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Abstract. In this work the Godunov Smoothed Particle Hydrodynamics (SPH) method for ma-
terial with strength is extended to second order in space. This is achieved by separating the
continuum equations of motion into their constituent hydrodynamic and deviatoric parts and us-
ing a MUSCL-type reconstruction and limiting procedure for the left and right Riemann states.
The split equations are then advanced in time sequentially using a first-order operator splitting
procedure. The resulting equations require no user defined artificial damping parameters as
sufficient numerical dissipation is introduced through the use of a Riemann solver. One and two
dimensional elastic-plastic flows are chosen to demonstrate the efficacy of the proposed formu-
lation and the results are compared with exact solutions, the original first order scheme and the
standard artificial viscosity SPH scheme. The new method is then applied to the simulation of a
representative ballistic impact on a ceramic armour material.
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1 INTRODUCTION

Traditionally in SPH the shock is smeared by applying an artificial viscosity [22] term to
the momentum and energy equations. Several forms of artificial viscosity have been described
in the literature [9, 22, 1] with the most common implementation (found in most SPH codes)
being that of Monaghan et al. [22]. When using the artificial viscosity without special treat-
ments [27, 4], care must be taken not to introduce excessive artificial smoothing into smooth
regions away from the shock. This may be achieved by a time-consuming trial-and-error anal-
ysis [28] which may be very undesirable for the user.

The Godunov reformulation of the SPH equations have been developed [33, 12, 23] whereby
the Riemann problem is solved between the two interacting particles. The solution of the Rie-
mann problem in Lagrangian coordinates provides the post wave-breakup pressure and velocity
at the interface between two interacting particles which introduces sufficient numerical dissi-
pation for stable integration. The advantage of these Godunov reformulations is that no user-
defined damping parameters or associated sensitivity analyses are required; sufficient damping
is automatically introduced into the solution. The strictly conservative Godunov SPH method
developed by Inutsuka (2002) [12] was developed for inviscid fluid simulations and maintains
second-order spatial accuracy in smooth regions by a reconstruction procedure. The Godunov
SPH method of Parshikov et al. (2002) [23] was developed for fluid and solid dynamics and is
first-order accurate everywhere in the solution. This work presents an extension of the Parshikov
et al. scheme for fluid and solid-dynamics to second-order in space, while ensuring exact con-
servation of energy. This is done by splitting the integration procedure into a hydrodynamic
and a deviatoric step, thereby removing the complications caused by the material strength as
described in [10] for a free-Lagrange Voronoi tesselation method. The Lie-Trotter splitting is
used which is first-order in time.

The new method is derived in Section 3.3 and tests for one and two-dimensional solid-
dynamics are presented in Section 4. Section 5 applies the new scheme to a representative
ballistic impact simulation and Section 6 concludes the work.

1.1 Motivation

The effective viscosity of the Parshikov er al. scheme [23] is shown to be high, which is
a direct consequence of the use of a first-order Godunov scheme [30]. A piecewise linear re-
construction of the (primitive variables in the inviscid-fluid case) field variables to the contact
surface between particles ¢ and j, before invoking the Riemann solution, extends the spatial or-
der of accuracy to 2™ O [32]. This is readily achieved using the SPH smoothed approximation
of the gradient, as done in [33, 12]. Godunov’s Theorem states that monotone linear schemes
(having the property of not generating new extrema) for solving partial differential equations,
can be at most first-order accurate [8]. Therefore, in order to achieve high-order spatial ac-
curacy, without introducing new extrema which may lead to oscillations, a non-linear scheme
must be used. This can be achieved using slope limiting procedures [30]. Such a scheme has
high-order spatial accuracy in smooth regions of the solution but falls to low, or first order accu-
racy, in the vicinity of strong gradients or discontinuities. When considering the Cauchy stress
tensor, its gradient results in a third-order tensor field (the implementation of which in three di-
mensions requires 18 elements per particle). This memory and computational requirement has
meant that the Godunov SPH scheme for materials with strength has remained 1% O accurate
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in space. This work, then, is an attempt to remove the complication of the extension to 2"¢ O of
the Godunov SPH scheme caused by the inclusion of material strength.

2 SPH THEORY

The basis of the SPH method is in the approximation of a function of spatial coordinates
f(x) through the approximate kernel interpolation of the function at locations surrounding the
point of interest. The usual derivation [21] is to start with the identity

/f §(x—a')dx’. (1)

The delta function is replaced by some smoothing (or “kernel”) function W (x — ', h) with the
same property as the delta function as the smoothing length / tends to zero:

limy, ,oW(x — ' h) = 6(x — 2). 2)

This gives the kernel approximation

~ /f(zc’)W (x — ' h)dx’. 3)
The kernel function should satisfy the unity condition
/W(m—m',h)dm'zl 4)
and, in order to be computationally tractable, should be compact such that
W(x—x' h)=0 if |z—x'|>«kh )

where x is some scaling factor. For each particle with a mass m,; and mass density p;, noting
that da’ denotes the integration volume (in three dimensions), equation (3) may be discretized
as the Riemann summation

fl@)~ > T f @)W ( — 2, h). ©6)

— P
J
If the function is taken as the density field p, the SPH summation approximation of the density

is obtained:
x) %ijW(a:—zcj,h). (7)
J

It is clear from equation (7) that the kernel function should satisfy some physically intuitive
properties, such as being non-negative, and monotonically decreasing as h — 0. For this
reason, a Gaussian, or Gaussian-like function is commonly chosen as the kernel. The derivative
of a function may be obtained by using integration by parts and the divergence theorem to give

~ / f(@"YW(x — ', h)ndS — / f(@)\VW(x — ', h)dx'. (3)
s Q

In general, the surface integral in equation (8) is neglected in the actual computation as it van-
ishes if the kernel support does not intersect the boundary of the material domain. For simu-
lations involving free-surfaces, the neglect of the surface integral contributes to the boundary
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deficiency in the SPH method. As the continuum equations of motion are first-order, equa-
tion (8) may be used to discretize the governing equations. Neglecting the surface integral, in
one dimension, the errors in (8) may be estimated by taking the Taylor-series expansion around
x’ to give

(x — ')

Vi) = - [ 1@+ @ e+ 5
O((x—a))+..] VW(x — a’, h)da’

V() + @) /(a: — 2PV W (x — 2, h)da'+

f//(w)+

)

2
O ((z—')?).

In (9) the second term in the Taylor expansion vanishes as, for even kernels [ VIWdx’ = 0.
Therefore, the order of accuracy of the kernel approximation of the gradient is second-order,
with errors of O(h?). Similarly, the errors in the discrete approximation of (9) are of O(h?) [25].

3 GOVERNING EQUATIONS

In the absence of body forces, the conservation equations for elastic flow are given as follows

Dp

D VY
Dv 1

Du o

— =—:V
Dt p v

where D/ Dt is the substantial derivative and p, v, u and o are the material density, velocity,
specific internal energy and Cauchy stress tensor respectively. The separation of the stress
tensor into its dilatational and deviatoric components is assumed [35]

oc=T1—PI, (11)
where I is the identity matrix.

3.1 Discretization

The variationally consistent discrete SPH equations [3] corresponding to (10) are given as [3]

Dpl my;
Dt Pi ; E (vi —v;) - ViWy;

D'vl o,+o0;
—Z ( ,,j>VzWij (12)
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where the derivative of the kernel function V;W;; is defined as

0

VIVVZJ :@?W (111 — l‘j, h)
e w, OW (@ -l h) (13
|T; — x| 0|z — x|

= —V,;Wi;.

3.2 Godunov reformulation of Parshikov et al.

In 2002 Parshikov et al. [23] directly introduced the Riemann solution to the SPH equa-
tions (12) by resolving the stresses and velocities along the vector of interaction and making the
substitutions

1
Pz‘j%i(Pi"‘Pj)

v % (v + v (14)

afj — % (af + O']R) ,
where vfj = v € afj = 0" -e;; and the unit vector of interaction e;; = =, —x;/|z; —x;|.
The substitution for the stresses requires the rotation of the stress tensor to the coordinate system
er s orthogonal to the vector of interaction e;;. The values with the star superscripts are
not calculated using (14); instead the approximate acoustic wave primitive variable Riemann
solver [30] is used to calculate the value of the stress and velocity in the star region in the three
directions corresponding to e g by

R, R, RR RR
VP U piCy + 0 — 0y

*R g
Vij = A1
PiC; T P5C;
RR . 1 RR . 1 1. 1 (R R
R 05 piCi + 07 pic; + Picipic; (Uj U )
g l 1
pic; + pjC;
St S it SR SR

’ pics + 016 (15)
s _ 01 pich + 07 pich + picipic] (v — v7)

g.. = : 7 J
piC; + pjic;

v

T ot .T,t TR __ TR
o — v pic; + v pic; + 057 — 0
ij = ¢ 7
piC; + P;C;
RT, & ~RT, .t to b (T _ T
ot _ 95 pici ¥ 01 picy + picipic (vl —of)

ij ot it
piCi + piC;
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In (15) ¢ and ¢! are the longitudinal and transverse wave speeds respectively. The resulting
SPH equations are stated as

Dov_ 2pi2% (v = v) ey - VW
J

Dt . "
J
D’UZ‘ O'Z}R
Dt =2 Ej my; _ipj e,-jViWij (16)

Du; U;'k'R X
Dt =2 Zj:mjﬁ (Uin — UZR) eij . VzWZJ

The algorithm presented in [23] corresponds to a spatially 1% O Godunov method for solid me-
chanics and will form the basis of the work presented in forthcoming chapters. It is well known
that the 1% O Godunov method is highly diffusive, which is accentuated by the smoothing in-
troduced by the SPH method. This is discussed in [23].

3.3 Second-order extension

In order to simplify the extension of the Godunov SPH method for materials with strength
to second-order, it is proposed that the hydrodynamic and deviatoric parts of the stress tensor
be used to sequentially and separately advance the density, velocity and specific internal en-
ergy in time. The SPH momentum and energy equations (12) are split into their constituent
hydrodynamic and deviatoric parts as

Dv, it PP,
v :E:m](T LR fxhs J)viwij
Dt = PiP; PiP;

(7)

Du; _ lzm] (Tz+T] _IPz +PJ> (’Uj _Ui) VWi,
Dt 24 PiP; pPiP;
where the first term in the brackets on the right hand side corresponds to the deviatoric part and
the second term corresponds to the hydrodynamic part. The integration procedure is then split
into the constituent hydrodynamic and deviatoric stages using Lie-Trotter splitting. The general
form of splitting is

of(t)

5 Af(t)+ Bf(t) (18)

where f(t) is some field-variable and A and B are linear differential operators corresponding
to the deviatoric and hydrodynamic operations respectively. The sequential splitting algorithm
is as follows

a‘gff) = Ax(t), te[t", "] where z(t")= f(t")
(19)
a%ist)' = By(t), te[t",t"""] where y(t") =x(t"")

and the recombination of the split solution is given as y(t"*1) &~ f(¢"*!). The splitting error is
first-order in time and can be found by combining the Taylor series expansions of the two split
functions z(t) and y(t) and taking the difference with the Taylor series expansion of the un-split
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function around point f(t") = f,.. Applying this splitting algorithm to the SPH momentum and
energy equations (17) gives

D, T + T]> .
= m; - V;W,:, where v;(t") = v;(t"
b = (m 2 J () = wi(t")

Dv P+ P;
Ui < i ) V.W;, where v;(t") = o,(t"™")
Dt
(20)
D
DU; ( At T]) — ;) - VWi, where @i;(t") = u;(t")

D, 1 P+ P\ - " n o
Di = —§;m] ( pip; J> (’Uj — 'UZ') . VZ‘WZ']‘, where Ul<t ) = ’U/Z(t +1>,
where v; = v]' + Av;. In order to obtain sufficient numerical dissipation, the hydrodynamic
terms are replaced with the Godunov SPH equations of Parshikov et al. [23] for an inviscid,
non-radiating fluid to get

D, (TZ + 7']> N
= > m,; - V;Wi;, where v;(t") = v;(t")
Dt Z "\ i !

Dv;

=23 (i
Du; T, +7T i n
Dt = —Zm] (—j) ( - ’UZ‘) : V,»Wij, where Ul(t ) = uz(t )

PiPj
D,
Dt —2 ij <

where P and vj; are the pressure and velocity solutions of the Riemann-problem for the lon-
gltudlnal wave- system Note that, in contrast to the scheme of Parshikov ef al. the Riemann
problem needs only to be solved for the longitudinal wave system and no transformation of
the stress-tensor is required. No dissipation is added to the deviatoric step of the split integra-
tion procedure and the spatial accuracy of the deviatoric momentum equation is second-order.
By definition, the density is assumed to only change due to changes in volume, therefore the
continuity equation is computed only in the hydrodynamic step. The continuity equation of
Parshikov et al. [23] may be used

) V:Wi;, where v;(t") = v, (t"*")
pip;
(21

> ~fje,-j - ’lN)l) : VZ'VVU, where Ivlll(tn) = ﬂi(t"H),

Dp; m; ., .
Di = 2pz Ej p_j (vijeij - ’Ui) : VZWZJ (22)
3.3.1 MUSCL-type reconstruction

To extend the hydrodynamic step in (21) to second-order, a linear reconstruction of the left
and right states of the Riemann problem is used as first proposed for SPH in [11]. Using the SPH
approximation of the gradient of a function, and taking into account the domain of influence,
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the reconstruction of the left and right hand Riemann states is written as

Jr= f(x;) — %Vf<wz)mon e [1 — ciAt]

o~y (23)

fL = f(.’B]) + %vf(wj)mon T €5 [1 - CjAt] )
where r;; = |x; —x;|, ¢; ; is the longitudinal sound speed at the particle’s position and At is the
current time-step. In order to satisfy the monotonicity constraint at the shock [8], the gradients
of the primitive variables must be modified such that the first-order method is recovered. In [12]
this is done by setting the gradients to zero when the interacting particles are approaching each
other at a velocity close to the minimum wave speed of either interacting particles. A more
advanced technique to automatically fulfill the monotonicity constraint by modifying the local
gradient based on some sort of smoothness indicator, such as the ratio of successive gradients,
as in [32]. This may be done by using one of a variety of different slope-limiter functions [30].
The resolved gradient

is defined for particles 7 and j and the ratio of successive gradients r is defined as
r; = —AQj
"AQ
AO, 1 (25)
r; = = —.
J AQ] T

The chosen slope-limiter function ¢(r) can then be used to construct the monotonized slopes
vf<mi)mon = ¢(Tz)vf<wz)
V(@) mon = ¢(rj)V f(2;),

and using equation (23) the left and right Riemann states may be reconstructed. The following
2" () Total Variation Diminishing (TVD) slope limiters [30] were implemented due to their
symmetry preserving features (¢(r) = 1/¢(r))

(7)) me = max (O,min (2r, 12i, 2))

(26)

¢(r)sw = max (0, min (Br, 1), min(r, ), 1<B<2 (27)
|
¢(T>Ul — 1 + |T|7

where the subscripts mc, sw and vl stand for Monotonized Central, Sweby and van Leer limiters
respectively. Setting the 5 = 1 and 8 = 2 in the Sweby limiter gives the minmod and superbee
limiters of Roe [30], respectively. It was found that the superbee limiter performed well; it is
used in all the 2™ O simulations in this work.

3.4 Conservation

In order to conserve energy exactly in the split integration procedure, the energy equa-
tions (21) are modified. As in [12], the appropriate time-centering of the velocity field is used,
along with the anti-symmetric nature of the kernel derivative (13), to obtain an expression which
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vanishes for the sum over all pairs of interacting particles. The total energy at time ¢t = t" is
defined as (the sum of the kinetic and internal energies)

Zm,( +u) (28)

For energy to be conserved, the total energy must remain constant over the time-step (AE =
Entl — E" = ()

AE = Zml ( ()2 4t — %(v?)z — u?) : (29)

Equation (29) is modified to include the operator splitting by splitting it into two sequential
sub-stages. The first step is

AE=FE— E"

~ (30)
=> m (Ai)i (v? + ) + Aaz)
=0,
where Av; = At(dv;/dt), Au; = At(du,;/dt) = G; — u? and the fact that v, = v} + Av; has
been used. The second step is
AE=E"" - E
=S (Gt - L) -
' 7 2 i 2 7 )
' (31)

=0,

where Av; = At(dv;/dt), Au; = At(di;/dt) = ul™ — ; and similarly v = o; + Aw,.
The deviatoric part of the split energy equation is then modified to give

D’Zjl T+ 7T, _ .
Dr = 2™ ( pip; j) By =20 Vills, G2
j "

where the substitution v,; = 0.5(v; + v;) is made and &; = v; + Av,/2 is the time-centered
velocity. The use of this time-centering ensures that energy is conserved exactly in the first-step
of the time-split integration procedure. This can be shown by substituting x; and (32) into (30)
to give

AFE = Z mi (AD;i; + Al;)

_Atzz'vzjmzmj ,7_2_|_,Tj) VzVsz (33)

; PiPj

=0.
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For the hydrodynamic part of the split energy equation the method of Inutsuka [12] is followed;

(), o
. PiPj

where z; = ¥; + AV, /2 is the time-centered velocity in the second-step of the split integration
procedure. Again, this use of the time-centering ensures that energy is conserved exactly in the
second step of the split integration procedure, which can be shown by substituting &; and (34)
into (31) to give

. m; mj ezj 35
— _QAtZ Z pzp] VW (35)

=0.

In the case of an inviscid fluid (= = 0) the time centering of Inutsuka [12] is recovered as
v; = 0. It is worth noting that, if the total energy is used as an indicator of the solution quality,
for example, then the exactly conservative scheme presented above may not advantageous. An
appropriate system of units should be selected such that round-off error is minimized.

4 NUMERICAL TESTS

The chosen tests have exact solutions for comparison. From hereon in we refer to the first-
order Godunov SPH scheme of Parshikov et al. [23] as PM, the new time-split Godunov SPH
scheme as 7S and the standard artificial viscosity scheme (with Monaghan-type artificial vis-
cosity [22] and damping parameters &« = [ = 1) as AV. In the AV scheme the second-order
leap-frog integration scheme is used [19]. In this work the Godunov SPH scheme of Parshikov
et al. [23] was implemented in one dimension only. In all cases the time-step was controlled by
the C'F'L number of 0.5 and the initial smoothing length scaling factor was 1.2.

4.1 1D flyer-plate

This example comes from [5] and consists of an impact of a high-velocity elastic-perfectly-
plastic material with another identical material which is at rest. The impact produces an elastic
precursor wave followed by a plastic shock-wave. An isothermal Mie-Griineisen Equation of
State (EOS) is used (as the Griineisen coefficient is zero), defined as [5]

Poch
P() = =5 =T (36)
where ¢ = p/po — 1. The material properties are given as py = 6.1 g/cm?, o = 0.5077 cm/us,
Sp = 1.201, 4 = 0.481 MBar and Yy = 0.025 MBar [5]. The initial conditions are given in
Table 1. The solution is integrated until ¢ = 0.5us and the domain is over 0 < x < 1 with
the left hand side defined as < 0.5. Figure 1 shows the non-dimensional results using the
different schemes 100 (equally spaced) particles in the domain against the exact solution [5].
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TlZO TTZO

Pr = po Pr = Po
v; = 0.060281 cm/us v, =0

Table 1: Initial conditions for the flyer-plate impact example (from [5]).

0 —]i;ﬁct ‘ 1 N | | _%ﬁdt
-5 10 \ I%% L8
-0.2¢ 82 1. W\
4 \ | .5l N " ]

0.4 \L
0.6 0 | | ‘g
0.2 04 _ 06 0.8
(a) 7 (®) &
1.06 ‘
1.04 V N
o / A
4 Y

1.02r // Fract \\\ 1
PM \
~TS 150
1 qpo

0.2 04 _ 06 0.8
©p

Figure 1: Results of the flyer-plate example using the different schemes for an initial inter-
particle spacing of Az = 0.01 cm. The exact solution [5] is given by the black line.

It can be seen from Figure 1 that the results from the PM, first order 7S and AV schemes
are similar, however the second-order 7S scheme shows a more accurate description around the
discontinuities in field variables. In the second-order 7S scheme there is an error in the stress
field around the contact discontinuity. The AV scheme shows a similar but more localised error.
The difference in total energy for the different schemes is shown in Table 2.

Scheme % AFE,o
PM 2.34

TS 14O | 1.48 x 1078

7S 2 O | 1.48 x 1078
AV 1.51

Table 2: Percentage errors in total energy for the flyer-plate impact example using the different
schemes.
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4.2 2D Collapsing ring

This problem involves the collapse of an axi-symmetrical beryllium ring which was first pro-
posed by Howell and Ball [10] . The problem has an analytical solution [10] which derives from
incompressible theory and the reduction to one-dimension. A detailed derivation of the analyti-
cal solution is presented in [10] . The analytical solution predicts a stopping radius at which all
the initial kinetic energy is dissipated by irreversible plastic deformation into internal energy.
Howell and Ball use the Osborne equation of state, but the analytical solution is independent of
the pressure, therefore, as suggested in [24], the Mie-Griineisen equation of state of the form

Plpy = P DS @

where 7 = p/po is used with parameters proposed in [24] of py = 1845.0 kg/m?, ¢y =
12870.0 m/s, S; = 1.124 and Iy = 2.0. The elastic-perfectly-plastic constitutive model is
used with = 15.1 GPa and Yy = 330.0 MPa. As mentioned in [10], for the test to be suc-
cessful, the circumferential symmetry must be preserved and the stopping radii must converge
towards the analytical solution. The initial velocity field is defined as

v; = —U()&ei7 (38)
T

where vy = 417.1 m/s, Ry = 0.08 m is the inner radius in the initial configuration, r; is the
distance of particle ¢ from the origin and e; is the unit vector of the particle position. The
analytical solution [10] predicts the inner and outer stopping radii to be 0.05 m and 0.0781 m
respectively. As the PM scheme was implemented in one dimension only the results of the 7S
schemes are compared with the AV scheme using two different resolutions (n, = 8012 and
n, = 23,506). In this example the two-shock approximate Riemann solver [7] is used in the
TS scheme. The solution was integrated until ¢ = 130us which was just after the cessation of
plastic deformation in each case. The final configurations for the lower resolution using the
first and second order 7S schemes and AV scheme, coloured by the effective plastic strain and
Tzy deviatoric stress, are shown in Figure 2. It can be seen that the stress field is noisy in the
AV scheme suggesting that the dynamics of the deformation are not being properly predicted; a
similar result is found for the other field variables.
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TS 1° O TS 2" O AV
0.5 0.5
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047 0.4
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-0.05 0 _0.05 —005 0 0.05 005 0 0.05
z (m) z (m) z (m
(d) Txy (e) Txy (H) Txy

Figure 2: The final configurations (at ¢ = 130us) for the lower resolution (n, = 8012) ring
collapse example using the different SPH schemes. The units of the colourmap for the 7,
results are in Pa.

The difference in the colourmap for the 7, results between the 1 O and 2™ O TS schemes
is due to the difference in phase of the elastic oscillation after the cessation of yielding. The
results for the finest resolution are shown in Figure 3.
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Figure 3: The final configurations (at ¢ = 130us) for the higher resolution (n, = 23,506)
ring collapse example using the different SPH schemes. The units of the colourmap for the 7,
results are in Pa.

The particle configuration of the AV scheme shows a considerable amount of disorder and
the inner ring of particles have lost their circumferential symmetry. Therefore, according to the
criteria of [10] , the AV scheme fails this test. For this reason only the inner and outer radii
of the 7S schemes are compared with the exact solution; this is shown as a function of time
in Figure 4. The non-dimensional internal, kinetic and total energies for each of the schemes
are shown in Figure 5. The percentage change in total energy (at ¢ = 130us) for each of the
schemes is shown in Table 3. As the error in total energy in the 7S scheme is due only to
machine round-off, the error may be minimized by an appropriate choice of units.
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Figure 4: The inner and outer radii of the collapsing ring as a function of time using the 7S
scheme. The subscripts C' and F’ in the legend mean the coarse and fine resolution respectively.
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Figure 5: The non-dimensional internal (increasing), kinetic (decreasing) and total energies
using the 7'S and AV schemes for the collapsing ring case.

Scheme | % AEu, (n, = 8012) | % AEuy (n, = 23,506)

7S 15V O 3.04 x 1072 2.75 x 10711
7S 2" O 6.67 x 1074 2.09 x 1077
AV 1.12 x 1071 2.55 x 1074

Table 3: Percentage errors in total energy for the ring-collapse example using the different
schemes. Note that the results using only the AV and 7S schemes are shown as the PM scheme
was implemented in one-dimension only.

S APPLICATION

An impact of a steel projectile on a silicon carbide tile is simulated using the AV and first
and second-order 7S schemes in 2D plane strain. The steel is described using the Johnson-
Cook [13] constitutive model and the Mie-Griineisen EOS of the form in equation (37) and the
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silicon carbide uses the piece-wise linear JH1 ceramic-damage model [14] with a polynomial
EOS of the form (with bulking turned off)

P(p) = k1C + ko€ + k3P (39)

The Johnson-Cook flow-stress is purely phenomenological, includes terms to take account of
the competition between thermal softening and strain hardening and takes the form

€ T—-T,\"
wT)=(A+B(e")) |[1+Chn |2 1— | =—+ 40
i) = (a5 [ream(2)] [1-(72)]. @
where A, B, C', m and n are user-defined parameters and ¢, is the plastic strain, €, is the plastic
strain rate, €, is the reference strain rate, 7' is the current temperature, 7,,, is the melting tem-
perature and 7§ is the reference temperature (in degrees Kelvin).

In the JH1 ceramic damage model the yield surface of the material is based upon two piece-
wise linear curves; one represents the “intact” strength o; and one represents the “damaged”
strength o,;. The material damage is represented by a scalar variable D, where 0 < D < 1.
When D < 1 the strength is represented by the intact strength curve ;. A schematic of the
JH1 constitutive model is shown in Figure 6. When D = 1 the material instantly fails and the

Equivalent stress o

D=1

Pressure P

Figure 6: Schematic of JH1 constitutive model.

failed strength curve o, is followed. Note that when D = 1, the failure strength is only followed
for compressive stresses. A gradual softening of the material is allowed in the JH2 constitutive
equation [15], however it was found that some fundamental behaviours, such as interface dwell,
were not captured accurately with a gradually softening material model [16]. The scalar damage
variable D is allowed to increase monotonically as a function of the incremental plastic strain
Ag, and failure stain € through

D= —. 41)

r ¢

The failure strain itself is a linear function of the hydrostatic pressure and is obtained by the
interpolation of the line in Figure 7. In the case where P = T, the damage variable is set to

unity. The material parameters for the silicon carbide target and steel projectile are given in
Table 4.
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Failure strain e

Pmax

€f maz

/
T

Pressure P

Figure 7: Schematic of JH1 failure strain curve.

SiC EOS Parameter Value Steel EOS Parameter Value
0 3215 kg/m? 00 7903 kg/m?
k1 2.2 MBar S1 1.4933
ko 3.61 MBar Iy 2.2
]{73 0 Co 4.552 km/s
SiC JHI Parameter Value Steel JC Parameter Value
L 1.93 MBar W 74.8 GPa
Oin 7.1 GPa A 300.0 MPa
P 2.5 GPa B 1000.0 MPa
0i2 12.2 GPa C 0.07
b 10.0 GPa M 1.0
O fmaz 1.3 GPa N 0.65
cr 0.4 To 298°K
T —750.0 MPa T 1673°K
€ maz 0.8 Cp 440 J/Kg K
Pox 99.75 GPa X 0.9
C 0.009 — —

Table 4: Material parameters for the Johnson-Cook flow stress and Johnson-Holmquist ceramic
damage models, from [26].

It is important to note that, in the time-split integration scheme, because the dilatational and
deviatoric components are separate, a modification to the dilatational step must be made to re-
flect the failure model in the constitutive equation. In the case of either of the two interacting
particles possessing a damage variable of unity the first-order Godunov scheme is recovered;
no linear reconstruction or slope limiting is applied. The following algorithm is proposed for
use between each interaction pair: Algorithm 1 ensures that hydrostatic tension is not sustained
between damaged particles. It can be thought of as an extension to the limiting procedure in
light of the constitutive equation used and the time-splitting procedure which separates the di-
latational and deviatoric responses.

The projectile and target are rectangular and have dimensions of /, = 2 cm, w, = 1 cm and

ly = 3 cm, w; = 10 cm respectively. In total there are 51, 842 equally spaced particles in the
domain. The projectile impacts the target with a velocity of 800 m/s. The results (using the
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Algorithm 1 Modification to Riemann solution for instantaneous failure

> Both particles fully damaged

PR +— P, P, + PJ
VR < UZ-R, VL < UJR
PR < Pis PL < Pj
if P, < 0 then
P+ 0
end if
if P; < 0 then
P; <0
end if
Calculate B, v}
if P, <0 then
P <0
end if

elseif D; =1V D; = 1 then

Prp <« P, P, < PF;
UR<—UZ-R,UL<—UJR
PR = Pi> PL < Pj

No reconstruction

> Tension not allowed

> Tension not allowed

> Call Riemann solver
> No tension allowed

> One or more particle fully damaged

No reconstruction

if D; = 1 then > If particle : damaged
if P, < 0 then > Tension not allowed
P+ 0
end if
end if
if D; = 1 then > If particle j damaged
if P; < 0 then > Tension not allowed
Pj <0
end if
end if
Calculate P, v > Call Riemann solver
if P; < 0 then > No tension allowed
P <0
end if
else > Both particles undamaged
Calculate P, v}; > Call Riemann solver
end if

1t O TS, 2" O TS and AV schemes) of damage field after 5, 10 and 154 are shown in Figure 8.
It can be seen from Figure 8 that the damage fields using the first order and second-order 7'S
schemes are different to that using the AV scheme, however the second-order 7S scheme shows
the most similar damage field to the AV scheme. A region of spall is predicted near the back-
face of the target in each case. Figure 9 shows the x component of the velocity for the three
different schemes; it can be seen that the second-order 7'S scheme predicts the highest spall

velocity.
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TS 1%0 TS 2m0

5 1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0

()t = 1bus

Figure 8: The results of the steel-SiC impact simulation showing scalar damage field for the
three schemes at different instances. The steel projectile is shown in black.
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Figure 9: The results of the steel-SiC impact simulation showing z component of the velocity
field for the three schemes at different instances. The steel projectile is shown in black.
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6 CONCLUSIONS

An extension of the Godunov SPH method of Parshikov et al. [23] to second-order has been
described for materials with strength. The method relies on the decomposition of the Cauchy
stress tensor to its constituent hydrodynamic and deviatoric parts, which are then used within
a Lie-Trotter splitting algorithm to integrate the continuum equations sequentially in time. The
splitting procedure facilitates the second-order reconstruction of the left and right Riemann-
states, as only the longitudinal wave system needs to be solved. In the two-dimensional ring
collapse example, it is shown that, in contrast to the AV scheme, the TS schemes display less
particle disorder. This may have the advantageous side effect of enhancing the relative accu-
racy of the particle approximation of the gradient. The 7S scheme, however, inherits the kernel
instability intrinsic to the SPH method [29] (when using an Eulerian kernel [2]), as the same
particle approximation method is used to calculate the derivatives as in the standard AV scheme.
Further accuracy may be added to the spatial integration procedure by adopting a mixed kernel
and kernel gradient correction procedure [17, 18, 34]. An algorithm was proposed to incor-
porate, into the 7S scheme, a constitutive model based on continuum damage mechanics such
that the scheme could be used to simulate brittle materials. The 7S scheme is more computa-
tionally expensive than both the AV and PM schemes (the 2™ O scheme is approximately 2.5 x
more expensive than the AV scheme), however advances in massively parallel GPU computing
techniques may reduce this burden to the point where the 7'S scheme is practical [20, 36, 31, 6].
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