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Abstract. In this paper, a molecular mechanic based finite element model is employed to in-

vestigate the effects of Stone-Wales defects on mechanical properties of armchair and zigzag 

carbon nanotubes by considering large deformation and nonlinear geometric effects. Non-

linear characteristic of the covalent bonds are obtained by using the modified Morse potential 

and effects of the large deformation and geometric nonlinearities are considered by updating 

the atomistic coordinates of the original nanotube structure at each load step. The results 

show that the fractures of all types of carbon nanotubes are brittle, but armchair nanotubes 

are stiffer than zigzag nanotubes and these defects significantly affect the mechanical perfor-

mance of nanotubes. Fracture initiation and crack propagation direction issues are also stud-

ied. It is shown that the direction of crack propagation in armchair nanotube is in the 

maximum shear directions having an angle of ±45° along its circumference. Comparisons are 

made with the failure stress and strain results reported in literature that show good agree-

ment with our results. 
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1 INTRODUCTION 

Carbon nanotubes (CNTs) have been extensively studied since their discovery in 1991 by 
Iijima due to their extraordinary mechanical, electronic and thermal properties [1,2]. The mass 
production of perfect CNTs is very challenging and experimental observations show that 
some defects such as Stone-Wales (SW or 5-7-7-5) and vacancy defects commonly exist in 
CNTs. These defects may be induced due to mechanical strain or may emerge during the 
growth and purification processing [3] and directly affects the mechanical behavior of CNTs 
[4]. Hence, prediction of mechanical behavior of CNTs having defects is very important and 
useful in the design of materials having nanotube structures.  

Experimental measurements and computational simulations are commonly used to investi-
gate the failure behavior of CNTs. Yu et al. [5] experimentally measured the tensile strength 
and failure strain of multi-walled carbon nanotubes (MWCNTs) and found 11–63 GPa for the 
failure strengths and 10–13% for the failure strains. These strain and stress values are signifi-
cantly smaller than the computational simulation results in literature and these differences can 
be explained by the presence of defects and some slippage in the attachments which may oc-
cur at high-strain cases [6]. Quantum mechanics (QM), molecular dynamics (MD) and mo-
lecular mechanic (MM) simulations are widely used to determine the effects of SW defects on 
the mechanical properties of CNTs in literature [7-13]. Troya et al. [7] used QM methods and 
observed that SW defects cause a reduction in failure stress such as the reduction of (5,5) tube 
containing an aggregation of five SW defects range from 6.3% to 53.5%. Chandra et al. [8] 
studied the local elastic properties of CNTs in the presence of SW defects and observed the 
stiffness due to defects is reduced by about 30-50 % depending on chirality, tube diameters 
and loading conditions. Mielke et al. [9] used QM and MD methods and predicted that the 
presence of SW defects obviously reduce the fracture stress and strain values of CNTs. Be-
lytschko et al. [10] investigated the fracture behavior of defected and non-defected CNTs and 
reported that the fracture is almost independent from the dissociation energy and depends 
primarily on the inflection point of the interatomic potential. The brittle fracture is observed 
and crack grow direction is found in the direction of maximum shear for a SW defected 
(40,40) armchair nanotube in [10]. Tserpes et al. [11] proposed an atomistic-based progressive 
fracture model and investigated the SW defects on fracture of SWCNTs by using commercial 
FE software. The reduction in failure stress and strain predicted ranging from 18 to 25 % and 
30 to 41 %, respectively in [11]. Xiao et al. [12] developed an atomistic based finite bond el-
ement model for the prediction of fracture behavior SWCNTs and the reduction in failure 
stress is predicted ranging from 12 to 32 % in the presence of SW defects. Xiao et al. [13] also 
studied the tensile behaviors of carbon nanotubes with multiple Stone-Wales defects. We in-
vestigated nonlinear fracture behavior of vacancy and SW defected single layer graphene 
sheets (SLGSs) in [14] and developed coupled molecular/continuum mechanical model for 
SLGSs to enable solving large scale static and fracture problems of SLGSs [15]. 

In this paper, a molecular mechanic based finite element models are developed to investi-
gate the effects of SW defects in mechanical properties of armchair and zigzag carbon nano-
tubes. Although progressive fractures of SLCNTs are studied earlier, they are obtained 
without consideration of geometric nonlinear effects. However, the fracture occurs at relative-
ly large strain values; hence, large deformation effects and geometric nonlinearities have to be 
considered. The effects of large deformation and geometric nonlinearities are considered by 
using the modified Morse potential and updating the atomistic coordinates of the original 
nanotube structure at each load step. The results show that the fractures of all types of carbon 
nanotubes are brittle and SW defects negatively affect the mechanical performance of the 
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nanotubes. Comparisons are made with the failure stress and strain results reported in litera-
ture which show parallelism with our results. 

2 NONLINEAR PROGRESSIVE FRACTURE MODEL OF SWCNTs 

2.1 FE formulation of the covalent bonds 

When CNTs are subjected to external forces, positions of the atomic nuclei are controlled 
by the covalent bonds between the C-C atoms. Hence, the deformation pattern of CNTs is 
very similar to the deformation of frame structures. To this end, C-C bond behavior is simu-
lated by using the Euler-Bernoulli (EB) beam element formulation [16]. The EB beam ele-
ment parameters are obtained by using harmonic expressions for potential energy terms [17, 
18]. The non-linear characteristics of EB beam elements are obtained by using the modified 
Morse potential. We coded our own SWCNT FE models by using Matlab® and large defor-
mation and nonlinear geometric effects are taken into account. At each load step, initial dis-
placement is applied incrementally on SWCNTs and atomistic coordinates of the original 
SWCNT structures are updated. According to the modified Morse potential, the potential en-
ergy can be expressed as  
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where rU  is the bond energy due to bond stretching, θU  is the bond energy due to angle 

bending, and r and θ are respectively the current bond length and current angle between the 
adjacent bonds. Values of the parameters in the modified Morse potential functions are taken 
the same as those in [10]. The stretch force and angle-variation moment can be obtained by 
differentiation of Equations (2) - (3) as follows 
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Figure 1: Force-strain curve of the modified Morse potential. 
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Belytschko et al. [10] reported that the bond angle-bending potential ( θU ) does not con-

tribute to the stretching energy ( rU ) and it has little effect on fracture behavior of CNTs. 

Hence, extra moment effect originating from Equation (5) is neglected. The cut-off distance 
value of 0.169 nm that corresponds to the inflection point at approximate strain value of 19 % 
in the modified Morse potential is employed (Figure 1). After the inflection point, the shape 
of the potential function is not important since material damage occurs [10].  

2.2 FE models of SWCNTs 

Geometries of different types of defect-free armchair and zigzag nanotube models are con-
structed by using a Matlab code. Two different types of SWCNTs are considered in the simu-
lations such as (12, 12) armchair and (20, 0) zigzag nanotubes. Sufficiently long SWCNTs are 
used in simulations to prevent the end effects originating from boundary conditions and SW 
defects are located in the center of the SWCNTs.  When CNTs are subjected to tension load-
ings, CNTs release its excess tension via formation of topological defects at critical tension 
value. The SW defect is a topological defect and involves the 90° rotation of a carbon bond 
about its center and is originally presented as the “SW transformation” [19]. Finally, four 
hexagons transform into two pentagons and two heptagons. Figure 2 shows schematically the 
SW formation in the undeformed hexagonal lattice. 

 
Figure 2: SW defects generated by rationing the C-C bond. 

Nardelli et al. [20, 21] showed that defect nucleation in armchair CNTs under transverse 
tension occurs via SW transformation at critical tensile strain of 5% in CNTs.  In addition, 
Zhang et al. [22] found that this transformation occurs at critical tensile strain of 6% for arm-
chair CNTs and 12% for zigzag CNTs. In this study, strain barrier of 6 % for the armchair and 
12 % for the zigzag SWCNTs are considered for the formation of the SW defects. Tserpes et 
al. [11] used a combination of the stress-strain curve of defect-free and SW-defected CNTs to 
simulate fracture behavior of SWCNTs. It is assumed in [11] that SWCNT dimensions remain 
unchanged after the formation of SW defects. Hence, deformation around the defect nuclea-
tion region is neglected in [11]. However, after the SW transformation, new configurations of 
the bonds affect the locations of neighboring atoms which change their locations into new 
lesser potential energy configurations. On the other hand, Xiao et al. [12, 13] proposed an in-
teraction based mechanics approach to simulate the deformations caused by the formation of 
SW defects. In our study, to simulate the SW transformation, we started the simulations with 
defect-free SWCNTs similar to the [11]; then, SW transformation occurs and the configura-
tions of bonds are changed at the defect formation strain; finally, initial pre-strain is applied to 
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obtain minimized energy configurations of atoms and the simulation is continued until cata-
strophic failure of the SWCNTs takes place. 

3 COMPUTATIONAL RESULTS  

All fracture computations of the MM model are completed by using a computer code de-
veloped in MATLAB environment. Described by the modified Morse potential, the non-linear 
behavior of bonds is represented by EB beam elements and an incremental procedure is fol-
lowed similar to [11] to apply the loading. Initial secant modulus of beam elements (i.e., 6.93 
TPa) is obtained through the stress-strain curve of the C-C bond according to the modified 
Morse potential [14, 15]. In the simulations, all the nodes at one end of SWCNTs are con-
strained, while the nodes at the other end are subjected to an incremental displacement. The 
secant modulus and nodal coordinates of each element of the original SWCNT structure is 
updated at each load step. The secant modulus of each element in the tube structure is set to 

)/( εAF   at each load step, where A is the cross sectional area of the element, ε axial strain of 

the each element, and the interatomic force F is calculated by Equation (4). When the axial 
strain of a bond reaches to 19 % strain, its stiffness matrix is multiplied by a very small num-

ber to simulate the bond break. The strain of SWCNTs is calculated by 00 /)(
sss

LLLL −=ε  

where Ls0 is the initial (equilibrium) length and Ls is the current length of the tube. The stress 
is calculated by )/(g dtF πσ =  where Fg is the corresponding applied tensile force computed by 

the summation of the longitudinal reaction forces of the constrained nodes, d is the diameter 
of tube and t is the thickness of tube. In all calculations, 0.34 nm thickness in [10] is used for 
SWCNTs.  

 
Figure 3: Stress-strain curves of defect-free and SW defected (12,12) and (20,0) SWCNTs under uniaxial 

load. 

Figure 3 shows the calculated stress-strain relationships for defect-free and SW defected 
armchair (12,12) and zigzag (20,0) SWCNTs without nonlinear geometric effects. As can be 
seen from Figure 2, the predicted fracture stress and strain values reduce by the presence of 
SW defects in the structure as expected. As can be seen in Figure 3, the stress- strain curve 
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exhibits a sudden drop when the stress reaches to the fracture stress, so the fracture is consid-
ered to be brittle which are also reported in several studies in literature [5, 10, 12].  

Study Chirality  Defect ε (%) σ(GPa) 

Present work 12,12 defect-free 21.1 122.8 

Present work 12,12 SW 8.58 80.4 

Present work 20,0 defect-free 15.9 94.7 

Present work 20,0 SW 13.34 93.3 

Tserpes et al. [11] 12,12 defect-free 19.61 121.86 

Tserpes et al. [11] 12,12 SW 11.96 100 

Tserpes et al. [11] 20,0 defect-free 15.75 97.68 

Tserpes et al. [11] 20,0 SW 15.75 97.68 

Xiao et al. [12] 12,12 defect-free 23.1 126.2 

Xiao et al. [12] 12,12 SW 9.8 85.9 

Xiao et al. [12] 20,0 defect-free 15.6 94.5 

Xiao et al. [12] 20,0 SW 11.0 83.3 

Table 1: Predicted failure strain (εf)  and stress (σf) values of SWCNTs. 

Table 1 shows the predicted failure strain and stress values of the SWCNTs along with re-
sults in literature. It is observed in Table 1 that calculated strain and stress values lie in the 
same range with the results reported in literature. The predicted fracture stress and strain val-
ues of armchair nanotube reduced about 34.5% and 59.3% by the presence of SW defect, re-
spectively. On the other hand, the predicted fracture stress and strain values of zigzag 
nanotube reduced about 1.5% and 16.1% by the presence of SW defect, respectively. The SW 
defects resulted in much more reduction in fracture stress and strain values of the armchair 
SWCNTs than zigzag ones as bond rearrangement causes stress concentration in vertical 
bonds and early bond fracture occurs.  

 
Figure 4: Stress-strain curves of SW defected nanotubes with non-linear geometric effect. 

As can be seen in Table 1, Tserpes et al. [11] predicted  that fracture stress and strain val-
ues of (12,12) armchair SWCNT reduced about 18% and 39%, respectively by the presence of 
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SW defect, and fracture stress and strain values of defected (20,0) zigzag SWCNT is the same 
as the zigzag ones. Xiao et al. [12] calculated reduction of fracture stress and strain values of 
(12,12) armchair SWCNT by the presence of SW defect and found about 32% and 58%  for 
armchair SWCNT and about 12% and 29% for zigzag SWCNT, respectively. In addition, it 
should be noted that these strain and stress values are significantly smaller than the experi-
mental results in [5] (i.e., range of 11–63 GPa for the failure strengths and 10–13% for the 
failure strains); these differences can be explained by the presence of defects and some slip-
page at the attachments which may occur at high-strain cases [6].  The fracture in SWCNTs 
occurs at relatively large strain values; therefore, we also investigated the effects of geometric 
nonlinearities on fracture behavior of SW defected SWCNTs. Figure 4 shows the stress-strain 
curves of SW defected SWCNTs with non-linear geometric effect. The predicted fracture 
stress and strain values of SW defected armchair SWCNTs reduced about 10.9% and 5.7% 
considering non-linear geometric effect, respectively. On the other hand, the predicted frac-
ture stress and strain values of SW defected zigzag SWCNTs reduced about 10.3% and 3.5% 
considering non-linear geometric effects, respectively.  

Our proposed approach is able to give the correct prediction of fracture initiation and post 
failure behavior of SWCNTs. However, modified Morse potential function is not capable of 
describing the behavior of SWCNTs after the covalent bonds are broken where the reconfigu-
ration of bonds and structural transformations may occur. Figure 5 shows the crack evolution 
of the SW-defected armchair and zigzag SWCNTs via elimination of broken C-C bonds based 
on the cut-of distance failure criterion. As can be seen in Figure 5a, the fracture initiated from 
the vertical bond which connects the two pentagons and continued diagonal crack paths. Then, 
the crack propagates around the SWCNT in the ±45° direction along its circumference. Simi-
lar fracture patterns are also observed in literature [10, 11, 12].  As can be seen in Figure 5b, 
the fracture initiated from the vertical bonds of the upper heptagon which is shown in dark 
colour in Figure 5b and propagated circumferentially in the same row. The same crack propa-
gation characteristic has also been observed in literature [11]. 

 

Figure 5: Fracture initiation and propagation directions of the SW- defected SWCNTs; (a) armchair,              
(b) zigzag SWCNTs. 
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4 CONCLUSIONS  

In this paper, a MM based FE model is developed to predict the effects of Stone-Wales de-
fects on mechanical properties of SWCNTs. The proposed approach includes large defor-
mation and nonlinear geometric effects. Euler-Bernoulli beam elements are used to represent 
C-C bonds and non-linear characteristic of the beam elements are obtained by using the modi-
fied Morse potential. The results show that the fractures of all types of carbon nanotubes are 
brittle and the SW defects resulted in much more reduction in fracture stress and strain values 
of the armchair SWCNTs than zigzag ones. Fracture initiation and crack propagation direction 
issues are also studied. It is shown that crack propagation direction of armchair SWCNT is in 
maximum shear directions having an angle of ±45° along its circumference, and the fracture 
initiated from the vertical bonds of the upper heptagon and propagated circumferentially in 
the same row in case of zigzag SWCNTs. Comparisons are made with the failure stress and 
strain results reported in literature that show well agreement with our results. 
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