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Abstract. Feather keys are used to connect shafts and hubs and transmit torques. By adding
sensors to the feather key, the torques applied via its deformation can be recorded. However,
the feather key is subject to non-uniform surface pressure, causing complex deformation. Typ-
ically, a large number of strain gauges are required to measure this deformation, and complex
calculations are needed to determine the resulting circumferential force. But by optimizing the
eigenbehavior of the feather key through topology optimization, its geometry can be adapted so
that it always deforms according to a linear combination of a few desired deformation modes,
regardless of surface pressure. This greatly reduces the number of strain gauges needed to mea-
sure the deformation state, making it easier to determine the circumferential force. The resulting
geometry is tested under realistic conditions, and the study shows that the desired properties can
be achieved with the use of two strain gauges.

Key words: shaft hub connection, feather key, topology optimization, sensor integrating ma-
chine element, compliant mechanism

1 INTRODUCTION

In a feather key connection, the feather key establishes the form fit between the shaft and
hub so that torques can be transmitted. Since it transmits the torques directly, the feather key
is particularly suitable for in-situ measurements. For this reason, it makes sense to enhance
the feather key with sensors to record the torques applied to the shaft-hub connection via the
deformation of the feather key. Such enhanced machine elements are commonly referred to
as sensing design elements [1]. Currently, such an extension is being researched for quite a
few machine elements. However, the literature specifically for sensor-integrating feather keys
is still sparse. A concept study [2] shows, among other aspects, special design requirements
for sensor integration using the example of the feather key connection. In doing so, this study
points out that in sensor integration, the fits between the components of the connections can
have a major impact on the measurement results. In addition, the torque transmitted during
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operation creates a surface pressure on the feather key, which causes complex deformation. For
the back calculation to the transmitted torque, the resulting deformation must be completely
recorded. For this purpose, theoretically an infinite number of strain gauges would have to be
placed on the feather key. In order to improve the measurability of the deformation, the shape
of the feather key, which is normally precisely defined via DIN 6885 [3], was changed in two
different patents. This creates areas in the feather key cross-section where defined deformation
patterns with strong deformations are present. In these areas, the strain is measured with the aid
of a few sensors and the transmitted torque is calculated from this. Thus, similar to a load cell,
the feather key functions directly as a force sensor by means of a defined deformation. In patent
[4], the shape of the feather key is modified so that the torque can be determined by measuring
a bending deformation. In patent [5], recesses are made in the cross-section of the feather key
that exhibit measurable deformations when a certain load is exceeded. The geometries needed to
improve the measurability of the deformation are often determined by classical design methods.
Here, however, the results depend on the experience of the designer.

Another possibility for finding possible geometries is topology optimization. Here, material
is distributed in a defined design space in a certain way so that an objective function is opti-
mized and certain restrictions are observed. In the topology optimization of compliant mecha-
nisms (CM), the objective is the same as for the sensor-integrating feather key: A structure is
designed to deform according to defined deformation patterns. CM show similarities to con-
ventional mechanisms: While conventional mechanisms realize the desired deformation by the
relative motion of rigid links to each other, which are connected with ideal joints, CMs realize
this with the help of elastic deformation. The number of independent coordinates needed to
define a configuration of a conventional mechanism is called mobility. This quantity cannot be
readily applied to CM. However, there is a quantity that is similar to it: the pseudo-mobility
m. This specifies for how many independent desired deformation patterns a CM is designed
[6]. During optimization, the desired motion and defined load cases are imposed on so-called
input and output degrees of freedom (input and output DoFs). For topology optimization of
CM with pseudo-mobility one, there are many well-known optimization formulations. Here,
the CMs are optimized to produce desired deformations for certain defined load cases. A com-
parison of the best known formulations for the case of small displacements can be found in [7].
However, when designing force sensors such as the compliant feather key, designing CM for a
pseudo-mobility greater than one may be more favorable. Here, however, the number of known
optimization approaches is small. In [8], a ”grip-and-move manipulator” is designed. For this,
a multi-objective optimization is used, where the size of the working space and the maximum
movement of the output DoFs in a desired direction are optimized. In [9], an objective function
is maximized which includes the weighted sum of displacements caused by given forces. The
approach is tested on CM with pseudo-mobility of two and three. The objective function in [10]
involves the ratio of a total mutual potential energy (measure of structural flexibility) to strain
energy (measure of structural stiffness) and is maximized. This approach is tested on a CM
with a pseudo-mobility of two. Alonso [11] maximizes the mutual potential energy to design a
mechanism that combines a crunching mechanism and an inverter mechanism.
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Figure 1: Schematic representation of a feather key connection and the surface pressure distribution pF for differ-
ent geometries of the hub at the same torque Mt over the feather key length.

Despite the different objective functions, the presented approaches have the following sim-
ilarities: On the one hand, CMs are designed for a small number of output DoFs, and on the
other hand, synthesis is performed for defined load cases at the input and output DoFs. These
approaches are not suitable for the design of a sensor-integrating feather key for the following
reasons: Depending on the shaft and hub geometry as well as the load input and output, dif-
ferent surface pressure distributions are usually applied to a feather key. Some characteristic
surface pressure distributions pF over the feather key length ltr depending on the hub shape are
shown in Figure 1. Since the applied torque Mt is the same, the mean value of the pressure
distributions over the feather key length p̄F is the same in each case. It can be seen, first, that
many input and output DoFs are needed to apply the complex pressure fields for optimization.
A second limitation is that the shape of the pressure fields varies. Thus, due to the load case
dependent design, a new feather key with optimal characteristics would have to be designed or
the existing feather key would have to be recalibrated each time the geometry of the assembly
changes. These limitations are circumvented by an optimization algorithm co-developed by
two of the authors of this paper: the modal approach. By optimizing the eigenbehavior of the
structure, a CM can be designed for the case of small displacements that always deforms with a
linear combination of the same set of m deformation patterns (hereafter referred to as modes),
regardless of the applied load. This new class of CM is called CM with selective compliance
[12]. In addition, the approach is suitable for the synthesis of CM with many input and output
DoFs. By optimizing the topology of the feather key with the modal approach, it then always
deforms according to a linear combination of a small number of m equal modes for different
pressure distributions. In order to accurately determine this deformation, an infinite number of
strain gauges are no longer required, in contrast to the non-optimized feather key. Onlym strain
gauges are needed, which do not have to be recalibrated when boundary conditions change. This
greatly simplifies both the measurement task and the back calculation to the transmitted torque.
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2 METHOD FOR STIFFNESS CONDITIONING OF THE FEATHER KEY

2.1 DESIGN PROBLEM

As explained earlier, the feather key is to be optimized as CM with selective compliance and
multiple pseudo-mobility. As such, it must have characteristic properties [6], which are briefly
described below. The DoFs of the structure to be optimized are discretized to p DoFs. For CM
with selective compliance, the DoFs no longer need to be divided into input and output DoFs.
They are grouped here as q active DoFs a. External forces act on them and they produce a
desired deformation. All p − q other DoFs of the structure are called passive DoFs c. Under
these conditions, the stiffness matrix K, the displacement vector u and the force vector F can
be subdivided as follows and the stiffness matrix K can be condensed to its active DoFs (K̄):

Ku = f ⇐⇒
[
Kaa Kac

Kca Kcc

] [
ua
uc

]
=

[
fa
0

]
(1)

(Kaa −KacK
−1
cc Kca)ua = K̄ua = fa (2)

From K̄ the eigenvalues λj, j = 1...q and eigenmodes χ̄j, j = 1...q are calculated using the
following eigenvalue problem:

K̄χ̄ = λχ̄ (3)

The eigenmodes specify all possible deformation patterns that compose the deformation of the
CM when forces act on the active DoFs. Here we divide the eigenmodes into the set of desired
(kinematic) X̄d and undesired (parasitic) X̄ud eigenmodes:

X̄ =
[
X̄d | X̄ud

]
; X̄d =

[
χ̄1 χ̄2 . . . χ̄m

]
; X̄ud =

[
χ̄m+1 χ̄m+2 . . . χ̄q

]
; (4)

The kinematic eigenmodes are the deformation patterns according to which the CM should
deform under any load at the active DoFs. Parasitic eigenmodes describe deformation patterns
that should, as far as possible, not occur regardless of the type of loading. Under the assumption
that

χ̄Ti χ̄i = 1, i = 1...q (5)

holds, the primary stiffnessKpi(K̄) and secondary stiffnessKs(K̄) of the CM can be calculated:

Kpi(K̄) = λi = χ̄Ti K̄χ̄i, i = 1 . . .m (6)
Ks(K̄) = λχ̄m+1

= χ̄Tm+1K̄χ̄m+1 (7)

The primary stiffnesses are the eigenvalues assigned to the kinematic eigenmodes. The sec-
ondary stiffness is the smallest eigenvalue of the parasitic eigenmodes. The eigenvalues are a
measure of the strain energy required to deform a CM according to the associated eigenmode
normalized with condition (5). If the eigenvalues are close, the CM will always deform using
a linear combination of all eigenmodes. However, if the CM is designed as a CM with selec-
tive compliance, the eigenmode is optimized so that the primary stiffness is much smaller than
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the secondary stiffness. The ratio of secondary stiffness to largest primary stiffness is called
selectivity:

S = λm+1/λm (8)

If this is sufficiently large, the deformation ūd of the active DoFs of the CM with selective
compliance will be approximately composed of the set of kinematic eigenmodes regardless of
the applied loads:

ūd = α1 · χ̄1 + α2 · χ̄2 + . . .+ αm · χ̄m (9)

The scaling factors α possess the dimension of length. Thus, a high selectivity is an optimization
goal. Furthermore, the kinematic eigenmodes are to be determined during the optimization.
For this purpose, a set of desired deformation modes Φ̄ = [ϕ̄1, ϕ̄2, . . . , ϕ̄m] is given to the
optimization. These then span the space of desired deformation modes KΦ̄. Since they represent
a vector base, they must be orthonormal to each other:

ϕ̄T
i ϕ̄j = 1, i = j
ϕ̄T
i ϕ̄j = 0, i 6= j

}
, i = 1...m, j = 1...m (10)

The second optimization objective is thus to ensure that the kinematic eigenmodes of the CM
X̄d with selective compliance span approximately the same subspace as the set of desired defor-
mation modes. If these two optimization objectives are achieved for the stiffness-conditioned
feather key, its deformation will always be composed of m desired deformation modes regard-
less of the applied pressure distribution, and both m and the desired deformation modes can be
chosen by the designer for the optimization algorithm presented below.

2.2 OPTIMIZATION FORMULATION

To achieve the goals mentioned in the previous section, the optimization procedure presented
in [6] is used. For this, first a design space is defined, which is filled with r finite elements.
Usually, 4-node quadrilateral elements with full integration are used. Each finite element has a
constant element stiffness matrix Ki, whose stiffness is scaled with a design variable xi before
fitting into the overall stiffness matrix:

K(x) =
r∑
i=1

xiKi (11)

The stiffness matrix established using equation (11) is then condensed to its active DoFs using
equation (2). The following optimization problem must be solved for this stiffness matrix:

max f(x) = Ks(K̄) (12)

s.t.:

1673



Stephanie Seltmann, Benjamin Muhammedi and Alexander Hasse

gi(x) = ϕ̄T
i K̄ϕ̄i − 2µ ≤ 0, i = 1 . . .m (13)

m(x) =
∑r

i=0 x
1/η
i − rV ≤ 0 (14)

xli ≤ xi ≤ xui , i = 1...r (15)

High selectivity can be achieved indirectly by increasing the secondary stiffness Ks(K̄) of the
CM in equation (12), while corresponding expressions for the primary stiffnesses are con-
strained to a fixed value µ in (13). Equation (14) constraints the volume of the structure to
a constant value V . Here, a penalty factor η is introduced to obtain as optimization result design
variables that take either a value close to zero or a value close to one [13]. Equation (15) is the
allowed range for the values of the design variables with an upper limit xui , i = 1...r and a lower
limit xli, i = 1...r introduced to avoid numerical problems.

The optimization problem shown is difficult to solve due to its nonlinearity. Therefore, it is
divided into two subproblems that are iterated stepwise one after the other to enable an efficient
solution of the problem. A run of both subproblems is called an iteration step s. The detailed
description of the two subproblems can be found in [6]. The optimization proceeds as follows:
first, a starting vector for the design variable x0 is given. With this initial value, in subproblem 1,
the orthonormal base Ψ̄ = [ϕ̄1, ϕ̄2, . . . , ϕ̄m, ψ̄1, ψ̄2, . . . , ψ̄q−m] for a K̄(x0) seen as constant
is computed and then expanded to Ψ on all p DoFs. The orthonormal base is an approximation
to the eigenmodes of K̄(x0), where the desired eigenmodes ϕ̄j, j = 1...m are assumed to be
the first eigenmodes and all undesired modes ψ̄j, j = 1...q −m are calculated. The expanded
orthonormal base then serves as input to the second subproblem, where the orthonormal base is
seen to be constant and K(x) is varied. This solves the following optimization problem for the
uncondensed stiffness matrix for the current iteration step s:

max f(x) =
∑l

j=1 ωj ψ
T
j K(x) ψj (16)

s.t.:

gi(x) = ϕT
i Kϕi − 2µ ≤ 0, i = 1 . . .m (17)

h1(x) . . . h(m2 )(x) = ϕT
i Kϕj = 0, i 6= j, i = 1 . . .m, j = 1 . . .m (18)

m(x) =
∑m

e=1
x
1/η
e0

xe0
xe −mV ≤ 0 (19)

xle ≤ xe ≤ xue , e = 1...m (20)

The weighting factors are determined as follows:

ωj(s) =
(ψT

j K(x0(s)) ψj)
−1∑l1

j1=1(ψT
j1 K(x0(s)) ψj1)−1

, j = 1...l (21)

Equation (16) is a substitude expression for the secondary stiffness that is maximized. For
stability reasons, a number of l undesired modes are integrated into the objective function,
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weighted equally for each iteration step. The associated weighting factors are calculated using
equation (21). Equation (17) corresponds to equation (13), reformulated for the unconstrained
problem. The optimization result is greatly improved by using equation (18). For the problem
to be solved efficiently, it is necessary to linearize the volume constraint (14) to (19) using the
starting vector for the design variables for the current iteration step x0(s) [13]. Due to the finite
elements used, the well-known checkerboard patterns may occur during optimization [14]. This
problem can be avoided for example by using filter algorithms like the density filter [15]. This
computes filtered design variables x̃(s) from the optimized design variables x(s) depending on
a filter radius rmin. In order for the procedure to converge, it is now additionally necessary to
constrain the change of the design variables between the iteration steps. Therefore, the vector
of the filtered design variables x̃(s) is not used as the starting value for the next iteration step
x0(s + 1), but it is calculated as a factor κ weighted sum between the start vector for the
design variables for the current iteration step x0(s) and the vector for the design variables x̃(s)
calculated from the filtered ones in the current iteration:

x0(s+ 1) = κx0(s) + (1− κ)x̃(s) (22)

For the stability of the optimization it is important to choose the factor κ as close to 1 as possible.
The described procedure is now run through until convergence is reached.

3 OPTIMIZATION OF THE STIFFNESS-CONDITIONED FEATHER KEY

In practice, the feather key to be optimized has three-dimensional boundary conditions due
to the load in shear. So far, however, the modal approach has been applied exclusively to planar
structures. Although an extension is easily possible, the time required for optimization increases
considerably. Therefore, the feather key is optimized in a simplified planar way. A shaft diame-
ter of d = 40 mm is assumed for the sensor-integrating feather key. In DIN 6885 [3], the height
of the feather key is set to h = 8 mm and the width of the feather key to b = 12 mm for this
shaft diameter. The length must meet the requirement lPF ≤ 1.3d. We choose the limiting case
lPF = 1.3d for the feather key length. A feather key shape b is chosen due to better sensor
integrability. The cross section to be optimized, is marked in Figure 2 (a). It is assumed that
the feather key is clamped on one side. On the opposite side, the desired deformation modes
are applied to the active DoFs. These are the y-displacements of the points marked in red. In
addition, the x-displacements of the center point are set to zero for both desired deformation
modes. In the cross-section to be optimized, areas are defined where the stiffnesses of the finite
elements are part of the overall stiffness matrix, but are not integrated into the optimization
(fixed elements). In the white area, the material is then distributed during the optimization.
Normally, CMs with selective compliance should have high selectivities. To achieve this, a low
limit for the primary stiffnesses is selected. However, the feather key is to transmit torques in
addition to the measuring task, which is why a high primary stiffness is desirable. If the feather
key is optimized, the stiffness is reduced and thus the load carrying capacity to the full feather
key is weakened in order to achieve the optimization goals. A compromise must therefore be
found between the two competing requirements of a high selectivity and a high stiffness. If de-
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Figure 2: (a) Location, dimensions and boundary conditions of the cross section of the feather key to be optimized,
(b) First desired eigenmode, (c) Second desired eigenmode

sired deformation modes are chosen that can be addressed as well as possible with the expected
pressure distributions, the selectivity can be low and the existing deformation still be composed
approximately of the desired deformation modes. As shown in Figure 1, we expect parabolic
pressure distributions. Important parameters here are mainly the stretching, as well as the dis-
placement of the parabola vertical to the surface with the active DoFs. These two parameters
can be represented with the desired eigenmodes shown in Figure 2(b) and (c) (pseudo-mobility
two). Due to the symmetry of the two desired deformation modes, a symmetry condition can
be introduced. Here, a symmetry of the structure is enforced during the optimization instead
of the classical symmetry condition known from the finite element method. The limit for the
primary stiffnesses µ = 2000 was chosen such that sufficiently high selectivities could still be
achieved. This was determined by numerical tests. The other parameters for optimization were
chosen as follows: l = 26, V = 0.95, rmin = 2.9, κ = 0.99, η = 3, xli = 0.0001, xui = 1,. The
material properties were set to E = 210 GPa and ν = 0.3 for Young’s modulus and Poisson’s
ratio, respectively. In addition, the optimization result depends on the chosen starting vector of
the design variable x0. Optimizations were started from different starting vectors and then the
structure with the highest selectivity was chosen for practical implementation.

The structure with the highest selectivity (S = 1.93) and its existing first two eigenmodes are
shown in Figure 3. The first two eigenmodes of this structure (Figure 3 (b) and (c)) are similar to
the desired first eigenmodes, but there is more deviation than in previous optimizations of other
CMs with multiple pseudo-mobility [6] due to the high primary stiffness required. However,
the deviation of the eigenmodes is negligible if the kinematic instead of the desired eigenmodes
are included in the further considerations. Above all, it is important that in realistic simulations
the deformations at the surface of the feather key with the active DoFs are approximately com-
posed of these two modes. If this is achieved, the deformation of the entire feather key can be
determined using two strain gauges.
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Figure 3: (a) Optimization result, (b) First kinematic eigenmode, (c) Second kinematic eigenmode

4 NUMERICAL VALIDATION

For validation, the optimized structure is interpreted as a CAD part (Figure 4 (a)). In doing
so, the structure can be greatly simplified while maintaining the stiffness properties imposed
in the optimization. The behavior of this structure is simulated under realistic boundary condi-
tions using the commercial program ABAQUS. Here, the shaft and hub are connected by two
stiffness-conditioned feather keys arranged at an angle of 180◦. The arrangement of the feather
keys was chosen in such a way to prevent asymmetric load distribution due to the tilting be-
havior of the feather keys. Two models were made from the basically same components. The
chosen dimensions are shown in Figure 4. The difference between the models is that in the
second model, compared to the first, the hub was rotated to change the distribution of pressure
on the feather key. The model shown in Figure 4(b) will be referred to as model 1 and the
model shown in Figure 4(c) will be referred to as model 2 in the following. The dimensions
of the modeled feather keys correspond to the dimensions from the optimization in Figure 2.
In both models, the hub is fixed to the cylindrical face of the hub flange and a torque Mt is
applied to the shaft. In the elastic simulation, E = 210 GPa and ν = 0.3 are assumed for all
components. The feather key is meshed using 8-node elements with incompatible modes. For
the regions of the other components directly adjacent to the feather keys, the same element type
is used. For remaining areas, 8-node elements with reduced integration are used. It is assumed
that ideally joined components exist. Therefore, oversizes between shaft and hub and between
notches and feather key are not considered in the simulation. In the simulation, the three sub-
steps frictionless finding of the contact surfaces, activation of the friction value µ = 0.2 and
application of the torque Mt = 1000 Nm are run through. The surface contact was modeled
using the pure-penalty method.

The simulated deformations of the feather keys for both models are shown in Figure 5. For
each model, the deformation of one of the two feather keys was evaluated, since the deforma-
tions are the same for both feather keys of the double feather key connection. When the shaft
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Figure 4: (a) Interpreted stiffness-conditioned feather key, (b) Model 1 (c) Model 2.

is torqued by the applied moment, the feather keys experience a rigid body displacement. This
effect must be eliminated, since only the local deformation of the feather keys is of interest.
Therefore, a co-moving coordinate system is applied to each of the feather keys (see Figure 5),
which is used as a reference for the evaluated displacements. In relation to this coordinate sys-
tem, the x-displacement of the line marked in red is evaluated. This line was chosen for the
evaluation, because on the one hand it is conveniently located for the later setup of the measure-
ment technique and on the other hand it is as far away as possible from occurring shear effects.

Figure 5: Results of simulations with realistic boundary conditions, top: Deformations of the feather keys, bottom:
Plot of displacement in relation to the local coordinate system on the feather key for (a) Model 1 and (b) Model 2

As explained earlier, the objective of the stiffness conditioning of the feather key is to ensure
that the displacements are composed of the two kinematic eigenmodes as well as possible. For
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verification, the dot product of the normalized displacement vector ū of the displacements of
the nodal points lying on the evaluation line can be formed with the kinematic eigenmodes.
This calculation yields for model 1 a1 = (ūx1 · χ̄1)2 = 0.016 and b1 = (ūx1 · χ̄2)2 = 0.924. The
results for model 2 are a2 = (ūx2 · χ̄1)2 = 0.081 and b2 = (ūx2 · χ̄2)2 = 0.864.

A displacement is completely composed of the kinematic eigenmodes if the sum of the as-
sociated squared dot products (ai + bi, i = 1...2) equals one. The dot products must be squared
because they were previously normalized with formula (5). It can be seen that approximately
94 % of the shift in both models is composed of the two desired eigenmodes. Thus, the complex
deformation of the feather key could be simplified by stiffness conditioning to a deformation
that can be approximately expressed as a linear combination of two known kinematic eigen-
modes. This means that the deformation can be determined with two strain gauges if they are
placed close to the evaluated lines so that the influence of shear can be neglected.

5 CONCLUSION

It was shown that the already known modal approach is also suitable for the optimization
of a stiffness-conditioned feather key. The optimization goal is that the deformation of the
feather key in certain DoFs is approximately composed of a linear combination of two kine-
matic eigenmodes, independent of the applied pressure distribution. This property makes it
possible to accurately determine the deformation of the feather key with two strain gauges. As
a result, the transmitted torque can be calculated with little effort for different pressure distribu-
tions. Although the feather key was optimized under planar boundary conditions, it was shown
that the desired properties can also be approximately ensured under realistic three-dimensional
boundary conditions.

In the future, it is necessary to check whether the achieved approximation of the deformation
to a linear combination of the two desired eigenmodes is sufficient for the measurement with
two strain gauges. If the achieved approximation is not sufficient, a new optimization with
either modified planar boundary conditions or m = 3 has to be performed. Additionally, sensor
positioning and practical tests have to be performed to validate the calculation.
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