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Abstract. In aircraft aerodynamic design, it is common to have data from computational
fluid dynamics simulations and wind-tunnel tests that provide datasets with different levels of
fidelity. It is desirable to combine the strengths of both sources of information to generate
models as close as possible to reality. In this paper, two multi-fidelity methods will be combined
to model the pressure coefficient over a wing section in the transonic regime, namely Bayesian
Gappy POD (BGPOD) and Multi-fidelity Gaussian Process Regression (MFGPR). Without the
need for new datasets, the combined model improves the performance compared to the use of
BGPOD in terms of both accuracy and uncertainty.
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1 INTRODUCTION

Data from different sources is used to study aircraft aerodynamics. The three main sources
of aerodynamic data are the following: Computational Fluid Mechanics (CFD), Wind Tunnel
Test (WTT), and Flight Test Data [1]. Although all of these sources provide information on the
same aircraft, their characteristics are different, including accuracy in showing the aerodynamic
reality of the aircraft. Flight test data is considered to be the most representative reflection of
real-world conditions, but it is usually limited in scope due to its high cost and safety issues.
Moreover, these tests are performed in the final design phase of the aircraft, therefore, the data
would not be useful for a preliminary design phase, although it would be useful for later analysis
such as aircraft performance analysis. CFD simulations can be performed from very early design
stages and may have different levels of accuracy depending on the used formulation. However,
even with the advances in computing capacity of the last decades and those expected in the
near future, it is not possible to perform a direct simulation of the Navier-Stokes Equations
(DNS) at the industrial level, so the physics of the problem has to be simplified. Such model
simplifications, combined with discretization errors and the complexity of simulating near flight
envelope boundary conditions, resulting in limited accuracy [2]. Additionally, more accurate
models lead to a higher computational cost, so a trade-off is necessary between the simulation’s
accuracy and the number of flight conditions to be studied to fit the available computational
power. Finally, the accuracy of WTT data is intermediate between the CFD and the flight test
data.

Aerodynamic data do not only differ in their accuracy to show reality, one of their most
significant differences is the amount and dispersion of the available data. CFD gives a complete
distribution of local pressure over the entire surface under study, while WTT has several local
pressure measurements limited to the number of sensors on the surface [2], and flight tests have
an even more limited number of measurements than WTT.

The combination of data from different acquisition methods and accuracy levels is achieved
through multi-fidelity or Data Fusion method. The basic idea behind these techniques is to
fuse data from different fidelities, which usually, as they increase in accuracy, decrease in the
amount of available data [3], to generate a model as close as possible to the highest-fidelity data
but with higher resolution. Within the field of aerodynamics, the most widespread Data-Fusion
models are the Gappy Proper Orthogonal Decomposition (GPOD) and models based on Gaussian
process regression (GPR). The principle behind the GPOD technique is to combine the Proper
Orthogonal Decomposition (POD) modes with a least-squares problem to reconstruct a vector
of incomplete data. The first use of GPOD was the reconstruction of human faces [4]. Two
ways of using this technique are shown in this paper: the first consists of generating POD modes
from a complete database and then reconstructing faces with sparse data from these modes; the
second way is to reconstruct POD modes from a database in which all photos have randomly
missing data. This method, with its two variants, was used in [5] to reconstruct the fluid field
around a NACAOQO012 airfoil. It was also employed for the fusion of CFD and WTT data in
[3], introducing a regularization of the least squares problem and a constrained method using
aerodynamic forces. In [6], an extension of the constrained GPOD is presented, and the results
are compared with a Bayesian-Data-Fusion framework. In [7] a Bayesian extension of this
method is presented, in which the least-squares problem is solved by applying a Gaussian process
regression, allowing the estimation of the degree of confidence in the regression. A variation
of Gaussian process regression, known as Hierarchical Kriging, Cocriking or Multi-fidelity
Gaussian process regression (MFGPR), is a popular modification of this method for Data-Fusion
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applications. The method involves building a Gaussian process regression model for each level
of fidelity. These regression models are then combined using a Bayesian framework to obtain a
more accurate estimate of the output. The combination is done by assuming that the difference
between the outputs of two adjacent levels of fidelity can be modeled as a Gaussian process
with a certain covariance structure. This hypothesis allows the model to learn how to transfer
information from one level of fidelity to another, and to propagate uncertainties from one level to
the next. An application of cokriging to generate surrogate models for aerodynamic magnitudes
by fusing data from different fidelities can be found in [8, 9, 10, 11]. It is also possible to fuse
data from non-hierarchical sources of information, where each source of information receives a
degree of confidence from experts in the problem or empirical data. In [12, 13] non-Hierarchical
Kriging is implemented in aerodynamic applications.

This paper presents a data-fusion model that takes advantage of the strengths of BGPOD
and MFGPR to predict pressure coefficients (Cy,) on a wing section operating in the transonic
regime. By incorporating MFGPR, the model is able to reduce the error in the C), prediction and
simultaneously narrow the confidence interval. This improvement in accuracy is accomplished
without the need of providing supplementary databases.

2 METHODOLOGY

In this section, the database and methodology used are presented. First, a description of the
aerodynamic database is provided 2.1. A mathematical introduction of the employed methods
follows. Gappy POD is described in 2.2, followed by a description of Gaussian process regression
in 2.3 and how it relates to Gappy POD. Finally, a brief review of Multi-fidelity Gaussian process
regression and its use for the study case is presented in 2.4.

2.1 Database

A database of CFD simulations and WTT of the wing of the XRF1 research aircraft is used.
The XRF1 [14] is a research aircraft model provided by Airbus, which is representative of
a long-range wide-body aircraft. The work presented here has been carried out within the
framework of the Group for Aeronautical Research and Technology in Europe (GARTEUR) for
the AD/AG60 [15] research project. CFD was performed by means of Reynolds Average Navier-
Stokes (RANS) simulations, made with the TAU solver [16]. The entire aircraft was considered,
so the aerodynamics interactions between different subsystems of the aircraft exposed to the air
stream were captured. WTT were performed at the European Transonic Wind Tunnel (ETW)
facility, and surface pressure data was acquired using pressure taps located in 26 spanwise
locations along the wing span, 7. The Reynolds for both CFD simulations and WTT was set to
Re = 25 x 106,

The test case presented in this study employs a subset of the above-mentioned database.
One of the airfoils was isolated sufficiently far from the wing pods, located at n = 0.75, to
avoid significant aerodynamic interference. This subset contains a significant population of
high-fidelity data collected in the WTT. The data within the selected section consist of 199
(C,) values obtained from CFD simulations and 59 C,, values obtained from pressure taps. The
WTT dataset is then subdivided into training (86.5%) and test (13.5%) sets, the latter being
approximately distributed at 20, 40 and 60% of the airfoil chord.

Finally, the CFD simulation database is made up of a total number of 89 flight conditions with
Mach numbers M € [0.82,0.96] and angles of attack o € [—7.5°,8°] and the WTT database is
composed by a total number of 114 flight conditions with Mach numbers M € [0.8,0.96] and
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angles of attack o € [—8°, 7.5°], as shown in the Figure 1.

Selected section

oo

= WTT L] n H

0.80 0.82 0.84 0.86 0.88 0.90 0.92 0.94 0.96

(a) CFD grid points (blue) and pressure taps (red) (b) Flight conditions

Figure 1: Subfigure (a) shows the distribution of CFD grid points and the pressure taps of the
WTT. The selected section for this work is also indicated. Subfigure (b) shows the distribution
of flight conditions for CFD simulations and WTT, in terms of Mach number (1/) and angle of
attack (o).

2.2 Gappy POD

POD is a data-driven method that aims to find an approximation of the input data in a low-
dimensional space, preserving the essential information of the high-dimensional dataset [17].
For this particular case, the high-dimensional dataset is composed of the vector ), obtained by
CFD simulations, y; € R which is stored in the snapshot matrix Y € RP*¥ where P denote
the number of grid points and /N are the number of flight conditions that are being using as
pseudo-time [18]. Singular Value Decomposition (SVD) is applied to the snapshot matrix Y to
obtain the matrix decomposition that follows,

d
Y =USV' =) ouv;, (1)

=1
where U = [ug,ug,...,ug] € RF*and V = [vy,va,...,v4] € RV*? are orthogonal semi-

unitary matrices such that U*U = V*V = I, and ¥ = diag(oy,09,...,04) € R¥? and
01> 09 > ... 2> 04 > 0. For the database proposed in this study, d coincides with the number
of simulated flight conditions /V, which is the dimension of the low-dimensional basis given by
U. The truncation of the number of modes is also possible by choosing a reduced rank d* < d
so that only the d* most energetic modes are conserved upon reconstruction.
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The low-rank approximation provided by POD allows reconstructing the solution u € R” with
r measurements of the P—dimensional state [19]. For this particular case, the » measurements
are the C), of the pressure sensors recordings from the WTT, with » << P. This sparse vector
can be represented by the variable 1, being it defined as,

=P, 2)

where P € R”*" is a mask that takes the unity value at locations where there is a sensor and
zero elsewhere. This sparse vector can then be approximated with the standard POD projection:

d
i~ PTY auy =P U044, (3)
k=1

where Uy € RP*4 s the left-mode matrix of SVD decomposition and a € R is the vector
of coefficients that minimizes the error in the approximation || — PTu]| in the L, sense. If
X =PTU, € R™*? has a full column rank, then this minimization has as its solution the
ordinary least-squares estimator,

a=(xTxy)txTa. “)

The problem of a near-singular moment matrix on (XTX’) could be alleviated by adding a
small positive constant \ to the diagonal before taking the inverse. Applying this modification to
equation (4), the ridge estimator is obtained,

a=(XTx+ ) 'xTa. 5)

With the coefficient vector a determined, the reconstructed vector u can be obtained by
applying equation (6),
u~ Uga. (6)

2.3 Gaussian process regression

An overview of Gaussian process regression theory is herein presented. For a detailed analysis
of the outlined mathematics, the interested readers are encouraged to consult [20, 21, 22].

A Gaussian process is a collection of random variables, any finite number of which have joint
Gaussian distributions. A Gaussian process is specified by its mean function, m(x) = E[f(x)],
and covariance function, k(x,x’) = E[(f(x) — m(x))(f(x") — m(x'))] , then we can write the
Gaussian process as f(x) ~ GP(m(x), k(x,x’)). Although it is not required, the mean function
usually takes a zero value to simplify the notation. Each element of the training dataset, y,
is a sample with Gaussian distribution, representing the true value of the observation, f(x),
affected by some independent Gaussian noise, €, with variance, o,,. Thus, the observations can
be interpreted as y = f(x) + ¢. The objective of the regression is to predict f, values at new
points x,. The joint distribution of the training values and the function at new points is

] (o [ MR KRR ])

where X = [x3,...,Xy,] are the observed datapoints, X, = [Xy., ..., Xpn« are the new points
where to make predictions, and K are matrices constructed using any function k(x,x’) that
can perform as a covariance function, that is, any function that takes two arguments, such that
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k(x,x’) generates a non-negative definitive covariance matrix K. These functions are known as
kernel functions.

By deriving the conditional distribution, we arrive at the predictive equations for the Gaussian
process regression as f,| X, y, X, ~ N(f,, cov(f,)) where

f.= K(X,,X) [K(X,X)+021] 'y, (8)

cov(f,) = K (X,,X,) — K (X.,X) [K(X,X) + 021 K (X,X.) . 9)

The method used for learning the noise variance and, if there were, the kernel hyperparameters,
is the maximization of the log marginal likelihood given by

1 _ 1 n
logp(y|X) = —éyT[K(X,X) + 021] 1y ~ 5 log |[K(X,X) + 0‘21| -3 log (27) . (10)

In [7] the Bayesian Gappy POD (BGPOD) extension is presented. This method uses Gaussian
process regression to estimate the coefficients a of the Gappy POD method and then obtain a
predictive distribution for all rows of the left-mode POD matrix. That extension is used in this
study; however, the kernel function proposed here is different from the one used in the mentioned
paper. The mean equation (8) is reminiscent of the Ridge estimator, equation (5). In fact, the
mean of a GPR is equal to that given by the ridge regression, if the kernel function is the dot
product kernel, k (x,x’) = 02 + x - X/, with 02 = 0, also called the homogeneous linear kernel.
This kernel function is used in this study to have a direct relationship between the regularized
GPOD and the BGPOD, but in the latter case providing the confidence intervals in the regression.
In addition, the homogeneous linear kernel is useful if the original features are individually
informative, so the decision boundary is likely to be representable as a linear combination of the
original features [23], as is the case for POD modes. Figure 2 depicts a comparison between
solving the GPOD using a GPR with the dot product kernel or the Ridge estimator.

-1.5

e BGPOD mean value
BGPOD 95% confidence interval

——Ridge regression
_10 4

=0.51 ..'--."'...-...

a \M\,“M”

0.5

|

x/c

Figure 2: Comparison between BGPOD and GPOD solved with the Ridge estimator.
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2.4 Multi-fidelity Gaussian process regression

Gaussian process regression can be extended to construct probabilistic models that allows
the combination of variable fidelity information sources [24, 25, 26]. If there are s levels
of information that produce an output y;(x;). These data can be organized with increasing
fidelity as D; = {x¢,y¢},t = 1,...,s. Assuming the Markov property introduced in [24],
Cov(fi(x), fim1(X)|fi—1(x)) = 0, Vx # x/, that means no further information can be acquired
about f;(x) from lower fidelities f;_;(x’) for X’ # x, we lead to the autoregressive model,

fe(x) = pefioi(z) + 6i(x) | (1)

where J;(x) is a Gaussian process independent of f;_;(x),. .., fo(x) with mean ps, and covari-
ance function ks,, and p, represents a scale factor between f;(x) and f;_1(x).

A numerically efficient recursive inference scheme can be constructed by adopting the
derivation proposed by Le Gratiet & Garnier [25]. With this scheme, the inference problem
is essentially decoupled into s standar GPR problems, yielding the multi-fidelity posterior
distribution |y, Xy, f,, ,, t = 1,...,s, with predictive mean and variance at each level given
by

£ = pefe—1 + ps, + K (X, Xe) [K(Xtv X¢) + UitIrl [Yt — pef1 — H«St] ; (12)

cov(fu) = p?cov(fu1) + K (Xo, Xo) — K (X, Xy) [K(Xe, Xo) + 020 K (X, X.)
(13)
The kernel used for high and low fidelity databases is the Radial Basis Fuction (RBF), which
is the most widely used kernel [27], and reads as follows

) 5 (x —x)*
k(x,x') = o; exp g | (14)

where o7 , | € R are the free parameters of the kernel. The process followed to obtain the
hyperparameters of the models is the maximization of the log-likelihood [28]. Generally, the
log-likelihood is not convex. Therefore, an exploration is performed starting from different
initialization values. Once the exploration is done, we select the parameters from a minimum
that does not lead to an overfitted model.

3 RESULTS

Gappy POD and Multi-fidelity Gaussian process regression are the two most widely used
multi-fidelity models for aerodynamic applications. In this work, we intend to combine both
techniques. For this purpose, the autoregressive model in equation (11), with two fidelities is
used. The higher fidelity is the C, data obtained in WTT. Furthermore, for this fidelity the noise
variance will be assumed to be zero, so an interpolation between the data would be performed.
The choice for the noise to be zero is given by the unknown measurement tolerance of the
pressure taps, which could be introduced directly if known and would lead to a model closer to
reality. Sometimes this error variance is taken as a hyperparameter in the optimization of the
GPR; however, this methodology requires several repetitions of the observation with the same
test conditions [2] in order to be feasible and provide valid results.

For low-fidelity data, the results obtained by applying the BGPOD on the database will be
used. However, the resultant Gaussian process is not fed directly into the multi-fidelity model.
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Figure 3: Comparison of the pressure coefficient reconstruction achieved by Bayesian Gappy
POD (blue) and Multi-fidelity Gaussian process regression (red).

This is because the BGPOD regression is performed on the POD modes and not on the C;, data,
so this Gaussian process will not have a direct relationship with the high-fidelity data. The
solution proposed here is to use as low-fidelity data the mean C), obtained from the BGPOD. In
addition, this method provided information about the variance of these values. It can be seen that
for our test case, the variance of the BGPOD result is practically constant throughout the whole
prediction. With this idea in mind, the variance of the noise for low-fidelity will be selected equal
to the mean of the predicted variances. In a case where the variance would be very different by
zones, the Heteroscedastic Gaussian process model could be used, where the observed noise can
have a different variance at each point [29]; nonetheless, this model is beyond the scope of this
study.

Figure 3 depicts the results for four flight conditions in the transonic regime. Figure 3a shows
the case M = 0.82,a = —5°. As previously discussed, MFGPR intercepts all pressure tap
training points since it takes this data as ground truth. In this case, both methods are able to
follow the general trend of the C), distribution. The variance of the multi-fidelity model is lower
than that of BGPOD, showing a clear difference between the behavior of the lower surface,
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where the variance narrows between the train data, and the upper surface, where the variance
grows considerably between these points. It should be noted that there is a C), value of the
pressure taps testing subset that falls outside the confidence interval of the two models. Figure
3b shows the case M = 0.84,a = 2°. The BGPOD underestimates the value of C), in the
suction peak area, and slight oscillations occur downstream with lack of physical coherence.
With MFGPR these oscillations are notably increased, thus misrepresenting this region. The
shock wave is well characterized in both cases. Figure 3¢ shows the case M = (.86, = 6°.
The MFGPR model is able to correctly follow the C), trend, making an accurate prediction of the
test points, and smoothing the oscillations observed with the BGPOD model. However, it can
be observed that the MFGPR model is unable to capture the C), at the attachment line. Finally,
Figure 3d shows the case M = 0.96, o = 0°. In this case, it can be seen how the BGPOD cannot
accurately capture the shock wave present near the trailing edge of the upper surface. Moreover,
the uncertainty margin is much larger than for the cases shown earlier. The mean of the MFGPR
model is capable of accurately describing the aerodynamic characteristics of this case. It is also
observed that, while for the upper surface there are narrow confidence margins, for the lower
surface case the confidence margins between train points are high, and the mean of this model
follows the same trend as that of the BGPOD.

In light of the MFGPR results, it is possible to notice the complexity in the choice of
hyperparameters for each case, which, even following the same optimization method, lead to
results that differ notably in the distribution of the variance or the smoothness. Research of a
robust method to select the hyperparameter set is one of the major challenges within Gaussian
process regressors.

To observe the benefits of using a multi-fidelity model, a GPR of high-fidelity data has been
performed directly (HFGPR). Figure 4 shows the case M = 0.92, o = 4°. It can be seen that the
95% confidence interval of the interpolation is very wide in areas where no train data is available
and how the predicted mean deviates significantly from the test data. Furthermore, the model
does not follow the flow trend at the leading and trailing edges due to insufficient information in
these regions.

Finally, a quantitative analysis of the errors in the test dataset is performed. For this purpose,
a comparison is made between three different models: the BGPOD, the MFGPR and the HFGPR,
evaluating the Root Mean Squared Error (RMSE), to evaluate the error of the test data with
respect to the GPR mean, and the Mean Log-Loss error (MLL), which not only takes into account
the distance between the test data and the prediction, but also the confidence intervals of the
prediction are considered. The lower the MLL, the better the model [20]. In Table 1 it can be
seen that the RMSE values by the HFGPR is significantly higher compared to the other two
methods, having also an elevated MLL, indicating a poor fit of the model to the test data. On
the other hand, the MFGPR has an RMSE 11% lower than that of the BGPOD and the MLL
demonstrates that it is a more suitable model for the data studied.

Table 1: Results of the performance metrics applied in the BGPOD, MFGPR and HFGPR study
models. The root mean square error, RMSE, and the mean log-loss, MLL, are applied on the test
points for all flight conditions.

BGPOD MFGPR HFGPR

RMSE | 0.048 0.043 0.162
MLL -1.28 -1.42 4.750
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Figure 4: Comparison between MFGPR and HFGPR for the flight condition M = 0.92, o = 4°.

4 CONCLUSIONS

This work explores the combination of Bayesian Gappy Proper Orthogonal Decomposition
(BGPOD) with Multi-fidelity Gaussian Process Regression (MFGPR) to develop a surrogate
model for predicting pressure coefficients over a wing section in the transonic regime. The
model fuses data derived from RANS simulations and pressure tap measurements obtained in
wind-tunnel experiments, both performed on the XRF1 research aircraft. The results obtained
with the proposed model show a reduction of 11% RMSE in test points with respect to the use
of BGPOD. MFGPR also decreases the uncertainty of the C, forecast and provides the ability
to obtain the mean and variance of any desired point, not limiting the prediction to CFD grid
points, as is the case with BGPOD. Therefore, this improvement in regression has been achieved
without incorporating new training data.

Both the choice of the kernels and the hyperparameters tuning present a major problem that
requires an in-depth study since the model is strongly dependent on them. Finding a suitable
combination of these elements for the problem at hand could alleviate the slight oscillations that
appear in the C, prediction and improve the overall accuracy of the model. It is also desirable to
incorporate the real uncertainty of the input data to obtain a model that is more faithful to the
nature of the data, which could be introduced directly into the developed model.
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