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Abstract. One of the major problems of modern structural mechanics is sensitivity analysis of 

actual and projected designs to various effects not provided for under normal operating con-

ditions, arising in particular in emergency situations, as a result of wear and damage accu-

mulation, etc. The paper presents a physical and mathematical model of the transient 

dynamical processes initiated in a beam on an elastic foundation with a sudden partial or ful-

ly destruction of the foundation. Mathematical models are the differential equations of the 

static bending of initial and damaged beam, equations of the free and forced vibrations of 

sections beams formed after damage foundation, with the initial and boundary conditions, 

conjugations conditions of the beam’s parts, assumptions and limitations. Exact solution of 

the problem of forced vibrations loaded beam on an elastic foundation (partially or fully de-

stroyed) was obtained, using the Fourier method of separation of variables, the expansion of 

dynamic movements on the modes of free vibrations of the damaged beams and Duhamel in-

tegral. 
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1 INTRODUCTION 

An important problem in structural mechanics is a sensitivity analysis of load-bearing sys-

tems in structural rearrangements under load such as a sudden turn off the links, cracks, par-

tial damage, etc. Obtaining this information for real structures requires the development of 

special methods, because the problem can not be solved by universal methods. From the 

viewpoint of structural mechanics in these problems there is a need for calculating such sys-

tems as a constructively nonlinear with dynamic increments of strain and stress caused by 

sudden impacts beyond design basis. And if the design accidental situations are analyzed and 

regulated by the relevant documents, the situation is not beyond design basis and classified as 

responses to specific impacts on structural elements are insufficiently investigated. Engineer-

ing design and calculation methods that take into account the sudden restructuring and sudden 

damage to the structural systems, are few and far from being perfect. Absence and lack of 

knowledge about deformation and stress state of structural elements during dynamic processes 

initiated by a sudden damage, constrain the development of the theory and design techniques 

that take into account the possibility and potential consequences of beyond design impacts 

and ensure a high level of safety of their maintenance. As an example of work performed in 

the discussed direction, we note a number of publications [1-4] containing the results of the 

modeling of transient dynamic processes that occur in stressed beams at the sudden breakage 

of the support links, formation of transverse and longitudinal cracks, delamination and exfoli-

ation, change conditions interfaces parts construction and others. All these works are made in 

relation to the free beams, that are not supported by solid foundations. It is of theoretical in-

terest and practical importance of the spread of similar approaches to the beams on an elastic 

foundation. 

Beams on elastic foundation, columns, piles, supported by length – widely used building 

blocks are long and detailed study of objects in many fields of mechanics and construction. 

However, despite the abundance of books, articles and reports related to the dynamic prob-

lems of structural elements resting on all sorts of grounds, in the scientific literature insuffi-

ciently investigated cases where structure simply supported partly initially or lost some (or all) 

of the foundation  during  exploitation. The problem of vibration of a homogeneous beam, 

partially supported by the Winkler foundation, first staged by Doyle and Pavlovic in [5], 

which investigated with two cases of symmetrical bearing beam ends: hinges and free ends. 

The authors identified three cases occurring in different ranges of values of the natural vibra-

tion frequencies, associated with the mechanical characteristics of the beam and foundation. 

Solutions are obtained analytically. Numerical results are presented for the first five modes of 

natural vibrations. Further development of the problem was in Eisenberger’s at al work [6], in 

relation to arbitrary boundary conditions. The paper deduced the precise mass and stiffness 

matrix, developed by special finite elements, the displacement functions which are the solu-

tions of the equations for the static beam on an elastic foundation. Dynamic solution produced 

a finite element procedure. These results take the form of generalized frequency dependency 

of rigidity generalized system of "beam-foundation" for the first four forms of eigenfunction. 

Later, the results of [5] extended to partially embedded piles [7]. The paper Kukla [8] investi-

gated the free vibrations of a homogeneous beam, supported by the Winkler foundation with 

areas of piecewise constant stiffness which is given by the Heaviside function. The frequency 

equation was obtained by standard procedure satisfying the boundary conditions and the con-

ditions of conjugation parts. As a special case, one of the numerical examples describes the 

vibration of a cantilever beam, consisting of two sections, one of which is not supported by 

the elastic foundation. It is shown an effect of the partial support on the first four natural fre-

quencies. The paper Motaghian et al [9] provides a method for the analysis of natural vibra-
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tions of the beam, in part supported by the Winkler foundation. The approach is to provide a 

foundation  reactions as a some "external load", distributed along the length and depending on 

the desired deflection. Next eigenfunctions and "load" are expanded in Fourier series. The co-

efficients of the series are calculated by successive approximations by definite integrals, 

which bounds are the coordinates of the beginning and the end of the foundation part. The 

method is illustrated by calculations of natural frequencies of the beams with different bound-

ary conditions, location and length of the supported part. In Cazzani work [10] studied in de-

tail the natural vibrations of the beams, partially supported by an elastic foundation. Presents a 

number of exact solutions of the problem on the eigenvalues, in particular, the transcendental 

equations for the eigenfrequencies and their solutions. Analyzed three types of vibration 

modes, depending on the combination of the stiffness of the beam and the foundation. It is 

shown possibility of transfer of vibrations from one type to another with increasing number of 

forms of natural vibrations. 

Thus, the vast majority of work on the dynamics of interaction between the beam and the 

grounds devoted to the analysis of natural vibrations. Forced vibrations caused by various ex-

ternal forces are considered in cases where the calculated scheme of the system "beam-

foundation" in the process of loading is not changed. 

In this paper, it is assumed that static load applied to the beam, fully supported by the elas-

tic foundation, and only at some point part (or all) of the foundation suddenly collapses and 

the beam is set in motion, in which getting additional dynamic strain and stress. The aim of 

this study is to construct a mathematical model of transient dynamic processes in a loaded 

beam on an elastic foundation with the sudden occurrence of the defect foundation – total or 

partial destruction of it. 

The structure of the paper is as follows: in the first part is given an analysis of the stress-

strain state of the loaded beam with quasi-static fracture supporting its elastic foundation. De-

cisions of static problems are used in the second part to form the initial conditions of dynamic 

tasks and for comparison with the stress-strain state of the beam during the dynamic process 

initiated by the sudden damage to the foundation. 

2 STATIC STRESS – STRAIN STATE OF THE BEAM SUPPORTED ON THE 

ELASTIC FOUNDATION  

2.1 Beam fully supported on the elastic foundation 

Consider the bending of the beam with stiffness EI, resting on the Winkler foundation with 

stiffness k, rigid clamped at both ends, under the action of uniformly distributed load of inten-

sity q (Figure 1 a). The solution of the problem is carried out in Cartesian coordinates related 

to the beam axis. All movements and linear dimensions attributed to the length of the beam L. 

The deflection of the beam of the beam in the dimensionless variables and parameters de-

scribed by the equation 
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Figure 1: Beam on elastic foundation: a) completely simply supported on a foundation,  

b) diagrams of deflections and bending moments, c) simply supported on the part of foundation. 

The function (2.2) is then used as the initial condition of the dynamic process resulting 

from the total or partial destruction of the foundation. 

2.2 Beam partly supported on an elastic base 

It is assumed that the formation of a defect – the removal a part of foundation of the loaded 

beams – was slowly (quasi-statically), i.e. without inertial forces. In this case, there is the 

problem of calculating the beam consisting of two coupled segments one of which is support-

ed by an elastic foundation, the other – free (Figure 1 c). 

Local coordinates are entered for each segment 

 1     and    ,2 v      
1 .

L
v

L
  

Let us consider each segment bend sequence. 

1) 1st segment bend described by the equation 
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the general solution (2.3) has the form 
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We introduce: 

– the vector of state of the 1
st
 segment )( 11 W  
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Then the state in an arbitrary section of the 1st segment describes the matrix equation 
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The state vector of the end 1
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The general solution of equation (1.7) has the form 
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the initial parameters of the 2nd segment. These 

equations are also conditions of conjugation segments. 

We introduce: 

– the vector of state of the 2nd segment )( 22 W  
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– the vector of initial parameters, the components of which are expressed through the compo-

nents of the vector of initial parameters of the previous one, the 1
st
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– functional matrix )( 22 V  
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Then the state of the 2nd segment described by the matrix equation 
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From the matrix equation (2.11) we obtain a system of two algebraic equations for the un-
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Now dimensionless deflections and bending moments on the areas determined by depend-

encies 
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Figure 2 shows the relationship (2.13), respectively, the largest deflection maxw  and bend-

ing moments maxw  with the generalized parameter of rigidity of the system "beam-foundation" 
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a)                                                                                      b) 

Figure 2: The dependence:  

a) the largest deflections; b) the largest bending moment in the right clamp – from length damage area. 

 

Figure 3 shows the reduction (as a percentage of the free beam) the largest bending mo-

ment in the beam at the reinforcement of its foundation of varying length and relative stiffness. 
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Figure 3: Effect of the length and rigidity to the foundation on value  

of the largest bending moment in the right clamp of beam. 

3 FREE VIBRATION BEAM SUPPORTED ON AN ELASTIC FOUNDATION 

To date, there are a number of works devoted to the study of dynamic processes caused by 

the sudden formation of defects in beams and plates. In particular, in papers [2-4] considers 

the transition dynamic process caused by the sudden formation of transverse cracks in a load-

ed beam. Beam modeled conjugation of two segments connected by a torsion spring whose 

stiffness is determined by the depth of cracks. One of the initial conditions is the static deflec-

tion of the intact beam. In [5-8] studied the dynamic process in the loaded component beams 

arising during sudden longitudinal stratification, caused break shift links in the seam. In [9-11] 

considered vibrations plates with a sudden change of support conditions, caused by partial 

separation of support links. In [12-14] solved the problem of the vibrations of the beam when 

it is sudden partial destruction. In [4, 6, 11, 16] studied transients dynamical process caused 

by sudden transformation of the internal structure of rod systems: coupling and bearing condi-

tions their elements. In [17] is modeled by a sudden breaking of the reinforcing bar and the 

longitudinal vibrations caused by this defect. Note ,that in all these studies considered forced 

movement of the beam (plates) under the load ,produced by expansion into an infinite series 

of the initial state and the external load on the damaged natural vibration modes of the beam 

(the plate), and using the Duhamel integral. 

It is practically important to develop methods of analysis of transient dynamic processes in 

the beams on an elastic foundation, initiated by the sudden operational damage of foundation: 

in the simplest case of total or partial destruction of it. Manifestations of structural nonlineari-

ty, i.e. changes in the calculation scheme loaded beam on an elastic foundation, and the con-

sequences of them – are not described in the prior literature. 

In this part, an algorithm for determining the forms and frequencies of free vibrations of 

bending beams, in whole or in part simply supported on an elastic Winkler foundation. In its 

construction were used the approaches, the effectiveness of which is shown in the above-cited 

work: method of initial parameters, the vectors of state and the initial parameters, the matrix 

of influence of initial parameters and other. Eigenfunctions and eigenfrequencies of free vi-

brations are important dynamic characteristics of the "beam – foundation" system and used to 

solve inhomogeneous differential equations, describing forced vibrations.  

 

3.1 Free vibration beam partially supported on the elastic foundation 

Consider free transverse vibrations of a continuous beam (Figure 1 c) Deflections of the 

beams in the cross – sections denoted х1 and х2, respectively, v1 and v2. Without reducing the 

generality of the constructions it is supposed to be specific rigid clamping beam ends. Differ-

ential equations of natural vibrations of the beam segments are integrated separately, and in-
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tegration constants are determined from the boundary conditions and the conditions of conju-

gation of segments. 

3.1.1. Free transverse vibrations of the 1st segment 

Natural vibrations of the beam in the area 0 ≤ ξ1 ≤ v described by differential equations of 

the form [10] 

 

4 2
41 1

14 2

1

4 0,
w w

w
 

 
  

 
 (3.1) 

where we have introduced the dimensionless variables and parameters 

.;
4

;;;; 14

4

2

1
1

1

L

v
v

EI

kL
bhA

A

EI

L

t

L

v
w

L

x
i  


  

Putting free harmonic vibrations, we divide the variables in the equation (3.1) the represen-

tation 

 1 1 1 1( , ) ( )sin ,w W     (3.2) 

where 
2 A

L
EI


    the dimensionless natural frequency of transverse vibration (natural 

frequency parameter); 
A

EI

L 




2
 – dimensional frequency. 

Substituting (3.2) into (3.1) gives the equation forms its free vibrations of segment 

 ,014 1

2

0

4

1 






















 WW IV




   (3.3) 

where 
A

k


 0 – parameter having a dimension of frequency [1/c], and called "convention-

al", which compares the vibration frequency ω investigated beams. 

We are looking for the solution of equation (3.3) Euler substitution  

 1

1 ,
n

W Ce


  (3.4) 

where C and n – constants to be determined. 

Substituting (3.4) into (3.3), we obtain the characteristic equation for the differential equa-

tion (3.3)  

 

2

4 4

0

4 1 0.n





  
    
   

 (3.5) 

Multiplier in brackets depending on the value 
0


 can be positive (

0


˂ 1), negative (

0


˃ 1) 

and zero (
0


=1). 
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Let 
0


˂ 1. Then the roots of the equation (3.5) can be represented in the form 

  ,1 1 in j    (j=1,2,3,4), 

where .1

2

0

4

1 














  

In this case, the natural vibration shape function defined by [10] 

          11121310141011  SwSwSwSwW  , (3.6) 

where       )0(,0,0,0 110110110110 wwwwwwww   – the initial parameters of the 1st seg-

ment.  

    ;
2

sin
;

4

cossin
2

1

1111
123

1

11111111
11











sh
S

shch
S 


  

    111114

1

11111111
13 cos;

2

cossin





 chS

shch
S 


 – Krylov function.  

Note, that the 1

4

14433221 4,,, SSSSSSSS   и  

        .10,0000 4321  SSSS  

Let ω
0


˃1. Then the equation (3.5) in the form 

 

2

4

1 1

0

4 1 0.IVW W





  
    
   

 (3.7) 

In this case, the roots of the characteristic equation 

 ,014

2

0

44 





























n  (3.8) 

take the form 

 ;12,1 n ;14,3 in  4

2

0

11 12 














  (3.9) 

and forms of natural vibrations determined by the function 

        1 1 10 4 1 1 10 3 1 1 10 2 1 1 10 1 1 1 ,W w K w K w K w K           (3.10) 

where 

1 1 1 1
1 1 1 3

1

sin
( ) ;

2

sh
K

 





 1 1 1 1

2 1 1 2

1

cos
( ) ;

2

ch
K

 





 1 1 1 1

3 1 1

1

sin
( ) ;

2

sh
K

 







2

1111
114




cosch
)(K  – another type of Krylov's functions. 

Their properties 
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,21 KK  ,32 KK  ,43 KK  1

4

14 KK    and        ,0000 321  KKK   .104 K  

Finally let
 

1
0





. Then the equation (3.3) takes the form 

 1

1 0VW   (3.11) 

and deflection function  1 1W  obtain the successive integration of the equation (3.11) using 

the initial parameters 

  
62

3

1
10

2

1
101101011


 wwwwW   (3.12) 

Further action on the first section we consider the case 1
0





. 

We introduce: 

– the vector of state of the first segment: 1 1( ) :W 
 

  ,)()()()( 1111111111






 

  WWWWW
 

where 1 1( )W 
 
– dimensionless deflection of the beam; 


111 ,, WWW – dimensionless cross-

sectional angle of rotation, bending moment and shear force, respectively; 

– the vector of initial parameters: 10W
 







 

 1010101010 wwwwW  

– Influence function matrix:
 

)(V 1  

4 1 1 3 1 1 2 1 1 1 1 1

4

1 1 1 1 4 1 1 3 1 1 2 1 1

1 1 4 4
4 4 1 2 1 1 1 1 1 1 4 1 1 3 1 1

4 4

1 3 1 1 2 1 1 1 1 1 1 4 1 1

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) .

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

K K K K

K K K K
V

K K K K

K K K K

   

    


     

     



 
 
 
 
 
 

 

Then the state of the first segment describes how the matrix equation 

 
1 1 1 10( ) ( ) .W V W   (3.13) 

The vector of state 1 1( )W  at the end of the first segment 

 
1 10( ) ( ) .W V W   (3.14) 

3.1.2  Free transverse vibrations of the 2nd segment. 

Free transverse vibrations of the segment described by the equation [10] 

 .0
2

2

2

4

2

2

4













ww
 (3.15) 

Separating the variables, we obtain 

      sin, 2222 Ww  , (3.16) 
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 2

2 2 2 2( ) ( ) 0,IVW W   
   

2 2

2 ,
r

W Ae


  (3.17) 

where 
24

2 r ; 221 r ; 22 2r   ; 223  ir ; 224 r ; 
2 .   

The general solution of equation (2.17) has the form 

         ,2212022220223202242022  KwKwKwKwW   

where 


20202020 ,,, wwww – the initial parameters of the second segment. 

We introduce: 

– the vector of state of the second section:
 )(W 22   

 2 2 2 2 2 2 2 2 2 2( ) ( ) ( ) ( ) ( ) ;W W W W W        

– the vector of initial parameters:
 20W

 

 20 20 20 20 20 ;W w w w w    

– influence function matrix: )(V 22   

4 2 2 3 2 2 2 2 2 1 2 2

4

2 1 2 2 4 2 2 3 2 2 2 2 2

2 2 4 4
4 4 2 2 2 2 2 1 2 2 4 2 2 3 2 2

4 4

2 3 2 2 2 2 2 2 1 2 2 4 2 2

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) .

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

K K K K

K K K K
V

K K K K

K K K K

       

        


         

         



 
 
 
 
 
 

 

Then the state of the second segment describes the matrix equation 

 
2 2 2 2 20( ) ( ) .W V W   (3.18) 

From conditions of conjugation of segments areas has  

1 2( ) (0)W W 
  
or  1 10 2 20( ) (0)V W V W  . 

Given that 2 (0)V
 
– the identity matrix, we obtain 20 1 10( )W V W

 
and, consequently, from 

(3.18) we have 2 2 2 2 1 10( ) ( ) ( ) .W V V W    

Those: state at both segments is determined by the parameters of the first segments. 

State at the end of the second segment when
 2 1    determined by the vector 

2(1 )W 
 

 2 2 1 10 21 10(1 ) (1 ) ( ) (1 , ) .W V V W V W          (3.19) 

Here the matrix of influence 21 2 1(1 , ) (1 ) ( ).V V V       

Two initial parameter known .01010  ww  

There are also known two components of the vector of state at the end of the second seg-

ment 

2(1 ) (1 ) 0.W W      

Substituting these values in the matrix equation (3.19), written in block form, we obtain 
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 

 

13 1411 12

23 2421 22

1031 32 33 342

1041 42 42 442

0 0

0 0
.

1

1

c cc c

c cc c

wc c c cW v

wc c c cW v

         
         

                                              

 

Whence  

 
13 14 10

23 24 10

0.
c c w

c c w

  
    

  (3.20) 

The frequency equation is obtained by equating to zero the determinant 

 
13 14

23 24

0,
c c

c c
  (3.21) 

where  

4

13 4 2 2 1 3 2 3 1 2 2 4 1 1 1 2 1 1( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ).С K K K K K K K K                     

14 4 2 1 1 3 2 2 1 2 2 3 1 1 2 4 1( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ).С K K K K K K K K                  
 

4 4

23 2 1 2 2 1 4 2 3 1 3 2 4 1 1 2 2 1 1( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ).С K K K K K K K K                      
4

24 2 1 2 1 1 4 2 2 1 3 2 3 1 2 2 4 1( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ) ( (1 )) ( ).С K K K K K K K K                     

Figure 4 shows the dependence of the two frequencies of the free vibrations of the beam 

from relative stiffness of grounds for different sizes of the damaged area of the foundation 

 

 
a) 

 

 
b) 

Figure 4: The natural frequencies of flexural vibrations damaged beam: a) – first, b) – second. 

4 FORCED VIBRATIONS BEAM  PARTIALLY  SUPPORTED ON THE ELASTIC 

FOUNDATION 

Forced vibrations of the beam consisting of two segments, formed after the partial destruc-

tion of the foundation, described by corresponding non-homogeneous equation 

 
4 2

41 1
14 2

1

4
w w

w q
 

 
  

 
     and     q

ww










2

2

2

4

2

2

4


 (4.1) 
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а) b) 

 
Figure 5: Forms of free vibration  of the beam: a) – first , b) – second. 

 

Expending movement wi(i,) (i = 1, 2) in the forms of natural vibrations (3.13) and (3.18), 

respectively, with coefficients in the form of well-known functions of time using orthogonal 

forms of natural vibrations, satisfying the initial conditions 

 0), ( = ,0) (
0,

iii

i







 i

cт

w
ww  (4.2) 

obtain function of deflection on segments [11] 

 20 0

1 2 2 2

0 0

( ) ( ) 2 ( ) ( )

( , ) cos sin ( ),
2
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i i

i i

v v

ст in in
n

ni i inv v
n

in n in

w W d q W d

w W

W d W d

     
 

    

    





 
 
  
 
 
  

 


 

 (4.3) 

where 1 2, 1 .       

 

5 A NUMERICAL EXAMPLE 

Reinforced concrete beam length L = 6,7 m, rectangular cross-section with sides of width 

b = 0,25 m, height h = 0,18 m, moment of inertia of the cross-section of the 41,215 10I   m
4
, 

Young's modulus of the beam material .1005,3
2

10

m

N
E 

 
Material of foundation – a ballast 

layer of crushed stone with module .751
m

MPa
K   Coefficient of stiffness of foundation 

.1075,18 6 PabKK i   Parameter .104
4


EI

KL
 Setting ends beams are clamped. The beam 

is loaded with a uniformly distributed load of intensity 
m

kN
q 5,13 (brick wall height of 3 m, 

a length of 6.7 m, a thickness of 0.25 m, the proportion of the material 
3

18
m

kN
).  

In the initial (unstrained) state the maximum bending mo-

ment
3

max0 0,099 , , .
ML qL

М q M q
EI EI

  
 
Normal stress .39

2cm

kg

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Table 1 contains the ratios 
.

.

.

st

quasi

quasi
M

M
K   

 

and 
.

.
.

st

dinam
dinam

M

M
K   increasing the maximum 

bending moment in the beam at different degrees, respectively, quasi-static and sudden dam-

age to the base 
 

The degree of damage,1   1 0,75 0,5 0,25 0 

Quasi-static, .quasiK  1 1,41 3,53 6,56 8,33 

Sudden, .dinamK  1 1,57 4,52 11,29 14,53 

Table 1: Splash of max bending moment at the foundation damage. 

6 CONCLUSIONS  

A mathematical model of free transverse vibrations of simply supported beam partially on 

an elastic Winkler foundation. The beam appears conjugation of two segments, one of which 

is fully supported by the foundation, the other is free. The spectrum of the natural frequencies 

of the beam on the foundation of partial damage frequency is determined by the equation ob-

tained procedure similar to that used in the finite element method (FEM) in the construction 

of finite element stiffness matrix. We introduce four component vectors of the state – the di-

mensionless deflection, turn the cross-section, the bending moment and shear force. In matrix 

form obtained according to the state vectors in an arbitrary section of the vector of initial pa-

rameters. Vectors of state presented a set of blocks, including kinematic and power parame-

ters. This matrix is the influence of the initial section of the cell becomes final, always 4×4. 

The frequency equation is obtained by equating the determinant of this matrix is zero. The use 

vectors of state, and the initial parameters of the procedure reduces the influence of the matrix 

to the fourth, with any number of mating parts of the beam, which significantly reduces the 

complexity of the calculations. 

As a result, we obtained the relationship between the natural frequencies, the mechanical 

characteristics of the beam and the foundation and damage parameters: the length of the dam-

aged portion of the foundation and its localization in the overall length of the beam. 
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