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Abstract. An inverse procedure for damage identification based on guided waves using the 
multiresolution finite wavelet domain method is presented. The forenamed method utilizes 
Daubechies wavelet and scaling functions for the approximation of state variables and as such, 
it involves two types of solutions, the coarse and the fine solutions. In that way, the 
multiresolution nature of the method can be utilized for efficient damage estimation in 
experimental applications since the fine solutions of the method have manifested remarkable 
localization capabilities and high sensitivity to damage. In order to fully take advantage of the 
additional functionalities of the multiresolution method, full-field displacement measurements 
of the guided wave propagation phenomenon are employed. Wavelet decomposition using 
Daubechies wavelets is now applied on the measurements in each different time step. The 
decomposition will lead to an approximation and a detail component that are directly 
comparable to the coarse and fine solution of the multiresolution simulation, respectively. 
Therefore, several multiresolution models can be created using the same Daubechies wavelets 
as the decomposition of the experimental data, so as to compare the simulation results with the 
measured ones. Numerical results evince that comparing the detail component of the 
experiments with the fine solution of the simulations, and their respective wavenumber spectra,
using appropriate metrics can lead to efficient damage identification. In such manner, an 
optimization process can be conducted, utilizing the cross-correlation of both the structural 
responses and their wavenumber content for the definition of the objective function, in order to 
characterize the investigated damaged composite strip cases. This procedure can lead to more 
sensitive and accurate damage estimation due to the advantages of the multiresolution analysis.
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1 INTRODUCTION
With the passage of time and the ever-increasing needs in fields such as the aerospace, naval, 

railway, public infrastructure industry, etc., the involved structural components become more 
complex. In order to objectively assess the state of those structural components, a procedure 
known as Structural Health Monitoring (SHM) involves collecting and analyzing data from a 
system of sensors that measure several quantities of the structural response. An SHM system's 
overarching goal is to be able to recognize instances of damage that may ultimately result in 
failure of the specific component or system at an early stage. The conclusions about the damage 
identified by monitoring may then be used to guide choices on corrective activities [1]. The 
SHM methods are divided into two main categories: the model-based and the data-based 
approaches. Model-based methods use inverse techniques in conjunction with physics-based 
models to update a set of parameters [2], [3] that lead to system identification or damage 
estimation. On the contrary, data-driven approaches use black-box methods such as machine 
learning techniques to obtain correlations between observed response data and structural 
degradation states [4], [5]. The guided wave-based SHM techniques is a major category of SHM 
methodologies that are widely studied due to the relatively cheap operational cost, the capability 
to scan large areas and the ability to detect small imperfections/damage [6], [7]. Many 
algorithms such as the delay-and-sum (DAS) [8], [9] and the time reversal [10], [11] and
multiple signal classification (MUSIC) [12], [13] algorithms have also been extensively 
analyzed for damage imaging using guided waves.

In this work, the enhanced capabilities of the multiresolution finite wavelet domain method 
(MR-FWD) are investigated in the development of an inverse methodology using model update 
in order to provide damage estimation using guided wave propagation in composite strips. The 
MR-FWD method utilizes both the scaling and wavelet functions of the Daubechies wavelet 
family as basis functions, forming a hierarchical approach that involves two types of solution 
components: the coarse and the fine components. The method has evinced remarkable 
computational benefits in transient dynamic simulations of rods [14], Timoshenko beams [15]
and high-order layerwise strips [16]. On top of the computation efficiency of the method, 
additional benefits have been manifested due to the sensitivity and localization properties of the 
utilized Daubechies wavelets [17]. The Daubechies scaling and wavelet functions act as a filter 
bank, with the scaling function performing as a low-pass filter and the wavelet function as a 
band-pass one. In that way, the coarse and the fine solution can approximate different structural 
responses based on the generated wavenumbers, and as such, the method provides extra damage 
detection capabilities. In the present paper, the multiple resolution components of the MR-FWD 
method are exploited for the model update process, in order to take advantage of the higher 
sensitivity of the fine solutions. To accomplish that, full-field measurements of the guided wave 
tests are considered to be available. Then the measurements are decomposed following the 
multiresolution decomposition [18] so as to obtain the approximation and detail component of 
the measurements that are comparable to the coarse and fine solution of the MR-FWD method, 
respectively. The case study that is presented in this paper manifests the great potential of the 
proposed inverse methodology and the higher sensitivity in the estimation of the damage 
parameters.
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2 MR-FWD METHOD
The one-dimensional MR reconstruction and decomposition can be visualized in Figure 1.

Figure 1: Schematic diagram of the 1D MR reconstruction and decomposition procedure.

Following the MR-FWD method, the 1D generalized displacement approximation for R 
resolutions is expressed by the following equation:
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where 0ˆCnu are the coarse wavelet coefficients at resolution 0, ˆS
Fnu are the fine wavelet 

coefficients at resolution S. Also, φ is the Daubechies scaling function (SF) and ψ is the 
Daubechies wavelet function (WF). A normalized local coordinate system ξ, is associated with 
each element. The MR procedure starts with the coarse solution (C0), and then that solution is 
incrementally enriched by the fine solutions of each resolution (Fi).

Single-Resolution or Resolution 0 (C0). The C0 solution is obtained employing only the DB 
SFs and is the same as the FWD method. The equation of motion is:

ˆ ˆ[ ] ( ) [ ] ( ) ( )CC CC CC CC CM u t K u t F t (2)

where ˆCCu are the generalized wavelet coefficients that correspond to the degrees of freedom 
of the coarse approximation, [ ]CCK and [ ]CCM are the coarse resolution stiffness and mass 
matrices, and CF is the coarse resolution load vector. 

Resolution 1 (C1). According to the MR process, the fine solution at resolution 0 (F0) needs to 
be calculated and added to the coarse solution at resolution 0 (C0) so as to obtain C1 solution. 
The MR solution system is:

…

Res 0 Res 1 … Res s Res s+1
MMultiresolution RReconstruction

…

Res 0 Res 1 … Res s Res s+1
Multiresolution Decomposition
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where ˆFu are the generalized fine wavelet coefficients, ˆCu are the generalized coarse wavelet 
coefficients for resolution 1, [ ]FFK and [ ]FFM are the fine resolution stiffness and mass 
matrices, respectively, and FF is the fine resolution load vector. It should be highlighted that 
ˆCu is not equal to ˆCCu because of the stiffness coupling terms, [ ]CFK and [ ]FCK . However, 
[ ]CFM and [ ]FCM are equal to zero because of the cross-orthogonality between SFs and WFs. 
Also, due to the orthogonality of SFs/ WFs, [ ]CCM and [ ]FFM are diagonal. More details about 
the MR-FWD method and the explicit integration of the multiresolution equations of motion 
can be found in [14]–[16].

3 INVERSE DAMAGE ESTIMATION PROCEDURE
The proposed inverse damage estimation methodology utilizes the multiple resolution 

components of the MR-FWD method so as to leverage the high sensitivity of its fine solutions.
In order to do this, the experimental data should also be decomposed using the same SF, WF 
and resolution, to acquire the approximation and detail components of the data that are directly 
comparable to the coarse and fine solution of the MR simulation, respectively. The 
methodology, the utilized objective functions, the optimization process and the numerical 
results of the presented case study are shown in this section.

3.1 Methodology
The suggested methodology requires full-field data of the guided wave experiments. Those 

data are decomposed for each time step using a particular Daubechies SF/WF, i.e., the DB6, for 
a particular resolution level, i.e., one resolution level. In that way, two datasets are obtained, 
the approximation and the detail component of the experimental data. It should be highlighted 
that the detail component can provide additional information about the unknown parameters 
that we want to estimate, as shown in subsection 3.3. In that point, an optimization process can 
be performed using the MR-FWD method for the simulations in order to leverage the coarse 
and fine solutions that are directly comparable to the approximation and detail components. By 
utilizing appropriate objective functions, the design variables can be found and as such, the 
damage can be estimated. The whole inverse damage estimation approach is visualized in 
Figure 2.
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Figure 2: Damage estimation process using the MR-FWD method.

3.2 Objective functions
In the present paper, the objective functions include only the fine solutions of the MR-FWD 

simulations and the detail components of the pseudo-experimental data in order to manifest the 
higher sensitivity of the fine solutions. Two objective functions are simultaneously used for the 
optimization algorithm; the first compares the response of the fine solution with the detail 
component of the pseudo-experimental data in each time step, and the second compares their 
wavenumber spectra in a single timestep, namely, the last one.

More specifically, the first objective function compares the envelopes of the fine and detail 
component in each time step and then takes the average of those values. The envelopes are 
obtained using the absolute values of the Hilbert transforms of the detail and fine components. 
The utilization of the envelopes is crucial since a very small phase difference in the wave 
packets can erroneously result in large differences between two signals if the signals are directly 
compared. The first objective function is expressed as:

1

( ( )) ( ( )) 0
1

T

t

fine t detail t
Obj

T
H H (4)

where T are the total time steps, ( )H is the Hilbert transform, denotes the absolute value

(or magnitude) of a complex number and f g is the cross-correlation of f and g with
lag . In that way, the comparison of the fine solution and detail component is performed 

Full-field data

Approximation Detail

MR-FWD method

Fine solution Coarse solution 

Utilize objective functions that compare
the Detail component with Fine
solution and/or the Approximation
component with Coarse solution

Optimization algorithm

Estimate the 
design variables

Damage estimation
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through the cross-correlation with zero lag. An investigation has been previously conducted in 
order to find the best comparison metric. The mean square error, cross-correlation, Wasserstein 
distance (WD) and dynamic time wrapping (DTW) were compared and the cross-correlation 
was found to be the most appropriate. The second objective function is given as:

2 ( ( )) ( ( )) 0Obj fine t detail tF F (5)

where t is the particular time step that the comparison of the wavenumbers takes place and 
( )F is the Fourier transform. Since the cross-correlation is a similarity metric, both objectives 

have higher values when the simulation is approaching the measured data. Considering that, the 
utilized optimization algorithm will try to find the maximum value of both objective functions, 
that can be utilized with same or different weights composing the final objective function. It is 
important to highlight that the information that gets lost from Obj1 by performing the Hilbert 
transform to take the envelope of the response is retrieved by Obj2 that compares the 
wavenumber content of the signals. Of course, the same objective functions could be employed 
for the comparisons of the coarse solution with the approximation component. 

3.3 Case study
In this work, no experimental results are available due to the lack of full-field measurement 

apparatus. So, the “experimental” data are obtained from simulations in order to show the 
potential of the proposed methodology. The studied case refers to a damaged composite strip, 
with geometric characteristics that are shown in Figure 3.

Figure 3: Schematic representation of the damaged composite strip, with the damage shown in dark gray color.

A 0.35 m long unidirectional damaged carbon/epoxy beam with 1 mm thickness and 20 mm 
width, clamped at its left edge and transversely excited at its center by a 5-cycle Hann windowed 
sine pulse with 200 kHz central frequency is modeled. The analysis duration is 0.05 ms. The 
mechanical properties of the pristine carbon/epoxy plies are shown in Table 1. The damage, 
which is modeled as 40% induced degradation in the elastic constants of the pristine material, 
spans from 0.213m ≤ x ≤ 0.35m lengthwise, and from 0.5mm ≤ h ≤ 1mm thickness-wise. Two 
discrete layers are used in the layerwise model to efficiently model the damaged region.

Table 1: Material properties.

Ε11(GPa) Ε22 = Ε33 (GPa) G12=G23=G13 (GPa) v12=v13 v23 ρ (kg/m3)
Carbon /Epoxy 120 7.9 3.4 0.275 0.15 1578

0.35 m
0.2130 m

h1=0.5mm
h2=0.5mm
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A single-resolution FWD analysis is employed for the acquisition of the “experimental” data,
using 460 DB6 elements. A FE simulation could also have been used for the same purpose 
without any practical difference. The transverse displacement at the beam’s top surface, termed 
as w2 hereafter, is the quantity that is considered as measured by a full-field scanning 
vibrometer. In Figure 4 the transverse displacement w2 is displayed for the whole beam in both 
space and time, showing the evolution of the wave propagation phenomenon. It should be noted 
that from this response, no damage indication is visible or apparent.

Figure 4: Transverse displacement field of top surface (w2) of the damaged composite strip.

At this point, those data are decomposed in each time step using wavelet decomposition in
one resolution with the Daubechies DB6 wavelet. Therefore, after this decomposition, an 
approximation and a detail dataset have emerged, as shown in Figure 5.

Figure 5: Approximation (left) and Detail (right) component of the w2 displacement of the damaged composite 
strip after the wavelet decomposition.
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It is obvious and expected that the approximation component is basically the same as the 
initial signal, namely, the w2 displacement field. On the contrary, the detail component seems 
to have a different behavior, since it has much smaller amplitudes and the higher ones are 
focused on a specific range of the beam’s length. This is sensible due to the localization 
properties of the wavelet functions that act as band-pass filters and lead to the determination of 
the detail component. In Figure 6, the normalized detail component is shown in a particular 
viewpoint in order to notice the reported higher values that provide additional localization 
information.

Figure 6: Detail component (normalized) of the displacement w2 of the damaged composite strip.

The demonstrated localization functionality can lead to the estimation of the damage span,
since it is apparent that the detail values become much larger after approximately x=0.21m. In 
that way, in the simulations that will be performed for the inverse damage detection process, 
that damage span can be considered known and so, the design variables can be fewer. 
Obviously, in many cases this will not be easily achievable or even feasible but, in any case, it 
is an additional advantage of the proposed methodology.

Moreover, the normalized fine solution of a MR-FWD model that corresponds to this case 
is presented in Figure 7 in order to manifest the similarity of the decomposed detail component 
of the measured data with the fine solution of the MR-FWD analysis. In this analysis 230 DB6 
elements have been utilized till resolution 1.
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Figure 7: Fine solution (normalized) of the displacement w2 of the damaged composite strip.

3.4 Optimization process & Results
Proceeding to the optimization process, the design variables should be established. In this 

case study, the design variables will essentially be the thickness ratio of the damaged span and 
the intensity of the damage. Specifically, the first design variable, termed as X1, is the 
coefficient which is multiplied with all the elastic constants to provide the damaged material. 
The second design variable, termed as X2, is the percentage of the height h1, that is shown in 
Figure 3, to the total height. The height h2 is given by the subtraction between the total height 
and h1. The lower and upper bounds of the design variables are shown in Table 2.

Table 2: Design variables and their lower and upper bounds.

Design variables Lower bound Upper bound
Χ1 0.1 1
Χ2 0.1 0.9

The metaheuristic procedure that is employed in this work in order to solve the respective 
optimization problem is the Simulated Annealing (SA) algorithm [19], [20]. Several 
metaheuristic algorithms such as the Genetic algorithm [21] and the Particle Swarm 
Optimization [22] were tested before picking the SA algorithm due to its faster results using 
MATLAB® R2019b on a laptop with an Intel® Core i7-9750H @ 2.60 GHz CPU and 16 GB 
RAM. It should be highlighted that several runs have been performed with different initial 
values of the design variables due to the stochastic and single-solution nature of the SA 
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algorithm, but in any case, the algorithm resulted in the same final guesses. Furthermore, the 
same weights were used for the two objective functions (Eq. (4) and (5)) when forming the final 
objective function.

The results of the inverse methodology that is described in this paper are shown in Table 3.
Two different approaches are performed and compared. The first one, called A1, is the one 
shown in Figure 2 but using only the fine solution of the MR-FWD models and the detail 
component of the experimental signals in order to manifest the higher sensitivity of the fine 
solutions. The second approach, called A2, reminds the traditional model-based SHM approach 
where simulated results are directly compared to the experimental ones. In Table 3 the correct 
values and the values of the SA are presented when comparing either the fine solution of the 
MR-FWD model with the detail component of the experimental data or the total solution with 
the experimental data as is. Also, the percentage differences (PD) with the correct values are 
shown for each design variable. It should be noted that the termination criteria of the utilized 
SA algorithm were “loose” in order to obtain fast results, and that’s why the estimated values 
show non-zero differences to the correct values.

Table 3: Results of the inverse damage estimation process and percentage differences (PD) of the estimated 
values to the correct ones.

X1 X2 PD w.r.t. X1 PD w.r.t. X2
Correct values 0.6 0.5 0 % 0 %

A1: Fine solution vs. Detail component 0.5804 0.4988 3.2667 % 0.24 %
A2: Total solution vs. Experimental data 0.5765 0.5246 3.9167 % 4.92 %

It is obvious that both approaches have sufficient results, but the A1 approach is more 
sensitive and accurate than the A2 approach in both the design variables, and especially in the 
second one. This higher sensitivity and precision derive from the localization capabilities of the 
fine solution of the MR-FWD method and the detail components of the initial dataset that arises 
from the wavelet decomposition. It is worth to mention that the iterations of the SA algorithm 
of the A1 and A2 approach were approximately the same for the majority of the trials, but in 
some trials, the A1 approach required fewer iterations compared to the A2.

Moreover, if the same procedure was performed using any single-resolution method such as 
the FE, and then perform wavelet decomposition to the results in order to get the respective 
“coarse” and “fine” solutions, the following issues would rise:

i) those models are much slower than the MR-FWD simulations, as indicated in [15], [16].
ii) even if the accuracy was the same, the additional wavelet decomposition that is needed

leads to a 5-13% slower process, depending on the utilized discretization, total degrees of
freedom and number of iterations.

4 CONCLUSIONS
In this work, an inverse multiresolution method has been described for the damage detection 

of composite strips through model update. The proposed procedure leverages the multiple 
resolution components that the MR-FWD method provides in order to directly compare them 
with approximation and detail signals that arise from multiresolution decomposition of the 
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measured data. The presented numerical case study shows that this process can take advantage 
of the high sensitivity and localization properties of the fine solutions/detail signals, and so, it 
constitutes a precise damage identification approach based on updating specific design 
variables. Despite the relatively simple implementation of the described methodology in the 
present work, it seems a promising inverse procedure that deserves more extensive study and
therefore, accounts for future research work.
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