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Abstract. We investigate Discrete Velocity Models as a numerical tool for the simulation of
rarefied flows in the hydrodynamic limit. The study is based on the analysis of the bifurcation
structure of a related linearized transport operator. In combination with a meaningful scaling
this produces explicit formulas for the transport coefficients and closure relations depending
on details of the model collision operator. The theory is applicable even in cases when the
classical asymptotic analysis approach fails or leads to physically irrelevant results [7, 8].
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1 INTRODUCTION

Discrete Velocity Models (DVM) are a promising alternative to the commonly used DSMC
methods for the numerical simulation of rarefied gas flows. While the latter should keep for
the next time their prominent position as long as real gas effects are concerned, the first ones
are able to provide new insights into questions e.g. concerning the hydrodynamic limit. This
is on one hand due to the impressing development of powerful yet achievable hard ware tools
(GPU, GPU). On the other hand have recent contributions taught how to interpret DVMs as
numerical integration tools for the Boltzmann collision operator [1, 2] which allows to tune
such models with respect to order of consistency and to numerical efficiency [3].

In [4] a formalism was introduced for DVM’s based on two-particle collisions which pro-
vides an analytic expression for the pseudo inverse of the linearized collision operator and al-
lows to calculate Navier-Stokes corrections to the Euler equations in the hydrodynamic limit.
In this context it was argued why at least small velocity grids can reveal an appropriate macro-
scopic description only in the case of small Mach numbers. In the present paper we study the
behaviour of DVM’s at small bulk velocities. We identify a bifurcation phenomenon of the
linearized steady transport operator when perturbing the Mach zero Maxwellian. This fea-
ture yields an appropriate macroscopic description when applying the correct scaling limit.
The approach is constructive in the sense that it provides explicit formulas for hydrodynamic
flow parameters and closure relations for the moment hierarchy. In terms of an evaporation
condensation problem for a binary gas mixture we shortly discuss the difference between the
present approach and some standard asymptotic analysis techniques.

Though the following framework is applicale to three-dimensional velocity grids, we re-
strict for sake of brevity to the two-dimensional case.

2 THE COLLISION MODEL

We consider a DVM on a finite integer grid V = {v1,..., vy} C R? v; = (o), 0{"). The

collision operator is composed of single collision events described a quadruple
o = (i7j7 k) l)i(viv Vi, Vi, Vl) € V4
and the single-collision operator J,, for a density f = (f,)Y_,=(f(v),v € V) given by

Jlf. £l = (fefi — fifj) - Sar Sa=(ei+e; —e,—¢€) (1)

with e, = r-th canonical unit vector. (For a more detailed introduction into this formalism
see [4].) J, satisfies the physical conservation laws for mass, momenta and energy, iff v;v;
and v, v; are the diagonals of a rectangle in IR?. The set of quadruples « with this property is
denoted by R. The full collision operator reads

JIf, f] = nya~Ja[f,f] 2)

aER

with collision frequencies v, > 0. We assume the set of o with v, > 0 large enough such
that the besides mass, momenta and energy there are no other invariants. It is well-known that
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in this case the classical H-Theorem is satisfies, and as a consequence the set of equilibrium
functions of .J is equal to the set of Maxwellians

=2
f=fp,v,0] = <pexp (—‘V vl ) Ve v) 3)

20

The linearization of J around a Maxwellian f is given by the operator J[f + ¢,f + ¢| ne-
glecting the terms quadratic in ¢. Taking into account the identity f;f; = fifi =: ¢, for
a = (i,7,k,1) € R and defining the matrices

Pa: (eiaej7ek>el)7 F:]l:t]liu ll:t:(1717_17_1)T

the linearization takes the form

JIE, 0] + J[o.f] = CF~! 4)
with F' = diag(f;,i=1...N) and
C=—=> mP TP, 7To="0a (5)
aER

The main properties of C' are easy to prove [4] and given as follows.
Lemma: C' is symmetric and negative semidefinite. The geometric zero eigenspace has
dimension 4 and is given by

M= span (1= (1,...,1)", v, = (@)L}, vy = @)Y, v = (Vi) (©6)

Y

Much of the following is based on symmetry arguments. We assume the grid V and the
collision model on V to be invariant with respect to reflections at v, = 0 resp. v, = 0.
Precisely this means the following. Given v = (v,,v,) € V, define T,v = (—v,,v,) and
T, = (vgy, —vy). T;- and T)-invariance of ) means that

veV & T,veV <« TyveV

Given f € RY (as a function on V), define T,f € R" by T,f(v) = f(7,v), and similarly T,f.
T,- and T} -invariance of the collision operator J[f, f| means that J[T,f, T,.f] = T, J[f, f] and
J[T,£,T,f] = T, J[f, f].

f is called T,-even, if f = T,f, and T}-odd, if f = —T,f. Similarly, T)-even and T} -odd
are defined.
3 STEADY PROBLEMS AND BIFURCATION

Consider the steady one-dimensional problem

020y f = J[f. f] (7

on [—1, 1] with boundary conditions at + = +1. In the case of totally reflecting boundaries,
the flux into wall direction is zero. Consider a small perturbation fy + ¢, ¢ 1 Fy M, around a
centered Maxwellian

fO(U) - f[p, 0, 6] (U)
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Neglecting the terms quadratic in ¢ yields the linearized system
V202 = Jlfo, 6] + (¢, fo] = CFy 6 ®)

We assume that V' contains no velocities with v, = 0. In this case, because of T,-

invariance, N = 2n has to be even. We choose a numbering of the velocities v; = (v{?, v?(f))

such that US) > 0, and v, ; = T,v; fori = 1,...,n. Under this restriction, the linearized
equation represents an ODE system

0:¢ = Log ©)
Under reasonable conditions on the collision model (see [5]), the linearized collision operator
Ly=V 'CF;! (10)
has a Jordan normal form given by
N = diag(0, 0, Ny, No, A, —A)

with a positive diagonal matrix A = diag(\; ... \,) and the Jordan block

0 1
w0

The columns tgo) of the corresponding transformation matrix 7°) are characterized as follows.

- tgo) = Fyv, is T,-odd and zero-eigenvector of L.

—~ span{téo),tgo)} = [y - span{1, |v|*}; in particular, t\” and t{” are T,-even
zero-eigenvectors of L.

— tio) is T;,-odd and solution of Lotflo) = té“’.

- téo) = Fyv, is T,-even and T,-odd and zero-eigenvector of L.

- téo) is T}- and T}-odd and solution of Lotg)) = téo).

— Lot =Mt i=1, . p.

— Loty = Mt i =1,...,p.

Thus the general solution ¢ of the ODE system is

o) = !+t + et + 2t (11)
+exp (1+2)A) ¢4 (1) +exp (1 — z)A) o_(+1)

The sum F' = c4t510) + cﬁtéo) is the socalled fluctuation part which is mapped to the zero
eigenspace of L. The constant gradient part x - (c4tg0) + cﬁtéo)) is called the macroscopic part,
while the last two terms represent the boundary layers. From now on we restrict to 7-even

solutions, putting c; = 0.
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The solvability condition for Lotflo) = téo) is that téo) is orthogonal to the kernel of LY, in

particular to v2. This means that we may choose téo) = Fo(1+ ¢ - |[v]?) with

5 — <V§7jb>
<V%>jblvw2>

We now introduce a small shift by changing the Maxwellian into
f5(v) = exp(—|v — 6 - €,]*/20) (12)

and the corresponding matrix F{ into

Fy(v) = diag(f5(v),v € G) = F, - (1 + gv;c> +O(6?) (13)

In the following we investigate the bifurcation structure of the zero eigenspace. Thus we are
interested only in infinitesimal shifts and restrict an O(0) theory. The linearized collision
operator L is affected twofold by this change and takes the form

Ly=V,  (C+0-C)(Fo+6-F) ' =Lo+6-V,'C'Fy =6V, 'CF' (14)

The first part of the perturbation, ¢ - folC’ Fy stems from the change of the factor ¢, in (5).
This part does not contribute to the bifurcation structure and is neglected here. Thus we obtain
as the new linearized collision operator

)
LicLy- (1 _ @vz> (15)

The perturbation changes the nullspace into

)
FsM=F, (I + @Vx> M

The eigenspace data corresponding to nonzero eigenvectors suffer an analytic change and do
not influence the qualitative structure of the Jordan normal form. The main change results
from the non-solvability of the equation Lst$ = t3. It has to be replaced with the equation

d-A

Lst) = ti+—= -t (16)

S)

The choice
) 01

=1+ =Vo | t]+ ——Vif 17
3 < + [e) ) 3 + O 0 ( )

and the ansatz t§ = t + §O~t/, leads to the equation
Loty = Vit + LoV,td 4+ M0 + V£, (18)
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for the T),-even function t), with the solvability condition

( ( (Vo t0) (V2 ) ) ( A ) _ _( < (v2,49) + (v, LoVat]) ) (19)

Vo v[Z th) (vilvI% ) )\ VIV t5) + (va|vI?, LoVat])
for (A, p).
As a consequence, choosing 7 := §©~!, the corresponding Jordan block N, changes into

0 1
ve(90)

which is similar to the diagonal matrix diag(0, Av). The following result is an immediate
consequence of this.
Theorem: (a) The solution of the perturbed ordinary differential system takes the form

p(r) = c4- <exp()\w:)t4 + e}q)()\;\)j)_l . t3>

+ exp ((1 + x)Af{) 4+ (—1) 4+ exp ((1 — x)Ag) d_(+1)

(b) The fluxes of moment vectors m € M are constant and given by

<V$m7 ¢> = c4<me, ti)

4 DIFFUSIVE SCALING AND CLOSURE RELATIONS

In order to derive a meaningful macroscopic limit we introduce the diffusive scaling (see,
e.g. [6]) for the equation

(0 + v,0,)9p = CF ¢ (21)

It consists in replacing the macroscopic variables ¢ and x with e 2t and ¢~ and leads to the
rescaled equation

(0 + € 10,0,)p = € 2CF ¢ (22)

Formally this is equivalent to replacing the space V of microscopic velocities with e~V and

scaling up the collision frequency by a factor ¢~2. This is the approach which we take here.
Replacing v; with w; = e~ !v; requires to change the Maxwellians

fs = (exp(—|v; — de,[>/20),i=1...N)T to

fée) = (exp(—|w; — de,|?/2T),i =1...N)T = (exp(—|v — ede,|?/2¢*T),i=1...N)T

(leaving the macroscopic bulk velocity v unchanged) which itself makes only sense if we

rescale the temperature as 7' = ¢ 20. From now on we define

f5€) = 6(61) = (exp(—|v — ede,[*/20),v € V)T (23)

with © > 0 constant. We write § =: Ow.
Associated to fé% are the moments
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density pSk = (1, £y +
) =

flux gy = (W £

O(A)=(1,£")
w- (v2,E) + O(e2)=w - (v2, V)

while temperature 7" given by pT" ~ <]W]2fé)%> oo
The rescaled steady problem reads

0y = ¢ 'Lkt = ¢ Lo (24)

Repeating the above calculations for the rescaled problem leads to the following result
which only concerns the T),-even solutions.
Theorem: (a) For e ™\, 0, the general T-even solution of the ODE system takes the form

o(xr) = ¢4- (e ~exp(@WAz)t) + O(e*) + (m)wlj\f)_l . tg@w> 25)
+oxp (14 ) 'AL) ¢ (—1) + exp (1 = 2)e 'Ag) ¢ (+1)
SENOR (6(1 + WA + 2 - [t + WV, (t9 + ,ufo)]) , for|z| <1 (26)

tY, \, u are the quantities of the preceding section.
(b) Letn = (n,,n,) be a multiindex and v* = vi=v v the n-th moment vector. In the limit
e = 0, the macroscopic moment is given in first order of w as

n 40
n _ n| | x - (V™ t5) n, even
(W, 0) = cue { e(vP, t9) + ewdz(v® t) + Vot + puVofo) n, odd @7
From this follow easily closure relations betwen moments and their fluxes. For example, the
heat coefficient (as the ratio between heat flux and temperature gradient) is given as

q = (vo|v], t2) /(|v]?, t3) (28)

The above theory is easily extendable to related situations like the following example.
Example: The system

describes a binary gas mixture of two mechanically identical species A and B. Suppose A
represents vapor which can evaporate or condensate at the walls, while B is totally reflected
thus producing zero flux between the wall. Introducing a pressure difference between the
walls induces a flow of A from one wall to the other. Classical asymptotic analysis produces
an anomaly (“ghost effect”) in the form of infinitesimally thin boundary layers of species B
completely stopping the flow of A [7, 8]. Instead, the above scaling procedure leads to a
boundary layer of finite thickness slowing down the flow of A depending on the concentration
of B. The reason for the differences lies in the fact that the formal asymptotic expansion
procedure in [7, 8] produces the wrong equilibrium state since it is not capable of the arising
bifurcation mode. For details, see [9].
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S CONCLUSIONS

We have investigated symmetric DVMs at small Mach numbers. A typical feature is a
bifurcation phenomenon of the steady linearized transport operator at zero bulk velocity. A
detailed analysis allows to derive explicit formulas for the closure relations of the moment
system in the hydrodynamic limit.
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