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Abstract. In recent years the increasing attention to high-order Finite Volume (FV), Finite El-
ement (FE) and spectral methods and the growth of computing power promote the development
of high-order temporal schemes to perform robust, accurate and efficient unsteady long-time
simulations. In this context, some features of the Discontinuous Galerkin finite element (DG)
methods, e.g. compactness and flexibility, can be advantageous both for explicit and implicit
time integration approaches. Explicit schemes can achieve very high accuracy, but are lim-
ited by time-step restrictions, while implicit schemes, even if memory consuming, can overcome
time-step limitations, thus improving the time integration efficiency. During last decades sev-
eral high order implicit temporal schemes have been developed, and some of them have been
successfully coupled with DG methods. However these schemes can show the order reduction if
applied to very stiff problems or problems with time-dependent boundary conditions. To over-
come these limitations, high-order linearly implicit two-step peer methods have been proposed
and successfully applied to the numerical solution of differential-algebraic equations. The aim
of the present work is to implement high-order two-step peer methods in a DG code and as-
sess their performance for the unsteady solution of the incompressible Navier-Stokes (INS) and
Reynolds Averaged Navier-Stokes equations (RANS) equations.
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1 Introduction

In recent years, due to the increasing computational power and accuracy requirement, Dis-
continuous Galerkin (DG) method has become one of the most promising approaches to high-
fidelity fluid dynamic computations in many technical areas, such as aeronautics, aeroacoustics
and turbomachinery [17, 3, 2]. DG method proved to be very well suited for the Direct Nu-
merical Simulation (DNS) [16, 15, 32] and the Large Eddy Simulation (LES) [31] of turbulent
flows. Recently, the DG method has also been applied by Bassi et al. [3] to hybrid RANS-LES
approaches in an attempt to overcome the poor predictive capabilities of the Reynolds-averaged
Navier-Stokes (RANS) equations with first-moment closures in case of particular flow condi-
tions, e.g., massively separated flows.

These simulations require robust, accurate and efficient long time integration of unsteady
flows, characterized by a wide range of temporal scales. Explicit schemes can achieve a very
high accuracy [18, 19, 22] but are limited by time-step restriction. Otherwise, implicit schemes,
although memory consuming due to the need of the Jacobian matrix, can be A-stable and L-
stable even for high order of accuracy. Most popular implicit schemes are Backward Differ-
entiation Formulae (BDF) [9], which are only A-stable up to the second-order, and their low
accuracy is not well suited to match the spatial accuracy of DG methods. In the attempt to
couple a high-order discretization both in space and time, several temporal schemes have been
used to advance in time the DG space discretized equations [6, 26, 25, 5].

Among these schemes, Rosenbrock-type Runge-Kutta schemes [5] have received particular
attention. In fact, being linearly implicit, they solve only one linear system per stage, showing
a greater computational efficiency if compared to non linear methods [26, 25], which require to
solve several non-linear systems at each time-step. Unfortunately, these Rosenbrock one-step
methods can suffer from order reduction when they are applied to stiff problems. Additional
order conditions can be derived to avoid the order reduction, but methods with higher order of
convergence satisfying these conditions are difficult to find. For this reason, the class of the lin-
early implicit two-step peer methods [20] has been proposed for the numerical solution of time
dependent Differential Algebric (DAE) and Partial Differential (PDE) equations. All solutions
computed by Peer methods within a time-step have the same order of accuracy (this feature
explains the attribute peer), and this is in contrast to one-step methods, where stage values have
lower order than the final solution. Peer methods up to order eight are available in literature,
and are characterized by good stability properties, i.e., optimal zero-stability and L (α)-stability
[27], strong damping properties at infinity without further restrictions, and robustness with re-
spect to stepsize changes. As all multi-step schemes, Peer methods are non self-starting and
thus need a starting procedure in order to obtain required initial solutions. They are also multi-
stage schemes and for each stage they require the solution of one linear system making them
very attractive for practical computations. Since all stage solutions have the same accuracy and
stability properties a continuous output of high-order is available with no extra-cost.

The aim of the present paper is to describe the implementation of high-order linearly implicit
two-step peer methods in the DG MIGALE code for the integration in time of incompressible
Navier-Stokes and RANS equations closed by the k− ω̃ turbulence model [8]. Linearly implicit
two-step peer methods up to sixth order of accuracy are assessed on two incompressible un-
steady test cases: (i) the laminar travelling waves solution on a doubly periodic unit square do-
main and (ii) the turbulent flow around a circular cylinder for a Reynolds numberRe = 5×104.
The travelling waves test case was used to investigate (i) the Peer methods order of accuracy,
(ii) different types of starting procedure and their accuracy and (iii) the computational efficiency
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of the schemes to obtain a given accuracy with the adaptive time-step strategy. Also the circu-
lar cylinder test case has been used to investigate the computational efficiency of Peer methods
with the adaptive time-step strategy. A comparative assessment in terms of accuracy and perfor-
mance with the traditional fourth order/six stages ESDIRK scheme [13] and third order/three
stages (ROS3PL) [23] and fourth order/six stages (RODASP) [30] linearly implicit one-step
Rosenbrock schemes has been done.

The paper is organized as follow: Section 2 describes the DG space discretization method
for the Incompressible Navier-Stokes, RANS and turbulence model equations, while Section 3
introduces the class of the linearly implicit two-step peer methods and the adaptive time-step
strategy. Numerical results are shown in Section 4, and the final Section 5 summarizes the
results and presents the conclusion.

2 DG space discretization

Incompressible Navier-Stokes, RANS and turbulence model equations can be written in
compact form as

∂q̂

∂t
+∇ · Fc(q) +∇ · Fv(q,∇q) + s(q,∇q) = 0, (1)

where q ∈ Rm denotes the vector of the m primitive variables (p, ui, k, ω)T (for i = 1, d),
s ∈ Rm the source term, d the space dimension. Fc,Fv ∈ Rm ⊗ Rd denote the inviscid and
viscous flux functions, while q̂ ∈ Rm is defined as (0, ui, k, ω)T .

To discretize the governing equations in space the system (1) is firstly multiplied by an
arbitrary smooth test function v = {v1, . . . , vm} and then integrated by parts, thus obtaining
its weak form. The solution q and the test function v are then replaced with a finite element
approximation qh and a discrete test function vh both belonging to Vh

def
= [Pkd(Th)]m, where

Pkd(Th)
def
=
{
vh ∈ L2(Ω) | vh|K ∈ Pkd(K), ∀K ∈ Th

}
(2)

is the discrete polynomial space in physical coordinates. Pkd(K) denotes the restriction of the
polynomial functions of d variables and total degree ≤ k to the element K belonging to the
triangulation Th = {K}, consisting of a set of non-overlapping arbitrarily shaped and possibly
curved elements, built on an approximation Ωh of the domain Ω. We also define as Fh the set of
the mesh faces Fh

def
= F ih ∪ F bh, where F bh collects the faces located on the boundary of Ωh. For

any internal face F ∈ F ih there exist two elements K+, K− ∈ Th such that F ∈ ∂K+ ∩ ∂K−,
where ∂ denotes cell boundaries. Moreover, for all F ∈ F bh, nF is the unit outward normal to
Ωh, whereas, for all F ∈ F ih, n−F and n+

F are the unit outward normals pointing to K+ and K−,
respectively. To deal with discontinuous functions over the internal faces F ∈ F ih we introduce
the jump [[·]] and average {·} trace operators, that is

[[vh]]
def
= vh|K+n+

F + vh|K−n
−
F , {vh}

def
=
vh|K+ + vh|K−

2
. (3)

When applied to vector functions these operators act componentwise.
Following the approach presented in [4], for each equation of the system, and without loss

of generality, we choose the set of test and shape functions in any element K coincident with
the set {φ} of NK

dof orthogonal and hierarchical basis functions in that element. Such basis is
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built by means of the modified Gram-Schmidt (MGS) algorithm, starting from a set of mono-
mials defined over each elementary space Pkd(K) in a reference frame relocated in the element
barycenter and aligned with the principal axes of inertia of K.

Each component qh,j , j = 1, . . . ,m, of the numerical solution qh ∈ Vh can be expressed, in
terms of the elements of the global vector Q of unknown degrees of freedom, as qh,j = φlQj,l,
l = 1, . . . , NK

dof , ∀K ∈ Th.
Accounting for these aspects, the DG discretization of the RANS and turbulence model

equations consists in seeking, for j = 1, . . . ,m, the elements of Q such that∑
K∈Th

∫
K

φiφl
dQk,l

dt
dx−

∑
K∈Th

∫
K

∂φi
∂xn

Fj,n (qh,∇hqh + r ([[qh]])) dx

+
∑
F∈Fh

∫
F

[[φi]]n F̂j,n
(
q±h , (∇hqh + ηF rF ([[qh]]))

±) dσ
+
∑
K∈Th

∫
K

φisj (qh,∇hqh + r ([[qh]])) dx = 0, (4)

for i = 1, . . . , NK
dof and where repeated indices imply summation over the ranges k = 1, . . . ,m,

l = 1, . . . , NK
dof and n = 1, . . . , d.

In Eq. (4) F denotes the sum of the convective and viscous flux functions, and F̂ the sum
of their numerical counterparts. For the former the flux computation is based on the exact
solution of the Riemann problem for the artificial compressibility perturbation of the locally 1D
inviscid Euler equations, as suggested in [7, 8], while for the latter the BR2 scheme is employed,
proposed in [9] and theoretically analyzed in [11, 1].

3 Time discretization

The discrete problem corresponding to Eq. (4) can be written as:

M̂
dQ
dt

+ R (Q) = 0, (5)

where Q is the global vector of unknown degrees of freedom, R the residuals vector, and M̂ the
global block diagonal mass matrix. Thanks to the use of orthonormal base functions defined in
physical space, the matrix M̂ is simply the identity matrix with null entries corresponding to the
pressure degrees of freedom due to the lack of pressure time derivatives.

In this work the Eq. (5) is advanced in time in an implicit sense, by using the high-order
linearly implicit two-step peer methods.

3.1 Linearly implicit two-step peer methods

The s-stage linearly implicit two-step peer method computes solution approximations Qn
i ,

i = 1, . . . , s, of the Eq. (5) at times tni = tn + ci∆t
n by means of s linear systems:(

M̂
γ∆tn

+ Jn−1s

)
(Qn

i −Q0
n
i ) = −R0

n
i +

M̂
γ∆tn

(Yi −Q0
n
i ) i = 1, ..., s, (6)

where

Yi =
i−1∑
j=1

aij
γ

(
Qn
j − Yj

)
+

s∑
j=1

uijQn−1
j , (7)
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Q0
n
i =

i−1∑
j=1

a0ij
γ

(
Qn
j − Yj

)
+

s∑
j=1

u0ijQn−1
j , (8)

with

Jn−1s =
∂R(Qn−1

s )

∂Q
, (9)

At each step, an embedded solution can be computed as

Q̂
n

s =
s−1∑
i=1

αiQn
i . (10)

A = {aij}, U = {uij}, A0 =
{
a0ij
}

and U0 =
{
u0ij
}

are s×smatrices of real coefficients and
αi, ci and γ are real parameters. U and U0 depend on the step size ratio σn = ∆tn/∆tn−1 be-
tween current and previous steps in order to ensure accuracy and stability properties for variable
step sizes.

The Jacobian matrix of the DG space discretization Jn−1s is computed only once per step
with the last stage solution Qn−1

s of the previous step. Thanks to the peculiar treatment of the
convective numerical flux, Jn−1s has non null entries for pressure degrees of freedom; it follows
that, despite the singularity of matrix M̂, Eq. (6) can be solved with standard algorithms.

In order to compute step n = 1 of the two-step method described in Eq. (6), initial solutions
Q0
i , i = 1, . . . , s, at times t0i = tst + ci∆t

st must be available, where superscript st denotes the
starting step. The initialization algorithm to compute Q0

i will be described in Sec. 3.3.

3.2 Accuracy and stability properties

Matrices A, U, A0 and U0 and parameters γ and ci uniquely define accuracy and stability
properties of a s-stage Peer method. Consistency and zero stability conditions that ensure order
q = s − 1 for all step size ratio σ > 0 and for all Peer stages are provided in [27, 20]; it
follows that all quantities computed by Eqs. (6), (7) and (8) have the same accuracy and stability
properties. Furthermore, these conditions are derived independently from the Jacobian matrix,
which thus can be computed numerically, e.g. by means of finite differences. As proposed in
Ref. [27], matrices A, U, A0 and U0 are functions of parameters ci and γ, and coefficients ci are
chosen to be stretched Chebychev nodes in the interval [−1, 1]:

ci = −
cos
((
i− 1

2

)
π
s

)
cos
(
π
2s

) , i = 1, . . . , s. (11)

The γ parameter specifies the θ angle of A (θ)- and L (θ)-stability, and, as demonstrated in
[27], can guarantees (if conveniently chosen) an order q = s for a s-stage Peer method. with
constant time-step. Finally, coefficients αi, i = 1, . . . , s − 1, are only function of nodes ci,and
are computed such that the order of the embedded solution is equal to q̂ = s− 2 (see Ref. [20]).

Peer methods implemented have three, four, five and six stages and in this work are referred
as peer3A, peer4A, peer5A and peer6A. They are A-stable and L-stable, i.e. θ = 90, and have
order q = s − 1 and q = s for variable and constant time-step, respectively. The γ values
adopted for each scheme are reported in Tab. 1.
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Table 1: List of γ values and corresponding θ angles of A (θ)-stability and L (θ)-stability for each Peer method
used in this work.

s γ θ
peer3A 3 2.165162598341552E + 00 90
peer4A 4 1.038881828680110E + 00 90
peer5A 5 5.614731292097847E − 01 90
peer6A 6 3.476356828221134E − 01 90

3.3 Starting procedure

Peer methods are multi-step and multi-stage time integration schemes. As all multi-step
schemes, they are not self-starting, that means they need a set of starting solutions Q0

i at times:

t0i = tst + ci∆t
st, i = 1, . . . , s (12)

where
∆tst = t1 − tst, (13)

in order to perform the first step n = 1.
Defining

c− = min
i∈[1,s]

(ci) , t− = tst + c−∆tst (14)

as the minimum value of nodes ci and the smallest time point of the starting procedure, respec-
tively, and imposing that t− is equal to initial time t0, it follows from Eqs. (12) and (13) that:

t0i = t0 +
(
ci − c−

)
∆tst, i = 1, . . . , s, (15)

t1 = t0 +
(
1− c−

)
∆tst, (16)

where ∆tst is the starting procedure time-step here imposed equal to the user-defined initial
time-step of Peer methods,

∆tst = ∆t1, (17)

in order to ensure σ1 = 1.
Starting solutions at corresponding times t0i can be obtained by means of a one-step time

integration scheme, e.g. Rosenbrock or ESDIRK scheme. It is mandatory that the accuracy
of Q0

i is proportional to the accuracy of the Peer method used for the simulation, otherwise
a reduction of the accuracy order is introduced. Basing on the asymptotic behaviour of time
integration errors, this request leads to:

T st
(
∆t′
)q′ ∝ (∆t)q , (18)

where ∆t′ and ∆t are the mean time-steps used by the one-step scheme of order q′ and Peer
method of order q, respectively and T st is the starting procedure period that can be computed
from Eq. (15) as:

T st =
(
c+ − c−

)
∆tst, (19)

with c+ = maxi∈[1,s] (ci). Since ∆t ∝ ∆t1, from Eq. (17) it follows that:

∆t′ = ψ
(
∆t1
) q−1

q′ , (20)
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where the constant value must be defined by the user. For simplicity we consider ψ = 1. After
sorting the starting time points such that:

t0j < t0j+1, j = 1, . . . , s− 1, (21)

with in general t0j 6= t0i , it can be found the number of steps,

N ′j = int

[(
t0j+1 − t0j

)(
∆t′
) ]

+ 1, (22)

needed to integrate in time from t0j to t0j+1 by means of the one-step scheme and, as a conse-
quence, the corresponding fixed time-step:

∆t′j =

(
t0j+1 − t0j

)
N ′j

. (23)

Notice that ∆t′j ≤ ∆t′. Finally, starting from Q0
j , the solution Q0

j+1 can be achieved after N ′j
steps of dimension ∆t′j performed with a one-step temporal scheme.

3.4 Time-step adaptation algorithm

The time-step control is an important feature to increase the efficiency and robustness of a
time integration method. The adaptive technique is based on the local error estimator, which
exploit the lower order embedded solution to approximate the local truncation error of the con-
sidered temporal scheme:

rn+1 =
‖Qn − Q̂n‖2

d
, (24)

where d is the threshold tolerance, defined as:

d = ATOL+RTOL‖Qn‖2. (25)

withATOL andRTOL user-defined absolute and relative tolerances, respectively. In this work
is set ATOL = RTOL = TOL, that leads to:

d = TOL+ TOL‖Qn+1‖2. (26)

Considering relations proposed by Söderlind et al., in [28, 29], the next time-step ∆tn+1 can
be computed as:

∆tn+1 = min ((1 + 2atan [(ρn − 1) /2]) ∆tn,∆tmax) , (27)

where

ρn =

(
∆tn

∆tn−1

)−α2
(

1

rn+1

)β1 ( 1

rn

)β2
, (28)

q̂β1 = q̂β2 = α2 = 1/4, ∆tn is the current time-step, ∆tn−1 the previous time-step, q̂ the order
of the embedded scheme, rn the previous local error estimator and ∆tmax the user-defined
maximum allowable time-step which can be defined as a fraction of the characteristic temporal
scale of the considered flow problem (e.g. the vortex shedding period).
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If rn+1 > δ, the current time-step ∆tn is rejected and the iteration recomputed with ∆tn+1.
δ > 1 is a user-defined safety factor, here set to 1.5.

The time-step adaptation algorithm should operate in a tolerance proportional mode, i.e. a
change of the user defined tolerance TOL by one order of magnitude should correspond to
a change of the solution error by one order of magnitude. Furthermore, the different time
integration schemes should deliver the same accuracy for the same tolerance setting. These
features can be obtained with a proper scaling and calibration of the adaptation algorithm by
using a modified input tolerance TOL′ inside Eq. (26), where:

TOL′ = βTOL
(k−1)/k
0 TOL1/k. (29)

TOL0 is the equivalence point determined during the calibration, β is a constant to have similar
accuracies for the same TOL and different time integration schemes at the end of the simula-
tions and k is the measured order of the curve error − TOL′ of the reference computations
used for the calibration. The calibration was done on the travelling waves test case (see Sec-
tion 4.1), where the analytical solution is known, and on the circular cylinder (see Section 4.2),
computing a reference solution [29].

Finally, the tolerance of the iterative method used for the solution of linear systems (6) is set
as

TOLGMRES = ηTOL′, (30)

where η is a safety factor. The choice of η will be numerically investigated in the Section 4.1.

4 Results

In this section the robustness and the accuracy of the proposed coupling between high-order
DG method and high-order linearly implicit two-step peer schemes are demonstrated by means
of the analysis of two incompressible test cases.

The first test case is the laminar solution of travelling dumped waves on a doubly periodic
unit square domain. In the second test case, the unsteady turbulent flow around a circular cylin-
der is performed forRe = 5×104 based on the circle diameter and on the freestream conditions
[10]. The convergence order of Peer temporal schemes up to six stages, the correctness of the
starting procedure and the influence of the system tolerance TOLSystem have been assessed for
the laminar test case. Afterwards, the efficiency of the proposed DG-Peer coupling was in-
vestigated for a turbulent test case by means of the adaptive time-step strategy and compared
with the traditional one-step temporal schemes, i.e. the fourth order/six stages ESDIRK scheme
[13] and the third order/three stages (ROS3PL) [23] and fourth order/six stages (RODASP) [30]
linearly implicit one-step Rosenbrock schemes.

Computations have been run on a Linux cluster with 12 AMD 6220 CPUs (8 cores per
CPU). Computing times tCPU reported in this work are normalized values with respect to the
TauBenchmark [12] value, tTauBench, obtained on a full node of the cluster used for the CFD
simulation1. The normalized computing time is measured as work units (wu) and is defined as
wu=(tCPUncores)/tTauBench, where tCPU is the wall clock time and ncores the numbers of cores.

1-n 250000 -s 10 define the reference TauBench workload for the hardware benchmark.

2671



F. Massa, G. Noventa, F. Bassi, A. Colombo, A. Ghidoni and M. Lorini

x

y

0.4 0.6 0.8 1 1.2

0.6

0.8

1

1.2

1.4

x

y

0.4 0.6 0.8 1 1.2

0.6

0.8

1

1.2

1.4 1.7

1.4

1.1

0.8

0.5

0.2

Figure 1: Travelling waves. Computational mesh (left), 2500 quadrilateral elements with linear edges, and velocity
(x-component) contours after a simulation time ∆tsim = T (right), P6 solution approximation

4.1 Travelling waves

The analytical solution of the laminar travelling dumbed waves test case is defined as:

u1 (x, y, t) = 1 + 2cos (2π (x− t)) sin (2π (y − t)) e−8π2νt, (31)

u2 (x, y, t) = 1− 2sin (2π (x− t)) cos (2π (y − t)) e−8π2νt, (32)

p (x, y, t) = − (cos (4π (x− t)) + cos (4π (y − t))) e−16π2νt, (33)

with ν = 1e−2. The domain is the doubly periodic unit square [0.25, 1.25] × [0.5, 1.5]. A P6

solution approximation is used to keep the space discretization error below the time integration
error (see Fig. 1 for the mesh and the velocity contours). The time integration period T is set
equal to one non-dimensional convective time.

The convergence order of Peer schemes has been first verified, considering the following
time-steps: T/40, T/80, T/160, T/320 and T/400 and a system tolerance TOLGMRES =
10−15. All schemes verify the expected convergence order q = s for constant stepsize, as shown
in Tab. 2. The errors of peer6A at smallest time-steps are affected by the machine error, thus
preventing the verification of the convergence order. The initial solution Q0

i is simply defined
by the analytical solution of the problem at times t0i=1,...,s.

In general, the analytical solution is not available and starting values Q0
i=1,...,s must be com-

puted numerically by means of one-step time integration schemes. The starting procedure de-
scribed in Section 3.3 is here tested adopting linearly-implicit Rosenbrock-type Runge-Kutta
schemes ROS3PL [23] (q′ = 3), RODASP [30] (q′ = 4) and RODAS-ROD5 1 [24] (q′ = 5). In
particular, higher order RODASP and RODAS-ROD5 1 schemes are used only for peer5A and
peer6A, respectively, while lower order ROS3PL is applied to all Peer methods.

Tab. 3 shows theL2 norm of the pressure error (‖errp‖2) and the computational time obtained
with numerical starting procedure. It can be seen that the Peer methods order of convergence is
preserved. However, using a low order one-step scheme, i.e. ROS3PL, to initialize a high order
Peer method is not efficient because the time-step needed by the one-step method to preserve
the order of the Peer methods is too small.

The parameter η, used in Eq. (30), has been first chosen for each schemes with the adaptive
time-step strategy, in order to set the system tolerance TOLGMRES as a function of the adaptive
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Table 2: Travelling waves. L2 norm of the pressure (‖errp‖2) and velocity components (‖erru‖2, ‖errv‖2) errors,
and convergence order for Peer schemes with exact initialization, P6 solution approximation

∆t CFL ‖errp‖2 order ‖erru‖2 order ‖errv‖2 order

peer3A

T/40 7.96 1.78E-01 1.57 2.76E-01 1.57 2.76E-01 1.57
T/80 3.98 3.74E-02 2.92 5.82E-02 2.92 5.82E-02 2.92

T/160 1.99 4.84E-03 2.98 7.54E-03 2.98 7.54E-03 2.98
T/320 1.00 6.13E-04 2.99 9.54E-04 2.99 9.54E-04 2.99
T/400 0.80 3.15E-04 - 4.90E-04 - 4.90E-04 -

peer4A

T/40 7.96 8.53E-03 3.74 1.33E-02 3.73 1.33E-02 3.73
T/80 3.98 6.01E-04 3.93 9.36E-04 3.93 9.36E-04 3.93

T/160 1.99 3.88E-05 3.98 6.04E-05 3.98 6.04E-05 3.98
T/320 1.00 2.45E-06 3.99 3.82E-06 3.99 3.82E-06 3.99
T/400 0.80 1.01E-06 - 1.57E-06 - 1.57E-06 -

peer5A

T/40 7.96 2.75E-04 4.89 4.28E-04 4.89 4.28E-04 4.89
T/80 3.98 9.07E-06 4.97 1.41E-05 4.97 1.41E-05 4.97

T/160 1.99 2.87E-07 4.99 4.47E-07 4.99 4.47E-07 4.99
T/320 1.00 9.02E-09 5.00 1.40E-08 5.00 1.40E-08 5.00
T/400 0.80 2.96E-09 - 4.60E-09 - 4.60E-09 -

peer6A

T/40 7.96 7.66E-06 5.98 1.19E-05 5.98 1.19E-05 5.98
T/80 3.98 1.20E-07 6.01 1.86E-07 6.01 1.86E-07 6.01

T/160 1.99 1.87E-09 5.80 2.89E-09 6.03 2.89E-09 6.03
T/320 1.00 1.78E-10 - 4.06E-11 - 4.06E-11 -
T/400 0.80 1.76E-10 - 1.81E-11 - 1.81E-11 -
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Table 3: Travelling waves. L2 norm of the pressure (‖errp‖2) error, convergence order and computational time for
Peer schemes with numerical starting procedure, P6 solution approximation

∆t CFL ‖errp‖2 order ‖erru‖2 order ‖errv‖2 order CPU time [wu]

peer3A (ROS3PL)

T/40 7.96 1.78E-01 1.57 2.76E-01 1.57 2.76E-01 1.57 2.66E+03
T/80 3.98 3.74E-02 2.92 5.82E-02 2.92 5.82E-02 2.92 3.02E+03

T/160 1.99 4.84E-03 2.98 7.54E-03 2.98 7.54E-03 2.98 3.88E+03
T/320 1.00 6.13E-04 2.99 9.54E-04 2.99 9.54E-04 2.99 5.58E+03
T/400 0.80 3.15E-04 - 4.90E-04 - 4.90E-04 - 6.55E+03

peer4A (ROS3PL)

T/40 7.96 8.52E-03 3.74 1.33E-02 3.73 1.33E-02 3.73 1.78E+03
T/80 3.98 6.01E-04 3.93 9.35E-04 3.93 9.35E-04 3.93 2.22E+03

T/160 1.99 3.88E-05 3.98 6.04E-05 3.98 6.04E-05 3.98 3.28E+03
T/320 1.00 2.45E-06 3.99 3.81E-06 3.99 3.81E-06 3.99 6.16E+03
T/400 0.80 1.01E-06 - 1.57E-06 - 1.57E-06 - 7.15E+03

peer5A (RODASP)

T/40 7.96 2.75E-04 4.89 4.29E-04 4.89 4.29E-04 4.89 1.60E+03
T/80 3.98 9.07E-06 4.97 1.41E-05 4.97 1.41E-05 4.97 2.14E+03

T/160 1.99 2.87E-07 4.99 4.47E-07 4.99 4.47E-07 4.99 3.62E+03
T/320 1.00 9.02E-09 5.00 1.40E-08 5.00 1.40E-08 5.00 6.03E+03
T/400 0.80 2.96E-09 - 4.60E-09 - 4.60E-09 - 7.63E+03

peer5A (ROS3PL)

T/40 7.96 2.75E-04 4.89 4.29E-04 4.89 4.29E-04 4.89 1.54E+03
T/80 3.98 9.08E-06 4.97 1.41E-05 4.97 1.41E-05 4.97 2.25E+03

T/160 1.99 2.87E-07 4.99 4.48E-07 4.99 4.48E-07 4.99 3.89E+03
T/320 1.00 9.03E-09 4.99 1.41E-08 5.00 1.41E-08 5.00 7.50E+03
T/400 0.80 2.96E-09 - 4.61E-09 - 4.61E-09 - 7.78E+03

peer6A (ROD5 1)

T/40 7.96 7.66E-06 5.98 1.19E-05 5.98 1.19E-05 5.98 1.66E+03
T/80 3.98 1.20E-07 6.01 1.86E-07 6.01 1.86E-07 6.01 2.24E+03

T/160 1.99 1.87E-09 5.80 2.89E-09 6.03 2.89E-09 6.03 3.81E+03
T/320 1.00 1.78E-10 - 4.06E-11 - 4.06E-11 - 6.16E+03
T/400 0.80 1.79E-10 - 1.81E-11 - 1.81E-11 - 6.75E+03

peer6A (ROS3PL)

T/40 7.96 7.65E-06 5.99 1.19E-05 5.98 1.19E-05 5.98 2.32E+03
T/80 3.98 1.20E-07 6.00 1.86E-07 6.00 1.86E-07 6.00 4.72E+03

T/160 1.99 1.86E-09 5.79 2.89E-09 6.02 2.89E-09 6.02 9.03E+03
T/320 1.00 1.79E-10 - 4.05E-11 - 4.05E-11 - 1.98E+04
T/400 0.80 1.74E-10 - 1.80E-11 - 1.80E-11 - 2.42E+04
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Figure 2: Travelling waves. L2 norm of the pressure error (‖errp‖2) as a function of the adaptive tolerance TOL′

for adaptive Peer schemes, TOLGMRES = 10−15 and P6 solution approximation
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Figure 3: Travelling waves. L2 norm of the pressure error (‖errp‖2) as a function of the user defined tolerance
TOL for adaptive Peer schemes, TOLGMRES = η TOL and P6 solution approximation

tolerance TOL′. The results, summarized in Tab. 4, show the different errors with respect to the
reference solution with TOLGMRES = 10−15. The pressure error starts to change only when
TOLGMRES ≥ 0.1TOL′, that leads to set η = 0.1.

Fig. 2 shows the L2 norm of the pressure error (‖errp‖2) as a function of the adaptive toler-
ance TOL′. Without scaling procedure and for a given tolerance TOL′, the adaptive time-step
strategy provides different errors for different Peer methods. However, the tolerance calibration
defined by Eq. (29) allows to achieve the same error for different Peer schemes, as shown in
Fig. 3. After the calibration each scheme shows comparable errors for the same user defined
tolerance TOL. Tab. 5 summarizes the parameters of the calibration procedure.

Fig. 4 compare the performance of the Peer methods with the one-step traditional methods.
The efficiency of the Peer methods increases with the order of convergence. The performance
of peer6A and peer5A is comparable with RODASP scheme and peer4A with ROS3PL scheme.
Only peer3A achieves a low computational efficiency.

4.2 Turbulent flow around a circular cylinder

The coupling between DG method and Peer schemes has been investigated also computing
the turbulent flow around a circular cylinder for a Reynolds number Re = 5×104, based on the
cylinder diameter and the freestream conditions.

The far-field boundary is at 50 chords from the circle and the first cell height is equivalent to
y+ ∼ 4 (see Fig. 5 for the mesh and Fig. 6 for the pressure and turbulent intensity contours).
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Table 4: Travelling waves. Average time-step ∆tavg and Courant-Friedrichs-Lewy number CFLavg , L2 norm of
the pressure (‖errp‖2) and velocity components (‖erru‖2, ‖errv‖2) errors and the computational time for adaptive
Peer schemes and different system tolerances TOLGMRES , TOL′ = 10−3 and P6 solution approximation

TOLGMRES ∆tavg CFLavg ‖errp‖2 ‖erru‖2 ‖errv‖2 CPU time [wu]

peer3A (ROS3PL)

1.00E-06 3.06E-03 0.97 6.05E-04 9.42E-04 9.42E-04 3.67E+03
1.00E-05 3.06E-03 0.97 6.05E-04 9.42E-04 9.42E-04 3.28E+03
1.00E-04 3.06E-03 0.97 6.00E-04 9.35E-04 9.35E-04 2.47E+03
1.00E-03 3.06E-03 0.97 5.89E-04 9.13E-04 9.14E-04 2.14E+03
1.00E-02 3.06E-03 0.97 5.89E-04 9.13E-04 9.14E-04 2.08E+03
1.00E-01 3.05E-03 0.91 2.69E-03 4.23E-03 4.23E-03 1.76E+03

peer4A (ROS3PL)

1.00E-06 1.37E-02 4.36 9.66E-04 1.50E-03 1.50E-03 1.32E+03
1.00E-05 1.37E-02 4.36 9.66E-04 1.50E-03 1.50E-03 1.10E+03
1.00E-04 1.37E-02 4.36 9.66E-04 1.50E-03 1.50E-03 9.88E+02
1.00E-03 1.37E-02 4.36 9.78E-04 1.52E-03 1.52E-03 8.51E+02
1.00E-02 1.39E-02 4.42 1.24E-03 1.98E-03 1.98E-03 6.52E+02
1.00E-01 5.92E-03 1.88 7.89E-03 8.46E-03 7.41E-03 1.71E+03

peer5A (RODASP)

1.00E-06 3.23E-02 10.28 1.14E-03 1.78E-03 1.78E-03 7.48E+02
1.00E-05 3.23E-02 10.28 1.14E-03 1.78E-03 1.78E-03 6.73E+02
1.00E-04 3.23E-02 10.28 1.14E-03 1.78E-03 1.78E-03 5.69E+02
1.00E-03 3.23E-02 10.28 1.13E-03 1.77E-03 1.77E-03 4.50E+02
1.00E-02 3.23E-02 10.28 1.21E-03 1.62E-03 1.71E-03 3.67E+02

peer6A (ROD5 1)
1.00E-06 5.56E-02 17.70 1.20E-03 1.86E-03 1.86E-03 6.24E+02
1.00E-05 5.56E-02 17.70 1.20E-03 1.86E-03 1.86E-03 5.09E+02
1.00E-04 5.56E-02 17.70 1.20E-03 1.87E-03 1.87E-03 4.49E+02
1.00E-03 5.26E-02 16.77 9.75E-04 1.71E-03 1.94E-03 5.27E+02

Table 5: Travelling waves. Parameters for the calibration procedure

k β TOL0

peer3A 1.49 5.16 10−4

peer4A 1.32 2.14 10−4

peer5A 1.23 1.49 10−4

peer6A 1.17 1.14 10−4
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Figure 4: Travelling waves. L2 norm of the pressure error (‖errp‖2) as a function of the computational time for
adaptive Peer schemes, TOLGMRES = η TOL and P6 solution approximation
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Figure 5: Cylinder. Computational mesh (left) of a circular cylinder, 8753 quadratic elements, and detail of the
boundary layer (right)
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Figure 6: Cylinder. Pressure (left) and turbulence intensity (right) contours, P3 solution approximation

A P3 solution approximation provides a number of DOF, 87530, comparable with the compu-
tations on a fine mesh proposed by Carpenter et. al. on the same test case with a Finite Volume
code [14]. The grid has been generated with a 2D high-order version of a fully automated
in-house hybrid mesh generator based on the Advancing-Delaunay strategy [21].

Time integration error has been computed using the error of the lift coefficient:

errCL
= CL − CL,ref . (34)

The time integration period is set equal to one forth of the vortex shedding period. All compu-
tations start from the same initial flow field and the reference solution and the CL,ref have been
obtained with the RODASP scheme and the following parameters for the adaptive time-step
strategy: TOL′ = 10−9, TOLGMRES = ηTOL′.

The convergence order analysis has not been considered for this test case, due to the not
optimal convergence results shown by Carpenter et. al. [14], which will certainly characterize
also the schemes investigated in this work. Simulations have been carried out only with the
adaptive time-step strategy and for the starting procedure the following one-step time integration
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Figure 7: Cylinder. Evolution of the error estimator of the adaptive time-step strategy, rn+1, (on the left) and of the
time-step, ∆t, (on the right) for adaptive peer3A scheme with TOL′ = 10−4 and TOL′ = 10−5, TOLGMRES =
ηTOL′ and P3 solution approximation

schemes were used: ROS3PL for peer3 and peer4A, RODASP for peer5A and RODAS-ROD5 1
for peer6A.

The error on the lift coefficient, the computational time, the average time-step and the
Courant-Friedrichs-Lewy number for different adaptive tolerances are reported in Tab. 6. Lower
adaptive tolerance values can greatly increase the total number of the time-step and conse-
quently the computational cost of simulations that thus can be beyond the available resources.
For this reason very small adaptive tolerances, i.e. TOL′ = 10−7 and TOL′ = 10−8 for peer3A
and TOL′ = 10−8 for peer4A, have not been considered in this work.

On the other hand, with higher adaptive tolerance values numerical instabilities appear, as
depicted in Fig. 7, which shows the evolutions of the error estimator rn+1 and of the time-step
for peer3A scheme (TOL′ = 10−4 and TOL′ = 10−5). The simulation with TOL′ = 10−5

is more stable, the error estimator slightly fluctuates around δ and there is no rejected time-
step. Instead, the adaptive time-step strategy with TOL′ = 10−4 shows strong variations of the
error estimator, leading to a high number of rejected time-steps, approximately 10%, and, as a
consequence, to a higher computational cost. The origin of these instabilities could be related
to the loss of the linearisation properties, an well known issue that can also affect Rosenbrock
schemes.

As a consequence, optimal adaptive tolerances can be found for each Peer method: TOL′ =
10−4 for peer3A, TOL′ = 10−5 for peer4A and TOL′ = 10−7 for peer5A. Simulations with
Peer6A have not been performed due to excessive computing time required by the small adap-
tive tolerance (TOL′ = 10−8), necessary to avoid numerical instabilities.

A performance comparison between the peer methods and the traditional one-step methods
is shown in Figs. 8 and 9. As seen in the first test case, peer3A scheme must only be taken
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Figure 9: Cylinder. Error of the lift coefficient, errCL
, as a function of the computational time for adaptive Peer

schemes, TOLGMRES = ηTOL′ and P3 solution approximation

into account for very low level of accuracy, i.e. errCL
≥ 10−4. Instead, peer4A scheme with

the optimal values of the adaptive tolerance TOL′ is more efficient than ROS3PL scheme.
Finally, because of numerical instabilities, peer5A scheme can become competitive in terms of
efficiency only for very high accuracy, i.e. errCL

≤ 10−7

As in the previous test case, the tolerance calibration procedure can be used to reduce the
difference in accuracy between time integration schemes. Calibration parameters are reported
in Tab. 7.

5 Conclusions

In this work we have implemented the linearly implicit two-step Peer methods in a high-order
discontinuous Galerkin solver for the numerical solution of incompressible unsteady flows. The
performance, in terms of accuracy and computational efficiency, have been compared on lami-
nar and turbulent test cases with one-step traditional methods.

The assessment showed different behaviours for the considered schemes depending on the
flow regime of the test case, i.e. laminar or turbulent. On the laminar test case the Peer ac-
curacy increases with the order of convergence leading to an efficiency improvement of time
integration other traditional one-step implicit methods for high accuracy requirement. Instead,
for the turbulent test case, even if Peer methods show a very high accuracy, their efficiency is
comparable to Rosenbrock and ESDIRK ones.

Future works will assess Peer methods on other incompressible laminar and turbulent test
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Table 6: Cylinder. Error of the lift coefficient, errCL
, the average time-step ∆tavg , the average Courant-Friedrichs-

Lewy number CFLavg , the number of the rejected time-step [%] and the computational time for adaptive Peer
schemes and different adaptive tolerance TOL′, TOLGMRES = ηTOL′ and P3 solution approximation

TOL′ errCL
∆tavg CFLavg % rejected time-step CPU time [wu]

peer3A

1.00E-04 2.72E-03 2.95E-03 241.68 11.27% 1.73E+05
1.00E-05 1.33E-03 1.19E-03 97.65 0% 1.48E+05
1.00E-06 1.00E-03 3.77E-04 30.91 0% 1.02E+06
1.00E-07 - - - - -
1.00E-08 - - - - -

peer4A

1.00E-04 - - - - -
1.00E-05 3.53E-06 3.12E-03 255.23 28.04% 1.64E+05
1.00E-06 1.05E-07 1.70E-03 139.34 6.29% 1.69E+05
1.00E-07 1.61E-08 7.03E-04 57.58 8.78% 5.67E+05
1.00E-08 - - - - -

peer5A

1.00E-04 - - - - -
1.00E-05 - - - - -
1.00E-06 - - - - -
1.00E-07 1.91E-08 1.09E-03 89.25 14.49% 5.70E+05
1.00E-08 4.00E-09 4.24E-04 34.73 23.07% 2.50E+06

Table 7: Cylinder. Parameters for the calibration procedure

k β TOL0

peer3A 0.22 10−3 10−6

peer4A 1.17 9.55 10−6

peer5A 0.68 5.24 10−7
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cases, to have a deeper understanding of their behaviour and performance, considering also
time dependent boundary conditions, which can be handled by Peer schemes without order
reduction. Furthermore, the coupling between DG method and Peer schemes will be evaluate
also for compressible test cases.
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