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Abstract. The paper deals with a phase field model for formulation and solution of the topol-
ogy optimization problems of bodies in unilateral contact consisting in the normal contact stress
minimization. The contact problem with Tresca friction is governed by the system of elasticity
equations with inequality type boundary conditions. The structural optimization problem con-
sists in finding such material distribution within design domain to minimize the normal contact
stress along the boundary of the body. The original structural optimization problem is refor-
mulated in terms of material density function. Moreover the original cost functional is regular-
ized using also surface and bulk energy terms. These terms allow to control global perimeter
constraint and the occurence of the intermediate solution values. Using Lagrange multiplier
approach the derivative of the regularized cost functional with respect to the control variable is
calculated. The neccessary optimality condition is formulated in the form of Allen-Cahn gradi-
ent flow equation. The optimal topology is obtained as the steady state of the phase transition
governed by this equation. This equation is discretized using finite difference and finite element
methods. Numerical examples are provided.
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1 INTRODUCTION

The paper deals with the topology optimization for an elastic body in unilateral contact with
a rigid foundation. This optimization problem consists in finding such topology of the domain
occupied by the body and/or the shape of its boundary that the normal contact stress along the
boundary of the body is minimized. Many successful methods have been proposed to analyze
and to solve numerically topology optimization problems, including Simple Isotropic Material
Penalization method and Evolutionary Structural Optimization approach, topology derivative
method or different level set methods [1, 6, 7, 11, 19, 15].

In this paper phase field approach [4, 5, 6, 8, 17, 18] is proposed to regularize two phase
topology optimization problem for unilateral elastic contact system and to solve it numerically.
Material density function is a variable subject to optimization. This approach consists in us-
ing Ginzburg-Landau free energy term [8, 14, 17, 18, 19] as the regularization term rather than
the perimeter constraint term. Although the proposed regularization for topology optimization
of contact problems is more complicated than the perimeter one it has advantages comparing
to the standard one. The derivative formula of the cost functional with respect to the material
density function is calculated and is employed to formulate a necessary optimality condition
for the topology optimization problem. This necessary optimality condition takes the form of
the generalized Allen–Cahn equation rather than Cahn–Hilliard equation as in authors previous
paper [10]. The derivative of the cost functional appears in the right hand side of these equa-
tion. Moreover the cost functional derivative is employed to calculate a descent direction in the
numerical algorithm. Finite difference and finite element methods are used as the approxima-
tion methods. Implementation details are introduced. Numerical examples are provided and
discussed.

2 PROBLEM FORMULATION

Consider deformations of an elastic body occupying two – dimensional domainΩ with the
smooth boundaryΓ (see Fig. 1). AssumeΩ ⊂ D whereD is a bounded smooth hold – all
subset ofR2. The body is subject to body forcesf(x) = (f1(x), f2(x)), x ∈ Ω. Moreover,
surface tractionsp(x) = (p1(x), p2(x)), x ∈ Γ, are applied to a portionΓ1 of the boundary
Γ. We assume, that the body is clamped along the portionΓ0 of the boundaryΓ, and that the
contact conditions are prescribed on the portionΓ2, whereΓi ∩ Γj = ∅, i 6= j, i, j = 0, 1, 2,
Γ = Γ̄0 ∪ Γ̄1 ∪ Γ̄2.

Let ρ = ρ(x) : Ω → R denote the material density function at any generic pointx in a design
domainΩ. It is a phase field variable taking value close to 1 in the presence of material, while
ρ = 0 corresponds to regions ofΩ where the material is absent, i.e. there is a void. In the phase
field approach the interface between material and void is described by a diffusive interfacial
layer of a thickness proportional to a small lenght scale parameterǫ > 0 and at the interface
the phase fieldρ rapidly but smoothly changes its value [6]. We require that0 ≤ ρ ≤ 1. The
ρ values outside this range do not seem to correspond to admissible material distributions. The
elastic tensorA of the material body is assumed to be a function depending on density function
ρ:

A = g(ρ)A0, A0 = {aijkl}
2

i,j,k,l=1
(1)

andg(ρ) is a suitable chosen function [2, 4, 6, 15]. We denote byu = (u1, u2), u = u(x),
x ∈ Ω, the displacement of the body and byσ(x) = {σij(u(x))}, i, j = 1, 2, the stress field in
the body. Consider elastic bodies obeying Hooke’s law, i.e., forx ∈ Ω andi, j, k, l = 1, 2

σij(u(x)) = g(ρ)aijkl(x)ekl(u(x)). (2)
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Figure 1: Initial domainΩ.

We use here and throughout the paper the summation convention over repeated indices [9]. The
strainekl(u(x)), k, l = 1, 2, is defined by:

ekl(u(x)) =
1

2
(uk,l(x) + ul,k(x)), (3)

whereuk,l(x) =
∂uk(x)

∂xl
. The stress fieldσ satisfies the system of equations in the domainΩ [9]

− σij(x),j = fi(x) x ∈ Ω, i, j = 1, 2, (4)

whereσij(x),j = ∂σij(x)

∂xj
, i, j = 1, 2. The following boundary conditions are imposed on the

boundary∂Ω

ui(x) = 0 on Γ0, i = 1, 2, (5)

σij(x)nj = pi on Γ1, i, j = 1, 2, (6)

uN ≤ 0, σN ≤ 0, uNσN = 0 onΓ2, (7)

| σT |≤ 1, uTσT+ | uT |= 0 onΓ2, (8)

wheren = (n1, n2) is the unit outward versor to the boundaryΓ. HereuN = uini andσN =
σijninj , i, j = 1, 2, represent the normal components of displacementu and stressσ, respec-
tively. The tangential components of displacementu and stressσ are given by(uT )i = ui−uNni

and(σT )i = σijnj − σNni, i, j = 1, 2, respectively.| uT | denotes the Euclidean norm inR2 of
the tangent vectoruT .
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2.1 Structural Optimization Problem

Before formulating a structural optimization problem for (4)-(8) let us introduce the setUad

of admissible domains. This set has the form

Uad = {Ω : E ⊂ Ω ⊂ D ⊂ R2 : Ω is Lipschitz continuous,

V ol(Ω)− V olgiv ≤ 0, V ol(Ω) =
∫

Ω

ρ(x)dx.}, (9)

whereE ⊂ R2 is a given domain such thatΩ as well as all perturbations of it satisfyE ⊂ Ω.
The constantconst1 > 0 is assumed to exist. The setUad is assumed to be nonempty. The
constantV olgiv = const0 > 0 is given. For the shape optimization prpblem for system (4)-(8)
the optimized domainΩ is assumed to satisfy equality volume condition, i.e., (9) is assumed to
be satisfied as equality. In a case of topology optimizationV olgiv is assumed to be the initial
domain volume and (9) is satisfied in the formV ol(Ω) = rfrV ol

giv with rfr ∈ (0, 1) [15].
Recall from [11, 12] the cost functional approximating the normal contact stress on the contact
boundary

Jη(u(Ω)) =
∫

Γ2

σN (u)ηN(x)ds, (10)

depending on the auxiliary given bounded functionη(x) ∈Mst. The auxiliary setMst = {η =
(η1, η2) ∈ [H1(D)]2 : ηi ≤ 0 onD, i = 1, 2, ‖ η ‖[H1(D)]2 ≤ 1}. FunctionsσN andηN are
the normal components of the stress fieldσ corresponding to a solutionu satisfying system (4)
- (8) and the functionη, respectively. The cost functional 10) approximates the normal contact
stress and is associated with the elastic energy functional [9]. Consider the following structural
optimization problem:for a given functionη ∈Mst, find a domainΩ⋆ ∈ Uad such that

Jη(u(Ω
⋆)) = min

Ω∈Uad

Jη(u(Ω)). (11)

Adding to (9) a perimeter constraintPD(Ω) ≤ const1, wherePD(Ω) =
∫

Γ
dx is a perimeter of

a domainΩ in D [5, 11, 16] andconst1 > 0 is a given constant the existence of an optimal
domainΩ⋆ ∈ Uad to the problem (11) is ensured (see [4, 5, 16]).

3 PHASE FIELD BASED TOPOLOGY OPTIMIZATION PROBLEM

Let us introduce the regularized cost functionalJ(ρ, u) in the form:

J(ρ, u) = Jη(u) + E(ρ), (12)

where the functionalJη(u) is given by (10). The Ginzburg-Landau free energy functionalE(ρ)
is expressed as

E(ρ) =
∫

Ω

ψ(ρ)dΩ, ψ(ρ) =
γǫ

2
| ∇ρ |2 +

γ

ǫ
ψB(ρ), (13)

whereǫ > 0 is a constant,γ > 0 is a parameter related to the interfacial energy density. Function
ψB(ρ) = ρ2(1 − ρ2) is a double-well potential [10] which characterizes the two phases [2, 6].
The structural optimization problem (11) takes the form:find ρ⋆ ∈ Uρ

ad such that

J(ρ⋆, u⋆) = min
ρ∈U

ρ

ad

J(ρ, u), (14)

whereu⋆ = u(ρ⋆) denotes a solution to the state system (4)-(8) depending onρ⋆ andUρ
ad = {ρ :

V ol(Ω) ≤ V olgiv} denotes the set of admissible material density functions.
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In order to compute the first variation of the cost functional (12) we apply a formal Lagrangian
approach combined with Allen–Cahn approach [2]. Let us introduce the LagrangianL(ρ) =
L(ρ, u, λ, pa, qa, µ):

L(ρ, u, λ, pa, qa, µ) = Jη(u) + E(ρ) +
∫

Ω

g(ρ)aijkleij(u)ekl(p
a)dx− (15)

∫

Ω

fip
a
i dx−

∫

Γ1

pip
a
i ds+

∫

Γ2

λpaTds+
∫

Γ2

qauTds+ µ(
∫

Ω

ρ(x)dx− V olgiv),

where(pa, qa) ∈ K1 × Λ1 denotes an adjoint state defined as follows:
∫

Ω

g(ρ)aijkleij(η + pa)ekl(ϕ)dx+
∫

Γ2

qaϕTds = 0 ∀ϕ ∈ K1, (16)

and ∫

Γ2

ζ(paT + ηT )ds = 0 ∀ζ ∈ Λ1. (17)

The setsK1 andΛ1 are given by

K1 = {ξ ∈ Vsp : ξN = 0 onAst }, (18)

Λ1 = {ζ ∈ Λ : ζ(x) = 0 onB1 ∪ B2 ∪ B
+

1 ∪ B+

2 }, (19)

while the coincidence setAst = {x ∈ Γ2 : uN + v = 0}. MoreoverB1 = {x ∈ Γ2 : λ(x) =
−1}, B2 = {x ∈ Γ2 : λ(x) = +1}, B̃i = {x ∈ Bi : uN(x) + v = 0}, i = 1, 2, B+

i = Bi \ B̃i,
i = 1, 2. The derivative of the LagrangianL with rescpect toρ has the form:

∫

Ω

∂J

∂ρ
(ρ, u)ζdx =

∫

Ω

∂L

∂ρ
(ρ, u, λ, pa, qa, µ)ζdx =

∫

Ω

[γǫ∇ρ · ∇ζ +
γ

ǫ
ψ′
B(ρ)ζ + µζ ]dx+

∫

Ω

[g′(ρ)aijkleij(uǫ)ekl(p
a + η)− f(pa + η)]ζdx, ∀ζ ∈ H1(Ω) (20)

Using (20) we formulate a modified Allen-Cahn equation with constant mobility function as a
gradient flow dynamic problem in an artificial time variable. It leads to a pseudo time stepping
approach. This problem is as follows:find sufficiently regular(ρ, u, λ, pa, qa, µ) satisfying (4)-
(8), (16)-(17) as well as

∂ρ

∂t
= ϕE(ρ) in Ω, ∀t ∈ [0, T ), (21)

∇ρ · n = 0 on ∂Ω, ∀t ∈ [0, T ), (22)

ρ(0, x) = ρ0(x) in Ω, t = 0. (23)

where the potential functionϕE is given by

ϕE = −γǫ△ ρ+
γ

ǫ
ψ′
B(ρ) + µ−

g′(ρ)aijkleij(uǫ)ekl(p
a + η)− f(pa + η), a.e. in Ω. (24)

The necessary optimality condition to optimization problem (14) has the form: if(ρ⋆, u⋆, λ⋆,
pa⋆, qa⋆, µ⋆) is an optimal solution to structural optimization problem (14) than it satisfies (4)-
(8), (16)-(17) and (21)-(24).

3381



Andrzej M. Myśliński

4 NUMERICAL RESULTS

The discretized structural optimization problem (14) is solved numerically. Time derivatives
are approximated by the forward finite difference. Piecewise constant and piecewise linear finite
element method is used as disretization method in space variables. The derivative of the double
well potential is linearized with respect toρ. Primal-dual active set method has been used to
solve state and adjoint systems (4)-(8) and (16)-(17). Biconjugate gradient method has been
used to solve (21)-(23). The algorithms are programmed in Matlab enviroment. As an example
a body occupying 2D domain

Ω = {(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 8 ∧ 0 < v(x1) ≤ x2 ≤ 4}, (25)

is considered. The boundaryΓ of the domainΩ is divided into three pieces

Γ0 = {(x1, x2) ∈ R2 : x1 = 0, 8 ∧ 0 < v(x1) ≤ x2 ≤ 4},

Γ1 = {(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 8 ∧ x2 = 4}, (26)

Γ2 = {(x1, x2) ∈ R2 : 0 ≤ x1 ≤ 8 ∧ v(x1) = x2}.

The domainΩ and the boundaryΓ2 depend on the functionv. The initial position of the
boundaryΓ2 is given as in Fig. 1. The computations are carried out for the elastic body charac-
terized by the Poisson’s ratioν = 0.29, the Young modulusE = 2.1 · 1011N/m2. The body is
loaded by boundary tractionp1 = 0, p2 = −5.6 · 106N alongΓ1, body forcesfi = 0, i = 1, 2.
Auxiliary function η is selected as piecewise constant (or linear) onD and is aproximated by
a piecewise constant (or bilinear) functions. The computational domainD = [0, 8] × [0, 4] is
selected. DomainD is discretized with a fixed rectangular mesh of 80× 40. Other parame-
ters are:ǫ = 0.02, γ = 1, T = 0.200. Following [17] g(ρ) = ρ

1+exp(−40ρ)
+ gǫ, gǫ = 0.02,

ψB(ρ) = ρ2(1− ρ)2( 1

10
exp(15(1/2− ρ)2) + 1).

Fig. 2 presents the optimal domain obtained by solving structural optimization problem (14)
in the computational domainD using the optimality condition (21)-(24). The areas with low
values of density function appear in the central part of the body and near the fixed edges. The
obtained normal contact stress is almost constant along the optimal shape boundary and has
been significantly reduced comparing to the initial one (see Fig. 3).

5 CONCLUSIONS

The structural optimization problem for elastic contact problem with the prescribed friction
is solved numerically in the paper. Obtained numerical results indicate that the proposed nu-
merical algorithm allows for significant improvements of the structure from one iteration to
the next. Phase field approach based on the Allen-Cahn equation is flexible and can be easily
combined with material density field. In this sense this approach follows SIMP method. On
the other hand this approach can be also coupled with other physical fields allowing to consider
different topology optimization problems.
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[11] A. Myśliński, Level Set Method for Optimization of Contact Problems,Engineering
Analysis with Boundary Elements, 32, 986-994, 2008.
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Figure 3: Initial and optimal normal contact stress.
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