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Abstract. In the development of locally resonant metamaterials, resonator design plays a cru-
cial role. This paper presents a novel design approach. Our method uses a conditional vari-
ational autoencoder to identify patterns between design variables and modal parameters and
subsequently generate designs satisfying arbitrary criteria. Multiple modes — hence, metama-
terial band gaps — can be specified simultaneously. An example of a resonator family with six
geometric variables and two targeted modes is further elaborated. In this case, the method is
able to generate several designs that closely approximate the prescribed modal characteristics.
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1 INTRODUCTION

In recent years, metamaterials have garnered much interest in several fields of engineering
because of their extraordinary potential to break with traditional design goals [1]. By virtue of a
carefully designed micro- or mesostructure, metamaterials display exotic macroscopic proper-
ties that do not exist in known bulk materials. In noise and vibration engineering, in particular,
locally resonant metamaterials (LRMs) have come to the fore as a promising technology. By
exploiting the phenomenon of resonance, LRMs are able to direct the energy present in acoustic
waves and structural vibrations. This has many applications, ranging from energy harvesting to
suppressing (particularly low-frequency) vibrations or acoustic noise [2].

Since LRMs consist of many small-scale resonators that are integrated into or onto a host
structure, their properties are determined in the first place by those of the resonators. Similar
resonators are assumed to produce similar properties — particularly, band gaps — even in dissim-
ilar host structures [3]. By combining resonator types, multiple band gaps can even be created
[4]. Therefore, we focus on the design of the resonators.

Machine-learning (ML) inverse design has gained attention in recent years, where the costly
finite element (FE) analysis in the design pipeline is replaced by cheaper data-driven surrogate
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models. Generative models such as variational autoencoders (VAEs) [5] or generative adversar-
ial networks [6] have recently been used for the design of molecules and metamaterials [7, 8, 9].
While these design strategies still require optimization guided by some learned surrogate model,
the on-demand design was also addressed [10, 11], i.e. the desired properties of the design are
already provided to the model.

The present work aims to facilitate resonator (and LRM) design by applying generative ML
methods. We aim for a LRM with multiple bandgaps, induced by a single resonant struc-
ture with desired dynamic properties. To find a suitable geometry, we propose a data-driven
approach by which the resonator (inverse) design is handled automatically by an inexpensive
surrogate model, that can generate designs based on pre-specified functional properties. Rel-
ative to more traditional design methods, such as topology optimization, this method is hence
able to provide a large diversity of designs in a very short time.

The remainder of this paper discusses our approach as follows. In the first section, we lay out
the elementary parts — a suitable representation of resonator dynamics as well as a VAE network
— and show how they fit together in our method. In the next section, we consider a parametric
family of resonators that complies with practical manufacturing constraints. Many designs are
randomly sampled and converted to high-fidelity FE models, from which modal parameters are
extracted. This input and output data is used to train the VAE model, that after training can
provide designs with predefined resonant properties. We then assess the network performance
and use it to find designs satisfying a predefined dynamic response. A few select designs are
studied in detail, being integrated into a LRM model.

2 METHODS
2.1 Design and analysis of locally resonant metamaterials

In order to create an effective LRM, the motion between the resonators and the host should
be strongly coupled and the resonator’s dynamic mass should be large [3]. For this latter re-
quirement, the resonating mass should be high and the tuning frequency needs to match the
excitation frequency (i.e. that of the source), so the dynamic mass is strongly amplified.

For illustration, consider a mass-spring resonator with a weightless attachment point. The
dynamic mass may be defined as the ratio of the force and the acceleration of the attachment
point. For a system with mass m, stiffness k£ and natural pulsation w,, = \/k/m, this becomes

w2

Mayn(w) = mﬁ, ()
highlighting the importance of both the (physical) mass and the tuning frequency.

More realistic approaches would treat resonators as three-dimensional continuous structures,
with (in principle) infinitely many degrees of freedom. However, it is still possible to derive an
equivalent model from the structure’s modal parameters. This results in a parallel arrangement
of mass-spring systems, each corresponding to one vibration mode, where a modal effective
mass replaces the lumped mass [12]. The equivalent model is attractive for two reasons. First,
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it is easier to interpret, since the analysis and conclusions for the basic mass-spring resonator
(as discussed above) can be applied. Second, it allows direct comparisons of very different
resonators, independent of their material or (interface) geometry.

The direction of the motion is of course also an important factor in three-dimensional space.
Fortunately, this directionality can also be taken into account via the definition of the modal
effective mass. We concentrate on beam-, and shell-like host structures — where flexural waves
dominate — so we mainly consider transverse translations. From the resonator’s perspective, we
assume that this corresponds to vertical motion.

In order to assess resonator performance in the context of LRMs, the dispersion diagram of
an actual material can be studied. Band gaps are expected around each resonator modes, where
the width relates to the modal effective mass. In the experiments below, we present an example
of a beam-type metamaterial. To construct dispersion curves, we use the method of Liu and
Hussein, which is a transfer matrix approach analyzing the host-resonator unit cell [13].

2.2 Generative inverse design using machine learning

To mitigate computationally expensive FE analysis to find a suitable LRM design for given
tuning frequencies and modal masses, we attempt to train a data-driven surrogate model, which
is cheap to evaluate, but still sufficiently accurate. Here, we resort to a conditional variational
autoencoder (cVAE). A variational autoencoder (VAE) [5] is a cyclic architecture, which has
two parts: (i) an encoder, which maps parameterized designs to a probabilistic latent space,
(i1) and a decoder, which provides the approximate inverse map from the latent space back to
the design parameters. Typically, the encoder and decoder, are modeled by neural networks.
Once the VAE is learned on some initial dataset, the user can generate new designs by sampling
the latent space, and then projecting the samples back to the design space via the decoder. In
the case of the conditional VAE [14], the user additionally provides desired properties for the
design as input to the decoder. If the cVAE correctly learned relations between the requested
parameters, the generated designs have properties, that are close to the requested ones, allowing
for efficient design without any posthoc optimization. Here we use a recently developed cVAE
framework [15] to demonstrate its effectiveness for targeted LRM design.

2.3 Aninverse design approach for metamaterial resonators

While cVAEs are a powerful tool for a wide range of inverse design problems, certain lim-
itations have to be taken into account. Most importantly, the neural network implementation
assumes (implicitly) that the modeled quantities exist in vector spaces and are related by con-
tinuous functions. Seen from the perspective of resonator design, it is not so trivial to identify
such quantities. For instance, mode shapes or reaction force vectors have arbitrary scale and
orientation, and are therefore not directly suited. Fortunately, as we saw before, we can reduce
the relevant dynamics to two positive scalar parameters (mass and frequency) per mode.

Still, there remains an issue. Because modal analysis is essentially an eigenvalue decompo-
sition, we can assume that the outcome varies continuously with e.g. geometric dimensions.
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However, different modes exist on different ‘branches’ of the decomposition. It can occur that,
for one design, branch A has higher frequency than branch B, whereas for another design, it
is the other way around. Because modes are typically ordered by frequency in the analysis,
assigning modes to the continuous branches is generally not straightforward.

While addressing this problem fully is out of this work’s scope, we try to mitigate effects by
the following two-step selection procedure. We first pick the first two modes with the largest
modal effective mass (in the vertical direction). Then we sort the selected modes by ascending
frequency, e.g. the first mode is the mode with the lowest frequency among the 2 modes with
the largest mass.

In summary, our proposed method will use a cVAE to create an invertible mapping between,
on the one hand, design parameters such as geometry, and on the other, the frequencies and
modal effective masses of the ‘heaviest’” modes. When generating designs, the user should
make sure that their requests are physically realizable. This means respecting the ordering, but
also the relations between the parameters. For example, specifying the frequency and mass of
mode 1 limits the possible ranges for mode 2. Here, we specify the parameters for mode 1, and
conditioned on these specifications we sample a multivariate Gaussian distribution mode 2. The
Gaussian was previously fitted to the data the cVAE was trained on.

3 EXPERIMENTS
3.1 Resonator design

For the resonator design, we target frequencies on the order of 0.1 to 10 kHz. For the pur-
poses of this study, we assume that the resonators can be manufactured using a small-scale
powder bed fusion machine. The maximum and minimum feature sizes are assumed to be in
the order of 100 mm and 1 mm. We assume that the fusion process results in a homogeneous
and isotropic material with density 7750 kgm 3, Young’s modulus 193 Gpa and Poisson’s ratio
0.3 (typical values for stainless steel).

With this in mind, we propose a resonator that consists of 2 intersecting bodies (figure 1).
The first body is a solid cylinder, which is intended to provide a flat, stiff and invariant surface
though which the resonator can be attached to the host. The cylinder has a radius of 10 mm, is
aligned along the z-axis and extends between 2 = —5 mm and z = 10 mm. The second body is
a parameterized spiral-shaped arm, which is intended to provide modal mass at relatively low
frequencies. To construct the arm, we first define a parametric curve

4 o — 1
T = Wgp <<SP—>& + 1) cos a
2Ny
s —1 :
Y = Wep M& +1)sina 0 < a < 27mng, (2)
2Ty,
hs
z=—2 q
L 2Ty

where wg, = 5mm is the spiral ‘width’, h;, is the spiral height, s, is the spiral scaling factor,
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Figure 1: Geometry of the resonator. The spiral arm is constructed by sweeping a rectangle
(dashed line) along a curve (solid line). The arm is partially embedded in a solid cylinder that
is aligned with the spiral axis.

Table 1: Resonator design parameters with their bound constraints.

Parameter Lower bound Upper bound
Spiral height A, 0 mm 30 mm
Spiral scaling factor s, 2 8

Spiral number of turns n), 1 4
Cross-section width w, 2 mm 10 mm
Cross-section heigth A4 2 mm 4 mm
Cross-section scaling factor s.; 0.5 2

and ny), is the number of turns. A rectangle, centered on the spiral, is swept along the curve.
At the start, this rectangle has width w,.s and height h.s and is contained by the zz-plane. As
the rectangle is extruded, its orientation relative to the curve is fixed, but its dimensions change
linearly with the angle . At the end of the curve, the rectangle becomes scaled by a factor s.;.

We obtain a geometric family of resonators by independently varying the six free parameters
(hsps Wes, hess Ssp, Nigp and s.). Considering the limitations of the manufacturing process, these
parameters are bounded by the values in table 1. In addition, to prevent self-intersecting or
oversized geometry, the following two constraints are imposed:

Sep — 1
Tosp (3)
Wes MaX(Ses, 1) + 2wspssp < 80 mm

Wes MaX(Sesy 1) < wgy

3.2 Data generation

To train and test the ML approach, we create a data set by analyzing different resonators
through a physics-based FE model. We first define a Latin hypercube sample on the input space,
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with n > 10000 points. About half of these remain after discarding the designs violating the
constraints. We randomly select 11000 points from this set, forming the input data set.

The designs are loaded into a commercial FE software (ANSYS [16]) which constructs the
geometry, creates a mesh, and runs a preset modal analysis. In the analysis, the bottom face
of the cylinder is subjected to a fixed boundary condition. The software calculates the twelve
lowest-frequency eigenmodes. After the computation, the associated frequencies and (vertical)
modal masses are written to disk. This evaluation process completes in most cases. However,
because of various issues (mesh failures, licensing errors, etc.) certain designs fail to compute.
Finally, 10513 complete data pairs could be obtained.

3.3 Network architecture and training

As mentioned before, the cVAE has two main building blocks. First, the variational encoder
gets as input the design parameters, and its output is the mean and log variances of a Gaussian
in the latent space. In addition, a simple surrogate forward model provides an estimate of
the requested attributes. The second part, is the decoder taking a point in the latent space as
input and the requested attributes and mapping these back to some design parameters. Both
encoder and decoder are neural networks with two fully connected residual layers, each having
64 hidden units and a leaky ReL.U as an activation function. Furthermore, we specify the latent
space to be four-dimensional. We log-transform the performance attributes for the training to
avoid negative frequencies and masses.

To train the network we need to minimize the losses for the different building blocks. For
the encoder, these are the Kulback-Leibler divergence between the output Gaussian density and
standard normal distribution. An additional loss is the mean squared error (MSE) between the
true and the encoder’s predicted performance attributes. The loss of the decoder is also the MSE
between the design parameters of the training points and its predictions. 80% of the generated
designs are used as training set, 10% are kept as validation set, and the remaining designs as
test set. Then the cVAE is trained with mini-batches of 128 designs to minimize the total loss
until no improvement is observed anymore on the validation training set.

4 RESULTS

After having trained the cVAE as described above, we first check the consistency of the
model. To this end, we compute the design error on the held-out test set. The design error for
feature ¢ is defined as
pred yll"equest|, (4)

design error; = |y; ;

request pred

where y; are the attributes the target design should have, and y,”  is the prediction of the
cVAE’s forward model for the designs suggested by its decoder. This can be considered as
an approximate lower bound of errors to be expected. In figure 2 we see the average design
errors for 1000 generated designs, and for the top 3 designs (those with the lowest summed
design errors). In general, we observe, that the error of the top 3 designs is at least one order

of magnitude lower than the requested value, meaning we can expect errors < 10%. We also
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Figure 2: The predicted design errors for different performance attributes in the top panels.
Blue line is the average over 1000 generated designs and red line indicates the error selecting
the 3 designs with lowest error. Dashed line indicates identity (error is on the order of magnitude
as request), and dotted line marks the line, where the error is one order of magnitude lower than
the request. Lower panels display the histograms of the training data.

observe that errors increase for areas in the design space, where we provided less training data,
emphasizing the importance of covering the desired design space well with the training data.

Next, we generate 1000 designs for 4 different requests and validate the top 20 in terms of
design error by ANSYS, to check whether these result in designs that match well the requested
LRM properties. In Figure 3 we visualize the top 3 designs of the 20 checked by ANSYS, and
indeed we see a quite good match in general. However, when coming to the tails of the training
distribution the results become less accurate, as we already have seen before in figure 2. Also,
we observe that the requested attributes for mode 1 are matched more closely than those of the
second mode.

Figure 4 and table 2 show the geometry and modal properties of some of the top-performing
designs. Figures 4a-4b and 4c-4d are the cVAE’s best proposals to satisfy, respectively, the first
and second requests from table 2. These designs all give quite accurate approximations of the
target parameters. It should not be a surprise that requesting lower frequencies generally leads
to longer, more slender spirals. However, some design freedom remains. The cVAE appears
to be effective in exploiting this, proposing geometrically distinct designs with highly similar
modal parameters.

Thanks to the good approximation of modal parameters, the generated resonators also have
the potential to produce band gaps that very accurately match those of the target. An example is
given in figure 5, which shows the dispersion curves for a beam host structure. In this example,
the beam has a rectangular cross-section with a (transverse) thickness of 2 mm and width of
125 mm. The shear correction factor is taken to be 5/6 and the material properties are the same
as those of the resonators (section 3.1).
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Figure 3: Requested attributes (circles) versus attributes of generated designs (triangles). The
color indicates different requests. The contours indicate the training data for the cVAE.

Table 2: Targeted modal parameters and best approximating designs for two separate requests.
Designs are ranked based on total relative error.

Mode 1 Mode 2
Frequency [Hz] Mass [g] Frequency [Hz] Mass [g]
Request 1 Target 100.0 25.12 194.8 19.51
Design 1 104.8 25.99 194.0 19.60
Design 2 105.8 26.05 194.0 19.26
Request 2 Target 251.2 19.95 412.5 9.693
Design 1 260.8 20.19 412.4 9.797
Design2 251.7 20.80 413.5 10.08
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(@) (b) (c) (d)

Figure 4: Resonator designs studied in detail. (a)-(b) Two best designs for the first request.
(c)-(d) Two best designs for the second request.

S CONCLUSION

In developing the next generation of acoustic materials, LRMs are a promising technology.
LRM performance is largely determined by the resonator component. In this work, we propose
and test a novel targeted design approach based on ML techniques. We argue that resonator
designs can be evaluated mainly in terms of a few scalar modal parameters. After a tailored
sorting procedure, these parameters can be used as performance attributes in a cVAE neural
network. Consistency with the physical and mathematical properties of the data is thus enforced.
After an offline training process — relying on numerical modal analyses for many designs — we
obtain a fast (potentially interactive) method for resonator and hence LRM design. Multiple
modes (forming multiple band gaps) can be requested simultaneously.

The approach is validated by applying it to a family of resonators that are spiral-shaped. The
exact shape of the spiral is determined by six scalar parameters which form the design space.
Around 10000 feasible designs are sampled and then analyzed using ANSYS, yielding the two
modes with the largest effective mass for each design. A cVAE with relatively compact encoder
and decoder networks is trained on this dataset. The dependencies between in- and outputs are
shown to be captured very well in this manner. The cVAE predictions of modal parameters are
in line with the ‘true’ values. The cVAE also proves capable of generating several different
high-quality designs that match the target attributes exceptionally well. We finally show that
this matching can translate to accurate band gap generation in a beam-type LRM.

Acknowledgements We express our gratitude to Luis Salamanca, Rafael Bischof, Aleksan-
dra Anna Apolinarska, and Matthias Kohler for generously providing their code for the cVAE
framework [15], which we trained the generative inverse design model with.
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