimental investigation [11] or computa-
tional efforts to resolve nonlinear equation [12] function of internal damage variables.

In the literature, little attention is devoted to the prediction of the macroscopic creep be-
haviour of masonry. In this context, Brooks, Cecchi& Tralli, Cecchi& Taliercio and Taliercio
[4, 7, 8, 22] proposed models to predict creep coefficients according to the properties of each
masonry constituent. These models are based on analytical or numerical homogenization us-
ing the finite elements method (FEM) in order to deduce the macroscopic creep of undamaged
(without cracks) masonry.

The objective of this study is to evaluate the effective and local behaviour of masonries
exhibiting nonlinear behaviours mainly viscoelastic at short and/or long times especially when
they are subjected to severe or long term loading such as historical monuments or refractory
masonry linings working under high temperatures. More details about this analysis are provided
in the references [13, 18].

2 METHODOLOGY AND HYPOTHESIS

In the present study, the coupling between the Griffith’s theory and the dilute scheme [2] will
be applied to provide the effective behaviour of a micro-cracked mortar.

As a first approach and for the sake of simplicity, only the mortar is assumed to be viscoelas-
tic and microcracked. The distribution of microcracks is assumed to be isotropic. The overall
creep behaviour of the mortar is obtained due to the coupling between the Griffiths theory [1]
and mean-field homogenization [2]. At short and long terms, this procedure allows fast and
easy approximation of elastic and viscous properties of the mortar assumed to follow the Gen-
eralized Maxwell rheological model. These properties which are explicit function of time and
crack density parameter are determined without recourse to a heavy numerical inversion of the
Laplace-Carson transform.

The second step of this work consists to carry out either a ’direct’ (analytical or numerical)
homogenization modeling of the periodic masonry or ’indirect’ method based on two steps:
(i) the differentiating of the mortar’s constitutive law defining thus a thermo-elastic incremental
behaviour and (ii) finite elements homogenization of the masonry periodic cell. The last step, as
the ’direct’ homogenization method, relies on the computation of the localization strain tensors
in each brick and mortar in order to define overall stiffness and prestress in the periodic cell.
More details about principles and results of these models are provided in [13, 18, 19].

For concision reason, this paper deals only with direct homogenization model coupling be-
tween brittle fracture theory in order to assess the effective microcracked mortar’s behaviour
and periodic homogenization. Basic steps followed by this model are summarized in Figure
(2).

2152



Figure 1: Main steps of the proposed model.

2.1 Microcracked mortar’s effective behaviour

Let us firstly recall that the effective stiffness of an elastic porous medium with a homoge-
neous solid phase tensorCs is:

C̃ = Cs : (I − φAp) (1)

whereAp is the average of the strain localisation tensorA(z) over the pore spaceΩp andφ is the
porosity volume fraction. For a flat spheroid - usual3D crack model - of aspect ratiow << 1,
the Eshelby tensorSE is a function ofw. Accordingly the componentsAp

iikl andAp
ikik of the

dilute localization tensorAp = (I − SE)−1 in the pore are of the order of1/w and therefore is
the ratio of the normal strainεnn to the macroscopic strainE. Possible none negligible varia-
tions of1/w is in contradiction with the assumption of linearity of the localization relationship.
To overcome this difficulty, it was proposed [9] to consider the rate-type formulation of the
problem i.e. the strain localization tensor should be replaced by a strain rate localization as in
the following ε̇(z) = A(z) : Ė. Similarly, the rate-type formulation of the Eshelby problem for
a spheroidal cavity reads:

ε̇p = (I − SE(w))−1 : Ė (2)

Such hypothesis implies that the use ofAp in the homogenized stiffness (1) leads to an estimate
of the tangent effective stiffness. Moreover, since the crack porosityφ is proportional tow [10],
the tangent effective stiffness is mathematically independent ofw. This renders the effective
behaviour linear elastic. Note that the rate-type hypothesis is indispensable [10] to also avoid
troubles related to possible large strain in the direction normal to the crack.
On the other hand, the extension of the linear homogenization schemes to non-aging viscoelas-
ticity is based on the Laplace-Carson (LC) transform [21]. The effective stiffnessC̃ =< C :
A > becomes

C̃∗ =< C∗ : A > (3)

in the LC space whereC∗ is the apparent elastic stiffness. The presence of microcracks implies
the existence of nonlinearity at the local scale in the relationship between the crack strain and the
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macroscopic strain. Accordingly the homogenization of a viscoelasticcracked medium is not
as straightforward as (3). The basic idea consists in anticipating that both the microscopic strain
field and the displacement discontinuity vectors[u]i linearly depend on the macroscopic stress.
Such hypothesis, confirmed by [15], justifies the use of the LC transform which can be applied
to the macroscopic strain related to the microscopic strain and the displacement discontinuity
vectors[u]i between two lips of crack. In the framework of the stress-based dilute scheme [10],
the displacement jump[u]i is linearly related toΣ. Indeed, the normal displacement jump (mode
I) at the lips of a crack in an infinite matrix submitted to an isotropic asymptotic macroscopic
stressΣ∗ = Σ∗ i can be written:

[un]
∗ =

4(1− ν∗
s )

π

Σ∗

µ∗
s

√
l2 − ρ2. (4)

wherel is the crack’s radius andρ is the position of a pointM pertaining to the crack’s plane.
The tangential displacement jump (modeII) under an asymptotic shear stressΣ∗ = Σ∗ n⊗s t
wheret is parallel to the crack’s plane reads:

[ut]
∗ =

4(1− ν∗
s )

π(2− ν∗
s )

Σ∗

µ∗
s

√
l2 − ρ2. (5)

Under respectively an isotropic and deviatoric loading and assuming that all cracks have the
same radiusl, an integration over all orientations on the unit sphere yields the total crack contri-
bution and allows the determination of the apparent effective bulk’s and shear moduli as follows

1

k̃∗
DL

=
1 + dcQ

∗

k∗
s

where Q∗ =
16

9

(1− ν∗2
s )

(1− 2ν∗
s )

1

µ̃∗
DL

=
1 + dcM

∗

2µ∗
s

where M∗ =
32

45

(1− ν∗
s )(5− ν∗

s )

2− ν∗
s

(6)

in which the crack density parameter and the symbolic Poisson’s ratio of the safe matrix reads
respectively: dc = Nl3 and ν∗

s = 3k∗s−2µ∗

s

6k∗s+2µ∗

s

. Since the expressions (6) can not be satisfied
rigorously, it was proposed in [15] to identify the best approximation of the effective behaviour
in the class of Burgers’ (Modified Maxwell’s) model if the mortar in its safe state follows the
Burgers’ (Modified Maxwell’s) model. The idea is to satisfy the series expansion of the dilute
estimates of the bulk’s (6)-a and shear (6)-b moduli to the first order atp = 0 andp → ∞ such
that

lim
t→∞

f(t) = lim
p→0

f ∗(p) et lim
t→0

f(t) = lim
p→∞

f ∗(p) (7)

The dilute symbolic moduli of a non-aging linear viscoelastic (n.a.l.v.) microcracked mor-
tar following the MM’s model can be approached by expressions similar respectively to those
available for a safe mortar following the MM’s rheological model

k∗

MM = kR(dc) +
pkM(dc)η

s
M(dc)/3

kM(dc) + pηsM(dc)/3
µ∗

MM = µR(dc) +
pµM(dc)η

d
M(dc)/2

µM(dc) + pηdM(dc)/2
(8)

Following idea (7), it is possible to identify the MM’s six parameters [14] and accordingly to
determine an approximate creep function of a microcracked mortar which matrix follows the
MM’s model reads

Japp
MM(t, dc) = 1

9kR(dc)

(
1− kM (dc)

(kR(dc)+kM (dc))
e−t/τs

MM
(dc)

)

+ 1
3µR(dc)

(
1− µM (dc)

(µR(dc)+µM (dc))
e−t/τd

MM
(dc)

) (9)
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in which the characteristic times of the spherical and deviatoricparts are respectively

τ sMM(dc) =
ηsM(dc)(kR(dc) + kM(dc))

3kR(dc)kM(dc)
τ dMM =

ηdM(dc)(µR(dc) + µM(dc))

2µR(dc)µM(dc)
. (10)

2.2 Masonry’s periodic cell global behaviour

For the viscoelastic periodic problem, the auxiliary problem reads




Ė + ε(u̇per) = ε(u̇)
div(σ(t)) = 0
σ(t).n anti-periodic on ∂Y
uper periodic on ∂Y
〈σ(t)〉 = Σ(t)

(11)

whereσ(t) is the microscopic stress tensor state,ε(u̇(y)) is the microscopic strain tensor state,
uper is the periodic displacement field anḋE is the macroscopic in-plane strain tensor rate.
Following the procedure of Cecchi and Tralli [7] accounting for the joint thickness, the ex-
pression of the homogenized tensorÃR of the periodic cell is provided in the same quoted
reference. If only the mortar is assumed to be viscoelastic such that its stiffness tensor reads
Am(t) = Am(1 + φm(t)), the main idea consists to substitute the Young’s modulusEm by
J−1
m (t) = Em(1 + φm(t)).

Recently, based on the works of Cecchi& Sab, Cecchi& Barbieri [6] and Cecchi& Tralli,
Cecchi& Taliercio [8] have proposed a homogenized compliance for viscoelastic undamaged
masonry with mortar joints assimilated to interfaces. In this paper we propose to extend also
this model to microcracked masonry with finite dimensions of microcracked mortar joints. The
effective compliance of the damaged viscoelastic masonry reads then:

S̃R
1111(t, dc) =

Sb

1111

ev

a+eh
J ′

v(t,dc)+4Sb

1111

eh

b+ev
J
′

h
(t,dc)+4

eveh

(b+ev)
2
J
′

v(t,dc)J
′′

h
(t,dc)

4
eh

b+ev
J
′′

h
(t,dc)+

eh

a+eh
J
′

v(t,dc)

S̃R
1212(t, dc) = Sb

1212 +
eh

a+eh
J

′′

h (t, dc) +
ev

b+ev
J

′′

v (t, dc)−
e2v(b+ev)(a+eh)J

′′
2

v (t,dc)

4
eh

b+ev
J
′

h
(t,dc)+ ev

a+eh
J
′′

v (t,dc)

S̃R
2222(t, dc) = Sb

2222 + eha+ ehJ
′

h(t, dc),

S̃R
1122(t, dc) = Sb

1122

(12)

The damaged masonry’s orthotropic effective properties are then the following:Ẽ11(t, dc) =
1

S̃R

1111
(t,dc)

, Ẽ22(t, dc) = 1
S̃R

2222
(t,dc)

, µ̃12(t, dc) = 1
S̃R

1212
(t,dc)

, ν̃ij(t, dc) = −Ẽii(t, dc)S̃
R
iijj(t, dc)

where(i, j) ∈ {1, 2} . These moduli are explicit function of the crack density - damage param-
eter -, time and ratioseh

a+eh
, ev
b+ev

insteadof respectivelyeh
a

and ev
b

. It is worth noting, that for
the case of undamaged mortar interfaces, Cecchi& Taliercio have proven that this solution is
more consistent with a numerically homogenized solution based on the finite elements method
for ratiosEb/Em ≥ 20 when the mortar follows a Generalized Maxwell model. In the follow-
ing, we assume that this condition ensuring the accuracy of the Cecchi& Taliercio’s analytical
model with the additional assumption of finite joints dimensions is also available for damaged
mortars.

3 Results

The proposed model is applied to the case of a masonry with hybrid mortar’s joints which
material’s properties are given in table1. The properties of the safe bricks are the following:
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EM (MPa) τM (s) ER (MPa) τR (s) νm
4038 46490 2112 90866 0.22

Table 1: Elastic and viscous moduli of hybrid mortar [11]

νb = νm andEb = 100Em with dimensions55x250mm2. Mortar’s joints thicknesses areeh =
ev = 10mm. Note that the characteristic times for the spherical and deviatoric hybrid mortar’s
behaviour are assumed to be equalτ s = τ d = τ for the MM’s and Burgers’ models. The
Young’s modulusER and Poisson’s ratioνR coincide respectively withEK andνK , properties
of the Kelvin-Voigt’s spring.

3.1 Mortar’s effective creep function

Figure (2) illustrates the evolutions of normalized inverse dilute creep functions of respec-
tively the Burgers’ and MM’s models with respect to the damage parameterdc and the time
t.

For a given crack density parameterdc = 0, 0.1 or 0.2, Figure (2)-b demonstrates that
the MM’s model yields to a constant functionJ−1(t, dc)/J

−1(0, 0) with variation of the time
beyondt = 106(s) (i.e. almost11 days). As expected, the increase ofdc decreases the level
of the asymptotic limits reached by this function. The difference between the MM’s curves for
differentdc is not negligible (around15%) unlike that observed for the Burgers curves which
are very close especially at short and long terms. Figure (2)-a shows that the Burgers model
leads to vanishing inverse creep functions fort ≥ 3108 (s) i.e.1157 days for every crack density
valuedc ≥ 0.

Figure 2: Variation ofJ−1
MM (t, dc)/J

−1
MM (0, 0) versus time for safe mortar (dc = 0) and microcracked mortars

(dc = 0.1, dc = 0.2). Mortar following (a) the Burgers’s and (b) MM’s model.

3.2 Case of a compressed masonry panel

We study the case of a masonry panel of dimensionsL = 1560 mm (length) andH =
1040mm (height) studied in [7] subjected to boundary conditions BC−1 with three distributed
loads at the top and two lateral edges (see Figure (3)). Bricks are assumed to be elastic or rigid.
The mortar inside the joints is assumed to be microcracked with a matrix which obeys to linear
viscoelastic behaviour following the Burgers or Modified Maxwell’s model. As the arrangement
of the bricks is regular, the effective behaviour of the panel is assumed to be well estimated by
that of a periodic cell (see Figure 2-a). The panel can then be modeled as a homogeneous
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material which properties coincide with those of the equivalentmaterial MHE−2 (see Figure
(1)-e). For the sake of simplicity, it is assumed that the crack densitydc is set equal to zero at
the initial timet0 = 0 and evolves linearly with timet as follows

dc = ḋc t (13)

where, here, the rate of the crack densityḋc is assumed to be a positive constant lower than
0.002/day (i.e. ift = 100 days, thendc reaches a maximum of0.2). Indeed, beyond this limit,
the dilute estimate will not be appropriate. Of course, as well known, the increase of the damage
rate reduces the stiffness of the masonry cell. Under boundary conditions BC−1, the stress

Figure 3: Boundary conditions BC−1 appliedto the masonry panel [7]

(strain) fieldsσyy andσxy (εyy andεxy) are concentrated at both left and right superior corners
of the compressed wall. The magnitude of the stress fieldσyy is similar for both the MM’s and
Burgers’ models. However, the Burgers estimates of the stress fieldsσxx andσxy are superior to
those predicted by the MM’s model. These trends are confirmed by the evolutions of the stress

(a) (b)

Figure 4: BC−1 boundaryconditions: MM’s model predictions ofσxy (a) andσyy (b) maps fordc = 0.15 at
t = 1000 days. Here crack densitydc = ḋct whereḋc = 1.5 10−4/day.

components with respect to the axisx as shown on figure (6). Note that unlike the stress (strain)
fieldsσyy andσxx (εyy andεxx) which are symmetric by reference to the axis of symmetry of the
panel (x= L/2), the shear stressσxy (shear strainεxy) is anti-symmetric. For the MM’s model,
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(a) (b)

Figure 5:BC−2boundaryconditions: MM’s model predictions for the maps of stressesσxy (a) andσyy (b) for(a)
dc = 0 at t = 0 and (b)dc = 0.15 at t = 1000 days. Here crack densitydc = ḋct whereḋc = 1.5 10−4/day.

Figure 6: Boundary conditionBC − 1 or BC−2: trends inσxy (a) andσyy (b) at the panel section A-A for the
Burgers’ (a) and Modified Maxwell’s model at timet = 0 with dc = 0 andt = 1000 days withdc = 0.15. Here
crack densitydc = ḋct whereḋc = 1.5 10−4/day.
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it is observed [18] that the strain fields increase slightly withtime and damage. Moreover, this
model predicts small strains unlike the Burgers model. This rheological model predicts for the
masonry large strains similarly to the case of polymer materials. This quantitative aspect for the
Burgers predictions is available att ≥ 25 days in a safe or damaged state. This result violates
the hypothesis of small strains adopted in this study. These results motivate to avoid the use
of a mortar following the Burgers model in masonries since such a model leads to vanishing
masonry’s stiffnesses and large strains increasing thus the risk of failure. Such results motivate
to avoid modeling traditional mortars with short-term gathered properties using the Burgers
model since it leads to vanishing masonry’s stiffnesses and large strains increasing thus the
risk of failure. These trends for the Burgers model are not valid if the Maxwell’s relaxation
time of the mortar is too high (τM ≥ 107(s)) as it is the case f hybrid mortar with long-term
characteristic times (Table-12). In the later case, the Burgers model is expected to provide local
fields predictions similar to the MM’s estimates. The boundary conditions BC−1 are preferable
to BC−2 since the later increases the stress and strain levels throughout the wall. Owing to
Figures (4) and (5), att = 1000 days, while failure occurs in the wall’s area located around
the application’s point of the concentrated loadF under BC-2, there is no failure in the wall
submitted to conditions BC-1.

4 CONCLUSION

This paper proposes ’direct’ (analytical and numerical) homogenization models for non-
aging viscoelastic microcracked masonries based on the extensions of the Cecchi& Barbieri
[6], Cecchi& Tralli [7] and Cecchi& Taliercio [8] models which are available for uncracked
masonries. The herein proposed models rely on the coupling between the Griffith’s theory and
the periodic homogenization (analytical and numerical) schemes in order to derive easily and
with low computational effort - without recourse to numerical inversion of the Laplace trans-
form - the effective creep function of a microcracked non-aging viscoelastic mortar. Notice that
this ’direct’ homogenization model is preffered to the ’indirect’ incremental homogenization
which requires the additional computation of prestress in the masonry and is dependent of the
time increment. The main result of this study dealing with microcracked mortars following the
Modified Maxwell and Burgers models, is that unlike the MM’s model which estimates well
the creep of masonry at short to long terms, the relevance of this version of the Burgers model
is limited to mortars with too high Maxwell’s relaxation times (τM ≥ 107(s)) otherwise it pre-
dicts vanishing stiffness at short and medium terms and exaggerated local strains. In addition,
the effects of the damage parameter - crack densitydc - and the ratio between the mortar’s and
bricks stiffness at short and long terms have been assessed [18].
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