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Abstract. This paper deals with a collaborative model to represent hysteresis behavior at dif-
ferent strain rates. The model consists of two sub-models. The first one treats the behavior 
during loading path. The elastic and in-elastic strains are computed as well as the in-ply 
damages. The strain-rate sensitivity is also taken into account. The second sub-model involves 
a fractional derivate approach to describe viscoelastic material response during unloading 
path. The hysteresis loops and strain rate sensitivity are taken into account by fractional con-
stitutive law. Fractional model involves a few parameters which are easily identified through 
an optimization procedure from the experimental data. The model is validated for thermoset 
and thermoplastic composite materials at different strain rates. 
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1 INTRODUCTION 

The extensive use of composite materials in industrial applications requires a better under-
standing of their mechanical behavior. Composites materials are anisotropic and heterogene-
ous. Complex models are required to adequately describe their behaviors. There are a lot of 
works concerning the behavior of unidirectional or woven composites with thermosetting ma-
trix under quasi-static loadings [1, 2, 3]. These models take into account the damage propaga-
tion and the in-elastic strains appearing commonly in the shear and transverse directions. The 
strain rate dependent models were developed for unidirectional composites [4, 5] and for wo-
ven fabrics [6].  

The previously developed models describe different physical phenomena, such as, the elas-
tic and in-elastic strains, the damages propagation in orthotropic directions and the strain rate 
sensitivity very well. However, they cannot represent the hysteretic behavior of the material 
during its unloading path. The fractional derivative approach is a good technique to model the 
viscoelastic behavior for some natural structures and modern heterogenic materials such as 
elastomers and polymers [7]. A significant number of works deals with fractional viscoelastic 
constitutive equations for different materials under various types of loading. Caputo applied 
fractional Zener model to represent the behavior of glass and a few metals [8]. Bagley and 
Torvik proposed a fractional law in frequency domain to describe the response of certain pol-
ymers and elastomers [9]. The physical sense of fractional operators is given in the works [10], 
[11] for different types of polymers by using Rouse molecular theory [12]. Rabotanov pre-
sented a generalized rheological model to describe the behavior of hereditary medium [13], 
[14]. The hysteresis cycles for a few metals under fatigue loading, were represented by Ca-
puto, in the frequency domain [15]. Mateos [16] proposed a constitutive model for composite 
materials under cyclic quasi-static shear loading and this was based on the fractional deriva-
tive approach. This model also includes strain-rate dependence and thus can be applied for 
dynamic loading [17]. The model is also able to represent hysteresis composite behavior using 
a few material parameters. So, the elastic and irreversible strains, damage and strain rate ef-
fects are taken into account but not material hardening. To fill this gap, a collaborative model 
is developed [18] which includes the elastoplastic damage behavior law [2] with strain-rate 
sensitivity [4] and a fractional derivative approach. In this paper the simulation is made by the 
collaborative model at different strain rates.  

2 THEORETICAL MODEL FOR COMPOSITE PLY 

The constitutive model is developed within the framework of thermodynamics isothermal 
irreversible processes for a woven composite elementary ply under a state of plane stress. 
Subscripts 1 and 2 represent the warp and the weft directions, respectively. The	 composite	 is	
considered	to	be	perfectly	balanced	and	thus	the	longitudinal	and	transverse	behaviors	
are	 considered	 to	 be	 equivalent.	 The continuum damage mechanics theory is used to de-
scribe material degradation such as the matrix micro-cracking and the fiber/matrix debonding. 
Also an isotropic hardening is assumed and the viscoelastic effects are expressed by the frac-
tional derivatives.  

The material parameters are obtained from the experimental campaign based on the cyclic 
tensile tests. The tensile test performed on the [0°/90°] composite allows us to characterize the 
longitudinal (transverse) material behavior. The shear response is obtained from the tensile 
cyclic test on ሾേ45°ሿ composite. Commonly, woven composite material has a brittle elastic 
response in the fiber direction. The elastic and the in-elastic strain, damage propagation and 
hysteresis loops, as well as the strain-rate sensitivity are present during shear cyclic test. The 
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typical material response is illustrated for thermoset woven composite (carbon/epoxy) in the 
fiber direction in the Figure 1 and in the shear direction, for two different strain rates, in the 
Figure 2.  

 

 
Figure 1. Longitudinal (transverse) traction curve for the carbon/epoxy composite 

 

 
Figure 2. Shear stress/strain curve for the carbon/epoxy composite for two different strain-rates 

 
The developed constitutive model is composed of two sub-models. The first one deals with 

the elastoplastic damage behavior during material loading and the second sub-model describes 
the hysteresis behavior using a fractional derivative law. Both sub-models are strain-rate de-
pendent and can be applied for the dynamic problems.  

Within the framework of thermodynamic irreversible theory, we choose Helmholtz poten-
tial depending on the internal variables: 

߰ߩ ൌ ,௘ࢿሺ߰ߩ ݀௜,  ሻ (1)݌

where ࢿ௘, ݀௜, ݌ are internal variables associated with elastic strain, damage in the orthotropic 
directions and cumulated plasticity respectively. 

2.1  Damage model 

Following the second principal of thermodynamic, constitutive equations are deduced from 
the elastic strain energy of the damaged material (equivalent to the Helmholtz potential ߰) 
which has a following form: 

௘ܹ
ௗ ൌ

1
2
ሼܥଵଵ

଴ ሺ1 െ ݀ଵଵሻሺߝଵଵ
௘ ሻଶ ൅ ଶଶܥ

଴ ሺ1 െ ݀ଶଶሻሺߝଶଶ
௘ ሻଶ ൅ ଶଵߥ2

଴ ଵଵܥ
଴ ଵଵߝ

௘ ଶଶߝ
௘

൅ ଵଶܩ
଴ ሺ1 െ ݀ଵଶሻሺ2ߝଵଶ

௘ ሻଶሽ 
(2) 
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where	ߥଵଶ
଴ 	and	ߥଶଵ

଴ 	are	the	Poisson’s	ratios,	ܥଵଵ
଴ ଶଶܥ	,

଴ 	and	ܩଵଶ
଴ 	are	components	of	stiffness	

matrix	(3).	
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1 െ ଵଶߥ
଴ ଶଵߥ

଴

ଶଵߥ
଴ ଵଵܧ
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଴ ଶଶܧ

଴

 (3) 

The stress-strain relation is:		

࣌ ൌ
߲ ௘ܹ

ௗ

௘ࢿ߲
⟹ 
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(4) 

Thermodynamic forces associated with internal variable ݀௜௝ are defined as following: 

௜ܻ௝ ൌ െ
߲ ௘ܹ

ௗ

߲݀௜௝
⟹ 

ଵܻଵ ൌ
1
2
ଵଵܥ
଴ ሺߝଵଵ

௘ ሻଶ ; ଶܻଶ ൌ
1
2
ଶଶܥ
଴ ሺߝଶଶ

௘ ሻଶ ; ଵܻଶ ൌ
1
2
ଵଶܩ
଴ ሺ2ߝଵଶ

௘ ሻଶ
(5) 

These associated thermodynamic forces characterize the damage propagation. The state of 
damage can only grow [1, 2] and therefore, the threshold of undamaged zone is defined as a 
maximal thermodynamic force for all previous time (߬ሻ up to the current time ሺݐሻ [5]: 

ܻ௜௝ ൌ ఛஸ௧݌ݑݏ ቀ ௜ܻ௝ሺݐሻቁ , ሼ݅, ݆ ൌ 1,2ሽ (6) 

The damage variables ݀௜௝, ሼ݅, ݆ ൌ 1,2ሽ represent a loss of material stiffness in different or-
thotropic directions. In shear the damage variable is defined from the shear modulus diminu-
tion during experiment: 

݀ଵଶ ൌ 1 െ
ଵଶܩ
௜

ଵଶܩ
଴  (7) 

where ܩଵଶ
௜  is the current shear modulus associated to each unloading-loading.  

Damage evaluation law is chosen as the best approximation of experimental data. Different 
types of functions can be used such as linear, polynomial, logarithmic, Heaviside function. 	

2.2  Plasticity modelling and damage-plasticity coupling 

The experimental data shows irreversible strains appearance mainly in shear [3, 4, 5, 6]. 
Thus, plastic flow is considered to be blocked in fiber directions:  

ଵଵߝ
௣ ൌ ଶଶߝ

௣ ൌ 0 ; ଵଶߝ
௣ ് 0 (8) 

The damage and plasticity coupling is made using the effective stress notation (9). 

෤ଵଶߪ ൌ
ଵଶߪ

ሺ1 െ ݀ଵଶሻ
 (9)

The isotropic strain hardening is assumed. The elastic domain is defined by the yield func-
tion ݂:  
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݂ ൌ
|ଵଶߪ|

ሺ1 െ ݀ଵଶሻ
െ ܴሺ݌ሻ െ ܴ଴ (10) 

where ܴ଴ is a yield stress and the function ܴሺ݌ሻ is a material characteristic function of the 
cumulative plastic strain ݌ . Generally, the hardening function ܴሺ݌ሻ is approximated by a 
power law:  

ܴ ൌ with	௞݌ߚ ݌ ൌ න ሺ1 െ ݀ଵଶሻ݀ߝଵଶ
௣

ఌభమ
೛

଴
 (11) 

where β and k are material parameters identified from the experimental data.  

2.3  Strain-rate sensitivity 

Polymer-matrix composite materials have strain rate dependence especially in the shear di-
rection [5, 19]. As the strain rate increases it becomes important to modify the shear modulus 
and the yield stress values accordingly. To describe the material response on dynamic loading 
the model developed by [4] is used. The material parameters are modified using following 
relations: 

ଵଶܩ
଴ ௗ௬௡

ൌ ଵଶܩ
଴ ௦௧௔௧௜௖

ሺ1 ൅ ,ሶߝሺீܨ  ሶ଴ሻሻ (12)ߝ

ܴ଴
ௗ௬௡ ൌ ܴ଴

௦௧௔௧௜௖ሺ1 ൅ ,ሶߝோሺܨ  ሶ଴ሻሻ (13)ߝ

where ீܨሺߝሶ, ,ሶ଴ሻߝ ,ሶߝோሺܨ ሶ଴ሻߝ  functions are taken into account for the modification of shear 
modulus and the yield stress. These functions are dependent on the current strain rate ߝሶ and on 
the “threshold” strain rate ߝሶ଴ from which the strain rate affects the composite behavior. Func-
tions ீܨ,  ோ are determined from the experimental data using traction tests at different strainܨ	
rates. They can be expressed using different forms such as linear, polynomial, power, etc.  
 

 
Figure 3. Numerical and experimental stress-strain curve comparison at dynamic loading 

 
Damage parameters should now be recalculated from a new shear modulus value. The materi-
al parameter identification procedure is described in the next sections. Thus we can obtain the 
stress-strain curve (Figure 3) for the woven carbon/epoxy composite for a strain rate of 50 
mm/min using this method by using the experimental data for a strain rate of 5 mm/min. The 
first sub-model represents elastoplastic damage behavior of composite for different strain 
rates. The simulation results are found to be in good agreement with the experimental data. 
The next step is to adjoin the hysteresis loops modelling to the current model.  
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2.4  Fractional derivative model 

The hysteresis loops are associated with energy dissipation of composite under cyclic load-
ing. Hysteresis is a hereditary phenomenon, i.e. the previous loading history has to be taken 
into account. To describe this viscoelastic behavior, fractional derivatives are introduced in 
the constitutive equation. The Riemann-Liouville fractional derivative [20] is defined as fol-
lowing: 

ሻݔఈ݂ሺܦ ൌ
1

ሺ1߁ െ ሻߙ
݀
ݔ݀

න
݂ሺݐሻ

ሺݔ െ ሻఈݐ

௫

଴

,ݐ݀ 0 ൏ ߙ ൏ 1 (14) 

where ܦఈ is a fractional derivative of order ߙ and ߁ is the Gamma-function defined by: 

ሻݖሺ߁ ൌ න ݁ି௫ݔ௭ିଵ݀ݔ,
ାஶ

଴
ݖ ∈ Թା

∗ (15) 

According to elastoplastic damage model during unloading the plastic strain stays constant 
and the elastic strain is a linear function of time. However, a non-linearity of strain is ob-
served in the experimental curve in the unloading/reloading path (Figure 4). 

Figure 4. Total strain composition 

In order to represent strain non-linearity, fractional derivatives are introduced in the gov-
erning law in the second sub-model. The total strain within the hysteresis loop ߝଵଶ

ி஽ is defined 
as following: 

ଵଶߝ
ி஽ ൌ ܣ ൅ ଵଶߝఈܦܤ2

௘ ሺݐሻ (16) 

where ߝଵଶ
௘  is the elastic strain determined by the elastoplastic damaged model, ܦఈ is the Rie-

mann-Liouville fractional derivative (14) and ܤ ,ܣ and ߙ are fractional model parameters. 
As the plastic flow stays constant, the stress is expressed by the elastic law: 

ሻݐଵଶሺߪ ൌ ଵଶܩ
଴ ሺ1 െ ݀ଵଶሻ ଵଶߝ

ி஽ሺݐሻ (17) 

By substitution the equation (16) in the (17), the constative law is:  

ሻݐଵଶሺߪ ൌ ଵଶܩ
଴ ሺ1 െ ݀ଵଶሻܣ ൅ ଵଶܩ2

ଵ ଵଶߝఈܦ
௘ ሺݐሻ (18) 

with ܩଵଶ
ଵ ൌ ଵଶܩ

଴ ሺ1 െ ݀ଵଶሻܤ. 
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2.5  Collaboration of two sub-models 

The collaboration between the models is performed automatically, depending on the sign 
of the yield function (10) and its derivative. If ݂ ൌ 0 and ݂ሶ ൌ 0, the elastoplastic damage 
model is used. During unloading if ݂ ൏ 0 or ݂ ൌ 0 and ݂ሶ ൏ 0 and during reloading if ݂ ൏ 0 
or ݂ ൌ 0 and ݂ሶ ൐ 0, we consider that the damage and plastic strain stays constant, and thus 
we switch to the fractional derivative model.  

3 PARAMETERS IDENTIFICATION 

In the following section, the identification procedure of material parameters is described. 
The suggested methodology of experimental identification is applied to unidirectional car-
bon/epoxy composite under different strain rates of loading. 

3.1  Material characterization in fiber directions  

In the fiber direction composite material has a linear brittle response. Damage of material 
is instantaneous and is described by the Heaviside function (19) (Figure 5). The parameters 
are hence easily identified and their values are presented in the Table 1 and Table 2. 

݀௜௜ ൌ ࣢ ቆඥതܻ௜௜ െ ට തܻ௜௜
ோቇ 	if	݀௜௜ ൏ 1 and തܻ௜௜ ൏ തܻ

௜௜
ோ; otherwise ݀௜௜ ൌ 1, ሼ݅ ൌ 1,2ሽ  (19) 

where തܻ௜௜
ோ is a failure-damage threshold. 

 

 

Figure 5. Evaluation of the longitudinal damage function for the carbon/epoxy composite  
 

Parameter Value 

ଵଵܧ
଴ ൌ ଶଶܧ

଴  57.3 GPa 

ଵଶߥ
଴ ൌ ଶଵߥ

଴  0.07 

ଵଵߪ
ோ ൌ ଶଶߪ

ோ  687 MPa 

Table 1. Longitudinal (transverse) identification for the carbon/epoxy composite 
 

Parameter Value 

ටതܻଵଵ
଴ ൌ ටതܻଵଵ

ோ  2 MPa1/2 

Table 2. Longitudinal (transverse) damage parameters for the carbon/epoxy composite 
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3.2  Material characterization in shear 

From the shear test (Figure 2) we had observed the strain rate sensitivity even for low val-
ues: 5 mm/min and 50 mm/min. The identified elastic parameters are presented in the Table 3. 
Significant difference between yield stresses for two different strain-rates can be observed.  

 
Parameter Value for 5 mm/min Value for 50 mm/min 

ଵଶܩ
଴  3.36 GPa 3.37 GPa 

ܴ଴ 12 MPa 20.2 MPa 

ଵଶߪ
ோ  80 MPa 94 MPa 

Table 3. Elastic parameters in shear for the carbon/epoxy composite 
 

The damage propagation is identified, using the linear law (20) (Figure 6), for the low 
strain-rate of 5 mm/min. Using these damage parameters which are identified, the cumulative 
plastic strain ݌ is obtained. The strain hardening function ܴሺ݌ሻ is fitted by the power law (11) 
on the cumulative plastic strain ݌ (Figure 7). The material parameters are presented in the Ta-
ble 4. 

݀ଵଶ ൌ
ඥതܻଵଶ െ ඥ തܻଵଶ

଴

ඥ തܻଵଶ
ୡ

	if	݀ଵଶ ൏ 1 and തܻଵଶ ൏ തܻଵଶ
ோ ; otherwise ݀ଵଶ ൌ 1 (20) 

where തܻଵଶ
଴  is the initial damage threshold, തܻଵଶ

ோ  is the failure-damage threshold and തܻଵଶ
ୡ  is the 

speed of damage propagation.		
 

Parameter Value for 5 mm/min 

ටതܻଵଶ
஼  2.25 MPa1/2 

ටതܻଵଶ
଴  0.15 MPaଵ/ଶ 

ටതܻଵଶ
ோ  0.8 MPa1/2 

 MPa 266.6 ߚ

݇ 0.36 

Table 4. Shear damage and plasticity parameters for the carbon/epoxy composite 

 

Figure 6. Shear damage function of the carbon/epoxy composite  
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Figure 7. Hardening function ܴሺ݌ሻ for the carbon/epoxy composite 

3.3  Identification of fractional derivative model parameters 

In order to determine fractional derivative model parameters, an optimization problem has 
been resolved. Due to specification of fractional operators, the differentiable function must be 
vanished at the first point of calculus. Otherwise, the fractional operator will tend to infinity. 

To avoid this singularity, zero initial conditions are required for the elastic strain function ߝଵଶ
௘ . 

That’s why we include in the computational interval the “preloading” path where ߝଵଶ
௘ ൌ 0. 

Once the fractional derivatives are calculated on “preload-unload-reload” time-interval, the 
optimal solution is found within the “unloading-reloading” time-interval or within the hyste-

resis loop ( 
Figure 8). The objective function is expressed by relative error ߜ: 

ߜ ൌ
ට∑ ሺߝଵଶ

௧௘௦௧ሺݐ௜ሻ െ ଵଶߝ
ி஽ሺݐ௜ሻሻଶே

௜ୀଵ

ܰ
 

(21) 

where ߝଵଶ
௧௘௦௧ is the experimental strain determined by the equation (15), ߝଵଶ

ி஽ is the strain calcu-
lated by the fractional model (22) and N is the number of time-points inside the considering 
interval. 

ଵଶߝ
௧௘௦௧ ൌ

ଵଶߪ
௧௘௦௧

ଵଶܩ
଴ ሺ1 െ ݀ଵଶሻ

 (22) 

 

 
Figure 8. Elastic strain referring to a hysteresis loop 
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To implement the fractional derivative in a numerical code the M1-method [18] is used. 
The Riemann-Liouville fractional integral of elastic deformation ߝଵଶ

௘  can be expressed in al-
ternative form as:  

ሺܫ଴
ଵିఈߝଵଶ

௘ ሺݐሻሻெଵ ൌ
ଵିఈݐ

ሻߙሺ߁
නߝଵଶ

௘ ቆݐ ൬1 െ ݒ
ଵ

ଵିఈ൰ቇ

ଵ

଴

 (23) ݒ݀

The fractional derivative is calculated using central difference scheme: 

ሺܦ଴
ఈߝଵଶ

௘ ሺݐሻሻெଵ ൌ
ሺܫ଴
ଵିఈߝଵଶ

௘ ሺݐ ൅ ሻெଵݐ∆ െ ሺܫ଴
ଵିఈߝଵଶ

௘ ሺݐ െ ሻሻெଵݐ∆
ݐ∆2

 (24) 

The M1-method provides numerical error less than 1%. It can be easily implemented in the 
numerical code if analytical expression of function ߝଵଶ

௘  is known. Thus the elastic strain ߝଵଶ
௘  is 

approximated by a piecewise function in further calculations.  
The fractional model parameters A, B, and α are determined by resolving an optimization 

problem for each loop. Their values stay constant within one hysteresis loop but they are var-
ied loop by loop. We consider A, B, and α as a function of damage as the damage is constant 
within one hysteresis loop. The parameters A, B, and α can be approximated by linear function 
of damage, for the carbon/epoxy composite during a shear test with a strain rate of 5 mm/min, 
as the following: 

Approximations are illustrated on the Figure 9, Figure 10 and Figure 11. Coefficients of 
fittings (25), (26) and (27) are presented in the Table 5. 

 
Parameter Value Parameter Value 

݉஺ 0.0189 ஺ܾ -0.0013 
݉஻ 1.795 ܾ஻ 0.8605 
݉ఈ 0.6944 ܾఈ -0.0035 

Table 5. Coefficients of fractional parameters fitting for the carbon/epoxy composite 

 
Figure 9. Fractional parameter ܣ evaluation with damage for the carbon/epoxy composite 

 

ܣ ൌ ݉஺݀ଵଶ ൅ ஺ܾ (25) 

ܤ ൌ ݉஻݀ଵଶ ൅ ܾ஻ (26) 

ߙ ൌ ݉ఈ݀ଵଶ ൅ ܾఈ (27) 
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Figure 10. Fractional parameter ܤ evaluation with damage for the carbon/epoxy composite 

 

 
Figure 11. Fractional parameter ߙ evaluation with damage for the carbon/epoxy composite 

4 RESULTS  

Taking into account the previous assumptions and the identified material parameters, the 
simulation of stress-strain curves is performed. The brittle elastic behavior in fiber directions 
is represented exactly in the Figure 12. The shear curve at 5 mm/min is represented by collab-
orative model in the Figure 13. The numerical simulation is in a good agreement with the ex-
perimental data. The in-elastic strains, damage and hysteresis loops are taken into account 
during the numerical simulation. 

 

 
Figure 12. Experimental and numerical behavior comparison in longitudinal direction for thermoset composite 
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Figure 13. Experimental and numerical behavior comparison in shear for carbon/epoxy composite for the strain-

rate of 5 mm/min  
 

 
Figure 14. Experimental and numerical behavior comparison in shear for thermoplastic composite  

 
The next simulation concerns the strain-rate sensitivity of carbon epoxy woven composite 

which is observed from the experimental data (Figure 2).  To take this into account, the mate-
rial parameters are identified for strain rates of 5 mm/min and 50 mm/min. The evolutions of 
the parameters are represented by the linear laws. The material response in shear for a strain 
rate of 50 mm/min is simulated by the collaborative model from the 5 mm/min shear test. The 
model is able to reproduce hysteresis loops from the quasi-static test at low strain rates. It is a 
promising approach to model the hysteresis loops at different strain rates and to signify dam-
age propagation.  

 

 
Figure 15. Stress-strain dynamic response for a woven thermoset composite  
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5 CONCLUSIONS 

The proposed collaborative model takes into account the damage, plastic strain and viscoe-
lastic effects such as hysteresis loops and strain rate sensitivity. The hysteresis behavior is 
modeled by a fractional derivative approach. Few parameters are required to represent the 
hysteresis loops. These parameters are determined by resolving an optimization problem. The 
simple implementation of M1-method is proposed for fractional derivatives. The model is val-
idated for thermoset and thermoplastic carbon fiber woven composite materials. The strain 
rate sensitivity is demonstrated on the example of carbon/epoxy composite material at low 
strain rates.  

This constitutive model is able to describe the behavior of woven composite materials un-
der cyclic quasi-static and dynamic loading. One of the main advantages of the proposed 
model is that the elastoplastic damage model [2] and strain rate dependent model [4] are clas-
sical and are completed by the fractional derivative model. The numerical implementation is 
simple and the computational cost is low. The collaborative model is a promising approach to 
quantify and correlate the material damage evolution in respect of the strain rate.	 
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