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Abstract. A thin-walled tube subjected to internal and external pressure under the conditions of
double-sided mechanochemical corrosion is considered. The rates of corrosion are supposed to
be linearly dependent on the maximum principal stress. Previous solutions for thin cylindrical
shells obtained by other authors reflect only the effect of differential pressure (i.e., the differ-
ence between internal and external pressure) and do not depend on the internal and external
pressure values themselves. The model proposed here allows to take into account the effect of
hydrostatic pressure on the durability of the tube exposed to corrosive environment, but it is not
so cumbersome as the accurate solution for the double-sided corrosion of a pressurized tube
based on the solution of Lamé problem for a thick-walled cylinder. The problem is reduced to
an ordinary differential equation of the first order, which is solved in a closed form. It has been
observed that the computational results for the classical thin shell model and for the proposed
here refined model are very close to each other when either internal or external pressure is
equal to zero. But the difference between the mentioned results grows as the minimum of the
pressure values increases.
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1 INTRODUCTION

Corrosion is a process of material destruction that occurs as a result of chemical interaction
between a material and its environment. General corrosion is one of the most common types of
corrosion, that damages the entire surface of the material at about the same rate, and as a conse-
quence, results in a failure. If a structural element, as well as being in aggressive environment,
is subjected to mechanical load, then the mechanochemical effect may occur when corrosion is
enhanced by stress [1, 2]. In such situations for the assessment of the durability of structural
elements, initial boundary value problems with evolving boundaries have to be considered.
Most of them are solved by numerical methods. However, it is reasonable to have closed-form
benchmarks for the verification of numerical techniques. A number of closed-form solutions
have been found for the cases of uniform corrosion, e.g. by the authors of [3, 4, 5, 6, 7, 8, 9].

This paper presents an analytical solution for a thin-walled cylindrical tube subjected to in-
ternal and external pressure under the conditions of double-sided mechanochemical dissolution.
The rates of corrosion are supposed to be linearly dependent on the maximum principal stress
[1]. There is a lot of works devoted to thin-walled structures [3, 4, 5, 6]. However, previous
solutions for thin shells obtained by other authors, do not depend on the internal and external
pressures themselves, but depend only on their difference. Therefore, they do not reflect the
effect of hydrostatic pressure (i.e. the minimum of the internal and external pressures) on life-
time of the vessel. At the same time, the known accurate solutions for double-sided corrosion
of elastic tube under internal and external pressure based on the solution of Lamé problem are
rather cumbersome [10, 11]. The model proposed here is not so complicated as these accurate
solutions, but it allows to take into account the effect of hydrostatic pressure on the durability
of thin shells under the mechanochemical corrosion conditions. The same questions for spher-
ical shells were investigated in [12, 13, 14, 15]. The problem of calculation of the optimal
initial thickness of a spherical vessel operating in mechanochemical corrosion conditions was
solved in [16]. The results can be taken into account for the lifetime assessment of thin-walled
structural elements subjected to the combined action of mechanical loads and an aggressive
environment [17, 18, 19, 20, 21].

2 THE DESCRIPTION OF THE PROBLEM

Consider a linearly elastic long thin-walled cylindrical tube with the inner r and outer R radii
subjected to internal p, and external py pressure which are given constant. The article covers the
following cases: an incompressible tube subjected to the plane-strain condition characterized
by vanishing axial strain and a closed cylindrical vessel. The action of the ends of the cylinder
is not taken into account. Cylinder is uniformly corroding from the inside and outside with
the dissolution rates v, and vg, respectively. Change of the tube’s thickness is assumed to be
quasi-static and uniform throughout the entire length: the inner radius increases while the outer
radius decreases with time ¢. Let the tube’s radii at the initial time ¢, be denoted by ry and R,.

According to [1, 3], the rates of corrosion on the inner and outer surfaces are:

dr dR
- E =a, + mro-l(r)7 VR = _E =agr+ mRUI(R)a (1)

where a,, ar, m,, and mp are experimentally determined constants, which, in general, are
different for tension and compression [1, 7]; oy is the maximum principal stress at the corre-
sponding surface of the tube; sign m = sign ;.

Consider a cylindrical coordinate system (p, 6, z) with the z-axis coincide with the axis of

Ur
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the tube. In the previous solutions for thin-walled tubes obtained by other authors (for example
[4]), o1 was chosen equal through the thickness of the shell:

ApR,
= (2)
where R. = (Ro + ro)/2 is the radius of the middle surface of the cylindrical tube (which is
supposed to be constant during the corrosion), h = R — r is the thickness of the tube, and
Ap = p, — pr.

It’s obvious that the solution derived by the use of equation (2) does not depend on the
pressure values p, and pg, but depends only on the difference Ap. However, it is known that
hydrostatic pressure p = min{p,, pr} can affect corrosion kinetics [1].

The purpose of this paper is to derive a new (more accurate, but not more complicated than
previous) solution which allow to take into account the effect of hydrostatic pressure p on the
assessment of the durability of thin-walled tubes subjected to mechanochemical corrosion.

o1(r) = 01(R) = 04

3 THE SOLUTION OF THE PROBLEM
3.1 Effective stress
According to the G. Lame’s formulas for a thick-walled tube under internal and external

pressure, maximum principal stress at every time ¢ is determined as

r2_ RQ . — 2R2
mlp) = DI (o PR T
RQ—T2 R2—T2 p2

r<p< R 3)

Solution to the problem of mechanochemical corrosion obtained by the use of formula (3) is
rather cumbersome [11]. Let us simplify formula (3) taking into account that for a thin-walled
shell we can assume that /R, << 1. Using other notations: » = R, —dand R = R. + ¢
(where 6 = h/2), we can write

pr(2R% + 20%) — 2pr(R? + 2R.0 + 6?)
4R.0
~ pe(1+6°/R) —pr(1+20/R. + 6°/R?)

= . , @)

099(7‘) =

and

—pr(2R? 4 26%) + 2p,.(R? — 2R.6 + 6*
U@@(R) _ pR( c ) 4Rp5( )

_ —pr(1+62/R%) + p, (1 —26/R. + 6%/ R?)
B 20 /R,

: (&)

Due to the fact that 6/R. << 1, the terms §?/R? in equations (4) and (5) can be neglected
compared to 1. However, we leave the terms 0/ R. which will allow us to take into account the
effect of hydrostatic pressure p = min{p,, pr}. As a result we obtain

ApR,
h

ApR,
—pr, ow(R) === —p,.

(6)

0'99(7“) =
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3.2 Basic differential equation

Let us assume that during the corrosion process the radius R. remains constant, while the
thickness h is changing with time.
Combining equations (1) and (6) gives the ordinary differential equation of the first order

dh Ap R,
= —(a, +ag—mgp, = m,pr) — (m, +my) 72 . (7

The initial condition to be satisfied at ¢t = £ is h|t0 = Ry — 9.

3.3 Solution of the basic equation

The integral of the differential equation (7), satisfying the above initial conditions is

mAp R, n m Ap R. + ah B h — hg
a? m Ap R. + ahy a

t =1ty + (8)

where a = a, + agr — mgp, — m,pr and m = m, + mg.
Maximum principal stresses at the tube’s surfaces can then be calculated by the use of equa-
tions (6) for every (¢, h).

3.4 The assessment of the lifetime

In the framework of the maximum normal stress criterion, since |oy(r)| > |o1(R)|, for
the assessment of the durability of the tube we should track the stress oy(7). Let us denote
it by 0. The lifetime of the tube can be defined as the time ¢* at which o reaches a strength
limit 0* : o(t*) = o*. Therefore, the lifetime can be determined by equation (8) with h* =
Ap R./(0* + pg) for h.

4 CALCULATION RESULTS

Let us compare calculation results obtained by the proposed model (using equations (6) for
the effective stresses in (1)) with the results based on the classical thin shell theory formula
(using equation (2) for the effective stress). In figure 1 the dependencies of |o| on t are plotted
for the cylindrical tube with the middle radius R, = 100 [[/.] and the initial thickness hy = 4
[l.]; to = 0. Here, . is a certain unit of length. Corrosion kinetics constants are a,, = ag = 0.16
[l./t.] and m, = mg = 0.008 [I./(t.p.)]). Here and below, t. is an appropriate unit of time; p,
is a given unit of stress.

In order to demonstrate the effect of hydrostatic pressure p = min{p,, pr}, four sets of the
internal and external pressure values were used:

e p. = 1[p.], pr = 0 (green dotted line);

e p. =0, pr =1 [p.] (blue dotted line);

e p. =6 [p.], pr = 5 [p.] (green dashed line);
e p. =5 [p.], pr = 6 [p.] (blue dashed line).
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Figure 1: Evolution of |o(¢)| for |Ap| = 1.

These sets are chosen in such a way that despite various values of the pressures p, and pg, the
absolute value of the pressure difference remains constant: |Ap| = 1 [p.].

It is evident that when the effective stress is given by equation (2), the dependencies of
|o| on the time ¢ for all the above sets of pressure values are the same. In other words, for
|Ap| = const, the classical thin shell theory formula provides only one curve; it is the red solid
line in figure 1.

For the refined model, we have different curves for each of the considered sets of pressure
values. Blue curves in figure 1 correspond to the case when Ap < 0, while green ones corre-
spond to positive differences, Ap > 0.

It is seen from the figure that the curves for both models are close to each other at zero
hydrostatic pressure, p = min{p,, pr} = 0 (compare solid line and dotted lines). However,
the difference between the classical thin shell model (solid line) and our refined model (dashed
lines) increases with the growing p. Therefore, using the classical thin shell model is not reason-
able for modelling the mechanochemical corrosion under high hydrostatic pressure (especially
when |Ap| << p).

In the framework of our model it was revealed that the durability of the tube increases as p
grows if Ap > 0 (see green lines), and decreases if Ap < 0 (see blue lines).

At the same time, the computational results [11] based on the Lamé’s formula and proposed
here are hardy differ for any pressure values.

S CONCLUSIONS

e A new mathematical model for the double-sided mechanochemical corrosion of a thin-
walled cylindrical tube has been developed.

e An analytical solution of the problem has been obtained.

6738



Yulia G. Pronina, Elena D. Sedova

e The computational results for the classical thin shell model and for the proposed here re-
fined model are very close to each other for zero hydrostatic pressure, p = min{p,, pr} =
0.

e As compared to the classical thin shell model, the durability of the tube increases as p
grows if p, > pg, and decreases if p, < pg.

e Using the classical thin shell model is not reasonable for modelling the mechanochemical
corrosion under high hydrostatic pressure.

e The solutions based on the Lamé’s formula and proposed here are hardy differ for any
pressure values.

6 ACKNOWLEDGEMENTS

This work was supported by the Russian Foundation for Basic Research (project N 16-08-
00890).

REFERENCES

[1] P.A. Pavlov, B.A. Kadyrbekov, V.V. Borisevich, Uniform stress corrosion and corrosion
cracking of structural steels. Soviet Materials Science, 21 (3), 248-251, 1985.

[2] E.M. Gutman, Mechanochemistry of solid surfaces. World Scientific, Singapore, 1994.

[3] V.M. Dolinskii, Calculations on loaded tubes exposed to corrosion. Chemical and
Petroleum Engineering, 3 (2), 96-97, 1967.

[4] V.G. Karpunin, S.I. Kleshchev, M.S. Kornishin, Calculation of plates and shells taking
general corrosion into account. Proceedings, 10th All-Union Conference of the Theory of
Shells and Plates, 1, 166—174, 1975. (In Russian).

[5] L.G. Ovchinnikov, Yu.M. Pochtman, Calculation and rational design of structures sub-
jected to corrosive wear (review). Soviet Materials Science, 27 (2), 105-116, 1992.

[6] E. Gutman, J. Haddad, R. Bergman, Stability of thin-walled high-pressure vessels sub-
jected to uniform corrosion. Thin-Walled Structures, 38, 43-52, 2000.

[7] A.L Rusanov, Mechanochemistry of dissolution: Kinetic aspect. Russian Journal of Gen-
eral Chemistry, 77 (4), 491-502, 2007.

[8] L. Elishakoff, G. Ghyselinck, Y. Miglis, Durability of an elastic bar under tension with

linear or nonlinear relationship between corrosion rate and stress. Journal of Applied Me-
chanics, Trans. ASME, 79 (2), 021013, 2012.

[9] O.S. Sedova, Y.G. Pronina, Initial boundary value problems for mechanochemical corro-
sion of a thick spherical member in terms of principal stress. AIP Conference Proceedings,
1648, 260002, 2015.

[10] Y.G. Pronina, Estimation of the life of an elastic tube under the action of a longitudinal
force and pressure under uniform surface corrosion conditions. Russian Metallurgy (Met-
ally), 2010 (4), 361-364, 2010.

6739



Yulia G. Pronina, Elena D. Sedova

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Y. Pronina, Analytical solution for the general mechanochemical corrosion of an ideal
elastic-plastic thick-walled tube under pressure. International Journal of Solids and Struc-
tures, 50 (22-23), 3626-3633, 2013.

Y.G. Pronina, O.S. Sedova, S.A. Kabrits, On the applicability of thin spherical shell model

for the problems of mechanochemical corrosion. AIP Conference Proceedings, 1648,
300008, 2015.

S.A.Kabrits, E.P. Kolpak, Numerical study of convergence of nonlinear models of the the-
ory of shells with thickness decrease. AIP Conference Proceedings, 1648, 300005, 2015.

0.S. Sedova, Y.G. Pronina, Taking account of hydrostatic pressure in the modeling of
corrosion of thick spherical shells. 2015 International Conference on Mechanics - Seventh
Polyakhov’s Reading, 7106771, 2015.

O. Sedova, Y. Pronina, A new model for the mechanochemical corrosion of a thin spherical
shell. EPJ Web of Conferences, 108, 02040, 2016.

0.S. Sedova, Y.G. Pronina, Calculation of the optimal initial thickness of a spherical vessel
operating in mechanochemical corrosion conditions. 2015 International Conference on
”Stability and Control Processes” in Memory of V.I. Zubov, SCP 2015 - Proceedings,
7342165, 436439, 2015.

E.P. Kolpak, S.E. Ivanov, Mathematical and computer modeling vibration protection sys-
tem with damper. Applied Mathematical Sciences, 9 (77-80), 3875-3885, 2015.

E.P. Kolpak, S.E. Ivanov, Mathematical modeling of the system of drilling rig. Contempo-
rary Engineering Sciences, 8 (13—16), 699-708, 2015.

V.A. Pavlovsky, A.L. Chistov, Computation parameters of cargo reservoir fill-up process
on CNG-vessels in MATLAB. 2014 International Conference on Computer Technologies
in Physical and Engineering Applications, ICCTPEA 2014 - Proceedings 6893322, 136,
2014.

V.A. Pavlovsky, A.L. Chistov, K.V. Shestov, Modeling turbulent flow in a rough walls

pipe. 2015 International Conference on " Stability and Control Processes” in Memory of
V.I. Zubov, SCP 2015 - Proceedings, 7342160, 424-425, 2015.

N.A. Gasratova, [.A. Stareva, Reliability assessment of reinforced concrete structures.
2015 International Conference on “Stability and Control Processes” in Memory of V.I.
Zubov, SCP 2015 - Proceedings, 7342168, 378-381, 2015.

6740



