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Abstract. This study is focused on a class of discrete mechanical systems subject to equality
motion constraints involving time and acatastatic terms. In addition, their original configura-
tion manifold possesses time dependent geometric properties. The emphasis is placed on a
proper application of Newton’s law of motion. A first step is to consider the corresponding
event manifold by adding time to the set of coordinates and then determine its geometric
properties. Next, the way of introducing time dependence in these properties through a coor-
dinate transformation in the event manifold or the motion constraints is also investigated. Al-
so, foliation theory is used to clarify some key concepts and provide an accurate definition of
a scleronomic manifold, leading to a set of coordinate invariant conditions. The analysis is
completed by an appropriate set of equations of motion on the original configuration mani-
fold, appearing as a system of second order ordinary differential equations. Finally, the ana-
lytical findings are enhanced and illustrated further by considering selected examples.
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1 INTRODUCTION

Among the many subjects of analytical dynamics, a central place is occupied by those re-
ferring to the derivation of the equations of motion of systems subject to equality constraints
(e.g., [8, 21, 23]). Over the last decades, it has become apparent that many of the theoretical
guestions in this area of dynamics can be answered in an illustrative and complete way by
employing fundamental concepts of differential geometry [4, 17, 18]. This in turn provides a
stronger foundation in solving difficult engineering problems by employing new, more accu-
rate and robust numerical techniques (e.g., [2, 6, 11]). Based on these observations, the main
objective of this work is to use such concepts in order to treat a class of mechanical systems.
These systems are described by configuration manifolds possessing time dependent geometric
properties (i.e., metric and connection) and are subject to equality motion constraints involv-
ing an explicit time dependence and acatastatic terms. Besides providing a new and clear in-
terpretation of the key concepts, the theoretic framework chosen allows a systematic
derivation of the equations of motion for the class of systems examined.

The present study is an extension of recent work of the authors on scleronomic systems [15,
19]. Again, the emphasis is put on explaining several demanding theoretical aspects, which
are of keen interest to the engineering community. In addition, the main philosophical ap-
proach adopted is that the safest and deepest principle of Mechanics is Newton’s law of mo-
tion [7, 9]. Specifically, the new contributions of this work can be summarized as follows.
First, the central issue is the consistent application of Newton'’s law to the class of mechanical
systems examined. Due to the presence of time in the properties of the configuration manifold,
the need to express Newton’s law in an invariant form leads naturally to its application to the
event configuration manifold of the system [12, 23]. This step is performed first in a geomet-
rically consistent manner. Moreover, another issue clarified in this work is the way time ef-
fects are introduced into the properties of a configuration manifold in an explicit manner. It is
shown that these effects appear either by performing a time dependent transformation in the
event manifold or by enforcing additional time dependent motion constraints. In addition, it is
demonstrated that the former effects are in fact removable. Furthermore, the geometrical pic-
ture built by employing the classical engineering approach is enhanced in a remarkable way
by utilizing some ideas of foliation theory [3, 14, 22]. Among other things, this theory pro-
vides a coordinate invariant way of stating the conditions for a configuration manifold to be
scleronomic, even though its geometric properties may exhibit a spurious time dependence.
Another important new contribution of the present work is the derivation of the equations of
motion for the class of systems examined as a set of second order ordinary differential equa-
tions in the original configuration manifold. This presents certain advantages when compared
to classical approaches leading to a set of differential algebraic equations, instead. It also ex-
hibits better characteristics than previous methods leading to sets of ordinary differential
equations through elimination of motion constraints or Lagrange multipliers [2, 15]. Finally,
for the special case of scleronomic systems, the equations of motion derived are shown to be-
come identical with a similar set of equations obtained earlier [15].

The organization of this paper is as follows. First, some useful concepts of differential ge-
ometry are briefly summarized in Section 2. In Section 3, the idea of the event manifold is
employed and its geometric properties are set up. Then, the equations of motion are derived,
firstly on the event and subsequently on the configuration manifold. In Section 4 are dis-
cussed effects caused by a special change of coordinates in the event manifold. Likewise, in
Section 5 is investigated the effect caused by the presence of time dependent and acatastatic
terms in the motion constraints. The results of these effects are identified and separated in
Section 6, where a set of scleronomicity conditions is presented by employing basic ideas of
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foliation theory on manifolds. Then, the equations of motion for the general class of systems
examined are derived and presented in Section 7. Finally, results are presented for two me-
chanical examples, illustrating basic features of the class of systems examined.

2 SOME GEOMETRIC PRELIMINARIES

This work focuses on the dynamics of mechanical systems, whose spatial configurationlean be
termined at any time by a finite set of local coordinates,gsay.,q" [12, 21]. The motion of
such a system can be represented by the motion of a fictitious gpoimving along a curve
y=y(s) on ann-dimensional manifoldM , the configuration space of the system [23]. Then,
if ¢ is a coordinate map acting from a neighborhood of ppitd the classical spade”, the
coordinates ofp are

a=¢(p), 1)

with gq=(q',...,d") . Usually, the parametes coincides with timet and the quantity
v =dy/dt represents the velocity vector pt This vector is tangent tp and belongs to an
n-dimensional vector spadgM , the tangent space of the manifoldmf{4, 10], with com-
ponentsv = ¢ in the holonomic basi%, ={g, ... g} [5]. Adopting the usual summation
convention for repeated indices [24], the velocity vector can be written as

V=2 Ve Ve
In general, any element of the vector spacgM can be expressed in the fonxu g,

where®B_ ={g ... g} is an arbitrary basis f M . Also, one needs often to establish a re-
lation between two different bases, say betw#grand B, through equations of the form

e=Ag or g=Beg (,j=1.n), 2
where A’ andB’ are elements aofix n matrices, satisfying the conditions
AB=AB=J, ®3)

which involve Kronecker's delta’ [17]. Moreover, any basis af M is characterized by its
structure constants, , defined through the Lie bracket in the form

[e, &]=¢.&.
A complete description of the motion of a dynamical system can be achieved by introduc-
ing the dual space @© M at any point of the manifold, denoted Bym . Its elements are

called convectors. Then, for any vectora covectou” may be found through the dual prod-
uct. For example, to each bagis of T,M , a dual basis3_ can be constructed farm , with

elementge} satisfying
€(g)=7j, 4

Apart from the set of points, a manifold used in dynamics should possess two additional
geometrical object®ne of them is the metric tensor, with components in the Bgsgiven

by
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9 =(&.§), ®)
where (LT} denotes the inner product of the tangent sgabe. This provides a dual product
by

ui(w) =(uw, OwlT M. (6)

If the components of the metric tensor are identified with those of mass matrix, through the
kinetic energy, then the covector corresponding to the velocity ved®rthe generalized

momentump’.

Another geometrical tool which is essential in dynamics is the affine connection, repre-
sented by symball. Its components\', in a basis®, of spaceT M, known as affinities,

are defined by

O, & =Nt )
Then, the covariant differential of a covectoralong a curve oM with tangent vectow is
O =(u;-Aju)Ve, (8)

with u, =dy /a¢’ . Then,M is a Newton manifold if determination of the true path of motion
on M due to a given set of applied forcésis based on application of Newton’s second law
with form ~

o,p"= 1 9)

Next, consider a new manifold ,, with a dimensiorm smaller tham, generated after
imposing a set of motion constraints bh, which are eventually cast in the form

V=NV (i=1...n; a=1...m), (10)

wherev, =V g, is a vector off, M, andv=V ¢ is an element of M . Then, it was shown

in a previous study that if the original manifaldl is Newtonian, the new manifold , re-
mains Newtonian, provided that the metric and connectiom prsatisfy the compatibility
conditions

9op = Na g N; (11)
and
(Nsa9sy =Ny NG = N N NAG g) ¢ ¥=0, (12)
with N, ,=0N, /aq" [26]. Using Eq. (8), the last condition yields
Mo =9V IN(N, g+ N NAG 9) + 0,1,
whereo,, =-0,, and the remaining part corresponds to what is known in the literature as
“the metric compatibility condition” [4, 24].

6345



Elias Paraskevopoulos, Sotirios Natsiavas

3 GEOMETRIC PROPERTIES OF EVENT MANIFOLD - APPLICATION OF
NEWTON'S LAW

For a mechanical system, the geometric properties of the configuration mawifolth be
determined through enforcement of a set of constraints on the motion of a systenmef
constrained particles, taking place within an archetypal Euclidean magitbldvith dimen-
sion 3N [9, 17]. When inertial Cartesian coordinates are used, the metric of this space
involves only constant diagonal elements, while all the affinities vanish [19]. Furthermore,
even when general curvilinear coordinates are used, the geometric properties of this manifold
may depend on the position on the manifold but they do not depend on time explicitly. In this

way, E presents a raw model for a scleronomic manifold. Then, for a general scleronomic
manifold M , it is true that

g;=9;(9 and Aikj :/\ilj( (@, (13)

where the coordinates are related to position on the manifold through Eg. (1). However, in

several cases, the motion constraints imposed on the original system of particles or the trans-
formations performed are such that the geometric properties of a configuration mahifold
appear in the form

g, =9,(ad, ) and AX =AS(q(),t) (14)

and the manifold is rheonomic. In fact, this can occur artificially, even in the archetypal scler-
onomic manifoldE® , by performing a velocity transformation like that of Eq. (2), with ele-
ments A'(q,t), depending on time [9, 16]. Another way to introduce time dependence is

through enforcement of a set of motion constraints. These ideas will become more concrete in
Sections 4 and 5, respectively.

When the geometric properties of a manifdddare time dependent, the need to keep the
form invariance of Newton'’s law, as expressed by Eqg. (9) through the covariant derivative of
momentum, makes it convenient to perform the analysis of the motion on the so called event

or extended configuration manifold, denotedMy, with dimensionn+1 [12, 23]. A natural
way to introduce this manifold is through coordinate maps. Specificaljyy,isf a coordinate

map of M , corresponding to a coordinate mamn M , then the coordinates of poimpt of
M can be selected by

a=0(p)=(a71),
wherer is a new coordinate, introduced for accommodating time. This means that
g=d (i=1...n) and g™ =g°=r. (16)
Consequently, the tangent vectorto the image curvgr(s) on M of a curvey(s) on M at

point p belongs to anr(+1)-dimensional vector spadgM , with components

V =4(Fop) (i=1..,n) and V" =V°=dr/ds (17)

ds
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in the natural basi$s; ={g, -~ g, g} of T_M, created by the tangent vectors to the coor-
dinate lines corresponding to the coordinate map defined by Eq. (15). The last result can be
put in the form

:VI | :T}

<|

+v¥g (I=1..n+1i=1..n). (18)

lal
ol

Similar expressions can also be obtained for bagesf T M other than the natural basis
B, but respecting the separation of the temporal from the spatial coordinates induced by Eqg.

(19). Such bases will be referred to as separable bagesiof(or M, for simplicity) in the
sequel.

In essence, incorporati of time into the set of coordinates helps in converting the original
manifold M into an extended configuration manifaldl, which is scleronomic [17]. Then, a
linear velocity transformation similar to that of Eq. (10) can always be established between
the two scleronomic manifoldg®™ = E*¥ xR andM . Before employing this transformation,
it is first necessary to determine the geometric properti€s"ofand M . Based on the defini-

tion of the former manifold as a Cartesian producedf andR , its metric matrix appears in
the form

G:[éu] :|: (19)

G(g O
[0} Gyo (7) 1

where thenxn submatrixG =[G,] includes the components of the metric tensorgdh,

while G,,(7) is a non-negative scalar, which may be a function of the temporal coordinate. In
addition, the set of affinities oB*, sayT, (with 1,J,K =1,...,n+ 1), includes the following
elements

Fi=ri@ (i,jk=1..n) and g =Tg(7), (20)

1]

wherer are the affinities ore™ , while all the remaining mixed type affinities (involving
any combination of the spatial coordinates and the temporal coordinate) are zero.

Next, knowledge of the set of motion constraints impose&¥nin order to get the mo-
tion on M permits evaluation of the velocity transformation matrix between the tangent spac-
es of these manifolds, expressed by Eq. (10) (see Section 5). Then, the geometric properties of

M can be determined by application of Egs. (11) and (12). First, the metric matvxisn
obtained in the form

(21)

G(a):[@u]:[g(q’r) g’(qr)},

T (a7) To(G7)

where g =[g,] is annxn matrix, while g, is ann-vector andg,, is a scalar quantity. In ad-
dition, the set of affinities becomes complete, in the sense

A @) =N Noo Ag s Noo A N Ag Aol (22)
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Taking into account the qualitative difference in the role of the temporal and the spatial
coordinates and Eq. (19), it is frequently advantageous to select a special [Fgsis in

which
9o(q.7)=0.
Such a basis will be called a standard basis! oin the sequel. Based on Eq. (5), this means

that standard is a special separable basis, with base vector corresponding to the temporal co-
ordinate being normal to the base vectors associated with the subspgse spanned by

the spatial coordinates. Then, it is easy to show that in a standard bggis dfis true that
vi=v (i=1...,n), (23)

where V' represents velocity components in the corresponding basisvof Due to the
symmetry of the metric matrix, this choice is always possible through a transformation.

For the problem at hand, the communication between the configuration mavifalad

the event manifoldM , after selectings=r, is achieved by imposing the single holonomic
constraint

g°-r=0 = Vv°-1=0. (24)

Moreover, Egs. (17) and (23) define @n+1)x n transformation between the spades! and
TpM . By employing a standard basis‘ligﬂ , it can be put in the following compact form

V' =0V +a v (1=1..n+1;i=1..n). (25)

Based on this transformation, the componeptsand A of the metric and the affinities on
manifold M can be related to the componegts and A of the metric and the affinities on

manifold M through the compatibility conditions (11) and (12). More specifically, employ-
ing a separable basis oM, the linear part of the velocity transformation expressed by Eq.
(10) is given in the present case by

N' =4 (26)

Therefore, it is straightforward to verify that Eq. (11) is satisfied when
g,=q (i.j=1..n), 27)

while application of Eq. (14) yields the following condition on the affinities
(NG =N T ~AS G )V VY =0 (i,jk,0=1...n). (28)

In a standard basis, the last condition is satisfied by the simpler chipiea\ .

The above help in establishing the interrelation between manifoldsd E*V , through
the interrelation between the event manifoldsand E*" , as shown schematically in Fig. 1.
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motion constraints

Fig. 1 Relation between manifoldd and E*" | through their relation td and E*"

Using the metric matrix in the form of Eq. (21), the kinetic energy of the system on the ex-
tended configuration manifol can be put in the form

T=W'g,V=T+T+TF (I,J=1...n+1),

where, using Egs. (18) and (27), the three individual terms are found in a separable basis as
follows

172 =3V gj_J T :\_/igovo and T, :%\—/ogoovo_

Therefore, all these terms are in fact quadratic in velocity. Moreover, the generalized momen-
ta in the event manifolt can be determined in the form

b :GUT/J (|,J =1,...,I’1+1),
with
o) :ngJ = gj_Vj +_go_\? (i=1...n) and p,, =9, ZGOJT/J :_g)j_\) +_go_\9'

Finally, since the extended configuration maniféldis scleronomic, the true path of mo-
tion on it can be determined by application of Newton’s second law in the generalized form

Oepy = fi (29)
where f represents the applied forces in, while

U :(T)l,KvK _/_\IJ_l_p__V] )?é ) (30)

0

P

5]

where p,, =op /og’ [10, 19].
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Then, a special class of covectors, known as Newton covectors[21], can be defined on mani-
fold M by

hv =0 B = fas (31)
with components in a general basistpf given by
ﬁ| =(g,V’ )k VAV (32)

By definition of these covectors, the law of motion on manifdids expressed in the form
hi =0 = h=0, (33)

in the absence of any motion constraints.

Next, based on Eg. (26), the components of the Newton covectors on the original mani-
fold M are found by employing the following mapping from a separable basis\bfto

T;M
h=d'h. (34)
Using Egs. (32), (27) and performing simple mathematical operations, it eventually turns out
that
h= (gjvj + ok Vo ( gj_\} +70) o _/_\bi_gK_\%_\'i - (35)

with
A5G VIV = (N g A G ) VY

n

ST me (36)
+ (N80 + A5 Too *AG G5 A0 Ty )V + (Ao To + G Go)-

Again, in the special case of a standard basid othe last expression is simplified consider-
ably to
/_\SigLKvJvK = /\[ji G VV+ (/_\Sl 9 +/_\?i &%) ‘J/+/_\gi_g)' (37)
Furthermore, more terms disappear for scleronomic systems, since then all the mixed affini-
ties vanish. Then, Newton’s law on manifall is written in the simpler form
h=(g;V), ¥ -Aj g, vV~ f=0, (38)
resembling fully that of Eq. (32) oNl . The extra terms in Eg. (35) are inertial and come ei-

ther from terms involving the off-diagonal componegtsof the metric of a non-standard

basis or by mixed affinities, defined on the event manifold only and related to differentiation
with respect to time.

4 APPLICATION OF A SPECIAL COORDINATE TRANSFORMATION ON THE
EVENT MANIFOLD

Next, letyy be an alternate coordinate map in the vicinity of pgirdan M , similar to that
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defined by Eq. (1). Then, the corresponding set of coordinatpsasf M can be selected by

X=¢(p)=(xw),
through a new coordinate mgp. The last equation can be combined with Eq. (15) to yield
X =x(@)=(Xqr7),(qr)), (39)
with composite magy =@ -, so that
X =X(qr) (i=L1...n) and x™=Xx’=a(q7). (40)
In fact, for the purposes of the present study, the last coordinate can be selected by
wd,7)=T. (41)
Then, the Jacobian matr&:[jll] (with Il =1..n+ 1) corresponding to this particular type
of coordinate transformation is given by
T=g= 100 0] @2)

where thenx n matrix J =[J] and then-vector ¢ are determined by
J(q,r)=0x0q and c(qr)=0x0r. (43)

Based on the above, the class of transformations considered are similar to Eg. (2), but have
the special structure exhibited by Eq. (42). Then, the new and old base vectors in the corre-
sponding bases af M andT M are related by

&=J(9% and &=J (9%, (44)
while the components of the vectors and covectors in these bases are related by
v'=J(@V and v, =3 (9V, (45)

respectively [17]. Finally, the components of the metric tensor and the affinities in the new
basis ofT,M are found by

0; =309, and A§=J/JBAL+ I K,

respectively. These relations demonstrate that the new metric components and affinities are
time dependent, when at least one element of matrox vectorc is time dependent, even if

the original components do not depend on time. Specifically, the new metric matrix appears in
the form

A~ |86 g

9 =[g;] =JT9J=[ g ‘0} (47)
9% Y%

on the extended configuration manifaltl. Taking Eq. (21) into account, it turns out that

§=[g;1=3"9J, g;=J"ge+ Jg and gy=c'gc+2c g+ G (48)
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The above results hold even in cases where the elements of maina vectorc in Eq.

(42) do not satisfy Eq. (43). Then, the new basis, defined by Eq. (44), will be anholonomic in
general. However, it is easy to verify that it will remain separable. In this respect, it is note-
worthy that the set of matrices expressed by Eq. (42) presents similarities with the Galilean
group of transformations applied to a particle in order to preserve the form of Newton’s law in
Cartesian coordinate systems [1, 23]. Also, even when a standard basis is emp1lgj>c_ed in

originally (i.e., wheng, =0), the new basis will turn into a separable basis eventually, if

c#0. Finally, when the transformation is such tlat0, a standard basis yields a new
standard basis, since then Egs. (47) and (48) lead to

T &
:{J 97 9 } (49)
0 Oy
Now, based on Eq. (45b), the components of the Newton covectors in the new basis of
T.M are
h=J'h. (50)

Substituting Eg. (32) in the right hand side of the last equation and performing simple opera-
tions leads to

h=(30, FV) V- (F, Jg+ PP A g V-0, (51)

Next, following an application of the compatibility conditions expressed by Egs. (11) and (12)
in the more appropriate form

9;;=39,F and (A5G, -3.:3 T, - 3T LA )V =0, (52)
it eventually turns out that
h=(g; V) v -AL g, vV - T (53)

Note that the form of the last equation is identical to the fundamental form of Eqg. (32). Finally,
by employing the mapping from a separable basig bf to T_M defined by

h=af (54
and performing simple mathematical operations it eventually turns out that
h=(g;V+G,) V4 (g V+7g) A5 g V- (53)
with
/_\gfgik\_/ivﬁ - (/_\?rg& +/_\E3,ngk.)_\/?_\5 A A A (56)
+ (NG + NG + NG Gy + G TV + (N 95 + A% G,

Eq. (55) is similar to Eq. (35), while Eq. (56) is similar to Eq. (36). Moreover, in a standard
basis, the last equation can be put in a form similar to Eqg. (37). Obviously, the last observa-
tions reveal that the form of the components of the Newton covectors remains invariant under
the special transformation performed. This confirms the form invariance of Newton’s law
when expressed in different bases.
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To complete the picture, consider a companion change of basis in the configuration mani-
fold M, relating the new and old base vectorg jM andT /M by

e=J(g9e and &=1J(q7)%,

respectively, where matrig =[J]] is selected to coincide with the<n matrix covering the

upper left part of matrix) defined by Eg. (42). Then, the components of the vectors and
covectors inT,M andT/M are related by

V=Jd(gtv and v.=J(gy, (57)
respectively, while the components of the metric and the affinities in the new basisad
given by

g; =g, ¥ and AL =JUBAS+ I H, (58)
respectively, with
JB =d and BJ=J. (59)

Consequently, the components of the Newton covectors in the transformed basis of the origi-
nal manifoldM are found in the form

h=3h. (60)

Employing Eg. (35) and performing lengthy but simple mathematical operations in the right
hand side of the last equation, which are similar to those involved in Egs. (51) and (52), it
eventually turns out that regains the form of Eq. (55). This verifies the existence of com-

mutativity between the special type of coordinate transformation examined and the transfor-
mation between the original manifoM and the extended manifold .

Finally, using Eqg. (23) in conjunction with Eq. (57a) yields
vi=v=J3(g9¥ (il =1..n),

whereV' is the velocity component in the corresponding standard basi. ofaking into
account Eq. (59), the last equation leads to

V=V +V, (61)
with

V=BJV=BCt. (62)
Eq. (61) shows that' #V , in general, even whevi =V . Substitution of the term’ from Eq.
(61) into Eq. (55) yields the equations of motion on manifdldn terms of the velocity

components/ in T M andv'. By their definition, Eq. (62), the tern% are known and due

to the presence of the-vector ¢ in the Jacobiand(q), defined by Eg. (42). Based on Eq.
(43), it is clear that this vector becomes zero when a time independent chart (i.e., coordinate
system) is selected avl , defined by

x=x(0) . (63)
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This means that the termis can be eliminated by a proper selection of the chart on manifold
M . Therefore, only such charts may have meaningful counterpams ,owhich clarifies
some of the terminology employed in the literature on “time dependent” charts.

5 APPLICATION OF A SPECIAL COORDINATE TRANSFORMATION ON THE
EVENT MANIFOLD

In the present section, it is assumed that the motion of the system examined on configura-
tion manifold M is subject to an additional set kfconstraints with form

A(g, v+ aq 9=0, (64)

where A=[g] is a knownk x n matrix. Then, the motion of the system takes place on a curve
y.(t) of another manifoldM ,, with dimension m=n- k [19]. Next, let{8"} (a=1....m) be
a set of generalized coordinates in a neighborhood of a pgiot M, related to pointp of
M through Eq. (64). Furthermore, K&} and ande} be a basis of, M, andT M,, re-
spectively.

The new fundamental item in Eq. (64) is not so much the explicit appearance of time but
rather the acatastatic teran[21]. This term destroys the linearity and provides an affine na-

ture to the constraint equations. In principle, Eq. (64) can be used in order to establish a map-
ping between the tangent spadgsM, andT,M . Namely, Eq. (64) can easily be recast in the

form

v=N(gH8+u(q 9, (65)
where thenxm matrix N and then-vectorv are determined in terms of the elements of the
kxn matrix A and thek -vectora [12, 19]. To overcome the loss of linearity, due to the
presence of the term, the last equation is put in the form of a linear transformation between
the tangent spacés M, andT,M of the corresponding event manifolds. This permits con-
version of Eq. (65) into the following linear relation between the components of tangent vec-
tors

V' =N, (@, (66)

with ®=1,...,m+1and! =1,... n+1, where the extended matrilx appears in the form

N(q,7) g(q,r)} .

el (67)

V=N, ()|
This (n+1)x (m+1) matrix has a similar structure with the Jacobian matrix defined by Eg.
(42).

Next, the metric matrix on manifoll is assumed to have the general form expressed by
Eq. (21), while the set of affinities is complete, in the sense of Eq. (22). Then, based on the
velocity transformation represented by Eq. (66), the components of the metric matrix and the

affinities on the new manifold are determined by employing Egs. (11) and (12) in the form

Oow = _clzng Ni and (/_\Emgxg - NCID,Q Niga - l_\!lv T\L], T\E/_\IJ_l % )_\7}_9 =0. (68)
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Obviously, any time dependence of matixand vectow is transferred into the geometric
properties of manifold . In particular, the metric matrix on the new Newtonian manifold
M, is

s S N"gN N'(w+7Q)

0n =[G =N"ON=| " P
(UVg+G)IN v W+ g+7g,

In general, thigm+1)x (m+1) matrix is full. Therefore, unless
N"(gu+g)=0, (70)
the new basis obtained ) M, is not standard, even when the basig0i is standard.
As usual, application of Eqg. (66) means that the base vectmggﬁn andTpM are related
by
e =Ny(9e (®=1..m+1;1=1..n+1),

while the components of the covectors are related by

Vo = No (V. (71)
Therefore, the components of the Newton covectors in the bagjswf are found through
h=Noh. (72)

Substituting Eq. (32) in the right hand side of the last equation and performing simple opera-
tions yields first the following relation

Hcp:(NaLgu Ni‘_vw),g_\;2 _(T\L,Q _I\i_g] + _I}Ij _|$ _Q/_\.IEI & )_L{J/_%/_ _<L\|_| : (73)
Next, application of the compatibility conditions expressed by Eqgs. (68), leads to the final
form

F‘m = (Gcwvw),gvl _/_\éq:_gm_vw_\? - _I> . (74)

Once again, the form of the last equation is similar to Eq. (32). Also, in accordance with Eq.
(34), the transformation between separable basesT{aw, to T,M appears in the form

h,=d7h,. (75)

Consequently, by performing simple mathematical operations one can originally obtain the
components of the Newton covectors on the manife|din the form

ha = (gaﬁvﬁ + _970),y_\/ + (_grﬁ_\f + _go) ,0 - (/_\,}l/?a_gf + /_\fl)?a_g)')_@_@
- (/_\ZGGVO +/_\(/)za§oo +/_\}&7§yﬁ +/_\(()_‘n_ng)_\ﬁ - (/_\ym_g o+/_\°a,_909 - I =0.
Some simplifications apply to the last equation when the transition from mamfold M,
is performed by using a standard basig jM,, so that

(76)

va:va’ gaﬁ:gaﬂ’ /_\gﬁ:/\gp (a’,,8,y21,...,m)

and the new metric matrix is block diagonal. In addition, some more terms drop out when the
system is scleronomic. Then, Eqg. (76) can eventually be put in the form
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ha: (gaﬂ\ﬁ),y \/ _Aya 9/5 \f \9- - ;7
which is identical to that of Eq. (38), obtained for the original maniféldn Section 3.

6 APPLICATION OF FOLIATION THEORY AND DEFINITION OF A
SCLERONOMIC MANIFOLD

The material presented in this section completes the geometrical picture created in Section
3 for the event manifold/ . First, the attention is focused on creating the extended configura-

tion manifold M based on the configuration manifaldl at a fixed timer =t. This is done
by considering the flow

P=¢(p, L) =Y, B (77)

taking pointsp,0M O M at timet to pointspM at a later timer, as shown in Fig. 2, so
that a local coordinate chart an and a time independent chart bh share the same spatial
coordinates at each point. Using terminology of foliation theory, the local coordgates

on M, whereq are also coordinates on manifaltl for eachr, are called distinguished co-

ordinates, while the temporal coordinates known as a transverse coordinate [14]. In this
setting, the chart corresponding to Egs. (39) and (41) is a foliated or distinguished chart, while
manifold M is considered to be a leaf M through pointp under this foliation. The specif-

ic foliation examined here has codimension 1 and partitions the event mawviifoitb mani-

folds M of dimensionn, one at each time. Moreover,T denotes a transverse submanifold

of M, which is single dimensional and is described by the temporal coordinate. In fact, it is a
total transversal since it meets all the leaves of the foliation, by construction [22]. In addition,
the collection of the subspacesTM possessing vectors with projection @M only, at all

points of M, forms the special distribution,, on M . This is known as the structural distri-
bution of M , while its complemenD; is called the transversal distribution th [3]. Finally,
the tangent space of the event manifddat point p can be split in the form

Fig. 2 Construction of manifoldVl by M and the time flow

TM=H 0OV, (78)
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whereH_ andV, are subspaces @fM , forming the distributiord,, and D, , respectively.
Among other things, Eq. (78) implies that any vectomr @i can be split uniquely in the
form

u=h+y, (79)

with hOOH_ andvOV,, wherev is a tangent vector along the time flow defined by Eq. (77).
Next, it is assumed that manifoM is a fixed set of points but its metric components and
affinities may depend on time. The objective is to provide conditionMfdo be sclerono-

mic. To achieve this goal, it is first necessary to define two special sets of curives Bine
first set includes “leaf curvesy, (r;s), lying entirely onM for each fixedr, with tangent

vector h = dy,, /ds belonging toD,,, as depicted in Fig. 3. Likewise, the second set includes
“transverse curvesy, (g;o), with tangent vector = dy; /do belonging entirely to the trans-
versal distributionD; .

Fig. 3 Definition of two special families of curves vl

By definition, a scleronomic manifolth can be viewed as a fixed surface within a Eu-
clidean space of a bigger dimension [7, 23]. This means that its geometric properties may de-
pend on its position il but not on time. Then, the corresponding event manifoldan be
seen as a product

M=MxT. (80)
When a manifold possesses properties depending on time in an explicit manner, it can be
viewed as a surface varying with time within a Euclidean space possessing a sufficiently big-
ger dimension [4, 17]. However, time dependence may also be introduced in the geometric
properties by performing a transformationNh even in inherently scleronomic manifolds, as
was shown in Section 4. The key to resolving this problem comes from the product form ex-
pressed by Eqg. (80), which is true for a scleronomic manifold only. This is crucial in revealing
and stating its geometric properties, since it implies that the event mawifadrries two
complementary foliations [3]. Specifically, in such a case, a second foliation exists, which has
codimensionn and partitions the event manifol into manifoldsT of dimension 1, one
for each combination of the spatial coordinadedBased on this, for a configuration manifold
M to be scleronomic, it is required that an autoparallel curve starting at a pdihtaoid
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ending on another point ofl , for a fixedr, should always remain oM . Likewise, an au-
toparallel curve starting ol and ending orm , for a fixed set of spatial coordinatgs

should always remain oh. Taking into account the definition of the special families of
curvesy, andy;, these statements are expressed by the following mathematical conditions

0,h0D, and O,vOD;. (81)

Furthermore, the Lie derivative of the vector fields created by extending the gbton all

of M, along a vector field oM with tangent vectow (i.e., the time flow represented by Eq.
(77)), should be zero. Likewise, the Lie derivative of the vector fields created by extending
the vectord,v on all of M, along a vector field oM with tangent vectoh, should also be

zero. Mathematically, these statements are equivalent to
L, (O, =0 and L,(0,v)=0, (82)

where the above Lie derivatives can be determined through the corresponding Lie brackets by
L Oh=[v0,A and L, (O =[h0,M,

respectively. Moreover, the parallel transfer of the tangent véctdra leaf curvey,, (r;s)
along a transverse curye(q;o) and vice versa is preserved on a scleronomic manifold. This
means that

0,h=0 and O,v=0.

On a scleronomic manifolt! , conditions should also be imposed on the metric tensor of
M . First, based on the product form if, expressed by Eq. (80), its metric matrix in the ho-
lonomic basis defined by the foliated coordinates can be decomposed in the special form

__|logu(@ O
g‘{ [ gT(r)]

Then, the following conditions must also be true for preserving the form of the metric tensor
along the vector fields created by the special vectoasid h on a scleronomic manifold

L,gy, =0 and L,g; =0, (84)

whereg,, andg, represent the restriction of metric on the structural and transverse distri-
bution of M , respectively. Among other things, the last conditions guarantee that the metric
g is bundle-like and any autoparallel &, which is orthogonal to a leaf of the foliation, is

also orthogonal to every other leaf it meets [22].
In summary, the manifold scleronomicity conditions are expressed by Egs. (81)-(84).
These conditions do not depend on the basis selectggvbnHowever, they take a very ex-

plicit and useful form when they are expressed in the special coordinate basis corresponding
to the foliated coordinates off . In fact, taking into account that the metric is Riemannian,

the two complementary foliations & are now orthogonal, that 3, =D,, [3]. Therefore,

the base vectog,, corresponding to the temporal coordinate, is orthogonal to all the base

vectorsg, (i=1...,n), corresponding to the spatial coordinates. At this point, it is clear that a
foliated basis is a holonomic separable basis, while a foliated basigitthogonal tog,
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corresponds to a holonomic standard basis. Also, the special vectors which are tangent to the
leaf and transverse family of curves can be expressed in the form

h=H(gdg and v=V(1)g,,
respectively, in a holonomic standard basis. Next, employing the first of Egs. (81) and per-
forming the necessary mathematical operations it turns out originally that
O,h=(hf +A )R g =(Hf+Af H) hg+AS hhg.
Then, a simultaneous application of Eq. (82a) leads eventually to the conditions
Af =N(q) and A =0. (85)
Treating Egs. (81b) and (82b) in a similar manner yields
N =N3(r) and Ay, =0. (86)
Likewise, application of the two conditions in Eq. (83) leads to
As =0 = A5 =A% =0 and Aj=0 = A =A%=0, (87)
respectively. Finally, substituting the appropriate vector and tensor quantities in Egs. (84) and

performing the necessary mathematical operations, taking into account that the Lie derivative
of the metric tensor along the flow defined by Eq. (77) is given by

Lyg:[vI Ok +(\JJ - QJ \&) gk *+( \I(< - bK k/) g]]_b[l_'é,
leads eventually to
%(Qu); =0 = gy =9g,(ad and £g;=0 = g =g(7). (88)

Thus, Eqgs. (85)-(88) provide a set of scleronomicity conditions in component form, with re-
spect to a standard basis. Obviously, these conditions are identical to the conditions stated ear-
lier in the form of Eq. (13) or, alternatively, Egs. (19) and (20).

7 EQUATIONS OF MOTION ON THE CONFIGURATION MANIFOLD

In Section 5, a set of equations of motion was derived on the constrained manjfold
with respect to a minimal set of coordinates. Such an approach is inconvenient to apply, espe-
cially for complex systems, since it requires the selection of a specific set of independent co-
ordinates and elimination of the dependent coordinates through the constraint equations at
every time instant. In general, this is not an easy task to achieve. Moreover, it requires differ-
entiation of the constraint equations, leading to their violation at the lower kinematic level [2,
11]. In addition, the geometric properties of the constrained manifold need to be re-
determined at every step, through Egs. (11) and (12). For these reasons, it is frequently advan-
tageous to derive the equations of motion on the original marnaldor which the geomet-
ric properties are known and not affected by the additional constraints.

Next, it is assumed that the original configuration manifdidof the class of systems ex-
amined possesses time dependent geometric properties. Moreover, the system is subject to an
additional set ok time dependent acatastatic motion constraints, in the form of Eq. (64), or
equivalently in the form

grav.)=gd (g v+ F(q)=0 (R=1...k). (89)
When a constraint is holonomic, Eq. (89) can be integrated and cast in the form

6359



Elias Paraskevopoulos, Sotirios Natsiavas

@(a,)=0.

The derivation of the equations of motion is based on a consistent application of Newton'’s
law of motion, similar to that performed in an earlier study [15]. One of the basic ideas in that
study was to consider the configuration manifMdas the total space of a fiber bundle with
base spac#1, and fibers consisting of the Cartesian product manifold=M, x---xM,,

where the single dimensional manifolsts,, R=1...,k, are related to the action of tiReth
motion constraint. Since that study is applicable to scleronomic systems, some modifications

are necessary before applying it here. First, based on Eqg. (89), the velocity components of a
vector inT,M andT, M, are related by
V=V +d,W8 (i=1...n) and v°=V],

which can be combined and put in the form of Eq. (65). Moreover, the compaheartd
cro correspond to special vectorsM , for each constrainR, satisfying the conditions

a*d,=1 and afc,=-d (R=1...,k;i=L1..,n). (90)
In addition, a transformation similar to that represented by Eqgs. (66) and (67) can be estab-
lished betweeilTM andTM,, through the(n+1)x 2 matrix

N, :[QR(q,r) _CRo(qr)]
0 1

Therefore, the components of the metric and the affinities on the event manifatdn be
determined by an equation similar to Eq. (68), while the Newton covectors on the dual space
T, M, are obtained by application of an equation similar to Eq. (76), with form

th (gRRvR + GR)), R_VR +( ng_VR + _gzo),o - (/_\ER Grt /_\ORR—g Q_{?_@
- (7\§Rgm + /_\ORRGOO + 7\?1? Ot /_\8 rSD F)_\ﬁ - /_\c?R_gao - /_\8R_g0 - fR
Employing the connection compatibility condition and performing simple mathematical oper-
ations, the last expression can eventually be put in the form

P = (Md ™ + o) + Ged ™+ Tl = T, (92)
The quantityA® represents the spatial coordinate of the two dimensional mamifgldAlso,

in the last equation and in the sequel, the convention on repeated indices does not apply to
index R, while

B Y
rnRREgRR:cRgijéF’ rnROEgRO:dR(giquJ-'_%)’ CRR:_ClRWCJR_CEDgij(tR’ kRR:_CRfiJCIR

and
f_R :Cini+dR0(gide0+_gi0) . (92)

Following the analysis presented in [15], by incorporating the above modifications into
the constraint equations and omitting the details, the equations of motion can be put in the
form

h, =i (93)
on manifoldM , with
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hy=h¢,
whereh is given by Egs. (35) and (36), while

h=>" hae,

with h, given by Eq. (91). Next, substitution of the last two equations in Eq. (93) leads even-
tually to the following set of equations of motion on the original configuration manifold

(9! + o) = (A, T +A) G VTV + (A G+ A Gt Ay g +ATTg) v 04
+N6T0t AT~ £ = 20, AU MeA™ + ) + &A™+ hd "= 1)

where
(gij\_/j). :(ng/j)y,:_\/ +( gj_\))vo and (MA") = (WhR/TR), wh +(mRR/TR),o-

The additional information needed for a complete mathematical formulation is obtained
by incorporating an appropriate form of tkeequations of the constraints. In particular, pro-

ceeding in a manner similar to that followed in previous work [15], a second order ordinary
differential equation (ODE) is obtained for each holonomic constraint, with form

(M) + G + ke =0, (95)

which forces bothy® and ¢ to become zero eventually. Likewise, each nonholonomic con-
straint gives rise to a scalar ODE with form

(Medl™) + Gl " =0, (96)
causingy® to become zero.
Next, by introducing the matrix notation

g:(ql (_:ln)T! Z:(A_l A_k)T’ Y:(\_/l vn)T and M :[gij] ,
Eqg. (94) can be put in the following general form

(M(G,09) + h(G.3 9= A (G I(MI) + 1A .2, ). (97)
The arrayh(q,V, ) includes all the terms in Eq. (94) multiplied by the affinities or originating
from the componentg,, of the metric on the event manifoM , together with the applied

forces f, . Likewise, the elements of the diagonal mavix=diag(m, --- T,) and the array
R=Ci+RI+i-T1,

including the diagonal matriceS=diag(g, -~ ) andK =diag(k, --- k) and the ar-
rays m,=(m, - M) andf=(f, - f)', are determined through application of Eq.
(92).

In summary, Eq. (94) furnishes a setnoecond order ODEs. These equations together
with Egs. (95) and (96) form a set o# k second order ODEs in the+ k unknown coordi-
natesq and AR, describing the behavior of mechanical systems with an arbitrary (but finite)
number of coordinates, possessing a time dependent original configuration manifold and be-
ing subject to time dependent and acatastatic motion constraints. In general, solution of these
equations can only be achieved by numerical means, after applying a suitable numerical dis-
cretization [20, 25]. For the scleronomic case, it is easy to verify that these equations are sim-
plified considerably and become identical with those presented in [15]. The ODE form of the
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set of equations derived is associated with several advantages over formulations leading to
sets of algebraic-differential equations (DAES) [2, 11]. It also presents advantages over previ-
ous formulations leading to an ODE form after elimination of the redundant coordinates or the
Lagrange multipliers from the equations of motion, since this is done at the expense of violat-
ing the motion constraints at the lower kinematical levels [2, 15]. Finally, another advantage
of the present approach is that the affinities are independent and not derived from the metric
components (i.e., the connection is not necessarily metric compatible). This allows for the
most general and consistent derivation of the equations of motion [19].

8 EXAMPLES

Two examples are presented in this section, illustrating theoretical aspects investigated in
the previous sections. The first refers to motion of a constrained particle, with attention on
recognizing when a constraint is scleronomic or rheonomic. Then, the problem of the rolling
motion of a sphere over a rotating table is re-examined, by employing the scleronomicity con-
ditions developed in Section 6.

8.1 Spherical pendulum with a moving end

Consider the spatial motion of a particle with massThe unconstrained motion is de-

scribed by three coordinates with respect to an inertial Cartesian coordinate framé&hen,

the components of the metric tensor and the affinities can be easily determined for both the
configuration manifoldvl =E® and the corresponding event manif@d= E*xR. The parti-

cle motion is constrained by a rigid bar with negligible mass and langtis shown in Fig. 5.

The patrticle is located at one end of the bar, while the other end (point P) moves along the
axis Ox* with a known displacement history

X (t) = X, coswt.
This is represented by a holonomic constraint with equation
Fx1)=(x)*+(x)*+ (X~ (9’ - £=0, (98)
which by differentiation with respect to time can be put in the general form of Eq. (89), with
a(xh=(2x 2X 2(X-x(9) and a(xt)=-2(¢- % ()% ().

Next, consider the motion of the particle with respect to a new set of coordinates, corre-
sponding to a new fram&. This frame has origin at point P and axes remaining parallel to
the axes of fram& . Due to the constraint by Eq. (98), the position of the particle can be fully
determined by the angular spherical coordin&eand %, as depicted in Fig. 5. Specifically,
the following relations are established between the original Cartesian coordinates and these
spherical coordinates

x' = Lsing" cos®¥?, x*=Lsingd"'sind> and x*=Lcosd" + %, coswt. (99)

Then, the velocity transformation (66) is set up with extended mitiix the form of Eq.
(67), with

Lcosd' co®® -L si sif? 0
N =| Lcos# sid” L sid* co§” | and v= 0
-Lsing" 0 —wX, sinawt

Substituting the above into Eqg. (69), the metric matrix is determined in the form
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mL? 0 mwL¥, sing" sinwt
g.= 0 mL® sin® 6" 0
mwL%, sing" sinwt 0 Joo + MW sinwty

This result shows that the basis obtainedin is not standard. In addition, it is found that
there exist both pure and mixed affinities, which are expressions of coordihatBsandt .

Fig. 5A spherical pendulum with a translating end

Next, the emphasis was placed in investigating whether these effects are removable by a
change of basis iM , . Using integrability conditions, the following change of coordinates

o' =2tart @), 6°=6*> and r=", (100)
was found to lead to a coordinate basis where the new metric matrix is block diagonal. In fact,
the metric matrix in the new coordinate system is obtained igxtBediagonal form

g, = diag(mEsing ¢*,f) ml2sim @ ) g, + Mm% cog € 7 )simt ],
with
n(6",7) = 2tan* g7+ ),

However, all its elements have a mixed dependence on both the spatial codtdaradethe
temporal coordinaté . Similar findings resulted in evaluating the corresponding affinities.

These imply that conditions (13), or alternatively Egs. (85)-(88), do not hold in the case ex-
amined. Therefore, the manifoM, is rheonomic. Since the original manifaldl is sclero-

nomic, the motion constraint expressed by Eq. (98) is rheonomic, in accordance with the
classical definitions [12].

Next, consider the motion of the particle with respect to a new Cartesian coordinate frame
Y, with coordinatesy (i =1,2,3), in the same configuration manifoM . In particular, the

origin of this frame is point P, while its axes remain parallel to the corresponding axes of
frame X, as shown in Fig. 5. Then, the two sets of coordinates are related by

xX'=y, xX*=y* and X’=y +¥%, coswt. (101)
In the new coordinate system, the motion constraint appears also in a holonomic form

gly.)=(y) +(y)*+(y)’- L’=0. (102)
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However, in contrast to Eq. (98), this now appears in a scleronomic catastatic form, according
to common terminology [12, 23]. In order to explain the discrepancy with Eq. (98), it is useful
to view Eg. (101), together with=t, as a coordinate transformation in the original event
manifold M = E?, similar to that expressed by Eq. (39). Then, the Jacobian is obtained in the
form of Eq. (42), with

J=1, and ¢c=(0 0 -aX, sinat) .
Consequently, evaluation of the metric in the new basE’ dhrough Eq. (48) yields
G=g=mL, g,=(0 0 -mw% sinwt] and g, = gy, + Mwksinwty.

As expected, based on the fact that0, the new basis iITpM is not standard, sincg, # 0
for wX, #0. Moreover, all the affinities oM are found to be equal to zero, exception for

_:“3 _ A
N, = wR, cosat .

Therefore, despite the fact that it does not involve time in an explicit manner, the motion con-
straint expressed by Eq. (102) is in fact rheonomic, since the configuration mawifisid
scleronomic, while the constrained manifalg, is rheonomic, as shown above. This result
resolves the difference observed in the time dependence appearing in the constraint equations
(98) and (102). Furthermore, it demonstrates that the classical classification of constraints on
a mechanical system with configuration manifold possessing time dependent geometric prop-
erties is accurate only when the components involved in the constraint equations are ex-
pressed with respect to standard bases in kiothnd M , .

8.2 Rolling of a sphere on a rotating table
Next, consider the motion of a rigid sphere, rolling without slipping on a horizontal table
[9]. This table rotates with an angular spex@) with respect to a fixed vertical ax@®¢, as

shown in Fig. 6. The sphere has radiysnassm and a known mass moment of inerdia
with respect to any axis passing through its center of mass C. The coordinate Bystem
shown in Fig. 6, is fixed (inertial) and the angular velocity of the table is

@ (1) = Qe (103)

x3

Fig. 6 Rigid sphere rolling over a rotating table

First, the position of the sphere is determined at any titne the generalized coordinates
an=0< &, (104)

where the arrays
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x=(* ® X)7 and 9=(6" & &

represent the position of the center of mass and the orientation of the sphere, respectively,
with respect to the inertial reference frafie Due to the symmetry of the sphere, the classi-

cal Cartesian rotation vector is selected for the description of its rotational motion [11]. The
coordinatesy(t) represent a point on a product configuration manifale R*xM (3), with
dimensionn=6 [18]. Then, the motion of the system can be viewed as the motion of a point
along a specific patlx(t) on manifoldM , with tangent vector given by

vi)=({ o),
where

ve=(v vV V)' and w=(o & &7,

with v =X (i=1,2,3). Moreover, the quasi-velocitias are related to the true angular veloci-
ties @ through the corresponding tangent operat@) at 8 [11], by

w=T'(6)8.

Then, based on the kinetic energy of the sphere, the metkic isffound in the block diago-
nal form

ml, O
o=ta1=|"y 1 | (105)

Moreover, since the manifol¥l examined is a product manifold, its affinities appear in
product form as well. In particular, all the affinities related to the translational part can be se-
lected to be zero, while the non-zero affinities related to the rotational part of the motion can
be chosen to take the following constant values in a body frame

R/\lzs = _R/\éz = R/\glz _RAf3 = R/\iz = _RAgl =1. (106)

Moreover, all the mixed affinities are zero [18]. Then, the affinities can be evaluated in the
coordinate system used by employing the rotation m&ebexp@) as a transformation ma-
trix in EqQ. (46).

Next, due to the constraints imposed on the motion of the sphere, there lapgezon-
straint equations, so that the dimension of manifaldis justm=3. Specifically, the first

constraint is holonomic and guarantees that the center of the sphere stays on a constant height

¢l:x3—r:0 = ﬁZVSZO. (107)
In addition, the rolling condition of the sphere leads to two more constraints, namely
Yr=xt-re?+Qx%2=0 and ¢°=x*+rw'-Qx'=0, (108)

which are nonholonomic and acatastatic. Therefore3&&matrix of constraintsA and the
vector a appearing in Eq. (64) take the form

0010 0O 0
A=l1 0 0 0 -r 0] and a(gt=| QX |. (109)
01 0r OO -Qxt
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Based on these results, one can determine the components of the special constrairt,vectors
and c., by Eqg. (90). For instance, a possible choice for these vectors is the following

c=(0 0100 0y, c,=(0 0 0 0 -%r 0f, ¢,=(0 0 0 ¥r 0 0f,
c,=0, ¢,=(0 0 0 0 Qx*/r 0] and ¢c,=(0 0 0 Qx'/r 0 0.

Consequently, application of the first two relations in Eqg. (92) leads to determination of the
elements of the diagonal mass matvixand the vectom, in the form

m,=m, m,=m,=Jr7, m=0, My=-QxXJIr and m,=QxXJI/r.
Likewise, given a set of applied forces acting on the sphere, which can be represented by a
resultant forcef (g, g,t) and momentn.(q, g f) with respect to its center C [21], the elements
T andkg, of the diagonal damping and stiffness matriCeandK , as well as the corre-
sponding forcing terms, (R=1....,3) are also evaluated by applying Eq. (92).

Collecting all the above and substituting in Eqg. (94) leads to the equations of motion of
the constrained system examined on the original configuration manifold in matrix form. The
set of coordinateg is given by Eq. (104), while the Lagrange multiplidrs (A* A% A3)T
correspond to the set of constraints (107) and (108). In the present formulation, the six ODEs
represented by Eq. (97) are accompanied by a constraint equation in the form of Eg. (95) and
two constraint equations in the form of Eq. (96), where the tetmg , ¢> andy?® are taken
from Eqgs. (107) and (108). This leads to a system of 9 second order ODEs for the 9 unknowns,
q and A, of the problem.

Finally, a simple inspection of Egs. (105) and (106) reveals that the original configuration
manifold M is scleronomic. Moreover, based on Eq. (109), an approptiadetransfor-
mation matrixN is first determined in the form of Eq. (67), so that 4ket metric matrix
corresponding to the event constrained manifdldis determined by application of Eq. (69)
in the diagonal form

g, =diag(m+ J F) (me JF) J g+ mR2[(6)°+(6)7/(mr?+)),

whereg” (with @ =1,...,4) is a coordinate set oM ,. This corresponds to a standard basis.
Evaluation of the corresponding structure constants shows that they are all zero, except for

C(l)zz_céo:JQ/(m'z"' J= E%o:_(fzu'

This indicates that the basis selectedip is not holonomic. Therefore, it is more convenient
here to apply the scleronomicity checks in the coordinate invariant form presented in Section
6 in order to judge safely whether the constrained manifold is rheonomic or not. Indeed, ap-
plication of Eq. (84) to the example considered reveals that the first condition on the metric is
satisfied identically. However, evaluation of the Lie derivative required by the second condi-
tion in the same equation shows that there appears the following non-zero term

(LhGr)oo = 2mJQZ/(mr°- +J),

which becomes zero only whenh=0, corresponding to a stationary table. This demonstrates
that Eq. (84) is violated whe@2 # 0 and reveals that manifolsl , is rheonomic, indeed.
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9 SYNOPSIS

This study was devoted to mechanical systems possessing configuration manifolds with
time dependent geometric properties and being subject to additional acatastatic equality mo-
tion constraints involving time explicitly. This time dependence, in conjunction with the need
to keep invariant the form of Newton'’s law in different manifolds, led to an introduction and
consideration of the corresponding event manifold. These time dependent terms were shown
to be introduced by either a basis transformation in the event manifold or by additional mo-
tion constraints. Moreover, the time terms introduced by a basis transformation are artificial
and can be removed from the equations of motion. These results were reinforced and en-
hanced further by exploiting some concepts of foliation theory. Apart from providing useful
clarifications on the geometry of the motion, this theory was also employed in establishing a
set of coordinate invariant conditions for judging whether a configuration manifold is sclero-
nomic. Finally, the equations of motion were obtained in the original configuration manifold,
in the presence of constraints. Also, some of the analytical findings were illustrated by exam-
ining two systems exhibiting basic features of the class of systems examined.

The results presented in this work are applicable and cover a wide range of engineering
systems. To obtain them, some useful tools from differential geometry were employed. In re-
turn, apart from providing a nice interpretation of the key concepts, these tools helped in per-
forming a consistent application of Newton’s law to manifolds with general time dependent
geometric properties. Eventually, this led to a system of second order ODEs, which are much
easier to handle than sets of DAEs [2, 11]. In addition, the final set of equations of motion
was obtained on the original configuration manifold, whose geometric properties are not af-
fected by the presence of the additional motion constraints. Also, these equations involve
properties of the corresponding event manifold. These provide fertile ground for developing
new advanced formulations, leading to more accurate, effective and robust numerical methods
for solving these equations, by enhancing available techniques [6, 13, 20].
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