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Abstract. In the last two decades, mechanical nonlinear vibration absorbers have been thor-
oughly investigated, in particular the nonlinear energy sink (NES). The NES has a variable
natural frequency enabled by its nonlinear stiffness, typically a cubic hardening stiffness. This
variable natural frequency increases the NES’ bandwidth compared to linear alternatives and
allows the NES to efficiently damp multi-frequency vibrations. Under transient conditions, res-
onance capture cascade (RCC) occurs, where several eigenfrequencies of a structure are sequen-
tially dissipated from high to low frequency by the NES. Concurrent to the NES, piezoelectric
vibration damping has also been actively researched, mainly focussing on linear techniques.
In this work, it will be investigated numerically if RCC is possible in a nonlinear piezoelec-
tric shunt. For this, piezoelectrical patches are bonded to a double frame structure that has two
dominant eigenfrequencies. The investigated nonlinearity is a cubic voltage source proportional
to the voltage over the piezoelectric patch’s electrodes. This paper presents the theory and nu-
merical evidence of RCC for the proposed circuit. As a perspective, the mechanical system and
shunt from the numerical simulation are a proposal for a future proof of concept.
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1 INTRODUCTION

To reduce high levels of undesirable vibrations in a mechanical structure, a linear spring-
mass-damper system called a tuned-mass-damper (TMD) can be attached to the vibrating structure[1].
By designing the TMD’s natural frequency to the frequency of vibration in the main structure,
an efficient energy transfer is possible resulting in a high reduction of vibration. However,
if the frequency of vibrations shifts or if the main structure vibrates with several frequencies
at the same time, the performance of the TMD quickly deteriorates. To address these issues,
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a vibration absorber with nonlinear forces, the nonlinear energy sink (NES), has been pro-
posed [2]. The NES has a nonlinear hardening restoring force that implies a variable natural
frequency, while the TMD has a fixed natural frequency. This enables a self-tuning property
where the NES’s natural frequency changes to match the vibrations of the main structure. If
the main structure vibrates with more than one frequency induced by impulsive loads, the NES
will self-tune towards the higher frequency first. When this mode is sufficiently reduced, the
NES self-tunes itself to the second-to-highest frequency, and so on. This sequential self-tuning
to vibration frequencies from high to low is called resonance capture cascade (RCC) [3, 4, 5].
Besides mechanical vibration control devices, mechanical vibrations can also be transferred
and dissipated to the electrical domain through piezoelectrical transducers [6]. On the electrical
side, a linear resonant shunt is typically used, with a tuning methodology similar to the mechan-
ical TMDs [7]. Linear shunt circuits have the same drawbacks as linear TMDs. Piezoelectrical
NESs have been proposed in [8] with a hardening charge-voltage relationship, which requires
an enormous electric gain that leads to practical issues in the electronic circuit. To solve this
issue, the nonlinear component in the shunt that will be used here depends on the piezoelectric
voltage that is measured over the electrodes of the piezoelectric material. Such a component
was first proposed in [9], which quadratically depends on the piezoelectric voltage, and later,
where a cubic-hardening relation was used [10]. In particular, the existence of resonance cap-
ture cascade is investigated for this particular type of circuit. The paper is structured as follows:
in the next section, the equations of motion are presented under impulsive load. Then, in sec-
tion 3 harmonic balancing is applied to solve the nonlinear differential equations which yield
a slow invariant manifold. A numerical example is presented in section 4 which validates the
previously obtained slow invariant manifold. Finally, the conclusions are stated.

2 SYSTEM DESCRIPTION

The system under consideration is a linear mechanical system fitted with a piezoelectric
patch (Figure 1), and is described by the following equations of motion:

q̈i + 2ζiω̂iq̇i + ω̂2
i q +

θi
mi

V = 0 for i ∈ [1,2, . . . n ],

CpV −Q−
n∑

r=1

θrqr = 0

V + LQ̈+RQ̇+ Vnl = 0

(1)

where the qi are the modal displacements of the mechanical structure, ω̂i the i’th short circuit
eigenfrequency, Q, V , Cp are the charge, the voltage and capacitance at the piezoelectric ma-
terial’s (PEM) electrodes, respectively, mi, ζi and θi are the modal mass, the modal damping
and the modal electromechanical coupling factor, respectively and L, R and Vnl are the shunt
circuit’s inductance, resistance and nonlinear component. The considered nonlinear component
is proportional to the piezoelectric voltage cubed, Vnl = βcV

3. Introducing a change of vari-
ables q̄i =

√
miqi, Q̄ =

√
LQ and V̄ = V/

√
L, then inserting the second equation in the third

120



Kevin Dekemele, Christophe Giraud-Audine and Olivier Thomas

with ki the dimensionless modal electromechanical coupling factor, ωe is the electrical eigen-
frequency, ri the ratio of the electrical and mechanical natural frequencies and ζe the electrical
damping ratio.
In order to obtain the required inductor and nonlinearity, these impedances will be synthesized
with active opamp circuits, as shown on Figure 2. The details of this circuit are found in [10].

Elastic structure

PEPE

L R

Vnl

Q

V

w(x, y, z, t)

Figure 1: An elastic mechanical system with piezoelectric material (PE) that has a nonlinear
shunt.

equation of (1) in order to describe the equations only in the dynamic variables V̄ and q̄i yields:

¨̄qi + 2ζiω̂i ˙̄qi + ω̂2
i q̄ +

ki
ri
V̄ = 0 for i ∈ [1,2, . . . n ],

¨̄V − ωe

n∑
r=1

ωrkr ¨̄q + 2ζeωe

(
˙̄V − ωe

n∑
r=1

ωrkr ˙̄q

)
+ ω2

e V̄ + γω2
e V̄

3 = 0

(2)

where

k2
i =

ω2
i − ω̂2

i

ω2
i

=
θ2i

ω2
iCpmi

, ω2
e =

1

CpL
, ri =

ωe

ωi

, γ = βcL, ζe =
R

2

√
Cp

L
(3)

3 HARMONIC BALANCING AND SLOW INVARIANT MANIFOLD

The next steps in the procedure is to apply harmonic balancing in the modal eigenfrequencies
of the mechanical system. To facilitate this, the following complex variables of Manevitch[11]
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Figure 2: Circuit with synthetic inductor (left) and cubic voltage obtained from the multiplier
circuit.

are defined:
2Ai(t)e

jωit = q̄i − j ˙̄qi/ωi 2Bi(t)e
jωit = V̄i − j ˙̄Vi/ωi (4)

where the original variables are then substituted by:

q̄i = Ai(t)e
jωit + A∗

i (t)e
9jωit ˙̄qi = jωiAi(t)e

jωit 9 jωiA
∗
i (t)e

9jωit

for i = 1, ..., n

V̄ =
n∑

r=1

Br(t)e
jωrt +B∗

r (t)e
9jωrt︸ ︷︷ ︸

Vr

˙̄V =
n∑

r=1

jωrBr(t)e
jωrt − jωrB

∗
r (t)e

9jωrt︸ ︷︷ ︸
˙̄Vi

(5)

where ∗ stands for complex conjugate and V̄r is the contribution of mode r to V̄ . Deriving (4)
w.r.t. time yields, after some steps [12]:

q̈i + ω2
i qi = j2ωiȦie

jωit

¨̄Vi + ω2
i V̄ = j2ωiḂie

jωit.
(6)

The second derivative of the piezoelectric voltage is ¨̄V =
∑n

r=1
¨̄Vr. Substituting (5) and (6) into

(2) and results gives:

j2ωiḂi − ω2
i (1− r2i )Bi + j2ζeωeωiBi + γω2

e

(
−3B2

iB
∗
i + 6Bi

n∑
r=1

BrB
∗
r

)
− kiωeωi

(
j2ωiȦi − ω2

iA+ j2ζeωiωekiA
)
= 0

(7)
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Applying a multiple time scales procedure to (7) allows to consider the slow dynamics. In the
end, the procedure, detailed in [4, 12], results in an omission of the time derivatives. Finally, the
complex variables are written in polar form, Ai =

ai
2
ejαi and Bi =

bi
2
ejβi and a 2n-dimensional

slow invariant manifold (SIM) is found:

a2iω
4
i r

2
i k

2
i

(
4ζ2e r

2
i + 1

)
=

(2ζeri)
2 +

[
(1− r2i ) + r2i γ

(
3

4
b2i −

3

2

n∑
r=1

b2r

)]2 b2i

for i ∈ [1,2, . . . n ],

(8)

This SIM reveals an interaction between modes, more specifically, ai not only depends on bi
but also bj , j ̸= i. This modal interaction is not present in linear systems.

4 EXAMPLE SYSTEM

A numerical simulation will now prove the existence of RCC for the particular nonlinear
circuit investigated here. The corresponding SIMs obtained from (8) are compared to the nu-
merical simulations. To obtain two vibration modes, two frames with tip mass are connected
together with a spring. Figure 3 is a scheme of this structure. The deflection of the beams
wj(y, t) is an assumed mode according to the static deflection:

wj(y, t) = ϕ(yj)r(t) =
1

2

(
3

(
yj
Lb

)2

−
(
yj
Lb

)3
)
r(t) (9)

Where j = 1, 2 stand for left and right beam, respectively. The tip displacements are x1(t) =
w1(Lb, t) and x2(t) = w2(Lb, t). The equivalent mass and stiffness associated with the assumed
mode is computed as follows, when assuming an Euler beam:

mj,eq = ρbA

∫ Lb

0

ϕ2(yj)dy + 2 · ρphpbp

∫ L2

L1

ϕ2(yj)dy

kj,eq = YbIb

∫ Lb

0

(
∂2ϕ(yj)

∂y2j

)2

dy

(10)

This quasi-static approach allows the beams to be regarded as a spring and mass. Here, the tip
mass is chosen to the be equal to the beam’s total mass (mbj = mj,eq) and the connecting spring
is equal to kj . The dimensions and parameters on Table 1 allow to compute the coefficients of
the equations of motion in rj(t), with the complete procedure found in [13]. Through modal
decomposition of r1(t) and r2(t), (1) will be obtained. The modal parameters and the initial
conditions for unity-mass eigenvectors are presented in Table 1 on the right, together with the
nonlinear shunt under consideration. To simulate the an impulsive load on the system, the first
tip mass is given an initial velocity s.t. ṙ1(0) = 0.1 m/s with the results shown in Figure 4 .
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mb1
kb1

mb2

R

L

Vnl

Figure 3: An elastic mechanical system with piezoelectric material (PE) that has a nonlinear
shunt.

The tip mass vibrations in Figure 4a decays over about 2 seconds, where first the higher
frequency is damped and then the lower frequency. This is more clear when observing the
envelopes of the modes a1 and a2 in Figure 4c, where first a2 is damped and then a1. The
electrode’s voltage in Figure 4b and its corresponding wavelet transform, Figure 4d, shows the
resonance capture cascade, i.e. the sequential transfer of vibration modes. The 4-dimensional
SIM is compared to this simulation. In Figure 4e, the 4-dimensional SIM is projected on the
a1 − b1 phase plane, for a2 = 5.3 · 10−5 and a2 = 0. Figure 4f is the SIM projected on the
a2 − b2 phase plane for a1 = 8.1 · 10−5 and a1 = 0. The time simulations are also plot on these
phase planes. The mechanism behind RCC is elucidated by the SIMS. For the non-zero a2, the
b1 is small in the a1 − b1 plane , which explains the very slow decay of a1 initially. as there is
very little activity for this mode in the damping circuit. On the other SIM, b2 remains large for
nonzero a1, and even the inefficient left part of the SIM is pushed down. This explains why a2
is damped first. Once a2 is sufficiently damped, the a1 − b1 SIM shifts to the right, increasing
b1 and initiating the efficient decay of a1.

5 CONCLUSIONS

In this paper, the capabilities of a nonlinear shunt for resonance capture cascade (RCC)
was investigated. The shunt had a cubic nonlinearity of the voltage over the electrodes of the
piezo. By applying harmonic balancing, a multidimensional SIM was found that describes the
relation between the vibration modes. The SIM hinted that vibration modes could interact with
each other through the nonlinearity. Under shock load, this interaction led to RCC, where the
vibrations in the main structure are damped sequentially per mode, in the order from high to
low frequency. As a perspective, this will be experimentally tested on a vibrating frame having
2 vibration modes. The nonlinear shunt can be realized through multiplier circuits.
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Simulation of system in Figure 3, (a) first beam tip displacement x1, (b) the voltage
over the piezoelectric material’s electrodes, (c) the envelope of the vibration modes, (d) the
wavelet transform of the voltage of (b), (e) a1 − b1 phase plot and (f) a2 − b2 phase plot.7
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Beam
Lb [mm] Length 166
bb [mm] Width 35
hb [mm] Thickness 0.2
Yb [GPa] Young’s Modulus 72
ρb [kg/m3] Mass Density 2800
PE Mech.
Lp [mm] Length 50
bp [mm] Width 30
hp [mm] Thickness 0.02
Y E
1 [GPa] Young’s Modulus 62.2

ρp [kg/m3] Mass Density 7800
PE Elec.
ϵT [nF/m] Dielectric const. 1750
d31 [pC/N] PE charge const. -180

PEMS
ω1,2 [rad/s] 175.1, 288.7
ˆω1,2 [rad/s] 176.87, 289.9
θ1,2 [N/V] 0.0111, 0.0121
Cp [nF] 202
k1,2 [-] 0.141, 0.094
r1,2 [-] 0.951, 0.5774
ζ1,2 [-] 0, 0

q̇1,2(0) [m/s] -0.0142, -0.0154
Nonlinear shunt

L [H] 178
R [Ω] 3430

βc [1/V2] 0.02

Table 1: Material constants for numerical simulations (left) and modal parameters and shunt
parameters (right).
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