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Abstract. This paper proposes the concept of structural health monitoring of bridges using 
measured accelerations on the bridge and equivalent fixed-point deflections. Moving Force 
Identification is used to infer applied forces from measured accelerations. Given the statistical 
repeatability in the weights of heavy vehicles at a given site, any inferred change in mean weight 
can be used as a damage indicator. Equivalent fixed-point deflection (or force) was found to be 
computationally stable. In effect, this focuses on the static part of the signal – the measured 
acceleration is being transformed into what is essentially a static parameter.  

Using the equivalent deflection from a group of trains without knowing their bogie weights, 
the normalised influence line is calculated and used as an indicator of structural condition. 
Simulations show that the equivalent deflection contains only a small dynamic component. As 
the deflection is the result of multiple applied loads, an influence line is found from the 
deflection, i.e., the component corresponding to a single point load. Using acceleration data 
from a simply supported railway bridge, the shapes of equivalent deflection influence lines are 
obtained from different groups of trains and show very good repeatability. Subsequently, this 
highly repeatable influence line is proposed as an indicator of certain types of bridge damage. 

Key words: Bridge damage detection, structural health monitoring, influence line, equivalent 
deflection, acceleration. 
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1 INTRODUCTION 
Many damage indicators (DIs) have been proposed in the field of structural health 

monitoring (SHM) [1, 2]. It is generally agreed that a DI should be sensitive to damage and 
insensitive to noise and environmental effects [3, 4]. While not always achieved, a DI should 
ideally determine the presence, location and magnitude of damage. DIs can be classified as 
dynamic or static, with the dynamic indicators being further sub-divided into those based 
directly on the dynamic parameters of the structure and those that use transforms of the 
response. The DI proposed here is a pseudo-static indicator of damage, i.e., it derives from an 
acceleration measurement but uses an equivalent deflection, a static response, to monitor the 
condition. The disadvantage of a pseudo-static approach is that the response is affected by the 
weight of the passing vehicle. However, unlike acceleration, deflection is relatively stable and 
the variability in vehicle weights is countered by averaging the responses from many vehicles. 

2 CONCEPT 
Using an acceleration signal directly for SHM is problematic as the response oscillates and 

its ‘magnitude’ is difficult to measure. Deflection or force are more stable responses and are 
easier to relate to the bridge condition. In this paper, Moving Force Identification (MFI) theory 
[5] is used to calculate an equivalent deflection, defined as the imposed deflection signal at a 
point which would generate the measured acceleration. Conventional MFI [6-8] calculates the 
force signal corresponding to a measured acceleration and the principle is similar. 

The equation of motion of the bridge, represented here as a beam, is: 
[𝑀𝑏]{𝑢̈} + [𝐶𝑏]{𝑢̇} + [𝐾𝑏]{𝑢} = [𝐿]{𝑔(𝑡)} (1) 

where, [𝑀𝑏], [𝐶𝑏] and [𝐾𝑏]  are the mass, damping and stiffness matrices of the bridge,
respectively. The vectors, {𝑢} , {𝑢̇}  and {𝑢̈} , represent the bridge deflection, velocity, and 
acceleration signals, [L] is a location matrix and {𝑔(𝑡)} is a vector containing the magnitude of 
the dynamic forces acting on the bridge. The equivalent deflection, {𝛥(𝑡)}, at a fixed point is 
defined by: 

[𝑀𝑏]{𝑢̈} + [𝐶𝑏]{𝑢̇} + [𝐾𝑏]{𝑢} = [𝐾𝑏]{𝛥(𝑡)} (2) 

Equation (2) can be rearranged, and the equivalent deflection signal found as: 
{𝛥}𝑗+1 = {𝛥}𝑗 + {𝑟}𝑗 (3) 

where {𝑟}𝑗 is the first derivative of the deflection. In state space, this becomes:

{𝑋̃}𝑗+1 = [𝑀̃]{𝑋̃}𝑗 + [𝑇]{𝑟}𝑗 (4) 

where 

{𝑋̃}𝑗+1 = {
𝑋
𝑋̇
𝑔

}

𝑗+1

(5) 
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{𝑋} = {
𝑢
𝑢̇

} (6) 

and 

𝑇 = [

[0]
[0]
[𝐼]

] (7) 

To evaluate the vector {𝑟}𝑗, an error function E is defined based on {𝑋̃}𝑗  and {𝑟}𝑗,

𝐸({𝑋̃}𝑗, {𝑟𝑗}) = ([𝑄]{𝑋̃}𝑗 − {𝑑}𝑗, [𝑊]([𝑄]{𝑋̃}𝑗 − {𝑑}𝑗)) + ({𝑟}𝑗, [𝐵]{𝑟}𝑗) (8) 

where [B] is a regularization term. The matrix [Q] is used to select data from the state variable 
{𝑋̃}𝑗  to match the acceleration measurements {𝑑}𝑗 . To get the vector {𝑟}𝑗 , Equation (8) is
minimised using a procedure from the literature [8]. 

3 THE BRIDGE 
The concept was tested using the Norton railway bridge in Staffordshire, the United 

Kingdom – Figure 1. The bridge, built in 2015, is a composite structure made up of two I-
shaped steel plate girders and a cast-in-situ reinforced concrete deck slab. The main girders are 
connected by cross beams near the bottom flanges. The superstructure is 2.2 m deep and 7.3 m 
wide, carrying two railway tracks and resting on two cantilever-type abutments. It is skewed at 
22.6º to the span. A detailed description of the bridge can be found in [9]. 

Figure 1. Norton test bridge 
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7KH� EULGJH� KDV� EHHQ� LQVWUXPHQWHG� ZLWK� 290� VHQVRU� QRGHV� E\� WKH� &HQWUH IRU� 6PDUW�
,QIUDVWUXFWXUH�DQG�&RQVWUXFWLRQ�>10@��D�UHVHDUFK�JURXS�LQ�WKH�'HSDUWPHQW�RI�(QJLQHHULQJ�DW�WKH�
8QLYHUVLW\� RI� &DPEULGJH.� 6HQVRUV� LQFOXGH� D[OH� GHWHFWRUV�� LQVWDOOHG� DW� WKH� EULGJH� HQGV� DQG�
DFFHOHURPHWHUV��LQVWDOOHG�RQ�WKH�:HVW�PDLQ�JLUGHU�DW�WKH�HQG�VXSSRUWV��TXDUWHU� DQG�WKUHH�TXDUWHU�
VSDQ�ORFDWLRQV.

7KH�D[OH�GHWHFWLRQ�V\VWHP�FRPSULVHV�RI�6)�0/&�KLJK�VSHHG�ODVHU�UDQJHILQGHU�VHQVRUV�PDGH�
E\�/LJKW:DUH�DQG�LQVWDOOHG�RQ�WKH�JXDUGUDLOV�DW�WKH�6RXWKHUQ�DQG�1RUWKHUQ�HQGV�RI�WKH�EULGJH��
SRLQWLQJ�LQ�WKH�WUDQVYHUVH�GLUHFWLRQ�VOLJKWO\�DERYH�WKH�UDLOV.�:KHQ�DQ�D[OH�FURVVHV�WKH�VHQVRU�
ORFDWLRQ��LW�FXWV�WKH�EHDP��FDXVLQJ�D�VSLNH�LQ�WKH�WLPH�KLVWRU\�RI�WKLV�VLJQDO�WKDW�LV�XVHG�WR�LGHQWLI\�
LWV�SUHVHQFH.�7KH�DFFHOHURPHWHUV�DUH�WULD[LDO�KLJK�JUDGH�40(06�WKDW�FDQ�VHQVH�JUDYLW\.�'DWD�
IURP�WKH�DFFHOHURPHWHUV�ZDV�DFTXLUHG�DW�D�200�+]�VDPSOLQJ�UDWH�XVLQJ�WKH�1DWLRQDO�,QVWUXPHQWV�
F5,2�GDWDORJJHU.

$ERXW�70�WUDLQV�SDVV�RYHU�WKH�1RUWRQ�EULGJH�HYHU\�GD\��SUHGRPLQDQWO\�UHJLRQDO�DQG�VXEXUEDQ�
SDVVHQJHU� WUDLQV�� ZLWK� VRPH� IUHLJKW� WUDLQV� XVLQJ� WKH� OLQH� DW� QLJKW.� )RU� WKLV� VWXG\�� GDWD� ZDV�
DFTXLUHG�IURP�2QG -XQH�WR 10WK 6HSWHPEHU�2022.�,Q�WKDW�SHULRG��WKHUH�ZHUH�1008�FURVVLQJV�RI�
%ULWLVK�5DLO�&ODVV��50�WUDLQV�± )LJXUH�2.�7KH�%ULWLVK�5DLO�&ODVV��50�LV�DQ�HOHFWULF�PXOWLSOH�XQLW�
SDVVHQJHU�WUDLQ�FRPSULVLQJ�RI�D�4�FDU�VHW�IRUPDWLRQ.�(DFK�FDU�FRQVLVWV�RI�WZR�ERJLHV�VSDFHG�14�
P�DSDUW��HDFK�RI�ZKLFK�KDV�GRXEOH�D[OHV�VSDFHG�DW�2.59�P.�7\SLFDO�PHDVXUHPHQWV�DUH�LOOXVWUDWHG�
LQ�WKH�ILJXUH.

)LJXUH�2.�%ULWLVK�5DLO�&ODVV��50�WUDLQ�DQG�PHDVXUHG�UHVSRQVHV���D��7UDLQ�D[OH�FRQILJXUDWLRQ���E��9HUWLFDO�
DFFHOHUDWLRQ�WLPH�KLVWRU\�VLJQDO�IURP�WKH�TXDUWHU�VSDQ�ORFDWLRQ��DQG��F��$[OH�GHWHFWLRQ�WLPH�KLVWRU\�VLJQDO�IURP�

WKH�6RXWKHUQ�EULGJH�HQG
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4 RESULTS 
To allow the equivalent deflections to be calculated, the bridge properties were estimated. 

The mass per unit length of one girder is considered to be 16910 kg/m and the bridge damping 
ratio is assumed to be 3%. Those properties are used to obtain the matrices in Equation (2). The 
damping matrix is generated according to the assumption of Rayleigh damping [11]. Different 
values of the bridge flexural rigidity were tested for the calculations. The equivalent deflection 
was found to be largely insensitive to the value assumed. 

The equivalent deflection is the equivalent response to the loading from all axles present on 
the bridge at a given time. To remove the effect of axle configuration, an influence line (IL) is 
calculated using an iterative procedure [12]. In this case, the IL is the equivalent deflection 
response to an axle of unit weight – in effect, the response is broken up into components 
corresponding to each axle load. The magnitude of the IL is sensitive to the train weight, so it 
is normalised and a single curve is found for a large group of trains – in this case there are 325 
trains per group. This process is repeated using three different groups of train data. The data are 
divided into three groups by date: Group 1 (2nd June to 5th July), Group 2 (5th July to 22nd Aug.), 
and Group 3 (22nd July to 20th Sep.). 

The normalised ILs are illustrated in Figure 3 and it can be seen that the repeatability is 
excellent. As it is normalised, this IL is unsuited to the detection of a loss of stiffness. However, 
other types of damage, such as bearing failure, have a strong influence on IL shape and this 
function seems well suited for early detection. 

Figure 3. Normalised influence line at ¾-span (S-N) for three different groups of trains 

5 CONCLUSIONS 
The concept of equivalent deflection is introduced as a bridge damage indicator. Equivalent 

deflections, defined as the deflections at a point consistent with the measured accelerations, are 
found using Moving Force Identification theory. They are a pseudo-static response and 
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therefore are more stable than raw accelerations. Acceleration measurements from a bridge in 
the United Kingdom are used to calculate the equivalent deflections corresponding to passing 
trains. The signals are decomposed to determine the normalised influence line. The shape of 
this influence line is shown to be highly repeatable for groups of 325 trains and is proposed as 
an indicator of certain types of bridge damage. 
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