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Abstract. Recently, progress in additive manufacturing has led to a new class of artificial ma-
terials, named as metamaterials, with mechanical attributes that cannot be commonly found in
natural materials. In the present work, a numerical tool for the calculation of the thermome-
chanical effective properties of metamaterials with inner cavities following variable topologies
is developed. The formulation is based on the Galerkin Boundary Element Method for linear
thermoelasticity. Thereupon, the effective thermal conductivity and elastic properties of a wide
range of metamaterial topologies are computed through the mere discretization of the domain
boundaries. The numerical tool is developed and implemented for the effective property calcu-
lation in examples of cavity metamaterials.
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1 INTRODUCTION

Progress in additive manufacturing has led to the design of a new class of advanced materials
with complex architected inner designs, named as metamaterials [1, 2, 3]. These materials are
characterized by mechanical properties that are commonly cannot be found in natural materi-
als. In the last decades, a wide number of metamaterial architectures has been developed and
employed in mechanical, aerospace, automotive and medical engineering applications [4, 5].
Therefore, the design and optimization of these materials is significant topic of active research.

In order to obtain optimal metamaterial geometries, an accurate method for the effective
property computation is required. Such, methods are numerical methods, mostly Finite Element
Method, machine learning modeling and analytical methods [6, 7].
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The Boundary Element Method is a well-known numerical method based on boundary inte-
gral equations that requires surface only discretization ([8, 9]). The present work deals with the
thermomechanical analysis of cavity metamaterials. The geometry of a cavity metamaterial can
is readily generated through its parametric form. As such, the surface mesh can be generated
by a simple code, without the need of a mesh generator. Also, the Boundary Element Method is
characterized by accurate flux evaluations, as the field fluxes are calculated on boundary mesh
nodes solving the final algebraic system. Therefore, there is no need of post process differen-
tiation of shape functions. These advantages make the Boundary Element Method a reference
numerical tool for the design of metamaterials.

The purpose of this work is the development and proposition of a numerical tool based on
Boundary Element Method for the effective properties computation of a cavity metamaterial,
performing thermoelastic analysis. The paper is organized as follows: In the second section,
the developed numerical tool is elaborated. In the third section, numerical examples for differ-
ent cases of cavity metamaterials are presented, while in the final section, the conclusions are
addressed.

2 METHODS

2.1 Topological design

A metamaterial with different inner topologies containing squared, circular, elliptical or star-
shaped cavities are considered (Fig. 1). In each case, the metamaterial geometry is simply
generated through the knowledge of the parametric form of the cavity geometry, the number
of the repetitions of each cavity to form the unit cell and the number of repetitions of the unit
cell for the periodic metamaterial analyiss. The parameters defining the cavity geometry are the
cavity side length and radius for square and circular patterns, respectively (Fig. 2). In the case
of elliptical cavities, the parameters are the two ellipse radii and the orientation angle. Finally,
in the case of star-shaped cavities, the shape is generated by intersecting two ellipses with the
same dimension. Therefore, the parameters are the same as the case of the elliptical cavity; the
radii α, β and the orientation angle φ. We denote the first size parameter (radius for circle, side
length for square, large ellipse radius) with α. In the case of elliptical and star-shaped cavity
the second size parameter is denoted with β and is related with α, given a Volume fraction Vf .
Also, the parameter that deals with the orientation angle is denoted with φ. The parameters,
as well as the Volume fraction relations for the different cavity geometries are summarized in
Table 1.

Consider each cavity to be enclosed to a cell V0. This cell is repeated horizontal and vertically
to form the unit cell (Fig. 2). Then, the formation of the metamaterial geometry is obtained by
the repetition of the already formed unit cell, as shown in Fig. 2.

2.2 Boundary Element formulation of thermoelasticity

Consider the thermoelastic problem for the cavity metamaterial of Fig. 3, where Ωm is
the domain occupied with the base material with Young modulus E, Poisson ratio ν, thermal
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Figure 1: Cavity metamaterials and attributes

Table 1: Cavity parameters and Volume fraction relations

Cavity type Parameters Volume fraction relation
Square α Vf =

∑
i=1 α

2
i

l2

Circular α Vf =
∑

i=1 πα
2
i

l2

Elliptical α, β, ϕ Vf =
∑

i=1 παiβi

l2

Star-shaped α, β, ϕ Vf = 4 1
l2

∑
i=1

( ∫ x0

0
αi

√
1− x2

β2
i
dx+

∫ αi

x0
βi

√
1− x2

α2
i
dx

)

conductivity k and thermal expansion coefficient a, while Ωc =
⋃

i Ωi = Ω \ Ωm denotes the
domain covered by the cavities. Assuming homogeneous and isotropic linear behavior for the
base material Ωm and absence of distributed body elastic and thermal loads, the temperature ϕ
and displacement vector u satisfy the following Partial Differential Equations [10]:

∆θ = 0
µ∆u+ (λ+ µ)∇∇ · u− a(3λ+ 2µ)∇θ = 0

, r ∈ Ωm (1)

where
λ =

Eν

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
(2)

and boundary conditions:

k∂nθ = 0
t = 0

}
, r ∈ ΓN ,

θ = θL
u1 = 0

}
, r ∈ ΓL,

θ = θR
u1 = u0

}
, r ∈ ΓR, u2 = 0, r = 0 (3)

where ∇ denotes the nabla operator, ∆ = ∇ · ∇ denotes the Laplace operator and ∂n = ∂
∂n

=
n·∇ is the normal to surface derivative. The vector t = λ(∇·u)n+2µn·∇u+µn×∇×u is the
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(a)

(b)

(c)

(d)

Figure 2: Formation of the cavity metamaterial. (a) square cavities, (b) circular cavities, (c)
elliptical cavities, (d) star-shaped cavities
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Figure 3: The boundary value problem of static thermoelasticity

surface traction, while u1 = x̂1 · u and u2 = x̂2 · u denote the components of the displacement
vector in each direction, x̂1, x̂2 being the Cartesian unit basis vectors.

The system of Boundary Integral Equations for linear thermoelasticity, according to [11],
has the following form:

T (r′) =
1

2
θ(r′) +

∫
Γ

∂nG(r, r′)θ(r)dΓ−
∫
Γ

G(r, r′)∂nθ(r)dΓ = 0 (4)

U(r′) = 1

2
u(r′)+

∫
Γ

[
T̃(r, r′) · u(r)−P(r, r′)θ(r)

]
dΓ−

∫
Γ

[
Ũ(r, r′) · t(r) +Q(r, r′)∂nθ(r)

]
dΓ = 0

(5)

where r, r′ denote the source and field points, respectively, while the integral kernels G(r, r′),
∂nG(r, r′), Ũ(r, r′),T̃(r, r′),P(r, r′),Q(r, r′) are provided in [11].

A standard Galerkin formulation is followed, multiplying the first and the second integral
equation with a scalar weight function Ψk and a vector weight function Nk, respectively, and
integrating over the boundary Γ with respect to the coordinates of r′ ([12]), i.e:

∫
Γ

Ψk(r′)T (r′)dΓ′ = 0
∫
Γ

Nk(r′) · U(r′)dΓ′ = 0

(6)
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Figure 4: The proposed numerical tool

Implementing the Galerkin Boundary Element procedure using quadratic boundary elements,
we obtain the discretized equations, written in matrix form:

Hu · û = Gu · t̂+Pu · θ̂ +Qu · q̂
Hθ · θ̂ = Gθ · q̂

(7)

Applying the boundary conditions (3) in (7) and rearranging to separate known from un-
known boundary nodal values, the matrix equations (7) results in the equations

Aθ · X̂θ = Ŷθ

Au · X̂u = Ŷu +Pu · θ̂ +Qu · q̂
(8)

with X̂θ and X̂u being the vectors containing all the unknown nodal values regarding the heat
conduction and elasticity, respectively.

2.3 Effective property computation

Based on the Boundary Element Method described in the previous subsection, the numeri-
cal implementation of the method is developed [13]. This analysis process is described briefly
in the flow chart of Fig. 4. The model takes as input the cavity geometric parameters. The
orientation angle ϕ takes values in the interval [0, π). For the size parameters α, β we have:
α, β ∈ (0, lf − ε], with ε being a small enough number that ensures that each cavity will not in-
tersect with a neighboring cavity and lf denotes the size of the cell V0. With these parameters as
input arguments, the model creates the boundary element mesh and simulates the thermoelastic
behaviour of the metamaterial, solving the matrix equations (8). Then, the effective properties,
as well as the field values are calculated and provided as outputs. In order to compute the effec-
tive properties Ēx, Ēy, k̄x, flux field calculations on the boundary are required. The calculation
of the effective conductivity is obtained by:

k̄x =
Ql

Area(ΓR)∆θ
(9)
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Table 2: Calculated effective properties

Uniform Non-uniform
Ēx Ēy k̄x Ēx Ēy k̄y

Square 0.507 0.507 0.511086 0.497 0.499 0.508
Circular 0.516 0.516 0.54 0.504 0.507 0.537
Elliptical 0.635 0.347 0.626 0.393 0.487 0.452

Star-shaped 0.37 0.37 0.439 0.537 0.559 0.596

where:
Q = −

∫
ΓR

k∂nθdΓ (10)

Following the same way, the effective Young Modulus is given by:

Ēx =
Fl

Area(ΓR)∆u
(11)

where:
F =

∫
ΓR

n · tdΓ (12)

The thermal flux and the surface traction fields in the integrals of (10) and (12) are approximated
with the nodal values acquired from the solution of (8), then a numerical integration procedure
over the boundary ΓR is applied to compute Q and F .

3 NUMERICAL RESULTS

In this section, the numerical model is employed to calculate the effective properties for
each metamaterial topology above introduced. For all cases, unit-cells containing 3x3 cavities
of different volumetric contents (random cavity dimensions and orientation angles), as well as
uniform cavity volumes are employed. In both cases, the dimensions and orientation angles of
the cavities satisfy the constraint of a total volume fraction of 30%. In the case of the uniform
cavity dimensions, the orientation angle is set to zero. The boundary conditions described in
Fig. 3, as well as Eq. 3 are employed for all the analyses.

Figure 5 depicts the undeformed metamaterial topologies along with their deformed shape,
while Table 2 presents the computed effective properties for each case. It should be mentioned
that the effective properties are normalized with respect to the properties of the base material.
In the case of uniform cavity distributions, the Young’s moduli in the horizontal and vertical
direction are equal, validating the consistency of the computations. Moreover, in the case of the
uniform elliptical cavities the modulus Ēx is much larger than Ēy, as the effect of the orientation
angle plays significant role. The same applies to the horizontal effective thermal conductivity
k̄x, where in the case of uniform elliptical cavities, the largest value is obtained compared to all
other cavity topologies.
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(a)

(b)

(c)

(d)

Figure 5: Geometry and deformed shape of the metamaterial with (a) square cavities, (b) circu-
lar cavities, (c) elliptical cavities, (d) star-shaped cavities

1504



Dimitrios C. Rodopoulos and Nikolaos Karathanasopoulos

4 CONCLUSIONS

In the present work, a numerical model for the design of metamaterials with inner cavities
has been elaborated. The model has been based on the Galerkin Boundary Element Method and
offers the advantage of accurate thermal flux and surface traction evaluation on the geometry
boundary, as of the very formulation of the Boundary Element Method, allowing for high accu-
racy effective property computation. The model requires solely the discretization of the surfaces
allowing for the direct generation of the target topologies, without the need for a mesh genera-
tor. The elaborated model has been employed in the computation of the effective thermoelastic
attributes of different metamaterial topologies. The current analysis can be used not only for
the single step, forward computation of the effective properties of parametrically defined meta-
material topologies, but it can be handily extended to include optimization techniques in the
inverse determination of the inner cavity form pattern for given thermal conductivity or elastic
property objectives.
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