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Abstract. This work applies the topology optimization technique to an acoustic-structure cou-

pled system with periodic geometry constraint in order to obtain the optimal layout of the de-

sign domain for the minimization of the pressure frequency response in the acoustic fluid. The 

displacement-pressure formulation (u–p) is used for the finite element analysis of the coupled 

system and external harmonic excitations are applied in the system. The design domain of the 

coupled system is considered to be composed of identical unit cells. A periodic geometry con-

straint is applied in the design domain considering the fluid-structure interaction and the ob-

jective function. Appling the modified bi-directional evolutionary structural optimization 

(BESO) technique to the system, the design domain is evolving towards the optimal topology 

of the unit cells through removing/adding material accordingly to the sensitivity analysis. The 

influence of the total number of unit cells composing the periodic structure and the aspect ra-

tio of the unit cells are investigated in the minimization of the objective function. In order to 

show the capability and efficiency of the proposed formulation, two acoustic-structure sys-

tems are optimized for several cell configurations, different aspect ratios of the periodic unit 

cells and excitation frequencies. 
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1 INTRODUCTION 

In recent years, the optimization of multiphysics systems has been considered in several 

areas of the computational engineering. Concerning the acoustic-structure systems, the mini-

mization of the pressure frequency response in a region of the fluid domain could be particu-

larly important for engineering problems like noise reduction in interior of rooms, in 

passenger compartments of automobile, airplane, etc. Different topology optimization ap-

proaches, [1, 2, 3, 4, 5, 6, 7, 8], have been developed in the last decades and can be used to 

obtain a better performance of multiphysics systems. 

The frequency response problems in multiphysics system have been investigated using dif-

ferent approaches for circumvent the difficulty of optimize systems having more than one ma-

terial domain [9, 10, 11, 12].  

Extending the traditional bi-directional evolutionary structural optimization (BESO) meth-

od to a three phases system (structure, fluid end void) and using the displacement-pressure 

formulation (u–p) for the finite element analysis of the coupled system, the problem concern-

ing the interface between the domains during the optimization process have been studied [13, 

14, 15]. Due the characteristics of the u-p formulation and the evolutionary optimization tech-

nique, the coupled system during the optimization procedure does not present intermediate 

densities of structure, thus, all phases, solid, void and fluid, as well as the interface between 

the domains are explicitly defined. 

Concerning the optimization involving periodic structures, the topology optimization has 

been applied to find optimal design of the periodic cells using the based density approach, [16, 

17] and more recently with the evolutionary technique, [18, 19, 20], considering static and 

dynamic problems.  

Recently, the topology optimization using BESO technique was applied to minimize the 

frequency response considering the pressure [21] and displacement [22] for a range of fre-

quency of excitation.  

This work uses the modified BESO to fluid-structure coupled system to optimize acoustic-

structure problems where the design domain is subject to a periodic constraint. The analysis of 

the system is carried out using the displacement-pressure formulation (u–p), where the solid 

domain is governed by the elasticity equation and the acoustic fluid domain by Helmholtz 

equation. The surface-coupling integral are used to fully coupled the domains. 

This paper is organized as follows: Section 2 presents the acoustic-structure formulation 

used and the finite element modeling of the coupled system. In Section 3, the topology opti-

mization problem for the pressure frequency response minimization is developed and the sen-

sitivity analysis is carried out considering the periodicity of the unit cells in the design domain. 

Section 4 shows some numerical results reached using the proposed methodology. Finally, 

conclusions are drawn in Section 5. 

2 ACOUSTIC-STRUCTURE INTERACTION  

The fluid-structure interaction considered in this work is represented generically in Fig. 1, 

where s  is the structure domain; f  is the fluid acoustic domain and sf represents the in-

terface between the domains.  

All boundary conditions and the external force are also represented in Fig. 1. A detailed 

description about the formulation of the system can be found in the [21].  
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Figure 1 – Generic coupled fluid-structure system. 

2.1 Equilibrium equations and boundary conditions  

Considering the structural domain composed of a homogeneous and isotropic material and 

under a small linear deformation, the linear elastodynamic equation can be used to describe 

the continuum medium: 
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where sσ is the divergence of the Cauchy stress tensor; su is the displacement vector field 

and s  is the mass density. The subscript s denotes to structural variables. 

The boundary conditions considered in the structural domain, Fig. 1, is the displacement 

constraint 

 0   in    s sd u  (2) 

the prescribed external load, sf , applied in the structure 

    in   s s s sc σ n f  (3) 

and the pressure force produced by the fluid and transmitted to the structure at the interface 

between the domains 

    in   s s f f sfp σ n n  (4) 

The fluid medium can be described using the wave equation, assuming the fluid to be in-

viscid, irrotational and in a small translation: 
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where fp  represents the acoustic pressure scalar field and 0c  is the constant speed of sound 

in the fluid.  

In the fluid acoustic domain, the boundary conditions considered, Fig. 1, is the prescribed 

pressure, fp , in the fluid 

 i   n   f f fdp p   (6) 

the rigid wall boundary condition 

 0   in   f f frp  n  (7) 
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and the kinematic compatibility of the normal displacements at the interface of the fluid and 

structural domains 

 
2

2
i      n s

f f f s sfp
t




  


u
n n  (8) 

where f is the mass density of the fluid medium. Them, the stated boundary value problem 

for acoustic-structure interaction is find su and fp  that satisfy the equations [1] - [8]. 

2.2 Finite element discretization  

The finite element discretization of the system is reached through taking the weak form of 

the boundary value problem and applying the Galerking method in the weighted residual ap-

proximation, [23]. Considering the presented coupled system of equations, the finite element 

matrices are written as follows 
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where sK  and sM  are the stiffness and mass matrices of the structural domain; fK  and fM  

are the stiffness and mass matrices of the fluid domain; f  is the nodal vector of the external 

forces applied to structure; sfL is the coupling matrix at the interface between the domains; 

sN  and fN  are the shape functions for the structural and fluid domains, respectively. 

Letting   be the harmonic excitation frequency of the system, the coupled fluid-structure 

system can be described in terms of the finite element matrices as: 
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where su and fp are the nodal approximation of the frequency response of displacement and 

pressure, respectively. 

3 EVOLUTIONARY OPTIMIZATION WITH PERIODIC CONSTRAINT 

This work aims to find the optimum layout of the periodic unit cells in the design domain 

in order to minimize the pressure frequency response in an acoustic-structure coupled system. 

Following is presented the mathematical approach of the problem and the optimization proce-

dure used in this work. 
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3.1 Optimization problem 

A periodic system is exemplified in Fig. 2; in this generic 2D representation, the system is 

divided into 1 2m m m  equal unit cells. 1m unit cells in horizontal direction and 2m unit cell 

in vertical direction, a cell mode of 1 2m m . The sensitivity number in the optimization prob-

lem is given in terms of the design variable ,i jx , where the subscript i  is related to cell num-

ber and the subscript j  refers to element number in the unit cell. 

 

 

Figure 2 – Coupled system with the design domain composed of 8m  identical unit cells, in the cell mode

1 2 4 2m m   , with 4 unit cells along the horizontal direction and 2 unit cells along the vertical direction. 

The optimization problem proposed here for minimizing the pressure frequency response 

for a periodic system can be stated as 

 

Minimize: | |fp   (16) 
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where | |fp  is the mean pressure frequency response in a point or area of the fluid domain; Eq. 

17 refers to the equilibrium equation of the coupled system; fV  is final prescribed volume 

fraction of the structural part in the design domain; iV  the volume fraction of the ith unit cell; 

,i jv is the volume fraction of the jth element in the ith unit cell, n is the total number of ele-

ments in the unit cell and ,i jx  is the design variable with 1 for structural elements and 0 for 

void or fluid elements. Due the periodic constraint, the design variable is enforced to have the 

same value for elements with the same position in the unit cell as indicate in Eq. 20. 
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3.2 Sensitivity analysis 

Following the evolutionary optimization procedure, the sensitivity number of each element 

based on the objective function should be evaluated for all elements in the design domain. 

Then, the elements are ranked according to the they efficiency. To obtain this efficiency of 

each element, the equilibrium equation, Eq. 17, should be derived with respect to the design 

variable, ,i jx , for each element. 
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(22) 

Based on [22]; introducing the location vector to identify de degree of freedom for the 

minimization of the frequency response, neglecting the alteration in fluid global matrices due 

the structural element remove, the Eq. 22 can be rewritten as 
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where ku is the frequency response in the specific degree of freedom of interesting to mini-

mize and 
,s ku is frequency response of the structural domain when only a unitary load is ap-

plied in the kth degree of freedom.  

Appling the material interpolation proposed by [24], the sensitivity number, from Eq. 23, 

to minimize the proposed objective function can be state as 
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where the superscripts ,i j  indicate that the matrices and vector are in the elemental level. p is 

the penalty exponent factor. Following the soft-kill procedure, the design variable is 1 for the 

structure elements and minx for the void or fluid elements, in this work the 8

min 10x  . 

Due the imposed periodicity of the unit cells, the elements should be removed/added at the 

same time in the same position of the unit cells. In this way, the updating of the unit cell de-

sign can be done choosing a representative unit cell. And the sensitive number of the jth ele-

ment in the representative unit cell is calculated as the overall sensitivity number of all jth 

elements from the other unit cells with the same position. 
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j i j
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 
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where j is elemental sensitivity number of the representative unit cell, which can be choose 

from any unit cell once all unit cells are identical. 

3.3 Filtering and sensitivity history  

In order to prevent the instability during the topology optimization a number of strategy 

can be applied. A heuristic procedure that helps to avoid checkerboard patterns is filtering the 

elemental sensitivity number found by Eq. 25, [8]. A spatial linear filter is used here based on 
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the procedure shown in [8]. Due the periodicity unit cells in the design domain the filter 

scheme can be applied only at the representative unit cell. 

The filtering procedure starts calculating the nodal sensitivity number, n

l , which is the 

averaging of the sensitivity number of all connected element at the node. Then, the nodal sen-

sitivity numbers are used to calculate the elemental smoothed sensitivity numbers, s

j , using a 

circular (for 2D, or spherical for 3D) sub-domain defined by a radius minr  and centered at the 

elements center. Finally, for each element, the nodes inside the element sub-domain have their 

nodal sensitivity numbers averaged into the element as follows 
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where nod  is the total number of nodes inside the sub-main; ( )ljw r  is the linear weight factor 

defined as  

 min( )    ( 1,  2, , )lj ljw r r r l nod    (27) 

where ljr  is the distance between the jth element centre and the node l . 

Helping in the convergence and stability of the optimization procedure [25], a history aver-

aging of the sensitivities is implemented and the final sensitivity elemental number, f

j , for 

the representative cell can be calculated as follows 
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where m is the current iteration number. 

3.4 Convergence criteria 

After reached the final prescribed volume, the optimization procedure evolves until the 

convergence of the objective function. The prescribed error tolerance to define the conver-

gence of the objective function is defined as [25] 
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 where ( )m

fp  is the value of the objective function in the mth iteration and N is the number of 

iterations involved in the convergence error estimation. 

4 NUMERICAL RESULTS 

The structural optimization of two acoustic-structure systems are presented in this section 

considering the periodicity of the design domain and applying the formulation developed in 

the previous sections. In the finite element discretization of the systems, the four-node quadri-

lateral elements are used for the both domains.  
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4.1 Example 1  

In this example, the formulation proposed in this work is applied to a coupled acoustic-

structure system shown in Fig. 3 for minimization of the acoustic pressure. Simulating a rotat-

ing machine, like rotary engine, turbine, electric motor, etc., a distributed harmonic load is 

applied to a clamped structure as presented in Fig. 3. The optimization procedure aims to min-

imize the acoustic pressure response in the point outP  generated by the vibration of the struc-

ture in the frequency of 50 Hz .  

The structural domain is divided in two parts, the design domain which is considered com-

posed by periodic unit cells and the non-design domain which is fixed and will not be modi-

fied during the optimization procedure. The non-design domain is shown in black in Fig. 3.  

         

 

Figure 3 - Coupled system under a harmonic loading in the structure domain for minimization of the acoustic 

pressure at the top of the acoustic domain. 

The follow material properties are adopted for the structural domain: Young’s modulus 

200 GPaE  , Poisson’s ratio 0.3   and density 
37700 kg/m  . For the acoustic fluid 

domain, the air properties are considered: density 
31.2 kg/m   and the speed of sound 

343 m/sc  . The volume of the structural domain is kept constant during the optimization 

procedure. Four different cell modes configuration of the initial periodic design are optimized, 

4 x 1, 8 x 2, 12 x 3 and 16 x 4. For a fair comparison of the unit cell final topology, the unit 

cell for all configuration has a mesh of 140 x 140 elements.  

The BESO parameters [8] used are: 0.02ER  , 0.02Ar  , 0.005  , 5N   and 3p  . 

For all cell mode configurations, the filter radius is defined as 1/10 of the side length of the 

unit cell. The initial and final volume fraction of the design domain is defined as 

0.55f iV V  .  

Figure 4 shows the pressure distribution for the initial configurations of the system and for 

the optimized design domain considering the frequency excitation of 50 Hz . The sensitivity 

number distribution in the optimized unit cell is also shown in Fig. 4 for all configurations of 

the periodic structure. The unit cell final topology converges for a symmetric pattern as the 

number of unit cell increases in horizontal and vertical directions. For the cell modes 12 x 3 

and 16 x 4 the optimized unit cells show only a slight difference in the distribution of the ma-

terial and can be considered as the converged pattern.  
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Cell mode Initial system Optimized system Optimized unit cell 

4x1 

  

 

8x2 

  

 

12x3 

  

 

16x4 

  

 

Figure 4 – Pressure distribution for the initial guess design and for the optimized configurations considering four 

different cell modes: 4 x 1, 8 x 2, 12 x 3 and 16 x 4. Evolution of the optimized unit cell for different cell modes. 

The history of the objective function during the evolutionary optimization can be seen in 

Fig. 5 for all cases analyzed. The volume of the unit cell is kept constant for all cases during 

the optimization. Smooth convergences are observed for all configurations studied, the objec-

tive function curves do not present any peaks or discontinuities, the small value of the param-

eter Ar  assure that only a small percentage of the structural material will be swapped in each 

iteration on the unit cells. The maximum number of iteration needed to satisfied to conver-

gence criteria was 34 in the first case. 
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Cell mode 4 x 1 

 
Cell mode 8 x 2 

 
Cell mode 12 x 3 

 
Cell mode 16 x 4 

Figure 5 – Evolutionary histories of the objective function, the acoustic pressure in the point outP , for the four 

different cell modes analyzed. 

A new periodic unit cell is considered to be studied in the same coupled system for mini-

mizing the acoustic pressure. The design domain is considered to be composed of periodic 

unit cell with the ratio length/high equal to 2. The same materials properties and the BESO 

parameters for the previous analyses are used. Figure 6 shows initials and optimized topolo-

gies of the periodic system with the new unit cell, 4 cell modes are presented 2 x 1, 4 x 2, 6 x 

3 and 8 x 4. For all cases the mesh of the unit cell is discretized with 200 x 100 elements. 

Cell mode Initial system Optimized system Optimized unit cell 

2 x 1 

  

 

4 x 2 
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6 x 3 

  

 

8 x 4 

  

 

Figure 6 – Initial guess design and optimized final topologies of the coupled system considering four different 

cell modes: 2 x 1, 4 x 2, 6 x 3 and 8 x 4. Optimized unit cell for different configuration of the design domain.  

The convergence of the unit cell to pattern is observed for the cell mode 6 x 3 and 8 x 4 

and is expected to be repeated in cell modes with higher number of cells. Figure 7 presents the 

history of the objective function in the optimization procedure for all cell modes investigated. 

The volume of the unit cell is kept constant during the optimization, 0.65f iV V  . 

 
Cell mode 2 x 1 

 
Cell mode 4 x 2 

 
Cell mode 6 x 3 

 
Cell mode 8 x 4 

Figure 7 – Evolutionary histories of the objective function for the different cell modes analyzed with the new 

unit cell aspect ratio. 
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Can be observed in Fig. 7, that the number of iteration needed to reach the convergence 

criteria is decreasing with the increase of the number of periodic cells. 

The topology optimization of system is now explored for a higher frequency of excitation. 

Instead of the frequency of 50 Hz previous analyzed, now a frequency of 350 Hz is taking in-

to account to the optimization of the periodic design domain of the coupled system showed in 

Fig. 3. The cell mode of 32 unit cells (4 x 8) is used to build the design domain. The same 

previous material properties and BESO parameters are applied in this investigation. The initial 

guess design of the unit cell start with a structural volume fraction of 0.5, however, the void 

area in the unit cell is fill with acoustic fluid. In this way, the couple system presents now on-

ly two phases, acoustic fluid or structure material in all stages of the optimization procedure. 

Figure 8 presents the initial and final topologies of the coupled system considering the op-

timization for the frequency of 350 Hz. The pressure distributions in the acoustic domain and 

in the design domain for both initial and final topologies. The vibration operational modes are 

presented considering the initial and the optimized system. 

 Initial system Optimized system 

(a) 

  

 Initial guess design Optimized guess design 

(b) 

  

 Initial unit cell Optimized unit cell 

(c) 

  

Figure 8 – Topology optimization of the couple acoustic-structure system considering the frequency of 350 Hz: 

(a) Pressure distribution on the acoustic domain for the initial and the optimized system; (b) Frequency response 

of displacement and pressure distributions in the design domain; (c) Sensitivity number distribution in the initial 

guess design and in the optimized unit cell. 

The system frequency response, mean acoustic pressure, in the point outP  is show in Fig. 9 

for initial system and for the optimized system. The response of the system indicates a signifi-

cant reduction of the acoustic pressure in the point outP  for the frequency range of (0 380) Hz. 
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Figure 9 – Frequency response in the 
outP  in the acoustic domain considering the initial and the optimized design 

of the coupled system. 

4.2 Example 2 

The optimization of a coupled acoustic-structure system composed of two acoustic cavities 

separated by a structural domain is investigated in this example. As shown in Fig. 10, a har-

monic pressure is imposed in the first acoustic cavity, inP , and transmitted to the second cavi-

ty by the vibration of the clamped structure. The optimization procedure aims to minimize the 

pressure in the second cavity in the point outP . The boundary conditions and geometric dimen-

sions of the system are also shown in Fig. 10. The excitation frequency of the system is 

50f  Hz. The whole structural part is considered to be the design domain and its composed 

of periodic unit cells. A number of cell modes is investigated in order to obtain a convergent 

pattern of the unit cell. In all configurations, each unit cell is squared and discretized using 

200 x 200 elements.  

 

Figure 10 – Acoustic-structure system with a harmonic imposed pressure, inP , for minimize of the acoustic pres-

sure at specific point, outP , in the other cavity. 

The acoustic fluid has the follow properties: density 1.2  kg/m3 and the speed of sound 

343c  m/s. The design domain material has Young’s modulus 100E  MPa, Poisson’s ratio 

0.3   and density 100  kg/m3. 
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The BESO parameters used are: 0.02ER  , 0.02Ar  , 0.01  , 5N   and 3p  . For all 

cell mode configurations, the filter radius is defined as 6% of the side length of the unit cell. 

The optimization is performed with a constant volume fraction of the design domain

0.40f iV V  . 

Three different cell modes are investigated in order to obtain the convergence of the unit 

cell.  Figure 11 presents the pressure distribution in the acoustic cavities and inside unit cells 

in the design domain for cases analyzed, cell modes 1 x 4, 2 x 8 and 3 x 12. 

The optimized unit cells for the cell modes 2 x 8 and 3 x 12 are similar with one a slender 

variation of the topology. 

The sensitivity number distribution in the optimized unit cell is also shown in Fig. 11 for 

all configurations of the periodic structure. The unit cell final topology converges for a sym-

metric pattern as the number of unit cell increases in horizontal and vertical directions. For the 

cell modes 2 x 8 and 3 x 12 the optimized unit cells show only a slender difference in the dis-

tribution of the material and can be considered as the converged pattern. 

Cell 

mode 
Initial system Optimized system Initial unit cell 

Optimized unit 

cell 

1x4 

  

  

2x8 

  

  

3x12 

    

  

Figure 11 - Initial guess design and optimized final topologies of the fluid-structure system considering different 

cell modes: 1 x 4, 2 x 8 and 3 x 12. Initial and optimized unit cell for three cell modes different configurations. 

Evolutionary history of the topology for the unit cell optimization is presented in Fig. 12 

considering the first cell mode configuration 1 x 4. 
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Initial guess design 

 

Iteration 10 

 

Iteration 20 

 

Iteration 30 

 

Iteration 40 

 

Iteration 58 

Figure 12 – Sensitivity number distribution on the evolutionary history of topology for the cell mode 1 x 4 case. 

Smoothed convergences of the objective function are observed in Fig. 13 for all cell modes.  

The cell mode configuration 1 x 4 needed the highest number of iteration to satisfied the con-

vergent criteria, 58 iterations.  The initial and final objective function for the cell modes 1 x 4, 

2 x 8 and 3 x 12 are 
2(0.787 0.014) 10  Pa, 

2(0. 0.0 ) 0211 16 1   Pa and 
2(0. 0.0 ) 0170 16 1  

Pa, respectively. The cell mode 1 x 4 shows the best performance in this case. The configura-

tion with more number of periodic unit cells, 3 x 12, required the lowest number of iterations 

in order to converge, 45 iterations. 

 
Cell mode 1 x 4 

 
Cell mode 2 x 8 

 
Cell mode 3 x 12 

Figure 13 – Evolutionary histories of the objective function for all three cell modes of the design domain. The 

constant structural volume fraction of 0.4 for all cases during the optimization procedure. 
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The frequency response of the objective function, the mean acoustic pressure at point outP , 

is presented in Fig. 14 considering the initial and the optimized coupled system. The frequen-

cy of interesting in the optimization procedure, 50 Hz, is indicated with the red line. Can be 

seen that the first natural frequency of the system increased from 60 to 185 Hz, approximately, 

as a consequence of the optimization process. The objective function decreased not only in the 

specific frequency, but in the range of (0 140) Hz. 

 

 

Figure 14 – Frequency response considering the acoustic pressure in the point 
outP  for the initial and the opti-

mized design of the coupled acoustic-structure system. 

5 CONCLUSIONS  

A topology optimization methodology of periodic acoustic-structure systems has been pre-

sented in this work. The pressure frequency response is defined as the objective function in 

the optimization formulation. Two examples exploring different aspects of the proposed 

methodology are presented. The following conclusions are drawn: 

 The proposed optimization procedure can effectively minimize the pressure frequency 

response in the acoustic domain of coupled acoustic-structure systems. 

 A periodic geometry constraint has been implemented for the optimization of the coupled 

systems to obtain periodic unit cells in the design domain. 

 Considering the unit cell composed of structural or void areas or composed of fluid and 

structural material, the minimization of the objective function and the convergence of the 

unit cell to a pattern have been reached in all analyzed examples. 

 Analyzing systems with several different cell modes, the value of the objective function 

and the optimal topology tend to converge as the total number of periodic unit cell grows. 

In the cases studied, at least three unit cells in each direction is need to obtain the con-

vergence of the unit cell topology. 

 The minimum values of the objective function in the analyzed cases have been found for 

the configurations with the lowest numbers of unit cells. Nevertheless, the configurations 

with higher numbers of unit cells could be more versatile and have lower cost to con-

struct using additive manufacturing once the unit cell topology have converged to a pat-

tern. 
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