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Abstract. In this work, some new results are presented on the dynamics of multibody mechan-
ical systemsinvolving contact and friction. The main contribution refers to the devel opment of
a new, systematic and accurate method for detecting contact among the components of the
system. For simple geometries, this task is achieved by employing analytical means. For sys-
tems with components involving complex geometric shapes a more involved numerical meth-
odology is developed. In both cases, once contact is detected, the common normal vector and
the penetration depth is also calculated, leading to determination of the contact force and mo-
ment arising between the contacting bodies. Thisinformation isthen passed to a solver, provid-
ing the full dynamic response of the system. The validity and numerical efficiency of the
methodology developed is first demonstrated by considering a number of examples with rela-
tively small geometric complexity but large traditional value and interesting dynamic response.
Some new results ar e obtained on the dynamics of these systems. Finally, the same methodol ogy
is also tested and found to give more realistic results in more complicated mechanical applica-
tions.
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1. INTRODUCTION

Accurate and efficient prediction of dynamics of a multibody system subject to unilateral
constraints is necessary in a large number of modern engineering applications [1-4]. This pre-
diction is based heavily on suitable algorithms, leading to a fast and accurate prediction of the
contact points and the forces developed there during motion. As a result, there is a continuous
effort to improve the available techniques in both the contact detection and the prediction of the
overall dynamics, as reflected by the vast amount of the literature devoted to the subject. The
present research work belongs to this general category of investigations.

In general, the contact detection methods rely heavily on the type of geometric modeling.
There are two major categories of geometric models employed currently, the polygonal and the
non-polygonal. According to the first category, a solid body is divided into polygon soups (the
solid is represented by a set of connected triangles) and conventional polyhedra (the geometry
is represented with a polyhedron). These polyhedra may be convex or non-convex. In the cate-
gory of the non-polygonal models, the body is divided into constructive solid geometry, implicit
surfaces and parametric surfaces. Using the constructive solid geometry method, one can create
objects from basic primitives such as spheres, blocks, cones and others, by combining them
with set theoretical operations. The contact detection methods developed in the present research
work use conventional convex polyhedra and basic primitives. These methods have found wide
application in many diverse areas such as robotic simulations and computer games [5-8].

In particular, a two step approach has been developed in this work for the contact detection
problem, referring to the computational problem of detecting intersection of two or more rigid
bodies. In brief, a broad phase detection is considered first, which is typically a computationally
efficient operation that yields pairs of objects that may intersect. This involves either the bound-
ing volume approach (more specifically the axis aligned bounding boxes (AABB) for the cases
of simple primitives) or the more elaborate approach of an AABB tree for the cases where a
triamesh construction of a surface is involved. Next, a narrow phase detection is considered,
where the individual pairs of bodies identified in the previous strep as potentially intersecting
are checked in a more elaborate manner. This includes simple analytical relations (as in the case
of sphere to sphere or sphere to box) or more complex approaches for the general convex pol-
ytope cases. In the latter case, intersection is tested using the Gilbert-Johnson-Keerthi's algo-
rithm, which relies on support functions to measure the shortest directed distance for the two
bodies of interest by creating and iteratively updating a simplex inside the Minkowski differ-
ence. As soon as contact is detected, the corresponding contact response is resolved. This in-
cludes evaluation of the penetration depth and the contact normal as well as identification of
the contact manifold. For the non trivial cases, the penetration depth and the contact normal are
resolved by employing the expanding polytope algorithm. According to this algorithm, a poly-
tope is created inside the Minkowski difference and is iteratively expanded until an edge of the
Minkowski difference is hit, thereby yielding the penetration depth and the contact normal vec-
tor. Finally, for the non trivial cases a clipping algorithm is used, where the two objects are
clipped in the direction of the contact normal generating the contact manifold. The geometric
center of the contact manifold is assumed to be the contact point.

In the present paper, a collection of contact detection methods between bodies of specific
shape are presented. This includes a two part combination of canonical shapes, like a sphere,
an orthogonal parallelepiped, an ellipsoid, a conical frustum and a triangle. The algorithms used
are analytical in some cases and numerical in others. In all cases, the algorithm comprises of
three parts. At first, it is determined whether there is contact between two bodies. Then, the
contact point, the common normal vector and the penetration depth are calculated. Finally, the
contact force and moment are applied on both bodies taking into account the penetration depth,
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the relative velocities of the bodies and the contact point. The last part of the algorithm is the
same for all the above cases. The first two parts are different for each case and they are presented
thoroughly in Sections 2 and 3 below.

Employing the aforementioned contact detection algorithm, a number of characteristic ex-
ample problems was solved by using existing numerical codes for predicting the dynamic re-
sponse [9, 10]. The first set of examples chosen are of academic interest and well-known in
previous literature [4, 11-17]. This includes the rattleback, the Euler disk, the sphere on a turn-
table, the tippe—top and the woodpecker toy. A selected set of numerical results are first pre-
sented for these systems, throwing some new light into special features of their dynamics, which
were not examined before. In addition, results for a more involved mechanical system [18-20],
taken from an industrial application, are also obtained by using the same methodology and
presented.

The organization of this paper is as follows. First, in Section 2, some simple cases of contact
detection are briefly summarized. In particular, these cases refer to contact of bodies with a
canonical geometric shape, which can be solved in an analytical manner,. Then, in Section 3, a
general contact detection methodology is presented, referring to bodies with arbitrary geomet-
rical shapes. Next, in Section 4 some numerical results are presented for two selected mechan-
ical systems. Finally, the most important findings of this work are summarized in the last section.

2. CONTACT DETECTION BETWEEN BODIES OF CANONICAL SHAPE

In the present section, a collection of results on contact detection between bodies with a
specific canonical shape are presented. These shape combinations include the following: sphere
to sphere, sphere to orthogonal parallelepiped (or simply box), sphere to ellipsoid, sphere to
conical frustum and sphere to triangle.

2.1 Sphereto Sphere

This case is trivial. Let1 andcz be the position vectors of the two spheres’ centers, while r
and p are the corresponding radii. Then, the two spheres intersect when the distance between
their centers is less than or equal to the sum of the radii. This meaneittigitg|ri+r2. In
addition, the penetration depth is d #¢p) - |c1-C2||, as shown in Fig. 1. Moreover, the contact
point x is defined by the intersection of the line that connects the centers and an arbitrarily
chosen sphere. The common normal veatalefines the line of impact and its direction is
defined from the contact point to the sphere’s center which was arbitrarily chosen.

o die

contact pointé lleq — el

Fig. 1. Geometry of sphere to sphere contact.

2.2 Sphereto box

The intersection test is done by computing the point in the parallelepiped (or box, for brevity)
which is closest to the sphere. Let the box be centered at the origin and aligned with the axes,
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as shown in Fig. 2. The dimensions of the box in the x, y and z axes:a@2and 2n,
respectively. The sphere’s center ixat (c., &, & ). The point in the box closest to the
sphere’s center is given by

x = (clamp(a,-m,m),clamp(e,-n,np),clamp(a,-nz,ns)) (1)
where
a, if c<a
clamp(c,a,b){ b, if c>b 2
c, otherwise

The sphere intersects the box if the pairg contained in the sphere-¢j||< r, where ris the
sphere’s radius. The contact poinisThe penetration depth is given by d = x-c||. The
common normal vectar is a vector starting from the contact poirgind ending at the sphere’s
centerc.

Fig. 2. Geometry of sphere to orthogonal parallelepiped contact.

2.3 Sphereto ellipsoid

For testing the intersection of a sphere with radius R and an ellipsoid with semi—principal
axes a, b and c, the point of the ellipsoid closest to the sphere is calculated. Let the axes’ origin
be centered at the ellipsoid center, as depicted in Fig. 3. Alpos1@3 , p,, Pz ) be the sphere’s
center ana = (X, y, z) be the point in the ellipsoid closest to the sphere. In order to determine
this point, the following constrained minimization problem needs to be solved

min (py — )% + (py — )" + (p, — 2)? (3)
such that

() +() + () -1 @

For this, a Lagrange multipliearand a function L(x,y,z) are introduced by

L(x,v,z,1) = (py —x)* + (Py - J’)Z +(p,—2)*+1 ((g)z + (%)2 + (E)Z B 1)' ()

Then, the minimum of the above function is calculated by solving the following equations
oL _ 0L _ gL _
ax oy oz
The resulting set of nonlinear algebraic equations is solved with the Newton—Raphson
method.

oL
0,=0 (6)

6331



Antonios Pournaras, Fotios Karaoulanis and Sotirios Natsiavas

The sphere intersects the ellipsoid if the poirg contained in the sphere-fij| < R. The
contact point is. The penetration depth is given by d = R-p||. The common normal vector
is a vector starting from the contact pairgnd ending to the sphere’s cerer

Fig. 3. Geometry of sphere to ellipsoid contact.

2.4 Sphereto conical frustum

This case leads to an axisymmetric problem with axis being the frustum’s axis, as shown in
Fig. 4. By taking the plane which is defined by the frustum’s axis and the sphere’s center, the
problem becomes equivalent to determining the intersection between a trapezoid and a circle.
The coordinate system origin is placed at the center of the bottom face of the frustum. For
testing the intersection, a poixtn the trapezoid which is closest to the sphere is calculated.
The space outside the trapezoid is divided into five sections and according to which section the
sphere’s centep belongs to, a different analytical method of calculating the closest point is
applied. Then, the sphere intersects the frustum if the pdsrntontained within the sphere-||
c||<r, where r is the sphere’s radius. The contact poixt The penetration depth is given by
d =r - [k-c||. The common normal vectoris a vector starting from the contact pomnand
ending to the sphere’s center

Fig. 4. Geometry of sphere to conical frustum contact.

2.5 Spheretotriangle

The intersection test is done by computing the pointthe triangle which is closest to the
sphere. Let the coordinate system origin be placed at the center of the sphere, as shown in Fig.
5. Letpo, p1 andpz be the vertices of the triangle. The sphere’s center is projected on the trian-
gle’s plane. This plane is divided into seven sections and according to which section the
sphere’s projected centbelongs to, a different analytical method of calculating the closest
point is applied. Then, the sphere intersects the triangle if thexpisicbntained in the sphere
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[X|| < r, where r is the sphere’s radius. The contact poitTée penetration depth is given by
d =r - [k|. The common normal vectaris a vector starting from the contact poirsind ending
to the sphere’s center.

@ -

Po i :i;z

Fig. 5. Geometry of sphere to triangle contact.

3. CONTACT DETECTION BETWEEN BODIES OF GENERAL SHAPE

For the general case of two convex polytopes, the contact detection problem is resolved by
following the algorithmic treatment presented in this section. The computational problem is
assumed to be defined given a pair of convex shapes and the spatial relation between them. The
above treatment is currently employed for cases including the rectangular cuboid (or simply
box), the conical frustum and the ellipsoid, giving a total of six different contact combinations.
The proposed approach is split into the following three steps.

1. Theintersection testing, which refers to a Boolean query that is true if and only if the
intersection of two shapes is nonempty [8]. The intersection is tested within this work,
using the Gilbert-Johnson-Keerthi’'s algorithm [5, 6].

2. Theevaluation of the penetration depth and the contact normal. As soon as the inter-
section testing query yields true, the corresponding penetration depth and the contact
normal are evaluated using the Expanding Polytope Algorithm (EPA) [5]. The penetra-
tion depth and the contact normal can then be used for the estimation of the correspond-
ing contact force/moment vector.

3. The generation of the contact manifold, i.e., the set of contacting points [6], which can
be used for the contact force/moment vector application. An implementation based on
clipping is proposed for all cases except those employing an ellipsoid. For the latter, the
geometric properties of the ellipsoid are exploited.

3.1 Intersection testing

The intersection is tested using the Gilbert-Johnson-Keerthi's (GJK) algorithm. GJK is an
iterative method, initially proposed for computing the distance between complex objects in
three-dimensional space [5]. It can, however, be also employed to solve different proximity
gueries including ones that are of interest in the collision detection problem. GJK is quite pop-
ular in this field, mainly because it is very versatile (only a set of vertices describing the convex
polytope can be used) and is extremely efficient [6].

Overall, GJK relies on support functions to measure the shortest directed distance between
the two convex polytopes of interest, say A and B. It does so, by creating and iteratively updat-
ing a simplex inside the Minkowski difference set A-B, with A—-Ba{d a UA, b OB}. A
simplex is defined as the convex hull of an affinely independent set of vertices. Up to four
vertices can be employed, so a simplex can be a single point, a line, a triangle or a tetrahedron.
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In each iteration, the updated simplex lies closer to the origin than the previous one. When the
origin of the Minkowski difference is included in the simplex, the two shapes are determined
to intersect.

function EPA:
D < arbitrary vector
vV < A.Support(d) — B.Support(-d)
W~ {v}
do:
w ~ A.Support(v) — B.Support(-v)
ifvw>0:
return false
W ~ ProjectOrigin(W dv)
until |W|=4or|v|| <tol
return true

Table 1. The basic steps of the GJK algorithm
In the aboveSupport provides the support mapping

Sa(v) = {p: max{v- a: alA = v- p, p OA}}.

Given a directiorv this returns the poings in the shape A that would be the first to come in
contact with a plane with normathat moves from infinitely far away towards the center of A.
FurthermoreProjectOrigin returns the point on a point (obvious solution), line or triangle
which is the closest to the origin.

3.2 Penetration depth and contact nor mal

The penetration depth and the contact normal are found using the Expanding Polytope Al-
gorithm (EPA). EPA is an accurate algorithm used for computing the penetration depth between
a pair of shapes A and B, having a non-empty intersection. Similar to the GJK, EPA employs
only the support mappings of the corresponding shapes, further contributing to the versatility
of the overall approach.

Starting point for the EPA is a polytope that contains the origin of the Minkowski difference.
The simplex provided by GJK is used to generate the polytope required. The GJK may consist
of only a point, a line or a triangle. In this case, proper initialization of the polytope is performed,
following the approach described in [6].

As soon as a valid simplex is build inside the Minkowski difference set, then this is itera-
tively expanded into a convex polytope. The algorithm proceeds in each step so that the face
closest to the origin is the one that is expanded. The iterations stop when an edge of the Min-
kowski difference is recovered during expansion (within some numerical accuracy), thereby
yielding the penetration depth (and the corresponding normal vector), as equal to the distance
from the origin to this face.

functi on EPA:
P < A convex polytope containing the origin

Q(—l:l

f or each face fin P:

e « construct(f)
i f e.closest_internal():

Q.push(e)
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u « infinity
do:

e = Q.pop()
i f not e.obsolete:

V « ewv
W ~ A.Support(v) — B.Support(-v)
o~ min(y, (v-w) 2/l ?)
close_enough ~ u < (1 +tol) 2||v]| 2
i f not close_enough:

e.obsolete = true

E - O
fori «0,1,2:
sihlouette(e.adj i.ej i,w,E)
for se,i OE:
ne «— construct(se.y io1, Sey i, W)
i f ne.affinely_dependent:
return ||v||
i f ne.closest_internal()
and ||v]| 2<|ne-v| <
Q.push(ne)
unti | close_enough or Q.empty() or ||Q.pop().v|| 2>
return ||v||

Table 2. The algorithm in [6]

In the aboveis a priority list andx is an upper bound for the squared penetration depth.
Entry is a structure for the polytope face, that holds the veridethé adjacent entrieadj ),
the indices of the corresponding adjoining edggsafdobsolete  which is a boolean that
identifies if this face has become obsolete during a previous iteration. Furthéfmderetes

the addition modulo 3.
Once an entrg that contains the point closest to the origin, pairstcalculated as described

above. The front side of enteycan always be seen from theso thak is markedbsolete
Then, the polytope is recursively traversed starting with each entry adjaee®titthe entries
that can be seen from e are further markeabaslete . This procedure is provided by func-

tion sihlouette  , which is based on a recursive flood filling algorithm.
functi on sihlouette(e, i, w, E):
i f not e.obsolete:

if evw<|leyv|| 2
E -~ {E1 (er I)}

el se:
e.obsolete ~ true
sihlouette(e.adj io, e io1, W, E)
sihlouette(e.adj iz, € o2 w,E)

Table 3. Pseudocode for functisimlouette

3.3 Contact manifold generation

The contact manifold, which usually is further reduced to a single point where the contact
force is to be applied, is generated using a clipping algorithm. For this case, the faces of the
shapes A and B should be explicitly defined. This is a major difference from the algorithmic
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treatment described so far, that required only the corresponding support mappings. Furthermore,
this procedure may introduce accuracy issues when the shape is not defined from flat faces only.
This is the reason why the contact point in the ellipsoid is not generated by this method, but by
exploiting its geometric property of the normal uniqueness.

As a first step, the reference face is identified, which is the face normal to the contact vector
(or its opposite), as returned by the EPA. An incident face is then identified on the other shape,
which is the one that is closer to the opposite of the vector used for the reference face. Then, a
set of clippings is performed between the incident face and the faces that are adjacent to the
reference one. Each clipping reduces the size of the contact manifold, which is initially set equal
to the incident face. A final clipping is performed in the remaining area by the reference face.

functi on clipping:
reference ~ A.find_reference(v)

incidence ~ B.find_incidence(v)
i f not reference:

reference ~ B.find_reference(-v)

incidence ~ Afind_incidence(-v)
manifold ~ incidence.vertices()
for f < reference.faces():

manifold ~ manifold.clip(f)
manifold  ~ manifold.translate(||v||)
manifold  ~ manifold.clip(reference)

Table 4. Pseudocode for the clipping function

The contact point can then be assumed as the geometrical center of the contact manifold.

4. NUMERICAL RESULTS

Employing the aforementioned contact detection algorithms, a number of characteristic ex-
ample problems was solved by using an existing numerical codes for predicting the dynamic
response [9]. The first example chosen is of academic interest and is known in literature as the
woodpecker toy [15-17]. In addition, results for a more complex mechanical system, involving
ball bearings, were also obtained by using the same methodology [18-20].

4.1 Resultsfor the woodpecker toy

The woodpecker toy shown in Fig. 6 consists of a pole fixed to the ground, a sleeve, a tor-
sional spring and a woodpecker. The sleeve and the woodpecker are connected with a revolute
joint and a torsional spring. The hole in the sleeve is slightly larger than the diameter of the
pole. The toy’s response is heavily affected by friction and impact phenomena. The woodpecker
moves down due to gravity with a pitching motion and impacts the pole while the sleeve acts
as a jamming mechanism with the presence of friction. The system oscillates and may end up
in a stable limit cycle.

The first scientific studies on the dynamics of this toy, based on application of non—smooth
and contact mechanics theory, was presented in [15-17]. The model is planar and consists of
three rigid bodies: the woodpecker, the sleeve and the pole. The sleeve’s lateral movement is
small so it is neglected. Another major assumption is that both the woodpecker and the sleeve
rotate with small angle, so the gap functions are calculated with linearized kinematics.
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Fig. 6. The woodpecker toy.

In the present paper, the model is created using basic solids. Specifically, the pole is repre-
sented by an orthogonal parallelepiped, the sleeve by two orthogonal parallelepipeds, the body
of the woodpecker by an ellipsoid, its head by a sphere, its beak by a conical frustum and a
sphere at the tip (see Fig. 6). There exist also a revolute joint and a torsional spring between the
sleeve and the woodpecker. Contact is taken into account between the beak’s tip and the pole
(sphere to box) and between the sleeve and the pole (box to box). Values for the geometry,
masses, moments of inertia and contact parameters are taken from [16]. Here, the model is also
planar. However, the sleeve’s lateral movement is taken into account, although it does not make
any significant difference. The major difference with [16] is that the rotations of both the sleeve
and the woodpecker are not assumed to be small, hence the kinematics is nonlinear. The above
assumptions are critical and play a significant role to the system’s response. By examining the
results of [5], it can be seen that the woodpecker’s and sleeve’s extremum angles are 30 and 6
degrees respectively. The woodpecker’s rotation is far too large to be linearized, whereas the
sleeve’s angle just passes the limit.

Comparing the results obtained here with those presented in [16] it is concluded that the
linearization based on small rotations influences the results especially in the woodpecker’s
angle where the upper and lower limits are slightly greater and smaller respectively (see Fig.
7a). Regarding the sleeve’s angle there are no significant differences because for such an angle
range the linearization is a good approximation (Fig. 7d). Similar bevahior is evident
concerning the angular velocities. Examining these quantities, it is evident that a slight variation
appears at the upper and lower limits for both the woodpecker and the sleeve (Figs. 7c and 7d).
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Fig. 7. Numerical results for the woodpecker toy. Time history of the woodpecker: (a) rocking angle, (b) angular
speed, (c) sleave angle and (d) sleave angular speed.

4.2 Resultsfor a mechanism with arolling bearing

Dynamics of ball bearings has been studied from many different angles of view, including
lubrication, wear, vibration and sound. In some cases, a multibody model was used. The most
preferred modeling assumptions are the following: no slipping of the balls during rolling on the
surface (the ball motion is defined by a kinematic constraint), no friction between the balls and
the bearing’s rings, planar motion and negligible mass of the balls [18, 19]. To investigate
whether these assumptions are reasonable, development and consideration of more realistic
models that remove the above assumptions is needed.

In the present paper, a model for a ball bearing (SKF BB1B420205) is first developed. Then,
this is used in a crank-rod-slider mechanism to represent the revolute joint between the crank
and the rod, as shown in Fig. 8a. Regarding the ball bearing modeling, the balls are modeled by
eight spheres, while the inner and outer rings and the cage are modeled by triangle meshed
solids (see Fig. 8b). Moreover, contact is enabled between each sphere and both rings, while
sphere to sphere and inner to outer ring contact is not taken into account. Although contact
between the cage and the balls could also be studied, it was choosen not to do it here because
the loads arising between the cage and the balls are not significant. Another reason for this is
that the model becomes much more complicated, resulting in additional computer simulation
time with no significant gain. To prevent the balls from coming into contact, eight inline con-
straints are added between each ball’s center and a specific coordinate system on the cage (see
Fig. 8c). Concerning other major connections, the cage is connected to the inner ring’s center
with a revolute joint, the outer ring is fixed to the crank, while the inner ring is fixed to the rod.
Values for the geometry, masses, moments of inertia and contact parameters are taken from
[19]. The evaluation of the contact forces is based on Herzian contact deformation theory that
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takes into account the geometry and the material properties. The methodology for calculating
the stiffness values for the contact is described thoroughly in [20].

Fig. 8b. Ball bearing model

Normal Force [N]

20293
——4200 triangles

—— 10800 triangles
17756 ——— 31700 friangles

15220
12683
10147
7609.9

5073.3

MA WL W T

O0 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 02
Time [sec]

Fig. 8c. Cage model Fig. 8d. Normal force on a ball

By implementing the contact detection algorithm between sphere and triangle presented in
Section 2, the mechanical model developed was simulated, assuming that the crank rotates with
a constant angular speed of 300 rpm. In Fig. 8d is depicted the normal force acting from the
outer ring to a ball for three different meshes. Although the maximum force is congruent with
that presented in [19], the time history is completely different. This is believed to be due to the
lack of friction in the model employed in [19], where the balls movement is induced by impos-
ing a kinematic constraint, taking into account that the balls roll without sliding. In reality, this
is not true and causes the balls to be at a different position.

5. SYNOPSIS

A new contact detection methodology was presented, leading to an accurate and numerically
efficient determination of the dynamic response of a class of multibody engineering systems
involving contacts and friction. The methodology developed allows solution to general
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mechanical problems, without having to formulate the equations of motion and the gap
functions in each case, separately. Furthermore, the new algorithm takes into account large
relative rotations between two solid bodies and does not suffer from restrictions caused by
kimenatic linearization. In particular, the contact detection algorithm between a sphere and a
triangle allows to create more detailed and realistic models for ball bearings or any machine
element involving contact between a sphere and a general surface (e.g., constant velocity joint).
Furthermore, it allows incorporation of friction using either Amontons—Coulomb or even more
sophisticated friction laws. Therefore, it is expected that this tool can prove usefull to engineers
who want to study various phenomena arising in complex mechanical systems with components
involving contact and friction. Some of these advantages were illustrated in this work by
presenting results for the classical woodpecker toy and a more complex systems involving ball
bearings.
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