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Abstract. Buckling of an annular elastic thin plate joint with circular beam under the action of
radial stresses is studied. Such plate can be considered as a model of the supporting ring of a
cylindrical shell in the case when the ring has a T-shaped cross-section. First the initial stress-
resultants are found. Then assuming that the plate is narrow buckling equations and boundary
conditions are simplified by means of an asymptotic technique. The approximate eigenvalue
problem has analytical solutions for particular cases. In the general case, for its solution the
Rayleigh-Ritz method and the shooting procedure are used.
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1 INTRODUCTION

The external pressure acting on a circular cylindrical shell may cause buckling of the shell.
Reinforcing of the shell by rings leads to raising its critical pressure. If the width of the rings is
sufficiently small the buckling mode is similar to the buckling mode of the shell without rings,
and the shell surface is covered by a series of pits stretched along the generatrix of the cylinder.
In the case of this typical buckling the rings may be considered as circular beams. Almost in
all studies of ring-stiffened shells the beam model of the ring is used (see [1]-[3] and references
there).

If the width of a ring grows, the critical pressure increases until the typical buckling mode
will be replaced with the buckling mode consisting of small pits formed on the surface of the
ring while the cylindrical shell itself does not actually deform (see, [4]). The buckling of the
plate occurs under the action of radial stresses arising on the plate edge joined with the cylin-
drical shell. These stresses are caused by the pressure acting on a circular cylindrical shell.
The beam model can not be used for studying the buckling of the wide ring which should be
considered as an annular plate. Buckling of annular thin plates is well enough studied (see, for
example, [5]-[7]). The aim of this paper is the solution of the buckling problem for the annular
plate stiffened by a circular beam.

In [8] by means of an asymptotic analysis the approximate boundary conditions on the plate
edge joined with the cylindrical shell are obtained. If the plate is thin these conditions coincide
with the conditions on the clamped edge. In the paper [4] for the ring with the rectangular
cross-section on the other plate edge the free edge conditions were introduced. The approximate
values of the critical pressure found by the solution of the eigenvalue problem for the annular
plate are in good agreement with the numerical ones obtained by FEM for the ring-stiffened
shell.

In this paper we consider buckling under the action of radial stresses of the ring with the T-
shaped cross-section joined with the cylindrical shell and located outside the shell. As a model
of such a ring we use a circular plate. We assume that the edge joined with the shell is clamped
and the other plate edge is stiffened by the circular beam.

Two cases are analyzed. In the first case the shell is under the internal preéseed-igure
1la) and in the second case the pressure is external (see Figure 1

J

Figurel: Pressure acting on the shell; 1 — shell, 2 — plate, 3 — beam.

In the work [9] the buckling of a circular plate under the action of radial stresses on the inner
edge was considered. For the specific pre-buckling stresses the analytical solution was obtained.
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2 BASIC EQUATIONS

Let » be the radial coordinate on the middle surface of the platesgritle radial stress at
the edge" = ry causing buckling, wherg, is the radius of the shell. The compressive stresses
are regarded as positive. After separation of variables equations describing the buckling of the
annular plate can be written in the following form

1 m w m?
Q) + ;Ql + 7@2 =Tw"+ Ty (— - —w) ;

1 m m 2
Q12M1+;(M1_M2)+2?H7 Q2:_7M2+;H7

My = D(k1+vks), My = D(ky+vk), H=D-v)k, D= 12(1 — v2)’
" m2 w/ m '
K1 =—-w', Ky=—SW——, /4;12:<—w>,
T T r

where(’) denotes the derivative with respect to the radial coordinateis the circumferential
wave numberw is the normal deflection), @, and M, M,, H are the stress-resultants and
stress-coupled); and7; are the pre-buckling stress-resultarifsis Young’s modulush is the
plate thicknessy is Poisson’s ratiok,, ks, k12 are the changes of curvature.

We assume that the loaded edge of the ptater, is clamped:

w=w =0, r=r (2)

At the other plate edge = r; stiffened by the circular beam the boundary conditions have

the form o
Ml = _2Tw/’ Ql = le/a r=rr, (3)
To
where J, is the moment of inertia of the beam cross-section. For the beam with rectangular

cross-section/, = a3b/12 (see Figure 2).

,
aE:’OJ:j
b

Figure2: The cross-section of the annular plate joint with the beam

System (1) can be reduced to the equation

dw 2 dPw  2m?+1-— 6t dPw N 2m? + 1+ Bty dw N m2(m? — 4 — fty)

caw —0, (4
ds4 + s ds3 52 ds? 53 ds s4 v » (4)
where o
b= D

is the buckling stress parameter,

k=1,2. (5)
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3 PRE-BUCKLING STRESS-RESULTANTS

To find the pre-buckling stress-resultafitsand7; we use equations of axisymmetric tan-
gential deformation of the plate:

1 U U
/ - . _ _ ! el — el /
T+~(Ti-T)=0, T B<u +”r>’ T B<r+yu>, (6)
whereu is the radial displacement arfgl = Eh/(1 — v?). The general solution of equations
(6) has the form

C. C
u=Cyr+ 72, T, =B (%Cl F 50722) , (7)

whereyy=1+v,5p=1—v.
In the first case corresponding to the Figuegtie boundary conditions for equations (6) are

Tl(TO) = hO'(), Tl('l"l) = —%gU(Tl), (8)

1
whereS is the area of the ring cross-section. Substituting solution (7) into boundary conditions
(8) we get

(’70 + 6()50)01 — 0(—20)02 = O7 7001 — —302 = g7
rl 7’0 E

(9)

whereS, = (1 + v)S/(hry). The solution of equations (9) has the form

. (1 — So)(l — V2)0'0 . (’70 + 5050)(1 - 1/2)0'0 . (1 — So)’)/() Yo + 5080
Cl - 2 ) CQ - ) d= 2 - 2 :
Taking into account formulas (7) we obtain
hoorg (7”2(1 — So)v Fri(y + 5050)>
Ty = . 10
e r2 \rg(1 = So)v0 — 7 (70 + d0Sh) (10)

In the second case corresponding to the Figuréhé stresses are tensile. We get the pre-
buckling stress-resultants for the second case substitutiiggnsteads, in formulas (10).

If Sp = 1then
hoor?
r2

Typ =+ (11)

Theanalytical solution of equations (1) for the pre-buckling stress-resultants (11) was obtained
in [9], however the conditio, = 1 is unlikely in a real structure.

Taking Sy = 0 in formulas (10), we get the pre-buckling stress-resultants for the plate with-
out the beam which corresponds to a ring with the rectangular cross-section.

4 APPROXIMATE SOLUTION FOR THE FIRST CASE

Consider the buckling of the annular plate under the action of compressive radial stresses
applied to the inner clamped plate edge (see Figu)e The outer plate edge is joined with
circular beam.

Let us suppose that the plate is narrow, i.e. the non-dimensional width of the piate is
r1/ro — 1 < 1. Usually this condition holds for the rings supporting a shell.
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Assumethatm ~ 1. Then after replacing the variable
s=1+e¢ex (12)
in equations (4) and neglecting small terms we get the approximate equation

dw

d4 2 d 3
d4+ﬁ et + Bett o = 0. (13)

Replacing variable in relations (2) and (3) according to (12) we obtain the following approx-
imate boundary conditions

w=w =0, x=0,

(14)
w4+ cw' =0, W'+ Bt =0, x=1,
where ) .
12¢(1 —v?)J, Jr
S el R NS LY
h3 o To

In the caseS, = 1 it follows from (11) and (5) that, » = +1. Hence in the first approxima-
tion equation (13) and boundary conditions (14) can be written as

d*w d>w
et + ﬁgw =0, 53 = 552 (15)

w=w =0, x=0,
w' +cw' =0, W'+ 3w =0 z=1.

Substituting the general solution of equation (15)

(16)

w(z) = Cy sin foz + Cy cos for + Cszx + Cy

into boundary conditions (16) we obtain that eigenvalue problem (15), (16) has a nontrivial
solution if

Bo cos By + csin By = 0. a7)
The non-dimensional critical logd. may be found by means of the formula
ﬁc = 53/527 (18)

wheref, is the minimal positive root of equation (17).
In the case of arbitrarg, we get the following approximate expressions for the narrow plate
taking into account formulas (10), (5) and (12):

=1 g= Lm0 . (19)

ehpx vS, — hy, S h,rinSo
eh, + S, eh, + S, " 2 1+v

Equation (13) and boundary conditions (14) take the form

d*w d*w dw
ey + Bty (z )d%2 +€5§t2% =0. (20)
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w=w =0, x=0,

" ’_ " 2 ;o _ (21)
W'+ cw =0, w4+t (L' =0, z=1.

Eigenvalue problem (20), (21) does not have an analytical solution. To find an approximate
value of 3, we use the Rayleigh-Ritz method. Multiplying equations (20)dgnd integrating
by parts over the interval, 1] we obtain

1 1 1
[w"w — w"w']§ + / (w")?* dz + 32 / tiw"w dz + g3t / w'wdx = 0. (22)
0 0 0

Taking into account boundary conditions (21) from equation (22) we find

G+ 1,

2t 23
& Go+ L+ I3 (23)

where .
Gy = /()2 G =t (1w (Dw(1), 11—/ (w")? da,
1 1 0 (24)
I, = —€t2/ wwdr, I3= —/ tiw"w dx.
0 0

The substituting in formulas (23), (24) instead exact solutignr) an arbitrary function
W (zx) satisfying boundary conditiond’(0) = W’(0) = 0 get an approximate value ¢f.
Accuracy of the approximation will be high if we take the functidn(z) close tow(z). To
choose the functiom’(z) we consider solutions of eigenvalue problem (15), (16)c ¥ 0
then the minimal positive root of equation (17)#s = =/2. Corresponding tg3; = 7/2
buckling mode has the foriV,(z) = 1 — cos(mz/2). In the case: = oo the buckling mode is
Ws(x) =1 — cos(mz). Let for any dimensionless stiffness

W(z)=1-coskz, (25)

wherek(c) = m(c+1)/(c +2), k(0) = 7/2, k(o0) = 7.
Formula (23) for eigenvalue problem (15), (16) after sustituting function (25) in relation (24)
and neglecting small terms may be written in the form

4ck sin k + k*(2k + sin 2k)

2
bo = 2k — sin 2k

(26)

Comparison of the minimal positive roots of equation (17) and the approximate valggs of
obtained from formula (26) for € [0, 10] shows that the relative error of approximate results
is less than 0.1%.

We use function (25) also for the calculation eigenvalues of buckling problem (20), (21).
Substituting this function instead(z) in relations (24), we obtain

Spksin k(1 — cos k)

Gi = c(ksink)?, Gy=

, S, +¢ ’
k . 1—-vS,
]1 = Z(Qk + sin 2k), [2 = &Tm(l — COS ]i])Q, (27)

_ 2k*(2S, +¢e) — 2kS,(4sink — sin 2k) — (7 — 8 cos k + cos 2k)

I
’ 8(S, +¢)

4746



Segei B. Filippov and Maria L. Boyarskaya

Formulas (23) and (27) get an approximate minimal positive eigenvajue problem (20),
(21). The non-dimensional critical loa#l may be found by means of relation (18).

Consider an annular plate with the parametets0.1, v = 0.3, h,, = h,/ro = 0.01, which
outer edge is stiffened by the circular beam of a rectangular cross-section. The width and height
of the beam cross-section ate= a,ry andb = b,ry correspondingly (see Figure 2). Then
Sp = anby/h,, J = a®b/12. Values of the dimensionless stiffnesand the non-dimensional
critical load . for different values of:,, andb,, are given in the Table 1. The last column of

Values of{3.
. bn Ritz method Shooting
0 0.0 0 830 784
0.01 0.01 0.001 685 663
0.04 0.01 0.058 520 515
0.05 0.02 0.227 448 447
0.06 0.03 0.590 469 468
0.07 0.04 1.248 542 541
0.08 0.05 2.330 640 639
0.10 0.07 6.370 816 816
0.12 0.09 14.15 915 915

Table 1: Results of calculation for various dimensions of beam cross-section.

the Table 1 contains valueés obtained by the numerical solution of eigenvalue problem (20),
(21). These results are found by means of the initial-value or shooting procedure represented
in [10]. The approximate results calculated from formula (23) are given in the penultimate
column. Comparison of the numerical and the approximate results shows that the relative error
of the approximate results is less than 6%.

In Fig. 3, for the plate stiffened by the beam of a square cross-section the parggeser
a, = b, is plotted.

12 B,

0 | | | | | a,

0.02 0.04 0.06 0.08 0.1

Figure3: Parametef, vs. dimension of beam cross-sectian

At increase in the sizes of the beam cross-section section the parameter of the critical load
B, = (32/<? decreases, and then increases. Decrease of the criticablagith growth of the
sizesa,, andb,, is connected with increase in the pre-buckling stress-resultaatthe external
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edgeof the plate, and its increase is caused by increase in stiffness of acdbé#ance, by the
local buckling under an internal pressure the ring with the rectangular cross-section for which
a, = b, = 0 is more effective than the ring with the T-shaped cross-section.

5 APPROXIMATE SOLUTION FOR THE SECOND CASE

The second case differs from the first case only in that the radial stress at the edge
is tensile i.e. its has opposite sign. Therefore to obtain in the second case an approximate
equation and boundary conditions for the narrow platerand 1 we should changg to —(
in formulas (13) and (14). Then for ~ 1 by means of relation (23) we obtain thak 0, and
plate buckling does not occur.

Consider the case of the large circumferential wave numieer: 1/c. Then for a narrow
plate the approximate buckling equation and the boundary conditions are

d*w d*w

w — (2m3 + ﬁotl)w + mg(mg + ﬁotg)w = 0, (28)

w=w =0, =0,

29
w’ +cw —vmdw =0, w”—[2-v)mi+Gt;Jw =0, x=1. (29)
where
) ehpx vS, — hy, Py 1nSo
= — T DL [ R .
mo em, ﬁO € ﬁa 1 €hn +Sn7 2 Ehn —FSn’ 1 +u

Equation (28) has analytical solutions only in the cages- 0 and.S,; = 1 (see [4] and [9]).
In the general case we search approximate valug dfy means of the Rayleigh-Ritz method.
We multiply equations (28) by, integrate by parts over the interJal 1] and obtain

[w"w — w”w’]é + I+ 2mo(L — [w'w]é) — Bols + mg(mg + Bot2) Iy = 0. (30)

1 1 1 1
I :/ (w"?dx, I :/ (W) dz, Iy :/ w?dw, Iy :/ tyw"w dz.
0 0 0 0

Using boundary conditions (29) from equation (30) we find

Here

5, — I +miL + mily — 2vmiw(1)w'(1) + c(w'(1))? (31)
0 Iy — tam2ly — t;(Dw(1)w' (1) ‘

As a Ritz functionl¥ (z) we use the solution of following eigenvalue problem

d*w d?w
i (2m§ + 50)@ + mg(mg + Bot2)w = 0, (32)

w=w =0, =0,

w’ 4+ cw' —vmdw =0, w”" —[2-v)mi+ Gti)Jw' =0, x=1.

(33)

Substitutingw = ¢* into equation (32) we obtain the biquadratic equation

M — (2m2 + Bo) A2+ mi(mE + Boty) =0
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which has the following roots:
M2 =E£Vby —ag, N34 =E\by+ ao,

where

a0 = \/ (1 — ta)m3By + G3/4, b= md+ Bo/2.

In the case’, < mZ/t, all roots are real and eigenvalue problem (32), (33) does not have a
nontrivial solution. Let us searchy > mZ/t,. Then equation (32) has the general solution

w = C sinax + Cs cos ax + Cy sinh yax + Cy cosh vz,
whereCy, k = 1,2, 3, 4 are arbitrary constants,

O[:\/Clo—bo, ’y:\/ao‘f'bo.

To obtain the constants; we substitute the general solution into boundary conditions (33)
and get a system of linear homogeneous algebraic equations. The determinant of this system
may be written as

0 1 0 1
D(B) = - ; ! ;
V7 A = a?)sy +cac; (A—a?)e;p —cas; (A+92)sy+eyes (A+7%)ey + cyss
a(B —a®)a —a(B - a?)s V(B +7%)e V(B +7%)ss
where

A=—-v} B=miv—-2) - Gti(1),
§1 =sina, Sy =sinh~y, ¢; =cosa, ¢y = coshn.
After transformations, we get
D(By) = Fs155 + Geico + H + cay(a® + v?) (asicy + ye18s).
Here
F=7*(A-a?)(B+7?) —a*(A+7*)(B - a?)

G:—WMA—MXB+%%HA+fXB—¢ﬁ
H=ay[(A+7*)(B+7%) + (A= a®)(B-a?).

If 5o(my) is the minimal positive root of equatiad(5,) = 0 then we can find the parameter
of the critical loads. from the following formulas

ﬁc = ﬂm/527 6771 = Hr}mion bO(mO)- (34)

SinceD(3,,) = 0, the system of linear homogeneous algebraic equations with the unknowns
C,, has nontrivial solution fof, = /3, . As such solution we take the minors of elements of the
third row of a determinanb(,,):

C; =ay(B—a?)s; +v*(B+7%)ss, C5=ay(B—a?)c; —ay(B+9?)ey,
Ci = —a*(B—a?)s; —ay(B+7%)ss, Cf =—ay(B—a?)c; +ay(B+7%)cs,

Hence, the buckling mode of the problem (32), (33) is

W = CY sinax + C; cos ax + Cf sinh vz + C) cosh yx.
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Substitutingin formula (30) instead the exact solutiar{z) the functioni¥/(z) we obtain the
approximate value of the non-dimesion critical load of problem (28), (29):

 L+mil +myly — 2vmiW (L)W' (1) + c¢(W'(1))?

60 13 — tgmgjo — tl(l)W(l)W/(l) ’

(35)

where

1 1 1 1
I, = / W dx, I, = / W dw, Iy= / W2de, I;= / HW'W da.
0 0 0 0

The relative error of approximate results, obtain from formula (28), in comparison with
numerical results, found by means of the shooting procedure, is less than 0.1%.

In Fig. 4, for the plate with the parameters= 0.1, v = 0.3, h,, = 0.01 stiffened by the
beam of a square cross-section the critical Iggdss. the dimensionless sizes of the beam
cross-sectiom,, is plotted.

B

an

0 0.01 0.02 0.03 0.04 005 0.06 0.07

Figure4: Parametef, vs. sizes of beam,,.

At increase in the sizes of the beam cross-section the parameter of critical.lead? /<2
increases. Therefore, by the local buckling under an external pressure the ring with the T-shaped
cross-section is more effective than the ring with rectangular cross-section.

6 CONCLUSIONS

We discussed buckling of rings with the T-shaped cross-section supporting a circular cylin-
drical shell. The cases of internal and external uniform pressures acting on the shell are ana-
lyzed. As a model of the ring the annular thin narrow plate joint with a circular beam is used.
Buckling equations and boundary conditions are simplified by means of an asymptotic tech-
nique. To find the approximate critical load the Rayleigh-Ritz method is used. The solutions of
the approximate eigenvalue problems are obtained in closed form. Comparison of the numerical
results found by means of the shooting procedure and the approximate results shows that the
relative error of the approximate results is small.

The dependence of the critical load on the dimensions of the beam cross-section is studied.
In case of the internal pressure with the increase in these dimensions the critical load decreases,
and then increases. Therefore, by the local buckling under an internal pressure the ring with
the rectangular cross-section is more effective than the ring with the T-shaped cross-section. If
the pressure is external then the increase in the dimensions of beam cross-section caused the
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increaseof critical load, and the ring with the T-shaped cross-section is more effective than the
ring with rectangular cross-section.

The results obtained in the current paper may be used for optimal design of the cylindrical
shell stiffened by rings.
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