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Abstract. Vibrations in structures can be reduced by coupling to a piezoelectric electrical
network that exhibits analogous modal properties of the structure. This paper considers the
multimodal vibration damping of a thin circular ring using this method. The electrical net-
work is derived by applying a finite difference model to the governing equations of motion for
a segment of a thin curved beam and applying an electromechanical analogy to the physical
constants. The resulting discrete network for a curved beam segment can be assembled into a
complete network for a circular ring. The electrical network for a circular ring displays modal
properties similar to its mechanical analogue in both the spatial and frequency domains. Numer-
ical simulation demonstrates the effectiveness and robustness of the broadband damping effects
from the analogous network.

1 INTRODUCTION

Analogous electrical networks of mechanical structures implemented with passive components
were originally theorised and developed in the 1940s by MacNeal [1] for computational purposes
of determining the structural responses in beams [2], plates [3], stiffened shells [4], and even
entire aerospace structures [5]. Eventually, analogous electrical networks of mechanical struc-
tures were separately theorized and developed specifically for the purposes of vibration control,
which had demonstrated the most optimal electromechanical coupling [6], [7]. These analogous
networks were theorized for beams [8] as well as thin plates [9], [10], yet were never experimen-
tally validated due to the complexity of the circuit architecture. Attempts of using synthetic
components with operational amplifiers have been proposed in building the analogue of a beam
[11], but as with active components, run into stability issues [12].
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The electrical networks were redesigned and simplified [13], [14] by applying a finite difference
scheme to the classical mechanical equations of motion, which reduced the number of components
required to assemble. Further experimental validation using this method was confirmed for
rods [15], beams [13], plates [14], and most recently curved beams [16]. The networks were
tested through experimental modal analysis to observe the electrical structure-like mode shapes.
As a result of the matching mode shapes between the electrical and mechanical domain, the
network acts as a vibration absorber at every point on the structure rather than the discrete
point absorber of a distributed piezoelectric transducer network. Coarse arrays of piezoelectric
transducers, altered boundary conditions, and local defects were introduced to the structure,
yet the analogous network still produced effective multimodal damping.

In this study, we extend the study of vibration damping by an analogous electrical network
to thin circular rings. The electrical network is derived by applying a finite difference model
to the governing equations of motion for a segment of a thin curved beam and applying an
electromechanical analogy to the physical constants as well as the internal forces and moments.
The resulting discrete network unit cell for a curved beam segment can be assembled into a
complete network for a circular ring by forming a loop between the first and last unit cells. An
inextensional neutral axis assumption is applied to the equations of motions of the curved beam
network in order to simplify the topology of the electrical network. The electrical network for
a circular ring displays modal properties similar to its mechanical analogue in both the spatial
and frequency domain. By increasing the number of discrete unit cells in the network, it is
theoretically possible to replicate the entire frequency spectrum of the ring in the electrical
domain. The ring and the electrical network are coupled using piezoelectric patches, which act
as capacitive elements in the network. Numerical simulations of a ring coupled to the analogous
network using optimal dissipative components demonstrate the validity and effectiveness of the
theory.

2 ELECTRICAL ANALOGUE OF A CURVED BEAM
2.1 Extensional equations of motion

The equations of motion for an extensional thin curved beam of density p, cross sectional
area S, and radius of curvature R, is modelled using the same assumptions as the Euler-Bernoulli
beam theory [17]. After summing the internal moments and forces of an infinitesimal segment
of a curved beam, the governing equations of motions are given by:

2 2
87N+Q:pgﬂ7 @_g:pgaiwj (1)
ds R ot? ds R ot?
where N is the normal force in the beam and @) is the shear force in the beam. The term
w is the displacement in the transverse direction, denoted by the coordinate z, and the term
v is the displacement in the circumferential direction, denoted by the coordinate s. Following
Fuler-Bernoulli beam theory, the shear force can be related to the bending moment M. Shear
deformations can also be treated as negligible, so the slope of the beam @ is directly related to
the displacements. Furthermore, the normal force N and the bending moment M can also be
related to the displacements. With all of these assumptions, the internal forces, moments, and

kinematic relationships can be rewritten as first order state equations given by:
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where F is the Young’s modulus and [ is the second moment of area.

2.2 Inextensional equations of motion and network simplifications

For in-plane vibrations of thin circular beams or rings, the theory of inextension can ade-
quately determine properties of the structure vibrating at low frequencies, as derived by Lang
[18]. The inextensional equations of a thin curved beam assume that the extension of the neutral
axis of the ring is negligible compared to the bending deformation. The assumption relates the
radial displacement and the tangential slope as w = —R%, which reduces the normal force N
in 2 to 0, leaving the first order equations:

oM 00 ow v
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ds’ ds’ ds R )

Applying a finite difference scheme and an electromechanical analogy to the equations of
motion [16], the discretized set of analogous electrical equations can be given as:
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where @ refers to the length of the unit cell in the finite difference scheme. The inductance L
is the electrical analogue of the mass of the unit cell, which replaces the mechanical term pSa.
Likewise, the capacitance Cy is the electrical analogue of the stiffness in the unit cell, replacing
the mechanical term a/E1.

The network may be further simplified by considering that when assembled, the edge trans-
formers may be combined to form a single transformer with twice the transformer ratio [15].
Furthermore, the two L/2 inductors can be combined into a single L inductor. Although com-
bining the inductors is not analytically equivalent, it is a good approximation with enough unit
cells. The resulting simplified network is shown in Figure 1.

2.3 Spatial and frequency coherence

In order to ensure that the electrical modes correspond to the same mechanical modes,
spatial and frequency conditions must be applied to determine the correct electrical constants.
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Figure 1: Simplified electrical unit cell.

Spatial coherence refers to the likeness of the physical shapes of the mechanical modes to the
physical shapes of the electrical modes. This not only includes ensuring adequate discretization
so that the desired mode shapes may be accurately represented, but also account for the correct
mechanical boundary conditions in the electrical domain. Without enough unit cells of the
electrical network, spatial modes may be aliased and not representative of the actual mode
shape of the ring. Spatial coherence can be assured by adhering to the criteria previously
described in [15] as

Nelement
Telement ), 5
Nmaz o ( )

which says that the number of elements in the structure (nejement) has to be ten times or greater
than the maximum number of wavelengths (Ny,4.) in the frequency range.

Frequency coherence ensures that the natural frequencies for the electrical network matches
the natural frequencies of the mechanical ring which means that the two domains have similar
wave propagation properties. Although applying a strict electromechanical analogy between the
two domains is a possibility of ensuring frequency coherence, it is not necessary or ideal as it
constrains the degree of freedom in network tuning. Instead, the frequency coherence is derived
by equating the mechanical and electrical transfer matrices as shown by Darleux [16]. For the
frequency coherence of a curved beam element, the conditions are given as:
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Figure 2: Mechanical bending mode shapes of a circular ring
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3 NUMERICAL ANALYSIS
3.1 Electrical network validation

The first 3 in-plane circumferential bending modes are simulated for an aluminum ring with
free boundary conditions of radius R = 200 mm, width b = 40 mm, and thickness hy = 5
mm. The ring is formed from a sheet of aluminum 6061 with Poisson’s ratio of 0.33, Young’s
Modulus of 69 GPa, and density of 2700 kg/m3. The circumferential mechanical bending modes
are shown in Figure 2. Also note that for circular structures, there are pairs of mode at each
frequency.

The simplified electrical network is tested using a unit cell count of n = 100. Since the
electrical network is only representative of the circumferential bending equations, any out-of-
plane twist-bending modes are not reflected in the electrical eigenvalues. For large number of
unit cells, the convergence of the network is very close to the mechanical modes. The resulting
eigenvalues are shown in Table 1. The electrical eigenvalues are within 2% of the corresponding
mechanical eigenvalues. The correlation at higher modes drifts apart due to the finite difference
approximation and finite number of unit cells. At higher unit cell counts, it is possible to improve
the correlation at higher modes.

Table 1: Comparison of the natural frequencies of the electrical network to the mechanical
natural frequencies for n = 100 unit cells. The percent difference between the two modes are
shown in parentheses.

Mechanical Ring | Electrical Simplified Network
78.19 Hz 77.51 Hz (1.09%)
221.29 Hz 218.89 Hz (1.34%)
424.65 Hz 418.74 Hz (1.68%)

From the numerical simulations, it is possible to extract the electrical currents across each
inductor on the w line to construct a spatial representation of the electrical mode shapes, as
shown in Figure 3. Through the direct electromechanical analogy, the current through each
inductor is equivalent to the transverse velocity of the ring at each discrete segment. Like the
modes of the mechanical ring, each natural frequency has a pair of modes. Comparing the
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spatial visualization of the electrical mode shapes to the circumferential mechanical bending
modes shown in Figure 3, we can confirm good spatial and frequency coherence between the two
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Figure 3: Spatial visualization of the electrical mode shapes for a network of 100 unit cells.

To validate the network frequency response, an equivalent voltage excitation must be placed in
the unit cell to simulate the mechanical excitation between unit cells in the ring. The equivalent
voltage excitation should be placed on the transverse vibration voltage line, V,,. To avoid
introducing an unwanted ground in the network direct voltage excitation is avoided. Instead,
a 1:1 transformer is used as a buffer between the voltage source and the rest of the network in
order to maintain the circuit topology and measure the correct frequency response.

In the electrical network, the measurement point is the voltage across the inductor of the
unit cell where the excitation voltage is applied. This measurement is equivalent to the direct
drive measurement in a mechanical structure, where the acceleration of the point is measured
where the excitation force is applied. Figure 4 shows the voltage frequency response of the 21
unit cell electrical network with a direct drive measurement, where the voltage measurement is
taken at the same point as the excitation point. Around the resonance frequencies, each spatial
representation of the electrical current shows an operational mode shape that is similar to the
corresponding mechanical mode shape.

3.2 Modeling and simulation of the coupled system

PI DuraAct Patch Transducers P-876.A15 are used to couple the electrical network to the
ring. The piezoelectric material in this encapsulated patch is PIC255. The full dimension of the
patch are 61 mm by 35 mm; however, the active material within the patch only measures 50 mm
by 30 mm, as seen in Figure 5. Therefore, when modeling the patch, we consider the complete
dimension of the patch in order to determine the theoretical maximum number of patches that
will fit on the ring, but only the dimensions of the active material is actually used to model the
patch in order to accurately account for the piezoelectric effect of the patch. The piezoelectric
patches have a free capacitance of Cy = 45 nF.

Following the method used by Pernod [19], the encapsulated patch is modeled in two layers:
the kapton-glue section and the PIC255 active section. By integrating the surface charge across
a piezoelectric patch from a 1 V input voltage, it was observed that patch capacitance falls closer
to 36 nF. Using this capacitance value, the other electrical constants such as the inductance and
the transformer ratios are derived from the frequency coherence conditions. The values of the
electrical components are shown in Table 2.

A theoretical maximum of 21 piezoelectric patches are attached to the exterior surface of a
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Figure 4: Numerical electrical frequency response function of a 21 unit cell network (—), with
operational mode shapes shown for each corresponding mode.

Table 2: Values of components used in the electrical unit cell.

Electrical Component Value
Capacitor (Cp) 36 nF
Inductor (L) 418.7 mH
Transformer (a : R) 0.2992
Transformer (G : 1) 4

200 mm radius ring in the COMSOL model. The model of the ring does not consider mechanical
damping. The electromechanical coupling factor, the conversion rate between electrical energy
and mechanical energy, of the piezoelectric patches is given by

w2 — w2
kC - oC p) SC7 (7)
\/ Wsc

where woc is the open circuit frequency and wgc is the short circuit frequency of the piezoelectric
ring. The electromechanical coupling factors of the ring for the first six circumferential bending
modes are shown in 3. Note that each mode exists in pairs for circular structures, so for each
mode of wavelength IV, there are two separate coupling factors.

The frequency response is measured using a direct drive method, where the measurement
point coincides with the frequency sweep excitation point, as shown in Figure 6. The measure-
ment and excitation point is chosen to be directly on the neutral axis of the ring in order to
avoid any excitation of the twisting modes of the structure, which cannot be controlled by this
electrical network.
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Figure 5: P0876.A15 patch dimensions.

Table 3: Electromechanical coupling factors for the first six modes of a circular ring.

Mode | Coupling Factors, k¢
N=2 12.73% and 13.04%
N=3 12.80% and 13.09%
N=4 12.82% and 13.15%

A frequency response function is shown for the coupled system in Figure 7. The first three
resonances are shown in the considered frequency range of the plot. For comparison, the open
circuit response is shown together with the coupled responses.

Resistors can be placed in series with the 1:4 transformer as dissipative components according

to Lossouarn [20] following
Ry ~ 0.6kca\/2L)C (8)

where k¢ is the coupling factor. This dissipative model is computed and a significant vibration
damping can be observed.

For a 21 unit cell network, according to the spatial coherence wavelength criteria in Equation
5, only the first pair ring mode, with 2 wavelengths, can be ideally tuned. For a well tuned
mode, the two local maxima on the frequency response function should have approximately
the same amplitude, which is observed for the first mode (N = 2). At the next two higher
modes (N = 3,4), this is not observed, indicating that a 21 unit cells network is not enough to
perfectly optimize the second and third mode, which have three and four wavelengths, respec-
tively. Following the spatial coherence wavelength criteria previously discussed in Equation 5,
the electrical network should have a minimum of 40 unit cells in order to ensure that all three
electromechanical mode pairs have equal amplitudes. Nevertheless, using a 21 unit cell network,
which considers the real dimensions of piezoelectric patches, still demonstrates strong coupling
and vibration attenuation.

4 CONCLUSION

This study investigated the multimodal damping of a piezoelectric circular ring connected
to an analogous electrical network. The analogous network was designed to exhibit the same
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Measurement point

Figure 6: COMSOL model of the ring with 21 piezoelectric patches. The drive point measure-
ment to obtain the frequency response is indicated on the figure.

2]
o

=S
o

Acceleration FRF (dB mfs2iN)
o 8

)
S

100 150 200 250 300 350 400 450 500
Frequency (Hz)

o

Figure 7: Frequency response functions of the ring coupled to its analogous network in open
circuit (-----), with a non-dissipative electrical network (—), and with a dissipative electrical
network (—)

modal properties as a mechanical ring structure. The previously derived network for a curved
beam was simplified using the inextensional assumption of the neutral axis of the ring. Further
simplifications involved combining adjacent transformers and inductors, effectively reducing the
number of components in the electrical network. Spatial and frequency coherence was verified,
which validated the analogy between the ring and the electrical network.

Numerical simulation were conducted using practical considerations, such as modeling encap-
sulated piezoelectric patches bonded to the curvature of the ring and optimal network resistance
based on coupling factors. Significant vibration attenuation was observed when the ring was
coupled to an optimally dissipative network, with optimal tuning observed for the first mode.
Less optimal tuning occurred for the second and third modes due to the insufficient unit cells
along the circumference of the ring, but vibration attenuation was still significant. Further ex-
perimental testing on the ring will be performed to verify the robustness and tunability of the
broadband damping effects from the analogous network.
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