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Abstract. We employ a new stochastic methodology for the construction of sur-
rogate models for uncertainty quantification (UQ) and sensitivity analysis (SA). It is
based on polynomial dimensional decomposition (PDD), as are widely used in solving
high-dimensional stochastic problems that arise in various applications. In our approach,
the coefficients of the PDD expansion are determined by using a least-squares regression
(LSR). Compared to a projection approach, the use of LSR not only avoids the computa-
tion of high-dimensional integrals, but also affords an attractive flexibility in choosing the
sampling points, which facilitates importance sampling using a calibrated posterior distri-
bution based on a Bayesian approach. LSR can be particularly advantageous in cases where
the asymptotic convergence properties of polynomial expansions cannot be realized due to
computation expense, focusing effort on efficient finite-resolution sampling. To efficiently
include parameter spaces with a moderate number of uncertain parameters (up to 7 in this
work), the PDD is coupled with an adaptive ANOVA (analysis of variance) decomposi-
tion. This provides an accurate surrogate as the union of several low-dimensional spaces,
avoiding the typical computational overhead cost of a high-dimensional expansion. In ad-
dition, the PDD representation of the ANOVA component functions is further simplified
in an adaptive way according to the relative contribution of the different polynomials to
the variance. The overall methodology is demonstrated on plasma-mediated ignition sim-
ulations as part of a large predictive science effort in the Center for Exascale Simulation
of Plasma-Coupled Combustion (XPACC). The specific configuration we study includes
model parameters arising from reaction rates in a global chemical kinetics description,
and a laser-induced breakdown ignition seed.
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1 INTRODUCTION

It is well-understood that global sensitivity analysis (GSA) has the advantage of taking
into account the broad influence of input parameters over the ranges and their interactions
onto the output quantity of interest, by considering the entire input space rather than
a specific nominal point (see for example [6]). However, the main difficulty encountered
when employing global methods is the high cost of Monte Carlo (MC) or a quasi Monte
Carlo (QMC) methods. These can be prohibitively expensive.

The objective of this work consists of building an efficient Uncertainty Quantification
(UQ) and GSA method featuring a surrogate model representation that is affordable for
complex numerical simulation problems. To address the so-called curse of dimensionality,
we employ the polynomial dimensional decomposition (PDD) (introduced and developed
by Rahman and coworkers in e.g. [12, 13, 15, 21, 14]) and combine it with the Analy-
sis of Variance (ANOVA) decomposition due to their direct link with each other. The
least-squares regression (LSR) approach is an efficient tool to determine the expansion
coefficients, by minimizing the error of the surrogate model representation in the mean
square sense (see e.g. [7, 18, 3]). Compared to the projection approach (see e.g. [9, 11, 2])
where each polynomial coefficient is obtained by computing a multi-dimensional inte-
gral, the regression approach is more flexible (in choosing sampling points) for problems
involving a moderate number of uncertain parameters. It is known that the number
of ANOVA component functions increases exponentially with respect to the uncertain
parameter dimensionality, and meanwhile the imposed polynomial order for the PDD ex-
pansion involves a polynomial increase of the number of PDD terms for each component
function. This phenomenon causes one main limitation of the regression approach even for
a truncated low-order ANOVA expansion, namely the high number of deterministic model
evaluations for problems characterized by a moderate to large number of uncertainties;
indeed, for the regression problem to be well posed, the number of deterministic model
evaluations is necessary to be larger than the total polynomial expansion size [3, 4]. In
this respect, this paper employs the approach proposed in [20] to combine the active di-
mension strategy and the stepwise regression technique [3, 4] to obtain an efficient sparse
surrogate model representation.

In Section 2, we review basic concepts of ANOVA, Sobol’ sensitivity indices and out-
line main idea of variance-based dimension reduction techniques. A 2-D axisymmetric
application case is investigated in Section 3. Conclusions follow.

2 ANOVA AND VARIANCE-BASED DIMENSION REDUCTION

Let us suppose that the response of a given system of interest can be represented by a
N-dimensional function y = f(ξ)

y = f(ξ) = f(ξ1, ξ2, · · · , ξN), (1)

where ξ are independent input uncertain parameters.
An Analysis of Variance (ANOVA) [16, 8, 1, 17] decomposes f(ξ) into a series of

lower-dimentional component functions as

y = f0 +
N∑

16i6N
fi(ξi) +

N∑
16i<j6N

fij(ξi, ξj) + · · ·+ f1,2,···,N(ξ1, ξ2, · · · , ξN), (2)
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or in compact form

y = f0 +
N∑
T=1

N∑
i1<···<iT

fi1,···,iT (ξi1 , · · · , ξiT ). (3)

Note in ANOVA component functions have zero mean and are orthogonal. For notational
convenience in this section, we write a general T -dimensional component function (1 ≤
T ≤ N) of the ANOVA decomposition as

fiT
(ξT ) = fi1,i2,···,iT (ξi1 , ξi2 , · · · , ξiT ). (4)

Keeping in mind its zero-mean property, the component function (4) can be expanded
by employing Polynomial Dimensional Decomposition (PDD) using an infinite number of
orthogonal basis functions (as done in [12]) by a tensor product for multi-indices jT :

fiT
(ξT ) =

∞∑
jT ,···,j1

CjT
iT

ΨjT
iT
. (5)

Here CjT
iT

is a coefficient, and ΨjT
iT

is a T -dimensional basis polynomial function.
In practice, the expansion with an infinite number of terms in (5) must be truncated.

Following previous work [12], we truncate (5) by m terms for each dimension:

fiT
(ξT ) =

∑
jT ,···,j1≤m

CjT
iT

ΨjT
iT
. (6)

In particular, the first-order, second-order, and third-order component functions are
expressed as

fi(ξi) =
m∑
j=1

Cj
i ψ

j(ξi),

fi2(ξi2) =
m∑
j2=1

m∑
j1=1

Cj2
i2
ψj1(ξi1)ψj2(ξi2),

fi3(ξi3) =
m∑
j3=1

m∑
j2=1

m∑
j1=1

Cj3
i3
ψj1(ξi1)ψj2(ξi2)ψj3(ξi3).

(7)

Least-squares regression (LSR) [5, 20] can be employed to determine the coefficients
Cα of (vector-form) PDD expansion

f(ξ) = CT
αΦα(ξ)

by using a suitable set of training points (i.e. experimental design) and model outputs.
The second-order moment and the global sensitivity indices can be obtained in a straight-
forward way by post-processing.

Indeed, keeping in mind
E(f(ξ)) = Cα0 ,

the approximated variance of the model output is then

Var(f(ξ)) =
P−1∑
j=1

C2
αj
γαj

,
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with the multivariate normalization constant determined by

γαj
= E

[
Φ2
αj

(ξ)
]
,

where P is the expansion size.
It is straightforward to write the variance-based global sensitivity indices (SI) by using

the PDD expansion. Indeed,

Si1,···,iT = Var(fi1,···,iT )
Var(f(ξ)) = 1

Var(f(ξ))
∑

αj⊆(i1,···,iT )
C2
αj
γαj

. (8)

The total sensitivity index STi can be obtained simply by adding all the measures Si1,···,iT
whose index involves the variable ξi.

For practical problems, in particular for the ones with a large number of stochastic
parameters, the size of the PDD representation must be reduced to make the uncertainty
analysis feasible.

A stepwise regression method has been proposed in [4, 3] using a generalized Polynomial
Chaos (gPC) approach to build sparse polynomial representation of the model output. In
order to efficiently represent a moderate to large dimensional parameter space, in addition
to the stepwise regression technique proposed in [4, 3], the PDD approach used in this
work is further coupled with an adaptive ANOVA decomposition, which allows to model
a given number of low-dimensional spaces instead of a single high-dimensional one. The
overall adaptive technique, as a variant of the one used in [4, 3], has been proposed in
[20]. We summarize this LSR strategy as a set of coupled adaptive strategies as follows.

1. Set a truncation dimension ν (the maximum interaction order) in the ANOVA ex-
pansion. This follows the assumption that low-order interactions are of dominant
importance compared to their high-order counterparts.

2. Solve the LSR system including only the PDD terms of the first-order ANOVA com-
ponent functions, and a rank of importances can then be established quantitatively for
all the input parameters. Hence, we retain only so-called active dimensions (the most
influential parameters) for the PDD terms of the second- and higher-order ANOVA
components. Let us use DT to represent the active dimension for interaction order T .

3. Enrich the surrogate model representation by adding one-by-one significant polynomi-
als of second- and higher-order interaction terms by keeping only the corresponding
active dimensions. A variance-based selection criterion is used to retain only polynomi-
als of significant importance to the total variance, which allows to build a very sparse
model representation. We emphasize that recursive resolutions of regression problems
are required for this task.

In next section, this adaptive LSR ANOVA approach is applied to an application case
featuring input uncertainties arising from chemical kinetics and laser-induced breakdown
ignition seed.

3 APPLICATION TO A 2-D COMBUSTION SYSTEM

The combustion in this work is modeled by multi-species Navier–Stokes equations
involving source terms including contributions from a reduced chemical mechanism, and
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a simplified laser-induced breakdown (LIB) plasma model. Both thermal and vortical
contributions are modeled for LIB ignition seed [10]. The model parameter uncertainties
considered in this work mainly come from these source terms.

Note the system of Navier–Stokes equations is discretized by finite difference methods
on structured grids using the software PlasComCM. For details on numerical techniques,
we refer to [10].

3.1 Source of uncertainties

The present combustion model featuring a Laser Induced Breakdown (LIB) ignition
seed includes seven uncertain parameters, which are calibrated against low-dimensional
computations or estimated based on experiments or previous literature data. We summa-
rize these uncertain parameters in Table 1. Note A3, b3, and E3 are calibrated Arrhenius

A3

Combustion kinetics b3 Joint pdfpost calibrated

E3

LTW ∼ U(0.993, 2.979) [mm]

Laser Induced Breakdown RTW (= DTW/2) ∼ U(0.168, 0.504) [mm]

Me ∼ U(1, 3)

Eabs ∼ N (17.642, 3.1157) [mJ]

Table 1: Summary of uncertain model parameters.

coefficients of the following reaction,

2H2 +O2 +H → 2H2O +H. (9)

LTW (resp. RTW ) represents the length (resp. radius) of the luminosity region measured
by experiments (we assume the laser energy is spatially distributed over the luminosity
region). Me is the Mach number of LIB vorticity model, and finally, Eabs is the absorbed
laser energy. The reader is refered to [10] for detailed physical modeling of LIB. Among
the four parameters of LIB, the Gaussian distribution of Eabs is approximated using
experimental results (3160 trials). However, we know significantly less about other three
parameters. Thus, LTW and RTW are simply taken to follow a uniform distribution using
an error bar of 50 % of their norminal value. The upper-bound value of Me = 3 is the
threshold with which our current numerical model becomes significantly unstable.

3.2 Axisymmetric 2-D test problem and quantity of interest (QoI)

An ignition case is computed on a 2-D rectangular domain (as shown in Fig. 1) dis-
cretized as a structured grid of size 501× 503. The initial condition over the 2-D domain
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Figure 1: 2-D axisymmetric computational domain for the ignition case. Left: H2 mass fraction at
t = 0. Right: flow y velocity at t = 0.

is a stabilized cold hydrogen fuel jet (about 3 m/s) into a squared domain filled with air.
The Fig. 1 illustrates this initial flow by showing the H2 mass fraction and y-velocity.

Let
ζ = (ln(A3), b3, ln(E3), LTW , RTW ,Me, Eabs)T

represent the random vector of uncertain model parameters, and Q(x, t; ζ) be a quantity
related to the solution of combustion system, and Q0(x) is its initial value. We can define
the following quantity that links the mass fraction of fuel H2 and oxidizer O2 for the
reaction (9),

Φ(x, t; ζ) =
ν

′
H2,3YO2/WO2

ν
′
O2,3YH2/WH2

= YO2

8YH2

.

Thus, the contour
Φ(x, t; ζ) = 1

defines the stoichiometric surface. E.g. the white contour in Fig. 1 represents the (stabi-
lized) initial stoichiometric surface.

A spatial weighting function w(x, t; ζ) can be defined following a Gaussian pdf with
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respect to Φ,∗

w(x, t; ζ) = 1
σ
√

2π
exp

(
−(Φ− 1)2

2σ2

)
,

where σ is a predefined deviation parameter; we use σ = 0.001 in this work. The spatial
integral of weighting function is denoted by

Ω(t; ζ) =
∫
w(x, t; ζ) dx.

The QoI used in this work is defined as a dimensionless average as follows

JQ(t; ζ) =
1

Ω(t;ζ)

∫
Q(x, t; ζ)w(x, t; ζ) dx

1
Ω0

∫
Q0(x)w0(x) dx

= 〈Q(t; ζ)〉
〈Q0〉

.

If JQ(t � t0; ζ) is close to unity for a quantity such as temperature, it is obvious no
ignition has appeared. Fig. 2 illustrates the temperature field of an ignited example, in
which case the stoichiometric surface is heated by combustion and thus we have a high
JT .

Figure 2: A successful ignition example. Compuational domain with a typical temperature field in [K].
Laser height: y = 103.40 mm.

∗In present case where the stoichiometric surface under flame prpopagation does not change its form
significantly in time, we can use a time-independent weighting function w0(x) for simplicity.
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3.3 Uncertainty propagation and analysis

This section is devoted to the parameter sensitivity analysis for QoI JT . Let us an-
alyze the case where the laser source is put at height y = 103.40 mm (with respect to
experiments). We set the ANOVA interaction order ν = 3 and size of experimental design
Q = 100.

The scatter plots of QoI with respect to each (tranformed) parameter are given in Fig.
3. Note here we employ the following isoprobabilistic tranform by using the cumulative
distribution function (CDF) F ,

ξi = Fζi
(ζi).

By definition JT represents the dimensionless average temperature weighted on the initial-
time stoichiometric surface. If we assume the raise of flame temperature in the vicinity
of stoichiometric surface is mainly due to the release of enthalpy of formation of chemical
reaction itself (not due to laser heat transfer), it is obvious that the greater the value of JT ,
the faster the flame propagates. Thus from Fig. 3 and as expected, we observe qualitatively
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Figure 3: QoI vs. model parameters. Laser height: y = 103.40 mm.
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with a stronger laser source (greater Eabs or smaller RTW i.e. a more narrow region of
high temperature), the more probably ignition occurs, and if this happens, the faster
flame propagates. Also, a greater value of Mach number parameter Me makes ignition
more diffcult to happen because of the flow mixing; however, once ignited the flame is
found to propagate considerably faster due to the vorticity. Concerning the remaining
model parameters, we find it more difficult to draw a similar qualitative conclusion.

A procedure of parameter re-ordering is generally required (see end of Section 2) that
depends upon their variance contribution of first-order ANOVA components.† Fig. 4
(top) presents the SI of input parameters, while the bottom figures illustrate the SI in
the descending order together with the cumulated value. We denote the re-ordered input
random vector for case m = 4 as,

ξ̂m=4 = (ξ3, ξ2, ξ4, ξ5, ξ1, ξ7, ξ6)T , (10)

and for m = 5,
ξ̂m=5 = (ξ2, ξ3, ξ4, ξ5, ξ1, ξ7, ξ6)T . (11)

Note they are slightly different about the relative importance of b3 and E3. In fact, the
SI of b3 and E3 are very close in the case of m = 5.

Active dimension D2 is evaluated using the sum of variances of first-order terms
D2∑
i=1

Var(fi) > p
N∑
i=1

Var(fi), (12)

where p is a proportionality constant in (0, 1), and is very close to 1. Thus we can conclude
from Fig. 4 the following

D2 = 3, if p = 0.7,
D2 = 4, if p = 0.8,
D2 = 5, if p = 0.9,
D2 = 6, if p = 0.95,
D2 = 7, if p = 0.999.

We set p = 0.999 for this case, which results that all input parameters are taken into
consideration for interaction calculations. In fact, the dimensionality of 7 is relatively
low, and the proposed adaptive approach can handle this problem with an experimental
design size Q = 100 by setting this high active dimensionality at this stage. As a result,
the ANOVA expansion has its size equal to

N +
(
D2

2

)
+
(
D3

3

)
= 63.

Fig. 5 illustrates the first-order SI together with total sensitivity indices (TSI). We
observe that the kinetic parameters have a more significant variance contribution than
their laser source counterparts in general. Meanwhile, both measures indicate the input
parameter ξ3(E3) is the most significant one, followed by ξ2(b3). The TSI when setting
m = 5 shows the variance contribution of the input ξ1(A3) is more significant than all
laser source parameters.
†We remind that this step involves a least-squares regression system that only contains polynomial bases
of first-order.
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Figure 4: First-order SI for m = 4 and m = 5. x-axis indexing on the top figure is according to original
random vector ξ. ξ̂ on the bottom figures is the re-ordered input vector. ν = 3. Experimental design
size Q = 100. p = 0.999. Laser height: y = 103.40 mm.

Fig. 6 illustrates the Sobol’ sensitivity indices for both first- and higher-order ANOVA
component functions. For the sake of clarity, we point out explicitly the following:

• x−axis indices 1−7 represent first-order ANOVA components that are ordered accord-
ing to the original random vector

ξ → ζ = (ln(A3), b3, ln(E3), LTW , RTW ,Me, Eabs)T .

• x−axis indices 8−28 represent second-order ANOVA components, while 29−63 repre-
sent third-order ones. These indices are ordered following ξ̂ (10) or (11), and by using
an ANOVA multi-index system presented in [19, page 1556].

We then mostly observe from Fig. 6 that the interaction between b3 and ln(E3) is sig-
nificant compared to first-order and other interaction contributions. The third-order
interactions are in general of less importance than second- and first-order components.
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4 CONCLUSIONS AND FUTURE WORK

This paper aims to deal with Uncertainty Quantification of engineering and physical
problems featuring a moderate to large number of uncertain input parameters. The pur-
pose is to identify the relative importance of these uncertainties onto a given quantity of
interest. This is achieved in this work by performing global sensitivity analysis, and in
particular by combining the Analysis of Variance technique (ANOVA) and the polyno-
mial dimensional decomposition approach (PDD). A set of coupled adaptivity strategies
are futher employed and have been proved useful to identify important parameters in a
simplified plasma-assisted combustion system.
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Figure 5: First-order Sobol’ Sensitivity Indices (SI) and Total Sensitivity Indices (TSI). ν = 3. m = 4, 5.
Experimental design size Q = 100. p = 0.999. All 7 parameters are considered in first- and higher-order
ANOVA components. Laser height: y = 103.40 mm.
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Figure 6: First-, second- and third-order Sobol’ Sensitivity Indices (SI). The element indices of the
original input vector ξ are used for first-order SI, while the ones of the re-ordered input vector ξ̂ are used
for second- and third-order SI. ν = 3. m = 4, 5. Experimental design size Q = 100. p = 0.999. All 7
parameters are considered in first- and higher-order ANOVA components. Laser height: y = 103.40 mm.
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The resulting surrogate polynomial approximation is a very sparse representation of
the deterministic model. Since the surrogate model size is updated recursively in the
stepwise regression procedure, the number of the required deterministic model evalua-
tions is well controlled, and its final value is significantly smaller than when employing
a standard Monte Carlo or quasi Monte Carlo method. Finally, the computation of the
global sensitivity indices simply requires a post-processing of the polynomial coefficients.

More detailed models for Laser Induced Breakdown and Laser-Plasma Interaction are
currently in development in XPACC, while we are also considering more detailed chem-
istry mechanism for future work. A dielectric-barrier discharge (DBD) force and radical
generation model will also be included in our future parametric UQ study.
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